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Abstract

In this thesis we study the squeezing and statistical properties of the light produced by
a nondegenerate three-level laser, with the cavity modes driven by coherent light. With
the aid of the master equation, we obtain stochastic differential equations. Applying the
solutions of the resulting differential equations, we calculate the quadrature variance, the
squeezing spectrum , the mean and variance of the photon number sum and difference.
For a linear gain coefficient of 75 and for a cavity damping constant of 0.8, the maximum

intracavity squeezing is found at steady state and at threshold to be 64%.
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Chapter 1

Introduction

There has been a considerable interest in the analysis of the quantum properties of
the squeezed light generated by various quantum optical systems [1-10]. In a squeezed
light the fluctuations in one quadrature is below the vacuum level at the expense of
enhanced fluctuations in the conjugate quadrature, with the product of the uncer-
tainties in the two quadratures satisfying the uncertainty relation. Squeezed light
has potential applications in precision measurements and noiseless communications
[11,12]. Squeezed light can be generated by quantum optical processes such as para-
metric oscillation [3-7], second harmonic generation [1,13,14], and four-wave mixing

[13-15].

It has been also found that a three-level laser can generate squeezed light under
certain conditions [16-21]. In such a laser, three-level atoms in a cascade configuration
are injected at a constant rate into a cavity coupled to a vacuum reservoir via a single-
port mirror. When a three-level atom makes a transition from the top to bottom level
via the intermediate level, two photons are generated. The two photons are highly
correlated and this correlation is responsible for the squeezing of the light generated

by a three-level laser.



In this thesis, we consider a nondegenerate three-level laser, with the cavity modes
driven by coherent light. We first drive the master equation in the linear and adiabatic
approximations. Then using this master equation, we obtain stochastic differential
equations. Applying the solutions of the resulting differential equations, we calculate
the quadrature variance, the squeezing spectrum, the mean and variance of the photon

number sum and difference.



Chapter 2

Stochastic Differential Equations
and Their Solutions

The first two sections of this chapter focus on developing the master equation and
the stochastic differential equations. In the last section, we apply matrix method to

find solutions of the differential equations.

2.1 The Master Equation

In a nondegenerate three-level laser, nondegenerate three-level atoms in a cascade
configuration are injected at a constant rate r,, and removed from the cavity after a
certain time 7. We denote the top, intermediate and bottom levels of a three-level
atom by |a), |b), and |¢), respectively. In addition, we assume the cavity mode to
be at resonance with two transitions |a) — |b) and |b) — |c), with direct transition
between levels |a) and |c) to be dipole forbidden. The Hamiltonian describing the

interaction of a three-level atom with the cavity modes is expressible as

Hy = iglla)(bla — a'|b){al + [b){clb — b'|e)(b]] (2.1.1)



Fig. 2.1 A nondegenerate three-level laser with the cavity modes driven by coherent light.

where @ and b are the annihilation operators for the cavity modes and ¢ is the coupling
constant between the three-level atom and the cavity modes. We take the initial state

of a single three-level atom to be

¥4(0)) = Cala) + Ccle) (2.1.2)

and hence the density operator of a single atom is

pa(0) = plla)(al + pf2la)(cl + plle)(al + ol lc){c] (2.1.3)

where

Pl = CiC,, (2.1.4)

o0 =c,cr, (2.1.5)



) = CCy, (2.1.6)
P9 =crC.. (2.1.7)

Suppose par(t,t;) is the density operator for a single atom plus the cavity modes at
time ¢, with the atom injected at time ¢; such that (t — 7) < ¢; < ¢. The density
operator for all atoms in the cavity plus the cavity mode at time ¢ can then be written

as
ﬁAR(t) == TaZﬁAR(tatj)Atja (2.1.8)
J

where r,/AAt; represents the number of atoms injected into the cavity in a time At;.

Now converting the summation into integration in the limit At¢; — 0, we have

t
pan(t) =ra [ panit. 1), (2.0.9)
t—1

and on differentiating with respect to t, there follows

d . ) . Lo,
%pAR(t) = Ta[pAR(ta t) - ,OAR(t; t— 7')] + Ta/ apAR(t, t’)dtl. (2110)
t—1

We observe that pag(t,t) is the density operator for the cavity modes plus an atom

injected at time ¢. This operator can thus be expressed as

par(t,t) = pa(t)p(?), (2.1.11)

with p(t) being the density operator for the cavity modes alone. We also note that
par(t,t — 7) represents the density operator for an atom plus the cavity modes at
time ¢, with the atom being removed from the cavity at this time. This operator can

also be put in the form

(). (2.1.12)

>

par(t,t —7) = pa(t — 1)



Now in view of Egs. (2.1.11) and (2.1.12), one can rewrite Eq. (2.1.10) as

d . ) ) ) Lo, N o
%pm(t) = Ta[pa(t) — pa(t —7)]p(t) + ra/ apfm(t,t )dt'. (2.1.13)
t—1

The density operator evolves in time according to
8 ~ / T T ~ /
apAR(t,t) = —Z[H[,,OAR(t,t)], (2114)

so that using this and taking into account Eq. (2.1.9), one can put Eq. (2.1.13) in

the form

d

JiPAR(8) = Ta[pa(t) — pa(t — 7)]p(t) — i[Hy, par(t)). (2.1.15)

Furthermore, tracing over the atomic variables and taking into account the damping

of the cavity modes by a vacuum reservoir [1], we have

dp

. 1
- = —iTrA[Hy, par(t,t)] + 542&,3&* — pata —alap)

1 ~ o~ A A
+ 5/{(26,66* — pbth — b'bp), (2.1.16)
where we have used the fact that
Trpa(t)=Trpat—7)=1 (2.1.17)

and k is the cavity damping constant. Employing Eq. (2.1.1), the master equation

for the cavity modes, can be put in the form

dp

= (pa" = pu + prcb’ = b pre + @pra — prafi + bpay = parb)

1 1 oo man s
+ 5&(2&,65[ — pata —atap) + 5/@(26,@6* — pbth — b'bp), (2.1.18)
in which the matrix element p,s is defined by

pap = {albarlB), (2.1.19)



with a, 3 = a, b, c. On the other hand, we see from Eq. (2.1.15) that

Pos  Jro(alpa®)B) — ratalpalt — DIBYAE) — illel HiparlB)

dt
— (alparH1B)] = Yhas, (2.1.20)

where the last term is included to account for the decay of atoms due to spontaneous
emission. Here v, considered to be the same for all the three-levels, is the atomic
decay rate. We assume that the atoms are removed from the cavity after they have
decayed to a level other than the intermediate or the bottom level [1]. We then see

that
(alpa(t —7)[B) =0 (2.1.21)

and hence Eq. (2.1.20) reduces to

dpa ) S o A
e — rofalpa()18)plt) — illal Hipanl®) — (alpanHi|B)] = vpus, (2122

Applying this equation and taking into account Eqs. (2.1.1) and (2.1.2), one readily

obtains
% = (Pach’ + @pry — Paal) = VPabs (2.1.23)
dgﬁc = g(bpec — pub — @' pac) = Ve, (2.1.24)
% = 7aPot) P(t) + 9(@Pra + Pavit') = Vhoa: (2.1.25)
% = 9(bpes = Prat = @' pus) = Vo, (2.1.26)
dﬁ? = 70p P(t) + 9(@pre = Parb) = pac: (2.1.27)
dggc = 7apld 0(8) = 9 poe + pab) = Ve (2.1.28)

We confine ourselves in a linear analysis and this can be achieved by dropping the

g-terms in Egs. (2.1.25) - (2.1.28) and imposing the condition that x < 7 (the



good-cavity limit). Under this condition, the cavity mode variables change slowly
compared with the atomic variables. Since the atomic variables reach steady state in
the relatively short period of v !, one can take the time derivatives of such variables
to be zero, while keeping the zero-order atomic and cavity mode variables at time
t. This procedure may be referred to as the adiabatic approximation scheme. Thus
upon dropping the g-terms and applying the adiabatic approximation scheme [1] in
Eqgs. (2.1.25) - (2.1.28), we get
(0)

~ TaPaa .
Paa = p(), (2.1.29)
~
pop = 0, (2.1.30)
. Taphe
Pac = p(t), (2.1.31)
v
_Tapil

Now combination of Eqs. (2.1.23), (2.1.29), (2.1.30), and (2.1.31) as well as Egs.
(2.1.24), (2.1.30), (2.1.31), and (2.1.32) leads to

dAa Ta N
jt” T2 (50 bt + 58 pi) = Vs, (2.1.33)
dﬁbc _ Y 05 R
o= 0lbp = DA D) — Ve (2.1.34)

Using once more the adiabatic approximation scheme, we easily find

~ gra , . A7 N An

o = = (P9 pbt + L% pa), (2.1.35)
g

=3 (00— patp). (2.1.36)



Finally, on account of Eqs. (2.1.35) and (2.1.36), the master equation for the cavity

modes turns out to be

dp e
d—f = Q(2a'pa — aa'p — paa) + R(2bpb! — pbih — bibp)

+ S(pbtat + btatp — 2atpbt) + T(abp + pab — 2bpa)

+ UQapa' — pata — atap) + U2bpbt — pbtb — bibp), (2.1.37)
where
1
Q=540 (2.1.38)
1
R= 5Apg?, (2.1.39)
PO
S =540, (2.1.40)
Lo
T = S Ap. (2.1.41)
1
U= 35, (2.1.42)
29%r4
A= e (2.1.43)

with A being the linear gain coefficient. In addition, the interaction of the cavity

modes and coherent driving modes, treated classically, can be described by

A

H,=ic(at —a+ 0t —b), (2.1.44)
where ¢ is a constant proportional to the amplitude of the driving mode. The equation
of evolution of the density operator associated with this Hamiltonian has the form

dp A )
d—’t) = —e(ap— pa—atp+ pat +bp— pb+ bt p+ pbt). (2.1.45)
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On account of Eqgs. (2.1.37) and (2.1.45) the master equation for a nondegenerate
three-level laser, with the cavity modes driven by coherent light modes and coupled

to a two-mode vacuum reservoir can be written as

dp

= —c(ap— pa—a'p+ pat +bp— pb+ b p+ pb')

+ Q(2a'pa —aatp — paa’) + R(20pbt — pbTh — bibp)
+ S(pbfal +bfatp — 24t pb") + T(abp + pab — 2bpa)

+ U(2apat — pata — atap) + U(2bpbt — pbTo — bibp). (2.1.46)

2.2 The Stochastic Differential Equations

We next proceed to determine the stochastic differential equations for the cavity mode
variables. To this end, applying the relation

d d, -
H(A) = ZTr(pA) (2.2.1)

along with Eq. (2.1.46), one readily finds

Ca) ==~ (U - Q@) - SO, (2.2.2)

%<a2> = 9:(a) — 2(U — Q)(a) — 25(ab), (2.2.3)

%@T@ =20 +e((ah) + (@) — 2U — Q)(ata) — S(a'bty — T(ab),  (2.2.4)
%@ o U+ R)(b) + S(ah, (2.2.5)

%dﬂ = 2e(b) — 2(U + R)(b%) + 25(a'D), (2.2.6)

%@TQ = 2((b") + (b)) — 2(U + R)(b'D) + S(a'dty + T (ab), (2.2.7)

%<a6> — (@) + (BY) — (2U + R— Q)(aby — SG'D) + S@ata) + S, (2.2.8)
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%@J& = e((a") + (b)) — 2U + R — Q)(atb) + S(a'?) — T(?). (2.2.9)

We see that Eqs. (2.2.2) - (2.2.9) are in normal order. By taking a — «, a' — o,

b— (3, and bt — (%, the corresponding c-number equations are

%@ =~ (U= Q){a) = 5(57), (2.2.10)
%(&) = 2e{a) — 2(U — Q){a”) — 25{a/3"), (2.2.11)

9 faa) =2 +<((0") + (@) ~ 2U - Q)a’a) ~ S(@'F) ~T(af),  (22.12)
d

i

%<ﬂ2> = 2e(f) — 2(U + R)(8°) +25(a"B3), (2.2.14)

B) =¢e—(U+ R){B) + S{a"), (2.2.13)

%(ﬁ*ﬁ) = c((B%) + (B)) — 2(U + R){(B*B) + S{a*B*) + T{ap), (2.2.15)
%) = (o) +{0)) — (20 + B~ Q){aff) — S(B+5) + Sla*a) + 5. (2210
@ 0f) = cll@’) + (B) — U+ B - Q)" B) + S(@™) ~ (5. (2217)

On account of Egs. (2.2.10) and (2.2.13), one can write the stochastic differential

equations
%aza— (U —-Q)a— SH" + fut), (2.2.18)
5=~ (U + R+ S+ (1), (2.2.19)

where f,(t) and f5(t) are noise forces the properties of which remain to be determined.

If we compare Eq. (2.2.10) and the expectation value of Eq. (2.2.18), we can see that

(falt)) = 0. (2.2.20)
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In addition, comparing Eq. (2.2.13) and the expectation value of Eq. (2.2.19), we

also see that
(fs(t)) =0. (2.2.21)

Moreover, using Eqs. (2.2.18) and (2.2.19), one readily finds

%<a2> = 2¢(a) — 2(U — Q){a?) — 25(af*) + 2(afa(t)), (2.2.22)
%W) = 2:(B) — 2(U + R)(B%) + 25(c* B) + 2(Bf5(t)), (2.2.23)
d

—(a’a) = e((a") +(a)) —2(U — Q){a"a) — S{a” ") — T(ap)
+ ({afa®) + (a” fa(1)), (2.2.24)

—(B°8) = e((B") +(B)) = 2(U + R)(B*B) + S(a*B") + T{ap)
+ (Bf5@0) + (B f5(1)), (2.2.25)

ClaB) = e(lo) +{8) — (U + B~ Q){aB) — S(3+) + Sla*a)
+ (afs(t)) + (Bfa(t)), (2.2.26)

7(@"8) = (@) +(B)) = U + R = Q)(a"B) + S(a™) = T(F")
+ (" fp(t)) + (B1a(1)). (2.2.27)

Comparing Eqs. (2.2.11), (2.2.12), (2.2.14), (2.2.15), (2.2.16) and (2.2.17) with Eqs.
(2.2.22) - (2.2.27), one readily finds

(afa(t)) =0, (2.2.28)

(afa(t)) + (" fa(t)) = 2Q, (2.2.29)
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(Bfs(t)) =0, (2.2.30)
(Bf5(1)) + (8" f5(t)) =0, (2.2.31)
(afs(t)) +(Bfa(t)) =S, (2.2.32)
(" fa(1)) + (Bfa(t)) = 0. (2.2.33)

Furthermore, the solution of Eq. (2.2.18) can be written as
¢

a(t) = a(0)e” W= 4 / e U= _ TE(#) 4 fo(t')]dt". (2.2.34)

0
Multiplying both side of Eq. (2.2.34) by fX(¢) and taking the expectation value of

the resulting expression, we have

t

(@) fa®)) = (a(0)fa(t))e "V + / e WmQDe(f2(0) = T{5(¢) £3(1))

0

+ (fa(t)f2(2))]dE. (2.2.35)

Applying Eq. (2.2.20) and using the fact that the noise force at time ¢ doesn’t affect

the cavity mode variables at earlier time [1], we get

t

(a(t) fa(1)) = / e TmQUO(fL () fa(t)at. (2.2.36)

0

Taking the complex conjugate of this equation, we get
t
(" () fa(t)) = / e TOUO(fL(H) fa(t))at. (2.2.37)
0
Adding Egs. (2.2.36) and (2.2.37) and using Eq. (2.2.29), we find
t !
[ e O 0 + GO 0N =20 (2239)
0

We assume

(fa(t)fa(D)) = (fa(t) fa(t)). (2.2.39)
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In view of this assumption, Eq. (2.2.38) turns out to be

/ D () ) = Q. (2:2:40)
0

Based of the resulting expression, we can write [1,15]

Falt) F2(8) = 2Q3(t — ¥). (2.2.41)

Furthermore, multiplying both side of Eq. (2.2.34) by f5(¢) and taking the expecta-

tion value of the result, we have

(@) fs(1)) = (a(0)f5(t)e "D+ /0 e QEDe(f5(1)) — T(5* () f5(1))
+ (fa(t) f5()))dt. (2.2.42)

Applying Eq. (2.2.21) and using the fact that the noise force at time ¢ doesn’t affect

the cavity mode variables at earlier time, we find

{a(t)fs()) = /0 t "D fo (t') f5(1))dt . (2.2.43)

The formal solution of the complex conjugate of Eq. (2.2.19) has the form

t

B(t) = p(0)e” THE 4 / e~ U=z 4 Sa* (1) + f4(t'))dt". (2.2.44)

0

Multiplying Eq. (2.2.44) by f.(t) and taking the expectation value of the resulting

expression, we get

B fa() = (B(0)falt))e” T + /0 " WHRDle(fa (1)) — S(a” () fa(1))

+ (fa(t) fa(t))]dt'. (2.2.45)

Applying Eq. (2.2.20) and using the fact that the noise force at time ¢ doesn’t affect

the cavity mode variables at earlier time, we obtain

(B() fa(t)) = / R ) £ () (2.2.46)
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Adding Egs. (2.2.43) and (2.2.46) and applying Eq. (2.2.32), we get

/t 6—(U—Q)(t—t’)<fa(t/)fﬁ(t)>dt/ 4 /lt 6—(U+R)(t—t')(fﬂ(t’)fa(t»dt' =S. (2.2.47)
0 0

We assume
(fa(@) fs@)) = (fs(t') fu(2))- (2.2.48)

On account of this assumption, we can see that
/ t[e—w—@(t—t’) + e AR £ () fo(t))dt = S. (2.2.49)
0
Based on the resulting expression, we can write [1,15]
(fa(t)f5(t)) = (f5(t') fa(t)) = S6(t — 1'). (2.2.50)

It can also be established in a similar manner that

(fa(t') fa(t)) =0, (2.2.51)
(fs()fs(t)) = 0, (2.2.52)
(fa(t)f5(1)) =0, (2.2.53)
(falt)fa(t)) = (fa(t) f5(t)) = 0. (2.2.54)

2.3 Solutions of the Stochastic Differential Equa-
tions

In the previous section we have found two stochastic differential equations for «()

and *(¢). In this section we seek to obtain the solutions of these coupled stochastic
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differential equations using matrix method. On account of Egs. (2.2.18) and (2.2.19)

we can write the matrix equation as

dJ(t
% =MJ(t)+ E(t), (2.3.1)
where
t
J(t) = ( o) ) : (2.3.2)
(1)
-U =S
M = @ (2.3.3)
T —(U+R)
and
alt) +
E(t) = ( falD) +& ) . (2.3.4)
fa(t) +e
To solve Eq. (2.3.1), we need to find the eigenvalues and eigenvectors of M such that
MV =V (2.3.5)
where
V' = ( ! ) , (2.3.6)
Y
with the normalization condition
22+’ =1 (2.3.7)

Equation (2.3.5) can be rewritten as
(M —=XV'=0 (2.3.8)

where [ is an identity operator. Equation (2.3.8) has a non-trivial solution provided
that
|M — M| = 0. (2.3.9)
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This implies that
M4+ @QU+AR-QA+((U—-Q)(U+R)+TS)=0. (2.3.10)

Solving this quadratic equation for A, the eigen values of the matrix M to be

AL = —-Q2QU+R—-Q)+ \/(2U S _QQ)Q ST R 1) (2.3.11)

and

N —Q2QU+R-Q)— QU +R —2Q)2 —4U-QU+R)+ TS), (2.3.12)

Using Eqgs. (2.3.5) and (2.3.6) along with the normalization condition given by Eq.

(2.3.7) , we easily find the corresponding eigen vectors to be

V= ! 5 (2.3.13)
CVEF@R-U- P\ Q-U- h

and

Vi = ! 5 (2.3.14)
VST Q-U- M3\ Q-U-) )’ -

We construct a matrix V' consisting of the eigenvectors of M as a column matrix

V= (VIV)). (2.3.15)
We then find
S S
_ | VEHQ-T-M)? /P HQ-TU-)2)?
V= oo ot . (2.3.16)

VS2HQ-U-X1)?  /S24H(Q-U—y)?

The inverse of this matrix has the form

QU 2)V/SPHQ U A /SHQ U A1)
) by

Q U-2)V/SPHQ U X /SPHQ U Xa)?
SA - Y

V-l — (2.3.17)
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where A = \; — ;. Applying the identity operator I = VV ! in Eq. (2.3.1), we have

d{i_it) = VVIMVV-LI() + B() (2.3.18)

and multiplying Eq. (2.3.18) on the left by V!, we get

d
o (VU(t)) =DV 'I(@t)+ V E(®) (2.3.19)
in which
MO
D=vV"'Mv=|"" . (2.3.20)
0 Ao

For physically realizable solution A; and A, must have negative values. To this end,

the solution of Eq. (2.3.19), can be written as
t ’
VLI(t) = PV LI(0) + / POV LE (Y at (2.3.21)
0
from which follows

t
J(t) = VeP'VLI(0) + / VeV IR dt . (2.3.22)

0

Since D is diagonal, we have

eMt 0
oDt — ( NG ) . (2.3.23)
e

It is easy to see that

_ L(Beret — CeMt)a(0) S (eMt — M) 3*(0)
VeDtV 1(](0) = /\BC ot . : A . o (2324)
£ —ea(0)  3(Beh! - CeX)5(0)
and
VePCOVILE(®Y) = ( s 1 ) (2.3.25)
BC 1
—%xds 3
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where

B = Q-U-\, (2.3.26)
C = Q-U-), (2.3.27)
J = (Bet) MUY (FL (1) + e), (2.3.28)
Jo = (M) — M=) (fr(#) + ), (2.3.29)
Jy = (M) MY (F () 4 g), (2.3.30)
Ji = (BeM) — CeP N (fa(t) + o). (2.3.31)

Integrating Eq. (2.3.25), we have
1t 1 St !
s |y Sidt 2[5 Todt
/ VeV B dt = ( BACfﬂt ! ifg ? ) (2.3.32)
0 5N f(] Jgdtl 5\ f(] J4dtl
Using Eqgs. (2.3.24) and (2.3.32) in Eq. (2.3.22), we get

) = ( l(Be)\Qt — CeMt)a(0) %( Mt ghat) g+ (() )
SA( et — eM')a(0) (BeMt — Ce?2t) 3%(0)

1

)\

Lgdt 2 [0 Jdt

o Dt Sy T (2.3.33)
Ldt ,dt

fOJd’ /\fﬂjdl

With the aid of Eqgs. (2.3.2), (2.3.28) - (2.3.31), and (2.3.33), one easily see that

1
at) = X(Be’\21t — Ce’\lt)a(()) + S

t t
+ LB/\_ %) / eA:’(tt')dt'nL% / (B2 1) — oMY £ (¢ dt!
0 0

S t ! !
+ 5 / (M) — MU0 £ () at! (2.3.34)
0

— t ’
(6/\1t . eAZt)ﬁ*(O) + 5(‘9)\ C) / e/\l(t—t )dt/
0

> |
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and
_ BC i 1 it Aot eB(S-0C) /lt M (t—t") 740
Bt) = S)\(e e )a(O)—F)\( — Ce")p*(0) + G i e dt
eC(B - S) ! Aa(t—t') g1 BC [ Aa(t—t") M (t—t) N,
+ T/ﬂ € dt—Fg ; (6 — € )fa(t)dt
1/t : ,
+ 5 / (BeM 1) — CeM =) fr(t')dt! (2.3.35)
0

Carrying out some of the integrations in Eqs. (2.3.34) and (2.3.35), we finally get

S—-C B-S 1
Oz(t) _ 8( )\)\1 )(6)‘1t _ 1) i 5( )\)\2 )(eAzt _ 1) + X( Azt Ce)qt) ( )
+ ;(ellt _ 6)‘2t)ﬁ*(0) —i—F(t), (2336)
B(S—-C Cc(B-S BC
50 = PO Do LR oy B - vijao)
+ Lper — conr )+ co. (2337
where
R = [ (B oot gty
+ ; /0 t(eW*t’) — ) (¢ dt (2.3.38)

BC t ¢ —t / !
¢ = 5y /Owt ") M) f ()t

1

t
+ A/0 (BeM ) — 1) f1(¢')dt! (2.3.39)

In the next two chapters we apply the cavity mode variables «(t) and §*(¢) to
calculate all quantities of interest in our analysis of the squeezing and statistical

properties of the light generated by the system under consideration.



Chapter 3

Quadrature Fluctuations

In the previous chapter we have found the explicit forms of the two cavity mode
variables a(t) and (*(t). Here we apply these results to calculate the quadrature
variances and the squeezing spectrum of the two-mode light generated by the optical

system under consideration.

3.1 Quadrature Variances

In order to study the squeezing properties of a two-mode light, we introduce the

quadrature operators defined by [1]

ép = —2(a+ +by) (3.1.1)
. r .
¢ = —2(af +b.), (3.1.2)
in which
a, =a' +a, (3.1.3)
a =i(a' —a), (3.1.4)
by = b+, (3.1.5)
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b_ =i(b' —b). (3.1.6)

Using Egs. (3.1.3) - (3.1.6) in Egs. (3.1.1) and (3.1.2) we have

1 . .
N o A-i- N -i-
¢, =—(@" +a+0"+0), 3.1.7
io=—(@a"—a+0"—0). 3.1.8
75! ) (318)

Using the above results, the quadrature variances of the two quadrature operators in

the normal order have the form

AG = 1 g [ +4a%) + (6 + (%) + 2a'b) + 24ab)) - ((ah)’

+ON ) 4 2 BN + 2(a)(B))] £ [(2(ata) + 261 + 2(ath)

+ (a)*

+ 20bfa)) — (2(a")(a) + 2(ahy @) + 2(bT) (@) + 2061 (B))]] . (3.1.9)

The c-number function corresponding to Eq. (3.1.9) associated with the normal

ordering can be written as

A = 142 |[((0™) + (0%) + (52 + (6% + 2a"8) + 2(08) - (0" + (a)’

2
+ (B + (B + 2(a)(B%) + 2(a)(B)] £ [(2(a” @) + 2(3*B) + 2(a B)
+ 2(B ) — (2(a*){a) + 2{a)(B) + 2(B*){a) + 2(8)(B))]|- (3.1.10)

To find the quadrature variance of the two-mode light under consideration, we
now apply Eqs. (2.3.36) and (2.3.37) to calculate the various expectation values that
appeared on Eq. (3.1.10). But we restrict ourselves such that the cavity modes are

initially in vacuum state. Mathematically, we can express this initial condition as
(a(0)) = (a(0)*a(0)) =0, (3.1.11)

(6(0)) = (8(0)"5(0)) =0, (3.1.12)
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(6(0)a(0)) = (6°(0)a(0)) =0, (3.1.13)
Now, making use of these assumptions along with Eqgs. (2.2.20), (2.2.21), (2.2.38)
and (2.3.39), we can easily see that

(F(t)) =0, (3.1.14)

(G(t)) = 0. (3.1.15)

Applying Eq. (2.3.36) along with Egs. (3.1.11) - (3.1.14), we find

€ €2

@ (Ba() = (S ONT O™ =1+ 15

(B—S)(B—T)(eM —1)?

+ m[(T —C)B—-8)+(B-T)(S - O))(eM —1)(eM —1)
T

b LB — M (@t (O)F (1) + 1 (M ) {5(0)F (1)

(M — ") (B7(0)F* (1))

+ (FF()F(1))- (3.1.16)

> >

n i(Bem — CeMY{a(0)F* (1)) +

Using the fact that the noise force at time ¢ does not affect the cavity mode variables

at earlier time, we note that
(@ (0)F(1)) = {7 (0))(F(t)) =0, (3.1.17)

(BO)F(2)) = (BO))(F(t)) = 0. (3.1.18)

Applying these results and their complex conjugate, Eq. (3.1.16) takes the form

(0" (Bat)) = ;_Z [(S — Ci\(%T —C) (M 1024 (B - Si\(%B ~T) (1)
+ ;\—22 [(T _ C) (B _ S))\BQ(B — T)(S _ C) (e)\zt — 1)(6)\1t i 1)

+ (FF()F(1))- (3.1.19)



24

On account of Egs. (2.3.38) and (2.3.39), we have

]_ t ! ! 1 "
(FFOF®) = 0 (BeX ) — CeMD) (B — CM TN (f1(") fu () dt”
S t ! ! " 1"
+ ﬁ (6/\1(t7t) i eAg(tft ))(Be)\g(tft ) Ce/\l(tft ))<f;(t/l)f;(t/)>dt/dtu
0
t
+ % (Be/\g(t—t’) _ Cve)q(t—t’))(e)q(t—t”) _ 6)‘2(t_t”))<f5(t”)fa(tl)>dtldt”
0
ST ! A1 (t—t) A2 (t—t')\ (A1 (E—t"") Ao (t—t") Y £ (41 I
+ (M) — ) (M) ) () (1)) dl .

22,
(3.1.20)

Using the correlation relations given by Eqgs. (2.2.41), (2.2.50) and (2.2.53) then

carrying out the integrations, we obtain

roroy = (FLET )@y 4 (SLET ey

A2\, A2\
- (2(2303(;1‘?;5 + C))> (eMi+A2)t _ 1y, (3.1.21)
Substituting Eq. (3.1.21) into Eq. (3.1.19), we have
@) = 5| E=RE= Dy BB D ey
N ;_Z[(T— C)(B - S)}\;L)\Z(B —T)(S - 0)} 1y 1
¢ (BB iy (P CST iy
— <2(QBC/\€ (glin) + C))> (ePitAa)t _ 1), (3.1.22)

At steady state, Eq. (3.1.22) takes the form
22BCQ - ST(B+C)) B%Q) — BST B C?Q — COST

(@ (Ba(t)ss = X200 + o) A2, 2N
E(S—C)T-C) (S—B)T—B)
N A_{ X R ]
4+ i[(T_(j)(B—S)+(B—T)(S—C)], (3.1.23)

AZA1 A
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where ss stands for steady state.

Applying Eq. (2.3.37) along with Eqgs. (3.1.11), (3.1.12), (3.1.13) and (3.1.15), we

have
FO80) = g | oG D e —ayp s CEZDE=D 2
. ffs*i {(S —O)(B - T)Ai\iT —O)(B-9) (1) 1)
b DS (@ = M Ya0)G (1) + 1 (BN — 0P (5 (0)G (1)
b DL - M 0)G(0) + 1 (BN — OO (BOIG(D)
+ {(GHOGO)). (3.1.24)

One can also show in a similar fashion that

(B*(t)B(t)) = )\QST {32 T C) (e)qt 1)+ C*(B — fg)(B -T) (6’\2t )2
" )\QST { ))\1)\5T B =5) (Mt = 1)(e — 1)
+ (3.1.25)

With the aid of Eq. (2.3.39), we can write

.B2 2 t ! ! 1" 1"
<G*(t)G(t)> — A2§T/ (eAg(tft) . eAl(tft))(e)\z(tft ) eAl(tft ))<f2(t”)fa(tl)>dt’dt”
0
BC [ A1 (t—t") Aa(t—t")\ (A2 (t—t") Ar(t—t") * (g px () I
+ T (Be™ — (Ce™ ) (e — et Y fa(t )fﬁ(t)>dtdt
0
BC ! Ao (t—t") A1 (t—t") A (t—t") Ao (t—t") " / 1 34
+ S (e — e )(Be™t — Ce™ V{(fa(t") fa(t'))dt'dt
0
t
+ % (Be)q(tft’) o Cex\z(tft’))(Be)\l(tft”) i Ce)q(tft”))<fﬂ(t/l)f5(t/)>dt/dtu‘
0

(3.1.26)

On account of Egs. (2.2.41), (2.2.50) and (2.2.53), and carrying out the integration
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Eq. (3.1.26) turns out to be

* . QB202 1 2X1t 1 22t 4 (A1+A2)t
BC[2(B+C), (x1a B ot C o
IR RC) I i1y =~ 2t _ |
% [ N ¢ D T A W
(3.1.27)

Using Eq. (3.1.27) in Eq. (3.1.25), we get

* @ BS-OT-0C) e, CB-SB-T)
BCe[(S—C)B-T)+(T-C)(B-95)], s Aot
+ A2ST [ A1 g e =) -1
QB*C*[1 4y, L onat 4 (A+A2)t
A 1t _ 1 _ 2t - 1 2 _ 1
+ Szor " (e )+ )\2(6 ) )\1+)\2(e )
BC 2(B + C) (M+A2)t B 22Xt ¢ 2Xat
A 1) — — (e = 1) — — (e = 1)].
+ A2 [ A1+ Ao (e ) A (e ) )\2(6 )
(3.1.28)
Evaluating Eq. (3.1.28) at steady state, we finally get
. _ B*C C*B 2BC(B+C) QB?C?
<ﬁ (t)ﬂ(t»ss - )\2)\1 + )\2)\2 - )\2()\1 —+ )\2) - ()\1 + )\2))\1)\25’T
e [B*(S-C)T-C) C*B-S)(B-T)
+ 2 + 2
\2ST Y| A5
BCé?
- - B-T T— B — . 1.2
gt |6 OE-D - OB (12

Applying Egs. (2.3.36) and (2.3.37) and taking into account the fact that a noise

force at a later time doesn’t affect cavity mode variables at earlier time, we find

CB=T)(B=5) i _ 4y
R _1)}

(6/\1t o 1)(6)\2t o 1)

(M —1)2 +

(a(t)B(1)) = ;;T [B(S - c;)%(:r _0)

e [C(S—C)B-T)+B(B—S8)(T-0C)
NPT [ A2
+ (F()G"(1))- (3.1.30)
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In view of Eqs. (2.3.38) and (2.3.39), we have

" BC ! ¢ — o (t—t" -t ® (gl / ! 3400
(FNG'(1) = o | (B — GO = M) o) o (1) '
BCS t oy (! g ! s (g p£x (4] S
S [N ) MO g ()
1 t ! ! 1 1"
+ p (Be/\g(t—t ) Cve)q(t—t ))(Be/\l(t—t ) Cve)\z(t—t ))<fﬁ(t”)fa(tl)>dt’dt”
0
t
+ % (6)\1(t—t’) _ 6)‘2(t_tl))(Be/\1(t_t”) _ C€A2(t_t”))<fﬁ(t”)f5(tl)>dtldt”.
0
(3.1.31)
On account of Egs. (2.2.41), (2.2.50) and (2.2.53), Eq. (3.1.31) reduces to
2BCQ [ B C B+C
F t G* t — T (220t 1 (oAt 1) — (A1+A2)t -1
FOe ) = 22| -+ e - - P )
S (B + 0)2 (/\1+)\2)t BC 2ot BC 2ot
(3.1.32)
Substituting this result into Eq. (3.1.30), we have
€ [BE=CONT=C) ri_ 12, CB=T)B=5) i
t)p(t)) = -1 -1
(@3) = o | DI D e ey AEZDE=S oy
e [C(S-C)B-T)+B(B-S)(T-0) X
2BCQ[ B |, 5, C B+C iy
T T [2,\2 A Vs vy Wi Y
S (B + 0)2 ()\1-1—)\2)15 BC 2Xot BC 2Xot

(3.1.33)
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Evaluating Eq. (3.1.33) at steady state, we get

_ 2BCQ[B+C B S[BC  BC (B+C)
<a(t)ﬁ(t)>ss = \2T {)\1 + Xy N R N 2—)\1} )\_{ A9 + M A1+ Ag }
¢ [B(S -O)(r-0), (B S) }
AT A )’
+ m{c(s_c)(fg—ﬂ+B(B—S)(T—C)]. (3.1.34)

Similar calculation for the remaining expectation values in Eq. (3.1.10) at any

time ¢ and at steady state shows that

(a(t)?) = % [%(e’\lt — 1)+ w(ewt - 1)] , (3.1.35)

(a(t)?)ss = ;—Z{C;lsjt (SA_QB)} : (3.1.36)
2y _ ¢ [B(T-C) At CB-T) i _ ’

(B@1)%) YIE A1 (e 1)+ ” (e 1| ,(3.1.37)

00 = o] PG+ SO | (3.1.58)
@ 0s0) = 5o B Re —ap o E e 1y
+ %(3 —T)T — O)(eMt — 1) (et — 1), (3.1.39)
@50 = o B+ e E Ly
+ %(B—T)(T—C). (3.1.40)

On account of Egs. (2.3.36) and (2.3.37) along with (3.1.11) - (3.1.15), we have

(a(t)) = A/\1 — (S = C)(eM — 1)+ )\—)\Q(B S)(ett — 1), (3.1.41)

(B0 = 37T = ONM = 1)+ {5 (B =T) (™ - 1) (3.1.42)



In view of these two equations, we easily see that

oy = S[52ER)

R e et

CIONNE )\26;2 [B(CA: . +C(TA2_ B)} |

wapeey = 2p(TY o2
(B + C)é?

(6)\1t o 1) +

2
Aot o 1
)\2 (6 ):| )
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(3.1.43)
(3.1.44)
(3.1.45)

(3.1.46)

e

+ Sy (B DT -0 -1 — 1), (3.1.47)
@ = on[(550) wo(Z0)]
* (i;?ﬁ (B-T)(T-0), (3.1.48)
e = 5T AE=ILEDE=ON ey
+ Ag—i%(s —O)(T - C)(eM — 1)
+ Ag—ig(B —S)(B=T)(e* ~ 1) (3.1.49)
@ O)ulalt). = 5[ BB
N ;_Z[(C—T)(S— B))\;L)\Q(T— B)(C — S)}, 5.150)
sy = B[ EZAEDE L OB gy
+ %(5 _CO)(T = C)(eM! = 1)?
+ ﬁ(B —S)(B=T)(e™ - 1) (3.1.51)

N2\
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RO —— [Bz(c - S)(C-T)  CS - B)(T - B)}

e L e S L L |
+ %(s —O)(T - C)(eM = 1)
(BT - S)(E - 1), (31.53)
I L .
N ;_22 [C(C — S)(T — B;;;(S — B)(C — T)] | (3154)

Comparisons of Egs. (3.1.35), (3.1.37) and (3.1.39) with Eqgs. (3.1.43), (3.1.45) and
(3.1.47) shows that

(@(t) = {(a®)? (3.1.55)
(B(t)) = (B(1))? (3.1.56)
(@ )B(t) = (a"(1){B(1)). (3.1.57)

In view of these results and their complex conjugates, Eq. (3.1.10) takes the form
Ad = 14 [<a*<t>a<t>> B WOAD) — (0 (1) alt)) — w*(t»w(t»}
" [(a*(t)ﬁ*(t» T {a()B)) — (o () (5 (1)) — <a<t>><ﬁ(t>>]. (3.1.58)

Employing Eqs. (3.1.22), (3.1.28), (3.1.33), (3.1.49), (3.1.51), (3.1.53) and its complex
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conjugate in Eq. (3.1.58), the quadrature variances become

+ (BQQAQ;A?ST> (2" —1) + (czcgﬂ;fsz/) (e = 1)
) <2(2BCQ — ST(B+ C))) (o 1)}
2200 + M)
n % {(ii(){f Ot 1) %(@Aﬁ —1)— %(e”ﬁ 1)] (3.1.59)

Evaluating the Eq. (3.1.59) at steady state, we get

22BCQ — (ST + BC)(B+C)]  B(C?— BQ + ST)

2 _
(Aci)e = 14 X200+ o) * o,
. O(B*-CQ+ST) | S+T[(B+C)2BCQ— ST(B+0)]
DY N2ST A+ A
BC(S:; —CQ) | BC(S? — BQ)] . (3.1.60)
1 2

To simplify our task, it is more convenient to introduce a new parameter 7 as

]__
PO = Tn (3.1.61)

We consider the case in which the atoms are initially in a superposition of the upper

and the lower levels. Thus, in view of Eqgs. (2.1.2) - (2.1.7) the following conditions
hold

pd +ol =1, (3.1.62)
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PO = pp0), (3.1.63)

Using these equations along with Eq. (3.1.61), we get

1+

o= — 7 (3.1.64)
1 .

PO = 5\/1 — 2, (3.1.65)
1 )

PO = 5\/1 — 2™ (3.1.66)

where 6 is the phase angle. Since the value of pg%) is between 0 and 1 then it is not

difficult to see that the value of 7 lies in the interval —1 <7 < 1. Using Eqgs. (3.1.61),

(3.1.64), (3.1.65) and (3.1.66) in Eqs. (2.1.38) - (2.1.41), we have

Q

_ i,m_n), (3.1.67)
_ %A(Hn), (3.1.68)
= iAﬂew, (3.1.69)
= iAMew. (3.1.70)

Employing Eqgs. (2.1.42) and (3.1.67) - (3.1.70) in Egs. (2.3.11) and (2.3.12), we

obtain

M

Ao

Furthermore, substituting Eqs.

(2.3.26) and (2.3.27), we get

1
= —5x, (3.1.71)
1
= —5(k+An), (3.1.72)
1

(2.1.42), (3.1.67) and (3.1.71) - (3.1.73) into Egs.

B = %A(l—n), (3.1.74)
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C = iA(lJrn). (3.1.75)

Finally, substituting Eqs. (3.1.67) - (3.1.75) into Eq. (3.1.60), the quadrature vari-

ances at steady state become [20]
4(A%n? + 3Ank + 265%) + A(1 — n) (A + 3An + 4k) + A%(1 — n?)
4(A?n? + 3Ank + 2K2)

Acosfy/1—n?(A+ An + 2k) (3.1.76)
2(A2n? + 3Ank + 2K2) o

2 _
Acy =

Equation (3.1.76) is independent of ¢ which shows that the two mode driving light

1
0.9
0.8

0.7}

No'
<
0.6

0.5t

0.4f

Fig. 3.1 A plot of the variance of the minus quadrature [Eq. (3.1.76)] versus n for § = 0, k = 0.8
and A = 5,25,75.

has no effect on the squeezing. From Fig. 3.1 we see that squeezing occurs for values

of n between 0 and 1. And we also observe that the squeezing increases with the
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linear gain coefficient. For A = 75 and x = 0.8 the maximum squeezing is found to

be 64%.

3.2 Squeezing Spectrum

We next seek to obtain the squeezing spectrum for the light modes generated by
the nondegenerate three-level laser. The squeezing spectrum for a two-mode light is

defined as [1,16]
S (w) = 2Re / (EG1(t), &% (t + 7)) 5™ dr, (3.2.1)
0

where Re denotes the real part. Using the fundamental commutation relation [a(t), af(#')] =

[b(), b1 ()] = 6(t — '), we have
(€3 (1), 2 (t 4 7))ss = 0(7) & (- €3(1), €3 (E + 7) 2)as; (3.2.2)
where :: stands for normal ordering. Using Eq. (3.2.2) in Eq. (3.2.1), we have
9 () = 2Re / " 5(r)dr 4 2Re / Tl ), (14 7) YT (3.2.3)
0 0
Carrying out the first integration in Eq. (3.2.3), we get
S9U(w) = 14 2Re / Tl S0, (1 4 7) ) sae (3.2.4)
0
The corresponding c-number function associated with the normal ordering is
S (w) =14 2Re / Oo(vi“t(t), VLt + 7)) ss€™Td, (3.2.5)
0

where

V() = %(a;ut(t) £ out(t) + Bous (1) £ Bour (1)) (3.2.6)
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For a system coupled to a vacuum reservoir, the output and the intracavity variables

are related by [1,16]
A24() = V(). (32,7

In view of this fact, Eq. (3.2.5) takes the form

S (w) =1+ 2kRe /Ooowi (), v (t + 7)) g™ dr, (3.2.8)
where
1 * *
1+ (t) = E(a () £ alt) + 57 () £ B(1)). (3.2.9)

In order to evaluate the two-time correlation function that appears in Eq. (3.2.8),
we have to obtain the cavity mode variables o and g* at time ¢ + 7. Replacing 0 by

t and ¢ by ¢+ 7 in Egs. (2.3.36) and (2.3.37), we get

aft+7) = 55(S = O = 1)+ 5 (B = )T )
n %(Be’\ﬂ . Ce)\l'r)a(t) + %(6)\17 _ 6)‘27)5*(0
C rian (3.2.10)
* Be N Ce AT
Frlt+r) = 58O~ + a(B - S)(e —1)
n ?—5(6)\27— . eAlT)a(t) 4+ %(Be)\ﬂ' _ Ce)\z‘f)ﬁ*(t)
P, (3.2.11)

For the sake of simplicity, Eqs. (3.2.10) and (3.2.11) can be rewritten as

a(t +7) = ui (1) + us(1)a(t) + us(7) 8" () + F(t + 1), (3.2.12)

Bt +7) =vi(7) + va(T)(t) + v3(7)5*(t) + G(t + 1) (3.2.13)



where

u(r) =
us(1) =
ug(r) =
v (1) =
vo(1) =

v3(1) =

36

i _ AT i o AoT

o8 = O = 1)+ 5-(B = 5)(e™ — 1), (3.2.14)
1

X(Be’\ﬂ —CeMT), (3.2.15)

;(e’\” — M), (3.2.16)
Be AT 05 AT

DgS O =Dt (B9 =), (3217)
B

A—g(em — M), (3.2.18)

%(Be’\” — CeMT), (3.2.19)

Based on Eq. (3.2.9), one can write

(1=t + 7)) = %((a*(t + 7)) et + 7)) + {6+ 7)) £ (Bt +7))), (3.2.20)

so that applying the quantum regression theorem [1] and taking into account Eq.

(3.2.9), we find

(Y () v+t + 1))

% (o (D) (t+ 7)) + (B°() 5" (t + 7)) + {alt)a(t + 7))
+ (BBt +71)) + (" ()57 (t + 7)) + (B ()" (t + 7))

+ ()t + 7)) + (BB +7))] + [(at)a’(t+ 7))

+ (B (t+ 7)) + (@ (Dt + 7)) + (5 (F)alt + 7))

+ (a(®)B*(t+ 7))+ (B(H)F*(E + 7)) + (" ()5t + 7))

+ (BBt + 7)) (3.2.21)

Multiplying Eq. (3.2.12) by «*(¢) and taking the expectation value, we find

(" (t)a(t + 7))

= w(T){a" (1)) + ua(1){a* () (1)) + us(7)(a” () 5" (1))

v (a* () F(t+ 7). (3.2.22)
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With the aid of the fact that the noise force at time ¢t + 7 doesn’t affect the cavity

mode variables at earlier time, we have
(a*(t)F(t+ 1)) = 0. (3.2.23)
In view of this equation, Eq. (3.2.22) takes the form

(ot +71)) = u(r)(a" () + ua(T)(" (t)ar(t))

+ us(7)(a*(t)3*(1)). (3.2.24)

Multiplying the complex conjugate of Eq. (3.2.13) by «(t) and taking the expectation

value, we get

(a@)Bt+7)) = oi(r)(a(t)) + vy (T){a(t)a™(t)) + v3(T){a(t) 5(1)

+ {(at)G*(t+71)). (3.2.25)

On account of the fact that the noise force at time ¢ + 7 doesn’t affect the cavity

mode variables at earlier time, we have
(a(t)G*(t+ 1)) = 0. (3.2.26)
Using this fact in Eq. (3.2.25), we find

(@Bt +7)) = vi(r){a(t) + vy (T){t)a’ () + v3(r)(a(t) 5(1)). (3.2.27)
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We can also show in a similar fashion that
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From Egs. (3.2.9) and (3.2.20), we also easily see that
(=)=t + 7)) =

~—

—~

~—

—~

—

T

~—

:*:’U/3

—~ N N —~
— iy —~ +> —
-+~ +~ — ~ +>
~ ~—r +> * ~
I o T 99 2
~ ~ Naj ~ ~
—~ N ~ N T~
e N ~ N — ~ N e N
-+~ -+~ — ) +>
~ ~ + ~ ~—
* * ~— *

3 ol 3 3 3

_ ~ S~~~
— —  —— o
~~ G~ o~ o~
~—~ o~ N o

~— N~ N~ N ~—

—_ N~ o~

~— = ~  ~—

~— ~— ~— ~— ~—

—_ T /N ~

~— ~— ~—" N—" ~—"

—_ T~~~ o~ o~

~—

~ =

T

~—

U3

—_

_|_

~—_— N~ N~ = =

—_— —— —— e e

.
.
N
.
N

~
—~

~
—
—
—

~—

—

~—

~—

—

~—

—

~—

—_

- (3.1.57) and their

(3.1.55)

(3.2.34) and (3.2.35) along with Egs.

Applying Egs.

complex conjugates, we have
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On account of Eqs. (3.1.19), (3.1.25), (3.1.30), (3.1.49), (3.1.51) and (3.1.53), Eq.

(3.2.36) takes the form

(Y= (1), y£(t + 7))

1

5 [[v2(7) +0a(7) £ (us(7) + ua(T)) (" () F (1))
[uz(7) + us(7) £ (v3(7) + vs(7)){G" (1) (1))

[ua(7) 4 v3(7) * (va(7) + uz(7))[(F (1) G"(2))

[us(7) + vs(7) £ (v3(7) + us (7)) [(F* ()G () |. (3.2.37)

Using Eqs. (3.2.14) - (3.2.19) in Eq. (3.2.37), we have

(), £t + 7)) = fe(t)e™ — gu(t)eMT

where

fe(t)

and

g+(1)

1[BC(S+T)+2BST, _,
: P (1)

DL w6

(B—C)S % (BC — ST) (PG (1)

AS
(F*(1)G(1))

(B— C)T + (BC — ST)
AT

BC(S+T)+2CS8T , .
(P (P (1)

1
2
D228 66

(C — B)S + (BC — ST) PG D)

\S
(C= BT+ (BC=5T) 1.

AT

At steady state, Eq. (3.2.38) can be written as

(Y072t +7))ss = (f2(1))55€™T = (g (1))ss€™ 7.

(3.2.38)

(3.2.39)

(3.2.40)

(3.2.41)
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Substituting Eq. (3.2.41) into Eq. (3.2.8), we have

SU(w) = 14+ 2Re /0 h [(fi(t))sse’\”i“”—(gi(t))sse’““‘”}dr. (3.2.49)

Carrying out the integration, we get

Sot(y) = 1i2mRe[(fi(t))ss<ﬁ>—(gi(t))ss<ﬁ>](.3.2.43)

Since fi(t) and g4 (t) are real, Eq. (3.2.43) can be written as

out _ (gi(t))ss)\l _ (fi(t))ss)\2
ST w) = 1i2/{[ pYR— Xt ]

(3.2.44)

In view of Egs. (3.1.21), (3.1.27) and (3.1.32) along with Eqgs. (3.1.67) - (3.1.75),
Egs. (3.2.39) and (3.2.40) takes the form

(o) = AVI=1P(AR = (1= 20)r) cos(6)

2n(A%n? + 3Ank + 2k?)
A(l = n)(An* = (1 = n)k)

+ 2.4
2n(A%n? 4+ 3Ank + 2k?) (3:2.45)
and
—Ay\/1 —n?cos(f A(=1+n?
(9+(t))ss = i cos(6) | Al ) (3.2.46)

2n(An + 2k) 2n(An + 2k)
On account of Egs. (3.1.71), (3.1.72), (3.2.45) and (3.2.46), Eq. (3.2.44) becomes

2Ak(1 — n)(k(A+ An + k) + 4w?)
(k%2 + 4w?)((An + k)? + 4w?)

2Ak+/1 — n?cos(0)(k(A + k) + 4w?) '

S (w) = 1+

24
(7 + 407) (A + 72 + 407) (3.2.47)
For w = 0 and for § = 0, Eq. (3.2.47) turns out to be
2A(1—n)(A+ A + 1 -7n%*A

(An + k)?
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s°U(0)

Fig. 3.2 A plot of the squeezing spectrum [Eq. (3.2.48)] versus ) for k = 0.8 and A = 5,25, 75.

Equation (3.2.48) is independent of ¢ which shows that the two mode driving light
has no effect on the squeezing. From Fig. 3.2 we observe that the squeezing of the
cavity modes occurs for values of n between 0 and 1. In addition we see that the

squeezing increases with the linear gain coefficient.



Chapter 4

Photon Statistics

In this chapter, we seek to calculate the mean of the photon number, the mean of
the photon number sum and difference, and the variances of the photon number sum

and difference of the two mode-light (modes a and b).

4.1 Mean Photon Number

In this section we want to calculate the mean photon number for the two cavity

modes. The photon number operators for the two modes are defined by
na(t) = a'(t)a(t), (4.1.1)

fp(t) = 0T (£)b(t). (4.1.2)

where f1,(7p) is the photon number operator for mode a(b). Equations (4.1.1) and
(4.1.2) are already in the normal order. Thus, the mean photon numbers are express-

ible in terms of c-number variables associated with the normal ordering as
na(t) = (a*(t)a(t)), (4.1.3)

mp(t) = (B*(1)B(1))- (4.1.4)
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On account of Eqgs. (3.1.23) and (3.1.29), Eqs. (4.1.3) and (4.1.4) has at steady state

the form

e [(S —OT-0C)  (S=B)(T - B)]
\2 \2 A2
& [(T— C)(B—S)+ (B-T)(S - C)}
\2 Mg
2(2BCQ — ST(B+C)) B?Q—-BST C?*Q—CST

(1 + Ag) A\, POV
i £? {BQ(S—C)(T—C)+02(S—B)(T—B)}
\2ST 2 X2

e? [BC[(T —C)(B-S8)+(B-T)(S - 0)]}
\2ST Mg

B2C  C?B  2BC(B+C) QB2C?

- - . 4.1.6
L Y3 VR T W V7 Wy W R § WIS W W Wl (4.1.6)

(4.1.5)

With the aid of Eqs. (3.1.67) - (3.1.75), Egs. (4.1.5) and (4.1.6) become
_ 4e? +282[A(A+An+2n)(1—\/1—7720080)}

(An+ 2Kk (An + 2k)?K?
Al —n)(A+3An+4k)
4(An+ k) (An + 2k)
_— 4e? N 62[A(A—A77—2m)(1—\/1—7720059)]
’ (An+2k)k (An + 2k)?K?
A*(1 = n?)
4(An+ k) (An + 2k)

(4.1.7)

(4.1.8)

For the case in which there is no driving radiation (¢ = 0), the mean photon numbers

reduce to

A —n)(A+3An + 4k)

fla = 4(An+ k) (An +2k) (4.1.9)
A*(1 = n?)

4(An+ k) (An + 2k)

Ty

(4.1.10)

From Fig. 4.1 and Fig. 4.2 we see that the mean of the photon numbers with the

driving light (¢ # 0) is greater than with out the driving light (¢ = 0). In other
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Fig. 4.1 Left: Plots of 7i, [Egs. (4.1.7) and (4.1.9)] versus 7, for A =25, k = 0.8, and £ = 0, 4.

Fig. 4.2 Right: Plots of i, [Eqs. (4.1.8) and (4.1.10)] versus 5, for A =25, k = 0.8, and £ = 0,4.

words, the driving light increases the mean of the photon numbers. We also observe
that the mean photon number of mode «a is greater than that of mode b.
We are also intersted in the mean of the photon number sum and difference of the

two-mode light. We define the photon number sum 7, and difference n_ by
N4 (t) = ng(t) & np(t). (4.1.11)

Upon taking the expectation value of Eq. (4.1.11) and applying Eqs. (4.1.7) and

(4.1.8), the mean of the photon number sum and difference are found at steady state

to be
~ 8e? . 4e2A%(1 — /1 — n%cosb) N A1 = n)(A+ 3An + 4k)
n =
* (An + 2K)k (An + 2k)2K? 4(An + k) (An + 2k)
201 _ 2
AY =) (4.1.12)

4(An + k) (An + 2k)’
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_ 4 A(An + K)(1 — Mcos 0) N Al —n)(A+3An + 4k)
(An + 2k)?K? 1Ay + 1) (A + 28)
A%(1—n?)
 A(An+ k) (An +25) (4.1.13)

For the case in which there is no driving radiation (¢ = 0), we find

A(1 —n)(A+ 3An + 4k) N A%(1—n?)
4(An + k) (An + 2k) 4(An+ k) (An + 2k)

iy = (4.1.14)

From Fig. 4.3 and Fig. 4.4 we see that the mean of the photon number sum and

400 . . " g 100

350
300
250

f, 200
150
100t

501

Fig. 4.3 Left: Plots of i [Eqs. (4.1.12) and (4.1.14)] versus 5, for A =25, k = 0.8, and € = 0, 4.

Fig. 4.4 Right: Plots of i_ [Egs. (4.1.13) and (4.1.14)] versus 7, for A = 25, k = 0.8, and £ = 0, 4.

difference are larger in the presence of driving light than in its absence.



47

4.2 Variances of the Photon Number Sum and Dif-

ference

The variances of the photon number sum and difference are given by
AR2(t) = (A1) — (s (1)) (42.1)
In view of Eq. (4.1.11), Eq. (4.2.1) takes the form
Ani(t) = (a(t)) — (Aa(t)* + (A5 (1)) — (M (t))”
£ 2[(Ra(t)70(t)) — (Ra(t)) (A (2))]. (4.2.2)
On account of Egs. (4.1.1) and (4.1.2) and putting the operators in the normal order,
we get
Ani(t) = (a®()a*(1) — (a'(t)a(t)” + (a'(t)a(t))
+ (BROF () — BF(0)b(1)* + (B (1)b(¢))
+ 2[(al ()b (#)a(t)b(t)) — (@ (H)a (1)) (B (1)b(1))). (4.2.3)

The variances can be expressed in terms of the corresponding c-number variables

associated with the normal ordering as
Ani(t) = (a™(t)a’(t)) — (@ (t)a(t))* + (@ (t)a(t))
+ (B2()B(1) — (B ()B(1)* + (B (1)B(1)
£+ 20" ()" (H)a(t)5(1)) — (" ()a())(B* () B(2))].  (4.2.4)

With the aid of Egs. (2.3.36) and (2.3.37), the cavity mode variables at time ¢

can be written as

a(t) = uy () + uz(t)a(0) + us(0)8*(0) + F (1), (4.2.5)



where

ua (t)
ua(t)
us(t)
vi(t)
va(t)

V3 (t)
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B (t) = v1(t) + va(t)(0) + v3(¢) 8 (0) + G(t). (4.2.6)

ALAl(s —O) (M —1) + ALAQ(B —9) (M - 1), (4.2.7)
%(Be’\ﬂ _ o), (4.2.8)
g(em ey, (4.2.9)
LSO - )+ (B S)E -1, (1210
%(em _ M, (4.2.11)
%(Bem _ e, (4.2.12)

Taking into account the noise force at time ¢ doesn’t affect the cavity mode variables

at earlier time and with the aid of Eqgs. (3.1.14) and (3.1.15), we have

(a?(t)at)?) = uitu? + w2 (F?) + w3 (F*?) + dutu (F*F)

+ 2ui(F*F?) + 2u (FF*?) + (F*F?), (4.2.13)

(B2 (1) = vi'v) +v(G") + v{{G™) + 4jvi(GG)

+ 20](G*G?) + 201 (GG™) + (GG, (4.2.14)

(@ ()a(t)5"(1)5(1) = vjuviv +uju(G'G) + ujn (G"F)

+ uv(FG) + uj(FG*G) + ujv, (F*G")
+ wvi(F*G) + u (F*G*G) + vjvi (F*F)

+ v (F*FG*) + v} (F*FG) + (F*FG*G),  (4.2.15)

(a*(M)a(®))? = w2t + 2uiu (F*F) + (F*F)2, (4.2.16)

(BB = (viv)? + 2viv(G*G) + (G*G)?, (4.2.17)
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(@ (M)alt)) = uwiu + (F*F), (4.2.18)
(B*)B(R) = viv +(G"G), (4.2.19)
(" ()a()(B*()B(1) = ujuvivr + ujui(G*G) + vjv (F*F)

+ (F*F){(G"G). (4.2.20)
Substituting Eqs. (4.2.13) - (4.2.20) into Eq. (4.2.4), we get

Ani(t) = [u’{ul +(F*FY + ui(F?) + uy (O)*(F*?) + 2ut (H)u (F*F)
+ 2u (FF*?) + 2u{(F*F?) + [(F*?F?) — (F*F)?] + vjv,
+ (G*G) + viH{G?) + v{G*?) + 2viv1 (G*G) + 201 (G*G?)
+ 20 {GG**) + [(G*G?) — (G*G)Q]}
+ 2 [u’{vl(G*F> + ujvi(FG) + uj{(FG*G) + uyv (F*G*)
+ Wi (F*'GQ) + ui (F*"G*G) + v (F*FG*) + v{(F*FQG)
+ [(F*FG*G) — (F*F)(G*G)]} . (4.2.21)

With the aid of Eqgs. (2.3.38) and (2.3.39) along with Eqgs. (2.2.41) and (2.2.50) -

(2.2.54), one can easily show that'

(F?(t)) =0, (4.2.22)
(G*(t)) =0, (4.2.23)
(F(t)G(t)) = 0. (4.2.24)

1See the procedure we used to calculate (F*F) in chapter three.



Applying these results in Eq. (4.2.21), we have
Ani(t) = |uwjur + (F*F) + 2uju (F* F) + 2u  (FF*?)
+ W(F*F?) + [(F*F?) — (F*F)?] + vjv,
+ {G*G) + 20]01 (G*G) + 20} (G*G?) + 201 (GG*?)
+ [(G*G%) - (G*G)Q]} +2 [u’{vl(G*F> + uj(FG*G)
+ wvi{(F'G) + w1 (F*G*G) + v (F*FG*) + v{(F*FG)

+ [(F*FG*G) — (F*F}(G*G)]]

Next we seek to evaluate the expectation values that appear in Eq.

Equations (2.3.38) and (2.3.39) can be rewritten as
F(t) = Fi(t) + Fa (1),

G(t) = G1(t) + Ga(t),

where

* (BC C /
Gg(t) — /(; <§fa(t’) i Xf;(t/)>e)\2(tt )

On account of Eqs. (4.2.26), one can write

(F'F?) = (FiF) +(F{F})+2(F F{F))

+ (EJF) +(FF2 + 2(F R F).

30

(4.2.25)

(4.2.25).

(4.2.26)

(4.2.27)

(4.2.28)

(4.2.29)

(4.2.30)

(4.2.31)

(4.2.32)
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Applying Eqs. (4.2.28) and (4.2.29) along with Eqgs. (2.2.20) and (2.2.21), one can
verify that

(Fu(t)) = (Fo(t)) = 0. (12.33)
We now want to determine weather F; and F, are Gaussian variables or not. To this
end, differentiating both sides of Eq. (4.2.28) with respect to ¢, we have

%Fl(t) = ; f3(t) — %fa(t) + M FL(2). (4.2.34)

Upon taking the expectation value of Eq. (4.2.34) and taking into account Egs.
(2.2.20) and (2.2.21), we find

d
SUEL(0) = M(F (1) (12:35)

It can also be shown in a similar manner that

d
SR () = Xa(Fo(t). (42:30)

Equations (4.2.35) and (4.2.36) show that F; and F, are Gaussian variables. One
can also verify that G; and GGy are Gaussian variables. Since F; and F5 are Gaussian

variables with zero mean [1], we see that
(FFY) = (FYF}) = (KA F) = (B F) = (FyF) = (F; FLFy) = 0. (4.2.37)
In view of this result, Eq. (4.2.32) turns out to be
(F*()F(t)*) = 0. (4.2.38)
Similar calculations show that

(G*G?*) = (FG*G) = (F*FG*) = 0. (4.2.39)
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Now, with the aid of Eqgs. (4.2.38) and (4.2.39), Eq. (4.2.25) takes the form
AnZ(t) = |uwiug + (uiuy + 1){(F*F) + [(F*2F?) — (F*F)*] + viv,
+ (2viv; + 1D)(G*G) + [(G**G?) — (G*G>Q]} +2 [u’{vl(G*F>
+ wvi(F*G) + [(F'FG*G) — (F*F}(G*G)]} : (4.2.40)
On account of Eqs. (4.2.26) and (4.2.27), we can write

(FPF?) = (FPF2) +2(FRF) + 2FF F) + 4(F L F B) + (F°F)

+ (FZESFY) + (FSPFR) + 2B Ry R + (B2 FD), (4.2.41)

(GG?) = (G7GY) + 2(GPG1Gy) + 2(GIGGY) + 4G GLGEGa) + (G2 GE)

+ (GGG + (GG + 2(G2GHGh) + (GG, (4.2.42)

(F*FG*G) = (F{F1GiGy) + (FTF1G Go) + (FYF1GLGh) + (FTFiG5Go)
+ (FYF,GIGh) + (FYF,GGy) + (FYFL,G5Gh) + (FF,G5Go)
+ (FSRGIGh) + (FS FGIGy) + (FS FLG5Gh) + (FS LG5 Go)
+ (FF,GGh) + (F5 FiGIGa) + (Fy FiG5Gh)
+ (FFRGG,). (4.2.43)
Since Fy, Fy, G; and G4 are Gaussian variables with zero mean, Eqs. (4.2.41), (4.2.42)

and (4.2.43) can be rewritten as

(FPF?) = (FP)NEY) + 2FT 1) + 2F7 ) (FUE) + (B F (B Fy) + 2(F))(FVFS)
+ AR\ F))Y(FVFy) + A(F) FL)(Fy Fy) + A(FYFY) (FLFy) + 4(F Fy) (FLF)
+ (FPNED) + 20F B) + (B (FY) + 2(F5 ) + 2(F ) (B Fy)

+ HFSR)FS R + (B (F)) 4 2{Fy Fy)?, (4.2.44)
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(GPG?) = (GP)GT) +2(G1G1)* + 2(GT)(G1Ga) + 4{G1G1)(G1Go) + 2(GT)(G1G3)
+ HGIG(G1Gy) + HGIG1)(G3G2) + HG1G3)(G1G2) + 4G1G2){(G1G3)
+ (GYNGI) + 2(G1G)” + (G)(GT) + 2(G3G1)” + 2(G57)(GaGh)

+ UGG GHGr) + (GE(G3) + 2(GaGo)?, (4.2.45)

(FPFGG) = (FTR)(GIGh) + (FYG)(FGh) + (FY G)(FGY) + (F] F1)(G1Go)
+ (FG)(F1Gy) + (F{Go) (R GY) + (FT FL)(G5Gh) + (FYGS) (RGh)
+ (FYGO)(F1G3) + (FY F)(G3Ga) + (FTG3)(FiGa) + (FY G5) (FiG)
+ (FF)(G3Gy) + (FLGo)(FiGa) + (FT Go) (FGh) + (FT F2)(GhGy)
+ (FYG)(FGy) + (F{Go)(FG) + (FT ) (G3Gh) + (FYGS) (FaGh)
+ (FYG)(FG3) + (F ) (G3Ga) + (FYG3) (FaGa) + (FY Go) (FG5)
+ (FF)(GIG) + (B G (R Gh) + (F GO (RGY) + (F 1) (G Gy)
+ (B G)(F1Gy) + (F;Go)(FiGY) + (Fy FU)(GGh) + (F G5) (R Gh)
+ (FG)(F1G3) + (F5 F)(G3Ga) + (B3 G3) (FiGa) + (F5 Go) (R G)
+ (K F)(GIGh) + (F GY)(FGh) + (Fy G (FGY) + (Fy F1){(GLGy)
+ (FG)(F1Gy) + (F5Go)(FiGY) + (F FU)(GGh) + (F G5) (R Gh)
+ (FGO)(F1G3) + (F5 F)(G3Ga) + (F3 G3) (FiGa)
+ (FyGo)(F1GS). (4.2.46)
Applying Eqs. (4.2.28) - (4.2.31) along with Eqs. (2.2.41) and (2.2.50) - (2.2.54),

it can easily be shown that
(F}) = (F\F,) = (F%) = 0, (4.2.47)

(G}) = (G1Ga) = (G3) =0, (4.2.48)
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<F1G1> == <F1G2> == <F2G1> = <F2G2> = 0 (4249)

Using Eqs. (4.2.47) - (4.2.49) and their complex conjugate in Eqs. (4.2.44) - (4.2.46)

and making some rearrangement, we have

(FF?) = 2(F*F)? (4.2.50)
(G*G?) = 2(G*G)?, (4.2.51)
(F*FG*G) = (F*F){G*G) + (F*G)(G*F). (4.2.52)

Using these results in Eq. (4.2.40), we obtain
Ani(t) = {(U’{(t)ul(t)) + (v (i () + (i (R)u (1)) + 1) (F* (1) F (1))
+ Qv () + (G R)GW) + (F () F(1))” + (G ()G(1))*
+ 2 [(ul(t)v’{ (O)E"(R)G(2)) + (ui(t)vi (NG (1) F (1))
+ (F*()G)(G*(t)F(t))]. (4.2.53)

In view of Egs. (3.1.21), (3.1.27), (3.1.32), (4.2.7) and (4.2.10) and their complex

conjugate, the various expressions in Eq. (4.2.53) at steady state take the form

2(BA; — CA\ + SA)(BMA — CAy + TN)

(UT (t)ul (t))ss = )\2)\%)\% , (4.2.54)
. E2(OM(S = B) + BAy(C — S))(CA(T = B) + BAy(C — T))
(01 (t)vi(t))ss = NN ST :
(4.2.55)
. _ 2(BA = CA\ + SA)(=B(CA+T)y) — CTN)
(ur ()7 (t))ss = T . (4.2.56)
_22BCQ-ST(B+C)) B*Q-BST C*Q- CST. (4.2.57)

FEOE) s = =) o oY



(G () G(1))ss

(F()G"(1)ss =
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_BC B 2BO(B+C)  QBC (4258)
NAL AN R+ A) (A A A AST -

_230@{3%}_3_3] E[BC BC (B+C) (42.50)
NT [ A+ 2% 20 A2 A M M4 T

Applying Egs. (3.1.67) - (3.1.75) in Eqgs. (4.2.54) - (4.2.59) and substituting the

resulting expressions and their complex conjugate into Eq. (4.2.53), the variances of

the photon number sum and difference become

(And).,

e2[A%(5 —n*) + (A + An + 2k)* + 8k(k + An)]
{ K2(An + K)?
262 A(3A + An + 2k)/1 — 12 cos 0
K2 (An + k)?
<1 . 2e2[A(1 — ) + (A + An + 2k)?]
K2(An + k)?
462 A\/T — n2(A+ An +2k) cos 0\ [ A(1 — 1) (A + 3An + 4k)
K2(An + K)? ) ( 4(An + k) (An + 2k) )
A2(1 — ?)[8e2(A? + 2Ank + 2k — A2(\/1 — 12) cos 0) + K*(An + K)?]

4K2(An + k)3 (An + 2k)
A%2(1 — n)*(A+ 3An + 4k)? + AY (1 — n?)?
16(An + K)?(An + 2k)?

5 e2A\/1 — (A + An+26)[(26(An + k) — A% (1 — n?)) cos O + A%\ /1 — n?]
K2(An + k)3(An + 2k)
A2 (1 —n?)(A+ An+ 2%)2}
16(An+ k)2(An+ 2k)? |’

(4.2.60)

From Eq. (4.2.60) we see that the variance of the mean photon number sum and

difference increases with increasing of the amplitude of the driving light. For the case

in which there is no driving light (¢ = 0), Eq. (4.2.60) becomes

A1 = n)(A+3A4An+4k) + A%(1 — n?)
4(An+ k) (An + 2k)
A% (1 —n)*(A+3An + 4k)? + AY (1 — n?)?
16(An + k)?(An + 2k)?
A2(1—n*)(A+ An+ 2k)?
8(An + r)?(An + 2k)?

(Ani)ss =

(4.2.61)
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From Fig. 4.5 we observe that the variance of the photon number sum is greater

400 . . . . 400
300 1 300
N |
5+ 2007 1 N% 200¢
100} - 100
0 N N 0 —
02 04 06 08 1 0 0.5
n n

Fig. 4.5 Plots of the variance of the photon number sum and difference [Eq. (4.2.61)] versus 7 for
e=0,x=0.8and A = 25.

than that of the photon number difference.



Chapter 5

Conclusion

In this thesis we have considered a nondegenerate three-level laser, with the cavity
modes driven by coherent light. First we have derived the master equation in the lin-
ear and adiabatic approximations. Then using this master equation, we have obtained
stochastic differential equations. Applying the solutions of the resulting differential
equations, we have calculated the quadrature variance and the squeezing spectrum.
In addition, using the same solutions we have determined the mean and the variance

of the photon number sum and difference.

We have found for a linear gain coefficient of 75 and for a cavity damping constant
of 0.8, the maximum intracavity squeezing at steady state and at threshold to be 64%.
We have also seen that the two-mode driving light has no effect on the squeezing of

the cavity modes.

Unlike the squeezing , the driving light affects the mean photon numbers and
the variances of the photon number sum and difference. We have also found that
increasing the amplitude of the driving light increases the mean photon numbers and
the variances of the photon number sum and difference. Furthermore, we have seen

that the mean photon number of mode a is greater than that of mode b.
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