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CHAI'TER ONE 

Introduction 

This chapter and the next arc de voted to a re view o f the basic concepts of ring 

and module theory . Because we are assuming the reader a lready has some 

familiarity with these topics, only brief description of the basic concepts and 

results that arc needed in thi s paper is prese nted. 

1. Prerequisites and preliminaries 

Definition:- A system (R,+;) were R is a non-void set, + and · are two binary 

operat ions defined on the set R, is ca lled a ri ng if it satisfies the 

following conditions. 

I. (R, +) be abelian group. 

2. (a, b) .e ~ a.(b.e) for any a,b,e E R 

3. a.(a+c) = a ,b + a.c (le ft distributive law) 

(b + c).a= b,a + c,a (right d istributive law) 

Example . The set o f integers IE unde r usual addi tion and multip lication is a ring. 

Definition :- A ring with uni ty in which all non-zero e lements form a group under 

multiplication is ca ll ed a divisor ring. 

Notc:-Let R be a ring 

• R is commutat ive if ab=ba fo r every a,b E R. 

• e E R is an ident ity of R if ae=ca=a for every a e R. 

• a E R is a zero divisor of R if ab=ba=O, for some non-zero beR. 
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• 0 is called a trivial zero - divisor. 

Dcfinition :-A subring of a ring R is a subset of R which by itse lf is a ring with 

respect to the same set of binary operations. Thus S c R is a subring of 

(R,+;) if(S,+;) is a ring. 

Examples. The set of integer Z is a subring of a set of rational numbers under 

usual addit ion and multip lication of numbers. 

Dcfinition :-Let R be a ring and I be a non-void subset of R, then I is an idea l of R. 

If i) a,b,E I => a - be I and 

ii) ae I,re R => are I and ra e I 

Example . The set E of even integers is an ideal of the ring Z of integers. 

Dcfinition:- Let R be a ring and I be any ideal of R then the system (R/ I,+,- ) 

where add ition and multiplication are defined by 

(r+I)+(s+I)=(r+s)+1 and (r+I).(s+ I)=rs+1 for all r,S , R, is a 

ring. This ring is ca lled the quotient ring of R. with respect to the 

ideal I. 

Example Let I={ 6n/n € Z },then I is an idea l of Z 

1·lence ( IE 11,+;) is a quotient ring of IE . 

Dcfinition :- A ring R is ca lled simple if it has no ideals other than (0) and R. 
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Theorem 1.1.1 If R is a division ring then it is a simple ri ng. 

Proof Let I (=0) be an ideal ofa divi sion ring R. 

Since 1*(0) , 3a( =0) e I, Again as R is a divi sion ring a is a unit in R, i.e 3be R 

such that ab= J ,hence 1 e 1 since a e I. For any r e Rwe get r = r.1 e I 

consequent ly R = 1, Hence R has no proper ideal. Therefore R is a simple ri ng. 

De fin ition:- Let R be a commutat ive d ivision ring. Then R is a field. 

Theorem 1.1.2 Let K be a fi eld the polynomial over K denoted by 

KIX] = K[xit ... xn] is a ring with usua l addition and multiplicat ion 

defi ned as fo llows. 

Let f = (ao. a ..... ) and g=(bo,b .... . ) where ai,bj e K 

f+g = (110+110, a ,+b" ... ) 

fg = (CO,CItC2, .. ) where Ck= L o,b
l 

for every k ~O 
,. ,-. 

Proof Let an and bm be coefficients of f and g respectively such that 

aF O,vi z:n+ I and br O, 'Vj ~ m+ l , if s =max{m,n}. then ac=b,=O , 'Vt>s, so at + b,=O 

1ft>, hence f + g e K[X] 

Aga in consider k>m + n, then if i+ j =k either i>m or j>n hence ajbj =0, v-i and j 

sati sfying i+j =k, for k>m+n, This gives that Ck=O, -vkz:m+n+ l , hence fg E K[x] 

This shows the closurity of addition and multiplication 

Since (K, +) is abe lian group, so is (K[X),+),with (O.O .... )is the add itive identity 

and fo r any f=(ao,a, ... )e K[X] , -f = (-ao,-a" ...... ) e K[X] isthe additive inverse 

of f. 
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Fina lly it can be easily checked that ". " is distribut ive on left: as well as on right 

over +. 

Hence (K[X], +, .) is a ring. 

Definilion:- A ring R is said to satisfy the ascending chain condition (ACC) on 

idea ls if for every chain I , c 12 C I J c ....... of idea ls of R, there is 

an integer m sueh that b=lm for all i 2:m. 

Definit ion :- A ring R is said to satisfy the descending chain condition (DCC) on 

ideals, if for every chain I , ::;, 12 ::;, I ) ::;, . .. ... of idea ls of R ,there is an 

integer n such that Ij= ln fo r all i ~ n. 

Example. The ring Z satisfi es the ascending but not the descending chain 

condition on ideals. 

Since Z is a principal ideal domain it satisfies ACe. But 

2 Z ::;, 22 Z ::;, . .. . . . ::;, i z ::;, 2,
+

1 Z ::;, ... .. .. is a strict ly descending chain of idea ls of 

Z , since for a ll if' S, we have 2
j
+ 1=i2 e 2i Z and also i E 2i+1 Z since an equation 

i =i +1r for some r e Z wou ld contrad ict the fac t that Z is a UFO. 

Defini t ions 

• A ring R is left (resp.right) Noetherian if R. satisfies the ascending chain 

condition on left (resp.right) idea ls. 

• R is said to be Noetheri an if R is both left and right Noetherian. 

• A ring R is left: (resp. Right) Arti nian if R satisfies the descending chain 

cond ition on left (resp.right) ideals . 

• R is said to be Art inian if R is both left and right Artinian. 
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Example. A division ring R is both Noetherian and Artinian since the onl y left or 

right ideals are Rand O. 

Theorem 1.1 .3 A commutati ve ring R is oethe ri an ifand only ifevery ideal of R 

is finitely generated. 

Proof (=) Let I be an idea l ofR and let S= {N I N is a finitely gene rated ideal of 

R such that N <;; I }. 

Since (0) is finitely generated, (O)e S implies S= O. 

Si nce R is noetherian maximum condition holds, it fo llows that S has a maximal 

e lement. Say M. 

Since M e S it is finitely generated. We sha ll show that I=M. 

As M e S, M <;; I . lfposs ible let 

=As M e S, M o;; I ,If poss ible let l :;t M ,then the re exists an element ae I, a e M, 

cons ider the ideal M +(a)r .M+(a)r is fin itely generated idea l of R.[lt is generated 

by e w{a} where ( e )~M].sincc a e I , M+(a), " I .This gives that M+(a), e S, 

But a E M = M c M+(a)uThis violates the max imality of M. Hence I=M As a 

consequence I is finite generated. 

Converse ly;Let 110;; 12 0;; ...•. be an infinite ascending chai n of idea ls of R 

cons ider 1 = u,~o 1;01 is an idea l of R. Now each ideal is fin itely generated Let 

$={ aloa2, ...... ,an}. Be a generat ing set of I i.e. 1=(a),a2 ..... an). For each 

j e {I ,2, .... n},aj<;; 1 

Implies the existence of some posi tive integer ij such that aJe 1 
" 

Let k=max {ilo ..... ,in}, Then aj e h.,'cfj= I.2 ...... n,This gives that I" 0;; 1 but Iko;; l 

,hence 1= lk. Now for a ll m~ k. 1m"; I= Ik gives Im=h , hence R is noetherian. 
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Theorem 1.1.4 (Hilbert Basis Theorem) If R is a commutative noethe rian ring 

with ident ity then so is R[x ..... ,X2]. 

Proof. Clearly it suffice to show that R[x] is noetherian . suppose that Rfx) is not 

noe therian .Iet I be an idea l of Rrx] thai is not finite ly generated ,we shall constracl 

inducti vely an infinite ascending chain of ideals in R ,the re by ac hiev ing a 

contradiction .choose ft E J of smallest possible degree .Assume by induction 

that ft, ... h have been chosen ,let 1..1 be the polynomia l of smaJles poss ible 

degree in I/ (J;, ... ,jt ) .since I is not finitel y generated ,thi s construction produces 

an infinite sequence of polynomials J;'!2 .... E I .Iet ", be the degree and a, the 

leading coeffic ient of /, .since R is noetherian the ascending cha in of idea ls 

• 
0 .. 1 = ~),O, for some b, E R • put 

• 
g = r - " b , ., ,, -, 1, 

J h l L... I' I , 

Since ,by construction the degrees satisfy "I S, " 25: ... it follows that g is indeed a 

polynomial .Note that g E l , bllr g Ii!: U;, ... ,!t). However g has smaller degree 

than h 'l .a contradiction ,Thus I must be finitely generated . 
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CHAPTER TWO 

2.1. Modules over Rings 

Modules over ring arc a genera li zation of abe lian groups (wh ich arc modules 

They arc basic in the furt her study of algebra .This chapter is mostl y 

de voted to carryi ng over to modules various concepts and results of group theory. 

Also we shall show how some of the techniques we have developed for hand ling 

modules over a ring so far in this chapter can be put good use to provide proofs of 

some classica l theorems, These theorems concern module over the Wcyl Algebra . 

Dcfin it ion :- Let R be a ring ,A ( left) R-modulc is an additive ab li an group M 

together with a funct ion R )( M ..... M g iven by (r, III) H rm ,such that 

for all r,S E R and m,ne M. 

1) r(m+n)9"m+m 

2) (r+s)m~rm+sm 

3) r(sm)~(rs)m 

If R has an identity element I Rand 

4. 1Rrn=m for all me Mo 

Then M is said to be a unitary R-modulc .If R is a division ring then a unitary R­

module is ca ll ed a( left) vector space. 

A(un itary) right R-module is defined similarly via a function 

M x R ~ M delloled by (m,r) H IIIr and sati sfy ing the obvious ana logues of (1 )-(4) 

Example Let R be a commutative ring ,and let I be an ideal ofR. 

A very important example of an R-module is R it self ,R is of course ,an abe lian 

group, the multiplication in R gives us a mapping, 
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:. R x R -t R and the ring ax ioms ensure that thi s "sca lar 

multiplication" turns R in to an R-module . 

ii) Since I is closed under addit ion and mult iplication by arbitrary clements of R 

it fo llows that 1100 is an R-module under the addition and multip lication of 

R. 

iii) We show next that the residue class ring RJI can be viewed as an R-module. 

Of course RJI has a natura l abe lian group structure. We need to provide it with 

a sca lar multiplicalion by e lements of R, To thi s end ,let r,SE R be such that 

r + I = s + I in RJI ,and let ae R ,Thus r-s e I and so ar - as = a(r-s) e I ,hence 

ar + I = as + 1,1t follows that we can define a mapping 

R x RI I-tR I I by (r,s + I)Hrs+ I , and iliseasy tocheck that IVl becomes 

an R-module with respect to th is scalar multiplication. 

Defin ition:- Let M be a module over the commutati ve ri ng R ,and let N be a 

subset of M,we say that N is a sub-module of M .or an R-submodule 

of M precise ly when N is it se lf an R-module with respect to the 

operations fo r M. 

2.2.The Submodule C rite rion 

Let R be a commutative ring and let N be a subset of the R-modu le M .Then N is a 

submodule of M if and only if the following conditions hold. 

2. Whenever a,b e Nand r,s e R ,then ra+sbe N. 

8 
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2.3 .Module Homomorphsim 

Definition :- Lei M and N be modules over the commutative ring R A mapping 

f: M ~ N is said to be a homomorphism of R-modules precisely 

when 

f(nn+sn)=rf(m)+sf(n) for all m,n E M and r,s e R A homomorphism. 

• f is said to be a monomorphsim if it is injective 

• f is said to be an cpimorphsim if it is surjective 

• f is said to be an isoomorphsim if it is bijective 

If J, : M --) N (fori = 1,2) arc R-homomorphsim then the mapping 

j. +/ z :M--) N defined by (f,+!z)(m) =!.(m)+!z(m) ,'Vme M isalsoan 

R-homomorphsim. 

Example Let R be a ring and f : M --+ N be an R-modulc homomorphism then 

kerf is a sllbmodule of M. 

Example For any module the zero map 0: M --) N given by mH 0, 'V me M is 

a module homomorphsim 

Example If R is a ring the map R[:r] --) Rrx] given by f H xf is an R-modu le 

homomorphism( for example (x+3) H x(x+3» 

Remark: if f: M --+ Nand g: N --+ P are homomorphism of modules over the 

commutative ring R then the composition go!: M --+ P is also an 

R-module homomorphism. 

Further if f and g are isomorphism ,then so is gof. 
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Defini tion :- Let N be a module over a commutative ring R. we say that N is a 

simple R-modulc ,precise ly when N * 0 and the only submodules of N 

arc 0 and N it self . 

Lemma 2. 3.1 Let N be a modu le over a commutati ve ring R. then N is simple 

if and on ly if N is isomorphic to an R-module of the fo rm RIM for 

some maximal ideal M of R. 

Proof ( c:) Let M be a max imal ideal o f R, Then RIM is a fie ld so it has exac tly 

Iwo idea ls, namely itse lf and its zero ideal. Hence the R-module RIM has exact ly 

two submodulcs ,namely itse lf and il s zero submodu lcs. 

Therefore RIM is simple and hence N is simple. 

( ~}Suppose lhat N is a simple R-modulc s ince N *" O,there exists ne N with 

n :;t O,Hence O:;t Rn~ N,Fri s t we ha ve to show that Rn= {m:r e R}is a submodulc 

erN . 

Let a,be Rn, Then a=rn and b=sn ror some r,s e R ,the n ror x,ye R we have 

xa=xrn and yb=ysn thus xa+yb= xrn+ysn=(xr+ys)n=kn e Rn ror some k e R 

Thererore Rn is a submodule or N. 

Since N is simple and Rn '* O,we must have Rn= N ,it ro llows that N is a cyclic R· 

module. 

Also N is a subset or R impl ies that the map f: R -+ N given by r(r)=rn, "r/ re R 

is an epimorphsim. 

Le t I=kerrthen I is an ideal orR . 

Define g: R /I .... N by g(r)= r(r) , 'V r= r+1 E Rli . 

10 
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Now for any r , S E R11, we have 

r = s (:) r-SE I=kcrf 

<0> f(r-s)=O 

<0> f(r)=f(s) 

<0> g(F)=g(S) 

Th is shows that g is well defined as we ll as one to one 

A lso g(F + S)=g(r +,) = f(r+s) = f(r)+f(s)=g( F)+g(S) 

g(ar) = f(ar)= af(r) = ag(F) 

implies that g is monomorphsim 

Finally g(R/I)=f(R)=N impl ies g is also onto. 

Hence g is an isomorphi sm and, hence lUI == N 

2.4 .Definitions and Rema r ks 

Let G be a module over a commutat ive ring R. A strict chain of submodulcs 

o f G is a finite strictly increasing cha in 

Go C G1 c ... c Gn_ 1 C G~ of submodulcs of G such that 

Go= O and G~= G . 

The lengt h of the strict cha in is the number o f links, that is one less than the 

number of terms (so that the di splayed strict chain above has length n). 

Let G = Go ~ GJ => ... => C .. be a cha in of submodules orG ,A one step 

re finement of thi s chain is any chain of the ronn 

I I 



G = Go :=:l ... G, :=:l N :=:l G,.I :=:l .... :=:l G" or G = G~ :=:l ........ :=:l GIt :=:l N ,where N is a 

submodule of Gi and (if i>n) Gi t l is submodule of N. 

A re finement of a submodulc chain S is any chain of submodulcs obtained from S 

by a fin ite sequence of one step refinement. A re finement of S is sa id to be proper 

if its length is larger than the length of S. 

We consider 0 to be a strict chain of of length 0 of submodules of the zero R· 

module. 

A strict chain of submodulcs of G given by 

is sa id to be a composition se ries for 

G precisely when GI G,., is a simple R·module for each i = 1,2, ... ,n. 

Lei G be a module over a commuta tive ring R . we say that G has finite length 

precisely when G has a composition series. When this is the case the length of G 

,denoted by I(G) is defined to be the length of any composit ion series for G. 

When G does not have finite length that is when G does not have a composition 

series we shall somet imes indicate this by writing I(G) = 00. 

Proposition 2.4.1 Let G be a module over a commutati ve ring R,Then G has 

finite length ifand only if G is both Noeterian and Art inian ,that is 

if and only if G satisfies both the ascending and descending chain 

cond itions on submodules. 

Proof (~) Assume that G has fini te length I(G). Then it follows that any 

ascending chain of submodules of G can not have more than /(G) of its inclusion 

strict and so must be eventually stationary . Similarly any descending chain of 

submodules of G must be eventually stationary. 

12 
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( c ) Assume that G is both Noctcrian and Artinian.so that it sati sfies both the 

max imal and mi nimal condit ions for submdulcs, we suppose that G does not have 

a compos ition series and look for a contradiction. Then 

S:={M:Mis a submodulcs of G and I(M) =oo l is not empty ,s ince 

G e S, l-Icncc by the minimal condition S has a mini mal member say H. Now 

1-1 ~ O,since the zero submod ulc of G ce rtainly has a compos ition series. Thus by 

the maximal condi tion the sel of proper submodulcs of 1-1 has at least one 

max ima l member J/ say By choice o f J-I and the fact that 1/ c H we sec that Jl 

has a composition series. LeI 

H~ c 11; c .... c /( be a composition series for /{ , so that 

It = 0 • H; = /(alld I = /( H ) . 

Since Ii is a maximal proper submodulc of H it follws that 1-11 Ii has exactly two 

submodule and so is simple .Henee 

J-i,'. c H; c ... . c /( is a composit ion series for H ,this is a contradiction 

Therefore G must have a compos ition series. 

Theorem 2.4.2 (Jordan - Holder Theorem). Let G be a non-zero module of 

finite length over the commutative ring R ,then every pair of 

composition seri es for G are isomorphic . 

Proof Since G .;t 0, Let n:= f(G) ~ I,we use ind uction on n .The clai m is clear 

when n= 1 and so we assume that n>1 and that the result has been proved for 

smaller va lues of n. 

Let and 

13 
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G~ c c; c ... c C:.1 c C: be two composition se ries for G (so thaI 

G. = G; = 0 and G. = G; = G). 

The argument fo r the inductive step splits in to two cases .the fris t case is where 

G,,_,= C:.p Thenwehavc G.IG •. ,=C:/C:.1 and both Goc G, c ... c G .. _1 and 

G~ c C; c ... c C:. , are compos ition se ries for G".1 = C:.1 s ince I(G".., ) =n-I we 

apply the inductive hypothesis to these two composit ion series for Gn_1 and the 

desired resu lt in this case follows cas il y . 

The second case is where G". I 'j; c:.1 • Then we sct 1-I= G".1 n C:. 1 ,now 

G"I C".I = C:.,I Hand C:/C:.1 : G"., 1 H so thai all fouf orthcsc modules are 

simple .thus if 1-1=0 (so that both Gn•l and C:.1 arc simple and n=2) the desired 

coelusion has been obtained .Thus we assume that I-, :;f; O. In this case 

o c H C G". I C G" is a strict chain of submodulcs of G=Gn and both 

Gr/ Gn_l and Gn_11H arc simple. Now the above strict chain can be extended by the 

insertion of extra tenns to a composit ion se ries for G since such a composition 

seri es for G must have length n. it follows thatl(/1 ) =n-2 . 

In particu lar ,we obtain a composition series , 

flo C 111 c ... c fI n-1 C Hn_z for H ( so that 1-10=0 and I-I n_2 =H),The 

comments in the preceding paragraph now show that the two composition series 

Ho C H I C ... C 11._1 C H._l C G~_l c G~ forG are isomorphic. But we can 

now use the inductive hypothes is (on two composition series fo r Gn_I)to see that 

the two composition series. 

14 
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II. 

Go e GI c ... c G".1 c C" and lIo c HI C ... c H". ) C H".2 c G".1 c G" forG 

arc isomorphic . 

Similarly the composit ion series 

No C H I C ... c H It_ ) C H". 2 c G~_ 1 c C: and C: c C; c ... c C:.1 C C: arc 

isomorphic ,and so we can complete the inductive step. 

The theorem is therefore proved by indllction . 

Example Let G=<x> be a cyclic group of order 24, then o(x)=24 since G is 

cyclic it is abe lian group ,Hence it is Z-modulc.Cons idcr two series 

G=<x>::::> < Xl>::::> <x6>::::> <x 12>::::> <0> ............... .. .. (2) 

These arc two chain of suhmodulcs for G ,The factor modules of ( I ) arc <x>l<x2>, 

<x2>I<x6>, <x6>I<xl2> and <x 12> which arc of orders 2,3,2,2 respectively ,since 

these are of prime orders they arc all simple . Simi larly the fac tor modules of (2) 

arc <x>l<x1>, <XJ>/<XIl>,<XIl>/<x t2> and < XI 2> whidt are or orders 3,2,2,2 

respectively. These are aga in simple.So (I) and (2) both are a composition series of 

G ,one can see that both of these series are of some length 4 .Further as two cycl ic 

groups of the same order arc isomorphic ,we have 

<X>/<X2> == <X3>/<X6>, <X2>/<X6> == <x>/<x3>, <x6>/<x 12> == <x6>/<x 12>, 

<x 12> == <x 12>. Thus there is a one to one correspondence be tween the factor 

module of (1) and those of (2) such that the corresponding factor module are 

isomorphic. 

15 
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2.S. Algebra 

Definiti on. Let K be a commutative ring wi th identity. A K-algebra (or algebra 

over K) M is a ring M such that: 

I. (M, +) is a unitary (len) K-module. 

2. k(mn)~(km)n~m(kn) fo r all ke K and m,n e M 

Example Every ring R is an addit ive abe lian group and hence a Z -module. It is 

easy to see that R is actually a Z -a lgebra. 

Proposit ion 2.5. 1 Ir K is a commutat ive ring with ide nt ity then the polynomial 

ring K[XIoXh" .,xnl is a K-algcbra with the respecti ve K-modulc 

structure given in the usual way. 

I)roof To show K[X] is a K-algebra we need to show that 

(K[X],+) is a uni tary (le ft ) K-module. 

k(fg)~(kl)g~f( kg). fo r all k e K and f,g e KLX] 

Now, since K [X] is a ring with unity (K [X I.+)is a bel ian group. 

Let the map K x K[X]- K[X] be the action of K on K[X] be given by (k,l) -kf, 

where ke K and f e K[X]. 

For k,k' e K and f,g e K[X] ,where f~(a",a" ... ), g~(bo, b" ... ) a, .b,eK 

We have. 

I. k.(f+g) ~ k.(a,,+b., a,+b" ... )~(k(a,,+bo),k(a,+b,), ... ) 

= (kao,kbo. ka l+kb], . ... . . (as <.> is left distributive) 

~ (ka",a" ... )+(kbo,kb" ... ) 
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~ k(ao,a" ... ) +k(bo,b" ... ) 

~ kf + kg. 

2. (k+ k}f ~ [(k+ k).ao, (k+ k').a" . . . )]. .. as <.> is lef! di stri buti ve. 

= (kao+ k'ao,ka l+ k 'aI._ . . ) as <.> is right distributive. 

~ (kao, ka" ... ) + (k 'ao, k·a, ... ) 

~ kf + k 'f 

3. (k k ').f ~ [(k k').ao, (k k').a" ... )] 

~ [k(k 'ao),k(k ·a,), .. . )] ... as (KIX] ,. ) is semi-group. 

~ k(k 'ao, k·a" ... ) 

~ klk '(ao,a" ... )] 

~ k(k 'f) 

4. I.f ~ ( Lao, La" ... ) 

= (ao,a], . .. ) as I is a unity of K. 

~ f. 

Therefore K[Xl is a left K-modulc. 

Moreover s ince K[X] is a unitary left K-module it is a le ft K-vcctor space . 

Finally let f,g E K[X],where f ~ ao,a" .. . ) and g ~ (bo,b" ... ) 

Then for k E K we have 

k.( f. g) ~ k.[(ao,a" ... ){bo,bl. )] 
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I I 

, 

= [k·(ao,al. ' .. )] . (bo, b], ... ) since <.> is assoc iati ve 

~ (k"o.ka, •. . . ) . (bo.b" . .. ) 

= (aok,a1k, . .. ) (botb!, .. . }sincc K is commutat ive ring. 

~ [("o.a, •... ) k](bo. b" ... ) 

~ ("o.a" .. . )[k(bo.b" ... )] 

~ f( kg) 

Therefore K[X] is a K-algcbra. 

Propos ition 2.5.2 Let K[X] be a vector space over a fi eld K. then the set of 

endomorphism of KrX] on to K[X] denoted by End,(K[X]) is 

K-algcbra. 

Proof Show first (End,,(K(X] .+;» is a ring. Whcrc'+' and '. ' arc defined as 

fo llows. 

For allljl . >!J E End, (K[X]). W - >!J is the mapping from K[X] to K[X] given by 

(op+ >!J)(I)) ~ w(1) +<J>( I). V fE K[X]. and 

VHI' is the composite mapping o f K[X] in to K[X] i.e op", (I)~'" (",(I)). ~ fE K[X]. 

Since KrX] is a vector space the mapping (/J from K[X] to K[X] is a linear 

operator of K[X]. 

Closuri ty of (+ ) and 0 

Let 1/'. '" E EndK(K[X]) and f.g E K[X] 

(I/' + ",)(f + g) ~ I/'( f +g) + ",( f+g). by definition 

~ [,"(I) + iP(g)] + [<J>( I) + <J>(g)] by linearity. 
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~ ["'(I) + ",(I) + [\I.(g) + ",(g)] as (K[Xl,+) is abelian 

~ ('" + "') (I) + ('" - "'J(g) 

= 'i> + '" E End,(K[X]) 

Again ( '" " )(f+g) ~ W(<P( f+g)) 

~ "'( <P( I) + <P(g)) 

~ ,"(<P(I)) + '" (,,(g)) 

~ :p",( I) + '" ",(g) 

= 'i> " E End,(K[X]) 

Since ( '" + "') + e ~ '" + ('" + e) and '" + " ~ ,p - '" 't. ,p, w. e E End,(K[X]) 

We have that '+' is both associat ive and commutative. 

The map Z:K[Xl-K[Xl defined by Z (I) ~ 0 , 't f E K[Xl is the ze ro element of 

End,(K[X]) 

For any'" E End,(K[X]) ,the map (·w): KIX]-K[X] given by (.,,)(I)~ . ,,(I), 

'rf f E KfX] is the additive inverse of CP. 

For any f E K[Xl, the mapping J :K[Xl-K[X] given by J(I) ~ f is the idenJiJy 

element of End,(K[X]) 

Therfore End,(K[Xj,+) is aba lian group. 

Moreover ( .. + ",)e ~ ,p 8+ '" eand e( un- "') ~ e . e" 

And ( .. ,,) e ~ .. (",e) for all ",,",, 8 E End,(K[X]) 

Thcrfore (EnddK[X],+,· ) is a ring with unity. 
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Let K x Endx(K[X]) - Endx(K[X]) be the action o f K on EndK(K[X]) given by 

(k, ",) -k "'. '<I k E K and '<f ~ E EndK( K[X]) 

Closurity 

Let f,g E K[X] , a, b E K, then 

(k ",)(af+bg) ~ k <p(af+bg) ~ k(a <P( I) + b ,,(g») by linearity. 

~ (ka) ,,(I) + (kb) <p(g) 

= (ak) rP( f) + (bk) /peg) since K is commutative 

~ ark ,,( I)) + b(k ,,(g) 

~ k tP is linear 

= k", E EndK(K[X]) 

Moreover for f E K[X] , ~', " E EndK(K[xll and k,k ' E K, we have 

Ik(,. + "' )] (I) ~ k[( ,p+ ",)(I)]~k( .. (I)+ <P(I)) 

~ (k .. )(1) + (k ,, )(1) 

~ (k '" +k ",)(1) 

[(k+k ) ",](1) ~ (k+k') '" ( I) 

~ <p(k+k ) I)~ ",(kr + k 'l) 

~ <P(k/)+",(k'1) 

~ k <P( 1)+k'<I>(1) 
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--------------------------------------------------, 

~ (k",+k '<,,)(1) 

= (k+k') '" ~ k '" +k'", 

I(kk') ,,](1) ~ (kk ) <>( 1) 

~ ",« kk ')1) 

~ ,,(k(k ' I)) 

~ k ",(k ' I) 

~ k(k' <P( f )) 

~ k(k ' ,,)(1) 

=> (kk ') "~ k(k ' ,,) 

Therefore End.(K[X]) is a left K-module. 

Since iv) (1,,)(1) ~ 1",(1) ~ <p(f) 

We have EndK{K[X]) is a unitary left K-module and hence it is a left K-vector 

space. 

Fina lly for 'P, ", E EndK(K[X]) , kEK and f E K[X]. we ha ve 

[<p(k,, )](1) ~ <b[(k",)( I)] ~ <p(k",(I)) 

~ k >J{,,(I)) ~ [(k "') ,,](1) 

= <b(k ,,) ~ (<bk) " ~ k("") 

.'. EndK(K[X]) is an algebra over K. 
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Definition :- Let R be a K-algebra, we say that R is graded if there are K-vector 

subspaces R IO i E N such that 

The Rj are ca lled the homogeneolls components of R. The clements of Rj are the 

homogeneous elements of degree i. 

If Rj=O when i<O, then we say that the grading is pos it ive . 

Example The K-a lgebra K[X h' .. ,xn) is a graded algebra. The monomia ls 

X *1 X *2 ... X *n 

with k t+ ... +kn= m form a basis of the homogeneous component of degree m. 

Let R = e:~cRi and S = 9 'i!:c S, be graded algebras over a field K .A 

homomorphism of K-algebra ¢: R -+ S is graded if ¢(R,) ~ S, . Thus a graded 

homomorphism is one that preserves the degree. 

A graded algebra admits a special kind of module , Let R = e,~ oRi be a graded K­

algebra. A left R - module M is a graded module if there exist K-vector spaces MI 

fo r i2. 0, suc h that. 

I ) M= 8 "c M i 

The M j are the homogeneous components of degree i of M 
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J 

Definition :- Let R by a K-a lgcbra. A fami ly f= {FiL~o of K-vcctor spaces is a 

filtra tion of R. if 

If an algebra has a filtration it is called a fil tered algebra. It is convenient to usc 

the convent ion that Fj={O} if j<O 

If R as a filtered algebra then the associated graded algebra grf R is delined as 

fo llows: 

As a vector space grf R =EI\~oG, where, r is the fil tcrations of R, 

2) the multip lication is defined by (x + r ,)(Y + r J ) = x· y + f "J 

Dcfinition:-Lcl M be a left R-module. A famil y r ={ ri } i~O of K-vector space o f M 

is a filtration of M if it sat isfie s. 

I) ro ~ r,~ ... ~ M 

3) Rj f j l; r i+j , i=O implies that each rj is a K-vcClor space. 

4) rj is a K-vcctor space of fi nite dimension. 

The convent ion that rj={O} if j<O remains in force. 
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1 

Remark: ~Let M be a left R-modu le and r be a filtration of M with respect to the 

filtration F of R .If gr r!lf is finitely generated then we say thaI r 
is a good filt ration of M. 

Definition :- Let K be a commutati ve ring wi th identity and M be K-a lgcbra. Then 

suba lgebra of M is a subring of M that is also a K-submodule of M. 

Example Let E be the sel of even Integers, then E is a subalgcbra of:. 

2.6. Weyl algebra 

Now we are in posit ion to define the wey l algebra. Let K be a filed 

,K[X]=K[xJ,X2,XJ, ... ]be a vector space of infinite dimension over K. 

leI X, and a, be the operators of K[X] which arc defined on a po lynomial f E K[X] 

by the formula ; ,(/) = X i ' f and a,(f) = of l ax, .Then these arc linear operators 

of K[X], and denote the set of all ope rators from K[X] to K[X] by End K( K[X]), so 

that the Weyl a lge bra is defi ned as a subalgebra or EndK(K tX]). 

Definition :- The n-th Weyl algebra An is the K-subalgebra of EndK(K[X]) 

generated by the operators, f ], .t2 •... ,.Yn, and a], a2 .... , an 

Proposition 2.6.1 The alge bra An is not commutative. 

Proof Let .t i, 0i E Am since An is a ring ar .\"j E An Now for f E K[X] , by using 

the ru le for the d ifferentiation of a product. we have 

: f+ .i;.a,(f) 
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~( I +d;. £;)( f) 

= An is not commutat ive. 

Note. If a,b, E An then the ir commutator is the operator La,b]=ab-ba 

Similarly we have 

[OJ . OJ] = [ i j • .i'j ] =0 , where 1 :;: i,j $ n and oij the kronecker della symbol it 

equals 1 if i=j and zero otherwise. 

2.7 Canonical form 

In this section we construct a basis for the Weyl algebra as a K-vcctor 
space. This basis is known as the canon ical bas is. If an element of An is written 

as a linear 
canonica l form. 

combination of canonical bas is, then we say that it is in 

The multi-index a is an element of Nn , and a = ( G , , G2 , . .. , G n ) 

Now x" means the monomial x~' x;' ... x:-
The degree of this monomia l is the length lal of the multi-index a , 

namely 

Notice that a pair (a ,P) of multi -indices In Nn 
is itself a multi-index In 

so it makes sense to talk of its length. 
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Note: The factorial ofa multi - index fJ EN~ is defined by fJ ! = fJl !fJ
2
! ... fJ~! 

Lemma 2.7 . • : Let Ii ,P EN" and assume that llil < IPI . Then o'(x') = PI if 

J = fJ , and other wise zero. 

Proof: if Ii = P . Then, o' (x') = o'(x') 

= ( ' • " ,p"' )( ,A xp, x'''' ) P , u l u 2 • •• U~_ I • I 1 •.• ~_ I ~. 

- ('. ,P, ,p"' )( , A , p, xp", ) P 'P' - u l u 2 .•• u~_ 2 • I • 2 •• • n- 2 n_I' ~. 

= P' P'P' n 'P 'P' I ' 2 ' l ·· · ·/-'n- l · n_I' ,, ' 

= PI 

If Ii " pand 11i1<lpl, oP(x' ) = 0. 

Proposition 2.7.2: The set B = { xaaP : a,fJ E N n } is a basis of An as a vector 

space over K. 

Proof i, Let capE K for a,fJ E W such that L:C .. p xaa
p 

= 0, where 0 is the zero 

operator. 

Let f E K[X] be a monomial of degree fJ , 

=> P' L. co, x" = 0 (by Lemma 2.2. I ) 

Since x" 7:- O, we have caP = 0 'V a ,fJ et:r 
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Hence B is linearly independcnt. 

ii , Let 0 E All and D = I C"p x" aP be a fini tc linear combina tion , c"P E K . 

We need to show that if some caP :1: 0, then D "" O. 

But D is a linear operator of KfX]. 

• Suppose D = 0 

:::::> c"p = 0, 'rj a, j3 E W ,since B is linearly independent. 

This follows c"p "" 0 :::::> 0 "" O . 

• Suppose D , 0 

=> 30'feK[X] Such that D(I) , 0(othcrwiscD(I) = O, l;ife K[X J => D 

= 0) 

Choose 8 be the index such that C",,:1:0 for some index a ,but C"p = ° , for a ll 

indices fJ such that IfJl<I<'l· 

:::::> D (X6 ) :1: 0, since at least one of the coeffic ients C",,:1: 0 by the choice ofb" . 

l-Ience D :1: 0 :::::> 0 = L c"pxua fJ for some C"p:1:0. --+.(-

Hence B is a basis of All' 

Examples: I . Find the canonical form of a; Xj + aj X j in A) 

Hence I + Xj a
j 
+ X j ai is a canonical form of a; Xj + aj Xj in A). 

2. Find the canonical form of a~ Xl
2 inA). 
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Solution:- ~2 X2 
'::'::1 V I 'I = V1V1 .l'I X I 

2.8. T he Degree of an Operator 

Definition:- Let D eAn. The degree or o is the largest length of the multi- indices 

(oc,P)e 1';n xNn for which x = as appears with non zero coeffic ient in 

the canonical fonn of D. and it is denoted by dcg (D) 

Note - We use the convention that the zero operator has degree - Y.. 

I f D, 0 ' E An. then we have 

• deg (D+ D ' ) ~ max{deg(D), deg(O' )) 

• deg(O D' )= deg(O) + deg(D' ) 

• deg[O, 0 ' ]=deg(O) + deg(O' ) - 2 

Example LetD =xfx~ al - 3xi x:xi· Thendcg(D)=7 

T heorem 2.8.1 The algebra An is simple. 
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Proof Let 0 = I be two-sided ideal of An. 

Let O=D -= I be an element with smallest degree in I. 

Case- I deg(D)=O =D is a constant 

=D is a unit in An 

= :3 OJ E An such that D 0 ' = I, where 1 is the identity operator. 

Since I is an ideal , 0 ' EAn, D e l implies 1=0 0 ' E I 

=- 1 E ! 

Now P ::A", 1~1 =P = P.l E 

Again as I is an ideal of An we have r ~ An 

Therefore I=An 

Case -2 Lei D=I c",r; x:.a fi ,where 0= ('~s fK for somca. ,6' e 1-,.fi 

deg(D) =iJ=.x + fJ >0 

But dcg(x ,D- Dx,)=deg[x"D], since [x"D]=x;D-Dx, 

5 deg(x,) + dcg(D) -2 

=1 +a +P -2 

= a + fJ - 1 
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This contradicts the choice of D. 

Thus 8FO for all i= I •... , n 

= p~O 

Si nce a+ /3>0, we must ha ve IT; =O for some i. 

= 0= a;D- Do; ~ [a" DJ E I 

= deg (ap - Da)~deg [a" DJ $ a + P- I 

Again thi s contradicts the choice of D. 

I-ience ((FO for all i= i , . .. n. 

= a =0 

= 0 is constant. 

= I contain only the constant element 

I-Ience by case-I it fo llows that I=An 

= An does not conta in two - sided proper ideal. 

Therefore An is simple. 
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2.9. Modules ove r Ihe Weyl a lgeb ra 

The Weyl algebra was constructed as a subring o f an endomorphism ring. If 

C I Xl is a po lynomia l ring C [XI, ... ,xn) then we have that An ( C lis a sub ring of 

£n"c (C[xJ), 

One deduces fonn thi s that the po lynomial ring is a left An· module. Thus the 

ac tion of Xi on C [Xl is by stra ightforward multiplication whi lst ai act by 

differentiation with respect to Xi. 

P ropos ition 2.9.1 . C (xl is a left AI - module with the action of X and a~ on C [xl 

is given by x(l)=xf and a,( I)=ar /a, for all f e c[x l, 

Proof S ince ( C [x],+,.) isa ring we have that ( C (x] ,+) is a bclian group. 

Since X is a map from C [xl on to C [xl for any fe C [xl , xf E C [xl Thus 

multip licat ion is closed. 

Now let 0 ,0 ' E AI and f, gE e [x) . Let consider the case that the clements are 

monomia ls. i.e. 

LeI O=x .:: a; ,Df = r )'c! , f=xn , g=x'n for «, P. y. o ,n,m E 1-; 

I) D(f + g ) = x"a~ (x" + x·) = x" (a~ (x")a~ (x·)) 

= x" (a~ (x" )) + x" (a: (x")) by linearity 

= x"a~(x" )+x"a~ (x"' ) = D/ + Dg 

Si milarly 

2) (D+D )f= Df + D'f 

3) (DD')f = D(D 'I) 

4) 1(1)= l.f=f 
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Moreover 

I) la" xl/ = (a,x - xa, )/ = I-/ = / 

2) [a"a.1f = (a; -a; )/ = 0·/ =0 

J) [x,xl/ = (x'- x' )/ =O·/ =o 

Therefore C[x] is a left AI-module. 

Proposition 2.9.2 C [x] is simple AI-module. 

()roof LeI 0 =f € C [x] and consider the submodule AI r of C [x] generated by 

fE C[x]. 

Claim A,f= C[xJ. 

Let f=ao + alx+ ... +anx" with an =0, where aj € C and n E fi 

For a; EAI we have 

= A I f contains a constant 

= C[x] " Air 

But by hypothesis we have Air" C[xJ 

Hence A, f = C[xJ 

Therefore C [x] Does not contain a proper submodule and hence 

C [xJ is simple. 
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Proposition 2.9.3 C [x,y] is a simple left A2-module . 

Proof To show that C [x,y] is a left A2- module it suffices to show that 

10,.x,1/ =0,, 1 and Ix"x,1/ =lo,,0,J/ =0 

For every Xi, a i E A2, fE C [x,y] 

Naw [o" xj JI = (o,x, - x,a, )1 = o,x,(J) - x,o,(J) 
=0, (x,)1 +x,o,(J)- x,o,(J) 
= o,(xj)1 

= if i = j we have a ;{xj)f = I.f = r 

Otherwise a i(xj)f = O.f = 0 

[o i,Xj]f= 0 other wise 

Therefore C [x,y] is a left A2-modu le 

The prove for simplic ity is sim ilar to that of C [x1 

Therefore C [x,y] is a simple A2- module. 
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2. 10. Localization 

J)cfinition:- Let R be a commutative ring and let p be a prime ideal of R, let 

S:=R\P, a mult ipl icatively closed subset or R.The ring of frac tions 

S·t R is denoted by Rp it is a ring with only one maximal ideal is 

ca lled the localization or R at P with maximal idea l 

for some a E P, s E S} 

o 
{XE R" : x=­

s 

Example 2Z is a prime ideal or Z and so we can ronn the localization Z27. ,This 

localization can be identified with the subring or Q consisting or all 

rat ional numbers which can be expressed in the ronn min with In,n E 

l and n odd. 

Example Let the polynomial x be choosen in C [x],then the set of ralional 

functions of the rorm fIx' where f is a po lynomial in C [x] denoted by 

C [x]x is the loca lization or C [xl at x. 

Propos ition 2.10.1 C [x]x is a left At-module of C (x)(field or rational runction) 

whe re the actions ofx,and axon C [x]x is given by x(f/x') = xrtx' 

and 0 ,(f I x') = o, (/)x' ~/o, (x') 
x 

Proof since the set or rational runctions are a ring we have ( C [xJx. +) is ablian 

group. 

Let f,g E C [x] for x,a x E At we have 

i) x(f/x" + g/xm) = x(f/x") + x(glxm) by linearity. 

xJ xg =- +­• • x x 

And 0 ,(f Ix" + g/xm) = 0, (fi x") + 0, (g/xm) 
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= X"o,(/)- lo,(x") + x"o, (g) - go, (x") 
X 2.. X 2• 

= XO,(/) -njO(X) + xo,(g) - mgo.<,,) 
X

".I ... 1 
X 

= 0, (/ / X" )+O, (g /X" ) 

Similarly 

iii) ( 0 .,. x) fi x" = o,(x· f/x") 

iv) 1.(f/x")= I J/x" = fix" 

Therefore C [xl .. is a left A1- module. 

3S 



CHAPTER THREE 

3.1. Length of Modules over the Weyl Algebra 

In the introductory chapter about modules was concerned with the very bas ic 

principles of the theory of modules over rings. In particular over the Weyl 

Algebra, and, indeed one could take the view that Chapter-2 although it contains 

important and fundamental mathematics for our purposes. 

Thi s chapter introduces the main topic of the seminar " length of modules over the 

Weyl algebra". First we deve lop the theory ofholonomic modules which is the 

most important sort of module for studying length o f modules over the Weyl 

Algebra. 

For thi s we start by introducing the dimension and multiplicity of An-module using 

the Hi lbert po lynomial. 

3.2. Dimension and Mcltiplicity 

Definitions and notations 

• A numerical polynomial is a polynomia l pet) of Q[t] such that p(n) e Z for all 

integers n» O 

• Put ( : ) = x(x - I) ... (x - r + I) I r!.if r is a pos iti ve integer and x is a variable . 

ifr=O we put (~)= I. 

• Any po lynomial f(x) of degree din Q[x] can be written as 

(Ud) (X+d-I) (x} f(x) =cJ ' d + Cd_I d - l + ... +co 0 c, e Q 
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• The difference function of a function f: c-+ >t is defined by 

(
X+ d - I) (x) M(X) = / (x) -/(x - I) = c, d - I + .. c, 0 . 

• It follows that by induction on deg(f)=d, that iffCn) e Z for n» O. 

We have Cj E Z for all iCand so fCn) e l for all ne Z ). It follows that 

If F(n) is a numerical function such that; F(n) - F(n-I )=f(n) , for n>n;" then 

(n+d+l) (n+l) F(n)=cJ d + l +", +co 1 +constforn>rlo 

Remark: - Let M= E9 ,2;0 M ; be a finitely generated graded module over the 

polynomial ring K[Xi , ... ,x,j.There exist a polynomial h(t) E Q [t] and a positi ve 

integer N such that 

, 
L: dim(M , )=h(t) for every t >N 

Q 

The polynomial her) is known as the Hilbert polynomial of M. 

• Bernstein filtration is the filtration defined using the degree of operators in An· 

Denote by Bt the set of all operators An of degree ~ k. These are vector subspaccs 

of An. 

The Bernstein filtration has a very special feature; each Bk is a vector space of 

finite dimension. 
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A basis fo r B, is detennined by the monomia ls x"o' with lal +11lI S k . 

Now we arc ready to define the dimension and multiplicity of a module over An. 

Definition :- Let M is a finitely generated left An-module. Suppose that r is a 

good filtration of M with respect to the Bernstein filtration B. Denote 

by h(/, r ,M) the Hilbert polynomial of the graded module grr M over 

the polynomial ring Sn (a polynomial ring in 2n variab le over An), then 

we have fort;?:: 0 

, 
"(I, r , M) ~ Ldim K(r ./r ,.,) = dim K(r , ) , 

i) The dimension d(M) ofM is the degree ofh{l, r , M) 

ii ) The multiplicity of Mis m(M) = d!CJ(M) • where cd(M) is the leading coefficient 

of " (I , r, M ) and d is the degree of h(l , r , M ) 

Examples 

Lei M be the left A2 - moduleA2.he Bernstein filtration B is a good fi ltration of M 

and it is possible to calculate h(l , B, M ) . For thi s we must determine the dimension 

of 8/> But the monomia ls xaaP with lal + IPI .s t form a bas is of B, as a K- vector 

space. So it is enough to count the elements of this basis. To do this we must count 

the non-negati ve solutions of the equation 

a l +a2 + PI + P
2

:S" t , since a , ~ OandPi ~ 0, in particular ift= 1 

i.e a l + a2 + PI + Pl :S" I , Thus there are 5 solutions 
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Formthis we getthata1 +a Z +Pl+ P1 St has (1:4) solutions 

(I +4) I·lenee h(t , B , M) ~ 4 . As a polynomial in I it has degree 4 and leading 

coefficient 1/ 4! Thus 

In genera l ifM is a left An - module then h(t , B, M) = (t~~n) 

And d ( A")~2n and m(A")~ 1 

Consider the Az -module C [x,y]. define a filtration r of C fx,y). such that r, is 

the space of all polynomials of degree S I. Since B; contains the polynomials in x, 

y of degree i, We have that E,r, = r .. ; it follows that r is good filtration of C [x,yl, 

and it is poss ible to calculate h(/, r ,C[x,yJ) by counting the non-negat ive solutions 

of the equation n +m S t where nand m are degree ofx and y respective ly. Thus 

(I + 2) there are 2 such solution 

I·lenee dim r, ~ ( ' ~ 2) Thush(t , r ,qx,y)) ~ (, ~ 2) is a po lynomial of degree 2 and 

lead ing coefficient if2! .Henee d(<C[x ,y])~2 , m(<C[x,y])~ 1 

In general for an An - module C [XIoX2, .. . ,xn] ,we have 

h(l , r ,qx,y]) ~ (':n) , d( C [X "Xl, ... ,X"]) = nand m (C[X"Xh .. ·,x,,]) ~ l 
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3, 3. Basic Properties 

Let M be a finitely generated left An - module and r a good filtration of M 

with respect to B. Let N be a submodule of M. Denote by r 'and r " the filtrations 

induced by r in N and MIN, respectively. 

It follows that we have an exact sequence of Sn - modules namely. 

Since r is good. , gr r M is finite ly generated , But Sn is a noetherian ring . Hence 

grr" N and grr" MIN are also finite ly generated. There fore bothr'and r " are good 

filt ration. 

On the other hand , Since the sequence of vector spaces. 

Is exact we have that. 

Summing these tenns for k=O, I , .. , ,s and assuming that s»O one obtains 

lI(s,r' , N) + lI(s, r ', M / N) ~ lI(s, r , M) ....... (2') 

Theorem 3.3. 1 Let M be a finite ly generated left An-module and N a submodule 

ofM. 

I) d(M) ~ max {d(N) , d(MIN)} 

2) 1 f deN) ~ d (MIN ) then m(M)~ m(N) + m (MIN) 

. r ' be 
Proof s ince M is finitely generated it admits a good filtra ti on r . Let r alld 

the good fitrations ofN and MIN induced by r ,Thus (2.) holds for an infinite 

number of values of s. Hence we have an equality of po lynomials, 
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h(s,r' ,N) + h(s,r",M I N) ~ h(s, r ,M) 

Since d (m) corresponds to the degree of h(s,r ,M) ,we have that 

d(M) ' max {d(N) , d( MIN)) 

But the leading coefficients of these polynomials are positive. Thus we must have 

equality in the formula above and (I) is proved. 

Now, if d (MIN) ~ d (N), then all these polynomials have the same degree. Thus 

the lcading term of h(s, r, M) is the sum of the lcading terms of iI(s, r', N) and 

h(s, r ·,M I N)and (2) follows immediately. 

3.4. Bernstein's Ineqality 

Lemma 3.4.1 Let M be a finitely generated left An- module with filtration r with 

respect to B. Suppose that f" ~ O. The K-linear Iransfonnalion 

,: 8, - HomK( f , , r
2
, ) , which maps a e 8 / to the linear transformation 

;~ (u)=a u is inject ive. 

Proof The statement of the lemma is equivalent to a f , '#. 0, when ever oit aE Hi 

we will prove this by induction on i ,ifi=O, then Bo = K and the statement above is 

equivalent to ra #. 0 ,this is true by hypothesis. 

Suppose that if 0 #. bE 8;_/ then b r,_l #. O. Let a be a non- zero element of Bi• if 

a r, =0 , then ae K hence the canonical fonn of a has a tenn c x"a tr with c E KI{O} 

and 1"1 +1111 > 0 . Suppose that " , • 0 for this monomial. Then a ,cx·~·a' is a sum 

and in the canonical fonn of [a, a, l .Thus (a, a, ] is a non-zero element of Bi./ 

.s ince a r, =0 , we conclude that 
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But o ,r ,_1 ~ f l , Hence [a,o/]f,_1 = 0 ,which contradicts the induction hypothesis , 

we may reach a similar contradiction by assuming that p, ~ 0, Thus the lemma 

is proved. 

Theorem 3.4.2 If M is a finitely generated non-zero left An- module then d(M)~ n 

Proof Choose a set of generators for M and let r be the good fi ltration obtained 

by giving each of these generators degree zero, Then ra -:t. 0 • let h(t) = 

h(r , r , M ) be the corresponding Hilbert polynomial by the lemma 3.4. 1 ,B; can be 

embedded in Hom, (r, , r ,, ) . 

In particular 

dimB; :5 d im (Homd f l , f 21 ) • 

But, HomK( rj , f 2, ) has dimension (dim r, ). (dimr2i ) , Thus, assuming that 

» 0 we get that dim 8 i 'S. h(i) h(2i) 

On the other hand. dimB; 'S. C :~n) is a polynomial in i of degree 2n . Hence as a 

polynomial in i, h(i) h(2i) must have degree ~ 20 , But the degree of flU) 11(2;) is 

2d(M). Thus d(M) • n as required. 

The above proved inequality is called the Bernstein inequality. 

3. 5.Holonomic Modules 

Definition :- A finitely generated left An-module is holonomic if it is zcro,or if it 

has dimension n. 

Example ;_ We a lready know thatthe A, - module (C[X] =(C[x"x" ... ,x,] has 

dimension n. Hence it is holonomic An- module. 
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Remark :- Not all An-modules are holonomic . 

For example An it se lf is not a holonomic module because it has 

dimension 2n. 

Remark ;- Holonomic module has finite dimension .It follows that every 

submodule is finitely generated. Therefore all holonomic modules are Noetherian 

Proposition 3.5.1 Let n be positive integer. Then sub modules and quotients of 

holonomic An - modules are holonomic. 

Proof let M be a left An - module and N a submodu le of M. from theorem 3 .. 1 

we have deN) ~ dCM). Since d(M) = n and using Bernstein 's inequality. We 

deduce that deN) = d{MIN) are also equa l to n. Thus N and MIN are holonomic 

Theorem 3.5.2 Holonomic Modules are artinian 

Proof Let M be a holonomic left An- module. suppose that M has a descending 

chain of submodu les 

M = N" :2 N, :2 .... .N, 

By theorem 3.3.1 and proposition 3.5.1 it follows that 

m(Ni)=m (Ni+l) + m (N/Ni+l)' Putting these together , we get that 

,-, 
m(M) = Im(N,I N, .. )+m(N,»" 

" 
Hence M cannot have a descending chain of more than r sub modules. In 

particular M cannot have an infinite descending chain hence the theorem. 

Remark: - Not all An-modules are artinian, 
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For example, An is not arti nian as a module over itself. Since 

A"x" ;;;;? A"x~ ;;;;? Anx; ~ ...... is an infinite descending chain of submodules. 

For the moment we return to the general situation. Let M be a left non-zero 

module over a ring R. Assume that M is both artin ian and noetherian. Suppose wc 

have constructed a chain No~ Nl~ ... ~ Nkofsubmodules ofM such that NlNi.1 

is irreducible, since M is artinian there exists a submodule Nk+1 of M such that 

Nk+lfNk is minimal in the sct of non zero submodules of NfNk• Since Nk+JfNk is 

minimal in the set of non zero submodules of MINk> then it must be irreducible. 

Thus in the chain No!;;; , .... Nk!;;; Nk+J, the quotient of two adjacent terms is 

irreducible. This process cannot be continued forever since M is also noetherian. 

Thus we get a chain 

0= No ~ ... ~ Nr = M 

of sub modules of M such that N/Nj.J is irreducible for i=I,2 •... ,r. such a chain is 

called a composition series of M. It follows from Jordan Holder Theorem that any 

two composition series of M have the same number of submodules. The number r 

is called the length of M. 

Finally we know that a holonomic module is both noetherian and Artinian. It must 

have a composition series. Hence its length is we ll defined. 

Thus we conclude that length of modules over the Weyl Algcbra is well defined. 

SCHOLIUM.3.5.3 The length of holonomic module cannot exceed its 

multiplicity. 

Proof Suppose M be a holonomic module of length k. 

We want to show that m (M)!: k 

Now I (M) = k == There exists a chain 



o =Mo!; Ml S; • . !; Mk = M, of sub modules ofM such that M/M~l is simple 

roreach i= I •... , k. 

By Theorem 3. 3.1 and propos ition 3.5 .1 , we have that 

m (M;) ~ m (M;.,) + m (M/M;.,), putting these together , we get that m (M) 

• = L III(M, I M,_l ) + m(MJ 2: k , as required. , 

Corollary 3.5.4 A holonomic An - modules of multipl icity I is irreduc ible . 

Proof Let M be a left holonomic modu le of multip licity 1 and suppose thai it has 

a non-zero submodule N. By proposition 3.5.1 , We have N and MIN are 

holonomic, 

Again by Theorem 3. 1 we have m (M) ~ m (N) + m (MIN) since m (M) ~ I and 

N ~ 0, we have that MIN =0 

Thus M=N and M must be irreducib le. 

Example I ) We know that C [xl is a holonomic Al - module wh ich is simple, 

and m (Clx]) ~ I 

2) The holonomic Az - module C [x,Y] has multiplicity I , It fo llows 

that l( C [x.y]) ~ 1 ,since C [x'y] is irreducible its only sub modules are 

o and itself. Thus 0 C ( C [xy ]) is a compos it ion series fo rC [xy} 

which impl ies I( Clx.Y]) ~ I 

Lemma 3.5.5 Let M be a left An _ module with a filtration r with respect to the 

Bernstein filtrat ion of An. Suppose that there exist constants. Cl, C2 

such that for j» O 
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Then M is a holonomic An - module whose multiplicity cannot exceed Cl. In 

part icular M is finitely generated. 

Proof The proof breaks up naturally in to two parts. 

Part I . Every finitely generated sub module of M is holonomic of multiplicity ~ 

c, , 

Let N be a finitely generated sub module of M. Thus N admi ts a good filt ration 

say F ={ r, " N} ji!:: 0 , it follows that there exists 

a positive integer r such that F
J 

jj; rj .. n N. 

In particular, dim F
j 
~ dim rJH Let 11(1) be the Hilbert polynomial of N for the 

fi ltration F , using the polynomial bound of the hypothesis, we conclude that, fo r 

very large j , 

In particular the degree of h(r) cannot exceed n. Hence d (N) ~ n Form the 

Bernstein inequality we conclude that deN) :::: n equals the degree of ,,(1) , Going 

back to the polynomial in equal ity above we obtain that m(N) ~ CI 

Part 2. M is finite ly generated. 

Consider the ascending chain N 1 jj; N2 jj; .•• ~ Nr of finitely generated 

submodules of M. Each of these is holonomic. By theorem 3.1 

m(Nj) = m (Ni.l) + m (N/Ni.l) for i = 1 , 2 , ... r. Adding them up one has 

, 
L m(N, I N,_, )+ m(N,) = m(N, ) S c1 • , 

In particular, all ascending chains of finitely generated submodules of M have less 

than Cl steps, Thus M must be fin itely generated. 
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We may now apply part 1 to M itself, and conclude that it is holonomic of 

multiplicity::: Cl· 

Suppose that a polynomial p is chosen is K[X]. Let K[X, p.11 denote the set of 

rational functions of the form f/pr, where f is a polynomial in KfX). Recall that 

rational functions are preserved by partial differentiation and by multiplication by 

a polynomia l. In other words. K[X, p.l] is a left An-submodule of K(X). 

Theorem 3.5.6 The An-module K[X, p.l] is holonomic and its multiplic ity is 

~ (deg (p) + I)". 

Proof Put M~ K[X, p.' j, Suppose that p has degrees m. 

Set r. ~ { f/p' : deg(f) ~ (m+l) k} 

we fi rst check that r is a filtrat ion for M. 

Let f/p~ € M and assume that deg (f) = s, then 

fip' ~ Cp'/p''' , but fp' has degree s (m+ I), which is ~ (m+ 1 )(s+k) 

Hence f/p~ € f H k • it fo llows that M=Ur! 
n. 

Next suppose that flpk € r
k 

• equiva lently. Deg (f) ~ (m+ I )k, multipl ication by X, 

increases the degree of f by I. Thus 

Differentiating f/pk with respect to Xi. We get 

a, (f/p' ) ~ (p o, (f) - kfa, (P))/p'+' 

deg(p a , (f) - kfa ,(p» ~ (m+ l )k + (m-l) 

a, (f/p' ) < r •. , 
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Thus 8 ,. r t ~ 11+1' since 8i=Bi , we also have that B· r ~ r finally th 
1.1 hi • e 

dimension of r , cannot exceed the dimension of the vector space of polynomials 

of degree ~ (m+ 1 )k. hence each I . is finite dimensional. 

Therefore r is a filtrat ion 0 M. 

And a lso we have 

d - < (m+I)k +n) Imll -
n 

Since the two terms of highest degree in k of this binomial number are 

(m + I )' k' /n! and (m + I )'.' (n+I)(k+ I)," '/n! 

It fo llows that 

dimr, • (m+ I)' k'/n!+(m+ I),"' (n+l) (k+I)'·' /n! 

For very large values afk. 

By lemma 3.5.5, we must have that M is holonomic An~ module of multipl icity 

• (m+ I)', 

Example Consider the le ft A2 - module C [x,Y]x 

Set r, == {f/xl : deg (f) ~ 2t} then r become good filt ration of C [x,Y] ~ since the 

dimension of r can not exceeds the dimension of the vector space of polynomials , 
of degree!S 21. it is suffice to count the non- negative solutions of the equat ion 

Q; + {J :5 2t , where a and p are the degree of a monomials in x and y 

respectively. 
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21 + 2») Hence there arc 2 such solutions 

Thus dimr, ' ( 21;2») ~ (2t + 2)(2t + I )12!~ X(I, r ,q x,y ], ) 

= dim r , < (4t' + 6t + 2)1 2! 

=:) By Bernstein inequality we have d ( I(: [x,Y]x}=:;2 and by lemma 3.5.5 . we gct 

m ( C [x,Y ] ~ ) ~ 4 . which is the same as the answer which is found by using the 

formula given in Theorem 3. 5.6. 

i.e m(C(x.Yl,) 5 (deg(x) + I)' ~4 

Moreover, by SCHOLIUM 3.5.3 we have 1(C(xyj,) < 4 

Proposition 3.5.7 Let P E K[xlo . . . • xn] and s be a new variable, then 

K(s) [X , p"jp' is a holonomic A" (K(s» - module , where K (s) is a 

field of rat ional function in s. 

Proof As we have proved that K[X,p·1 ] is a module over the ring An (K). it can 

be easy to show that K(s)[X • p.l]pS is a module over the ring An (K(s», so here we 

need to show only it is holonomic . 

For this put M ~ K(s) [X,p"j p', let deg(p) ~m and 

Set r . ~ { q. p'/pk : deg(q) 5 (m+ l)k) 

First we need to check that r is a filtration of M. 

Let q . p' I pk, M and assume that deg(q) 9', Then 

q.p'/p'~ q.p'.p'/p"', But deg (q.p') ~ rem +1) < (m+l) (r+k) 
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Next suppose that q.p'/p' E r" Equiva lent ly deg(q)' (m+l)k 

'I ') " 'I ,. , S· d Now x,(q.p P ~Xiq·P P . mce eg(xiq·P) ' (m+l) (k+ I) 

v,(q.p'/p') ~ [pv, (q) + (s-k) q V, (p)]p'/p'" 

Since deg (pv , (q) + (s-k) q v, (p))' (m + I)k + (m-I) < (m+l )k + (m+l) 

~(m+ l )(k+ l ) 

Since BIBI = Bzand BIBI = B12 We have 82 = B12 . 

In general B, = B; • so we have that B,o rt !; f hr Finally dim( r.) can not exceed 

the dimension of the vector space of polynomial of degree:!!i (m+ l)k. 

Hence each rt is finite dimensional. 

There fore r is a filtration of M. 

Let h(/ ,r ,M) be the Hilbert polynomial ofr . Then for k» O 

. (m+l)k+n) dlmr. :s h«m + l), r , M):S n . 

Since the two terms of highest degree in k of this binomial number 

are (m+ l )'k' In! + (n+ l )nk "'I2(n)! 
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it follows that 

dim r, !!: (m+ l)nkn/n! + (m+n )""1 (n+ 1)n (k+l) n-I/n! . for very large valucofk. 

In particular the degree of X(t) is n. 

Thus d(M) ~n 

Therefore M~ K(s) [X , p" jp' is holonomic A, (K(s)) - module. 
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