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The recent discovery of nigh-temperature superconductivity brought
about the necessity of clarifying a set of questions. One of these is re-
garding the electron pairing mechanism. Upto now, we have a well-developed
microscopic theory of the conventional superconductivity, the 30vca¥]eg BCS
theory. As we know, the pairing of electrons in this theory is realized
through the exchange of virtual phonons. This mechanism leads to the exis-
tence of energy gap in the spectrum of elementary excitations of low-tempe-
rature superconductivity. And, in the absence of magnetic field, it is known
that the normal-superconducting transition is second-order phase transition.
Thus, the BCS theory givés the recipe for caiculating all physical quantities

of conventional superconductors.

The situation with the high-temperature superconductivity is much more
complex, The mechanism of high - T. superconductivity is still unkonwn, This
is the reason we decided to give in this paper the review of conventional
phenomenological theories of superconductivity and give new formulation of
BCS theory which is based on retarded thermal Green's function method. we‘
also attempied to analyze the available experimental data on high - T. and
some of the pairing mechanisms discussed in the literature. We finally
proposed a model which’Fan execute high-temperature superconductivity where
electrons are paired by the exchange of virtual plasmons which can be obser-

ved in some specially prepared thin films. /
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INTRODUCTION

One of the great achicevemenis of the twentieth century in physics is
the discovery of the phenomenon of superconductivity. It is very pleasant
to think of the generation of non-dissipative currents in this state.
These superconducting materials can carry currents without any loss of
energy or they can be used in lossless power transmission lines. Other app-
lications are seen in magnetohydrodynamic generators, acceleratovrs, nuclkear
fusion reactors, energy storage, ultra-fast computers, electronic devices,
medical instruments, etc. This is of great advantage even to developing
nations since one has pointed out that the preparation of these materials

is simple.

With this in mind, the work is intended to present review of the theory
of superconductivity from the phenomenc]bgical as well as from the microscopi
points of view. Furthermore, it is to analize some of the theories proposed
on the pairing mechanism of high-temperature superconductivity and, by far,
to indicate the seemingly right mechanism responsible - the stimulated
pairing by exte%nall1ongitudinal high frequency electric field applied on a

thin film.

The formal approach to the work is to start with a survey of low -
temperature superconductivity for it can serve as a basement for high
temperature one.'Accbrding]y, the first chapter deals with the main experi-
mental data and phenomeno1pgica] theories of low-temperature superconducti-
vity.. These encompass the electrical, magneiic and thermodynamic properties of
superconductivity which are explained by the London and GlL-~equations. The

GL~theory is a macroscopic one.




In 1957, Bardeen, Cooper, and Schrieffer (BCS) formulated the micro-
scopic theory of superconductivity for which chapter two is devoted. Here,
a comparatively simple technique is developed for the description of ground
state of superconductivity and the spectrum of elementary excitations. In
general, the microscopic BCS theory is treated using the reatrded thermal
Green's function sin;e, at present, this is the best mathematical tool in
handling elementary excitations and, successfully, the necessary BCS results
are obtained using this method. Besides its great beauty and power, the Green's

function method is realitively simple and understandable.

In chapter three, the main physical features and the more plausible
suggested theories of the newly discovered high-temperature superconductivity
in the new ceramics are given. The stimulated pairing by external longitudinal
high frequency electric field is indicated too. Nevertheless, to date, no one
knows the actual pairing mechanism that can fully explain high-temperature

superconductivity.

It is understandable that all the diverse views of the modern theory of
superconductivity and possible applications, especially, the high—temperaune
superconducting devices cannot be covered in this paper since superconduc-’
tivity has now become a hot cake of the time, meaning thereby, it is now a
fastly developing and improving branch of physics with, as Nevil Mott said,

as many theories as there are theorists active in this field.

(&
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CHAPTER |

Experimental Data

Historically, the phenomenon Qf superconductivity was discovered by
Kamerling Onnes in 1911 in Leiden., In his first observation, he found
that several materials, especially metals such as mercury, lead, etc.,
showed quite unorthodox behaviour that their electrical resistance
dropped to zero at which it was practically impossible for him to
measure resistances below a certain critical temperature. Such a vani-
shing resistance made obvious that the sample underwent a change to a
new state entirely different from the usual normal state. This pheno-

menon was called superconductivity.[1}]

The temperature at which an abrupt transition from normal to supercon-
ducting state takes place is known as the critical temperature T, of
phase transition. Until recently, this temperature was supposed to range
from be]oﬁ 14K in pure metals to about 19°K in some alloys. But, nowa-
days, in the newly discovered rare-earth-copper oxides, the transition

temperature is as high as 90°K.[2]

It is interesting to note that the value of the electrical resistivity

is as small as 1024 o cm in the superconducting state.[3}

Experiments showed that a superconducting ring placed in a weak magretic
field set up persistent currents that sustained for years! In contrast,
in a normal metal, the current would cease to flow in about 10-12S. The
tdea of superconductivity seemed to be borrowed from perfect conducti-

vity.
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1.1 Magnetic Field and Superconductivity

1.1.1 Yhe Critical Magretic Field

Superconductivity can be destroyed by heating a samp?e to T > Te and
thus the normal state is attained. Not only this, it disappears if

the sample is exposed to a comparatively weak magnetic field. (In

the past, these observations dashed the hopes of the first experimen~
ters). Therefore, for superconductivity to occur, both the temperature
and the external magnetic field must be kept below certain threshold
values. Thus, it is useful to define the critical magnetic field Hg¢
above which supercondqctivity is not observed. Experiments with dif-
ferent superconductors proved that He depends on temperature and the

dependence is given by the empirical relation [3]
He(T) = He(0) [1-(1 )71 (1.1)
c

where He(0} is defined as the critical magnetic field at absolute zero
temperature. 1f T>T., then H.(T) is zero meaning the sample is no more

a supercohductor.

1.1.2 The Meissner-Ochsenfeld Effect

One of the important properties of superconductivity was diamagnetism
of quite a new type discovered by Meissner and Ochsenfeld in 1933.[4]
They discovered that the magnetic flux density § inside a superconduc-
tor was always zero. This means that magnetic field is expelled from
an originally normal metal when the critical temperature is reached.
It is also true that magnetic field never penetrates a superconducting

sampie.
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The expulsion of the field may be interpreted by the generation of
non-decaying {since » = 0) eddy currents on the superconducting
surface, commonty called superconducting currents, which maintain the

external field. This is simply Lenz's law. .

The Meissner-~Ochsenfeld effect is not a mere consequence of vanishing
resistance but, a new kind of magnetic phenomenon which can be consi-
dered as an intrinsic property of superconductivity. Hence one can say

that the superconducting state must satisfy the equations

resistivity ©» = 0 and

(1.2)
magnetic induction B=0

1.1.3 Quantization of Magnetic Flux

1.2

Suppose a metal ring is exposed to an external field whére its plane is
normal to the magnetic force lines. Decreasing the temperature to T<T;
we see that the ring becomes a superconductor and if the field is
switched off ghe changing flux will create non-dissipative currents,
These currents set up magnetic field that happens to be quantized. More
precisely, the flux ¢ produced is an integral multiple of the quanfa of

magnetic flux ¢ = *H c/e. Mathematically[3] s

¢= nég (1-3)

where n is an integer and %, = 2.07 x 10~/ Gem?,

Preliminary Thermodynamics of Superconductors

Now we come to the thermodynamic treatment of superconductivity from
which we can understand the meaning of the critical field He and examine

the type of transition. The Meissner effect exhibits the reversible
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superconducting transition and this gives a green light to the

applicability of the well-known techniques of thermodynamics{1].

In electrodynamics, the magnetic field intensity H and the magnetic
induction & are related by

B =W+ 4n M (1.4)
where M is the maghetic moment per unit volume of the substance, If
we consider a very long superconducting cylinder in a longitudinal
external magnetic field ﬁ, then B = 0 inside as tong as H<He at T<T..
1f the magnetic field changes from 0 to ﬁo, the work done on the
system is

Hos - Ho
W= - UM dHy = 2 {1.5)

This energy is added to the free energy of the superconductor as

2

Ho
Fsh = Fgo * 30 (1.6)

Here, Fgp 1s the density of free energy in the presence of field H and
Fso 1s when H o= 0. The subscript s designates superconductivity. The
thermodynamic. transition at H = H; takes place when Fgp reaches the

density of free energy of the normal state, Fy. Replacing Fgp by Fn{3]

o
Fn - Fso = gf (1.7)

One can clearly see that the superconducting state is energetically
more profitable than the normal one, provided that the magnetic field
is below He. Equation (1.7) is regarded as the definition of He and
for this reson Hc is most commonly called the thermodynamic critical

field.
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1.2.1 Entropy of the Superconductor

The entropy of a system is

S:(:_B_E

o, (1.8)

where F is the density of free energy, T is the temperature and A is the

work of the system. Using the last two expressions, the difference in

entropy between the normal and superconducting states is

H-(T He(tT

In statistical physics, entropy is identified with the "degree of
disorder" of the system. Using equations (1.1} and {(1.9) we can show
that the entropy of the superconducting state is Tower than that of

the normal one and one can consider this like a state with more order.

It is useful to note that the difference in entropy vanishes at two
extreme temperatures, namely, at zevo temperature {Nernst's theorem)
and at Ty and the latent heat of transition too. Because the normal-
superconducting transition takes place with no discontinuity in ent-
ropy, at these two temperatures it is a second order phase transition.
The transition shows itself clearly by a discontinuity in the specific

heat.

1.2.2 Specific Heat of the Superconductor

The specific heat is given by
_ TaS
€= -t {1.10)

Substituting for S from equation (1.9) we obtain

aH 2H
Cs - Cn = grl(F)? + Ho =] (1.11)
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We can clearly see that the above example shows that wagnetic field
penetrates into a superconducting sample with a characteristics length
of penetration / which is typically of the order of 500°A. Thus,
is called the London penetration depth. Using Maxwell's equation, we
see the current will be

Jg = 3%; Ho exp {~ %/} (1.18)

This current fiows in a thin surface layer of order x.

AT T = 0, ng tends to n, the total number of conduction electrons
(n=ng +ny) and at T = T¢, ny tends to n or ng tends to zero and
tends to infinity. This shows that a» is a function of ng as well as T.

The dependence of * on T is given by an empirical formulaf3],
A
V(D) =00 )1 (1.19)

where A(0) is the value at T = 0 which is of the order of 600°A.

The Landau-Ginzburg Theory.

So far, we have studied that magnétic field could penetrate a super-
conductor, eventhough it was to a small extent. Consequently, inorder
to minimize the Gibbs free energy alternating superconducting and
normal regions must be formed and, eventually, the question that comes
to our minds is what happens to the normal-superconducting interface?
Such situations are explained by.the maéroscopic Ginzburg-Landau (GL)

theory.

With remarkable intuition, in 1950, L.D. Landau and V.L. Ginzburg
introduced a pseudo wave function of all superconducting electrions as

a compliex order parameter in which the density of superconducting
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electrons was defined by [4]

e (r) 2 = ng/2 (1.20)
Despite its fruitfulness and boldness, the theory was given little
attention until 1959 when Gorkov showed that it was a limiting case

of microscopic BCS theory, a central idea of the next chapter.

Before the development of the BECS theory, Landau and Ginzburg proposec
that, in the absence of external magnetic field, v did not appreciably
vary in space and was small for T close to Te resulting in an expansion

of the free energy in powers of [¥}? as

Foo = Fp + alv® + %m“ , TaTe (1.21)

Here Fgy is the density of the superconducting free energy in zero
field, Fp is the density of free energy in the normal state, and
a and B are phenomenological coefficients. 8 is always positive but
for « positive and negative, the values of I1¥]° that minimize the
free energy are, respectively,

| f¥i? =0 (1.22)
and

j* = vt o= g (1.23)

The first solution corresponds to the normal state while the second

one to superconducting state.

[f we next consider the presence of magnetic field, we find that v
varies in space; 9vv ¥ 0 which is associated with the kinetic energy
of superconducting electrons. In this case, the appropriate thermody-

namic function is the Gibbs free energy written as
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s Taoerz 4 B et 1 4, . exr. 2 (7xA)? v xA)’
Gsh=6n *+ 7 [agv]? 4 ; A ‘é"ﬁ;;'i“ﬁ“'" A A) ¥ +L§T)" RO(E—) v (1.24)

where QO is the external magnetic field, W = vx A is internal magnetic
field, and integration is taken over the volume of the specimen. Notice
that the additional terms are the kinetic energy of superconducting

electrons and energy of fields.

We must now find equations for ¥(r) and A(r) the soiutions of which
after substitution into equation (1.24) minimize the Gibbs free energy.
Applying the calculus of variations, Landav and Ginzburg obtained two

phenemenoiogical equations (see Appendix A)

wy o owiy)? -i’ﬁv-—§*ﬁ)2w=0 GL-T  (1.25)

i
Zm*(

ig = "—%ﬁ*(v*v ‘f*-‘i’W*)'n% 9> A GL-I1  (1.26)
with the boundary condition

{ih vw#—%*ﬁw).ﬁ = () (1.27)
where 8 wés ; unit norimal to the surface of the superconductor.
The second GL equation is the usual QM expression for current density

of particles with charge e* and mass m*, The BCS theory approves that

e*¥ = 2@ exactly and it is natural to choose m* = 2mp .

1.4.1 The Two Characteristic Lengths

The GL theory introduces the dimensionless wave function

#(r) = (1.28)

where v, is defined by (1.23), and it also introduces the natural unit




of length #(T) at temperature T for the variation of ¥(r) which is

commontly called the coherence lengtn,

£(T) = a0l o (lf29)

With the above dimensionless parameters, GL equations can be re-written

as
gz(i\ﬂ*%lﬁ)z'y’—‘?’w'w‘lz = 0 (1.30)
O
7x7 X A = 11?2_(4* Wl gty ¢ ) 17 A (1.31)
X7 U i

One can understand the physical significance of ¢(T) by reducing

{1.30) to its one dimensional case and applying it to a very thin film
of normal metal doped onto a superconductor, The solution will have the
form w-e”*/f  which describes that ¢ will decay in a characterstic

Tength of order (7).

-l
The second characteristic length is 1 and both» and & = (T.-T) 2.
Therefore, it is important to define the ratio of two characteristic

tengths, the so-called GL parameter by
X = —;- (1-32)

This parameter is approximately independent of temperature.

1.4.2 Determination of Surface Energy

In the intermediate state of a superconductor at which normal and
superconducting states alternate, on the boundary between them one

can introduce the surface energy

@y

The® L (Bgp - Gpldx (1.33)
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Substituting the value of Ggp from (1.24}, after much labor, one

arrives at

2
oo e diy, HUH-le)q gy 1.34
Tns T L (dx) ¥ 245 J (1.34)
2
To a good approximation, the first integral is of the order of gf £

2

and the second is of the order of - g% » 1f H < He . Taking two Vimi-

ting cases, one finds

a) when 2 & 1or » & ¢ then 1, > 0, the material is of first kind;

b) when Z» 1 or x» ¢ then v, < 0, the material is of second kind.

Landau and Ginzburg found the value € = 1//2 as the exact separation

between the two types of behaviour.

Tvio Types of Superconductors

Depending on their admittance to external magnetic field, superconduc-
tors are classified into two catagories: type 1 and type II supercon-
ductors, Typé ! superconductors manifest the Meissner-Ochsenfeld effect.
Aé an illustration, if we consider a long type superconducting cylinder
in a longitudinal weak magnetic field in the interval 0<H<{H., then
there is no penetration of field, that is,E = 0 inside ~ complete
Meissner effect, However, once H>H. superconductivity is completely

destroyed as is shown below. We should keep in mind that T ¢ 7T, in any

case. -
[\‘“--” ‘}B.-
> B=H
Hf T<T, . |
‘ /
=g _ -
. ety [ 19:2. The induction

0 He H B as a function of .
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In relatively strong fields H = H, the system will be neither in the
normal nor in the superconducting state but may probably break into
alternating normal and superconducting states called the intermediate

state.

For the same situations like that of type I, type 11 superconductors

are characterized by the following macroscopic properties:

a) for H<Hgy , total field expulsion (B = 0) - Keissner effect.

b) for Hey < HHeo 4 we observe partial penetration of field and per-

manent superconducting current is generated.

c) for Hep <H<Heg , there is no Meissnar effect but, we see super-
conducting sheath of typical thickness 10°A°. Above Hg3 supercon-
ductivity is completely destroyed. Hgi, Hep, Hesy are the first,
second and third critical fields respectively. The above properties

are displayed in Fig.3.
4B
R~ phase transition

i
i
i

type 1

.

4 [

A
g

e -—type Il
/ -/
Id

-'/ )

0 Hey,  Ho e,

N

_?
H

Fig.3. The dependence of § on ¢ inside cylinder,
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It the field is slightly greater than Hels filaments of small diameter
(- ¢ ) appear and they are arranged in a triangular lattice to minimize
the energy.[5] These filaments are sometimes called normal cores and
each of them contains flux %+ To describe this, Abrikosov modified

London's I equation as 6]

Aeazoxox fi= 3,6 (r) (1.35)

where $¢ is a vector along the line direction and the energy of each

filament was found to be

- (%2
J = ()" Ink (1.36)

with this energy, the Gibb's function now becomes

BH
G=md+ =2 L .

where np is the number of 1ines per cm? and hence njJ is the total
energy of vortices per cm?; the second is the interaction term and the

last one is the magnetic energy which is like pressure. For weak fields

Uijj can be neglected and the Gibb's function is minimized if

H= ey = Yo Inx (1.38)

rr}\2

‘We know that Hey is the Tirst critical field.

The critical field of a thin superconducting film of thickness "d" is
given by [3]

Hep - He § (1.39)

If H> HC} the number of vortices increases and the regions among vort-
ices can be imagined as thin films. Now, in our case replacing d by ¢

we estimate the second critical field Hep as

Hop ~ He (1.40)




1.6

- 17 -

Correct evaluations give

He, = /22 He (1.41)

The third critical field is also given by
HC3 = 1.69 Hc2 (1.42)

Notice that H. has nothing to do with type Il superconductors,

Josephson Effect and SQUIDS

As an application we will simply mention here the Josephson effect. This
is an effect that occurs when there is a weak contact between two massive
superconductors described by Gl wave functions of the same amplitude
(if they are kept at the same temperature}, bul the relation of the
phases is not obvious. Weak enough non-dissipative current can pass

through the junction (contact) which is given by [7]
I = Ig sin (8] =85} = Ig siny (1.43)

where 9y and- 8y are the phases of the two superconductors, v =6;-69

is jump in these phases. the current density is determined by ve of v

since v = y, ¢ 1®

Across the junction a voltage is developed given by the relation,if the

current exceeds its critical value,which is

-

2e¥ = ho “ (1.44)

where » is the frequency of oscillation of the current, uw- 3x10" Hz-
infrared region; 2¢Y is the average encrgy difference between levels

of Cooper pairs in the two superconductors.
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It can also be shown that the maximum non-dissipative current through

the junction is

Tsmax = 1o Elﬂfﬂﬁbl {1.45)}

CYLON

This suggests the possibiiity of constructing a device of sensitiv{ty

10~ ®*Tmz for the ratio s/4, to be an integer. Based on this principie,

superconducting Quantum Interference Devices {SQUIDS) are constructed
which consist of two Joéephson contacts connected 1in parallel that can
register changes of magnetic fields as small-as 107°- 10"G. For your
comparison the earth's magnetic field is of the order of 0.5G. Moreover,
equation {1.44) is useful for the measurement of hfe. It is also used

for control and measurement of single quantized vortex lines as computer

elements,
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CHAPTER I1

PR U S P

FOUNDATIONS Of THE MICROSCOPLC THEORY OF SUPERCONDUCTIVTY (BCS THEORY)

The phenomenological theory previously discussed could not explain what
the superconducting state Qas. Even, it failed to describe some djstin~
guishing characteristics of superconducting state. Among them were the
exponential variations of specific heats at temperatures below T., or
the existence of energy gap and the so-called isotope effect - different

isotopes of the same material have different critical temperatures.

The energyﬂdifference between normal and superconducting states per one
particle, H¢?/8vn  which is of the order of 107%eV, s responsible
for superconductivity eventhough it is very small in comparison with the

Couiomb energy per electron in metais - leV. At this stage, it was neces-

sary to find ordering behaviour of electrons in the superconducting
state when the corresponding energy is much smaller than energies of

other possibie interactions.

The problem was solved in 1957 when Bardeen, Cooper, and Schrieffer
formulated a fundamental microscopic theory (BCS theory} of supercon-
ductivity that gave an excellent account, especially, of the electron-
lattice interaction at temperatures very near to zero. It was the isotope
effect that gave a hint that some how lattice vibrational excitations or

phonons were invoived in the formation of superconductivity.

Before the development of BCS theory, Cooper (1956) introduced his
pairing theory [8] that if two electrons near the Fermi surface interact,

they form a bound pair, regardless of how weak the interaction is as




Tong as it is attractive. In cther words, if electrons are given some
Kinetic energy to be above the Fevwd surface, they form pairs such tha
their bound =nargy oulweighs the kinctic energy. These pairs, commonly
called Cooper pairs, have characteristic sizes of the order of ¢, whic
was introduced in the phenomenological theory. They are the supercondu
ting charge carriers. Morcover, the pairs do not obey the Fermi-Dirac
statistics, they are treated like bosons and a number of them can be
described by the same wave functions as in the phenomenslogical GL

theory.

Origin of the Attractive Irraraction Petween Electrons.

In a simple elcctron gas, the only interactions are Coulomb repulsions
However, for attractive intoraction the electron must be coupled to
another system of particles, The general Hamiltonian for such a system

of interacting particles is given by [9]

TR VIR S .
A (20
Introducting field operators
9o }E( CkTTkT H t,h""' = ZEC;TY;((T (2.2)
The Hamittonian can'be re-writton as
kéT'ki!

+ 1 b
H= 5 e(k)CkiCy, +2 KK ! | £
ke ( ) Ktvk« 2 k']_kz k2kl TT VlekZT, Cilfck?_f'(lkz',r'ck'l'r(?,:%)

which is a typical example of sccond quantired Hamiltonian. The first
term of {2.3) is the kinetic enargy of elactrons wizh raspaect to the
Fermi level: (k) = fizk?/2m - ¢¢ , the sezond term is the interaction

term which refers 1o the c.caticn of two particles with oposite momenta
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k) and spins (r,«') (1 stands for spin up and ' for spin down)

—
v
-

and annihilation of two particles simuitaneously by the creation CﬁT

and annihilation Cy, operators respectively. The operators satisfy

the usual Fermi commutation relation:

[CkTs c-;[;"r'] = ékk' Spp
(2.4)

-

.{.
[Ckes Ck'or] = [Ckes Chigr] = 0

In this section, we will attempt to examine how electrons interact
through phonons and to determine the sign of the matrix element Viy:
(egn.2.3) of electron-electron interaction in transition from initial
state 1 where the electrons are in (El,iz) to final state 1] where Uay.
are in (ki, k3). We consider a metal at T = 0 when there are no phonons.

If an electron passes through the medium of the metal it polarizes it by

attracting ions which overscreen the negative charge of the electron
such that the excess positive cloud inturn attracts another eleciron
resulting in an effective attractive interaction between the two elec-
trons. The effect of the electron on the lattice can be imagined as the
emission of a {virtual) phonon of wave vector a and the electron attains

a new state ﬁi , that is,

ky =k +d (2.5)
assuming initial mbmentum 07 the electron to be EI . The emitted phonon
will be absorbed by another electron of momentum EQ so that

kp = kg + ' (2.6)
The conservation of momentum:

ki + kp = Ei + ié (2.7)
leads to g = -q' (2.8)
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Such scattering of two particles exhibits their interaction, electron-

electron infteraction via phonons which s displayed below:

““*~<r”f 1
4
la
Fig.4. Phonon mediated eleciron-electron interaction

Next, we determine Vgrr. The initial state I has energy [6]

and the final state II has energy
Cpp = 2¢{k")

Due to the conservation of momentum, there are ftwo allowed intermediate
states: electron 1 in state k' and electron 2 in -k or electron 1 in

> N v ;. 3 Lt
E ahd 2 in <k' with energies, respectively,

i

Ej}_ e(k') +£(k) + "ﬁwq

Ejp = e(k') +e(k) + Hug = Eq2

{One can show that the total matrix element coupling states I and II is

1 Wit 115 = U, 4 2l (2.9)
indirect! q * wlei 2
» q

where u is defined by: He = e(k') - s(k) ; fio and H4 are the energy
and womentum change of electron 1 in transition I » {1 ,Wq is the

matrix element of electron - phonon coupling and Uq is the matrix elment
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of Coulomb repulsion. From (2.9) we see that the second term is negative

if w<ag . Thus, there is an attractive interaction provided that the

Coulomb part is not too large,

Similar expression can also be obtained using a simple model of two
charged liguids: heavy charged liquid of ions and light charged liquid
of electrons. Assume small charge density fluctuation esn caused by
external means and proportional to exp(iﬁ,; - iut) is added to the
system. The equations of motion for the two fluids are [10]

mﬁe = mvp?/3 w2 g - ek

Wiy = of (2.10)

div € = 4sefsn - n, div(lj-le)]

where M, d; and m, i are the mass and displacement of ions and

electrons respectively, E is the self consistent electric field, Ve

is the velocity of an electron at the Fermi surface.

In the formation of superconductivity only longitudinal vibrtations

play an important role, say k is along x-axis.

Now, let us seek solutions of the form

K. - et
I‘P " ‘
Q -
‘ r > 3
E = E, LW Tut

§ = & eiﬁ.? -~ iat

. , &n, is given.
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Applying Cramer's rule, we get from (2.10)

. (W8 = vpPKF/3) Fan /ikne
E (k) - _ﬁuuwﬁq_,wmfwm_“m”,m_”Juw_“J“&{_,

(4“HOG)“3(“2 . M;(k}) (Ma _ nLtﬁf}

. . . the fluids are
where the frequencies for free oscillations of

2.2 . 2k2
D2(K) = o2 4 JEK 20y = LSS
plk) = o+ 5= and w (k) EILENT

Vs 1s velocity of sound, and thus the potentia] NETYY Witl be

) . Gne? (w? - vEk¥3) e (2.11)
KTkt e k) e )

In the low frequency limit where o is neg?igib!e compared to VFk and
wp(k) but w3 (k) , we see that
dve? vik?/3 of (k) (2.12)

Yy = “VERE — {1+ 5]
ke(~5- +m§0)

This is the expression we have been tooking for! fie First term is a
, s b .

screened Coulomb repulsion. The second term is (' ° to the presence of

ions and in the low « limit there is a net nege‘twe potential in the

model !

Cooper suggested a simple structure of the matri”* element of transition:

f“D

17

(2.13)

K

'F‘ ’JJD

Lv’ isk— eft s ﬁmD H tek[" e
Vit = »
0, 'CkbEFIg ‘ﬁﬁsD : ILR - EFI

: . _ , . . constant,
Here, «p is the Fermi enerqy, Y is a positive
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The expression for the tota® matvix eloment of such an intoraction can
also be obtained using a diclectric constent wnich it a macroscopic
approach. The effective interaction will be the Fourier component of

Coulomb interaction divided by the dieleciric constant «[6]:

2 .,A__"E!._.[,',A.e_.z_,_ 2 ] 4 )
Vk k?e(m,jr’\) ( )

The jellium model with certain approximations leads to

2
4ﬁ92 B N mq ~
Vele) = S [ 4 —ptony] (2.15)
k( ) k2+k§ mz"ma ) )
where the phonon freguency
2 z 2 AR
Ve = s vz brne . . ]
47 " "aﬁmg”??“ ioKg = l*lg“ i wy - don freguency.
\S tf:

The equation (2.15) for Vi has the same form Tike (2.12}. It is obvious
that the first term is Coulowb repulsion {screened) while the second is
phonon-mediated interaction and Yy is attractive for o< oy  if the

Coulomb repulsion is very small.

In this paper, we have applied the wethod of Green functions to deter-
mine the energy of quasi-particles or elementary excitations, a method
which proved to be very powerful, transparent and elegant in treating
elementary excitations. The starting point of an analysis of such ex-

citation is to express the Hamiltonian in second quantized formalism as

IR S ‘ o g
Ro= 0 "(")Cgi}('k,_ - 8“ kk‘?ﬁ' Cporp Clpt g C,,k.flck.r (2.16)
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wheve @ i a coupling constan® which 16 & measurz of iniergciion. and

v is the volume of the systen.

The Green function can be given in a number of ways. In statistical
physics the thermal Green function is defined b y [11]
where A and B are operators of any physical observable, o{t) is the

Heviside step function, [ ] weans commutator for Bose operators

while [ ]+ is for Fermi operators and < > is the thermal average

The equation of motion for the above Green function is

Gaplt) = 4 o(t) <(AL€),B{0)1,> - <[A(2),B(0)1>8(t)

S (2.18)

where ﬁ(t) can be found from the Heisenbery equation of motion
A= (i, A] (2.19)

fext, taking Fourier transfeormation of é, the solution we get has the
form

G(u,k) (2.20)

L
“Ru ~E(K)
The ground state of a system is the one in which all states upto the
Fermi level are occupied and the rest are empty. Application of C§
to the ground state will create one particle above the Fermi level and

in such a process excited states of the system will be generated.
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The pole of the fourier component of Green function gives the spectrum

ot these elementary excitations which we will ses scon.

The problem now is, finding

tee

- S BT PR | ot S - i + + .
A= % [H,A] =X é;-nel(k)[ck'rcki’ AJ" %y kk{‘%,ul[ckl,{ QkITI-(:k -}:'Ck’fj A:l

and substituting into eqn.(2.18) we get

Gag(£) = 7 o ()< 2o g e (KILICK Cyr oA, B] -

ig + ot 1 >
- 'ﬁ "g k%lrc' [[Ck"r {_:ki.fl Qk.{-CkT SAJ’ B(O)J> :h" <[A(t)s B(O)] Ny (t)

That is G(A,B}) = G(CDE, A)

and finding the equation of motion of G{CDE,A} we get higher and higher
order Green functions which we can not terminate. For this reason, we
transform the Hamiitonian of quartic fowm to the so-called model -
Hamiltonian of -quadratic form so that we will have the luxury to cons-
truct the Green function out of the creation and annihilation operators
of egn. (2.16) in the ferm of egn. (2.17) winere the Fourier transform-
ation of its equation will automatically give the spectrum of elementary

excitations.

Model Hamiltonian

We need to formulate the ground state of superconducting state which
has lower energy than the normal Fermi sea state from the so-called

model Hamiltonian.
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We know that in a normal metal at T = 0 all states inside the Fermi
surface are occupied while those outside are empty. I electrons are
provided with some kinetic energy o come out of the Fermi surface, at
the expense of this, the system has to lose some energy and attraction
occurs which makes the net energy of the system_in this state to be
less than that of the normal state. One may say nature decides to inc-
rease the kinetic energy of the system hoping to outweigh this by
attractive potential energy. This is also viewed as scattering of
electrons from the state ﬁ; X to }: ' The minimum enerqgy
corresponds to the states with pairs (E'T, -1'T') occupied and (ET;“LTI)
unoccupied. The Hamiltonian that describes sugh a situation is the so-

catled "pairing Hamiltonian" or "reduced Hamiltonian" given by

1t

+ PR 9 + .
H ké-'.ile(k)(ck,rck_{‘r Ckl‘; Ck_rp)" v ké, i kr 'k'rlJ(“:k{'CkT (2“31)
The first term is the kinetic energy of electrons that are assumed to
lie above the Fermi surface (=(k)} = —554 - EF), the second is inter-

action term.

Inorder to fix the total number of particles N, use the Lagrange's

undetermined multipliers that lead to the transition

~

H+H - uN
+ + .
where v s the chemical potential and N = s (Ck €y ¥ CkT.CkTI) is

the particle number opérator. Thus, the pairing Hamiltonian is written
as

= C -g- - +
= m GO GG = § O G G G (2.22)

where (k) = e(k) - u
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The BCS theory permits operators such as Ck €, to have non-zero
SKo

Kz

expectation values by, This may be due to coherent suparposition or
the large number of particles present that make fluctualions to be smal
unlike the normal one where the phases are random. This explapnation

helps one to formally express C, .C as [4]

QleCkT = bk + (riick,{"bk) (2-23)
As is stated above
b = €€y > 3 by = <€y Gy (2.24)
and define
.9 ¥ 9,
A = v i bk 3 & v E b (2e25)

Actually, this is merely a denotation, nevertheless, s will soon turn

out to be the BCS energy gap. Now, we re-write the model-Hamiltonian as

B + + Cpe ot ot AZY
Hi‘ﬁ h i(ZTt’n(k)[CKTC!(-r+Ckr' Ck t']u ﬁ.L(‘:(T'[E:ktletﬁ Ck-f Q[l(‘r1 Iy g (2.26)
i rat g .
Note that & is real and operators such as v k%t'gktlckra‘e replaced

by their average values.

We demand this Hamiltonian to be diagonalized so that it will consist

of a ground state and spectrum of elementary excitations.
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The Specirum of Elementary - xeitattons

the spectrum of elementary excitaficns can e found using different
methods. In this case, we use the meihod of Green Funciions to study
the nature of these elementary excitations or guasi-particles. For

this purpose, we define the retarded thermal Green function by

Gl(CkT(t)s Clei t) :. T B(t) < |1 kT(t) s Lk' 0)] > (2-27)
and

6y (G i (8)s Cprnt) = g olt) CLG(£), € (001 (2.28)
where [ 1 mweans anti commutator in this situation.

The Heisenberg equation of motion for any operator A is

ho= & [FL,AD (2.29)

'l
i

i *
kt 0 (k)cki 76 gkr'

! it
Cke = 4 ”(k)ckr*:ﬁ * o
t+ N i (2.30)
ke's g k)ckr"‘”“‘ 8"y,
¢, .. ~i i
ke'= A n k)Ck_[.".ﬁ A g’.k'r

Using (2.30), the equations of motion for (2.27) and (2.28) Took like

i 6y = ﬁn(k)Gl + b Gy +6(t) § (2.31)
ih 6, = n(k)G, + Gy (2.32)
Here s(t) = " e b gy (2.33)




Taking Fourier transformations

-

G(?-’;k' f’) = ‘;f’_{‘:ﬂ{:‘z(k,ki ,m) GX[)(":Imt)d-:-.\

il

1]

We obtain a system of 1linear squations

) ¥
ﬂwﬁl(k,k',u) = “n(k)ﬁl(k,w,m)*Fﬂ Gz(k,k',w) + Gkk:
fu,y (KK o) = aGy (KK, o)+ 0 (K)Gy(k,k o)

Solving for G1 and G?, we finally get

fie = nik
Bk ) = gt

1 = -‘---u-x-"rii "' T
Gz(k:k ,a;) - 'ﬁzwz "l'lzd(k_r“ 152

{7.34)

(2'35l1

(2.36)

(2.37)

(2.38)

If we have Fourier components of Green functions, the spectrum of

elementary excitations is E{k) = fis for o which corresponds to potes

of Fourier components of Green functions. More precisely,

E(k) = vne(k) +aZ

We have obtained the eneryy of elementary excitations which is the same

as that obtained in the BCS theory!

(2.39)

‘For electrons at the Fermi level n(k) = 0 and the minimum value

E(k) is a - energy gap.
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The Eguation for Energy Gap

Precise electronic specific heat measurements of superconductors revealed
the existence of an energy gap between the ground state and elementary
excitations of the system. Such measurements show that the electronic
specific heat goes to zero exponentially below the critical tempeféture.
We shall now obtain a self-consistent equation for the gap parameter
using the method of Green functions which, from our point of view, is

simpler than the others used so far.

At this point it is convinient to start with the definition
-5 -
A = ﬁ kﬁ":l <‘(“'k'{|(t)ck”[(t) > (2-40)

which is like the time correlation function between the two operators

C and C, . If we set the correlation function [11]

k+
F(t) = <G, (8)C, (1) (2.41)

then the Fourier transform of F(t), called the spectral density function

J(w}, is, in this particular case, given by
o) = 27 <G o {t)Cy (T) . (2.42)

The spectral density function can also be expressed as

- -2h ¥

The positive sign in the denominator refers to Fermi distribution

whereas the negative one refers to Bose distribution;;a=k% as usual,
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Since eqns. (2.37) and (2.38) can be re-written as

_in-g J+1~[1Ek]
Gl(m,k) = m-E(k “:ﬁ‘m-;-E(k)
and
- A 1 1
GZ(“’R) T 2E(k) L fiu-E(k} ~ Ae-E(K) Iy

one can show that

Lobo{w,k)= 1 Tﬁ’?ﬂ w6 (Bo=E(K)) - 6 (RatE(K)) } du

Mow & becomes

b= o 2 <C (t)CkT(t)> = lJ(“)

(2.44)

k2.45)

(2.46)

(2.47)

Using eqns. (2.46) and {2.47) we finally arrive at an equation for

enerqgy gap

{2.48)

which is again exactly the same as that obtained using conventional

methods!

As a special case, at T = 0, the above equation reduces to

1= 3 ¢ 1
2v k2 (k)+ 2

(2.49)
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Evaluating its integral eguivalent, we obltain an equation for a, ;

= Zh e exp {~2v/N{0)q (2.50)

A o

where N(O) is the number of states at the Fermi level, 2g is the, Debye

frequency and v is the volume of the system.

Actually Eé%lﬂ = 0.3 for most superconductors, fivg ~ 100k and hence

Ao4k,

Ground State of Superconductor

We now formulate the ground state energy by performing canonical
transformations on the Hamiltonian (2.26) of actual particles. This

is done by specifying appropriate linear transformations as
C,. = U, b, + b
kt 7 Yk Pre T Vi Peke
(2.51)
~ +
Ckr'“ Uy ka’“ Vi b-kr
where Ues vy are numerical coefficients; bk are new operators. For

Fermi character of the new operators we require that

2
4 sz = 1 ; ' (2.52)

Again, these coefficients can be evaluated using the Green functions

method (see Appendix B) and the result is

ka = 41~ i%%%ﬂ ; uk2 = H 1+ E%k ] (2.53)

There is no lose of generality if we choose that all u, are real and

positive.
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The model-Hamiltonian can be re-expressed interms of the new operators

and replacing bk:bkfby g and bgghkt. by ny . then the final diagonalized

model-Hamiltonian (see Appendix C) we obtain Tooks Tike

Hy = [o(k) - E(k) +abF]+ Fepr G (0 + my 0)

Hy = Eeo * ETTlE(k)(nkT+ nk1‘) (2.54)

as required. Note that the occupation numbers Ny and M are given

by
- = ]- + = -—-]' -
nkT~ nkT. = -e'gE—(—k'j‘Jr . H kTJk Boltzmann factor (2.55)

since E(k) has received the justification-of an energy of elementary

excitations of momentum k.

Now }et us see what the two terms of egn.(2.54) are. The ground state
energy of the transformed Hamiltonian is obtained when no particle is
excited or no hole is created inside the Fermi surface. So it is given

by the constant term of eqn.(2.54):

By =L [n(k) - E(k) + by’ ] (2.56)

The second term reférs to quasi-particles. Thanks to the Green funct~
jons method, we realized that E(k)has represented the energy of these
guasi-particles. Moreo&er, the values of u; and vf obtained in
this analysis {see Appendix C) are the same with those obtained by the
Green functions method. Physically speaking, v; is the probability
that the state (k¢ , -k<') is occupied and y? is the probability that

it is unoccupied.
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One can obtain an important relation that given the difference in energy
between the ground state energy of superconductor and the normal Fermi
sea state enerqgy. In the weak coupling limit where 4, «ihmD , at T=0,

it is [4]

By - Ey = - 4N(0) 2 (2.57)

This difference is the condensation energy at T = 0 and it must, by
definition, be the same as HCZ(O)/Sn , where H_(T) is the thermodynamic

critical field,

To summarize, what we have done so far is, briefly, we obtained the
ground state energy of Cooper pairs and if by some mechanism a pair is
broken the two electrons will occupy higher state. The spectrum of

these excitations have been studied and an expression for a is obtained.

The remaining thing may be to see what this 4 1is and now, it is clear
that, & 1is the minimum possible value of E(k) since even if n (k) is
zero, that is at the Fermi surface, E(k} will be equal to & which is
positive. So, & plays an important role of energy gap - the gap bet-
ween the ground state and spectrum of elementary excitations as sketched

helow.

—— 7 Energy Spectrum of
3 3 Elementary Exitations

g{,tobper pair
Q.00¥e0. 00 W o 0 % .. Ground State

In gneral, a is temperature dependent,
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T the temperature of a given superconductor tends to zero, then we
put a(0) = 2, and
E(k) =wm2(k) + a2 (2.58)

However, if T 4 0 then 4 will be a function of T and
E(k) = /2(k) + a2(T) - (2.59)

The integral equivalent of (2.48) will then be

2 4 LA
9 /n2(k )+ a2(T) exp(/ n2(k)+ a2 (T}

T

fog 1 2 1 (2.60)
where the integral is faken over a thin layer of thickness 2hey  near
the Fermi surface since electrons in this layer are the ones most
strongly involved in superconductivity. This integral is not easily

integrable, nevertheless, we can simplify it by taking liwiting cases:

a) T+ 0 then &T) = 4, which implies a,/T 3 1.

) . (2.61)
by T~ TC then a(TC) * 0 by definition.
We seek solution of the form
s{T) = a5+ ay (2.62)

If we also assume n(k) € 2z then, after much tabor, we arrive. at a

final expression (éee Appendix D1) ‘
L
(T) = 8o[1 ~ (BN)7 axp(- a/T) 1, T 6 (2.63)
G

that expresses the temperature dependence of 4 and at T = 0 it

reduces to &{T) = », -
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2.7.1 Determination of T,

The critical temperature T, , in this respect can be defined as the
temperature at which & tends to zero. Under this condition E(K) = n(k)

and equation (2.60) reduces to

1= Jv 'f['mD E0) N(n)tanh 5 n(k)dn  (T=T¢) (2.64)

Evaluating this integral

T. = 0.57 4, | (2.65)

s, 1s comparable in magnitude to KT, . The numerical factor fairly .
agrees with the values obtained by many experiments. Experimental

values of 24 , for many mateirlas, fall in the range 3 to 4.5 KT..

As a third case, we can consider temperatures very close but not equal

to Te, that is, e =T « 1. For this case, we get [12] (see'

Te
Appendix D2).
2 {T) = 3.06 Tc(1 - %é)* (2.66)
or using (2.65)
U BTN LI O (2.67)
0 C .

The variation of a(T}/a, with T/T. is illustrated below that & (T)/4,

decreases from 1 at T = 0 to zero at 7 = Tp . -iﬂ(f)fﬁo

)

5

0 1
Fig.5. Temperature dependence of energy.gap in the BCS theory.
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2.7.2 The lsotope Effect

2.8

We would like to briefly present the isotope effect in relation to

(2.65).

It was experimentally found that for different isotopes [4]

Tcma = const. (2.68)

where M is the mass of an isotope, and the value of "a" for most
materials is very close to 0.5. This effect confirmed Frélich's sugges-
tion that superconductivity could be explained by electron-lattice
interaction. And it is true that since 4~fhop and ap- mt , it follows
that TCM% = const provided that v,N{0),9 are unchanged from one

isctope to another.

Thermodynamics of Superconductors

Once 4{T) is determined, the temperature dependent energy of quasi-
particles can.be found from (2.59), which inturn determines the elect-
ronic.occupation numbers ny and, by extensicen, the specific heat of tpe
system. The first term of (2.54) does not ccntribate'at'ai] to the elect-
ronic specific heat while the second term contributes to the supercon-

ducting state e]eqyronic specific heat. The variation of the energy of

the superconductor is

7

6 E :szs(k)(énkT+ sy ) (2.69)
On changing summation to integration we find the specific heat becomes

S . dn
C 5] :;m D 2N(n)E(n) dT dn (2.70)

%D
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If we restrict ourseives to low temperatures, we get
Ce2mz 8(0) 20 (5)7 exp(- 00/T) L T & sy (2.71)

One can clearly see that the specific heat of a superconductor decreases
exponentially for small temperatures which isvverified by experi%ents‘
Moreover, this exponential dependence vanishes at T = 0 which is in
good agreement with Nernst's theorem which dictates that both the

entropy and specific heat go to zero at this 1imit.

The remaining thing is the contribution to the specific heat in the
normal state. In this state, the specific heat Tinearly increases with
temperature:

Cp= ¥T (2.72)

Y being determined experimentally.

The above two results indicate that there is some sort of discontinuity
at Tc. In order to understand such inconvenience we consider the follo-

wing simple approach.
The electronic entropy for a Fermion gas is given by [4]
'SS = -7k ; [(I‘nk)]n(l"nk)‘f'ﬂkln ﬂk] (2.73)

and the specfic heat beocmes

-~

_ TdS¢ -3Nn 2 1  da?
Cg = ~38 = 2ks§-55(§7 [E°(k)*5 545 (2.74)

where k is Boltzmann constant, g = 1/kT.
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The first term is the contribution of the specific heat in the normal

state andg it can be shown that it is given by [13]

Cn = vT = 227 o)k " {2.75)

which is continuous at T, thé interesting limit we are looking for.
The second term shows the effect of the variation of the gap with tem-
perature. It is finite below T¢ and zero above indicating a disconti-
nuity or a jump aC in the electronic specific‘heat at'TC. Equation

<

(2.74) becomes

. . Enank 1 dﬂZ ql
Co = Cn+ KL omriy 5 5G| (2.76)

‘changing summation to integration

@ 2,30
(Cs-Cn) 1y, = 6C = ke2 7 N(GE (G dn (2.77)
Th sC = k82 N{o)(42")

.
Since %% is negative, aC is positive or Cg > Cp .
The overall behaviour of the electronic specific heat is depicted below.

Cs

Fig.6 Variation of
Specific heat
with T and its

< Jump at Tg.

Chl ™

0 e
The conclusion is that the jump in the specific heat was predicted by
the phenomenological theories and the calculations are in good agree-

ment with the predictions.
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2.9 The Connection Between BCS Microscopic and GL Theories

As we know, GL theory is vhenomenological one and it does noi give the
interpretations of ¢ . & and A on the wicroscopic level. Afier Bardeen,
Cooper and Schriefvier had presented the complete microscopic theory of
superconductivity, Gorkov succeeded in obtaining formulas that degbrﬁbed
the parameters v,& and » on the basis of BCS theory. Here, we give only
the final résults. They are different for the so-called "pure" and "dirty"
superconductors. A1l physical quantities are written with indices "p"and
"d" which refer to the "pure" and "dirty" superconductors resﬁective1y.
We call a material pure superconductor if the free path way of electron
L2 &, where &, is a parameter of GL theory given by &, = 0.18 fvp/kpTe,
kg is the Boltzmann constant. The inequality &%, is true for dirty

superconductors.

As one may expect, the energy gap &{T) represents the order parameter
in the superconducior and when 7 tends to T, it should be proportional
to the order .parameter ¢y of GL theory. The exact relation is [14]

3mep?H(0) 83)
7403)mvp"N(0) A(T) (2.83)

AR
HIHVFN(U)y, 1 :
—L 2T (T)
| 2hkgre | (2.84)
Further one can get (see Appendix D2)
L 89% i g T4
a(T) = (ﬁgzgj)e kgTe (1 Tc) (2.85)
or T
A(T) = 3.1 kgTe (1 - T.) (2.86)
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and for the coherence length and penetration depth, the resulis are

p w074 6 (1= ¢ )7 (2.87)
T .-f
g4 085 {1 -5 )7 (2.88)
S AO)ey T -k ,
== (1 T{‘) (2.89)
- 3 I -3, .2 - 3c?
Ag = 0.6162(0) (g, /2)%(1 - TC) s 22(0) m"‘?‘m (2.90)

The coefficients « and # of expansion of the free energy interms of

vy are given by

L '
Gp = 1.83 B é—o—g“('fcﬂ i) (2.91)
. A2 1 T 4,
ag = 1.36 5o E;{{ﬁz;*l) (2.92)
- I SR L.
fn o= 0.35 N(GT( Emgo) Tﬁg?ETd (2.93)
= 1 ,ﬁ2 2 1 2.94
B 0.2 ﬁT§7(2mEOE) (kBTC?z ( )
and the GL parameters are
#p = 0.96 240) (2.95)
Eo v
ag = 0.725 20 (2.96)

Now we shall establish the frame of application of GL theory. In the
expansion éf the density of Gibb's free energy with respect to powers

of [ifiwy - %gﬁ 9|> , we have to consider only the Tivst term. This
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means that we want slow changes of » and A on the distance of order £g
{the size of Cooper pair). In the case of pure superconduciors where

2% £, , the condition for the application of GL theory is (T} and

[

A(T) » &0 Since (T} & (1- %)
C .
always larger than g, which implies that the condition £ (T) »e, holds

, 1T T tends to T, then £(T) is

automatically. Now Tet us consider the second condition A(T) &y, This
is a condition for the application of local electrodynamics or this is
condition for the superconductor to be London superconductor. We know

that a(T) - A(O)(l-%cf% and 2-1(0}/¢, and thus

2%y 1.-;& (2.97)

which is raﬁher tough condition since in the Tirst type superconductors

#may be small. For example, 2{A:) = 0.01, &Z(pb) = 0.23.

in the case of dirty superconductors the domain of application of 6L
theory is much wider. In such a case the free path way serves as cha-
racteristic Tength of non-homogeneity and the conditions for validity

of GL theory are (T} and A{(T}»t¢. Again, since £(T)~ (go2 )%(1-%C)"%
then condition £{T) » ¢ takes the form g, /¢ » (1 - %—C) with ¢, 2. There-
fore, this condition is much wider than the usual condition of the vali-

dity of Landau's thery of second order phase transition, I%:I-<< 1.
4 c

Refering to the second condition (T} »2 , in the case of dirty super-

conductors A(T) "A(U)(§02)%(1—~%C)"% and %~ M{(0)/s . This second

2
condition can also be written in the form @;E«")} (1 ~%C). If £~ 1,

then this is again much wider than the common condition I%:I & 1.
c

The conclusion is that, in the case of dirty superconductors {alloys)
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the 6L theory is true for the comparatively wide temperature range (at
least qualitatively). Tne domain of quantitative application of GhL

theory again reduces to

Ll &1, (2.98)

The phenémeno]ogica1 and microscopic theories can expiain all phénomena
of low-temperature superconductivity. But, recently, superconductivity
was observed in relatively high temperatures ( - 90k). This cannot be
explained by the conventional theories mentioned above and, so far, there
is no theory to explain it. The next chapter is devoted to the experimen-

tal results of high-T. and the explanations given te the data.
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CHAPTER 111

3. HIGH-TEMPERATURE SUPERCONDUGTIVITY

3.1 Discovery of High-T~ Superconductivity

High—temperature superconductivity was first observed by K.A: Maller

and J.G. Bednorz of the IBM, Zurich, in January, 1986 in the new multi-
phased oxides of barium, lanthanum and copper with transition tempera-
tures upto 40k[15]. These new materials which are oxide ceramics are a
completely new class of superconductors, fhe Cu-0 Perovskite-type
vmateria}s. This discovery became a break-through in the theoretical

and experimental work on high-temperature superconductivity and a number
of groups observed that T, exceeded the boiling point of nitrogen (77k}

in these new materials.

After Bednorz and Miiller, Uchida et al.[16] at the University of Tokyo
made a further step 1dentifying LazuxBaxCu%_y with x-~0.1 as high-T.
phase, which has the layered perovskite k,NiF, structure. Chu and co-
rworkers at the University Qf Houston reported onset superconductivity ©
near 70k in La-Ba-Cu-Oxide and they found fhat the transition can be
enhanced by pressure[17]. In fact, when Wu et al. reported superconduc-
tivity above 90k-in-barium, yttrium and copper terniary oxides (YBay -
Cu307nx), there arose considerable excitement and interest and number
of groups found comparable T.'s by rep!ac;ng yttrium by trivalent
rare-earths La-lu[18]. These developments are promising that room-tempe-
rature superconductivity may be possible with these ceramics 1in the |

near future.
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Acéordﬂu;to.Tanaka of the University of Tokyo, high-T, ceramics are
grouped into three: BapblwaixOB (a prototype of the newly discovered
compounds) with Te=14k, La«X-Cu-0 (X#Ba,Sr,Ca) with Te~ 40k, and

e

Y-Ba-Cu-0 for which T, ~90k[19].

There are several reports with different high T; in substances of
different compositions, but Tanaka insisted that these can be classified
as real superconductors, if the structure of the material is clarified,
the Meissner effect exists, the electrical resistance vanishes and the

experiment is reproducible.

Main Experimental Data

Preparation and Structures

Since the discovery of: the new materials, great efforts have been done
in the preparation of quality materials with higher and higher T¢'s

from differert compositions of rare—earth-copper—oxides..The preparation
of these materials is simple. The Ba-La-Cu-0 compound can be preparéd |
[20] by mixing in the appropriate ratio nitrates of barium, Tanthanum
and copper, and precipitating the solid mixture with oxalic acid. The .
solid precipitate*is heated at 900°C for five hours, pressed into
pellets at 4k bar and sintered at 900°C.

4

X-ray diffraction studies revealed that samples prepared in this way

consisted of three phases: Lal_xBaxCu03_y with perovskite structure,

-Laz_xBaxCu04hy with a layered perovskite structure of the KoNiF, type

and Cu0.




- 48 -

Elegtrical Resistance

Chu observed that the resistance of several Y-, Sc- and La- based
'ﬁuitiphase Ba-Cu~Oxide samples ati temperatures as high as 240k dropped
ﬁy two orders of magnitudef21]. C.Y. Huang also found a sharp decrease
iﬁ resistance of at least four orders of magnitude at -~ 230k in one
annealed sample of EuiBayCuq0gy[22]. Some argued that this could be
a metallic trahsition to one with resistance-smalier by three or four
orders of magnitude. However, experiments shqﬁ%ﬁ the Meissner effect
which proved that it is truly superconduction. For instance,

Yo .33Bag g7Cu0s 33,, Showed the onset of superconductivity at 120k,

attaining zero resistance at 87k and the highest Meissner effect of all
the high-T, materials[23]. A highly conducting material wi?i never show
the Meissner effect. It is élmost certain thai persistent currents exist
since the resistance of, say, YBaCuO, sample 1s less than 107'a. The
value of the superconducting current density is about ldiA cm? in some

materiaig..

Magnetic Behaviqur

. The fact that magnetic field is expelled from a superconductor indicates
that the standard picture of a sea of conduction electrons is inappro- )
priate. This behaviour has been called "perfect-diamagnetisn”, but it
diffefs from conventioqu dfamagnetism in fﬂat macroscopic surface

currents are its deriving force[24].

The new oxides are type Il superconductors with upper critical fields
greater than 100 teslas. To obtain » and & for these materials has so

far been difficult due to their anisotropic structure.
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Flux Quantization

One important observation is the quantization of magnetic flux in a
high-T, yttrium based ceramic superconductor. The value obtained'fpr
the flux quantum.was 0.97£0.04(h/2e) where h is Planck’s constant and
e is the electron charge[23]. This serves as an indication that the
charge carriers are electron pairs as in conventional BCS case. This
implies the existence of coherent states in the newly discovered

materials.

" Josephson Effect

The a.c. Josephson effect in mixed-phase Y-Ba-Cu-Oxide sample below
240k, giving a very strong evidence for superconductivity, was detec-

ted[25].

Possible Mechanisms of High-Temperature Superconductivity

Since the récent diécovery of high=T, superconductivity, there has
been a torrent of experimenta] and theoretical work both in finding
quality materials with some concentration of oxygen for genuine super-
conducting properties and understanding the wechanism responsible for
it. Of course, nefbﬁg'ﬁoubts that high~temperaiure superconductivity

is related to the formation of condensate state where the charge carriers
are electrons or ions whether paired or not remains to be seen. Accord-
ingly, a number of possible pairiﬁg machanisms are proposed by many

researchers and here we shall mention some.
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Réfering to the pairing mechanism of 1owwtemperaféra suga?conéactivity
wﬁich 15 the atiractive interaction of eieéirons fnear the Fermi surface
mcd;afed by the exchange of phonons, we see that this éannat gecount
for the properties of the new materials{26]. Fo exeﬂpie, in thi¥ frame
Te is of the order of a few degree kalvin. In addition, the 1sat0pe
effect is absent in the new materials. Evenﬁhnuah; the:parameters of
these new materials are somewhat unusual, t?é cha?q° carrlers &re elec~
tron~pairs and it seems that many thao&ists agree that the pessrb?e
high-temperature mechanism is pair formation bui;@y:saﬁg=what;stroﬁger

mechanism than that of Cooper[27].

Strongin et al.[16] pointed out that an exétic ﬁé%gmecé;%iSH sxbh aé :
excitonic or bfpe1aronzc mechanism for i e ?ﬂuﬂ?ﬁgticn b twes# e]ec~~'
trons mic¢ht lead Lo the foruation of Caopar pairs and hance superconducw
iivity, The polaron is usually described as an e?ertPOB (or-a-posit:ve
hole) wh%ci has trapped itself in the potential eei1 e? its interactions
with.ii iattice; a bipolaren is mereiy a pair of poiaﬁefs or 2ocalized_
electrons, It i5 questionable whether Base gunﬁeﬁsatinﬁ 9? bipDTaTOHS

is possible and causes superconductivity, The antﬁer ta these questions

was yes but not in the case of hiqhuyemperaiuPe suyereaﬁdactivzty[?a]

SFE

.

Viadmir Kres1n[20] propcsed that the pa1ring incer ciien in tﬁs GXiéﬂs
is madiated rot oniy by Tow-frequency phonaﬁaﬁﬁuv a?ae b; p?asmﬁns,
the quanta of plasma oscillations of the e]gctronggas.;ﬁe argued Lhai
the plasma dispercion is that of a tvo diméﬁsi “é?isysﬁém and these two
dimensional plasmons gise a significant Ccnﬁﬁibﬂniﬁﬁ ie;ihe pairing.

interaction,
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We can cite more and more suggested pairing mechanisms but, to date,
we do not know which one is the actual mechanism responsible for highe
Te superconductivity. Any suggested mechanism may seem to be true.
Hence, to elliminate the frustrating avalanch of theories, microscopic
probes are being used. These are expected to elucidate the geometrical

and electronic structure of the superconducting phase[16].

As Andersoh[?ﬁ] pointed out, the electron-phonon interaction mechanism
in high-temperature superconductors YBa,Cu40; and EuBasCuz0; seem to be
effectively elliminated. There are two reasons for this. The first is
the observation of atomic moments on Cu sites in LasCuQ, of at least -
0.5 Bohr magneton. Magnetism in the d-transition series to which Cu
belongs is invariably due to strong interelectronic repulsion. Therefore,
theories such as BCS and bipolaron based entirely on electron-electron
attractive interaction may not apply to high-temperature superconduc-
tivity. The other result arguing against sirong phonon coupling is crys-
talographic (tetragonal to orthorhembic) transition in the Tanthanum
compounds. This transition is expected to be accompanied by the appea-
rance of an electronic charge density wave, but this was observed to be
irrelevant to the electronic structure. In this frame work, exchange
mechanisms consistent with the repulsion such as the resconating valence
bond (RVB) theory based entirely on short-range electron-electron repul-
sion are not elliminated. According to Anderson[20], in La,Culy, pairs
of nearest neighbour eiectrons are in a spin-singlet state, but there

is no }ongwrange anti-ferromagnetism. The bonds that bind pairs of
efectrons in a singlet configuration fluctuate: The spin of an electron

may point up at one instant because its neighbour to the right points




3.4

~ 572 -

down; the next instant it may be down because that of its neighbour to
the left is now up. Anderson called this a “resonating vaience bond"”
state. The magnetic singlet pairs of the LayCul, insulating state
become charged superconducting pairs when the insulator is doped suffi-
ciently strongly[29]. The mechanism for superconductivity, accor&ing
to this theory, is electronic and magnetic although weak phonon inter-
actions may favour the state. Thus, if this is the right mechanism,
phonons play no role but this cannot be verified experimentally until

singie crystals are available,

The Possibility of Stimulating Pairing in Thin Films in High Frequency .

Region.

The above discussed pairing mechanisms have 1{mitations and, so far, we
donot know which is the right one. We know that from BCS theory Te
depends on wp,N(0} and V. For increasing T, we need modifications
of these variables by some mechanism. This led us to re-examine the

two 1iquid model of sec. 2.1 and for simplicity we considered a very
thin metallic film whose electrons and ions are imagined as two-charged

ligquids. We studied the possibility of attractive interaction between

electrons in the low frequency limit, that is,

o < oy (k) (3.1)

Once more, in the high frequency region s = “p o3 6w > mL(k) , One can
- [}

get, from equation (2.12), negative sign of V, if » is in the interval

VE'K®/3 <oz o2+ vptkP/3 (3.2)
o]
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This produces limitation on k. Since o *u? > vi*k%/3, for typical
! po i

values vg - 10° on/s, mpo~10“’ then k< 10%cw-! and the corresponding
wave length 2 - 1008 so the inequality (3.2) is valid in the long wave
Timit. Now, let «? = a{“pj + Vszz/B) where o 1is very close to-E
then equation (2.12) can be re-written as

4ne? 2
Vg = “f; [1- K

1
e TR (3-3)

The first term is inverted Coulomb (negative) and the second is screened

Coulomb interaction with screening radius rg. - vF/mp . This interaction
[s3

is attractive. In the BCS theory, the frequency o arizes from vibrations

of electron density: e = °k, - Ekgfﬁ +  Unfortunately, in our two-liquid
modé} we donot have high frequency force which can stimulate the corres-
ponding high frequency vibration of electron subsystem in the range of
frequencies given by (3‘2).'However, we can create such a source of

high freqdenc& vibrations using external agent. One should keep in mind
that longitudinal vibrations of electric field can penetrate into plasma

only when &2 > ap? + ve2k?/3, If 42 <op? + vp?k?/3 such vibrations
pt * Vg p* * VF

can penetrate to a small extent only. This can be shown by solving {2.10).

| /3(wp?(K) - w2
E{Z}) = exp { P ,
. VF

L} ' (3.4)

‘where E(Z) is the Jongitudinal electric field in plasma from the

external source.
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fFor-a thin fitm of thickness

Vg VF 1 (2

R e e —— 3.5
'/3(L§p2(k) ume) op 'ary: )
electric field will practically completely penetrate into the film and
can be considered as the driving force for eleciron sub-system. (For
exampie, if «= 0.98 we get d - 10°A which is a reasonable thickness
of films}. This means that we can consider the fluctuating external

pikx-1ot

- source in {2.10) oscillating as with » in the range given

by (3.2). In such a system we can stimulate pairing of electrons in 1.
high freguency range.

For typical metals, ¢p.10eV and ﬁmpﬁﬂ 0.1e¥ which shows that only
electrons within a thin layer near the Fermi surface take part in pair-

ing. Hence, it seems we can use the relation

Te ~ 2hop  exp (=1/N(Q)V 3 {3.6)

which was obtained in the BCS theory. If we Teave the coupling constant

YV to be unaffected by the replacement of ap by ©p , then we get

¢}

Te > 40k.

One can show that in a specially prepared thin film which consists of
small metallic balls 10;gitudina} figh frequency collective vibrations
of polarization o ~mEJ//3 can oécur. Thus, we can propose the experi-~
mental study of the possibility of stimulating pairing in the high
frequency region using a thin film of small metallic balls doped onto

a continuous thin film of the same metal as shown in Fig.7 below. The
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thickness of the films can be chosen according to {3.5) so that longi-
tudinal high frequency electric field completely penetrates into the

film.

- \

SRS R IR VR SR, B

I

Metallic thin fﬂﬂmg‘f///' | 7 l—metallic balls

o 4 z LA

Q@ PO 0D OGO UV LI

Fig.7 Metallic thin films

At sufficiently low temperatures, one can Qbsefve drop of resistance

due to pairing of electrons that results from exchange of high freauency
plasma vibrations in.meta1]ic halls. The idea of construction of such )
an experiment was proposed by V. Malnev¥, Mulugeta Bekele and Salah
Ahmed[30]. The final confirmation of this hypothesis can be done only

experimentally.

. )
Permanent Address: Kiev State University, Kiev, USSR,




CONCLUSION

The theory of ltow-temperature superconductivity after the discovery of
the pairing phenomenon by Cooper aﬁd formulation of the microscopic BCS
theory can be, at present, considered as a well-developed branch of
so}id state physics. Nevertheless, for the description of different
phenomena in conventional superconductivity, we have to enlist practi-
cally all branches of theoretical physics: quantum mechanics, field
theory,statfstica] physics, etc. since the superconductivity problem
can be studied as a many-body problem. We have also te use modern tech-

nigues, for example, Green's function method.

This work has started with the analysis of experimental data, particu-
larty, the phenomenological theory, GL-equations, and Abrikeosov's
modified treatment of type Il superconductors that can describe practi-

cally all phenomena in conventional superconductivity.

The BCS tﬁeor& can be taken as a good exampTeﬂaf one aspect of many-
body problem, namely, the interaction between electron gas and vibra~
tions of unique crystalline lattice,a problen that can be solved. The
significant feature of such an interaction is that it results in a new
ground state-supertonducting state caused by attractive interaction
between electrons mediated by phonons. At’I = (, this ground state
possesses lower energy than the ground state of normal metal., The
excited states or the spectrum of elementary excitations is separated
from the ground state by an energy gap that depends on the coupling

of electron-phonon interaction, density of electron states on the

Fermi surface and on the limiting frequency ep of crystalline lattice.
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The ground state can be considered as a system of Cooper pairs that
forms the so-called condensate. In this state, current can exist which

is non-dissipative upto the so-called critical current at which Cooper

pairs are broken.

The further development of the conventional theory is now mostly connec-
ted with the prediction of the application of different superconductors

as new physical devices,

The recent discovery of high-temperature superconductivity in ceramics
drastically changed the direction of research in the physics of super-
conductivity. The crucial point at this time in the theory of supercon?
ductivity is the ificrease of the critical temperature and understanding
its mechanism, Now, the common point of view is that the superconducting
state in these new materials is also a state of paired electrons though

the availsbility of energy gap in many cases is under question.

From our ﬁoin% of view, the theory of high-T. superconductivity can

be built only on the basis of the experimental data concerning the
microscopic structure of these materials and their behaviour in diffe-
rent physjca1 conditions. The agreement on the pairing of electrons in
high-T¢ reminds one the isotope effect that includes phonons into the
theory. However, upto now, the existence gf the isotope effect in

high-Te superconductors have not been established.

The main goa}s of this paper are, in the first place, review of the

modern state of the theory of superconductivity in conventional case
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and secondly the relevant simplification of the description of the
ground state and spectrum of elementary excitations the energy of
which was found by the development of comparatively simple wmethod of
retarded thermal Green function. Despite the possession of the complete
data of the modern state of high-T. superconductivity, we decided to
propose for discussion the possibility of stimulating pairing in thin
metallic films that can result in T; > 40k. The external longitudinal
electric field in this model is still unspecified. This model regards
the high frequency longitudianl optical phonons or excitones. Neverthe-
Tess, further investigation of this phenomenon lies beyond the scope

of this thesis.




MATHEMATICAL APPENDICES
APPENDIX A

Derivation of the Landua-Ginzburg Equations

The expansion of the Gibb's free energy with respect to ?(r) and ﬁ(r) is
given by (1.24). Minimizing G with respect to v*, keeplng A and v constar

we get

0 = Sy% G = SV avsp*+suly| “su*+ zlnﬁ*(ihvaq.*'%*ﬁa p *) (-0 oy —%*ﬁ,.,) (A1
Let q = -1'7wtp—%*ﬁw, then v.(s9*§) = sy *v.§+4. vsv* and

86 JAV{ e+ Byly|* 4+ EEIT{ v, (- -ﬁvu— f-\v)—" A( ity S Aﬂ yix
* +
X 6%+ g (=11 vy -% Rv). ddey* = 0 (A.
where 5 encloses the volume V. Since sy* is arbitrary, the integral is zer
if the integrand vanishes. Hence, we obtain the first GL equation as
avt Byl +*-— 5~ ﬁv-g ﬁ) =0 GL-f (A3

with its boundary condition

(ifh v¢+—i—*ﬁk‘)).ﬁ = 0 | (A.L

Again we minimize G with respect to A so that

™y

Applying similar prdcedures we obtain (for arbitrary GE)

*
e VF T YTE) 4 %}Ci A lob” +-7rﬁvnyﬁ (A€
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Using the QM expression of the current density'g and Maxwell's equations,

we have

> _ =i e*

" s 5
Io 5 o [a!,.*v-g;uqﬁ;qa*]w(%-;)e bet” A - GL-11 (A7)
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APPENDIX B

Evaluation of Uk, vk Using Green Function Method

The Green function we defined to obtain the spectrum of elementary excita-

tions is given by (2.27). If we introduce the linear transformations

+ +
Che = Vi F gy

(8.1)
Cho = Vihy,* uphlyy
then, for Fermi character of by
UKe + sz = ]. (8.2)
Using (B.1) equation (2.27) can be given as
Gy = - % o (t}<v byt by ] + Wb v 5 Doprp 1> (B.3)
Assume bre (t) = bi(0) exp (- %-E(k)t)
, {B.4)
and b-k1'(t): b_y (0) exp (lg%ilt)

Substituting these into (B.3) and taking its Fourier transformation we

finally get

6 = VK W a[1ea(k)/E(K)] + ALl (K)/E(K)]
1 fio -E(k)  Fa¥E(K) fru-F () fatE(k)

Thus, one can write

+1 =t
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APPENDIX ©

Diagonalization of Model-Hamiltonian by Canonical Transformations

"We want to reduce the modei-Hamiltonian (2.26) to the form

EE(k)(Bf by, by by ) (c.1)

Hy = Ego ¥ kit

vhere ESO is the ground state enerqgy and E{k) is the energy of quasi-particles.
For this, substitute the transformations (B.1) into the Model-Hamiltonian
(2.26) and diagonalize the Hami1tonian-0btained after substituting by
setting non-diagonal elements to zero. In other words, we choose uk and vy
such that the coefficients of terms like by, by & bzt bfkT, will be zero. So
we get
1 - 2 2 - .

Zi(k)ukvk A(uk vk) 0 (C.2)

This relation and (B.2) yield the values of Uy and Vi the same as that

obtained in Appendix B, that is,

T ST (e 123 (c.3)

. . ; : + +
Again, using this result and replacing ka bktby nkTand bkt‘bkr' by L 3

we write

e g
it

w = (alKIEG abR)+ | 2L (g + )

or | (C.4)
HM = Eso + kgrtE(k)(nkt+ ”kx')
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APPENDIX DI
Temperature Dependence of »

In the case T+0 or &(T)» &, and taking n(k) €2 , we write {2.60)} as

1=V }ﬁwD {-uﬁﬁ*luﬂm“hﬂ,— % exp (-2 (k)+a2(T) 3 N{n)dn (D.1)
op /n2(k)+az(T)
With the Binomial approximation
(ke ()t = a(1r L4kDyde o eslldy -y 22l (0.2)
the iﬁtegra] will be simpliified as
1 . fep 1 2

_A..rfz
NCOTV © g {an(k)+a2(T) - 5 exp( ¥ QET)} dn (D.3)

where N{0), the number of states at the Fermi level, can be taken out of the
integral sign. Now, Using the substitution x = n/T for the last integral, we

see the solution of (D.3) to be

Ha o1~ -
i = o vty + 2 o7 D=3len oy e e g e
(D.4)
where the last term can be neglected.
Since eX =1+ x
for small x, we see that
fog 1 st =T AT -t/
o) = ¢ exe{grgyplexet’ 3 ) = %exp(~T~7—)[1 e '] (D.5)

Since T is very small, to a good approximation 4 can be replaced by 4y, in
the Tast term and we finally obtain

W) = Sl <20 6™ %o/TY 1 g, (.6)
This is an equation for energy gap as a function of temperature, At T = 0,

8(T) = 24 as expected.
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APPENDIX 02

1 Close to ¥,

If x =n/7, then {2.60) becomes

o 2 2
1 Jeo/T 1 tan hv 2HU7 g« (D.7

MO ~ o J X2+ y? 2

where u? = 42/T2 & 1. Since 4(T)»0 if T-T. , we can use the series

expansion
— tan hv X202 = 4 3 [a2(2n+1)%e(x2hu2)] 7
/X2 + y? 2 n=o
and
R . 5 twp/T dx _ ue . .
N{O)V 4 n=o f [ 2(2n+1)%+x2] {} T YE(2nt1) T4x } since u?€ 1
or .
“p 27¢ ‘
Név" / %ta”“%dx“%—ugi ’ (0.8’

where £(3) is the Riemann Zeta function (z(3) = 1.202). The first term of

(D.8) can be obtained by parts and we obtain

1 . Ropy m 7:(3
foyw < Il - T - U"-gg;l

where Y is Euler's constant [12].

For T close to T, ,

flup fiop huyy Te-T
m_.r_ = - - (1 + )
fiw
i D R . ey B
But we know that = In ~=— - Ingy ~ definition of To: T, = 0.5/, For
N{O}V Te 2y ¢ ¢ o

L4

small x, In{x+1} = x and it follows that

a(T) = nTC[T%T(I-» :T[C)]f‘i = 3.06 Tg[1- .—T[C]% . (D.9)
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