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ABSTRACT

The purpose of this study is an attempt to explore sufficient condition for the
convergence of Riemann integrable functions on any positive linear functional. The
Arzela dominated convergence theorem holds for the Riemann integral provided it is
assumed that the limit function is Riemann integrable. Yet, one can see that a simple
modification in the Arzela’s dominated convergence theorem shows that the theorem can
be expressed in another form which holds true for a particularly defined positive linear
functional of Riemann integrable function. Consequently, we need an extended suffice
convergence condition which holds true for any positive linear functional under the frame
work of compact Hausdorff space and for this we obtain a theorem developed by
W.F.Eberlein. To this effect, this study shows how to prove the classical convergence
theorem made by W.F.Eberlein using the facts and generalizations from Sequence in
particular Subsequence and Cauchy Sequence, LP Space and unifying some well known

convergence theorems.

Key words: Convergence of Riemann integrable functions, Positive linear functional,
Arzela dominated convergence theorem, Convergence theorem by W.F.Eberlein.
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Mathematical Symbols and Abbreviations

Notations Meaning

1. fab f(x)dx The Upper Darboux/integral of f from a into b.

2. fab f(x)dx The Lower integral / Darboux of f from a into b.

3. B[a,b] Bounded functions on a closed interval [a,b] .

4. Cl[a,b] Continuous function on a closed interval [a, b]

5. Rla,b] Riemann integrable functions on [a, b]

6. CX) Real valued continuous function on a compact Hausdorff
space X.

7. C(s) Real valued continuous function on a compact Hausdorff space S.

8. S Compact Hausdorff space S.

9. R The set of real numbers.

10. C The set of complex numbers.



Introduction

The theory of integration and convergence of integration, because of its central role in
mathematics analysis and geometry, continues to afford opportunity for series
investigation. The need for extending and rounding out the classical studies of Riemann
integral and its convergence has stimulated considerable interest not only in a new aspect
of the convergence theory but also in the simplification, modification, extension and
perfection of the old ones.

In the course of these developments a remarkable result due to Arzela marked the
beginning of deeper understanding of the continuity properties of the Riemann integral as
a function of its integrand. The classical result of Arzela which we refer most is the so
called Arzela dominated convergence theorem for Riemann integral. A number of
elementary proofs for Arzela dominated convergence theorem were published by
different mathematicians such as F.Riesz (1917), by L.Bieberbach and E. Landau (1918),
by F. Hausdorff and H.S. Carslaw (1928), by H.A. Lauwerier (1949), by J.D. Weston
(1951), and by W.F. Eberlein (1957). Despite the availability of this variety of
elementary proofs for Arzela theorem, most are interdependent or completely dependent
on one another. However, W.F. Eberlein proves Arzela’s theorem defined on the space of
real continuous functions on a compact Hausdorff space. Eberlein proof is completely
different from the other proofs. It is geometric in nature in that it is based on the
parallelogram law and the minimal distance property for convex sets in an inner product
space.

The objective of this paper is to figure out limitation of the Arzela dominated
convergence theorem; its relation and extension to W.F.Eberlein theorem and in the end
provide the proof to the classical theory developed by W.F.Eberlein. The basic method
for the proof stems from the work of W.F.Eberlein and further incorporating some facts
and results from LP- norms ,inner product space, sequence and Cauchy sequence in RP to
a more general theory of convergence theorem working in a positive linear functional of
compact Hausdorff space.

This paper comprises two chapters. In the first chapter, basic preliminary concepts and
definitions on positive linear functional, vector lattice, algebra, inner product space and
LP- spaces that are needed later will be dealt on. In the second chapter, fundamental
points about compact sets, sequence, Arzela dominated convergence theorem, its
extension and in the end the convergence theorem developed by W.F. Eberlein, which is
the main target for this paper, will be discussed.



Chapter One

1. Preliminary concepts
Introduction: In this chapter, fundamental concepts about integral and preliminary
concepts like algebra of sets, vector lattice, elementary integral and inner product spaces

that are needed later will be dealt on.

1.1. Algebra of sets
Definition: - An algebra of sets on X is a non empty collection of subsets of X which is
closed under finite union and closed under complement. That is,
a) If A, € ¢,then UL, 4; € ¢
b) If Aegp, then A° €egp
From (a) and (b), we can deduce the following facts as a consequence

I. ¢ is closed under finite intersections.
Thatis, if A4, € ¢ ,then N.;14; € ¢

Proof: N7_;A4; = (UL 4%)° € ¢

ii. If Aeg, then, p €@ (Since ANA =0 € @)
iii. If A€, then, Xe @ (Since X =AU A° € @)

Remark: - Let X be any non empty set. The collection of {@,X}and P(X) = {E: Ec X}
are examples of algebras of subsets of X.

Example: - Let X be any non empty set where C = { E < X : either E or E€ is finite}

Then, C is an algebra of subsets of X.
Solution: In the case X is a finite set, then, and since E € X we can see that E is a finite
set too. Therefore, by the remark, the power set C = P(X) is an algebra of subsets of X.
Suppose X is not a finite set, then, E is either finite or infinite setand E€ € C if E€C.
Next, suppose E; € C forall i =1,2,3,... , then, we need to show U}, E; € C.
But, U E;, =(N,E)¢eC forall i=1.23,..

Hence, by definition, C is algebra of subset of X.



1.2. Vector Lattice

Definition: - A non empty class F of functions f:X — R is called a vector lattice

(Linear lattice) of functions if it is such that:
fvg fAg f+g and cf areinF where f, g€ F and c€R.
Remark: - (f v g)(x) = max{ f(x), g(x) } and (f A g)(x) = min{f(x), g(x) }

Example 1:- Consider F the class of all continuous functions f: R — R .Then, F is a

vector lattice.

Solution: - Let f,g:R — R beamemberof F and c € R, then, by the properties of

continuity the following is satisfied
fVvg fAg f+g and cf arecontinuous.
Hence, by definition, F is a vector lattice.

Example 2:- Consider F the class of all functions f:R — R which is continuously

differentiable at each point of R . Then, F is not a vector lattice.

Solution: - Consider, for instance, f(x) =x and g(x) = —x. Then, one can easily
check that f and g are continuously differentiable in R. From this, we can infer that

f and g belongto F.
Now let us see the following if the conditions for vector lattice are satisfied.
fGO+gx)=x+(=x)=0

(f v g)(x) = max{f(x), g(x)} = max {x, —x} = |x|

(f Ag)(x) = min{f (x), g(x)} = min {x,-x} = —|x|

(cHE) =cflx)=cx

Now from the properties of continuity of functions, we have fvg, fAg, f+ g and

cf are continuous. However, though f + g and cf are differentiable in R, one can



see that fv g and f A g are not differentiable on R because (f vV g)(x) = |x| and
(f A g)(x) = —|x]| are not differentiable at zero which implies f v g and f A g do not
belong to F . Hence, by definition, F is not a vector lattice.

1.3. Elementary integrals

Definition: - If F is a vector lattice of functions on X to R , a function : F > R is
called an elementary integral if for f, g € Fand c € R , then, the following conditions
are satisfied:

@). Ilc.f) =c.1(f)

(b). I(f +9) =1(f) +1(9)

©. If f, >0 then I(f,) 0.
). 1(f) =0 for f=0.

The two properties (a) and (b) express the fact that I is linear functional on F. From (a),
we realize that 1(0) = 0 . Because of property (d), we can see that I is a positive linear
functional.

1.4. Linear Functional

Definition: A linear functional is a map T from H into the real or complex number. That
is, T:H — R(C) Such that T(af + Bg) = a.T(f) + B.T(g) where «,f € R(C) and
f,g €eH.

Definition: - A linear functional T:H — R(C) is said to be bounded if there exists a
positive real number M Such that |T(U)| < M.||U|| forall Ue€ H.

Example 1: - Let T:H - R be given by T(f) = (f,g) for any fixed g in H. Then, T
is bounded linear functional where (.,.) denotes an inner product space.

Solution: In order to show T is a linear functional, we need to show if the fore condition

is satisfied.



T(af +Bg) = a.T(f) + B.T(g) where o, € R(C) and f, g€ H.

From the given, we obtain T(af + Bh) = (af + Bh,g) where g isfixedin H.
But, by definition for inner product space we have (af + Bh,g) = (af,g) + (Bh, g)
Again, (af,g)+(Bh,g) = a.{f,g) + B.(h,g)

Then, from the given, we obtain  a.(f,g) + B.(h,g) = a. T(f) + B.T(g)
Accordingly, we have T(af + Bg) = a.T(f) + B.T(9)

Hence, by definition, T is a linear functional.

Next we need to check if T is bounded. Thatis, weneedtofind M >0 and M € R
Suchthat [T(f)| < M.||f]l.

Now [T(H)I =Kf, 9] < lIfll-ligll (Cauchy Schwarz inequality)
But we know that g is fixed in H, without loss of generality, consider M = ||g/||
Therefore, |T(f)| < M.||f]| forall f € H which, then, implies T is bounded.

From the aforementioned points, we can conclude that T is bounded linear functional.

1
Example 2: - Define G for f in C(I) by G(f) = 2.[0 /2 f(x)dx , then, G is bounded

positive linear functional on C(I), where C(I) is continuous function on a positive linear

functional 1.

Solution: - Let f; and f, bein C(I) and @ and S inC , then,
L Glaf +B.£) = 2(f, 2 fi + B. D)
= 2 (fol/z o fdx + f, "2 B.fdx)

= 2(«f,/2 frdx + B.J, "2 frdx)



= o2 1,72 fidx) + .2 [, 2 fodx)

= a.G(f)) +B.G(f)

Thus, G is linear functional.

ii. Boundedness

IGCHI = |21, Fax] < [, 2Ir@olax < 2 1f1L (3 - 0) = LI

Take M = 1 which implies |G(f)| < M.||f|
Thus, by definition, G is bounded.

iii. Positivity
Suppose that f(x) =0 then [ f(x)dx = 0. Thus, one can easily see that

1
G(f)=2 fO /Zf(x)dx > 0 provided that f(x) = 0 .This implies G is positive function
Therefore, from (i), (ii) and (iii), we conclude that G is positive linear functional.
1.5. Inner product Spaces and some basic facts

1.5.1. Normed Spaces

Definition: Let H be a vector space. A norm on H is a mapping |.||:H — [0, o]
satisfying the following conditions. Let x,y € H and a € C.

. [lx|]] =0 and [|x|| =0 ifandonlyif x =0.
il. llee. x|l = [l [|x]l

.l +yll < llxll + [yl

C- denotes the set of complex numbers.

The pair (H, ||.]|) is, then, said to be a Normed space. If H is a complete space with
respect to the norm, it is called Banach space.



1.5.2. Inner Product Space

Definition: Let H be a vector space. An inner product is a mapping (.,.) HXxH - C

satisfying the following conditions:

i. (x,x) =0 and (x,x) =0 ifandonlyif x =0.
i.  (x,y)=(yx) forall x,y€eH.

iii. (x+y,z) ={(x,z) + (y,z) forall x,y,z € H.
iv. (ax,y) = alx,y) forall x,y € H and a € C.

The pair (H,(.,.)) issaid to be an inner product space or Pre- Hilbert Space.

Remark:

1. In L?[a, b] aninner product is defined by (f,g) = fab f(x).g(x) .dx

A norm induced from inner product is given by ||x|| = /{x,x) = (x,x)l/z forallx e H.

2. In L2[a,b] norm is defined by

Il = VT = \/fff(x).ﬁ.dx =Jff|f(x)|2.dx
Theorem 1 (Cauchy-Schwarz- Inequality)

For all x and y belonging to a given inner product space, we have
(e, 17 < (x,%).(y,5).

Proof: If y =0, then, (x,y)=0 and (y,y) =0.

Therefore, since {x,y) = 0 and {x,x).{(y,y) =0 ,then, |{x,¥)|* <
(x,x).(y,y) is satisfied.

If y#0 ,then, (y,y) # 0.



Now let A = % , then, we obtain the following: -

)2 o)y (xy) T—— _ -
o T ) gy BV =AYy =4.(0y)

2 —_ —_
Thus, % =2 (yx)=2.(x,y) =24 (y,y) = 2% (y,y) = |A]% ||yl

Since we know that (x, x) = 0, then, consider

0<(x—Ay,x — Ay) = (x,x) — {x,—Ay) + (—Ay, x) + (—Ay, —1y)

= (x,x) — A.(x,y) — A .(y,x) — |A]? .y, y)

R 3% (3% i (-3
’ vy v.y) r.y)

. L (e )12
hich , then, I 0 < (x,x)—
which , then, implies (x, x) oy)
. - xy)l? .
Rearranging, we obtain oy < (x,x)since (y,y)=0.

From this, we obtain the result |(X,Y)|2 < {(x,x).(y,y)

Corollary: - For all x and y belonging to given inner product space, we have the

following  [(x, y)| < llxIl. llyll

Proof: - From Cauchy Schwarz Inequality we have

[, ) < (x,x).(y, ) 1)
But we know that ||x]|? = (x,x) and ||yl = (y,y) (2)
Then, substituting (2) on (1), we have [{x,y}|? < |Ix||?. lly]|?

Consequently, we obtain |(x,y)| < (x,x).(y,y)



Theorem 2: - Every inner product space is normed space with respect to the norm

lxll = |(x,x)| /2 forall x€H.

Proof: - Since the inner product space is a vector Space, we need to verify all the axioms

of the norm:-
i. ||x|| =0 forall x and ||x|| =0 ifandonlyif x = 0.
[|lx]| = |(x,x)|1/2 since (x,x) =0 and (x,x) =0 ifandonlyif x =0.
Therefore, (i) is satisfied.
ii. |a. x|l = a.|lx|| forall x and «a real or complex.
By definition, we have  [lax|| = [(ax, ax)]/2 = [a.@ . (x, x)]' /2
Since a.@ = |al?, [a.@.(x,x)]7/2 = [|a|? (x,x)] /2
Which is, then, implies [|a|2. (x, x)] 72 = |a] . [(x, x)] /2
This implies, |a|.[(x,x)]1/2 = |a|.||x|l
iii. lx + yll < lix]| +|ly]l forall x,y € X
We have [lx +ylI* = (x +y,x +y) = (6,x) + (6, y) + ¥,x) + (1,9)
= (6,20) + (x,) + (x,y) + (,9)

= (x,x) + 2.Re(x,y) + (y,¥) ©)
But, from Cauchy- Schwarz Inequality

Re(x,y) < |6,y < ((x,x0) 2. ((y, y)) 72 4)

Thus, from (3) and (4) we will have

lx + I < (%) + 2.6, 00 2. (7, ) /2 + (3, 7)



= [0z + )]

Taking the square root of both sides, [|lx + yll < (x,x)/2 + (y,y)/2

Then, we get [lx +yll < [lx]| + ||yl

Therefore, this proves that ||x|| = (x,x)l/z isanorm,and (X, ||.]]) isa Normed space

where X is an inner product space.
Remark:

1. In Cauchy Schwarz Inequality, equality holds true i.e. |[x + y|| = |lx]| + ||yl| ifand

only if x and y is linearly independent.

2. The norm ||x|| = |(x,x)|1/2 is said to be the norm induced by an inner product.
1.6. LP- Spaces

Consider (X,5,u) be measure space. For 0 <p <oo , then, Lp(u) =L,(X B, 1)
denotes the set of all measurable functions defined on X such that fxlflpdu < 400,

The space Lp(u) is called the space of P™ power integrable functions.

Definition: Let f € L,(X,B,u). Define ||f]|, called the P™ - norm of f as follows:

Ifll, = C(SIFIP du)'/o

Now using some elementary properties of the L, norms on C(s) in the distinguished

caseswhere p=1,2,0

Let‘s firstset ||f]lc = sup|f(x)| wherex in S.

We have I(f) =0 providedthat f > 0.

Thus, we get the result 0 < |f f| < [|f| which, then, implies |[ f| < [|f] (5)
Since |f| < lIflle a.e. ,then,weget |ff] < lIflleo-f 1= IIflleo-1(1)

Now assuming that 1(1) = 1, then, we obtain |f| < ||fllw (6)

10



Thus, from (5) and (6) we have

A 1 F1 = JIF1 < Aflle

Next set the following

e (f,g)=1(fg)= [fg where f and g inC(s)
o lfll= (£, N2 = ((fH)}2
o Nflk= fIfl = 10fD

Then,
B) K.l < NIfllz-ligll, (Cauchy Schwarz Inequality)
Proof: From Cauchy Schwarz inequality for an inner product space, we have

Kf, )% < (f.f). (g,g). Then, taking the square root of both sides, we obtain

KF)l < (F072 g9V .
But, from the assumption, we have [|f]|l, = (f,f)l/z and |lgll, = (g,g)l/z
Therefore, we conclude that [Kf, ) < lIfll2-llgll, which is the desired.
©) If +gl5+ If —gli3 =2{lIfNI5 + llgli3} (Parallelogram Identity)
Proof: - From the assumption, we have
If+4gl3 = (f+g f+9)
=, f+9+ @ f+9
=L N+ 9+ 9 H+ g 9
= lIflIZ +<f, 9>+ g, )+ llgli3 (7)
Similarly, |If —gll =(f-g, f—9)

=, f-g9)+ {9 f—9

11



=, H+ -9+ (g fH+{(-9.—9)
=, H—,9)—- @ N+ (g 9)
= llflIZ = <f, 9> — {g, /) + llgli3 (8)
Adding (7) and (8) we get the required result
If +gl5+ Ilf —gliz =24f, Y+ 249, gy =2.{IIfIF+ llgli3}
O). Ifll =1A£D < lIfIl:
Proof:  From the assumption, we have that ||f|l; = [If] .
Then, we have  [IfI = [Ifl.1=(Ifl, 1)
By Cauchy Schwarz inequality and since ||1]|, = 1, we obtain
JIft=JIfFL. 1= AL 1 < lIfllz- Iz = NIl
Consequently, we get the result |If]l; = I(1fD =(If1,1) < lIfll2- 1Ll = lIf]l2
(E)- IfII5 = [f* < lIf?lle = lIfII%
Proof: |IflI3=(f.f)= [f?
Since f2 >0,then, wehave [f2 = [|f?|

This, then, implies [1f?] < [If*llo = IIfII%

Therefore, we obtain the result ||£115 = [ 2 < IIf%ll = lIfII%

12



Chapter Two
Convergence theorem on a Compact

Hausdorff Space
2.1. Compact Sets

Definition: A set K is said to be compact if, whenever it is contained in the union of a
collection T = {G,} of open sets, then it is also contained in the union of some finite

members of the setsin T .

A collection T of open sets whose union contains K is often called a covering of K.
Thus, the requirement that K be compact is that every covering T of K can be replaced

by a finite covering of K using only setsin T.
Example 1:- In R, consider the subset H : {x:x > 0}, then, H is not compact set.

Solution: Let G, = (—1,n) where n € N, then, T={G, : n € N} is a collection of
open subsets of R, whose union contains H i.e. Uj-; G; 2 H. If {Gnl, s Gy, § is finite

sub collection of T. Let m = Sup{ny,n,, ...,n;}. Then, Gp, € Gy for j=1,2,..,K

It follows that G,, is the union of {G, ,..,G,, } ie Ul Gy, = Gy, . However, the
real number m does not belong to G,, and hence does not belong to Uszl G, - Therefore,

no finite union of the set T can contain H .

Hence, H is not compact set.

Example 2:- Let H = (0,1) in R. Then, H is compact set.
1

n

Solution: If G, = (%1 — ) for n > 2, then, the collection T = {G,;:n > 2} of

open sets is a covering of H . If {Gnl, G,y wers Gy } is a finite sub collection of T. Let

m = sup{nq,n,, ...,ng}. Then, Gn; € Gy for j=1,2,3,... ,k and it follows that G,,

is the union of {G,,,Gn,, ..., Gn, } Thatis, Uf_; G, = Gy, . However, the real number

13



% belongs to H but does not belong to G,,.Therefore, no finite sub collection of T can

form a covering of H. Hence, H is not compact set.

2.2. Convex sets in R™
Definition: - Letx; and x, be points or vectorsin R® and A be ascalarin R .Then,

the closed line segment joining x; and x, is the set
x5, %] = {x:x=2x1+(1—Ax,, 0< A1<1}.

Aset T in R™ issaid to be convex if for points x; and x, in T their convex
combination (or internal average) X = A;.x; + A,.x, where 4; + 4, = 1 and

0 < A4, 4, € R isalso a member of T.

Geometrically, this definition implies that the closed line segment joining x; and x,

lies entirely in T.

Definition: - A convex combination of finite number of points x; in R™ is the point

X =it A x; where 22,4, =1and 0<A; €R forall i=12,...,m.

Convex hull (convex closure) of aset ¢ , denoted by Co(¢), in R™ isthe collection

of all convex combination of points from ¢ i.e.

Co(p) ={x:x=2"124.x;,x, €, X" 1A =1,0< 1, €R} forall i and

meZ.
2.3. Sequences in R

Definition: - A sequence in R™ is a function f: N — R™ i.e. afunction whose domain

is the set of natural numbers.

Let f(i) = a; ,then,wedenote f = (a;)i2; =1{aq, az, ..., ay, ...}

14



Definition (Subsequence) If (a,),—; isasequenceandif 1 < 1, < o1 < oo
is a strictly increasing sequence of natural numbers, then the sequence (b, ),—; given

by {arl y Ay s oeey Ay } is called a subsequence of {a,,)p—1 -

Lemma 1: - If a sequence (@, ), —1 converges to an element [ in R, then any

subsequence of (a, )n—; also converges to an element [ .

Proof: Let (a,, )y=1 be asubsequence of the sequence (a, );—1 Where

n < n <ng<--mn <-- forall n,k€N.

Then, we need to show  limy o, a,, =1

Let € > 0 be given, since {a,),—1 convergesto L, then by definition, there exists a
positive integer N suchthat |a, — | <& forall n > N . 9)
Now if k = N then n;, = N which, then, from (9), we obtain |ank - l| < ¢ for
all k > N .

Then, by definition, |a,, —I| <& forall k >N implies limy e a,, =1

Therefore, if a sequence convergences, then its subsequence convergences too and it

converges to the same value the sequence converges.

Definition (Cauchy Sequence):

A sequence (a, ) in R™ where n € N is said to be Cauchy sequence if for every
€ > 0 there is anatural number N(&) such that forall m,n = N(¢), then,
la, —anll <e.

In other words, a sequence (a,,) is said to be Cauchy sequence if for every & > 0
there is a natural number N(g) such that forall m,n = N(¢), then,

limm,n—monan —ayll=0.
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Lemma 2: If (a,) isaconvergentsequencein R", then, (a,) is a Cauchy sequence.

Proof: Since the sequence (a,) converges, then, without loss of generality, let
a = lim,_, a,. Then, by definition, given & > 0, there is a natural number N (¢)

such that if n > Nl(g/z) , then, we have |la, —all < ¢ .
Now let N(e) = N;(¢/,) andifforall m,n > N(e), then,
la, —anll < llay —all + llay, —all < 8/2 + 8/2 = £

Therefore, for all m,n > N(¢) , then, |la, —a,|l < e . Hence, by definition, the

convergent sequence (a,) is a Cauchy sequence.

Lemma 3: - A Cauchy sequence in R™ is bounded.

Proof: - Let (a,) be a Cauchy sequence in R" , then, by definition, given any & > 0
there is a positive integer N(¢) such that |la, — a,,|| <& forall m, n > N . But, we

know that ||la, || — lla,ll < lla, —a,ll < € forall m, n>N.
Then, taking m = N and Transposing, we have
la, |l < llayll +& forall n>N.
Thus, for all n,
lanll <max {llall, llazll ..., llax—1ll, llaxll + &3
A bound for the sequence (a,) is, then,
M =max {llall, llazll ,.., llan—1ll, llaxll + €} .
Then, we obtain the result ||a,, || <M forall n > N which is the required.

From this, we infer that each Cauchy sequence is bounded.
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Lemma 4: - If a subsequence (a,,) of Cauchy sequence (a,) in R" converges to an

element [ where [ € R , then, the entire sequence (a, ) convergesto .

Proof: - Since (a,,) is Cauchy sequence. Then, by definition, given & > 0 there isa

positive integer N(€/,) such that forall m,n = N(¥/)

la, — anll < &/, (10)
If the sequence oy where j is an integer, converges to [, there is a natural number
k > N(S/z) belonging to the set {n;,n,,ng, ... } andsuchthat |la, —1| < 5/2
Now let m be any natural number such that m > N(S/Z)
It follows that (10) holds for this value of m and for n =k
Thus, lla, — Ul < llay — apll + llan, — Ul < £/, + €/, = & whenever m > N(¢/,

Therefore, the sequence (a,) converges to the element [, which is the limit of the

subsequence (a,, ) -

Therefore, if subsequence of Cauchy sequence converges then the sequence converges
and it converges to the same value as the subsequence.
2.4. Arzela Dominated convergence Theorem for Riemann Integral

Riemann’s definition of a definite integral gave rise to a number of important
developments in analysis. The geometric problem that leads to the concept of Riemann
integral is the following:

Given a bounded function f:[a,b] — R, then how to define the area of the region

bounded by the graph of the function and the lines x =a and x =b ?
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For example, if f(x) >0 and a < x < b and one would like to find the area of the
region S(f) = {(x,y) ER*>: a<x<bh, 0<y<f(x)}.

This can be done by approximating the required area by the union of rectangular areas
from the inside and outside of S(f) .The required area is ,then, captured between these
approximating areas. As the number of rectangles is increased, one gets better

approximations and hopes to find the required area by a limiting process.

A finite set of points P = {x,, xy, ..., x, } iscalled a partition of [a,b] if
{a=x< xy < x;<+<:x,=b}

For a partition P = { xo, x1, ..., x, } of [a,b], ||IP|l = maxiq<, {(x; —x;_1)} is
called the norm of the partition P .

Let P={xy, x4, ..., X, } bea partitionof [a,b]

Let m; =inf {f(x): x € [x;_4,x]} and M;=sup {f(x): x € [x;_1,x]}
Define L(P,f) = Xi_im;. (x5 —x;—1) and U, f) = Xty M;. O — x3-4)

Since f is assumed to be bounded, then, each m; and M; for 0 <i < n exists and
hence each of L(P,f) and U(P, f) is well defined.

The numbers L(P, f) and U(P, f) are called, respectively, the upper sum and the lower
sum of f with respect to the partition P. Geometrically, L(P, f) approximates the
required area from the inside and U(P, f) approximates the required area from the

outside.

Definition: Let f: [a,b] — R be a bounded function. The real numbers

fab f(x)dx = sup{L(P, f) : P is a partition of [a,b]} and

fab f(x)dx = inf {L(P,f) : P is apartition of [a,b] } are called the lower integral

and the upper integral respectively .

The function f is said to be Riemann integrable on [a, b] if f: f)dx = fff(x)dx
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The common value in this case is called the Riemann integral of f over [a,b] and is
defined by fabf(x)dx = fab f(x)dx = fff(x)dx .

Examples:
1. Let f:[0,al > R bedefinedby f(x)=x .

Consider the partition P, = 10,4/, ,2¢/, ... (= D-a/ U yhere n > 1

Now, U (P, f)= ,-:1<j'a/n)-%
a? noos_ a? n(n+1)\ _ a? n+1\ a? 1
= o =5 () =5-(0) =5 (1+ )
Similarly,
L (Pn:f) = jn=1 <(] B 1)a/n> '%

- Tim =5 (5= £.(9) - 1.0 )

_ 2 _ ) 2 1 2
Then. sup,s (L (B, 1)} = limy e = (22) = lim, . 2. (1-2) = S

n

2 2 2
Similarly, inf,s (U, )} = limy o > (22) = lim,,, S (14 2) = &

Thus, by definition, we have got fgaf(x)dx -2 foaf(x)dx

2
Hence, f is Riemann integrable and [ f(x)dx = a?

2. Let f: [a,b] » R be defined by

(1, xeQ
f(x)_{o,x(i(@ Where a<x<b

Then, f isnot Riemann integrable.
Solution: It is easy to see that for any partition P of [a,b] suchthat U(P,f) = b—a
and L(P,f)= 0.
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Then, applying the definition, we get f: fX)dx = 0 # fff(x)dx =1

Therefore, by definition, we conclude that f is not Riemann integrable.

Definition: - Let f : [a,b] —» R be a bounded function .Then, f is Riemann integrable

if and only if for every & > 0 there exists a partition P of [a,b] such that

U, f) - L(P,f) < .

Theorem 5: Let f: [a,b] - R be acontinuous function, then, f is Riemann
integrable.

Proof: Given f is continuous and a continuous function on a bounded interval is

bounded. Therefore, f is bounded and uniformly continuous. Then, from the definition

of Uniform continuity, let & > 0 be arbitrary, we choose § > 0 such that
If(x) = f)| < 5/(b —a) whenever |x—y| < §.

Let P= {xy, x1,.., x, } beany partition of [a,b] suchthat ||P|] <&

Since f is continuous, it attains its maximum and minimum values M; and m;
respectively on the interval [x;_;,x;] at some points, say f(y;) = M; and f(z;) = m;

for 1<i<n where y;,z €[x;_1,%] .

But, M;—m; = f(y) = f(z) = If0) = f@II < ¥/, _ ) Whenever 1< i<n

Then, we obtain  U(P, f) — L(P, f) = 2= (M; — my). (x; — x;_1)

Which is, then, implies ¥ (M; — m,). (x; — x;,_1) < 5/(b —a) (= xi—1)
Since Y ,(x; —x;_1) = b —a ,then, by substituting this value, we have the result
UP, f) = L(P, ) = Xisgy(M; —my). (x; — x;-1) < 8/(b _a) L mxig) = ¢

Which is, then, implies U(P,f) —L(P,f) < €

Therefore, by definition, we end up that f is Riemann integrable.
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Characterization of Riemann integrable functions

Let R[a,b] denotes the set of all functions f :[a,b] > R which are Riemann
integrable. Let f,g :[a,b] » R be bounded Riemann integrable functions and a be
any real number, then

i. f + g isalso Riemann integrable and
L +9)@dx = [ f(x)dx + [ g(x)dx
ii. a.f is Riemann integrable and fab(a.f)(x)dx = a. fab f(x)dx

iii. fvg and f Ag are also Riemann integrable functions.

From these and such we can conclude that R[a, b] is a vector lattice over R and

themap [f - fabf(x)dx is linear.

Drawbacks of Riemann integral
Some of the main drawbacks of Riemann integrals are:
1. Itis defined only for bounded functions.
2. Itis defined for functions on bounded intervals only.
3. Functions, even if they are defined on a bounded interval and have a finite range

i.e. are bounded functions (e.g. Dirchlet’s function) are not necessarily integrable.

Convergence of Riemann integral

Let (f,) be a sequence of Riemann integrable functions on an interval [a,b] and let

fr(x) = f(x) for all x € [a,b] . Can we say that f is Riemann integrable on [a,b]

and  lim, ., 7 f,(0)dx = [ f(x)dx ?

Example 1:- Let f,(x) =n.€™ for x € [0,1] where n = 1,2,... .Then, show
that each f,, is Riemann integrable and lim,_. f,(x) = f(x) =0 forall x € [0,1] .

However, fol £, (x)dx does not converge to fol f(x)dx .
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Solution: - (i). To show each f, is Riemann integrable, it is suffice to show that each f,
is continuous. Clearly one can easily see that each f,(x) = n.€™™ is continuous for
every x € [0,1]and n =1,2, ...

Therefore, by Theorem 5, £, is Riemann integrable.

(i1). To show the convergence of the Riemann integrable function, we are going to apply
L’Hopitals rule. That is, lim,_ f,(x) = lim,_, n.€™ = limn—>ooe117 =0 for all

x € [0,1]. As a result, we obtain the limit value equals to zero. Now, consider f(x) =0

forall x €[0,1] and, consequently, f(x) = 0 constant function is Riemann integrable.

(iii). For each n, f, isbounded, however, there is no positive number M such that
lf,(x)| <M for all x€[0,1] andforall n=1,23,.. Thus, f,(x) isnotbounded.

Now let us integrate each and see if fol f,(x)dx converges to fol f(x)dx
[ fhdx= [fne™dx= -} = -[e" —1]=[1-€e™]

Therefore, lim,,_,, folfn(x)dx = lim,,,(1—-€e™) =1

Since f(x) =0 then folf(x)dx =0 .

Therefore, from this we can see that fol fn(x)dx does not converge to fol f(x)dx .

Observation 1:- (From the above example)

f, and f are Riemann integrable and lim,_,, f,(x) = f(x) forall x and n=1,2, ...

However, we obtain that fol f, (x)dx does not converge fol f(x)dx .

Example2:- Let f,(x) =x" where 0<x <1 and n=1,23,..

Each f, is Riemann integrable on [0,1] and f,(x) converges for every x € [0,1] .
Then, can we conclude that lim,,_,, folf;l(x)dx = folf(x)dx ?

Solution: Since each f,, is continuous for every x € [0,1] . Therefore, by Theorem 5,

each f, is Riemann integrable on [0,1].
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Moreover, there exists positive number M such that |f,(x)| <M forall n and forall x

0, x € [0,1)

1 x=0 Is not Riemann integrable

And, lim, _ f,(x) = lim, ., x™ = f(x) = {

This implies f,, converges uniformly to f(x) on [0,1].

0, x € [0,1)

is not Riemann integrable; for th
1 x=0 s not Riema egrable; for the

However, by definition, f(x) = {
values of L(P,f) =0 and U(P,f) = 1. Then, we obtain the result folf(x)dx =0 and
fOIf(x)dx =1 respectively. Then, this implies 0 = folf(x)dx + 1= fOIf(x)dx

Thus, we conclude that folfn(x)dx does not converge to folf(x)dx .

Observation 2:-

f is Riemann integrable, bounded and converges point wise i.e. lim,_, f,,(x) = f(x)

However, yet the function f(x) is not Riemann integrable and in effect folfn(x)dx

does not converge to fol fl)dx .

These and such a fore mentioned problems show the need for suffice condition which can
take care of the convergence of Riemann integrable functions and for this we obtain
sufficient condition by Arzela. The result of Arzela we have in mind is the so-called
Arzela- Dominated convergence theorem. In particular, Arzela examined the problem of
finding necessary and sufficient conditions for the integrability of the point wise limit of
the sequence of integrable functions, of finding the correct mode of convergence that

would preserve integrability, and of the validity of term-by-term integration of series.

Theorem 6 :-( Arzela dominated convergence theorem)

Let (f,) be a sequence of Riemann integrable functions defined on [a,b] which
converges on [a,b] to a Riemann integrable function f . If there exists a constant
M >0 such that |f,(x)] <M for all x €[a,b] and for all n=1,2,.. . Then,

lim, o [ 1£,(0) = FGO) dx = 0

In particular, lim, ., [ fu()dx = [ (lim, e f,))dx = [ f(x)dx
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Proof: - To prove the Arzela’s dominated convergence theorem, as there is no short and
one proof of the theorem, it is very essential to consider the following theorem and

lemmas.
Theorem 7 (Dini’s- Uniform Convergence Theorem)

Each Monotone Sequence (f,) of continuous functions that converges point wise to a

continuous function f on a bounded and closed interval [a, b] is uniformly convergent.

Proof: Let € > 0 be given. Foreachn,letg, = f — f, ,and let E,, be those x € [a, b]
such that g, (x) < € . Plainly, each E,, is open. Since {f,} is monotonically increasing,
then, g, is monotonically decreasing. It follows that the sequence E,, is ascending. Since
f,, converges point wise to f, it follows that the collection {E,} is an open cover of
[a, b].

By compactness, we obtain that there is some positive integer N such that Ey = [a, b] .

Thatis,ifn > N and x isapointin [a,b],then, [f(x) — f,(x)| < & as desired.

Lemma 5: Foreach 0 < f € B[a,b] and for each & > 0, there exists a continuous
function g € C[a,b] satisfying0 < g < f and fff(x)dx < fab f)dx + ¢

Proof: From the definition of lower integral, it follows that for each € > 0 there exists a
step function S on [a,b] satisfying 0 <S < f and fab fxX)dx < fab S(x)dx + ¢/,
It is easy to verify that S can be transformed into a trapezoidal (trapezium) g Such that

0<g<S and ff S(x)dx < f:g(x)dx + ¢/,
Then, we obtain ff S(x)dx + ‘9/2 < fabg(x)dx+ €

Hence, there exists a continuous function g € C[a, b] satisfying 0 < g < f and

[P f@dx < [ g@dx + ¢
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Lemma 6: Let (f,) be a decreasing sequence of bounded functions on [a,b]. If
lim,, e, f,(x) = 0 forall x € Cla,b] ,then, lim, ., [} f,(x)dx=0 .

Proof: Since (f,) is a sequence of bounded functions on [a, b] , it follows from Lemma

5 that for € > 0 and for all n, there exists a continuous function g,, € C[a, b] such that
0<g.<f, and [ f()dx < [ gx)dx+ /yn (11)
For each n, weset h, =min{ gy, 92, ..., 9n }

Then,0 < h, < g, <f, Wwhereh, € C[a,b] and using Squeezing theorem, we obtain
that lim,,_ h, (x) = 0 which implies the sequence (h,,) decreases to zero everywhere
on [a,b].

Hence, by Dini’s Uniform Convergence theorem, the sequence (h, ) converges uniformly
to zero on [a, b] and consequently lim,,_, . ff h,(x)dx =0.

Now the proof of the Lemma will be finished if the following inequalities are established
That is, for each n,

0 < [} fudx < [ ha(dx + & (1= (1)) (12)
To this end we shall first prove the following inequalities

Foreachn, 0 < g, <h, + X" {max(g;, ..., gn) — : } (13)

The inequality (13) follows easily by observing that for each i where 1 <i<n
0<gn=9+n—9) < g+ {max(g;, ... gn) — g}
< g+ X {max(g;, ... gn) — i} (14)

Since (14) holds for any arbitrary i,1 <i < n. Then taking h, = g; , then (13) will
hold true. That is, we obtain the desired
0<g, <h,+ X5 {max(g; ., gn) = gi}
Since g, < f, forall n,then, ineffect we have
max(g;, ..., gn) < max(f;,..,f,) =f;  (Since f, is decreasing)

This implies { max (g;,....9,) —9i}+ 9; < max (f;,....f,,) = fi
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It follows that f:fl-(x)dx > ff{ max(g;, ..., gn) — g; }dx + fab g; (x)dx

b b b
fa {max(g;, ...,gn) —9: }dx < fg fi(x)dx — fa gi(x)dx

< S/Zi for i=12,.. ( from 11 above)
Hence, by (13), for each n, we have

[ g.(odx < [ hy()dx + 25 €/,

= [} ha@dx + £ (1= (1/4n)) (15)

Finally from (11) we have f: fl)dx < fab Gn (X)dx + 8/2” and (15) imply (12)

ie. 0< [/ fGdx < [[h,@dx+ &(1- ()

Taking n — o

We obtain the result 0 < lim,,_,o, fabfn(x)dx <o0.

Then, by squeezing theorem, we have lim,,_,,, fab f(x)dx =0

Remark:

Lemma 6 for Riemann integrable functions is already Arzela’s dominated convergence
theorem for monotone sequences.

Now we shall turn to the proof of Arzela’s dominated convergence theorem. To this end,
it is no loss in general to assume that 0 < f,,(x) < M for all n and for all x € [a, b]
where M > 0 is a real number. This, then, implies |f,(x)| <M for all n and for all
X € [a,b] and that f(x) = lim,_ f,(x) =0 forall x € [a,b].

For each n and for each x € [a,b] , set P,(x) = supyso(f+x(x)). Then, we obtain
0 <f,(x) <P,(x) and the sequence P, decreases everywhere to zero on [a,b] .

Indeed, 0 = lim,,_,, f,(x) = lim,_,, sup{f,(x)} = lim,,_, P,(x) forall x € [a,b] .
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Hence, by Lemma 6, we have  lim,, ., [, P, (x) dx = 0

And 50, 0 < limy ., [ f,(¥)dx < lim, e, [, Py(x) dx =0

Therefore, from Squeezing (Sandwich) theorem, we obtain the desired result

lim,, o0 fab £, (x)dx = 0 and the proof is finished.

Having established lemma 6 for Riemann integrable functions, we have, in fact, proven
the Arzela’s theorem for monotone sequences. Now the question which we have to
answer is whether we can deduce Arzela’s theorem directly from its special case for
monotone sequences. It is very interesting that this is indeed true. For the sake of
completeness, we shall show how this can be done. In order to bring out more
dramatically that Arzela’s theorem is a logical consequence from the special case for

monotone sequences we shall adopt the following abstract settings.

Let X beanon-empty setand £ be a linear space (vector space) of all real functions
defined on X satisfying f € L implies |f| € L.

The latter condition implies that for every finite set of elements { f;, f>, ..., f, } of L,
max{ fi, fo, ., fn} € L and min{ fi,f5,....f, } € L .

A positive linear functional I on £ is called an integral whenever I has the following
properties:

If 0<f, foreach n and the sequence (f,) decreases to zero everywhere on X, then
lim, e I(f,) =0 (16)
It is obvious that (16) is lemma 6 for I and £ .We shall now show that (15) implies the

following (abstract) Arzela’s type theorem.

Theorem 8: Let f € £ be the limit of an everywhere on X convergent sequence (f;,) of
elements of L. If there exists an element 0 < g € £ satisfying |f,(x)| < M for all
x € X and for all n, then for every integral I on L. We have lim,_. I|f, —f| =0 or
in particular lim,,_,, I(f,) = I(f) .
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Proof: By considering the sequence { |f,(x) — f(x)| }, we have

() — fO < 1) 1) e, Triangular inequality
<gx)+ |f(x)| for all x€X andforall n,where

lfl+g€ L.

We may assume without loss of generality that f,(x) > 0 forall x € X and for all n
and that f(x) =0 forall xeX .

Following, we set g,, ,, = max{ f,,, fy+1, .., fm } for each pair of indices m > n.
Then, 0 < g,y € L and 0 < g,y < g forall m>n.

Furthermore, for each n , the sequence {gn,m} is an increasing and, consequently, the
sequence {I(gnm)} isan increasing and bounded for m >n.

Hence, for each ¢ > 0 and for each n, there exists an index m, > n such that

m, <myyq and 0 <1(gny) = 1(gnm) < E/pn forall k=m, . (17)
For the sake of simplicity we set U, < g,,,,, . Then,

0 < lim,_,e, sup U, (x) < lim,_ sup f,,(x) < lim,_, f,(x) =0 forallx € X
implies that lim,,_,., U,(x) =0 forall x € X.

If we apply the inequalities (13) to the sequence (U,,) then we obtain for each n ,

0 <f, <U, <min{U;, .., U, } + ¥ Hmax(U;, .., U,) — U;} (18)
Since max(U; , ..., U,) — U; = max(f;, ...,fmn) —U; = 9im, — 9im, and

m,=>m; for m=>i.

We conclude that I{max(U;, ...,U,) — U;} < E/Zi for 1 <i <nandso by (18),

for each n, we have

0 < I(£) < I(min(Uy, ..., Uy)) + 5(1—(1/2n_1)) (19)

Since lim,,_,,, U,(x) = 0 forall x € X, it follows that the sequence { min(Uy, ..., U,))}
decreases everywhere to zero on X. Thus, by hypothesis lim,, _,, [{ min(Uy, ...,U,) } = 0

and finally using (19) we obtain that lim,,_., I(f;,) = 0 and the proof is finished.

As we see from Arzela dominated convergence theorem, one has to impose quite strong
conditions to ensure the convergence of Riemann integrals. For example, one has to

assume the limit function is also Riemann integrable.
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1,if x # —
Example: Let f, : [0,1] » R bedefinedby f,(x) = p i for some k
0,if x

BEG

where 1<k < 2" -1 andany n.

Note that for all n and for all x € [0,1] ,wehave 0 < f,(x) <1 and f, € R[0,1]

where n=1,2,3,..

Lif x # =

Let f:[0,1] » R bedefinedby f(x)= ‘ i_n forany n and
0,if x =—
Zn

1<k<2".

Then we can see that f,,(x) — f(x) forall x € [0,1] but f is not Riemann integrable.

From this questions we comprehend that Arzela’s dominated convergence theorem is not
enough to give answer when f or f, isnot Riemann integrable. Now, let us restate the
theorem in a way we clearly understand the conditions and be able to compare and

contrast the theorem with other companion theorem.

Restatement of Arzela’s Dominated Convergence Theorem

Defineamap f,, f: [a,b] > R

Conditions:-
1. f, and f are Riemann integrable functions defined on [a, b] .
2. |fp(x)] <M forall x and foralln.
3. lim, . f.(x)=f(x) forall x £[ab].

Then fab f(xX)dx = fab lim,, o, £, (x).dx = lim,_ fab £, (x)dx
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Now let us defineamap I : R[a,b] » R by I(f) = fabf(x)dx , then, we can show that

[ is a vector lattice and positive linear functional.

Solution: By definition, I is a vector lattice if forany f,g € R[a,b] and a € R, then
f+g fVvg fAg and af isalso Riemann integrable on [a, b]. But, from integral
properties f +g, fVg, fAg and af are Riemann integrable. This implies, I is a
vector lattice.

Next, let us check if 1 is a positive linear functional, that is, for f,g € R[a,b] and

a,B € R ,then, we need to show if
I(af +Bg) = [ (af +Bg)dx = o) F(x)dx + B [ g()dx = ol (f) + B(g)
and I(f) =0 implies fabf(x)dx >0 provided that f > 0.

Therefore, I is a positive linear functional.
Now let us make some modification on the map of Arzela’s theorem or express the

Arzela’s Dominated Convergence theorem in another way; keeping the other conditions

intact and see what we will obtain:-

Modified Arzela’s Dominated Convergence theorem (Another way of expressing

Arzela’s theorem):-

Define 1: R[a,b] » R by I(f) = fabf(x)dx , Where I is a vector lattice and positive

linear functional.

Conditions:

(1) fnand f belongto R[a,b] .

(i)  ThereexistsM € R and M > 0 suchthat forall x € [a,b] and foralln.
@iii).  lim,_ . f,(x) = f(x) forall x € [a, b] .

Then lim,_ I(f,) = I(f)
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This modification shows Arzela’s dominated convergence theorem holds true for a
positive linear functional map if only the positive linear function mapping is defined with
Riemann integration form. In other words, say I: R[a,b] - R be a positive linear

functional, then, for Arzela dominated convergence theorem to apply for the map, I must

only be defined in the form of 1(f) = [ f(x)dx .

We have seen that the Arzela dominated convergence theorem works for a specific
positive linear functional defined only in an integral form. To this effect, we can infer
that Arzela is specific suffice condition of Riemann convergence theorem. So, we need a
general and extended sufficient condition of Riemann convergence theorem which holds

true for any positive linear functional.

Question of Interest:- Can we find a sufficient condition in which the Riemann

convergence holds true for any positive linear functional?

Yes, we can and this convergence of Riemann integrable functions for any positive linear
functional under the frame work of compact Hausdorff Space is made possible by a great
mathematician W.F.Eberlein, 1957. The classical convergence theorem developed by
W.F.Eberlein is an extension of Arzela’s dominated convergence theorem.

2.5. The Convergence theorem by W.F.Eberlein

Let C denotes the (algebra and lattice of) real valued continuous function on a compact
Hausdorff Space S .
An integral overS is a positive linear functional on S i.e. a mapping I:C- R

satisfying the following conditions:-
@). I(af +Bg) = al(f) + Bl(g) wheref,geC and a,f ER.

(b). I(f) =0 whenever f >0 (18)

Example: Define a mapping I: C = R such that I(f) = ff f(x)dx ,then, I isan

integral over S.

Solution: We need to check the case in (18) is satisfied.
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From the given, we have I(af + Bg) = fab(af + fg)dx
But, J,(af +Bg)dx = [, (af)dx + [ (Bg)dx
Again, fab(af)dx + ff(ﬁg)dx = afab fdx + ﬁf; gdx

Then, by definition, aff fdx + B ff gdx =al(f) + B 1(g)

Thus, we, then, end up with I(af + Bg) = a I(f) + B 1(g) which implies I is linear

functional.

I(f) =0 implies fff(x)dx > 0 whenever f > 0. Thus, I(f) = 0 whenever

f =0.Hence, I isan integral over S.

So far, we have seen that I is a positive linear functional and an integral over S.
Furthermore, by Theorem 5, we know that continuous functions are Riemann integrable.
So, having these points in mind let us see the classical underlying convergence theorem
developed by W.F.Eberlein, its relation with Arzela‘s theorem and at last the proof will

be given.

Theorem 9 (W.F.Eberlein):- Let lim,_, f,,(x) = f(x) pointwise (f,,f inC) and
|f,] <M foralln andaconstant M > 0. Then lim,_ I(f,) = I(f) .

Restatement (The extended theorem): Define amap I[: C(X) - R where I is a positive

linear functional and X is a compact Hausdorff Space.
Conditions:
1. f,, f € C(X).This, in the case of Arzela, is used to preserve f and f, are
Riemann integrable.
2. |fp(x)] <M foralln and forall x.

3. lim,_ f,,(x) = f(x) Pointwise.

Then, limy,_o, I(f,) = 1(f)
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Relationship with Arzela’s dominated convergence theorem:

=

In case of Arzela Convergence theorem the mapping becomes 1: R[a,b] - R.
2. fn, f € C(X) Whichimplies f and f, are Riemann integrable.

3. lim,_ f,,(x) = f(x) Point wise.
4. Define 1(f) = [, f(x)dx .

5. Thereexists M € R and M > 0 such that |f,(x)| < M for all x and for all n.

Then by using the theorem developed by W.F.Eberlein, we obtain the following result
fab f)dx = 1(f) = lim, o, I(f,) = lim,, fff;l(x)dx which shows that Arzela’s

dominated convergence theorem is satisfied and it is from this result we infer that the
W.F.Eberlein theorem is an extended and general case for Arzela dominated convergence

theorem.

Proof: To prove the classical convergence theorem, there is no short and one proof.
Consequently, what we need to do is consider the following two Lemmas and other

previously proved facts and gradually we will come up with the proof of the theorem.
Lemma 7 (Stone‘s theory of integration)
If 1fl < YX“lful where f, and f inC ,then, 1(|f]) < X1 1(f D)

Proof: Given € >0 and x in S, then, there exists a positive integer N(x) such that

lf ()] < ZN(x)lfn (x)| + €, and the inequality persists in some neighborhood U(x) of

n=1

x (because of continuity of C).

Since S is compact, then, by definition, the open covering U(x) of x in S contains a

finite sub covering {U(x;)}. LetN be the largest N(x;) .
Then, we have |f| < XN_i|f| + &

Taking integral of both sides we obtain  [|f| < [YN_;Iful + €

33



From this we obtain  [|f| < [X5_4lf,l + [ €

Which, then, we get [|f| < [Xalful +ef1

Then, it follows [|f| < [Zoqlfl+ef1

We, then, get LAfD = Xa=110fD + & 1(1)

Thisimplies  T(|f]) < Xr-1If]) + €

Since & > 0 is arbitrary, then we get the desired result 1 (|f]) < X1 I(f.D.

We now consider some preliminary reduction of the theorem itself. Without the loss of
generality, we may assume f =0 and f, >0 forall n (Otherwise replace f, by
|f, — f|).Since f, is bounded, there exists a positive real number M such that |f,,| < M.
Taking integral of both sides we obtain  [|f,| < [ M. We know that £, > 0 and this
implies |f,| = f,. Then, we get [ f, < [M which implies I(f,) < I(M). Since lim
and lim always exists then there exists a positive real number M such that L =

lim,,_,, Sup I(f;,) < M exists and we need only show L =0.

But for our case, let us assume lim,,_,,, I(f,) = L and it is very suffice if we can show

that L = 0. Then, the proposition (W.F.Eberlein theorem) is reduced into the following

theorem.

The Reduced Theorem:

Let (). f, liesinC forall n. (0). sup,llfille <M < 400
(©). lim,,_,, f, = 0 point wise (d). £, =0 for all n.
(€). limy, e I(f) = L

Then L=0.

Our procedure is to establish the reduced theorem for the sequence (g,). Let K, be a

convex hull of the set {f,, : m = n} i.e. K,, consists of all finite combinations } aj.fm].

where each m; >n where ¢; =0 and Y a; = 1.
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Now consider any sequence {(g,) with g, in K,. Since each element of K,, comes from
the Reduced theorem, then, (g,,) satisfies the properties in the Reduced theorem (a) - (e).
Set d, =inf{|lgll,:ginK,} and since K, .; S K, (decreasing) it follows that
d, <d,;1 <M for all n. Every monotonic bounded sequence is convergent;

consequently we can deduce that d = lim,,_,, d,, exists.
Now choose (g, ) in K,, suchthat ||g,ll, < d, + %

Question of interest 1: Is (g, ) Cauchy Sequence i.e. we need to show for m,n > N(¢)

it limy 1 llgn — gmlls = 02

Lemma8: lim,,,llg, — gnll. =0 where {(g,) in K, .
Proof: By the parallelogram identity, we have

2 2 2 1 2

lgn = gml13 = 2 {lgall3 + lgnl13} =4 |3 Gn + g

Now consider n > m, then by definition K,, = {g,,: n = m}. This implies,
%(gn +9,) isinkK, because g, and g,, are in K,,.

1
And Im < E(gn +gm) < In

1 . .

Hence, ||5(gn +gm)||2 = inf{llgllz : g in K} = dp,

Thus,

1 2
lgn = gml13 = 2 {lgall3 + lgnl13} =4 |3 Gn + g

1 2 1 2 2
<2 {(dn+ 2+ (d + =) }—4dm
Then taking the limit of both sides and since d = lim,,_,., d,, exists, then, we obtain
<2(d?+ d*) — 4d,,”

And, since d = lim,,_., d,,, thenwe have 2 (d? + d?) — 4d,,* < 2(2d?) — 4d>
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This implies  lim,, ,llg, — gmll2 <0
Then, since by definition [|. || = 0, we obtain the desired result lim,, ,|lg, — gmll, =0
Therefore, from this we can conclude that (g, ) is Cauchy sequence in L2 .

By Cauchy Criterion, the sequence (g,) converges. Hence by Lemma 1, it has a

convergent subsequence.

Remark: - Since the sequence (g, ) converges, then, by Lemma 1, it has a convergent

subsequence and it converges to the same value the sequence convergences.
Now choose (h,) as a subsequence of (g,,) suchthat Yo _illh,, — hpyillz < o

Question of Interest 2:- Can we find a positive linear functional I such that the
lim, . I(h,) =0.

Since (h,,) is a subsequence of the sequence (g,,) and (g, ) satisfies all the properties in

the reduced theorem, then, we can see that (h,,) satisfies all the properties (a) to (e) too.
We, then, conclude by showing that L = lim, ., I(f,) =0

Now, since (h,) satisfies the reduced theorem properties (a) to (e).Then, by property (c),

we obtain lim,,_,, h,, = 0 point wise. Then, by Lemma 1, we have lim,_ g,(x) =0.
Next, we need to show that if lim,,_, I(h,) =0.

Consider, h, = Yo _1(hy, — hypsq)

Then, taking absolute value for both sides, we have

|hn| = 1Zm=1(hm — hmy)| < Xn=ilhm — hmaal

Then, by Stone’s lemma, we found 1(|h,|) < Yo 1(lhyn — Rmail)

And, by property (D), I(lhy, — hpi1l < lhy — hpgall2
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Now, from the definition of positive linear functional, we have 0 < [I(h,)| < I(|h,]).

This, then, gives us the result

0 < [Ith)| <I(lh,]) < Xn=11(hm = hypiaD) < Zpzallhm = hiallz

Since, from Lemma 8, lim,, ,|lg, — gm |l2 = 0 and {h, ) is a subsequence of (g,) , then,

we have lim,_. X —1llhy — hm41llz = 0. That is, it converges to zero when n — oo,

0 < |I(hn)| < I(lhnl) < Z;i:l I(lhm - hm+1|) < Z?ri:l”hm - hm+1”2 =0

Then, by Sandwich (Squeezing) theorem, we get lim,_,., [ (|h,]) = 0.

Now, since the subsequence (h,,) satisfies the reduced theorem properties (a) to (e), then,
by property (d), we have h, > 0 forall n.From this, it follows that 1(|h,|) = I(h,) .
As aresult, we get lim,, o [ (|h,]) = lim,,, I(h,) =L=0.

We know that (h,) is a subsequence of the sequence (g,)and lim, _ I(h,) =L =0.

Consequently, we can deduce that lim,_ I(g,) =L=0 .

Question of interest 3:- Is lim,_, I(f,) =L=0 ?

We know that (g, ) is a sequence in K, where K,, is a convex hull of {f,, : m >n}
and lim,_. [(g,) =L = 0. Consequently, we obtain that lim,_,I(f,) =L=0 .
Moreover, since by definition 1(0) = 0, then, I(0) = 0 = I(f) provided that f =0 .
But, from reduced theorem assumption, we know that f = 0. Then, this will give us the
desired result  lim,,_,, I(f,) =L =0=1(0) = I(f) .

Thus, for any positive linear functional T if lim,_, f,(x) = f(x) point wise and there
exists a positive real number M such that |f,(x)| <M for all n and for all x where f
and f, inC,then, lim,_, I(f,) = I(f).

Example: Define I: C(X) —» R such that I(f) = k.f where k > 0.

[ is positive linear functional. Since forany «,f € R and f,g € C(X), then we have
By definition, I(af + Bg) = k.(af + Bg)
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But, k.(af + Bg) = k.(af) + k.(Bg) .Then, this is again equals,
k.(af +Bg) = k.(af) + k.(Bg) = a.(k.f) + . (k.g)

From the given, a. (k. f) + . (k. g) = a.1(f) + B.1(g)

Thus, we obtain I(af + Bg) = a.1(f) + B.1(9)

Moreover, I(f) = 0 implies k.f > 0. But, this is possible only if f > 0. Therefore,
I(f) = 0 providedthat f >0 .

Consider now the conditions f and f, inC and lim, . f, (x) = f(x) point wise.

Moreover, if for all n and for all x, |f,(x)| < M where M is a positive real number.

Then, by the theorem, we can infer that lim,,_,., [(f;,) = I(f).

38



References

[1]. Robert G.Bartle: The Elements of Real Analysis, Second Edition, 1975

[2]. Alan J.Weir: General Integration and Measure, Volume 2, 1974

[3]. Inder K.Rana: An Introduction to Measure and Integration, Second
Edition, 2005

[4]. A.H.Siddigi: Functional Analysis With Application,5™ Edition, 1994

[5]. Gerald B.Folland: Real Analysis Modern Techniques and Their
Applications, Second Edition

[6]. Steven R.Lay: Analysis with an Introduction to proof, 4™ Edition, 2005

[7]. Richard R.Goldberg: Methods of Real Analysis, 1st Edition, 1964

[8]. Arzela.C: Arzela’s Convergence Theorem, American Jastor Mathematics,
Vol. 78, 1971, pp. 970 -979.

[9]. Osgood, W.F.: Non Uniform Convergence and the integration of series
term by term, American Jastor Mathematics.,VVol.19,1897,pp. 155-190

[10].Daniel, P.J :A general form of integral, Ann. Of Math., Vol. 19, 1917 -1918,

pp. 279-294

39



	cover page last
	project work

