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I \ lh\ ~ ~~per se '~r · 1 e~tJ malors of thp common unknown meanbf 

poss ibly d iffe,e~l nor mal popuJa ti ons when t he variances are 

unkno wn a r e compared th"'ough an extensive Monte'Car l o study. When 

lhe ~·s I 
are equal . 

estimator 1 s opU tllal 

II is observed t hat lhe unweighted mean 

However. when varyi ng the lls 

efficiency is subs t ant Iall y les s than the othe r es timat or s. For 

the range of the parameter s considered in t his study . it Is found 

t hal the weighted mean, the maximum likelIhood, the Neyman-Scott 

and the KaJbflelsh estimator s have high effic i ency. Comparing 

t he l r prec i sion with the computer time t hey require to estimate ~ . 

t he we ighted me an ~st imator i s recommended except In some cases. 
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C:lAF t:R 1 

r N r ROD U C r 1 0 N 

in a va rl·-.ty of agr icu;!.ur a ' . biol :.)gl c c-.. l , medical. e t c. 

situatlons, the problem of comb inI ng several estimates i n to o ne 

optimal estimate often arises. This paper i s concerned with the 

compar Ison of dIfferent methods of such combi nations . 

Suppose we have k(~3) normal populations havi ng a camlllOn 

unknown mean J1 and Ilnkno\om var iances O"~ poss ibly unequal and 

consider the problem of esti mat ing t he common mean on the basis of 

independent sampl es frolll Plese POPU l ations. for est1mating the 

com~on unknown mean of severa) norma l populations with known 

variances . the best estimator i s t he weighted es timator with 

we i ght s proportional to the in" (w~e (f .. tWl T' popul ation variances. 

o 
But when th<'" varl nr.<.:<es 0"' " ~ nre :.mknown. t here are several 

I 

competinB csl ; V\ator' , $one of t hese are: t he unwelghted mean, the 

wei ghted mean, the maximum Ukcllhocd. lhe Neyman-Scott and the 

Kal bfleish-Sprott . 

The problem has been ~l udled by many researchers. Areo ng t hem 

are NeYJl',an & Scolt (1948) , Levy(1910), Kalbfle lsh & Sprolt(970)' 

J .N.I< . Rao & Subrahmanlatrl( 197 1), J .N .K. RaoC1973.1980), Levy & 

~antel( 1974), Norwood & Hinke l mann ( 1977), Shinazokl(1978 J and 

Bhat t acnarya( 19"(9 ) The details of their cont r ibutions are 

di scussed In the next chapter . 

, 
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All t he st udIes doot. so far mainly focus on the asymp t otic 

h~havlor rr' '-'fl __ l 1 e:::arnpl~ ,WO pe"IY of th~ e .. t.i mutors. f!o-weve r , i n 

real 1 i fe we usual ly face situati ons I n whi ch the n s are not so 
I 

l arge ( 20::51) ::!E30) and k is small ( 3!Sk:SlO) . In this study emphasis 
I 

Is g ive n to the comparison o f these esti mator s for t he above 

values of k and 0," 

All the estimatol s compared in the study are unbiased 

esti mators of ~. The comparison of the eGtimators Is made through 

t he frequency dist r i bution of the pstimates, their emp i rical 

varjances and t he ir efficiency relative to t he optimal 

est i mator(when the var iances are k noW'd . For t he ~tudy. an 

exlensi ve s i mulatIon ~'1 p~rf'orrr~d on a powerfu l computer' , HP-UX 

9 000/S00, 

lr. chapter 2 . tho;:l t.he(w~t ica l basis of t he estimator s and 

contribuUons of pr evious r esearche r s to t his problem is given. 

Chapter 3 1s de voted to the si mu lt..f ion procedures used. In c hapter 

1 , the r esults of the Monte Carlo experiment are analysed . These 

resul ts are presente d graph ical ly and i n table form . A summary of 

t he study and its re lationships wi t h previous studies are 

discussed 1n c hapter 5. The computer program wr it ten to obtain the 

. simulation results is gi ven in Appendix 1. The f r equency 

dislrlbutions of the estimates under differe nt circumstances are 

tabulated in Appe ndix II . 



C'iAPT[R 2 

LI T ER A T U R E H t. V 1 E \l 

2. 1 I n t l'oduct ion 

Suppos e t ha t independe nt samples are observed from k (~ 3) 

no r mal popul a ti o ns with a common unkno wn mea n 11 but possibly 

diffe ren t unknown var iances O'~ , O'~ " . , , o-~ , Let XI J denote t he J t h 

o bserva t i on in the t th s ample ; J ~l , 2, . . .. n\ , 1:1,2" . . ,k,where 

n
i 

( ;>!: 1 ) i s t he numbel' of observations f r O!:! 

Le t x = 
i 

1 

n, 1:1,2 • . ,. ,1<. 

Clear l y xi is dist r ibuted as N(j..I .O"~ ) 
, 

and a re 

independent and unb i ased estimators of p.. Moreover. i n samp le s 

f r om a oorl:lal distrl b\llion, the sample mean is the bes t esti mato r 

of t he populati on mean. 

The pr o Llcm of c o mbining the xis to a si ngle esti mat o r of j..I 

wit h bes t pr ecision o f ten arises in many areas o f statistical 

practi ce . For i nstance data of th i s t ype may occur whe n k 

laborator ies made sepal'a te deter minations x . of the s ame physical 
1 

or chemi cal quanti ty. each with an cs~imated standard error. Because 

of per sonal biases or local condll ions of experi ment a t i on thes e 

estimate s of 11 may not be the same and it is des ired to average 

their resul ts in t,he best lI'anner possi~lt'! . 

- 3 -
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Thl .... pr )"le"" hn ':'>P.f'O tre<.J.t~d at lenJ;th I.n the ~tal1sl1cal 

s· .irene ~s '.ilve .;tuj', d fl and v<tr lous 

If'tho('~ of (" "ll1bln. ng lht xi ' s lG 01' 

If the sevcr:1.1 dev,dope>1 'llethCK.Is, 8 cho\";~ '''I f a n.elhod \oih lC h g ives 

Neyman and Scott ( 1948) pr oposed an estl m.ulor of ~ (J,LKS). 

wh i c h I s asymptotically more effi cient t han the rnax iclUm 

l ikeli hood estimator (/l ,lt ) wh('n the o,'S d iffel' , a nd the n 1 's a nd 

IT~ 'S arc unlforll'l~Y bount:~d c.s Lhe number of estimators t o be 

comb ined (k ) approaches infinity_ Coct "a n and Carro l l (1953 ), Heier 

-
( 1953) and others found the weigh tec mean (J1~T ) wlth weights 

Inver'3ely r)roiJOf'llOna l Lo the\)- sampl e varIances t o be more 

erf i clent than t he unwe l..s.ht~~d M,:an (J..I,;w) e xce pt I n the case of 

small ~I (s 5) <'I"' small tet"'rogenelt y In the O'~. 

By ccnstderi r,g ego' 1 and 1 10, Levy ( 1970) 

\nvestigatf'd by simul a tion Ua Jl
KL 

has higher precision t han Jl
w

• 

Ka IV'lei!.>t- and c:::.,r.,tt (~970) de'l ved tl:e condlUona.t llkellhood 

tunct ivn of ,.... . and obtained a'1. r<;t''1ator ( Il ) wh i ch maximizes 
<S 

the c onditional 11kelJhood function. 

c. 1~. Rao (1970) a evc lopcd • ne w method of e st imating 

heleroscedastic variances fo r a geneT-a l l inear mode l calJea MI NQUE 

(Mlni~um Norm Quauratlc Unb iased Estimation). J.N.K. Rao a nd 

Sub.ah.aanlan (1971), and J. N. K. Rao( 1973 .1980) a ppl i e d thi s 

p,'lnc\pJe to combine the Xl's and demonstrated through Monte Carlo 

~tudy t hat th is m~thod with sOmP modif lcations I s superior to some 

other estim3tors when n
t 

Is sma l l {s~), k Is relatlvely large and 



, , to Al lOlhc r 

j mpor tanl e';u 1 

c~bst. ant a1 ; >1; 11'."'" .1 e r ici er\<. I I ( 11 1 <\':1. ttl hder ugenci ty 

2 
<T • 
• 

Le vy and Mantel (197 4 ) slud ipd the pfflcle nc l es o f some o f 

t he commonly used estiulaLol"S of 11 by means o f an e mp I r ical s t udy. 

The i r result suggests t ha t for model' a te d Ive r sity In t he <r~ , IJ
uw 

cou ld be superior t o c i l h" t' I I or IJ . The ir s a mpl i ng des ign was 
WT " 1. 

~estricted to the case 11 and 2. 
0"1 s i ncrease 

geome t r i c pr'ogr F'3S 10n In s uch a way t ha t t. he average of the 

Is one . 

In 

Norwood and H l nk~ .mann ( 1977 ; gave a n~cessary and s ufficient 

cond ition In which the we ight e d mean has uniformly s ma lle r 

vari ance t han any of tht' xi ' s . Shi nozak l (1978 ) su~ested a c l ass 

of unb l cl..3ed F.s ti matot '~ of j.t and also offe r ed a nece ssary and 

suff h.; l e n t condi tion f Ol' the esti mator Lo have s mal ler var i ance 

t han ever~ sal",n i e mean. Bha ~tachar~a ( 079) offe r e d a 

s impl l flca t \ on o f the proof given earlier by Shinozak i. 

Howe ve r . not. muc h work 15 done s o far o n the more general 

prob lem of s~lect l ng M o ng dif fe r n t. me thods o f estima ting t he 

common me a n, e S p€ ..:;. a. l)< ...,hen k :is small (3~k~10), and t he n . ' s are , 
nol L.rll.e (.,;v.;,n ~~:<O ) f o r every i ::c. l, 2 •.. k . 
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0<.:' I '1 r tl' "'I .. , , . 
.J. .n 

\.1) rhe ' ... eiL .t,>d P.ean 

III ) The Maximum li ke 11 hood Est I malor' 

Iv) [he Neyman-Scot' £sll malor 

v) Ti ,e j(a lLflel sll'S!-,I()tt F.sLl mal or 

2.2 Tre Estimators Considered 

2.~ . 1 The Unweighted Me3n 

, 
L: .. X. 

I 1 

i:.·'1 
(1) ",,,, ---n 

, 
where n = 1. n , 

i"'l 

This esl1J~:ltor t,. the slmples~ of all other alte r'nate esti mators 

""If 1-1. of ai' n.',; are equal. 
• 

k 

l: x, 
• J 

k 



·t s tl:.iE.'d 

Newt-or;- Ral''' ;0" i .N'ath.n 

2.2.~ 

\oIhcn the 
2 cr. IS , are known, t he best l inear unbiased estimator of 

P. whi c h a lso attains the C," amCr Rac l o wer bound Is 

IlIlL - 'Ji-----

L 

" 
L • o. , 
1 -,.1 

k 

I nj s~·2 

1.=1 

where 

s" = 

are t he s ample 

Eq( 3) is f'el"<:rrcci 0.-

x! 

. -. -1 
1 

"", ' ,7 .• k . 

weig1\ls l--I'Olxwllo"a to ttlt: .1, j 'f: ·:. f t/Jc Sill!p le variances. 

(2) 

( 3) 
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T • 

1 C' pClbd:. it ,~.-:,; "J Ui eti , .l 1{ 

{> . I (T"" 
1 , 1 

",here d 
2 , 

gO < 11 < CICI an °
1

> lO f!)J' every J-,:1,2 • . . . . k; j=1.2 .... n
1

. 

The like lIhood funr:tloll of Xi.l'fi i-.; 

l 

k 
, 

il 
, 1 

1 t , 

k " 1 

" 
, 

I • {( 

The lup,-.l~:('ijhood un:"i.lo. f is 

I k , n. 
1 

211) L~ °i 
," - 1 2' L (Xl{~)2 l=ln L 

, 
= 

2 
(,111 ~~~IJ{ln " ) - 2 2 \ \ 

-" 
i , , 1 ,.\ J"" l ", 

The most conveHlcnt way to obtain the maximum likel ihood 

e(;tL,alor" is tel p.X<'rn i nc all the lo('al ;caxlrr.a or J . Differentiati ng 

1 wI th respect to 
, 

J1 al,d crt' and equali ng the r-esults to zer o we 
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)" , \-<1 J 
L. I 

'" ; '1 ) I ~i 

8 J = 

WhICh i.mp lie!:> that 
n 

, 
I', 

n L (> Ij 

j '" 1 

" ' (.0" t 

., 

, 
L 
i I 

r,! ( ),.l -jl ) 
I'll. ' 0 -, 

~i 

, K. 

Rut. ~I ) "can b- we i lh';ll as 

" 

2 
0", ::;; 

I. 
I 

- x ) + (x 
I . 

)5 
I 

.. (I. _1),::)2 .. n (x 
I 1 1 I 

( 4) 

(5) 

Subs Ituting cq(S) into cq(4) ,)Ilo <"bLaln- 311 stinal' .. r.g ' qua-lI on 

{x·, )1 
I " - 0 ( 6 ) 
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I 
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I, 
i 
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l , 
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" 
), 

) , 

£h: '1.',1 h;.~ ,,~. 
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" 

)1 alned 'l~i a ~;u.ut1o;) oj 

, n n 

i 

'" , " 
• I 

J II. ,)( . I' i 

( 9) 

" f 

'\ 
)~ . " ) 1 , 

J 

( 10) 

l~pne:':~J form of 

.' , y \ _ 1 ~) I w 

1\ 'r. " t Ion 

\ " 1 
2 

(11 ) 

':" ul 

)" ",rh..:' If'\ , . ,. thl'" est m~tN' of " 
, E' f"f'!a t I'~. isle-n , cbosPIl to be 

? >e N' ~II' ;C.-I t e!;t i 'lID t a r Is 

1 

"'I 
c (12) 

it) 



1 , t 

l. ft;-J,l '. 

j II f:' '" v. " at" is a lways 
>5 

l ess t ha n t hat. c~ II . exc e p t I n the ca"e .... hc n e q ua l obse ,"va t Ions 
HL 

are taken f rom each sample. ~ can also b<.! obta i ned with the s ame 
NO 

procedure ~ /-I w;' A<..> it c"n be seen casHy f rom eq ( 12), t his 

estiraa l nx .~quat)on I,as t,h( pt' ~ullR rr()rerly '-'Ial ... ampl es o f s ize 

2 cOI:lribul e r:01l1nf: .W!11c1. ).nlult vl~Jy <;ee~1!:i .incol'ree l . 

2 7. ') Th!! Ka J br ] ~'sh - Spr ott l~~lillolo .... 

f or e very fl xr;:i p-

k 

( .. 
I 

. ~)<.., '=1,?. • k 

are j"jnlly ,.uffldent [01 the nulsar:ce partlme t ers 2 
<T . , Noting this 

K:t1bflelsh and Sprott. (1970) derI ved the condil~onal 

distr ibuUOl' of t.hr obser'valions p,' ven 

r;r2 and is ~If'oporti()nal to , 

T 1 
-(n 

1 ' , 
- ?) 

I '" 1 
Tl dx , ) 

• J 

r'2 ""hic h 1 s · independent of , 

( 13 ) 

k 

,I..l J be hf' k n J;lcoh1<Ul rnatrt -.: whr;:re n "'- L III 
, , 
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The em.p i es of ,l,t n,d, 1 i., Jar·..., I..hc pal' J 

or It • J"" 1 • , 
ax 

• 

n , 

The cond 1 t. lonal 11 ke Ilhood is l he rcfor'e proporl lona l t o 

f ( x 
H , 

k 

[ 0 th. t'> case I JJ'I = 11k n 
i ::1 

/1 JJ' I 
'/2 

(n -2) I I 1/2 
\ , I JJ' 

- k 
2 

k 

rr { ~ 
-en , - 1) / 2 

(1 4) 

Tak1 r,g t hC' l ogar l U.m of C( 11), d i f ferentlat ing with respec t to 11 and 

r quating t o zero , one can aI'f' ive a L t he equaU o n 



t. -

k 

---------
• 2 

: 0 ( 15) 

,-, (n - 1)5 + II (x -J.l' 
I I I I ' 

Hlr"! again. t he sol ution of eqOS) may be found by the 

Nelolton- phson method . The approximation to J.I obtained from t he 

abnwe e~uation is the Kalbfleish Sprot t estimator (" . J. 
. <5 

Compari ng ~quallons (12) and (15 ),one observes that the Kalbflel s h 

and Sprott estimator Is to be prefe rred to the NeYlllan a nd Scolt 

es~ I mator becam'e it taltc~ I nto accout.t s a mples of s ize 2. But J.I 
<5 

does not _~kc nto at'CO\JI~ t samples of size 1. The max imum 

1 kel1.ood estl1J'1atc . is free of 1I.ese 1 imitations. 

it,e next c haptpr Is dcv:>led on how the data was obtained and 

\flC pr'o<..edul";;:s follo\olCd to ~vmpan the five est i mating II'Iethods 

explaLne, i n thl~ chapter . The sampling design of the experiment. 

the computer progra;T! which Is l>scd tc compare the pl'ccislon o f the 

esU lf,atol 'S and aJ 1 t he nec essary steps .... hich are l'c Jevant for t he 

study are clearly discussed, 



3 

' r .. UtA 1 (- N P F U ~ ~ D I. F f ~ 

Hor·fe C4r-IQ ~tlod 

The Honle Carlo !lethod Is a numerical met hod of so lving 

malhl:matl cai pr'ObreflS by !Deans of random salllp ling . 1t consis t s of 

solving various pr oblelDs of c omputatIonal Ilalhematlcs by means of 

t he construc t Ion of some random proce ss for each such prob l em. 

with the ~arumelers of the process equal to the required 

quantities of t he prob'era. lne met lod may briefl y be desc ribed as 

the device of studyIng artificial slochac;tic model o f a phys i cal 

vI' mathelll'lllcal proces!:. rOIl' a '!lode I to be useful 1t Is 

essentia l that, given a r"ason:,bly Ilmlte1 s'~l of descriptors. a ll 

I ~ .. r e luvanl beh:wior' '!.nd propt:~1'l It s can he dctcrl1llncd by derl v 1 ng 

the 1Il·;)del with ccrlal,' 'andom Inpu t 5 and observi ng the 

corrc::.pondlng oulpu t ~. TIl' Monle "ar-In me t hod can be used. t o 

a~cess the behavior of ·lode15. and also it can be used to gauge 

the performance of vru lous t.echni1ues Here. the method Is applied 

to compare tieveral (.stlmatc..rs oj t he COI,j.I\.Hl mean of different 

normul populations. 

TIle follo IJ ing arc some posslble reasons f or the widespread 

popular ity of t he method: 

1) Hc..st. complex. real-world systems with stochastic eleme nts 

cannot be accurately descJ"1bed by a mathematical triode I which can 

be evaluated analytically. Th~.simulatlon is often the only type 

of ·nvesl !gation possIble. 

- 15 -
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~) Honte Larl t, fl ('"" I r:''l 

, ;,( i st ing <;:r -; ,Ct J <j," .:0') ,1 f! 110n'{. 

A. r • .1l 'If Vf'''~~' j sy~ 

4.) In a h·mte Carlo .. e can 1a nail .J. h t-I:-tll;" cont ~o l ove r 

experi menta l condltlons than woul d ge ncr'ally be possible whe n 

exper-i lllenting wtlh the system tlself. 

Monte Carlo Inet hod lS nal without Its d rawbacks. In 

partIcu lar , t he fol l ow1ng a r e b<)"l( .,r . :.; d sndvanlagcs: 

1) Monle Car l o Jr.odeis are often e:<pens\v{" and t1me-~onsuml ng to 

deve l op . 

2 ) On each r un a stochast lc d I'Jiallor. nodel produces only 

esl1malcs of.l m0deI 's tru\:! ('hnr;H~t···~t.C5 'w a pal"th;u}ar s et of 

lnpl. t parameters. Thwi, S(VCj"iJ,J InJ"p..nd;!nt runs of the mode l will 

be requi red for eae h 

3 '2 COIO",lULer (;rnJl a!. 0.) of 'i;,nr'(lm \;;.rj.,b lf"G 

3 . 2. 1 Generating U!l.1f?!.:..m i- andom V.J,·iuLlcs 

The great majority of rhndono ·numbei g:>nprators i n use today 

are 1 inew " congruent taJ ge nerators. n,l: i til integer 

pseudo-randoll sequence Is computed fr·Oln 7.
1
_

1 
by the recursion 

Zi (h 2
1

_
1

-+ c) mod m, = 1, 2, 

whe re In ( the modulus ), a (the multiplter), c (the Increment). and 

Zo (the seed or start I ng val \Jc) are non-negat i vc 1 n tegers such 

t hat m) 0 , a < rn, C < m , and Zo < ~ The desired un iform random 

numbers on (0,1) arc obtained by It!t ling 

i '"' 1, 2 •. 
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Th· , ....: .. C· '0 , C , • " 0, t In- t t 'lu<llt" 

uf t nl..! OlilC . ~t o. ~-~y .in ";1 c C' t t,I' f-' ,.0. ..... E l the' 

.1(t it. -nt ally c:I;1 ributerl 

II , r " v; ",al :, " n J 1 (') 

The U<.ltu sels used in Lle Monte Co:'10 study arc generated 

using DRAND48 , a subrout ine available on I{P 9000/500 HP-UX. The 

f uncl Ion DRAND4.8 generales pseu(,o- random nun-bers Us! ng the above 

linear congl'uenUal algorithm a.nd a 4R-bll integE r art htmcttc. It 

returns non-nl:gallvc, double prC'Cll:> ion . floating point values 

uniforml y distributee '-'ver' 1 he 1'llcl"V,' (1).1) 

3 . 2. 2 Normal RarHlom Numb..:r Generali..lO 

The r ... are ~evl.ra] vc.y" of g~n(>nn i I g lOT Il'al rallnOIfl var ia.b les. 

Some of th", IIY't h0 .... ." ,..., t: ac I > E'~ 'll'rroxlmat~ methods. 

:; ~'-udy !s the Marsaglla 

(Polar) method, ~+Jich 1. ;,u it:p"uve ill of th 8t)( and Huller 

,'cl1~;e of it,., simplicity 

f or' pr06ramm ing, betng f lSt. 111 I e)o.,H'l. rhc Box and Hul leI', and 

Marsagl1a {Polar} met.hods :ire <ie';cri bed hcr<> under. 

1) The Bo x and Huller (Sine-Cosine) Method 

The Box and Muller method is used to obtain a pa ll' o f 

Independent1y ::tnd idl':';l! lacal',! distributed (i. i .d .) exact standard 

normal random variabl (>s by mea ... :s of one-t o-one transformal ion o f 

two i.i.d. Unifor'IJI(O, 1 ) ra..'ldom val'lablcs. 
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I t U and \1 hi lll.,f'p.. I,jent III ifonr\iP,l) '-.,ndom variables. 

X, = r--£: 1 n I 1 cos ? lI' lJ
2 

X
2 = / -2 in VI sin 2n:U

2 

S< ,!uari 18 both sides of the above equati ons we gel 

? 
X'i = -2 1 n VI 

2 
cos 2rrV

2 

2 
:iin 2nU

2 

Adc'.: i [.6 these two e>:pres .. on~ of l?), ~'(: hClVC 

o,.Jhich i~pLes that 

Also 

which g1 yes 

u , 

X 
I 

U = 
2 

+ 2 In U
1 

I~XP { 

= 
sin 2rrU 

2 
cos-2nU , 

1 

~. 

= lan 2nD , 

The Jacobean o~· trall:Jfcnnat ior is 

(1) 

( 2 ) 



J • 
aeu ,u ) . ' 

~ 

The absolute 

I J I • 

Hcmcf.!, 

1 

, , 
• 

r.< 
• 

1 
2n 

exp 

'U 

{ --~(x~ 

va l ue of J 1s 

1 2 
2rr t'XP { "2 (xl 

IX (x ) 
1 

1 

" 

2 } • x
2

) 

+ x;' ) } 

~ exp 

v 211 
{ -+ x~ } 

( 3) 

From eq(3) it fol l o\or." L1(" j:'!lnt probabllit.y density f unct ion 

of Xl and X
2 

is the product of theil' rnnrg,nal pr?babl.Jity dens ity 

funcll (Ins which 1 mp 1 1 e.~ X 1 and X
2 

are ; ndC'!.·cndcn t standard nor ma l 

variC}bles 

Although the method has the advantage of bei ng easy t o 

program, it is slow In ~xect·tlo: 'IS ,t r<;'fJuirt!S the ;alculation of 

a log ,~square r'oal and tri;~r:('l!l'etric fUnctions. This d I s advant age 

i£ "emovt'·l by Mar~:1.g11a metho~ JS cutlincd below. 



ILtnn,C"c. m I ion!> lhe 

.' •• l 1 :1.9 

Let U be a I in~o., val' aule dt st I' d'l.5 JLJ for m(O,l) ".hen?U Is 

distribu ted as Unlform(0,2) anrt V 2lJ-l is dlslrlbuted as 

Unlfl'rm (-l , 1) 

If we select two I ndr'p"'nd" nl 'fr.l fo, 'm( 1,1) I'undom variab les , 

say V
l 

and V
2

, then lhes~ '11"_' I'M\d(J'n PC~I,ts In t. h'~ square whose 

ver t lces are (- 1. 1 ) [-1, 1 , {J, I J ,nd 

W :: v~ -to \'~ , 

and 

y [(-21n \,l 

Then W cor,ditlon; I on \'~' t V'J. , ~t- \'~lf )r~ly Ilslrlbuled on 

(0, 1) and ind.~'pt>'ndC'ntl:,· of \'} '''2' n,lt' \oJ . ~!. I U' ~d for U1in (ll, 

l.T\d I'cplac I n il: 

anJ 

sin 2nU
2 

by 

yields , 
XI = V,Y 

which are I 1. d. NCO, ') 

V2 ' 

r­
v v'; 

Il 
I 

",'VY ? 

• i 2 

raJldoDl Val' 1 ab II"~~. This 

apP'f'C'\ately faster than the &>)0; and Mill Jel' met hod. 

al gcr 1 lhlD Is 
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3. J Go,}dne~ Co Fi Tt , 

Kelm j '-,.11' ,r. 1 ~~sl .... I JUIl.: 'or a! .')!!; aample sizes. 

The t est was perrO! mcd for the generator ( Dli.AND48) and to the 

transformed norlllal !'nndull variables. The maIn tnlerest here Is, to 

exami ne whe ther the generalor' W'lS correct ly used, and the 

t ram·for mation fl'Qm uniform to normal rando~ varta.bles was 

correclly dont: Th. )~Ilpt.:t of he- te5t and Its tabulated value f or 

«---0.05 is given hel"C ulider. 

Ahs() ll!!.e d I ffel·t~lll.:· 

San,pIe si7:e lh·i form Norm Tabulated val ue 
--.-~-

5 O.54R 0,1\0"' 0.563 

10 128 'I. :ru 0.409 

20 O. ,~lD 0 ~ ." 0.294 

25 0.193 0 105 0 d)1I 

30 0.123 o. ()b':~ 0 2<12 

50 0 .11 5 0 108 O. ;90 

• 0() 0.071 0 0"'::'1 0 1. 

200 0.04" 0.057 0 09S 

500 0.051 0,024 C OUl 

)000 0.017 0 '20 0.01""< 

2000 D.OIS U29 n. <J'>O 

.j~v a.Gll 0.025 

'--



Il 1 II. .. 't,. ,. t l t,. < tills ;Low no 

}lLdJ l~'t.i·m 0'" ,j('oI'a'·(.,n flO,t. tllt.il· thl ·il.ll,a d"~lrl ll1tlon for 

3.4 Des ign of the Expe~l~nt 

Ih< ~I udy Is dl'sigllcd to \nvcst1gat~ t he prec isi o n of the 

es !.lmnl or<; discus!;l:1 III "hap1e' 2. In th is s"ction the value s o f k 

'the numb!')' o f c'; t I,nat(·s t,,, '0<' romb i ned) , the s ample sizes 

m.s dcr.'d, and th(! varl anC'e t,a.ttel' r:s chosen are dtcussed . For 

slrlpllclly, it l~ -S .. I'(t.·d that J.l.Q n",. number of popu l a tions 

chl)s~ n art.: k=3 f 8 al'J lfI. 

J . 4. 1 Coho: & of S.unpl e ~ 7('n 

t ht· ,'fr 

c u.sc of eql\al .:,r:'p l c S\Z"!'S ,; stu<1i L In this cnsC', E'gual s llllple 

ob$(.'r"at Ions are taken The sa~ple sizes 

" = i 
1-=1 . 2 , .. . k. 

l i} Unequal ni 's 

Ht-.!re, four apts oJ " Vi> , aI u: J. Thr'M' four <'"ets are 
I 

denoted 'Y C~_ ':! 

'" 
r r J. c e 

, a; '(;cjl! L. D··se A cons ists of 

values rangi r,g roo :C' • ~4 . r.aIl \"Ed t! ve to the 

o ther l-:t:t of valu.,.: .. .::: 1 l( h. ,; '~ry fr<)m 26 to 30 , 

which are I'ela:dvely , COl o~ "<::..mple .7f;S which 

variesfror,20 lo 30, in .... ·.ccndi I" or oj"r n ""!CC' J ht' vnlues are 



. ' 
\0. Y In dt":cendl ng 

• t I'" \0/ ~h .hr ("11 ~~I. 10:. {: aIt' t:\t1ulat cd 

Table 2: 

k C~S(! 
, 

(,::'I'J(: r· cus,,, C case D ----
3 20 22 24 2b )8 '0 20 " '0 30 25 20 

- ---
20 20 22 ?Il GO 28 ;~(1 ~o 25 30 30 25 

6 22 24 4 28 30 30 2:) lC 30 25 20 20 
-----

20 20 20 211 >6 2" >n ?O _c 3C 30 30 
6 22 22 22 ~~H 28 :10 ?j 2G :·0 20 25 20 

24 24 1(1 -'0 r:Sl) 30 20 20 ------ -----
10 

2C" ;W 20 ;6 <" '0 20 20 00 30 3C 30 
2(, . ~2 ,- ;"d .?8 ~:~ 2) "'"l; 2" 30 25 25 
22 24 24 30 :1() 31) ". :j' ) -m 25 20 20 

~" 
-J!) 20 

3.4.2 The Variance Pattern:.' CoO!;!dered 

, 
Fow' 0t patle,n~> arc cno~eT, 'r:10<;I~ vary f,'olll small to large 

heteroB~neHy. To ex:unlne ttl .... effccl of lIle changes I n t he n1 's 

only. the ru.::;\! .... hen (t2.i f'or I 1 2, ,k l~ also i nvestigated on 

t he pncislon of th,' ('t;tla:-,:\lorc;. This condit I on was s tudied by 

LevyfW?O) fOl' l.sn .:s1O. 
1 
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< • ,.,.. , Lt.·, t d J. II 11 I "\I\{j IV "he val ues 

are r,1 H helow 

Table 3 Variance pattcl'rm cons ldercd 

---

k 1-
2 patt{.: rns u, 

, J , III I V 
----- -----

3 0.33 o.tiu 1.0 I " 3 5 10 15 10 20 30 

6 
0.11. 0.3:1 0.5 1 "2 :r io 15 10 20 30 

O.tiE> 0.83 1.0 < 5 6 20 25 30 <0 50 60 

0 125 o. ?on 0.375 2 1 
5 JO 15--10 20 30 

B 
D.!l o U?!;) o "is 1 5 U 

20 25 30 40 50 60 

n em.) 1 0 ., S 
35 <0 70 80 

u J o 2 0.3 1 2 , 5 10 15 10 20 30 
10 O .• 0 . 3 0.'3 4 ti 6 20 25 30 40 50 60 

u , O.H O. ' I 8 9 3;' 40 45 70 80 90 
I.e 10 ~o 100 

Then f('"lr every camblnaLl)ll of Independent 

';anlple ruas ar€' made. For' all possib e t:ombl nations, a tolal o f 

136 000 1nd<,pf",dent sample r uns are done. 

3.5 The (.omput.cr Pr ograrr 

An Intpract ve P OrrOR which occamnl ishes thp des ired 

!5imdal1on Is written n P:'t,,,,·.,l ( tl"'" pr'inlo'lt of l ht: program Is 

gi~en In AppendIx 1) The progra~ I corn~iled an~ executed on HP 

9000 bOO The IftH.ln prllp,ram haf". seve:'; ~ lorouLlns and functions, 

w lch facllilalf's he hcil.'Y ccmpu,a~lon~ ir.'o l ved. 



," 
t j l ·e 1 11, ,t 

be taken. 

2 . SCe d va lue, the ln ltallzing po\nl 1'01' the uni f orm l~andom number 

ge no~ ra.tor . 

3 nl 's t he sampl e l:i:7CS froln eac h group . 

4 . O"~ 'S ' popu lation Jar' i an(~(!s of each g l'oup. 

Ii ) C>JII:PuLII i;l n of [ ulirroicJ 

ilf h:1' l'le p r og t";\l1I rece'v.'t, ttw inp ut parame te r s scquenta l l y 

au.. correct j Y, DHA.I~;'48 Is lllvo k('d ~evo;>ra 1 II mes fOJ- generati ng 

i ndl: I'>f!ntlenl un1fo r m ram :lOl'1 \'ariab l es 011 (O ,'l. These a r e 

tnllsfr/rll r. Ie s t ;J.Il'1 "0 n"ln", 1 r,y t-':a!'sagJ1a Ulf>lhod AgaIn. these 

s t andard nc,rmaJ r .. mdr:·m V',~rl.at·lcs are> ~lu j Up) h'd by the square root 

0 f hI.! ~~IlJaUoll V.).,' ldJ1CeS to get the nc,'(·,;sar·y norm:.l samp l es 

d t~ l tbuled u'~ 
2 

N(O ,O',). Af f> [ that. s,H:lple and 

samp ,e variances ( <:;~) an: comf lted The ubov(' pi"OCeSS continues , 
fo r a ll j-1,2" .. • k Then, t he dl ff"el'f'nt est imators are 

:ctdr.ulale d ar'r:ordl ng to t he formllh.s g I ve n I n chaptel' 2. 

The max imum l1kelth(od , he Nt'vr. Ul· ScoLl and t he Ka lbfleish 

e s t llllai ,) r s are obb n~ 01 , r.g th' N,'\-.c ,r~ll'ln~n algor ithm. For 

hesc f'stlmat.o r s, t h,! un~t:ls:l,tf' mean 1 <::,t ,L'i an in i tial poi nt 

\ oJ; 3t { 5l , ~ f I t,~ d. f f (;rc nce of luo 

" 
-'0 than (; .. 1 . 0XlO . 

In all run. conver ;el,{;e l.ia 



c,):~hlll<-'t on ;,:i GII'~' t 

l1i) The Output 

" 
ho c .• 'OJ- do given 

'rop;>. I"'d\ to ',I'! ,1 'r. 1(; vn,-jl's froll 
\ 

The oulp .... l of th~ computer p," .)grarn consists of nIl the input 

parameters, the estlmal~d means l ncludlnp, the estiMate resulting 

fn,1ft the beSt linea; unhlL\$crl pstlrnalol" which attains the Cr'ame r 

itao lO\oler r>ound, and the f;c rlal numb.:- wh ich Indicates the run 

number "'hJch goes f"olll 1 to 100U The e~~lIrr:ates of Jl are prInted 

AnuLtJt J' smal J InJq)t!r,(lt-nl I.rog: ,)(1: w,\~ a1-;0 wrl LtclI to compu te 

t irna lhe Inputs for t his 

~(Jn,pul'~t tht: effie! 'ncy'-'1' the, .1\mClto·s ]"(·j;!t,lve fa the BLUE. 



Losico.! fl(\tll of SublOuhnu in II)t Program 

~~PRO;RAM 

r 
f SRANDI\8 

l Di1A 'II) 
-1 

T 
I 

r THANe " 

L fiLA VA f 

• r,. 
l 

l ALU, 1 

1. __ 
IOEN ~F OF I --
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" Ill,) • . t , 

Subpro! ."1 Pur;>ose 

SHAN048 Provides a l 'd value Lo DRA""D48. 

DRAND48 General,'s _If.ifol'rll pseudo-random numbers. 

THAN~,~ORM Tr<" sf orr. :; unlfor lll r'OJ'lltlom variabl es 

I.) • I ! 11'1 rt n',,",lla l l'1nd l hlm to the desi red 

ans ann variances. 

BLLr. '-I_'S tp!il.m 

hE IIn~t! ph~_~d w:,:an es timator. 

WF.HI!:"EI lh' \"c' ,?hll"l rtu:a.n es timator 

N}-wn:N.H/T :lfl .1 liS, me i~' esU malor's by 

ftC ,~ o,;l I, 

f " 
I .,1 r( ,""r '" t calcu late t he 

... I'J" t til I <,rat iun. 

COlLi' f", U. n umerl.1 ... o r' of [(,,) 

DEN. UF F' LOhl-' l("~ 'rl(' dcnomin; tOT' tJ [ /( ;.d . 

j)F Ol-)M Fva.l_'ll.'~ .he: v,J,l,J( .f f' (,..1) al the 

COlIoI utes the nunerahw ot [' ( j..I). 

deN 'Ii nalor of ( ' (,I) 



t .. or 

crllc·,lIUt,., If 

t st I,,'. , .. , .., lhp slmulat Io n 

2 
z~s, chO i c e s of u j 

pa tt ern~ and the comput~C" progr'um wC"1l l cn Is br oadly di s cussed. 

The next chapter will focus :r:alllly on the compari son of the 

(>st malO! TIw results of the "mulatlon study wIll be tabulated 

and T1H! behavior and prec i sion of the 

cst \ !I\. .. t<)) .,..1.1.1 LA..: CJlpan:d gJJ,F,I.~a ly . wllh their e lllpirl c al 

Vtlr-ti.l..lcr·!:>. Th(' (>ff1clen("y of til'" cstiamto' .. .., r'clu t lvc t o t he best 

wi l' Le 



CHN TO 4 

C 0 H P AR I SON 0 f EST I HA T 0 R S 

An cxteJlslv~ Monle Cerlo study has been done to evaJ uule the 

\:)(:h.uvlOl' of t.he dl.ff<:rcnl esl\ll'l,alors. Ov('r' a l l , a total o f 136 , 000 

ndepend,'nt runs wen' rur. In thts ch:spler, t he simul ation resulls 

are tabulat,"d and gfarl)\.c<,lly prt": .. elsl('d J"hc esti nator s \0111 1 be 

'omJ'~£'ed thraus! lJ "~\I' f!'('qu('Jl("Y dlslr'l.blltl ons. theil' cmpl l'lcal 

vari a.ncr"J, nod thetr efftc-hwc,Y r(:"ul!v(" to the best linear 

unbl a~erl est frontol'( BLUE) 

30 -
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Table 1} 1 Abb,lv"Ut.!, vf ,,::ott tn; \J~cd 1n thr l"iJnltl Carlo study 

------------ --
Est \DIal or La I Formula 

k 

/ 
k 

L It X L n , ' , 
, , , ., 

Unwel ghled Mean 

WeIghted Hean 
k L '2- / rk 2 n 5 x n S 

I I I I I 

I I 1 _1 

-
" l.X IllkUl'l LIke I , hood 

" 
, 

2-
n x -" ) , , HL 0 • 

llS'" "I <x, 
• 2 

,n • - J.i
JtL

) , , , , 

, bfll.:]';h-Sprol. 

• n(n-l)(X - /.I.,;:s) 

L " , 0 = 

n )SL n (x - )2 

, , , , , , "'5 

k 

Neyman-Scott NS L , , 
____ --I 



4 1 (tophi a Dir.plOt of l.e 

Tne n!quenc dl t i .. I' iOI f t... e" l:tlaLeS '("5 Iled I.y the 

different estimalors sholJ the nUr.lier of C<l!>es falling Into 

different c lass 1ntervuls The fr\"quenrcy dislrlbutlon of all the 

estimators Is tallied and talulhted In Appendix II. ilere, Interes t 

Iter on the numbe r of Cil.SC'S th~.t faJI In the Inlerv"l containing 

lhe true par"1.l!If"tcr (rj· (\) :'lnr! t(' '~y~rrille lh,. dlslrlbut Ion of the 

cstt na." es as II whol e. To ol~;( .. C"ve th(' behavior of th~' estllllator's 

IOder dlff! t'cnl clr' umslilncn. the rc~r'('enLaH~s of the cstll!lates 

t hat f }'ll I.oto tht'" S'VC 1 (·Ia.:. •• Ilter/UI ,"e plotted. 

• t:. iy t; ,nsldercd is vast, 

g:-apt'cnl t'cr eEnLl, laO f <teh n,1 t'V('1 

'luMbel o' pages. III ct'!',r t, lVe '.·u ....... l'ld CSOtJrCI'S, from the 

Ih(; xt " e H" plnt_ ted fOI' 

all P'lI'<l!M-'ters The n ... ;I"\X'I' ~f k) ~elccted for 

The VI\j' l'nc 

plotting ar e when the 
2, 

(1' ~ ilI"'t' , )f;<3 <,IV'T ('d rat tern I) 

and more dlversed (l,atleJ'n TV) , I k( 'l~C the samp.e sizes 

select~d In thi ,(!ct ion f(ll' plot aJ '£ n he case of equal 

)\.\ tJf' 'he Ut,eqU3 su,1I-'1 e s 1 zes 

case. Ca!> ... :, r. (' D. 

T"" gf"aph~ .\l·t d i'" tlJ j..:rI , l~ul'" 1 to ZD By looklnS at 

t h 'se ip::re~ and th , @qu'!nc " '-ll,uliclOS , !Jbulated in 

append~x 11, 'he 1'0 owl ·8 .>11 Il..~ , .·vI'1 



, 
C.l pIc 

In t h (. c<u,c the l'SUlII .tN'S J'CQI;("e Lo thn::c. because 

•• 0, tJ.I.:1 1,'lJ .... e patLI r'I I: ' J."C consIdered 

i) EquaJ variunce case 

figures 1,2 ,3 and 4 <.II'C graphs when the fT2.
S 

I 
are e qual. Under 

this circl1uslaol;c. t.il,! p lots ;11"(' <- lose: to ea<.;h o ther. Comparing 

F1gurcH 1 & 2. the perc:c'llagc o f t'le F:j t.imales that fall In the 

i n l e rvaJ (':u'l tai n, ng he l"lra¥n(:Ler to ().c l':>:t l lwLed 1 ncreases f"om 

9 2% to 18.:~ per'cer:1 lfljc lcd" "aLe" that ru; k increases, the 

cstil!l;).tm~ <-1 rt' close La th~: rup mean{p"'O). and Lhe shape of t he 

curv,'s L .comE; (;lo~>e t, tl)(' ",}( m;.; 1 or t.! A~ l he sampJe sizes 

ch .. ~ef' lu I.he saap..' () f a norma curv!> Th'~ W ~~ems to have a 

Shape which i~ mor"c ~jo:,;(.·r' te:: th'! nm'm.ll nne U.an th!;' others. This 

" 1.=; nue La lhe f~\.d. I.IlUf • when thL.' 0'"1 S ill' id'_nt.lc"-l UW""'BLUE. 

i i ) Va,..iance pal te r n r 

Flgt'''''es 5, fl, and 8 a .... t!-w .... 1"tG of tho.: e~llr~a.les when the 

\"'1t ) \<-='1 nd rr\ -20 , (Fl gu,"c 5) 

the cur·,'('!, aJ ~ t i .... ;,. ~t::l· .;l.Hd po::, It iv' I y 1I.(~",':d B'll as k l ocreases 

lo 10 (FIgure (i), 

pt:rccnt'l.ge of t. I t 'hll i "' ) nl'r·val .,;or: _ai ning p.::O 

I f'Creas(>s fr·ofll. 12% Lo 'l. WI 

va]u,· of the cst <)t.(; 'S t~,~ :( C'·" t ('I 



, 
,J aha HI.. 

1 :1'. r. clo...icr to the . , 
" p; I r lIT. HI. 

av(. t h~ 
di I fe II shape (flaller t han 

the others) ComparIng n :ure~; 6 & 8, as the sample SLlCS i ncrease 

from 20 to 30. tu€' lX'rC(..f age .f the c::;l1u,,,teu values that lle i n 

the intel'val containing ",-,,0 increaser. from 30r. to 38.4r.. 

iii) Varlanc~ paL~~rn l~ 

Figures 9 '0 12 a r e tht' gr'ophs for k=3, m::::20; k=lO . 11=20 ; 

1 3, m·<j(j· k= ]O M"30 .... hen the 2" are highly dlversed (pat tern ., 
• 

I V l. In all these " "pl.'; UW Is flal ler than the r e s t o f 

l"sl1'l13t"'rs }"I ts 'nd ..:atc tt:at the numbel" of estimates pr od uced 

t,v tht.c tiJ) 'eightc\l Ill. an e~·Um· t.or which ape close to ~:z:O are less 

in 'mb('r than I.he estimates produccci by the other estimators. \IT 

.. nd "'.L havl,! the same :~hape, Thls Indhat cs the outputs produced by 

bott~ estlmat.ors ::we clo!"'~ t(l each other'. "'5 k and/odn i ncreases 

n., C~'I ~:::; ~('ome ;n"rc peaked. Tho.:: per'cenLagc of val ues t hat li e 

thp. Interval conLalnlng p~O Increases from 9~ to 16~ . 
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! Figure 1 
I 

Graphical display of the estimators 
whep "·~·t m"20, equal variar.ces 

;XOpOition 
L 19-, -

169. I­
I 
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I , 

,.4-' ,. yC';-
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-0 16 -0.'2 -005 

Oass 

o 0.05 
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- Unweighted . +- . Weigr;ted 
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-4<- MLE's 



Figure 2 
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1) Unequal S:"1rrrple Hze~ CaSf 

Under the case of unequal sample sizes, 1 have plotted the 

graphs f or cases A & B. but the conclusions from these graphs are 

not different from the previous ones , for l hls reasonand t he large 

nt'rnber of' figures I have , I d1d not I nclude lhem. Here, the cases 

when the sample sizes are positive l y correlaled with t he 

popula, iur. var i ances (case C) and negatively cort"e la ted (case D) 

at <! plot ted. In tt-e CasE of unequal n • 5 
1 • lhe esti ma tors to be 

cOlI'rared are five. 

i) V31~lance pattern! 

rig"rcs n, 1'1, 15 and 16 are lhe plot~ of the estimat ors 

when Y· 1 c:.nd . ~ .. O, ar.d sampk size::; CflSes C 8. D. In all figures , 

tilt" U\o, G flatter al,d skewed lhan lhe rest of estimators. From 

th'_~e fIgures, lhe shape of the four estimators . l. e., WOf, HL , NS 

and KS ar'e alinost idenllcal. Comparing Figures 13 & 15 (k=3, case 

C and k"'3. case D), the curves in Flgw'e 15 ar c more skewed than 

th::-t at-e tn Figure 13. Th i s shoo'S it I s safe to t ake a large 

sar:-.ple from a population which is more diver sed As k increases, 

the curves become pt~ak· d showing lhat thC' number of est11l8tes 

the true 1!ean 1 )C":rc;\sc The percentage 

increases fl"ott 13r. to 34r.. 
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d at' aLee paLern I V 

18 
1) a,d 20 aJ e the gl'aphical d isplays of t he 

estimators for k=3 and k;;:lO. The sample s izes considered here are 

cases C and D. From th(! f r e quancy distribution o f the estllr.ales 

and these f our graphs we have t he f ol l o .... 1ng r.esulls: 

As the he te l'ogeneHy of the OJ '5 and t he (),,2 , S , Increases, the 

curves bec ome more s kewed and fl at ler. As k 1 ncreases t he curves 

2 are lillI e ske .... ed . Wit h the same k and tr\' s pattern, If t he sanrple 

51 :ze~ taken are rever sed (case D) one can ('as t Iy see a 

significant change among the cur\',S . The curves are more skewed tn 

casE. 0 lhan in case C. Comparing Figures H1 and 20, 1f the sallples 

observe(~ from;'l population with high varinace are no t large. the 

~st.imat s ar~ not closer to the true m(;an as in the case where 

larg,,_ s"T.lpies are observed 
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Eli IV~i!l'" 

'"Ie Ip r·le;).l '<3ri IU'; 'f tI.e e t i ll'a.e. dre 0.; lInr.r ....... I7.<'d and 

\.. ~.;) .:iLJ '" Tabies • .<:. <l..3 and 4 Th.: H\ U'~i are l-wlnt.oo to 

eigh t sIgnIficant dlglls. Table 4 2 summarizes the empi ri cal 

var'lanCt' of the estimates when the sanple sizes are equal (m
E

20, 

n):::25. m=3C). Table 4.2 gives the following results: 

1. E.<ce-pt in the case of equn 1 variances , U\I has 'large variance 

campa 'ed "11th the tither' methods. Thts shows UV is les!;; precise 

rhan the o t her method::., with the exception of the case of equal 

vari nace. 

2 .. ,r all k=3 , 6, a and la, as t he degref's of heterogeneity of 

n . .:- ".2,_ tncre:::.se the emplrh.:i-l l variances of the ("stbnators a l so 

or a.L~ pos[;ible vaL.es of k, as the sar,pie 517e9 increase t he 

var-iar.c ~ dec,·eo';e. 

4. fs k-i.ncr·ea..c;es , the val'lances of ML tend to be smaller- than 

t hvse of \l'l' . 

5. As Lhe hetl-ogeneity of the C"~' s ncreases ML ' tends to have 

s~ ghtlj' smal l variance than \iT. 

E, ,\.~ k Incr"3Sc5 variance of all es timators decrease. 

1 hie ' •. ~ is the summary of the empIrical variances for the 

A d E I n thl s case HL. NS and KS ur·.qW3..1 sa"lple- slzes cases an . 

va '), F,' ,11' Table 4.3 on· ca.'"! obser ve the fo! lowing facts: 

1 J, U" has t he smallest variance of all '0. Jal variances case, 1'1' 

b , th la"gest variance when the populations are u. .C L 



----------------~ 

, 
I X(' r.e:llCr d .. r 

, Cc , 

• tI.e \lIT,p!ncar varlance!i of all (' llNtor . 

~" ,11<.> lhr c estimators ~ tiS, and KS have arP1'O)<lutel y equa l 

1nd/or' the diver' 11 y or Lhe 

hnv' , tl, h tly smalkr v8l' lanc(; l han \IT, 

2, S I ncrca. .. ~ 
I HL. MS. und ItS 

1 In few c.-.s then }""3 a.nd the (1"'8 
I 

ar. , ... 
11 "':"; u ilT h-s sl,nllY varlancu t hun the other 

, " 

T'llie 1.1 r.cl".sisls of f>mpt lcfl 
f 1.111C(; of ll.e Pfill_ton; 

w~lh the 0'2,. and 
I 

wi , , 
mpJe <> ze~ cll'C poslllve y nssoclated 

vI "'ver'!~a fClli,l"S C and D), FI'(;m ":"able 4 4, the [ollowlng r'eeult . 

O\I'C ab: .. 1 v d 

popul ,Il.;n var'\ances ar(> equal. 

<' >r' al t v<llues of k CI'1d cases C and 1), as the t,cterogcne l t y of 

L t.f I; 

, , 
. 'eases the variance of a 1 estimalors lnr.rea!'>c. 

• I mat or's have ](;SS variance 

,fh;r (> ~e and/or the 

U'S: .1r" a~ es f);ar. \H 

(f'2. ~ ar' 
I 

case 0 lhan In cas~ C 

IIN"e dlversod, KL, MS . and 

r ~~es l If JaT'I;U1ce~ or all f'stlmalors de-crease 

'" KI •. NS and J<S arc qt.;)}}y prcclc;e 
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L f leo )0 \It the f.sl i O<l •• 

l e \ .Ir '. 11\:' ,f;: 1 I.:t 1 I~.a ~ r t mea ,I I'E' Il~ l.crfoll'l8.OCe 

the nol~on of rC!)athe eff i ciency . lhe rl.:!a Uve ef f ic i enc i es of 

t.he lIve estimtor::; are comp>Jled and. tabu l ated in Tables 4. 5 and 

<1 f=: They .Ire calculat e d as 

", 

Lml l " i c&. .... ar i aJl('C of t he BLUF 
FlilpTr feaI vurianc.:e of- theest1~l')r )( t OO. 

Tlw J'\'Jat'lve efficlercics ::If the estimahrs for k."3 and 10 

y' J ol tt· f!.;f ,.'~ Oil'" salr:.,ie sizes and 
, 

palt.cr'ns These " case v 
1 

a,-c , Fit' 'C" A t F. A (~'ir'~fuJ j COI,paj" Gon of these graphs 

1,-, 10' hf 'esuJ I.s dlcU5.;cd belu ..... 

! ) U:1 

,en 'u'e ctjual. UW , 
lUOY. e! llt:i~ nt. Hut fo r • , 

, ." pal rl I to I, U1I 15 subs I ntlally If'S!:> "fftclenl than 

I • dL r.;.: t > In,al~H·:-;. ( 0,> par' \ ng Fit Jrcs A t D, VI Is slIght ly 

I. i .; "nl .I, IL "l'!-Jn k is small. A, incrt <. .;cs HI. Is ~J t8hUy 

~ ;1" cleo\. ., ~f. A.: ~ ;).!; , i nf. ., OW bo!l .II I f'S::;> ilnd Jess 

~t icient han lIT, ar,Q ML For' InsVuc<:- ccr.;'-dring Figures A aHd D. 

pi ()t s k J u 1("" Co ... a5es , . 
1'_'" F c, 'I " , 

(,I' , 

.... J< and KS arc not the 
h!,.; ,,·se U estl lor 

pr!!'·lsic'l. !,,!un th 0 's vory 1111 has 
'm, hll\ r y hav(' t :)C ~nlY!t:: I 

(~: r,' J co , eVLlI .(': . tt ol V~ ... Y "5';, For k .. 3, 'IT Is 



h " N 
la' e. U .. 

c u J. Y. u t ... (-1' llk 
" j r i~1 ci to C a..d 1. , . • I u; Cl JOve 

j~. otY.;e{'Yed exce:pl the en lciendcs d' I'lL. NS. and KS slightly 

increase. 

II -LsI fou:- I'i&ures <.Ire l-'lo ltcd to examIne the perforllance 

of the t:st imators when thl:! samp l e sIzes vary wllh a. fixed variance 

i tl(>l'n. FigIJr.'s H, N, 0 a'1d P give the following rcsuItc;: 

1. 101: r'l !~::".., WT is sllgt.tly efficient th::..n HL In all ct)OlCes o f 

l. W"flf n k=H.\ ML is slightly pffl cicnl than UV In all choiR S of 

,. e ze 

l' ~·a,.lpl~ sizes chosen U\l has less efficiency. Its 

I I ":-1' <'\ r educj~s w!l.::n lh. tit V\!I III es of cr2 ,s Increase , 
I 

n ,-hhprrer' ~i tbe results of th\.' slmulaLion study w1l1 be 

• \1 nr'i zpd "md d iSclissed . J.'101'eovc>r • these rcsul ts wl l } be 

Ii:<", u~s('d I<lith t'egard to the prcv!ou" relaLcd studies. 
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Figure A 

Efficiency 
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Relative efficiency of the estimators 
to the BLUE; k-3, m-20 
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Figure B 
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Figure C 
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Figure D 

Efficiency 
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Relative efficiency of the estimators 
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Figure E Relative efficiency of the Estimators 
to the BLUE; k-3. case A 
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Figure G 

Effi ciency 
100% 

Relative efficiency of the estimators 
to the BLUE; k-a. case B 
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I Figure H Relative efficiency of the estimators 
to the BLUE; k-10 , case B 
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f Figure , 

Ef fiCiency 
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Relative efficiency of the estimators 
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Figure J 

EffiCiency 
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Figure K 

EffiCiency 

Relative efficiency of the estimators 
to the BLUE; k-3. case D 
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( Figure L 
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Figure M 
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Figure 0 Relative efficiency of the estimators 
to the BLUE; k"3, variance pattern IV 
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.1 l (" 

The purpq;.(; of lU & cl.ap tcl' lr.. P I'OV ill SUlnrY ry 01 lhe 

results obta i ned i n t h i s s tudy a nd to compru'c t hl!sc r csulls with 

pJ'cvi ous s t udies lnade by d iff er'cot researchers 

Levy( 19.,OJ Investiga ted t he ,'elal1ve cfflclt'ncy o f WT and HL 

when th(' n
l 

we r e wlcqua} but t h", 0.
2 

were l nfuc: l uniforll , 
For K > 3. HI. aIlllOs l aI\.I'ay~ had sma I l<:r varlal.ce, atJ JlG 

erfl, it'ncy "€'l \tJve t.o \IT Increased as lhl n, b<~came lIorc 

divcr's('d The;}'s I.;erc c hoo~cn In such 1\ w.1.y lh'it Un :'111. Levy & , , 
Hant",1 (]tH4 studied t.he effle-Iell< les c:f tn.' \IT, and HL 'or k,·6, 

':iond r\)s:!r ,cd lh(' folh",lng f·ll ... : l' F>I .tI'der.1 e dlv!r",lly n tilt' 

1"01' ~ql san,p1e si zt" ~aSl " ». , 
f ht> ~''l.rr;. . effich;ncy, and ;,C' the fr2· s , 

0-
2

• S \IT ~ 1II01'<:! effl( lent than ~! , . 

If) ST)t! ML 

( <JII\C '" 

,d If lie 

t he .i ·' s i ncrease , ML showed hlf\her effie- cncy , 
Raof 1980 ) investigated by silTiulation It'at tnr 

w-as sign l ficantlv l ess efrlcit nt In K~ II' ! 

h.1<1 'lpr ox I'Illlp I i' 

olver .). ill .1<.lei 

I • 

.,r) h tho 

,I to: K. 

112 n ~"t, ..-J. , , 

lh 
'
On' e - t, •• d.",,. nee ef f' lenl t han KS. How~vE'r . a!:> e" <.; • " '" 

In ~rf;ciency we re very s~al l 

- ~2 



"3 -

• .ega; dl lli, t he pl'ed'L,m uf lht; 
S !V>o.l ,.II'S tl ,"",suits 

.) .... all,,~d in thi s s t uuy l ead .JS La t h'" follo wing cuocludons. 

J. Wh~ n t he "'~ · S ' 1 '" I , . . , k arf. th(. s<>.me U\I I fully e ff ici ent 

and it per-forDtS better Lhan any o the r estimato r . Bul 'When the 0"2'5 
I 

are differ e n t U\l is t he least e ff icient estimato r. As k and/or the 

diversi ty of the O"~ 's increases, the effi ciency of UV dec r eases. 

2. In the case of equal n ' s 
I , HI. = NS .. KS . If the Ill ' S at-e not 

~qual. lhese es t 1 amiors arc unequal. but the es tl males are very 

close to each ot her . Thi s can be J us t ified by compar ing equations 

(7), (12 ), and (1 S) In chapter 2. Th<:l. r wclgh t s diffe r by n . n-l 
I I 

and PI-2. For large values of nt'S t hese we ights ar e approximately 

equal. The i r d1ffere nce In pr ecision may be s ubstantia l f o r s mall 

sample slze£ " In our study the sample siZes range f'"om 20 t o 30 

anu he o::s t l lllator s have a l ost t he same prec h don. Thus it does 

no t adlter muc h wheth"' r we use HL, NS, or KS. 

3 . \.Ihen k~3, \IT Is 5 1 Jghll y !llOre efficient than tim o ther 

e~t l mat .. )rs. Bu t , when k i nc rcaocs, HL, ,-IS and KS are s li ght l y more 

e f fi ci ent than lIT . It i s a l <;o to 1)( . nr> l ect I hal when lhe 

m.., NS and KS are superi or" to Vr. 

n 's 
I 

vary 

4. Except In few cases, the effic i ency of all es tl mato r s 

i ncreases , when the n '5 and 0""2 ' 5 are combined <is in case 0 (smal l 
I I 

n ' s corre s pond t o 
I 

correspond t o smal l IT~' 5 ) . 

t ,n I n case C{ 1 arge n • s 
I 



J 

• U). 

'" I • 

}:1. NS nnd Y.5 h~' 'to hi gh t:rt Iciel 'Y and ttl Ir e' I 
I>ces are not 

s t gnifjcan l ~ y diff'erenl. The asti r-,a tol'S Ht. NS, a nd KS c an not be 

computed d l rE'ctly as UW or \IT. ThC'y aJ'C obtained by SOJ'le iterat i on 

me t hods, s uch as the Newlon-Raphson mclhoct and such i teralive 

me t hods r equire more computer lime . Tn co nc lusi on, based on the 

the simu l alion results and cons ldor- t nE, t he compul t'!'l' ltme required 

to ca lculate the es timato r s t here appeal's to be Suppor·t for usi ng 

Lhe \IT rather than t he other me t hods. Bu t I t i s wol'tt.whlle to use 

Kl. o r NS or XS whe ... k is lar ge a nd/ or the n ' 5 ar"e d iversed as In , 
case D. 



p. N') x 

{ mai n program } 

progra~ SIMULATION(input,oulput); 

{ ThJ s program gener ates normal random var'tables 

fr'om 2 
N(jJ. ·O"t ) calculate .. SaJ.1p !u means and variances 

and computes dIfferent estimates of ~ accordi ng 

t heir for/aul a. } 

COO!"i t 

run_no " 1000; { number of independent runs } 
III_ loop = 10 ; { max i Illum no. of popul ations 
lII_oi " 30· { maximum no. of sample sIze consI dered 

, 
eps " 1. 0.:.-10; { constant u~;ed as index of convergence 

type 

. m_loopJ { 2 .1 t y"," al'ra,y ( 1. of real; an anay of S . s } , 
ni_type = an ayr i. . Ill_ loop ] of integer; { an arl'ay of "1' s 

x l _,'nw = array[ 1 .. m_ol J of real; { sc:.mples f rom NCO, .2)l , 
x i _type = array[l . . III_loop] of xiJaw; { matrix of x 's } 

'J vor { global var iables 

p, k, ", seed, tYP :!_f 1 nteger; 
m u rea l; 
n ni_type; 
"_bar, s, sigma 51_t.ype; 

" xl _type; 
ok ._t'J.g flag boolean; 

Function DIIAl/1l4.8: I ongreaJ; exlernal; { generates unl form r . v }. 

pr\~.dUN" '>RAND48(seed. lr.teger); exl('rnal; { Initializes DRAND48 

} 

} 



i . j 

3 LJDl 

inl <?ger ; 

Sj_tY~ i 

xl _type ; 

86 -

procedure TRANSFORH(var x_raw xl_raw; I : Integer) ; 

{ Transfor~s Uniform r. v. to Normal uSing the polar Marsag lla 

method ) 

val" vl, v2 , r , Y. xtemp "ea l ; 
yJ, y2 

cheker. j 

real i 

inLeger: 
begin { TRANSFORM } 

cheker' ; = 0 ; 

f or J ;= ! Lo n[IJ do 

begin 

end 

i f( cheker '" OJ then 

beg in 

end 

!'£peat 

\ , ',..z ~.W DnAI·D48 - 1.0; 

v2 : '" 2. O · m' AND4~ - I 0; 

r ; :::::s'Jr(vl) ~sqr(v2 ) : 

untuU eps < !') unel (I' < 1»; 

y ."" s qr l((-2. 0 ·1 u(r)/r); 

yl ,." v~ "y; 

y2 : '" v2"y; 

x_rawl J l ' z yl·sqrl( slgmal l ) ; 

xlemp : = y2· s qr l( s ig rnall J } ; 

cheker ;"" 1 

else b ig i n 

xJawljJ := xtemp: 

cheker := o end 

~nd i {end of TRANSfORM } 

begin {beglnnlng of MEAN_VAR } 

£or 1 := 1 t o k do sumll ) :'" 0 ; 

f or i . = 1 to k do 



end; 

I Rt,'·Sj- OH .. "H)( rill, I 

f or j ::::: 1 t o nil] du xft,J 

f or' .I '" 1 t.o nlil do 

suml11 .'" :;umI1/ ~ xIJ,.11; 

x_bad 11 sumll l lnl I J 

for 1 :;:: 1 lo k do 

begin 

end 

s[i) ,= 0 . 0 : 

for J := 1 to 0 111 do 

s i ll :'" s I l l + sqr{xll,j) - x_barIIJ); 

s [i) := s[l) /(n[l) - I) 

end ; HEAN_VAR } 

pro~edure BLUE( var m_u: real ); 

{ Ca lculales the BLUE assu~ log varlal,ccs are known } 

V"..l r I integer; 

W si_l ype; 

IllIwm ivlen: real; 

begin { BLUE ) 

end ; 

mnum ; = 0.0 ; mden ::::: 0.0, 

fo r 1:- 1 to k do 

begi n 

wl1] :"" n[ 11/stgmafl); 

mourn ;= mnurn + wfl l ' x_bar[I }; 

mden ;:::: mden + wi J 

end ; 

m _ u : = mnumlll'.c.ien 

1 BLUE ) 

function UNWE IGHT . rea l; 

{ This fun" U o n compu es lht. unw< ,l ght('(. lDtan 

ar 1 integer. 

mnml , mden real ; 

begin { lJN\lEI GHT } 

mnum .= 0. 0; mden .= u.O; 

for i ;: 1 to k do 



- 8~ -

1" 

), Jill .nhlil. t ,l: I·x loa~ 1\ , 

"WI .:: MC. + r i / 

nGo ; 

end ; UNWEICHT l 

procedure WIEGHTED(var m_u ; real); 

{ Computes the weighted mean ) 

var 1 int eger; 

w ; s1 _type 

mourn mden ;real; 

begin { WEIGHTED ) 

for i ;~ 1 to k do 

begin 

Ioir tJ := nli l / s(il; 

mnurn ; ~ MUlti + 10'1 il • x_oo,,[ i I; 

IlIden ;:::: mden 10'11 J 

end; 

end: { VEI GHTED } 

pruc "dure t!E\lfON_RAPH(vaJ' IIU.I ; real: type_f . integer; 

ok_tak. flag. boolean); 

{ This procedure 15 used to obtaln the maximum I ikellhood, 

Neyman-Scott & Kal bflcl sh-Sprol t eslt matOl's. 

canst. mc.x_itt:: 100; 

t ype I'Ilw_lype: a rray[ 1 . max_i ll) of real; 

var 

mw 

rO'1;.d 

conv_ok 

mW'_typc; 

int eger; 

longreal; 

boolean: 

,.·unction F_Of_MWT(JI!wt :real); real; 

{ This funclon eVi:llualc .• the estimating equati on [( Il) } 

val' I : i'llet,er ; sum: real 

unc.t ion NL1t-,_OF_F(nl i nteger; xl, mwt 

{ Eva l uates the numerator of [(Ill) 

real) real: 



'.' I--I'l-ti 
f} .. I.!· X _ n..,l) 

un.:; Ion ucll_Lf _n n i : inll. gt:r' ; ::;1. x i , mwt real}, real, 

{ .val la t es t:lf! denuille. 'a l cr of 1'{p) , 

DEN_OF_F := (nl -1) • s1 + nl • sqr( xt _ mwt) 

end; { DEN_OF_F} 

begin { F _OF _MWT} 

sum := 0.0; 

for f ::;;: 1 to k do 

sum;= SUIlt + (NUM •. OF_Hn flJ.x,_b'lr (l]),I'IWl) / 

DEN_OF_F(nfiJ. S[lJ, x_~~rllJ .mwt ); 
F_OF_M\.iT := sum 

end ; { F_Of Jfi.IT } 

r eal) ; r ea l. 

( Evaluatf.s the der lvat ve of fill) } 

var i ; integer; S'-Im . r e r:l; 

f Unct ion NUH_UF_!JF(nl :inle&er, ~l . x· r.lwt re;l J ) :reol, 

, Evalu~tcs ft)<. fwnerab. 0 t ' {IJ) } 

begin 

NUH_OF_DF : = inl - typeJJ .. nl • d n l - 1) • s1 - nl • s qr(xl _ IfIwl» 
end; i NUH_OF_DF } 

I 'unction DLN_OJ- _DFf nl l.ntcgc.- , sl, xi, mwt . real ) rea l ; 

{ Eval uaLes the denUbleratO) of 

beg i n 

IJ£N_OF_DF :'" sqr ((ni - 1) • 81 ... nl • sqr( xl - mwt »), 

cnd; {DEN_OF _Df } 

bf: g in '- OF_Of _MWT } 

~,urn .::: n,o; 

for J 

s um 

: =- I to k do 

:= Slim + (NUM Of DF(n(lJ,sfjJ,x_b."l1'{ lJ, mwt)1 

DEN _OF_pn nl i 1. sf i ), x_barf 1 1. mwt) ; 

df _of_mwt := s um 

end, {OF_Dr_Miff} 



, , 

cr. ,\ •. ok at • 

t·t gin 

it d f _of_iliW'1 (AlW( 1 J J ..; .~ps l hen 

begin 

,"ound:= df_of_mwt (mw[l) ) ... eps; 

mwfl+1J : = All./[l] - f_of_wwt (mwIIJ) / round ; 
ok_t ag : = true ; 

end e lse 

mwl l -lol} := n wl lJ - f_of _mwl(mw(l J) / d f _of_lIIwt(/JIW!l]); 
:':1 + 1 ; 

£-nd; 
i f abs( mwllJ - mwll-l)} < cps then conv_ok := t rue; 

i f conv •• ol( then "11_\1 • = mwll J; 
e l !'e f!;;g := f atse ; 

b~gi n {be~ i nl ng of t he ma i n progra m} 

'Iorife l n(' lIow many g r oups are t o c o mbined .. . . e nter k' ); 

J eadl n (k); wd t e lnCl-;-); 

wrlteln ('Er.l er thr- seed "a l uc 

reaJ l n(seed) ; writel n(seed ) ; 

";1-ile l n ( 'En lpr the salllph: s l ze~ 

For p := 1 to k do 

begin 

read (n[p}); wri te l n([ p): 31 ; 

end; WJ~ite!n ; 

.. seed ' l j 

.01' ); 

writeln('Entcr t he popul a t ion variances.", .s lgmas') ; 

For p : ~ t '.0 k d o 

bertn 

'eaJh:ie;t.a[p}); wr i t eCs\gr.ru.lp J: 6 2); 

en(i ; "W'rite n; 

::::: false; 

t >.ig '" t:-ue ; 

SHAND4S(, eed); 
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lor = 1 ;) rlJl _no '\0 

oerJ'l 

e nd ; 

BLliL{ m_,.I) ; 

wr ite( ' • ,m_u : 11: 8): 

wr i tl!! (. . • UNI.'EIGHT: 11: 8); 

WE IGHTED(m_u); 

wr ite(' '. m_u: 11: 8); 

f or p := 1 to 3 do 

begin 

end; 

l ype_':- ,= p - 1; 

NEWTON_RAPH(m._u , type], ok_lag, flag ); 

wri te (' ',m_u: ll: 8l ; 

Iolri le ln j 

end. { t!nd of the pl'ogram } 



· f 

rro~ am ca'~u l "1tpR the mea ll, V<.L'lar,u~ a r lfi t '1 r'Yo the 

h rate:... reh' l lVe tc th J I U, l'h' Inp',l . (' 
Q - ~ J or .ll.j progra. are 

the OUI-put:,. of S I HULATJ OU ( t l.c '/,a l ll pro~wa'll >. 

prog r am HEAN_VAR_EST l MATOR( i nput, out put ); 

c ons t 

row = 1000; 

col umn = 6 ; 

ffl _.C = 50 , 

vor 

SIl'll, mea'. v, 55 , r eff 

est 

:f 1 ,c _na!IH~ 

d_ f . out_f 

j, k 

inleract 

a rray! 1. co l umnl of rea l ; 

array r l .. r )w. l .col umn ] of rea l; 

file_om_typc; 

t"'xi l 

t ext ; 

i n t ege r ; 

bIJo l e a n ; 

boolean , 

i n t e ger; 

f unc t t(;-o pa rame t r i Sa l l;ts · p.~ .parame tef 'S ' S 

( pr>8 . int t'get- , var str : f lle_n m_type ; Je n 

i nteg<"f', e xlernal , 

be,': i n 

ex i t ;::: fa lse ; 

wh i l~ n~ l ex i t do 

begIn 

"" m_c; 

k := parame triC l . file_name, I)' 

if k (=0 t hen begin 

wT'iteJ n ('Na!lle o f the d::>.t a fj Ie ? ' ); 

read Ln ( fi I e_.nume) ; 

j nter act =- true; 

end else bcgir 

inter'ac t ; "" fals e, 

Integer ) 



md; 

i f lr,ti~rnc H. e w t dn • I 

r~set(d_f I Je_nas;,e)' 

for i .= 1 t o column do 

Legin 

mean [ i I = 0.0, 

ss! i 1 : = 0.0 ; 

sumll) : = 0.0; 

vlll := 0.0; 

r eff ( 1 J ,= 0. 0 ; 

end; 

1 := l' • 
whi l e not eof(d_f) do 

beg j n 

rea(l i d_f , ser) ; 

f or J :~ 1 to co lumn do 

begi n 

read(d_I,cst [I,JJ1 . 

SUIII[JJ :- s UJnljJ + ~strl.j J; 

end , 

rcadll (dJ); 

. . = I • 1 ; , 
end; 

fOl~ J 1 to column do me U\! J I *"' suml J J /SCJ', 

ror J : = lo colmnn do 

begin 

for i := 1 to row do s"IJJ :'"' "'sl J l .. 

sqr(e~lIl,J J - lleanljJ ; 

end . 

append( oul _f. lIIean_/CO" out 

for 1 ! = 1 t o colul7Il d t.; 

be g Jn 

vI il 5s 1 1 

ref fl,) = {" Il l/v 11) • WO.O; 

e nd; 

f or 1 : 1 t o q) }umn do 

urileln(outJ,I.2,m ~anll) 12. v 1:12 f. ·cff[I].8:2}; 

) ; 



ell .t , 

end . 

, f 

Wl.~elnr'~ ,Ill L "X 17 

r eauln(ex l i _!'l j, 

if (>i t '3" ::; t 'l lel '><'1':"" .U.! ; 

f t'nt"'r 0 011 erwlse 1 'j; 



be l ow, 

boundaries used to tabu l ate the frt!Quency di s tr ibutions are gI ven 

For' t he cases of eqlJa i variance , patlc~ns r and II , t he c lass 

Class Intf'rva l Val l" 

, - 0 . 19827762S 1 

-'i. 198277625 - - 0. I ~'I 173375 2 

- 0, t67173::7~ _ -0 .13768i25 3 

O.lJ 2:b9 125 - O,lOll7f48'f! , 
,0. 1 fl6761! 875 -0 0113 . ·O~~?'; 0 

-O.0762r::uu2S -u. 01S15f" /5 6 

O. () 45756:f!5 -'). U152~"i; Ii:.'- I 

-0. OJ 52!.i2125 - O.0152~;::12S 8 

0 .015252 125 - 0.0·15756375 9 

0 .04S756375 J .0762FlOG25 10 

(I. 076260625 - n. 106764875 II 

O. 10676487!. - C.137269 125 12 

C t37269125 - 0 101"73375 13 

0.167773375 - 0, 1982"7625 14 

< 0 198277625 15 



V, tf 1 n •• r l fVJ'S ~ 'c 

Class Interval "hlu( 

, -0. 937518825 

-0 . 937518825 - -0.8125 1631 5 2 

-0. 8 12516315 -0.687513805 3 

- 0.687513805 - - 0.5625 11295 , 
- 0.562511295 _ -0. 437508785 5 

-0. 437508785 _ -0. 312506275 6 

- 0 .312506275 - -0.187503765 1 

··0. 1875u3765 - -0 062501255 8 

-0 . 062501255 - 0.062501 2S5 9 

o 062501255 - O. 18'lf'J376~ 10 

o IP7SU3765 0.312506275 

0. 3 12506275 - 0.11375087115 12 

0.437508785 - O. SG2!:il 1='95 tJ 

0.562511295 - 0. 687513805 " 
0.687513805 - 0.81 7.516315 

0.812516315 - 0.93'1518825 16 

• 0.937518825 11 



Tab le 1 Frequency D'str iout; on of t he Estimates 
'~h5n k :: 3, equa l sampl e si zes , equa l vari ance 

class ' m ~ 20 • ~ ,5 m ~ 30 1 r":,. , lI. WT ML UW V/T ML UW liT ML • - '-1 • 60 '5 66 48 47 49 26 34 3' 2 40 45 25 28 30 29 30 49 29 3 59 49 43 37 47 25 47 42 41 4 51 61 " 71 ' 2 76 50 55 57 5 b~ 71 86 7B 71 68 89 77 73 6 75 77 83 83 80 83 103 109 11 0 7 99 85 81 112 109 104 11 4 108 101 8 104 98 99 12 5 1 ~ 4 129 11 3 10d 116 9 86 99 94 1 , "i 99 95 99 10 5 100 10 88 72 79 72 74 75 96 101 105 11 61 61 64 60 73 . 9 85 8 1 81 12 66 72 65 71 66 69 61 59 60 13 4. 47 49 46 ,. 39 38 42 41 I . n 28 33 27 31 28 31 27 27 ~ 15 61 69 66 3 , 3. 42 18 25 25 ----T • 1000 1000 1000 1000 1uuO 1000 ;~ ... C 100 00' • 
• 

_. _. 



Table , Frequency Distr ibution c/ t-:,o3 Estimates • 
when k = 3, 'Jnequal sample sizes, equal vanancp 

. ~las: m = 20 m 25 m = 30 
';nt.:U~ ~T "L NS KS UW NT Ml KS KS UN .T Ml NS KS , 
--' , 

" C, 60 61 61 26 ,9 30 30 30 46 48 '9 47 4< 

2 30 25 28 27 26 .1 20 18 18 18 24 40 37 40 41 
3 '0 50 48 47 49 44 45 49 , 6 50 54 46 49 .7 .8 

• ,4 51 52 55 54 54 53 51 53 51 71 58 55 58 61 
5 6, 75 76 7. 74 70 " 72 72 72 89 71 872 70 66 
6 91 92 59 92 91 9, 32 86 8' 85 70 101 98 100 102 
7 95 87 9, 91 93 9. lO~ 99 lOe 99 9' 110 109 107 108 
e 10 10. 'ad '9' 101 12' '13 '23 123 123 l' 5 88 93 n 93 
9 107 98 101 99 98 101 113 105 108 108 93 93 97 35 93 

10 87 87 82 82 82 111 .5 94 94 9. 89 84 80 83 83 

" 79 70 70 72 73 92 92 90 91 91 7· 89 85 85 84 
12 51 62 82 61 59 52 63 64 62 63 65 59 64 63 64 
13 39 45 44 44 .5 '9 50 50 51 '9 41 44 43 43 44 .. 31 28 31 31 31 1r 28 26 25 26 28 2. 2. 26 25 
15 60 6' 83 63 61 34 38 40 .. 41 39 43 43 43 43 , , 

,Tot.: 1000 tOOO 1000 1000 1000 1000 100C ~JOO 1000 1000 : 1000 1000 1000 1000 1000 



Tab',e 3 Frequency Dlstrlbut10n ~f the Eo ilTlates 'hen 
" 

~ 6, "!Qua 1 Sarlplf;. s ~ zes . equ~l '/ar"ance 
, ., M 0 2C m ~ 25 2') 
, , 

: i"t, I UW WT ML :UW W1 ML oW WT ML 
'- -- -, 11 20 22: 5 • 4 ? 

, • l '. '9 i6 I '0 17 16; 10 1" 9 ~ 4' 35 3 t : 28 30 28: 13 " , 20 4 51 64 66; S 53 • , '" 4" 40 5 18 17 8, '3 16 7~, 83 80 83 6 118 15 It?'112 122 120: '2' "0 q;) 1 118 110 112~ 124 10, t (jl:j t ,5, , '5 15' 8 122 111 124: 155 153 146: 110 15a iS1 9 '3, 11; i04:1bt. 157 " 15~ '59 10 124 125 131: 105 10, 10£ 11' 2. 23 1 ,. 92 85: 89 88 9f" 6b ., 
M 12 50 52 45' ., 52 53 41 ,e 40 ;. ,3 3. 35 35: 19 2' .. 4: '. 22 , 

14 18 8 19 : '3 12 " 
, 

" 8 
, , 

5 10 11 11, • 7 5' 0 
, 

, 
'- , ,---, T : 1000 1000 1000: 1000 1000 FlOC. 1000 ',Ao 'uvO 
, 
-, 



Tabie 4 Frequency O"stributinn of the Estimates 
~,'hen k - 6, uneQual sample <:; ;ze5, equal '1a r1anCe 

: C Ie,Z' Case A Cas., B Case l. 
: int. Uv- NT ML NS KS UW NT NL KS ,S UN WT ML ,. KS , • --,--
• , q 10 10 10 10 6 5 , 5 5 , , 9 9 9 9 

2 13 ,. 16 16 " 6 18 18 18 18 16 15 15 15 1 ... 
3 3' 39 35 35 36 25 25 25 25 2E 31 25 28 28 28 

• 58 '" 62 62 64 69 59 58 '8 58 52 60 62 61 60 , .' d6 ,2 90 89 80 70 11 09 69 62 70 59 60 62 -6 ", ~ 02 101 10. 103 99 ", "3 115 . 15 "0 37 106 10. 103 
I 

, 
13~ .28 I •• 133 133 151 ,,. 136 '" ,36 136 141 ,.0 144 141 

• ,.- 126 , 1 31 131 162 '64 162 15Z 162 142 131 130 126 129 
9 112 127 116 116 118 153 136 133 133 133 ~ 41 150 146 147 150 

10 '30 e' 91 90 88 PO 122 122 ,21 ", 11 1 96 105 106 103 
, 1 84 '~2 93 9. 94 66 64 .; 70 7 8' 98 91 92 " 12 ,. 45 51 52 54 41 4' 3. 39 J. 64 48 46 47 47 c 

" 13 06 28 32 31 29 26 28 00 30 30 23 35 3. 37 37 
'4 , 28 2~ 28 26 11 13 12 12 '1 • 12 12 13 14 

" 8 10 8 e " 3 7 7 12 13 12 11 11 

lot. : 0'3 100 loon 1000 1000 ; 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000 



able ; . I=reouencv Olst nbut len of the Est' maLes wi-an , 0 8 , eq,Jal sample si .. e, 9'-!ual van ~nce 

C~dS: " 0 70 m 0 2[; " " ~jO in to , 
UW WT "L o. WT ML ' JW WT ML 

- - '-1 6 ' , 11 2 ~ 4 3 2 , • 2 1. " ' 3 4 4 5 1 6 • 3 '9 L ~ 76 23 18 22 13 13 11 4 :~4 38 38 29 45 4. 31 35 3. , 76 • 1 5 .' 82 7. 80 13 73 

" '0 121 1L'6 128 101 110 132 128 128 • lb, 137 148 154 161 160 164 160 171 • '53 1"11 1 !:.3 117 183 18' 172 160 159 ; 14 - 1 ::Of , 9 174 ,., 139 , 
170 158 156 '0 "" 1013 '06 93 11. 111 117 12~ 12 ' 1 , ,. 82 8& 78 12 78 70 83 85 c-. , 

5. .0 30 39 40 26 37 ,5 • , • 25 .S .0 21 15 6 6 6 14 '0 1 , , 
5 ; 8 1 4 4 

5 • • • 3 3 2 , . -, 1uOt: 10ae 
- -, 

'1)00 • 1 (11')0 tooo 1000 OOC 
. -' ·000 10.:,,- • ---_ . 

. --------~~~~~=-==-. ~=--------------



-r"r:: 8 " t"reauenc' Ji~., ibu+iCr. of the Estliuatas 
"or k ..:: a, '.!'leqUa 1 samp' "" S Ie e'':L.a 1 '¥"'i( 4nce':, 

----- ---c1as ; ,j; , 2~J ffi ,< , 30 , 1t. 
NT M: N:; v.s UW ., W ~S KS u. N"!" Ml NS "S '--

11 11 9 • 9 2 2 2 2 3 < 3 3 3 2 10 , 11 11 7 8 7 7 7 7 1i.i 14 14 "4 , I. .tt- 20 20 20 18 17 11 7 17 1~ 22 18 I. I • • 
4 d:: " r 48 48 32 ., 43 44 4< 3' 36 36 25 35 5 '5 9. 98 q8 99 78 71 72 71 71 <~o a, 8. a. 8. 6 1 5 IJ2 , 25 125 122 111 1 ~ 4. 114 11 ~ , 15 102 1/)~ lOS ~Oi 105 7 - 65 " "Ii 143 143 145 167 167 167 i65 154 151 148 150 14. 5' 6 16 ' 154 " 66 162 164 ~ 8" 76 176 17~ 76 165 152 147 150 150 9 '38 0.8 '2. , 30 H9 16< ~41 45 '7 14' 162 l' 3 1e7 166 167 C 92 1C5 103 102 103 107 ' ::8 34 33 '33 130 111 120 12' 117 7, .e 72 73 72 ., '9 l' 7' 74 88 o. e' e. ,T ,. 42 39 ,J ,7 17 LR '6 2. ?' 3. 38 4' 4' ,. 

13 2' 2' 22 :3 .. 11 " , '2 ' , 15 .5 '3 ,< ," ,. 0 " 15 15 15 5 • • • • j " 6 6 , 
" 

. 1 , 4 4 3 J 4 • 5 5 , 
Tot ',000 1(lCC '000 1000 100) '1000 '000 1000 ')OC 1~OO :')00 1000 1000 1~OO 1000 



lable 7 FrequenCI D1~tri bution of tr>e ES"11l'15tes 
:,;: ". - 0, EI'..:al sampie SHe, eJUa1 

c , ' . ., : ~0 m 25 
'~lit,p J\II \II lot UW WT Ml 

I 
2 
3 

• 
5 
6 

e 
,; 

10 
11 
'2 
13 .. 
15 

, 
" '--"'7 .:- 2 2 

12 
18 

'" '37 
:03 
15', 
16\ 
136 
131 
65 

'8 
! 
2 

10 1 4 3 2 
~~ 

61 
'f': 

118 
1 ' • 

" 
'.i2 
11 ' 

5 
J~ 

'6 

• 

1" 10 22 19 
6(1 ::56 27 33 
84 65 16 14 

'15 128 1'3 112 
~45 172 168 170 
'6~ 169 171 16 ~ 

34 111 172 131 
106 119 126 64 

73 ~6 A6 ~3 
50 36 33 16 
1F,1 1 (. 15 4 

I.) .. 4 1 
2 I 2 

.'" r' ,~ : ce 

In = 30 
iw WT !'olL' 

o 
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64 

121 
182 
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60 
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1 
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3 
30 
73 
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~ dDlt;, 8 F'""!QIJfj."C\, ~ 1st" ..,'!t lon of t.'"l9 Est ima":ez , r ... Ilequa ~",tI,:'ie slze. eO'~d1 variarc,," 
------ ----- ._- -, --------- -c 1a5- C(I.:,t: Ca<;,e 6 Casl, I': int. , ... " Ml NS KS UW NT Ml "3 ~S oW " ", NS .'\S --, 

'--0 3 3 3 0 0 0 0 0 , 
3 3 3 3 3 , 

" 7 , 
3 3 3 S 7 6 6 h 5 " B 8 8 3 16 , 3 n 17 17 10 Ie 12 12 12 " 20 18 18 18 4 " 41 3' 36 36 1 'i t :4 . , 

" 
25 29 31 31 31 .' 5 75 6f< 73 IJ 73 49 57 56 5" 57 7< 66 67 65 68 6 10 1 121 122 122 12. 135 126 32 132 131 , " 11 2 11 2 115 1"13 7 19. 170 166 166 164 207 191 182 182 182 185 19. 192 18S 188 • 170 160 I IS 1 160 160 185 193 192 193 1 r; 1 209 196 19 7 20 1 201 9 143 14 7 148 149 '49 182 17S 17 9 17 9 179 149 162 164 • 63 162 10 117 111 'II 110 109 10. 106 108 10" 109 107 89 85 85 86 1 ; '8 81 83 83 83 69 66 -0 70 70 8 67 72 72 71 '2 .. 50 47 48 49 31 38 33 33 33 37 34 34 33 3' 13 17 18 17 17 17 8 13 '3 13 13 9 13 11 11 11 I. 4 6 9 • 9 2 1 1 , 3 5 5 5 5 15 . 5 4 4 4 2 2 2 2 < 0 1 1 -, , 

'-' , , :Tot. ::000 10001 000 10001000 : 1000 1000 1000 1000 1000 : 1000 1000 1000 1000 1000 , 
' - ' 



T~t" f;+ 
P.( J~,,,:cy dlst r ibut 10n of the est imates 

" 0 ud samp1e s.izes. '.ar-iane::! patterns I & II 

-----m::2O 
tn~25 

m::::30 
, -, 

II I " <1 
0' \.i., . " 

- HLE UWT wT MLE uw· Wi Ml, bololl oT M.E trWT WT MLE u .... ~ ----
--'-

'! ~, ~5 16 ~34 116 12Ci , 2 d 8 107 86 84 S • 4 
2 30 'u t1 29 33 31 2' ;0 " 3e 50 52 10 11 10 
3 

'- 3f 35 48 46 45 37 ;5 -. . 50 49 51 33 30 31 " 
4 OS!.> 65 , 

64 n OS 63 6, ~6 55 55 59 60 60 45 45 

, 
5 i:€ S, , 

82 50 68 7, 81 83 87 7. 56 55 77 76 76 

, • 10. 106 , 
10 9 68 70 68 95 1 1 109 73 75 74 105 110 111 

, 
7 ' 1 G '08 , 

103 7S 60 68 130 129 '3~ 69 88 84 135 165 163 

, e '2" 115 , 
11 7 7t oS 68 l~d H3 1 Hi n 81 85 1~9 13. 137 

9 112 1~5 130 67 70 69 111 ' 33 142 70 75 7. 127 130 121 
' 10 ~OO 124 123 73 7t 7' l' A "2 

, 
IC6 69 64 65 10' 12. 132 

77 79 75 45 59 60 17 86 8~ 47 -63 64 99 .4 61 
; r. • SO 60 55 54 56 53 49 5, 54 60 54 53 58 60 

40 '0 31 48 51, 47 37 '9 38 50 57 5' 35 30 28 " 
.. " 13 34 <. 45 23 1> " 38 35 35 15 12 12 

, 
15 J 21 21 146 115 117 

" " " 129 10, 10. 10 3 3 
, 

, , ---_. '--, 
'- '-'-'-- -, 

ot '000 lOOe : 1000 1000 tMC 1000 1000 1(lOQ 1!l00 1000 ; 1000 ~ 1000 ,1000 '000 1000 
, 

, , • • 
-- _. 

'--' '- '--' 
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" • C ~ re q ueny dlS t ribution of the estimat £! s 

I'> "'er, ~,..; ~. equd l samp l e sizes, vanance patterns I II i> IV 

-----' II !V -, ' 
IV 1 

' -' 
JwT WT Ml E UWT liT ~lE OWT 'T "I LE lf ll'"T ~T ~~, E u\,- W: ~, 

-, .. _--
----_. e , 3 3 57 43 45 - , 

6 ~, 2:! 30 2? , , , , 0 ,. ,. 33 19 18 11 , 
9 27 18 ?t 5 '. , 

, 
- , " 12 13 38 43 4e ' - 12 12 75 37 2- 1;:' 9 , 
0 , 

, • 32 29 28 ' 9 47 .. 23 23 <:5 34 .F 32 28 J!> 

, 
" 54 56 63 51 57 57 43 39 50 4 9 5$ Sf S3 5:? 

6 ';',7 90 91 .6 74 79 , 1 6', 70 86 - I 8 , •• iC' 10:. 
9P ,1 2 105 67 7' fO 93 109 103 90 qO 101 H' it-': lO ' , 

e 138 1'36 1 ~5 8~ 85 '8 13 1 136 13 ' 101 fOr l C') 143 ... , 14 £1 
0'. 12 5 119 eo 90 92 12 ~ 3. t.~b j Oil ,o4 '" '~J Hi; 1 !)~ 

, - , Ii: ('5 10 1 aD '3 80 1>. 1 ~ 1 50 107 10 -, 10 ' 133 ••• " 

,u 
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. , 12 09 Ms 56 61 54 • 53 • .( ij 51 58 45 60 52 0 dO 
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•• 5 ,0 10 40 3d. ,. 
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Tabl e 12 Frequency Dist ri buti on of t he Est imates, 
when k = 3, unequal same le si ze , CaS6$ C and n 
variance patterns I and II 

!cl ass : Case C 
Case 0 : int o , 

I II 
! II 

, 
UWT WT MLE NS KS UWT WT ~LE NS KS UWT WT MLE NS KS UWT WT MLE NS KS 

, 
'- ' 

-' 

, 
1 , 

21 15 15 15 15 130 11 6 112 11 2 111 10 6 7 7 7 108 91 92 93 93 
2 29 21 22 22 23 30 37 42 43 40 13 9 9 10 10 37 42 40 39 38 

, 3 : 33 28 29 27 27 39 52 49 47 51 30 32 31 30 30 45 42 5; ., 41 

, 
4 ' 60 48 43 46 46 85 51 54 55 54 52 13 36 37 36 68 43 42 51 54 

, , , 
5 : 80 79 82 82 8 1 68 66 68 68 69 88 41 73 74 74 78 81 53 80 77 

, 
6 : 86 1H 14 11 4 11 7 63 74 74 73 70 "0 145 "3 109 "0 66 80 17 83 86 
7 ' 126 128 128 12 7 124 58 72 69 72 73 11 6 188 152 152 155 78 85 74 86 8 1 

, 
8 : 125 12 7 130 129 130 61 83 80 78 82 124 227 130 130 127 84 82 86 80 84 
9 : 109 120 12 7 126 125 65 S4 17 74 72 136 211 128 129 129 64 17 8 1 80 ,. 10 : "2 1 ~ 3 108 109 108 73 65 56 6 1 60 99 '" 133 134 132 56 66 76 66 6b , " 72 92 91 92 93 57 54 56 53 56 86 37 73 73 75 56 62 64 63 61 ~ 

12 80 51 58 58 58 48 58 59 61 58 54 17 59 60 61 64 70 72 71 ;" 
11 43 34 29 29 30 58 58 47 47 49 42 5 29 28 27 46 48 49 48 4, 
,. 12 13 16 I. 14 40 45 51 50 49 26 1 16 16 17 35 36 30 32 33 " 12 9 , 8 9 125 105 106 lOS 106 14 0 " " 10 "5 85 8 7 8 7 86 , -

, TOt. 

.10001000 lCOO lqOO 1000 :1000 10 00 1000 1000 ' 000 ;1000 1000 1000 1000 1000 : 1000 1000 1000 1000 1000 , 
'--' 



Table 13 Frequency Distribution of the Estimates, 
when k = 3, unequal sample size , cases C and D 
variance oatterns I and I I 

, , Case C Case 0 , , 
!class! I II • II . 
: i nt . : UWT lIT MLE NS KS UIIT lIT MLE NS KS UWT lIT MLE NS KS UWT WT HLE NS KS , , 
'--' 1 

, , 5 5 5 5 36 3' " 34 33 3 1 1 1 1 30 22 23 23 23 , 0 

2 : 11 1 6 6 1 25 18 20 20 21 9 4 2 2 3 18 21 26 26 >5 
3 : 19 20 20 21 20 31 35 33 33 34 12 1 9 9 8 31 25 25 25 26 
4 ' 26 22 24 23 23 50 41 42 42 41 21 11 18 18 18 41 34 32 32 32 
5 40 25 53 53 53 53 68 64 64 64 40 46 41 43 .. 49 50 56 54 54 
6 81 55 15 13 14 61 14 80 80 80 83 14 11 15 14 11 86 81 83 83 
1 11. 10 110 113 11 2 81 16 1. t4 14 110 116 12' 124 124 90 99 l il 1 101 ' 0 1 

118 11 8 113 11. 114 95 9' 91 98 100 139 155 144 144 101 100 
,-

8 144 10 1 99 Of " 132 145 141 143 103 188 8 ' ". 110 169 169 110 110 10. 
~ 

9 141 8 3 109 11 ' 113 11 3 
10 102 128 130 131 134 100 111 11 6 ~ 16 113 131 1,j.O 141 140 140 10 1 101 101 100 10 1 
11 11 1 98 96 99 91 1. 84 86 81 89 91 108 113 111 1'3 99 93 94 95 9€ 
12 69 88 88 86 81 52 80 15 13 12 85 16 14 14 14 11 81 83 82 9 
13 60 60 56 55 55 61 58 62 62 6. 50 49 51 51 51 46 58 60 60 1\ 1', 

14 48 43 49 50 50 41 38 " " 32 25 21 19 19 ,. 44 4' 4' 42 4, 
15 : 29 12 11 11 11 33 32 35 35 34 n 10 10 10 10 34 25 2. 25 " 11: 12 11 12 12 12 30 25 25 25 2. 6 4 4 • 4 30 21 21 22 2. 
18 : 8 6 5 5 5 54 38 40 40 40 2 3 3 3 3 : 22 18 18 18 , 

, , 
' - - ' , - ' 
:Tot . 

, 10001000 1000 1000 : 1000 1000 1000 100e 100C : 1000 ~ OOO 1000 1000 1000 : 1000 1000 lOGO 10001000 , , , 
'-- ' 



l,:"or e ~ 4 F ~~quency Distribut i on af t he Estimates, 
when k : 3 , unequal sample size , cases C and 0 
va riance patterns III and IV 
-- - -----, "- . .1-s: Case C Case 0 

: ~ ,t, , III IV III IV , 
L'WI '~T MLE NS KS UWT WT MLE NS KS UWT WT MLE NS KS UWT WT MLE NS KS , , 

'-'---' , 
10 1 10 10 10 55 38 40 39 39 6 0 0 0 0 30 19 20 19 19 

8 5 2 2 2 25 29 25 21 28 11 5 6 6 5 18 16 16 17 17 
3 10 1S 15 15 15 40 32 33 33 34 17 12 10 10 11 44 31 34 34 33 
4 38 12 29 29 31 51 42 45 46 46 2B 33 31 31 37 39 38 42 43 45 
; 63 49 55 54 52 17 67 63 62 60 ' 3 47 '6 46 46 50 59 62 62 61 
• C1 84 80 83 B3 64 12 16 73 73 83 81 8 7 86 86 83 12 67 65 65 
1 106 105 102 101 103 18 99 96 95 91 136 130 126 126 121 B8 80 85 81 81 

12:> 128 131 13B 131 79 91 96 100 98 125 115 115 11 5 11 5 16 115 108 106 lOB -9 135 139 130 12B 129 19 81 92 BB B6 122 150 158 159 151 99 105 106 108 106 -'" \0' , - , 11 8 'S1 160 159 156 90 9. B9 92 9. 136 "0 136 135 137 10' 10' i 03 103 103 
11 : l Oot 99 101 100 100 10 86 BB B1 83 11 1 129 128 128 12. 111 96 9. 11 4 93 
;2 I 100 81 B5 B7 8B 85 " ,. 15 11 83 65 85 66 69 19 81 90 B1 51 
" 58 '8 31 31 31 59 55 53 54 56 ' 2 4. 44 44 43 56 6. 58 65 56 

'" 23 23 26 25 25 51 54 51 55 55 29 26 24 24 25 4B 45 51 ' 3 56 
23 22 19 20 20 32 30 30 31 21 12 13 14 

" 
I. 33 39 39 21 36 '. 6 1 9 9 9 23 15 13 13 I. e 3 3 3 3 19 9 10 1 10 

5 3 3 3 3 ' 2 29 30 30 30 2 1 1 1 23 15 14 15 ,. 
'- . , 
TaL. , l JOO 1000 1000 1000 1000 1000 1000 1000 1000 1000 :100 0 1000 1000 1000 10 00 1000 1000 1000 1000 1000 , 
'--



Table 15 Frequency Oi stribution of t he Est imates, 
~hen k : 6 , equa1 samp1e sizes vari ance patterns I and II 

:c 1ass! m , 20 m , 25 m , 30 : int . , 
I II I II I II 

, , 
UW WT ML UW WT HL UW WT HL UW WT HL lJW WT HL UW WT Ml 

, , , ,---, , 
1 , 

4 1 125 86 85 0 0 91 75 74 1 0 0 71 50 52 
, , , 

2 , 
5 0 1 38 32 28 3 0 0 41 30 38 0 1 1 34 26 26 

, , , 
3 ' 18 6 4 48 54 53 e 4 3 56 55 52 8 2 2 44 33 30 

, 
4 26 20 21 51 55 6 1 33 18 19 71 67 64 23 9 9 68 61 6 1 5 61 60 59 58 69 72 80 49 50 17 59 61 62 51 51 69 72 74 6 11 7 101 96 75 76 72 106 124 121 70 92 87 12 7 136 134 77 101 l U6 , 7 10:) H~ 7 195 77 88 81 11 ' 191 197 70 81 83 18 2 203 210 84 103 100 : a 115 207 208 57 88 96 199 236 231 71 96 94 228 244 235 92 92 93 , , 9 16 1 183 176 79 8e 83 171 188 187 81 86 B9 172 199 204 90 104 105 , , -10 133 132 13B 57 74 79 11B 116 11 9 63 B8 BB 110 lOB 106 82 9 1 89 --11 71 67 62 64 59 57 69 46 44 62 62 59 66 40 41 77 79 79 12 34 22 26 5' 43 44 2. 22 21 50 62 . 3 16 6 6 51 65 61 '3 15 lZ 11 45 53 58 13 6 B 4 1 36 36 3 1 1 48 54 5. 14 B 2 0 5. 4. 36 3 0 0 51 32 32 2 0 o , 34 30 30 15 1 0 0 116 93 95 1 0 0 105 79 BO 0 0 o : 79 39 '0 , , , '-' , , , :Tot . , 1000 1000 1000 1000 1000 1000 : 1000 1000 1000 ;1000 1000 1000 1000 1000 1000 : 1000 1000 1000 , , 

---'-



Tab l e 16 F~equency Dist~ibution of the £stlmates, 
l!Qiilrt k .:; 6, eg!.!~l ~gn!l;~19 ,;tl'!l1:S. variance oattcrn:l; III and IV class : m " 20 m " 25 m = 30 int. , 

III IV III IV III IV 

, 
OW WT ML UW WT ML UW WT ML , -'W WT ML UW WT ML UW WT ML , -, 

,-1 , 
10 2 2 36 25 24 2 0 0 l 5 12 12 1 0 0 17 3 3 

2 ' 8 12 6 24 2 7 27 7 3 3 16 15 15 7 0 0 8 9 9 

, 
3 , 

17 14 18 50 23 24 18 2 3 32 19 17 10 2 2 26 15 13 

, 
4 37 2. 25 4B 37 42 2" 23 24 50 <0 41 2B 14 14 35 31 35 
5 79 50 52 53 76 65 35 57 55 65 57 52 45 40 3B 6 1 59 61 
6 7B Bl 7B 73 BO 95 88 5B 56 72 B7 94 73 71 7B 72 59 50 
7 95 113 11 2 83 90 79 122 110 lOB 79 95 98 13 1 147 144 93 108 110 
8 125 157 159 B4 96 99 135 162 161 109 11 5 113 153 168 17 3 113 120 12 1 
9 127 142 142 , 89 103 98 ' 44 159 11 3 92 130 120 145 159 Hi7 11 7 149 145 

10 119 126 124 , 
9B 101 '01 140 163 '63 100 105 llB 145 150 14B 11, 140 141 

, 

-
1 , 105 lC3 108 : 101 104 102 97 112 115 93 94 94 106 126 125 110 11 2 110 -N 

12 71 7. 82 , 
72 BO 91 BB 72 6B 9, B3 79 75 67 57 B9 B3 85 

, 
13 47 44 37 : 59 63 5 1 35 35 36 63 59 58 44 27 2. 51 52 52 '4 " 39 35 , 41 32 34 32 23 27 40 47 44 22 10 10 , 33 31 30 
15 25 7 10 2': 32 25 22 3 2 27 19 23 12 5 4 ' 27 

" 15 , 16 8 8 8 25 14 16 6 7 6 21 12 12 2 1 1 , 
13 7 7 

, 
, 11 11 2 2 40 17 11: . 0 0 26 10 10 0 0 o : 18 8 8 

• , 
, -'_.- . , 

-' , T?t. :1 00~ lOCO 1000 :1000 1000 '000 ;1000 1000 1000 :1000 1000 1000 :1000 1000 
1000 : 1000 1000 l onO , 
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Table 17 frequeny di s tribut ion of t he est imates 

\II l'ten k:=6 unequal s,,-"'pl e s iz e . Cases " & B, 
variance patt ern s I , II 

, Case A Case 'l , , I II I II , 
:cl. 
: 1nt. U>II WT MLE NS " "'~ '" Mt E US KS U>II WT "" US KS U"" WT MLE "' KS 

, , , , , 
'--' , 

I 2 I I I , 10' " 72 71 70 0 0 0 0 0 " " 67 .7 67 
, , 

2 I I 0 0 0 '" 43 " " " 2 • 0 0 0 " " " " " 
, , , 

" • 10 10 10 45 5\ " " " 
, , 5 , , 

" " ., 43 43 
, , 

• 36 17 , 
15 15 15 " " " " ,. 30 '3 12 12 \2 " 43 " 50 " 

, , , , •• 77 
, 

" 75 " " 51 " .. " 67 " " 39 " 70 " .. •• " 
, -, ~ ; , 131 '" 

, 
123 122 123 82 " 67 " 70 '17 145 145 US '" 72 78 71 73 73 , 

I 7 '" '" 
, m 175 m 67 82 .. .. 73 200 ". '" i;i ,,, 76 " " 00 " , · , m 209 : 220 '" 220 76 " " 76 82 ,., 227 ". 217 217 ., \2' 1\0 III 112 I · : '" ". m 176 : m 70 " 16 " 72 19 ' " , 212 2 1 ';: 212 " " " " " 10 : '" "0 104 ,,, , 

10' 53 73 " " 50 117 111 104 105 107 75 " OS " .. , , , 
II 

, 
" " " " 

, 
50 " .. 63 62 " " 37 " " 40 " " " " 

., 
I , , , , 

12 
, 

" 32 " 35 : " 62 .. " 73 56 23 17 " 19 ,. 
" " ,. -, " , , , , \3 26 : , , , • " ' 0 " " " 7 , • • • 6C ., .7 47 .. , 

I " • , , , I , 
" " 36 " " 3 , , , I ., 37 37 ~7 37 , 

" 0 
, , 131 79 82 82 ' 06 0 0 0 0 0 100 67 " 67 67 , , , , , , , , , , , , , , , , , 

'--'-- -'-'-- - --- '---'---'-'-'---'---'--- ---'---'--- -'-'---'--- --,- '-:Tot : 1000 : 1000 :,000 :,000 ;1000 :,000 : 1000 :'000 : ' 000 : , 000 :1 000 :,000 :,000 : '00<) :IOJO :' 000 :It:'100 :,0,"0 ;lC~O l(juO: 
I , , • , , • I , , , • , , • • • • ,. • 

,-'-- -'--- '- '---'---'--- '- -- '---'---'-- - '- '- - - '---'---'---'---'-- - '---'-- ---' 
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Table 18 frequeny distribution of the estimates 
when k=8 uneQual sample s i ze, Cases C & 0, 
variance patterns I & II 

Cue A 
! !! 

C!!;se B 

:cl. 
: tflt : WT \IT H" HS KS LIWT \IT H" NS 

! II 

KS Ul(T liT He' NS f'"S "WT · . ---,,-.----;-,----;--,----,-;----,,-:--,-1- 1 1 100 76 75 75 75 0 0 0 C 89 53 54 55 55 
: 2 I .3 t 4 5 28 20 29 28 1 0 0 0 0 38 35 J1 3& 38 
:.3 13 3 4 .. ~ 55 34 31 38 38 5 2 2 2 2 50 4~ 45 45 45 
: .. 24 22 21 21 21 43 67 62 60 60 Z8 16 17 11 17 50 !>O 57 56 53 
: 5 58 43 43 43 43 60 70 SO 83 85 57 50 52 52 51 68 80 72 76 77 
: to 124 130 133 133 132 75 71 75 73 13 120 124 119 120 121 94 841 8.( 78 78 
: 7 1ge 201 205 204 204 71 82 81 8 1 80 17 \ 19 1 196 197 196 69 '05 10 5 110 110 
: 8 19& 2" 209 I 210 2 12 : 72 78 19 81 80 207 235 231 230 2~ " 15 85 88 87 8 9 

9 • 111 190 188 : 18 9 1MI: 80 92 91 8 9 92 11 4 221 222 221 2HI 84 ge 9 1 89 CS 
10 : 112 11 2 118: 115 lU: 71 90 83 83 82 137 105 104 Ie" 106 19 19 12 74 13 
11 : 51 57 5':: 5 5 55: 63 61 72 73 69 51 38 38 38 37 ;;6 83 as £8 8P 
12' 27 18 1\1: 19 19 : 6 7 64 59 .59 64 27 13 14 14 14 53 .(9 ~e. .( 1 41 
13 12 5 6: 5 6 .6 S3 4S .g 48 9 S S !i 5 46 ~1 . , ~~ 42 
, . • 0 0 0 0:., 50 5. 5 3 52 0 0 0 0 ~. 49 SJ 5 3 5 1 
15 0 0 0 0 : 111 76 7.t 7. i.t 0 0 c. 0 103 68 "'3 ;;' . P 

.' 1 " " , .----.------,-----,-----,----- ------.------ ------ ------.----- .------.------.------ -----'------'-----'------.------.------,-----.-----. : Tot : , 000 : 'O~O : 1000 : 1000 : 1000 : 1000 .1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 10CJ : 1000 : H .. JO ; 1000 : 10003 . 1000 ; 100(: : ' OOC : 
• I , • • , , I , , , , , , • • , , , , • • 

'~'----- ' ------ . ------ .-----. ------.------ . -----.------ .-----. ------ , ----- , ------. ------ . ------ . ------ .------ . ------, ______ , ______ --.L _, 
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T8ble 1 ~ f requen y distr 1bution of t he est imates 
... hen k~6 unequal sM.p le si ze, C8ses A &. e, 
var iance patte rns It I &. IV 

Case A 
, 
:c1. 
: 1nt U\IT >IT 

I!I 

MLE NS KS , , 
\--,--\----;'--,---'0,-,----0,-,----,0,-,----0,-'; 

2 : 11 ~ 6 ~ S 
3 : 14 8 10 10 10 
~ : 32 , 22 21 22 23 
S: 6~ : 41 46 45 43 
fI: 83 : 89 112 9 3 93 
7 :1 13 :1 21 117 
8: '20: '52'53 
V: , 17:110 131 

" " 1:' 

" ,. ,. '. ., 

13:;: 

", .. 
" " " " , 

158 " , •• 
'0 

" • , , 

'50 ", 
" " " • , , 

, " ,., 
':'8 
150 ,,, 
" " ,. 

o , , 

"' ' 51 
1<0 
", ,,, 
" .. 
" o , : , : 

""~ 

" ,. 
" 36 

" " eo 
' 0' 
113 
". 
O' 

" •• 
" " 17 

" 

WT 

" " " " ,. 
" 8J 

' 06 ", ", 
" .. 
.0 ,. ,. ,. ,. 

IV 

MLE 

" ,. 
" " " 8J 

" '" '" ,,, ., 
" 10 ,. 
" 20 ,. 

NS 

19 

" 21 

" " " " ' 07 ,,, 
". .. 
" " " 20 
20 

" 

KS 

28 ,. 
" " " " 80 

" .. 
". 

73 
TO 

" ., 
" " " 

U'",T 

, , 
• 
" " " ", ,., ,., ,., 
'" " " " " , , 

NT 

o , 
9 

" " " ", ", ,., ,.. 
m .. 
" ,. , 

I!I 

NLE 

o , 
" 10 

" e • 
12' ,., 
'" ,., 
'" TO 

36 ,. , , , 

NS 

o , 
9 

" " .. 
'" ' 6 ~ 

'" 150 
123 

• 
" " , 

1;5 

o , 
9 

" " " ", , .. , .. 
150 
' 23 
70 

" " 3 , , 

Case B 

U\IT 

21 

" 28 

" 67 

" 75 

" , 
111 ,,, 
" 73 

" ., 
30 ,. 
" 

,~ 

,. 
• 20 

" 60 
77 

" '" "0 

" ", ., 
71 

" " , , . .. ...,""" " '" 

IV 

MLE 

" , 
20 
3S 

" 73 
TO!> 

" 1<, 
" "' .. .. 
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Table 20 fr equency d i st ribution o f the est inatas, 
~hen k=6 uneq~al sample s i ze, Cases C , 0 , 
variance pattern s I I I & IV 

Case B 
III 

:cL IV II 
Case 0 

IV 
' , : iot : UWT \otT MLE NS KS UWT WT Ml E NS KS UWT \otT MlE NS KS 

:-'-:---;"-C'''--;;' '-C'''--;;-2 29 16 15 15 15 I 0 0 0 0 26 15 15 15 15 

u:;r WT ."lLE NS " 
'2 6 2 2 2 2: 18 18 21 20 20 5 2 2 2: 2 19 , 15 15 15 15 

3: 10 8 11) 10 9 3 5 28 25 25 26 11 2 2 2 2 37: 25 25 25 25 
4 : 34 24 24 25 26 37 4 5 44 44 43 22 19 11 17 H 34: 33 36 36 36 , , , , , , , , 

5 : 52 33 33 32 32 59 5 1 SO 5 1 52 43 31 36 37 37 Q5 : 53 45 4.5 45 
6 : 61 82 N 79 79 H 6 8 11 70 61 86 80 H 78 78 76: 100 106 106 106 
1 , 104: 109 11 0 1 12 111 14. 89 85 85 91 114 115 110 11 2 113 86: 102 10 1 105 105 , 
• 10 

11 
12 
13 

" " " 1T 

: 133 : 1&3 158, 158 157 97 108 113 113 108 152 HI8 165 154 163 122: 120 : 111 1 13 
: 122 : 145 158: 154 I SS 10 2 125 123 127 128 157 189 197 195 193 98 : 107 : 102 99 
: 152 '136 135: 138 131 96 83 ea 85 81 131 157 158 158 160 102: 115 : 123 lH 
: 135 134 130 : 130 133 100 104 11 5 109 109 12 1 1115 11 0 11 1 110 80: 88 : n 93 

8 1 73 77 : Hi 14 82 9 7 88 92 9 1 77 73 7S 75 75 99: 82: 82 85 
45, ~ 43: 43 44 74 q 58 54 53 44 33 34 34 35 s a : w: 56 54 
82: 25 26: 26 , 26 43 43 40 43 42 25 12 11 11 11 39: 38 36 36 
18: 7 7' 7: 7 33 28 29 28 29 9 3 3 3 3 24 ' 23 23 23 

4 : 4 4 4 : 4 25 14 15 14 14 2 0 1 1 I 15 17 18 

'" '0, 
12' _ '0 
" " 3T 
23 

5 2 2 2 : 2 37 26 24 25 25 0 0 0 a 0 2 9 S ' , , , , , " , 
'-'-'-'-'- '-'-'- '-'- '---'-'- ---'- - -'-'---'-'-' : Tot : lOCO : 1'l00 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 : 1000 ~ 1000 : 100" : ' , , . , , , , , , , , , , . , . , , . , . 
'----'------'------'------'------ ' ------' ------ '------'------ ,------ ,------ ,------ ,------,------ ,------ ,------,------, ------ ,------ ,------ ,------, 
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Tabl e 21 Frequency distr i buti on of the estimates 
when k~8, equal ~amp J8 s i l as , va rtance patterns I and I i 

, , , , , 
:c l. : 
: fn t : UWT 

m=20 
I II I 

liT 
II 

m::3C 
m::25 

I 
MLE ""' WT r-! lE UWT ';T HLE UWT WT Ml ' ""' WT Ml ' u· .... r )iT Ml ' 

, , , 
'- - ' -' 
: 1: 0 0 0 97 80 a 0 0 a 88 63 6 t 0 0 a 75 43 .1 5 

2:: 4 2: 2 38 30 1 , a 0 39 33 38 a 0 0 33 31 28 
3 : 6 6 IS 58 41 6 8 2: 2: 47 36 35 2: a a 46 50 52 

: 20 13 12 68 69 23 23 1 t 12 81 60 61 12 2: 2: 62: 56 
17 54 51 17 19 55 56 40 39 65 71 64 48 29 28 71 86 

, , 
• 7 

• : , 
: 10 
:11 
: 12 
: 13 : ,. 
: i 5 

121 1\6 122 74 93 123 12 3 98 100 73 74 79 1 11 96 TOO 8S 93 
181 200 193 72 84 119 179 202: 200 68 8 9 93 2013 227 227 1 13 106: 
236 226 233 89 80 21 7 217 282 286 67 102: 104 24~ J 06 30 2 85 108 : 
160 205 20 4 <;9 83 185 185 187 119 105 102 94 193 196 20 1 a 9 106 : 
111 116 118 64 61 108 108 123 130 11 8 1 85 122 106 f06 71 7<J : 

50 .-6 44 47 65 75 75 38 38 54 82 80 38 32 3 2 67, 81 
30 8 10 80 !:I2 22 22 16 13 59 63 61 11 6 5 64: 55 
10 6 5 43 50 " 4 1 , 43 43 45 7 a 0 32: 4 1 

" '0 ., 
104 
10' 
j 04 .. 
'0 
" " o 0 a 35 32 2 2 0 0 49 3 1 29 1 0 0 lJ: 31 

a 0 0 121 95 0 a a 0 101 88, 71 0 0 0 71: 34 ' , , , , , , 
'- -'-'--' -'---'- - - ' '-'-'-' , Tot : 1000: 1000: 1000 1000 1000 1000 1000 1000 1000 1000: 1000 : 1000 : 1000: 10 00 1000: lOCO : 1000 : 1000 : 

' , , , " '" '- -'-' --' '-'-'-' '-'-'-' 

" ,. 

• 
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Table 22 Frequenc~ distrfbutlQn of t he est i~atas 
when k=8, equal sample s i ze s , ~e rl~nc8 patt erns III and IV 

::1=20 m=25 iil=3J 
• ; 

II! IV III IV !II IV • • 
:c1. : 
: lnt; t;oI/1" WT HLE UWT lIT HL' ~'" WT HL' 0.1 Wl MLE C'l<1 '" HLE UWT '" rh :: • • '--' -

- ' 1 , , , , 45 20 18 , • • ,. 
11 , , , 0 • " 

, , • , , • , , , 
" " 11 , 1 , 18 17 18 • 1 , 11 J ) 

, , ' " , ,. 34 " 27 17 1 • " 17 ,. , , , 
" 15 

" 

• 
4 

, 
" " " 41 " 49 26 " 15 42 " " " , ,. ., 

" 21 
, , , , , 

" • 4 . " " " " 42 " 11 " 58 " 15 " " " '4 " 
, , • • , ' 11 , ,. 

" eo " ., 1l 72 " " 89 " " .c •• , . " 84 
• , • , , , 10 4 ; 14 5 134 " " 89 113 ", 124 10' 103 10. 101 105 ' Of " 

,,, "' 
• • • , • "' • '" 151 .. " .. '" 14, '" 90 " 89 118 1'1, 190 00 ' '" '" 
• , , • 136 : 1'; ," 00' '" 1'3 18' m ". 103 126 '" 18. m 20~ 118 14:' ' 41 , • 

• : 10 "' • '" 111 81 111 111 ," 111 115 " 116 '" '" I S ~ ," " 13~ I. ~ • • 
, ;11 119 : 10. 109 ,. 90 85 130 '" m 10, 107 11 0 '01 125 12 0; ,- ,. 

" • • :12 82 : 81 89 15 14 " 55 18 83 " " " 91 " " " " " • • ;13 " • " JO " 55 " " 28 " " 11 ,. 
" " 11 58 54 .. • ." " • 21 " . , J9 " " ,. 

" " " " " " " " " " 
, 

: 15 : 21 • 10 " " 21 , , , 
" 27 ", 1 , , , 

" 11 18 : 16 : 1 , - " 13 11 • , , 
" 16 " 4 , 0 " 13 " :17 , , 0 0 " " 21 2 1 " • , 1 0 0 18 , 5 • 

• • • , 
• '--'---' 

' - ' - --'--- '---' -'--- -' ;Tot! 1000 : 1000 1000 1000 1000 lOCO 1000 1000 1000 1000 : 1000 : 1 1l ~;: : 1000 , loto '''00 ,100:" . t!::'" l<.iCC • • • . . , , 
• '--'---' ,------.-----,---, -"--'-- _._' 

8" 

, 
• . .. 



119 

I 
! -

,-

'" I~ 
~ ! -.~ .,.. - .,,_ ......... -



r 

~ ,:; -.• ~ .• -.. 
. ~ 

.. 
~ . 
.~ 

~ 

:; ::: 
~~ --.. 

,- -

1-

-<',-""' ..... .., ---.:.= ... - ..... .... ..-. - -_ ..... ... 
~--- - ------

_ ___ W> 

..... - - ........ 

"" .,. ... _ ~, _ _ ... _ ... .., c>." co ~ 
... "" .... _ ... Q ~ -.... _ .... -

--

~ --
" .. •. - - ~ -'" ~ ---" -I~" -

- " " '" -.. .. 
'" '" ~ " '" - --

_____ C>-



-,;- ~ . --. ~ . 
--.-

..... ~-

.- ~ .• . •. -• . 
~ • -• , 

.. .. .-

-' -

'­• 

-

--,----------

121 

£ ~ • 'n 

-.' ~ . 
• 

.., ::. .~ ._. ..., <0. .... _ ... _ I ..-.~~~~~c~_ 

I ~ J 
"-J ;J I 

~ ~:! - I ~ I 
~ .. " .. -

"'''-- I ~ I 
I;; I 
,; ...... "'" 1- I 

- - I?' -! 
- - - I; I 

I'· .. 

I ::;~ ;;;; :;;; e:::= ," ~;: "" ~ '?, ~ 

It I 
I 

I;: I 
I;: I 

" 18 I 

I~ I 
:"" I~ 1 

-

... -_ ... --
liol 
Ii-I 

."",,:;,,--- I; I 
-• 
., . -

-''''---1-. ' "" ~ 
v -

--- - ....... -- -
....-_ ... 

I~ I 
Ii I 
Ii' I 



< 

E '" .. 1 ... 

122 

-------.- -------- ---... =~~Q> ... ---­.... .., ... ~ ::: :::: ::: :;:=~O> h; I ... _ . 
::! ..-. 

- = ~ == ~ ~ - - ... ,~-- -,----, 
---- ~. ~~ := :::: :::~ ~~~ ~ - ~ 

---- ---- -- 'i , 
;;: - .............. .., ....... :::;~:::: 

1

- - - - - ;::::;- ---
:: ~ ~ :'":!!' I ~ I --_ . -- -- ----

-- --- ''''-" -, ...... - ........ :.; 
~ -..,.- ... .... - ... -= ..... ..... <"' '''' .......... _:?!::.! ::: ::: 
---------- ---

'" 

-
.. , 

..... - ~ . .... -.... ... -....... _ ...... .., .... _c. 

-------------- ---

-~- -

--

--- I;; I 
,,~:-- - I! -] 

-- ,~ , 
.. , ~ , 

-- -

-- 'I! , 
I ~ I 
l!l I 
I r. -, 
Ii! I 
I ~ I 

.=' ~---- 1= I 
-- ]: I 

- - Ii! _ . 
• 

----
.: = 

.... ., ... ... ", .... 
- Iii I 

---l~ I 



Ible 27 Frequenc i DlstribtJt i on of t he Estimates , 
when k :: 10 , equal sample si zes , varlan~8 oat te rns I & II 

, In : 20 m : 25 m : 30 
c lass ' 1 11 1 11 1 II 
int o , UW WT ML , UW WI ML UW WI ML UW Wl ML UW WT ML UW WI HL , , , , 
---, ., 

1 , 
0 0 0 

, 
122 81 1 9 0 0 0 82 50 '5 0 0 0 64 36 33 , , 

2 ' 0 0 0 31 31 44 0 0 0 26 21 30 0 0 0 41 25 2. 
3 : 2 1 , 45 53 50 0 0 0 45 21 21 0 0 0 43 33 38 
4 ' ' 8 , 0 

, 
69 53 41 8 , 52 55 51 5 0 0 5, 64 6 5 , , 

5 ' ~, 41 31 
, 

63 64 65 55 21 ' 9 14 11 72 31 IS 13 64 77 7. , 
6 120 90 09 ' 6 5 82 80 " ' ,03 107 67 8 7 88 11 3 18 77 85 '05 99 

, '84 225 22. 65 88 98 213 232 232 86 95 89 2 16 214 2'9 '08 84 94 , 
S : ' 31 284 n s 69 85 13 240 3'9 3 10 8 3 110 114 277 382 374 95 124 '20 

, , , 
Z19 205 221 225 232 , -9 , '09 2<:: 3 6 . 10i '09 78 '02 9' 228 23 ' '07 10' 102 , ~ , , , 11 > 113 15 16 ~2 '04 79 78 80 '05 11 3 93 70 73 67 '06 10' 

, w 10 , 
• 1 55 20 16 57 72 68 41 20 ' 8 8 ' 78 76 30 8 11 69 76 77 

, , 
,2 ,8 1 8 62 60 6, 11 4 4 64 " 60 6 2 I 62 61 6 6 

" 0 0 0 56 44 41 2 0 C 45 51 6 ' , 0 0 38 46 45 

" 0 0 0 33 34 35 0 0 0 49 30 3' 0 0 0 43 30 29 
'5 0 0 0 11 . 10 68 0 0 0 88 45 42 0 0 0 63 32 3 ' , , 

' - - -' --' , 
:Tot. : ~OGO ~ OOO ~noo ; 1000 1000 1000 .1000 1000 1000 1000 1000 1000 : 1000 1000 1000 : 1000 1000 1000 , , 
'-- '-- '--

, --



Table 28 Frequency Di stribution of the Estimates, 
when k = 10, equa1 sample sizes, variance patterns I1! and IV 

, 
m = 20 m = 25 m = 30 • 

:class: III IV III IV III IV 
:i nt. • IJW WT ML UW WT ML UW W1 ML UW W1 ML IJW WT ML UW WT ML • 
• • '-' • , 6 2 2 38 '6 ' 6 

, 0 0 ,8 7 7 1 0 0 12 0 0 
2 6 3 2 29 '5 12 4 1 25 9 9 4 , , ,10 4 5 
3 '8 12 12 33 23 30 ' 3 

, 
5 17 16 15 5 3 3 25 '0 11 • 

4 40 25 26 43 42 43 34 11 10 45 40 44 21 10 9 39 27 26 
5 46 34 32 41 56 53 52 3' 2. 63 58 58 33 2' 17 6' 45 44 
6 7. 1''' 70 73 88 88 67 68 74 9' 88 79 8' 58 6 3 79 84 88 
7 '9 106 '04 '02 93 87 , 2' 1'3 113 86 98 '05 '02 113 11 0 86 '09 '08 
8 '23 ~5~ ~42 82 , 01 ' 09 131 112 '10 '01 , 30 '3' 146 '7' 176 '22 142 14' 
9 '5 ' 175 '80 69 '09 '04 '60 '95 '90 95 '38 '28 '77 ' 26 2 ' 0 118 ' 56 156 -".' 
0 '2~ '5. 53 77 122 119 138 1H "' 9' 115 '20 142 175 178 '05 '35 ' 3' 

~ 

11 '05 '02 H3 86 94 88 100 115 118 106 '02 gg 119 118 '11 113 '17 "' " 98 78 8- ·0 12 18 92 60 51 86 "' 78 8' 73 76 87 7' 69 

'J 54 76 42 54 66 67 3. ,5 37 53 52 5' 56 29 29 39 5' " \, 27 3. ,. 47 38 38 30 " " 3 ' 40 40 14 \ , " 53 2' 
'5 13 IS '2 4' ' 9 2, 9 5 5 28 \ , 14 10 I 0 2 1 17 17 

6 , , 3C 23 2' J 0 0 2' '8 '6 5 0 0 17 7 , : 
12 2 , 

" " 
,.; 5 0 0 2' 4 3 • 3 0 0 13 4 , 

• • • '--'- • • 
~Tot . :1000 10001 000 ;1000 1000 1 0~O , 10~~ 1000 1000 '1000 1000 1000 :,000 lCOO 1000 : 10001000 1000 

• . -



29 Frequency Oi s tribution of the Estimates , 
Nhen k ~ 10, unequal samp1e size, cases A and B 
variance patterns I and II 

Case A Case 8 , 
1 '1 1 II , 

: UWT W1 MLE NS KS Ui/1 WT ML E NS KS JWT WT MLE NS KS UWT WT HLE NS KS , 
-' 

0 0 0 0 0 115 66 61 61 6 1 
, 

0 a a a a 79 41 42 42 42 
2 0 0 0 0 43 34 31 32 32 0 0 0 a a 42 49 47 4 7 47 
1 a 0 0 0 53 62 69 68 68 0 0 a 0 0 54 45 42 4 2 42 , 

h 6 6 6 6 66 65 07 67 67 6 a 1 1 45 52 60 59 59 : 
59 2' 0" .0 23- 25 5 1 68 66 65 66 42 15 ,. ,. 14 63 80 7 5 76 75 : 

L 107 10 ' ~U' 10. 69 83 91 9 3 93 10. 95 94 94 94 80 86 90 90 92 : 
173 20b 2 12 2'2 212 79 18 76 16 15 196 206 20' 207 201 81 89 88 88 38 ' 
246 3ul 296 294 29. 19 93 89 8' .. 282 332 22 3 323 32 4 82 96 101 102 lOa -l '.9 ~P1 :20 Z2..;. 222 19 19 13 " 74 2 14 249 260 261 259 92 112 105 104 105 N 

~ 

1 '" .. ;0':; lv 1 ~OtJ '00 58 82 83 81 82 121 .7 85 8' 85 75 102 96 96 96 , 08 35 29 30 30 58 80 85 36 .. 29 15 15 15 15 79 14 73 72 71 
2 23 S 7 , 7 60 58 62 6' 62 • 1 1 1 1 65 56 62 63 64 

0 0 0 0 0 54 55 4. 44 '. 1 a a a a 49 49 5 1 51 51 
4 2 0 a 0 o , . 36 32 ., 63 40 1 0 a a a 39 24 25 25 25 , v a 0 0 o : 100 65 .2 63 63 a 0 a 0 a 15 45 4 3 43 43 , 
-, , '-
"" 

i1uvO 10~u 1000 'O~O l~OO :1000 100Q 100C 100~ 1000 ;1000 1000 1000 1000 1000 :1000 1000 1000 1000 1000 , 
-,--



le 30 -eQlIency Distribution of the Estimates, 
""her k == 10, u~equal sample size, caso;>s C i\nn D 
var~a"ce oatte(n~ 1: and II 

00 • "0 • Case C Case 0 
t. • I II I II 

UWT WT MLE NS KS UWT WT MLE NS KS UWT WT MLE NS KS UWT WT ML E NS .5 , ._-, 
1 0 0 0 0 0 102 72 70 70 70 0 0 0 0 o ' • 82 35 36 36 36 
2 I 0 0 0 0 32 31 3 3 33 33 0 0 0 0 0 3 1 30 31 30 :9 
3 3 I 0 0 0 46 50 47 48 47 0 0 0 ° 0 41 42 32 32 ,2 
4 8 7 6 6 6 83 48 47 46 45 • I ° ° 0 7 1 53 62 63 ., 
5 : 80 2. 33 3 3 33 57 73 78 76 80 4. 18 21 21 21 59 - 84 79 78 7" 
6 : 103 86 81 82 82 81 84 86 87 87 108 9 ' 9B 97 96 77 77 81 80 80 
7 : 187 "5 2\7 216 216 84 95 90 9 1 89 198 237 231 231 233 68 92 95 ,8 ,. 
8 : 26' 322 322 321 322 76 105 105 IDS 105 259 319 321 31. 320 8 1 "5 106 105 ,"" 

9 , 224 209 20 7 211 "2 70 88 9' 91 90 219 220 220 221 220 97 102 " "2 11ll 
10 : 107 99 104 10 1 99 76 77 79 7d 78 113 89 91 91 90 90 '" 101 99 100 
11: 4 , 28 26 26 26 62 8 4 80 78 80 36 " 19 19 19 68 85 90 -0 00 
12 : " 2 3 3 3 49 53 59 63 63 9 1 1 1 58 55 59 ., ,0 
13 1 2 1 1 1 46 '9 47 45 44 1 ° 0 0 ° 50 51 48 47 4' 

14; 0 0 0 ° ° 37 33 30 31 31 1 0 0 0 0 49 28 32 " j3 

1 S : ° ° ° 0 ° 99 58 58 58 58 ° 0 0 0 0 78 40 37 ,. 3 

--' Tot. :10001000100010001000 1000 1000 1000 1000 100 0 :1000 1000 1000 1000 1000 :1000 1000 1000 ICOO '000 , 
--' 



1 

3' Frequency Distrlbutio~ of the Estimates, 
when k ~ 10, unequal sample size, cases A and B, 
varla~ce patterns III and IV 

~s : Case A Case 8 III IV II I IV UWT WT MLE NS KS UWT WT MLE NS KS , UWT WT "LE NS KS UWT WT MLE NS KS , -' '. , : 8 0 0 0 o : 30 15 ,. 19 20 2 0 0 0 0 15 6 6 6 6 2 : 7 4 6 • 6 : 17 '2 '3 13 , 2 5 0 0 0 0 16 3 1 3 : 12 8 , 5 5 : 33 ,. 20 20 20 • 0 0 0 0 33 13 16 17 l' 4 40 25 27 27 27 : 60 36 .7 37 30 IS • 10 10 10 44 38 35 33 33 5 65 54 54 54 53 : 61 54 S6 58 5. 5< 35 33 33 33 58 57 64 65 65 6 90 80 77 71 79 81 85 7. 17 78 "' 71 .6 .7 .7 77 95 88 87 87 7 115 125 128 127 125 77 88 87 86 e, 117 120 130 '29 129 87 '02 ' 0 7 109 107 ~ 

" 8 128 15. 152 153 154 85 5 110 108 ' 1('1 10. 141 194 192 193 193 101 13 7 128 12 7 :':9 . , 127 '55 162 '62 15' ,02 122 122 ,." , ;;;:; 1<':~ 168 '63 16 I 16' 125 110 113 I I' 113 -~ 
10 : 108 150 143 144 148 80 118 115 114 4 15 ... ". '79 180 179 109 129 126 125 126 11 : 110 111 110 110 109 95 97 .8 .f .7 111 119 118 120 121 97 115 12. 129 .?~ 12 : 87 7' 78 77 77 83 86 90 JO 90 SO <, 65 6' 6. 84 81 71 72 2 13 : 56 38 36 36 36 56 66 71 70 70 3· 26 26 25 25 56 52 54 53 5' 14 : 32 

" 15 15 15 51 35 12 " 33 2 , 11 13 13 13 44 35 35 35 35 15 : 8 • 5 5 5 33 23 ,3 >. "3 13 3 2 2 2 2' '4 15 IS 5 16 : 3 2 2 2 2 25 17 ,. 16 16 2 2 2 2 2 9 8 7 1 7 17 4 0 0 0 0 31 14 
" 14 ,. 2 1 

" 
5 5 5 ; , , , , 

I~t. : 1000 1000 lDOO 1000 1000 : 1000 1000 1000 1000 1000 ,1000 lOaD 1000 1000 '000 '1000 1000 1000 1000 1000 



-, 

Frequency Dist ribut i on of t he Est lmates , 
y ; 10, unequa l samp l e s ize , cases C and V, 
nee pat te rns II I and IV 

Case C Cas e 0 
III IV III IV 

T WT MLE NS KS UWT WT ML E NS KS UWT WT MLE NS KS UWT WT "LE NS KS 

• , , 29 '3 '3 ' 3 14 0 0 0 0 0 ' 6 4 3 3 3 
6 , , 1 1 17 10 7 7 6 2 0 0 0 0 17 9 ,0 '0 '0 

. 8 3 2 2 2 '0 ,. ' 5 ' 5 15 '0 • • • • 2 7 22 22 22 22 
15 '6 n 15 ' 5 38 32 3 7 38 39 21 9 9 9 9 45 17 ' 8 '8 ' 8 
49 •• 41 •• •• 53 62 52 52 5 ' 5 ' 32 36 36 37 5' 39 39 '0 ' 0 

2 b9 73 71 70 79 8' 9' 90 90 89 8 9 79 79 79 78 70 69 69 72 
~ 

2 110 11 3 11 . 11 . 98 112 ' 09 ' 08 '09 99 1 i 1 11 . 116 11 5 96 ' 23 '28 127 '22 ~ 

'" 2::' , ;..: ,.q '47 147 97 11 3 ' 17 11 6 112 160 1175 , 8 2 182 179 119 181 173 17 ' 176 
41 16' ,.? 1 F ,- ' 6S 98 113 '09 111 11 6 , .2 174 172 172 175 11 7 ' 3' 140 '37 138 ., ,.' '69 lE' IG ' '09 , 32 133 135 '33 145 ' 66 '65 ' 65 169 88 ' 20 11 3 118 1 16 
0 4 13i 1 :?O ~ 29 133 9' 99 102 '00 '00 90 '20 11 5 11 5 110 8 6 11 8 ' 2 7 ' 2' 125 
81 7' 80 79 18 80 89 88 90 8 9 87 65 67 67 69 92 58 57 57 57 
52 39 '6 37 37 56 46 48 41 •• .. 36 37 37 36 63 46 ' 2 42 ' 2 
30 ?O 22 22 2' ' 9 39 41 40 39 25 " 13 '3 13 3. 3' 30 29 28 
12 22 C 0 2. 22 17 17 17 9 3 4 • • • 25 '3 14 '5 ,. 

f 2 2 , 15 11 11 11 11 7 0 0 o : 22 7 8 8 7 
6 2 2 2 2 26 9 10 10 '0 2 • '9 8 7 7 a • 

• • , • 
000 ~ooo toDD 1000 1000 : 1000 1000 1000 1000 1000 : 1000 '000 1000 l OaD 1000 : 1000 1000 1000 1000 10 00 
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