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Abstract

This project is about the formulation and main theorems of percolation theory. It was
introduced by Broadbent and Hamersley as a model for the flow of fluids in porous media
and it is primarily concerned with the existence of open paths called open clusters. The
project mainly focuses on the bond percolation, which is defined on the d-dimensional
lattice. In this project, percolation probability and critical threshold are defined and some
basic tools such as the FKG Inequality, the BK Inequality and the Russo’s Formula are
mentioned. In addition to this, the uniqueness of the infinite open cluster containing the
origin and the exponential decay of the radius of the mean cluster size are also discussed.
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Introduction

Percolation theory was first introduced by Broadbent and Hamersley as a stochastic
model for the flow of fluids in porous media with randomly blocked channels.
Interpreted narrowly, it is the study of component structure of random sub graphs of
graphs. Usually the underlying graph is a lattice or a lattice like graph and to obtain
the random sub graph we select edges or vertices independently with the same

probability p [2].

Suppose that a large block of material, such as a big porous stone, is immersed under
water for a long period of time. What is the probability that the water seeps in the
material so that the center of the stone is wetted?

In formulating a simple stochastic model for problems of the above type, Broadbent
and Hamersley gave birth to the percolation model in 1957. In the formulation of the
model, they considered a two dimensional lattice L? = (Z?, E?), where Z? is the set of
vertices and E? is the set of edges. Moreover, they considered the real number p such
that 0 < p < 1 and they assumed the edges to be open (present) with probability p
and closed (absent) otherwise, independently of all other edges. In this model, the
edges represent the inner passageways of the stone and the parameter p is the portion
of the passages that are broad enough to allow water to flow (pass) along them.
Therefore, the water will be able to flow from top to bottom or from left to right if
there is an open cluster that joins the center of the stone with the periphery. Thus,
Percolation theory is concerned primarily with the existence of such open paths [4].

Percolation tells us about when a system is macroscopically open to a given
phenomenon. For example, it can tell us when one can have flow of traffic from one
side of a town to its opposite, when electrical current can flow from one side of

composite to the opposite, and how much oil one can extract from an oil reservoir [7].

The point at which the percolation transition between an open system and a closed
one takes place for the first time is the percolation threshold of the system and the
behavior of the system close to this point is of the prime interest and importance.
Since a percolation network is created by simply blocking edges (bonds) at random,

percolation is also useful as a simple model of disordered systems [7].



There are different models for percolation. These include the bond percolation model
and the site percolation model. The bond percolation specifies all sites as open
(present or maintained) and lets all bonds be independently either open (present or
maintained) with probability p or closed (deleted or absent) with probability 1 — p.
On the other hand, site percolation specifies all bonds as open (present or maintained)
and lets all sites be independently either open (present or maintained) with probability
p or closed (deleted or absent) with probability 1 — p. However, the bond percolation
model, which is defined on the d-dimensional lattice, will be described in this project.
In the first chapter of this project, we mention some basic concepts from graph theory
and also we discuss the bond percolation model. In addition to this, some concepts

from probability theory are also introduced.

In the second chapter, the percolation probability, the mean cluster size and the basic
techniques, such as the FKG inequality, the BK inequality and the Russo’s formula
are mentioned. Moreover, increasing events, disjoint occurrences and pivotal edges

are also discussed.

The third chapter is about the Subcritical phase, Supercritical phase, and near the
critical threshold. In this chapter, the uniqueness of the infinite open cluster, the
exponential decay of the radius of the open cluster and finite cluster size distribution

are discussed.



Chapter one
Preliminary concepts and bond percolation model

1.1 Preliminary concepts

Definition 1.1.1 [3]: A graph G is a triple consisting of a vertex set V(G), an edge set
E(G) and a relation that associates with each edge two vertices (not necessarily

distinct) called its endpoints.

The nodes in a graph represent persons (animals, organizations, cities, countries etc)

and the lines represent relationships among them.

Definition 1.1.2 [3]: A loop is an edge whose endpoints are equal. And a graph
having no loops or no two of its edges join the same pair of vertices is said to be a

simple graph.
Definition 1.1.3 [3]: A walk in graph G is a finite non-empty sequence

W = vye vie,v, ... €, V), Whose terms are alternately vertices and edges such that the

ends of e; are v;_; and v;, for 1 < i < k.

If the edges ey, ey, ..., e, of awalk W are distinct, W is called trail. If, in addition, the

vertices vy, vq, V5 ..., V) are distinct, W is said to be a path.

Definition 1.1.4 [3]: A path is a simple graph whose vertices can be ordered so that
two vertices are adjacent if and only if they are consecutive in the list. A cycle is a
graph with an equal number of vertices and edges whose vertices can be placed
around a circle so that two vertices are adjacent if and only if they appear

consecutively along the circle.

Definition 1.1.5: The graph theoretic distance between two vertices u and v, in a
graph G, is the length of the shortest path that connects them or it is the number of

edges in the shortest path connecting them.

Definition 1.1.6 [3]: A sub graph of a graph G is a graph H such that V(H) € V(G)

and E(H) < E(G), and the assignment of endpoints to edges in H is the same as in G.



Definition 1.1.7 [3]: A graph G is connected if each pair of vertices in G belongs to a

path; otherwise, G is disconnected.

Definition 1.1.8 [3]: If G is a planar graph, drawn in the plane in such a way that the
edges intersect only at their common vertices, then the dual graph G, is obtained by
putting a vertex in every face of G, and by joining two such vertices by an edge

whenever the corresponding faces of G share a common edge.

Definition 1.1.9 [6]: Given n and p, a random graph G (n, p) is a graph with labeled
vertex set [n] = {1,...,n}, where each pair of vertices has an edge independently

with probability p.

Figure 1: Three realizations of G (16, p), with increasing p.

Definition 1.1.10: A continuous connected component of the graph of open edges is

called an open cluster.

Definition 1.1.11: Percolation is said to occur if there is an infinite open cluster

containing the origin.

Definition 1.1.12 [6]: Let {X,,;: n € N} be a sequence of independent random
variables. A tail event is an event whose occurrence or failure is determined by the
values of these random variables, but which does not depend probabilistically on any
finite subsequence of these random variables.

Theorem 1.1.1 (Kolmogorov’s zero-one law) [6]: If {X,,;: n € N} is a sequence of
independent variables, then any tail event A satisfies P(A) = 0or P(4) = 1.
Proof: Let F;and F, be two o —fields of a set  with a common product measure P.
Then, F;and F, said to be independent if for every A € F;and B € F,, we have
P(ANnB) =P(A)P(B) (i.e. every event in F;is independent of every event in F,).

Now if we have two collections of events <A and B such that the events of A are
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independent of the events of B, the o —fields o(A) and a(B) are independent. Now
let A be a tail event. Then for any index nitistrue that AisinF, 1 = 0(Xn41,

X, 42, .- ). Hence A must be independent of the events X;, X, ..., X, as these events
are independent of the events in F,, ;. Since this is true for any index n, g (4) is
independent of o (X, X, ...). However A is in both a(4) and o (X1, X;, ...).
Therefore, A must be independent of A itself. This indicates that P(A N A) = (P(A))?
which yields us the result since P(A N A) = P(A).

1.2 Bond percolation model

Assume that Z = {..., —1,0,1, ... } represents the set of all integers and suppose that Z4
denotes the set of all vectors X = (xq, x5, ..., x4) with integral coordinates. Then

if XeZ4, we generally write x; to represent the i*" coordinate of X.

Definition 1.2.1 [4]: The (graph theoretic) distance §(X,Y) from X to Y is defined by

d
(Y = ) 1~ vl
i=1

and we write |X| for the distance §(0, X) from the origin to X.

We turn Z¢ into a graph, called the d-dimensional cubic lattice, by adding edges
between all pairs X, Y of points of Z¢ with §(X,Y) = 1 (nearest neighbors). We
denote this lattice by L¢, and we write Z¢ for the set of vertices of L? and E¢ for the
set of its edges. In graph theoretic terms we write LY = (Z4, EY). Thus, L¢ is thought
as a graph embedded in RY, the edges being straight line segments between their end
vertices [diagonal segments are not considered as an edge here].

Definition 1.2.2 [4]: If 6§(X,Y) = 1, then we say that X and Y are adjacent written
as X~Y. The edge from X to Y is represented by (X, Y). The edge e is incident to the
vertex X if X is an end vertex of e. Letters such as u,v,w, x, y usually represent
vertices, and letters such as e, f usually represent edges. We denote the origin of

Z% by 0.

Next we introduce open and closed edges.



Definition 1.2.3 [4]: Let p and q satisfy 0 < p < 1 and p + q = 1. Each edge of L is
declared to be open with probability p if it is selected (maintained) and closed with
probability 1 — p if it is not selected, independently of all other edges.

More formally, we consider the probability space.

Definition 1.2.4 [4]: The probability space is a triple (Q, F, p,, ) where,

is a sample space whose elements (points), called configurations, are represented by
w = (w(e): eeE?). In this configuration, the value w(e) = 0 implies that the edge e
being closed, and w(e) = 1 corresponds to the edge e being open; F is the o-field of

subsets of  generated by the finite dimensional cylinders; and p,, is the product

measure with density p on (Q, F) given by the measure

Pp :Hﬂe

e€Ed
where p, is Bernoulli measure on {0,1} which is given by u,(w(e) = 0) = g,and
pHe(w(e) =1) =p.
We write p,, for this product measure and E,, for the corresponding expectation
operator.
Definition 1.2.5 [4]: The indicator function I, of the event A is defined by

_(lifweA
IA(w)_{OifweEA

There is a natural partial order on the set Q of configurations, given by w; < w, if and

and we write A° for the complement of an event A.

only if w;(e) < w,(e) forall e € E<.

There is a one to one correspondence between Q and the set of subsets of E¢.
Definition 1.2.6 [6]: For we(, we define K(w) = {e € E%: w(e) = 1}. Thus K(w) is

the set of open edges of the lattice when the configuration is w.

Definition 1.2.7 [4]: Two sub graphs of L¢ are called edge-disjoint if they have no

edges in common, and disjoint if they have neither edges nor vertices in common.

Definition 1.2.8 [4]: Consider the random sub graph of L¢ containing the vertex set
Z< and the open edges only. The connected components of this graph are called open
clusters. We write C(x) for the open cluster containing the vertex x, and we call C(x)

the open cluster at x.



The vertex set C(x) is the set of all vertices of the lattice which are connected to x by
open paths, and the edges of C(x) are the open edges of L? which join pairs of such
vertices. By translation invariance of the lattice and of the probability measure p, ,

the distribution of C(x) is independent of the choice of x [4]. The open cluster C(0) at
the origin is therefore typical of such clusters and we represent this cluster by the
single letter C. We shall be interested in the size of the open cluster C(x), and we

denote the number of vertices in C(x) by |C(x)].

If A and B are sets of vertices of L¢, we shall write ‘A < B’ if there exists an open

path joining some vertex in A to some vertex in B. We shall also write

'"A & Boff D' if there exists an open path joining some vertex in A to some vertex

in B which uses no vertex in the set D.

If A is set of vertices of the lattice, then we write dA for the surface of A, being the set

of vertices in A which are adjacent to some vertex not in A.



Chapter two

Percolation probability, Mean cluster size and basic
techniques

2.1 Percolation probability

The main quantity of interest in percolation theory is the probability that the origin
belongs to a cluster with an infinite number of vertices. This probability is denoted by

0 and is called the percolation probability.

Definition 2.1.1 [4]: Let C be the open cluster containing the origin. Then the
percolation probability 6 is defined by

6(p) = py, (IC] = )

Alternatively, we may write it as

0(p) = 1- > p, (IC] = ).
n=1

It is fundamental to percolation theory that there exists a critical value p. = p.(d) of

=0 if p<p.
>0 if p>p.
defined formally as follows.

p such that 8(p) { . Here, p.(d) is called the critical probability and is

Definition 2.1.2 [4]: The critical threshold or percolation threshold is defined by

pc. = sup{p|0(p) = 0}

In the one-dimensional case (i.e. d = 1), we observe that p. = 1. Indeed, if p. < 1,
then walking along the lattice L in any direction, we will almost surely meet infinitely
often an open edge. This yields that all clusters are almost surely finite. However,

when d > 2, it is no longer the case.

The main finding of percolation theory is that 0 < p.(d) < 1, which implies that
there are two phases. These are the subcritical phase and the supercritical. The
subcritical phase occurs when p < p., and it is a phase such that every vertex is
almost surely in a finite open cluster. On the other hand, the supercritical phase occurs

when p,. < p and it is a phase such that each vertex has a non zero probability of



belonging to an infinite cluster. Computing the exact value of p.(d) is a challenge,

and still remains an open problem for dimensions larger than 2 [6].

Theorem 2.1.1 [1, 6]: The percolation threshold in L? is such that % <p.< z,

3

Proof: (i) First we prove that p. > % Let o(n) be the number of distinct, loop free

paths of L2 which have length n and that begins at the origin. The exact value of o(n)
is very difficult to compute for already moderate values of n, but an upper bound on
o(n) is 4.3"1, Indeed, walking from the origin, we first have four possible edges to
take and then at each step up to three different edges. Let N(n) be the number of such

paths that are open. Since each path is open with probability p™, we have

o(n)
Ep [N(n)] = Z Ep [1{path s is open }] = G(n)pn
s=1

The origin belongs to an infinite open cluster if there are open paths of all possible

lengths that begin at the origin. Hence for all neN, we have

8(p) < p, N(n) = 1)
o(n)

= > B, (N =)
s=1

o(n)
< > spy (N =)

s=1
= E,[N(n)]
= o(n)p”

<

W

(3p)"

By letting n — oo, we obtain that 6(p) = 0 ifp < § . Hence we conclude that p. > % :

(i) Next we prove p, < % . Let meN and assume that F,, is the event that there exists a

closed circuit in the dual lattice L% that contains the box B(m) = [—m, m]x[—m, m]

9



in its interior. Moreover, let G,, be the event that all edges of B(m) are open. The
origin belongs to an infinite cluster if F,, does not occur and G,, occurs, see

figure 2 below.

o]t

Figure 2[6]: A portion of the lattice L?> (whose vertices are represented by full circles, open

e smes =
A L \

| S——

edges by plain lines) and its dual (whose vertices are represented by empty circles, and closed
edges by dashed lines). Observe that there is a circuit of closed dual edges surrounding the

origin (set in bold dashed line on the figure), which therefore belongs to a finite open cluster.

Since these events are defined on disjoint sets of edges, they are independent and

therefore we have
0(p) = p, (FnN Gp) = Pp (B Pp (Gr) ()
Now, p, ( G,,) > 0 and so all we need is to show that p,, (F,,) > 0 forp > %

Let y(n) be the number of self avoiding circuits in the dual lattice L% surrounding the
origin and of length n, that consists of a single loop (in other words, the degree of

every vertex of such a closed circuit is 2: we will speak of a “self-avoiding circuit”).
Every such circuit must pass through a vertex of the form (i + %%) for some

0 <i<n-1,because

10



(a) to surround the origin, it has to pass through a vertex (i + %%) for some i > 0,
(b) it can not pass through a vertex (i + %%) for some i > n since it would then be at
least 2n. Such a circuit contains a self-avoiding walk of length n — 1 starting from
one of the n vertices (i + %%) for some 0 < i < n — 1. Hence, we obtain that

y(n) <no(n-—1).

Now, the occurrence of the event F,, requires that there is at least one such closed

circuit with a length of at least 8m surrounding the origin. Thus, we have

E, < {there is at least one closed circuit of length 8m surrounding 0}

= U {g is cloed}

circuit g of lengt h at least 8m

Using the union bound, we get that

Pp (Fm) < Z P, (g is closed)
circuit g of lengt h at least 8m

o]

= Z Z Py (g is closed)

n=8m circuit g of lengthn

= i y(m) (1 —-p)"

n=8m

(e¢]

4(1 -
<2 @ - pyt

n=8m

If p> % then this sum converges to some finite value, and we take m to be large

enough so that it is less than % Therefore, from () we get

6(p) = p, (B, (Gp)

> Pp (Gm)

> 0, which completes the proof of the theorem. |

Theorem 2.1.2 [4]: The probability that there exists an open infinite cluster satisfies

_(0if8(p) =0
Y = {1 if 8(p) > 0O’

11



Proof: The event that {L¢ contains an infinite open cluster} does not depend
upon the states of any finite collection of edges. Thus, by the usual zero-one law
takes the values 0 and 1 only. If 6(p) = 0, then we get

Y@ < ) P, (IC)I =) = 0

xezd

On the other hand, if 8(p) > 0, then ¥ (p) = p,, (IC| = %) > 0 so that (p) = 1 by

the zero-one law, as required. [ |

The d-dimensional lattice L may be embedded in L+ . Hence, the origin of L4+1
belongs to an infinite open cluster for a particular value of p whenever it belongs to
an infinite open cluster of the sub lattice L%. Thus 8(p) = 6,(p) is non-decreasing
in d, which implies that p.(d + 1) < p.(d) ford > 1. (2.1)
The following theorem (Theorem 2.1.3) states that there exists a non-trivial critical
phenomenon in dimensions two and more.

Before the theorem let us see some associated results and open problems. First what is

the numerical value of p,(d)? We know only the values p.(1) = 1 and p.(2) = %

p.(2) = % is far from trivial to show. It is highly unlikely that there exists a useful

representation of p. (d) for any other value of d, although such values may be
calculated with increasing degrees of accuracy with the help of larger and faster
computers.

Secondly, it is not difficult to find non trivial upper and lower bounds for p. (d)

when d > 2. We have seen (in theorem 2.1.1) thatﬁ <p(2)<1- )\(LZ) and more

generally ﬁ <pd)<1- ﬁ for d > 3 where A(d) is a connective constant

defined by A(d) = limn%(o(n))% and a(n) is the number of paths (or self avoiding
walks) of L¢ having length n and that begins at the origin. The exact value of A(d) is
unknown. But it is expected that A(d) < 2d — 1; to see this, note that each new step
in a self avoiding walk has at most 2d — 1 choices since it must avoid the current
position, and therefore 6(n) < 2d(2d — 1)L

Theorem 2.1.3 [4]: Ifd > 2,then 0 < p.(d) < 1.

12



Proof: From (2.1) we have that p.(d + 1) < p.(d). Therefore, it suffices to show
that p.(d) > 0 ford = 2,and p.(2) < 1.

First we prove that p.(d) > 0 for d > 2. For this, consider bond percolation on L¢
when d > 2. Suppose that o(n) is the number of paths of L having length n and that
begins at the origin. Let N(n) be the number of such paths which are open. Since

every such path is open with probability p™, we have
E,IN(m)] = o(n)p".

Now, the origin belongs to an infinite open cluster if there are open paths of all

possible lengths that begin at the origin. So for all neN, we have
0(p) < pp, (N(n) = 1)

< E,[N(n)]

= o(n)p” (2.2)

Then substituting c(n) = (A(d) + o(1))" as n — oo, we get that
0(p) < (pA(d) + o(1))" (2.3)

Now if pA(d) < 1, then (pA(d) + o(1))™ goes to zero as n — oo. This implies that
0(p) = 0, if pA(d) < 1. Thus, we have

1
p.(d) = oL and A(d) <2d—1 < .

Next we show that p.(2) < 1. Consider bond percolation on L?. Let G be a planner
graph. The planner dual of G is the graph obtained from G by placing a vertex in each
face of G (including any infinite face which may exist) and joining two such vertices

by an edge whenever the corresponding face of G share a boundary edge in G. For the
sake of simplicity, we take as vertices of this dual lattice the set {X + G%) X € ZZ}

and join two such neighboring vertices by a straight line segments in R?. Since each
edge of L? is crossed by a unique edge of the dual, there is a one to one
correspondence between the edges of L?and the edges of the dual. We declare an edge
of the dual to be open or closed depending respectively on whether it crosses an open
or closed edge of L2. This process creates a bond percolation on the dual lattice with

the same edge probability p.

13



Suppose that the open cluster at the origin of L? is finite. We see that the origin is
surrounded by closed edges which are blocking of all possible routes from the origin
to infinity. We may convince ourselves that the corresponding edges of the dual
contain a closed circuit in the dual having the origin of L? in its interior. The converse
is also true. If the origin lies in the interior of a closed circuit of the dual lattice, then
the open cluster at the origin is finite. Therefore, we have | C | < o if and only if the
origin of L? lies in the interior of some closed circuit of the dual.

Let p(n) be the number of circuits in the dual which have length n and which contain

in their interiors the origin of L2. Then, p(n) is estimated as follows. Each such circuit

passes through some vertex of the form (k + %%) for same k satisfying0 <k < n
because; first, it surrounds the origin and therefore passes through (k + %%) for some

k > 0 and, secondly, it cannot pass through(k + %%) where k > n since it would
then have length at least 2n. Thus, such a circuit contains a self-avoiding walk of
length n — 1 starting from a vertex of the form (k + %%) where0 < k < n.The

number of such self-avoiding walk is at most no(n — 1) which gives us that
p(n) < no(n—1).
Let y be a circuit of the dual containing the origin of L? in its interior, and let M (n)

be the number of such closed circuit having length n, then

Z Py (v is closed) < Z q" no(n — 1) (24)
4 n=1

= ) qn(@@) + (1)
n=1
<wifgh(2) <1,q =1—pandthe
summation is over all such y. Moreover,
Z pp (v is closed) > 0asq=1—-p 0.
Y
Hence, it may be possible to find = with 0 < = < 1 such that
1
Z pp (v is closed) < 5 ifp > m.
Y

From previous remarks, it follows that
pp (IC| = ) = p, (M(n) = 0 for all n)
=1-p, (M(n) = 1 for some n)

14



>1- Z pp (v is closed)
14

1
> 3 if p > m, giving that p.(2) < m.
Now let us deduce that

1
p.(2) <1 BTO)

For a positive integer m, let F,, be the event that there exists a closed dual circuit
containing the box B (m) in its interior, and let G,, be the event that all edges of
B (m) are open. These two events are independent, since they are defined on disjoint

sets of edges. Now, similarly to (2.4) we have

pu&)sm<§}Mmﬁzn)
n=4

< z q" no(n — 1).
n=4

Ifqg < ﬁ we may find m such that p, (F,) < % and we choose m accordingly.

Assume now that G,, occurs but F,, does not. The non-occurrence of F,, mplies that
some vertex of B (m) lies in an infinite open path. Together with the occurrence
of G, this implies that | C | = oo. Therefore, using the independence of F,, and G,,,,
we have
0(p) = p, (BN Gy)

= Py (F)Pp (Gn)

o Pp (Gn)

o 2

. 1
>01fq<ﬁl .

Now consider an arbitrary infinite connected graph G = (V, E). Let 0 denotes a
specified vertex of G which we call the origin. We define §2°™ (p) (respectively
651 (p)) to be the probability that 0 lies in an infinite open cluster of G in a bond
percolation (respectively site percolation) process on G having parameter p. Here,
6°nd (p) and 65 (p) are non decreasing functions of p, and the bond and site

critical probabilities are given by

15



peon = peond (G) = sup{p: 6*" (p) = 0} and

pce = pg*(6) = sup{p:0°* (p) = 0}.

Now it is natural to ask whether there exists a relationship between the two critical
points of given graph G and the vertex degree.

Theorem 2.1.4 [4]: Let G = (V, E) be an infinite connected graph with countably
many edges, origin 0; and maximum vertex degree A(< o). The critical probabilities

of G satisfy

1 .
T Sl < piite <1 - (1 phond ) (25)

Proof: The first inequality of (2.5) follows by counting paths, as in (2.2) and (2.3).
Therefore, we turn immediately to the remaining two inequalities. In order to obtain
these, we shall prove a certain stochastic inequality. Given two random subsets X, Y
of IV with associated expectation operator E'; we write X <., Y and say that X is
stochastically dominated by Y, if E (f (X)) < E (f (Y )) for all bounded, measurable
functions f satisfying f(4A) < f(B)iIfAS B c V.

Let €P°"? (p) be a random subset of V having the law of the cluster of bond
percolation at the origin and let C5%¢ (p) be a random subset having the law of the

cluster of the percolation at the origin conditional on 0 being an open vertex. We

claim that
Csi (p) <4 CP"e (p) (2.6) and that
chond (p) <, €5 (p') (2.7), wherep' =1 — (1 —p)~.

Since 87" (p) = p, (I C*™ (p) | = ®), p~ 165 (p) = p, (| € (p) | = ), the
remaining claims of (2.5) will follow from (2.6) and (2.7). Indeed, (2.6) and (2.7)

site site (' ,
imply that# < ghond (p) < ep_gp)’ wherep' =1 - (1 -p)* (2.8)

which is slightly stronger than (2.5).

We construct appropriate couplings of the bond and site models in order to prove
(2.6) and (2.7). Let w € {0,1}* be a realization of a bond percolation process on

G = (V,E) having density p. We may build the cluster at the origin in the following
standard manner. Let ey, e,, ... be a fixed ordering of E. At each stage k of the
inductive construction, we shall have a pair (A, B;,) where A, €V and B, C E.
Initially, we set A, = {0}, By = @.
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Having found (A4, B;) for some k, we define (A; 1, Bx+1) as follows. We find
earliest edge e in the ordering of E having the following properties:

e € By, and e is incident with exactly one vertex of A4, say the vertex x.

Now we set
A, ifeisclosed,
Aier1 = {Ak U {y} ifeisopen, (29)

B, . = {Bk U {e} ifeis closed,
171 By if e is open,

If no such edge e exists, we declare (4j41, Bx+1) = (Ax, By). The sets A4, B;, are

(2.10), where e = (x, y).

non-decreasing, and the open cluster at the origin is given by
A, = ;(L_r)r}o Ap.

We now augment the above construction in the following way. We color the vertex 0
red. Furthermore, to obtain the edge e given above, we color the vertex y red if e is
open, and black otherwise. We specify that each vertex is colored at most once in the
construction, in the sense that any vertex y which is obtained at two or more stages is
colored in perpetuity according to the first color it receives.
Let A, (red) be the set of points connected to the origin by red paths of G (that is, by
paths all of whose vertices are red). We make two claims concerning 4., (red):
(i) itis the case that A, (red) € A,; and all neighbors of vertices in A, (red) which

do not lie A.,(red) are black;
(ii) A, (red) has the same distribution as C5%¢ (p);
Claim (i) is straightforward. In order to be colored red, a vertex is necessarily
connected to the origin by a path of open edges. Furthermore, since all edges with
exactly one end vertex in A, are closed, all neighbors of A, (red) which are not
themselves colored red are necessarily black.
We sketch an explanation of claim (ii). Whenever a vertex is colored either red or
black, it is colored red with probability p independently of all earlier colorings.
The derivation of (2.7) is similar. We start with a directed version of G; namely the
directed graph G = (V, E) obtained from G by replacing each edge e = (x, y) by two

directed edges, one in each direction, and denoted respectively by {x, y}and [y, x).We

now let w € {0, 1}E be a realization of (oriented) bond percolation process on G

having density p.
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We color the origin green. We color a vertex x(# 0) green if at least one edge f of
the form [y, x) satisfies w(f) = 1; otherwise we color x black.

Thenp, (x is green) =1 — (1 —p)*® <1—-(1-p)* (2.11),
where p(x is the degree of x, and A= max, p(x).

We now build a copy A, of €™ (p) more or less as described in (2.9) and (2.10).
The only difference is that, on considering the edge e = (x, y) where x € A,

and y & A, we declare e to be open for the purpose of (2.9) and (2.10) if and only
if w([x,y)) = 1. Finally, we let A,.(green) be the set of points connected to the
origin by green paths. It may be seen that A, (green) 2 A...

Furthermore, by 2.11 A, (green) is stochastically dominated by C*®*¢(p") where

p =1—(1-p)2 Inequality (2.7) follows. N

2.2 Mean cluster size

The other quantity of interest in percolation theory is the mean size of an open cluster.
By translation invariance, the mean size of an open cluster is the expected number of

vertices in the open cluster at the origin.

Definition 2.2.1 [6]: The mean size of an open cluster, which is denoted by y, is
defined by

x() = E, [IC[]

By expanding this expression, we obtain that

(ee]

X®) =y [IC1] = ) np, (ICI = n) + oo, ([C| = o)
n=1

If p > p., then we have y(p) = co. But the converse is not obvious, and it requires

quite some work to prove that if p < p,, then y(p) < co.

In the supercritical phase, since the mean cluster size is infinite, one is more interested
in the mean size of the finite clusters. It is denoted by x/ (p) and is defined as the

mean of |C| on the event that |C| is finite.
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2.3 Basic techniques

In this section we will try to see some of the important tools that are repeatedly used
in the study of percolation. These are the FKG Inequality, the BK Inequality and the
Russo’s Formula. They are discussed as follows.

2.3.1 Increasing Events and the FKG Inequality

The FKG inequality, which was named after Fortuin Kaseleyn and Ginibre, was first
shown by Harris in 1960. It expresses the fact that two increasing events can only be
positively correlated. Before directly stating the FKG Inequality, let us first see

increasing events.

Definition 2.3.1.1 [1, 4, 6]: A random variable X is said to be increasing on (22, F) if
X(w) < X(w') whenever w < w'. It is decreasing if - X is increasing.

Example [1]: Some examples of increasing random variables:

1. The size of the open cluster containing vertex x.

2. The largest k such that all edges in B(k) are open.

Definition 2.3.1.2 [1, 4, 6]: An event A € F is increasing whenever its indicator

function is increasing variable. i.e. if I, (w) < I, (w ) whenever w < w .
Example [1]: Some examples of increasing events:

1. The origin is contained in an infinite open cluster.
2. There is an open path from x to y.

3. The edges of B(n) are open.

Theorem 2.3.1.1 (FKG Inequality) [4, 6]: If A and B are two increasing events, then
Py (ANB) = p, (A)p, (B).

Proof [6]: Let X =1, and Y = Iy be the indicators of the increasing events A and B,
which are increasing random variables. Then we can reformulate the FKG inequality
as E, [XY] = E, [X]E, [Y]. Suppose that X and Y depend on the state of edges

e, e, ... e, for some integer n. Now we prove the FKG inequality by induction

on n as follows.
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First suppose that n = 1, so that X and Y are only functions of the state w(e;) of the
edge e;. Now pick any two states wq, w,€ {0,1} . Since both X and Y are increasing
random variables, (X(w;) — X(w;))(Y(w;) — Y(w,)) = 0, where the equality holds if

w1 = w,. Therefore, we have

1 1
0= > ) (Xen) = X(@)(Y(1) = V(@) By (1 (1) = )Py (@2e1) = )
(.\)1=0 (.\)2=0

1 1
= Z X(w1) Y(w1)pp(wy(e)) = wy) + Z X(wz) Y(w2)pp (wz(e1) = wy)

(,01=0 (,02=0

1 1
= D) K@DY(2) +X(@)V@))Py (@1(e1) = 01)By (@ (1) = w7)

w1=0 wy=0
= 2(E, [XY] — E, [XIE, [Y]).

Let 1 < k < n and suppose that the claim holds for all m < k, and that X and Y depend
only on the states w(ey), w(ey), . .. ,w(ey). Then, given w(e;), w(ey),. .., w(ex_1),
X and Y only depend on the state w(ey) of the edge e, and proceeding in similar way as

above, we obtain

Ep [XYl(D(el), Ry w(ek—l)] = Ep [Xloo(el), Ty w(ek—l)]Ep [Ylw(el)r tey w(ek—l)]
and hence

E, [XY] = E, [E, [XY|w(ey),..., w(ex—1)]]
> E, [E, [X|w(ey), ..., w(ex_)]E, [Yw(ey), ..., w(ex_1)]]

Now, E, [X|w(eq),..., w(ex—1)] and E;[Y|w(eq), ..., w(ex—1)] are increasing functions
of the state of the (k — 1) edges e;,e,, . .. ,ex_;. By induction, it implies that
Ep [XY] > Ep [Ep [X|u)(e1), ey Q)(ek_l)]] . Ep [Ep [Ylw(el), ey (D(ek_l)]]

= E, [X]E, [Y], which completes the proof of the theorem. [ |

Example [6]: As an example of application of the FKG inequality, consider the 2-
dimensional box B(n). Let A be the event that there is an open path joining a vertex

of the top face of B(n) to the bottom face of B(n) (we call such a path a TB (top-
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bottom) (open) crossing of B(n), and let B be the event that there is an open path
joining a vertex of the left face of B(n) to the right face of B(n) (we call such a path
a LR (left-right) (open) crossing of B(n), as shown in Figure 3 below. Then the
probability that there are both a TB and LR open crossings of B(n) is at least the
product of the probabilities that there is a TB open crossing and that there isa LR

open crossing

Figure 3 [6]: The box B(5) with a LR and a TB open crossing.

2.3.2 Disjoint Occurrence and the BK inequality

The BK inequality, which was named after Van den Berg and Kesten who proved it in
1985, can be regarded as the reverse of the FKG inequality with one difference. It
applies to the event A o B that two increasing events A and B occur on disjoint sets of
edges, and not to the larger event ANB that events A and B occur on any sets of edges.
A o B is the set of configurations w € 2 for which there are disjoint sets of open edges
such that the first set guarantees the occurrence A and the second set guarantees the

occurrence of B. The formal definition is given as follows.

Definition 2.3.2.1 [4, 6]: Let A and B be two increasing events which depend on the

states w(e,),..., w(e,) of n distinct edges ej, e,, ... ,e, of LY. Each of such
configurations is specified uniquely by the subset K (w) = {e;|w(e;) = 1} of open

edges among these n edges. Then A o B is the set of w for which there exists a subset
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H of K (w) such that any w’ determined by K(w') = Hisin A andany w"
determined by K(w" ) = K(w) \ H s in B.

Theorem 2.3.2.1 (BK inequality) [6]: If A and B are two increasing events, then
Py (A°B) < p, (A)p, (B).

Proof [6]: Let G be a finite sub graph of LY. Let A be the event that there exists an
open path between vertices u and v and B be the event that there exists an open path
between vertices x and y. Then A o B is the event that there exist two disjoint open
paths from u to v and from x to y. Now, let e be an edge of G. Replace e by two
parallel edges e and e”, having the same end vertices, each of which being open with
the same probability p, independently of each other and of all other edges. The
splitting of edge e in the two edges e and e” can only make our search for two
disjoint open paths easier. Indeed, if in graph G, two paths from u to v and from x to
v had to use the same edge e, they can now replace this common edge by the two
distinct edges e and e” . The probability of finding two disjoint open paths from u to
v and from x to y can therefore only increase or remain equal after this splitting. By
continuing this splitting process (see figure 4 below), we replace every edge f of G by
two parallel edges f* and f” . At each stage, we look for two open paths, the first one
which avoids all edges marked by " and the second one that avoids all edges marked
by ’. The probability of finding two such paths can only increase or remain the same
at each stage. When all edges of G have been split in to two, we end up with two
independent copies of G, in the first of which we look for an open path that connects
u to v, and in the second of which we look for an open path which connects x to y.
Since such open paths occur independently in each copy of G, the probability that they
both occur is p, (A)p, (B). Thus, we get p, (A< B) < p, (A)p, (B), as desired. M
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Figure 4 [6]: Construction of two independent copies of the lattice

Example [6]: As an example of application of the BK inequality, consider the two
dimensional box B(n). And let A be the event that there is a top-bottom (TB) open
crossing path of B(n) to the bottom face of B(n), and B be the event that there isan a
left-right (LR) open crossing, which is edge-disjoint with A. (This event does not
occur in the example of Figure 3, but it occurs for the example in Figure 5 as shown
below.) Then the probability that there are edge disjoint TB and LR open crossings of
B(n) is no more than the product of the probabilities that there is a TB open crossing

and that there is a LR open crossing.

Figure 5 [6]: The box B(5) with edge-disjoint LR and TB open crossings.
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2.3.3 Pivotal edges and Russo’s formula

The Russo’s formula estimates the rate of change of the probability of occurrence of
an increasing event A as p increases. Here, we first need to introduce the definition of
pivotal edges. If A is increasing, an edge e is pivotal for A if and only if A occurs
when e is open and does not occur if e is closed. A pivotal edge is thus a critical edge
for the occurrence of A [6].

Definition 2.3.3.1 [6]: Let A be an event and w be a configuration. Then, edge e is
said to be pivotal for the pair (4, w) if the occurrence of A crucially depends on e.

(i.e., if I, (w) # I,(w") where ' is the configuration such that w' (e) = 1 — w(e) and

o (f) = w(f) forall fe E4 \ {e}.)

The event “e is pivotal for A” is the set of all configurations w for which e is pivotal
for (4, w). This event is independent of the state of e itself, but only depends on the

state of the other edges.

Example [6]: let A be the event that there is a LR open crossing of the 2-dimensional
box B(n). Any edge e of B(n) is pivotal for A if when it is removed from the graph
there is no more LR open crossing of B(n), but one end vertex of e is joined to the
left side of B(n) by an open path, while the other end vertex of e is joined to the right
side of B(n) by an other open path.

Figure 6 below shows another example of edges that are pivotal for the event that the

origin is connected by an open path to the boundary a5 (n) of a diamond S(n).

Figure 6 [6]: The three edges e;, e; and e5 are pivotal for the event0 < 3S(5).
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Theorem 2.3.3.1(Russo’s formula) [6]: Let A be an increasing event, which depends
on the state of finitely many edges of L¢, and let N (A) denote the number of edges

that are pivotal for A. Then
d
dap P (4) = E, [N(4)]

Proof [6]: Let {X(e)|eeE?} be a collection of independent and identically distributed
random variables indexed by the edge set E4, uniformly distributed on [0,1]. Let Mp

be the configuration of edges defined by

1ifX(e)<p

<p< 4
0ifX(e)=p' forsome 0 < p < 1 and all eeE*. Then, we have

np(e) ={

p(n,(e)=0)=pXE)=p)=1-p
p(n,(e) =1) =p X(e) <p) =p.

Hence, we get that p,, (4) = p(n,€A). Now, Since A is an increasing event, for e > 0

we get Pye (4) = p(npse € A)
= p({{11p+. € AIN{M, & A} U {n,€A)})
= P({Np+e € A}N{n, € A}) + p(n,€4)
=p({lpre €EAINM, €AD +P, (A —————— (+%).

Now, if n,, € A while n, €A, it means that there are some edges e on which A

depends, and for which 7, (e) = 0 and n,, . (e) = 1. Or equivalently,
p<X(e)<p+e.

Since A depends only on the state of finitely many edges, the probability that there are
more than one edge e with p < X(e) < p + ¢ is negligible (of the order o(¢)) in front

of the probability that there is one such edge, when ¢ | 0.
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If e is the only edge for which p < X(e) < p + ¢, then e must be pivotal a edge for 4,
in the sense that 7, € A butn,,.cA wheren, .(e) =1=1-n,(e) and

Np+c(e") = n,(e") for all other edges e’ # e. Therefore,

P({np+e€A}N{n, € A}) = Z p({e is pivotal for A}N{p < X(e) <p + ¢€}) + 0o(¢)

ecEd

= Z p(e is pivotal for A))p(p < X(e) <p+¢) + o(¢)

ecEd

=¢ Z p(e is pivotal for A) + o(¢)

ecEd

where the second equality follows from the independence of the state of an edge with

the fact that e is pivotal for A or not.

Now, inserting this relation in (**), we get

Pp+e (A) = 82 p(e is pivotal for A) + o(¢) + p,, (4).

eeEd

From this we obtain

Pp+e (A) —pp (A) = ez p(e is pivotal for A) + o(e).

eeEd
Dividing by €, we have
e (4) — A
Pp+e (4) = Py (4) = Z p(e is pivotal for A) + @
€ €
eeEd

By taking the limit as € | 0, we obtain

A) — A
lin(;n Pp+e (4) ~ p (4) = Z p(e is pivotal for A)
g &

eeEd

d
%I@p A) = Z p(e is pivotal for A)

ecEd

= E, [N(A)]. n
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Corollary 2.3.1 [6]: Let A be an increasing event, which depends on the state of
finitely many edges of L, and let N(4) denote the number of edges that are pivotal
for A. Thenforany 0 < p; <p, <1,

P21
By, (A) = Py, (Aexp( f D, INGIADp
P1

Proof [6]: Since the state of an edge e is independent of the state of the fact that e is

pivotal for A or not, by Russo’s formula we have

d . .
%[P)p (A) = Z p(e is pivotal for A)

ecEd

1 L .
= b z p({e is pivotal for A}N{e is open})

ecEd

1
=5 Z p({e is pivotal for AJNA)

ecEd

1
= z p(e is pivotal for A|A) p,(A)

ecEd
= ~E, IN(A)IA]p, (4).

Thus, dividing both sides of the last equality by p,, (4) and integrating from p; to p;

we get

P21
Pp, (A) = Py, (A)exp (f EEp [N(A)IA]> dp u
P1

Example [1]: Suppose we take a one-dimensional graph (i.e. a line). Let A denote
the event that there is an open path from 0 to n (O«<>n). Since all edges between 0 and
n must be open for A to be true, the value of N (A) given that A has happened is

always n. Using the integral form of Russo’s formula, we get:

P21
By, (&) = P, (A)exp (n f 5) dp
P1

= pp, (A)exp (nln p_z)
P1
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From this we obtain that

]p)pz (A) B p2>n
P, A <p1 '
This gives an indication of the growth rate of the likelihood of A with increase in the
percolation probability. In general, for any event dependent on n edges, given that the
event has happened, there can be at most n pivotal edges. So, we can generalize the

above resultto say thatfor0 < p; < p, < 1

lp’pz_m) < (pz)n

Py, (A ~ \p;

where A is any increasing event dependent on a fixed number of edges, and this

number is n.
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Chapter Three

Subcritical phase, Supercritical phase, and near the critical
threshold

The subcritical and supercritical phases of percolation are characterized respectively
by the absence and presence of an infinite open cluster. The Connection probabilities

decay exponentially when p < p., and there is unique infinite cluster whenp > p.. It

is shown that p, = %for bond percolation on the square lattice.

3.1 Subcritical phase

In this section we will see the situation in the subcritical phase, when p < p.. In this

case the open cluster C containing the origin is almost surely finite since we have
6(p) = p, (IC] = o) = 0.

Definition 3.1.1 [1, 6]: Let {X,,;: n € N} be a sequence of independent and identically
distributed variables with finite mean. Then N is a stopping time for this sequence if

forany n € N, the event {N = n} is independent of X; withi >n + 1.

Theorem 3.1.1 (Wald’s equation) [1, 6]: If {X,,:n € N} is a sequence of
independent and identically distributed non negative variables with finite mean E[X],
and if N is a stopping time for this sequence, with E[N] < oo, then

E[X, + X, + -+ Xy] = E[X]E[N].

Proof [1]: Since

by taking the expectations, we obtain that

N
E an =E
n=1

Z Xn 1{N2n}]

n=1

= " X, Lz (3.1)

29



where the last interchange between the expectation and the summation is valid
provided that all X,, are non negative. Now, since N is a stopping time for the
sequence {X,:n € N}, 1y5,; = 1 if and only if we have not stopped after having
successfully observed X3, X, ..., X;,_1. The random variable 1y, is thus determined

by X1, X5, ..., X,—1 and is independent of X,,. Therefore, (3.1) becomes

N %)
E Zx - ;E[Xn]E[l{Nzn}]
= E[X] ) pIN 2 7]
n=1
= E[X]E[N] m

3.1.1 Exponential decay of the radius of the mean cluster size

Let S(n) be the diamond of radius n, that is, the set of all vertices x € Z¢ for which
6(0,x) = |x| <n.LetA, = {0 < dS(n)} be the event that there exists an open path
connecting the origin to any vertex lying on the surface of S(n), which is denoted by
dS(n). If we define the radius of C by

rad(C) = max{]x|}

then we see that A,, = {rad(C) = n}.

Theorem 3.1.2 [1, 4, 6]: If p < p,, then there exists y(p) > 0 such that
P, (rad(C) =n) = p,(0 & 3S(n))

= pp(4,)
< exp(—ny(p)).

Proof: From corollary 2.3.1, we have that

P21
By, (4,) = By, (A)exp ( j OE, [N(An)mn]) dp.
P1

By denoting p,,(4,) = g,(n), the above result can be restated as
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Gy (W) = gy, (W)exp (— jp p , [N(An)mn]) dp. (3.2)
By choosing p; < p., we will show that the mean number of pivotal edges grows
roughly linearly with n when p < p,. and given that 4,, occurs. The idea is that,
since p < p, Py (4,) > 0asn — oo. So that if A, occurs, then it must depend
critically on many edges, because there can only be very few paths which connect
0 to dS(n). As a result, one expects that the average number of pivotal edges

for A, linearly increases with n. Thus we need to prove that E, [N(4,)|A4,] grows

roughly linearly with n when p < p..

Before computing E, [N(4,)|A,], we show the following lemma. Let e, , e, ... ,ey
denote the (random) edges which are pivotal for A4,,. Any path that connects the origin
to 0S(n) uses one of these edges, as otherwise they could not be pivotal for A,,. The
edges are labeled in the order of encountering when we move on such a path from the
origin to S(n), and the first and the second end vertices of the pivotal edge e; are
denoted respectively by x; and y; in the order of encountering from the origin to the
surface dS(n), (see figure 7). Hence we have e; = (x;, y;). There are at least two edge
disjoint paths from the origin 0 to vertex x; and from vertex y;_; to vertex x;. Indeed,
if this was not the case, there would be a pivotal edge between the origin 0 and

vertex x4, which is a contradiction. The open cluster appears as a set of well meshed

“islands” connected to each other by pivotal edges.

Figure 7[6]: The three edges e; , e; and e3 are pivotal for As. For this example

R1=2,R2=2andR3=0.
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Consider R; = 6(y;_1,x;) for 1 <i < N, with y, = 0. Thus, the random variables R;
with 1 < i < N are the distances traversed by the shortest path which connects the
origin 0 to the surface aS(n), with in the it* “islands” encountered as we walk along
this path beginning from the origin. The distribution of the random variables R; is
linked to E, [N(A4,)|A,] as follows.

If A, occursand Ry + R, + -+ + R;, < n — k, then the number N(4,,) of pivotal
edges for A,, must be at least k. As a result,

Therefore, we get

By IN(ADI4,] = > p, (N(4,) = kl4)
k=1

k=1

So to compute £, [N(4,)]A4,], we need the distribution of the sum of the variables R;.

The first immediate step will enable us to replace this sum by a sum of independent
and identically distributed random variables, whose distribution is easier to compute.

Let M = maxi{k|A, occurs} be the radius of the largest ball whose surface is joined
to the origin by an open path. The following lemma shows that the random variables
R, R,, R, ... are jointly smaller in distribution than a sequence M;, M,, Ms, ... of

independent and identically distributed random variables distributed as M.
Lemma 3.1.1 [4, 6]: Let k € N and suppose that 7,75, ..., 7, € N such that
Yk rn<n—k For0<p<1,wehave

Py (R, <1, R =1,1<i<k—-1|4,) =
P,(M <1)p,(R; =1,1<i<k-1|4,) (3.4)

Proof: Letk =1and r;, <n—1.If Ry > ry, then the first end-vertex, x; of the first
pivotal edge ey, lies either outside the ball S(r; + 1) or on its surface dS(r; + 1) (as
shown in figure 8). Hence we see that { R; > 71} € A, 4. Since there are at least two

edge disjoint paths between 0 and x;, we obtainthat {R; > 1} N A, S A, 44 °A,.
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Figure 8 [6]: There are at least two edge disjointopen paths connecting 0 to dS(r; + 1).

Since both 4,. 4, and A, are increasing events, by applying the BK inequality we get

]P)p( { Rl > rl} n An) < Py (Ar1+1 ° An)
< Pp (Ar1+1)pp (An)

Noting that p, (Ar,+1) = p, (M = r; + 1) and dividing both sides of the above
inequality by p,(4,), we get that

P, ({Ry > n}4) <p,(M =7 +1).

Thus for k = 1, we find
]pp(Rk < rk'Ri = Ti,l <i<k- 1|An) = ]]Dp(M < rk)]pp(Ri = Ti,l <i<k- 1|An)

Now suppose that k > 1. For any edge e = (u, v), let G, be the set of vertices that are
attainable from the origin along open paths not using e, together with all open edges

between these vertices. Let B, be the event that
(a) e is open,

(b)ueG,andv ¢ G,,

(¢) G, contains no vertex of dS(n), and
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(d) the pivotal edges for the event {0 & dS(n)} are e; = (x4, y1), €2 = (X2, ¥2), -,

€r—1 = <xk—1'yk—l> = e, where 6(yi_1,xl-) =" foralll<i<k-1.

Let B = U, B,. Then for any w € 4, N B, there is a unique edge e = e(w) such that

B, occurs and hence B also occurs.

For w € B, let e = e(w) be an edge that satisfies all the conditions (a) — (d) listed
above. Let G = G, U {e(w)} be the set of vertices attainable from the origin along
open path not using this edge e, together with all open edges between these vertices,
to which the open pivotal edge e = e(w) and its other end vertex y;_; , which is also
denoted by y(G) (See figure 9).

Figure 9 [6]: The circled set of vertices is the set G,, . At least two edge disjoint open paths
connect y(G,,) = y; 10 S(r, + 1, y;) without passing by any vertex of G,, (here k = 2
andr, = r, = 1).

By conditioning on G, we get
Py (4y NB) = Y p,(B,G = NP, (4,[B,G =T,
r

where the sum is over all possible values I" of G. Now, if graph I" is given, A,, occurs

if and only if the vertex y(I") is connected to dS(n) by an open path which does not
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have any vertex other than y(I") in common with I". Hence

Py(4y NB) = ) B,(B,G = NP, © dSm of f ). (35)
r

In a similar way, if the graph I' is given, then for { R, > 1} the first end vertex x; of
the kt" pivotal edge e, lies either outside the ball S(r, + 1, y(I")) of radius , + 1
centered on y(I') = y,_q, or on its surface dS(r, + 1, y(I')). Hence we have { R, >
1} € {y(I') & dS(r, + 1, I') of f I'}. Since there are at least two edge disjoint open
paths between y(I") = y,_,, which avoids any edge of I", we have therefore,

conditionally to G =TI, that
{Re > n3nA, S{y) &3S + Ly(IN}{yT) « S() of f I'}.

Now by the space invariance we see that p,, (y(l") o dS(n, + 1,( F))) = p, (A1)

Therefore, by conditioning on G and using the BK inequality, we obtain

Py ((Re > 13N A, NB) = > P, (B,G = NP, (R > 1} N 4,]B,G =T
r
<) 8,86 = D, ({y(1) © 35(r + 1y(M)Py () < 85() of £ )
r
<) p,(B,6 =Dp, (y(1) < 35(r +1,y(1)) B, & 35() of £ 1)
r

= > Bp(B,G = Ny (Ary 11 )B, () < OS() of £ T)
r

=p,(4r41)p, (4, N B) (3.6)
where the later equality follows from (3.5).

Dividing both sides of (3.6) by ]p)p(An N B), we get

]pp(Rk > rklAn n B) < ]pp(Ark+1)-

And multiplying the later by p, (B|4,,) we obtain

]pp ({ Rk > rk} n BlAn) = ]p)p (Ark+1)]p)p (BlAn)
Now, we have
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]p)p(Ark+1) =]p)p(M>rk+1)
P, (BlA,) =pp(R; = 1; for1<i<k—-1|4,)
]pp({Rk < Tk}nBIAn) = ]pp(Rk < Tk,Ri =T fOTlSlSk—llAn)

from which we deduce that
]p)p(Rk S rk,Rl' = Ti,l S l S k - 1|An) 2 ]p)p(M S T'k)]p)p(Rl- = T‘l-,l S l S k - 1|An) .

From (3.4), we obtain that
n—k
P, (R + -+ Ry <n —k|A,) = pr(}z1 bt Ry = LRy <n—k —i|4y,)
i=0
n—k
= Pp(Ry+ Ry + -+ Ry = i|A)p,(M <n—k—1i)
i=0
=pPp(R1+ Ry + -+ Ry + My <n—kl|A,)

where M, is a random variable independent from the state of all edges in S(n), and
distributed as M. Iterating this operation (k — 1) more times, we find that
Pp(Ri+ Ry + -+ R <n—kl|A,) 2 p(M; + My + -+ M, <n—k) 3.7)

where My, M,, ..., M, is a sequence of independent and identically distributed random

variables distributed as M. We can now find a lower bound on E, [N(4,)|4,] by

using (3.7), and this is the second intermediate result.

Lemma3.1.2[4,6]:For0 <p <1,

E, [N(4,)|4,] = =

—i:O PNO) -1 (3.8)

Proof: From (3.3) we remember that, if R; + R, + .-+ R, < n — k and if A, occurs,
then the number N(4,,) of pivotal edges for 4,, must be at least k. Consequently, we
have

Pp[N(4y) = Kl4,] = Py (Ry + Ry + -+ Ry < n—kl4y)

Now, since p(M; = 1) =p,(M =1) = g,(r) — 8(p) for r > o, we make change

of variable to avoid having p( M; = r) > 0 for r - oo when p, < p. Let
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le = 1+ min{M;, n}.
. Then
P(My + My + -+ M, <n—k)= p(My + My + -+ M, <n).

Therefore, we can continue with these truncated random variables and hence we have

By IN(ADIAL] = D B, [N(4,) = Kl4,]
k=1

ZZp(Mi+M;+---+M,;sn)

k=1

> Z pP(K =k+1)
k=1

=E[K] -1

where K = min{k|M; + M, + ---+ M, > n}.

Since the Ml-'s are independent and identically distributed bounded random variables,
by Wald’s equation we get
E[M; + Mj + ---+ M,] = E[M;]E[K].

Since M; + M, + --- 4+ M, > n by definition of K, it follows that
E[M; + My + -+ M,] = E[M;]E[K] > n

whence

n
E[K] > E[M]

4

_ n
"~ 1+ E[min{M;,n}]

B n
~ 1+ E[min{M, n}]

n
TI1+3L, pM )

X0 9,0)
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Inserting (3.8) in (3.2), we obtain that

P2 1
9p, (M) < g, (Mexp —f < 0’; o) 1) dp.
P1 1 p

Since this integral is difficult to compute as such, we replace functions of p in the

integral as follows: % > 1and g, (i) < g,, (i) and for any n € N we find that

gpl(n)Sgpz(n)eXp< (p2 — p1)<2n03 D 1)) (3.9
p2

Still we need one intermediate result, namely we need that }.i"_, g,,, (i) is finite.

Lemma3.1.3[4,6]: For0 < p < p. and for n > 1 , there exists §(p) < oo such that
gy(n) < ()" /2 (3.10).

Proof: Foranyn' > n, (3.9) becomes

gp, () < g, (M) exp| —(p; —p1)<n— 1>
i 0 pz(l)

"
< gp, M) exp| (p2 —p1) (1 - m)

< gp, (n) exp (1 _ nfpz—g_lz)))
i=0 Ip>

because g,, (n) = p,, (4,) is a decreasing function of n and n' > n. Now, we can

decompose the summation
n' n-1 n
1 L1 . .
= 90D == Y 5,0+ ) 5,
i=0 i=0 i=n

(ngp, () + (0 =1+ 1)g,, ()

Uy

=%
< ni(n +n gpz(n))
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1

by choosingn’ =n l J from which we getn < 2n’g,,, (n). Consequently, we

gpz(n)
have
. (p2 — p1)
< 1—— 3.11
Now assume that p, < p. and choose p; by
P1 = Pz — 3g,, () (1 = Ingy, (). (312)

Since g, (n) (1 —Ing,, (n)) — 0 for n —» oo, we pick n large enough so as to have
the right hand side of (11) strictly positive. Substituting (3.12) in (3.11) we find that
Gp, () < (gp, (M))? (3.13)

Now fix 0 < p < p. and use the above argument to construct a subsequence
(nq,ny, ..., n;, ...) along which g, (n;) approaches 0 quickly. Pick g so that

p < q < p., and construct two sequences. The first one is a sequence of probabilities
p; beginning at p, = q and the second one is a sequence of integers n; beginning at a
value n, which shall be picked latter, and defined as

1

Niy1 =Y =1 lgpi(ni) (3.14)
Pirt = pi — 35, (n) (1 = Ingy, (ny)) (3.15)
where y; = L}p 'tni)J. Now we find that n; 1 = n; and p; .1 < p;. Still we need to

check that p; > 0, and we will pick n, large enough to ensure it. Because of the way
we constructed the sequences (3.14) and (3.15), and the discussion leading
to (3.13), we find that

Ioyr (1) < (gp, ())? (3.16)
for 0 < j < i. Now, any real sequence {x;} starting at a value 0 < x, < 1 and defined
by x; 11 = sz converges so quickly to 0 that the infinite sum
220 3% (1 — lnxj) < oo, and moreover converges to zero if x, » 0 . Therefore, we

may pick x, sufficiently small that this infinite sum is smaller or equal to g — p, and

next pick n, sufficiently large that
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lp)q (An) = gq (Tl()) < X0-

By using the fact that 3x(1 — Inx) is an increasing function, we iterate (3.15) to

obtain

Pit = Pi — 39, () (1 - Ing,, ()

=po— Z 39p;(1y) (1 — Ingy, (nj))

=>q —i3gpj(nj) (1 N lngpi(nj))

>q—-(q—p)
=p
Therefore, by suitably choosing n, large enough, we guarantee that p; > 0 for all i.

Moreover, we get that

limp; = p.
[ —>00

Now let us turn our attention to the other sequence, and expand (3.14) to obtain

Nit+1 = NoYoV1 - Vi-

In addition to this, expanding (3.16), we obtain that

(gpi (ni))z = gpi (ni)gpi (ni)
< Gp; (n;) (gpi—l (ni—l))z

2
< gp; M) Gp,—1 (Ni-1) (gpi_z (ni_z)) < ..

< Gy () py1 (ir) G, (1) (9 ()’

-1
< (Vi¥i ---Vlyo) 9p, (1)

= San_l_l, where 62 = nogpo (no)
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Finally, we fill in the gaps in the sequence nq, n,, ..., n;, .... Letn > n,, and i be such

thatn;_; <n <mn; (since g, (n;) » 0 fori — oo, n;_; <mn; for large i). Then, since

p < p;, we have g, (n) < g, 1 (n;_1) < §n, /2 < 8n” /2. This is valid for n < n,

and adjusting 6 we make a similar inequality valid forn > 1. [ |

A consequence of this lemma, and more precisely of (3.10), shows that there is some
A(p) < oo such that

> 9,00 < A@In*2
i=0

for p < p.. Assume that p; < p., and pick p = p, sothatp; < p, = p < p.. By

inserting this sum in (3.9) we obtain that

n'/2
Ip, M) < gp, M) exp| —(p2 — p1) (A_p) - 1)

< exp (1 - —(pZA(_p;jl) n1/2>

and hence we have

> oy (1) < o0
i=0

for all p; < p.. Consequently, since p, < p,, we find that

i=0
Now inserting this relation in (3.9), we obtain
(n) < gy, () (( )( . 1))
9p, ) = gp, (M) EXp| —(P2 — P1 -
P1 P2 Epz [M]

< ex _Pz—pln
=P\ TE,, M]

= exp(—y(p1)n)

where Y(p;) = % > 0 and this completes the long proof. n
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3.2 Supercritical phase

In this section the situation in the supercritical phase, when p > p., will be discussed.
In this case there is almost surely an open cluster of infinite size. But how many are
there? We will first show that there is exactly one such cluster. The next question will

be evaluating the size of the other, finite cluster.

3.2.1 Uniqueness of the infinite open cluster

Theorem 3.2.1[6]: If p > p,, then p,, (there exists exactly one open cluster) = 1.

Proof: Let Y be the number of infinite open clusters. Since the sample space

is a product space with a space invariant product measure p,,, Y is a translation
invariant function on Q. A property of translation invariant functions is to be almost

surely constant. Therefore, there exists some k € N U {oo} such that p, (Y = k) = 1.
Since p > p., we have k # 0. We will prove by contradiction that

0) k ¢ [2,) and
(i)  k # oo, which therefore implies that k = 1.

Now let us see the two cases one by one.

(i). Suppose firstthat 2 < k < oo. Let S(n) = {x € Z¢: §(0,x) = |x| < n} be the
diamond of radius n (i.e. the ball of radius n with graph theoretic distance). Let Y (0)
be the number of infinite open clusters when all edges of S(n) are closed. Since the
probability that all edges of S(n) are closed is strictly positive, we have

p, {Y = k} n{all edge of S(n) are closed}) "
pp (all edges of S(n) are closed) -

P, (Y(0) = k) =

Similarly, if Y(1) is the number of infinite open clusters when all edges of S(n) are
open, p, (Y (1) = k) = 1, and therefore p, (Y(0) = Y(1)) = 1. We always have
that Y (0) > Y (1), but since there are only a finite number of infinite open clusters,
we have Y(0) = Y (1) if and only if S(n) intersects exactly one such cluster. So, if

M; ) is the number of infinite open clusters that intersects S(n), then we have
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P, (Ms(my = 2) = 0 for all n € N. Now by letting n — oo, we obtain that the diamond

S(n) becomes the entire lattice L% and therefore we see that

0 = lim p, (Mg = 2)

n—>oo

= p, (Y = 2), a contradiction with p, (Y = k) = 1 for some 2 < k < co.

(if)Suppose next that k = oco. We use a geometric argument to get a contradiction,
which is based on the following object. We call a vertex x a trifurcation (see figure 10
below) if

(a) x belongs to an infinite open cluster;
(b) There exist exactly three open edges incident to x; and
(c) The deletion of x and of the three edges incident to x splits the infinite open

cluster containing x in to exactly three disjoint infinite clusters and no finite

cluster.

Figure 10 [6]: A sufficient condition for 0 to be a trifurcation if the three paths from x, y and
z are open, and all other edges S(n) are closed, and x, y and z belong to three distinct infinite
open clusters. The arrows outside dS(n) represent the connectivity to distinct infinite clusters.
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Because of the space invariance of L%, the probability that a vertex x is a trifurcation
is independent of x, and therefore we have

pp (x is a trifurcation ) = p,(0 is a trifurcation). sk

Let us show that this probability is non-zero. Let Ms,,y(0) be the number of infinite
open clusters that intersects S(n) when all edges of S(n) are closed. Then we get that

Mgy (0) = Mgy,y. Therefore, we have
Py (Msny(0) = 3) = p,(Ms(ny =3) » p, (Y 23) =1

asn — oo, Consequently, there is n € N such that p, (Ms(n) 0) = 3) > % ,and fix n
to this value from now on until we have shown that the probability of having a
trifurcation at the origin is non-zero. If Mg,y(0) = 3 then there exist three

vertices x, y, z € dS(n) lying in three distinct infinite open clusters. Moreover, there
are three paths inside S(n) which join the origin to x, y, z respectively, such that the
origin is the unique vertex common to any two of them, and each touches exactly one
vertex on dS(n). For a configuration of edges w € {M,)(0) = 3}, we pick x =

x(w),y = y(w) and z = z(w) and the three paths as just described.

Now let J, ,, , be the event that all edges in these three paths are open and that all other
edges in S(n) are closed. Then we have

Pp Uxy,z|Msny(0) = 3) = (min{p, 1 — p}HR™
where R(n) is the total number of edges in S(n). Now, if Mgq,,y(0) = 3 and if J, , ,
occurs, then x is a trifurcation. Therefore,

P, (0 is a trifurcation) = p, (]x,y,Z|M5(n) 0) = 3)]p)p (Ms(n) (0) = 3)
1, .
>~ (min{p, 1 — pPF™
>0.

Because of **, we therefore have that
Py (x is a trifurcation) > 0
for all vertices x € Z¢. Let T (m) be the number of trifurcations in S(m). Since
E,[T(m)] = |S(m)|p, (0 is a trifurcation),

it implies that T (m) grows in the manner of |S(m)| as m — co. The contradiction is
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obtained by the following geometric argument. Pick a trifurcation t; in S(m), and
take a vertex x; € dS(m) that is connected to t; by an open path in S(mm). Pick a
second trifurcation t, in S(m). Then by definition of a trifurcation, there must be a
vertex x, € dS(m), distinct from x;, such that t, < x, in S(m) (see figure 11 shown

below).

Figure 11 [6]: finding trifurcations in S(n)

Repeat this operation, at each stage by picking a new trifurcation t; and new vertex
x; € dS(m), with t; & x; in S(m). There are T (m) trifurcations in S(m), and so we
end up with T (m) distinct vertices x; € dS(m), which implies that

[0S(m)| = T(m).
But T (m) grows in the manner of |S(m)| for large m, which would mean that
|0S(m)| would grow in the manner of |S(m)| for large m as well. Hence we have
reached a contradiction, because |S(m)| grows in the manner of m¢ while |3S(m)|

grows in the manner of m?=1.
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3.2.2 Finite cluster size distribution

We are now interested in the size of the finite clusters which show that the size of the
cluster containing the origin is exponentially decreasing with the size. We only
consider the two dimensional case, where the proof is easier because of the duality.

The Theorem is however valid for d > 3.
Theorem 3.2.2 [6]: (exponential decay of the finite cluster size distribution).

If p. < p < 1, then there exists n(p) > 0 such that

L d-1
P, (IC] = n) < expifi—n"d n(p))
forn € N.

It is also possible to find a lower bound of the form: there exists some y(p) < o such
that

p,(ICI =) > exp(—n%y(p))

Proof: We only prove a slightly weaker bound p, (|C| = n) < nexp (—\/577 (P)),

and only for d = 2 and for% <p<l1.

Suppose that the origin belongs to a finite cluster of size n. Then there exists a closed
circuit in the dual lattice L%, having the origin in its interior. Then this circuit has less
than n vertices. Moreover, it can be shown by using topological arguments that there

is some value § > 0 such that this closed circuit contains at least §y/n vertices. The
circuit must pass through a vertex of the form (i + %%) forsome0<i<n-—1,

because

(a) to surround the origin, it has to pass through a vertex (i + %%) for some i > 0,

(b) it can not pass through a vertex (i + %%) for some i > n since it would then be at

least 2n. Therefore, one of these n vertices must lie in a closed cluster of L? of size at

least 5v/n . Let us call this vertex 0,4, and the closed cluster to which it belongs C;.
Now, each edge of L? is closed with probability (1 —p),and 1 —p < % <p,

because of Theorem 2.2.1. In other words, the process of closed edges of L is
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subcritical. Therefore, there exists A(p) > 0 such that

P, (ICal = 8vn) < exp(=2A(p)5vn).
Since

Py ((1 + %%) lies in a closed cluster of L of size at least 6\/5) =p,(IC4| = 6vn), we
have that
n—1 11
p,(ICl =n) < Z P, <(l + EE) lies in a closed cluster of L of size at least 6\/ﬁ>
i=0
= n]p)p(lCdI = 6\/5)
< nexp(~A(p)5Vn)

Now by setting n(p) = A(p)4, we obtain that

P, (IC] =n) < nexp (—\/ﬁn(p)), which completes the proof. |

3.3 Near the critical threshold

Critical threshold for bond percolation on the 2-dimensinal lattice

The previous sections have equipped us with the necessary tools to eventually
compute the value of p., which is proven to be equal to % We begin by proving that in
2-dimensions, the percolation probability is zero when p = % for which the immediate

consequence is that the critical percolation threshold p, > % Moreover, the absence of

infinite open cluster at the percolation threshold is also conjectured to hold for higher

dimensions.

Theorem 3.3.1 [5]: For bond percolation on the two-dimensional square lattice, we

1
have p. > >

In order to prove this theorem, we first need to show the following lemma.
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Lemma 3.3.1 (square-root trick) [1]: Let A4, 4,, ..., A,, be increasing events, all

having the same probability. Then we have
1

Pp(A) 21-(1-p, <UAi> :

i=1

Proof: Let A7 be the complement of the event A4;. Then by the FKG inequality we get

2(00)-n(01)

i=1 i=1

> 1_[ Py (A7)
i=1

= (pp (A1 )m

=(1-p,(4))"

Now by taking the m*" root of both sides of the equations, we obtain the result as

1
]pp(Al)Zl_ 1_pP<UAi) . [ |

i=1

Proof of the Theorem 3.3.1: We prove that 6 G) = 0, that means almost surely there
IS no unbounded component atp = % . By the monotonicity of the percolation

function this corresponds to p, = %

Assume that 6 (%) > 0 and for any n, define the following events. Let A!(n) be the

event that there exists an infinite path that starts from some vertex on the left side of
the box B,, which uses no other vertex of B,,. Similarly, define A" (n), A*(n) and

AP (n) for the existence of analogous infinite paths starting respectively from the
right, top bottom side of B,, and not using any other vertex of B,, beside the starting
one. Notice that all these events are increasing in p and that they have equal

probability of occurrence. We call their union U(n). Since we have assumed
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that 0 G) > 0, we have that
lim,, Lo, p1(U(M)) = 1. (D
2

By the square-root trick lemma, we have that each single event also occurs with high

probability because
. 1
P1 (Al(n)) >1—-(1-p1(UM))4,fori=1Lrtb (2)
2 2
which tends to one by (1) asn — oo. Then we can choose N large enough such that
P (A(N) 2%, fori=1Lr,tb. (3)
2 8
Now we shift our attention to the dual lattice. Let a dual box B,,; be defined as all the

vertices of B, shifted by (%,%) ; see figure 12 below.
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Figure 12 [5]: The box B,and its dual B, , drawn with dashed lines.

Consider the events A%, (n) that are the analogous of A% (n), but defined on the dual
box. Sincep = % , these events have the same probability as before. Thus we can

write
P (Afi(N)) =y (Ai (N)) > é ,fori=1ntb. (4)

Now consider the event A that is a combination of two events occurring on the dual
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lattice and two on the original lattice. This can be defined by
A=A (N)NnA"(N) n A4 (N) n A5(N) (5)
By the union bound and (4), we obtain
p1(4) = 1= p1(4'(N)7 U A" (V) U 4G (N)* U A (N)°)

>1- (p%mlav))f + p%(Ar (M) + P14 (V) + p%mz (N))©

=

N | =

: (6)

However, the geometry of the situation and uniqueness lead to a contradiction,

because they impose that pi1(A) = 0; see figure 13 below. Event A implies that there
2

are infinite paths which start from opposite sides of B,, that do not use any other
vertex of the box. However, any two points that lie on an infinite path must be
connected, as they are part of the unique infinite component. But notice that
connecting x; and x, creates a barrier between y; and y, that cannot be crossed,
because otherwise there would be an intersection between an edge in the dual graph
and one in the original graph, which is impossible. Thus, we conclude that y; cannot
be connected to y,, which violates the uniqueness of the infinite cluster in the dual

lattice. [ |

Figure 13[5]: Since there is only one unbounded component, x; must be connected to x,.
Similarly, in the dual graph, y; must be connected to y,. This is geometrically impossible
situation.
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Lemma 3.3.2 [6]: (Crossing of a square for p = %): Let LR(n) be the event that there
is a left-right open crossing of the rectangle R(n) = [0,n + 1]X][0, n] (that is, an open
path connecting some vertex on the left side of R(n) to some vertex on the right side

of R(n)). Then we have p1(LR(n)) = %for alln € N.
2

Proof: The rectangle R(n) is the sub graph of L? having vertex set [0,n + 1]X[0,n]
and edge set comprising all edges of L? joining pairs of vertices in S(n), except those
joining pairs (i, j), (k, 1) witheitheri =k =0o0ri =k =n+ 1. Let R;(n) be the
sub graph of L3 having vertex set {(i + % j+ %)lO <i<n, 1<j<n}andedge set
of all edges of L% joining pairs of vertices in R, (n), except those joining pairs

(i, ), (k, 1) with either i = k = — % ori=k=n+ % The two sub graphs can be
obtained from each other by a 90 degrees rotation, which relocates the vertex labeled

(0,0) at the point (n + % — %), see figure 14(left).

iyielelele
oo ielely
bieieielele

RS rsrsssrary
0O 0 0 0 0 ¢

Figure 14 [6]: The box R(n)and its dual R, (n) for n = 6 (left) and an illustration of the fact
that there is no left-right open crossing R(n) if and only if there is a top-bottom closed

crossing of R, (n) (right).

Consider the following two events. Let LR(n) be the event that there exists an open

path of R(n) joining a vertex on the left side of R(n) to a vertex on its right side, and
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let TB,(n) be the event that there exists an closed path of R; (1) joining a vertex on

the top side of R;(n) to a vertex on its bottom side.

If LR(n) N TB;(n) #+ @, then there is a left to right open path in R(n) that crosses a
top to bottom closed path R, (n). But at the crossing of these two paths, there would
be an open edge of L? crossed by a closed edge of L%, which is impossible, see figure
14(right). Hence, we find LR(n) N TB;(n) = @. On the other hand, either LR(n)

or TB,;(n) must occur. Let D be the set of vertices that are reachable from the left side
of R(n) by an open path. Assume that LR (n) does not occur. Then there exists a top-
bottom closed path of L% crossing only edges of R(n) contained in the edge boundary
of D, and so TB,(n) occurs. Consequently LR(n) and TB;(n) form a partition of the

sample space Q, and therefore we have

Py (LR() + p, (TBa()) = 1 ()
Now since R(n) and R, (n) are isomorphic (they can be obtained from other by a 90
degree rotation, which relocates the vertex labeled (0,0) at the point (n + % - %)),
flipping the polarity of each edge of L% yields that p,(TB;(n)) = p1_, (LR(n)).
Now inserting this result in (), we get p, (LR(n))+p;—, (LR(n)) = 1. Thus by

taking p = % we obtain that [p)%(LR(n))+]p%(LR(n)) = 1. This implies that
Z]p%(LR (n)) = 1 from which we get ]p)%(LR(n)) = % Therefore we conclude that
forp = % we have p, (LR(n)) = % u
Now we directly deduce one of the most famous theorems in percolation theory as
follows.

1

Theorem 3.3.2 [1, 6]: The percolation threshold in L2 is p, = >

Proof: From theorem 3.3.1, we observe that p, > % Assume that p, > % Then the

value p, = % belongs to the subcritical phase and thus by theorem 3.1.2 there exists

Y G) > 0 such that for alln € N*,

1
p1(0 & 0"R() < p1(0 © 3S()) < exp <—mp (§)>
2 2
where {0 « 0" R(n)} is the event that the origin is connected by an open path to a
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vertex lying on the right side of R(n), defined as
0"R(n) ={(n+1,k) € Z%|0 < k < n},
and {0 & dS(n)} is the event that the origin is connected by an open path to a vertex
lying on the perimeter of the ball of radius n centered at 0. Consequently, since
LR (n) is the event that there exists an open path of R(n) joining a vertex on the left

side of R(n) to a vertex on its right side, we have

p1(LR(n)) < Z p1((0,k) & 8"R(n))
2 =0 2
< (n+ Dp1(0 « d"R(N))
2

< (n+1)exp (—mp (%)) which yields that
p1(LR(n)) > 0 asn — oo. But this contradicts with lemma 3.3.2. Hence, we must
2

have p, < % which completes the proof. |
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