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Abstract

Based on the contribution of intraction between various charged components

of the system the stability analysis of an axisymmetric geometrically thin and

optically thick accretion disk around a magnetized neutron star is presented.The

disk we consider is modified by including the effect of coulombic pressure on the

total pressure.We consider three region of the disks outer, middle and inner re-

gion.The outer and middle region of the disk is dominated by gas pressure and

the inner region is dominated by radiation pressure. The opacity in the middle

and inner region is mainly due to electron scattering whereas that in the outer

region is mainly due to free-free emission. Starting from the vertically integrated

non-relativistic hydrodynamics equations we set up the basic equations which gov-

ern the structure of the disc and for the stability analysis of the disc model we

have kept the time dependencies in the equations. Even if we include coulombic

pressure We find that the gas pressure dominated region is thermally stable.The

graph of stability parameter as afunction of the disk radius shows that the inner

region of the disc is viscously unstable.
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Introduction

An accretion disk is likely to be formed when a compact object ,aneutron

star in this case, is a member of a close binary system and matter transferred

from a giant type companion onto the compact star with high angular momen-

tum. Shakura and sunyaev (1973) initiated this discussion considering a very

simplistic but effective standard model of a geometrically thin, optically thick ac-

cretion disk. They were able to obtain an analytical solution of height integrated

hydrodynamical equations by using Newtonian gravitational potential.The study

of stability of the accretion disc is one of the important criteria in this context.

The stability of geometrically thin accretion discs has been studied extensively

after the construction of standard α-discs. According to the standard theory of

accretion discs (Shakura and Sunyaev 1973), the middle and outer parts of the disc

are dominated by the gas pressure and the inner region is dominated by radiation

pressure. Those regions have been found to be stable to the thermal and viscous

modes but pulsationary unstable to the acoustic modes (Blumenthal,Yang, and

Lin 1984). Some recent research work about the isothermal accretion disc also

obtained similar results (Wallinder 1990; Wu et al.1995b; Wu, Yang, and Yang

1994).

Some early analyses about the stability of gas pressure dominated discs have

incorporated azimuthal perturbations (Livio and Shaviv 1977,1981; Van Hon, We-

semael, and Winger 1980.). However, the radial perturbations were neglected in

all the studies . McKee (1991) has investigated the contribution of gas pressure

to the stability of a standard alpha-disc. He found that the disc is stable when

β < 0.6(β is the ratio of the dominant pressure to the total pressure ). This

implies that a gas pressure dominated disc is more stable. It has been also found

that the disc is thermally and viscously unstable if it is optically thick and ra-

diation pressure dominated (Pringle,Rees and Pocholczyk, 1973; Lightman and

Eardely, 1976; Shahura and Sunyaev, 1976). There is also a possible mode of pul-

sational overstability. In this case, one looks for instabilities in which oscillations
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on the orbital timescale grow in amplitude because of the effects of viscosity (Lin

and Paploizou, 1996). Kato (1978) considered the evolution of small perturba-

tions of all three components of velocity as well as T and S. He found that the

disc experience pulsational instability besides the viscous instabilities and ther-

mal instabilities. If a geometrically thin disc is optically thin, it has been found

also that it is viscously stable but thermally unstable (Piran, 1978). Those in-

stabilities are believed to be relevant to some light variation observed in many

systems such as X-ray binaries. In the standard α model, the viscous heating is

balanced by radiative cooling. However, if the radiative cooling is not efficient, the

advection will be non negligible. Particularly in an optically thin disc, the radia-

tive cooling rate is so slow that most of the viscous generated energy is advected

radially. Recently, the accretion disc models with gas pressure dominated with

either electron scattering or free-free opacity have been studied(Abramowicz etal.,

1988; Kato, Honma and Matsumaoto, 1988;Narayan and Popham, 1993; Narayan

and Yi, 1994, 1995a , 1996b; Abramowicz et al., 1995; Chen et al., 1995; Chen,

1995). The gas dominated disk model with electron scatering opacity has also

been adopted successfully to explain the observations of low and high luminosity

systems ( Nayan, Yi and Mahadeven, 1995; Narayan, Mcclintock and YI, 1996).

The possibility of steady and stable disc formation by incoming matter toward

a neutron star is allowed only for a certain sets of initial parameters. Abramowicz

Zurek (1981) studied the effect of angular momentum on the accretion and the

corresponding stability of the transonic nature of the in falling matter on to the

star. The gas elements in the disc lose angular momentum, due to the interaction

or friction between adjacent layers and spiral inwards. Part of the released grav-

itational energy increases the kinetic energy of the rotation and the other part

is converted in to thermal energy which is radiated from the disk surface. Thus,

viscosity converts gravitational potential energy in efficient manner in to radia-

tion Accretion disk around a compact star has been thought to play an important

role in various X-ray sources. The interaction between a magnetized star and a

surrounding accretion disc is one of the most poorly understood aspects of accre-

tion.The magnetic field of the star penetrates the surrounding accretion disc and

couples the two. According to the Ghosh and Lamb (1979) model, the part of

the accretion disc that is located inside the co rotation radius provides a spin up

torque on the star, since it is rotating faster than the star, while the more slowly
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rotating outer part of the accretion disc brakes the star. The net torque is deter-

mined by the location of the inner edge of the disc, which moves inwards as the

accretion rate increases, thereby increasing the spin up-torque on the star. In this

respect Shapiro et al. (1976) gave a detailed two-temperature disk model which

might be promising if radiation pressure dominated inner region of the disk was

secularly unstable. On the other hand, Bisnovatyi-Kogan and Blinnikov (1977)

proposed a corona disk model where the accretion process would not be steady,

by investigation of particle motions taking account of the radiation from the disk

and gravitational field of a black hole.

In all the studies of stability mentioned above, we see that although a gas

pressure dominated region with either an electron scattering dominated or free-free

absorbation opacity is studied, consideration of the effect of coulombic pressure

is not made. The aim of this work is then to expound on the effect of coulombic

pressure on the stability of thin Keplerian accretion discs.

The structure of this thesis is as follows,The first chapter is devoted to the

discussion of the coulombic pressure. In chapter two the equation of state and the

basic equations of thin accretions disks for non-relativistic case, such as the equa-

tion of conservation of mass,angular and radial momentum,energy and equations

for the vertical structure are briefly discussed.Accretion onto campact objects is

fully dealt with in chapter three.The local structure of the disc will be cosiderd in

chapter four. The stability analysis of the thin accretion disks thermal instaility,

viscous instability, and the stability parameter β in the inner, middle and outer

regions are given in chapter five. Finally conclusion is made.



Chapter 1

COULOMBIC PRESSURE

Since we are concerned with real gases ,because they have direct applications

in astrophysics as compared to ideal gases .So we have to include the effect of

interactions between the various charged components of the system.Coulombic

pressure is the result of this effect. To get the total pressure we include coulombic

potential on top of gravitational potential,Ω0.

Recall that from kinetic molecular theory of gases ,gas pressure is given by

P =
2

3

K

v
(1.0.1)

where K is average kinetic energy of the gases and its is dtermined from Virial

theorem.To know coulombic pressure the following subtopics should be taken in

to account.

1.1 Virial Theorem

The virial theorem states the that total kinetic enery of the star is equals to half

of its gravitational potential energy.If a star contracts , half of its gravitational

energy is transformed in to kinetic energy, the other half is lost, i.e radiated

away(A1.2).If we denote the kinetic energy with K gravitational potential with Ω0

we have

K =
−Ω0

2
(1.1.1)

4
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thus equation 1.0.1 becomes

P =
−1

3

Ω0

v
(1.1.2)

where Ω0 <0

In the presence of coulombic potential Uc , we expect the total pressure to

carry additional termPcoul.Since Uc > 0, We expect

Pcoul =
1

3

Ucoul
v

(1.1.3)

1.2 Plasma Concepts

A plasma is an ionised gas that is in state of electrical quasi-neutrality, the be-

haviour of which is governed by collective effects due to long-range electromagnetic

interactions between the charged particles .So to find Pcoul one has to calculate

first Uc . Since our system is a plasma that is, polarizable, the potential of every

ion is shielded and its long range effect is cut short. Whenever we want to consider

the behavior of a gas on a length scales comparable to the mean free path between

collisions, we must use the idea of plasma physics that will be important to our

study of accretion. A plasma differs from an atomic gas or molecular gas in that

it consists a mixture of two gases of electrically charged particles, an electron gas

and an ion gas, with very different particle masses me and mi. The electrons and

ions interact with each other through their electrostatic coulombic attractions and

repulsions. These coulomb forces decrease only slowly (∝1/r2) with distance and

do not have a characteristic length scale. Thus, a plasma particle interacts with

many others at any one instant, and this makes the description of the collisions

more complicated than in atomic or molecular gases, where the inter particle forces

are very short range. A further complication arises from the great differences in

particle masses me and mi . Since collisions between particles of very different
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masses can transfer only a small fraction of the kinetic energy of order me/mi �

1, it is possible for electrons and ions to have significantly different temperatures

over appreciable time scales. These two properties- the long range nature of the

coulomb force and the disparity in electron and ion masses give the physics of

plasmas its particular character. A further series of complex phenomena occurs

when the plasma is permeated by a large scale magnetic field, this is particularly

relevant for the study of gas accreting on highly magnetized neutron stars.

Formally the shielded potential is given by

V ∝ e−(const)r

r
(1.2.1)

where r is the distance between the two interacting particles. It is calculated from

the requirement that,

ρq = ρoe
− zeV
kBT (1.2.2)

where

ρq = e
∑
z

(znz) (1.2.3)

is the charge density and

nz = noe
− zeV
kBT (1.2.4)

is the number of ions per unit volume, for our system to be nearly perfect we

expect, nz << 1. Since ρq satisfies Poissons equation,

52V = −4πρq = −4πe
∑
z

(znz) (1.2.5)

Or

52V = −4πρq = −4πe
∑
z

(zno)e
− zeV
kBT (1.2.6)

For slightly real system zeV<< kBT , thus

52V ≈ −4πe(1− −zeV
kBT

)
∑
z

(zno) (1.2.7)

using the fact that the number densities of ions and electrons at any point must

be approximately equal, and therefore a plasma must always be close to charge
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neutrality: even a small charge imbalance would result in very large electric fields

which would act to move the plasma particles so as to restore neutrality very

quickly. Hence,
∑

z(zno) =0, we have

52V ≈ 4πe2

kBT

∑
z

(z2noV ) (1.2.8)

Or

52V ≈ kD
2V (1.2.9)

where

kD
2 =

4πe2

kBT

∑
z

(z2no) (1.2.10)

From the fact that (ze)2

KBT
has the dimension of length and no has the dimension

of inverse length cube we notice that KD is an inverse length.The solution to

Poissons equation is easily determined by inspection based on the facts

i)ρq = ρoe
− zeV
kBT

ii)V ∝ 1
r

We therefore expect the solution to be of the form

V = Υ
e−kDr

r
(1.2.11)

This can be checked by direct substitution in to 52V ≈ kD
2V ,and to find the

constant Υ we use the usual potential for small value of r i,e limVr→0= ez
r

,implying

const =ez

Hence

V = ez
e−kDr

r
(1.2.12)

The fact that we have weak interaction is telling us,KDr << 1

In this case e−kDr may be written as

e−kDr ≈ 1−KDr (1.2.13)
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and it gives, V (r) = ez
r

+ φz,where φz = −ezKD,is the potential due to other

charges at the ions.

The coulomb energy per unit volume is commonly given as

Uc
v

=
1

2

∑
z

(zenoφz), where (1.2.14)

φz = −ezKD, KD = (
4πfe2ρ

kBmpT
)

1
2

(1.2.15)

Here we use the parameter f =
∑

(z2) xz
Az

, where xzis the mass abundance of the

gas and Az is atomic weight. Since we are considering the disk system (whirling

gas) as a hydrogen gas for which the atomic number, z = 1 and its abundance

xz = 1 and its atomic weightAz = 1.0079, uc
v

= −e3( π
kBT

)
1
2 (fρNo)

3
2 .Thus the

coulomb pressure, pcoul = 1
3
Uc
v

,following from this will be

Pcoul = −1

3
e3(

π

kBT
)
1
2
(fρNo)

3
2 (1.2.16)

,



Chapter 2

STRUCTURE EQUATION

In this section we set up the basic equations which govern the structure of

the thin accretion disc around a neutron star with a magnetic dipole field. These

equations are basically derivable from the equations of non-relativistic magneto-

hydrodynamics. The disc structure we consider was first investigated by Shakura

and Sunyaev but is modified. It is modified since we include the effect of coulombic

pressure on the total pressure. To specify a disc model we need to give a viscosity

prescription and a relation for the opacity equation.In addition, we are interested

in three regions:the outer and middle region of the disk dominated by gas pressure,

and the inner region dominated by radiation pressure.In the portion of the disc

where gas pressure is dominant we shall drop the radiation pressure term and in

the portion of the disc where the radiation pressure is dominant we shall drop the

gas pressure term from the equation of state.

2.1 Assumptions

The simplest accretion disc model to construct is that of the thin disc. We

obtain a simplified set of equations by integrating over the z-dimension and by as-

suming that the flow is steady and is axisymmetric in the mean.Since We consider

an axisymmetric disk structure of accreting matter and we employ a cylindrical

coordinate system (R,ϕ, z) with the z-axis chosen as the axis of rotation. The

basic structure of a disc is the same in all systems. A disc rotates around a central

9
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object,and usually the central object provides all of the gravitational force on the

disc.In some cases there are additional sources of gravity, such as the self-gravity

of the disc it self.The orbit of the accreted material is close to circular,but the

rotation of the disc is generally differential, so that the rotation velocity and the

rotation period change with distance from the center. If all of the gravitational

force is provided by the central object, the disc is aKeplerian disc, and the rota-

tion period depends on radius according to the Keplerian laws of orbital motion:

T∝ R3 , where T is the orbital period and R is the distance from the center of the

disc. Therefore, throughout the analysis of this paper the following assumptions

will made:

1. The time derivatives of the mean flow variables are zero.

2. Relativistic effects and self-gravity effects, and hence gravitational instabil-

ities are therefore neglected. This assumption will be valid for disks around

magnetized neutron stars.

3. The disc is assumed to consist of fully ionized hydrogen gas.

4. The viscosity may be adequately represented by an α- disc model such that

fRϕ = αP , where fRϕ is the only appreciable component of the stress tensor

and P is the total pressure. the viscosity parameter,α, will be assumed

constant within the interval 10−3 < α ≤ 1.0

5. The disk is axisymmetric, i.e. there is no dependence of the mean flow on

the azimuthal angle ϕ

6. The disc is thin (disc half thickness= H << R =disc radius) and all equa-

tions will be averaged over the vertical structure.This means that we can

construct useful equations by vertical averaging.

7. The velocity in the disk is dominated by the Keplerian velocity.This means

all of the gravitational force is provided by the central object i,e vϕ =
√

Gm
R
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8. Vertical hydrostatic equilibrium is maintained as the instabilities develop.

This is certainly true in the case of the viscous instability. However, the

vertical time scale tz , becomes comparable to the thermal time scale, tth

, for alpha near unity tth ≈ α−1tz . As pointed out by Pringle(1976) , the

growth rate for the thermal instability may be an underestimate due to this

assumption.

9. The kinetic energy of the star is equals to half of its gravitational potential

energy ,this leads to the velocity in excess of keplerian velocity

2.2 The Equation of State

The equation of state is the function that relates the pressure to the density,

molecular weight, and temperature at any place in the star.In this case the total

pressure in the presence of coulombic pressure is the sum of gas pressure(Pg)

,radiation pressure(Pr) and coulombic pressure(Pcoul) where Pg = NokBTρ
µ

and

Pr = 1
3
aT 4 ,where a is the radiation constant

P = Pg + Pr + Pcoul =
NokBTρ

µ
+

1

3
aT 4 − 1

3
e3(

π

kBT
)
1
2
(fρNo)

3
2 (2.2.1)

2.3 Mass Conservation

The continuity equation that describes the mass conservation for a fluid flow

of density ρ flowing at velocity v = (vR, vϕ, vz) in unit time from (A2.6) of the

appendix two is given by

∂ρ

∂t
+ O.(ρv) = 0 (2.3.1)

since the disk is steady in the mean, i.e. time derivatives of the mean flow variables

are zero

O.(ρv) = 0 (2.3.2)
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For thin cylindrically symmetric disc Eq.(2.3.1) can be expressed as

1

R

[
∂RR(ρvR)

]
+ ∂ϕ(ρvϕ) + ∂z(ρvz) = 0 (2.3.3)

But from the assumption there is no dependence of the mean flow on the

azimuthal angle ϕ .Dropping the ϕ derivatives, thus we get

1

R
∂RR(ρvR) + ∂z(ρvz) = 0 (2.3.4)

Multiplying equation (2.3.4) by 2πR and integrating over z :

2π

∫ H

−H
∂R(ρRvR)dz + 2πR

∫ H

−H
∂z(ρrvz)dz = 0 (2.3.5)

So for a thin axisymmetric disc after neglecting the vertical out flow from the disc,

the gas will have a radial component velocity only i,e there is no wind from the

top and bottom surfaces of the disc. Therefore vz = 0 at z = ±H .This implies

2π∂z(ρRvz)|H−Hρdz = 0

thus we have

2π

∫ H

−H
∂R(ρRvR)dz = 2π∂RRvR

∫ H

−H
ρdz = 0 (2.3.6)

Introducing a useful variable called surface density

S(R, t) =
∫ H
−H ρdz

where ρ is the vertically average density and H is half thickness of the disc.We have

∂RRvRS = 0 (2.3.7)

Defining also the mass accretion rate by:

Ṁ = −2πRvRS (2.3.8)
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finally for steady state we have

∂RṀ = 0⇒ Ṁ = constant (2.3.9)

i.e. the accretion rate is constant with radius.

2.4 Viscosity

Viscosity is a microscopic property of fluids and decribes the inner friction of the

fluid.In real fluid the transport of momentum occurs in part by the transport of

fluid volumes having different velocities. But additional transfer is caused by the

internal friction between particles moving with adjacent layers of the fluid having

different velocities. Thus angular momentum has been transported outward as a

result of collisions, the effect of collisions in this case is to introduce a positive co-

relation between azimuthal velocity fluc tuations and radial velocity fluctuations,

which in the language of turbulent fluids means that the Reynolds stress 〈ρvRvϕ〉

transports angular momentum outwards. Because the chaotic motion takes place

in an equilibrium flow, the exchange of fluid elements cannot result in the net

transfer of any matter between the two rings(fig 2.1). Therefore, mass crosses the

surface R=constant at equal rates in both directions, of the order Hρṽ per unit

arc ,so the average upward and downward mass fluxes are the same.

If the elements are not interacting with the streaming fluid, and subject

only to external forces (e.g. gravity), the appropriate assumption is that angular

momentum is conserved. If the effects of surrounding fluid (e.g. pressure gradients)

must be included, the external forces are canceled by bulk rotation and pressure

gradients in a steady state, so stream-wise momentum is conserved.

The net upward ϕ-momentum flux density is following approximately equals

to

ρṽ[(R +
λ

2
)vϕ(R− λ

2
)− (R− λ

2
)vϕ(R +

λ

2
)] ≈ ρṽλR2Ω′ (2.4.1)



14

Figure 2.1: Differential viscous torque

where Ω′ = dΩ
dR

and λ is the spatial scale or characteristic wave length of the

turbulence .There is a transport of angular momentum due to the chaotic process,

i.e, a viscous torque exerted on the outer stream by the inner stream and an equal

and opposite torque exerted by the outer stream on the inner. The torque exerted

on the outer ring by the inner ring is given by the net outward angular momentum

flux. Since the mass flux due to chaotic motions is the same in both directions,

one obtains to first order in λ the torque per unit arc length as

−ρṽHλR2Ω′ (2.4.2)

and we assume that the angular velocity changes slowly over the length scale

of chaotic motions. The non-vanishing component of the stress in this case is the

force in the ϕ direction per unit area, and is given by

frϕ = −ηRΩ′ ∼ −ρv̇λR2Ω′ (2.4.3)
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yielding a positive kinematic viscosity ν ∼ λv̇. But generally in an accretion

disc, the total torque is obtained simply by multiplying by the length 2πR of the

circular boundary. Setting ρH = S(the surface density), we can write the torque

exerted by the outer ring on the inner is equals to the negative the torque of the

inner on the outer as

G(R) = 2πRνSR2Ω′ (2.4.4)

The sign of this equation tells us for a rotation law in which Ω(R) decreases out-

wards, hence G(R) is negative, in this case the inner rings lose angular momentum

to the outer ones and the gas slowly spirals in. Now let us consider the net

torque on a ring of gas between R and R + dR. As this has both an inner and an

outer edge, it is subject to competing torques (Fig. 2.1); the net torque (trying to

speed up ) is

G(R + dR)−G(R) =
∂G

∂R
dR (2.4.5)

Because this torque is acting in the sense of angular velocity Ω, there is a rate

of working

Ω
∂G

∂R
dR = [

∂

∂R
(GΩ)−GΩ′]dR (2.4.6)

by the torque. But the term

∂

∂R
(GΩ)dR

is just the rate of convection of rotational energy through the gas by the torques

and the term −GΩ′dR represents a local rate of mechanical energy to the gas. This

lost energy must go in to internal (heat) energy. The viscous torques therefore

cause viscous dissipation energy with in the gas at a rate GΩ′dR per ring width

dR. Ultimately, this energy will be radiated over the upper and lower faces of the

disc.



16

2.5 Momentum Conservation

Accretion discs are formed due to the angular momentum of the incoming

gas.In afluid the transferring material has high specific angular momentum, so

that it cannot accrete directly onto the star.In real fluid the transport of momen-

tum is expressed by the advective term in Eulers (momentum) equation and the

derivation of the Navier-Stockes equation begins with an application of Newtons

second law, for a fluid of density ρ, flowing with a velocity v .Eulers equation is

given by

du

dt
= −5 P − ρ5 Φ (2.5.1)

where P is the pressure and Φ is the gravitational potential. If dissipative terms

repre senting the action of viscous forces are included on the right hand side of

Eq.(2.5.1) it becomes the Navier-Stockes equation .i,e what makes Navier stokes

equation different from eulers eqaution is that, the existance of stress tensor in

later.

du

dt
= −5 P − ρ5 Φ +5.f (2.5.2)

where f represents the stress tenser.At the interface between adjacent cells of

the resulting chaotic field, the gradients become so strong that magnetic field

line reconnection occurs. Clearly, we are not able to handle these complicated

phenomena in quantitative manner.A reasonable parametrization has, however,

been given by ,following Norbert Straumann,

Using

Dt = ∂t + vR∂R + vϕ
1

R
∂ϕ + vz∂z (2.5.3)

Using the cylindrical coordinates(R, ϕ, z), and considering first each term sepa-

rately then after a set of mathematical manipulations connecting the expansion

terms according to their components, we have the following results as shown in

different subsections.
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2.5.1 The Azimuthal Component

Here we consider the ϕ component of the momentum equation.From (A2.11)

of the Appendix page it will be

ρ(Dtvϕ +
vϕvR
R

) = − 1

R
∂ϕP − ρ

1

R
∂ϕΦ +

1

R
∂R(RfϕR) + ∂z(Rfϕz) +

1

R
fRϕ

now for steady flow ∂t = 0 by symmetry the fluid variables are independent of ϕ

thus,

ρ(Dtvϕ +
vϕvR
R

) =
1

R
∂R(RfϕR) + ∂z(Rfϕz) +

1

R
fϕR

Multiplying this equation with R then for ϕ independent functions we obtain

ρ(Dtvϕ) =
1

R
∂R(R2fRϕ) + ∂z(RfRϕ) (2.5.4)

Now we multiply the continuity equation

1

R
∂RR(ρvR) + ∂z(ρvz) = 0

with Rvϕ and add the resulting equation to Eq.(2.5.4) and obtain

1

R
∂RR(ρvRRvϕ) + ∂z(ρvzrvϕ) =

1

R
∂R(R2fRϕ)

Integrating over z gives

1

R
∂R

∫
R2(ρvRvϕ)dz =

1

R
∂R(R2WRϕ) (2.5.5)

where

WRϕ =

∫
fRϕdz

for thin disc Eq.(2.5.5) is approximately

1

R
∂R(vRSR

2vϕ) =
1

R
∂R(R2WRϕ)
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but for steady state

1

R
∂R(vRSR) = 0

thus we have

SvR∂R(Rvϕ) =
1

R
∂R(R2WRϕ) (2.5.6)

where Rvϕ is the specific angular momentum and the component WRϕ has the

form wRϕ =
∫
ηR∂R(vϕ

R
dz),where η is the dynamic vioscosity.

2.5.2 The Radial Component

The radial component of the momentum equation is

ρ(vR∂RvR+
vϕ
R
∂ϕvR+vz∂zvR−

v2
ϕ

R
) = −∂RP−ρ(∂RΦ)+

1

R
∂R(RfRR)+∂zfrz−

1

R
fϕϕ

(2.5.7)

Similarly ∂ϕ = 0 (by symmetry). Except for fRϕ , all the viscous stresses can

be neglected and ignoring the vertical variation ( out flow ), we have to sufficient

accuracy

ρ(vR∂RvR) = −∂RP + ρ(
v2
ϕ

R
− ∂RΦ) (2.5.8)

Since we use the fact that

Φ =
GM

(R2 + z2)
1
2

thus

∂RΦ = −1

2
2R

GM

(R2 + z2)
3
2

= −R GM

(R2 + z2)
3
2

since R >> z

=⇒ ∂RΦ ≈ −GM
R2

hence after integration over z Eq.(2.5.8) can be rewritten as

SvR∂RvR = S(
v2
ϕ

R
− GM

R2
)− ∂RW

where

W =

∫
Pdz
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2.5.3 The Vertical Component

Since the z component of the momentum equation contains only the small

components of the viscosity, then ignoring these and the ϕ derivative we have,

ρ(vR∂Rvz + vz∂zvz) = −∂zP − ρ(∂zΦ)

we assume that the motion in the z direction are subsonic. Thus, the LHS is a

factor of ( z
R

)2 . Now neglecting the vertical out flows, the equation reduces to the

equation of hydrostatic equilibrium in the z- direction, i.e,

∂zP = −ρGM
R2

z

R
(2.5.9)

Using H as half thickness of the disc, the pressure at the mid plane of the disc is,

P =

∫ H

0

GM

R3

z

R
dz =

1

2
ρH

GM

R3
H =

1

2
HS

GM

R3

Making slight approximation over Eq.(2.5.8), i.e, letting

1

ρ
∂zP ≈

1

ρ

P

z
=
GM

R3
z

since the Keplerian velocity

v2
k =

GM

R

and

c2
s =

P

ρ

we can rewrite the hydrostatic equilibrium equation as

c2
s = v2

k(
H

R
)
2

This implies

H

R
=
cs
vk

(2.5.10)

In this approximation we have used,

vk = vϕ

The thin disc requirement thus says that the circular flow velocity is highly su-

personic.
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2.6 Conservation Of Energy

Viscosity in the gas disc converts the free energy of differential rotation in to

thermal energy, which is then radiated away. As the potential energy is released,

the gas slowly spirals inward, completing many revolutions around the neutron star

before significantly changing its distance from the central source. The amount of

gravitational potential energy release by the gas in the disc increases as the gas

draws closer to the central object. Our stating point is Eq.(A2.24) of the Appendix.

Since the dominant part of the scalar product of the stress tenser and the velocity

is the radial component of magnitude fRϕvϕ and thus

5.(fv) =
1

R
∂R(RfRϕ) (2.6.1)

Ignoring again the z-component of the velocity and in addition the radial compo-

nent of the energy flux vector, we have

ρ(vR∂R)(
1

2
v2
R +

1

2
v2
ϕ + Φ) =

1

R
∂R(Rfrϕ)− ∂zF (2.6.2)

where F is the vertical energy flux density (F = qz). If we denote the energy flux

per unit area emitted at the disc surface by Q− =2F and the dissipation function

q+ = fRϕR∂R(vϕ
R

)then the energy produced per unit area Q+ is given by then the

energy produced per unit area Q+ is given by

Q+ =

∫
q+dz = WRϕR∂R(

vϕ
R

)

Usually it is assumed that the energy dissipated in to heat is radiated on the

spot in the vertical direction. Then we have

∂zF = q+ = fRϕR∂R(
vϕ
R

)

Since we approximate the azimuthal component of velocity by the circular Keple-

rian velocity, i.e, vϕ ≈ ΩR,where Ω = Gm
R3

1
2
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Then we obtain

ṀΩR

2
= −2π∂R(WRϕR

2)

where

WRϕ = R
dΩ

dR

∫
ηdz

and thus we have

ṀΩR2 + 2πR3 dΩ

dR

∫
ηdz = I

where η is the turbulent viscosity and I is independent of R .

The Keplerian approximation follows if inertia and pressure gradient terms are

neglected. Corrections are of order (H
R

)
2 � 1

From the above relations we find

∂zF =
9

4
η
GM

R3

then the energy produced per unit area will be given by

Q+ =
9

4

GM

R3

∫
ηdz

The angular momentum conservation implies

ṀΩR2 = −2πR2Wrϕ + I

Here the constant I is the net rapidly inward flux of angular momentum, whose

value is usually assumed to be of the order ofṀΩ(RA)R2
A, where RA(Alfven) is

the inner edge of the disc. Then we have for specific angular momentum l = R2Ω

Ṁ [l(R)− l(RA)] = −2πR2WRϕ (2.6.3)
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The torque 2πR2WRϕ is on the other hand determined from WRϕ = −3
2
Ω
∫
dz

In the energy equation above we neglect derivatives of W, S, and vR;

d
dR

[Ṁ 1
2
v2
ϕ − GM

R
) + 2πR2WRϕΩ] = −2πRQ−.Finally we express the cooling rate

Q−independent of η

Q− =
3

4π
Ṁ
GM

R3
[1− (

RA

R
)
1
2 ] (2.6.4)



Chapter 3

ACCRETION ON TO
COMPACT OBJECT

The accretion of matter includes the release of gravitational energy.Because

of this accretion discs are considered an efficient machines for extracting gravita-

tional potential energy and converting it into radiation.They convert about half

of the gravitational energy to rotational keinetic enrgy and the rest to radiation

energy. Neutron stars arise as a result of gravitational collapse of cores of mas-

sive stars after exhaustion of all thermonuclear energy sources.A black hole is an

object, which has so strong gravitational field, that it does not radiate either elec-

tromagnetic or gravitational waves (all radiation and matter are confined inside

the horizon of events the effective boundary around the black hole, from which

no information can escape to the entire universe).The angular velocity Ω(R) in

the disc remains very close to the. Keplerian value Ωk(R) = (GM
R3 )

1/2
until the ac-

creting matter enters a boundary layer of radial extent b just outside the surface

R = R∗ of the accreting star. Within this boundary layer Ω must decrease from

a value Ω(R∗ + b) ∼= ΩK(R∗ + b) to the surface angular velocity Ω∗ < Ωk(R∗).

Thus we envisage ΩR as a function having the form shown in Fig. 3.1. We can

see how much luminosity can be radiated from the boundary using the following

argument. At first sight one might think that this is simply given by the specific

energy difference between a Kepler orbit at R and a particle with angular velocity

Ω∗ at this radius, i.e.

E =
1

2
ṀR2

∗(Ω
2
k − Ω2

∗) (3.0.1)

23
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and indeed an incorrect expression of this form was current in the literature

for many years. However, this neglects the edge term GΩ acting on the star at its

surface

Figure 3.1: Distribution Ω(R) of angular velocity near the inner edge of an ac-
cretion disc around a star with surface angular velocity Ω∗ less than the break-up
value ΩK(R). The R∗ , is the boundary layer. region R∗ < R < R∗ + b, with
b<< R∗ is the boundary layer

We therefore need an expression for the viscous torque on the star. The sta-

tionary angular momentum conservation equation

−νSΩ′ = S(−vR)Ω +
C

2πR3
(3.0.2)

Now by definition the outer limit of the boundary layer is the point R = R∗ + b

where Ω′ = 0. Then we find within the boundary layer that

C = −[2πR3S(−vR)Ω]R=R∗+b ' ṀR2
∗Ωk(R∗) (3.0.3)

where we have assumed that b << R∗ and that Ω is very close to the Kepler value

at R = R∗ + b. From (2.5.4) we can deduce that the viscous torque is

G = 2πR3SνΩ′ = −ṀR2Ω + ṀR∗Ωk (3.0.4)

which therefore takes the value

G∗ = ṀR2
∗(Ωk − Ω∗) (3.0.5)
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at the stellar surface, where Ωk is now understood as evaluated at R = R .

Subtracting G∗Ω∗ from E given by (3.0.1) we finally get the luminosity available

to be radiated by the boundary layer as

LBL =
1

2
ṀR2

∗[Ω
2
k − Ω2

∗ + 2Ω2
∗ − 2Ω∗Ωk] =

GMṀ

2R∗

[
1− Ωk

Ω∗

]2

(3.0.6)

Our derivation of the inner boundary condition on the disc, as well as the R∗ . Let

us now justify this assumption. We discussion of LBL above, we assumed b�R. In

the thin disc approximation the radial component of the Euler equation is given

by :

vR
∂vR
∂R
−
v2
ϕ

R
+

1

ρ

∂P

∂R
+
GM

R2
= 0 (3.0.7)

In a thin Keplerian disc this equation is dominated by the centrifugal (
v2ϕ
R

) and

gravity (GM
R2 ) terms . However, the boundary layer is by definition that region of

the disc in which vϕ < vk = GM
R

. Thus the gravity term must be balanced either

by vR∂vR/∂R ∼ v2
R/bor the pressure gradient ρ−1∂P/∂R ∼ c2/b where as usual

we have taken P = ρc2
s and set ∂/∂R ∼ b1 in

the boundary layer. But we can infer that c2
s > v2

R , since otherwise the inflow

to the stellar surface would be supersonic and the news of the presence of the

stellar surface at R = R∗ could not be communicated outwards to the disc. Hence

in the boundary layer

c2
s

b
∼ GM

R2
∗

(3.0.8)

The boundary-layer size b is now given by noting that just outside R∗ + b the

standard disc relation implies a scaleheight (assuming radiation pressure can be

neglected)

H ∼ cs

(
R∗
GM

) 1
2

R∗ (3.0.9)

Assuming that H and csjustinsideR∗ + b are similar to their values just outside,

eq(3.0.7) and (3.0.8) can be combined to give

b ∼ H2

R∗
(3.0.10)
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This justifies our assumption b� R∗,for

b ∼ H2

R∗
� H � R∗ If the accretion rate, and therefore the density, in this region

is high enough it will be optically thick and radiate roughly as a blackbody of

area ∼ 2R∗Hx2. We already know that the luminosity emitted by this area must

be 1
2
Lacc = GMM/2R∗ . Thus there is a characteristic boundary layer blackbody

temperature TBL given by

4πR∗HσT
4
BL ∼

GMM

2R∗

where σ is the StefanBoltzmann constant. For the characteristic disc blackbody

temperature T∗ shows that

TBL ∼
(
R∗
H

)1/4

T∗ (3.0.11)

Using (3.0.9) to eliminate H and remembering that c2
s ∼ kT∗/µmH in this region,

we get

TBL ∼ T∗(TsT∗)
1/8 (3.0.12)



Chapter 4

LOCAL DISC VARIABLE

If the thin disc approximation hold, the task of computing the detailed disc

structure is enormously simplified. Both the pressure and temperature gradients

are essentially vertical, so that the vertical and radial structures are largely decou-

pled. From the work of Kippenhahn and weigert (1990) we have the equations of

hydrostatic equilibrium and energy transport to solve with the radial disc struc-

ture only entering the calculations in the fixing of the local energy generation rate.

The temperature Tc must it self be given by an energy equation relating the

energy flux in the vertical direction to the rate of generation of energy by viscous

dissipation. The vertical energy transport mechanism may be either radiative or

convective, depending on whether or not the temperature gradient required for

radiative transport is smaller or greater than the gradient given by the adiabatic

assumption. Then here we are assuming that the transport is radiative, this is

indeed true in many important cases. Because of the thin disc approximation, the

disc medium is essentially plane-parallel at each radius, so that the temperature

gradient is effectively in the z-direction, as we pointed out in chapter two. Under

these circumstances, the flux energy though a surface z=constant for gas pressure

dominated region is

F (z) = −(
4caT 3

χρ

∂T

∂z
) (4.0.1)

where χ is the Rosseland mean opacity. It is implicitly assumed in writing that

27
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the disc is optically thick in the sense that

τ = ρHχ = Sχ >> 1

For the radiation pressure dominated region the flux energy is given by

F =
c

χ

Gm

R2

H

R
if the disk is optically thick (4.0.2)

So that the radiation field is locally very close to the black-body value, once the

optical depth given above becomes less than(or equal) to unity, the expression for

radiative cooling given above breaks down as the radiation can escape directly.

4.1 Central Density and Central Temperature

With the Presence of Coulombic Pressure

from hydrostatic equilibrium in -z direction we have

∂zP = −ρGM
R2

z

R
(4.1.1)

and from the energy conservation equation we derived that the volume rate of

energy generated by viscous iteractions isq+ is

∂zF =
9

4
η
GM

R3
(4.1.2)

We also have the equation of state (total pressure equation)

P =
NokBTρ

µ
+

1

3
aT 4 − 1

3
e3(

π

kBT
)
1
2
(fρNo)

3
2 (4.1.3)

We can treat the hydrodynamical equitions integrated exactly over the thickness

of the disc. As for the viscous stress fRϕ we have

fRϕ = −ηRΩ′ ∼ −ρv̇λR2Ω′
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where Ω′ = ∂R
vϕ
R

,hence the above equation becomes

fRϕ = −ηR∂R
vϕ
R

= −ηR∂RΩ (4.1.4)

If we assume the turbulent viscosity to be a linear function of the turbulent velocity

and the Keplerian angular velocity the viscous stress is reduced to the familiar

Shakura and Sunyaev α-model: fRϕ = −αP

The parameter α ∼ vt
cs

where cs and vt are the sound and turbulent velocities

respectively. and also

∂R
vϕ
R

= −3

2
(
GM

R3
)

1
2

(4.1.5)

Thus the above expression for the viscous stress gives us the equation:

−3

2
η(
GM

R3
)

1
2

= −αP

finally we get

η =
2

3
αP (

GM

R3
)
− 1

2

Once a formula for the viscosity is given, we can determine the local structure of

the disc. We assume a polytropic equation of state for fixed R:

p(z) = Kρ(z)1+ 1
N (4.1.6)

Eq.(4.1.1) can then immediately be solved with the result:

K(1 +N)ρ
1
N = 1

2
GM
R

[(H
R

)
2 − ( z

R
)2]

For the values in the central plane making z= 0 we obtain

Pc
ρc

=
N

2(1 +N)

GM

R
(
H

R
)
2

(4.1.7)

S = 2ρcHI(N) (4.1.8)
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W = 2PcHI(N + 1) (4.1.9)

where I(N) = (2NN !)2

(2N+1)!

Since we are dealing with the spirit of the modified α- prescription of Shakura

and Sunyaev(1973) that we are modeling the disk as geometrically thin the energy

transport equation is radiation transport dominated.

For optically thick parts of the disc, we use the expression

dT

dz
= − 3χρF

4acT 3
(4.1.10)

The outer and middle region of the disk is dominated by gas pressure, where

as the inner regin is dominated by radiation pressure,hence

for middle and outer region we have

P =
NokBTρ

µ
− 1

3
e3(

π

kBT
)
1
2
(fρNo)

3
2

for inner region we have

P =
1

3
aT 4 − 1

3
e3(

π

kBT
)
1
2
(fρNo)

3
2

with Q− = 2F for the middle and outer region we have

Q− = −2(
4acT 3

3χρ

dT

dz
)surface (4.1.11)

If the radiation pressure dominates, we obtain from the equation of state and

hydrostaic equilibrium in the z-direction

Q− = 2
c

χ

Gm

R2

H

R
if the disk is optically thick (4.1.12)

For the region dominated by gas pressure

If we let A = NokBTρ
µ

and B=1
3
e3( π

kBT
)
1
2 (fρNo)

3
2 then Eq.(4.1.3) and (4.1.7) give

us:

Kρ(z)1+ 1
N = AρT −B(

ρ3

T
)

1
2

Kρ(z)
1
N = AT −B(

ρ

T
)
1
2
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but Pc = Kρ
1+ 1

N
c we get

ρ
1
N
c =

1

2K(1 +N)

GM

R
(
H

R
)
2

but for z6=0 we have

ρ(z)
1
N =

1

2K(1 +N)

GM

R

(
(
H

R
)
2

− (
z

R
)
2
)

thus

Kρ
1
N
c T

1
2 = AT

3
2 −Bρ

1
2 or AT

3
2 −Bρ

1
2 −Kρ

1
N
c T

1
2 = 0

let x = T
1
2 then the above equation becomes

x3 − ax+ b = 0, where a =
Kρ

1
N
c T

1
2

A
and b =

B

A
ρ

1
2

from (A3.6) we have

T (z) = 3
5
6

[
B

A

] 1
3

ρ(z)
1
6 = 3

5
6

[
B

A

] 1
3

ρc
1
6

[
1− (

z

H
)
2
]N

6

Tc = 3
5
6

[
B

A

] 1
3

ρc
1
6
(4.1.13)

where

ρc =

[
1

2K(1 +N)

GM

r
(
H

r
)
2]N

Since the general form of the opacity is given by

χ = χoρ
nT−s (4.1.14)

where n = 1, s = 3.5 Kramers law which is particularly good representation

of the opacity when it is dominated by free-free absorption. n = .75, s = 3.5

Schwarzschilds opacity which yields somewhat better results if bound-free opacity

makes animportant contribution, and n = 0, s = 0 is used when electron scatter-

ing freeopacitydominated χo = 5x1023m2/kg and for electron-scattering opacity
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dominated χo=0.04m2/kg

Thus

χρ = χoρ
n+1T−s

hence from (A3.7) of appendix two

dT

dz
= −N

3
3

5
6

[
B

A

] 1
3

ρc
1
6
z

H2

[
1− (

z

H
)
2
]N

6
−1

(4.1.15)

thus

Q− =
32acT 3+s

3χo
ρ−n−1N

3
3

5
6

[
B

A

] 1
3

ρc
1
6
z

H2

[
1− (

z

H
)
2
]N

6
−1

=
32Nac

9χo

[
ρc

(13−6n+6s)/6

][
3(20+5s)/6

][
B

A

](4+s)/3
z

H2

[
1− (

z

H
)
2
]N(4+s)

6
−n−2

the limit z−→H exists only if N(4+s)
6
− n− 2=0 or N=6n+2

4+s
,

then we have

Q− =
32Nac

9Hχo

[
ρc

(13−6n+6s)/6

][
3(20+5s)/6

][
B

A

](4+s)/3

(4.1.16)

Comparing these two Eqs. 2.6.4 and 4.1.27 we get

H =

(
128πac

27χo

)
R3

Gm

1

Ṁ

(
1−

(
RA

R

) 1
2
)−1[

ρc
(13−6n+6s)/6

][
3(20+5s)/6

][
B

A

](4+s)/3

The vertical structure described in the previous paragraph depends on the param-

eters H, ρc which are all functions of the radius. The radial equations ( chapter 2)

together with the α-model allow us to determine these functions for a given (m,

Ṁ ) From Eq.(2.5.3) and WRϕ = αW we have

W (r) =
Ṁ

2πR2
[l(R)− l(Ro)] (4.1.17)

with l(R)=(Gmr)
1
2 .On the left hand side, we insert Eq.(4.1.8) to obtain

Pc(R) =

(
1

I(N + 1)

)(
Ṁ

4πR2α

)(
Gm

R

) 1
2
(
H

R

)−1[
1−

(
RA

R

) 1
2
]

(4.1.18)
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This equation contains still the parameter H. Using the relation (4.1.7) between

Pc and ρc gives

ρc(R) =

(
2(N + 1)

I(N + 1)

)(
Ṁ

4πR2α

)(
Gm

R

)− 1
2
(
H

R

)−3[
1−

(
RA

R

) 1
2
]

(4.1.19)

H =

(
128Nπac

27χo

)
R3

GmṀ

(
1−

(
RA

R

) 1
2
)−1[

ρc
(13−6n+6s)/6

][
3(20+5s)/6

][
B

A

](4+s)/3

4.1.1 Outer Region (free-free absorption dominated opac-
ity)

We said that the radiative cooling converges as z−→H only if N=6n+2
4+s

here n = 1

and s = 7/2 , from the condition for convergence of the limit of radiative cooling

we set N =16/15

Q− =
12ac

135Hχo

[
ρc

(14/3)

][
3(85/12)

][
B

A

](5/2)

and

H =

(
512πac

405χo

)
R3

GmṀ

(
1−

(
RA

R

) 1
2
)−1[

ρc
(14/3)

][
3(85/12)

][
B

A

](5/2)

we have also from (A2.27)

Tc = 3
5
6

[
B

A

] 1
3

ρc
1
6 (4.1.20)

with the central density given by

ρ(14/3)
c (R) =

(
(62/15)

I(31/15)

)(14/3)(
Ṁ

4πR2α

)(14/3)(
Gm

r

)−7/3(
H

R

)−(14/)[
1−

(
RA

R

) 1
2
](14/3)

(4.1.21)

hence

H =

[
512πac

405χo

](1/15)[
(62/15)

4παI(31/15)

](14/45)

Ṁ−(11/45)r(2/5)

∗
[
Gm

]−(2/9)[
1−

(
RA

R

) 1
2
](11/45)[

3(17/36)

][
B

A

](1/6)

(4.1.22)

and approximating I(31/15)∼ I(2)= 8/15

H =

[
512πac

405χo

](1/15)[
31

16πα

](14/45)

Ṁ−(11/45)R(2/5)
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∗
[
Gm

]−(2/9)[
3(17/36)

][
B

A

](1/6)[
1−

(
RA

R

) 1
2
](11/45)

(4.1.23)

Up on inserting the constants (the used constants are given at the back of this

material), we find the approximated value for the half thickness of the disc for this

particular region:

H = 4.6× 10−5R0.4[R0.5 − 103]
11/45

(4.1.24)

4.1.2 Middle Region (Electron-scattering opacity dominated)

now n=0, and s= 0 we get N=1
2

Hence E.(4.1.11) can be written as

Q− =
16ac

9Hχo

[
ρc

(13/6)

][
3(10/3)

][
B

A

](4/3)

hence

Tc = 3
5
6

[
B

A

] 1
3

ρc
1
6 (4.1.25)

the central density in this region is

ρc(R) =

(
3

I(3
2
)

)(
Ṁ

4πR2α

)(
Gm

R

)− 1
2
(
H

R

)−3[
1−

(
RA

R

) 1
2
]

(4.1.26)

where

H =

(
64πσ

27cχo

)
R3

GmṀ

(
1−

(
RA

R

) 1
2
)−1[

ρc
(13/6)

][
3(10/3)

][
B

A

](4/3)

(4.1.27)

equating Eq.(4.1.25 and 4.1.26) we have

H =

[
3

I(3/2)

](2/15)[
3(4/9)

][
16πac

27χo

][
Gm(−5/18)r(5/6)Ṁ (7/45)

]

∗
[
1−

(
RA

R

) 1
2
](7/45)[

1

4πα

](13/45)][
B

A

](8/45)

(4.1.28)

For simplicity we approximate I(3/2)= I(1)+I(2)
2

)= (2
3

+ 8
15

)/2=3
5

Then we find the value for the half thickness as a function of the radial variable

R as

H =

[
3

6/5

](2/15)[
3(4/9)

][
64πac

27χo

]2/15[
Gm(−5/18)Ṁ (7/45)

]

∗
[

1

4πα

](13/45)][
B

A

](8/45)

R(5/6)

[
1−

(
RA

R

) 1
2
](7/45)

(4.1.29)
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Up on inserting the constants (the used constants are given at the back of this

material), we find the approximated value for the half thickness of the disc for this

particular region:

H = 1.27×R1.2[R0.5 − 103]
7/45

(4.1.30)

4.1.3 Inner Region (Electron-scattering opacity dominated)

Since the inner region of the disc is given doinated by radiation pressure, then

the total pressure with the presence of coulombic pressure is given by

P = Pr + Pcoul =
1

3
aT 4 −B(

ρ3

T
)
1/2

(4.1.31)

Equating the equation above with Eq.(4.1.6) of polyprotic equation we get

Kρ(z)1+ 1
N =

1

3
aT 4 −B(

ρ3

T
)
1/2

solving for T(z) finally we get

T (z) =

(
3Bρ3/2(z)

a

)2/9

hence the central temprature Tc is given by

Tc =

(
3Bρ

3/2
c

a

)2/9

(4.1.32)

where

ρc(R) =

(
2(N + 1)

I(N + 1)

)(
Ṁ

4πR2α

)(
Gm

R

)− 1
2
(
H

R

)−3[
1−

(
RA

R

) 1
2
]

to get the half thickness of the disk we have to equate the coolling rate given in

Eq.(4.1.12) with Eq.(2.6.4)which is

Q− = 2
c

χ

Gm

R2

H

R
=

3

4π
Ṁ
GM

R3
[1− (

RA

R
)
1
2 ]

finally the half thickness of the disk for the inner region becomes

H =
3χoṀ

8πc
[1− (

RA

R
)
1
2 ] (4.1.33)
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4.2 Central Density and Central Temperature

with out Coulombic Pressure

We shall now determine the disc variables in the absence of coulombic pressure

in the region where the pressure is dominated by the gas pressure. This will allow

us to check if the coulombic pressure in the thin disc approximation has a real

contribution to the stability of the accretion disc by comparing those equations

derived in Section 4.1 and here below.

Now the equation of state for gas pressure dominated region becomes

P =
NoKβρT

µ
= AρT

Using still the polytropic relation P (z) = Kρ(z)
1
N

+1 = AρT Putting the expression

for ρ(z)
1
N given above we find

T (z) =
1

2A(1 +N)

GM

R

[
(
H

R
)
2

− (
z

R
)
2
]

And the central temperature is

T (z = 0) =
1

2A(1 +N)

GM

R

[
(
H

R
)
2]

(4.2.1)

Thus we have

T

Tc
=

(
1− (

z

H
)
2
)

(4.2.2)

T 3dT

dz
= −2T 4

c

(
1− (

z

H
)
2
)3

(4.2.3)

χ = χoρ
nT−s

= χoρ
nT−sc

(
1− (

z

H
)
2
)N(N+1)−s

The equation

Q− = − 8σT 3

3χoρnT−s
dT

dz

becomes

Q− =

(
4aT 4

3χρ

)
c

(
z

H

)(
1− (

z

H2
)
2
)3+s−N(n+1)
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Using the fact that (Q−)surface = limz−→HQ
− , and the limit exists only if

3 + s-N (N + 1) = 0 or if N = 3+s
n+1

becomes

Q− =

(
8aT 4

3χρ

)
c

(
1

H

)

Comparing this with Eq.( 2.6.4) we get

H =

(
8aT 4

3χρ

)
c

4π

3

R3

Gm

1

Ṁ

(
1−

(
RA

R

) 1
2
)−1

or

H =

(
8aT 4+s

3χρn+1

)
c

4π

3

R3

Gm

1

Ṁ

(
1−

(
RA

R

) 1
2
)−1

(4.2.4)

Since Tc and ρc are still functions of H, using Eq.(4.1.16) for ρc

that is

ρn+1
c (R) =

(
2(N + 1)

I(N + 1)

)n+1(
Ṁ

4πR2α

)n+1(
Gm

R

)−n+1
2
(
H

R

)(n+1)[
1−

(
RA

R

) 1
2
]n+1

(4.2.5)

4.2.1 Outer Region (free-free absorption dominated opac-
ity)

for n = 1, s = 3.5 we have N =13
4

Eq.(4.2.5) becomes

ρ2
c(R) =

(
17

I(17
4

)

)2(
Ṁ

4πR2α

)2(
Gm

R

)−1(
H

R

)(−6)[
1−

(
RA

R

) 1
2
]2

I(17
4

)is approximated to I(4) = 27

315
and also for T

15
2
c imply

T
15
2
c =

(
2Gm

17A

) 15
2

H15R−
45
2 (4.2.6)

Thus Eq.(4.2.4) gives

H =

(
7.5x105χoṀ

3

I(4)σcα2π3

) 1
20
(
A

3
2

Gm

) 1
4

R1.92

(
1−

(
RA

R

) 1
2
) 1

10

(4.2.7)
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4.2.2 Middle Region (Electron-scattering opacity dominated)

now for n = 0, s = 0 we have N = 3, Eq.(4.2.5) becomes

ρc(R) =

(
8

I(4)

)(
Ṁ

4πR2α

)(
Gm

R

)− 1
2
(
H

R

)[
1−

(
RA

R

) 1
2
]

And also for T 4
c imply

T 4
c =

(
1

8A

)4(
Gm

R

)4(
H

R

)8

H =

(
1152χoA

4Ṁ2

I(4)σcπ2(Gm)
7
2

) 1
10

R
21
20

(
1−

(
RA

R

) 1
2
) 1

5

since I(4)= 27

315
then we have

H =

(
2.84× 103χoA

4Ṁ2

I(4)σcπ2(Gm)
7
2

) 1
10

r
21
20

(
1−

(
rA
r

) 1
2
) 1

5

(4.2.8)

Up on inserting the constants (the used constants are given at the back of this

material), we find the approximated value for the half thickness of the disc for this

particular region:

H ' 1.41x10−3.05R
19
20

[
R

1
2 − 103

] 1
5
(4.2.9)

The the other disc variables will be expressed as purely in terms of the radial

variable r.

ρc = 2.624× 1013.15R
−37
20

[
R

1
2 − 103

] 2
5

Tc = 3.34× 1012.1R
−11
20

[
R

1
2 − 103

] 2
5

4.2.3 Inner Region (Electron-scattering opacity dominated)

We shall now determine the disc variables in the absence of coulombic pressure

in the region where the pressure is dominated by the radiation pressure. This

will allow us to check if the coulombic pressure in the thin disc approximation

has a real contribution to the stability of the accretion disc by comparing those
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equations derived in Section 4.1 and here below.

Now the equation of state becomes

P =
1

3
aT 4 (4.2.10)

Using still the polytropic relation P (z) = Kρ(z)
1
N

+1 = 1
3
aT 4. Putting the expres-

sion for ρ(z)
1
N

+1 given above we find

T (z) =
3

a
Kρ(z)

1
4N

+ 1
4 (4.2.11)

hence the central temprature Tc = T (z = 0) in the inner of the disk as afunction

of radius is given by [5]

Tc = (2.5x107K)Ĩα
−14
(

3Rg

RA

)3/8(
M

M�

)−1/4(
R

RA

)−3/8

Where

Ǐ =
3

2
I(N + 1)

I(N) = I(N) =
(2NN !)2

(2N + 1)!

Since N=3 for electron oppacity dominated region, then

Ǐ ≈ 0.61 (4.2.12)

The gravitational radiusRg is defined by,

Rg =
2GM

c2
(4.2.13)

Using the fudicial model, we take a neutron star of M = 1.4M� , and the dimen-

sionless parameter α = 0.01 to rewrite Tc as

Tc = 3.47M�
3/8R−3/8 (4.2.14)

where M� is Solar mass ( M� = 1.989×1030 K.g).

To get the central density using Eq.(4.2.10) then we have

Kρ1/3
c =

1

3
aT 4

c

finally the central density as afunction of radias becomes

ρc =
1

3K
3.47aM�

3/8R−9/8 (4.2.15)



Chapter 5

STABILITY ANALYSIS OF
THIN ACCRETION DISC

5.1 Time dependence stability

There are several reasons for extending this study to time-dependent discs.

One is that we must check that the steady-state models are stable against small

perturbations: if not, we have probably made some assumption in the course

of constructing these discs which is not compatible with the further assumption

of steadiness. Another reason is that the observable properties of the steady-

state,are largely independent of viscosity; this is a fortunate occurrence for the

purpose of showing that such discs do indeed exist, but it means that observations

of steady discs are unlikely to give much information about the viscosity. The time

dependence of disc flow is, on the other hand, controlled by the size of the viscosity

.Hence observations of time-dependent disc behaviour offer one of the few sources

of quantitative information about disc viscosity. In view of our present ignorance

of the basic physical processes involved, such a semi-empirical approach to the

problem seems the most reasonable.We begin by identifying the typical timescales

on which the disc structure may vary.

1. Dynamical timescale, the timescale on which inhomogeneities on the disk

surface rotate, or hydrostatic equilibrium in the vertical direction is es-

tablished.

tϕ =
R

vϕ
≈ Ω−1

k

40
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2. Viscous timescale, the timescale on which matter diffuses through the disk

under the effect of viscous torques.

tvisc =
R2

ν
≈ R

vR

3. Thermal timescale, the timescale for re-adjustment to thermal equilibrium.

tth =
Sc2

s

Q+(R)
≈ H

R

2

≈ tvisc

5.2 Thermal Instabilities

In the last chapters, we have dealt in some detail with the theory of steady

thin ac cretion discs. We investigate now the work of Shakura and Sunyaev,

the stability of the steady discs described in chapter two. Only stable models

have a chance to be physically relevant. It will turn out that possible instabilities

depend strongly on the assumed vis cosity. There are several reasons for extending

this study to time dependent discs. One is that we must check that the steady-

state models are stable against small perturbations if not, we have probably made

some assumption in the course of constructing these discs which is not compatible

with the further assumption of steadiness. The time dependence of disc flow is

controlled by the size of the viscosity then they offer one of the few sources of

qualitative information. We begin by identifying the typical timescales on which

the disc structure may vary by encountering the viscous timescale

tvisc =
R2

ν
≈ R

vR

In equilibrium we must have Q+ = Q− . But if, when the central temperature

Tc is increased by a small perturbation δTc , Q+ increases faster than Q− , Tc will

rise further because the cooling rate is inadequate. In other words, a steady state

is impossible in a parameter regime where the instability would grow, despite the
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fact that formally an equilibrium solution can be found. If the energy balance is

disturbed in the disc, any stability will grow on a timescale tth given by the ratio

of heat content per unit disc area to the dissipation rate per unit disc area. It is

the timescale for readjustment to the thermal equilibrium, if, say, the dissipation

rate is altered. Since the heat content per unit volume of a gas is

ρkβT

µmp
∼ ρcs

2

Suppose now that a small perturbation is made to a putative equilibrium

solution and that this perturbation continues to grow rather than being damped.

The difference we have found in these timescales means we can distinguish different

types of instabilities. If for example the energy balance is disturbed in the disc,

any instability will grow on a timescale tth , which is much less than tvisc

.If ν = η
ρ

denotes the kinematic viscosity

Q+ = 9
4
νSΩ2

And for the α-model ν = αcsH = 2α
3
W
S

1
Ω

Since tvisc is the time scale for significant changes in the surface density S to

occur, we can assume that S is fixed during the growth time tth we refer to this as

a thermal instability and such instabilities arise when the local (volume) cooling

rate, q− with in the disc can no longer cope with the volume heating rate, q+ .

In general the customary way of writing the instability criterion is

dq−

dTc
<
dq+

dTc

Or

dlnq−

dlnTc
<
dlnq+

dlnTc

Now in our case since we assume H << R ,and also Tc and ρc have direct relation

ship ,then Eq.(4.1.16) can be approximated to give volume cooling rate

q− = Q−

H
∼ σT 4

c

χρH2

For free-free opacity it will be (omitting the constraints)

q− = Q−

H
∼ ρ

20/6
c ∼ T 20

c
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The volume heating rate q+ is also given by

q+ ∼ Q+

H
∼ ν

H
∼ αcs ∼ αT

1
2
c

where we have used the α-parametrization ν = αcsH

Comparing these two expression, we see that the thermal instability will grow

ifq− in creases less rapidly with Tc than does q+ Similarly from Eq.(4.1.25)for the

electron-scattering opacity we have

q− = Q−

H
∼ ρ

25/6
c ∼ T 25

c

In both regions

dq−

dTc
>
dq+

dTc

Thus for gas pressure dominated region,the disc will be thermally stable.

Following the same procedure for the radiaton dominated region dividing Eq.(4.1.12))

by H,q− = 2 c
χ
Gm
R3 and Tc ∼ R1/2

(
1− (RA/R)

)−2/3

we see that

dq−

dTc
<
dq+

dTc

hence the radiation dominated region is tharmally unstable.

5.3 Viscous Instabilities

Let us now consider changes in the disc structure which take place on the

viscous timescale. This includes viscous instabilities and the evolution of discs

in response to changes in external conditions, such as the mass transfer rate .

As tth >> tz ∼ tvisc we assume that the disc adjusts so rapidly that it always

maintains both thermal and hydrostatic equilibrium. Hence, some of equations

describing steady discs apply also to time-dependent discs.

Defining the mass transfer rate Ṁ = Ṁ(R, t) at each radius in which S and

vR are now allowed to be functions of t, we can rewrite the mass conservation

equation with S and vt be as functions of r, i.e,

Ṁ = −2πRvRS
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but vR = ∂R
∂t

,the above eqaution becomes

∂Ṁ

dt
= 2πR

∂S

∂t

Suppose that the the surface density in a steady disc is perturbed axsiymmetri-

cally at each R, so that

S = So + δS

where So is the steady state distribution. In the Keplerian approximation for vϕ we

get from equation of conservation of momentum equation considering the azimutal

component and dividing both sides with ∂RRvϕ since vϕ is time independent we

have

RSvR =
∂RR

2WRϕ

∂RRvϕ
(5.3.1)

using ν = η
ρ

from section 2.5

WRϕ = R
dΩ

dR

∫
νρdz = R

dΩ

dR
νS (5.3.2)

Hence we obtain from Eq (5.3.1)

RSvR = − 3

RΩ
∂R[νR2ΩS] (5.3.3)

Applying on this equation the operator R1∂R and using the mass conservation

equation gives

∂S

∂t
=

3

R
∂R[νR2ΩS] (5.3.4)

Denoting µ = νS there will be a corresponding perturbation µ, since ν = ν(R, S)

thus µ = µ(R, S) so that

δµ

δS
=
∂µ

∂S
∂

∂t
(δS) =

3

R
∂R[νR2Ω(δS)]
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eliminating δS we obtain the equation governing the growth of the perturbation

∂

∂t
(δµ) =

3

R
∂R[νR2Ω(δµ)]

δµobeys a diffusion equation having the diffusion coefficient proportional to ∂µ
∂S

if ∂µ
∂S

is positive the perturbation decays on a viscous timescale. However, if it is

negative, more material will be fed into those regions of the disc that are denser

than their surroundings and material will be removed from those regions that are

less dense, so that the disc will tend to breakup in to rings. This breakup of the

disc on a timescale tvisc constitutes the viscous instabilities, more precisely stated;

steady disc flow is only possible provided

∂µ

∂S
> 0

5.4 The Stability Parameter β

Since the task of approximating we did above ( viscous instability ) may lead to

wrong conclusion. Thus the right way of determining the instability is using the

stability parameter, which is derived basically from the two dominant (radiation

and gas) pressures then we apply the general condition to our case. We consider

only axially symmetric perturbations of wave length Λ satisfying H << Λ << R

and which change little on the dynamical time scale Ω−1(Ω−1is also roughly the

time it takes for a sound wave to cross the disc in the transverse direction). For a

linear stability analysis, we to linearize the basic time dependent equations around

the equilibrium solutions. For the type of perturbations,which we want to consider,

we can still use in the vertical direction the hydrostatic equation (neglecting terms

of order H
R

2
.Furthermore,vϕis still Keplerian, up to terms of order H

R

2
, H

2

RΛ
.

Using the continuity equation we define another form of the energy equation

given in Chapter two

∂t(ερ) + div[(ερ+ P )v]−5vP = q+ − divq
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thus

∂t(ερ) +
1

R
∂R[RvR(ερ+ P )v] + ∂z[vz(ρε+ P )])− vR∂rP − vz∂zP = q+ − divq−

Integrating over z gives

∂t

∫
(ερ)dz +

1

R

∫
∂R[RvR(ερ+ P )v]dz −

∫
vR∂RPdz −

∫
vz∂zPdz = Q+ −Q−

(5.4.1)

Where ε is the internal specific energy given by

ε = cvT +
αT 4

ρ

Let γ = cp
cv

and Pg = βP.Using cp = Cv + A we get

ε =
LP

ρ

In the thin disc approximation and using the hydrostatic equation for ∂zP such

that

W =

∫
Pdz

we obtain

∂t(LW ) +
1

R
∂R[RvR(L+ 1)W ]− vR∂RW − Ω2R

∫
vz∂zPdz = Q+ −Q− (5.4.2)

From now on, we choose for simplicity a constant density in the z-direction and

assume that the perturbations in the z- direction preserve this property. Then the

hydrostatic equation in the z-direction gives

P (z) = Pc[1− (
z

H
)
2

], Pc =
1

4
SΩ2H
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and thus the average pressure is

P =
1

6
SΩ2H

we also have

W =
4

3
PcH =

1

3
SΩ2H2

and thus for α-model

ν =
2

3
αΩ2H2 (5.4.3)

Furthermore, since vz = z
H
∂tH∫

ρvzzdz =
1

3
SH∂tH

Inserting these expressions into Eq.(5.4.2) gives

1

3
∂t[LSΩ2H2]+

1

3

1

R
∂R[RvR(L+1)SΩ2H2]−1

3
vR∂R(SΩ2H2))+

1

3
SΩ2H∂tH = Q+−Q−

In the second term on the left we use Eq.(5.3.2) to get the second basic equation:

1

3
∂t[LSΩ2H2]− 1

R
∂R[RvR(L+1)SΩ2H2∂R(νΩR2S)]−1

3
vR∂R(SΩ2H2))+

1

3
SΩ2H∂tH = Q+−Q−

(5.4.4)

Eqs.(5.3.3) and (5.4.4) have to be linearized now about the equilibrium. Let us

introduce the following notations for the changes of S and H from their equilibrium

values

δS

S
= u,

δH

H
= h, |u|, |h|<< 1 (5.4.5)

we set

δν

ν
= nu+mh+ ... (5.4.6)
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if we use the α law Eq.(5.4.3),then

n = 0,m = 2 (5.4.7)

Inserting Eq.(5.4.5) and Eq.(5.4.6) gives for the linearizion of Eq.(5.3.3)

S∂tu = 3νS∂2
R[(n+ 1)u+mh] (5.4.8)

The linearizion of Eq.(5.3.4) is a bit more complicated.

Let

δQ−

Q−
= lu+ kh+ .... (5.4.9)

where the expansion coefficients depend on the opacity χ One must also include

variations of L. For definiteness we choose γ = 5
3
.Then

L =
3

2
(1 + β̇), β̇ = 1− β (5.4.10)

First order changes of are obtained from the equation of state

P = β̇P + A
S

2H
(
3β̇P

α
)

1
4

and from the expression P= 1
6
SΩ2H.Computing the variations of these two equa-

tions gives

δβ̇

β̇
=

1− β̇
1 + 3β̇

(7h− u) (5.4.11)

Now the linearizion of Eq.(5.4.4) is straightforward. Using the equilibrium condi-

tions (in particular Q+ = Q− ), one finds for the -model, if only the determinant

terms of order(H
Λ

)
2

are kept

3(1+3β̇+4β̇2)∂tu+(8+51β̇−3β̇2)∂th−3(1+3β̇)αΩ[(n+1−l)u+(m−k)h] =
2

3
αΩH2(5+18β̇+9β̇2)∂2

r [(n+1)u+mh]

(5.4.12)
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For an ionized gas at T¿ 104K the major competitive opacity is electron scattering.

Thus if the opacity is dominated by the electron scattering opacity (χ ∼ σT
mp
∼

0.4cm2/g),using Pc = 1
4
SΩ2H

Q− = es
8mpc

σT

β̇Pc
S

= 2es
mpc

σT
β̇HΩ2 (5.4.13)

Thus

δQ−

Q−
=
δβ̇

β̇
+ h (5.4.14)

Using Eq.(5.4.11) this gives

k =
8− 4β̇

1 + 3β̇
, l =

β̇ − 1

1 + 3β̇
(5.4.15)

All perturbations are fully described by Eqs.(5.4.8) and (5.4.12) since all

quantities of interest, in particular Ṁ , can be expressed in terms of u and h. We

consider harmonic perturbations

u(r, t) = u(R)ewt, h(R, t) = h(R)ewt

and write a single equation for the combination

Ψ = (n+ 1)u+mh (5.4.16)

This amplitude describes the viscous perturbations, as can be seen from Q+ =

9
4
νSΩ2 Eqs.(4.4.5), and (4.4.6).

From (5.3.8) we get for the α-law

u =
2

3
α

Ω

w
H2∂2

Rψ (5.4.17)

Using Eqs.(5.4.16),(5.4.17) in Eq.(5.4.12) gives

w
Cw − 3(1 + 3β̇)αΩ(m− k)

Dw − 3(1 + 3β̇)αΩ[ml − k(n+ 1)]
ψ = u =

2

3
α

Ω

w
H2∂2

rψ (5.4.18)
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whre C(β̇) = 8 + 51β̇ − 3β̇2

and D(β̇) = (N + 1)C(β̇) +M(2 + 9β̇− 3β̇2) For solutions proportional to sin( r
Λ

)

we obtain the dissipation relation

C(
w

3αΩ
)
2

+ [2D(
H

3Λ
)
2

− (1 + 3β̇)(m− k)]
w

3αΩ
− 2(

H

3Λ
)
2

(1 + 3β̇[ml− (n+ 1)k] = 0

(5.4.19)

for the special values of Eqs.(5.4.7) and (5.4.15) we obtain

w

αΩ
=

3

C
[−(D(

H

3Λ
)
2

+ (1 + 3β̇)±[D(
H

3Λ
)
2

+ (3− 5β̇)

2

− 4C(5− 3β̇(
H

3Λ
)
2

]

1
2

]

(5.4.20)

with

C(β̇) = 8 + 51β̇2 > 0.D(β̇) = (N + 1)C(β̇) +M(2 + 9β̇)− 3β̇2) > 0

Obviously, Reω < 0,if 3− 5β̇ < 3
5

which is the case if the gas pressure dominates.

In our case for the region dominated by gas the total pressure is given by

P = AρT −B(
ρ3

T
)

1
2

thus if the disc is stable in the region the condition

β =
Pg

Pg + Pc
< 0.4

should be fulifilled

Using Eq.(4.1.15) the expression for the central pressure with H given by Eq.(4.1.17)

in the case of total pressure and in the case of gas pressure only H is given by

Eq.(4.2.4)

Pg
Pg + Pcoul

=

(
1

I(N+1)total

)(
Ṁ

4πR2α

)(
Gm
R

)− 1
2
(
Hgas
R

)−1[
1−

(
Ro
R

) 1
2
]

(
1

I(N+1)gas

)(
Ṁ

4πR2α

)(
Gm
R

)− 1
2
(
Htotal
R

)−1[
1−

(
Ro
R

) 1
2
] (5.4.21)
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=
[I(N + 1)totalHtotal]

[I(N + 1)gasHgas]
(5.4.22)

I(N + 1)gas = I(4) = 27

315
for outer region

I(N + 1)gas ∼ I(4) = 27

315
for middle region

I(N + 1)total ∼ I(1)+I(2)
2

= 6/5 for middle region

I(N + 1)total ∼ I(2) = 8/15 for outer region

Inserting all the required constants, we determine the approximate values of the

half thickness in the two regions.

Outer Region

Eq.(4.1.24) and (4.2.7) respectively gives

Htotal = 4.6× 10−5 ×R0.4

[
R0.5 − 103

]11/45

Hgas ∼ 3.75× 10−1.3R1.87
[
R0.5 − 103

]1/10

Then

β(R) = 1.22× 10−3.7 ×R−1.47

[
R0.5 − 103

]13/90

Figure 5.1: The stability parameter for outer region (R> 107.5 )
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Middle Region

Eq.(4.1.29)

Htotal = 1.27× 10−1 ×R1.2[R0.5 − 103]7/45

and from Eq.(4.2.9 ) we find

Hgas ' 1.41× 10−3.05 ×R
19
20

[
R

1
2 − 103

] 1
5

Thus

β(R) = 0.9×R−0.25
[
R0.5 − 103]−2/45

Figure 5.2: The stability parameter for middle region (R∼ 107 to107.5)

Inner Region

The inner region of the disc is dominated by radiation pressure,hence the

condition

β =
PR

PR + Pc
< 0.4
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should be fulifilled

deviding Eq.(4.2.9) by Eq.(4.1.18) and using the half thickness of the disk given

in Eq.(4.1.31)

β(R) =
aT 4

c I(N + 1)χoα
√
Gm

2cR
≈ 1.05× 106

R
< 0.4 (5.4.23)

Figure 5.3: The stability parameter for inner region (R∼ 106.3 to 107 )



Chapter 6

CONCLUSION

In this thesis ,the stability of gas pressure-dominated and radiation pressure-

dominated accretion disc with the addition of coulombic pressure on equation of

state(total pressure)has been studied.The model we considered is geometrically

thin with electron- scattering opacity dominated (middle region and inner re-

gion) and free-free absorption opacity dominated (outer region).The gas pressure

dominated region is thermally stable but the radiation presure dominated region

is thermally ustable.The stability parameter graph shows that the disc is stable

for the outer region for R > 107.5 . Similarly for the case of middle region the

disc is stable for R∼ 107 to 107.5 .And also stable for the inner region for

R∼ 106.3 to 107 .But not stable for the region R∼ 106 to 106.3. The instability

shown in the stability parameter graph is mainly caused due to the viscosity.Where

as the thermal instability for the inner region is caused by the faster increase of the

disipation rate than that of the coolling rate. Thus with a set of such assumptions

and with the result we obtain, it could be concluded that the middle and outer

region of the disc is thermally and viscously stable.Where as the inner region is

both viscously and thermally unstable.
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Appendix One

Virial theorem

Starting from the hydrostatical equilibrium equation: Multiply by 4πr3 and inte-

grate :

∫ R

0

4πr3dP

dr
dr = −

∫ R

0

4πr3G
ρM

r2
dr (A1.1)

Left term :

∫ R

0

4πr3dP

dr
dr = −3

∫ M

0

4πr3P

ρ
dM

using dM(r) = 4rπ2ρdr

(assuming P at the surface is completely negligible)

Right term :

−
∫ R

0

4πr3G
ρM

r2
dr = −

∫ R

0

(4πr2ρdr)
GM

r
=

∫ M

0

GM(r)dM

r
= Ω0

= total gravitational energy

=⇒ −3

∫ M

0

4πr3P

ρ
dM = Ω0

Kinetic theory of gas relates the pressure to the average (translational) kinetic

energy:

PV = P/ρ = 2/3Ekin(nonrelativisticcase)
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If K is the total kinetic energy of a star:

K =

∫ M

0

EkindM

=⇒ K =

∫ M

0

3

2

P

ρ
dM

=⇒ −2K = Ω0

or

K = −Ω0

2
(A1.2)

The total kinetic energy of a star is equal to half its total gravitational energy if a

star contracts (release of gravitational energy), half of its gravitational energy is

transformed in kinetic energy, the other half is lost, i.e radiated away



Appendix Two

Non Relativistic Hydrodynamics of Viscous Flu-

ids

We develop here briefly the principal equations of fluid dynamics from a

phenomenological (continuum) viewpoint.

Let v(x, t) be the velocity field and ρ(x, t) the matter density. The material

(or substantial) derivative of a function f is defined by

Dtf = ∂tf + Lvf A2.1

We decompose the velocity-gradient tensor (in Euclidean coordinates) as

vi,k = Θi,k + wi,k A2.2

where

Θi,k =
1

2
(vi,k + vk,i) A2.3

is the rate of deformation tensor and

wi,k =
1

2
(vi,k + vk,i) A2.4

Denote byϕt(x) = ϕ(x, t) the trajectory of a fluid particle that is at position x at

time t = 0.

The conservation of mass says that for nice domain D C R3

∫
ϕt(D)

ρη =

∫
Dρη A2.5
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where η is the volume of R3 (as a three-dimensional Riemannian manifold)

using the change-of-variable formula and the definition of the Lie Derivative,(A.5)for

any D is equivalent to

∂ρ

dt
η + Lvρη = 0

But

Lv(ρη) = (Lvρ)η + ρ(Lvη) = (Lvρ+ ρdivv)η

and thus we have the continuity equation

Dtρ+ ρdivv = 0

or equivalently,

∂tρ+5.(ρv) = 0 A2.6

As a corollary, we obtain the transport theorem :

d

dt

∫
ϕt(D)

ρfdV =
d

dt

∫
ϕt(D)

DtρfdV A2.7

Indeed, as before we first get

d

dt

∫
ϕt(D)

ρfdV =

∫
ϕt(D)

[∂tρf + Lvρf + ρfdivv]dV A2.8

But the bracket is, with (A2.6),equals to Dtf . Next we formulate the balance

of momentum in integral form. we consider again a comoving fluid element in

ϕt(D). The forces which act on it are of two types. The first kind are external,

or body forces, such as gravity or magnetic field which exert a force per unit

volume on the continuum. The second kind of force consists of a surface force,

which represents the action of the rest of the continuum through the surface of a

fluid element. These stress forces are represented by the last term of the following

momentum balance equation (G is the body force density):

d

dt

∫
ϕt(D)

ρvdV =

∫
ϕt(D)

[∂tρGdV +

∫
ϕt(D)

[∂tT (n)dS
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where n is the out ward unit normal. one can show that the Cauchy traction

vector T(n) depends linearly on n (Cauchy Lemma):

Tin = Tiknk A2.9

with the transport theorem (A2.7) and Gauss theorem we find from (A.8)

ρDtvi = ρGi + Tik,k A2.10

This holds in Cartesian coordinate, for which Lvvi = (5vv)i.Thus the invariant

form of (A2.10) reads

∂tv + (5vv) = G+
1

ρ
divT (A2.11)

one can show easily that these equations of motion are compati- ble with angular

momentum conservation for the fluid element in ϕt(D) If and only if Tik is sym-

metric.( we exclude strongly polar media.) We decompose Tik into an isotropic

pressure term and a viscous part tik which is due to velocity gradients

Tik = −Pδik + fik (A2.12)

since ik represents a rigid rotation, the viscous-tenser Tik will be a linear function

of ϕik . If We consider only isotropic media, we have the following decomposition

into irreducible parts :

fik = 2ησik + ζΘδik (A2.13)

Where

σik = Θik −
2

3
δik (A2.14)

and

Θ = Θkk = div (A2.15)

In the stress law (A2.13) η is the shear viscosity and ζ the bulk viscosity. Finally

we consider various equivalent formulations of energy conservation. The rate of
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energy increase for a material volumeϕt(D) is equal to the rate at which is energy

is transfered to the volume via work and heat

d

dt

∫
ϕt(D)

ρ(ε+
1

2
v2)dV =

∫
ϕt(D)

ρG.vdV +

∫
ϕt(D)

ρT (n).vdS−
∫
ϕt(D)

ρq.ndS A.16

Here,ε is the specific internal energy and q in the last term is the heat flux. Using

again the transport theorem, the differential formulation of (A2.16) reads,with

Gauss theorem,

ρDt(
1

2
v2 + ε) = ρG.v + div(T.v)− div(q) A2.16

For another form of this energy equation we write the second term on the right-

hand side with the help of the equation of motion (A.10) as follows

div(T.v) = ∂k(vikTik) = vi,kTik + viTik,k

=
1

2
ρDtv

2 + vi,kTik − ρGivi

Using this gives

ρDtε = TikΘik − divq A2.17

or,with the decomposition

ρDtε = −P − divq + q+ A2.18

where the dissipation function Υ is given by

q+ = Tr(tΘ) = 2ηrσ2 + ζΘ2 ≥ 0 A2.19

This represents the part of the viscous work going into the deformation of a fluid

particle. With Eq.(A2.6) we can also write Eq.(A2.19) in the form

ρ

[
Dtε+ PDt

1

ρ

]
= −divq + q+ A2.20
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We now introduce the Gibbs equation

Tds = dε+ Pd(
1

ρ
) A2.21

Which allows us to write as

TρDtS = divq + q+ A2.22

We next derive still another alternative form of the energy equation. we

start from (A2.17) and write this time

div(T.v) = −viPi +
P

ρ
+Dt

1

ρ
+ (fikvk),k

After a few manipulations we obtain from (A2.17)

ρDtS(ε+
P

ρ

1

2
v2) = ∂tP + (fikvi),k + ρG.v − divq A2.23

If furthermore, G =gradϕ and ϕ is stationary, then

ρDtS(
1

2
v2 + h+ ϕ) = ∂tP + (fikviK),i + ρG.v − divq A2.24

Here ,h = ε + P/ρ is the specific enthalpy. Equation (A2.24) contains all the

various equations which are called Bernoullis equation . For example,if the follow

is steady and inviscid (t=o,q=0)then (A2.24) implies that 1
2
v2 + h+ϕ is constant

on any given streamline. Finally we write down the constitutive relation between

heat flux and temperature gradient,



Appendix Three

Central Density and Central Temperature With

the Presence of Coulombic Pressure for middle

and outer region of the disc

If we let A = NokBTρ
µ

and B=1
3
e3( π

kBT
)
1
2 (fρNo)

3
2

Kρ(z)1+ 1
N = AρT −B(

ρ3

T
)

1
2

Kρ(z)
1
N = AT −B(

ρ

T
)
1
2

A3.1

but Pc = Kρ
1+ 1

N
c we get

ρ
1
N
c =

1

2K(1 +N)

GM

r
(
H

r
)
2

A3.2

but for z6=0 we have

ρ(z)
1
N =

1

2K(1 +N)

GM

r

(
(
H

r
)
2

− (
z

r
)
2
)

A3.4

thus

Kρ
1
N
c T

1
2 = AT

3
2 −Bρ

1
2 or AT

3
2 −Bρ

1
2 −Kρ

1
N
c T

1
2 = 0

let x = T
1
2 then the above equation becomes

x3 − ax+ b = 0, where a =
Kρ

1
N
c T

1
2

A
and b =

B

A
ρ

1
2
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solving for x gives

x =
−(2/3)

1
3 Kρ

1
N
c T

1
2

A√
3
√

27b2 − 4a3 − 9b
1
3

−
√

3
√

27b2 − 4a3 − 9c
1
3

(18)
1
3

x = T
1
2 solving for T we get T = x2 and thus we have from(wolframalpha.com)

T =

(
−(2/3)

1
3a√

3
√

27b2 − 4a3 − 9b
1
3

−
√

3
√

27b2 − 4a3 − 9b
1
3

(18)
1
3

)2

T (z) =

[−(12)
1
3
Kρ(Z)

1
N

A
−

√√√√3

√
27

[
(B
A

)ρ(z)
1
2

]2

− 4

[
(Kρ(z)

1
N

A
)

]3

− 9(B
A

)ρ(z)
1
2

2
3

√√√√972

√
27

[
(B
A

)ρ(z)
1
2

]2

− 4

[
(Kρ(z)

1
N

A
)

]3

− 9(B
A

)ρ(z)
1
2

1
3

]
2

ρ(z) =

[
1

2K(1 +N)

GM

r

[
(
H

r
)
2

− (
z

r
)
2
]]N

finally the central temprature becomes

Tc = T (z = 0) =

[−(12)
1
3 Kρ

1
N
c

A
−

√√√√3

√
27

[
(B
A

)ρ
1
2
c

]2

− 4

[
(Kρ

1
N
c

A
)

]3

− 9(B
A

)ρ
1
2

2
3

√√√√972

√
27

[
(B
A

)ρ
1
2

]2

− 4

[
(Kρ

1
N
c

A
)

]3

− 9(B
A

)ρ
1
2
c

1
3

]
2

let Y=

√√√√3

√
27

[
(B
A

)ρ
1
2
c

]2

− 4

[
(Kρ

1
N
c

A
)

]3

− 9(B
A

)ρ
1
2
c

1
3

where

ρ
1
N
c = ρ

1
N
c =

1

2K(1 +N)

GM

r
(
H

r
)
2

and

ρc =

[
1

2K(1 +N)

GM

r
(
H

r
)
2]N

Tc =

[
(−(12)

1
3
Kρ

1
N
c

A
− Y )/Y

]2

(A3.5)
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to get dT
dz

we have to determine first dρ
dz

dρ

dz
= −N

[
1

2K(1 +N)

GM

r3

][
(
H

r
)
2

− (
z

r
)
2
]N−1

z

let

M =

√√√√
3

√
27

[
(
B

A
)ρ(z)

1
2

]2

− 4

[
(
Kρ(z)

1
N

A
)

]3

− 9(
B

A
)ρ(z)

1
2

1
3

thus

dT

dz
= 2

[−(12)
1
3
Kρ(Z)

1
N

A
−M2

(18M)3

][
−18M(12)

1
3
Kρ(Z)

1
N

A

(
ρ(z)−1

N

dρ

dz
− dM

dz

)
− 18M2dM

dz

]

Q− = −32σccT 3

3χρ

[−(12)
1
3
Kρ(Z)

1
N

A
−M2

(18M)3

][
−18M(12)

1
3
Kρ(Z)

1
N

A

(
ρ(z)−1

N

dρ

dz
− dM

dz

)
− 18M2dM

dz

]
Since the general form of the opacity is given by

χ = χoρ
nT−s

where

n = 1, s = 3.5 Kramers law which is particularly good representation of the opac-

ity when it is dominated by free-free absorption.

n = .75, s = 3.5 Schwarzschilds opacity which yields somewhat better results if

bound- free opacity makβesanimportantcontribution, andn = 0, s = 0isusedwhenelectronscatteringisdominated.Notethatforfree−

freeopacitydominatedχo = 5x1023m/kg and for electron-scattering opac ity dom-

inated we have χo = 0.04m2/kg .

Thus

χρ = χoρ
n+1T−s = χoρ

n+1

([−(12)
1
3
Kρ(Z)

1
N

A
−M2

18M

]2)−s

Q− = −32σcT 3+s

3χo
ρ−n−1

[−(12)
1
3
Kρ(Z)

1
N

A
−M2

(18M)3

][
−18M(12)

1
3
Kρ(Z)

1
N

A

(
ρ(z)−1

N

dρ

dz
− dM

dz

)
− 18M2dM

dz

]
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The energy flux per unit area emitted at the disc surface is

(Q−)surface = limQ−z→H

The above limit exists only if the limit of T(z) as z−→ H exists.Since the limit of all

of the expressions doesn’t exist at the same time.Bcause when we multply dT
dz

with

T 3+s3χoρ
−n−1 ,ρ(z) have different exponents which are afunction of (N,s,n).When

one of the limits exists the others doesn’t exist.The limit of T(z) exists only if the

epressin

[
(B
A

)ρ(z)
1
2

]2

exists.Eliminating the other expressions we get

T (z) = 3
5
6

[
B

A

] 1
3

ρ(z)
1
6 = 3

5
6

[
B

A

] 1
3

ρc
1
6

[
1− (

z

H
)
2
]N

6

(A3.6)

dT

dz
= −N

3
3

5
6

[
B

A

] 1
3

ρc
1
6
z

H2

[
1− (

z

H
)
2
]N

6
−1

(A3.7)



Used Constants

Speed of light c = 3x108m/s

Constant of gravity G = 6.67X10−11m3/kgs

Avogadros number No6.02X1023part/mol

Gas constant R = 8.31J/Kmol

Boltzmann kβ = R/No = 1.38X10−23J/K

Proton mass mp = 1.67x10−27kg

Electron mass me = 9.11x10−31kg

Elementary charge e = 1.602x10−19

Atomic weight for hydrogen Az = 1.0071

Mean molecular weight µ = 0.6

Stefan-Boltzmann constant σ = 5.67x10−5erg/cm2SK4

Radiation constant a = 7.57x1016Jm3K4

Mass of the sun Mm1.99x1030kg

Mass of the Neutron star m = 1.4Mm

Accretion rate Ṁ = 10−19Mm/year

Alfven radius RA = 106

The free-viscous parameter α = 0.1

Electron-scattering Opacity χo = 0.04m2/kg

Free-free absorption opacity χo = 5x1023m2/kg

Prameter f f=0.9267
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