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Abstract

For a large class of operators acting between weighted `∞ spaces, exact
formulas are obtained for their norms and the norms of their restrictions to the
cones of nonnegative sequences and nonnegative monotone sequences. The
weights involved are arbitrary nonnegative sequences and may differ in the
domain and codomain spaces. The results are applied to the Cesàro and Copson
operators, giving their norms and their distances to the identity operator on the
whole space and on the cones. Simplifications of these formulas are derived in
the case of these operators acting on power-weighted `∞. As an application, best
constants are given for inequalities relating the weighted `∞ norms of the Cesàro
and Copson operators both for general weights and for power weights. Moreover,
we characterize the optimal non-absolute domain for the Hardy operator (and its
dual) minus the identity, in the Lebesgue space Lp(0,∞), 1 ≤ p ≤ ∞.

For variable coefficient Helmholtz equation, using appropriate parametrix,
we formulate boundary-domain integral equations (BDIEs) for the Dirichlet
and mixed (Dirichlet-Neumann) boundary value problems (BVPs) in a two-
dimensional bounded domain. The Dirichlet BVP is reduced to two different
BDIE systems, depending on whether the trace or co-normal derivative of the
third Green identity is employed on the boundary. On the other hand, the mixed
BVP is reduced to four different BDIE systems, depending on whether the trace
or co-normal derivative of the third Green identity is employed on the Dirichlet
and Neumann boundaries. It is not clear in advance which of them will be
more suitable for particular applications and for numerical implementation, and
hence we analyzed all the BDIE systems. The equivalence between the BVPs
and the formulated BDIE systems are shown. Fredholm properties, invertibility
and unique solvability of BDIE systems are investigated in appropriate Sobolev
spaces.
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Notations

Nn
0 the set of all ordered n−tuples α = (α1, · · · , αn) of non-negative

integers αi ∈ N0.
α ∈ Nn

0 multi-index in Nn
0 , α = (α1, α2, α3, · · · , αn).

|α| order of the multi-index α ∈ Nn
0 , |α| = α1 + α2 + · · ·+ αn.

x ∈ Rn point in Rn, x = (x1, x2, · · · , xn).
Ω ⊆ Rn open set in Rn.
∂Ω boundary of Ω.
Cr(Ω) space of r times continuously differentiable functions on Ω.
C∞(Ω) space of infinitely differentiable functions on Ω.
Cr,α(Ω) space of functions in Cr(Ω) whose r−th order derivatives are locally

Hölder or Lipschitz continuous with exponent α on Ω.
D(Ω) the set of infinitely differentiable functions in Ω with compact support in Ω.
D′(Ω) space of continuous linear functionals on D(Ω), S(Ω).
D(Ω) space of restrictions to Ω of functions in D(Rn).
Dα the distributional derivative of order α.
δa Dirac delta function(al) at a.
δ Dirac delta function; same as δ0.
∆ Laplace’s operator.
∇ gradient operator.
F Fourier transform operator.
W k,p(Ω) Sobolev spaces of order k.
Hs(Ω) Bessel Potential space or Sobolev-Slobodeski space.
H̃s(Ω) space of distributions in Hs(Rn) having support in Ω.
r
∂Ω

restriction operator on ∂Ω.
γ+ trace operator for Ω = Ω+, where Ω+ is interior domain.
T+ conormal derivative operator for Ω+.
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1 General Introduction

Functional analysis, particularly the study of linear or quasi-linear operators,
plays a crucial role in various fields of mathematics and has applications in
quantum mechanics, differential and integral equations and signal processing, to
mention just a few of them, see e.g., [7]. Among the most studied operators in
my field of research are the Hardy operator and its dual or their discrete analogue
Cesàro and Copson operators.

The Hardy operator has significant importance on its own, primarily within
the context of analysis and functional spaces. The operator and the associated
inequality are historically important in the development of functional analysis
and remains a central topic in the theory of inequalities. Hardy’s inequality
provides a way to estimate integrals and sums involving functions and their
derivatives.

The connections between the Hardy operator and partial differential equations
are profound and illustrate the deep interplay between pure analysis and applied
mathematical problems.

The multidimensional Hardy operator, in particular, has numerous applica-
tions in the spectral theory of operators, in the theory of partial differential
equations, in the theory of integral equations, in the theory of function spaces,
see [8] and the references therein. For the one dimensional case we refer to
[57]. For instance, in [57] the connection between operator I −H and the Euler
differential equation

y′(x)− 1

x
y(x) = g(x), y(0) = 0, x > 0 (1)

is discussed. It has been shown that the solution of (1) is y(x) =
∫ x

0 f(t)dtwhere
(I − H)f = g or f = (I − H)−1g. Moreover, from the remarkable mapping
property

‖(I −H)f‖L2 = ‖f‖L2 for all f ∈ L2,

the relation ‖y′‖L2 = ‖g‖L2 is found.
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The study of embedding theorems, which play an important role in the study
of elliptic equations, in arbitrary open sets in Rn requires investigation of the
multi-dimensional Hardy operator, and there is a need for estimates of this
operator in various function spaces, among which the weighted Lebesgue spaces
are very important, see [8] and the references therein.

In the last thirty years, considerable attention has been devoted to the be-
havior of averaging operators on function spaces, especially the study of some
functional properties as boundedness between weighted Lebesgue spaces or the
determination of their optimal domains.

In this thesis, two distinct, yet related topics are discussed: the end-point norm
estimates for Cesàro and Copson operators and the determination of optimal
non-absolute domains for the Hardy operator (or dual Hardy operator) minus
identity. Moreover, boundary domain integral equations are derived and analyzed
for variable coefficient Helmholtz boundary value problems (BVPs) in 2D.

The results presented in this thesis contribute to the growing body of literature
on operator theory, with potential applications in various areas of mathematics,
including partial differential equations. In addition, they help us find the numeri-
cal solutions of the variable coefficient Helmholtz BVPs in 2D. Moreover, the
techniques developed in the thesis are useful in the analysis of other operators
and BVPs.

1.1 Preliminaries

1.1.1 The space of distributions D′

The reader can refer to [49, 91] for the details of this section. Let Ω be a domain
in Rn. The support of a continuous function f(x) in Ω, denoted by supp f is the
closure of the set of all points x ∈ Ω such that f(x) 6= 0;

supp f = {x ∈ Ω : f(x) 6= 0}.

f is said to have compact support, if its support is a bounded set. Then the set of
infinitely differentiable functions in Ω with compact support in Ω is called test

2



functions;

D(Ω) := {ϕ ∈ C∞(Ω) : supp(ϕ) is compact in Ω}

This set is also denoted by C∞0 (Ω) or C∞comp(Ω). For example, the function

ϕ(x) =

{
e
− 1

1−|x|2 , |x| < 1;

0, otherwise,

is infinitely differentiable for all x ∈ R2, with the compact support,

supp ϕ = {x ∈ R2 : |x| ≤ 1}.

So, ϕ is a test function in R2. A sequence {ϕn}∞n=1 in D(Ω) converges to
ϕ ∈ D(Ω) as n→∞, written ϕn → ϕ as n→∞ if:

i) there is a compact set K ⊂ Ω with supp ϕn ⊂ K, ∀n and

ii) for each multi-index α ∈ Nn
0 ,

Dαϕn → Dαϕ uniformly in K as n→∞.

A distribution is a generalization of the classical concept of a function. The
theory of distributions is far advanced and has numerous applications in physics
and mathematics.

A linear functional f on the space D is an operation (or a rule) by which we
assign to every test function ϕ(x) a complex number denoted by 〈f, ϕ〉, such
that

〈f, c1ϕ1 + c2ϕ2〉 = c1〈f, ϕ1〉+ c2〈f, ϕ2〉

for arbitrary test functions ϕ1 and ϕ2 and complex numbers c1 and c2.
A linear functional on D is continuous if and only if the sequence of numbers

〈f, ϕn〉 converges to 〈f, ϕ〉, when the sequence of test functions {ϕn} converges
to the test function ϕ. That is, a linear functional on D is continuous if

ϕn → ϕ as n→∞ in D ⇒ 〈f, ϕn〉 → 〈f, ϕ〉 as n→∞ in C.

3



A continuous linear functional on the space D of test functions is called a
distribution. The set of all distributions in Rn is denoted by D′(Rn). For
example, let Ω be a domain in R2 and a ∈ Ω. Then it follows immediately that
the Dirac delta function δa := δ(x− a), given by

〈δa, ϕ〉 = ϕ(a), ϕ ∈ D(Ω),

is a distribution, δa ∈ D′(Ω).
A sequence of distributions {fn} in D′ converges to a distribution f ∈ D′ if,

for any ϕ ∈ D
〈fn, ϕ〉 → 〈f, ϕ〉 as n→∞ in C.

In this case we shall write fn → f as n→∞ in D′. This convergence is called
weak convergence.

For all pairs of multi-indices α and β, a function ϕ ∈ C∞(Rn) is called
rapidly decreasing if

‖ϕ‖α,β := sup
x∈Rn

∣∣xαDβϕ(x)
∣∣ <∞.

The space of all such functions in Rn is denoted by S (Rn). This space does not
coincide with D (Rn). For instance, the function e−|x|

2

is in S
(
R2
)

but not in
D
(
R2
)

because it does not have compact support. Evidently, D (Rn) ⊂ S (Rn).
A sequence {ϕn} in S (Rn) converges to the function ϕ ∈ S (Rn), written

ϕn → ϕ as n→∞ in S (Rn), if

xβDαϕn(x) −→ xβDαϕ(x), n→∞, x ∈ Rn,

for all α and β. From the inclusion D (Rn) ⊂ S (Rn), we deduce that the
convergence in D implies the convergence in S . Evidently, D is dense in S; that
is, for any ϕ ∈ S there is a sequence ϕk ∈ D, k = 1, 2, 3, · · · , such that ϕk → ϕ

as k →∞ in S.
Each linear functional over the space of test functions S is called general-

ized function of slow growth (or tempered distribution). The set of tempered
distributions is denoted by S ′ := S ′ (Rn).

4



1.1.2 Banach function spaces

Banach function spaces extend classical spaces like Lebesgue, Lorentz, and
Orlicz spaces. Paper I and paper II are at the core of these spaces, especially the
weighted Lebesgue spaces. The Banach function spaces are built on a measure
space (Ω,R, µ) and defined by a function norm ρ that satisfies specific criteria.
These spaces are defined next to Lebesgue spaces. For further details we refer
the reader to e.g. [14, 32, 36].

Let (Ω,R, µ) be a measure space,Mµ(Ω) denotes the space of µ-measurable
real-valued functions on (Ω,R, µ) and

M+
µ (Ω) := {f ∈Mµ(Ω) : f ≥ 0 µ-a.e.}.

We write simplyM(Ω) andM+(Ω) if µ is the Lebesgue measure andR is the
σ-algebra of Lebesgue measurable sets of Ω = [0,∞] .

For f ∈M(Ω), the Lebesgue space Lp(Ω,R, µ), p ∈ (0,∞] or simply Lp(Ω)

is defined as

Lp(Ω) = {f : (Ω,R, µ)→ R, f is µ- measurable and ‖f‖Lp(Ω) <∞}

where

‖f‖Lp(Ω) :=
(∫

Ω

|f(x)|pdµ(x)
)1/p

, for 0 < p <∞,

and ‖f‖L∞(Ω) := ess sup
x∈Ω

|f(x)| for p =∞,

with
ess sup
x∈Ω

|f(x)| = inf{a > 0 : |f | ≤ a µ-a.e. on Ω}.

In this case we apply the convention that inf ∅ =∞.
Note that ‖ · ‖p is a norm for p ∈ [1,∞), but it is a quasi-norm for p ∈ (0, 1).

We write simply Lp instead of Lp(Ω) if there is no risk of confusion.
Weighted Lebesgue spaces, Lp(w,Ω) generalize the classical one Lp(Ω) by

incorporating a nonnegative weight function w. Let f ∈ M(Ω) and w be a
nonnegative measurable function on Ω, called a weight function. The weighted

5



Lebesgue space on Ω, denoted by Lp(w,Ω), is the set of all f ∈ M(Ω) for
which ‖f‖Lp(w,Ω) <∞, where

‖f‖Lp(w,Ω) =
(∫

Ω

|f(x)|pw(x)dx
)1/p

, for 0 < p <∞

‖f‖L∞(w,Ω) = ess sup
x>0

|f(x)|w(x), for p =∞.

If there is no risk of confusion, we write simply Lp(w) instead of Lp(w,Ω).
For a counting measure µ, Ω = N and a weight sequence of non-negative

terms w = (wn), the weighted Lebesgue spaces of sequences with weight w,
denoted by `p(w), are defined as

`p(w) = {x = (xn) : ‖x‖`p(w) <∞},

where x = (xn) is a real (or complex) sequence and

‖x‖`p(w) =
( ∞∑
n=1

|xn|pwn
)1/p

, for 0 < p <∞,

‖x‖`∞(w) = sup
n∈N
|xn|wn, for p =∞.

If w(x) ≡ 1 for all x and wn = 1 for all n, we get the classical Lebesgue spaces
Lp and `p.

Whenever 1/p + 1/p′ = 1, the numbers p, p′ ∈ [1,∞] are called conjugate
or dual. Using the convention that 1/∞ = 0, p =∞ corresponds to p′ = 1 and
vice versa.

We repeatedly use the Lebesgue differentiation theorem to characterize the
optimal domain of the Hardy operator minus identity onLp(0,∞), for p ∈ [1,∞].
Let B(x, r) = {y ∈ Rn : |y − x| < r} denote the open ball with radius r > 0

and |B(x, r)| denotes its Lebesgue measure. For a locally integrable function f
on Rn the Lebesgue differentiation theorem states that

lim
r→0

1

|B(x, r)|

∫
B(x,r)

f(y)dy = f(x),

for almost every x ∈ Rn.

6



W. A. J. Luxemburg defined Banach function spaces inspired by the properties
of Lp spaces, see e.g. [14, 32].

For a measure space (Ω,R, µ), a mapping ρ :M+
µ (Ω)→ [0,∞] is called a

Banach function norm (or simply a function norm) if, for all functions f, g, fn,
(n = 1, 2, 3, · · · ) inM+

µ (Ω), for all constants a ≥ 0 and for all µ−measurable
subsets E of Ω the following properties hold:

(P1) ρ(f) = 0⇔ f = 0 µ-a.e.; ρ(af) = aρ(f);
ρ(f + g) ≤ ρ(f) + ρ(g);

(P2) 0 ≤ g ≤ f, µ-a.e.⇒ ρ(g) ≤ ρ(f);

(P3) 0 ≤ fn ↑ f, µ-a.e.⇒ ρ(fn) ↑ ρ(f);

(P4) µ(E) <∞⇒ ρ(χE) <∞;

(P5) µ(E) <∞⇒
∫
E fdµ ≤ CEρ(f)

for some constants CE , 0 < CE <∞, depending on E and ρ but independent of
f .

The Banach function space X = X(ρ) determined by a function norm ρ is
defined as follows.

X(ρ) = {f ∈Mµ(Ω) : ρ(|f |) <∞}.

For each f ∈ X we denote ‖f‖X = ρ(|f |).
For a nonnegative weight w, the Lebesgue spaces Lp(w), p ∈ [1,∞] are

Banach function spaces.
One of the properties of a Banach function space that we check for the

domain of Hardy minus identity on Lebesgue spaces Lp(0,∞), 1 ≤ p ≤ ∞ is
the lattice property, (P2), namely if |g| ≤ |f | µ-a.e. and f ∈ X , then g ∈ X and
‖g‖X ≤ ‖f‖X .

The concept of associate norms ρ′ leads to dual Banach function spaces X ′.
The associate norm ρ′ of a function norm ρ is defined onM+ by

ρ′(g) = sup

{∫
Ω

fgdµ : f ∈M+, ρ(f) ≤ 1

}
, (g ∈M+).

7



Let ρ be a function norm and let X = X(ρ) be the BFS determined by ρ. The
BFS X(ρ′) determined by the associate norm ρ′ of ρ is called the associate space
of X and is denoted by X ′.

It follows from the norm of a function in a BFS X and the definition of ρ′(g)

that the norm of a function g in the associate space X ′ is given by

‖g‖X ′ = sup
{∫

Ω

|fg|dµ : f ∈ X, ‖f‖X ≤ 1
}
. (2)

The general version of Hölder’s inequality which connects the norms of functions
in BFS X and its associate X ′ is defined as follows. Let X be a BFS with
associate space X ′. If f ∈ X and g ∈ X ′, then fg is integrable and∫

Ω

|fg|dµ ≤ ‖f‖X‖g‖X ′. (3)

Since Lp
′
is the associate space of Lp for 1 ≤ p ≤ ∞, the Hölder’s inequality

(3) takes the form ∫
Ω

|fg|dµ ≤ ‖f‖Lp‖g‖Lp′ ,

for all f ∈ Lp and g ∈ Lp′.
The particular class of Banach function space called rearrangement-invariant

spaces (or simply r.i. space) is defined as follows. Let f, g ∈Mµ(Ω). A Banach
function norm ρ is called a rearrangement invariant norm if it satisfies

f ∗ = g∗ on (0, µ(Ω)) ⇒ ρ(f) = ρ(g),

where
f ∗(t) := inf{s ≥ 0 : µ({x ∈ Rn, |f(x)| > s}) ≤ t}

is the nonincreasing rearrangement of f , t ∈ (0, µ(Ω)).
The weighted Lebesgue spaces Lp(w), 1 ≤ p ≤ ∞ are not rearrangement-

invariant unless the weight function w is constant a.e. That is, the classical
Lebesgue spaces Lp, 1 ≤ p ≤ ∞, are rearrangement-invariant. The two spaces
L1 +L∞ and L1∩L∞ over a resonant measure space are rearrangement-invariant
spaces [14, Theorem 6.4], and are respectively the largest and the smallest of all
r.i. spaces (that is, L1 ∩ L∞ ↪→ X ↪→ L1 + L∞, for an arbitrary r.i. space X
over a resonant measure space) [14, Theorem 6.6].
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1.1.3 Sobolev spaces

For the details of this section the reader can refer to e.g., [18, 91]. For two
Banach spaces V and W with V ⊂ W , the space V is said to be continuously
embedded in W if

‖v‖
W
≤ c‖v‖

V
∀v ∈ V. (4)

We say the space V is compactly embedded in W if (4) holds and each
bounded sequence in V has a convergent subsequence in W .

The weak partial derivative is defined as follows, see e.g., [91]. Let Ω ⊂ Rn

be open. Suppose u, v ∈ L1
loc(Ω), and α is a multi-index. We say that v is the

αth- weak partial derivative of u, written Dαu = v, provided∫
Ω

uDαϕdx = (−1)|α|
∫

Ω

vϕdx for all ϕ ∈ D(Ω).

If there does not exist such a function v, then u does not possess a weak αth-
partial derivative.

For k ∈ N and 1 ≤ p ≤ ∞, the Sobolev space W k
p (Ω) is defined as

W k
p (Ω) =

{
f ∈ Lp(Ω) : Dαf exists weakly

and Dαf ∈ Lp(Ω), ∀α ∈ Nn
0 , |α| ≤ k

}
If u ∈ W k

p (Ω), we define its norm to be

||u||W k
p (Ω) :=


( ∑
|α|≤k
||Dαu||pLp(Ω)

)1/p

, 1 ≤ p <∞;∑
|α|≤k

ess sup
Ω
|Dαu|, p =∞.

For {um}∞m=1, u ∈ W k
p (Ω), we say um converges to u in W k

p (Ω), written
um → u in W k

p (Ω), provided that lim
m→∞

||um − u||W k
p (Ω) = 0.

The Sobolev space W k
p (Ω), k = 1, 2, 3, · · · and 1 ≤ p ≤ ∞, is a Banach

space.
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From the definition of Sobolev space we see that Lp(Ω) = W 0
p (Ω, and for

p = 2, we usually write Hk(Ω) = W k
2 (Ω), k = 0, 1, 2, · · · . Thus, H0(Ω) =

L2(Ω). Consequently,

Hk(Ω) =

{
f ∈ L2(Ω) :

∑
|α|≤k

||Dαf ||L2(Ω) <∞
}

is the Sobolev space of order k with the norm

||f ||Hk(Ω) =

∑
|α|≤k

||Dαf ||2L2(Ω)

 1
2

.

In particular, the norm in H1(Ω) is given by

||u||2H1(Ω) = ||u||2L2(Ω) + ||∇u||2L2(Ω).

The Bessel potential space Hs(Rn) extends the classical Sobolev spaces
Hk(Rn) from k ∈ N to s ∈ R. It is defined as

Hs(Rn) = {f ∈ S ′(Rn) : ws(ξ)Ff(ξ) ∈ L2(Rn)},

where ws(ξ) =
(
1 + |ξ|2

)s/2, Ff is the Fourier transform of f and is defined by

〈F [f ], ϕ〉 = 〈f,F [ϕ]〉, ∀ϕ ∈ S(Rn).

Here, F [ϕ] is the classical Fourier trnasform of the Schwartz function ϕ, given
by

Fϕ(ξ) = (2π)−1

∫
Rn
e−ix·ξϕ(x)dx, ξ ∈ Rn,

and provide it with the norm

||f ||Hs(Rn) := ‖wsFf‖L2(Rn) =

(∫
Rn

(
1 + |ξ|2

)s |Ff(ξ)|2dξ
) 1

2

,

which makes it a Hilbert space.
The space D (Rn) is dense in Hs (Rn), ∀s, see e.g., [64, pp 31]. For any

non-empty open set Ω ⊆ Rn, according to [65, pp 77] we define

Hs(Ω) = {u ∈ D′(Ω) : u = U |Ω for some U ∈ Hs(Rn)},
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equipped with norm

‖u‖Hs(Ω) := inf
U∈Hs(Rn),u=U |Ω

‖U‖Hs(Rn).

We also define

H̃s(Ω) = {u ∈ Hs (Rn) : supp u ⊂ Ω}.

For s > 0, we have the inclusions:

H̃s(Ω) ⊂ Hs(Ω) ⊂ L2(Ω) ⊂ H̃−s(Ω)

with continuous injections. For 0 ≤ s < 1
2 , one has

H̃s(Ω) = Hs(Ω) and H̃−s(Ω) = H−s(Ω),

which is not true any more for s ≥ 1
2 .

For an open subset Ω of Rn with a continuous boundary, D(Ω) and D(Ω) are
dense in Hs(Ω) and H̃s(Ω) respectively, for all s > 0, see e.g., [37, pp 24].

Now, the Rellich compact embedding theorem which is used repeatedly to
prove the mapping properties of the surface and volume potential operators is
stated as follows. For a bounded open subset Ω of Rn and −∞ < s < t <∞,
the inclusion H t(Ω) ⊆ Hs(Ω) is compact, see e.g., [65, Theorem 3.27].

1.1.4 Linear operators and equations

According to [65, pp 18], we define the kernel and image of a linear map.
Suppose that X and Y are vector spaces, and let A : X → Y be a linear map.
The kernel (or null space) of A is the subspace of X defined by

ker A = {u ∈ X : Au = 0},

and the image of A (or range of A) is the subspace of Y defined by

im A = {f ∈ Y : there exists u ∈ X such that f = Au}.

A−1 exists if and only if ker A = {0} and im A = Y .
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Linear operator T from a vector space V to vector space W over the same
field, written T : V → W , is a mapping which satisfies

T (αu+ βv) = αT (u) + βT (v)

for u, v ∈ V and scalars α, β.
For normed spaces X and Y , a linear operator A : X → Y is bounded if

there exists a number c > 0 such that

‖Au‖Y ≤ c‖u‖X , ∀u ∈ X.

A linear operator is continuous if and only if it is bounded.
For Hilbert spaces H1 and H2, a linear operator T : H1 → H2 to be

symmetricH1 has to be dense inH2, and

〈Lh, g〉 = 〈h, Lg〉, for all h, g ∈ H1.

The meaning of semi-boundedness and compactness of a linear operator is im-
portant in the analysis of the Fredholm properties of the operators corresponding
to the boundary domain integral equations. They are defined as follows.

A linear symmetric operator A in a Hilbert spaceH is called semi-bounded
(or bounded from below) if there is a constant c ∈ R such that

〈Ah, h〉 ≥ c‖h‖2
H, for h ∈ dom(A).

If c = 0, then A is called positive, if c > 0, then A is called positive-definite.
Again, a linear operator K : H1 → H2 is said to be compact if and only if
every bounded sequence {xn} inH1 has a subsequence {xnj} such that {Kxnj}
converges inH2. The second-order partial differential operator

L =
n∑

i,j=1

∂xj [aij(x)∂xi] +
n∑
i=1

bi(x)∂xi + c(x)

is called elliptic if there exists a constant β > 0 such that
n∑

i,j=1

aij(x)ξiξj ≥ β|ξ|2
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for a.e. x in an open and bounded subset Ω of Rn, and all ξ ∈ Rn.
The continuity and coercivity of the bilinear form which help us analyse the

variational formulation of the boundary value problems are defined as follows.
Given two linear spaces V1, V2, a bilinear form in V1 × V2 is a function

a : V1 × V2 −→ R

satisfying the following properties:

i) For every y ∈ V2, the function x −→ a(x, y) is linear in V1.

ii) For every x ∈ V1, the function x −→ a(x, y) is linear in V2.

When V1 = V2 = v, we simply say that a is a bilinear form in V . Moreover, a
bilinear form a : V × V → R, for a normed space V is said to be

i) continuous if there exists M such that

|a(u, v)| ≤M ||u|| ||v||, ∀ u, v ∈ V.

ii) coercive on V (or V - elliptic) if there exists a real number β > 0 such that

a(u, u) ≥ β||u||2, ∀u ∈ V.

For a linear operator L, the equation

Lu = f (5)

is called a linear (inhomogeneous) equation. In (5) the element f is called the
inhomogeneous term (free term, or right-hand side), and the unknown element u
belonging to Dom(L) is called the solution of this equation. If in (5) f ≡ 0, the
equation obtained,

Lu = 0 (6)

is called the linear homogeneous equation corresponding to (5).
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According to [91], the solution of (5) to be unique in Dom(L), it is necessary
and sufficient that the corresponding homogeneous equation (6) have only a zero
solution in Dom(L).

The distribution E ∈ D′ is said to be the fundamental solution of the differen-
tial operator

L(D) =
m∑
|a|=0

aαD
α.

with constant coefficients aα, if L(D)E = δ(x) in Rn.
Generally speaking, the fundamental solution E(x) of the operator L(D) is

not unique; it is defined accurately as far as the termE0(x), which is a solution of
the homogeneous equation L(D)E0 = 0. In fact, the distribution E(x) + E0(x)

is also a fundamental solution of the operator L(D),

L(D)(E + E0) = L(D)E + L(D)E0 = δ(x).

A fundamental solution for the Laplace operator ∆ in 2D is given by

G(x) =
1

2π
log
|x|
r0

,

for any constant r0 > 0, see e.g. [65, Theorem 8.1]. If we shift the origin to a new
point y, the PDE ∆u = 0 is unchanged because of the translation invariance of
the Laplace operator. That is, if u(x) is harmonic then u(x− y) is also harmonic
for x different from y. Therefore,

P∆(x, y) := G(x, y) =
1

2π
log

(
|x− y|
r0

)
, r0 > 0,

is a fundamental solution for Laplace equation.
For general elliptic linear differential operators with variable coefficients, it

may not always be possible to find a fundamental solution. For such operators if
the fundamental solution does not exist, one can always construct a parametrix
[44, pp 333], which we use instead of the fundamental solution.
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1.1.5 Trace and trace theorems

Let Ω denote a bounded, open subset of Rn, and the boundary ∂Ω be sufficiently
regular for the outward unit normal v to be well defined. Sometimes we shall
work with both the interior and the exterior domains

Ω+ = Ω and Ω− = Rn \
(
Ω+ ∪ ∂Ω

)
,

in which case, if the function u is defined on Ω±, we write

γ±u(x) = lim
Ω±3y→x∈∂Ω

u(y)

and
[
∂u

∂v

]±
= ∂±v u(x) = lim

Ω±3y→x∈∂Ω
v(x) · ∇u(y) for x ∈ ∂Ω

whenever these limits exist, see e.g., [65, pp 1],[69]. γ+u(x) (or
[
∂u
∂v

]+
) and

γ−u(x) (or
[
∂u
∂v

]−
) are respectively called the interior boundary trace (or interior

normal derivative) and exterior boundary traces (or exterior normal derivative)
of a given function u(x), x ∈ ∂Ω.

The partial derivatives of order exactly r, denoted by Dβf (where β is a
multi-index with |β| = r), is said to satisfy the Hölder condition with exponent
α ∈ (0, 1] if there exists a constant c > 0 such that for all x, y ∈ Ω:∣∣Dβf(x)−Dβf(y)

∣∣ ≤ c|x− y|α.

The space Cr,α(Ω), known as the Hölder space, consists of functions that are
r-times continuously differentiable (i.e., Cr functions) and whose rth order
derivatives satisfy a Hölder condition with exponent α. That is, let Ω be an open
subset of Rn. The Hölder space Cr,α(Ω) is defined as:

Cr,α(Ω) =
{
f ∈ Cr(Ω) : Dβf is locally α-Hölder continuous for all |β| = r

}
.

In particular, C0,α(Ω) is the space of functions that are just α-Hölder continuous,
Cr,1(Ω) is the space of Cr functions whore rth derivatives are Lipschitz contin-
uous and Cr,0(Ω) = Cr(Ω) is the space of r-times continuously differentiable
functions.
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When we say that a domain Ω ⊂ Rn is a Ck−1,1-domain, we mean that its
boundary ∂Ω can be locally represented as the graph of a Ck−1,1 functions. This
provides a level of smoothness to the boundary, ensuring that it is well-behaved
up to its (k − 1)th derivatives and that its (k − 1)th derivatives are Lipschitz
continuous.

Now the trace theorem, see e.g., [65, Theorem 3.37] is stated as follows. If
we define the trace operator γ : D(Ω) → D(∂Ω) by γu := u|

∂Ω
and Ω is a

Ck−1,1- domain with 1
2 < s ≤ k, then γ has a unique extension to a bounded

linear operator

γ : Hs(Ω)→ Hs− 1
2 (∂Ω)

and this extension has a continuous right inverse.
For a bounded C∞ domain Ω in R2 with its boundary ∂Ω, the following

assertions are proved in [41, Theorem 4.24].

i) For s > 1
2 , the trace operator γ is a linear and bounded map of Hs(Ω) onto

Hs− 1
2 (∂Ω), γ (Hs(Ω)) = Hs− 1

2 (∂Ω).

ii) For s > 3
2 , the normal derivative operator γ1 = γ

(
∂
∂n

)
is a linear and

bounded map of Hs(Ω) onto Hs− 3
2 (∂Ω), γ1 (Hs(Ω)) = Hs− 3

2 (∂Ω).

The Gauss-Ostrogradski theorem is one of the important theorems which is used
in the third paper to obtain the first Green identity for the variable coefficient
Helmholtz equation in 2D. This theorem is stated as follows. Let Ω be a bounded,
open subset of R2, and ∂Ω be C1. If h ∈ C1

0(Ω), then∫
Ω

∂

∂xi
h(x)dx =

∫
∂Ω

γ+h(x)ni(x)dSx, i = 1, 2, (7)

where dx denotes the infinitesimal element in area, n(x) = (n1(x), n2(x)) is the
outward unit normal vector to ∂Ω at x, ni(x) is the ith component of the normal
n(x) in the xi-direction and dSx refers to the infinitesimal arc length element
along ∂Ω.

Using the results for density and trace theorems, the integral relation (162)
holds for any h ∈ H1(Ω). Indeed, since C1(Ω) is dense in H1(Ω) we have
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a sequence hn ∈ C1(Ω) such that ‖hn − h‖H1(Ω) → 0 as n → ∞. Since
hn ∈ C1(Ω), the integral relation (162) implies∫

Ω

∂

∂xi
hndx =

∫
∂Ω

γ+hnnidSx, i = 1, 2. (8)

Taking the limit as n→∞ in the equation (163), we obtain∣∣∣∣∫
Ω

∂hn
∂xi

dx−
∫

Ω

∂h

∂xi
dx

∣∣∣∣2 ≤ c

∫
Ω

∣∣∣∣∂hn∂xi
− ∂h

∂xi

∣∣∣∣2 dx
≤ c‖hn − h‖H1(Ω) −→ 0.

Hence ∫
Ω

∂hn
∂xi

dx −→
∫

Ω

∂h

∂xi
dx as n→∞.

For the right side of equation (163), we get∣∣∣∣∫
∂Ω

γ+hnnidSx −
∫
∂Ω

γ+hnidSx

∣∣∣∣ ≤ ∫
∂Ω

∣∣γ+(hn − h)ni
∣∣ dSx

≤ ‖γ+(hn − h)‖L2(∂Ω),

the continuity of trace operator from H1(Ω) to H
1
2 (∂Ω) and hence to L2(∂Ω)

implies,

‖γ+(hn − h)‖L2(∂Ω) ≤ c‖hn − h‖H1(Ω) → 0 as n→∞.

Hence ∫
∂Ω

γ+hnnidSx −→
∫
∂Ω

γ+hnidSx as n→∞.

1.1.6 Variational formulations of boundary value problems

Let ∂Ω = ∂ΩD ∪ ∂ΩN be a disjoint decomposition of the boundary ∂Ω. The
boundary value problem (BVP) is to find a scalar function satisfying the partial
differential equation

(Lu)(x) = f(x) for x ∈ Ω, (9)
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the Dirichlet boundary condition

γ+u(x) = g
D
(x) for x ∈ ∂ΩD, (10)

and the Neumann boundary condition

T+u(x) = g
N

(x) for x ∈ ∂ΩN , (11)

where f, g
D
, and g

N
are some given functions, and T+ denotes the conormal

derivative operator.
The BVP (9) and (10) with ∂Ω = ∂ΩD is called a Dirichlet BVP, the BVP

(9) and (11) with ∂Ω = ∂ΩN is called a Neumann BVP, while the BVP (9)–(11)
is called mixed BVP.

Variational methods proved to be very successful for a class of elliptic BVPs
which admit an equivalent variational formulation in terms of coercive bilinear
form. All the problems seen can be cast in the following abstract variational
formulation: Find u ∈ V such that

a(u, v) = b(v), ∀v ∈ V,

where:

• V is a Hilbert space (with norm ||.||
V

);

• a : V × V → R is a bilinear form, that is for α, β ∈ R, u, v, w ∈ V ,

a(αu+ βv, w) = α a(u,w) + β a(v, w),

a(w, αu+ βv) = α a(w, u) + β a(w, v).

• b : V → R is a linear functional: b(αu+ βv) = α b(u) + β b(v).

The existence and uniqueness of the solution of the above formulation are
guaranteed by the Lax-Milgram lemma which is stated as follows. Let V be a
Hilbert space, a : V × V → R be a bilinear form, continuous and coercive. Let
b be a continuous linear form on V . Then the problem:

Find u ∈ V such that a(u, v) = b(v), for all v ∈ V

has a unique solution.
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1.1.7 Helmholtz equation with constant coefficients

The Helmholtz equation, or reduced wave equation, has the form

∆u+ k2u = 0. (12)

It takes its name from the German physicist Hermann von Helmholtz (1821-
1894), a pioneer in acoustics, electromagnetism and physiology. The equation
arises naturally when one is looking for mono-frequency or time-harmonic
solutions to the wave equation. If u(x, t) = v(x)e−iωt satisfies utt = c2∆u,
then v satisfies (12) with k = ω/c, hence the name reduced wave equation.
Time-harmonic waves are of fundamental importance in applications as diverse
as noise scattering, radar and sonar technology and seismology.

The quantity k is the wave number. It is often real and constant, but it can
be complex if the medium of propagation is energy absorbing, or a function of
space if the medium is inhomogeneous. When k = 0, (12) reduces to Laplace
equation. When k2 < 0 (i.e., for imaginary k), the equation becomes the space
part of the diffusion equation. At low wave numbers, (12) behaves very much
like the Laplace equation. However, solutions at large wave number are highly
oscillatory, and this causes a great increase in complexity of analytical and
numerical methods, see e.g. [24].

The inhomogeneous Helmholtz equation is an equation of the form

∆u+ k2u = f, (13)

where k2 6= 0, u is the unknown solution and f is a given function. u can either
be a scalar function or a vector function. Equation (13) is the generalization of
the following two cases:

• Laplace’s equation, with k = 0 and f = 0.

• Poisson’s equation, with k = 0 and f 6= 0.

1.1.8 Fredholm operator and alternative theorem

According to [65, pp 33], for Banach spaces X and Y , a bounded linear operator
A : X → Y is said to be Fredholm if
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• the subspace im A is closed in Y , and

• the subspaces ker A and Y/imA are finite-dimensional.

The index of A, in this case is the integer defined by index(A) = dim(kerA)−
dim(Y/imA).

The Fredholm alternative is stated as follows, see e.g., [65, Theorem 2.27].
Assume that A : X → Y is Fredholm with index(A) = 0. There are two,
mutually exclusive possibilities:

(i) The homogeneous equation Au = 0 has only the trivial solution u = 0.
In this case, for each y ∈ Y , the inhomogeneous equation Au = f has a
unique solution u ∈ X .

(ii) The homogeneous equation Au = 0 has exactly p linearly independent
solutions u1, · · · , up for some finite p ≥ 1.

From the Fredholm alternative, we can draw the following assertion. If
A : X → Y is Fredholm operator with zero index and injective, then for each
f ∈ Y , the inhomogeneous equation Au = f has a unique solution u ∈ X .

The assertion which states ”every bounded sequence in a Hilbert space has a
weakly convergent subsequence” is fundamental in functional analysis and has
important applications in the study of variational methods and partial differential
equations. The following two results are proved in [65, Lemma 2.32 and Theorem
2.33]. LetH∗ be the dual of a Hilbert spaceH.

(i) If the bounded linear operator A : H → H∗ is positive and bounded below,
then it has a bounded inverse A−1 : H∗ → H.

(ii) If A = A0 +K, where A0 : H → H∗ is positive and bounded below, and
K : H → H∗ is compact, then A : H → H∗ is Fredholm with zero index,
and hence the Fredholm alternative holds for the equation Au = f .

From the above two facts we obtain the following assertion. If A = A0 + K,
where A0 : H → H∗ is invertible operator and K : H → H∗ is compact, then
A : H → H∗ is Fredholm operator with zero index.
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1.2 Concise literature review

We now provide selected information related to our topic based on some books
and related papers.

1.2.1 Hardy-type operators and inequalities

In this section we present some chosen parts of this fascinating theory in a
popular way and where the two new papers in this area are inserted in a more
general frame. A more complete theory can be found in the books [51, 59, 60, 84]
and the huge number of references there. We also refer to several (at least 15)
PhD theses devoted fully or partly on this subject and related to my supervisors,
see e.g., the link PhD exams on https://www.larserikpersson.se/.

On the prehistory and early history

It is now exactly 100 years since Hardy published his famous paper [38]. And
during all time after Hardy’s famous 1925 paper it has been an intensive and
fascinating development described in several books, papers and PhD thesis
[40, 51, 59, 60, 74, 82, 84].

Our main reason for this surprisingly big interest in this area during 100 years
is that it is a really fascinating research area in mathematics, which has attracted
many gifted mathematicians and PhD students. Another important reason is that
this area has important applications not only to other areas of mathematics but
also to natural and engineering sciences. For this PhD thesis it has very important
applications to differential and integral equations (see the corresponding section
below).

We consider the following original forms of the Hardy inequalities: (a) the
discrete form, which asserts that if {an}∞1 is a sequence of non-negative real
numbers, then

∞∑
n=1

(1

n

n∑
i=1

ai

)p
≤
( p

p− 1

)p ∞∑
n=1

apn, p > 1, (14)
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(b) the continuous form which guarantees that if f is a non-negative p-integrable
(p > 1) function on (0,∞), then f is integrable over the interval (0, x) for each
positive x and∫ ∞

0

(1

x

∫ x

0

f(y)dy
)p
dx ≤

( p

p− 1

)p ∫ ∞
0

f p(x)dx, p > 1, (15)

see [38]. The development of the famous Hardy inequality in both discrete and
continuous forms during the period 1906 to 1928 has its own history or, as we
call it, prehistory. Contributions of mathematicians other than G. H. Hardy, such
as E. Landau, G. Pólya, E. Schur and M. Riesz, were also very important in this
connection. This dramatic prehistory was described in detail by A. Kufner, L.
Maligranda and L. E. Persson in [58]. In particular, we pronounce the following:

(a) Inequalities (14) and (15) are called the standard forms of the Hardy in-
equalities, which are presented in most text books in Analysis and first
highlighted in the famous book [40] by G. H. Hardy, J. E. Littlewood and
Pólya.

(b) The constant (p/(p − 1))p, in both (14) and (15) is sharp: it cannot be
replaced with a smaller number such that (14) and (15) remain true for all
relevant sequences and functions, respectively.

(c) By restricting (15) to the class of step functions one proves easily that (15)
implies (14).

The main motivation for Hardy to begin this dramatic history in 1915 was to find
a simpler proof of the Hilbert inequality from 1906:

∞∑
n=1

∞∑
m=1

ambn
m+ n

≤ π
( ∞∑
m=1

a2
m

)1/2( ∞∑
n=1

b2
n

)1/2

.

(However, in Hilbert’s original version the constant 2π appears instead of π,
which is the sharp one). We remark that nowadays the following more general
form of this inequality is also sometimes referred in the literature as Hilbert’s

22



inequality
∞∑
n=1

∞∑
m=1

ambn
m+ n

≤ π

sin π
p

( ∞∑
m=1

apm

)1/p( ∞∑
n=1

bp
′

n

)1/p′

,

where p > 1 and p′ = p/(p−1). However, Hilbert was not even close to consider
this case (the Lp-spaces appeared only around 1910).

A limit case of (14) (as p→∞) is the Carleman inequality
∞∑
n=1

n
√
a1a2 · · · an ≤ e

∞∑
m=1

an, (an ≥ 0). (16)

This is a discrete Hardy-type inequality involving the discrete geometric mean
Hardy operator (note that (14) concerns the discrete arithmetic mean Hardy
operator). Carleman himself seems not to have observed this simple fact so
he made an independent proof in connection to his important works on quasi-
analytic functions. For further information concerning history, proofs, etc. see
the well cited paper [46].

Correspondingly, a limit case of (15) (as p→∞) is∫ ∞
0

exp
(1

x

∫ x

0

ln g(t)dt
)
dx ≤ e

∫ ∞
0

g(x)dx, (17)

which originally was called Knopp’s inequality (with reference to Knopp’s
original 1928 paper) but later on it was discovered that Pólya already in Hardy’s
original paper [38] pointed out this fact to Hardy so nowadays it is called Pólya-
Knopp’s inequality. Note that also (17) is a Hardy-type inequality but with the
continuous geometric mean Hardy operator involved instead of the arithmetic
mean operator in (15). In the paper [46] it is also included a section with the
corresponding description of its history, various proofs and generalizations. The
constant e is sharp in both (16) and (17).

The first weighted version of (15) was proved by Hardy himself in 1928∫ ∞
0

(1

x

∫ x

0

f(y)dy
)p
xadx ≤

( p

p− 1− a

)p ∫ ∞
0

f p(x)xadx, (18)

where f is a measurable and non-negative function on (0,∞) whenever a < p−1,
p > 1, see e.g., [39].
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It was later on discovered that indeed (15) and (18) are in fact equivalent,
which is a simple biproduct of an elementary proof Hardy did not discover
himself but which we present below together with some of its consequences.

On a remarkable convexity proof and some of its consequences so far

There exist today at least 10 different proofs of Hardy’s inequality (15), in
additional to Hardy’s original proof. Here we will present the, in our opinion,
most important one, which maybe could have changed even parts of the history
if Hardy himself had discovered this simple argument. Hardy know very well
how to use Jensen’s inequality which is more or less equivalent to the concept of
convexity. But even in his 1952 book he did not use the remarkable argument we
now present by following the paper [81] by L. E. Persson and N. Samko: Our
first crucial observation is the following: note that for p > 1∫ ∞

0

(1

x

∫ x

0

f(y)dy
)p
dx ≤

( p

p− 1

)p ∫ ∞
0

f p(x)dx

⇔∫ ∞
0

(1

x

∫ x

0

g(y)dy
)dx
x
≤ 1 ·

∫ ∞
0

gp(x)
dx

x
, (19)

where f(x) = g(x1−1/p)x−1/p.
This equivalence enable us prove Hardy’s inequality in the following simple

way (see form (19)): By Jensen’s inequality and Fubini’s theorem we have that∫ ∞
0

(1

x

∫ x

0

g(y)dy
)pdx

x
≤
∫ ∞

0

(1

x

∫ x

0

gp(y)dy
)dx
x

=

∫ ∞
0

gp(y)

∫ ∞
y

dx

x2
dy

=

∫ ∞
0

gp(y)
dy

y
. (20)

Note that this proof also shows that (18) holds also if p < 0, and holds in
the reversed direction, if 0 < p < 1. If we instead make the substitution
f(t) = g(t

p−1−a
p )t−

1+a
p in (19), then we see that also (18) is equivalent to (15).

In particular, these facts imply especially the following:

24



(a) Hardy’s inequality (15) and (18) hold also for p < 0 (because the function
ϕ(u) = up is convex also for p < 0) and hold in the reverse direction for
0 < p < 1 (with sharp constants (p/(1−p))p and (p/(a+1−p))p, a > p−1,
respectively).

(b) The inequalities (15) and (18) are equivalent, for p > 1, which could not
be discovered from Hardy’s original proofs, see [38, 39].

(c) The inequality (19) holds also with equality for p = 1, which gives us
a possibility to interpolate and get more information about the mapping
properties of the Hardy operator.

(d) In particular, the simple convexity proof (20) shows directly that all inequal-
ities (14)-(17) hold.

Hence, it is natural to call (19) the fundamental form of Hardy’s inequality for
p > 1 and p < 0 and the reversed version for 0 < p < 1 we call the reversed
fundamental form of Hardy’s inequality.

Remark 1.1. This fundamental proof of Hardy’s inequality (15) was known
already before, see e.g., [48], but the further consequences pointed out above
can not be found there. In particular, in [81] also the case with finite intervals
and sharp constants was investigated.

Lemma 1.2. Let g be a non-negative and measurable function on (0, l),
0 < l ≤ ∞.

(a) If p < 0 or p ≥ 1, then∫ l

0

(1

x

∫ x

0

g(y)dy
)pdx

x
≤ 1 ·

∫ l

0

gp(x)
(

1− x

l

)dx
x
. (21)

(In the case p < 0 we assume that g(x) > 0, 0 < x ≤ l).

(b) If 0 < p ≤ 1, then (21) holds in the reversed direction.

(c) The constant C = 1 is sharp in both (a) and (b).
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By using this Lemma and stratightforward calculations the following equiva-
lence theorem can be proved, see [81]:

Theorem 1.3. Let 0 < l ≤ ∞, let p ∈ R+ \ {0} and let f be a non-negative
function. Then

(a) the inequality∫ l

0

(1

x

∫ x

0

f(y)dy
)p
xadx

≤
( p

p− 1− a

)p ∫ l

0

f p(x)xa
[
1−

(x
l

)p−a−1
p
]
dx (22)

holds for all measurable functions, each 0 < l ≤ ∞ and all a in the
following cases:

(a1) p ≥ 1, a < p− 1,

(a2) p < 0, a > p− 1,

(b) For the case 0 < p < 1, a < p − 1, (22) holds in the reversed direction
under the conditions considered in (a).

(c) (dual situation) The inequality∫ ∞
l

(1

x

∫ ∞
x

f(y)dy
)p
xa0dx

≤
( p

a0 + 1− p

)p ∫ ∞
l

f p(x)xa0

[
1−

( l
x

)a0+1−p
p
]
dx (23)

holds for all measurable functions f , each l, 0 ≤ l <∞ and all a0 in the
following cases:

(ca) p ≥ 1, a0 > p− 1,

(c2) p < 0, a0 < p− 1.

(d) For the case 0 < p ≤ 1, a0 < p− 1, inequality (23) holds in the reversed
direction under the conditions considered in (c).
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(e) All inequalities above are sharp.

(f) Let p ≥ 1 or p < 0. Then, the statements in (a) and (c) are equivalent for
all permitted a and a0 because they are in all cases equivalent to (21) via
substitutions.

(g) Let 0 < p < 1. Then, the statements in (b) and (d) are equivalent for all
permitted a and a0.

Remark 1.4. Note that in the theory of (weighed) Hardy-type inequalities we
usually have good estimates of the sharp constant (=the operator norm). However,
in some cases as above we can even find the sharp constant and this is especially
interesting for applications and it can also be regarded as an art of its own for
theoretical reasons. For example, the constants in all inequalities in Theorem
1.3 are sharp. In this connection we also mention the recent paper [83], where
it is proved that a number of two-sided Hardy-type inequalities for monotone
functions hold and where both the involved constants are sharp.

The area of convexity has been developed in an almost unbelievable way and
the well-known and well cited book [76] by C. Niculescu and L. E. Persson has
just been published in a third edition. Also this area is almost as important for
applications in differential and integral equations as Hardy-type inequality is, see
e.g., the book [76], and especially Appendix E there. In this connection we also
refer to the famous book [43] och L. Hörmander. Hence, the observations above
can be especially important also for the applications to integral and differential
equations, e.g., in this PhD thesis. See also [80].

On a crucial question in the development

A crucial question in the further development was the following concerning
general weights and all parameters namely: For which weights u and v or
parameters p and q do the following Hardy’s power-weighted version of the
inequality (15) and its dual∫ ∞

0

(∫ ∞
x

f(t)

t
dt
)p
dx ≤ pp

∫ ∞
0

f p(x)dx,
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hold for some finite constant C?(∫ b

a

(∫ x

a

f(t)dt

)q
u(x)dx

)1/q

≤ C

(∫ b

a

f p(x)v(x)dx

)1/p

(24)

and (∫ b

a

(∫ b

x

f(t)dt

)q
u(x)dx

)1/q

≤ C

(∫ b

a

f p(x)v(x)dx

)1/p

(25)

with a, b ∈ R satisfying−∞ ≤ a < b ≤ ∞, u, v weight functions (which means
measurable functions positive a.e. in the interval (a, b)), p, q ∈ R satisfying
0 < q ≤ ∞, 1 ≤ p ≤ ∞.

During the last 80 years there were a lot of activities to answer these and more
general questions concerning Hardy-type inequalities and a lot of interesting
results were proved and applied.

It is known, see e.g., [40, 60], that (24) and (25) respectively hold for all
measurable functions f ≥ 0 and 1 < p ≤ q <∞, if and only if

sup
a<x<b

(∫ b

x

u(t)dt

)1/q (∫ x

a

v1−p′(t)dt

)1/p′

<∞,

and

sup
a<x<b

(∫ x

a

u(t)dt

)1/q (∫ b

x

v1−p′(t)dt

)1/p′

<∞.

On the general kernel operator case in Hardy-type inequalities

Consider an operator

Tf(x) =

∫ x

a

k(x, s)f(s)ds. (26)

An inequality of the form(∫ b

a

(Tf(x))q u(x)dx

)1/q

≤ C

(∫ b

a

f p(x)v(x)dx

)1/p

(27)
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is the natural generalization of the Hardy inequality (15), where k(x, s) is a
non-negative measurable function on the set {(x, s) : a < s ≤ x < b} and u and
v are weight functions. The inequality (27) can also be represented as a norm
inequality

‖Tf‖Lq(u) ≤ C‖f‖Lp(v). (28)

The kernel operator (3.1) is usually called the Hardy-Volterra operator or Volterra
integral operator. We call it also Hardy-type operator. Consequently, the in-
equality (27) is called a Hardy-type inequality. Hardy’s inequalities laid the
foundation for extensive research into what today is referred to as Hardy-type
inequalities, see e.g., [2, 51, 59, 60].

An interesting not yet fully solved problem is to characterize the more general
Hardy-type inequality (28). The following is known so far:

(a) The solution of this problem is known for a number of special cases and
parameters, e.g., in the classical case k(x, y) = 1/x, 0 < y < x, when
k(x, y) is of product type, satisfy a so called ”Oinarov condition”, etc, see
[60, Chapter 7.5].

(b) Without restrictions on the kernel k(x, y) the problem to characterize (28)
is open.

For the current main knowledge in this case we refer to the book [60] and the
review paper [61]. In particular, in [61] the following result was proved. Let
1 < p ≤ q < ∞, a < b ≤ ∞, u and v are weights. Let k(x, y) be a general
non-negative kernel. Then (28) holds if, for any s < p− 1,

As := sup
a<y<b

(∫ b

y

kq(x, y)u(x)V
q(p−s−1)

p (x)dx
)1/q

V s/p(y) <∞, (29)

where

U(x) :=

∫ b

x

u(y)dy, V (x) :=

∫ x

a

v1−p′(y)dy.

(a) The condition (29) can not be improved in general for s > 0 because e.g.,
for product kernels it is even necessary and sufficient for (28) to hold.
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(b) For the best constant C in (28) we have the following estimate

C ≤ inf
s<p−1

( p

p− s− 1

)1/p′

As.

This result opens a possibility that the condition (28) can be a candidate to solve
the open question we have pointed out above. At least it can not be improved in
general.

On the multidimensional and general group case

Most of the classical theory in Hardy type inequalities is performed in the one
dimensional case. However, several results are known also in this case and the
several of these results up to 2017 are presented and proved in Section 7.7 of the
book [60]. Just as one example of such a result we mention the paper [9] by S.
Barza, L. E. Persson and J. Soria.

One simple idea to derive multidimensional Hardy type inequalities from
one dimensional ones is to use polar coordinates and so called spherical Hardy
operators. This idea can be generalized to a much more general group based
situation as described in the book [84] by M. Ruzhansky and D. Suragan.

On the discrete case

We noted that the continuous Hardy inequality (15) implies the discrete Hardy
inequality (14) even with the sharp constant. However, it is not always so even if
the proofs in the discrete case in most cases can be done by following directly
from the corresponding continuous result or by just modifying the proofs for
this case. But also in this situation the discrete case has attracted a lot of interest
during these 100 years. There are several reasons for that e.g., by trying to
modify the proofs in the continuous case some technical problems can appear.
As an example of this fact we just mention the recent paper [79].

But maybe the main interest concerns questions of describing the sharp
constants in some discrete Hardy type inequalities involving various discrete
Hardy-type opertors. Two of the most popular such operators are the so called
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Cesàro operator C and Copson operator C∗:

(Cx)n =
1

n

n∑
k=1

xk, (C∗x)n =
∞∑
k=n

xk
k
.

For p > 1, the discrete analogue of the classical Hardy inequality is given as
∞∑
n=1

(
1

n

n∑
k=1

xk

)p

≤
(

p

p− 1

)p ∞∑
n=1

xpn, (30)

unless all the x′is are zero. The constant is the best possible. Moreover, for p > 1

it has been proved that
∞∑
n=1

( ∞∑
k=n

xk

)p

< pp
∞∑
n=1

(nxn)
p, (31)

unless xn is null. The constant is the best possible. The inequalities (30) and
(31) are also generalized for a non-negative sequence xn and weight sequence
wn, . For p > 1, see e.g., [32, 40, 58, 59],

∞∑
n=1

(∑n
k=1 xkwk∑n
k=1wk

)p
wn ≤

(
p

p− 1

)p ∞∑
n=1

xpnwn,

and
∞∑
n=1

( ∞∑
k=n

xkwk∑k
m=1wm

)p

wn ≤ pp
∞∑
n=1

xpnwn,

for p > 1, xn ≥ 0 and wn > 0. In each case, the constants (p/(p− 1))p and pp

are sharp.
Again the discrete analogue of (24) or the general weighted extension of (30)

with weight sequences un and vn has the form[ ∞∑
n=1

un

(
n∑
k=1

xk

)q]1/q

≤ C

( ∞∑
n=1

vnx
p
n

)1/p

(32)

for 0 < q < ∞, 1 < p < ∞. This inequality holds for every non-negative
sequence xn and 1 < p ≤ q <∞ if and only if

sup
k>0

( ∞∑
n=k

un

)1/q( k∑
n=0

v1−p′
n

)1/p′

<∞,
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which is the discrete analogue of the condition for (24).
For a sequence x = xn and p > 1, Cesàro space ces(p) and Copson space

cop(p) are defined as follows.

ces(p) =

{
x :

∞∑
n=1

(
1

n

n∑
k=1

|xk|

)p

<∞
}
,

with the norm

‖x‖ces(p) =

( ∞∑
n=1

(
1

n

n∑
k=1

|xk|

)p)1/p

and

cop(p) =

{
x :

∞∑
n=1

( ∞∑
k=n

|xk|
k

)p

<∞
}

with the norm

‖x‖cop(p) =

( ∞∑
n=1

( ∞∑
k=n

|xk|
k

)p)1/p

.

G. Hardy, see e.g., [11] proved the embedding between these spaces. He was
able to show that

‖x‖ces(p) ≤

( ∞∑
k=1

k−p

)1/p

‖x‖cop(p), (33)

for p ≥ 2, and

‖x‖cop(p) ≤ (p− 1)1/p‖x‖ces(p), (34)

for 1 < p ≤ 2. The constants are both best possible. Moreover, there is strict
inequality (33) except when x2 = x3 = · · · = 0, and in (34) except when x = 0.

Specific background on Paper I and II

For a locally integrable function f on (0,∞),

Hf(x) =
1

x

∫ x

0

f(t)dt
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is called the Hardy averaging operator (or simply Hardy operator), and its dual,
denoted by H∗ is given by

H∗f(x) =

∫ ∞
x

f(t)

t
dt.

The upper Boyd index α and the lower Boyd index α of an r.i. space X are
given as follows, see e.g., [32]. The norm of the dilation operator Dt, where
Dtf(s) = f(st ) is given by

‖Dt‖X = sup
‖f‖X≤1

‖Dtf‖X ,

and

α = lim
t→∞

log ‖Dt‖X
log t

and α = lim
t→0

log ‖Dt‖X
log t

.

The lower Boyd index α′ and the upper Boyd index α′ of the associate space
X ′ are given by α′ = 1 − α and α′ = 1 − α. Since the Hardy operator
H and its dual H∗ are bounded on an r.i. space X for α < 1 and α > 0

respectively, see e.g., [14], H : Lp(0,∞) → Lp(0,∞) for 1 < p ≤ ∞ and
H∗ : Lp(0,∞)→ Lp(0,∞) for 1 ≤ p <∞ are bounded, cf. also [40, Theorems
327 and 328], [32].

As it is stated in (30) and (31), the discrete Hardy inequality

‖Cx‖`p <
p

p− 1
‖x‖`p, (35)

holds for p > 1 and nonnegative sequence of real numbers x = (xn), unless all
the x′ns are zero. Moreover,

‖C∗x‖`p < p‖x‖`p, (36)

unless x = (xn) is the null sequence. The constants p/(p− 1) and p in the above
inequalities are best possible, see e.g., [32, 40, 58, 59]. These inequalities show
that C and C∗ are bounded operators with ‖C‖`p = p/(p− 1) and ‖C∗‖`p = p

for p > 1.
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For some values of the parameter p, G. Bennett [11] has found out the best
constants αp and βp for the inequalities relating the Cesàro and Copson operators.

‖Cx‖`p ≤ αp‖C∗x‖`p, (37)

and

‖C∗x‖`p ≤ βp‖Cx‖`p. (38)

Bennett has showed that αp =
(∑∞

k=1
1
kp

)1/p for p ≥ 2, and βp = (p− 1)1/p for
1 < p ≤ 2. These constants are sharp. There is strict inequality in (37) except
when x2 = x3 = · · · = 0, and in (38) except when x ≡ 0. Following Bennett’s
question of finding the best constants in (37) for 1 < p < 2 and in (38) for p > 2,
V. Kolyada [54] has found out that the best possible constant in (38) for p > 2 is
βp = p− 1. The problem of finding the optimal constant in inequality (37) for
1 < p < 2 remains open. However, V. Kolyada has found some lower and upper
bounds for αp, namely

1

p− 1
≤ αp ≤

ζ(p)1/p

(p− 1)1/p′
,

He proved also one optimal weighted type estimate for 1 < p ≤ 2 and nonnega-
tive sequence (xn):[ ∞∑

n=1

(
1

n

n∑
k=1

xk

)p]1/p

≤ (p− 1)−1/p′

[ ∞∑
n=1

( ∞∑
k=n

xk
k
wp(k)

)p]1/p

(39)

where wp(n) =
(
np−1

∑∞
k=n

1
kp

)1/p

.
For α, β ∈ R, 1 < p ≤ ∞, the optimal constants in the integral inequalities

‖Hf‖Lp(tα) ≤ Kα,p‖H∗f‖Lp(tα) and ‖H∗f‖Lp(tβ) ≤ Kβ,p‖Hf‖Lp(tβ)

are known for different cones of functions (see e.g. [16, 17, 32, 51, 53, 55, 59,
60, 90]. For p =∞ and positive functions, see e.g.,[17] it has been shown that

Kα,∞ =


0, α < 0,

1

1− α
, 0 ≤ α < 1,

∞, α ≥ 1,

and Kβ,∞ =


∞, β ≤ 0,
1

β
, 0 < β ≤ 1,

0, β > 1,
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and these estimates are sharp. These results were the first motivation of paper
I even though the techniques developed in [17] could not be transferred to the
discrete case. Moreover, we were interested to treat for the general non-negative
weight.

The characterization of optimal domains has been considered for many dif-
ferent kinds of operators and function spaces, see e.g. [10, 31, 35, 75]. Let
T : X → Y be a bounded linear operator, for function spaces X and Y . Then
the optimal domain is the ’largest’ spaceM (usually within a class of spaces with
a priori conditions and with X ⊆ M ) for which T : M → Y is still bounded.
The space M is the largest in the sense that if T : F → Y is bounded (with
X ⊆ F ), then F is continuously embedded in M . Generally, these spaces are
not well-defined. For instance, for an r.i. space X for which H : X → X is
bounded, the class of functions for which H(|f |) ∈ X is larger than X . It is not
even a subspace of (L1 + L∞)(R+), (see, e.g., [31, Theorem 2.6]). This shows
that the class of functions for which H(|f |) ∈ X is not an r.i. space, see e.g.,
[14, Theorem 6.6].

The above considerations inspired us to investigate for the identity minus
Hardy operator, I −H , defined as follows:

(I −H)f(x) = f(x)− 1

x

∫ x

0

f(t)dt, x > 0.

The special interest of this operator is its mapping properties, see e.g., [42, 51,
56, 90].

One of such a result which has close connection to fractional order Hardy
inequalities is [60, Proposition 5.38]: for g ∈ Lp(x−αp−1) with p ≥ 1 and
α > −1, α 6= 0,(∫ ∞

0

∣∣∣∣g(x)− 1
x

∫ x
0 g(y)dy

xα

∣∣∣∣p dxx
)1/p

≈
(∫ ∞

0

∣∣∣∣g(x)

xα

∣∣∣∣p dxx
)1/p

with the equivalence constants 1 + 1/|α| and (α + 1)/(α + 2).
In particular, for p = 2 and α = −1/2 we obtain the property of the L2-
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spaces: (∫ ∞
0

((I −H)g(x))2 dx

)1/2

≈
(∫ ∞

0

g2(x)dx

)1/2

(40)

with equivalence constants 1
3 and 3. But even more surprising is that we have

even equality in (40). More generally, it was proved in the paper [47] that this
isometry holds even in a general weighted arithmetic mean operator Hw and its
dual version H̃w involved. They are defined as follows:

(Hwg)(x) :=
1

W (x)

∫ x

0

g(y)w(y)dy,

where w is a weight function on (0,∞) and

W (x) =

∫ x

0

w(y)dy <∞ for every x > 0.

Similarly,

(H̃wg)(x) :=
1

W̃ (x)

∫ ∞
x

g(y)w(y)dy,

with
W̃ (x) =

∫ ∞
x

w(y)dy <∞ for every x > 0.

This remarkable result reads as follows, (see [60, Theorem 5.45]: for g ∈ L2(w)

and W (∞) = W̃ (0) =∞,

‖g‖L2(w) = ‖g −Hwg‖L2(w) and ‖g‖L2(w) = ‖g − H̃wg‖L2(w).

These few examples of results show the great interest of the remarkable
operator ’Hardy minus identity’ and a lot of problems around appear such as
to generalize to more general result, e.g., to other Hilbert spaces, optimal non-
absolute domains for this operator, etc.

The codomain of the Hardy operator H for a Banach function space X is
denoted by

[H,X] = {f : R+ → R measurable, H|f | ∈ X}.
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It is well known that for a rearrangement invariant space X and a bounded
Hardy operator H : X → X , [H,X] is larger than X [31, Theorem 2.6]. In
particular, Lp(R+) ( [H,Lp(R+)] for 1 < p ≤ ∞, [31, Proposition 2.3]. It
is known also that [H,L1(0,∞)] = {0}. The same result holds for [C, `1(N)].
Some results for the sequence spaces can be also found, for C and C∗, see e.g.,
[11, 12, 29]. Lee in [63] dropped the positivity assumption on a sequence x for
which Cx ∈ `p(N);

Dom[C, `p(N)] = {x = (xi)i∈N : Cx ∈ `p(N)},

and called it the non-absolute domain of C on `p-space.
Recently, Barza and Soria in [10] has studied conditions for a general se-

quence x such that (C − I)x and (C∗ − I)x belong to an r.i. space X . It is
known that the class of real sequences x = (xn) such that (C − I)x ∈ X is
larger than X , whenever C : X → X and the C∗ : X → X are bounded [10,
Lemma 2.2]. That is, for an r.i. space X if C : X → X and C∗ : X → X are
bounded,

Dom[C − I,X] = X + R and Dom[C∗ − I,X] = X,

Since C,C∗ : `p(N)→ `p(N) are bounded for 1 < p <∞, they deduce from
the above general result that [C−I, `p(N)] = `p(N)+R, [C∗−I, `p(N)] = `p(N)

for 1 < p < ∞, cf. [10, Theorem 2.6 and 4.3]. They showed also that
[C − I, `p(N)], 1 ≤ p ≤ ∞, is not a space satisfying the lattice property [10,
Remark 2.7].

1.2.2 Boundary value problems and integral equations

The boundary-integral equation (BIE) method also known as boundary-element
method or elastic potential method has been intensively developed over recent
decades both in theory and in engineering applications. Its popularity was due
to reducing a boundary-value problem (BVP) for a partial differential equation
(PDE) in a domain to an integral equation on the domain boundary, that is, to
diminishing the problem dimensionality by one. The main ingredient necessary
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for the reduction of a BVP to a BIE is a fundamental solution to the original
PDE [66].

Partial differential equations with variable coefficients often arise in mathe-
matical modeling of inhomogeneous media (e.g. functionally graded materials or
materials with damage induced inhomogenity) in solid mechanics, electromag-
netics, thermo-conductivity, fluid flows through porous media, and other areas
of physics and engineering. Generally, explicit fundamental solutions are not
available if the PDE coefficients are not constant, preventing reduction of BVPs
for such PDEs to explicit BIEs, which could be effectively solved numerically.
However, for a rather wide class of variable-coefficient PDEs it is possible to use
instead an explicit parametrix (Levi function) associated with the fundamental
solution of the corresponding frozen-coefficient PDEs, and reduce BVPs for such
PDEs to systems of boundary-domain integral equations (BDIEs) for further
analysis and numerical solution of the latter, see e.g. [20, 22, 66, 73, 67, 68] and
references therein.

The theory of BDIEs for the Dirichlet, Neumann and mixed BVPs for a
second order elliptic PDE with variable coefficient

n∑
i=1

∂

∂xi

[
a(x)

∂u(x)

∂xi

]
= f(x), (DE)

is well developed in 3D, see, e.g., [66, 68, 20, 19, 21, 22, 23, 71, 72]. Recently,
in [1] only the BDIEs for the mixed BVP for Helmholtz equation

Au(x) + k2(x)u(x) = f(x) (HE)

are formulated in 3D for numerical approximation of its solution.
The BDIEs in 2D need a special consideration due to their different equiv-

alence properties. As a result, we need to set conditions on the domain or
on the associated Sobolev spaces to ensure the invertibility of corresponding
parametrix-based integral layer potentials and hence the unique solvability of
BDIEs.

Boundary-domain integral equations for variable-coefficient BVPs associated
with (DE) in two-dimensional bounded domain are investigated in [5, 6, 34].
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But this is not the case for BDIEs for variable-coefficient BVPs for Helmholtz
equation (HE) in 2D.

1.2.3 On applications of Hardy type inequalities with focus on differential and integral
equations

As pointed out on several places above, there are a lot of applications of Hardy-
type operators and inequalities to differential and integral equations. Moreover,
in addition to the connections to convexity theory we pointed out above there are
deep relations also to modern convexity theory as presented in the recent book
[76] of L.E. Persson and C. Niculescu, see also the book [43] of L. Hörmander.

For example, as a motivation in the book [60, pages 1-3] a nonlinear differen-
tial equation was considered and it was proved how a simple form of the Hardy
inequality could help to solve it. Similar motivations can be found in most of
the books concerning Hardy type inequalities, e.g., those mentioned above. We
also pronounce that Appendix E of the book [76] is devoted to the variational
approach to PDE, where, in particular, applications to elliptic boundary value
problems were pointed out. Such applications are closely connected to the min-
imum of convex functionals, the Poincare inequality and the famous Galerkin
method.

Moreover, in several of the 15 PhD thesis mentioned above it is pointed out
or discussed such connections. Here are just pronounce that even in the last one
of these PhD thesis [92] pages 110-113 were used to describe some importance
of such applications.

Finally, there are a huge number of papers where such applications are pointed
out, see e.g., the list of publications in the books we have mentioned above.
Here we just mention a few of them. For example, C. Cowan [27] described
and improved some optimal Hardy inequalities for general elliptic operators.
Moreover, L D’Ambrosio [30] described the relation between some Hardy-type
inequalities and degenerate elliptic differential operators. Finally, we mention
that in the recent paper [77] by R. Oinarov, A. Kalybay and L. E. Persson it was
even necessary to prove a New Hardy-type inequality to be able to solve the
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problem at hand, i.e., to describe oscillatory and spectral properties of a class of
fourth-order differential operators.

1.3 Statement of the problem

In this thesis, two distinct, yet related problems in integral equations and inequal-
ities are investigated.

The authors in [16, 17] have found out the optimal constants in the inequalities

‖Hf‖L∞(tα) ≤ Kα‖H∗f‖L∞(tα) and ‖H∗f‖L∞(tβ) ≤ Kβ‖Hf‖L∞(tβ) (41)

for α, β ∈ R and positive function f . It has been found out that

Kα =


0, α < 0,

1

1− α
, 0 ≤ α < 1,

∞, α ≥ 1,

and Kβ =


∞, β ≤ 0,
1

β
, 0 < β ≤ 1,

0, β > 1,

(42)

and these estimates are sharp. In this thesis, we study the problem of finding the
best possible constants for discrete counterparts of (41) and also extende it for
general weighted Lebesgue spaces.

Moreover, inspired by the results obtained in [10] about the conditions for a
general sequence x such that (C − I)x and (C∗ − I)x belong to an r.i. space X
we find the analogous results for the continuous case; the optimal non-absolute
domains for the Hardy operator minus identity on a BFS X , and on the Lebesgue
spaces Lp, 1 ≤ p ≤ ∞.

Furthermore, the boundary-domain integral equations (BDIEs) for variable-
coefficient BVPs associated with (DE) in two-dimensional bounded domain
are investigated in [5, 6, 34]. But this is not the case for BDIEs for variable-
coefficient BVPs for Helmholtz equation (HE) in 2D. Therefore, in this thesis
we formulate and analyze the BDIEs for variable-coefficient Helmholtz BVPs
associated with (HE) in 2D bounded domain.
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1.4 Objectives of the thesis

1.4.1 General objective

The general objective of this thesis is to study and investigate some Hardy-type
inequalities and boundary-domain integral equations of some variable-coefficient
BVPs.

1.4.2 Specific objectives

The specific objectives of this thesis are to:

• determine the best possible constant for the inequalities involving Cesàro
and Copson operators.

• find the optimal non-absolute domain of the Hardy operator minus identity.

• derive and investigate the boundary-domain integral equations for the
variable-coefficient Helmholtz BVPs in two-dimensional bounded domain.

1.5 Structure of the thesis

The remaining part of the dissertation is organized as follows: Chapter 2 con-
tains Paper I which deals with the discrete analogue of the continuous results
obtained in [16, 17] and extended them to general weights. Conversely, the
continuous analogue of the discrete results found in [10] is studied in Chapter
3, that is, paper II. In Chapter 4 which consists of paper III, we have derived
and analyzed the BDIEs for the variable coefficient Helmholtz BVPs in two
dimensional bounded domain which is the extension of the analysis made for
the operator A in (DE), see e.g., [6, 34]. Section 4.9 deals with the analysis
of BDIEs for variable-coefficient Neumann problem for Helmholtz equation in
two-dimensional bounded domain. Below we provide short description of the
main results of the papers.
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1.5.1 Paper I

In paper I, we studied the problem of finding the best possible constants for
discrete counterparts of (41) for p =∞ and also extended it for general weighted
Lebesgue spaces. That is, finding the smallest constant A ∈ [0,∞] such that

‖Cx‖`∞(v) ≤ A‖C∗x‖`∞(w) and ‖C∗x‖`∞(v) ≤ A‖Cx‖`∞(w) (43)

for non-negative weights v and w, for any real sequence x or non-negative real
sequence x or monotone sequence x. This is just to find the sharp constants α∞
and β∞ of (37) and (38) on `∞-space for all real sequences or non-negative real
sequences and extend it for general weights.

The techniques developed to achieve our goal are as follows. First we proved
the reduction theorem which states the equivalence of the inequalities relating the
two operators C and C∗ (65) with a corresponding single operator inequalities
for appropriate sequence of real numbers. Having obtained the exact operator
norm of some matrix operators between weighted `∞-spaces, we have found the
smallest constants A ∈ [0,∞] for (65), for general weights and power weights.
We have also analyzed the sharp constants obtained for power weights for non-
negative sequences with the result obtained for (41) for positive functions shown
in (42).

As a by product, we have found the operator norm of C, C∗, C−I and C∗−I ,
where I is the identity operator, for different cones of sequences in `∞-spaces
for general weights as well as power weights. For a real sequence x, the least
possible constant A = 2 obtained for C − I for non-weighted case confirms the
result obtained in [45, Proposition 1]. Moreover, the operator norm of C − I for
non-negative sequences, for non-increasing sequences and for real sequences
coincides respectively with the results obtained for H − I for positive functions,
for decreasing functions and for general functions [16].
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1.5.2 Paper II

The authors in [10] have studied conditions for a general sequence x such that
(C − I)x and (C∗ − I)x belong to an r.i. space X;

Dom[C − I,X] = {x : (Cx− x) ∈ X},
Dom[C∗ − I,X] = {x : (C∗x− x) ∈ X}.

They have found out that, for an r.i. space X

Dom[C − I,X] = X + R and Dom[C∗ − I,X] = X,

Whenever C : X → X and C∗ : X → X are bounded [10, Lemma 2.2]. In
particular, they deduced from the above general result that [C − I, `p(N)] =

`p(N) + R, [C∗ − I, `p(N)] = `p(N) for 1 < p <∞, cf. [10, Theorem 2.6 and
4.3]. Barza and Soria showed also that [C− I, `p(N)], 1 ≤ p ≤ ∞, is not a space
satisfying the lattice property [10, Remark 2.7].

We were inspired by the results found in [10] and obtained analogous results
for the continuous case; the optimal non-absolute domain of H − I;

Dom[H − I,X] = {f : (Hf − f) ∈ X},

where X is a Banach function space, and analogously for Dom[H∗− I,X]. The
non-absolute domain emphasizes that the analysis does not rely on the absolute
values of a function f . Instead, the focus is on conditions that allow f to belong
to the domain.

The findings in paper II essentially contributes with new information concern-
ing optimal non-absolute domains for the Hardy operator minus identity on a
BFS X , and on the Lebesgue spaces Lp, 1 ≤ p ≤ ∞.

For a Banach function space X , it is shown that

Dom[H − I,X] = X + ker(H − I),

and Dom[H∗ − I,X] = X + ker(H∗ − I)
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whenever H : X → X and H∗ : X → X are bounded. We deduced that

Dom[H − I, Lp(0,∞)] = Lp(0,∞) + ker(H − I),

and Dom[H∗ − I, Lp(0,∞)] = Lp(0,∞) + ker(H∗ − I)

for 1 < p <∞. We have found also that

Dom[H − I, L1(0,∞)] =
(

Dom[H,L1(0,∞)] ∩ L1
0(0,∞)

)
+ ker(H − I),

where L1
0 = {f ∈ L1(0,∞) :

∫∞
0 f(x)dx = 0}, and the following inclusions:

L∞(0,∞) ( Dom(H − I, L∞(0,∞)],

L1(0,∞) ( Dom[H∗ − I, L1(0,∞)].

Finally, we have shown that the spaces Dom[H − I, Lp(0,∞)] and
Dom[H∗ − I, Lp(0,∞)] for 1 ≤ p ≤ ∞ do not satisfy the lattice property.

1.5.3 Paper III

Partial differential equations (PDEs) with variable coefficients often arise in
mathematical modelling of inhomogeneous media (e.g. functionally graded
materials or materials with damage induced inhomogenity) in solid mechanics,
electromagnetics, thermo-conductivity, fluid flows through porous media, and
other areas of physics and engineering. For such PDEs a fundamental solution
is generally not available in explicit form, preventing reduction of BVPs for
such PDEs to explicit BIEs. However, for a rather wide class of variable-
coefficient PDEs it is possible to use instead an explicit ‘parametrix’ associated
with the fundamental solution of the corresponding frozen-coefficient PDEs, and
reduce BVPs for such PDEs to systems of boundary-domain integral equations
(BDIEs), for further analysis and numerical solution of the latter, see e.g. [20,
22, 66, 68, 73] and the references therein. These equations are well studied
for Dirichlet, Neumann and Mixed (Dirichlet-Neumann) BVPs for variable-
coefficient second order scalar “steady-state heat transfer” equation (DE) in 3D,
see e.g., [20, 21, 22, 23, 68, 71, 72]. BDIEs in 2D need a special consideration
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due to their different equivalence properties. Therefore, we need to set conditions
on the associated Sobolev spaces or choose appropriate scaling parameter in the
parametrix form to ensure the invertibility of corresponding parametrix-based
integral layer potentials and hence the unique solvability of BDIEs.

Considerable investigations of BDIEs for variable-coefficient BVPs asso-
ciated with a second order scalar “steady-state heat transfer” equation (DE)
in two-dimensional domain have been made in [5, 6, 34]. However, this is
not the case for the parametrix-based system of BDIEs for variable-coefficient
Helmholtz equation. In this paper III, the Helmholtz equation

Au(x) + k2(x)u(x) = f(x), x ∈ Ω ⊆ R2 (HE)

is considered, where

A =
2∑
i=1

∂

∂xi

[
a(x)

∂

∂xi

]
, (DO)

k(x) is a real function of x, a(x) is a known variable coefficient, u is unknown
function and f ∈ L2(Ω) is a given function in Ω. We assume that a, k ∈ C∞(Ω)

and 0 < a0 < a(x) < a1 <∞ for some constants a0 and a1, for all x ∈ Ω.
Using appropriate parametrix (Levi function) and applying previously devel-

oped techniques for (DE), we shall formulate and investigate BDIE systems for
the following BVPs associated with PDE (HE) in appropriate function spaces in
2D.

Dirichlet BVP: Find a function u ∈ H1(Ω) satisfying the conditions

Aku = f in Ω,

γ+u = ϕ0 on ∂Ω,
(DP)

where f ∈ L2(Ω) and ϕ0 ∈ H
1
2 (∂Ω) are given functions. The first equation is

understood in the distribution sense.
Mixed BVP: Let ∂Ω = ∂ΩD ∪ ∂ΩN , where ∂ΩD and ∂ΩN are non-empty

45



and non-intersecting parts of ∂Ω. We find a function u ∈ H1(Ω) such that

Aku = f in Ω,

γ+u = ϕ0 on ∂ΩD,

T+u = ψ0 on ∂ΩN ,

(MP)

where f ∈ L2(Ω), ϕ0 ∈ H
1
2 (∂ΩD) and ψ0 ∈ H−

1
2 (∂ΩN) are given functions. In

both BVPs, the first equation is understood in the distribution sense.
The Dirichlet BVP can be naturally reduced to two different BDIE systems,

depending on whether the trace or co-normal derivative of the third Green identity
is employed on the boundary. On the other hand, the mixed BVP can be naturally
reduced to four different BDIE systems, depending on whether the trace or
co-normal derivative of the third Green identity is employed on the Dirichlet and
Neumann boundaries.

In this paper, the equivalence of the BVPs with the formulated system of
BDIEs are shown. Moreover, the Fredeholm properties, unique solvability, and
invertibility of the BDIE systems are investigated in appropriate Sobolev spaces.
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2 End-point norm estimates for Cesàro and Copson
operators

2.1 Introduction

The Cesàro matrix, C, and its transpose the Copson matrix, C∗, are

C =



1
1
2

1
2

1
3

1
3

1
3

1
4

1
4

1
4

1
4

... ... ... ... . . .

 and C∗ =



1 1
2

1
3

1
4 ...

1
2

1
3

1
4 ...

1
3

1
4 ...
1
4 ...

. . .


.

The same names denote the operators associated with these infinite matrices,
defined by

(Cx)n =
1

n

n∑
k=1

xk and (C∗x)n =
∞∑
k=n

xk
k

for x an appropriate real sequence. The motivation for this work is to determine
best constants in the weighted two-operator inequalities

‖Cx‖`∞(v) ≤ A‖C∗x‖`∞(1/u) and ‖C∗x‖`∞(v) ≤ A‖Cx‖`∞(1/u) (44)

for all x and also for all nonnegative x.
The Cesàro and Copson operators, together with their integral analogues,

Hf(x) =

∫ x

0

f(t) dt and H∗f(x) =

∫ ∞
x

f(t)
dt

t
,

appear throughout classical and modern analysis. They were already standard
tools in Fourier analysis when Hardy used them to give a simple proof of
Hilbert’s double series theorem from complex analysis. They serve as base
cases and motivating examples for summability, positive operators, convolution
inequalities, interpolation of operators, maximal functions and more.

Most relevant to our study, is their appearance in the theory of weighted norm
inequalities. A remarkable array of techniques have been tried out on these
operators for the first time and often the results set the standard for subsequent
progress.
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Recently, techniques for determination of exact operator norms, exact dis-
tances between operators, and best constants in two-operator inequalities have
been worked out using H , H∗, C and C∗ as motivating examples.

For the operators H and H∗ a great deal of progress has been made in recent
years. We refer to [89] and [90], which, besides establishing the current best
results for exact operator norms, include in their introductions detailed accounts
of recent work. The contributions of Boza and Soria deserve special mention,
recently from [16] and [17], but going back to [15]. In the first, they make a clear
case for the independent study of restrictions of operators to cones of monotone
functions. In the second, they point out the significance of understanding the
action of operators in endpoint cases, i.e., the p = 1, p = ∞, and weak type
cases among `p spaces.

For the operators C and C∗, exact norms, distances and constants had already
found an important place in Bennett’s 1996 memoir [11]. Some were proved
and others were left as open problems. A few of the open problems have settled
quite recently, see [45, 54, 86].

Our focus on weighted `∞ spaces puts us firmly in the endpoint case, and
greatly simplifies norm estimates. On the other hand our results apply for general
weight sequences, something which is beyond the current reach when seeking
exact operator norms in the `p spaces for 1 < p < ∞. We also consider the
restrictions of operators to cones of monotone sequences, something of proven
value.

Our approach is in two steps. First, we reduce the best constant problems
for the two-operator inequalities (44) for general x or for nonnegative x to the
determination of the operator norm of a related matrix operator on a related cone
of sequences. See Theorems 2.5 and 2.6. Second, we prove and apply a result
on matrix operator norms between cones in weighted `∞ spaces that is general
enough to include the ones we need to solve the best constant problems. See
Theorem 2.9. This result is of independent interest and we apply it to give the
operator norms of a number of related matrix operators that have appeared in
recent literature. Here the operators C − I and C∗ − I figure prominently. The
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results of our analysis of (44) are in Theorem 2.20.
The most commonly studied and applied weight sequences are the power

weights. We illustrate our results throughout by giving concrete expressions for
the best constants in the case of power weighted `∞. See Theorems 2.11 and
2.13 for exact operator norms for C and C∗ on all four cones. See 2.15 for exact
distances from C to the identity on all four cones. The exact distance from C∗

to the identity is given in 2.17 on two of the cones. (The case of nondecreasing
sequences is trivial and the case of nonincreasing sequences remains open.) The
best constants in the two-operator inequalities are given in 2.21 and 2.22 on the
cone of all sequences and on the cone of all nonnegative sequences.

2.1.1 Notation and Definitions

For an infinite matrix to represent an operator on sequences, we have to decide
in what sense the sums involved in matrix multiplication should converge.

Definition 2.1. Let B = (bn,k) be a real matrix. The domain, denoted D(B), of
the associated matrix operator is the set of all real sequences x such that for each
n, the sum

∑∞
k=1 bn,kxk converges to a real number. For x ∈ D(B), we define

the sequence Bx by setting (Bx)n =
∑∞

k=1 bn,kxk.
If all entries of B and x are nonnegative, we extend this definition to permit

(Bx)n to take the value∞.

This definition gives us larger domains than if we insisted on absolute conver-
gence in all matrix sums. It means that our matrix operators do not correspond
to standard integral operators as well as they correspond to operators defined by
principal value integrals.

Besides C and C∗ we will encounter the matrices I , S, S∗, D and E. The
first three are standard, the identity matrix, the right shift (with ones on the
subdiagonal) and the left shift (with ones on the superdiagonal.) The other two
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are defined by

D =



1
2

1
3

1
4

1
5

. . .


and E =



1

1 1

1 1 1

1 1 1 1

... ... ... ... . . .


so that (Dx)n = xn/(n + 1) and (Ex)n =

∑n
k=1 xk. The domain of each

these matrix operators, with the exception of C∗, consists of all real sequences.
Evidently, D(C∗) consists of all real sequences x for which

∑∞
k=1

xk
k converges

in R.
Let `, `+, `↓ and `↑ denote, respectively, the set of all sequences of real

numbers, the set of all sequences of nonnegative real numbers, the set of all
nonincreasing sequences of nonnegative real numbers, and the set of all nonde-
creasing sequences of nonnegative real numbers.

For weights u, v ∈ `+ and for any x, y ∈ ` we define

‖y‖`∞(v) = sup
n
|yn|vn and ‖x‖`∞(1/u) = sup

k
|xk|/uk.

The two definitions agree, except that if uk = 0 for some k, the sequence
(1/u1, 1/u2, . . . ) is not in `+. In this case we apply the convention 0/0 = 0:
If uk = 0 for some k then |xk|/uk = ∞ when xk 6= 0 and |xk|/uk = 0 when
xk = 0. Note that we permit these weighted “norms” to take the value∞.

For a real number x, let x+ = (|x|+x)/2 ≥ 0 and x− = (|x|−x)/2 ≥ 0. Note
that x = x+ − x−. This notation extends termwise to sequences and entrywise
to matrices: If x = (xn) is a real sequence, then x+ = ((xn)

+), x− = ((xn)
−),

and |x| = (|xn|). If B = (bn,k) then B+ = ((bn,k)
+), B− = ((bn,k)

−) and
|B| = (|bn,k|).

For u ∈ `+ we define the greatest nonincreasing minorant u↓ of u and the
greatest nondecreasing minorant u↑ of u by

u↓k = (u↓)k = min
j≤k

uj and u↑k = (u↑)k = inf
j≥k

uj.

Their relevance emerges from the following simple observation.
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Lemma 2.2. Let u ∈ `+.

(i) If x ∈ `↓, then ‖x‖`∞(1/u) = ‖x‖`∞(1/u↓);

(ii) If x ∈ `↑, then ‖x‖`∞(1/u) = ‖x‖`∞(1/u↑);

(iii) If x ∈ `↓ and x ≤ u then x ≤ u↓.

(iv) If x ∈ `↑ and x ≤ u then x ≤ u↑.

Proof. First observe that, since u↓ ≤ u and u↑ ≤ u,

‖x‖`∞(1/u) ≤ ‖x‖`∞(1/u↓) and ‖x‖`∞(1/u) ≤ ‖x‖`∞(1/u↑).

Let x ∈ `↓. For each k,

xk

u↓k
= max

j≤k

xk
uj
≤ max

j≤k

xj
uj
≤ ‖x‖`∞(1/u).

Take the supremum over all k to get ‖x‖`∞(1/u↓) ≤ ‖x‖`∞(1/u).
Let x ∈ `↑. For each k,

xk

u↑k
= sup

j≥k

xk
uj
≤ sup

j≥k

xj
uj
≤ ‖x‖`∞(1/u).

Take the supremum over all k to get ‖x‖`∞(1/u↑) ≤ ‖x‖`∞(1/u).
If x ∈ `↓ and x ≤ u, then ‖x‖`∞(1/u) ≤ 1 so ‖x‖`∞(1/u↓) ≤ 1 and therefore

x ≤ u↓. If x ∈ `↑ and x ≤ u, then ‖x‖`∞(1/u) ≤ 1 so ‖x‖`∞(1/u↑) ≤ 1 and
therefore x ≤ u↑.

2.2 Two Identities

In this section we use two matrix identities to connect the inequalities (44) to
norm inequalities for related operators. The identities are

C = (C − S∗)C∗ and C∗ = (C∗ − S)DE.

In Section 10 of [11], Bennett uses the first identity and one closely related to
the second, namely, C∗ = (C∗ − I)SC, to explore two-operator inequalities
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involving C and C∗. Either of the two second identities would suffice in this
analysis; our aim was to simplify intermediate results.

In matrix form, the identity (C − S∗)C∗ = C may be written as

1 −1
1
2

1
2 −1

1
3

1
3

1
3 −1

1
4

1
4

1
4

1
4 −1

... ... ... ... ... . . .





1 1
2

1
3

1
4 ...

1
2

1
3

1
4 ...

1
3

1
4 ...
1
4 ...

. . .


=



1
1
2

1
2

1
3

1
3

1
3

1
4

1
4

1
4

1
4

... ... ... ... . . .

.

Viewed as an operator identity we can prove that it is valid onD(C∗), the domain
of the operator C∗.

Lemma 2.3. If x ∈ D(C∗) then (C − S∗)C∗x = Cx.

Proof. Let x ∈ D(C∗) and set y = C∗x to see that (Cx)n is equal to

1

n

n∑
j=1

xj
j

j∑
k=1

1 =
1

n

n∑
k=1

n∑
j=k

xj
j

=
1

n

n∑
k=1

(yk − yn+1) = (Cy)n − yn+1.

Therefore (Cx)n = ((C − S∗)y)n = ((C − S∗)C∗x)n for all n.

The second identity is a bit more complicated because the matrix multiplica-
tion involves infinite sums and extra care has to be taken with the domain of the
matrix operators.

In matrix form, the identity (C∗ − S)DE = C∗ may be written as

1 1
2

1
3

1
4 ...

−1 1
2

1
3

1
4 ...

−1 1
3

1
4 ...

−1 1
4 ...

. . . . . .





1
2
1
3

1
3

1
4

1
4

1
4

1
5

1
5

1
5

1
5

... ... ... ... . . .


=



1 1
2

1
3

1
4 ...

1
2

1
3

1
4 ...

1
3

1
4 ...
1
4 ...

. . .


.

Next we show that it is also an operator identity on D(C∗).

Lemma 2.4. For x ∈ `, x ∈ D(C∗) if and only if

Ex ∈ D(C∗D) and (DEx)N → 0 as N →∞.

In this case (C∗ − S)DEx = C∗x.
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Proof. Fix a real sequence x and a positive integer n. If N < n, then

N∑
j=1

xj

( 1

N + 1
+

N∑
k=max(n,j)

1

k(k + 1)

)
= (DEx)N +

N∑
k=n

1

k(k + 1)

k∑
j=1

xj,

which telescopes to

N∑
j=n

xj
j

+
1

n

n−1∑
j=1

xj =
N∑
j=1

xj
max(n, j)

= (DEx)N +
N∑
k=n

(DEx)k
k

. (45)

Suppose Ex ∈ D(C∗D) and (DEx)N → 0 as N → ∞. Then the right-hand
side of (45) converges as N →∞. So does the left-hand side, so x ∈ D(C∗).

Conversely, suppose x ∈ D(C∗) and let N →∞ in (45). Since the left-hand
side converges, so does the right-hand side. Setting y = C∗x we get yN → 0. It
follows that the averages (Cy)N → 0 and the shifts (S∗y)N → 0. Now Lemma
2.3 shows that (Cx)N = (Cy)N − (S∗y)N → 0. But (DEx)N = N

N+1(Cx)N

so (DEx)N → 0. Since the first term of the right-hand side of (45) converges,
so does the second term. It follows that Ex ∈ D(C∗D), which completes the
equivalence.

Letting N →∞, (45) becomes (C∗x)n + (SDEx)n = (C∗DEx)n. Since n
was arbitrary, (C∗ − S)DEx = C∗x.

These two identities are the keys to proving the following two theorems that
reduce inequalities relating C and C∗ to inequalities involving a single operator.

Theorem 2.5. Let u, v ∈ `+ and A ∈ [0,∞). Then (46) if only if (47) and (48)
if only if (49), where

‖Cx‖`∞(v) ≤ A‖C∗x‖`∞(1/u) for x ∈ D(C∗); (46)

‖(C − S∗)y‖`∞(v) ≤ A‖y‖`∞(1/u) for y ∈ `, yn → 0; (47)

‖Cx‖`∞(v) ≤ A‖C∗x‖`∞(1/u) for x ∈ `+ ∩ D(C∗); (48)

‖(C − S∗)y‖`∞(v) ≤ A‖y‖`∞(1/u) for y ∈ `↓, yn → 0. (49)
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Proof. Let x ∈ D(C∗), set y = C∗x, and note that yn → 0 as n → ∞. If (47)
holds, then by Lemma 2.3,

‖Cx‖`∞(v) = ‖(C − S∗)y‖`∞(v) ≤ A‖y‖`∞(1/u) = A‖C∗x‖`∞(1/u),

so (46) holds. If (49) holds and x ∈ `+ ∩ D(C∗), then y ∈ `↓ so the same
estimate gives (48).

Now let y ∈ ` with yn → 0 and set xk = k(yk − yk+1). We have

N∑
k=n

xk
k

=
N∑
k=n

(yk − yk+1) = yn − yN → yn

as N →∞. So x ∈ D(C∗) and C∗x = y. If (46) holds, then Lemma 2.3 shows

‖(C − S∗)y‖`∞(v) = ‖Cx‖`∞(v) ≤ A‖C∗x‖`∞(1/u) = A‖y‖`∞(1/u),

so (47) holds. If (48) holds, and y ∈ `↓ with yn → 0, then x ∈ `+ and the same
estimate gives (49).

Theorem 2.6. Let u, v ∈ `+ and A ∈ [0,∞). Set wk = kuk for each k. Then
(50) if only if (51) and (52) if only if (53), where

‖C∗x‖`∞(v) ≤ A‖Cx‖`∞(1/u), x ∈ D(C∗); (50)

‖(C∗ − S)Dz‖`∞(v) ≤ A‖z‖`∞(1/w), z ∈ D(C∗D), (Dz)n → 0; (51)

‖C∗x‖`∞(v) ≤ A‖Cx‖`∞(1/u), x ∈ `+ ∩ D(C∗); (52)

‖(C∗ − S)Dz‖`∞(v) ≤ A‖z‖`∞(1/w), z ∈ `↑ ∩ D(C∗D), (Dz)n → 0. (53)

Proof. Let x ∈ D(C∗) and set z = Ex. The definition of E shows
‖z‖`∞(1/w) = ‖Cx‖`∞(1/u). From Lemma 2.4 we get (Dz)n → 0, z ∈ D(C∗D)

and C∗x = (C∗ − S)Dz. If (51) holds, then

‖C∗x‖`∞(v) = ‖(C∗ − S)Dz‖`∞(v) ≤ A‖z‖`∞(1/w) = A‖Cx‖`∞(1/u),

that is, (50) holds. If x ∈ `+ then z ∈ `↑ so the same estimate shows that if (53)
holds, so does (52).
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Now let z ∈ D(C∗D) with (Dz)N → 0 as N → ∞, set z0 = 0 and
xk = zk − zk−1 for all k. Then z = Ex so Lemma 2.4 shows that x ∈ D(C∗)

and (C∗ − S)Dz = C∗x. If (50) holds, then

‖(C∗ − S)Dz‖`∞(v) = ‖C∗x‖`∞(v) ≤ A‖Cx‖`∞(1/u) = A‖z‖`∞(1/w),

so (51) holds. If (52) holds and z ∈ `↑, then x ∈ `+ so the same estimate gives
(53). This completes the proof.

2.3 Operator norms for some matrix operators on cones

The simple form of weighted `∞ norms permits direct computation of the norms
of matrix operators from one weighted space to another and from the positive
cone of one weighted space to another. For the cones of decreasing sequences
and increasing sequences, the situation is more delicate but for each of these
cones we identify a class of matrix operators for which it simplifies nicely. The
operators involved in our analysis of the inequalities in (44) are in those classes.

Definition 2.7. Let b ∈ `. We say that b has positives before negatives provided
that for all j, k ∈ Z+, bj > 0 > bk only if j < k. We say that b has negatives
before positives if −b has positives before negatives.

Note that if b has positives before negatives or has negatives before positives
then

∑N
k=1 bk is a monotone function of N for sufficiently large N so the sum∑∞

k=1 bk, exists in [−∞,∞]. We call it the sum of b.

Let u, v ∈ `+. For a matrix B, let A(B), A+(B), A↓(B) and A↑(B) denote
the smallest constant A ∈ [0,∞] such that inequality

‖Bx‖`∞(v) ≤ A‖x‖`∞(1/u) (54)

holds for all x ∈ D(B), x ∈ `+ ∩ D(B), x ∈ `↓ ∩ D(B), and x ∈ `↑ ∩ D(B),
respectively. In the next theorem we may need to apply the convention∞·0 = 0.

Remark 2.8. Multiplying the matrix B on the left by a complex diagonal matrix
has no effect on the left-hand side of (54), provided the weight sequence v
is adjusted appropriately. This simple observation substantially extends the
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applicability of the next theorem. Rather than unduly complicate its statement,
we trust that, in applications, suitable row-by-row “preprocessing” will have
been carried out to ensure that the hypotheses of the theorem are satisfied. One
simple form of this preprocessing allows some subset of the rows of a real matrix
B to be multiplied by −1 to permit the use of parts (iii) or (iv) of the theorem.

Some expressions in what follows need to be understood according to the
convention∞ · 0 = 0.

Theorem 2.9. Let B be a matrix with real entries.

(i) The least A ∈ [0,∞] such that (54) holds for all x ∈ D(B) is

A(B) = ‖|B|u‖`∞(v).

(ii) The least A ∈ [0,∞] such that (54) holds for all x ∈ `+ ∩ D(B) is

A+(B) = max(‖B+u‖`∞(v), ‖B−u‖`∞(v)).

(iii) Suppose each row of B has positives before negatives and a nonnegative
sum. The least A ∈ [0,∞] such that (54) holds for all x ∈ `↓ ∩ D(B) is

A↓(B) = ‖B+(u↓)‖`∞(v).

(iv) Suppose each row of B has negatives before positives and a nonnegative
sum. If each row of B has a finite sum then the least A ∈ [0,∞] such that
(54) holds for all x ∈ `↑ ∩ D(B) is

A↑(B) = ‖B+(u↑)‖`∞(v).

If some row of B has an infinite sum, then `↑ ∩ D(B) = {0} so (54) holds
trivially with A↑(B) = 0.

Proof. Let ρ+ be the result of replacing all nonzero entries of B+ by 1 and let
ρ− be the result of replacing all nonzero entries of B− by 1. Then bn,kρ+

n,k = b+
n,k

and bn,kρ−n,k = −b−n,k for all n and k.
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If x ∈ D(B) and |x| ≤ u, then ‖x‖`∞(1/u) ≤ 1 and, for each n,

|(Bx)n| ≤ (|B||x|)n ≤ (|B|u)n

so we get ‖Bx‖`∞(v) ≤ ‖|B|u‖`∞(v). By positive homogeneity of the norm,
A(B) ≤ ‖|B|u‖`∞(v).

Fix n and K. Define a sequence x by setting xk = (ρ+ − ρ−)n,kuk if k ≤ K

and xk = 0 if k > K. Then x ∈ D(B) and ‖x‖`∞(1/u) ≤ 1. Since

|bn,k| = bn,k(ρ
+ − ρ−)n,k for all k,

we have

vn

K∑
k=1

|bn,k|uk = vn(Bx)n ≤ ‖Bx‖`∞(v) ≤ A(B).

Letting K →∞ and taking the supremum over all n we get

‖|B|u‖`∞(v) = sup
n
vn(|B|u)n ≤ A(B).

This proves (i).
If x ∈ `+ ∩ D(B) and x ≤ u, then ‖x‖`∞(1/u) ≤ 1 and, for each n,

0 ≤ (B+x)n ≤ (B+u)n and 0 ≤ (B−x)n ≤ (B−u)n. If (B+u)n and (B−u)n

are both finite, then

|(Bx)n| = |(B+x)n − (B−x)n| ≤ max((B+u)n, (B
−u)n),

an inequality that also holds if (B+u)n =∞ or (B−u)n =∞. Multiplying both
sides by vn, taking the supremum over all n, and interchanging the supremum
and the maximum, yields

‖Bx‖`∞(v) ≤ max(‖B+u‖`∞(v), ‖B−u‖`∞(v)).

By positive homogeneity of the norm,

A+(B) ≤ max(‖B+u‖`∞(v), ‖B−u‖`∞(v)).
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Fix n and K. First, define a sequence x by setting xk = ρ+
n,kuk if k ≤ K and

xk = 0 if k > K. Then x ∈ D(B) and ‖x‖`∞(1/u) ≤ 1. Since b+
n,k = bn,kρ

+
n,k,

vn

∣∣∣ K∑
k=1

b+
n,kuk

∣∣∣ = vn|(Bx)n| ≤ ‖Bx‖`∞(v) ≤ A+(B).

Next, define a sequence x by setting xk = ρ−n,kuk if k ≤ K and xk = 0 if k > K.
Then x ∈ D(B) and ‖x‖`∞(1/u) ≤ 1. Since b−n,k = −bn,kρ−n,k,

vn

∣∣∣ K∑
k=1

b−n,kuk

∣∣∣ = vn|(Bx)n| ≤ ‖Bx‖`∞(v) ≤ A+(B).

Letting K →∞ and taking the supremum over all n in the two estimates above,
we get

max(‖B+u‖`∞(v), ‖B−u‖`∞(v)) ≤ A+(B).

This proves (ii).
To prove (iii), suppose each row of B has positives before negatives and a

nonnegative sum. Fix n and set m = sup{k : bn,k > 0}, taking sup ∅ = 0

if necessary. If m = 0, then bn,k ≤ 0 for all k, but the nth row of B has a
nonnegative sum so bn,k = 0 for all k. If m = ∞, then bn,k ≥ 0 for all k
because the nth row of B has positives before negatives. In the remaining case,
m ∈ Z+, bn,k ≥ 0 for k ≤ m and bn,k ≤ 0 for k > m. This implies that for all
x ∈ `↓ ∩ D(B), bn,kxk ≥ bn,kxm for all k and so (Bx)n ≥ xm

∑∞
k=1 bn,k ≥ 0,

because the nth row of B has a nonnegative sum. In all three cases we get
(Bx)n ≥ 0.

If x ∈ `↓ ∩ D(B) and x ≤ u, then x ≤ u↓ by Lemma 2.2. Therefore,

vn|(Bx)n| = vn(Bx)n ≤ vn(B
+x)n ≤ vn(B

+(u↓))n.

Taking the supremum over all n, we get ‖Bx‖`∞(v) ≤ ‖B+(u↓)‖`∞(v). Positive
homogeneity of the norm shows that A↓(B) ≤ ‖B+(u↓)‖`∞(v).

Fix n and K, and define m as above. Define x by setting xk = u↓k if
k ≤ min(m,K) and xk = 0 otherwise. Then x ∈ `↓∩D(B) and, by Lemma 2.2,
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‖x‖`∞(1/u) = ‖x‖`∞(1/u↓) ≤ 1. We have seen that b+
n,k = bn,k for k ≤ m and

b+
n,k = 0 for k > m. Therefore,

vn

K∑
k=1

b+
n,ku

↓
k = vn(Bx)n ≤ ‖Bx‖`∞(v) ≤ A↓(B).

Letting K →∞ we get

‖B+(u↓)‖`∞(v) ≤ A↓(B).

To prove (iv), suppose each row of B has negatives before positives and a
nonnegative sum. Fix n and set m = sup{k : bn,k < 0}, taking sup ∅ = 0

if necessary. If m = ∞, then bn,k ≤ 0 for all k because the nth row of B
has negatives before positives, but the nth row of B has a nonnegative sum so
bn,k = 0 for all k. If m = 0, then bn,k ≥ 0 for all k. In the remaining case,
m ∈ Z+, bn,k ≤ 0 for k ≤ m and bn,k ≥ 0 for k > m. This implies that for all
x ∈ `↑ ∩ D(B), bn,kxk ≥ bn,kxm for all k and so (Bx)n ≥ xm

∑∞
k=1 bn,k ≥ 0,

because the nth row of B has a nonnegative sum. In all three cases we get
(Bx)n ≥ 0.

If x ∈ `↑ ∩ D(B) and x ≤ u, then x ≤ u↑ by Lemma 2.2. Therefore,

vn|(Bx)n| = vn(Bx)n ≤ vn(B
+x)n ≤ vn(B

+(u↑))n.

Taking the supremum over all n, we get ‖Bx‖`∞(v) ≤ ‖B+(u↑)‖`∞(v). Positive
homogeneity of the norm shows that A↑(B) ≤ ‖B+(u↑)‖`∞(v).

Case 1. Every row of B has a finite (nonnegative) sum. First we show
that D(B) contains every nonnegative, bounded sequence. Suppose x is such
a sequence and choose P so that 0 ≤ xk ≤ P for all k. Fix n and let
m = sup {k : bn,k < 0} again. As we have seen, if m = ∞, then bn,k = 0

for all k, so
∑∞

k=1 bn,kxk is trivially convergent. Otherwise,
∑K

k=1 bn,kxk is a
nondecreasing for K > m and is bounded above by

m∑
k=1

bn,kxk + P
∞∑

k=m+1

bn,k <∞.
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Again,
∑∞

k=1 bn,kxk is convergent. Since n was arbitrary, x ∈ D(B).
Now fix n and a real number P . Let m = sup{k : bn,k < 0}. Define x by

setting xk = 0 if k ≤ m and xk = min(u↑k, P ) if k > m. Since x is bounded
above by P , x ∈ `↑∩D(B). Moreover, |x| ≤ u↑ so ‖x‖`∞(1/u) = ‖x‖`∞(1/u↑) ≤ 1

by Lemma 2.2. Therefore,

vn

∞∑
k=1

b+
n,k min(u↑k, P ) = vn

∞∑
k=1

bn,kxk ≤ ‖Bx‖`∞(v) ≤ A↑(B).

Taking the limit as P →∞, we get

vn

∞∑
k=1

b+
n,ku

↑
k ≤ A↑(B).

Taking the supremum over all n, we get ‖B+(u↑)‖`∞(v) ≤ A↑(B).
Case 2. For some n, the nth row of B has an infinite sum. Since its sum is

nonnegative by hypothesis, the sum is∞. Since this row has negatives before
positives, there exists an m such that bn,k ≥ 0 when k ≥ m. If x ∈ `↑ is not the
zero sequence, then there exists a K ≥ m such that xK > 0. Therefore,

∞∑
k=K

bn,kxk ≥ xK

∞∑
k=K

bn,k =∞.

Thus, x /∈ D(B). We conclude that `↑ ∩ D(B) contains only the zero sequence,
so A↑(B) = 0.

2.3.1 The Cesàro and Copson operators

The Cesàro matrix C is nonnegative so all four parts of Theorem 2.9 apply.

Corollary 2.10. Let u, v ∈ `+. The inequality

sup
n

∣∣∣1
n

n∑
k=1

xk

∣∣∣vn ≤ A sup
k

|xk|
uk

holds for all real sequences x with A = A(C); for all nonnegative sequences
x with A = A+(C); for all nonnegative, nonincreasing sequences x with
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A = A↓(C); and for all nonnegative, nondecreasing sequences xwithA = A↑(C).
In each case the constant A is best possible. Here

A(C) = A+(C) = ‖Cu‖`∞(v) = sup
n

vn
n

n∑
k=1

uk;

A↓(C) = ‖C(u↓)‖`∞(v) = sup
n

vn
n

n∑
k=1

min
j≤k

uj;

A↑(C) = ‖C(u↑)‖`∞(v) = sup
n

vn
n

n∑
k=1

inf
j≥k

uj.

Even using the formulas from this corollary, the operator norms of C as a
map on cones in a power weighted `∞ space requires some work to simplify.
This is done in the next theorem.

Theorem 2.11. Let α ∈ R. The inequality

sup
n

∣∣∣1
n

n∑
k=1

xk

∣∣∣nα ≤ A sup
k
|xk|kα

holds for all real sequences x if and only if it holds for all nonnegative sequences
x if and only if it holds for all nonnegative, nonincreasing sequences x. In this
case the best constant A is

A =


1, α < 0;

1

1− α
, 0 ≤ α < 1;

∞, α ≥ 1.

The inequality holds for all nonnegative, nondecreasing sequences x with best
constant

A =

1, α ≤ 0;

0, α > 0.
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Proof. Take uk = k−α and vn = nα in Corollary 2.10 to get

A(C) = A+(C) = sup
n
nα−1

n∑
k=1

k−α;

A↓(C) = sup
n
nα−1

n∑
k=1

min
j≤k

j−α;

A↑(C) = sup
n
nα−1

n∑
k=1

inf
j≥k

j−α.

We will make use of Proposition 3 of [13], which shows that

nα−1
n∑
k=1

k−α

increases with n when α ≥ 0 and decreases with n when α ≤ 0. If α ≥ 0, then
minj≤k j

−α = k−α so A(C) = A+(C) = A↓(C) and their common value is

lim
n→∞

1

n

n∑
k=1

(k
n

)−α
=

∫ 1

0

x−α dx =


1

1− α
, 0 ≤ α < 1;

∞, α ≥ 1.

If α < 0, then minj≤k j
−α = 1 so

A(C) = A+(C) = sup
n
nα−1

n∑
k=1

k−α = 1 and A↓(C) = sup
n
nα = 1.

If α > 0, then infj≥k j
−α = 0 and if α ≤ 0, then infj≥k j

−α = k−α. There-
fore, A↑(C) = 0 when α > 0 and

A↑(C) = sup
n
nα−1

n∑
k=1

k−α = 1

when α ≤ 0.

The Copson matrix C∗ is nonnegative so all four parts of Theorem 2.9 apply,
although the fourth part applies trivially. Recall that D(C∗) consists of all real
sequences x for which

∑∞
k=1

xk
k converges in R.
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Corollary 2.12. Let u, v ∈ `+. The inequality

sup
n

∣∣∣ ∞∑
k=n

xk
k

∣∣∣vn ≤ A sup
k

|xk|
uk

holds for all real sequences x ∈ D(C∗) with A = A(C∗); for all nonnegative
sequences x ∈ D(C∗) with A = A+(C∗); for all nonnegative, nonincreasing
sequences x ∈ D(C∗) withA = A↓(C∗); and for all nonnegative, nondecreasing
sequences x ∈ D(C∗) with A = A↑(C∗). In each case the constant A is best
possible. Here

A(C∗) = A+(C∗) = ‖C∗u‖`∞(v) = sup
n
vn

∞∑
k=n

uk
k

;

A↓(C∗) = ‖C∗(u↓)‖`∞(v) = sup
n
vn

∞∑
k=n

1

k
min
j≤k

uj;

A↑(C∗) = 0. (`↑ ∩ D(C∗) = {0}.)

The operator norms of C∗ as a map on cones in a power weighted `∞ space
are given in the next theorem. We use ζ to denote the Riemann zeta function.

Theorem 2.13. Let α ∈ R. The inequality

sup
n

∣∣∣ ∞∑
k=n

xk
k

∣∣∣nα ≤ A sup
k
|xk|kα

holds for all real sequences x ∈ D(C∗) if and only if it holds for all nonnegative
sequences x ∈ D(C∗) if and only if it holds for all nonnegative, nonincreasing
sequences x ∈ D(C∗). In this case the best constant A is

A =

∞, α ≤ 0;

ζ(α + 1), α > 0.

Except for the zero sequence, there are no nonnegative, nondecreasing sequences
inD(C∗). The inequality holds for the zero sequence x with best constant A = 0.
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Proof. Take uk = k−α and vn = nα in Corollary 2.12 to get

A(C∗) = A+(C∗) = sup
n
nα

∞∑
k=n

k−α−1;

A↓(C∗) = sup
n
nα

∞∑
k=n

1

k
min
j≤k

j−α.

If α > 0, then minj≤k j
−α = k−α so A(C∗) = A+(C∗) = A↓(C∗); their

common value is

sup
n
nα

∞∑
k=n

k−α−1 ≥
∞∑
k=1

k−α−1 = ζ(α + 1).

We show this is actually equality by supplying a proof of the first inequality
from Remark 4.10 of [11]: nα

∑∞
k=n k

−α−1 decreases with n. The derivative of
log(xα+1(x−α − (x+ 1)−α)) is(

1 + 1
x

)α+1 −
(
1 + α+1

x

)
(1 + x)α+1(x−α − (x+ 1)−α)

,

which is positive for x > 0 by Bernoulli’s inequality. Thus,

ak =
1

kα+1(k−α − (k + 1)−α)

is a decreasing sequence, and so is its moving average∑∞
k=n ak(k

−α − (k + 1)−α)∑∞
k=n(k

−α − (k + 1)−α)
= nα

∞∑
k=n

k−α−1.

If α ≤ 0, then minj≤k j
−α = 1 and we have

A(C∗) = A+(C∗) ≥ A↓(C∗) = sup
n
nα

∞∑
k=n

1

k
=∞.

The final statement of the theorem is evident.
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2.3.2 The Cesàro and Copson operators minus identity

The matrices we consider here are,

C − I =



0
1
2 −

1
2

1
3

1
3 − 2

3
1
4

1
4

1
4 − 3

4

... ... ... ... . . .

 and C∗ − I =



0 1
2

1
3

1
4 ...

− 1
2

1
3

1
4 ...

− 2
3

1
4 ...

− 3
4 ...

. . .


.

Parts (i), (ii), and (iii) of Theorem 2.9 apply to C − I and part (iv) applies to
I − C. (See Remark 2.8.)

Corollary 2.14. Let u, v ∈ `+. The inequality

sup
n

∣∣∣(1

n

n∑
k=1

xk

)
− xn

∣∣∣vn ≤ A sup
k

|xk|
uk

holds for all real sequences x with A = A(C−I); for all nonnegative sequences
x with A = A+(C − I); for all nonnegative, nonincreasing sequences x with
A = A↓(C − I) and for all nonnegative, nondecreasing sequences x with
A = A↓(I − C). In each case the constant A is best possible. Here

A(C − I) = ‖|C − I|u‖`∞(v) = sup
n

vn
n

(
(n− 1)un +

n−1∑
k=1

uk

)
;

A+(C − I) = max(‖(C − I)+u‖`∞(v), ‖(C − I)−u‖`∞(v))

= sup
n

vn
n

max
(

(n− 1)un,
n−1∑
k=1

uk

)
;

A↓(C − I) = ‖(C − I)+(u↓)‖`∞(v) = sup
n

vn
n

n−1∑
k=1

min
j≤k

uj;

A↑(I − C) = ‖(I − C)+(u↑)‖`∞(v) = sup
n

vn
n

(n− 1) inf
j≥n

uj.

Proposition 3.5 of [17] may be compared with the case 0 ≤ α < 1 of the next
theorem: The norm of C− I restricted to the cone of nonnegative, nonincreasing
sequences coincides with the norm ofH−I restricted to the cone of nonnegative,
nonincreasing functions.
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On power-weighted `∞, C− I exhibits different behavior on all four different
cones, the cone of real sequences, the cone of nonnegative sequences, the
cone of nonnegative, nonincreasing sequences and the cone of nonnegative,
nonincreasing sequences. The dependence of the operator norm on the power
gets particularly interesting for the third cone.

Theorem 2.15. Let α ∈ R, set s1 = −∞ and set sm = 1 + log(1−1/m)
log(1+1/m) for

m = 2, 3, . . . . The inequality

sup
n

∣∣∣(1

n

n∑
k=1

xk

)
− xn

∣∣∣nα ≤ A sup
k
|xk|kα

holds for all real sequences x with best constant

A =


2− α
1− α

, α < 1;

∞, α ≥ 1.

It holds for all nonnegative sequences x with best constant

A =


1, α < 0;

1

1− α
, 0 ≤ α < 1;

∞, α ≥ 1.

It holds for all nonnegative, nonincreasing sequences x with best constant

A =


(m+ 1)α−1m, sm < α ≤ sm+1, m = 1, 2, 3, . . . ;

1

1− α
, 0 ≤ α < 1;

∞, α ≥ 1.

It holds for all nonnegative, nondecreasing sequences x with best constant

A =

1, α ≤ 0;

0, α > 0.

66



Proof. Take uk = k−α and vn = nα in Corollary 2.14 to get

A(C − I) = sup
n

(
1− 1

n
+ nα−1

n−1∑
k=1

k−α
)

;

A+(C − I) = sup
n

max
(

1− 1

n
, nα−1

n−1∑
k=1

k−α
)

;

A↓(C − I) = sup
n
nα−1

n−1∑
k=1

min
j≤k

j−α;

A↑(I − C) = sup
n
nα−1(n− 1) inf

j≥n
j−α.

Proposition 4 in [13] shows that nα−1
∑n−1

k=1 k
−α increases with n for all α ∈ R.

It tends to ∫ 1

0

x−α dx =


1

1− α
, α < 1;

∞, α ≥ 1.

The first two statements of the theorem follow.
If α ≥ 0, then minj≤k j

−α = k−α so A↓(C − I) = A+(C − I). If α < 0,
then minj≤k j

−α = 1 so A↓(C − I) = supn n
α−1(n− 1). Consider the function

g(x) = xα−1(x − 1) for x ≥ 1. Looking at g′(x) we find that g is strictly
increasing on (0, 1− 1/α) and strictly decreasing on (1− 1/α,∞). It follows
that a positive integerm satisfies supn g(n) = g(m+1) if and only if g(m+1) ≥
g(m) and g(m + 1) ≥ g(m + 2). These two conditions may be expressed as
sm ≤ α ≤ sm+1.

If α > 0, then infj≥n j
−α = 0 so A↑(I − C) = 0. If α ≤ 0, then

infj≥n j
−α = n−α so A↑(I − C) = supn(n− 1)/n = 1.

Parts (i), (ii), and (iv) of Theorem 2.9 apply to C∗− I , although part (iv) gives
a trivial result. Note that D(C∗ − I) = D(C∗).

Corollary 2.16. Let u, v ∈ `+. The inequality

sup
n

∣∣∣( ∞∑
k=n

xk
k

)
− xn

∣∣∣vn ≤ A sup
k

|xk|
uk
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holds for all real sequences x ∈ D(C∗) with A = A(C∗ − I); for all nonneg-
ative sequences x ∈ D(C∗) with A = A+(C∗ − I); and for all nonnegative,
nondecreasing sequences x ∈ D(C∗) with A = A↑(C∗ − I). In each case the
constant A is best possible. Here

A(C∗ − I) = ‖|C∗ − I|u‖`∞(v) = sup
n
vn

(n− 1

n
un +

∞∑
k=n+1

uk
k

)
;

A+(C∗ − I) = max(‖(C∗ − I)+u‖`∞(v), ‖(C∗ − I)−u‖`∞(v))

= sup
n
vn max

(n− 1

n
un,

∞∑
k=n+1

uk
k

)
;

A↑(C∗ − I) = 0. (The first row of C∗ − I has an infinite sum.)

We omit the trivial case when considering the power-weighted inequalities.

Theorem 2.17. Let α ∈ R. The inequality

sup
n

∣∣∣( ∞∑
k=n

xk
k

)
− xn

∣∣∣nα ≤ A sup
k
|xk|kα

holds for all real sequences x ∈ D(C∗) with

A =

∞, α ≤ 0;

1 +
1

α
, α > 0.

It holds for all nonnegative sequences x ∈ D(C∗) with

A =


∞, α ≤ 0;
1

α
, 0 < α < 1;

1, α ≥ 1.

In each case the value of A is best possible.
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Proof. Take uk = k−α and vn = nα in Corollary 2.16 to get

A(C∗ − I) = sup
n

(
1− 1

n
+ nα

∞∑
k=n+1

k−α−1
)

;

A+(C∗ − I) = sup
n

max
(

1− 1

n
, nα

∞∑
k=n+1

k−α−1
)
.

If α ≤ 0 the sum diverges so both of these are infinite. If α > 0 we need the
second inequality from Remark 4.10 of [11]: nα

∑∞
k=n+1 k

−α−1 increases with
n. The derivative of log(xα+1((x− 1)−α − x−α)) is(

1− α+1
x

)
−
(
1− 1

x

)α+1

(x− 1)α+1((x− 1)−α − x−α)
,

which is negative for x > 1 by Bernoulli’s inequality. Thus,

ak =
1

kα+1((k − 1)−α − k−α)

is an increasing sequence, and so is its moving average∑∞
k=n+1 ak((k − 1)−α − k−α)∑∞
k=n+1((k − 1)−α − k−α)

= nα
∞∑

k=n+1

k−α−1.

We recognize these as (improper) Riemann sums, and get

nα
∞∑

k=n+1

k−α−1 =
1

n

∞∑
k=n+1

(k
n

)−α−1

→
∫ ∞

1

x−α−1 dx =
1

α

as n→∞. Therefore A(C∗ − I) = 1 + 1/α and A+(C∗ − I) = max(1, 1/α).
This completes the proof.

2.3.3 Two required operators

The next two operators appear in Theorems 2.5 and 2.6. Their operators norms
are needed to complete the work on (44). In matrix form, they are

C − S∗ =



1 −1
1
2

1
2 −1

1
3

1
3

1
3 −1

1
4

1
4

1
4

1
4 −1

... ... ... ... ... . . .


and (C∗ − S)D =



1
2

1
6

1
12

1
20 ...

− 1
2

1
6

1
12

1
20 ...

− 1
3

1
12

1
20 ...

− 1
4

1
20 ...

. . . . . .


.
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Parts (i), (ii), and (iii) of Theorem 2.9 apply to C − S∗ and part (iv) applies to
S∗ − C.

Corollary 2.18. Let u, v ∈ `+. The inequality

sup
n

∣∣∣(1

n

n∑
k=1

xk

)
− xn+1

∣∣∣vn ≤ A sup
k

|xn|
un

holds for all real sequences xwithA = A(C−S∗); for all nonnegative sequences
x with A = A+(C − S∗); for all nonnegative, nonincreasing sequences x with
A = A↓(C − S∗) and for all nonnegative, nondecreasing sequences x with
A = A↑(S∗ − C). In each case the constant A is best possible. Here

A(C − S∗) = ‖|C − S∗|u‖`∞(v) = sup
n
vn

(
un+1 +

1

n

n∑
k=1

uk

)
;

A+(C − S∗) = max(‖(C − S∗)+u‖`∞(v), ‖(C − S∗)−u‖`∞(v))

= sup
n
vn max

(1

n

n∑
k=1

uk, un+1

)
;

A↓(C − S∗) = ‖(C − S∗)+(u↓)‖`∞(v) = sup
n

vn
n

n∑
k=1

min
j≤k

uj;

A↑(S∗ − C) = ‖(S∗ − C)+(u↑)‖`∞(v) = sup
n
vn inf

j≤n+1
uj.

Parts (i), (ii), and (iv) of Theorem 2.9 apply to (C∗−S)D and part (iii) applies
to (S − C∗)D.

Corollary 2.19. Let u, v ∈ `+ and for convenience let u0 = x0 = 0. The
inequality

sup
n

∣∣∣( ∞∑
k=n

xk
k(k + 1)

)
− xn−1

n

∣∣∣vn ≤ A sup
k

|xn|
un

holds for all real sequences x ∈ D(C∗D) with A = A((C∗ − S)D); for
all nonnegative sequences x ∈ D(C∗D) with A = A+((C∗ − S)D); for all
nonnegative, nonincreasing sequences x ∈ D(C∗D) with A = A↓((S − C∗)D);
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and for all nonnegative, nondecreasing sequences x ∈ D(C∗D) with A =

A↑((C∗ − S)D). In each case the constant A is best possible. Here

A((C∗ − S)D) = ‖|(C∗ − S)D|u‖`∞(v)

= sup
n
vn

(un−1

n
+
∞∑
k=n

uk
k(k + 1)

)
;

A+((C∗ − S)D) = max(‖((C∗ − S)D)+u‖`∞(v), ‖((C∗ − S)D)−u‖`∞(v))

= sup
n
vn max

(un−1

n
,
∞∑
k=n

uk
k(k + 1)

)
;

A↓((S − C∗)D) = ‖((S − C∗)D)+(u↓)‖`∞(v) = sup
n

vn
n

min
j≤n−1

uj;

A↑((C∗ − S)D) = ‖((C∗ − S)D)+(u↑)‖`∞(v)

= sup
n
vn

∞∑
k=n

1

k(k + 1)
inf
j≥k

uj.

We forgo an investigation of the power-weighted case for these operators.
Their principal interest is their use in the proof of Theorem 2.20 and the special
case is not required there. Theorem 2.21 and 2.22 deduce the power-weighted
case of Theorem 2.20 directly.

2.4 Best constants in the two-operator inequalities

Combining Theorems 2.5 and 2.6 with the formulas given in the previous sub-
section for

A(C − S∗), A↓(C − S∗), A((C∗ − S)D), and A↑((C∗ − S)D)

gives us answers to our original questions, the best constants in the inequalities
of (44).

Fix u, v ∈ `+. Let A(C,C∗) and A+(C,C∗) denote the smallest A ≥ 0 such
that inequality

‖Cx‖`∞(v) ≤ A‖C∗x‖`∞(1/u)
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holds for all x ∈ D(C∗) and for all x ∈ `+ ∩ D(C∗), respectively. Similarly, let
A(C∗, C) and A+(C∗, C) denote the smallest A ≥ 0 such that inequality

‖C∗x‖`∞(v) ≤ A‖Cx‖`∞(1/u)

holds for all x ∈ D(C∗) and for all x ∈ `+ ∩ D(C∗), respectively.

Theorem 2.20. Let u, v ∈ `+. Then, taking u0 = 0, we have

A(C,C∗) = sup
n
vn

(
un+1 +

1

n

n∑
k=1

uk

)
;

A+(C,C∗) = sup
n

vn
n

n∑
k=1

min
j≤k

uj;

A(C∗, C) = sup
n
vn

(n− 1

n
un−1 +

∞∑
k=n

uk
k + 1

)
;

A+(C∗, C) = sup
n
vn

∞∑
k=n

1

k(k + 1)
inf
j≥k

juj.

Proof. Since (47) holds with A = A(C−S∗), Theorem 2.5 shows that (46) does
as well. Thus A(C,C∗) ≤ A(C − S∗). On the other hand, by definition, (46)
holds with A = A(C,C∗) and by Theorem 2.5, so does (47). Fix n and let

y = (u1, u2, . . . , un,−un+1, 0, 0, . . . ).

Since yk → 0 as k →∞ and ‖y‖`∞(1/u) ≤ 1, we get

vn

(
un+1 +

1

n

n∑
k=1

uk

)
= vn((C − S∗)y)n ≤ ‖(C − S∗)y‖`∞(v) ≤ A(C,C∗).

Using this in the formula for A(C − S∗) from Corollary 2.18 yields

A(C − S∗) = sup
n
vn

(
un+1 +

1

n

n∑
k=1

uk

)
≤ A(C,C∗).

Therefore,

A(C,C∗) = sup
n
vn

(
un+1 +

1

n

n∑
k=1

uk

)
.
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Clearly, (49) holds with A = A↓(C − S∗) and, by Theorem 2.5, so does (48).
Thus A+(C,C∗) ≤ A↓(C − S∗). By definition, (48) holds with A = A+(C,C∗)

and Theorem 2.5 shows that (49) does also. Fix n and let

y = (u↓1, u
↓
2, . . . , u

↓
n, 0, 0, . . . ).

Then y ∈ `↓, yk → 0 as k →∞ and, by Lemma 2.2, ‖y‖`∞(1/u) = ‖y‖`∞(1/u↓) ≤ 1.
Therefore

vn

(1

n

n∑
k=1

u↓k

)
= vn((C − S∗)y)n ≤ ‖(C − S∗)y‖`∞(v) ≤ A+(C,C∗).

The formula for A↓(C − S∗) from Corollary 2.18 implies

A↓(C − S∗) = sup
n

vn
n

n∑
k=1

min
j≤k

uj ≤ A+(C,C∗).

Therefore,

A+(C,C∗) = sup
n

vn
n

n∑
k=1

min
j≤k

uj.

Let wk = kuk for all k and note that D((C∗ − S)D) = D(C∗D).
Replacing u by w in the formula for A((C∗ − S)D) from Corollary 2.19

shows that (51) holds with A replaced by

Ã = sup
n
vn

(wn−1

n
+
∞∑
k=n

wk
k(k + 1)

)
= sup

n
vn

(n− 1

n
un−1 +

∞∑
k=n

uk
k + 1

)
.

By Theorem 2.6, (50) also holds with A = Ã. Thus A(C∗, C) ≤ Ã. Theorem
2.6 also shows that (50) and hence (51) holds with A = A(C∗, C). Fix n and
K > n, and let

z = (0, 0, . . . , 0,−wn−1, wn, wn+1, . . . wK , 0, 0, . . . ).

Since z ∈ D(C∗D), (Dz)k → 0 as k → ∞, and ‖z‖`∞(1/w) ≤ 1, we have
‖(C∗ − S)Dz‖`∞(v) ≤ A(C∗, C). It follows that

vn

(wn−1

n
+

K∑
k=n

wk
k(k + 1)

)
= vn((C

∗ − S)Dz)n ≤ A(C∗, C).
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Letting K →∞ and taking the supremum over n, gives Ã ≤ A(C∗, C), and we
conclude that A(C∗, C) = Ã.

Replacing u by w in the formula for A↑((C∗ − S)D) from Corollary 2.19
shows that (53) holds with A replaced by

Ã↑ = sup
n
vn

∞∑
k=n

w↑k
k(k + 1)

= sup
n
vn

∞∑
k=n

1

k(k + 1)
inf
j≥k

juj.

By Theorem 2.6, (52) also holds withA = Ã↑. ThusA+(C∗, C) ≤ Ã↑. Theorem
2.6 also shows that (52) and hence (53) holds with A = A+(C∗, C). Fix n and
K > n, and let

z = (0, 0, . . . , 0, w↑n, w
↑
n+1, . . . w

↑
K , w

↑
K , w

↑
K , . . . ).

Then (C∗Dz)K =
∑∞

k=K
w↑K

k(k+1) < ∞ so z ∈ `↑ ∩ D(C∗D), (Dz)k → 0 as
k →∞, and, by Lemma 2.2, ‖z‖`∞(1/w) = ‖z‖`∞(1/w↑) ≤ 1. Therefore,

vn

K∑
k=n

w↑k
k(k + 1)

≤ vn((C
∗ − S)Dz)n ≤ ‖(C∗ − S)Dz‖`∞(v) ≤ A+(C∗, C).

Letting K →∞ and taking the supremum over n, we get Ã↑ ≤ A+(C∗, C), and
conclude that A+(C∗, C) = Ã↑.

We split the power-weighted inequalities for the two-operator inequalities
into two theorems because the techniques of simplification differ.

Theorem 2.21. Let α ∈ R. The inequality

sup
n

∣∣∣1
n

n∑
k=1

xk

∣∣∣nα ≤ A sup
n

∣∣∣ ∞∑
k=n

xk
k

∣∣∣nα
holds for all x ∈ D(C∗) with

A =


1 + 2−α, α ≤ 0;
2− α
1− α

, 0 < α < 1;

∞, α ≥ 1.
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It holds for all nonnegative x ∈ D(C∗) with

A =


1, α ≤ 0;

1

1− α
, 0 < α < 1;

∞, α ≥ 1.

In each case the constant A is best possible.

Proof. Take uk = k−α and vn = nα in Theorem 2.20 to see that the best constant
A, taken over all x ∈ D(C∗), is

A(C,C∗) = sup
n

(( n

n+ 1

)α
+ nα−1

n∑
k=1

k−α
)

and the best constant A, taken over all nonnegative x ∈ D(C∗), is

A+(C,C∗) = sup
n
nα−1

n∑
k=1

min
j≤k

j−α.

By Proposition 3 of [13], nα−1
∑n

k=1 k
−α decreases with n when α ≤ 0 and

increases with n when α > 0. The same is true of
(

n
n+1

)α. So if α ≤ 0,
A(C,C∗) = 1 + 2−α and if α > 0,

(
n
n+1

)α → 1 and

nα−1
n∑
k=1

k−α =
1

n

n∑
k=1

(k
n

)−α
→
∫ 1

0

x−α dx =


1

1− α
, 0 < α < 1;

∞, α ≥ 1,

as n→∞ so

A(C,C∗) =


2− α
1− α

, 0 < α < 1;

∞, α ≥ 1,

If α ≤ 0, then minj≤k j
−α = 1 so A+(C,C∗) = 1. If α > 0, then

minj≤k j
−α = k−α so as above we have

A+(C,C∗) = sup
n
nα−1

n∑
k=1

k−α =


1

1− α
, 0 < α < 1;

∞, α ≥ 1.
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In the case of nonnegative sequences, the best constants given above agree
with those that appear in Theorem 3.7 of [17] for the operators H and H∗ on
nonnegative functions, except when α < 0. The best constants given below,
again for nonnegative sequences, agree with the corresponding results from
Theorem 3.7 of [17] for all values of α.

Theorem 2.22. Let α ∈ R and set Mα =
∑∞

k=1
k−α

k+1 . The inequality

sup
n

∣∣∣ ∞∑
k=n

xk
k

∣∣∣nα ≤ A sup
n

∣∣∣1
n

n∑
k=1

xk

∣∣∣nα
holds for all x ∈ D(C∗) with

A =


∞, α ≤ 0;

1 +
1

α
, 0 < α ≤ 1;

2αMα, α > 1.

It holds for all nonnegative x ∈ D(C∗) with

A =


∞, α ≤ 0;
1

α
, 0 < α ≤ 1;

0, α > 1.

In each case the constant A is best possible.

Proof. Take uk = k−α and vn = nα in Theorem 2.20 to see that the best constant
A, taken over all x ∈ D(C∗), is

A(C∗, C) = max
(
Mα, sup

n≥2

((n− 1

n

)1−α
+ nα

∞∑
k=n

k−α

k + 1

))
and the best constant A, taken over all nonnegative x ∈ D(C∗), is

A+(C∗, C) = sup
n
nα

∞∑
k=n

1

k(k + 1)
inf
j≥k

j1−α.
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We will need another monotonicity result in the spirit of Remark 4.10 of [11]:
If 0 < α ≤ 1, then

nα
∞∑
k=n

k−α

k + 1

increases with n to 1/α and if α > 1, it decreases with n. For all x > 0, the
derivative of log((x+ 1)xα(x−α − (x+ 1)−α)) is(

1 + 1
x

)α − (1 + α
x

)
(x+ 1)α+1(x−α − (x+ 1)−α)

which is nonpositive when α ≤ 1 and nonnegative when α ≥ 1 by Bernoulli’s
inequality. Thus,

ak =
1

(k + 1)kα(k−α − (k + 1)−α)

is a nondecreasing sequence when α ≤ 1 and is a decreasing sequence when
α ≥ 1. Its moving average,∑∞

k=n ak(k
−α − (k + 1)−α)∑∞

k=n(k
−α − (k + 1)−α)

= nα
∞∑
k=n

k−α

k + 1
.

shares its monotonicity. If 0 < α ≤ 1, then the last expression goes to 1/α, as
can be seen from the estimates

nα
∫ ∞
n+1

(x+ 1)−α−1 dx ≤ nα
∞∑
k=n

k−α

k + 1
≤ nα

∫ ∞
n−1

x−α−1 dx.

If α ≤ 0, A(C∗, C) = ∞ since the sums diverge. If 0 < α ≤ 1, then
A(C∗, C) = 1 + 1/α. If α > 1, then

A(C∗, C) = max(Mα, 2
α−1 + 2α(Mα − 1/2)) = 2αMα.

If α > 1, then infj≥k j
1−α = 0 so A+(C∗, C) = 0. If α ≤ 1, then

infj≥k j
1−α = k1−α so A+(C,C∗) = supn n

α
∑∞

k=1
k−α

k+1 , which is infinite when
α ≤ 0 and equals 1/α when 0 < α ≤ 1.
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3 Optimal non-absolute domains for the Hardy operator
minus identity

3.1 Introduction

We consider the Hardy averaging operator

Hf(x) =
1

x

∫ x

0

f(s)ds

and its dual

H∗f(x) =

∫ ∞
x

f(s)

s
ds.

It is well known in [14] that the Hardy operator H and its dual H∗ are
bounded on a rearrangement invariant Banach function space (BFS, for short)
X if α < 1 and α > 0 respectively, where α is the lower and α is the upper
Boyd index of X . Consequently, H : Lp(0,∞) → Lp(0,∞) for 1 < p ≤ ∞
and H∗ : Lp(0,∞)→ Lp(0,∞) for 1 ≤ p <∞ are bounded.

As shown in Proposition 3.6(i), the only non-negative function f ∈ L1(0,∞)

such that Hf ∈ L1(0,∞) is the zero function. The motivation of this work is the
great interest in this topic for the Hardy operators, but for non-negative functions,
as shown in [28, 31, 75, 78, 87]. Moreover, if X is a BFS for which H : X → X

is bounded, then the class of functions for which H(|f |) ∈ X is known to be
much larger than X and, in fact, not even a subspace of (L1 + L∞)(0,∞) [31,
Theorem 2.6].

It is well-known that subtracting the identity from an averaging operator
provides some additional regularity and smoothness [52]. The authors in [10]
determine the optimal non-absolute domain of C − I and C∗ − I on a BFS X ,
where I is the identity operator, C and C∗ are the Cesáro and Copson operators
respectively. Our main goal is to characterize the optimal domains for H − I, on
Lebesgue spaces Lp(0,∞), 1 ≤ p ≤ ∞. Moreover, we study conditions for a
function f such that (Hf − f) ∈ X , where X is a BFS. That is, we determine
the conditions to describe the optimal domain of H − I;

Dom[H − I, X] = {f : (Hf − f) ∈ X}
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on a BFS X . A similar definition holds for Dom[H∗ − I, X].
We recall some standard notations. The subspace L1

0(0,∞) of the space
L1(0,∞) is defined as

L1
0(0,∞) =

{
f ∈ L1(0,∞) :

∫ ∞
0

f(x)dx = 0

}
.

For 1 ≤ p <∞ and non-negative weight w, we recall that

Lp(w) := Lp(w, (0,∞)) =
{
f :

∫ ∞
0

|f(x)|pw(x)dx <∞
}

with ‖f‖Lp(w) =
( ∫∞

0 |f(x)|pw(x)dx
)1/p

, and analogously if p = ∞. More-
over, we define

Lp0(w) := Lp0(w, (0,∞)) = Lp(w) ∩ L1
0(0,∞),

with ‖f‖Lp0(w) = ‖f‖Lp(w) + ‖f‖L1
0(0,∞). If w ≡ 1, we denote Lp(1, (0,∞)) and

Lp0(1, (0,∞)) by Lp(0,∞) and Lp0(0,∞) respectively.
Throughout, we use the standard notation A . B to denote the existence of a

positive constant α > 0 (independent of the main parameters defining A and B)
such that A ≤ αB (analogously for the notation A & B). If both A . B and
A & B hold true, we will write A ≈ B.

The paper is structured as follows: in Section 3.2 we start by showing some
general results for a BFS X . We then establish a useful equivalent expression for
a function f such that Hf − f ∈ X or H∗f − f ∈ X as shown in Lemma 3.2,
which enable us obtain the optimal domain of H − I and H∗ − I on X . In
section 3.3 we present our main result for H−I as shown in Theorem 3.9, where
we fully characterize Dom[H − I, Lp(0,∞)], 1 ≤ p ≤ ∞. As a consequence of
these results, we can see that Dom[H − I, L1(0,∞)] ( L1

0(0,∞) + ker(H − I).
Finally, in Section 3.4 we find the optimal domains for the dual Hardy operator
minus the identity, and show the analogous results in Theorem 3.13. In this
case, we show that Dom[H∗ − I, L∞(0,∞)] ( L∞(0,∞) + ker(H∗ − I) and
Dom[H∗ − I, L1(0,∞)] ( L1,∞(0,∞).
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3.2 Preliminaries

As a start we find the kernels of H − I and H∗ − I on a BFS X . We find also an
equivalent expression for a function f such that Hf − f ∈ X or H∗f − f ∈ X .
These expressions help us show that H − I and H∗− I are inverses of each other
on Lp(0,∞) spaces, 1 < p <∞ (cf. Remark 3.3). As a general fact, when we
write Hf or H∗f , we will be assuming that these expressions are well-defined.

Lemma 3.1. Let X be a BFS on (0,∞), with the Lebesgue measure and I :

X → X be the identity operator. Then for c ∈ R,

(i) ker(H − I) = {f ∈ X : f(x) = c}.

(ii) ker(H∗ − I) =
{
g ∈ X : g(x) = c

x

}
.

Proof. We prove first (i). It is obvious that {f ∈ X : f(x) = c, c ∈ R} ⊂
ker(H − I). To prove the reverse inclusion, let f ∈ ker(H − I). Then

∫ x
0 (f(s)−

f(x))ds = 0, for all x > 0. From which we can deduce that f is C∞ and, by the
fundamental theorem of calculus, we obtain that f ′(x) = 0 for all x > 0. Hence
f(x) = c for all x > 0, where c is a constant. The proof of (ii) follows similarly
as in (i).

Lemma 3.2. Let X be a BFS on (0,∞) with the Lebesgue measure.

(i) Let H∗ : X → X be bounded. If g(x) = Hf(x)− f(x) ∈ X , then f can
be expressed as

f(x) = H∗g(x)− g(x) + α,

where α = lim
s→∞

Hf(s) ∈ R, and f ∈ X + ker[H − I].

(ii) If g(x) = H∗f(x)− f(x) ∈ X , then f can be expressed as

f(x) = Hg(x)− g(x) +
β

x
,

where β = lim
s→0

(sH∗f(s)) ∈ R. Moreover, if H : X → X is bounded, then

f ∈ X + ker[H∗ − I].
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Proof. To prove (i) we follow similar techniques as in [56, Theorem 1]). Let
g(t) = Hf(t) − f(t) ∈ X and let 0 < x < y < ∞. Then dividing g(s) by s
and integrating from x to y we obtain∫ y

x

g(s)

s
ds =

∫ y

x

(
s−2

∫ s

0

f(t)dt

)
ds−

∫ y

x

f(s)

s
ds

Using Fubini’s theorem on the right-hand side we get∫ y

x

g(s)

s
ds =

1

x

∫ x

0

f(s)ds− 1

y

∫ y

0

f(s)ds

= Hf(x)−Hf(y)

= f(x) + g(x)−Hf(y)

Letting y →∞ we obtain

f(x) = H∗g(x)− g(x) + lim
y→∞

Hf(y).

Since H∗ : X → X is bounded, H∗g ∈ X and hence lim
y→∞

Hf(y) exists.

Consequently, f ∈ X + ker(H − I).
To prove (ii), we let g(t) = H∗f(t) − f(t) ∈ X and let 0 < y < x < ∞.

Integrating g(t) from y to x and applying integration by parts we get∫ x

y

g(t)dt =

∫ x

y

∫ ∞
t

f(s)

s
dsdt−

∫ x

y

f(t)dt

=

[
t

∫ ∞
t

f(s)

s
ds

]x
y

+

∫ x

y

f(t)dt−
∫ x

y

f(t)dt

= x

∫ ∞
x

f(s)

s
ds− y

∫ ∞
y

f(s)

s
ds

Dividing by x and letting y → 0 gives

f(x) = Hg(x)− g(x) +
1

x
lim
y→0

(yH∗f(y)) ,

where lim
y→0

(yH∗f(y)) exists. If H : X → X is bounded, Hg ∈ X , and hence

f ∈ X + ker(H∗ − I).
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Remark 3.3.

(i) The boundedness ofH∗ : X → X in Lemma 3.2-(i) is a necessary condition
for the existence of the limit α = lim

s→∞
Hf(s). For example, if we consider

f(x) = log x, g(x) = Hf(x) − f(x) = −1 ∈ L∞(0,∞) but H∗g(x) /∈
L∞(0,∞) for all x > 0, and α does not exist. Moreover, if H∗ : X → X

is bounded and f ∈ Dom[H − I, X] then we get

f(x)− α = (H∗ − I)(H − I)(f(x)− α).

(ii) Let H : X → X is bounded and f ∈ Dom[H∗ − I,X]. Then

f(x)− β

x
= (H − I)(H∗ − I)

(
f(x)− β

x

)
,

where β = lim
t→0

(tH∗f(t)) ∈ R.

(iii) As a special case of (i) and (ii), when X = Lp(0,∞), 1 < p < ∞, we
obtain that α = β = 0, and hence (H∗− I)(H− I) = I = (H− I)(H∗− I).
In fact, for f ∈ Lp(0,∞), 1 < p < ∞ and 1/p + 1/p′ = 1, the Hölder’s
inequality gives

|Hf(x)| = 1

x

∣∣∣∣∫ x

0

f(t)dt

∣∣∣∣ ≤ 1

x

∫ ∞
0

|f(t)|χ(0,x)(t)dt

≤ 1

x

(∫ ∞
0

|f(t)|pdt
)1/p(∫ ∞

0

χp
′

(0,x)(t)dt
)1/p′

=
1

x
‖f‖Lp(0,∞)x

1/p′

= ‖f‖Lp(0,∞)x
−1/p x→∞−−−→ 0,

and hence we get α = lim
x→∞

Hf(x) = 0.

Again from the Hölder’s inequality we get

|tH∗f(t)| = t

∣∣∣∣∫ ∞
t

f(x)

x
dx

∣∣∣∣ ≤ t

∫ ∞
t

|f(x)|
x

dx

≤ t‖f‖Lp(0,∞)

(∫ ∞
t

1

xp′
dx
)1/p′
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|tH∗f(t)| = t‖f‖Lp(0,∞)

( t1−p′
p′ − 1

)1/p′

=
( 1

p′ − 1

)1/p′

‖f‖Lp(0,∞)t
1/p′ t→0−−→ 0,

because 1 < p′ <∞. Hence β = lim
t→0

(tH∗f(t)) = 0.

Lemma 3.4. Let X be a BFS on (0,∞) with the Lebesgue measure, and X ′ be
the associate space of X . Then the following are equivalent;

(i) H : X → X and H∗ : X → X are bounded;

(ii) Dom[H − I,X] = X + ker(H − I) and
Dom[H − I,X ′] = X ′ + ker(H − I);

(iii) Dom[H∗ − I,X] = X + ker(H∗ − I) and
Dom[H∗ − I,X ′] = X ′ + ker(H∗ − I).

Proof. We prove first that (i) implies (ii). Since H : X → X is bounded, we
have that X + ker(H − I) ⊂ Dom[H − I,X]. Since H∗ : X → X is equivalent
to H : X ′ → X ′ we also get that X ′ + ker(H − I) ⊂ Dom[H − I, X ′]. The
reverse inclusion of the first follows directly from Lemma 3.2-(i). Similarly,
since H∗ : X ′ → X ′ is equivalent to H : X → X , reversing the role of X and
X ′ in the previous argument we also get that Dom[H−I, X ′] ⊂ X ′+ker(H−I).

Now let us prove (ii) implies (i). Let Dom[H − I, X] = X + ker(H − I). If
f ∈ X and α ∈ ker[H − I], then H(f + α) − (f + α) = Hf − f ∈ X and
hence Hf ∈ X . Thus, by [14, Theorem 1.8] we conclude that H : X → X is
bounded. By a similar and dual argument we can also get that H∗ : X → X is
bounded.

Next we prove (i) implies (iii). Since H∗ : X → X is bounded, we get that
X + ker(H∗ − I) ⊂ Dom[H∗ − I, X]. The fact that H∗ : X ′ → X ′ is bounded
gives also that X ′ + ker(H∗ − I) ⊂ Dom[H∗ − I, X ′]. The reverse inclusion of
the first follows from Lemma 3.2-(ii). Consequently,

Dom[H∗ − I, X] = X + ker(H∗ − I).
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Similarly, since H : X ′ → X ′ is bounded we get also that

Dom[H∗ − I, X ′] = X ′ + ker(H∗ − I).

To prove that (iii) implies (i), pick f ∈ X . Then H∗f − f ∈ X and hence
H∗f ∈ X. By [14, Theorem 1.8] we conclude that H∗ : X → X is bounded.
By a similar and dual argument we also get that H : X → X is bounded.

Remark 3.5. Since ker(H∗ − I) 6⊂ L1
loc(0,∞), we deduce that neither

Dom[H∗ − I, X] nor Dom[H∗ − I, X ′] are r.i. spaces on (0,∞) [14].

3.3 Optimal domain for Hardy minus identity

In this section, we characterize the optimal non-absolute domain for H − I, in
the Lebesgue space Lp(0,∞), 1 ≤ p ≤ ∞. We start with some properties of H .

Proposition 3.6.

(i) If f is non-negative function such that Hf ∈ L1(0,∞), then f ≡ 0. That
is,

L1
+(0,∞) ∩Dom[H,L1(0,∞)] = {0}.

(ii) There exists 0 6≡ f ∈ L1(0,∞) such that Hf ∈ L1(0,∞). Moreover, any
such function satisfies

∫∞
0 f(x)dx = 0. That is,

L1(0,∞) ∩Dom[H,L1(0,∞)] = L1
0(0,∞) ∩Dom[H,L1(0,∞)] 6= ∅.

(iii) There exists f /∈ L1(0,∞) such that Hf ∈ L1(0,∞) and there exists
g ∈ L1

0(0,∞) such that Hg /∈ L1(0,∞). That is,

Dom[H,L1(0,∞)] 6⊂ L1(0,∞) and L1
0(0,∞) 6⊂ Dom[H,L1(0,∞)].

Proof. If f is a positive, locally integrable function we have that Hf ∈ L1(0,∞)

if and only if f = 0, a.e. This proves (i).
To prove the first part of (ii), i.e. to show the existence of 0 6≡ f ∈ L1(0,∞)

such that Hf ∈ L1(0,∞), take f(x) = (1− x)e−x.
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Now let us prove the second part of (ii). Let f ∈ L1(0,∞) andHf ∈ L1(0,∞).
Then g(x) := Hf(x) − f(x) ∈ L1(0,∞) and lim

s→∞
Hf(s) = 0, and from

Lemma 3.2-(i) we obtain that

f(x) = H∗g(x)− g(x). (55)

Integrating both sides of (55) on (0,∞) and then applying Fubini’s theorem we
get ∫ ∞

0

f(x)dx =

∫ ∞
0

(∫ ∞
x

g(t)

t
dt

)
dx−

∫ ∞
0

g(x)dx

=

∫ ∞
0

g(t)

t

(∫ t

0

dx

)
dt−

∫ ∞
0

g(x)dx

=

∫ ∞
0

g(t)dt−
∫ ∞

0

g(x)dx = 0.

Hence f ∈ L1
0(0,∞), which completes the proof of (ii).

For the first part of (iii), we take ft(x) = tχ(2t,2t+1)(x)− tχ(2t+1,2t+2)(x), for
a fixed t > 0. In fact, ‖ft‖L1(0,∞) = 2t→∞, as t→∞. But,

Hft(x) = t

(
1− 2t

x

)
χ(2t,2t+1)(x) + t

(
2 + 2t

x
− 1

)
χ(2t+1,2t+2)(x),

and

‖Hft‖L1(0,∞) = ‖Hft‖L1(0,∞) = ln

(
2t(2t + 2)

(2t + 1)2

)t2t (
2t + 2

2t + 1

)2t
t→∞−−−→ 0.

For the second part let us consider the function

g(x) =
1

log 2
χ(0,1](x)− 1

(x+ 1) log2(x+ 1)
χ(1,∞)(x),

which is in L1
0(0,∞) but Hg(x) 6∈ L1(0,∞), where

Hg(x) =
1

log 2
χ(0,1](x) +

1

x log(x+ 1)
χ(1,∞)(x).
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Remark 3.7. From Proposition 3.6-(iii), we observe that

L1(0,∞) ∩ L∞(0,∞) 6⊂ Dom[H,L1(0,∞)],

and Dom[H,L1(0,∞)] 6⊂ L1(0,∞) + L∞(0,∞),

and hence Dom[H,L1(0,∞)] is not an r.i. space.

Proposition 3.8. Let w be a weight. Then

(i) L1
0(w) ⊂ Dom[H − I, L1(0,∞)]⇐⇒

‖Hf − f‖L1(0,∞) . ‖f‖L1(w) + ‖f‖L1
0(0,∞)

(ii) (Dom[H,L1(0,∞)] ∩ L1
0(0,∞)) ⊂ L1

0(w)⇐⇒

‖f‖L1
0(w) . ‖Hf‖L1(0,∞) + ‖f‖L1

0(0,∞)

(iii) L∞(w) ⊂ Dom[H − I, L∞(0,∞)]⇐⇒ ‖Hf − f‖L∞(0,∞) . ‖f‖L∞(w)

Proof. In each case, we use the Closed Graph Theorem to prove the continuity
of the embeddings. To prove (i), we need to show that

fn(x)
L1

0(w)−−−→ 0,

Hfn(x)− fn(x)
L1(0,∞)−−−−→ g(x)

 =⇒ g(x) ≡ 0.

From the definition of the norm in L1
0(w), we get fn(x)

L1
0(0,∞)−−−−→ 0. Then we

obtain |Hfn(x)| → 0, for a fixed x > 0 because

|Hfn(x)| =
∣∣∣1
x

∫ ∞
0

fn(t)dt−
1

x

∫ ∞
x

fn(t)dt
∣∣∣

≤ 1

x

∫ ∞
x

|fn(t)|dt

≤ 1

x
‖fn‖L1(0,∞) → 0.

Again from the inequality |Hfn − g| ≤ |Hfn − fn − g| + |fn|, we obtain that

Hfn
L1(0,∞)−−−−→ g. So, there is a subsequence of Hfn(x) which converges to g(x)

for a.e. x > 0. Consequently, we get g(x) ≡ 0 for a.e. x > 0.
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To prove the continuity of the embedding in (ii)

‖f‖L1
0(w) . ‖Hf‖L1(0,∞) + ‖f‖L1

0(0,∞),

it suffices to show that

fn(x)
L1

0(0,∞)−−−−→ 0,

Hfn(x)
L1(0,∞)−−−−→ 0,

fn(x)
L1

0(w)−−−→ g(x)

 =⇒ g(x) ≡ 0.

From fn(x)
L1

0(w)−−−→ g(x), we obtain that fn(x)
L1

0(0,∞)−−−−→ g(x). Hence we get the
required result.

To prove (iii), we need to show that

fn(x)
L∞(w)−−−→ 0,

Hfn(x)− fn(x)
L∞(0,∞)−−−−−→ g(x)

 =⇒ g(x) ≡ 0.

Let ε > 0 be given. Let w > 0 on [0,∞) and w ∈ C[0,∞). Fix a > 0 and let
ma = min{w(x) : 0 ≤ x ≤ a}. Then for fn(x) ∈ L∞(w), there exists a number
N1 > 0 such that, if n > N1,

|fn(x)| = 1/w(x)|fn(x)|w(x) ≤ 1/ma|fn(x)|w(x)

≤ 1/ma‖fn‖L∞(w) < ε/3 (56)

for almost everywhere 0 ≤ x ≤ a. Again for n > N1, from (56) we get

|Hfn(x)| ≤ 1

x

∫ x

0

|fn(t)|dt < ε/3

Similarly, there exists a number N2 > 0 such that, if n > N2,

|g(x)− (Hfn(x)− fn(x))| < ε/3

a.e. on (0,∞). Thus, for a number N ≥ N0 where N0 = max{N1, N2}, if
n > N0, for a.e. 0 ≤ x ≤ a we obtain

|g(x)| ≤ |g(x)− (Hfn(x)− fn(x))|+ |Hfn(x)|+ |fn(x)| < ε,

and hence g(x) ≡ 0 a.e. on [0, a]. Hence g(x) = 0 a.e. on (0,∞).
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Theorem 3.9. (Optimal domain for H − I on Lp(0,∞), 1 ≤ p ≤ ∞)

(i) For p = 1;

Dom[H− I, L1(0,∞)] =
(
Dom[H,L1(0,∞)] ∩ L1

0(0,∞)
)

+ker(H− I).

(a) L1
0(w) ⊂ Dom[H − I, L1(0,∞)] ⇐⇒ w(x) & | log x|. Hence, the

logarithmic space L1
0(| log x|) is the largest L1

0(w) space contained in
Dom[H − I, L1(0,∞)]. Moreover,

L1
0(| log x|) ( Dom[H − I, L1(0,∞)].

(b) (Dom[H,L1(0,∞)] ∩ L1
0(0,∞)) ⊂ L1

0(w) ⇐⇒ w . 1. Hence,
L1

0(0,∞) is the smallest L1
0(w) space containing Dom[H,L1(0,∞)]∩

L1
0(0,∞). Moreover,

Dom[H,L1(0,∞)] ∩ L1
0(0,∞) ( L1

0(0,∞).

(ii) For 1 < p <∞, Dom[H − I, Lp(0,∞)] = Lp(0,∞) + ker(H − I).

(iii) For p =∞;

(a) L∞(w) ⊂ Dom[H−I, L∞(0,∞)]⇐⇒w & 1. HenceL∞(0,∞) is the
largest L∞(w) space contained in Dom[H − I, L∞(0,∞)]. Moreover

L∞(0,∞) ( Dom[H − I, L∞(0,∞)].

(b) ‖f‖L∞(w) . ‖Hf−f‖L∞(0,∞)+|Hf(1)| ⇐⇒ w(x) . 1/(1+| log x|).
Hence L∞(1/(1 + | log x|)) is the smallest L∞(w) space containing
Dom[H − I, L∞(0,∞)]. Moreover,

Dom[H − I, L∞(0,∞)] ( L∞(1/(1 + | log x|)).

Proof. To prove the equality of the domains in (i), suppose f ∈ Dom[H −
I, L1(0,∞)]. Since H∗ : L1(0,∞)→ L1(0,∞) is bounded, from Lemma 3.2-(i)
we get f + β ∈ L1(0,∞), where β ∈ ker(H − I).
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Now we show that (f + β) ∈ Dom[H,L1(0,∞)]. Since

H(f + β)− (f + β) = Hf − f ∈ L1(0,∞)

and (f + β) ∈ L1(0,∞) we have that H(f + β) ∈ L1(0,∞), which means that
(f + β) ∈ Dom[H,L1(0,∞)]. Due to Proposition 3.6-(ii), f + β ∈ L1

0(0,∞).
Thus

Dom[H − I, L1(0,∞)] ⊂ (Dom[H,L1(0,∞)] ∩ L1
0((0,∞)) + ker(H − I)

Conversely, if f + β ∈ Dom[H,L1(0,∞)] ∩ L1
0(0,∞) + ker(H − I), where

β ∈ ker(H − I) we obtain that

H(f + β)− (f + β) = Hf − f ∈ L1(0,∞).

That is, f + β ∈ Dom[H − I, L1(0,∞)]. This completes the proof of (i).
To prove (i)-(a), we let first that w(x) & | log x|. Let f ∈ L1

0(w). Then
by definition f ∈ L1(w) ∩ L1

0(0,∞). Since L1
0(w) ⊂ L1

0(| log x|), we get
f ∈ L1

0(| log x|). Now we remain to show that f ∈ Dom[H,L1(0,∞)]. Due to
the cancellation property of f (i.e., f ∈ L1

0(0,∞)) we see that∫ x

0

f(t)dt = −
∫ ∞
x

f(t)dt

and ∫ ∞
0

|Hf(t)|dt =

∫ 1

0

1

x

∣∣∣ ∫ x

0

f(t)dt
∣∣∣dx+

∫ ∞
1

1

x

∣∣∣ ∫ ∞
x

f(t)dt
∣∣∣dx

≤
∫ 1

0

∫ 1

t

|f(t)|1
x
dx dt+

∫ ∞
1

∫ t

1

|f(t)|1
x
dx dt

=

∫ 1

0

|f(t)|(− log t)dt+

∫ ∞
1

|f(t)| log t dt

=

∫ ∞
0

|f(t)|| log t|dt <∞.

Hence f ∈ Dom[H,L1(0,∞)]. To prove that the inclusion is strict we consider
the function f(x) = −xχ(0,1](x) + 1

x(1+log x)3χ(1,∞)(x). It is not difficult to
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show that f ∈ L1
0(0,∞) but f /∈ L1

0(| log x|). Again Hf(x) = −1
2xχ(0,1](x)−

1
2x(1+log x)2χ(1,∞)(x) which belongs to L1(0,∞).

To prove the necessity, we assume that L1
0(w) ⊂ Dom[H − I, L1(0,∞)]. Let

ε > 0. Fix ε < x0 < 1, and let f(x) = χ(x0−ε,x0)(x)− χ(1,1+ε)(x). Then

Hf(x) =



0, x ≤ x0 − ε;
x− x0 + ε

x
, x0 − ε < x ≤ x0;

ε

x
, x0 < x ≤ 1;

ε− x+ 1

x
, 1 < x ≤ 1 + ε;

0, x ≥ 1 + ε,

and

Hf(x)− f(x) =



0, x ≤ x0 − ε;
−x0 + ε

x
, x0 − ε < x ≤ x0;

ε

x
, x0 < x ≤ 1;

1 + ε

x
, 1 < x ≤ 1 + ε;

0, x ≥ 1 + ε.

From these inequalities we get

‖Hf − f‖L1(0,∞) = (x0 − ε) log
( x0

x0 − ε

)
− ε log x0 + (1 + ε) log(1 + ε).

From Proposition 3.8-(i) we obtain

(x0 − ε) log
( x0

x0 − ε

)
− ε log x0 + (1 + ε) log(1 + ε)

.
∫ x0

x0−ε
w(t)dt+

∫ 1+ε

1

w(t)dt+ 2ε.

Dividing by ε gives

log
( x0

x0 − ε

)x0−ε
ε −log x0+log(1+ε)

1+ε
ε .

1

ε

∫ x0

x0−ε
w(t)dt+

1

ε

∫ 1+ε

1

w(t)dt+2.
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Letting ε→ 0 we obtain

2− log x0 . w(x0) + w(1) + 2.

If f ∈ L1
0(w), then f ∈ L1

0(0,∞) and hence w is bounded below. Hence
w(x0) & − log x0 for 0 < x0 < 1. Similarly, for 1 + ε < x0 < ∞ consider
f(x) = χ(1,1+ε)(x)− χ(x0,x0+ε)(x). Then

Hf(x) =



0, x ≤ 1;
x− 1

x
, 1 < x ≤ 1 + ε;

ε

x
, 1 + ε < x ≤ x0;

ε− x+ x0

x
, x0 < x ≤ x0 + ε;

0, x ≥ x0 + ε,

and

Hf(x)− f(x) =



0, x ≤ 1;

−1

x
, 1 < x ≤ 1 + ε;

ε

x
, 1 + ε < x ≤ x0;

ε+ x0

x
, x0 < x ≤ x0 + ε;

0, x ≥ x0 + ε,

From the embedding and then letting ε→ 0 we obtain

‖Hf − f‖L1(0,∞) = 2 + log x0 . w(1) + w(x0) + 2 = ‖f‖L1(w) + ‖f‖L1
0(0,∞).

Thus, w(x0) & log x0 for 1 ≤ x0 <∞. Therefore, w(x) & | log x| for x > 0.
To prove (i)-(b), suppose that Dom[H,L1(0,∞)] ∩ L1

0(0,∞) ⊂ L1
0(w); that

is,

‖f‖L1
0(w) . ‖Hf‖L1(0,∞) + ‖f‖L1

0(0,∞). (57)
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Consider f(x) = χ[x0− 1
n ,x0](x)− χ[x0,x0+ 1

n ](x), for 1
n < x0 <∞. Then

Hf(x) =
(

1−
x0 + 1

n

x

)
χ[x0− 1

n ,x0](x) +
(x0 + 1

n

x
− 1
)
χ(x0,x0+ 1

n ](x)

Hence from (57) we obtain∫ x0+ 1
n

x0− 1
n

w(x)dx .
∫ x0

x0− 1
n

(
x0 + 1

n

x
− 1

)
dx+

∫ x0+ 1
n

x0

(
x0 + 1

n

x
− 1

)
dx+

2

n

. −
(
x0 +

1

n

)
ln
(

1− 1

nx0

)
+
(
x0 +

1

n

)
ln
(

1 +
1

nx0

)
+

2

n

Multiplying by n/2 we get

n

2

∫ x0+ 1
n

x0− 1
n

w(x)dx .
1

2

[
ln
(

1− 1

nx0

)nx0+1

+ ln

(
1 +

1

nx0

)nx0+1

+ 2
]
.

Letting n → ∞ and applying the Lebesgue differentiation theorem we get
w(x0) . 1, for arbitrary x0 > 0. Hence w(x) . 1, a.e.

Conversely, if w(x) . 1, then trivially

Dom[H,L1(0,∞)] ∩ L1
0(0,∞) ⊂ L1

0(0,∞) ⊂ L1
0(w).

Moreover, the inclusion is strict by the second part of Proposition 3.6-(iii).
Since the operators H,H∗ : Lp(0,∞)→ Lp(0,∞) are bounded for 1 < p <

∞ [40, Theorem 327 and 328], (ii) follows directly from Lemma 3.4.
Now let us prove (iii)-(a). It is clear that if w & 1, then L∞(w) ⊂ L∞(0,∞).

Since H : L∞(0,∞)→ L∞(0,∞) is bounded, we get the required result.
To prove the reverse implication, fix x0 > 0 and let N ∈ N such that

N ≥ 1/x0. Fix n > N . For fn(x) = χ(x0−1/n,x0+1/n)(x) we have

(Hfn − fn)(x) =
1
n − x0

x
χ(x0−1/n,x0+1/n) +

2

nx
χ[x0+1/n,∞).

Then, we get

sup
x0−1/n<x<x0+1/n

w(x) = ‖fn‖L∞(w) & ‖Hfn − fn‖L∞(0,∞) = 1.
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Letting n→∞ we get w(x0) & 1, for any x0 > 0.
To show that the inclusion is strict, we take f(x) = log x. Clearly, f /∈

L∞(0,∞) but Hf(x)− f(x) = −1 ∈ L∞(0,∞).
To prove the necessity of (iii)-(b), we take f(x) = 1 + | log x|. Then

Hf(x) =
1

x

∫ x

0

(1 + | log t|)dt = (2− log x)χ(0,1](x) +
(2

x
+ log x

)
χ(1,∞)(x)

and
Hf(x)− f(x) = χ(0,1](x) +

(2

x
− 1
)
χ(1,∞)(x).

From this we obtain that ‖Hf − f‖L∞(0,∞) = 1, and

(1 + | log x|)w(x) ≤ ‖f‖L∞(w) . ‖Hf − f‖L∞(0,∞) + |Hf(1)| = 3.

Hence w(x) . 1/(1 + | log x|), for all x > 0.
To prove the converse, we let w(x) . 1/(1 + | log x|), for all x > 0. It is

clear that L∞(1/(1 + | log x|)) ⊂ L∞(w). Then it suffices to show that

‖f‖L∞(1/(1+| log x|)) . ‖Hf − f‖L∞(0,∞) + |Hf(1)|.

Let f ∈ Dom[H − I, L∞(0,∞)], and set g(x) = Hf(x) − f(x). Then for
0 < x < y <∞, we see that [cf. the proof of Lemma 3.2-(i)]

f(x) =

∫ y

x

g(s)

s
ds− g(x) +Hf(y).

For 0 < x < 1 (i.e., when y = 1), we get

|f(x)|
1 + | log x|

=
|f(x)|

1− log x
≤ ‖g‖L∞(0,∞) + |Hf(1)| 1

1− log x

≤ ‖g‖L∞(0,∞) + |Hf(1)|

Again for 0 < y < x <∞, we get

f(x) = −
∫ x

y

g(s)

s
ds− g(x) +Hf(y).
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Then for 1 < x <∞ (i.e., when y = 1) we obtain

|f(x)|
1 + | log x|

=
|f(x)|

1 + log x
≤ ‖g‖L∞(0,∞) + |Hf(1)| 1

1 + log x

≤ ‖g‖L∞(0,∞) + |Hf(1)|

Hence f(x) ∈ L∞(1/(1 + | log x|), and the result follows. To prove that the
embedding is strict, we take f(x) = sin x log xχ[1,∞)(x). Since

|f(x)|
1 + | log x|

≤ log x

1 + log x
χ(1,∞)(x) ≤ χ[1,∞)(x),

f(x) ∈ L∞(1/(1 + | log x|)). But

Hf(x)−f(x) =
(
− cosx log x

x
+

1

x

∫ x

1

cos t

t
dt−sinx log x

)
χ[1,∞)(x), (58)

does not belong to L∞(0,∞). In fact, since

sup
x>1

∣∣∣cosx log x

x

∣∣∣ <∞, sup
x>1

∣∣ sinx log x
∣∣ =∞,

and
sup
x>1

1

x

∣∣∣ ∫ x

1

cos t

t
dt
∣∣∣ ≤ sup

x>1

log x

x
<∞,

we conclude that supx>1 |Hf(x)− f(x)| =∞.

Remark 3.10. Dom[H − I, Lp(0,∞)], 1 ≤ p ≤ ∞, does not satisfy the lattice
property (i.e., if |g| ≤ |f | and f belongs to the space, so does g). In fact,

f(x) = χ[0,1](x)− χ[1,2](x) ∈ Dom[H − I, L1(0,∞)],

but g(x) = χ[0,2](x) /∈ Dom[H − I, L1(0,∞)]. Observe that g = |f | and

Hf(x)− f(x) =
2

x
χ(1,2](x) ∈ L1(0,∞),

but Hg(x)− g(x) =
2

x
χ(2,∞) /∈ L1(0,∞).

For 1 < p <∞, from Theorem 3.9-(ii) it suffices to consider

f(x) = 1 +
1

x
χ[1/2,1](x) ∈ Lp(0,∞) + ker(H − I),
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but g(x) = sinx /∈ Lp(0,∞) + ker(H − I).
For p =∞, f(x) = log xχ[1,∞)(x) ∈ Dom[H − I, L∞(0,∞)], but as shown

in (58),

g(x) = sin x log xχ[1,∞)(x) /∈ Dom[H − I, L∞(0,∞)].

Indeed,

Hf(x)− f(x) =
(1

x
− 1
)
χ[1,∞)(x) ∈ L∞(0,∞).

3.4 Optimal domain for dual Hardy minus identity

We are now going to study the analogous results of section 3.3 for the dual Hardy
operator, H∗.

Proposition 3.11.

(i) There exists f ∈ L∞(0,∞) such that H∗f ∈ L∞(0,∞); that is,

L∞(0,∞) ∩Dom[H∗, L∞(0,∞)] 6= ∅.

(ii) There exists g 6∈ L∞(0,∞) such that H∗g ∈ L∞(0,∞); that is,

Dom[H∗, L∞(0,∞)] 6⊂ L∞(0,∞).

Proof. To prove (i), we take the function f(x) = xe−x. For (ii), define {Ik}k∈N
as follows:

I1 = [1, 3/2] = [a1, a2]

I2 = [3/2, 7/4] = [a2, a3]
... (59)

Ik = [ak, ak+1], Ik+1 = [ak+1, ak+1 + 1/2k+1]

Hence, |Ik| = 1/2k, ∪k∈NIk = [1, 2). Fix 1 < r < 2 and define

w(t) =



1√
t
, t ∈ (0, 1);

1

rk
, t ∈ Ik;

t, t ∈ [2,∞).

(60)
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Then g(x) = 1/w(x) proves (ii). In fact, g(x) /∈ L∞(0,∞) and

‖H∗g‖L∞(0,∞) = sup
x>0
|H∗g(x)| =

∫ ∞
0

g(t)

t
dt =

∫ ∞
0

1

tw(t)
dt

=

∫ 1

0

dt√
t

+

∫ ∞
2

dt

t2
+
∞∑
k=1

rk
∫
Ik

dt

t
.

Observe that

a1 = 1, a2 = 1 +
1

2
=

3

2
, a3 =

3

2
+

1

22
=

7

4
, a4 =

7

4
+

1

23
=

15

8
, · · · .

In general, ak =
2k − 1

2k−1
for k ∈ N. Hence

‖H∗g‖L∞(0,∞) = 2 +
1

2
+
∞∑
k=1

rk log


2k+1 − 1

2k

2k − 1

2k−1


≈ 5

2
+
∞∑
k=1

rk
1

2k
<∞, (61)

because

2k+1 − 1

2k

2k − 1

2k−1

=
2k+1 − 1

2k+1 − 2
= 1 +

1

2k+1 − 2
and

log(x+ 1)

x

x→0−−→ 1.

Proposition 3.12. For x > 0, let w(x) > 0 be a weight. Then,

H∗ : L∞(w) −→ L∞(0,∞)

is bounded if and only if A =
∫∞

0

1

tw(t)
dt < ∞. Moreover, A = ‖H∗‖ is the

best constant in the inequality ‖H∗f‖L∞(0,∞) ≤ A‖f‖L∞(w).
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Proof. To prove the necessity, we let fN(x) = (1/w(x))χ(0,N ](x), N > 0.
Since H∗ is bounded, we get∫ N

0

1

tw(t)
dt = sup

x>0
|H∗fN(x)| = ‖H∗fN‖L∞(0,∞) ≤ ‖H∗‖,

for all N > 0. Letting N −→∞, we obtain

A :=

∫ ∞
0

1

tw(t)
dt ≤ ‖H∗‖ <∞.

We prove the sufficiency by using the homogeneity of norms. It is sufficient
to see that ‖H∗f‖L∞(0,∞) ≤ A, for all f ∈ L∞(w), such that |f(x)|w(x) ≤ 1.
Now,

‖H∗f‖L∞(0,∞) = sup
x>0

∣∣∣ ∫ ∞
x

f(t)

t
dt
∣∣∣ ≤ sup

x>0

∫ ∞
x

1

tw(t)
dt =

∫ ∞
0

1

tw(t)
dt = A.

which shows that ‖H∗‖ ≤ A <∞. Hence H∗ is bounded and A = ‖H∗‖.

Theorem 3.13. (Optimal domain for H∗ − I on Lp(0,∞), 1 ≤ p ≤ ∞)

(i) For p = 1,

(a) ‖H∗f − f‖L1(0,∞) . ‖f‖L1(w) ⇐⇒ w(x) & 1. Hence, L1(0,∞) is the
largest weighted space L1(w) contained in Dom[H∗ − I, L1(0,∞)].
Moreover,

L1(0,∞) ( Dom[H∗ − I, L1(0,∞)].

(b) Dom[H∗ − I, L1(0,∞)] ( L1,∞(0,∞).

(ii) For 1 < p <∞, Dom[H∗ − I, Lp(0,∞)] = Lp(0,∞) + ker(H∗ − I)

(iii) For p =∞,

Dom[H∗−I, L∞(0,∞)] = (Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞))+ker(H∗−I).

Moreover,
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(a) if W =
{
w(x) : w(x) & 1, for x > 0 and

∫∞
0

1
tw(t)dt <∞

}
, then

L∞(w) ⊂ (Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞))⇐⇒ w(x) ∈ W.

(b) ‖f‖L∞(w) . ‖H∗f‖L∞(0,∞) + ‖f‖L∞(0,∞) ⇐⇒ w(x) . 1. Hence,
L∞(0,∞) is the smallest L∞(w) space containing
Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞). Moreover,

(Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞)) ( L∞(0,∞).

Proof. To prove the necessity of (i)-(a), take f(x) = χE(x), where
E = [x0 − 1/n, x0 + 1/n] for x0 >

e+1
e−1

1
n . Then

H∗f(x) = ln
(x0 + 1/n

x0 − 1/n

)
χ(0,x0−1/n](x) + ln

(x0 + 1/n

x

)
χE(x)

and

H∗f(x)− f(x) = log
(x0 + 1/n

x0 − 1/n

)
χ(0,x0−1/n](x)

+

(
−1 + log

(x0 + 1/n

x

))
χE(x)

For x0 >
e+1
e−1

1
n , −1 + log

(x0 + 1/n

x

)
< 0. Then

‖H∗f − f‖L1(0,∞) = log
(x0 + 1/n

x0 − 1/n

)(
x0 − 1/n

)
+

∫ x0+1/n

x0−1/n

dt

−
∫ x0+1/n

x0−1/n

log
(x0 + 1/n

t

)
dt

= (x0 − 1/n) log
(x0 + 1/n

x0 − 1/n

)
+

2

n
− 2

n
log(x0 + 1/n)

+

∫ x0+1/n

x0−1/n

log t dt

Using the inequality

‖H∗f − f‖L1(0,∞) . ‖f‖L1(w)
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and multiplying both sides by n/2 we get

ln
(x0 + 1/n

x0 − 1/n

)nx0−1
2

+ 1− ln(x0 + 1/n) +
n

2

∫ x0+1/n

x0−1/n

ln tdt

≤ n

2
c

∫ x0+1/n

x0−1/n

w(t)dt,

for some c > 0. Letting n→∞ we obtain w(x0) ≥ 2/c a.e.(i.e., w(x) & 1).

To prove the sufficiency, we assume that w(x) & 1. Then we get L1(w) ⊂
L1(0,∞). Consequently, we obtain

‖H∗f − f‖L1(0,∞) ≤ ‖H∗f‖L1(0,∞) + ‖f‖L1(0,∞) . ‖f‖L1(0,∞) . ‖f‖L1(w),

since

‖H∗f‖L1(0,∞) ≤
∫ ∞

0

∫ ∞
x

|f(t)|
t

dtdx =

∫ ∞
0

∫ t

0

|f(t)|
t

dxdt

=

∫ ∞
0

|f(t)|dt = ‖f‖L1(0,∞).

By considering the function f(x) = x/(x+ 1)2 we can show that the inclusion
is strict. It is clear that f ∈ Dom[H∗ − I, L1(0,∞)] but f /∈ L1(0,∞).

To prove (i)-(b), first let us show that Dom[H∗ − I, L1(0,∞)] ⊂ L1,∞(0,∞).
Let f ∈ Dom[H∗ − I, L1(0,∞)]. That is, g(x) := H∗f(x)− f(x) ∈ L1(0,∞).
By Lemma 3.2-(ii),

f(x) = Hg(x)− g(x) +
β

x
,

where β = lim
s→0

sH∗f(s). If g∗ is the decreasing rearrangement of g, then

‖Hg‖L1,∞(0,∞) ≤ ‖Hg∗‖L1,∞(0,∞) = sup
t>0

t · 1
t

∫ t

0

g∗(x)dx

= ‖g∗‖L1(0,∞) = ‖g‖L1(0,∞) <∞

Since β
x ∈ L1,∞(0,∞), we get f ∈ L1,∞(0,∞). To show that the inclusion

is strict we consider f(x) = 1
x

∑∞
k=1(−1)kχ(k−1,k](x). Since |f(x)| = 1

x , we
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have f ∈ L1,∞(0,∞). But, f /∈ Dom[H∗ − I, L1(0,∞]. In fact, for x ∈
(2k − 2, 2k − 1], k ∈ N, we obtain

H∗f(x) =

∫ ∞
0

f(t)

t
dt

= −
∫ 2k−1

x

1

t2
dt+

∫ 2k

2k−1

1

t2
dt−

∫ 2k+1

2k

1

t2
dt+

∫ 2k+2

2k+1

1

t2
dt− · · ·

= −1

x
+

1

2k − 1
+
∞∑
n=1

(−1)2(k−1)+n+1

∫ 2(k−1)+n+1

2(k−1)+n

1

t2
dt

= −1

x
+

1

2k − 1
+
∞∑
n=1

(−1)n+1 1

(2(k − 1) + n)(2(k − 1) + n+ 1)

= −1

x
+ 2

∞∑
n=2k−1

(−1)n+1

n
,

because the jth partial sum Sj of the series is

Sj =
1

2k − 1
− (−1)j+1

2(k − 1) + j + 1
+ 2

j∑
m=2k

(−1)m+1

m

and lim
j→∞

Sj = 1
2k−1 + 2

∑∞
m=2k

(−1)m+1

m <∞. Thus

∞∑
n=1

(−1)n+1 1

(2(k − 1) + n)(2(k − 1) + n+ 1
=

1

2k − 1
+ 2

∞∑
m=2k

(−1)m+1

m

Then

H∗f(x)− f(x) = 2
∞∑

n=2k−1

(−1)n+1

n
= 2
( ∞∑
n=1

(−1)n+1

n
−

2k−2∑
n=1

(−1)n+1

n

)
= 2
(

log 2−
2k−2∑
n=1

(−1)n+1

n

)
≥ 0

Again for x ∈ (2k − 1, 2k], k ∈ N,

H∗f(x) =
1

x
− 2

∞∑
n=2k

(−1)n

n
=

1

x
+ 2

∞∑
n=2k

(−1)n+1

n
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Then

H∗f(x)− f(x) = 2
∞∑

n=2k

(−1)n+1

n
= 2
( ∞∑
n=1

(−1)n+1

n
−

2k−1∑
n=1

(−1)n+1

n

)
= 2
(

log 2−
2k−1∑
n=1

(−1)n+1

n

)
≤ 0.

Thus,

‖H∗f − f‖L1(0,∞)

=

∫ ∞
0

|H∗f(x)− f(x)|dx

=
∞∑
k=1

(∫ 2k

2k−2

|H∗f(x)− f(x)|dx
)

= 2
∞∑
k=1

( ∞∑
n=2k−1

(−1)n+1

n

∫ 2k−1

2k−2

dx−
∞∑

n=2k

(−1)n+1

n

∫ 2k

2k−1

dx
)

= 2
∞∑
k=1

( ∞∑
n=2k−1

(−1)n+1

n
−

∞∑
n=2k

(−1)n+1

n

)
= 2

∞∑
k=1

1

2k − 1
=∞. (62)

Hence f /∈ Dom[H∗ − I, L1(0,∞)]. This completes the proof of (i)-(b).
Since the operators H,H∗ : Lp(0,∞)→ Lp(0,∞) are bounded for 1 < p <

∞ [40, Theorem 327 and 328], (ii) follows directly from Lemma 3.4.
To prove the equality of the domains in (iii), we assume first that f ∈

Dom[H∗ − I, L∞(0,∞)]; that is, g(x) := H∗f(x) − f(x) ∈ L∞(0,∞). Since
H : L∞(0,∞) → L∞(0,∞) is bounded, by Lemma 3.2-(ii) we obtain that
f − β/x ∈ L∞(0,∞), where β/x ∈ ker[H∗ − I]. Moreover,

H∗(f − β/x)− (f − β/x) = H∗f − f ∈ L∞(0,∞).

implies thatH∗(f−β/x) ∈ L∞(0,∞). That is, f−β/x ∈ Dom[H∗, L∞(0,∞)].
Hence f ∈ (Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞)) + ker[H∗ − I]. To prove the
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reverse inclusion, we let

f + β/x ∈ (Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞)) + ker[H∗ − I],

where β/x ∈ ker(H∗ − I). Then

H∗f − f = H∗(f + β/x)− (f + β/x) ∈ L∞(0,∞),

and hence f ∈ Dom[H∗ − I, L∞(0,∞)].
To prove the sufficiency of (iii)-(a), let w(x) ∈ W . Since w(x) & 1, for all

x > 0, we get L∞(w) ⊂ L∞(0,∞). Again, if w(x) satisfies
∫∞

0
1

tw(t)dt < ∞,
from Proposition 3.12 we obtain that L∞(w) ⊂ Dom[H∗, L∞(0,∞)], and hence
the result follows.

Conversely, let L∞(w) ⊂ (Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞)). Then

L∞(w) ⊂ Dom[H∗, L∞(0,∞)]

and by Proposition 3.12 we obtain
∫∞

0
1

tw(t)dt <∞.
Moreover, L∞(w) ⊂ L∞(0,∞) implies that w(x) & 1. Consequently, we

obtain w(x) ∈ W .
To prove the necessity of (iii)-(b), fix x0 and take fn(x) = xe−xχ

En
(x), where

En = [x0 − 1/n, x0 + 1/n], for 0 < 1/n < x0 <∞. Then

H∗fn(x) =

(∫ x0+1/n

x0−1/n

e−tdt

)
χ(0,x0−1/n](x) +

(∫ x0+1/n

x

e−tdt

)
χ
En

(x)

=
(
e−x0+1/n − e−x0−1/n

)
χ(0,x0−1/n](x) +

(
e−x − e−x0−1/n

)
χ
En

(x),

from which we get

‖H∗fn‖L∞(0,∞) = e−x0+1/n − e−x0−1/n.

Moreover, for 0 < 1/n < x0 < 1− 1/n, n > 2, fn(x) = xe−x on En and it is
increasing. Hence we get(

x0 − 1/n
)
e−x0+1/n sup

x∈En
w(x) ≤ sup

x∈En
|fn(x)|w(x) = ‖fn‖L∞(w),
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and ‖fn‖L∞(0,∞) =
(
x0 + 1/n

)
e−x0−1/n. Then, from the embedding

‖fn‖L∞(w) . ‖H∗fn‖L∞(0,∞) + ‖fn‖L∞(0,∞)

we obtain

sup
x∈En

w(x) .
1

x0 − 1/n

(
1 +

(
x0 + 1/n− 1

)
e−2/n

)
Letting n → ∞, we get w(x0) . 1 for 0 < x0 < 1. Since x0 is arbitrary,

we have that w(x) . 1, for 0 < x < 1. Again, for 1 + 1/n ≤ x0 < ∞,
fn(x) = xe−x on En and it is decreasing. Hence we get(

x0 + 1/n
)
e−x0−1/n sup

x∈En
w(x) ≤ ‖fn‖L∞(w,(0,∞)),

and ‖fn‖L∞(0,∞) =
(
x0− 1/n

)
e−x0+1/n. Following similar procedures as above

and letting n→∞, we get w(x) . 1, a.e. x ≥ 1.
Again from the embedding

‖fn‖L∞(w) . ‖H∗fn‖L∞(0,∞) + ‖fn‖L∞(0,∞)

we obtain

sup
x∈En

w(x) .
1

x0 + 1/n

(
−1 +

(
x0 − 1/n+ 1

)
e2/n

)
Letting n → ∞, we get w(x0) . 1 for x0 ≥ 1. Thus, w(x) . 1, for x ≥ 1.
Consequently, w(x) . 1, a.e. x > 0.

Conversely, if w(x) . 1 a.e., we get L∞(0,∞) ⊂ L∞(w), and hence we get

‖f‖L∞(w) . ‖f‖L∞(0,∞) ≤ ‖H∗f‖L∞(0,∞) + ‖f‖L∞(0,∞).

That the inclusion(
Dom[H∗, L∞(0,∞)] ∩ L∞(0,∞)

)
⊂ L∞(0,∞).

is strict, follows by considering f ≡ 1.
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Remark 3.14. Observe that, in fact,

x

(x+ 1)2
∈ Dom[H∗ − I, L1(0,∞)] \ (L1(0,∞) + ker(H∗ − I)),

and hence, Theorem 3.13 (i) tells us that

L1(0,∞) + ker(H∗ − I) ( Dom[H∗ − I, L1(0,∞)] ( L1,∞(0,∞).

Moreover, if f ∈ Dom[H∗ − I, L1(0,∞)] and g(x) := H∗f(x) − f(x) ∈
L1(0,∞), since∫ b

a

H∗f(x)− f(x)dx = bH∗f(b)− aH∗f(a),

and ∣∣∣ ∫ b

a

H∗f(x)− f(x)dx
∣∣∣ ≤ ∫ b

a

|H∗f(x)− f(x)|dx =

∫ b

a

|g(x)|dx,

we get that

|bH∗f(b)− aH∗f(a)| ≤
∫ ∞

0

|g(x)|dx <∞,

for any 0 < a < b <∞. From here we can easily conclude that xH∗f(x) is a
function of bounded variation on (0,∞).

Remark 3.15. The set W in Theorem 3.13 (iii)-(a) can not be satisfied, in the
sense that both conditions defining W are independent. With W ≡ 1, we trivially
get that the integral condition does not hold. On the other hand, there exists a
weight w > 0 such that

∫∞
0

dt
tw(t) <∞ but w(x) & 1 fails. In fact, we consider Ik

in (59) and w in (60). It is clear that w(x) & 1 fails because w(x) =
1

rk
k→∞−−−→ 0,

x ∈ Ik. On the other hand,
∫∞

0
dt

tw(t) <∞ as shown in (61).

Remark 3.16. Dom[H∗ − I, Lp(0,∞)], 1 ≤ p ≤ ∞, does not satisfy the lat-
tice property. For p = 1, we consider f(x) = 1

x

∑∞
k=1(−1)kχ(k−1,k](x) and

h(x) = 1
x . It is clear that |f(x)| = |h(x)| and h ∈ Dom[H∗ − I, L1(0,∞)] but

f /∈ Dom[H∗ − I, L1(0,∞)] as shown in (62).
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For 1 < p < ∞, we consider f(x) = 1
x and g(x) = 1

p
√
x
χ(0,1)(x). Clearly,

|g(x)| ≤ |f(x)| for all x > 0. By Theorem 3.13 (ii), it suffices to show that f(x)

belongs to Lp(0,∞) + ker(H∗ − I) but g(x) does not.
For p = ∞, we take f(x) = 1

x and g(x) = χ(0,1)(x). Here |g| ≤ |f | and
f ∈ Dom[H∗ − I, L∞(0,∞)] but g /∈ Dom[H∗ − I, L∞(0,∞)]. In fact,

H∗g(x) =

∫ ∞
x

1

t
χ(0,1)(t)dt =

(∫ 1

x

1

t
dt
)
χ(0,1)(x) = − log xχ(0,1)(x).

Then H∗g(x)− g(x) = −(1 + log x)χ(0,1)(x). Consequently,

‖H∗g − g‖L∞(0,∞) = ess sup
x>0

|1 + log x|χ(0,1)(x)

= ess sup
0<x<1

|1 + log x| =∞.
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4 Boundary-domain integral equations for variable-coefficient
Helmholtz BVPs in 2D

4.1 Introduction

Many problems of mathematical physics and engineering such as the ones
associated with steady-state oscillations (mechanical, acoustic, electromagnetic,
etc.) lead to the Helmholtz equation. Since the fundamental solution of the
constant-coefficient Helmholtz equation is known explicitly, the boundary value
problems (BVPs) for this equation can be reduced to the boundary integral
equations (BIEs), which have the advantage that the dimension of the problem is
reduced by one and the BIEs could be effectively solved numerically.

In applications, such as seismic or medical imaging, the coefficients in the
Helmholtz equation become variable [85]. For such partial differential equations
(PDEs) with variable coefficients a fundamental solution is generally not avail-
able in explicit form, preventing reduction of BVPs for such PDEs to explicit
BIEs. Instead, one can use a parametrix (Levi function), which is more widely
available, to reduce the variable-coefficient BVPs to either segregated or united
direct boundary-domain integral or integro-differential equations [66], BDIEs or
BDIDEs. These equations are well studied for Dirichlet, Neumann and Mixed
(Dirichlet-Neumann) BVPs for variable-coefficient second order scalar elliptic
PDE

Au(x) :=
n∑
i=1

∂

∂xi

[
a(x)

∂u(x)

∂xi

]
= f(x), x ∈ Ω (63)

in 3D [20, 21, 22, 23, 68, 71, 72] as well as in 2D [5, 6, 34].
However, this is not the case for the parametrix-based system of BDIEs for

variable-coefficient Helmholtz equation

Au(x) + k2(x)u(x) = f(x), x ∈ Ω (64)

where k(x) is a real function of x, a(x) is a known variable coefficient, u is
unknown function and f ∈ L2(Ω) is a given function. Note that when Ω = Rn
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and k(x) is constant outside a bounded domain, (64) can be reduced to the
Lippmann-Schwinger type integral equation, see e.g. [24, Section 8] for the
case when a(x) is a constant in Rn, and [26, 50, 62] for the case when a(x)

is a constant only outside a bounded domain in Rn. In both cases the integral
equations can be considered as special cases of BDIEs. We also mention [1],
where the numerical solutions of BDIE and BDIDE of the mixed problem for
PDE (64) is given (without analysis of the equivalence to the BVP or the solution
existence and uniqueness). Applying the previously developed techniques for the
operator A in (63), in this paper we shall construct and investigate BDIE systems
for the Dirichlet and mixed (Dirichlet-Neumann) BVPs associated with PDE (64)
in appropriate function spaces in the two-dimensional case. The BDIEs in the
n-dimensional cases with n ≥ 3 can also be analyzed in a similar way, although
the scaling with the parameter r0 in the parametrix will not be needed in such
cases because the invertibility of the standard single layer potential operator will
not depend on the domain size then.

4.2 Preliminaries

Let Ω be a domain in R2 bounded by a smooth curve ∂Ω. The set of all in-
finitely differentiable functions on Ω with compact support is denoted by D(Ω).
The function space D′(Ω) consists of all continuous linear functionals over
D(Ω). The space of restrictions to Ω of functions in D(R2) is denoted by
D(Ω). The space Hs(R2), s ∈ R, denotes the Bessel potential space, and
H−s(R2) is the dual space to Hs(R2). We define Hs(Ω) = {u ∈ D′(Ω) : u =

U |Ω for some U ∈ Hs(R2)}, and H1
0(Ω) is the space of functions in H1(Ω) with

zero traces on ∂Ω. By Hs(∂Ω) we denote the Bessel potential spaces on the
boundary ∂Ω (cf., e.g., [65]).

For the scalar elliptic differential operator A given by

A =
2∑
i=1

∂

∂xi

[
a(x)

∂

∂xi

]
(65)
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we consider the Helmholtz equation

Au(x) + k2(x)u(x) = f(x), x ∈ Ω

where k(x) is a real function of x, a(x) is a known variable coefficient, u is
unknown function and f is a given function in Ω. We assume that a, k ∈ C∞(Ω)

and 0 < a0 < a(x) < a1 <∞ for some constants a0 and a1, for all x ∈ Ω.
Let us denote Ak := A + k2I . Following the definition given, e.g., in

[25, 37, 69], for s ∈ R the subspace Hs,0(Ω;Ak) of Hs(Ω) is defined as

Hs,0(Ω;Ak) := {g ∈ Hs(Ω) : Akg ∈ L2(Ω)}, (66)

with the norm ‖g‖2
Hs,0(Ω;Ak) := ‖g‖2

Hs(Ω) + ‖Akg‖2
L2(Ω). Since Aku − Au =

k2u ∈ L2(Ω) for u ∈ H1(Ω), we get H1,0(Ω;Ak) = H1,0(Ω;A). Moreover, if
s2 ≤ s1, then we have the embedding Hs1,0(Ω;Ak) ⊂ Hs2,0(Ω;Ak).

For u ∈ Hs(Ω), s > 3/2, the corresponding classical co-normal derivative
operator on ∂Ω in the sense of traces denoted by T c+ is given by

T c+u(x) =
2∑
i=1

a(x)ni(x)γ+∂u(x)

∂xi
, (67)

where n(x) is the outward (to Ω) unit normal vector at the point x ∈ ∂Ω, and γ+

is the trace operator.
For u ∈ H2(Ω) and v ∈ H1(Ω), from the Gauss-Ostrogradsky theorem, we

get∫
Ω

v(x)Au(x)dx = −
2∑
i=1

∫
Ω

a(x)
∂u(x)

∂xi

∂v(x)

∂xi
dx+

∫
∂Ω

T c+u(x)γ+v(x)dSx.

From this, we obtain the first Green identity:

Ek(u, v) = −
∫

Ω

v(x)Aku(x)dx+

∫
∂Ω

T c+u(x)γ+v(x)dSx, (68)

where

Ek(u, v) :=

∫
Ω

a(x)∇u(x) · ∇v(x)dx−
∫

Ω

k2(x)u(x)v(x)dx
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is the symmetric bilinear form.
Even though the classical co-normal derivative is, generally, not defined

for u ∈ Hs(Ω), s < 3/2, (some examples are provided in [71, Appendix A])
there exists the following continuous extension of this definition of the classical
conormal derivative hinted by the first Green identity (68), for u ∈ Hs,0(Ω;Ak),
1/2 < s < 3/2 (see e.g., [25], [65, Lemma 4.3],[69, 70]).

Definition 4.1. For u ∈ Hs,0(Ω;Ak), 1/2 < s < 3/2, the (canonical) co-normal
derivative T+u ∈ Hs− 3

2 (∂Ω) is defined in the following weak form:

〈T+u,w〉
∂Ω

:= 〈Aku, γ
−1w〉

Ω
+ Ek(u, γ−1w)

= 〈Au, γ−1w〉
Ω

+ E0(u, γ
−1w), ∀w ∈ H

3
2−s(∂Ω). (69)

In (69) and further on, γ−1 : H
3
2−s(∂Ω) → H2−s(Ω) is a bounded right

inverse to the trace operator γ : H2−s(Ω) → H
3
2−s(∂Ω), the notation 〈·, ·〉

∂Ω

denotes the duality brackets between the spacesHs− 3
2 (∂Ω) andH

3
2−s(∂Ω), while

〈·, ·〉Ω denotes the duality brackets between the spaces Hs−1(Ω) and H1−s(Ω),
extending the usual L2-inner products.

The operator T+ : Hs,0(Ω;Ak) → Hs−3/2(∂Ω) is continuous for s > 1/2.
Moreover, as we observe from [69, Corollary 3.14],

T+u = T c+u for u ∈ Hs(Ω), s > 3/2. (70)

By [25, Lemma 3.4], the first Green identity (68) in the form

〈T+u, γ+v〉
∂Ω

= Ek(u, v) + 〈Aku, v〉Ω, (71)

holds for u ∈ H1,0(Ω;Ak) and v ∈ H1(Ω).
Interchanging the roles of u and v in the first Green identity (71) for u ∈

H1(Ω) and v ∈ H1,0(Ω;Ak), we obtain the first Green identity for v,

〈T+v, γ+u〉
∂Ω

= Ek(v, u) + 〈Akv, u〉Ω. (72)

Then subtracting (72) from (71), we obtain the second Green identity for
u, v ∈ H1,0(Ω;Ak),

〈Aku, v〉Ω − 〈Akv, u〉Ω = 〈T+u, γ+v〉
∂Ω
− 〈T+v, γ+u〉

∂Ω
. (73)
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4.3 Parametrix-based potential operators

Definition 4.2. A function P (x, y) is a parametrix for the operator Ak if

(Ak)xP (x, y) = δ(x− y) +Rk(x, y),

where δ is the Dirac-delta distribution, while Rk(x, y) is a remainder possessing
at most a weak singularity at x = y.

Based on [66], the function

P (x, y) =
1

a(y)
P∆(x, y) =

1

2πa(y)
ln
(|x− y|

r0

)
, x, y ∈ R2,

where r0 > 0 is a constant parameter, is a parametrix for the operator A. Note
that

P∆(x, y) =
1

2π
ln

(
|x− y|
r0

)
, r0 > 0, x, y ∈ R2 (74)

is a fundamental solution of the Laplace operator, ∆, cf., e.g., [65, Theorem
8.1]. We can also take P (x, y) as a parametrix for the operator Ak. Then the
corresponding remainder function becomes

Rk(x, y) = k2(x)P (x, y) +R(x, y), x, y ∈ R2, (75)

where

R(x, y) =
2∑
i=1

xi − yi
2πa(y)|x− y|2

∂a(x)

∂xi
, x, y ∈ R2,

is the remainder function for the operator A and is weakly singular due to the
smoothness of the function a(x). Hence Rk(x, y) is also weakly singular, and
thus, P (x, y) is, indeed, a parametrix for the operator Ak.

4.3.1 Surface potentials

The single and the double layer surface potential operators corresponding to the
parametrix P (x, y), are defined for y /∈ ∂Ω as

V g(y) : = −
∫
∂Ω

P (x, y)g(x)dSx,

Wg(y) : = −
∫
∂Ω

[
T+
x P (x, y)

]
g(x)dSx
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where the integrals are understood as the appropriate dual products if the scalar
density function g is not integrable.

The corresponding boundary integral (pseudodifferential) operators of direct
surface values of the single layer potential V and of the double layer potential
W , and the co-normal derivatives of the single layer potentialW ′, and of the
double layer potential L+, for y ∈ ∂Ω, are

Vg(y) := −
∫
∂Ω

P (x, y)g(x)dSx,

Wg(y) := −
∫
∂Ω

[
T+
x P (x, y)

]
g(x)dSx,

W ′g(y) := −
∫
∂Ω

[
T+
y P (x, y)

]
g(x)dSx,

L+g(y) := T+Wg(y). (76)

Let V∆,W∆,V∆,W∆ andL+
∆ denote the potentials and the boundary operators

corresponding to the Laplace operator ∆. That is, the subscript ∆ means that the
corresponding surface potentials are constructed by means of the fundamental
solution (74) of the Laplace operator ∆. Then the following relations hold in 2D
(cf. [34]).

V g =
1

a
V∆g, Wg =

1

a
W∆(ag) (77)

Vg =
1

a
V∆g, Wg =

1

a
W∆(ag), (78)

W ′g =W ′∆g +
[
a
∂

∂n

(1

a

)]
V∆g, (79)

L+g = L+
∆(ag) +

[
a
∂

∂n

(1

a

)]
γ+W∆(ag). (80)

The following two theorems are proved in [34, Theorem 1 and Theorem 2].
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Theorem 4.3. Let u ∈ H− 1
2 (∂Ω) and v ∈ H 1

2 (∂Ω). Then the following relations
hold for y ∈ ∂Ω,

γ+V u(y) = Vu(y), (81)

γ+Wv(y) = −1

2
v(y) +Wv(y), (82)

T+V u(y) =
1

2
u(y) +W ′u(y). (83)

Theorem 4.4. For s ∈ R, the following operators are continuous,

V : Hs(∂Ω)→ Hs+ 3
2 (Ω),

W : Hs(∂Ω)→ Hs+ 1
2 (Ω),

V ,W ,W ′ : Hs(∂Ω)→ Hs+1(∂Ω).

These theorems imply the following assertion.

Corollary 4.5. The following operators are continuous,

V : Hs(∂Ω)→ Hs+ 3
2 ,0(Ω;Ak), s ≥ −1

2
,

W : Hs(∂Ω)→ Hs+ 1
2 ,0(Ω;Ak), s ≥ 1

2
.

Proof. For g ∈ Hs(∂Ω), from Theorem 4.4 we get V g ∈ Hs+ 3
2 (Ω). Then,

A(V g) = ∆(aV g)−
2∑
i=1

∂i(V g∂ia)

= ∆(V∆g)−
2∑
i=1

∂i(V g∂ia) = −
2∑
i=1

∂i(V g∂ia)

belongs to L2(Ω) if s ≥ −1
2 . A similar proof holds for the operator W as

well.

The compactness of the following surface potential operators in Corollary 4.6
follow directly from Theorem 4.4 and Rellich compact embedding theorem [65,
Theorem 3.27].
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Corollary 4.6. For s ∈ R, the following operators are compact,

V ,W ,W ′ : Hs(∂Ω)→ Hs(∂Ω).

For s ∈ R, Γ1 ⊂ ∂Ω, let us define the following subspaces of the space
Hs(∂Ω), (see e.g., [88, pp 147]):

H̃s(Γ1) := {ψ ∈ Hs(∂Ω) : suppψ ⊂ Γ1},
Hs
∗∗(∂Ω) := {ψ ∈ Hs(∂Ω) : 〈ψ, 1〉

∂Ω
= 0},

H̃s
∗∗(Γ1) := {ψ ∈ H̃s(Γ1) : 〈ψ, 1〉

∂Ω
= 0}.

Corollary 4.6 implies the following assertion.

Theorem 4.7. Let Γ1 and Γ2 be non-empty smooth pieces of a curve ∂Ω. Then
the operators

r
Γ2
V , r

Γ2
W , r

Γ2
W ′ : H̃s(Γ1) −→ Hs(Γ2). (84)

are compact for s ∈ R.

In (84) and further on, r
Γ1

, r
Γ2

, etc. denote the corresponding restriction
operators.

4.3.2 Invertibility of single layer potential operator in 2D

It is well known that the kernel of the operator

V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω) (85)

with the parameter r0 = 1 is non-zero for some domains in 2D (see, e.g., [88,
Theorem 6.22 proof]). Then the first relation in (78) and scaling imply a non-zero
kernel also for V with r0 > 0, for some domains Ω.

The following result is proved in [34, Theorem 4].

Theorem 4.8. Let ψ ∈ H−1/2
∗∗ (∂Ω). If Vψ = 0 on ∂Ω, then ψ = 0.

On the other hand, choosing for a given Ω an appropriate parameter r0, one
can get the zero kernel for V not only on the subspace H−1/2

∗∗ (∂Ω) but also on
the entire space H−1/2(∂Ω) and then prove the following invertibility assertion.
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Theorem 4.9. Let Ω ⊂ R2 with r0 > diam(Ω). Then, the single layer potential
operator

V : H−
1
2 (∂Ω)→ H

1
2 (∂Ω) (86)

is invertible.

Proof. For r0 = 1, the assertion is available in [34, Theorem 5]. For arbitrary
r0 > diam(Ω), the invertibility of operator (85) can be obtained by scaling the
result for r0 = 1, e.g., from Theorem 6.23 and reasoning following it in [88].
Then, the first relation in (78) implies the invertibility of operator (86) as well
(Cf. also [3, Theorem 5.2] and [4, Theorem 6].

Similar to [6, Corollary 2.7], we obtain the following assertion.

Corollary 4.10. Let Γ1 be non-empty relatively open connected part of a curve
∂Ω. Then, the operator

r
Γ1
V : H̃−

1
2 (Γ1)→ H

1
2 (Γ1)

is bounded and Fredholm of index zero.

Theorem 4.11. Let Γ1 be a non-empty relatively open connected part of a curve
∂Ω with r0 > diam(Γ1). Then, the operator r

Γ1
V : H̃−

1
2 (Γ1)→ H

1
2 (Γ1) has a

bounded inverse.

Proof. Taking into account the condition r0 > diam(Γ1), we can follow the
proof of [6, Corollary 2.9].

Due to (82) and the second relation in (77), relation (80) can also be written
as

L̂g =
[
L+ +

∂a

∂n

(
− 1

2
I +W

)]
g, on ∂Ω, (87)

where L̂g := L+
∆(ag).

The following assertion is available, e.g., in [6, Theorem 2.10] (cf. [20,
Theorem 3.6] in the 3D case).
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Theorem 4.12. Let Γ1 be nonempty open smooth part of ∂Ω.
(i) Then, the operator

r
Γ1
L̂ : H̃

1
2 (Γ1)→ H−

1
2 (Γ1)

is continuously invertible.
(ii) Moreover, the operator

r
Γ1

(L+ − L̂) : H̃
1
2 (Γ1)→ H

1
2 (Γ1)

is bounded, and the operator

r
Γ1

(L+ − L̂) : H̃
1
2 (Γ1)→ H−

1
2 (Γ1)

is compact.

4.3.3 Volume potentials

Similar to [5, 20, 66], we define the parametrix-based logarithmic and remainder
volume potential operators, respectively, as

Pg(y) :=

∫
Ω

P (x, y)g(x)dx, Rkg(y) :=

∫
Ω

Rk(x, y)g(x)dx, y ∈ R2.

Remark 4.13. As for the layer potentials, let P∆ denote the logarithmic potential
for the operator ∆, that is,

P∆g(y) :=

∫
Ω

P∆(x, y)g(x)dx, y ∈ R2,

where P∆ is the fundamental solution (74). Then,

Pg =
1

a
P∆g, Rkg = P(k2g) +Rg, (88)

where R is the parametrix-based remainder volume potential operator for the
remainder function R(x, y) and, see [34, 66],

Rg = −1

a

2∑
i=1

∂i[P∆ (g∂ia)],

where ∂i = ∂/∂xi.
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Theorem 4.14. Let Ω be a bounded open region in R2 with closed, infinitely
smooth boundary ∂Ω. The following operators are continuous.

P : Hs(Ω) −→ Hs+2(Ω), s > −1

2
; (89)

R : Hs(Ω) −→ Hs+1(Ω), s > −1

2
; (90)

Rk : Hs(Ω) −→ Hs+1(Ω), s > −1

2
; (91)

γ+Rk : Hs(Ω) −→ Hs+ 1
2 (∂Ω), s > −1

2
; (92)

T+Rk : Hs(Ω) −→ Hs− 1
2 (∂Ω), s >

1

2
. (93)

Proof. For (89) and (90), we refer to [34, Theorem 3]. From the second relation
in (88), together with (89) and (90) we obtain the continuity of (91). The
continuity of the operators (92) and (93) are the direct consequences of the trace
theorem, Definition 4.1 of the co-normal derivative and relation (70).

Corollary 4.15. The following operators are continuous.

P : Hs(Ω) −→ Hs+2,0(Ω;Ak), s ≥ 0; (94)

R : Hs(Ω) −→ Hs+1,0(Ω;Ak), s ≥ 1; (95)

Rk : Hs(Ω) −→ Hs+1,0(Ω;Ak), s ≥ 1. (96)

Proof. Using the continuity of operators (89)–(91) and the space definition (66),
we obtain the continuity of operators (94)–(96).

Corollary 4.16. The following operators are compact.

Rk : Hs(Ω) −→ Hs(Ω), s > −1

2
; (97)

γ+Rk : Hs(Ω) −→ Hs− 1
2 (∂Ω), s > −1

2
; (98)

T+Rk : Hs(Ω) −→ Hs− 3
2 (∂Ω) s >

1

2
. (99)

Proof. The compactness of operators (97)–(99) follows from (91)–(93) and the
Rellich compact embedding theorem.
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Corollary 4.17. The operator

Rk −R : Hs(Ω) −→ Hs,0(Ω;Ak), s > 0, (100)

is compact.

Proof. From the second equation in (88) we see thatRkg−Rg = P(k2g). Then
by (89) for s > −1/2, the operatorRk −R : Hs(Ω)→ Hs+2(Ω) is continuous,
and the operator Rk −R : Hs(Ω) → Hs(Ω) is compact. Hence, the operator
∆(Rk − R) : Hs(Ω) → Hs(Ω) is also continuous for s > −1/2, and the
operator ∆(Rk −R) : Hs(Ω)→ L2(Ω) is compact for s > 0.

Further,Ak(Rk−R) = a∆(Rk−R)+
∑2

j=1(∂ja)∂j(Rk−R)+k2(Rk−R).
The operator ∂j(Rk −R) : Hs(Ω) → Hs+1(Ω) is continuous, and hence, the
operator ∂j(Rk −R) : Hs(Ω) → H0(Ω) is compact for s > −1/2. Thus, the
operator Ak(Rk −R) : Hs(Ω) → L2(Ω) is compact for the operator Ak with
infinitely smooth coefficients, for s > 0 . Hence, the compactness of operator
(100) follows from the space definition (66).

Corollary 4.18. Let Γ1 and Γ2 be non-empty, non-intersecting parts of ∂Ω such
that ∂Ω = Γ1 ∪ Γ2. Then the operators

r
Γ1
γ+R, r

Γ1
γ+Rk : Hs(Ω) −→ Hs− 1

2 (Γ1),

r
Γ1
T+R, r

Γ1
T+Rk : Hs(Ω) −→ Hs− 3

2 (Γ1),

are compact for s > 1
2 .

Proof. Theorem (4.14) implies that the following operators are continuous for
s > 1

2:

r
Γ1
γ+Rk : Hs(Ω) −→ Hs+ 1

2 (Γ1),

r
Γ1
T+Rk : Hs(Ω) −→ Hs− 1

2 (Γ1).

Then, the proof follows from the compactness of the embeddings Hs+ 1
2 (Γ1) ⊂

Hs− 1
2 (Γ1) and Hs− 1

2 (Γ1) ⊂ Hs− 3
2 (Γ1). The proof holds true also for k = 0.

Theorem 4.19. For an infinitely smooth boundary curve ∂Ω, the operator

L+ − L̂ : H
1
2 (∂Ω)→ H−

1
2 (∂Ω)

is bounded and compact.
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4.4 The Third Green Identity

As e.g., in [5, 6, 20, 34]), for u ∈ H1,0(Ω;Ak), we substitute P (x, y) for v(x)

in Green’s second identity (73) for Ω \Bε(y), where Bε(y) is a disc of radius ε
centered at y and take the limit as ε→ 0 to arrive at the parametrix-based third
Green identity

u+Rku− V T+u+Wγ+u = PAku in Ω. (101)

Taking the trace of (101) and using relations (81) and (82), we obtain

1

2
γ+u+ γ+Rku− VT+u+Wγ+u = γ+PAku on ∂Ω. (102)

From Corollaries 4.5 and 4.15, we see that each term of (101) belongs to
H1,0(Ω;Ak). Now, taking the co-normal derivative of (101) and using relation
(83), we get

1

2
T+u+ T+Rku−W ′T+u+ T+Wγ+u = T+PAku on ∂Ω. (103)

If u ∈ H1(Ω) is a solution of equation Aku = f in Ω, where f ∈ L2(Ω), then
(101) becomes

u+Rku− V T+u+Wγ+u = Pf in Ω. (104)

For some functions f,Ψ and Φ, let us consider a more general indirect integral
relation associated with (104),

u+Rku− VΨ +WΦ = Pf in Ω. (105)

Lemma 4.20. Let u ∈ H1(Ω), f ∈ L2(Ω),Ψ ∈ H− 1
2 (∂Ω),Φ ∈ H 1

2 (∂Ω) satisfy
(105). Then u belongs to H1,0(Ω;Ak) and is a solution of PDE Aku = f in Ω,
and

V (Ψ− T+u)(y)−W (Φ− γ+u)(y) = 0, y ∈ Ω. (106)

Proof. As in [20, Lemma 4.1] in the 3D case for k = 0, from Corollaries 4.5
and 4.15, we conclude that all terms in (105) except u belong to H1,0(Ω;Ak).
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Then, (105) implies that u belongs to H1,0(Ω;Ak) as well. Now, let us prove the
remaining results.

Subtracting (105) from (101), we obtain

VΨ∗ −WΦ∗ = P [Aku− f ] in Ω, (107)

where Ψ∗ := T+u−Ψ and Φ∗ := γ+u− Φ. Multiplying equality (107) by a(y)

and using relation (77) and (88), we get

V∆Ψ∗ −W∆(aΦ∗) = P∆[Aku− f ], in Ω. (108)

The application of the Laplace operator ∆ to (108) gives

Aku− f = 0 in Ω. (109)

This shows that u solves differential equation Aku = f in Ω.
Substituting (109) into (107) leads to (106).

Lemma 4.21.

(i) Let Ψ∗ ∈ H− 1
2 (∂Ω) and r0 > diam(Ω). If VΨ∗ = 0 in Ω, then Ψ∗ = 0 on

∂Ω.

(ii) Let Φ∗ ∈ H 1
2 (∂Ω) and r0 > 0. If WΦ∗ = 0 in Ω, then Φ∗ = 0 on ∂Ω.

Proof. The assertion was proved in [34, Lemma 2] for r0 = 1. Taking into
account Theorem 4.9, we follow the proof of [34, Lemma 2] almost word for
word to obtain the assertion for arbitrary r0 > 0.

Lemma 4.22. Let ∂Ω = Γ1∪Γ2, where Γ1 and Γ2 are non-empty, non-intersecting
relatively open parts of the boundary curve ∂Ω. Let Φ∗ ∈ H̃ 1

2 (Γ2) and Ψ∗ ∈
H̃−

1
2 (Γ1) with r0 > diam(Γ1). If

VΨ∗(y)−WΦ∗(y) = 0, y ∈ Ω, (110)

then Ψ∗ = 0 and Φ∗ = 0 on ∂Ω.
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Proof. Keeping in mind [65, Theorem 8.16] we follow the proof of
[20, Lemma 4.2 (iii)] (See also [3, Lemma 5.8], [4, Lemma 3], [6, Lemma 2.12]).

Remark 4.23. The results of Lemma 4.21 and Lemma 4.22 with no restriction on
the parameter r0 can be similarly obtained if Ψ∗ ∈ H−

1
2

∗∗ (∂Ω) and Ψ∗ ∈ H̃−
1
2

∗∗ (Γ1),
respectively.

4.5 Boundary-Domain Integral Equations of the Dirichlet BVP

Consider the Dirichlet BVP

Aku = f in Ω,

γ+u = ϕ0 on ∂Ω,
(111)

for unknown function u ∈ H1(Ω), where f ∈ L2(Ω) and ϕ0 ∈ H
1
2 (∂Ω) are

given functions. The first equation is understood in the distribution sense.
Let us derive and analyze BDIE systems for the Dirichlet BVP (111).
To reduce the variable-coefficient Dirichlet BVP (111) to segregated BDIE

systems, we denote the unknown co-normal derivative as ψ := T+u and further
consider ψ as formally independent of u.

4.5.1 BDIE System (D1)

We substitute Aku and γ+u from the Dirichlet BVP (111) into (101) and into its
trace (102) to reduce the Dirichlet BVP (111) to the BDIE system (D1) with the
unknowns u and ψ:

u+Rku− V ψ = F0 in Ω,

γ+Rku− Vψ = γ+F0 − ϕ0 on ∂Ω,
(D1)

where

F0 = Pf −Wϕ0 in Ω. (112)

The matrix form of system (D1) is

A1
kU = F1,
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where U = (u, ψ)t ∈ H1,0(Ω;Ak)×H−
1
2 (∂Ω),

A1
k =

[
I +Rk − V
γ+Rk − V

]
, F1 =

[
F0

γ+F0 − ϕ0

]
. (113)

From the mapping properties of P and W provided in Section 4.3, we get
F0 ∈ H1,0(Ω;Ak). Moreover, the trace theorem implies that γ+F0 ∈ H

1
2 (∂Ω).

Therefore, F1 ∈ H1,0(Ω;Ak) × H
1
2 (∂Ω). Due to the mapping properties of

the operators involved in (113) (see Section 4.3), the following operators are
bounded:

A1
k : H1(Ω)×H−

1
2 (∂Ω) −→ H1(Ω)×H

1
2 (∂Ω), (114)

A1
k : H1,0(Ω;Ak)×H−

1
2 (∂Ω) −→ H1,0(Ω;Ak)×H

1
2 (∂Ω). (115)

Remark 4.24. F1 = 0 if and only if (f, ϕ0) = 0.

Proof. If F1 = 0, then F0 = 0 and γ+F0 + ϕ0 = 0. Consequently, ϕ0 = 0 on
∂Ω. From this and F0 = 0 we obtain that Pf = 0 in Ω, and hence, f = 0 in Ω.
The reverse implication is trivial.

4.5.2 BDIE System (D2)

This system is obtained by substituting Aku and γ+u from the Dirichlet BVP
(111) into (101) and into its co-normal derivative (103), with the unknowns u
and ψ:

u+Rku− V ψ = F0 in Ω,

1

2
ψ + T+Rku−W ′ψ = T+F0 on ∂Ω,

(D2)

where F0 is the relation (112). The system (D2) can be written in matrix form as

A2
kU = F2,

where

A2
k :=

[
I +Rk − V
T+Rk

1
2I −W

′

]
, F2 =

[
F0

T+F0

]
,
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and F0 is given by (112). The following operators are bounded:

A2
k : H1(Ω)×H−

1
2 (∂Ω) −→ H1(Ω)×H−

1
2 (∂Ω), (116)

A2
k : H1,0(Ω;Ak)×H−

1
2 (∂Ω) −→ H1,0(Ω;Ak)×H−

1
2 (∂Ω). (117)

Remark 4.25. F2 = 0 if and only if (f, ϕ0) = 0.

Proof. If F2 = 0, then F0 = 0. From which we get

0 = ∆(aF0) = ∆(P∆f) + ∆W∆(ϕ0) = f in Ω.

Then, the condition F0 = 0 gives W∆(ϕ0) = 0 and Lemma 4.21 (ii) implies that
ϕ0 = 0 on ∂Ω. The reverse implication is trivial.

4.6 Equivalence, Fredholm Properties, and Invertibility for BDIEs of the
Dirichlet BVP

In this section, we first prove the equivalence of the Dirichlet BVP (111) to the
BDIE systems (D1) and (D2), and then we show the necessary conditions for the
invertibility of the two corresponding operators to the BDIE systems.

Theorem 4.26. Let ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω).

(i) If some u ∈ H1(Ω) solves the BVP (111), then the pair (u, ψ)t, where

ψ = T+u ∈ H−
1
2 (∂Ω), (118)

solves BDIE systems (D1) and (D2).

(ii) Let r0 > diam(Ω). If a pair (u, ψ)t ∈ H1(Ω) × H− 1
2 (∂Ω) solves BDIE

system (D1), then u solves BVP (111) and ψ satisfies (118).

(iii) Let r0 > 0. If a pair (u, ψ)t ∈ H1(Ω) × H− 1
2 (∂Ω) solves BDIE system

(D2), then u solves BVP (111), and ψ satisfies (118).

Proof. To prove (i), we let u ∈ H1(Ω) be a solution of the BVP (111). Since
Aku = f ∈ L2(Ω), we get u ∈ H1,0(Ω;Ak). Setting ψ = T+u and recalling
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how BDIE system (D1) and (D2) are constructed, we obtain that the couple
(u, ψ)t solves the systems.

To prove (ii) and (iii), let us assume first that a pair (u, ψ)t ∈ H1(Ω) ×
H−

1
2 (∂Ω) solves system (D1) or (D2). Due to the first equation in the BDIE

systems, the hypotheses of Lemma 4.20 are satisfied implying that u belongs to
H1,0(Ω;Ak) and solves the PDE in the BVP (111) in Ω. Moreover, the equation

W (ϕ0 − γ+u)(y)− V (ψ − T+u)(y) = 0, y ∈ Ω, (119)

holds.
To prove the remaining parts of (ii), we let (u, ψ)t ∈ H1(Ω) × H−

1
2 (∂Ω)

solve system (D1). Taking the trace of the first equation in (D1) and subtracting
the second equation from it, we get the Dirichlet boundary condition

γ+u = ϕ0 on ∂Ω,

and substituting this in equation (119) we obtain

V (ψ − T+u)(y) = 0, y ∈ Ω.

Since r0 > diam(Ω), from Lemma 4.21 (i) we get ψ = T+u.
To complete (iii), we let (u, ψ)t ∈ H1(Ω)×H− 1

2 (∂Ω) solve system (D2). It
is already shown that u ∈ H1,0(Ω;Ak). Moreover, all the remaining terms in the
first equation of (D2) belong to H1,0(Ω;Ak) due to the mapping properties of
the operators involved (see Section 4.3). Then, taking the co-normal derivative
of the first equation in (D2) and subtracting the second one from it, we get

ψ = T+u on ∂Ω.

Then, inserting this in (119) gives

W (ϕ0 − γ+u)(y) = 0, y ∈ Ω,

and Lemma 4.21 (ii) implies ϕ0 = γ+u on ∂Ω.

Theorem 4.26 implies the following two corollaries.
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Corollary 4.27. Let ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω).

(i) Let r0 > diam(Ω). If a pair (u, ψ)t ∈ H1(Ω) × H− 1
2 (∂Ω) solves BDIE

system (D1), it solves BDIE system (D2).

(ii) Let r0 > 0. If a pair (u, ψ)t ∈ H1(Ω) × H− 1
2 (∂Ω) solves BDIE system

(D2), it solves BDIE system (D1).

Corollary 4.28.

(i) Let r0 > diam(Ω). The homogeneous counterpart of BDIE system (D1)
has a non-trivial solution in H1×H− 1

2 (∂Ω) if and only if the homogeneous
counterpart of the Dirichlet problem (111) has a non-trivial solution in
H1(Ω).

(ii) Let r0 > 0. The homogeneous counterpart of BDIE system (D2) has a
non-trivial solution in H1(Ω)×H− 1

2 (∂Ω) if and only if the homogeneous
counterpart of the Dirichlet problem (111) has a non-trivial solution in
H1(Ω).

Let us now analyse the Fredholm properties of operators (114), (115), (116)
and (117). As a bi-product we also prove the invertibility of the corresponding
operators for k = 0.

Theorem 4.29.

(i) If r0 > diam(Ω), then operator (114) is Fredholm with zero index.

(ii) If r0 > 0, then operator (116) is Fredholm with zero index.

Proof. (i) Let r0 > diam(Ω). Let us consider the auxiliary operator

A1
∗ :=

[
I − V
0 − V

]
.

Then, the operator A1
∗ : H1(Ω)×H− 1

2 (∂Ω) −→ H1(Ω)×H 1
2 (∂Ω) is bounded.

It is invertible due to the invertibility of its diagonal operators

I : H1(Ω)→ H1(Ω) and V : H−
1
2 (∂Ω)→ H

1
2 (∂Ω),
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see Theorem 4.9. Due to the mapping properties of the operators involved, the
operator A1

k −A1
∗ : H1(Ω)×H− 1

2 (∂Ω)→ H1(Ω)×H 1
2 (∂Ω) where

A1
k −A1

∗ =

[
Rk 0

γ+Rk 0

]
,

is compact. Thus, operator (114) is Fredholm with index zero.
(ii) The operator A2

∗ : H1(Ω)×H− 1
2 (∂Ω) −→ H1(Ω)×H− 1

2 (∂Ω), where

A2
∗ =

[
I − V
0 1

2I

]
is bounded. It is also invertible due to the invertibility of its diagonal operators

I : H1(Ω) −→ H1(Ω) and I : H−
1
2 (∂Ω) −→ H−

1
2 (∂Ω).

By Corollaries 4.6 and 4.16, the operator

A2
k −A2

∗ : H1(Ω)×H−
1
2 (∂Ω) −→ H1(Ω)×H−

1
2 (∂Ω),

where

A2
k −A2

∗ =

[
Rk 0

T+Rk −W ′

]
,

is compact. This implies that operator (116) is a Fredholm operator of index
zero.

Let us consider the particular cases of operators (114), (115), (116) and (117),
for k = 0, that is,

A1
0 : H1(Ω)×H−

1
2 (∂Ω) −→ H1(Ω)×H

1
2 (∂Ω), (120)

A1
0 : H1,0(Ω;A)×H−

1
2 (∂Ω) −→ H1,0(Ω;A)×H

1
2 (∂Ω), (121)

A2
0 : H1(Ω)×H−

1
2 (∂Ω)→ H1(Ω)×H−

1
2 (∂Ω), (122)

A2
0 : H1,0(Ω;A)×H−

1
2 (∂Ω)→ H1,0(Ω;A)×H−

1
2 (∂Ω), (123)

where

A1
0 =

[
I +R − V
γ+R − V

]
, A2

0 =

[
I +R −V
T+R 1

2I −W
′

]
.
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Theorem 4.30.

(i) If r0 > diam(Ω), then operators (120) and (121) are invertible.

(ii) If r0 > 0, then operators (122) and (123) are invertible.

Proof. The theorem for r0 = 1 was proved in [34, Theorems 7 and 8]. Here, we
update the proof for arbitrary r0 > 0.

It is well known that the homogeneous Dirichlet problem (111) with k = 0,
that is, with Ak = A, where the operator A is given by (65) and 0 < a0 <

a(x) < a1 < ∞, has only the trivial solution in H1,0(Ω;A) and H1(Ω). This
can be obtained, e.g., from the first Green identity (71). Then, the equivalence
Theorem 4.26 implies that operators (120), (121), (122) and (123) are injective.
By Theorem 4.29, operators (120) and (122) are a Fredholm operator with zero
index. Then, the injectivity of operators (120) and (122) implies their invertibility
(see e.g. [65, Theorem 2.27]).

To prove invertibility of operator (121), we remark that for any F1 ∈
H1,0(Ω;A)×H 1

2 (∂Ω), a solution of the equation A1
0 U = F1 can be written as

U = (A1
0)
−1F1, where (A1

0)
−1 : H1(Ω)×H 1

2 (∂Ω)→ H1(Ω)×H− 1
2 (∂Ω) is the

continuous inverse to operator (120). But due to Lemma 4.20 the first equation of
system (D1) with k = 0 implies that U = (A1

0)
−1F1 ∈ H1,0(Ω;A)×H− 1

2 (∂Ω)

and moreover, the operator

(A1
0)
−1 : H1,0(Ω;A)×H

1
2 (∂Ω)→ H1,0(Ω;A)×H−

1
2 (∂Ω)

is continuous, which implies invertibility of operator (121).
The invertibility of operator (123) is proved in a similar fashion.

Now, we are in the position to prove an analogue of Theorem 4.29 for opera-
tors (115) and (117).

Theorem 4.31.

(i) If r0 > diam(Ω), then operator (115) is Fredholm with zero index.

(ii) If r0 > 0, then operator (117) is Fredholm with zero index.
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Proof. By Theorem 4.30, we see that operators (121) and (123) are invertible.
Due to Corollary 4.17, the operators

A1
k −A1

0 : H1,0(Ω;Ak)×H−
1
2 (∂Ω)→ H1,0(Ω;Ak)×H

1
2 (∂Ω),

A2
k −A2

0 : H1,0(Ω;Ak)×H−
1
2 (∂Ω)→ H1,0(Ω;Ak)×H−

1
2 (∂Ω),

where

A1
k −A1

0 =

[
Rk −R 0

γ+(Rk −R) 0

]
, A2

k −A2
0 =

[
Rk −R 0

T+(Rk −R) 0

]
,

are compact, implying that operators (115) and (117) are Fredholm operator with
index zero.

Corollary 4.32.

(i) Let r0 > diam(Ω). The homogeneous counterpart of the Dirichlet problem
(111) has only the trivial solution in H1(Ω) if and only if operators (114)
and (115) are invertible.

(ii) Let r0 > 0. The homogeneous counterpart of the Dirichlet problem (111)
has only the trivial solution in H1(Ω) if and only if operators (116) and
(117) are invertible.

Proof. If the homogeneous counterpart of the Dirichlet problem (111) has only
the trivial solution in H1(Ω), by Corollary 4.28 (i) the operators (114) and (115)
will be injective. Hence, these operators become invertible due to Theorem 4.29.

Conversely, if the operator (114) or (115) is invertible, the homogeneous
counterpart of BDIE system (D1) can have only the trivial solution in H1(Ω)×
H−

1
2 (∂Ω), and hence, the result follows from Corollary 4.28 (i).

For operators (116) and (117), the proof is similar.

4.7 Boundary Domain Integral Equations of the Mixed BVP

Let ∂Ω = ∂ΩD ∪ ∂ΩN , where ∂ΩD and ∂ΩN are non-empty, relatively open,
non-intersecting parts of ∂Ω. We will derive and analyze the system of BDIEs
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for the following mixed BVP

Aku = f in Ω,

γ+u = ϕ0 on ∂ΩD,

T+u = ψ0 on ∂ΩN ,

(124)

for unknown function u ∈ H1(Ω), where f ∈ L2(Ω), ϕ0 ∈ H
1
2 (∂ΩD) and

ψ0 ∈ H−
1
2 (∂ΩN) are given functions.

Similar to the 3D case in [20] and the 2D case with k = 0 in [6], we let
Φ0 ∈ H

1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some extensions of the given function

ϕ0 from ∂ΩD to ∂Ω and ψ0 from ∂ΩN to ∂Ω, respectively. Then, an arbitrary
extension Φ ∈ H

1
2 (∂Ω) preserving the function space can be represented as

Φ = Φ0 + ϕ with ϕ ∈ H̃
1
2 (∂ΩN); and Ψ ∈ H−

1
2 (∂Ω) as Ψ = Ψ0 + ψ with

ψ ∈ H̃− 1
2 (∂ΩD).

Considering (101), and restrictions of either (102) or (103) on the appropriate
parts of ∂Ω, we reduce the BVP (124) to four different BDIE systems. In each
case, we substitute f for Aku, Φ = Φ0 + ϕ for the boundary trace γ+u and
Ψ = Ψ0 + ψ for the co-normal derivative T+u, where Φ0 and Ψ0 are considered
known while the triple (u, ψ, ϕ) ∈ H1,0(Ω;Ak)× H̃−

1
2 (∂ΩD)× H̃ 1

2 (∂ΩN) is to
be found.

4.7.1 BDIE System (M11)

This system is obtained by considering the third Green identity (101) in Ω,
the restriction of its trace (102) on ∂ΩD, and the restriction of its co-normal
derivative (103) on ∂ΩN , with respect to the unknowns u, ψ, and ϕ:

u+Rku− V ψ +Wϕ = F0, in Ω,

γ+Rku− Vψ +Wϕ = γ+F0 − ϕ0, on ∂ΩD,

T+Rku−W ′ψ + L+ϕ = T+F0 − ψ0, on ∂ΩN ,

(M11)

where

F0 = Pf + VΨ0 −WΦ0 in Ω. (125)

128



The BDIE system (M11) can be rewritten in matrix form as

M11
k U = F11, (126)

where U = (u, ψ, ϕ)t ∈ H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃ 1

2 (∂ΩN) and

M11
k =

 I +Rk − V W

r
∂ΩD

γ+Rk − r
∂ΩD
V r

∂ΩD
W

r
∂ΩN

T+Rk − r
∂ΩN
W ′ r

∂ΩN
L+

 ,
F11 =

 F0

r
∂ΩD

γ+F0 − ϕ0

r
∂ΩN

T+F0 − ψ0

 .
Due to Corollaries 4.5 and 4.15, we get F0 ∈ H1,0(Ω;Ak). Then we have

F11 ∈ H1,0(Ω;Ak)×H
1
2 (∂ΩD)×H− 1

2 (∂ΩN) and the operators

M11
k : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1(Ω)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN), (127)

M11
k : H1,0(Ω;Ak)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN) (128)

are bounded.
Taking into account Lemma 4.22, we prove the following remark in the same

way as [20, Remark 5.1].

Remark 4.33. Let r0 > diam(Ω). F11 = 0 if and only if (f,Φ0,Ψ0) = 0.

4.7.2 BDIE System (M12)

By taking the third Green identity (101) in Ω and its trace (102) on the whole
boundary ∂Ω, we arrive at the system (M12):

u+Rku− V ψ +Wϕ = F0 in Ω,

1

2
ϕ+ γ+Rku− Vψ +Wϕ = γ+F0 − Φ0, on ∂Ω,

(M12)
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where F0 is given by the relation (125). System (M12) can be rewritten in matrix
form as

M12
k U = F12, (129)

where U = (u, ψ, ϕ)t ∈ H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃ 1

2 (∂ΩN) and

M12
k =

[
I +Rk − V W

γ+Rk − V 1
2I +W

]
, F12 =

[
F0

γ+F0 − Φ0

]
.

Note that F12 ∈ H1,0(Ω;Ak) × H
1
2 (∂Ω). Due to the mapping properties

of the operators involved (see Corollaries 4.5 and 4.15, Theorem 4.14 and [34,
Theorem 1]), we see that the operators

M12
k : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H

1
2 (∂Ω), (130)

M12
k : H1,0(Ω;Ak)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H
1
2 (∂Ω) (131)

are bounded.

Remark 4.34. Let Ψ0 ∈ H−
1
2 (∂Ω) with r0 > diam(Ω). Then, F12 = 0 if and

only if (f,Φ0,Ψ0) = 0.
Indeed, the latter obviously implies the former. Conversely, let F12 =

(F0, γ
+F0 − Φ0) = 0. From F0 = 0, we get f = 0 and VΨ0 − WΦ0 = 0

in Ω. Again from γ+F0 − Φ0 = 0, we get Φ0 = 0 on ∂Ω. Hence, we obtain
VΨ0 = 0 in Ω, and the result follows from Lemma 4.21 (i).

4.7.3 BDIE System (M21)

We obtain this system by using the third Green identity (101) on Ω and its
co-normal derivative (103) on the whole boundary ∂Ω:

u+Rku− V ψ +Wϕ = F0 in Ω,

1

2
ψ + T+Rku−W ′ψ + L+ϕ = T+F0 −Ψ0 on ∂Ω,

(M21)

where F0 is given by (125). We rewrite the system (M21) in matrix form as

M21
k U = F21,
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where U = (u, ψ, ϕ)t ∈ H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃ 1

2 (∂ΩN) and

M21
k =

[
I +Rk − V W

T+Rk
1
2I −W

′ L+

]
, F21 =

[
F0

T+F0 −Ψ0

]
.

Here, F21 ∈ H1,0(Ω;Ak) × H−
1
2 (∂Ω). Due to the mapping properties of the

operators involved inM21
k , the following operators are bounded.

M21
k : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H−

1
2 (∂Ω), (132)

M21
k : H1,0(Ω;Ak)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H−
1
2 (∂Ω). (133)

Remark 4.35. Let r0 > 0. F21 = 0 if and only if (f,Φ0,Ψ0) = 0.

We prove this remark in the same way as Remark 4.34.

4.7.4 BDIE System (M22)

Here, we use the third Green identity (101) in Ω, the restriction of its trace (102)
on ∂ΩN and the restriction of its conormal derivative (103) on ∂ΩD to get the
system (M22),

u+Rku− V ψ +Wϕ = F0 in Ω,

1

2
ψ + T+Rku−W ′ψ + L+ϕ = T+F0 −Ψ0 on ∂ΩD,

1

2
ϕ+ γ+Rku− Vψ +Wϕ = γ+F0 − Φ0 on ∂ΩN ,

(M22)

where F0 is given by (125). Let us write the system (M22) in matrix form as

M22
k U = F22,

where U = (u, ψ, ϕ)t ∈ H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃ 1

2 (∂ΩN), and
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M22
k =

 I +Rk − V W

r
∂ΩD

T+Rk r
∂ΩD

(
1
2I −W

′) r
∂ΩD
L+

r
∂ΩN

γ+Rk − r
∂ΩN
V r

∂ΩN

(
1
2I +W

)
 ,

F22 =

 F0

r
∂ΩD

(T+F0 −Ψ0)

r
∂ΩN

(γ+F0 − Φ0)

 .
From the mapping properties of the operators involved, F22 ∈ H1,0(Ω;Ak) ×
H−

1
2 (∂ΩD)×H 1

2 (∂ΩN) and the following operators are bounded.

M22
k : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1(Ω)×H−
1
2 (∂ΩD)×H

1
2 (∂ΩN), (134)

M22
k : H1,0(Ω;Ak)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H−
1
2 (∂ΩD)×H

1
2 (∂ΩN). (135)

Taking into account Lemma 4.22, we prove the following remark in the same
way as [20, Remark 5.11].

Remark 4.36. Let r0 > diam(Ω). F22 = 0 if and only if (f,Φ0,Ψ0) = 0.

4.8 Equivalence, Fredholm Properties and Invertibility for BDIE opera-
tors of the mixed BVP

Let us prove that the mixed BVP (124) is equivalent to the BDIE systems (M11),
(M12), (M21), and (M22).

Theorem 4.37. Let Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some extensions of

ϕ0 ∈ H
1
2 (∂ΩD) and ψ0 ∈ H−

1
2 (∂ΩN), respectively, and let f ∈ L2(Ω).

(i) If some u ∈ H1(Ω) solves the mixed BVP (124), then the triple (u, ψ, ϕ)t ∈
H1(Ω)× H̃− 1

2 (∂ΩD)× H̃ 1
2 (∂ΩN), where

ψ = T+u−Ψ0, ϕ = γ+u− Φ0 on ∂Ω, (136)

solves the BDIE systems (M11), (M12), (M21) and (M22).
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(ii) Let r0 > diam(Ω). If a triple (u, ψ, ϕ)t ∈ H1(Ω)×H̃− 1
2 (∂ΩD)×H̃ 1

2 (∂ΩN)

solves one of the BDIE systems (M11) or (M12) or (M22), then u solves
BVP (124), and relations (136) hold.

(iii) Let r0 > 0. If a triple (u, ψ, ϕ)t ∈ H1(Ω)×H̃− 1
2 (∂ΩD)×H̃ 1

2 (∂ΩN) solves
the BDIE system (M21), then u solves BVP (124), and relations (136) hold.

Proof. To prove (i), we let u ∈ H1(Ω) be a solution to BVP (124). Then, for ψ
and ϕ defined by (136), we get ψ ∈ H̃− 1

2 (∂ΩD) and ϕ ∈ H̃ 1
2 (∂ΩN). Recalling

how the four BDIE systems were constructed, the result immediately follows
from relations (101)–(103).

To prove (ii) and (iii), let us first assume that a triple (u, ψ, ϕ)t ∈ H1(Ω)×
H̃−

1
2 (∂ΩD)×H̃ 1

2 (∂ΩN) solves either the BDIE system (M11) or (M12) or (M21)
or (M22). The first equation of each system and Lemma 4.20 with Ψ = ψ + Ψ0

and Φ = ϕ+ Φ0 imply that u solves the PDE Aku = f on Ω the relation

VΨ∗ −WΦ∗ = 0 in Ω (137)

holds for

Ψ∗ = Ψ0 + ψ − T+u and Φ∗ = Φ0 + ϕ− γ+u. (138)

Whenever in the remaining proof we take the trace or co-normal derivative of
the first equation of each system, we make use of relations (81)–(83) and the last
equation in (76).

Proof for (M11). Let a triple (u, ψ, ϕ)t ∈ H1(Ω)× H̃− 1
2 (∂ΩD)× H̃ 1

2 (∂ΩN)

solves the BDIE system (M11). Taking the trace of the first equation in (M11)
on ∂ΩD and subtracting the second equation from it, we obtain

γ+u = ϕ0 on ∂ΩD, (139)

i.e., u satisfies the Dirichlet condition in (124). We now take the co-normal
derivative of the first equation in (M11) on ∂ΩN and subtract the third equation
from it to get

T+u = ψ0 on ∂ΩN , (140)
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i.e., u satisfies the Neumann condition in (124). Taking into account that ϕ =

0, Φ0 = ϕ0 on ∂ΩD and ψ = 0, Ψ0 = ψ0 on ∂ΩN , equations (139) and (140)
imply that the first equation in (136) is satisfied on ∂ΩN and the second equation
in (136) on ∂ΩD. From this and relation (138), we have Ψ∗ ∈ H̃− 1

2 (∂ΩD), Φ∗ ∈
H̃

1
2 (∂ΩN). Since relation (137) holds and r0 > diam(∂ΩD), from Lemma 4.22

we get Ψ∗ = Φ∗ = 0, which completes the proof of conditions (136).
Proof for (M12). Now, let a triple (u, ψ, ϕ)t ∈ H1(Ω) × H̃−

1
2 (∂ΩD) ×

H̃
1
2 (∂ΩN) solves BDIE system (M12). Taking trace of the first equation in

(M12) on ∂Ω and subtracting the second one from it, we obtain

γ+u = Φ0 + ϕ on ∂Ω, (141)

which means that the second equation in (136) holds. Since ϕ = 0, Φ0 = ϕ0 on
∂ΩD, we see that the Dirichlet condition in (124) is satisfied.

Due to (141), the second term in (137) vanishes and by Lemma 4.21 (i), we
obtain

Ψ0 + ψ − T+u = 0 on ∂Ω, (142)

which shows that the first equation of (136) is satisfied as well. Since ψ = 0,
Ψ0 = ψ0 on ∂ΩN , (142) implies that u satisfies the Neumann boundary condition
in (124).

Proof for (M22). Now, let a triple (u, ψ, ϕ)t ∈ H1(Ω) × H̃−
1
2 (∂ΩD) ×

H̃
1
2 (∂ΩN) solves the BDIE system (M22). Taking the co-normal derivative of

the first equation in (M22) on ∂ΩD and subtracting it from the second equation,
we obtain

ψ = T+u−Ψ0 on ∂ΩD. (143)

Taking the trace of the first equation in (M22) on ∂ΩN and subtracting it from
the third equation yields

ϕ = γ+u− Φ0 on ∂ΩN . (144)

Equation (143) and (144) imply that the first equation in (136) is satisfied
on ∂ΩD and the second one on ∂ΩN . Due to (143) and (144), we have Ψ∗ ∈
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H̃−
1
2 (∂ΩN), Φ∗ ∈ H̃

1
2 (∂ΩD) in (137) and (138). Then, Lemma 4.22 with

Γ1 = ∂ΩN and Γ2 = ∂ΩD implies that Ψ∗ = Φ∗ = 0, which completes the
proof of conditions (136) on the whole boundary ∂Ω. Taking into account that
ϕ = 0,Φ0 = ϕ0 on ∂ΩD and ψ = 0,Ψ0 = ψ0 on ∂ΩN , (136) implies the
boundary conditions in the mixed BVP (124).

Proof for (M21). Let a triple (u, ψ, ϕ)t ∈ H1(Ω)× H̃− 1
2 (∂ΩD)× H̃ 1

2 (∂ΩN)

solves the BDIE system (M21). We take the co-normal derivative of the first
equation in (M21) on ∂Ω and subtract the second equation from it to obtain

ψ + Ψ0 − T+u = 0 on ∂Ω, (145)

which is the first equation of (136). Since ψ = 0, Ψ0 = ψ0 on ∂ΩN , we see that
u satisfies the Neumann condition in (124).

Due to (145), the first term in (137) vanishes and, by Lemma 4.21 (ii), we
obtain

Φ0 + ϕ− γ+u = 0 on ∂Ω, (146)

which means that the second condition in (136) holds as well. Since ϕ = 0,
Φ0 = ϕ0 on ∂ΩD, from (146) we see that u satisfies the Dirichlet boundary
condition in (124).

Corollary 4.38. Let Φ0 ∈ H
1
2 (∂Ω) and Ψ0 ∈ H−

1
2 (∂Ω) be some extensions of

ϕ0 ∈ H
1
2 (∂ΩD) and ψ0 ∈ H−

1
2 (∂ΩN), respectively, and let f ∈ L2(Ω).

(i) Let r0 > diam(Ω). If a triple (u, ψ, ϕ)t ∈ H1(Ω)×H̃− 1
2 (∂ΩD)×H̃ 1

2 (∂ΩN)

solves the BDIE system (M11) or (M12) or (M22), then it solves all the
other three BDIE systems.

(ii) Let r0 > 0. If a triple (u, ψ, ϕ)t ∈ H1(Ω)×H̃− 1
2 (∂ΩD)×H̃ 1

2 (∂ΩN) solves
the BDIE system (M21), then it solves (M11), (M12) and (M22).

Corollary 4.39.

(i) Let r0 > diam(Ω). The homogeneous counterpart of BDIE system (M11)
or (M12) or (M22) has a non-trivial solution in H1(Ω) × H̃− 1

2 (∂ΩD) ×
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H̃
1
2 (∂ΩN) if and only if the homogeneous counterpart of the mixed problem

(124) has a non-trivial solution in H1(Ω).

(ii) Let r0 > 0. The homogeneous counterpart of BDIE system (M21) has a
non-trivial solution in H1(Ω)× H̃− 1

2 (∂ΩD)× H̃ 1
2 (∂ΩN) if and only if the

homogeneous counterpart of the mixed problem (124) has a non-trivial
solution in H1(Ω).

Now, we prove the Fredholm property of the corresponding operators of the
BDIE system (M11), (M12), and (M21).

Theorem 4.40.

(i) If r0 > diam(Ω), operators (127) and (130) are Fredholm with index zero.

(ii) If r0 > 0, operator (132) is Fredholm with index zero.

Proof. Here we follow the arguments similar to the ones used in [20, for 3D
case].

Operator (127). To prove the Fredholm property of operator (127), let us
consider the operator

M11
∗ :=

 I − V W

0 − r
∂ΩD
V 0

0 0 r
∂ΩN
L̂

 ,
where L̂ is given by (87).

The operatorM11
∗ is an upper triangular matrix operator with the following

scalar diagonal operators,

I : H1(Ω) −→ H1(Ω),

r
∂ΩD
V : H̃−

1
2 (∂ΩD) −→ H

1
2 (∂ΩD),

r
∂ΩN
L̂ : H̃

1
2 (∂ΩN) −→ H−

1
2 (∂ΩN),

that are invertible (due to Theorems 4.11 and 4.12 (i) for the second and third
operators). Along with the mapping properties of the operators V and W (see

136



Theorem 4.4), the operator

M11
∗ : H1(Ω)×H̃−

1
2 (∂ΩD)×H̃

1
2 (∂ΩN) −→ H1(Ω)×H

1
2 (∂ΩD)×H−

1
2 (∂ΩN)

is invertible. The operator

M11
k −M11

∗ : H1(Ω)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1(Ω)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN),

where

M11
k −M11

∗ :=


Rk 0 0

r
∂ΩD

γ+Rk 0 r
∂ΩD
W

r
∂ΩN

T+Rk − r
∂ΩN
W ′ r

∂ΩN

(
L+ − L̂

)
 .

is compact due to Corollaries 4.16 and 4.18 as well as Theorems 4.7 and 4.12 (ii).
Hence, (127) is a Fredholm operator with zero index.

Operator (130). Let us denote

M12
∗ :=

[
I − V W

0 − V 1
2I

]
.

Then

M12
∗ : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H

1
2 (∂Ω)

is bounded. To show the invertibility ofM12
∗ , taking into account Theorem 4.11,

we follow the proof for 3D case in [20]. Consider the equation

M12
∗ U = F̃ (147)

with an unknown vector U = (u, ψ, ϕ)t ∈ H1(Ω) × H̃− 1
2 (∂ΩD) × H̃ 1

2 (∂ΩN)

and a given vector F̃ := (F̃1, F̃2)
t ∈ H1(Ω)×H 1

2 (∂Ω). Rewrite (132) compo-
nentwise as

u− V ψ +Wϕ = F̃1 in Ω, (148)
1

2
ϕ− Vψ = F̃2 on ∂Ω. (149)
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The restriction of (149) on ∂ΩD gives

−r
∂ΩD
Vψ = r∂ΩDF̃2. (150)

Due to Theorem 4.11, (150) is uniquely solvable, i.e., for arbitrary F̃2 ∈ H
1
2 (∂Ω)

there exists a unique ψ ∈ H̃− 1
2 (∂ΩD) satisfying (150). Moreover,[
Vψ + F̃2

]
∈ H̃

1
2 (∂ΩN). (151)

Then, (149) along with (151) yield that ϕ is defined also uniquely as

ϕ = 2
[
Vψ + F̃2

]
∈ H̃

1
2 (∂ΩN).

Hence, (149) with arbitrary F̃2 ∈ H̃
1
2 (∂Ω) defines ϕ ∈ H̃

1
2 (∂ΩN) and ψ ∈

H̃−
1
2 (∂ΩD) uniquely. Since V ψ, Wϕ ∈ H1(Ω), from (148) we obtain that

u = V ψ −Wϕ+ F̃1 in Ω,

showing that the function u ∈ H1(Ω) is also defined uniquely. The above
arguments show that operatorM12

∗ is invertible.
Due to Corollaries 4.6 and 4.16, the operator

M12
k −M12

∗ : H1(Ω)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H

1
2 (∂Ω)

where

M12
k −M12

∗ :=

[
Rk 0 0

γ+Rk 0 W

]
,

is compact. Then, operator (130) is Fredholm of index zero.
Operator (132). The proof for operator (132) follows by the arguments

similar to those in the proof for operator (130). Let

M21
∗ :=

[
I − V W

0 1
2I L̂

]
.

Then

M21
∗ : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H−

1
2 (∂Ω)
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is bounded. Since the operators

I : H1(Ω)→ H1(Ω) and L̂ : H̃
1
2 (∂ΩN)→ H−

1
2 (∂Ω)

are invertible, using similar arguments as in the proof of the operator (130), we
can show thatM21

∗ is invertible.
Due to the mapping properties of the operators involved, the operator

M21
k −A21

∗ : H1(Ω)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H−

1
2 (∂Ω),

where

M21
k −M21

∗ :=

[
Rk 0 0

T+Rk −W ′
(
L+ − L̂

) ]
is compact implying thatM21

k is Fredholm operator of index zero.

Let us consider the particular cases of operators (127), (128), (130), (131),
(132) and (133), for k = 0, that is,

M11
0 : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1(Ω)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN), (152)

M11
0 : H1,0(Ω;A)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;A)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN), (153)

M12
0 : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H

1
2 (∂Ω), (154)

M12
0 : H1,0(Ω;A)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;A)×H
1
2 (∂Ω), (155)

M21
0 : H1(Ω)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN) −→ H1(Ω)×H−

1
2 (∂Ω), (156)

M21
0 : H1,0(Ω;A)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;A)×H−
1
2 (∂Ω). (157)
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where

M11
0 =

 I +R − V W

r
∂ΩD

γ+R − r
∂ΩD
V r

∂ΩD
W

r
∂ΩN

T+R − r
∂ΩN
W ′ r

∂ΩN
L+

 ,
M12

0 =

[
I +R −V W

γ+R −V 1
2I +W

]
,

M21
0 =

[
I +R −V W

T+R 1
2I −W

′ L+

]
.

Theorem 4.41.

(i) If r0 > diam(Ω), then operators (152), (153), (154) and (155) are invert-
ible.

(ii) If r0 > 0, then operators (156) and (157) are invertible.

Proof. This theorem for r0 = 1 was proved in [33, Theorem 3.25]. Here we
update the proof for arbitrary r0 > 0 similar to Theorem 4.30 for the BDIE
system of the Dirichlet problem.

It is well known that the homogeneous mixed problem (124) with k = 0,
that is, with Ak = A, where the operator A is given by (65) and 0 < a0 <

a(x) < a1 < ∞, has only the trivial solution in H1,0(Ω;A) and H1(Ω). This
can be obtained, e.g., from the first Green identity (71). Then the equivalence
Theorem 4.37 implies that all operators (152)–(157) are injective. By Theorem
4.40, operators (152), (154) and (156) are Fredholm with zero index. Then the
injectivity of operators (152), (154) and (156) implies their invertibility (see e.g.
[65, Theorem 2.27]).

To prove the invertibility of operator (153), we remark that for any

F11 ∈ H1,0(Ω;A)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN),

a solution of the equationM11
0 U = F11 can be written as U = (M11

0 )−1F11,
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where

(M11
0 )−1 : H1(Ω)×H

1
2 (∂ΩD)×H−

1
2 (∂ΩN)

→ H1(Ω)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

is the continuous inverse to operator (152). But due to Lemma 4.20, the first
equation of system (M11) with k = 0 implies that

U = (M11
0 )−1F11 ∈ H1,0(Ω;Ak)× H̃−

1
2 (∂ΩD)× H̃

1
2 (∂ΩN),

and moreover, the operator

(M11
0 )−1 : H1,0(Ω;A)×H

1
2 (∂ΩD)×H−

1
2 (∂ΩN)

→ H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

is continuous, which implies invertibility of operator (153).
The invertibility of operators (155) and (157) is proved in a similar fashion.

Now, we are in the position to prove an analogue of Theorem 4.40 for opera-
tors (128), (131), and (133).

Theorem 4.42.

(i) If r0 > diam(Ω), operators (128) and (131) are Fredholm with index zero.

(ii) If r0 > 0, operator (133) is Fredholm with index zero.

Proof. By Theorem 4.41, we see that operators (153), (155), and (157) are
invertible. Due to Corollaries 4.17, the operators

M11
k −M11

0 : H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H
1
2 (∂ΩD)×H−

1
2 (∂ΩN),

M12
k −M12

0 : H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H
1
2 (∂Ω),

M21
k −M21

0 : H1,0(Ω;Ak)× H̃−
1
2 (∂ΩD)× H̃

1
2 (∂ΩN)

−→ H1,0(Ω;Ak)×H−
1
2 (∂Ω).
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where

M11
k −M11

0 =

 Rk −R 0 0

r
∂ΩD

γ+(Rk −R) 0 0

r
∂ΩN

T+(Rk −R) 0 0

 ,
M12

k −M12
0 =

[
Rk −R 0 0

γ+(Rk −R) 0 0

]
,

M21
k −M21

0 =

[
Rk −R 0 0

T+(Rk −R) 0 0

]
.

are compact, implying that operators (128), (131), and (133) are Fredholm
operators with index zero.

Due to Corollary 4.39 and Theorem 4.40, we obtain the following assertion.

Corollary 4.43.

(i) Let r0 > diam(Ω). The homogeneous counterpart of the mixed problem
(124) has only the trivial solution in H1(Ω) if and only if the operators
(127), (128), (130), and (131) are invertible.

(ii) Let r0 > 0. The homogeneous counterpart of the mixed problem (124) has
only the trivial solution in H1(Ω) if and only if the operators (132) and
(133) are invertible.

Remark 4.44. Equivalence, Fredholm properties, and invertibility for BDIE
operators (134) and (135), forM22

k , are not analysed in Section 4.8. Note that
they can be considered using a different approach similar to [23, Theorem 7.1],
[33, Theorem 3.31], cf. also [20, Theorems 5.15, 5.19].

4.9 Boundary-Domain Integral Equations for the Neumann BVP

Now we drive and analyze the system of BDIEs for the following Neumann BVP.
For f ∈ L2(Ω) and ψ0 ∈ H−

1
2 (∂Ω), we find a function u ∈ H1(Ω) satisfying
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the Neumann BVP

Aku = f in Ω,

T+u = ψ0 on ∂Ω,
(158)

The first equation is understood in the distributional sense, while the second is
understood in the functional sense.

The following assertion is available in [88, Theorem 4.9].

Theorem 4.45. Let k = 0.

(i) The homogeneous problem corresponding to the BVP (158) admits solutions
in H1(Ω) spanned by u0 = 1.

(ii) The non-homogeneous problem (158) is solvable if and only if

〈f, u0〉Ω − 〈ψ0, γ
+u0〉∂Ω = 0. (159)

Denoting the unknown trace by ϕ := γ+u and further considering ϕ as
formally independent of u, we reduce the variable-coefficient Neumann BVP
(158) to the following segregated BDIE systems with the unknowns u and ϕ.

4.9.1 BDIE System (N1)

Substituting Aku and T+u from the Neumann BVP (158) into the third Green
identity (101) and into its co-normal derivative (103), and using the relation (83)
we obtain system (N1);

u+Rku+Wϕ = G0 in Ω,

T+Rku+ L+ϕ = T+G0 − ψ0 on ∂Ω,
(N1)

where

G0 := Pf + V ψ0 in Ω. (160)

This system can be written in matrix operator form as

N 1
kU = G1,

where U := [u, ϕ]t ∈ H1,0(Ω;Ak)×H
1
2 (∂Ω) and
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N 1
k :=

[
I +Rk W

T+Rk L+

]
, G1 =

[
G0

T+G0 − ψ0

]
.

From Corollary 4.5 and Corollary 4.15 we see that G0 ∈ H1,0(Ω;Ak). Then
T+G0 ∈ H−

1
2 (∂Ω). Hence G1 ∈ H1,0(Ω;Ak)×H−

1
2 (∂Ω).

Remark 4.46. G1 = 0 if and only if (f, ψ0) = 0.

Indeed, if G1 = 0, then G0 = 0 and T+G0 − ψ0 = 0. Then we get ψ0 = 0

and from relation (160) we obtain

0 = ∆(aG0) = ∆(P∆f) = f in Ω.

The latter evidently implies the former.

4.9.2 BDIE System (N2)

To reduce the Neumann BVP (158) to the BDIE system (N2) we substitute Aku

and T+u from the Neumann BVP (158) into the third Green identity (101) and
into its trace (102);

u+Rku+Wϕ = G0 in Ω,

γ+Rku+
1

2
ϕ+Wϕ = γ+G0 on ∂Ω,

(N2)

where G0 is the relation (160). The matrix form of system (N2) is

N 2
kU = G2,

where

N 2
k :=

[
I +Rk W

γ+Rk
1
2I +W

]
, G2 =

[
G0

γ+G0

]
.

Remark 4.47. Let r0 > diam(Ω). G2 = 0 if and only if (f, ψ0) = 0.

If G2 = 0, then G0 = 0. That is, Pf + V ψ0 = 0 in Ω. Multiplying by a and
applying Laplace operator we get f = 0. Consequently, V ψ0 = 0 in Ω. Then
due to Lemma 4.21 (i), ψ0 = 0 on ∂Ω. The reverse implication is trivial.
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4.10 Equivalence, Fredholm Properties and Invertibility for BDIEs for
the Neumann BVP

In this section, we show that the Neumann BVP (158) is equivalent to the BDIE
systems (N1) and (N2), and then analyze the necessary and sufficient conditions
for the invertibility of the corresponding operators to the BDIE systems.

Theorem 4.48. Let ψ0 ∈ H−
1
2 (∂Ω) and f ∈ L2(Ω).

(i) If some u ∈ H1(Ω) solves the Neumann BVP (158), then the pair (u, ϕ)t,
where

ϕ = γ+u ∈ H
1
2 (∂Ω) (161)

solves BDIE systems (N1) and (N2).

(ii) If a pair (u, ϕ)t ∈ H1(Ω)×H 1
2 (∂Ω) solves the BDIE system (N1), then u

solves the Neumann BVP (158), and ϕ satisfies (161).

(iii) Let r0 > diam(Ω). If a pair (u, ϕ)t ∈ H1(Ω)×H 1
2 (∂Ω) solves the BDIE

system (N2), then u solves the Neumann BVP (158), and ϕ satisfies (161).

Proof. Let u ∈ H1(Ω) solves the Neumann BVP (158). Since Aku = f ∈
L2(Ω), we have u ∈ H1,0(Ω;Ak). Setting ϕ = γ+u and recalling how the BDIE
systems (N1) and (N2) are constructed, we obtain that (u, ϕ)t solves the two
systems. This proves (i).

To prove (ii) and (iii), let us assume first that a pair (u, ϕ)t ∈ H1(Ω)×H 1
2 (∂Ω)

solves either system (N1) or (N2).
Due to the first equation in the BDIE systems, the hypotheses of Lemma

4.20 are satisfied implying that u belongs to H1,0(Ω;Ak) and solves the PDE
Aku = f in Ω. Moreover, the equation

V (ψo − T+u)(y)−W (ϕ− γ+u)(y) = 0, y ∈ Ω, (162)

holds.
To complete (ii), we let (u, ψ)t ∈ H1(Ω)×H 1

2 (∂Ω) solve system (N1). Since
all the terms in the first equation of (N1) belong to H1,0(Ω;Ak), we take the
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co-normal derivative of the first equation of (N1) and subtract the second from it
to get

ψ0 = T+u on ∂Ω.

We substitute this in equation (162) and then apply Lemma 4.21(ii) to obtain
ϕ = γ+u on ∂Ω.

Now let us prove the remaining parts of (iii). Assume that a pair (u, ϕ)t ∈
H1(Ω)×H 1

2 (∂Ω) solves system (N2). Then we take the trace of the first equation
in (N2) and subtract the second equation from it to obtain

γ+u = ϕ on ∂Ω. (163)

This shows that (161) is satisfied. Inserting (163) in (162) and applying Lemma 4.21 (i)
we get ψ0 = T+u on ∂Ω.

From the equivalence Theorem just proved we obtain the following assertions.

Corollary 4.49. Let ψ0 ∈ H−
1
2 (∂Ω) and f ∈ L2(Ω).

(i) If a pair (u, ψ) ∈ H1(Ω) × H 1
2 (∂Ω) solves BDIE system (N1), it solves

(N2).

(ii) Let r0 > diam(Ω). If a pair (u, ψ) ∈ H1(Ω) × H
1
2 (∂Ω) solves BDIE

system (N2), it solves (N1).

Corollary 4.50.

(i) The homogeneous counterpart of BDIE (N1) has a non-trivial solution
in H1(Ω) × H

1
2 (∂Ω) if and only if the homogeneous counterpart of the

Neumann problem (158) has a non-trivial solution in H1(Ω).

(ii) Let r0 > diam(Ω). The homogeneous counterpart of BDIE (N2) has a
non-trivial solution in H1(Ω) ×H 1

2 (∂Ω) if and only if the homogeneous
counterpart of the Neumann problem (158) has a non-trivial solution in
H1(Ω).
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Now we update the result obtained in [5, Theorem 3] for r0 > 0. The assertion
follows from Theorem 4.45 and Corollary 4.50.

Theorem 4.51. Let k = 0.

(i) The homogeneous BDIE system (N1) has linearly independent solutions
spanned by U0 = (u0, φ0)t = (1, 1)t in H1(Ω) ×H 1

2 (∂Ω), and condition
(159) is necessary and sufficient for solvability of the nonhomogeneous
BDIE system (N1) in H1(Ω)×H 1

2 (∂Ω).

(ii) Let r0 > diam(Ω). The homogeneous BDIE system (N2) has linearly
independent solutions spanned by U0 = (u0, φ0)t = (1, 1)t in H1(Ω) ×
H

1
2 (∂Ω), and condition (159) is necessary and sufficient for solvability of

the nonhomogeneous BDIE system (N2) in H1(Ω)×H 1
2 (∂Ω).

Now we prove the Fredholm properties of operators corresponding to the two
systems (N1) and (N2).

Theorem 4.52. The following operators are Fredholm with zero index;

N 1
k : H1(Ω)×H

1
2 (∂Ω) −→ H1(Ω)×H−

1
2 (∂Ω), (164)

N 2
k : H1(Ω)×H

1
2 (∂Ω) −→ H1(Ω)×H

1
2 (∂Ω), (165)

Proof. First we prove for the operator (164). We know that

L̂ : H
1
2 (∂Ω)→ H−

1
2 (∂Ω)

is Fredholm operator with zero index (cf. [5, proof of Corollary 1]). Hence the
operator

N 1
∗ : H1(Ω)×H

1
2 (∂Ω) −→ H1(Ω)×H−

1
2 (∂Ω)

where

N 1
∗ :=

[
I W

0 L̂

]
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is Fredholm operator with zero index. Due to the mapping properties of the
operators involved (cf. Theorem 4.19 and Corollary 4.15), the operator

N 1
k −N 1

∗ : H1(Ω)×H
1
2 (∂Ω)→ H1(Ω)×H−

1
2 (∂Ω)

where

N 1
k −N 1

∗ =

[
Rk 0

T+Rk L+ − L̂

]
,

is compact. Hence, due to [65, Theorem 2.26], operator (164) is Fredholm
operator with index zero.

Now we prove for the operator (165). The operator

N 2
∗ : H1(Ω)×H

1
2 (∂Ω) −→ H1(Ω)×H

1
2 (∂Ω),

where

N 2
∗ =

[
I W

0 1
2I

]
is bounded. It is also invertible due to the invertibility of its diagonal operators

I : H1(Ω) −→ H1(Ω),

and I : H
1
2 (∂Ω) −→ H

1
2 (∂Ω).

Due to the compactness of the operators involved (cf. Corollary 4.6 and 4.16),
the operator

N 2
k −N 2

∗ : H1(Ω)×H
1
2 (∂Ω) −→ H1(Ω)×H

1
2 (∂Ω),

where

N 2
k −N 2

∗ =

[
Rk 0

γ+Rk W ′

]
,

is compact. This shows that operator (165) is Fredholm with zero index.
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Let us consider the particular cases of operators (164) and (165) for k = 0;

N 1
0 : H1(Ω)×H

1
2 (∂Ω) −→ H1(Ω)×H−

1
2 (∂Ω), (166)

N 2
0 : H1(Ω)×H

1
2 (∂Ω) −→ H1(Ω)×H

1
2 (∂Ω), (167)

where

N 1
0 :=

[
I +R W

T+R L+

]
, N 2

0 :=

[
I +R W

γ+R 1
2I +W

]
.

Due to Corollary 100, the operators

N 1
k −N 1

0 : H1,0(Ω;Ak)×H
1
2 (∂Ω) −→ H1,0(Ω;Ak)×H−

1
2 (∂Ω),

N 2
k −N 2

0 : H1,0(Ω;Ak)×H
1
2 (∂Ω) −→ H1,0(Ω;Ak)×H

1
2 (∂Ω),

where

N 1
k −N 1

0 =

[
Rk −R 0

T+(Rk −R) 0

]
,

N 2
k −N 2

0 =

[
Rk −R 0

γ+(Rk −R) 0

]
are compact.

For k = 0, from Theorem 4.51 we see that the operators (164) and (165) are
not injective implying that they are not invertible. However, for k 6= 0 we obtain
the following assertion.

Corollary 4.53. Let k 6= 0.

(i) If the homogeneous counterpart of the Neumann problem (158) has only
the trivial solution in H1(Ω), then operator (164) is invertible.

(ii) If the homogeneous counterpart of the Neumann problem (158) has only
the trivial solution in H1(Ω), then operator (165) is invertible.

Remark 4.54. Unlike the Dirichlet or mixed diffusion problems, the homoge-
neous Neumann diffusion problem (i.e., with k = 0) has a non-trivial solution
and this will hold also for BDIEs. One can follow [72, Theorems 6.9, 6.12,
6.14 and Corollary 6.13] and perturb the BDIEs (with k = 0) appropriately, to
transform them to the uniquely solvable BDIEs in 2D.

149



5 Conclusion and Future Work

The Hardy operator plays a significant role in the analysis of partial differential
equations. So, a better understanding of this operator is important. Moreover,
analysis of BDIEs for the variable coefficient BVPs is also crucial for the numer-
ical approximation of their solutions.

Determining the best possible constants in Hardy-type inequalities and finding
sharp versions of these inequalities is an ongoing challenge. In paper I, operator
norms of some matrix operators on cones is found. Consequently, the best
constants for the inequalities relating the Cesàro and Copson operators are
obtained. As a by product, the end-point norm estimates of Cesàro, Copson
operators, and the Cesàro and Copson operators minus identity have been found.

In paper II, we characterized the optimal non-absolute domain for the Hardy
operator (and its dual) minus the identity, on Banach function spaces in general
and in the Lebesgue space Lp(0,∞), 1 ≤ p ≤ ∞ in particular.

In paper III, the Dirichlet and Mixed (Dirichlet-Neumann) BVPs for a variable-
coefficient Helmholtz equation are considered in a two-dimensional bounded
domain. Using appropriate parametrix, we derived and investigated boundary-
domain integral equations (BDIEs) for these BVPs.

The Dirichlet BVP is reduced to two different BDIE systems, depending on
whether the trace or co-normal derivative of the third Green identity is employed
on the boundary. On the other hand, the mixed BVP is reduced to four different
BDIE systems, depending on whether the trace or co-normal derivative of the
third Green identity is employed on the Dirichlet and Neumann boundaries.
It is not clear in advance which of them will be more suitable for particular
applications and for numerical implementation, and hence we analyzed all the
BDIE systems. The equivalence between the BVPs and the formulated BDIE
systems are shown. Fredholm properties, invertibility and unique solvability of
BDIE systems are investigated in appropriate Sobolev spaces.

In this thesis, we also considered the interior Neumann BVP for a variable-
coefficient Helmholtz equation in a two-dimensional bounded domain. Using
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similar approach, the BVP was reduced to two systems of BDIEs and their
equivalence to the original BVP is shown. The null-spaces of the corresponding
BDIE systems are not trivial. Moreover, the BDIE systems are neither uniquely
nor unconditionally solvable. The BDIE operators for the Neumann BVP are
bounded but only Fredholm with zero index. The kernels and co-kernels of these
operators are being analyzed, and appropriate finite-dimensional perturbations
will be constructed to make the perturbed operators invertible and provide a
solution of the original BDIE systems and of the Neumann BVP.
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