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ABSTRACT

In this paper ssreprn] estima‘ors of the common unknown meanbdf
possibly different normal populations when the variances are
unknowin are compared through an extensive MonteCarlo study. When

2

the wls are equal, it is observed that the unweighted mean

estimator 1is optimal. However, when varying the ¢fs. its

efficiency is substantially less than the other estimators. For
the range of the parameters considered in this study, it is found
that the weighted mean, the maximum likelihood, the Neyman-Scott
and the Kalbfleish estimators have high efficiency. Comparing
their precision with the computer time they require to estimate pu,

the weighted mean estimator is recommended except in some cases.
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CHAF ' ER 1
TNTRODUCTION

in a variety of agricultural, biological, medical, etc.
situations, the problem of combining several estimates into one
optimal estimate often arises. This paper is concerned with the

comparison of different melhods of such combinations.

Suppose we have k(z3) normal populations having a common
unknown mean p and unknown variances of possibly unequal and
consider the preblem of eslimating Lthe common mean on the basis of
indepencent samples from these populations. For estimating the
common unknown mean of several normal populations with known
variances, the besiL estimator is the weighted estimator with
weights proportional to the inverse of their population variances.

-

But when the variances o;'b are unknown, there are several
competing estimators. Some of these are: the unweighted mean, the
weighted mean, the maximum likelihocd, Lhe Neyman-Scott and the

Kalbfleish-Sprott.

The problem has been studied by many researchers. Among them
zre Neyman & Scott(1948), Levy(1970), Kalbfieish & Sprott(1870),
J.N.K. Rao & Subrahmaniam(18971), J.N.K. Rao(1973,1980), Levy &
Mantel{1974), Norwood & Hinkelmann(1977), Shinazoki(1978) and
Bhattacharya(1978). The details of their contributions are

discussed in the next chapter.



All the studies done so far mainly focus on .the asymptotic
behavior cr =m=11 sample oroperity of the estimators. However, in
real life we usually face situations in which the n s are not so
large {20£ni£30) and k is small (3=<k=10). In this study emphasis
is given to the comparison of these estimators for the above

values of k and nr

All the estimalors compared In the study are unbiased
estimators of u. The comparison of the estimators is made through
the frequency distribution of the estimates, their empirical

variances and their efficiency relative to the optimal

estimator(when the variances are known). For the study, an
extensive simulation is performed on a powerful computer, HP-UX
3000/500.

In. chapter 2, the theoratical basis of the estimators and
contributions of previous researchers to this problem is given.
Chapter 3 is devoted to the simulation procedures used. In chapter
4, the results of the Monte Carlo experiment are analysed. These
resulis are presented graphically and in table form. A summary of
the study and 1its relationships with previous studies are
discusséﬁ in chapter 5. The computer program written to obtain the
"simulation results is given in Appendix I. 'The frequency
distributions of the estimates under different circumstances are

tabulated in Appendix II.



CHAPTER 2

LETERATURE REVIEVW

2.1 Introduciion

Suppose that independent samples are observed from k (= 3)

normal populations with a common unknown mean g but possibly

different unknown variances of,ag,‘..,ai. Let xx; denote the Jth
gbservation in the i:'h sample; j=1,2,....n,1=1,2,...,k,where

i

ni{zll is the number of observations from N(u.of).

2
Let "%,=~ ¥ x 1=1,2,...,k
i n &2
i 5=1
= P 5= 5 o= =
Clearly x, is distributed as Nlp“‘i‘] and X ,X,,...,X, ~ are
n

independent and unbissed estimators of p. Moreover, in samples
from 2 normal distribution, the sample mean is the best estimator

of the population mean.

The prot:lem of combining the ;is to a single estimator of pu
with best precision often arises in many areas sf statistical
practice. For instance data of this type may occur when Kk
laboratories made separate determinations Ei of the same physical
or chemical guantity,each with an estimated standard error.Because
of personal bilases or lccal conditions of expesrimentation these
estimates of ju may not be the same and it is desired to average

Ltheir results in the best manner possible.
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This prohlem has been treatad at length in the statistical
terugn and ssveral regearchers have studied ft and various
methods of' combining the ii's Lo one estimator are deveioped. Out

of the several developed methods, a cheice of a methed which gives

the ocest precisior in 2 given conditlion iz recessary.

Neyman and Scott (1948) proposed an estimator of pu (;ksL

which 1s asymptotically more efficient than the maxinum
likelihood estimator [;ﬂL) when the ni's differ , and the ni’s and
af 's are uniformly bounded es Lhe number of estimators to be
combined (k) approaches infinity. Cochran and Carroll (1953), Meier
{1853) and others found the weighted mean (;nT)uith weights
inversely proportional Lo theilr sample variances to be more
efficient than the unweighted mean f;ﬂg) except In the case of
small n. (= 85) or smal! heterogeneity in the 02

i 3

By censidering equil c% and 1 s n, = 10, Levy (1970)
investigated by simulation tha ;"1 has higher precision than -
Kalt:fleish and Snrott (1970) derived the conditionali 1likelihood

function of u, and obtained an est mater L“xs} which maximizes

the conditional likelihood function.

C.5. Rao(1970) «aeveloped a new method of estimating
heteroscedastic variances for a general linear model called MINQUE
{MInimum Norm Quadratic Unbiased FEstimation). J.N.K.Rao and
Subrahwanian (1371), and J.N.K.Rao(1873,1980) applied this
principle to combine the ii's and demonstrated through Monte Carlo
ctudy that this method with some modifications s superior to some

other estimators when ny is small {s4), k is relatively large and



the hel=iugenci | vy Ll - is mwpi) to moderate. Another

important result which was shown s that HMINQUE may not lead to

cubstantial gzins 1o efTiclency when n,> 8 avd the heterogeneity

- 2
In the o, Lincreases

Levy and Mantel (1874) studied Lhe efficiencies of some of
the commonly used estimators of g by means of an empirical study.

Their result suggests that for moderate diversity in the a%. B

-~

could be superior to either B, or uHL.Their sampling design was
~estricted to the case k=6, 1= nis 11 and c‘:"s increase in
geometric progression in such a way that the averzge of the of's

is one.

Norwood and Hinkeimann (1977) gave a necessary and sufficient
condition in which the weighted mean has uniformly smaller
variznce than any of the ;1'5' Shinozakl (1978) suggested a class
of unbiased estimaters of u and also offered a necessary and
sufficient condition for the estimator Lo have smaller variance

than esvery sample mean. Bhallacharya (1978) offered a

simplification of the proof given carlier by Shinozaki.

However, not much work is done so far on the more general
problem of selecting among different methods of estimating the
common mean, especiaily when k is small (3=k=10), and the ni's are

nol large (aoinisno) for every i=1,2,....k.



rtimating g such as the

Avoiding wore comples feqgure
Hayeolen melhos which peanlres sprierl 'aforpst jon the fellowing
estimating melhods are cowsliered

i) The Unueighted Moan

il) The Weighted Mean

1i1) The Maximum Likelihood Estlimator
iv) The Neyman-Scott Estimator

v) The Kalbfleish-Sprott Estimator.
2.2 Tre Estimators Considered

2.2.1 The Unweighted Mean

The unweighted mean estiwalor of u is given by

e I=1
by, - . (1
k
where n = [ "i
i:

This estimator is the simplest of all other alternate estimators

of p. If all ni's are equal,



¢hich ‘s the arithmetile mran of k abjects. This estimator is used
as an Initial approximation to ithose melthoeds wihich require the

Newton~Raplison ileration

2.2.8 The Weighlad Mean
When the of's are known, Lhe best linear unbiased estimator of

i which also attains the Cramér Rao lower bound is

Mﬂ'
B
w-ql

N
=i

BR

A

-
it

[+

i

(2)

If the o-';"f: are unknews, the well-known unbliased estimator of u is

'3
Z‘ nicl‘- xl
! W {3)
p = e
W i
-2
>: niSi
i=1
n
t
where ¢ -2 )2
z (.\U %)
Sé - _..f_‘.-—-.---— —- 1= .? |k
i !‘li—'l

are the sample variances which are unbiased estimators of u-f's.

Eq(3) is referred ‘o a5 the weighted mean estimator of g, with

weights proportiona! to the ilnverse of the sample variances.
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2.2.4 The paximum L, wel Lood Es. . .mator

The probabilitly depsi ¥ functicn of ¥ is g.ven by
'.F B

'=)i ()-_i I-,:.o-:.‘.} = g E").[ﬁa! _l_:’ (% -p.-}']r
1] 1 — L 20‘} 1J d
7/211
where -mw < g < w and uf > 0 for every 1=1,2,...,k: J=1,2,. ni.
The likelihood Function of Xii's is
k -
L=HI-;._‘J.; oo )
i)
K & K
) [-I (2m0) exp | - ) (x p)]
ic v 2c
1 1=t
K n n
T | B i k
- A - o ™R 1 (%4 -u)?
= (29) &L,*l: («?y * 2up 52 e }
L =t J=1 3
The log-likelihood iunctiion of |_ is
k k ny
= S Y e e 2y _ 1 -u)®
I=in | 5 (in 2?:)2 n, 5 ui(ln ol) 5 5 Z 1J
i=1 i=1 ' J=1 0'1

The most convenient way to obtain the maximum 1likelihood
estimator is to exemine all the local maxima of 1. Differentiating

I with respect te g and 32' and equaling the results to zero we

i

get the foilowing:



& . 4 1) ) .
o = } ; __»__1_-_]_ J' \‘ ] n!()‘i"ﬂ"l): 0 {4)
iia iz1 j1 o =g
“L olF i (I a;
n
'
n S RO
5I2 B __1_2_ & _E‘ Z(le“l-lm_) =0, i=1,2, Lk
80’1 26‘1 20‘1 J=1

which implies that

nl
o= Zo ST o P
i nl i} HL

1=1

n
i
Rut Ei (x‘j - u“L) can be written as
=1
n D
1 3 A
L = = = ] A = 3 = S 8
Zﬁ [(xii xl) N {xl unL}j B 2ﬂ (xlj x‘) y nl(xl “HL)
Y==1 }=1

2 = = 2
thl 1)::i . nl(xI “uL] .

Therefore

5 i - S
f & -l_ [{ni’jlsi o (- ) J (5)
i

Substituting eq{S) into eq(4) one cobtaln: an estimating »quation

k [ N .
noin (x - )]
1 | i "Ml P = 0 (8)

-2 = 2
3 = s -
§=1 (1'1t 1)E>t a, (x !

The only unkaown parometer in eglf) is v and this equation can be
concldered a: a nor-lincar equation in . Denotine the maximum



s ) |
&= (5, =157 + a (R=pu)°

35—t it 'l“! Mo
D SR — (8)

SN, rnl-lrs*" L n,'{_,—-p' )"T
! 4

j JR AL |

AR
{fl,i—a ).-1 " tliw;ih"‘) i

From Lhe abuve equatlion  we can rewriie eq(B) as

=t - aah (10)

2.7 4 The Neyman ~ Scott Esiimalor

Neyman and Scott (1948, consideren the mere general form of
eqlsl, Ao subatitul ing =r arbitrary welght ul-instead of n,
they studied the more genral estinmaling equatlon

K h.‘L r,j(:-f‘—-p)]

-

g __.:_)_.__ _—___2 = 0 (11)

(n.~1)1S8, + n (x.-
nl 1 q:'vl #)

They showed that, as Xk approaches !nfia.ty, the est mator of g

oblaincd Ffrom eq(ll) has a great precision if ¥ is chosen to be
ni—z . Replacing wy by n-2 , Lthe Neymun-Scolt estimator is

obtained as a soluticn of

P )
k (nl—?.ilnlxx|-p;

0 ‘ (12)

- 3

{ =1 + 4 s
(n, 1,5‘ n {x, )

L p—



thie e af g oobtala Y ! le yman-Scott

lnalor ang g so vad oy

They also shoved that Lhe asympiotic va - lancs of ;‘as is always
less than that of ;mfexcept in the case when equal observations
are taken from esach sample. ;HS can also be obtained with the same
procedure as ;lrm As it cen be seen easily from eq(12), this
estimating eqguation lias fhe peculla- property that samples of size

2 contribute nothing,which Intuitively seems incorrect.
2.2.5 The KalbFleish - Sprott Estimator

For every fixed p , the staltistics

are Jjointly sufficient for the nuisance parameters :rf. Noting this
fact , Kalbfleish and Sprott (1970), derived the conditional

distribution of the observations given T? which is-independent of

a‘? and is proportional to

3 -(n! - 2) k %
[T, T dx, /r‘[ T . (13)
i=1 o | §=1

P g

k
et J be the k » nn Jacobian matrix, where n = Z nl -
=1

i
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The entries of Llie matriz ) are Lhe parcial derivatives

The conditional likelihcod is therefore proportional to

1/2
LR f(xu,,..,xkn | Tf, Tf )/I JJ'l ;
K
In this case I JJ,I - gk ﬂ 72
|
i=1

k - -
cEin = I—I- ! t‘mI 2}/ l JJ’, 1/2

i
=1

-{nl - 1)/2

D
K 1

= G = )2
J=1

i=1

Taking the logarithm of C(u),differentiating with respect to p and

equating to zero, one can arrive at the equation



- 14 =

k i‘ e !\ -‘""
o Iitql(x‘ 1 ]

Ay o 8

' - #
(n-1)S + n(x -p)
t 1 ik T

Here again, the solution of eq(15) may be found by the
Newton-Raphson method. The approximation to p obtained from the
above equation is the Kalbfleish - Sprott estimator (g‘é].
Comparing equations (12) and (15),one observes that the Kalbflelsh
and Sprott estimator is to be preferred to the Neyman and Scott
estimalor, because it takes into accournlt samples of size 2. But ;xs

does not take into account samples of size 1.The maximum

likelinood estimator is free of lhese limitations.

ihe next chapter is devoted on how the data was obtalned and
the procedurzs foliowed to compare the five estimating methods
explained in this chapter. The sampling design of the experiment,
the computer program which is used tc compare the precislon of the
estimators and all the necessary steps which are relevant for the

study are clearly discussed.



CHAPTER 3

STIKRULATION PEOCEDURES

3.1 The Monte Carlo Matlod

The Monte Carlo methed !s a numerical method of solving
mathematical problems by means of random sampling. It consists of
solving varlous problems of computational mathematics by means of
the construction of some random process for each such problen,
with the parameters of the process equal Lo the required
quantities of the problem. The method may briefly be described as
the device of studying artificial stochastic model of a physical
or mathemalical process. For a model to be useful it is
essential that, given a reasonably limited set of descriptors, all
its relevant behavior and properties can be determined by deriving
the model with certaln random 1Inputs and observing the
corresponding outputs. The Monte ’‘arle method can be used to
aécess the behavicr of nodels, and also it can be used to gauge
the performance of various techniques. Here,the method is applied
to compare several estimators of the common mean of different

normal populations.

The following are some possible reasons for the widespread
popularity of the method :
1) Mcst complex, real-world systems wlth stochastic elements
cannct be accurately described by a mathematical miodel which can
be evaluated analytically. Thus,simulation is often the only type
of invesiigation possible.

..15..
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2) Monte Carls allows con: te estimate the performance of &n
existing system uider some projecled sovr of operating cordltions.
3) Alternative proposed systom designs can be compered via
simulatior teo see which best mezls @ specl’led requirment.
4) In a lonte Cerlo we can maintain much betler control over
experimental conditions than would generally be possible when
experimenting with the system itself.

Monte Carlo methed is nol without its drawbacks. In
particular, the following are some of ils disadvantages:
1) Monte Carlc models are often expensive and time-consuming to
develop.
2) On each run a stochastic simulation model produces only
estimates of a model's true characterstics for a particular set of
input parameters. Thus, several independent runs of the model will

be required for each se. of inpuc parameters to be studied.

3.2 Computer Genaralioa of HNondom Variables

3.2.1 Generating Uniform Fandom Variables

The great majority of random-number generators in use‘today
are linear congruential generators. The e integer Zi in the
pseudo-random sequence is computed from 2. . by the recursion

Ei =( a Zi_1+ c)mdm, { =1, 2,
where m (the modulus ), a (ithe multiplier), ¢ (the increment), and
ZU (the seed or starting value) are non-negative integers such
that m> 0, a<m ¢ <m, and Z0 < m. The desired uniform random
numbers on (0,1) are obtained by letting

Ui = Zl/m 1% 1, Brass



The parameters a. ¢, m. and 2, detc~mine the statis icnl quality
of the generalor. By caruful choice ' these teur parameters the
Ul's can be made Independently and identically ¢istributed
(1.1 d ] rendom veriables owi the in'erval (9. :

The dalua sets used in the Monte Carlo study are generated
using DRAND48 , a subroutine available on HP S000/500 HP-UX. The
function DRAND48 generaies pseuco-random numbers using the above
linear congruential algorithm and a 48-blt integer arthimetic. It

returns non-negalive, double precision, floating peint values

uniformly distributed over Lhe interval (0,1).

3.2.2 Normml Random Nlil‘l_'l?e:‘!‘ Generation

There are several ways of generatiig normal random variables.
Some of the methods are cpac! an! sope 2re approximate methods.
The generating techinicus used in tais study is the Marsaglia
(Polar) method, which is an improvem2nt. of the Box and Muller
method. The Marsapliz mel-od is choucen because of its simplicity
for programming, being fast and exact. The Box and Muller, and

Marsaglia (Pelar) methods are described here under.

i) The Box and Muller (Sine-Cosine) Method

The Box and Muller method is used to obtain a pailr of
independently and identlacally distributed {i.i.d.) exact standard
normal random variables by means of one-to-one transformation of

two i.i.d. Uniform(C, 1) random variables.
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Let U_J and U, be Independent Uniform(C, 1) random variables.

Z

Det'ipe ths transformuations

X! =v =2 In “1 cos ?nhb

(1)
X2 =Y =2 1In U1 sin Znuz
Squaring both sides of the above equations we get
X2 2 1In U £ U
y in U, cos 2n )
Xg =<2 1n U, sin’ 2au,, (2)

Adaing these two expresions of (2), we have

which impllies that

1 s
U = exp { N Xg ) }
Also
X1 sin 2nl
= = = 1
cos 2nl ten anz
X 2
2
which gives
. 1 [ i
U2 = arctan ;XE/XIJ
an

The Jacoboan of transfermation is



1 £ iy
_ 3 —
le J%)
d(u ,u ) g
J o e — ‘

d()t.. xz,' du, L

ax_ ax_
1 2

1 . > 2
L { 206+ %) }
The absolute value of J is

51 oo (420 )

Hence,

£y KAx ., x) = fy €x) - fy (%) (3)
20 2

From eq(3) it felleows, iLhe Jjoint probabillity density function
of Xi and X? is the product of their marginal probability density
functions which implies Xl and Xz are !ndependent standard ﬁormal

variables .

Althoughk the method has the advantage of being easy to
program, it is slow in executicii as it requires Lhe calculation of
a log, a square root and trignomeiric functions. This disadvantage

ie removed by Marsaglia method as cutlined below.
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i1) The Polar Marsagliu Hethod

This method avoids the use of Lrlgnome rle functions. The
e hod §s g rojestlon melhod «hich con be mu4 lzed as follows :
let U be a random var-lable distributed as Unlform(0,1). Then 2U is
distributed as Uniform(0,2) and V = 2U-1 1s distributed as

Uniform(-1,1).

1f we select two independent 'Iniform(-1,1) random variables,

say Vl and V,, then these arc random pc!ints In Lhe square whose

2|
vertices are (-1,1), (-1,~-1:, (1,~-1}) and (1, 1],

[

Lel W= V? + Vf

% >
= [ (-2 In W )/ u] -

4
Then W corditionzl on V¥4 V2:' ts uniformly distributed on

(0,1) and Independently uof V.7V, This W can be used for U in (1),

and replacing

N e 2
cos hnuz by v1/ val ‘ V2
and
sin 2nU, by V,/ v’}f 3 vi
ylelds )

XI ~ VlY y Kz = VZY

which are i.i.d. N(0,1) random variables. This algerithm |is

appreciately faster than the Box and Muller method.



_.21._

3.3 Goodness of Fil. Te:l

Kolmegr ov=Zimirnoy Lesk waus done for various sample sizes.
The Lest was performed for the generator (DRAND48) and to the
transformed normal random variables. The main interest here is, to
examine whether the generator was corr&ctly used, and the
transformation frem uniform to normal random variebles was
correctly done. The oulput of Lhe test and its tabulated value for
a=0,05 is gliven here under,

[

Table 3.1 Kolmogrov-Simirnov Test

Assoluts; girference
Sample size Uniform Normal Tabulated value
) 0.548 0, 407 0.563
10 Q.128 1.369 0.409
20 0. 186 0.225 0.294
25 0.193 0. 105 B4
30 0.123 D. 083 .242
50 0.115 0. 109 0.180
*00 0.071 0.073 0, 136
200 0.043 0.0587 0. 086
500 0.051 0,024 0. 061
1000 0.017 0.02 0.043
2000 0.018 0,029 0.030
4000 0.011 0. 016 G.028




In all the semple slves testod, the results show no
indication of deviation from their theoretical distribution for

both uniform anu nornal distriboet lons,
3.4 Design of the Experiiment

The study Is designed to investigate the precision of the
estimators discussed in chapter 2. In Lhis section the values of k
(the number of estimates to be combined), the sample slizes
cons'derad, and the varjance patterns chosen are dicussed. For
simp!lecity, it is assumed that p=0. The pumber of populations

chosen are k=3,6,8 ard 10,

3.4.1 Cheoices of Sample Sizen
1} Equireplicated Case

In order to ser the effect of increasie in the 0?’9 alone, the
case of equal usnmple sizes 1s studied., Ip this case, equal sample
observations are taken from each populution. The sample sizes

considered here are ni= 20, "i=25' and "1:30 for all 1=1.,2.....%.

ii) Unequal ni‘s

Here, four sets of n, valuesr are used. These four sets are
denoted by case A, rase B, cuse T, and case D. Cese A consists of
values ranging from 2C tc 44, which ai¢ small relative to the
other set of values In case I, the valu's vary from 26 to 30,
which are relatively large. Ca '~ ( consicts of semple sizes which

varies from 20 to 30, in ascending order. ln case U the values are



G-.:.t =

the reverse of case C, the usample sizes wvary in descending

order (hese four cases logether with Lhe chosen k's are tabulated

in tanle 2.
Table 2: The sample sizes considered

k| case A case B case C case D

3] 20 22 24 26 28 10 20 25 30 30 25 20
20 20 22 at 26 28 20 20 25 30 30 2§

B 22 24 24 28 30 30 25 30 30 25 20 20

o 20 20 20 26 26 28 20 20 2 30 30 30
22 22 22 28 28 30 25 28 3o 258 25 20
24 24 ___J0 30 3% s 20 20

10 20 20 20 26 ¢85 7B 20 20 20 30 30 30
20 22 22 28 2 2F a0 28 25 36 25 25
22 24 24 30 30 30 25 30 30 25 20 20
24 30 3 20

3.4.2 The Varlance Patterns Considered

i
heterogeneity. To examine the effect of Lhe changes in the nl‘s

Four o, patterns are chosen These vary from small to large
only, the case when orizul for 1=1,2,...,k is also investigated on
the precision of the estimators. This cendition was studied by

lLevy(1970) for 15"1510'
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The ai‘ pattornas ara denoted Ly [, II, 111, and IV. The values
in each pattern are glven in tzble 3 below.
Table 3 Varlance patterns considered

ai patterns
k 1 Ii 111 v
3 0.33 0.66 1.0 1 2 3 § 10 15 10 20 30
6 0.16 0.33 0.5 1 2 3 5 10 15 i0 20 30
0.56 0.83 1.0 4 S 6 20 25 30 40 50 B0
0.125 0.25 0.375 1 2 3 g 30 38 10" <0 M0
g o " & 20 25 30 40 50 B0
0.5 0.625 0.75 A 5 B o8 40 70 80
0.875 1.0 7 8 .
0.1 0.2 0.3 1 2 3 5 10 15 10 20 30
10| 0.4 0.5 0.5 4 5 6 20 25 30 40 50 60
0.7 0.8 0.9 7 8 8 35 40 45 70 80 90
1.0 10 50 100

Then for every combination of (k.ni.c?), 1000 independent
sample runs are made. For all possible combinations, a total of

136,000 independent sample runs are done.
3.5 The Computer Program

An interactive program which accomnlishes the desired
similation is written in Pascal ( the printout of the program ls
given in Appendix 1) . The program is compliled and executed on HP
9000500, The main program has several sibroutin:s and functions,

which facilitates the heavy compulations involved.



i) ‘he input
Te run the program the follcwing parameter: are required:
1. ¥, the number of norwil populatlons from w“hich samples are to

be taken.

2. Seed value, the initalizing polnt for the uniform random number
generator.
i ni's. the sample sizes from each group.

4. o’f‘s. population variances of each group.

ii) Computation of Estimates

After Lhe program recelves the input parameters sequentally
anc. correchly, DRANDAB is invoked several tlmes for generating
independent uniform random variables on (C,1). These are
transiormed to standorrd normal by Marsaglia method. Again, these
standard normal randem variables are multiplied by the square root
of the population variances to get the necessary normal samples
diztributed as N(O,o‘f}. After that, the sample means{;j) and
sample variances (Sf] are computed. The zbove process cont.inues
for all i=1,2,,...,k. Then, the different estimators are

calculated according te the formulas glven in chapter 2.

The maximum likelihood, the Neynan-Scolt and the Kalbfleish
estimators are obtiined using the Newtcu-Raphson algorithm. For
these estimators,the unweighled mean ls used as z2n initial point
of approximation. The ileiatjon steps {f the difference of two

10

successive estimates in sbseoltvle value 1s less than £=1.0X10 »

In all runs convergence was zltained before 15 iterations. The
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computer b.ome needed Lo accemp!ish the ghele tesk for a glven
combination is directly propovriional to '‘he n 's and varies from

\
80 seconcs to 250 seconds

1ii) The Qutput

The output of the computer program consists of all the input
parameters, the estimated means including the estimate resulting
from the besi linear unbiased estimator which attalns the Cramér
Rao lower bound, and the serial number which indicates the run
number which goes from 1 to 1000. The estimates of p are printed

with eight significant digits

Another small independent program was also written to compute
the mean and vuriance of (he estimales, The Iinputs for this
program are the estimates esulted by the big pr'i)gr‘um. 1t also

computes the efficlency of the estimators relative to the BLUE.



Logical Flow of Subroutines in the Program
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Subprogiaa
SRANDAS
DRAND4B

TRANSFORM

MEAN_VAR
BLUE
UNWEIGHTED
WE1GHTED

NEWTON_R#F

F_OF kW)

NUM_OF_F
DEN_OF F
DF_OF_MWT
NUM_OF _DF

DEN_OF _bF

Deecriyd lon off the Sub;rograas

Pur pose

Provides a sced value to DRANDAS.
Generates uniform pseudo-random numbers.

Transforms unlform rarndom variables
Lo standard normal and then to the desired
standa;'d random varizble.
Comout es the samp'e wmeans and variances.
Compules the BLUE.
Calculates the unweighted mean estimator.
Caloulates the weighted mean estimator
Lomputes the M., NS, and Kb estimators by
“he Nowton-itaphson iteration method.
A funst on svbprogram to calculate the

1

value ot flup) at the t*"" iteration.
Computes the numerator of f{ﬁ}.
Compules the denominater of f(u).
Evalutes the value of f'(u) at the
t*" iteration.

Computes the numerator of f'(u).

Compiites the denominator of f'(u).




This chapler was mulnly cencenlrated on the data used to
compare  the periurmence of  the estimators. The simulation
procedures used, the cholces of sample sizes, cholces of cf
patterns and the computer program written is broadly discussed.
The next chapter will focus mainly on the comparison of the
estimalors. The results of the simulation study will be tabulated
and discussed briefly. The behavior and precision of the
estimators will be cowmpared grapnically, with their empirical
variances. The efficlency of the estiamtors relative to the best
linear unbiased estimalor wil! be compared empirigdily and

displayed pgraphically



CHAFTER 4

COMPARISON OF ESTIMATORS

An extensive Monte Carlo study has been done Lo evaluate the
behavior of the different estimators. Over all, a total of 136,000
independent runs were rur.. In Lhis chapter, the simulation results
are tabulated and graphically presented. The estimators will be
compared through their frequency distributions, their empirical
variagnces, and their efficiency relative to the best linear

unbiased estimator{BLUE). .
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Table 4.): Abbrivation of estimators used

21

in the Monte Cario study

Estimator

Unweighted Mean

Weighted Mean

Maiximam Likelihood

Yalbfleish-Sprolt

Neyman-Scott

KS

NS

i=1

I_-‘Prmula

k k
Lnx Lo
=1 i=1

(% - @)

T

(n - 1}‘.5l + n (x‘ - un)
K, S k) e

IR = T af

(n J)St * n’(x‘ #‘s]
nL(nl--EHx‘ - j.t“s} Ly

T = " 42

(n, - 1)8) * n, (% uus)




4.1 Craphical Display of Lhe Estimetors

The frequency diciributior of the estimates resuited by the
different estimators show the number of cases falling into
different class intervals. The frequency distribution of all the
estimators is tallled and tabulated in Appendix 1I. Here, interest
lies on the number of cases that fall in the Intervel containing
the true parameter (u=0) and to examine the distribution of the
estimates as a whole. Te observe the behavior of the estimators
under different circumstances, the percentages of the estimates

that fall into the given class inlervals are plotted.

As Lhe sccpe of the Monte Carvle study considered s vast,
graphical represntulion of each and every case requires a large
numbel” of pages. In order tu save space and resources, from the
sample spuce of ilnvestigat!on, (he extrenc cases are plotted for
all paramelers. The number of popu’ations (k) selected for
plotting are k=3 and k=10. The varience palterns chosen for
plotting' are when the or?'s are equal, less alverced !pattern 1)
and more diversed (pattern 1V]}. Llkevise, Lhe sample sizes
selectad in this section for plot are, In lthe case of equal
sample sizes, m=20 and »=30, ani for ihe unequal sample slzes

case, cases C & D,

The graphs are displayed in TFigures 1 to 20. By looking at
these figures and the irequency dostributions tabulated in

appendix II, the following results are ouserved
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a) kbEqual sample =isecs case

In this case the estimitors reduce to three, because
K.=NS=KS. For k=3 anu 10, three varliance patterns are consldered

and dicusscd below:
i) Equal variance case

Figures 1,2,3 and 4 are graphs when the of's are equal. Under
this circumstance, the plots are close to each other. Comparing
Figures 1 & 2, the percentage of Lhe estimates that fall in the
interval containing the parameler te be estimated increases from
9.2% to 18.3 perecenl. This Indicates that as k increases, the
estimates are close to Lhe Lrue mean{p=0), and thé shape of the
curves become close to the normal one. As the sample slzes
incirease Lhese four figures show thal their shapes become more
cluser to the shape of & normal curve. The UW seems to have a
shape which ls more closer to Lhe normal one than the others. This

is aque to the fact iLhat, when Lhe af's ar~ ldentical UW=BLUE.

ii} Variance pattern I

Figures 5, 6, 7 and 8 are the plots of Lhe estimates when the
cf's are less diversed{pcitern 1)}. When k=3 :tnd m=20, (Figure S5)
the curves ai< {lalter and positively skewed. But as k increases
to 10 (Figure B), the graphs approach “he normal curve. The
percentage of the values that fall in the interval containing p=0
increases from 124 to 0 % VWhen the sample sizes Iincrease, the

value of the estimators become close Lo
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Figure 2 Graphical display of the estimators
k=10, m=20, equal variances
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-igure 3 Graphical display of the etimators
when k=3, m=30, eqgual variances
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-igure 4 Graphical display of the estimators
when k=10,m=30,equal variances
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Figure 5 Graphical display of the estimators
when k=3, m=20, varinace patiern |
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Figure 7
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./ Figure 8 Graphical display of the estimators
| when k=10, m=30, variance patterns |
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;", Figure 9
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when k=3, m=20, variance pattern |V

i

S

0%
-0.96 -0.72 -0.48 -0.24 0 0.24 0.48 Q.72
Class mid-point
- Unweighted ~*+~ Weightad —%— MLE’s




|
Figure 10

Graphical display of the estimators
when k=10, m=20, variance patiern IV
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| Figure 11 Graphical display of the estimators
when k=3, m=30, variance paittern IV
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[ ~igure 12 Graphical display of the estimators
i when k=10, m=30, variance pattern IV
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B} Unequal Sample Sizes Case

Under the case of unequal sample sizes, 1 have plotted the
graphs for cases A & B, but the conclusions from these graphs are
not different from the previous ones, for this reasonand the large
number of figures ] have, I did not include themn, Here, the cases
when Lhe sample sizes are positively correlated with the
population variances (case C) and negatively correlated (case D)
are plotted. In the case of unequal nl's. Lthe estimators to be
compared are five.

i) Variance pattern 1

Figures 13, 14, 15 and 16 are the plots of the estimators
when k~3 and =2:10, and sample sizes cases C & D. I-n all figures,
the Uk is flatter and skewed than the rest of estimators. From
these figures , the shape of the four estimators, l.e., WI, ML, NS
and KS are almost identical. Comparing Figures 13 & 15 (k=3, case
C and k=3, case D), the curves in Figure 15 are more skewed than
thal are in Figure 13. This shows it is safe to take a large
sample from a population which is more diversed.As k increases,
the curves become peaked showing that the number of estimates
which are clase to the true mean ihcreases. The percentage

increases from 13% to 34%.
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L ar:ance patiern IV

Flgures 17, 18 . 13 and 20 are the graphical displays of the
estimators for k=3 and k=10. The sample sizes considered here are
cases C and D. From the frequancy distribution of the estimates
and these four graphs we have the following results:

5 Fhe heterogeneity of the n"s and the of‘s increases, the
curves become more skewed and flatter. As k increases the curves
are little skewed. With the same k and vf's pattern, if the sample
sizes taken are reversed (case D) one can easily see a
significant change among the curves. The curves are. more skewed in
case D than in case C. Comparing Figures 18 and 20, if the samples
ocbserved from a population with high varinace are not large, the

stimatcs are not closer to the true mean as in the case where

large samples are cbserved.



Figure 13 Graphical display of the estimators
when k=3, case C, variance pattern |
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.-J Figure 14 Graphical display of the estimators
| when k=10, case C, variance pattern |
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Figure 15 Graphical display of the estimators
when k=3, case D, variance pattern |
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f Figure 16 Graphical display of the estimators
| when k=10, case D, variance paitern |
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Figure 17 Graphical display of the estimators
when k=3, cazse C, variance pattern 1V
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~igure 18 Graphical display of the estimators
when k=10, case C. variance patiern IV
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igure 19 Graphical display of the estimators |
when k=3, case D, variance pattern IV |
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qure 20 Graphical display of the estimates
when k=10, case D, variance pattern IV
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Emi: i -iael Variznrey

The ipirical variznces of the estimales are summarized and
tebulated In Tables 4.2, 4.3 and 4.4, The values are printed to
eight significant digits. Table 4.2 summarizes the empirical
variance of the estimates when the sample sizes are equal (m=20,
m=25, m=30). Table 4.2 gives the following resultis:

1. Excepl in the case of equal variances, UW has "large variance
compared Wiih Lhe oiher melhods. This shows UW is less precise
than the other methods, with the exception of the case of equal
varinaces.

2. For all k=3, 6, 8 and 10, as the degrees of heterogeneity of
the 0'2 % increase the empirical variances of the estimators also
increase.

. Tor all possible values of K, as the sample sizes increase the
variances decirease.

4. As k increases, the variances of ML tend to be smaller than
Lhose of WY,

5. As ihe bhetrogeneity of the c;:"s increases ML tends to have

slightiy smail variance than WT.

E. As k incr=ases variance of all estimators decrease.

Tzble 4.2 is the summary of the empirical variances for the

uncqual sample sizes cases A and E. In this case Mi, NS and KS
va:y. From Teble 4.3 one can observe the following facts:
1. Irn =«ml veriances case, UW has the smallest variance of all

4

other esl imators but the largest variance when the populations are

neLervgsnecus.
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Table 4.2: Empirical Variances of the Estimates, Equal Sample size Case
m -_—T_H;_,_’__-_-h-_r__'_-“— h L 1 o e H‘; = 25 - - ) T - =
uw WT ML Uh WT ML Uw WT 11
1 — ‘r‘ T T ———
0.01007887 0,00892965 '0.00898909 0.00907136 i 0.00777241 0.0077908 0.0074C2001 0.00631132 0.005830659
0.00467096 0.0334713 |0,003355149 0.00324609 j 0.00278481 [0,00278143 0.0031601 0.0022%003 |0,00229855
0.0034550¢ 0.00261272 0.00260224 0.0021885 | 0.00223366 0.00222501 0.00245346 0.0017150s 0.00169341
0.00261942 0.00174653 0.00171948 0.0022934¢5 0.00146192 0.00144932 0.00179054 0.00115¢282 0.00115244
0.01660604 0.017829]12 0.0179733¢9 0.01302334 0.01369854 0.013798632 0.010369839 0.01099617 '5701102202
0.00786334 €.00893083 0.0088824 0.00617942 0.00670791 0.00667671 0.0051721 0.0055577% 10.00546653
0.00576824 0.00656958 0.00658019 0.00483904 0.00520591 0.00515664 0.00419943 0.00456222 0.00454605
0.00546894 0.00598512 0.00584312 0.00415998 0.00458124 0.00456886 0.00332243 0.00361253 0.00360z22¢
0.03218611 0.02837102 0.028376E32 0.0270576% 0,02275879 0.02282333 0.02216952 0.01805052 0.0IQOG?Tﬁmi
0.02739526 0.02051429 10.02036038 0.02371528 0.01824752 [0.01832634 0.01858165 0.0135107¢% | 0.0134472 |
0.02648024 0.01979391 0.01975302 0.02274897 0.01637485 0.016323 0.01756;51 0.01273156 0.01265968¢9 ,
0.02852339 0.01921852 0.01905535 0.02121049 0.01391304 0.01374112 0.01673933 0.011500632 0.01146385 f
0.16752476 N.149s55704 0.14935693 0.13827608 |0.011735552 0.11691068 0.11119018 0.05695225 0.0967€6425 ;
0.15383194 0.11717351 0.11617717 0.11834232 0.08865499 0.08807585 0.10106934 0.07117342 0.07107¢5z2 |
0.1415714 0.9876441 |0.0984995¢ 0.10917897 0.07620089 0.07579119 0.09237043 0.06586402 0.06536314 f
0.13584476 0.1024638 0.1021063 0.11025725 0.06877145 0.068398031 0.09374065 0.060192153 10.06008403 l
0.33433489 0.28804475 0.2898183 0.284446217 0.2276109 0.22885572 0.22928459 0.19648612 10,1977238% l
0.28137518 1 0.21221327 0.21213133 0.22723717 0.16817038 0.16809616 0.1856323 0.13244192 U.13231459 |
0.278€65417 0.19893962 |0.19655282 0.2265155 0.16753496 |0.1 703285 0.18503335 0.12677494 [0.1271229: I
0.30008015 0.1892075% 0.18808422 0.21258566 0.14499152 0.14334325 0.17611993 0.11100772
|

- - =
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4.3: Empiricai Variances of the Estimates, Unequal sample size
Cases A & B
o — =3 Case A i J Case B o == P—
U WT ML NS KS i uw WT ML NS S
— - ——— r ey ——
0.014990i5 | 0.01624495 [0.01625848 0.016267€66 | 0.01629722 'c.o11394:: 0.01180854 | 0.01186529 C.0118635:1 |0.n0118%"
0.0075:13 | 0.00214086 {0.0020093¢ €¢.00800576 f C.C0B00207 |0.00591917 0.0065233 | 0.00650657 0.006505€c | ¢.006554:3
0.00579241 ' 0,0062467s 0.00615928 | 0.00861571% 0.00615505 | 0.00460231 0.00484425 | 0.00481151 0.00461184 | 0.00481181
0.00476551 | 0.00518085 0.00518083 | ¢.005:8072 0.00518076 [0.00355495 €.00383183 0.0037777 [0.,00327°24 | 3.0137788¢
G.0108843€6 | 0.0091755%5 |0,00923303 T8.00922278 0.006922353 0.00186579 | 0.0088555= "0.006905%¢ Efbhkéééif‘i 0.00690"
0.00460246 | 0.00346803 {0.00346277 0.00346324 | 0.0024€%85 0.00342477 | 0.00260384 0.00260879 10.90260875 ! 0. 2s0s
0.00318038 l 0.00237402 |0.00234281 0.00234221 N.002341€ | 0.0024357 0.00177206 | 0.00177696 0.00177676 | C.00i;755
0.00279822 | 0.00172564 0.00170183 | 6.00170266 0.00170362 l0,00193347 0.0012541 0.0012508 {0.00125079 | ¢ 00 .s-
s | 1 = -
0.03187762 |70.02744411 0.02742042 | 0.02742701 0.02713%04 | 0.035643% 0.-02140796 (70.02135195 0.02135c04 | 0 03136877 |
0.02730526 | 0.02002711 |0.01998744 0.01938946 | 0,01999228 0.02250556 0.0162192 | 0.01630487 0.01631051 , 0.015316/
0.026826.5 | 0 01900537 0.01888861 0.0188954 | 0,01850335 0.01913529 0.012643% 0.0136774 [0.01367684 | 0.01367030
0.002628628 | 0.01774398 0.01765705 | 0.01765687 0.01765713 |0.0197797¢ 0.01431865 | 0.04120624 0.01420535% 142G
! Eaeipece = 0
0 15347041 T0.13841144 |0, 13861058" T0.17862395 T0.13864213 0.11535381 T0.09671447 | G.09€8a5TF— 0.058€539¢ |0 0vccs0:5
0.13509313 | 0,10165325 0.10191606 | 0.101958413 0.10200819 |0.10069205 0.08100552 | 0.08071669 0.080707 ' 0.08069; 27
0.13229647 | 0.09501199 0.09546637 | 0.09547232 0.095481 |0.1040171¢ 0.07051518 | 0.0708241% 0.010836731 | ¢.07088054
0.13090337 0.0900043 |0.09048145 | 0.09050411 0.05053116 | 0.1031394 0.06624202 0.0657842 |0.085785°1 [ 0.0657882"
T0.23940833 T0.26644647 |0.36855555~ T0.26836077 | I€FITRNT 0.24054437 0.2085991F | 0.21037007 675?63?332‘f‘67§333331,
0.25228663 | 0.19420087 {0.1937713¢ 0.19375226 | 0.19373672 0.21735124 0.1651289 | 0,16857008 0.168574-: | 0.16856055
©.25372787 | 0.17067312 0.16939551 | 0.169422132 0.16945604 |0.2055¢%02 0.14141021 0.1411881 10.14118957 | 0. 143194
0.25761717 | 0.1803261€¢ |0.17560638 0.17962115 | 0.17984121 ©.1926€372 | 0.i3104122 0.1334985 10.1:343945 | 9.133481311



Table 4.4: Empirical variances of the Estimates, Unegual Sample Size
Cases C & D
e —_T S - case C - Case D = =S o it
nce| k uW WT ML NS KS o WT ML e Ks
= (S e i - R —
3 | 0.01356813 | 0.01411513 |0,01399951 | 0.0139%€0¢ || 0.01399791 0.01356813 | 0.0i411513 | 0.01399951 [0 01399805 | ©.01255791 |
6 | 0.00709651 0.0074173 10.00741763 | 0.00741693 || 0.0074170%1 |0.00709651 0.0074173 | 0.00741761 [0.GC74165 0.00741701
8 | 0.00504324 | 0.00556007 10.00554916 | 0.00555005 || 0.00555167 {0.00508324 0.00556007 | 0.00554916 [r.00555508 | oo 155167 |
10 | ©0.00398727 0.004486 [0.00439928 | 0.00439784 || 0.00425682 [0.00399727 0.G04486 | 0,00439928 [0,50439784 | 0.0043%9662
|
3 | 0.00931404 0.0073036 |0.00763159 |70.007819(8 | 0. 00784408 |0.D051941% 0.0069365 | 70.00691342 |0.00650%. | 0.00692557 |
6 | 0.00374003 | 0.00287847 |0.00287402 | 0.00227305 | 0.00287235 |0.00352135 0.00250514 | 0.00250459 | 0.0025364- | 0,0025G28 |
8 | 0.00289417 | 0.00222963 [0.00222342 | 0.002228¢3 | 0.0022z875 |0.00255624 7-0017833S | 0.00178716 |0.0017867¢ | 0.0017864% |
10 0.0023647 | 0.00164%32 [0.00165543 ©.001655 0.0016568 |0.00214121 | 0.00137401 | 0.00137651 |0.00137655 | -00137867
~|T37|70-03057186 | 0.02628152 |0.02833557 0.02623836 | 0.02625442 |0.02627517 | 0,021518393 | 0.02147153 0.02141133 | 0.02139139 |
6 | 0.02457816 | 0.01895488 [0.01880251 | 0.01875942 ' 0.01879245 10.02241873 | 0.01605257 | 0.01604347 |0.01603562 | ©.01f02584 |
8 | 0.02333715 | 0,01538883 [0.01585129 | 0,01585864 i 001986894 10.01912187 | 0.01345427 | 0.01322191 (0.01321924 | 0.01321741 |
10 0.022392 | 0.01621444 |0.01603795 | 0.01602948 j 2-01602192 10.01992807 | 0.01288795 | 0.01273695 [0.01273434 | 0,01273233
' 37|0.014151255 | 0.12500431 |0.1362581¢ | 013635353 |T6-1263334¢ |0 12383119 0.10789944 | 0.10783734 '0.10734594 0.10756415
6 ] ©-12180079 | 0.09789507 | 0.0976641 | 0:09764696 | 0.09762374 |0.09799361 0.07229392 | 0.07203059 |0.07206415 | 0.07210674 o
8 | 0.10742859 | 0.08300046 (0.08330144 | 0.08325563 ’ U.08321872 |0.09616621 | 0.06844056 | 0.06803362 |0.06304898 | 0.06207007
10 | 0.12189141 | 0.08309064 (0.08192329 | 0.08196687 | 0. 08202391 |0.10025737 0.07141594 | 0.07100431 |0.07101857 { 0.97103798 I
= rrbe g, L == !
T3 |T0.31206907 | 0.25503187 |7.35455835 0.2550851: | 0.2555803 0.24083107 | 0.20685975 | 0.2078491€ |0.30777363 {T0.20770717 |
6 | 0.25238249 | 0.20075134 |0.19990156 | 0.1528%927 | 1.19983519 |0.21980172 0.17497696 | 0.17488112 |0.1746157% | 0.17469974
8 | 0.23331433 | 0.17604234 [0.17488118 | 0.17482132 | 0.17477575 |0.22423337 0.1522894 | 0.15052377 {0.15042557 | 0.1503306)
10 0.22907821 0.1568746€6 |0.15547252 | 0.15544257 U.15542743 |[0.20040834 0.12568122 0.22563435 |0.12539127 0.12535276
—
— ———



4 ledebive EXT Clency of the Estimalors

L Lne variance of an estinator te meaiire its performance

1+ & given distribution. However. to compare ectinmalors we use
the notion of relative efficiency. The relative efficiencles of
the five eslimators are computed and tabulated in Tables 4.5 and
4.6, They are calculated as

Empirics! variance of the BLUE
Fmpirical variance of the estimator

x 100,

The relative efficlencies of the estimators for k=3 and k=10
are plotted fer varicus sample slizes case and o‘f patterns. These
p ets are on Figures A to P, A carefull comparison of these graphs
iead to the resulls dicussed below.

i) Eyual p» ‘¢

When ¢} ; are equal, UW is 100% efficient. But for
virlance pabteras T to 1Y, UW is substantially less efficient than
{le alie nate =stimators. Comparing Figures A to D, VI 1s slightly
efficient Lhan ML when k is small. As k increcses ML is slightly
¢cfficient ' @ WL Als: as k increases UN becomes less and less
sf ‘icient than WI, and ML. For imstance comparing Figures A snd D,

the efficiency decreases from 20% to 57%.

i1 | aeizain ] o
i} Unegaul n,

Lo X =10 r cases A
Filegres F. T. G and 4 me plots for k=3 and k=10, for ¢

estimators ML, RS, and KS are not the

In this case Lhe

-
— v . ¢ 's vary UN has
same, but Lhey have the same precision. Wasn Lhe e, Y

less. For k=3, VT is

1 - . o bhas Alunrelttyg 185
least efficiency, even when th diversity 1S
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Tahle 4.5: Hfficiency of the Estimares Felptive ¢ e BLUE, © 3ample Sizes Case
I_"T e = -
] sgqual ] i A% 3 LT i '
! e W W ML, W WT U T ML U WT ML UW !
— e—— e =S R
‘ +| 100.00 53.14 92.391 83.80 94.56 yz.u! A5, N b Dolbd 84,13 gh.20 94.38! 80.28 93.1 92.61 |
1
© 100.00 38.0: BB.53| 66.36 2.69 92.39 ]| 69.04 u2.19 ¢2.8y 72,27 94.88 95.69] 70.66 ©5.8 93.62 |
9| 100.00 86.05 87.89( 66.28 90.29 90.65 | 66.85 89.43% 8y.61 63.58 91.07 91.32] 63.79 89.36 9u.lULy
-0} 100,00 91.3% 95.60| 60.25 90.40 91.82 | 60 >i B9.82 90.59] 66.13 90.25 90.57| 57.66 1,45 2.no;
: ?I 100.00 35.07 3S4.40| 79.92. 93.27 93,06 | 79.65 94.69 94.42| 80,07 9L.35 94.70| 78.18 ST70° 97 1 !
| & { 100.00 32.12 92,55| 65.44 92.73 ¢2.85 71.32 $2.69 92.29] 70.58 94.zz 94,83 67.98 91.85 91 89 | =
81 100.00 92,95 93.84) 65.36 93.30 93.67 [ 65.76 91.35 9-.64].64.64 92.61 93,11 68.71 92.56 §3.18 | ;
10} 100.00 30.60 61,05| 56.97 89.%8 20.16 | 62.46 95.22 96.41159.10 94.75 94.46] 63.44 93,01 Qﬁ.uJJ
Rl — i
3 (100,00 94.32 94,00 82.82 97,14 g7.21 77.54 95.23 95.04182.35 94.81 94.63| 82.14 95:85 98,25 |
& 100.00 93.06 94.61| 68.82 94.97 94.61 [ 69.80 96.00 96.46 | 67.19 95.41 95.55| 70.35 98.61 98.70 l
8 | 100.90 $2.05 92.38| 65.83 024.17 95.38 | 69.15 95.38 95.65| 67.15 94.18 94.90) 63.96 93.35 §3.09
]10 100.00 91.96 »2.23| 60.62 ©3.39 9Qi.17 64,25 93.51 93.81{ 60.28 93.88 9u4.08 58.92 93.4e¢ 93 70
e




Taple 4.6f Efficiency of the Estimates Relative to the BLUE, Equal Sample Siies Cuuw

Equal i I 1 It 1841 iv
3 U WE ML "3 KS § UW wT NL N3 KS | UK WT NL NS KS uW WT ML NS KS UK NT HL L
:l 164,69 92.28 91.97 91.98 91.98| 79.98 94.87 94.4n ok 30 m-.w.! 52.12 95.58 95.77 95.74 ?5.?:: 83.98 93.11 92.98 92.97 92.96 [&8.30 35.31 9B.5 #8.n0 38.6
5‘ 100.60 9%.43 ab .66 9h,.7o 94 7h| BB.46 94,85 90,98 90.97 68.26 93.40 93.16 §3.12 93.08 | 7T1.5F F2.027 93.1° 95.45 431
A} 100.00 92.73 9h.ci 9K.08 9N.11| 68.12 91.26 92.4T 3.5 67.86 93.34 93.49 931.83 93.48 | 62.35 9:2.59 93.70 3.3 o 52
300,00 91.99  91.99 91.99 91,99| SH.57 98.97 96.:7 Fb.iw 63.060 91.6% 91.15 91.13 91.10 | 64,84 9p,6T 83,00 $3.00 Ho.90
S—i —— i bd b S oA e | i PR p— et b = - ol o 3 = = = ‘_""
4| 100.00 H6.49 96.5% 56.75 G96.03| 84,07 95.83 45.96 UTLVG Ly A0 9% US.TE 957 05,60 ET'62 g8.08. 383N 90X -98:2 Sl _F.1_ et o s
6l tio.00 9075 DOIORE hest 93,00} 12-87 95.85 95.67 55.6T. 45.67| 67,00 92,99 2ise, SNy 92,4y V820 972 ¥S.06 95.AT 9548 | HAS WA OE el G
i %t 1=y ih 0 I [ .

! b
o] 90,00 95.00: 956N OH.E8 05,651 69,05 96,05 93.76 9577 SHIALGT.S6 oh.y3 9kokg SN0 skigp] ON-ET 9N.BL UKD AR N [
10) 100.%0 S92.77 §4%.70 9h.09 94,01 51.1% 98.%% ok .53 ok,s58 o sM| 87,80 92.98 95.57 93.68 33.68 69.25 92.29 2000 Yo CRn ]

0 £ ot ; 5.1 ;28 98.26 05,27 | 73.52 ML uusi anh
3| 100.00 96 1z 96.92 96.35 96.93| B0.28 95.77 95.43 95.37 95.0| 02,00 us.¥E 55.88 95.63 95.58 SHIE90.19 Ph-A AR 73 X

6] 100,87 5,68 §5.67 Fm.68 v5.58| 73.70 ©5.76 $5.91 99.98 95.96| 7230 93.67 9A.G3 IM.65 I5.65 e i s e ??"? f‘."” i - ?F- g
8] 186.00 J0.70 90.88 90.37 90.PA| 73,53 95.18 95.91 I5.T1 95.07| 63.0F 92.65 92.87 92.83 J2.77 70.85 91.70 $1.37 91.82 91.46 b’...l- -u.-.. .' s .
160 (B Bo.at 90/08) S0 05 WDSEISHR T sH RN 9158 SsY] Sk ws Bty geaN ageh Aush| Sh-0F BOS3 BAER XL SASAL S8, 59 SRR, SRR | Rt Nt
Sl iho0 0518 5653 Bes SE9%L S50 2651 9643 U8y SEAN] TS LTS8 S0 sries dh-on] TS BE:1S 3.t 9983 sia|93.3% A6-H PREIN WY deee
é| 100.00 95.68 95.67 95.6¢ 35.68| 66.71 93.77 93.79 93.83 93.86| 66.58 92.85 s2.50 92.95 j2.99| 1132 96.50 96.76 96.71 96.65) 74.54 93.0% 3§5.087 53 8r 3.
“Al 100.60 90.7¢ 9C.LE 90.87 90.8W| 65.87 92.32 9N.22 94.20 9N.26| 65.28 92.73 .36 9A38 94,39 66.28 93.13 §3.68 93,66 93.63 | 63.91 9.0 BLED 55.4T ,
10] 100.00 85.11 90.8¢ 90.23 Su.91| 60.61 9a.4s 9h.28 .28 98.27| 60.57 93.66 9u.77 9N.79 ju.g1| $6-08 92.71 93.25 93.23 §3.20 3.7 3.7




Figure A Relative efficiency of the estimators
tc the BLUE ; k~3, m=20
Efficiency
1003
saliais mas pmmoatasass _'JLM‘“—-_- ,
Q0% I
80 - \\
i e
6O% -
60% ; , bk ' L
! Il il IV

Equel
Variance patterns

— Unweighted ~+ Weighted —%— MLE’s

- 99 -




Figure B Relative efficiency of the estimators
to the BLUE; k=10, m=20
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Relative efficiency of the estimators

Figure C
to the BLUE; k=3, m=30
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Figure D Relative efficiency of the estimators
to the BLUE; k=10, m=30
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Figure E

efficiency

Relative efficiency of the Estimators

to the BLUE: k=3, case A

100% - ﬁ

goasir = v gy
/

80% 1‘

70% -

B80% -

50% 1 [ , | |

Equal 1 ’

=== Urweighted
—%—- Kal-8prott

Variance patterns

-4+ Walghted

—¥%= MLE

—8- Negy-Scott

04

'.



~igure F Relative efficiency of the estimators
to the BLUE; k=10, case A
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Figure G
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Figure H Relative efficiency of the estimators
to the BLUE; k=10, case B
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Figure | Relative efficiency of the estimators
to the BLUE; k=3, case C
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Figure J Relative efficiency of the estimators
to the BLUE; k=10, case C
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jure K Relative efficiency of the estimators
to the BLUE; k=3, case D

Efficiency
100% M M
N\,
QO%]L
‘f
0% I )
R
0% I
60%]-
60% L_ i | | | =
Eaqual | } Il 1V
Variance patterns
- Jrweighted -+ Weighted —¥- MLE’s —8- Ney-Scott

—*%— Kel-Sprott




Figure L Relative efficiency of the estimators
o the BLUE: k=10, case D
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Figure M Relative efficiency of the estimators
to the BLUE; k=3, variance pattern |
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Figure O
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Figurs P Relative efficincy of the estimators
to the BLUE: k=10, variance pattern IV
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SUMMARY AND CONCLUS!ONS

The purpcse of this chapter ie to provide a summary of Lhe
results obtalned in this study and to cempare these results with

previous studies made by different researchers.

Levy(1970) investigated the relative efficlency of WI and ML
when the n. were unequal but the o'? were infact uniform lo’f-l}.
For K > 3, ML almost always had smaller varlance, and Jts
efficiency relative to WI increased as the nl became more
diversed. The nl’s were choosen in such a way Lhat Hnlsn. Levy &
Mantel (1874) studied the efficlencies of UV, WI, and ML for k=6,
and cbserved the following facts: 1) For moderate diversity in the
.:? UW could be superior to either WT or ML as estimator of pu. 2)
For =qual sample sizes case iniali), VT and ML had approximately
the same efficliency, and as tLhe a‘f's become morce dlversed, ML had
an edge on efficiency over WTI. 3) if Lhe is|'5 increasc with the
crf's, WI was more efficient than ML and if the r.!"; decreasc while
the n’i"s increase, ML showed higher efficiency then WI. .J.N.K.
Rao(1980) investigated by simulation that for small n|l.-:=n‘:;:'?_'r. ML
was significantly less efficient Lhan KS and NS was slighily more

efficient than KS. However, as the r?l’s increase, the differences

in efficiency were very small.



tegaiding the preclision of L e stimators the resultis
blained in this study lead us to the following conclusions.
1. When the :r;'s. I =1,...,k are the same UW is fully efficient
and it performs better than any other estimator. But when the of's
are different UW is the least efficient estimator. As k and/or the
diversity of the ef's increases, the efficiency of UW decreases.
2. In the case of equal nl’s » ML = NS = KS. If the ni's are not
equal, these estiamtors are unequal, but the estimates are very
close to each other. This can be Justified by comparing equations
(7), (12), and (15) in chapter 2. Their welghts differ by n. n-1
and rl~2. For large values of nl'u these welghts are approximately
equal. Their difference in precision may be substantial for small
sample sizes. In our study the sample sizes range from 20 t0o 30
and the estimators have almost the same precision. Thus it does
not matter much whether we use ML, NS, or KS.
3. When k=3, NT lis slightly more efficlent than the other
estimators. But, when k increases, ML, NS and KS are slightly more
efficient than WT. It is also to be noted Lhat when the Fi‘S vary
ML, NS and KS are superior to W[
4. Except 1in few cases, the efficlency of all estimators

2 oM Bo toin o -
increases, when the n 's and o''s are combined as in case U (small
i ’; 3 X :

2, 4

: i 3 arge 3 Lhar ir C {lar I
nl s correspond to large o's) ) :

2
correspond to small 01'93.




= ” - 0), WT
] NS and KES ¢ hi £ I 3 not
significantly dig ‘erent. The estimatc 3 ML, NS, and KS can not be

computed directly as Uy or WI. They are obtained by some iteration
methods, such as the Newton-Raphson met hod al such Iterative
methods require more computer time. In con lusion, based on the
the simulation resuits and considering the computer ime required
to calculate the estimatops there appears to be support for using
Lhe WT rather than the other methods. But It is worthwhile to use
HL or NS or KS when k is large and/or the n 's are diversed as in

ase [,




Ihe pascal Program written ig Ziven below

{ main progranm }
program SIHULATION(input,ouLputh

{ This Program generates normal random variables
Trom hKn.af) Calculates sample means and variances
and computes different estimates of according

their formula, }

const
run_no = 1000; { number of Independent runs )
m_loop = 19; { maximum no. of populations }
m_ni = 30; { maximum no. of sample size considered }
eps = 1.0e~10; { constant used as index of convergence }
type

si type = arrayl1..m_loop) of real; { an array of ST'S }

ni_type = arrayl1..m_loop] of integer; { an array of ni's }

Xi_raw = arrayli,.m_ni] of real; { samples from N(O.afn
xi_type = array[1..m_loop] of Xl_raw;{ matrix of xlj's }
var { global variables }
P, k, m, seed, type_f : integer;
m u + real;
n : ni_type;
: bar, s, sigma : si_type;
xi_type;
ok tag, flag : boolean;

function DRANIME: longreai; external: { generates uniform r. v }.

procedure SRAND4B(seed. integer); external;{ Initializes DRAND48 }
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86 -
-eavre MLAN VAR(var x hag : I type
his ‘ocedure calculate: bl neas t Variances
ar i i nteger;
= L1 S1 b -
X_irowdata : X1 _type;

procedure TRANSFORM(vapr Xxraw : xi_raw; | tinteger);

{ Transforms Uniform r. V. to Normal using the polar Marsaglia

method }

var vil, v2, r, Y, xtemp : real:
yl, y2 1 real;
cheker, j integer;

begin { TRANSFORM }
cheker := (;
for j := 1 to nl[i] do
begin
if(cheker = 0) then
begin
repeat
vi = Z O0DRANDAB - 1.0:
ve := 2.0*DEANDASR 1.0;
ro:=sqrlivl) + sqrive):
until(i{ eps < r) and (r < 1)):

y = sqri((-2.0%In(r))/r);

|

y1 vity;
y2 = va2ty;
x_raw[ jl = yl*sqrt(sigmali]);
xtemp := y2'sqrt(sigmali]);
cheker := 1

end

else bigin

I

¥ _rawl j] := xtemp;

U end

cheker
end
end; { end of TRANSFORM
begin { beginning of MEAN_VAR }
for 1 := 1 to k do sum{i] := 0;

for i := 1 to k do



negin

x_bar(i] := sumli}/nli
end;
for i := 1 to k do
begin
sli] := 0.0
for j := 1 to nl[i] do
sli}l := s[i] + sqr(x| 1,JI - x_bar(i]);
sli] := sli}/(n[i] 1)
end
end; { MEAN_VAR

procedure BLUE(var m_u: real):

i\ Calculates the BLUE assum! ng varjances are known }
var i : integer:
o : i _type:
mnum. mden :real:

begin { BLUE )
mnum := 0.0 ; mden := 0O.(
for i:= 1 to k de
begin
wli] := nl[il/signalil;
mnum := mnum + wli]*x _bar[i);
mden := mden + wl[i]
end;
m_u := mnum/mden
end 1 BLUE

function UNWEICET real:

. s th I » { m
{ This function compuies a2 gh
al
mr mden I
begin { UNWEIGHT
mpum = 0.0: mder = 0.0;

for i := 1 to k do



! U | |
1€ + |
n«
UNWEIGHI 4180
end; UNWEICHT

procedure WIEGHTED(var m_u : real):

{ Computes the weighted mean }
var i : integer;
W :81_type
mnum mden :real;
begin { WEIGHTED }
for 1 := 1 to k do
begin
wiil := nli] / s[i);

mnum := moum + wii] * x bar[i];

I
)
<]
<

maen
end;
m_J := mnum / mden;
end; { WEIGHTED }
proc=dure NEWTON_RAPH(var m_u : real; type_f :integer;
ok_tak, flag : boolean);
{ This procedure is used to obtain the maximum likelihood,
Neyman-Scott & Kalbflelsh-Sprott estimators. }
consi mex_ttt = 100;

type mu_type : array[l. max_itt] of real;

var
mw : mw_type;
3, 1 : Integer;
round : longreal;
co ok boolean;
wnction F_OF _MWT(mwi eal ): real;
I'hi icion evaluates the estimating equation f(u) }
ar i ;ioteger ; sum :real
unction NUK OF Fini ! integer i, mwt real) : real;



NUH F )
T on ven _OF Fini :int g . xi, ’ real) real.
iate 2 denumerstce (p) )
hegin 1 UEN_OF F )
DEN_OF F := (ni 1) * gi 4+ ny » sqrixi - mwt)
end; { DEN_OF F }
begin i F_OF_MWT}
sum := 0.0;
for I := 1 to ¥k do
SUm sum + (NUM OF Finfj I, % bap{i 1), mwt )
DEN_OF_F(n[i),s! ; I, x_barfi], mwt
F_OF_MWT := sum
end; { F_OF_MWT )
function DF OF EWT (et real) real;
{ Evaluates the derivat fip)
var 1 :integer ; sup el
function NUM_OF DF(ni inlege: i X mwi :real) :real:
{ Evailuates t umerats £ (1) )
vegin KM OF By
NUM_OF_Df \n lype I') " .ni * ([ny = 1) * s - n}
:nd; { NUM_OF_DF }
function DEN OF BDF(n tateger; si, xi, mwt reaj) real;

{ Evaluates the denumerator of (ul )

begin DEN_OF DF )

JEN_OF DF := sqri(ni - 1) * si + n} * Sqrixi - mwt));
nd; { DEN_OF DF }
begin DF_OF _MWT }

< ‘.;".'! -‘l_ N

3. 1 to k do

SUm 1= sum + M _OF_DF(nlil,sli],x_barli], mwt)/
DEN OF DF{nlil,sl[i},x_bar[i], mwt);

end:

of mwt

Sum

DF_OF _MWT }

sqrixi - mwt)



na

h:le (not conv_ o} itth de
it df _of mwi (mwlij) - ps then
begin
found := df_of mwt(mw[1]) + eps;
mwil+1] mw[l] - f of mwt(mw[1]) / round;
ok_tag := iruye:
end else
mwi1+1] := nu[1] - f_of mwt(mw[1]) , df_of _mwt(mw[1]);
=1+ 1
if abs(mwl1] mwl1-1]) < eps then conv ok := true;
nd;
1 conv_ok then m mwll]:
els faise
t NCWION_RAPH }

be ning of the main program }

1any groups are to comblned ....enter k');

itein{’ How
eadlnik}: writelr (k)-
.seed’ );

riteln(’'Enter the sec value

writein(seed) H

teln(’Enter the sample sizes .. 1% et
or | 1 to k do
egin
~ead(nlp]) writeln([(p]:3);

*In{"Enter the population variances ...sigmas’ );

a rafr write(sigmaipl:6:2);
nd; te
Lj = =8 B
£ ue;



_J! -
(a3 4 =3 L f IC do
pegin
MEAN_VAPRL X _bar,s)
= S ot VY.
write!m, ):

BLUE{m_u};

write(® ',m u:11:8);

write(" ', UNWEIGHT:11:8);

WEIGHTED(m_u);

write(" ', ,m u:11:8);

for p := 1 10 3 do

begin
type. f :=p - 1;
NEWTON_RAPH(m_u, type_f, ok_tag, flag);
write(' ",m_u:11:8);

end;

writeln;

end;

end. { end of' the program }
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SLUE. The

of SIMULATION ( the
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e

program MEAN_VAR_ESTIMATOR(input, output);

const

il

row 1000;

B;

column
m c = 50;

type file_nm_type =

var
Sum, mean, v, ss, reff
esl

file_pame

packed array(l..m c];

arrayl 1. . row, 1

file_nm_t ype;

a.f, out £ text;

J, K integer:
interact boolean;
exit boolean;
exit s integer;

functiovn parametri $alias
(pos : inke ger var str
integer; exiernal;

begin

exit := false;

while not exit do
bi‘g;;:

m_C;

paramelri(i,

k
if k <=0 then begin

wrriteln(’Name of the
readin{file_name!;
interact := true:
end else begir

interact := false;

:file_nm_type

file_name,

‘pas. parameters'$

len

2

data file ?');

and e4 iency ¢
tnput or

nain program ).

the

thus program are

arrayl1. column] of real ;

-column] of real;

Integer )







i TIJ
Wrriceln( ' Want Lo axit? F v=g enter 0 OLherwise 1 ');
readin(exit_s);
If exit s = Lhen =xit mue;

eld;
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boundaries used to tabulate the

frequency distributions

Val

)



-0.837518825
-0.812516315
~0.687513805
-0. 562511295
~0. 437508785
-0. 312506275

18750376
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f C[ [~ 255
0. 11 i
( 506275
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1A
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Table 12 Frequency Distribution of the Estimates,
when k = 3, unequal sample size, cases C and D
variance patterns I and IT
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Table 13 Frequency Distribution of the Estimates,
when k = 3, unequal sample size, cases C and D
variance patterns I and II
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1ble 14 Frequency Distribution of the Estimates,
when Kk = 3, unequal sample size, cases C and D
variance patterns III and IV
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Table 18 Frequency Distribution of the Estimates,
when k = 6, equal sample sizes. variance patterns I and II
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16 Frequency Distribution of the Estimates,
nen K = 6, equal Sample sizes. variance patterns IIJ ang Iv == = o
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Cases C & D,

when k=6 unegual sample size,

ible 168 frequeny distribution of the estimates
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when k=8, equal sample sizes, variancs patterns III and IV

8 22 Frequency distribution of the estimates
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7 Frequency Distribution of the Estimates,
hen k = 10, egual sample sizes, variance patterns I & II
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2 28 Frequency Distribution of the Estimates,
when k = 10, equal sample sizes, variance patterns I1I and IV
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aquency Distribution of the
= 10, unequal sample size,

ce patterns I and 1I

Estimates,

cases A and B
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Freguency Oistribution of the Estimates,
unequal sample size, cases C and D
iance pattarns I and [1
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Frequency Distributicn of the Estimates,
nk = 10, unequal samplie size, cases A and B

iance patterns IIT and IV
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