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Abstract

In this thesis, we investigate the fractional Bernoulli numbers B, ,, and poly-
nomials B, ,,(z) for all positive fractions a = 3 B # 0. We establish several
properties of these numbers and polynomials which are analogous to the clas-
sical as well as hypergeometric Bernoulli numbers and polynomials. We also

develop the higher order fractional Bernoulli numbers Bc(f,)n and polynomials

B((f?ﬂ(z) and their connection to other identity.
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INTRODUCTION

The Swiss mathematician Jacob Bernoulli (1654-1705) introduced the now fa-
mous numbers and polynomials that bear his name Bernoulli numbers B,,
and polynomials B,,(z). In 2008, A. Hassen and H. D. Nguyen studied on the
generalization of these numbers and polynomials that they referred to as hy-
pergeometric Bernoulli numbers B,,(/N) and polynomials B,,(N, z), see [14].
Again in 2017, Hassen and Nguyen introduced the (error) Bernoulli numbers
B, with half subscript, [12]. Later in 2018, Geleta, Hunduma Legesse [21]

considered the error Bernoulli polynomials B% (z) and he discussed some of

,m

their properties and established the relations between B;m(z) and the Her-
mite polynomials H,,(z).

The Bernoulli numbers and polynomials are defined, respectively, by the gen-
erating function

e m
= g Bmx—, |z| < 27
m!

m=0

and

o0 xm
=3 Bale)oy, lal <om

m=0
where the variables x and z can be real or complex. These numbers and poly-

nomials first appeared in a list of formulas for summing the pth powers of the
first m positive integers, for p = 1 to p = 10, see [2], [3]

In [16], F. T. Howard generalized these numbers and polynomials using the
notations A,, and A,,(z) by

2/2‘ 00 2
Am_

m=0
and
72 xz/2[ > ™
Am R
—1—=x mz::() (2) m!

respectively. More recently, A. Hassen and H. D. Nguyen in [13] and [14]

considered a further generalizations of Bernoulli numbers and polynomials

given by

N / N o0 m

S e S B,(N
)~

m=0
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and

where N € N and Ty(z) = ZZ:O fn—": is the Taylor polynomial of order N of
the exponential function e*. '

Now in this thesis we study what we call fractional Bernoulli numbers and
polynomials defined in the form

_ [eS)
x2ae T rm
ay(a,x?) N Z Bam m!’
’ m=0
and
2a e%A— 22

a’yaaﬁ ZBam

Actually the term fractional Bernoulh numbers was born in the study of frac-
tional hypergeometric zeta function [22]. In this thesis we study several prop-
erties of these numbers and polynomials and further study their connection to
the Hermite polynomials. We organized as follows:

In the first chapter of this dissertation, we shall review the properties and
recurrence formulas of the classical and the hypergeometric Bernoulli numbers
and polynomials. We shall also discuss some properties and recurrence rela-
tions of higher order classical (as well as hypergeometric) Bernoulli numbers
and polynomials.

In chapter two, we develop the generalization of error Bernoulli numbers Bg,m

and polynomials B%m(z) to what we call the fractional Bernoulli numbers B, ,
and polynomials B, ,,(z), which are given by

2a 793

avy(a, x2 ZBam_

and
LUZ I‘

afyaxQ ZBam .’

57 8 #0 and Y(a,x) = fox e~ 't*"1dt is the lower
incomplete gamma function. Note that with a = 1, we get the error Bernoulli

2
numbers By, and polynomials B%’m(z).

respectively, where a =

We also establish some properties and recurrence formulas for the fractional
Bernoulli numbers and polynomials which are analogous to the classical and
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hypergeometric Bernoulli numbers and polynomials. The main results in this
chapter appear in Theorems [2.6] and [2.12]

In the third chapter, we discuss our result regarding the relationship between
fractional Bernoulli polynomials and the Hermite polynomials using the de-
terminant representation of fractional Bernoulli polynomials.

In the last chapter, we introduce higher order fractional Bernoulli numbers
and polynomials and we investigate their recursion formulas in Theorem [£.4]
and Lemma We also develop the differential equation of higher order
fractional Bernoulli polynomials in Theorem which is given by

B, m d™y Bam-1 dm 1y n n B, d?y z dy m
m! dzm (m— 1)l dzm-t 2! dz?  2atdz

where y = B((ltzn(z)

Finally, we establish the relation between higher order fractional Bernoulli
polynomials and ,, x(a), where

m a—1
—ilk—i 2mi
Omi(a) = mHkZ < ) =iy, =ea .

j=0 =0

.



Chapter 1

Preliminaries

In this chapter, we discus the basic definitions and properties of classical (as
well as, hypergeometric) Bernoulli numbers and polynomials.

1.1 Bernoulli Numbers and Polynomials

The Swiss mathematician Jacob Bernoulli (1654-1705) introduced the now fa-
mous numbers and polynomials that bear his name, Bernoulli numbers and
polynomials, in his book Ars Conjectandi, published posthumously (Basel,
1713). The Bernoulli numbers first appeared in a list of formulas for summing
the p'"* powers of the first m positive integers, for p = 1 to p = 10. The
following are the first three examples of Jacob Bernoulli’s formulas:

NE

1
k= 5m(m—|— 1)

=
Il

1

1
K = ém(m +1)(2m+1)

NE

>
Il

1

1
= Z—lmQ(m +1)2

NE
o

k=1

Each of these sum can be generalized in the following way:
m—1

kP = BP+1 (m> — Bp+1

1 m > 2.
p

p>1

Y — Y

k=1

The B,,(z) are called Bernoulli polynomials, and are given by

Bu(2) = i (Z‘) Bz m> 2, (1.1.1)

k=0

where By, are rational numbers called Bernoulli numbers. They can be defined
recursively as follows:

m—1
By=1, and Y (2}) B,=0 for m>2. (1.1.2)
k=0
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Using the recurrence formula (1.1.2)), with m > 2, the first few Bernoulli
numbers are

1 1 1 1
Bi——=, By—-, By—=0, Bj———, Bs—0, Bj——, By—
1 27 2 67 3 07 4 307 5 Oa 6 427 7 07
1 5!
Bs=——, Byg=0, Bjpp=—.
8 307 9 ) 10 66

From equation (1.1.1)), we have B,, = B,,(0) for m > 0. The sum in (1.1.2))

can also be written in the form

By, = i (7;) Bn, m>2. (1.1.3)

k=0

Combining (1.1.1) and (1.1.3)) yields
B,, = Bn(1), m>2.

Bernoulli numbers with even subscripts > 2 alternate in sign, and those with
odd subscripts > 3 are zero (see [3] for the details).

From (|1.1.1]) and ([1.1.3)), we can compute Bernoulli polynomials. Here are the
first few:

1
By(2) =1, Bi(z) =z -3, B2(Z):752—Z+67 Bs(z) =z ——22—|—§,
1 5) 5)
Bi(z) =2 =228+ 2 — g5, Ba(s) =2 — g -
22 1
Bﬁ(z):zﬁ—325+5z4—?+ﬁ.

One of the most remarkable properties of Bernoulli numbers has to do with
their connection to the Riemann zeta function ((s), defined for Re(s) > 1 by

the infinite series
=1
C(s)=> s
k=1

Leonhard Euler (1707-1783) discovered that when s is an even integer, the
sum can be expressed in terms of Bernoulli numbers by the formula

Bon|

2m) = (2 o _|Bom| :

Euler also demonstrated that the value of the classical zeta function ((s) at
negative integers is expressible in terms of Bernoulli numbers:

Bn
=t
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There are alternative methods for introducing Bernoulli numbers and polyno-
mials (see [23], [19], [2]). We shall briefly discuss three of them below.

Generating Function

The generating function is one of the most useful methods. It was conceived
by Euler [2], who observed that Bernoulli numbers and polynomials occur as
coefficients in the following power series expansions:

o0 xm
=y Bu—r,  |o] <2 (1.1.4)
m=0
and
re?® > ™
= mZ:OBm(z)m, |z| < 2, (1.1.5)

where the variables z and z can be real or complex. The functions on the left
are called generating functions for the Bernoulli numbers and polynomials,
respectively.

Generating functions lead to simple and direct proofs of many basic properties
of Bernoulli numbers and polynomials. The following are some of the basic
properties deduced from the generating functions. (Proofs can be found in
Apostol [2]). One of our objectives is to establish similar properties for the
fractional Bernoulli numbers and polynomials.

Difference equation:

Bpn(z+1) = Bp(2) =mz™""' if m > 1.

Symmetry relation:

Bn(1—2)=(-1)"By(z), m>0.
Addition formula:

m (21 + 22) Z( )Bkzl ;”_k, m > 0.

k=0
Raabe’s multiplication formula

n—1
k
B, (nz) = nm_lzBm <z+ —) , m>0, n>1.
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Derwative formulas:

Form > 1, B (z) =mB,,_1(z),

"

B! (2) = m(m — 1)Bp_s(2), ..., B (2) = k! (f) Bo_i(2).

Integration formulas:

=2 B, — B

21

Appell Sequence

The Appell sequence is the other approach to define Bernoulli numbers and
polynomials:

By(z) =1, (1.1.6)
B (2) = mBp_1(2), (1.1.7)
1 1, m=0
/ Bn(z)dz = (1.1.8)
0 0, m>0.

The recurrence formula (|1.1.1)), the generating function ([1.1.5]), and the Appell
sequence (|1.1.6)) — (1.1.8)) are equivalent statements for polynomials B,,(z) (see
[19]).

Fourier Series

Another approach to define the Bernoulli polynomial is Fourier series. For
m > 0,
m)! e 627rirz

Bu(2) = ~Grim =

(r#0, 0<z<1).

In [23] D.H. Lehmer proved that the above Fourier series is equivalent to the
following functional equation:

n—1

! > 2, (z ; %) = B, (n2) (1.19)
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He used this equation as a definition of the classical Bernoulli polynomials.
Again in [23] Lehmer showed that (1.1.9)) is equivalent to the generating func-
tion (|1.1.5)).

We close this section by introducing a generalization of the Bernoulli numbers
and polynomials to what are commonly known as higher order Bernoulli num-

bers BY and polynomials Br(ﬁ)(z). The higher order Bernoulli polynomials are
defined by
x
er —

If z = 0, then we have the higher order Bernoulli numbers B = 7(2)(0).
For t =1, B,gn)( ) = By(z) which is the classical Bernoulli polynomial and

¢ o0 m
x
1> ezZ:mEZOBg)(Z)%, tENo, ‘i[)’ < 2m.

BYY(0) = B,,, the classical Bernoulli numbers.

The higher order Bernoulli numbers and polynomials satisfy the following re-
currences:

(i) Béo)(z) =1, BP(z)=2m for meN,
) B) = i (1) BB,

( ) B(t+1)

1,
B = (1-m2)BY —mBY |, meN,

<V) Bfr?—f—l(z) = (Z — %) Bq(q?(Z) — tzzﬁgol <TIZ) o ki:-_o—f B(t)( )

For proofs of these and other properties see [17].

The higher order Bernoulli polynomials Bﬁ,?(z) also satisfy the differential
equation

B, d™y By d™ly B, d*y z 1\ dy L

m! dzm  (m— 1) dzm1 21 dz2? t 2 y=5

dz t

where y = Bq(ﬁ)(z).
Note that letting ¢ = 1 in the above equation, we obtain a differential equation
satisfied by the classical Bernoulli polynomials y = B,,(2):
B,, d™y B d™ly By d?y ( 1) dy
z

m! dzm  (m— 1)l dzm-t 21 dz?
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1.2 Hypergeometric Bernoulli Numbers and Polynomi-
als

A generalization of Bernoulli numbers and polynomials that will be of interest
to our work in this thesis involves modifying the generating function. This
was first introduced by F. T. Howard in [16], where he used A, and A,,(z)
when generalizing the Bernoulli numbers and polynomials, respectively:

_z?/al x2e™ /2! = ™
= —_— = A —.
T —1—x Z mm' and et —1—ux n;) m(z)m!

In recent years, A. Hassen and H. D. Nguyen in [I3] and [I4] studied the
generalization of Bernoulli numbers and polynomials (that they referred to as
hypergeometric Bernoulli numbers and polynomials).

Definition 1.1. For any integer N > 1, the hypergeometric Bernoulli polyno-
mials of order N, B,,(N,z), are defined as:

Ve /N =

Xz
= Bm N, E
—Ty_1(2) N2

- (1.2.1)

m=0

where Ty_1(x) is the Taylor polynomial of order N — 1 for the exponential
function.

In particular, if we put N = 1 in ([1.2.1]), it reduces to the classical Bernoulli
polynomials B,,(z) and when N = 2 it represents the polynomials A,,(z) con-
sidered by Howard.

For z = 0, we then have the rational numbers B,,(N) = B,,(N,0), called
hypergeometric Bernoulli numbers, and they are generated by

N

Nl(e* — Tn_1(x Z

m=

The motivation for naming the numbers B,,(N) and polynomials B,,(N, z)
as hypergeometric Bernoulli numbers and polynomials is that the generating

function f(z) = % can be expressed in terms of the confluent hyper-

geometric function:

«N/NU 1
—Tyx_1(z)  1F(1,N +1;2)
where
= (b)
1F1(b, ¢; ) :ZEC—%, for b,c € R

m=0
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and (b),, is the Pochhammer symbol:
bb+1)---(b+m—1), m>1

1, m = 0.

Analogous to the classical Bernoulli numbers and polynomials, hypergeometric
Bernoulli numbers and polynomials also admit equivalent definitions. For
example, we could define the polynomials by the following recurrence formula:

Bp(N, z) = Zm: (”,Z) By(N)z™". (1.2.2)

k=0

Another approach to defining hypergeometric Bernoulli polynomials is in terms
of Appell sequence with zero mean:

By(N,z) =1 (1.2.3)
B! (N,z) =mB,,_1(N, 2) (1.2.4)
1 1/N, m = 0
/ (1—2)N"B,, (N, 2)dz = (1.2.5)
0 0, m > 0.

The three approaches, that is, the generating function (|1.2.1)), the recurrence
formula ((1.2.2)), and the Appell sequence ([1.2.3) — ((1.2.5]), of hypergeometric
Bernoulli polynomials are equivalent. (For the proofs, see [14] and [19].)

In [19], it was further proved that the hypergeometric Bernoulli polynomials
satisfy following properties.

(i) Addition formula:

Bn(N, 21 + 25) :Z( )Bszl) k,

k=0
(i) Difference equation:
N-1
Bm(N,z+1) — (m> Bui(N, z) = (m) 2N (1.2.6)
k N
k=0
(iii) For all m > N
m—N
(Z‘) Bi(N) = 0. (1.2.7)
k=0

10
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To prove (1.2.7)), put z = 0 in the equation (1.2.6]) to get

B(N, 1) = Ni (7:) Bui(N).

k=0

Letting z = 1 in equation (1.2.1]), we obtain

k=0
N-1 m m—N m
= (k)Bmk(N)+ (k>Bk(N)
k=0 k=0
Therefore
m—N
(’Z) Bi(N) =0
k=0

A property of hypergeometric Bernoulli numbers that parallels the classical
Bernoulli numbers is that they are connected with a generalization of the
Riemann zeta function. More precisely, for negative integers m < 2 — N(N =
1,2,...), the value of (y is given by

Go(om) = (=1 (") B (), (128)

where (y(s) is hypergeometric zeta function defined by

1 00 ‘,L‘s+N72
Cvls) = ['(s+N-1) /0 er — TN_l(x)dx’

When N = 1, we note that equation ([1.2.8)) reduces to Euler’s result:

B
ciom) =2

Remark 1.2. [t is known that the classical Bernoulli numbers with odd sub-
scripts Bopyr1, (k=1,2,...) are zero. But this doesn’t hold in the case of hy-
pergeometric Bernoulli numbers. For instance, for N = 2 each of B3(2), Bs(2)
and Bq(2) are nonzero. Also Bn(1) = B, (0) = B,,, however, B,,(2,1) #
Bn(2,0) = By, (2), which is different from the classical case.

11
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Definition 1.3. The higher order hypergeometric Bernoulli polynomials are
defined by the generating function

N /N ' = "
v Tz _ BO(N. )2
(ex_TN_l(x)) € mz:() m( ’Z)m!’

where Tx(x) = ZN % is the N** Taylor polynomial of €, and the higher

m=0 m!
order hypergeometric Bernoulli numbers are defined by B,%)(N) = B%)(N, 0).
For t = 1, then B,,(,P(N, 2) = Bn(N, 2), the hypergeometric Bernoulli polyno-
mials, and Bf,%)(N ,0) = B,,(N), the hypergeometric Bernoulli numbers.

Theorem 1.4. The following results appeared in [8] and [17]:

(i) BRD(N,2) = L (N = 2) BO(N, 2) + L2z =) BY (N, 2), form > 1,

N+1 m—k+1

(ii) BY, (N,z) = (2 — 5t5) BY(N,z)—tN Y7 (Z‘) Bt M) (),

(iii) (m—N+1)(m—N+2)---mBY" (N, 2) = BY(N, z+1) -3V ! (T) BY (N, 2),

m 7=0 m—j

(iv) tNBS (N, 2) + (= = )mB L1 (N, 2) = ot Buka (N, 2) = mB (N, 2),

(v) tN B (N) — tmBY | (N) = 55 BY (V) = mBY ().

For details see Theorems 1.8 and 2.1 and Lemma 2.5.

Theorem 1.5. In [17] (Theorem 1.6), it is shown that the higher order hy-
pergeometric Bernoulli polynomials satisfies the differential equation which is
gien by

Bn(N)d™y Bp_1(N)d™ 1ty BQ(N)@_ E 1 @+ﬁ _0
m!  dzm (m— 1)l dzm! 2l dz2 \tN N(N+1) y="u

dz tN

where y = B,(f;)(N, z).

For N = 1, the above theorem reduces to the differential equation of the higher
order classical Bernoulli polynomials, and also for N = ¢ = 1, it reduces to
the differential equation of the classical Bernoulli polynomials.

12



Chapter 2

Fractional Bernoulli Numbers and
Polynomials and Some of their
Properties

In this chapter, we introduce the fractional Bernoulli numbers and polynomials
and some of their properties which are analogous to the classical (hypergeo-
metric) Bernoulli numbers and polynomials.

2.1 Introduction

As mentioned before, Hassen and Nguyen introduced the error Bernoulli num-
bers in [12] and the error Bernoulli polynomials were introduced by Geleta in
[21]. In this chapter, we discuss the fractional Bernoulli numbers and polyno-
mials by extending the subscript a = % that appeared in the error Bernoulli
numbers and polynomials to a positive fraction a = %, B #0.

We state and prove some basic properties of fractional Bernoulli numbers and
polynomials which are analogous to those of the hypergeometric Bernoulli
numbers and polynomials given in the first chapter. Also we establish some
of their recurrence formulas. The main results of this chapter are stated in

Theorem and Theorem

2.2 Fractional Bernoulli Numbers and Polynomials

Hassen and Nguyen in [12] defined the (error) Bernoulli numbers Bi by

.2
2ze™ "

) 3 B%,mx—!, (2.2.1)

where erf(z) is the error function given by

2 €T
erf(z) = ﬁ/o e dt.

m=0

13
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It was shown by the authors that for m even, Bi, satisfies the recurrence

relation
(_1)km!B%,2k

Bio=1 ;;@@mm—km%m—k%+n

=1 (m>1).

We note that B; ,, = 0 for m is odd since ze~*" Jerf(x) is an even function.
The first few values are:

4 64 256
Bro=l Bra=3 By B mop
4096 81920
Bi.=——2 B o=
38 45 3107 733

In [21], Geleta studied the error Bernoulli polynomials Béjm(z) defined by

2

52%25%25 =3 B, ()% (2.2.2)

For z = 0, we have the rational number B; ,, = B%’m(O), which reduce to the
coefficients of (2.2.1]), consider by Hassen and Nguyen.

Legesse also established the recurrence formula of the error Bernoulli polyno-

mials by
Bi . (2) = Z (Tg) Bi Pl

k=0
Here are the first few values of error Bernoulli polynomials:

4
B;O(z) =1, Bi,(z)=2 Bi,y(z)= 2% — 3’ Bi3(z) = 2% — 4z,
64 40 64
Bi,(2) = 2" — 822 + R B%75(z) =2° - ?Z?) + 37

In this thesis, we extend the subscript N = % to a positive fraction a = %, B #
0.

Definition 2.1. For b,c € R, the Kummer function ®,.(x) is defined by
Oy (x) = 1Fi(b,b+ ¢;x),

where 1F1 (b, c; x) is the confluent hypergeometric function.

14
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Properties

In particular, ®;;(z) = 8133—1 is the reciprocal of the generating function for

the classical Bernoulli numbers B,,. Also for a € N, we have

1 1 L o N
Dro(x)  1FA(La+Lz) aler— T, 1(x)) > Bula) oy

and hence the reciprocal of @, ,(x) is the generating function for the hyperge-
ometric Bernoulli numbers. Note that for all real positive a,

1Fi(l,a+ 1;2) = ez (T(a+ 1) — al'(a, z))
= ae®z7*T'(a) — T'(a,x))
= aez"%(a,x),
where y(a,2) = [ e t*'dt and T'(a,x) = [ e 't* 'dt are the lower and

upper incomplete gamma functions, respectively.

Definition 2.2. For any positive real values a, we define the fractional Bernoulli
numbers B, ., by the generating function

e = T
R 2.2.
avy(a, z?) Z " m! (22:3)

The generating function in the left hand side of equation (2.2.3) is the re-
ciprocal of the Kummer function @, ,(z%). Observe that, while a can be an
integer in the above definition, the resulting numbers are different from the
hypergeometric Bernoulli numbers of Hassen and Nguyen. This is due to the
fact that our generating function is a function of x2.

Proposition 2.3. The fractional Bernoulli numbers satisfies the following re-
curston formula.

m (-n% ~

[m/2] a(—1)* By o ) @ if m is even
2 k(K + —2k)!

k=0 (k+a)(m ) 0, if m is odd.

Proof. From equation ([2.2.3]), we obtain

—x2 2\ ,.—2a - "
e =ay(a, %)z Z Bam

xr
m!
m=0

15
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Properties
e ( k 2k o0 m
(T ) (S
0 m=0
oo [m/2]
I IRUC /T
— (k + a) k: — 2k)!
where in the second equality, we have used v(a,z) = > "2, %, a #
0,—1,—=2,.... Therefore,
Z Z Z kl( k: Do ;];{; L
m=0 =0 k=0 +a — 2k)!

We compare the coefficients of powers of x to obtain the required result. [

Analogous to the classical Bernoulli numbers, the fractional Bernoulli numbers
with odd subscripts are zero. To prove this, from Proposition we note that

-m! k'k+a m — 2kl ) Tem

Clearly B,1 = 0. For m odd, m — 2k is odd, and hence we apply induction
to conclude that B,,, = 0 for all odd m. The first few nonzero fractional
Bernoulli numbers are

2 24 120(—1 + a)

Ba :17 BCL e E— Ba - ) a6 — )
. o Il4d Y (14 a22+a) T (14 aPR2+a)(B3+a)

40320(2 — 6a — a® + a?) 3628800(—2 + 16a — 11a* — 4a® + a*)

b = T raBratra T (+ap@+ P Bralrab+a)

In this section, we connect the fractional Bernoulli numbers B, ,, with the
fractional zeta function (,.(s), where the fractional zeta function is defined as
follows.

Definition 2.4. For b, ¢ positive real numbers, the fractional zeta function is

defined by
Cb c Z

P $bck

(2.2.4)
where Re(s) > 1 and xp . # 0 are the complex zeros of @ ().

16
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A. Byrnes, L. Jiu and V. H. Moll in [5] observed that the Kummer function
®, .(x) and the fractional zeta function (, .(x) are related by

(I)bc+1(l') b‘l‘C > k
2 14— J(k+1)x
By () . ;Cb,( )

They also described the values of the fractional zeta function at p, p € N, by

p—2
Goelp) = = (b+c)(bf]cg(f;fl_)(1p6)2 IB(b, c) ;B i 1 Selp =),
where B(b, ¢) is the beta function given by
! LB (e
B(b,c) = /0 21— 2) e = %

Here are the first few values

Gbe2) = — e

Ghe(3) = (b+c)3(:JCr(cl:16))(b+c+2) (2.2.5)

Ce(d) = _(b+c)4(b-&-c—&l-)i;}((:-:g—i-Z)(b-&-c-&-S)’

where
Py(b,c) = b* +b* — 4bc — 2b*c + ¢* — 2bc® + 7.

The following theorem appeared as Theorem 2.6 in [5].
Theorem 2.5. The Kummer function @ () satisfies the following factoriza-

tion
(I)bc bz/ b+c) H (1 -

where {xp o} is the sequence of nonzero complex zeros of the function Oy, .(z).

) e/ Tbcik (2.2.6)

Lb,c;k

We now prove a relation between our fractional Bernoulli numbers and the
fractional zeta functions.

17
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Theorem 2.6. The fractional Bernoulli numbers B, are expressed in terms
of fractional zeta function as

(1 for m=20

0 for m=2k+1, k=0,1,2,..

’ 2

—ita for m=2

CRRC a(k) for m=2k, k>2.

\ a

Then, we have

) (2 2 > 1 1
e~ T Y [ |

(I)l,a(lQ) 1 T1,a;k zl,a;k(l - x2/$1,a;k)
2 > 1 > 22\’
= + 2z 1— .
1 +a ; xl,a;k ( ; <x1,a;k) )
Thus,
), (%) 2w o
< = -2 e i+ 1). 2.2.7
B ), (20

i=1
Again since ,
B (%) = ar~ ey (a,27).

By applying logarithmic differentiation on this expression, we obtain

) ,(z°)  2a 2a
— = —— 42 _— . 2.2.8
Dy ,(22) x tert 2Py 4 (22?) ( )
Combining (2.2.7) and (2.2.8)) yields
1 2 1N .
- 1 _ - 2% " - .
Dy ,(22) 1+a a ; T Ca(i)
Therefore, we find that
- ™ x? =
Ba m__y — 1— - - 2 a ).
T;) " m! 1+a a;'% Crali)
We compare the coefficients of powers of x to obtain the result. n

18
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Definition 2.7. The fractional Bernoulli polynomials, denoted by B, (z2), are
defined by the generating function

2a wzx

a(z,x) = e = Bom(z (2.2.9)
g =0

Theorem 2.8. The fractional Bernoulli polynomials can be expressed in terms
of the fractional Bernoulli numbers

Bam(2) = Xm: (7;) Bayz™ ", (2.2.10)

k=

0
Furthermore, these polynomials By, (2) satisfy the recurrence formula

Z kl(m — 2k)! [/{; T aBa’mf%(Z) — 2" ] = 0. (2.2.11)
k=0 :

Proof. We combine and ) to get

—J?

™ %%
Z Ba,m(z)_| = ﬁexz
— m!  avy(a,x

(B (55)

m=0

= Z Z (?) Ba,kzmk%”;.

m=0 k=0

Comparing coefficients yields ([2.2.10]). To prove (2.2.11]), we multiply (2.2.9)

by the denominator ay (a,z?)z~?* and expand both sides of the resulting
equation into power series to get

@ng)<§( v) - (S (o)

Carrying out the multiplication, we obtain

O<>m/2 Y gm=2k oo [m/ *Bam(2)
Z | m — 2k)! ZZ k+ak' —2k;).x'

m=0 k=0

We now compare the coefficients to get the recursive formula of the fractional
Bernoulli polynomials.

]
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Properties

Here are the first few values of fractional Bernoulli polynomials:
2 62
Boo(2) =1, Bui(2) =2, Buaz)=2%— Boa(z) = 25 —
,0(Z> ) ,1(2) 2 ,2('2) z 1+a’ ,3(Z> z 1+a’

1222 N 24 B 2023 N 1202
l+a (1+a)?2+a) B l+a (1+a)?*2+a)

Proposition 2.9. We have

m
m—j
Bom(z1 + 22) = E () ajzle .

]:

. m n\ (n—=k
Proof. Using the fact that (m) (k;) = (k> (m _ k)’

Bom(z1 + 22) = Z (ZL) Bay (214 29)™F
P

m m—k

L (1) g (")
k=0 7=0

- ii (7;) (Zn__lf) Boiz "2
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Remark 2.10. We note that
(1) Bam(0) = By and  Bgo(z) =1,
(ii) LBy m(z) = mBym-1(2), m=12, ...,

() Bun(z-+ 1) = Bu(2) = S () Buns(2). and
(i0) Bun0) # Bun(1).

Proposition 2.11. Let a be a positive half odd integer. Then the polynomials
Bum(2) satisfy

Bun1 =)= 3 (1) (14 Buso).

k=0
Proof. Using equation ([2.2.9), we obtain

m x(1—2)—z?

f:Baml—z:E!

m=0

r2e”
ary(a, 2?)

(_l,)Qaefzzfo

ay(a, z?)

- (ZneSF) (£5)
- Yy (7;) Bus2) (-1

m=0 k=0

Comparing the coefficients yields the lemma. O]

Theorem 2.12. Forn € N, we have

n—1 . m+1 k—m
+1\ n
E Bam (z + l) = E <mk ) T 1Ba,k(2)(3m+1—k(n) — Boy1-k),

- n
7=0 k=0

where B, and B,,(z) are the classical Bernoulli numbers and polynomials
respectively.
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Properties

> ™ > ™ > n—1\ ™
:ZBavm(Z)m_’_ZBa’m(Z—i_l/n)m+“.+ZB"’7"L (z+ )—
m=0

— — n m!
mZaezz—JJQ x?aex(z+1/n)—a:2 x?aeaz(z+"T_1)—12

Tod) @) T we)
x2a€xz T

-z - |:1+€w/n+621/n++6"—7130i|
ay(a, z?)

2
l.2aezz R |

ay(a,x?) e®/m —1

2a  xz—x? z ,En
%% n[ Zen x/n ]

ay(a,22) x |er/m —1  e/n —1
== i B (Z)ﬁ f: B (n) (x/n)™) n i 5 (z)ﬁ f: ., (2/n)
T m=0 a,m m! — m m) T — a,m ] 2. ' -
oo m+l - )
_ m+ 1 n )
— n;] kz:; ( k ) Ba,k<z)m 1 (Bmg1-k(n) — Bm+1—k)%.
Therefore,

n—1 ] m—+1 m -+ 1 nk_m
Ba,m 2+ =] = k —Ba,k(2)<Bm+17k(n) - Bm+1fk)-
n — +1

m

Putting n = 1 in the theorem, we obtain

Corollary 2.13.

22



Chapter 2 : Fractional Bernoulli Numbers and Polynomials and Some of their
Properties

Remark: Using (2.2.9)

2a  xz—x?

%%
alz,r) = )
we see that
foJe 2
T (2a + zx — 22°)a(z, ) 4+ 2aa(z, z)a(0,2) = 0.

We substitute the power series expansion of (2.2.9) and note that a(0,x) =
> o BamEr to get

o0 Tm o0 xm 1 00 ™ 2
Zm:O(m - QG)BUL,m(’Z)m - Zm:O Ba7m<2)TT + 2 Zm:O Bavm(Z)TJ!r

o m m xm
+ 2a Zm:O Zk,’:O (k) Ba,k(Z)Ba,m—kzm = 0.

We now compare coefficients to get

(m+1)Bamt1(z) — (m+1)2Bam(z) +2m(m + 1) By m-1(2)

m 1
+ 2a, (m; > Bot(2)Bamnis1 =0, m=1,2,....
(2.2.12)
One can also use this relation to calculate the fractional Bernoulli polynomials
step by step, starting from B, o(z) =1, B,1(z) = 2.

Setting z = 0 in (2.2.12)) yields the recurrence formula for the fractional

Bernoulli numbers as follows:

- 1
(m+1) Bans1+2m(m+1) Bo m_14+2a » | (m,j ) BokBam-ks1 =0, m=1,2,...
k=0
(2.2.13)
As we have seen in the fractional Bernoulli polynomials, we can also find the
fractional Bernoulli numbers from ([2.2.13|) step by step, starting from B,y = 1,
and B, = 0.

Similarly, the identity

g—j —za(z,z) =0
leads to
=, d ™ > ™
mzzo %Ba,m@)% — mZ_OmBmm_l(z)% =0

This implies
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This formula allows us to express the derivative of fractional Bernoulli poly-
nomials in terms of another fractional Bernoulli polynomials.

Theorem 2.14. Let p € N and

2a xz:r:

g(Z,%,p) (CL”}/ a, SL’2 Zﬁapm

Then
% = (2az" "+ z — 22)g(z, 2, p) — 2aprg(z,z,p)a(z, 1) (2.2.14)
and
& (m+1
2CL Z <m )ﬁapk( )Balm k+1 (2215>
= 20— Dapens (2) 4 (1) Bapn(2) — 2 + D),

where oz, 1) = g(0,2,1) and B pm = Bapm(0).

Proof. The first one is clear. To show ([2.2.16)) multiplying both sides of ([2.2.14])
by z to get

m

Zmﬁwm = 2ag(z,z,p)+zxg(2, x,p)—22%g(2, x, p)—2apg(z, z,p)a(z, 1).

From definition of ¢(z, z, p), we have

Im
> mBapm(2)
m=0
[e’s) m o0 .Z'm+1 o0 xm+2
= QCLZﬁapm<z)_|+Zzﬁa7pm(z) T Zﬁapm(z) ml
m=0 m=0 m=0
o0 m xm
2ap Z( )Bapk( )ﬂalm k ]
m=0 k=0
Comparing the coefficients yields (2.2.16)). O

Remark 2.15. Note that when p = 1, we have By 1m(2) = Bam(z).
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Chapter 3

The Connection of Fractional Bernoulli
Polynomials with Hermite Poly-
nomials

In this chapter, we discuss the determinant representation of the fractional
Bernoulli polynomials to express the fractional Bernoulli polynomials in terms
of Hermite polynomials.

3.1 Determinant representation of Fractional Bernoulli
polynomials

The determinant representation of the classical Bernoulli numbers were intro-
duced by J. W. L. Glaisher in 1875 (see [11]). He also expressed the Cauchy
and Euler numbers using matrix determinant. More recently, R. Booth and
H. D. Nguyen in [4] discussed a determinant formula of Bernoulli polynomials
by considering a square version of Pascal’s triangle as follows:

11 0 0o .- 0
z 3 1 0o .- 0
(=)™ |22 1 1 2 0
Bp(z) = =T 3 (3.1.1)
23 411 1 3 0
m 1 m m m
= mr \o 1 m-2)|
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Polynomials

where m + 1 is the dimension of the matrix and for : =1,2,....m + 1

The authors set z = 0 in and expand the determinant along the first
column and performed the following row and column operations on the ex-
panded matrix: multiply row ¢ by ¢ + 1 and divide column j, beginning with
the third column, by j — 1. From this they obtain the Bernoulli numbers by
the matrix determinant as follows:

1 2 0 0 0

1 3 3 0 0

1 4 6 4 0

m—1

G L B 5 10 0 -0 .

T (m+1)! ; : : : : :

m+1 m+1 m+1 m+1\ m+ 1

0 1 2 3 m—1 .

R. Booth and H. D. Nguyen in [4] also presents the extension of this formula
to a class of generalized Bernoulli polynomials by

(—1)™(N1)™ 112131 (m — N — 1)!

Bu(N, z) = bijl,
(W, 2) 102031 (m — D2 N1
where ,
(21, j=1
. . —1
1—7+N+1 .
by — ( i1 ) , 2<jJ<N+2
i—1 .
\(j—N—z)’ J=N+2.

fori,j=1,2,....m+ 1.
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In this section, we show that the fractional Bernoulli polynomials also admit
a determinant representation that shows a relation between a polynomial of
degree m and those with lower degrees. To this end, we consider

= Z cmx™, g(x) = Z amr™,
m=0 m=0
and their quotients:
f(@) i
—r = Anz™.
(L’) m=0

Now equating the coefficients of the quotient yields:

m
= E akAm,k.
k=0

As in [4], solving the above equation using Crammer’s Rule, we obtain

Co Qo 0 0 ce 0
C1 aq Qo 0 s 0
1 Co as ai ap - 0
m
Ap = (=1)"—1 . . . .| (3.1.2)
) : : : : : :
Cm—1 Am-1 Aam-—2 am-3 - Ao
Cm Qm am—-1 Am-—2 -+ a1

From the deﬁnition of the fractional Bernoulli polynomials, we can view the
equation (|2 as a division of two power series as follows:

2
TZz—T
€

ar=2y(a,2%)  g(z) ,;)Amx ’

where
oo [m/2] Sm— 2k: )k o0 m
a(—1)
Z T 5% and  g(z) = Z — "
|
— = (m — 2k)! — m!(m + a)
Thus, with A, = %Bam(z), ¢m and a,, defined by
a(—1ym/2 .
[m/2] Zm72k(_1)k 1 %, if m = even
Cm = ——— and a,, =
kl(m — 2k)! _
k=0 0, if m = odd,
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(2.2.9) yields determinant formula for the fractional Bernoulli polynomials:

Bom(z) = ml(=1)"a™

m—+1

(3.1.3)

1 2 0 0
z 0 % 0
a-l om0 :
m/2) 2 DE 2] .
£=0 Hl(m—2k) (2t ([ 25 +e)
= ml(=1)"a™[b;],
where
(0, i+l<jandi=j+2k,j#1,k=0,1,..
by — D SR R

57

[i7]2'+1]![i7g2'+1 _,’_a] )

j=t+landi=j+k,j#1,k=o0dd
(

fori,j=1,2,....m+ 1.

Finally, we put z = 0 in (3.1.3)), and we find the determinant formula of the

fractional Bernoulli numbers:
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Polynomials
1 . 0 0 0
0 0 p 0 0
—1 - 0 1 0
Ba,m — m[(_l)mam 1+a a
0 0 ~Tia 0 0
(—1)[%} (,1)[7_1] .
par O T 0

3.2 The Connection of Fractional Bernoulli Polynomials
with Hermite Polynomials

In 1859 Chebyshev introduced the Hermite polynomials H,,(z) by the formula

dm
Ho(2) = (1) —e", m=0,1,2, ... (3.2.1)

dzm
They are an important and applicable class of polynomials, especially in math-
ematical physics in problems involving the integration of Laplace’s equation
and Helmholtz” equation in parabolic coordinates, in quantum mechanics, etc.

(see [20]). Now using equation (3.2.1]), the first few Hermite polynomials are
Ho(z) =1, Hi(z) =2z, Ha(z) =42°—2, Ha(z) = 82512z, Hy(z) = 162*—482%+12,
and in general,

[m/2]
(_1)km' m—2k
Hun(2) = % m@z) )

where [v] denotes the largest integer < v.

The Hermite polynomials multiplied by the constant factor -

~5 are the coeffi-
cients in the expansion

o
H
g2z _ Z m(z)xm, |z| < oo,

m!
m=0

and hence the equation in the left hand side is called the generating function
of the Hermite polynomials.
In [21], Geleta described the relation of error Bernoulli polynomials Bi ,,(2)
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to the Hermite polynomial by

zm: _1) (2m)'B1 2m— o (%)

Hom(2/2) = 2 5 ek £1)

=0

and i
" (1) (2m+1)!B%,2m+1—2k(Z)

Homi1(2/2) = kZ:; (2m + 1 — 2k)'K1(2k + 1)

Now in this section, we discus the relationship between the fractional Bernoulli
polynomials and Hermite polynomials. From equation (2.2.9)), we find that

We thus have
a(—1)*Bym—ok(22)m!
El(k + a)(m — 2k)!

(3.2.2)

From (3.2.2)), we obtain

Ho(z) = Bao(22), Hi(z) = Ba1(22), Ha(z) = Ba2(22) — ﬂ—‘;Ba’O(Zz),

Hs(2) = Ba3(22) — £%Ba1(22), Ha(z) = Boa(22) — %3&2(2@ + %Bw@z).

To express the fractional Bernoulli polynomials B, ,,(2) in terms of Hermite
polynomials H,,(z), we first note that

2
eTr—T Z 0 H 2/2 Z
— Ba m

ax—Qa,y(a xQ) - Zoo_ ma x2m

m+a “ml
Using (3 with ¢, = 2 Hm(2/2) and
%, if m = even
0, if m = odd,
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Polynomials
we have
(z/2) 1 0 0 0
(2/2) 0 1 0 0
Ho(2/2) —= 0 1 0
Bum(2) = (—1ymmt| 27202 T
Ho(2/2) O S 0 0
L a 71) m2—1
Hn(2/2) 0wy 0 0]
Starting with the first row, we factor (= 1), from row ¢, to obtain
Bam(2) = tamr (i ¥
Ho(z/2) 1 0 0 e 0
Hi(z/2) 0 1 0 e 0
Ha(2/2) 24 0 2! . 0
Ho(2/2) 0 T3a 0 e 0
m—1 m—3
am!(=1)" 2 aml(-1) > | —1)!
Hm-1(2/2) mtymeg 0 (N ) (m —1)!
Tm(2/2) 0 ) 0 L
Expanding this matrix with respect to the first column yields
—1)m
Buan(2) = 11 o=y (Hol/ 2l = Hae/ Db -+ (<1 o2/ D ],

where by is the m by m matrix obtained by deleting the &% row and the first
column. Therefore,

( )" S
Bom(2) = i1, 'Z 1) M5 (2/2) | brsa . (3.2.3)
k=0
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Here are the first few examples:
Bao(2) = Ho(2/2), Baa(2) = Hi(2/2), Bap(z) = Ha(2/2) + {5 Ho(2/2),

Ba73( ) H3(2/2) + Hl(Z/Q)

Boa(2) = Hal2/2) + sty Ha(2/2) + | 255 — sy | Holz/2),

Bas(2) = Hs(2/2) + gyiay Ha(2/2) + [155) 2'(5;1&] 1(2/2).
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Chapter 4

Higher Order Fractional Bernoulli
Numbers and Polynomials

In this chapter, we investigate the recursion formulas of higher order fractional
Bernoulli numbers and polynomials. We also establish the connection of higher
order fractional Bernoulli polynomials with the identity

m a—1

a0 = e 33 ()

7=0 =0

a 27mi

where a = 3 B # 0 is a positive nonzero fraction and w, = e« .

4.1 Higher Order Fractional Bernoulli Numbers and Poly-
nomials and Some of Their Properties

In this section, we introduce the higher order fractional Bernoulli numbers
and polynomials and investigate some of their basic properties. In particular,
we develop the differential equation satisfied by the higher order fractional
Bernoulli polynomials.

Definition 4.1. For 0 #t € R, the higher order fractional Bernoulli polyno-
mials defined by the generating functz’on

xZae—xQ (t)
) Z B! (4.1.1)

and the higher order fractional Bernoulli numbers are defined by Bétzn =
B(Stzn(()) In particular, Bél,)n(z) = Bum(2), the fractional Bernoulli polyno-

mials, and Bélr)n(()) = Bam, the fractional Bernoulli numbers.

Remark 4.2. The higher order fractional Bernoulli polynomaials satisfy the
following properties:

(1) i
0. =3 (1) Bn (112)
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(ii)
BY (21 + 2) = fj (7;) BY ()2, (4.1.3)
j=0
Proof. Exactly similar to Theorem and Proposition [2.9] respectively.  [J
Proposition 4.3. Let a be positive half integer and 0 £t € 7Z,

m

B ==Y () B0

k=0

m=0 m=0
~C0 oY () Bl
m=0 k=0
Comparing the coefficients gives the required result. O]

Theorem 4.4. We have
(m+1)BY L 1(2) = (m+1)2BY, (2) + 2tm(m + 1)BY) _ (2)+

2 tz <m + 1) B (2)Bam k11 =0, m=12,.. (4.1.4)

and
(m+1)BY)  +2tm(m+1)BY),_ +2a tz (m - 1) B\ Bynis1 =0, m=12, ..
(4.1.5)

Proof. Differentiating both sides of (4.1.1)) with respect to x and then multi-
plying by x, we obtain

e e m-+1
2ta’y " BY, (2 ——2t§ BY (2 > B, ()
b b m

N my s - am

2 Z <k> Bukl)Bamiiy = 2 mBLL )
m=0 k=0

Comparing the coefficients, then we have the recurrence
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(m+1)BY) 1 (2) = (m + 1)2BY, (2) + 2tm(m + 1) B (2)+

a,

“ m+1
MZ < k ) Bc(zfl)c(z)Bmm—k—&—l =0, m=12,...
5=0

Putting z = 0 in (4.1.4]) yields the recurrence formula of the higher order
fractional Bernoulli numbers (4.1.5)). ]

Remark 4.5. Fort =1, (4.1.4) and (4.1.5) become the recurrence formulas
of the fractional Bernoulli polynomials (2.2.12)) and the fractional Bernoulli
numbers (2.2.13)), respectively.

Theorem 4.6. For m > 0,

B (2) = (2at) " (2at—m—1) B, 1 (2)+(2at) " (m+1)2BY, (2)—ma~ (m+1)BY), ().

a,m—1
Proof. Let
ane—x
o) = ay(a,z?)
Then from (4.1.1)) we have
Tz - xm
o' (a, z)e" = Z Baﬂ)n(z)ﬁ (4.1.6)
m=0

Differentiating both sides of (4.1.6)) with respect to x, we have

0 m—1
2t(ax~ ' —x)at(a, x)e* —2atx " ' (a, )" +2al (a, )™ = Z mBC(on(z)x —
’ m!
m=0
Then multiplying these by x and using (4.1.6)), we find that
50 (AT 0N g (T g
2tay B{(2)— — 2t > B (2) - 2ta > B (2)—+
m=0 m=0 m=0
O A o S
ZZ Ba,m(z) ml = ZmBa,m(z)M‘
m=0 m=0
Then we get the result by comparing the coefficients. O
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Theorem 4.7. Fort € N,

Bt st = % (") Bl Bl
ki4 -4k o=m
ky,y....ke >0

where <k‘ m k) is the multinomial coefficients and [B,(2)]* = Bax(2).
1y -0y vt
Proof. Using equation (4.1.1)),
> BY (si+zm+ o+ )

m
m!
m=0

t
2a ,—x?
_ L€ e(z1+22+---+2t)x
o 2
ay(a, r?)

- (Z B?(zl>%> <Z B:w%’f) (Z B?<Zt>%)

— elBa(z1)++Ba(z)]x

= Y (Ba(aa) -4 Bala)"

> Y (6" 1) B Bl 25,

m!
MOk 4k Ry =m
ket ook > 0

where the last equality is using multinomial expansion and the power of each

term, in the expansion, is degraded to subscripts; i.e., [By(2)]* = Bax(2).
Hence the theorem follows. O

Lemma 4.8. We have

d* m)!
@Bﬁ%@(z) = mBgln—k(Z), m > k.
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Proof. Since

d* s & = d ™
T (@ @)e” = al(a, ) e’ = N Ba?n(z)—!,
we find .
s = d x™
o (a, z)e™xh = s atzn(z)ﬁ
Therefore,
& m 0 k m
(t) A . d () A
Z Ba,mfk(z)m = Z ﬁBa,m(z)m‘
m=0 m=0
Comparing the coefficients yields the lemma. O]

Theorem 4.9. The higher order fractional Bernoulli polynomials satisfies the
differential equation:

Bomd™y  Bam-1 d™y N (Bag 1) >y zdy m

S AT L
m! dzm o (m—1)ldzmt 2 ") a2 2wtz Toaa? =Y

where y = B, (2).
Proof. By (4.1.4), we have

(m+ 1B, 1(2) = (m +1)2BY) (2) + 2tm(m + 1)BY),_ (2)+

a, a,m—

“ m—+1
QGtZ ( k ) Bz(zf/?c(z)Ba,m—k-‘rl =0, m=1,2,...
k=0

Now replacing m by m + 1, we find

m—1

mB(gfzn(z)—szs?n_l(z)+2tm(m—1)B(52n_2(z)+2at Z (n];) Bé’fi(z)Bam_k —0.
k=0

(4.1.7)
Since y = Béfln(z), then by Lemma ,
®) ~(m=R)ldy
Ba,m—k( ) - ml dzk, k= 1, 2, cey M.
Therefore,
D) k! dmFy -
Ba,k('z) m!W7 k_O,].,...7m.

Substituting this in (4.1.7) and multiplying both sides by 5=, we get

m z dy 1d% s Bam-r d™*y
27

m — k) dzmF

2at? " outd: T adz?
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Therefore,
Ba m dmy Ba m—1 dm_ly Ba 2 de dy m Z dy 1 d2y
; ; 2 VBt —y—— 242 =
m! dzm (m—1)! dzm*1+ * 2! dz2+ . dz+2aty 2at dz+a dz?
Hence the theorem follows. O

By taking t = 1 in the above theorem, we can get the differential equation of
the fractional Bernoulli polynomials.

Corollary 4.10. Fort =1 and y = B, (%), we have

Ba,m dmy Ba,m—l dm_ly + + Ba,2 1 dQZ/ z dy m
m! dzm  (m— 1) dzm"1 2! a) dz? 2adz 2a

which 1s the differential equation of the fractional Bernoulli polynomaials.

4.2 The Connection of Higher Order Fractional Bernoulli
Polynomials with the Identity ¢,

For the positive integer N C. R. Ernst and A. Hassen in [9] defined ¢y, by

k' m N-—1 m
. N—i(k—j
pmk(N) = o Z(j)wN ",

=0 i=0

where wy = e~ is the N root of unity.

The authors connect this function to the hyperbolic lacunary Bernoulli poly-
nomials B,,(N, k, z) by

3 (mj )Bj(N,k,z)gpmM_j,k(N) = (mk )k!z ,

=0
where the hyperbolic lacunary Bernoulli polynomials is given by

_ 0o
xkezx z/N rm

e — Bm(N,k,Z)—|
m!

Nk=1 S0 w%‘mew%z m=0
As we have seen in the first and second chapter, the hyperbolic lacunary
Bernoulli polynomials also satisfies the addition and recurrence properties (see
[9] for the details).
Addition formula:

B (N, k,z1 + 29) = Z (T) B;(N, k,21)z£”_j7

j=0
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Recurrence formula:

B(N, k, z) = i (T) B,(N, k)"

5=0
where B,,(N, k) = B,,(N, k,0) is the hyperbolic lacunary Bernoulli numbers,
and for N even integer and j > 0,

Byji(N, k) = 0.
In particular, if N =2, k=1, then
B2j+1 = 0.

In this section, we redefine the identity ¢, x(a) for positive nonzero fractions
a = %, B # 0 and establish the relationship between the identity ¢, and
higher order fractional Bernoulli polynomials B((ltzn(z)

Definition 4.11. For a positive nonzero fraction a = %, B#0andw, =e =
We define o, i by

m a—1
—i(k—j)
P, (a am+1 k Z ( ) 7

j=0 i=0

where m and k are positive integers.

Lemma 4.12. We have

affi'k (?)7 Zf m >k

0, if m<k.

Omi(a) =

Proof. Let m < k. Now since the sum of powers of complex numbers of
modulus one is zero, then

—

a—

w;**=9) = 0, (4.2.1)

a

Il
=)

s

whenever —s(k — j) # 0(mod a). Therefore, ., ;(a) = 0 because j < m < k.
If m > k, by equation (4.2.1) all terms are zero except for j = k. Then we

have,
ak! m Bk! (m
pmi(a) = i g ) = omr Lk )
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For m =k,
gok,k(a) = B/{Z'
m
Theorem 4.13. We have
—k (T (t) 1 :
; 5a1k( )Bam ), if m=>k
Zw—mBm w1 _ i) Bamms (2)
a
0, if m<k
Proof. Using equation [4.1.2]
a—1 a—1 m : m—i
jkp@ (WAt 1lY _ ik m\ o (w41
S (S0) - S 35 (7) 0 (4
=0 5=0 i=0
5 () )
- 7 @i gm—i h a
i=0 h=0 j=0
m 1—k | m—i a—1
_ m\ @ k M=\ i(k—h)
L 5 S () I
i=0 h=0 j=0
Ak I m
= k! Z (’l) Bt(ztz Pm—i k(a)
=0

If m < k, by the above lemma ¢,,,_; x(a) = 0 for all i = 0, 1,...,m. Then the
sum is equal to zero.

If m >k, sincem—1i>k Vi=0,1,....m — k, then again using [4.1.2] we

obtain
a—1 m—k
I e e M L L
7=0 =0

1kmzk (t) Bk! m—1
az qm—i—k k

i

() @)

= g0t (1) B (1)

40



Chapter 4 : Higher Order Fractional Bernoulli Numbers and Polynomials

Corollary 4.14. We have

_ m .
w a,m -
a
7= 0, if m <k

Proof. Put t =1 in the above theorem.

Theorem 4.15. We have

a—1 ;
> w B (z Lt 1) -
‘ a a,m a
7=0
Proof. By equation 4.1.3

. a—1 m .
Zw_]’“B " ( 4t 1) =) w, " (m> B{) (wg - 1) Zm
a — P 1 ’ a

j=0
m a—1 w +1
o m m—1i —jk ) a
_ () S Baz< - )
=0 7=0

If m < k, then by Theorem the sum becomes zero.
If m > k, then we obtain

Z“ #e (s ) =t o (1) (1) B

= fpa’™* Em: (ZL) (Tzn— k:k> Byl i(1/a)=""
i=k
1—k [T = m—k (t) m—k—i
= s+ (1) (1) Bl
=0
= fa'™" (ZL) Bc(thn—k( + a)

Hence the theorem follows.

Put ¢t =1 in Theorem to obtain the following corollary.
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Corollary 4.16. We have

Bal* <n]{?) Baom—r(z + %), if m>k

a—1 :
e (1)
=0 @

0, if m<k.

Next we give one of our results regarding the connection of higher order frac-
tional Bernoulli polynomials and the identity ¢, k.

Theorem 4.17. We have

3 (m N "") BO ) pmryn(a) = PO o ( n 1) |

Proof. By Theorem and using the definition of ¢, x(a) and also since
m > 0, we have

i(m““) ) () pmessala)

j=0

jady m+k e m+k J
_ (t) - —h(k—i)
=3 (") g 2 X (")

=0 =

Jj=0

m+k h m+k—j
1

— Bl lzw—hkz (m+k> B(t )(2) (Wa;’ )

a-l h

1
— S B (54 )
’ a
h=0

— BK! (m; k) B <z + 1)
’ a

= —ﬁ(m—i_k)!Bt?)n (z+l) .

m!

Corollary 4.18. We have

t 1 t m! mol _|_k ¢
B() (z—l— ) Bé%(z)zm; (mj )B()( Yo ().

1=

42



Chapter 4 : Higher Order Fractional Bernoulli Numbers and Polynomials

Proof. From the above theorem, we obtain

(m M k) B z)pri(a +mZ::1 <m N k) ( )omrk—jk(a) = —6(m i k)!BJ,?n (Z + 1) -

m m! a
Therefore,
1 m = (m4k
BY +—> ~BY.(2) = —— ( ‘ )B“) m
a,m (Z a a,m( ) 6(m+k)' ~ j ( )(IO +k— ]k( )
]
Corollary 4.19. We have
1 m+k\ L
BY (-] = —— B m
a,m(a) ﬁ(m+k'z( j ) ]SO +k]k()
Proof. Put z = 0 in Corollary [£.18 to obtain the required result. O

The following corollary describe that there is a relationship between fractional
Bernoulli polynomials and the identity ¢, 4.

Corollary 4.20. We have

i (m : k) B j(2)omin—jr(a) = MBa,m (z + 1) .

= J m!

Proof. Setting t = 1 in Theorem yields the corollary. m
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