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ABSTRACT

In this paper three tests which are used for testing the
equality of means of two normal populations when the population
variances ratio is unknown are compared through an extensive
simulation study. The tests are the sometimes t (ST) test, the
always Welch (AW) test, the always Hsu (AH) test. The
estimated probabilities of Type I and II are calculated for
selected sample sizes n,m=6, 11, 16, 31, specified mean-test
significance 1level §=0.05 and preliminary variance-test
significance level @=0.01. The result shows that AH test has

good properties of error probabilities. - The paper ‘takes -into
account the simplicity of!'‘the tests: in gpplying: :4s . an

< ¢

additional factor in the compafibéhafahdfgi&eﬁi&pﬁrbpfﬁate and

relevant conclusions.
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Chapter 1

INTRODUCTION

The problem of testing the equality of means of two normal
populations where the population variances, or more precisely,
the ratio of the variances is unknown is treated in every
elementary textbook. The use of a t-test based on a pooled
variance is often illustrated in popular textbooks if the
variances are equal (see, for example, Snedecor and Cochran
1980, pp. 93-95 ) ., It is known, however, that this t-test is

not applicable when the underlying population variances differ.

Several methods of comparing two means when the variances are
different, or more precisely, when nothing is assumed about the
ratio of the variances except unknown, have been proposed by
many researchers. Most notable among these methods are those
given by Behrens (1929) and Fisher (1939), Hsu (1938), Scheffe
(1943 and 1944), Welch (1947) and Aspin (1948), and
Welch(1949). These methods have been studied at length in
statistical literature by many researchers. Most notable among
them are Hsu (1938), Scheffe (1944 and 1970), Wang (1971),
Devenport and Webster (1975), Best and Rayner (1587) and Moser,
Stevens and Watts (1989) and the detail of their contributions

are discussed in the next chapter.
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of thé suggested methods of compariscon, there are researchers
who prefer the solution suggested by Hsuv(1938); there are
researchers who prefer the solution suggested by Welch (1949)
and still there are others who prefer to first make a
preliminary test on variance thereafter to apply t-test if the
variances are equal and otherwise to apply Welch (1949) test.
This paper is concerned with the comparison of these tests in
terms of their error probabilities. The comparison is made

using the technique of simulation.

In Chapter 2, the theoretical basis of the solutions and the
contributions of the previous researchers to this problem is
given. Chapter 3 is devoted to the method of data generation
and calculafzon of error probabilities. In Chapter 4, the
results of the simulation study are analyzed. These results
are presented graphically and in tabular form. TIn Chapter 5,
we discuss the results obtained in Chapter 4 and give relevant
conclusions. The computer program written to obtain the
simulation results is given in Appendix I. The input file of
the program is given in Appendix II. The output file of the

program is given in Appendix III.
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Chapter 2

LITERATURE REVIEW

2.1 Introduction

Suppose we have two independeht random samples X;,...,X, from
N(t.,0) and Y,,...,Y, from N(g,,0,7) with p,p, and e=0/c.
unknown and the sample sizes are small. Let

| E=2Xi/n’ ?:E Yj/m: d:}_f—ff f]_ =n-1, f2=m"l
f=min(f1'f2) ' ﬁ=ﬂy“ux: flez‘—‘E (Xi"'-—)z,

5,5, =5 (Y;-V)2, S7=52/n+s%/m, 3;2= (£,8,2+£,5,2) / (£,+£,),

t'=d/s, , c=(d—ﬁ)/(sp4’%+%?) ;

we use these notations throughout the chapter,

We wish to test the null hypothesis Ho:B=0 at a specified
level §. A widely used practice is to first make a preliminary
test on the null hypothesis H,:6=1 at a certain level, say «a.
If Hy is accepted, then the t-test based on the pooled variance
is used. However, this t-test is not applicable when the

underlying population variances differ; i.e. when H, is
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rejected. Naturally, one may use t’ as a test statistic; but
the difficulty is that the distribution of t- depends on 6 for

given sample sizes n and m.

An early solution to this problem of comparing two means when
the variances are different was proposed by Behrens (1929)
which was later on extended by Fisher (1939). The Behrens-
Fisher solution 1is not acceptable to many statisticians,
however, because the actual size or the probability of Type I
error of the associated test is often less than the specified
level or § value. As a result of this many solutions have been
suggested to the problem. Most notable among these are the
solution given by Hsu (1938), Scheffe (1943 & 1944), Welch

(1947) and Aspin (1948), and Welch (1949) .
2.1 Description of the Solutions

a) The Behrens-Fisher Solution

The Behrens-Fisher test is based.on the statistic of the

form t/. The test rule is to reject H,:B=0 versus Hi:B # Owhen /t//>V

and V is given by tables tabulated by Sukhatme, Fisher and
Healy and reproduced in Fisher and Yates (1963) where Table VI
is for f>6 and 6=0.05 and 0.01, Table VI, 1is for all odd
£;,£,€7 and §=0.1,0.05,0.02, and 0.01.The tables are entered
with £, f, and ®,,where ©;=arctan{ (s,?/s}2)]"?.

The ©, ny,n,, S and S of the Tables denote our e,, f,, f,,

S2/f, and S/f, , respectively,




b) Hsu solution
Hsu (1938) gave- reason for basing the test on the

statistic t’. Since d/(¢2/n + 0,2 /m}*? is N(0,1) under Hy, a

hatural procedure is to reject H:R=0 versus Hi:B # 0 when

/t'/>V where Vv is a constant depending on m,n and §.The test

has a significance level which is a function of 6, say €(0).
Choose V=t,,; , where tss is the upper § fractile of the t-
distribution with f d.f., one obtains approximately €(8)<§ for
all e>0. Hsu(1938), in the anaiysis which is a model of

mathematical rigor, derived a series expansion for €(8) to
prove that as @ increases from 0 to «©, €(0) decreases to
minimum at 8=(nf,) / (mf,) and thereafter is increasing. The
limiting value at 0 and ® are not given by his series but are
Pr(/t(f;)/ > V) where i=2 and 1 respectively and t(r) is a t-
distribution with r d.f. Hence the least upper bound (1l.u.b)
of €(8) is 1l.u.b e(8)= Pr(/L(£)/>V)= Pr(/t(f)/>ty,,)=6.

Thus,e€(9)<§ for all e.

¢c) Scheffe solution
Scheffe (1943 & 1944) produced a solution based on
t-distribution and which has level equal to the given specified

level 6. Without loss of generality let n>m and

Ziz(Xi"J—LnYi)*(E(M) “»J_EF) L 1=1, .. .




, where  X(m)=3X,/m .

X(m)=EX,/m should be distinguished from X=XX,/n . The test

is based on the statistic

Z .2
" , i
£7=d/A| B m{m-1)

The test which rejects Hy:B=0 versus H;:f # 0 if / > b

has a significance level exactly §, where t,; is the upper §
fractile of the t-distribution with f d.Ff. In fact, it can be
shown that t// has t-distribution with f d.f. when Hy is true

( Kendall and Stuart (1960) ,pp. 141-46 ).

d) Welch-Aspin solution
The solution proposed by Weich (1947) and Aspin (1948)

requires special tables and is applicable to more a general
situation than to comparison of two sample means. IF 2 is
N(I',c0% + c,0,%), where

é) €; and ¢, are known positive constants

b) ¢ and o0y can be estimated by the statistics §?

and S, which are independent of each other and of 2

and have d.f. v, and v,.
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Then the table (see, Pearson and Hartley (1976),Table 11)
gives, for four significance levels, critical wvalues of the

ratio

v={Z-T') /|Jc,5,%+C, 8,2

The nature of the problem and its solution is such that the
critical value for V cannot be fixed independent of all sample
statistics. They are in fact a function of (i) v, and v,
(ii) the significance 1level 6§ and (iii) the ratio of the

observed sample variances expressed in the form

c=c,5,%/ (¢,8,2+¢,8,2)

The quantity tabled may therefore be written as v({c;v,,v,,6) and
has the property that Pr(vav(c;v,,v,,8))=6 whatever méy be the
unknown variances o and o,). Four probability levels are given
for single tail test, namely 6=0.05, 0.025, 0.01 and 0.005.

For double-tail test,
Pr(/V/ 2 v(c;v,,v,,8))=28. This Welch-Aspin solution may be

applied to the problem comparing two means by taking

V=(d-8) /s,

1 1 1
C=—r—JSx2/ (ESXz-F[_nSyz)

vi=f; and v,=f,




e) Welch solution
Welch (1949) approximates the distribution of t-/ by a
t-distribution with a suitable number v of d.f. as follows.
The random variable S is approximated as Ko,sX?’(g) /g, where K
is a constant, ol=ol/n + o//m and X’(g) is a chi-square
variable with g d.f., by equating the first two moments, with

the result that K=1 and

2 2 2 2
g2 g2 2 (0;) (—GI;)
= X b4 +
g={ o )/ 7 7, )

The unknown g is then estimated as v, defined by replacing o/}
by s? and -0l by S?, v is a function of u=s,’/S,’> which may be

written as

v=(Ley? 1 u?

+ )
m n m(m-1) n?(n-1)

and it varies between f and f, + £, and may not be integer.
Thus, the test rule is to reject H, versus H, if P A A
tinyswWhere t;, is an upper fractile of t-distribution

obtained by interpolating (Pearson and Hartely (1976, p.

23) in the t-table. The approximation

t = (V. (exp(u?/g(v))-1))" due to Wang (1971) could be used to
obtain the fractile, where u; is the upper § fractile of the

standard normal distribution and




0.9990v - 0.480 , if v>210

g(v)= 0.9975v -~ 0.445 , if v<10 & 6>1%

0.9925v - 0.395 , 1if v<10 & &<1%
The maximum error for approximation is < 0.00003 for
8<f, + £, < 18 and < 0.0001 for 18< f, + £, < 30. The effect
of approximation of the t-fractiles on the probability integral
is negligible. The other approximation is to set t;, as t,.
where v’ is v rounded to the nearest integer (Snedecor and

Cochran (1980)) .The effect of approximation is also negligible.

The above solutions havé beén studied at 1length in
statistical literature. Hsu (1938) showed, by mathematical
aﬁalysis, that the level of his test is less than or equal to
the specified § value. Scheffe (1944) showed that his test
depends on the order of the observations. As a result of
this, Scheffe (1970) recommended that his solution should not

be used.

Wang (1971) calculated probabilities of Type I error of
Welch test and Welch-Aspin test for selected d.f. and
specified level of significance §. The result shows
satisfactory agreement with the desired level §. Thus, she
concluded that in practice,one can use the usual table to
carry out the Welch approximate t-test without loss of

accuracy. Furthermore, since Welch-Aspin solution is available
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for only selected values and the actual computation for the
critical values is very tedious, it seems reasonable to use the

Welch test which requires the usual t-table.

Davenport and Webster (1975) used numerical integration
method and obtained sizes for Welch test. The result was as

follows:

a) The size of the Welch test approaches the specified §

value when (n@)/m approaches either zero or infinity.

b) The sizes of the Welch test for a given (ne)/m, m, n is

the same as the test for a given m/(n®), n, m.

c) When (n8)/m > 1 and m > n, the size of Welch test is

approximately equal to §.

d) When (n®)/m > 1 and m < n , then the size of Welch test
can be some what different from &, the difference

depends on (n®)/m and increases as n-m increases.

e) For min(m,n)>4, the size of Welch test is reasonably
bounded. For example, for §=0.05 the size is less than

0.066 and greater than 0.035 .,

Best and Rayner (1987) have investigated the Welch test in
detail. 'They have shown via Monte Carlo simulation that the

Welch test compares favourably with the usual t-test when =1
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and f£2>5, i=1, 2. On the basis of size and powver studies,
they recommended Welch test when the data are such that £,25,

i=1, 2 without any assumption that o=1,

Dudewicz and Mishra (1988) recommend the use of Hsu test
in practice. They argue that it is simple to use and
understand, has contrel of level of significance and good power

properties in comparison with its competitors.

Moser, Steven and Watts (1989) have studied the size and power
of Welch test and t-test in connection with pfeliminary
variance test. They have used numerical integrétion method and
they recommended the direct application of the Welch test

without any preliminary variance test.

Hence, for the problem of testing the equality of the means
of two normal populations, where the varianées ratio © is
unknown, of the suggested methods, some researéhers recommend
Welch test and some recommend Hsu test. One ﬁhe other hand,
many authors of elementary textbooks { see, foi example,
Snedecor and Cochran 1980, page 96-98 ) give mﬁch emphasis to
the need of preliminary variance test so that ﬁo apply the
usual t-test if H;:9=1 and otherwise to applyﬁﬁelch test. So,

it seems that there is no general agreement among researchers.
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2.3 The Tests Considered

In order to test H,:8=0 versus H;:8 # 0 ,the three tests,

below, will be used for the reason explained above and due to
the fact that the Behrens-Fisher and We}ch—Aspin solutions
require special tables and the their critical values are
available for only selected values and Scheffe solution
dependence on the order of the observations :-
i)Hsu test
ii})Welch test and
iii) a preliminary test onrvariance,followed by a choice
between t-test and Welch test depending on the

acceptance or rejection of H,:0=1,

For the sake of convenience and notational purpose, since Hsu
and Welch tests will be used without any preliminary
variance test, we shall refer to them as the always Hsu (AH)
test and the always Welch (AW) test respectively. On the other
hand, for a clear reason, we refer to the third test as the
sometimes t (ST) test; we use these notations in the subsequent

chapters,

The next chapter is devoted to data generation and estimation

of errors.
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Chapter 3

Data Generation and Estimation of Errors

As we have discussed in chapter 2, we concentrate on the
comparison of the three tests ST, AW & AH that are suggested
for comparing means of two normal populations where the ratio
of population variances is unknown. The comparison is made in
terms of their error probabilities. Here, in this chapter, we
concentrate on data generation and the procedure followed to
compare the three tests. The computer program used to cobtain
the simulation results and the method of data analysis to reach

at a conclusion are discussed.

3.1 The Dbata

The probability of rejecting of Hy: pp—p,=0, in favor of

Hy:py-p, # 0, is a function of n, m, 8, &, 6§ and

T=(p~tt,) / (0,5 /n + a/m . When 7=0,the probability of

rejecting of Hy, is the size of the test ( probability of Type

I error ) and when 7 # 0, the probability of accepting H, is

the probability of Type II error.

The study is designed to compare the three tests, considered
in chapter 2, in terms of their error probabilities. To this
effect, values of 7=0,1,4,8 ; ©=1,2,4,8,10 and n, m=6, 11, 16,
31 are considered. Furthermore, the values of « and § are
fixed to be 0.01 and 0.05, respectively.Finally, for simplicity

it 1is assumed that p=0 and o¢2=1. For every possible
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combinations of (7,n,m,8), a 1,000 pair of independent normal

samples are generated.

3.2 The Simulation Program

The program, which generates random samples from two;given
normal populations with known parameters and calcﬁlates
estimates of error probabilities of the tests for different
values of the parameter (7,n,m,0) chosen in section 3.1, is
written in pascal and it is found in Appendix I. The main
program has several subprograms which facilitate the ‘heavy

computations involved.




3.2.1 The Logical F1
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ow of The Subprograms in The Program

Main
[
Normal >4 URND
I
sampvar —>{ sum
|
Normal ——»>4 URND
l
sampvar >4 sum
r>~ avcal
Wtest
> Ftable
> avcal
Htest
> Ftable
pvt >1 Ftable
l
I |
Ttest Wtest
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3.2.2 Description of the subprograms
l.Procedure normal generates i.i.d normal random variable
from a given normal population.
2.Function URND generates uniform pseudo~random numbers,
3.Procedure sampvar provides sample variance.
4.Function sum provides the sum of sample values.
S.Pfocedure Wtest provides accept or reject after testing H,
by using Welch test.
6.Function avcal provides average values of the sample.
7.Procedure Ftable provides critical values for different
tests.
8.Procedure Htest provides accept or reject after testing H,
by using Hsu test.
9.Procedure pvt provides accept or reject after testing H;
using F-test.
10.Procedure Ttest provides accept or reject after testing Hy

by using t-test,

3.2.3 Algorithm for Generating Random Sample

There are many alternative algorithms for generating random
samples from a given distribution. The particular algorithm
selected depends on the distribution from which one wishes to
sample. However, the basic ingredient needed for every method
is a set of independently and identically distributed uniform

random variables between 0 and 1.
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a) Algorithm for Generating Uniform Random Variables
A uniform Pseudo random number, u, is generated by - an
algorithm, suggested by Wichmann and Hill (1982), thch
combines the following three multiplicative generators:
X41=171X; mod 30269
Yi41=172Y; mod 30307
Z:,1=170%; mod 30323
. which have a good statistical property (Kiros(1993);
Wichmann and Hill (1984); McLeod(1985) and Zeisel(1986)). The
seeds are integer values between 1 and 30,000 and are fed

randomly by the built-in routine called Random.

b} Algorithm for Generating Normal Random Variables
The pseudo random numbers generated are then transformed to
the normal variables by using the polar method, which is an
improvement of Box and Muller method. The polar method is
chosen because of its simplicity, speed and precision. The
algorithm which generates normal variates, using the polar
method, from X which is N(u,0?) is |
Step l.Generate U, and U, which are independent of each
other.
Let v=u;-1, i=1, 2 and W=v24+V.>.
Step 2.If W>1, go back to Step 1. Otherwise,
let Y=[(-1nW) /W2,

set X=i + VYo and X,=u+ V,Yo
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3.2.4 The Input of the Program
Infile is the input file for the program and contains the
- different combination of (7,n,m,8). The content of infile is

found in Appendix II.

3.2.5 The Main Task of the Program

After reading a line of infile, which is one possibié
combination of the parameters 7, n, m and 6, normal is invoked
two times to get two independent random.samples. This is
repeated 1,000 times.Each time the three tests are performed
and if error of either kind occurs, the error counter of the
corresponding test and error kind are increased by 1. After
completing 1,006 runs; the error probabilities are estimated as
the total number of times the error is made hy the test divided

by 1,000. This process is continued until the end of infile.

For each combination of the parameters, the time needed to
make the 1,000 runs depends mainly on the sample sizes n and m.
On the average the minimum time taken.is 2:45 minutes and the
maximum time 5:00 minutes. A time span of more than one day

was required to execute the program.
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3.2.6 The Output of the Program
outfilel and outfile2 are two files which contain the output
of the program. The content of these files are all possible
combination of the parameters with the corresponding estimated
error probabilities of each test and their 1list is found in

Appendix III.

3.3. Method of Data Analysis

Data on the performance of the three tests in testing the
equality of the two means for different parameters was obtained
by the simulation program and is found in Appendix III as
described in 3.2.6. To analyze the data, many sméll and simple
programs wére developed in pascal. These programs use the

data in Appendix III as an inpnt .file. The out put of these

sy,

programs are discussed in the/'next chapter. .':, i




20

CHAPTER 4

COMPARISCON OF THE TESTS

An extensive simulation study has been done to evaluate the
behavior of the three tests ST, AW & AH in testing the equality
of means of two normal populations. Overall, 320,000
independent runs were made. In this chapter, the simulation
result are tabulated and some of them are graphically
presented. The three tests will be compared in terms of their

error probabilities.

4.1 Size Comparison

‘‘‘‘‘‘
1o v

tests for the case n=m, n>m ani 'n’niandigive the table for .eaéh
immediately below the discussion. - ! P

R t P

a) Table 1, below, contains‘ennor.sizg“df ST, AW'and.AH tests

i

£t

for the cases of n=m=6, 11, 16 and 31 and for §=0.05 using
1,000 simulations. From this table the following patterns are

chserved: -

i) if n=m=6, then the sizes of all the tests are within the
error bound (less than or equal to §=0,05) and AH test is more
conservative for all © values than AW and ST tests which are
followed in order. The conservative nature of these tests
somehow decreases as © increases. The graphical display for

this case is shown in Figure 1 on page 29.
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ii)if n=m=11, 16 and e=1, 2, 4, 8, 10;.n=m=31 and =1, 2, 4
+then again the sizes of all the tests are within the linit of
the error bound. The conservativeness property of 5T and AW
tests is almost similar and they are less conservative than AH
test. The sizes of the three tests approach the specifieqd
value 6=0.05 as n and m become larger and larger. If n=m=31,
6=8 and 10, then the sizes of all tests are not within the
error bound; i.e.they are somehow greater than 6=0.05;ST and AW
have equal sizes which are slightly far from 6=0.05 than that
of the sizes of AH tests. Figure 2 and Figure 3, on pages 30

and 31, are graphical displays of cases in point.
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Table 1. Error sizes of ST,AW and AH tests for n=m.

ST test AW test AH test

2] n-=1 m-1 a=0.,01
1 5 5 0.006 0.005 0.003
2 5 5 0.008 0.007 0.004
4 5 5 0.013 0.007 0.003
8 5 5 0.032 0.024 0.019
10 5 5 0.032 0.024 0.018
1 10 10 0.010 0.010 0.007
2 10 10 0.015 0.015 0.013
4 10 10 0.013 0.012 0.009
8 10 10 0.026 0.026 0.025
10 10 10 0.038 0.037 0.031
1 15 15 0.019 0.019 0.016
2 15 15 0.016 0.016 0.012
4 15 15 0.026 0.026 0.024
8 15 15 0.023 0.023 0.022
10 15 15 0.043 0.043 0.040
1 30 30 0.043 0.043 0.037
2 30 30 0.042 0.042 0.039
4 30 30 0.050 0.050 0.044
8 30 30 0.061 0.061 0.060
10 30 30 0.064 0.064 0.060

b) Table 2, below, contains error size of ST,AW and AH tests
for case of n>m and for §=0.05 using 1,000 simulations. From
this table the following patterns are observed and graphical

displays are given for some of the cases: -

i) If n=11, m=6, then all the tests have sizes within the
limit of the error bound for ©=1, 2, 4 and AH test is more
cénservative than AW and ST tests which are followed in order.
For 6=8 and 10, then ST test has sizes which are not within
the limit of the error bound; AW and AH have sizes which are
within the 1limit of error bound, and AH test is more

conservative than AW test.
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ii) If n=16 and m=6, all the tests have sizes within the
limit of error bound for ©=1, 2 and AH test is more
conservative than ST and AW tests which are followed in order
for =1 and the order of ST and AW are interchanged for e=3.
For &=4, AW and AH tests have sizes within the limit of error
bound and AH test is more conservative than AW test while the
size of ST test is not within the limit of error bound. For
=8 and 10, ST and AW tests have sizes which are not within the
limit of error bound but the size of ST test is significantly
far from §=0.05 than that of AW test; AH test has size which is
within the 1limit of error bound and very near §6=0.05 (see,

Figure 4 on page 32).

iii) If n=16, m=11 then all the tests have. sizes within the
limit of error bound for ©=1, 2, 4, 10, and AH test is more
conservative than AW and ST tests which are followed in order.
For ©=8, then ST test has size which is not within the limit of
error bound while the sizes of the other tests are within the
limit of error bound and AH test is more conservative (see,

Figure 5 on page 33).
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iv) If n=31 and m=6, then the size of ST test are ouf of the
limit of the error bound for all @ values. For 9=1,2,the sizes
of AW and AH tests are within the limit of the error bound and
AH is moreiconservative. For 0=4,8,10 AH test has acceptable
sizes in general, in the sense that, either it has size which
is within the limit of error bound or if its size is out of the
limit of error bound, so are that of the other tests and AH has
size near §6=0.05 than AW and AH tests which are followed in

order. The graphical display is shown in Figure 6 on page 34.

v}If n=31 and m=11, thén for ©=1 the size of all tests are
within the error bound and AH test is more conservative than ST
and AW tests which are followed in order. For 6=2 ,ST and AW
have sizes out of the error bound but AW test has éize almost
equal to §=0.05; AH test has size which is within the limit of
error bound and appreciably near §=0.05. For ©=4, ST test has
size which is not within the limit of error bound; AW has size
exactly equal to $§=0.05 and AH has size within the limit of
error bound and appreciably near §=0.05. For =8 and 10, all
the tests have sizes which are out of the limit of error bound
and the sizes of AH are near 6=0.05 than that of AW and ST

tests which are followed in order.
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vi) If n=31 and m=16, then all the tests have sizes within

the limit of error bound for o=1 and AH test is more

conservative than AW and ST tests which are followed in order.
For ©=2, the sizes of ST and AW tests are not within the limit
of error bound but the size of AW is very near to 6=0.05 than
that of ST test; AH test has size which is within the limit of
error bound and near §=0.05. For ©=4, ST test has size which
is out of the limit of error bound while the size of the other
tests are within the limit and AH is more conservative. For
©=8,10, all tests have sizes which are out of error bound and
AH test has size which is near to §=0.05 than AW and ST tests
which are followed in order for 6=8 and they have equal size

for =10,
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Table 2. Error sizes of ST,AW & AH tests for n>m

ST AW AH tests
6 n-1 m-1{a=0,05
1 10 5 0.025 0.019 0.012
2 10 5 0.026 0.022 0.012
4 10 5 0.049 0.028 0.014
8 10 5 0.055 0.038 0.032
10 10 5 0.055 0.040 0.031
1 15 5 0.016 0.022 0.007
2 15 5 C.040 0.034 0.014
4 15 5 0.089 0.041 0.026
8 15 5 0.090 0.054 0.045
10 15 5 0.091 0.055 0.043
1 15 10 0.022 0.022 0.01e6
2 15 10 0.021 0.016 0.011
4 15 10 0.041 0.025 0.024
8 15 10 0.053 0.048 0.046
10 15 10 0.049 0.049 0.041
1 30 5 0.056 0.050 0.032
2 30 5 0.092 0.048 0.033
4 30 5 0.128 0.058 0.046
8 30 5 0.113 C.060 0.051
10 30 5 0.087 0.064 0.058
1 30 10 0.030 0.033 0.023
2 30 10 0.070 0.051 0,045
4 30 10 0.093 0.050 0.046
8 30 10 C.065 0.061 0.058
10 30 10 0.060 0.059 0.055
1 30 15 0.034 0.032 0.025
2 30 15 0.070 0.052 0.043
4 30 15 0.054 0.042 0.039
8 30 15 0.055 0.053 0.051
10 30 15 0.067 0.067 0.067

c) Table 3, below, contains error size of ST,AW and AH
tests for case of m>n and for §=0.05 using 1,000 simulations.
From this table one can observe that all the tests have sizes
within the 1limit of error bound and AH test is more

conservative than ST and AW tests which are followed in order.
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The graphical display to some of the cases are in Figures 7-9

on pages 35-37,

Table 3. Error sizes of ST,AW & AH tests for m>n

ST AW AH tests
2] n-1| m-1 a=0.05
1 5 10 0.006 0.006 0.003
2 5 10 0.009 0.011 0.005
4 5 10 0.007 0.009 0.005
8 5 10 0.018 0.027 0.012
10 5 10 0.025 0.036 0.016
1 5 15 0.005 0.012 0.003
2 5 15 0.004 0.011 0.001
4 5 15 0.003 0.009 0.003
8 5 15 0.010 0.023 0.005
10 5 15 0.017 0.022 0.005
1 5 30 0.022 0.032 0.01e
2 5 30 0.005 0.010 0.007
4 5 30 0.016 0.029 0.006
8 5 30 0.020 0.028 0.006
10 5 30 0.018 0.02s 0.011
1 10 15 0.019 0.021 0.013
2 10 15 0.015 0.017 0.013
4 10 15 0.024 0.028 0.020
8 10 15 0.028 0.030 0.022
10 10 15 0.033 0.033 0.026
1 10 30 0.015 0.015 0.012
2 10 30 0.013 0.018 0.015
4 10 30 0.020 0.024 0.012
3 10 30 0.026 .| 0.026 0.01s6
10 10 30 0.045 0.047 0.025
1 15 30 0.019 0.021 0.014
2 15 30 0.018 0.019 0.016
4 15 30 0.02s6 0.030 0.025
8 15 30 0.033 0.033 0.020
10 15 30 0.038 0.038 0.027
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Generally, it can be observed from the content of outfileil in

appendix III that:-

i) out of the total of 80 estimates of sizes of the tests,
the number of times ST test has size less than that of AW test
is 26 and that of AH test is 2 ; the number of times AW test
has size less than that of ST test is 32 and that of AH test is
0; the number of times AH test has size less than that of ST
test is 76 and that of AW test is 79. To put the matter in a

summarized form we present the following table:-

ST AW AH
ST . 26" | 2 |
AW| 32 0
AR| 76 79

Table 4 'the number of times the size

of ST test is less that of AW test, out of 80

estimates.

ii) out of the total of 80 estimateé, for 22 times the size
of ST is out of the limit of the error bound; and for 16 and 8
times that of the sizes of AW and AH are out of the limit of
the error bound, respectively. When the size of AH test is out
of the error bound, so are the sizes the other tests.In this
case the size of AH test is near §=0.05 than that cf the other
tests.
4.1.1 Graphical Display

In this section we present the graphical displays of the

sizes of the tests for some of the cases mentioned above:~
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4.2 Comparison of Probability of Type II Error
In this section we shall first discuss the probability of
Type II error (PTIIEi of the tests for the case n=m, n>m and
m>n separately and give the table for each case immediately
below the discussion. The three tests have the same value of
PTIIE, namely zero, for any combination of the parameters that

involves 71=8.

a) Table 5, below, contains PTIIE of ST, AW and AH tests for
the cases of n=m=6, 11, 16 and 21 and for 6&=0.05 using 1,000
simulations.

From this table one can observe that if n=m=6, 11, 16, 31 and
6=1, 2, 4, 8, 10, then ST & AW tests have very similar values
of PTIIE which are slightly less than that of AH for T=1,4,
For example,for 6=1, on the average the difference between the
value of PTIIE of AH test and the other tests are abcut 0.019,
0.022, 0.004 and 0.004, respectively, for small to large sample
sizes. In general, the difference is very small and decreases
as n and m become larger and larger. The maximum deviation ,1n
percentage,between the values of PTIIE of AH test and the other
test is about 5% and this is attained at n=m=6, ©=4, 8 and .
7=4.The graphical display for n=m=6 and 6=8 is shown in Figure

10 on page 47.
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Table 5. PTIIE of ST,AW & AH tests for m=n

ST AW AH tests
3] n-1| m=-1y 7| @=0.05
1 5 5 1 0.931 |0.931| 0.959
1 5 5 41 0,017 |[0.017} 0.045
1 5 5 8! 0.000 (0.000] 0.000
2 5 5 1f 0.947 [0.950| 0.971
2 5 5 41 0.020 (0,023 0.054
2 5 5 8 0,000 |]0.000! 0.000
4 5 5 1! 0.951 |0.961] 0.976
4 5 5 4] 0,028 |0.044] 0.079
4 5 5 8] 0.000 |0.000] 0.000
8 5 5 1f 0.945 [0.953] 0.964
8 5 - 5 4/ 0.038 |0.067| 0.090
8 5 5 8| 0,000 [0.000] ©.000
10 5 5 1/ 0.939 |0.953] 0.968
10 5 5 4 0,038 |0.062]| 0.077
10 5 5 81 0.000 {0.000}] 0.000
1 10 10 1] 0.945 |0.945] 0.954
1 10 10 4] 0.009. [0.009] 0.014
1 10 10 8| 0.000 |0.000| 0.000
2 10 10 1 0.966 [(0.967] 0.974
2 10 10 47 0.012 (0.014] 0.016
2 10 10 8! 0.000 [0.000| 0.000
4 10 10 1] 0.954 0.957| 0.965
4 10 10 4|1 0.016 |(0.016] 0.017
4 10 10 8| 0.000 [(0.000| 0.000
8 10 10 1{ 0.951 [0.952| 0.957
8 10 10 47y 0.023 |0.023| 0.029
8 10 10 8] 0.000 [0.000| 0.000
10 10 10 1] 0.955 |0.956[ 0.958
10 10 10 4| 0.041 [0.041] 0.051
10 10 10 8| 0.000 [(0.000| 0.000
1 15 15 1{ 0.919 [0.920| 0.929
1 15 15 41 0.010 (0.010/) 0.012
1 15 15 8{ 0.000 [0.000| 0.000
2 15 15 1| 0.950 |0.950| 0.954
2 15 15 4! 0.015 [0.015| 0.019
2 15 15 8| 0.000 |0.000| 0.000
4 15 15 1y 0.951 |[0.951] 0.955
4 15 15 41 0.022 |0.022| ©0.024
4 15 15 8 0.000 [0.000( 0.000
8 15 15 1] 0.960 |0.960) 0.962
8 15 15 4] 0,023 [0.023| 0.024
8 15 15 8] 0.000 |0.000| 0.000
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cont’d
10 15 15 1l 0.949 |0.949| 0.953
10 15 15 41 0,033 [0.033| 0.038
10 15 15 8 0.000 (0.000( 0.000
1 30 30 1| 0,849 |0.849| 0.860
1 30 30 41 0.019 [0.019| 0.019
1 30 30 81 0.000 (0.000| 0.000
2 30 30 1] 0.897 |0.898| 0.905
2 30 30 41 0.025 |0.025} 0.026
2 30 30 8{ 0.000 |0.000{ 0.000
4 30 30 1} 0.926 |0.926} 0.928
4 30 30 41 0.048 10.048| 0.050
4 30 30 8{ 0.000 |0.000| 0.000
8 30 30 1] 0.940 10.940] 0.943
8 30 30 41 0.042 10.042) 0.044
8 30 30 8y 0.000 {0.000| 0.000
10 30 30 11 0.927 |0.927| 0.930
10 30 30 41 0.063 |0.063| 0.063
10 30 30 8( 0,000 10.000] 0.000

b) Table 6, below, contains PTIIE of ST,AW and AH tests for
the cases of n>m and for §=0.05 using 1,000 simulations.
From this table one can observe that if n>m then ST test has
slightly smaller value of PTIIE for all 7=1, 4 & ©=1, 2, 4, 8,
10, followed in order by AW & AH tests. For example,for ©=1,
on the average the difference between the value of PTIIE of AH
test and ST test are 0.027, 0.032, 0.009, 01045, 0.019 and
0.009, respectively, for n=11 and m=6, n=16 and m=6, n=16 and
m=11, n=31 and m=6, n=31 and m=11, and n=31 and m=16. 1In
general, the difference is very small and the maximum
difference between the values of PTIIE of ST and AH tests is
13.6% which is attained at n=31, m=6, 6=8 and 1=1 (see Figure

11 on page 48 ).




Table 6.PTIIE for ST,AW &

41

AH tests for n>m.

ST AW AH tests
8 |n-1 m-1{ 7{ a=0.05
1 10 5 1{ 0.920 {0,910 0.962
1 10 5 41 0.014 |0.026| 0.054
1 10 5 87 0.000 [0.000| 0.000
2 10 5 1{ 0,885 ]0.921] 0.954
2 10 5 41 0,014 [0.031] 0.066
2 10 5 8| 0,000 (0.000] 0.000
4 10 5 1y 0.833 [0.913| 0.940
4 10 5 4] 0,032 [0.055) 0.072
4 10 5 81 0.000 10.000} 0.000
8 10 5 1| 0.903 (0.937] 0.948
8 10 5 41 0.095 |0.098]| 0.104
8 10 5 8{ 0.000 [0.000( 0.000
10 10 5 1] 0.913 (0.937! 0.943
10 10 5 41 0.103 |0.1031 0.110
10 10 5 g1 0.000 |0.000] 0.000
1 15 5 1{ 0,901 {0.905| 0,950
1 15 5 41 0,021 j0.045F 0.069
1 15 5 8] 0.000 |[0.000} 0.000
2 15 5 1y 0.822-10.909] 0.934
2 15 5 4] 0.021 (0.058| 0.085%
2 15 5 81 0.000 [0.000| 0.000
4 15 5 1} 0.847 [(0.929] 0.948
4 15 5 4] 0.056 |0.066] 0.083
4 15 5 8| 0.000 J0.000| 0.000
8 15 5 1| 0.887 10,919} 0,934
8 15 5 41 0.102 {0.106| 0,108
8 15 5 8/ 0.000 |0.000] 0.000
10 15 5 1] 0.902 [0.925] ©.935
10 15 5 41 0,120 (0.120| 0.123
10 15 5 g1 0.000 (0.000| 0.000
1 15 10 1f 0.924 10.927{ 0.946
1 15 10 4] 0.010 {0.011| 0.014
1 15 10 8 0.000 {0.000| 0.000
2 15 10 1] 0.920 |0.940}! 0.950
2 15 10 4y 0.011 j0.014| 0.024
2 15 10 8{ 0.000 [0.000f 0.000
4 15 10 1] 0.924 10.943] 0.953
4 15 10 41 0.023 |0.028| 0.036
4 15 10 81 0.000 [0.000{ 0.000
8 15 10 1 0.924 {0.927] 0.934
8 15 10 4] 0,037 (0.037] 0.044
8 15 10 81 0,000 |0,000f 0.000
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. 935
.033
.000
.883
.058
.000
.897
. 065
.000
.920
.094

000

.912
. 098
.000
.912

125

. 000
.869
.023
.000
.887
.030
. 000
.900
.0561
.000
.910
.066
.000
.914
.043
. 000
.862
.025
.000
.880
.030
.000
.916
.032
.000
.908
.054
.000
.923
.055
. 000
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COO0CCO0O0O0O0O0OCCO000O000CO0OOO0OOO

. 943
.038
.000
.928

.078

. 000
927

.081

. 000

. 936

.098

000

.917

.098

. 000
. 916

.126

. 000
.888
.032
. 000
.904
.032
. 000
.905
. 057
. 000
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.070
. 000
.920
. 045
. 000
.880
.028
.000
. 894
.034
.000
.921
.038
. 000
.913
.055

.

000

.926
056
. 000
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c) Table 7, below, contains PTIIE of ST,AW and AH tests for

the cases of n<m and for 6=0.05 using 1,000 simulations,

From this table-one can observe that if n<m then, AW test
provides slightly smaller values of PTIIE for all =2, 4, 8, 10
and 7=1, 4, followed in order by ST & AH tests and similar
result holds for =1 & 7=1; for 6=1 & 7t=4 ST has slightly
smaller value of PTIIE, followed in order by AW and AH tests.
In general, the difference among the values of PTITE of the
tests is very small. For example, for =1, on the averaqe'the
differences between the value of PTIIE of AH test and AW test
are 0.029, 0.026, 0.024, 0.008,0,012, and 0;008, respectively,
for n=6 and m=11, n=6 and m=16, n=6 and m=31, n=11 and m=16,
n=11 and m=31, and n=16 and m=31. The maximum difference
between the values of the PTIIE of AW and AH is 9.2% which is

attained at n=6, m=31, ©=8 and r=4 {(see graph 12 on page 49).




44

Table 7.PTIIE for ST,AW & AH tests for §=0.05 using a 1,000

simulations for the case of m>n.

ST AW AH

e n-1 im-1| 7{ o=0.05

1 5 10 1y 0.924 |0.919| 0.967
1 5 10 41 0.012 [0.032| 0.071
1 5 10 8 0.000 {0.000{ 0.000
2 5 10 1] 0.967 |0.947] 0.972
2 5 10 41 0.022 {0.013} 0.055
2 5 10 8| 0.000 |0.000} 0.000
4 5 10 1{ 0.979 {0.956]| 0.980
4 5 10 41 0.050 {0.014| 0.055
4 5 10 8{ 0.000 |0.000] 0.000
8 5 10 1] 0.969 |0.959| 0.978
8 5 10 4{ 0,055 |0.020! 0.061
8 5 10 8 0.000 [0.000{ 0.000
10 5 10 1] 0.962 10.947| 0.980
10 5 10 41 0.058 |0.020{ 0.077
10 5 10 8 0.000 (0,000 0.000
1 5 15 1} 0.893 |0.876| 0.928
1 5 15 41 0.016 {0.042| 0.067
1 5 15 8{ 0.000 [{0.000| 0.000
2 5 15 1 0.971 |0.919] 0.975
2 5 15 41 0,035 [0.034} 0,072
2 -8 15 8 0.000 |0.000! 0.000
4 5 15 1y 0.977 10.945| 0.979
4 5 15 41 0,091 |0.016] 0.067
4 5 15 8/ 0.000 |0.000] 0.000
8 5 15 1y 0.977 |0.967| 0.982
8 5 15 4] 0.132 |0.019] 0.073
8 5 15 8! 0.000 {0.000| 0,000
10 5 15 1] 0.974 |0.961| 0.987
10 5 15 41 0.114 [0.024] 0.077
10 5 15 8 0.000 |0.000! 0.000
1 5 30 1/ 0.857 |0.844| 0.888
1 5 30 41 0.011 {0.056| 0.084
1 5 30 8 0.000 |0.000{ 0.000
2 5 30 1| 0.956 |0.885{ 0.943
2 5 30 4] 0.058 [0.054] 0,089
2 5 30 8} 0.000 |0.000| 0.000
4 5 30 11 0.972 {0.929| 0.971
4 5 30 41 0.164 [0.040]| 0.087
4 5 30 8 0.000 [0.000{ 0.000
8 5 30 1/ 0.971 |0.959] 0.986
8 5 30 41 0.311 §0.041] 0.133
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30 1
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30 3
30 1
30 4
30 8
30 1
30 4
30 8
30 1
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30 1
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.018
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. 000
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4.2.1 Graphical Display

In this section we present the graphical displays of the

probability of type II error (PTIIE) of the tests to some of

the cases mentioned above:-
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Chapter 5

Discussion and Conclusion

In this chapter the result will be discussed and then the

some conclusions will be given,

The following results are based on the analyse given in
chapter 4:- |

a)if n=m=6, then for ©=1, ST and AW test have identical
values of PTIIE, which are slightly less than that of AH test.
For ©=2, 4, 8, ST test has smaller value of PTIIE than that of
AW and AH tests which are followed in order. However, AH test
is more conservative than AW and ST tests which are followed in
order for all © values.

b) If n=m=11, 16, 31, then ST and AW tests have almost
identical values of PTIIE which are slightly less than that of
AH test. The differences between the value of PTIIE of AH and
that of the other tests become negligible as the sample sizes
increase. However, AH test is more conservative than ST and AW
tests, which have similar size.In the case n=m=31 and ©=8, 10,
all the tests have sizes which are out of the limit of error
bound and the size of AH test is near 6=0.05.

c) if n>m, or smaller variances are associated with the
larger sample size, then ST test provides slightly smaller
values of PTIIE than AW and AH tests which are followed in
order. However, the size of ST is out of the limit of the
error bound if the variance ratio is not near 1 and ,in
fact,the deviation from 6=0.05 increases as the difference n-m
increases (see Table 2, on page 26},

Also, for some of the estimates the size of AW test and AH

test are out the limit of error bound. The number of times the
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size of ST ,AW and AH tests are out of the limit error bound
are, respectively, 19, 11 and 6 out of the 30 cases of n>m. 1In
general, whenever the size of AH test is out of the limit of
error bound, so is the size of AW test and in turn, whenever
the size of AW test out of the limit of error bound, so is the
size of ST test; and AH test is more conservative than the
other tests in the case of all the tests have gizes which are
within the limit of the error bound; and in the case of size of
AH test is out of the limit of error bound,its size is near
§=0.05 than the other tests.

d} if n<m, or larger variances are associated with the
larger sample size,then AW test provides the slightly smaller
value of PTIIE (exept at ©=1 and 1=4) than the ST and AE tests
which are followed in order. Here, all the tests have size
within the limit of the error bound and AH is more conservative
than ST and AW tests which are followed in order.

Thus, AH test performs well in the sense that apart from
a slightly inferior performance ( interms of PTIIE }, which
does not differ significantly from the performance of that of
the other tests, provides an acceptable size,i.e, most of the
time AH has very conservative size and in the case of size of
AH is out of the limit of error bound, so are that of the other
tests and its size is near &§=0.05. The performance of
ST,interms of size, is very poor in the case where the smaller
variance is associated with larger sample size though it
provides slightly less value of PTIIE. In this case, sonme
estimates of the size of AW test, also, are out of the limit of
error bound. Moreover, ST and AW tests have a degree of freedon

which is data dependent, which is not desirable guality .In
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general, AH test provides good valﬁes of probability of Type II
error and provides a very conservative and controllable size.
Moreover, it is a very simple test to apply in a sense that it
has a d.f which does not depend on the sample value. Hence,
taking into account both the property of its error
probabilities and the simplicity to apply at the same time, the
use of AH test can be recommended for testing the equality of
means of two normal populations when the ratio of the variances
is unknown.

The above result does not contradict with the idea of Moser,
Stevens and Watts (1989), if we compare ST and AW tests
Moreover, the result shows a complete agreement with the idea
of Dudewicz and Mishra (1988), where they recommend Hsu test to
be used in practice +however, they recommended the usual t-test
if homogeneity of variances is maintained after preliminary
variance test.

However, the above conclusions came out of the simulation
results which are based on very limited parameter values. We
should take many more parameters, especially different values
of mean-test significance level or the value of § and different
value of variance-test significance level or a value to see
their effect on the performance of the three tests in testing
the equality of means of two normal populations where the ratio
of the variances is unknown, and to generalize the conclusion
at large. Also, we didn’t consider one sided mean
test. Hence, the thesis in general, and the conclusion in

particular, should be seen as a first step for general case.
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APPENDTX I

The pascal program written is given below

program simulation(input,ocutput);

{uses Function URND and Procedure Normal to generate
normal sample from a normal population with known
parameters;uses Procedure pvt to test the homogeneity of
the variances of the two normal population;uses
Procedures:Ttest,Wtest & Htest to test the equality of the
two means using t-test, Welch test & Hsu test
respectively;and uses Ftable to get critical values for the
three tests; * The whole purpose of this progrém is to
estimate the error probabilities of the three tests: ST, AW

& AH .* }

const
mxsz=31; {the maximum no. of sample size considered}
nloop=1000; {no. of independent runs }

type
loop=0..nloop; {range of the number of times error made}
string20=string[20];{used to enter file name}
string4=string(4];{used to enter level of significance}
sampsz=6..mxsz; {range of sample size}

a=array([l..mxsz] of real;{array of sample value}
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testtype=(SW,ST,AW,AH); {test type}
var

TY:testtype;

errorl,error2 :array{testtype] of loop;

epel,epe2:array[testtype] of real;

nll,ct,cw,k:integer;

reject:array[testtype] of boolean;

rej,eqm:boclean;

sn2,sm2:extended;

nx,my:sampsz;

datan,datam, z:a;

delta,alphaiétring4;

taw, teta, vx,vy,ux,uy:real;

infile,outfilel,outfilezﬁtext;

filenamel,filenameZ:stringzo;

procedure Ftable(d3,d4:integer;deltal:string4;
var ftbl:real);
{provides critical values for different tests}
var
d9,n9:integer;
fitext;
begin
if deltal=’0.05’ then assign(f,’c:ftabl’)

else assign(f,’c:ftab2’);




56
reset(f);
readln(f,n9,d9, ftbl);
whilel(not eof (f)) and ((n9<>d3 )
or (d9<>d4)) do

readln(f,n9,d9, ftbl);
if eof(f) and ((n9<>d3) and (d9<>d4)) then
writeln(’error message’);
close(f)

end;{ Ftable}

Function URND:real;
{provides uniform random number;uses an algorithm

reported by Wichmann and Hill (1982)}

var
X,Y¥,Z:integer;
t:real;
begin
repeat

Xi=random(30000) ;
:=random(30000) ;

Z:=random(30000) ;

while X<1 do Xi=random(30000) ;

while Y<1 do :=random(30000) ;

while %<1 do Z:=random(30000) ;

t=((171*X)mod 30269);
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Yi=((172%Y) mod 30307);
Z:=((170%Z) mod 30323);
t:=frac(X/30269.0+ Y/30307.0 +%/30323.0);
until t>0;
URND:=t;

end; { URND}

procedure normal(var data:a;m:sampsz;u,vireal);
{uses Function URND and the polar method to
generate normal random sample of size m
from N(u,v)} |
var
xtemp,vl,v2,r2,y:real;
cheker, i:integer;
begin
randomize;
cheker:=0;
for i:=1 to m do
begin
if cheker=0 then
begin
repeat
vli:i=(2*urnd-1);
v2:i=(2%urnd-1);

r2:=(sqr(vl) + sqr(v2));




58

until ( r2<=1) ;
yi=sqrt((-2*1ln(r2))/r2);
dataf[i]:= (u+(vli*y*sqrt(v)));
xtemp:=(u+(v2*y*sqrt(v)));
cheker:=1;

end

else

begin
data[i]):=xtemp;
cheker:=0;

end;

end; {for}

end; {normal}

Function sum({b:a;m:sampsz) :real;
{provides the sum of sample values}

var
suml:real;
j:integer;

begin

suml:=0;
for j:=1 tom do suml:= ( suml + b[j]
sSum:=suml;

end; {sum}

)

.
!
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Function avcal(b:a; m:sampsz) :real;
{provides sample mean})

var

sum2:real;
begin

sum2:= sum(b,m);

avcal:=(sum2/m) ;

end; {avcal}

Procedure sampvar (datam:a;m:sampsz;var s2 :extended) ;
{provides sample variance)
var
datasq:a;
sum3, sumsg:real;
l:integer;
begin
for 1:=1 to m do
datasq[l]:=(sqr(datam[l]));
sumsq:=sum(datasq,m) ;
sum3:=sum(datam,m) ;
s2:=((sumsq - Sqr (sum3) /m) / (m-1)) ;

end; {sampvar}

Procedure pvt(sxnz,sym2:extended;n,m:sampsz;

alphap:string4;var r:boolean) ;

{test the homogeneity of the variances)
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var
ftb2,fcal:real;
num,den: integer;
begin
if sxn2>=sym2 then
begin
fcal:=(sxn2/symn2) ;
num:=n-1;den:=m-1;
end'
else
begin
fcal:=({sym2/sxn2) ;
num:=m-1;den:=n-1;
end;
Ftable(nﬁm,den,alphap,ftb2); N
if (fcal > ftb2) then r:i=true
else r:=false;

end; {pvt}

procedure Ttest (dataxnt,dataymt:a;n,m:sampsz;
delta2:string4;var reject:boolean);
{test the egquality of the two means using t-test}
var

sp:extended;
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xbarnt,ybarmt, tcall, ftb3:real;
nl,di:integer;

begin
xbarnt:= avcal(dataxnt,n);
ybarmt:=avcal (dataymt,m) ;
sp:=(sqrt (((n-1)*s22 + (m-1)*s12) /(n+tm-2)));
tcall::((xbarnt—ybarmt)/(sp*sqrt(l/n + 1/m)));
nl:=1;di:=(n+m-2);
Ftable(nl,dl,deltaz, fth3);
if (sqr(tcall)) > ftb3 then reject:=true
else reject:=false;

end; { Ttest}

procedure Wtest(datxnw,dataymw:a;n,m:sampsz;
522,sl2:extended;delta3:string4;
var rejectw:boolean);
{test the equality of the two means using Welch test}
var
xbarnw,ybarmw,tcalz,ftb4,u,nr,dn,y:real;

n2,d2:integer;

begin
xbarnw:= avcal(dataxnw,n);
ybarmw:= avcal (dataymw,m) ;

ui=(s22/s12);

nri:=(sqr((1/m+u/n)));
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dn:=(1/(sqr(m)*(m-1)) +sqr(u)/(sqr(n)+*(n-1)));
vi=(nr/dn); -
tcal2:=( (xbarnw-ybarmw) /sqrt(s22/n + s12/m)) ;
n2:=1; d2:=round(v);

Ftable (n2,d2,delta3,ftbd);

if (sgr(tcal2) > ftb4) then rejectw:=true

else rejectwi=false;

end; {Wtest}

procedure Htest (dataxnh,dataymh:a;n,m:sampsz;
sxnzh,sym2h:extended;delta4:string4;
var rejecth:boolean);
{test the equalitf of the two means using Hsu test}
var
small:sampsz;
xbarnh,ybarmh,tcalB,ftb5:rea1;
n3,d3:integer;
begin
xbarnh:=avcal (dataxnh,n);
ybarmh:=avcal (dataymh,m) ;
tca13:=(abs(xbarnh—ybarmh)/(sqrt(sxnzh/n + sym2h/m)));
if n>=m then small:=m
else small:=n;
n3:=1;d3:=small-1;

Ftable(n3,d3,deltad4, ftbs);
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if sqr(tcal3)> ftb5 then rejecth:=true
else rejecth:=false;

end; { Htest}

begin
WRITELN (! -——=——== MAIN PROGRAM-===—w——w- ')
ux:=0;vx:=1;alpha:=/0.01’;delta:='0.05"';
writeln('enter.file n&me of outfilel’);
readln(filenamel) ;
writeln(’enter file name of outfile2’);
readln(filename2);
assign(outfilel,fiienamel);
assign(outfilez,filenameZ);
rewrite(outfilel);rewrite(outfile2);
assign(infile,’c:dddd3’);
reset(infile);
writeln(outfilel,’ Table:- sizes for sometimes’) ;
writeln(outfilel,’t (ST), always Welch (AW) and /);

writeln(outfilel, ‘always Hsu (AH) tests for é=’,delta);

writeln(outfilel, =—-——commmm e ")i
writeln(outfilel);
write(outfileil, ' ST test AW test AH test /);
writeln(outfilel);
write(outfilel,’s n-1 m-1 a=',alpha);
writeln(outfileil);

writeln(outfile2, ’Table:-est, prob. of type II error’);
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writeln(outfile2,’ for sometimes t (ST) , always’);
writeln(outfile2,’ Welch (AW) and always Hsu (AH) /) ;
writeln(outfile2,’ tests for §=',delta); -
writeln(outfile2,!  ——mecmmmem Y
writeln(outfile2);
writeln(outfile2, ’ ST test AW test AH test’);
writeln(outfile2,’® n-1 m-1 T «a='’,alpha);
writeln(outfile?2);
nll:=0;
while not eof(infile) do
begin
readln(infile, nx,my,taw,vy);
uy:=(taw*sqrt(vx/nx + vy/my));
eqm:=(ux=uy) ;
tetai=vy;ct:=0;cw:=0;
for TY:=SW to AH do
begin
errorl[TY]:=0;error2[TY]:=Q;
end;
if egm then
write(outfilel,teta:1:0,nx—1:4,”:3,my-1:3)
else
write(outfilez,teta:1:0,nx-1:6,my—1:6,":2,taw:2:0);
for k:=1 to nloop do

begin
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writeln(k:3,/#’);
nermal (datan,nx,ux, vx);
sampvar (datan, nx,sn2);
normal(datam,my,uy,vf);
sampvar (datam,my,sm2) ;
Wtest(datan,datam,nx,my,snz,smz,delta,reject[AW]);
Htest(datan,datam,nx,my,snz,smz,delta,reject[AH]);
for TY:=AW to AH do
begin
if reject(TY) and egm then
errorl[TY):=(errorli([TY]+1);
if (not reject([TY]) and (not egm) then
error2(TY]:=(error2[TY]+1) ;
end;
pvt(snz,smz,hx,my,alpha,rej);
if rej then
begin
cwi=(cw+l);
Wtest(datan,datam,nx,my,snzfsmg,delta,reject[SW]);
if reject[SW] and egm then
errorl[(SW):=(errorl(SW]+1);
if (not reject(SW)) and (not eqgm) then
error2(SW]i=(error2(SW]+1);
end

else
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begin
ct:=(ct+1);
Ttest(datan,datam,nx,my,sn2,sm2,delta,reject[ST]);
if reject(ST] and eqm then v
errorl([ST):=(errorl[ST]+1);
if (not reject([ST])) and (not eqm) then
error2[ST):=(error2[ST]+1);
end;
end; {for}
if egm then
begin
epel([ST]:=((errorl{ST]+errorl[SW]) /nloop) ;
for TY:=AW to AH do
epel[TY]:=(errorl{TY)/nloop) ;
for TY:=ST to AH do
write(outfilel,":3,epel[TY]:7:3);
end
else
begin
epeZ[ST]::((error2[ST]+error2[SW])/nloop);
for TY:=AW to AH do
epe2(TY]:=(error2[(TY)/nloop);
for TY:=ST to AH do
write(outfilez,”:2,epe2[TY]:7:3);

end;




67
writeln(’ct’,ct:3,7/:2,'cw’ ,cw:3);
if eqm then writeln(outfilel)
else writeln{outfile2);
nil:=(nii+1); |
writeln(’no. of 1000 is /,nl1:3);
end; {infile}
close(infile);
close(outfilel);
close(outfile2);

end. {main}




The content of infile;~-

APPENDIX II

n m T 18]
6 6 0.000 1.000
6 6 0.000 2.000
6 6 0.000 4,000
6 6 0.000 8.000
6 6 0.000 10.00
6 11 0.000 1.000
6 11 0.000 2.000
6 11 0.000 4.000
6 11 0.000 8.000
6 11 0.000 10.00
6 16 0.000 1.000
6 16 0.000 2.000
6 16 0.000 4,000
6 16 0.000 8.000
6 16 0.000 10.00
6 31 0.000 1,000
6 31 0.000 2.000
6 31 0.000 4,000
6 31 0.000 8.000
6 31 0.000 10,00
11 6 0,000 1.000
11 6 0.000 2.000
11 6 0.000 4.000
11 6 0.000 g£.000
11 6 0.000 10.00
11 11 0.000 1.000
11 11 0.000 2.000
11 11 0.000 4.000
11 11 0.000 8.000
11 11 0.000 10.00
11 16 0.000 1.000
11 16 0.000 2.000
11 16 0.000 4.000
11 16 0.000 8.000
11 16 0.000 10.00
11 31 0.000 1.000
11 31 0.000 2.000
11 31 0.000 4.000
11 31 0.000 8.000
11 31 0.000 10.00
16 6 0.000 1.000
16 6 | 0.000 2.000
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4.000
8.000
10.00
1.000
2.000
4.000
§.000
10.00
1.000
2.000
4.000
8.000
10.00
1.000
2.000
4.000
8.000
10.00
1.000
2.000
4.000
8.000
10.00
1.000
2.000
4,000
8.000
10.00
1.000
2.000
4.000
8.000
16.00
1.000
2.000
4,000
8.000
10.00
1.000
1.000
1.000
2.000
2.000
2.000
4.000
4,000
4.000
8§.000
8.000
8.000
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cont’d

6 1.000 10.00

6 4.000 10.00

6 8.000 10.00
11 1.000 1.000
11 4,000 1.000
11 8.000 1.000
11 1.000 2.000
11 4.000 2,000
11 §.000 2.000
11 1.000 4.000
11 4.000 4,000
11 8.000 4.000
11 1.000 8.000
11 4.000 8.000
11 8.000 8.000
11 1.000 10.00
11 4.000 10.00
11 8.000 10.00
le 1.000 1.000
16 |.4.000 1.000
16 8.000 1.000
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APPENDIX IIIX

The content of outfilel:-

Table:- sizes for sometimest (ST), the always Welch (AW) and
always Hsu (AH) tests for §=0.05 using a 1,000 simulations

ST AW AH tests

8 |n-1 m-1 a=0,05

1 5 5 0.006 0.005 0.003
2 5 5 0.008 0.007 0.004
4 5 5 0.013 0.007 0.003
8 5 5 0.032 0.024 0.019
101 5 5 0.032 0.024 0.018
1 5 10 0.00s6 0.006 0.003
2 5 10 0.009 0.011 0.005
4 5 10 0.007 0.009 0.005
8 5 10 0.018 0.027 0.012
10| 5 10 0.025 0.036 0.016
1 5 15 0.005 0.012 0.003
2 5 15 0.004 0.011 0.001
4 5 15 0.003 0.009 0.003
8 5 15 0.010 0.023 0.005b
10| 5 15 0.017 0.022 0.005
1 5 30 0.022 0.032 0.01s6
2 5 30 0.005 0.010 0.007
4 5 30 0.016 0.029 0.006
8 5 30 0.020 0.028 0.006
107 5 30 0.018 0.026 0.011
1 10 5 0.025 0.019 0.012
2 110 5 0.026 0.022 0.012
4 110 5 0.049 0,028 0.014
8 |10 5 0.055 0.038 0.032
10710 5 0.055 0.040 0.031
1 710 10 0.010 0.010 0.007
2 410 10 0.015 0.015 0.013
4 |10 10 0.013 0.012 0.009
8 |10 10 0.026 0.026 0.025
10310 10 0.038 0.037 0.031
1 410 15 0.019 0.021 0.013
2 {10 15 0.015 0.017 0.013
4 |10 15 0.024 0.028 0,020
8 j10 15 0.028 0.030 0.022
10|10 15 0.033 0.033 0.026
1 710 30 0.015 0.015 0.012
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cont’d
30 0.013 0.018 0.015
30 0,020 0.024 0.012
30 0.026 0.026 0.016
30 0.045 0.047 0.025
5 0.016 0.022 0,007
5 0.040 0.034 0.014
5 0.089 0.041 0.026
5 0.090 0.054 0.045
5 0.091 0.055 0.043
10 0.022 0.022 0.016
10 0.021 0.016 0.011
10 0.041 0.025 0.024
10 0.053 0.048 0.046
10 0.049 0.049 0.041
15 0.019 0.019 0.016
15 0.016 0.016 0.012
15 0.026 0.026 0.024
15 0.023 0.023 0.022
15 0.043 0.043 0.040
30 0.019 0.021 0.014
30 0.018 0.019 0.016
30 0.026 0.030 0.025
30 0.033 0.033 0.030
30 0.038 0.038 0.027
5 0.056 0.050 0.032
5 0.092 0.048 0.033
5 0.128 0.058 0.046
5 0.113 0.060 0.051
5 0.087 0.064 0.058
10 0.030 0.033 0.023
10 0.070 0.051 0.045
10 0.093 0.050 0.046
10 0.065 0.061 0.058
10 0.060 0.059 0.055
15 0.034 0,032 0.025
15 0.070 0.052 0.043
15 0.054 0.042 0.039
15 0.055 0,053 0.051
15 0.067 0.067 0.067
30 0.043 0.043 0.037
30 0.042 0.042 0.039
30 0.050 0.050 0.044
30 0.061 0.061 0.060
30 0.064 0.064 0.060




Table:-est. prob. of type II error for sometimes t (ST)

The content of outfile2:-

Welch (AW) and

77

always

always Hsu (AH) tests for 6=0.05 using a 1,000

simulations,
ST AW AH tests

(] n-1 m=1( T a=0, 05

1 5 5 1 0.931 0.931 0.959
1 5 5 4 0.017 0.017 0.045
1 5 5 8 0.000 0.000 0.000
2 5 5 1 0.947 0.950 0.971
2 5 5 4 0.020 0.023 0.054
2 5 5 8 0.000 0.000 0.000
4 5 5 1 0.951 0.961 0.976
4 5 5 4 0.028 0.044 0.079
4 5 5 8 0.000 0.000 0.000
8 5 5 1 0.945 0.953 0.964
8 5 5 4 0.038 0.067 0.090
8 5 5 8 0.000 0.000 0.000
10 5 5 1 0.939 0.953 0.968
10 5 5 4 0.038 0.062 0.077
10 5 5 8 0.000 0.000 0.000
1 5 10 1 0.924 0,919 0.967
1 5 10 4 0.012 0.032 0.071
1 5 10 8 0.000 0.000 0.000
2 5 10 1 0.967 0.947 0.972
2 5 10 4 0.022 0.013 0.055
2 5 10 8 0.000 0.000 0.000
4 5 10 1 0.979 0.956 0.980
4 5 10 4 0.050 0.014 0.055
4 5 10 8 0.000 0.000 0.000
8 5 10 1 0.969 0.959 0.978
8 5 10 4 0.055 0.020 0.061
8 5 10 8 0.000 0.000 0.000
10 5 10 1 0.962 0.947 0.980
10 5 10 4 0.058 0.020 0.077
10 5 10 8 0.000 0.000 0.000
1 5 15 1 0.893 0.876 0.928
1 5 15 4 0.016 0.042 0.067
1 5 15 8 0.000 0.000 0.000
2 5 15 1 0.971 0.919 0.975
2 5 15 4 0.035 0.034 0.072
2 5 15 8 0.000 0.000 0.000
4 5 15 1 0.977 0,945 0.979
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10 1 0.955 0.956 0.958
10 4 0.041 0.041 0.051
10 8 0,000 . 0.000 0.000
15 1 0.931 . 0.926 0.945
15 4 0.006 0.007 0.012
15 8 0.000 0.000 0.000
15 1 0.963 0.949 0.965
15 4 0.012 0.008 0.017
15 8 0.000 0.000 0.000
15 1 0.968 0.965 0.972
15 4 0.016 0.012 0.018
15 8 0.000 0.000 0.000
15 1 0.962 0.960 0.973
15 4 0.018 0.018 0.024
15 8 0.000 0.000 0.000
15 1 0.958 0.957 0.967
15 4 0.019 0.019 0.029
15 8 0.000 0.000 0,000
30 1 0.881 0.865 0.896
30 -4 0.010 0.018 0.024
30 8 0.000 0.000 0.000
30 1 0.955 0.919 0.938
30 4 0.027 0.017 0,025
30 8 0.000 0.000 0.000
30 1 0.960 0.953 0.969
30 4 0.072 0.022 0.037
30 8 0.000 0.000 0.000
30 1 0.9%61 0.958 0.972
30 4 0.039 0.029 0.059
30 8 0.000 0.000 0.000
30 1 0.952 0.952 0.975
30 4 0.038 0.036 0.061
30 8 0.000 0.000 0.000
5 1 0.901 0.905 0.950
5 4 0.021 0.045 0.069
5 8 0.000 0.000 0.000
5 1 0.822 0.909 0.934
5 4 0.021 0.058 0.085
5 8 0.000 0.000 0.000
5 1 0.847 0.929 0.948
5 4 0.056 0.066 0.083
5 8 0.000 0.000 0.000
5 1 0.887 0.919 0.934
5 4 0.102 0.106 0.108
5 8 0.000 0.000 0.000
5 1 0.902 0.925 0.935
5 4 0.120 0.120 0.123
5 8 0.000 0.000 0.000
10 1 0.924 0,927 0.946
10 4 0.010 0.011 0.014
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10 30 30 1 0.927
10 30 30 4 0.063
10 30 30 8 0.000
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0.927
0.063
0.000

0.930
0.063
0.000.
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