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Abstract

Many of the most important problems arising in nonlinear analysis

reduce to solving a given equation, which in turn may be reduced to

finding the fixed points of a certain mapping or solutions of varia-

tional inequality and equilibrium problems. Because of the relation

between the fixed point problem, variational inequality and equilib-

rium problems, finding common solutions of these problems is an

important field of research.

In this thesis, we introduce and study an iterative algorithm which

converges strongly to a common element of the set of fixed points of

a more general class of Lipschitz hemicontractive-type multi-valued

mappings and the set of solutions of variational inequality problem in

real Hilbert spaces. In addition, we have obtained strong convergence

theorems of an iterative process for finding a common solution of the

fixed point problem for Lipschitz hemicontractive-type multi-valued

mapping and the generalized equilibrium problem in the framework

of real Hilbert spaces. We also extend this result to a finite family

of generalized equilibrium problems. Furthermore, a viscosity-type

approximation method is introduced for approximating a common

element of the set of fixed points of a nonexpansive multi-valued

mapping, the sets of solutions of a split equilibrium and a variational

inequality problems.
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Chapter 1

Introduction

1.1 Background of the Study

Fixed point theory is the search for a combination of conditions on

a set X and a mapping T : X −→ X which, in turn, assures that

T leaves at least one point x in X fixed, that is, x = Tx for some

x ∈ X. For a set-valued (or multi-valued) mapping T : X −→ 2X , a

fixed point is a point in X that belongs to its image under T . It has

been viewed that many of the most important nonlinear problems

in applied mathematics reduce to solving a given equation which in

turn may be reduced to finding the fixed points of a certain map-

ping. Because of its important linkages with applied mathematics,

such as optimization, variational analysis and differential equations,

fixed point theory has long been considered as a fundamental part

of nonlinear functional analysis.

The existence of fixed points of a mapping T depends on the geome-

try of the underlying space and the nature of T . Existence theorems

are concerned with launching sufficient conditions under which the

mapping will have fixed points, but do not point out how to find

them. The study of existence of fixed points for single-valued non-

linear mappings in Banach spaces was discussed by several mathe-

maticians. For instance, in 1912, Brouwer [5] proved the existence

of fixed points for continuous functions defined on compact and con-

vex subsets of Euclidean space, Rn. In 1922, Banach [3] proved the

existence and uniqueness of fixed point of single-valued contraction

self-mapping of complete metric space, called Banach Contraction

1



Chapter 1 : Introduction

Mapping Principle. In general, a single-valued nonexpansive self-

mapping of complete metric space need not have a fixed point. For

example, the mapping T : R→ R defined by Tx = x+1 is nonexpan-

sive but has no fixed point. However, some existence results of fixed

points have been obtained by Browder [6] and Kirk [26] for nonexpan-

sive mapping in Hilbert spaces. Moreover, existence of fixed points

for single-valued mappings have been extended and generalized to

multi-valued mappings using Hausdorff metric in several ways. For

instance, Nadler [35] in 1969 generalized the classical principle (or

Banach Contraction Mapping Principle) to the case of multi-valued

contraction mapping and established that a multi-valued contraction

mapping possesses a fixed point in a complete metric space. Dozo

[28] proved that a multi-valued nonexpansive mapping has a fixed

point in Banach spaces satisfying Opial’s condition.

In the direction of finding fixed points of mappings (when they ex-

ists or assuming existence), many researchers concentrate on pro-

viding iterative algorithms (or schemes) for approximation of such

fixed points. Banach Contraction Mapping Principle is one of the

fundamental result which asserts that the sequence of Picard itera-

tion converges to the unique fixed point of a contraction mapping in

a complete metric space. Subsequently, many iterative algorithms,

such as Mann iteration, Halpern Iteration, Krasnoselskii iteration,

Ishikawa iteration, are introduced. Since then, several improvements

and generalizations had appeared for approximation of fixed points

of both single-valued and multi-valued mappings; see, for example,

[11, 14, 24, 30, 41, 43, 44, 45] and the references cited therein. Ap-

proximation of fixed points is related to approximation of solutions

of a variational inequality and equilibrium problems.

Variational inequality problem is the problem of searching for a point

2



Chapter 1 : Introduction

x in a subset C of a Hilbert space H such that 〈Ax, y−x〉 ≥ 0, for all

y ∈ C, where A : C −→ H is a given mapping. Variational inequal-

ity problem was first introduced by Stampacchia [46] in 1964. Since

then, it has been extended and generalized in several directions, us-

ing new and powerful methods, to study a wide class of problems in

a unified and general framework. Existence and approximation of

solutions are important aspects of study of variational inequalities.

The variatinal inequality problem is a general problem formulation

that covers many problems, such as optimization problems, com-

plementarity problems, fixed point problems etc. This alternative

equivalent formulation has played a major role in finding solutions of

variational inequality problems using iterative algorithms. In recent

years, much attention has been given to developing efficient iterative

algorithms for treating solution problems of variational inequalities;

see, for example, [2, 16, 22, 56, 57, 60, 61, 62] and the references

therein. Constructing and studying an iterative algorithm that con-

verges to a common solution of a fixed point problem for multi-valued

mapping and a variational inequality problem is one of our focus in

this thesis.

Equilibrium problem is the problem of finding a point x ∈ C such

that F (x, y) ≥ 0 for all y ∈ C, where F : C × C −→ R is a bifunc-

tion. Equilibrium problems which were introduced by Blum and

Oettli [4] in 1994, have had a great impact and influence in pure

and applied sciences. It has been shown that numerous problems in

physics, optimization and economics reduce to finding a solution of

equilibrium problem. The equilibrium problem includes and unifies

a wide class of problems, such as variational inequality problems,

complementarity problems, Nash equilibrium problems, optimiza-

tion problems, fixed point problems. One of the most important

3



Chapter 1 : Introduction

and interesting topics in the theory of equilibrium is to develop al-

gorithms for solving equilibrium problems and their generalizations

(see, [17] and the references cited therein). Since the equilibrium

problems have very close relations with both the fixed point and the

variational inequality problems, finding a common solution of these

problems in Banach space has drawn many people’s attention (see,

for example, [15, 16, 49, 52] and the reference therein). Equilibrium

problems have been extended and generalized in several directions.

An important and useful generalization of equilibrium problem is

the generalized equilibrium problem. Generalized equilibrium prob-

lems were introduced and studied by Takahashi and Takahashi [50]

in 2008. It includes equilibrium problems, fixed point problems and

variational inequality problems as special cases. Since then, many

authors devoted their efforts in finding a solution of generalized equi-

librium problem and which is also a fixed point of some nonlinear

mappings in Hilbert spaces; see, for example, [8, 9, 19, 21, 33, 50]

and the references therein. In this thesis, we also emphasis in finding

a solution of generalized equilibrium problems which is also a fixed

point of a multi-valued mapping by using iterative algorithms in a

real Hilbert space.

On the other hand, split equilibrium problem, which seems more gen-

eral, is another class of equilibrium problem which was introduced

by He [20] in 2012. This problem includes two equilibrium problems

in which one is enabled to find a solution of one problem which is

an image of a solution of the other under a continuous linear map-

ping. Split equilibrium problem includes split variational inequality

problem and split fixed point problem as special cases and this has

been widely studied. For more details concerning this, the reader

may refer to [10, 20, 25] and the references cited therein.

4



Chapter 1 : Introduction

In this thesis, some iterative algorithms which converge strongly to

a common element of the set of solutions of fixed point problem

for multi-valued mappings, and the set of solutions of the classical

variational inequality problem; and the set of common solutions of

a finite family of generalized equilibrium problems; and the set of

solutions of a split equilibrium problem are introduced and studied

in the framework of real Hilbert spaces.

The rest of this thesis is organized as follows. In Section 1.2, on

the preliminaries of our work, some basic definitions and facts which

will be frequently used in this thesis are recalled. The concepts

of the classical variational inequality, equilibrium and split equilib-

rium problems are also discussed. In Chapter 2, we give a detailed

review of materials which are related to our work. In particular,

Section 2.1 deals with the literature review related to the existence

and approximation of fixed points of nonlinear mappings in metric

spaces. It also includes the literature on approximation methods for

a common solution of variational inequality and fixed point prob-

lems. In Section 2.2, we present literature review of approximation

methods for a common solution of generalized equilibrium and fixed

point problems in Hilbert spaces. The literature review related to

iterative algorithms for finding a common element of the sets of so-

lutions of split equilibrium, variational inequality and fixed point

problems are stated in Section 2.3. Section 2.4 is devoted to the

statement of problems of this work. The main aim and objectives

of our work are stated in Section 2.5. In addition, the significance,

scope and methodology of this study are part of this chapter. In

Chapter 3, we provide some lammas which are needed in the proof

of our main results. In Chapter 4, we state our main results and

prove strong convergence theorems. Specifically, in Section 4.1, we

5



Chapter 1 : Introduction

introduce an iterative algorithm and establish its strong convergence

to a common solution of a variational inequality and a fixed point

problems. In Section 4.2, we introduce another iterative algorithm

and prove convergence results for approximating a common solution

of generalized equilibrium problem and fixed point problem for a

Lipschitz hemicontractive-type mapping. In Section 4.3, we present

our results on approximation of a common solution of a finite fam-

ily of generalized equilibrium problems and fixed point problem for

hemicontractive-type multi-valued mapping. Our results on approx-

imation of common solution of split equilibrium problem, variational

inequality problem and fixed point problem for nonexpansive multi-

valued mapping are presented in Section 4.4. Finally in Chapter 5,

the discussion, conclusion and recommendations are presented. At

the end of this thesis, bibliography of references are given.

1.2 Preliminaries

In this section, we shall present some important definitions and con-

cepts, such as the metric projection, Hausdorff metric, nonlinear

mappings, the notions of variational inequality and equilibrium prob-

lems, which will play crucial role in the subsequent chapters.

1.2.1 Basic Definitions

We begin this subsection with the definition of best approximation

(or metric projection) which is very important in what follows.

Definition 1.2.1. Let C be a nonempty subset of a real normed

space X and let x ∈ X. An element y0 ∈ C is said to be a best

approximation of x if

6



Chapter 1 : Introduction

‖x− y0‖ = d(x,C) = inf{‖x− y‖ : y ∈ C}.

The set(possibly empty) of all best approximations of x in C is de-

noted by PCx = {y ∈ C : ‖x − y‖ = d(x,C)}. If PCx is nonempty

for each x ∈ X, then the subset C is said to be proximinal set.

Definition 1.2.2. Let C be a nonempty subset of a normed space

X. The mapping PC : X −→ 2C given by

PCx = {y ∈ C : ‖x− y‖ = d(x,C)}

is called the metric projection from X onto C.

Lemma 1.2.3. [12] Let C be a nonempty, closed and convex subset

of a Hilbert space H. Then, for every x ∈ H, there exists a unique

element z ∈ C such that ||x − z|| = d(x,C). That is, the metric

projection PC from H onto C is nonempty and single-valued.

Definition 1.2.4. A Banach space X is said to be uniformly convex,

if for any ε ∈ (0, 2], there exists δ = δ(ε) > 0 such that for x, y ∈ X
with ‖x‖ ≤ 1, ‖y‖ ≤ 1 and ‖x−y‖ ≥ ε, then ‖x+y

2 ‖ ≤ 1−δ. This says

that if x and y are in the closed unit ball BX = {x ∈ X : ‖x‖ ≤ 1}
with ‖x − y‖ ≥ ε > 0, the midpoint of x and y lies inside the unit

ball BX at a distance of at least δ from the unit sphere SX = {x ∈
X : ‖x‖ = 1}.

It is known that Hilbert spaces, Lp and lp, for 1 < p < ∞, are

uniformly convex Banach spaces (see, for example, [12]).

The following definition is due to Opial [36].

Definition 1.2.5. A Banach space X is said to satisfy Opial’s con-

dition if for each x in X and each sequence {xn} that is weakly

convergent to x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

7



Chapter 1 : Introduction

holds for every y ∈ X with y 6= x.

Note that every Hilbert space H satisfies the Opial’s condition (see,

[36]).

1.2.2 Single-Valued Nonlinear Mappings

Definition 1.2.6. Let (X, d) be a metric space. Let C be a nonempty

subset of X. Then, a mapping T : C −→ X is called L−Lipschitzian

if there exists L ≥ 0 such that

d(Tx, Ty) ≤ Ld(x, y), ∀ x, y ∈ C.

If L < 1, then T is called contraction (or contractive mapping) and

if L ≤ 1, it is called nonexpansive.

We observe that every contraction (or contractive mapping) is non-

expansive and every nonexpansive mapping is Lipschitzian mapping.

Note that the inclusions are proper as can be seen from the following

example.

Example 1.2.7. i) The identity mapping defined on a normed

linear space X is nonexpansive but it is not contraction.

ii) The mapping T : [0, 1] −→ R defined by Tx = x4 + x + 1 is

Lipschitzian mapping with Lipschitz constant 5 but not nonex-

pansive.

Definition 1.2.8. Let (X, d) be a metric space. A point x ∈ X is

called a fixed point of a mapping T : X −→ X if x = Tx. We denote

the set of fixed points of T by F (T ), that is,

F (T ) = {x ∈ X : x = Tx}.

8
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Example 1.2.9. i) Let X = R and T : X −→ X be given by

Tx = x3 +x+ 1. Then, x = −1 is a fixed point of T (and is the

unique fixed point of T ), that is, F (T ) = {−1}.

ii) Let X = R and T : X −→ X be given by Tx = x2 + x + 1.

Then, T has no fixed points, that is, F (T ) = ∅.

iii) Let X = R and T : X −→ X be given by Tx = x2 + 4x + 2.

Then, x = −1 and x = −2 are fixed points of T , that is, F (T ) =

{−1,−2} and hence fixed points need not be unique.

As the above examples illustrate, fixed points may not exist, and if

they exist, they may not be unique.

Definition 1.2.10. Let C be a nonempty subset of a normed linear

space X. A mapping T : C −→ X with F (T ) 6= ∅ is said to be

quasi-nonexpansive if

‖Tx− p‖ ≤ ‖x− p‖, for all x ∈ C, p ∈ F (T ).

The following example shows that the class of quasi-nonexpansive

mappings includes properly the class of nonexpansive mappings with

nonempty set of fixed points.

Example 1.2.11. Let X = R and C = [0, 1]. Define a mapping

T : C −→ X by

Tx =

{
x2 sin(1/x), if x 6= 0,

0, if x = 0.

Then, zero is the only fixed point of T and for x ∈ C,

|Tx− 0| = |x2 sin(1/x)| ≤ |x2| ≤ |x| = |x− 0|, ∀x ∈ C.

Hence, T is quasi-nonexpansive. However, for x = 2
π and y = 1

π , we

have that

|Tx− Ty| = | 4

π2
sin

π

2
− 1

π2
sin π| = 4

π2
>

1

π
= |x− y|.

9
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Thus, T is not nonexpansive.

Definition 1.2.12. Let C be a nonempty subset of a real Hilbert

space H. Then, a mapping T : C −→ H is said to be pseudocontrac-

tive if it satisfies the following inequality

〈Tx− Ty, x− y〉 ≤ ||x− y||2, ∀x, y ∈ C.

Equivalently, T is called pseudocontractive if

‖Tx− Ty‖2 ≤ ‖x− y‖2 + ‖(I − T )x− (I − T )y‖2, (1.1)

holds for all x, y ∈ C, where I is the identity mapping on C.

Definition 1.2.13. Let C be a nonempty subset of a real Hilbert

space H. A mapping T : C −→ H is called k−strictly pseudocon-

tractive if there exists k ∈ [0, 1) such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, (1.2)

for all x, y ∈ C.

We note that, if k ≤ 1 in (1.2), then T is pseudocontractive but if

k = 0 in (1.2), then T is nonexpansive. Thus, the class of k−strictly

pseudocontractive mappings is a subclass of the class of Lipschitz

pseudocontractive mappings and a superclass of the class of nonex-

pansive mappings (see [7]).

The following lemma shows that if a mapping T is a continuous

pseudocontractive mapping, then the set of fixed points of T , F (T ),

is closed and convex.

Lemma 1.2.14. [64] Let C be a nonempty, closed and convex subset

of a real Hilbert space H and T : C −→ C be a continuous pseudo-

contractive mapping. Then, F (T ) is a closed and convex subset of

C.

10
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Note that since every nonexpansive and k−strictly pseudocontrac-

tive mappings are continuous pseudocontractive, then Lemma 1.2.14

also holds for nonexpansive and k−strictly pseudocontractive.

In Definition 1.2.12 and 1.2.13, if F (T ) is nonempty, then inequality

(1.1) and (1.2) reduce to the following relations,

‖Tx− p‖2 ≤ ‖x− p‖2 + ‖x− Tx‖2, ∀x ∈ C, p ∈ F (T )

and

‖Tx− p‖2 ≤ ‖x− p‖2 + k‖x− Tx‖2, ∀x ∈ C, p ∈ F (T ),

respectively. This leads to our next definition.

Definition 1.2.15. Let C be a nonempty subset of a real Hilbert

space H. A mapping T : C −→ H is said to be

i. hemicontractive if F (T ) is nonempty and

‖Tx− p‖2 ≤ ‖x− p‖2 + ‖x− Tx‖2,

holds for all x ∈ C, p ∈ F (T );

ii. demicontractive if F (T ) is nonempty and there exists k ∈ [0, 1)

such that

‖Tx− p‖2 ≤ ‖x− p‖2 + k‖x− Tx‖2,

holds for all x ∈ C, p ∈ F (T ).

It is easy to verify that every pseudocontractive mapping T with

F (T ) 6= ∅ is hemicontractive, while every k−strictly pseudocontrac-

tive mapping T with F (T ) 6= ∅ is demicontractive. Note that the

inclusions are strict as can be seen from the following example:

11
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Example 1.2.16. Let X = R and C = [0, 1]. Let T : C −→ X be

defined by

Tx =

{
x2 sin(1/x), if x 6= 0,

0, if x = 0.

Then, zero is the only fixed point of T and for all x ∈ C, we have

|Tx− 0|2 = |x2 sin(1/x)|2 ≤ |x4|

≤ |x|2 ≤ |x− 0|2 + k|x− Tx|2, ∀ k ∈ [0, 1).

Hence, T is a demicontractive mapping and so it is hemicontractive

mapping (since k < 1). However, if we take x = 2
π and y = 1

π , then

we get that

|Tx− Ty|2 = | 4

π2
sin

π

2
− 1

π2
sin π|2 =

16

π4
.

And

|x− y|2 + |x− y − (Tx− Ty)|2 =
1

π2
+

(
π − 4

π2

)2

=
2π2 − 8π + 16

π4

<
16

π4
= |Tx− Ty|2,

which shows that T is not pseudocontractive mapping. Hence, T is

not k− strictly pseudocontractive mapping.

Remark 1.2.17. Note that the class of quasi-nonexpansive mappings

is included in the class of demicontractive mappings which in turn is

included in the class of hemicontractive mappings.

We now define another class of nonlinear mappings in Hilbert spaces.

Definition 1.2.18. Let C be a nonempty subset of a real Hilbert

space H. Then, a mapping A : C −→ H is called

i) α−inverse strongly monotone if there exists a positive real num-

ber α such that

〈Ax− Ay, x− y〉 ≥ α‖Ax− Ay‖2, ∀ x, y ∈ C.

12
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ii) monotone if

〈Ax− Ay, x− y〉 ≥ 0, ∀ x, y ∈ C.

It is clear that if A : C −→ H is α−inverse strongly monotone

mapping, thenA is 1
α−Lipschitz continuous. Observe from Definition

1.2.18 that the class of monotone mappings properly includes the

class of α−inverse strongly monotone mappings. To see this, consider

the following example.

Example 1.2.19. Let H = R and C = (0, 1]. Let A : C −→ H

given by Ax = − 1
x. Then, for every x, y ∈ C, we have

〈x− y, Ax− Ay〉 = 〈x− y,−1

x
+

1

y
〉 =

1

xy
||x− y||2 ≥ 0,

which shows that A is monotone, however, since

|Ax− Ay| = |−1

x
+

1

y
| = 1

xy
|x− y|,

and 1
xy →∞ as xy → 0. Then A is not Lipschitzian and so it is not

α−inverse strongly monotone mapping.

We note that the class of pseudocontractive mappings, apart from

being a generalization of the nonexpansive mappings, are closely

connected with the class of monotone mappings as shown in the

lemma below.

Lemma 1.2.20. Let C be a nonempty subset of a real Hilbert space

H. A mapping A : C −→ H is monotone if and only if T := I − A
is a pseudocontractive mapping.

Proof. Let x, y ∈ C be arbitrary. Then, A is monotone if

0 ≤ 〈Ax− Ay, x− y〉 = 〈Ax− Ay − (x− y) + x− y, x− y〉

= 〈Ax− Ay − (x− y), x− y〉+ 〈x− y, x− y〉

13
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= −〈x− Ax− (y − Ay), x− y〉+ ‖x− y‖2

= −〈Tx− Ty, x− y〉+ ‖x− y‖2,

which implies that 〈Tx − Ty, x − y〉 ≤ ‖x − y‖2 and hence T is

pseudocontractive. One may also easily show that the other side

holds. This completes the proof.

Observe that the zeros of a monotone mapping A are the fixed points

of pseudocontractive mapping T := I − A.

The following lemma (see [51]) shows that the relation between non-

expansive and α−inverse strongly monotone mapping:

Lemma 1.2.21. Let C be a nonempty subset of a real Hilbert space

H. Let T : C −→ C be a nonexpansive mapping, then A := I − T is
1
2−inverse strongly monotone mapping.

Proof. Suppose T is nonexpansive. Then, for x, y ∈ C, we have that

‖Ax− Ay‖2 = ‖x− y − (Tx− Ty)‖2

= 〈x− y − (Tx− Ty), x− y − (Tx− Ty)〉

= ‖x− y‖2 − 2〈x− y, Tx− Ty〉+ ‖Tx− Ty‖2

≤ ‖x− y‖2 − 2〈x− y, Tx− Ty〉+ ‖x− y‖2

= 2‖x− y‖2 − 2〈x− y, Tx− Ty〉

= 2〈x− y, x− y − (Tx− Ty)〉

= 2〈x− y, Ax− Ay〉.

Thus, 〈x − y, Ax − Ay〉 ≥ 1
2‖Ax − Ay‖

2 for all x, y ∈ C and hence,

we obtain the desired result.

Definition 1.2.22. Let C be a nonempty subset of a real Hilbert

space H and T : C −→ H be a mapping. The mapping (I − T ) is

said to be demiclosed at zero if for any sequence {xn} in C such that

14
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xn ⇀ x ∈ C and xn − Txn → 0 as n → ∞, we have that Tx = x,

where “⇀” denote weak convergence.

Concerning the demiclosedness principle of some class of nonlinear

mappings, we have the following lemma which is proved in [64].

Lemma 1.2.23. Let C be a nonempty, closed and convex subset of

a real Hilbert space H and T : C −→ C be a continuous pseudocon-

tractive mapping. Then, (I − T ) is demiclosed at zero.

Since every nonexpansive and k−strictly pseudocontractive map-

pings are continuous pseudocontractive, then Lemma 1.2.23 also

holds for nonexpansive and k−strictly pseudocontractive mappings.

1.2.3 Hausdorff Metric

Let (X, d) be a metric space. Let CB(X) denote the collection of all

nonempty closed and bounded subsets of X and K(X) denote the

collection of all nonempty and compact subsets of X . It is clear

that K(X) is included in CB(X). For x ∈ X and A,B ∈ CB(X),

define

(i) d(x,A) = inf{d(x, y) : y ∈ A}

(ii) δ(A,B) = sup{d(x,B) : x ∈ A}

(iii) D(A,B) = max{δ(A,B), δ(B,A)}

Proposition 1.2.24. [1] Let (X, d) be a metric space. Then, D is a

metric on CB(X). The metric D on CB(X) is called the Hausdorff

metric.

Note that if (X, d) is a complete metric space, then (CB(X), D) is

also complete metric space.

15
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Example 1.2.25. Let X = R with the usual metric d(x, y) = |x−y|,
A = [1, 4] and B = [6, 10]. Then, we observe that for each x ∈ A,

the closest point in B that gives the smallest distance will always be

y = 6. That is, d(x,B) = inf{d(x, y) : y ∈ B} = d(x, 6) = |x− 6|.
Therefore, δ(A,B) = sup{d(x,B) : x ∈ A} = sup{d(x, 6) : x ∈ A}.
The point x = 1 in A maximizes this distance. Hence,

δ(A,B) = d(1, 6) = |6− 1| = 5.

Similarly, we find that δ(B,A) = sup{d(y, 4) : y ∈ B}, since the

point x = 4 will give the smallest distance to any point in B. The

point y = 10 in B maximizes this distance, so we have

δ(B,A) = d(4, 10) = |10− 4| = 6.

Thus,

D(A,B) = max{δ(A,B), δ(B,A)} = 6.

The following lemma follows from the definition of Hausdorff metric.

For the sake of completeness, we include the proof.

Lemma 1.2.26. Let (X, d) be a metric space. Let A,B ∈ CB(X)

and a ∈ A. Then for ε > 0, there must exist a point b ∈ B such that

d(a, b) ≤ D(A,B) + ε.

Proof. Let a ∈ A and ε > 0 be given. Then, by the definition of

d(a,B), d(a,B) = inf{d(a, b) : b ∈ B}, there exists b ∈ B such that

d(a, b) ≤ d(a,B) + ε.

Thus, from the definition of D, we conclude that

d(a, b) ≤ D(A,B) + ε,

for some b ∈ B. This completes the proof.

16
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1.2.4 Multi-Valued Mappings

Definition 1.2.27. Let C be a nonempty subset of a metric space

(X, d). Then, a multi-valued mapping T : C −→ CB(C) is said to

be L−Lipschizian if there exists L ≥ 0 such that for all x, y ∈ C,

D(Tx, Ty) ≤ Ld(x, y).

If L < 1, then T is called contraction and if L ≤ 1, we say that the

multi-valued mapping T is nonexpansive.

An element x ∈ C is called a fixed point of a multi-valued mapping

T : C −→ CB(C) if x ∈ Tx. The set of fixed points of T is denoted

by F (T ), that is, F (T ) = {x ∈ C : x ∈ Tx}.

Definition 1.2.28. Let C be a nonempty subset of a real Hilbert

space H. A multi-valued mapping T : C −→ CB(C) with F (T )

nonempty is called quasi-nonexpansive if for all x ∈ C and p ∈ F (T ),

D(Tx, Tp) ≤ ‖x− p‖.

Note that every nonexpansive multi-valued mapping with nonempty

set of fixed points is quasi-nonexpansive. But the converse may not

hold (see, for example, [53]).

Definition 1.2.29. Let C be a nonempty subset of a real Hilbert

space H. A multi-valued mapping T : C −→ CB(C) is said to be

k−strictly pseudocontractive in the sense of Chidume et al.[14] if

there exists a constant k ∈ [0, 1) such that

D2(Tx, Ty) ≤ ‖x− y‖2 + k‖(x− u)− (y − v)‖2, (1.3)

for all x, y ∈ C, u ∈ Tx, v ∈ Ty, where D2(Tx, Ty) = (D(Tx, Ty))2.

If k ≤ 1 in (1.3), then T is said to be pseudocontractive mapping.

17
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We remark from the definitions that the class of multi-valued k-

strictly pseudocontractive mappings contains properly the class of

multi-valued nonexpansive mappings and the class of multi-valued

pseudocontractive mappings contains properly the class of multi-

valued k−strictly pseudocontractive mappings (see, [53]).

Definition 1.2.30. Let C be a nonempty subset of a real Hilbert

space H. A multi-valued mapping T : C −→ CB(C) is said to

be hemicontractive-type in the sense of Woldeamanuel et al.[53], if

F (T ) 6= ∅ and for all p ∈ F (T ), x ∈ C, we have

D2(Tx, Tp) ≤ ‖x− p‖2 + ‖x− u‖2, ∀ u ∈ Tx.

And T is said to be demicontractive-type if F (T ) 6= ∅ and theere

exists k ∈ [0, 1) such that for all p ∈ F (T ), x ∈ C, we have

D2(Tx, Tp) ≤ ‖x− p‖2 + k‖x− u‖2, ∀ u ∈ Tx.

We observe that every pseudocontractive multi-valued mapping T

with F (T ) 6= ∅ and T (p) = {p},∀p ∈ F (T ) is hemicontractive-type

mapping, while every k−strictly pseudocontractive multi-valued ma-

pping T with F (T ) 6= ∅ and T (p) = {p},∀p ∈ F (T ) is demicontracti-

ve-type mapping. It is also easy to see that every quasi-nonexpansive

mapping is demicontractive-type mapping and every demicontracti-

ve-type mapping is hemicontractive-type mapping. As the following

example shows, the inclusions are strict (see also [53]).

Example 1.2.31. Let T : R −→ CB(R) be given by

Tx = [−3x,−2x], if x ≥ 0 and Tx = [−2x,−3x], if x < 0.

Then, zero is the only fixed point of T , i.e., F (T ) = {0} and for all

x ∈ R \ {0}, we have

D(Tx, T0) = max

{
sup
a∈Tx

d(a, T0), sup
b∈T0

d(b, Tx)

}
18
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= max

{
sup
a∈Tx
|a|, d(0, Tx)

}
= max{3|x|, 2|x|)} = 3|x| > |x− 0|, (1.4)

which shows that T is not a quasi-nonexpansive mapping. And for

every x ∈ R,

d(x, Tx) = inf
a∈Tx
|a− x| = |x+ 2x| = 3|x|.

Thus, from (1.4), we have

D2(Tx, T0) = 9|x|2 = |x− 0|2 + 8|x|2

≤ |x− 0|2 + 9|x|2 = |x− 0|2 + (d(x, Tx))2

≤ |x− 0|2 + |x− u|2, for all u ∈ Tx.

This shows that T is a hemicontractive-type mapping. However, it

is not a pseudocontractive mapping. Indeed, for x = 1, y = 2, u =

−3 ∈ Tx and v = −4 ∈ Ty, we have

D2(Tx, Ty) = 9 > 1 + 4 = |x− y|2 + |x− u− (y − v)|2

> |x− y|2 + k|x− u− (y − v)|2, ∀ k ∈ [0, 1).

It is also easy to see that T is a demicontractive-type mapping with

k ∈ [8
9 , 1) but not k−strictly pseudocontractive mapping.

Definition 1.2.32. Let H be a real Hilbert space. Let 2H denote

the set of all subsets of H except empty set. A multi-valued mapping

A : H −→ 2H is called monotone if for every x, y ∈ H,

〈x− y, u− v〉 ≥ 0, ∀ u ∈ Ax and v ∈ Ay holds .

Such a mapping A is called maximal if its graph G(A), G(A) =

{(x, y) : y ∈ Ax}, is not properly contained in the graph of any

other monotone mapping.
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Lemma 1.2.33. Let H be a real Hilbert space. A multi-valued mono-

tone mapping A : H −→ 2H is maximal if and only if, for (x, u) ∈
H ×H, 〈x− y, u− v〉 ≥ 0 for every (y, v) ∈ G(A) implies u ∈ Ax.

Proof. Suppose A is maximal monotone and for (x, u) ∈ H ×H, we

have 〈x − y, u − v〉 ≥ 0 for every (y, v) ∈ G(A). We will show that

u ∈ Ax. Now, suppose u 6∈ Ax. Then the mapping B defined, for

every y ∈ H, by

By =

{
Ay, if y 6= x,

Ay ∪ {u}, if y = x,

is a monotone mapping that contains the graph of A, which is a

contradiction to the assumption that A is maximal. Hence, u ∈ Ax.

Conversely, let (x, u) ∈ H × H be arbitrary such that 〈x − y, u −
v〉 ≥ 0, for all (y, v) ∈ G(A) implies u ∈ Ax. We show that A is

maximal. Let B : H −→ 2H be another monotone mapping such

that G(A) ⊂ G(B). Let (z, w) ∈ G(B), then since B is monotone,

we have that

〈z − y, w − v〉 ≥ 0, for all (y, v) ∈ G(A) ⊂ G(B).

This implies that w ∈ Az, that is, (z, w) ∈ G(A). Thus, G(A) =

G(B) and hence A is maximal. This completes the proof.

Definition 1.2.34. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. The normal cone to C at v ∈ C, denoted

by NCv, is given by

NCv = {w ∈ H : 〈v − u,w〉 ≥ 0,∀u ∈ C}.

Note that the mapping v 7−→ NCv is monotone. To see this, let w ∈
NCv and z ∈ NCu, then from the definition we have 〈v − u,w〉 ≥ 0

and 〈u− v, z〉 ≥ 0. Thus, by adding, we get that 〈v− u,w− z〉 ≥ 0,

for all w ∈ NCv and z ∈ NCu. And so, it is monotone.
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Definition 1.2.35. Let C be a nonempty subset of a real Hilbert

space H and T : C −→ CB(C) be a multi-valued mapping. Then,

(I−T ) is said to be demiclosed at zero if for any sequence {xn} in C

such that xn ⇀ x ∈ C and lim
n→∞

d(xn, Txn) = 0, we have that x ∈ Tx.

1.2.5 Variational Inequality Problem

In this subsection, we consider the classical variational inequality

which was initially introduced by Stampacchia [46] in 1964.

Definition 1.2.36. Let C be a nonempty, closed and convex subset

of a real Hilbert space H and A : C −→ H be a nonlinear mapping.

The classical variational inequality problem is to find an element

u ∈ C such that

〈v − u,Au〉 ≥ 0, for all v ∈ C. (1.5)

The set of solutions of the classical variational inequality problem is

denoted by V I(C,A). That is,

V I(C,A) = {u ∈ C : 〈v − u,Au〉 ≥ 0, ∀v ∈ C}.

It is easy to see from the definitions that u ∈ V I(C,A) if and only

if −Au ∈ NCu. An equivalent expression of this is to write

0 ∈ Au+NCu

such a relation is called a generalized inclusion.

Lemma 1.2.37. Let C be a nonempty, closed and convex subset of

a real Hilbert space H and T : C −→ C be any nonlinear mapping.

Define a mapping A : C −→ H by Ax = x − Tx, then V I(C,A) =

F (T ).

21



Chapter 1 : Introduction

Proof. If a point p ∈ C is a fixed point of T , then it is clear that

p ∈ V I(C,A) because Ap = 0. Conversely, let p ∈ V I(C,A), then

〈Ap, y − p〉 ≥ 0, for all y ∈ C. In particular, since Tp ∈ C, taking

y = Tp, we obtain that 〈p−Tp, Tp−p〉 ≥ 0, which gives that Tp = p.

Thus, V I(C,A) = F (T ). This completes the proof.

We observe from Lemma 1.2.37 that the set of solutions of the clas-

sical variational inequality problem is equivalent to the set of fixed

points of the mapping T . Recall that the fixed point problem is to

find a point x ∈ C such that x = Tx, where T : C −→ C is a

given mapping. In this case fixed point problem is a special case of

variational inequality problem.

Remark 1.2.38. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A be a nonlinear mapping of C into H.

If C = H, then V I(C,A) = A−1(0).

Proof. Let z ∈ A−10, then it follows directly from the definition that

z ∈ V I(C,A). Conversely, let z ∈ V I(C,A), then we have that

〈Az, y− z〉 ≥ 0, for all y ∈ C = H. Thus, taking y = z−Az, we get

0 ≤ 〈Az,−Az〉 = −‖Az‖2, which gives that Az = 0, i.e., z ∈ A−1(0).

Hence, V I(C,A) = A−1(0). This completes the proof.

Thus, system of equations can be considered as a variational inequal-

ity problem.

Lemma 1.2.39. [34] Let A be a nonlinear mapping from a nonem-

pty, closed and convex subset C of a real Hilbert space H into H.

Then, in the context of variational inequality problem, we have that

u ∈ V I(C,A) if and only if u = PC(u− λAu), ∀λ > 0, (1.6)

where PC is the metric projection from H onto C.
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We note from Lemma 1.2.39 that solving the variational inequal-

ity problem, is equivalent to finding a fixed point of the mapping

PC(I −λA). Thus, fixed point methods can be implemented in find-

ing solutions of variational inequality problems.

The following lemma is due to Zegeye [58].

Lemma 1.2.40. Let C be a nonempty, closed and convex subset of a

real Hilbert space H and A be a continuous monotone mapping from

C into H. Then, V I(C,A) is closed and convex subset of C.

1.2.6 Equilibrium Problems

We begin this subsection with the definition of equilibrium problem

which was introduced by Blum and Oettli [4] in 1994.

Definition 1.2.41. Let C be a nonempty, closed and convex subset

of a real Hilbert space H and F : C ×C −→ R be a bifunction. The

equilibrium problem is the problem of finding a point z ∈ C such that

F (z, y) ≥ 0, for all y ∈ C. (1.7)

The set of solutions of problem (1.7) is denoted by EP (F ). That is,

EP (F ) = {z ∈ C : F (z, y) ≥ 0, ∀y ∈ C}.

Let C and H be as in Definition 1.2.41. Given a mapping A : C −→
H, if we define F (x, y) = 〈Ax, y − x〉, for all x, y ∈ C, then z ∈
EP (F ) if and only if 〈Az, y − z〉 ≥ 0, for all y ∈ C and hence

z ∈ V I(C,A). In addition, let T : C −→ C be a mapping. If

F (x, y) = 〈x − Tx, y − x〉, for all x, y ∈ C, then the equilibrium

problem is equivalent to the fixed point problem for the mapping T .

This shows that equilibrium problem contains classical variational

inequality problem and fixed point problem as a special case.
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Let C be a nonempty, closed and convex subset of a real Hilbert

space H and let g : C −→ R be a given mapping. The minimization

problem is to find an element x ∈ C such that

g(x) ≤ g(y), for all y ∈ C.

If we define F (x, y) = g(y) − g(x) for all x, y ∈ C, then the equi-

librium problem determined by F is equivalent to the minimization

problem relative to g. Hence, equilibrium problem includes mini-

mization problem as a special case.

For solving an equilibrium problem, we shall make use of the follow-

ing assumption.

Assumption 1.2.42. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. In the sequel, let F be a bifunction from

C × C into R satisfying the following conditions:

(A1) F (x, x) = 0, ∀ x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0, ∀ x, y ∈ C;

(A3) limt↓0 F (tz + (1− t)x, y) ≤ F (x, y), ∀ x, y, z ∈ C;

(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinu-

ous.

Definition 1.2.43. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let F : C × C −→ R be a bifunction and

A : C −→ H be a nonlinear mapping. The generalized equilibrium

problem is to find z ∈ C such that

F (z, y) + 〈Az, y − z〉 ≥ 0, ∀ y ∈ C. (1.8)

In this thesis, the set of solutions of problem (1.8) is denoted by

EP (F,A), that is,

EP (F,A) = {z ∈ C : F (z, y) + 〈Az, y − z〉 ≥ 0, ∀ y ∈ C}.
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In the case of A ≡ 0, the problem (1.8) reduces to the equilibrium

problem (1.7) and hence EP (F,A) is given by EP (F ). In the case

of F ≡ 0, the problem (1.8) reduces to the classical variational in-

equality problem and hence EP (F,A) is given by V I(C,A).

Therefore, generalized equilibrium problem contains classical varia-

tional inequality and equilibrium problems as special cases.

Clearly, if z ∈ V I(C,A)∩EP (F ), then z ∈ EP (F,A). However, the

converse may not be hold as we can see from the following example.

Example 1.2.44. Let H = R and C = [0, 1]. Define F : C×C → R
by F (x, y) = x+ y and A : C → H by Ax = x

2 . Then, for x = 1, we

have that

F (x, y) + 〈Ax, y − x〉 = (1 + y) +
1

2
(y − 1)

=
1

2
(3y + 1) ≥ 0,

for all y ∈ C, which implies that 1 ∈ EP (F,A). But, since

〈A(1), y − 1〉 =
1

2
(y − 1) ≤ 0,

for all y ∈ C, then 1 6∈ V I(C,A) and hence 1 6∈ EP (F ) ∩ V I(C,A).

Let F be a bifunction from C × C into R satisfying Assumption

1.2.42 and A : C −→ H be a continuous monotone mapping. Define

G : C × C −→ R by

G(x, y) = F (x, y) + 〈Ax, y − x〉,

then it is easy to see that the bifunction G satisfies Assumption

1.2.42. Thus, the generalized equilibrium problem (1.8) is equivalent

to the following equilibrium problem:

find z ∈ C such that G(z, y) ≥ 0, for all y ∈ C.
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1.2.7 Split Equilibrium Problem

Let H1 and H2 be real Hilbert spaces and let C and Q be nonempty,

closed and convex subsets of H1 and H2, respectively. Let F1 : C ×
C −→ R and F2 : Q×Q −→ R be bifunctions. Let B : H1 −→ H2 be

a bounded linear mapping, then the split equilibrium problem (SEP)

is the problem of finding a point z ∈ C such that

F1(z, x) ≥ 0, for all x ∈ C , (1.9)

and such that

y∗ = Bz ∈ Q solves F2(y
∗, y) ≥ 0, for all y ∈ Q . (1.10)

The set of solutions of SEP (1.9) and (1.10) is denoted by Ω. That

is,

Ω = {z ∈ C : z ∈ EP (F1) and Bz ∈ EP (F2)}.

If we consider separately, (1.9) is the equilibrium problem given in

(1.7). From (1.9) and (1.10), it is easy to see that the SEP contains

a pair of equilibrium problems. If H1 = H2, B = I, Q = C and

F2 ≡ 0, then the split equilibrium problem reduces to the equilib-

rium problem (1.7). Thus, the split equilibrium problem is quite

general. Given mappings A1 : C −→ H1 and A2 : Q −→ H2. If we

take F1(x, y) = 〈A1x, y − x〉 and F2(u, v) = 〈A2u, v − u〉, then the

split equilibrium problem (SEP) becomes split variational inequality

problem (SVIP), that is, to find a point z ∈ C such that

z ∈ V I(C,A1) and such that Bz ∈ V I(Q,A2),

which was studied by Censor et al. [10]. So, split equilibrium prob-

lem includes split variational inequality as special case.
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Literature Review

2.1 Fixed Point and Variational Inequality Pro-

blems

In this section, we shall discuss some developments on iterative al-

gorithms as captured in the existing literature for approximation of

fixed points of some nonlinear single-valued and multi-valued map-

pings. We also explore some results on problem of finding a common

element of set of fixed points of nonlinear mappings and set of so-

lutions of the classical variational inequality problems which have

been considered by some authors in Hilbert spaces.

One of the well-known and widely applied result in fixed point the-

ory is the Banach Contraction Mapping Principle. In metric space

setting it can be briefly stated as follows:

Theorem 2.1.1. (Banach Contraction Mapping Principle) Let (X, d)

be a complete metric space and T : X −→ X be a contraction map-

ping. Then, T has a unique fixed point in X and for arbitrary point

x0 ∈ X, the Picard iterative process defined by

xn+1 = Txn = T n+1x0, ∀ n ≥ 0, (2.1)

converges strongly to the unique fixed point of T .

If we omit the assumption that the domain is complete, then the

Banach Contraction Mapping Principle fails. For example, the map-

ping T : (0, 1) −→ (0, 1) given by Tx = x
2 is a contraction with no

fixed point. Unlike in the case of the Banach Contraction Mapping
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Principle, the fixed point of a nonexpansive mapping may not exist.

For instance, the mapping T : [0,∞) −→ [0,∞) given by Tx = x+2

is nonexpansive which has no fixed point. For this reason, to ensure

the existence of fixed point of a nonexpansive mapping T we must

assume additional conditions on T and/or on the underlying space.

In this direction, Browder [6] showed that a nonexpansive mapping

defined on a bounded, closed and convex subset of a uniformly con-

vex Banach space has a fixed point. However, it may not be unique

even when it exists as we can see easily that an identity mapping is

nonexpansive with many fixed points.

We now turn to the approximation methods of fixed points (if they

exist) of a nonexpansive mapping. The sequence of Picard iterates

(2.1) in general does not converge to a fixed point (if it exists) of a

nonexpansive mapping as we can see from the following example.

Example 2.1.2. Let T : [−1, 1] −→ [−1, 1] be given by Tx = −x.

Then, T is a nonexpansive mapping with F (T ) = {0}. But, for any

x0 6= 0, the Picard sequence, (−1)nx0, does not converge to 0.

However, in 1955, Krasnoselskii [27] proved that if T is a nonexpan-

sive self-mapping defined on a convex and compact subset C of a

uniformly convex Banach space X, then the iterative sequence de-

fined from any x0 ∈ C by

xn+1 =
1

2
xn +

1

2
Txn (2.2)

converges to a fixed point of T . A further generalization of (2.2) due

to Shaefer [42] for the approximation of fixed points of nonexpansive

mapping T , starting from an initial point x0, is the following:

xn+1 = (1− λ)xn + λTxn, for λ ∈ (0, 1),

which is now known as the Krasnoselskii iterative algorithm in light

of [27] and has been studied extensively by various researchers (see,
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e.g., [14]). Another widely used iterative algorithms for approxi-

mating fixed points of nonexpansive mapping are the Mann and the

Halpern iterative algorithms.

Mann iterative algorithm, initially introduced by Mann [30] for ap-

proximation of fixed point of a nonexpansive mapping T , is defined

recursively starting from arbitrary point x0 in the domain of T by

xn+1 = (1− αn)xn + αnTxn, ∀n ≥ 0,

where {αn} is a sequence of numbers in (0, 1) satisfying some con-

ditions. Since then, it has been studied by many authors for ap-

proximating fixed points of several mappings in Banach spaces, (see,

for example, [37, 38, 41, 51, 59]). It is, however, known that the

sequence {xn} generated by the Mann iterative algorithm converges

weakly to a fixed point of a mapping T .

Another iterative algorithm introduced for approximation of fixed

point of a mapping T defined on nonempty convex subset of an

appropriate Banach space is Halpern iterative algorithm. It was

first studied by Halpern [18], is defined by the following recursive

formula: x0, u in the domain of T ,

xn+1 = αnu+ (1− αn)Txn, ∀ n ≥ 0,

where {αn} is a sequence of numbers in (0, 1). Since then, Halpern it-

eration has been considered by several authors (see, [8, 13, 25, 50, 53]

and references therein). In contrast to Mann algorithm, Halpern al-

gorithm converges strongly to a fixed point (if it exists) of T provided

that the control sequence {αn} satisfies some appropriate conditions.

As an extension to Halpern iterative algorithm, Moudafi [32] estab-

lished the following iterative algorithm for approximation of fixed

point of a mapping T called Viscosity algorithm: x0 in domain of T ,

xn+1 = αnf(xn) + (1− αn)Txn, ∀n ≥ 0,
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where f is a contraction mapping defined from domain of T into

itself, and αn is a sequence in (0, 1) satisfying certain restrictions.

Many authors have dedicated to the study of the convergence of

this algorithm to fixed points of some nonlinear mappings (see, for

example, [32, 39, 49, 52, 55, 58]).

In 1974, Ishikawa [24] introduced the following iterative algorithm

for approximating a fixed point of Lipschitz pseudocontractive self-

mapping T of a nonempty, convex and compact subset C of a Hilbert

space H: 
x0 ∈ C,
yn = (1− βn)xn + βnTxn,

xn+1 = (1− αn)xn + αnTyn,

(2.3)

for all n ≥ 0, where {αn} and {βn} are sequences of positive numbers

satisfying the following conditions:

(i) 0 ≤ αn ≤ βn < 1; (ii) lim
n→∞

βn = 0; (iii)
∞∑
n=0

αnβn =∞.

The iterative algorithm (2.3) with the parameters {αn} and {αn}
satisfying (i), (ii) and (iii) is called the Ishikawa iterative algorithm.

This iterative algorithm has been modified in different directions

by many mathematicans for approximation of fixed points. In its

original form, the Ishikawa iterative algorithm does not include the

Mann iterative algorithm, due to the assumption (i). In fact if βn =

0, then αn = 0 as well. For this reason, to obtain Ishikawa-type

iterative algorithm which should include Mann iterative algorithm

as a special case, some authors, have modified the condition (i) to a

weaker condition of the form 0 ≤ αn, βn < 1.

We now discuss the existence and approximation methods of fixed

points of some multi-valued mappings. In 1969, Nadler [35] proved

the existence of fixed points for multi-valued contractive mapping
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in a complete metric space. More precisely, Nadler [35] proved the

following theorem:

Theorem 2.1.3. [35] Let (X, d) be a complete metric space and

T : X −→ CB(X) be a multi-valued contractive mapping. Then, T

has a fixed point in X.

However, unlike to the single-valued contractive mapping, the fixed

point (when it exists) of a multi-valued contractive is not necessarily

unique as the following example shows:

Example 2.1.4. Let C = [0, 1] and T : C −→ CB(C) be defined

by Tx = [x2 , 1]. Then, for x, y ∈ C with x ≤ y, we have that Ty =

[y2 , 1] ⊂ [x2 , 1] = Tx and

D(Tx, Ty) = max

{
sup
a∈Tx

d(a, Ty), sup
b∈Ty

d(b, Tx)

}
= max

{
sup
a∈Tx
|a− y

2
|, 0
}

=
1

2
|x− y|.

By symmetry, if x > y, D(Tx, Ty) = 1
2 |x − y|. Hence, T is a

multi-valued contractive mapping. Moreover, since x
2 ≤ x ≤ 1 for all

x ∈ C, we have that F (T ) = [0, 1]. That is, T has many fixed points.

Fixed point theorems for single-valued nonexpansive mappings have

been extended to multi-valued mappings. The first result in this di-

rection was established by Markin [31] in Hilbert spaces. In 1973,

Dozo [28] extended the result of Markin [31] to Banach spaces satis-

fying the Opial’s condition (see, [36]). In fact, Dozo [28] proved the

following theorem.

Theorem 2.1.5. Let X be a Banach space which satisfies Opial’s

condition and C be a nonempty, convex and weakly compact subset

of X. If T : C −→ K(C) is a compact-valued nonexpansive mapping,

then there exists x0 ∈ C such that x0 ∈ Tx0.
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Many research efforts have been devoted to developing iterative algo-

rithms for approximating fixed points (if they exist) for multi-valued

mappings.

Mann-type and Ishikawa-type iterative algorithms for multi-valued

mappings were first considered by Sastry and Babu [41] in 2005.

Since then, many authors considered an iterative algorithms for

multi-valued mappings (see, for example, [8, 14, 43, 44, 53] and ref-

erences therein). Moreover, Sastry and Babu [41] introduced the

following definitions of Mann-type and Ishikawa-type iterative algo-

rithms for multi-valued mappings.

Let C be a nonempty convex subset of a real Hilbert space H and

P (C) denote the collection of all nonempty bounded and proximinal

subsets of C. Let T : C −→ P (C) be a multi-valued mapping with

p ∈ Tp.
(a) The sequence of Mann-type iterates is defined by{

x0 ∈ C,
xn+1 = αnxn + (1− αn)yn,

(2.4)

for all n ≥ 0, where yn ∈ Txn is such that ‖yn− p‖ = d(p, Txn), and

{αn} is a sequence of numbers such that 0 ≤ αn < 1 and
∞∑
n=0

αn =∞.

(b) The sequence of Ishikawa-type iterates is defined by
x0 ∈ C,
yn = (1− βn)xn + βnzn,

xn+1 = (1− αn)xn + αnun,

(2.5)

for all n ≥ 0, where zn ∈ Txn is such that ‖zn − p‖ = d(p, Txn),

un ∈ Tyn is such that ‖un − p‖ = d(p, Tyn), and {αn} and {βn}
sequences of positive numbers satisfying the conditions:

(i) 0 ≤ αn, βn < 1; (ii) lim
n→∞

βn = 0; (iii)
∞∑
n=0

αnβn =∞.
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They proved strong convergence of the above iterative algorithms to

fixed points of nonexpansive mapping T whose domain is a nonempty,

compact and convex subset of a Hilbert space H. Panyanak [37] ex-

tended the results of Sastry and Babu [41] to uniformly convex Ba-

nach spaces. In fact, Panyanak [37] proved the following theorem:

Theorem 2.1.6. Let C be a nonempty, compact and convex subset of

a uniformly convex Banach space X. Suppose that a nonexpansive

mapping T : C −→ P (C) has a fixed point p. Then, the Mann-

type and Ishikawa-type iterative algorithms defined by (2.4) and (2.5)

converges strongly to fixed points of T .

In 2013, Chidume et al.[14] studied a Krasnoselskii-type iterative

algorithm and also proved that the algorithm converges strongly

to a fixed point of multi-valued k−strictly pseudocontractive map-

ping in a real Hilbert space under appropriate conditions. In 2015,

Woldeamanuel et al.[53] considered the problem of finding a com-

mon point of the set of fixed points of a finite family of Lipschitz

hemicontractive-type multi-valued mappings Ti with Lipschitz con-

stants Li, for i = 1, 2, ...N (N ∈ N) defined from a nonempty, closed

and convex subset C of a real Hilbert space into itself, and they in-

troduced the following iterative algorithm from arbitrary x1, w ∈ C:
yn = (1− βn)xn + βnun, un ∈ Tnxn
zn = (1− γn)xn + γnwn, wn ∈ Tnyn
xn+1 = αnw + (1− αn)zn, ∀n ≥ 1,

(2.6)

where Tn := Tn(modN)+1, and {αn}, {βn}, {γn} ⊂ (0, 1) satisfy the

following conditions:

i) 0 ≤ αn ≤ c < 1 such that lim
n→∞

αn = 0 and
∞∑
n=1

αn =∞,

ii) 0 < a ≤ γn ≤ βn ≤ b < 1√
4L2+1+1

, for L := max{Li : i =

1, 2, ..., N}.
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Then, they proved that the sequence {xn} generated by (2.6) con-

verges strongly to some point p in
N⋂
i=1

F (Ti) nearest to w.

Recently, finding a common element of the set of fixed points of

nonlinear mappings and the set of solutions of a variational inequality

problem has been considered by many authors (see, for example,

[2, 16, 23, 34, 51, 59] and references therein).

In 2003, Takahashi and Toyoda [51] considered an iterative algorithm

for finding a common element of the set of solutions of a variational

inequality problem for an α−inverse strongly monotone mapping

and the set of fixed points of a nonexpansive mapping and then they

established the following weak convergence theorem:

Theorem 2.1.7. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A be an α−inverse strongly monotone

mapping from C into H, and T be a nonexpansive mapping from C

into itself such that F (T ) ∩ V I(C,A) is nonempty. Let {xn} be a

sequence generated by{
x0 ∈ C,
xn+1 = αnxn + (1− αn)TPC(xn − γnAxn),

for all n ≥ 0, where {γn} ⊂ [a, b] for some a, b ∈ (0, 2α) and {αn} ⊂
[c, d] for some c, d ∈ (0, 1). Then, {xn} converges weakly to p ∈
F (T ) ∩ V I(C,A), where p = lim

n→∞
PF (T )∩V I(C,A)xn.

Subsequently, Iiduka and Takahashi [22], introduced an iterative al-

gorithm for finding a common element of the set of fixed points

of a nonexpansive nonself mapping and the set of solutions of a

variational inequality problem for an α−inverse strongly monotone

mapping in a real Hilbert space. Then, they obtained strong con-

vergence theorem which improves the results in [51]. More precisely,

they proved the following theorem:
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Theorem 2.1.8. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A be an α−inverse strongly monotone

mapping from C into H, and T be a nonexpansive nonself-mapping

from C into H such that F (T )∩V I(C,A) is nonempty. Let {xn} be

given by{
x1 = x ∈ C,
xn+1 = PC(αnu+ (1− αn)TPC(xn − λnAxn)),

for all n ≥ 1, where {λn} is a sequence in [0, 2α] and {αn} a sequence

in [0, 1) satisfying the following conditions:

i) 0 < a ≤ λn ≤ b < 2α, lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

ii)
∞∑
n=1

|αn+1 − αn| <∞ and
∞∑
n=1

|λn+1 − λn| <∞.

Then, {xn} converges strongly to p = PF (T )∩V I(C,A)u.

Furthermore, in 2006, Nadezhkina and Takahashi [34] introduced an

iterative algorithm for finding a common element of the set of fixed

points of a nonexpansive self mapping and the set of solutions of a

variational inequality problem for monotone and Lipschitz continu-

ous mapping, and then they obtained the following weak convergence

theorem.

Theorem 2.1.9. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A be a monotone and L−Lipschitz con-

tinuous mapping from C into H, and T be a nonexpansive mapping

from C into itself such that F (T )∩V I(C,A) is nonempty. Let {xn}
and {yn} be sequences generated from arbitrary x0 ∈ C by{

yn = PC(xn − γnAxn),
xn+1 = αnxn + (1− αn)TPC(xn − γnAyn),
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for every n ≥ 0, where {γn} ⊂ [a, b] for some a, b ∈ (0, 1
L) and

{αn} ⊂ [c, d] for some c, d ∈ (0, 1). Then, the sequences {xn} and

{yn} converge weakly to the same point p ∈ F (T )∩ V I(C,A), where

p = lim
n→∞

PF (T )∩V I(C,A)(xn).

Recently, Alghamdi et al. [2] extended the results of Nadezhkina and

Takahashi [34] from nonexpansive mapping to a continuous pseudo-

contractive mapping. Moreover, they constructed a new iterative

algorithm for finding a common element of the set of fixed points

of continuous pseudocontractive mapping and the set of solutions

of a variational inequality problem for Lipschitz monotone mapping.

They proved the following strong convergence theorem in the setting

of Hilbert spaces:

Theorem 2.1.10. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let T : C −→ C be a continuous pseudocon-

tractive mapping and A : C −→ H be a Lipschitzian monotone map-

ping with Lipschitz constant L. Assume that F = F (T ) ∩ V I(C,A)

is nonempty. Let {xn} be a sequence generated from an arbitrary

x0, u ∈ C by{
zn = PC [xn − γnAxn],
xn+1 = αnu+ (1− αn) (anxn + bnwn + cnPC [xn − γnAzn]) ,

(2.7)

for all n ≥ 0, where PC is a metric projection from H onto C,

〈y − wn, Twn〉 − 1
rn
〈y − wn, (1 + rn)wn − x〉 ≤ 0,∀ y ∈ C, γn ⊂ [a, b]

for some a, b ∈ (0, 1
L) and {an}, {bn}, {cn} ⊂ (e, f) and {αn} ⊂

(0, c) for some c, e, f ∈ (0, 1) satisfying the following conditions: (i)

an+bn+cn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=0

αn =∞. Then, {xn} converges

strongly to the point p of F nearest to u.

We remark that the results of Alghamdi et al.[2] improve, unify

and extend the corresponding results that have been proved previ-
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ously for approximation of a common solution of fixed point problem

for some single-valued mappings and classical variational inequality

problems. In particular, all the theorems proved in [2] hold for Lip-

schitz pseudocontractive mapping because every Lipschitz mapping

is continuous.

2.2 Common Solutions of Fixed Point and Gen-

eralized Equilibrium Problems

In 1994, Blum and Oettli [4] have shown that several classes of prob-

lems, such as variational inequality, optimization, complementary

and Nash equilibrium problems can be formulated as equilibrium

problems. Then, many techniques and algorithms have been devel-

oped for the existence and approximation of a solution of equilib-

rium problems (see, for example, [17, 47] and some references cited

therein).

In this section, we review some strong convergence theorems for find-

ing a common element of the set of solutions of equilibrium problems

and the set of fixed points of some nonlinear mappings.

In 2007, Takahashi and Takahashi [49] introduced an iterative al-

gorithm for finding a common element of the set of solutions of

equilibrium problem and the set of fixed points of a single-valued

nonexpansive mapping in a real Hilbert space. In particular, they

proved the following theorem:

Theorem 2.2.1. Let C be a nonempty, closed and convex subset of

a real Hilbert space H and F : C×C −→ R be a bifunction satisfying

Assumption 1.2.42. Let f : H −→ H be a contraction mapping and

T : C −→ H be a nonexpansive mapping such that F (T ) ∩ EP (F )
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is nonempty. Let {xn} be a sequence generated from x1 ∈ H by{
F (zn, y) + 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnf(xn) + (1− αn)Tzn,
(2.8)

for all n ≥ 1, where {αn} ⊂ [0, 1] and {rn} ⊂ (0,∞) satisfying:

(i) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞ and
∞∑
n=1

|αn+1 − αn| <∞;

(ii) lim inf
n→∞

rn > 0 and
∞∑
n=1

|rn+1 − rn| <∞.

Then, {xn} and {zn} converge strongly to p = PF (T )∩EP (F )f(p).

In addition, Wang et al.[52] studied an iterative algorithm by vis-

cosity approximation method for obtaining a common solution of an

equilibrium problem, a variational inequality problem and a fixed

point problem for a nonexpansive mapping in Hilbert spaces. Also,

The authors obtained a strong convergence theorem which improves

and extends the results of Takahashi and Takahashi [49]. In fact,

they proved the following theorem:

Theorem 2.2.2. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let F : C × C −→ R be a bifunction

satisfying Assumption 1.2.42 and f be a contraction mapping from

C into itself. Let A be an α−inverse strongly monotone mapping

from C into H and T be a nonexpansive mapping from C into itself

such that F (T ) ∩ EP (F ) ∩ V I(C,A) 6= ∅. Suppose x1 ∈ C and

{xn}, {zn} are sequences generated by{
F (zn, y) + 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnf(xn) + βnxn + γn(µTzn + (1− µ)PC(zn − λnAzn),

for every n ≥ 1, where µ ∈ [0, 1], {rn} ⊂ (0,∞), {λn} ⊂ [a, b] with

0 < a < b < 2α and {αn}, {βn} and {γn} are sequences in [0, 1] and
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satisfy αn + βn + γn = 1 for every n ≥ 1. If {αn}, {βn}, {λn} and

{rn} are chosen so that

i) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞, 0 < lim inf
n→∞

βn < lim sup
n→∞

βn < 1,

ii) lim inf
n→∞

rn > 0, lim
n→∞
|rn+1 − rn| = 0, lim

n→∞
|λn+1 − λn| = 0.

Then, {xn} and {zn} converge strongly to the same point

p = PF (T )∩EP (F )∩V I(C,A)f(p).

On the other hand, in 2008, Moudafi [33] introduced an iterative

algorithm for finding a common element of the set of solutions of

a generalized equilibrium problem and the set of fixed points of a

nonexpansive single-valued mapping in a Hilbert space setting; and

obtained the following weak convergence theorem:

Theorem 2.2.3. Let C be a nonempty, closed and convex subset of

a real Hilbert space H and F : C × C −→ R be a bifunction satis-

fying Assumption 1.2.42. Let A be an α−inverse strongly monotone

mapping from C into H and T be a nonexpansive mapping from C

into itself such that F (T ) ∩ EP (F,A) is nonempty. Let x0 ∈ C and

{zn}, {xn} be sequences generated by{
F (zn, y) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnxn + (1− αn)Tzn, ∀n ≥ 0,

where {rn} ⊂ [a, b] for some a, b ∈ (0, 2α) and {αn} ⊂ [c, d] for some

c, d ∈ (0, 1). Then, {xn} converges weakly to p ∈ F (T ) ∩ EP (F,A),

where p = lim
n→∞

PF (T )∩EP (F,A)(xn).

In [50], Takahashi and Takahashi proposed an iterative algorithm

and proved that the algorithm converges strongly to a common ele-

ment of the set of fixed points of a nonexpansive single-valued map-

ping and the set of solutions of a generalized equilibrium problem for
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α−inverse strongly monotone mapping. They proved the following

theorem:

Theorem 2.2.4. Let C be a nonempty, closed and convex subset of

a real Hilbert space H and F : C×C −→ R be a bifunction satisfying

Assumption 1.2.42. Let A be an α−inverse strongly monotone map-

ping from C into H and T : C −→ C be a nonexpansive mapping

such that F (T )∩EP (F,A) is nonempty. Let u, x1 ∈ C and {xn} be

a sequence generated by
F (zn, y) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

yn = αnu+ (1− αn)zn,
xn+1 = βnxn + (1− βn)Tyn, ∀ n ≥ 1,

where {αn} ⊂ [0, 1], {βn} ⊂ [0, 1] and {rn} ⊂ [0, 2α] satisfying

i) 0 < a ≤ rn ≤ b < 2α, 0 < c ≤ βn ≤ d < 1,

ii) lim
n→∞
|rn − rn+1| = 0, lim

n→∞
αn = 0 and

∞∑
n=1

αn =∞.

Then, {xn} converges strongly to p = PF (T )∩EP (F,A)(u).

Furthermore, Ceng et al.[9] introduced an iterative algorithm for

finding a common element of the set of solutions of a generalized

equilibrium problem (1.8) and the set of fixed points of a continuous

pseudocontractive mapping in a Hilbert space settings. In fact, they

proved the following strong convergence theorem which improves and

extends the results of Moudafi [33], Takahashi and Tekahashi [50].

Theorem 2.2.5. Let C be a nonempty, closed and convex subset

of a real Hilbert space H and F : C × C −→ R be a bifunction

satisfying Assumption 1.2.42. Let A : C −→ H be an α−inverse

strongly monotone mapping, f : C −→ C be a contraction mapping,

S : C −→ C be a nonexpansive mapping, and T : C −→ C be a
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continuous pseudocontractive mapping such that F (T )∩EP (F,A) is

nonempty. For x0 ∈ C, let {xn} be defined by
F (zn−1, y) + 〈Axn−1, y − zn−1〉
+ 1
rn
〈y − zn−1, zn−1 − xn−1〉 ≥ 0, ∀ y ∈ C,

yn = βnf(xn−1) + γnSzn−1 + (1− βn − γn)xn−1,

xn = αnyn + (1− αn)Txn, ∀ n ∈ N,

(2.9)

where {αn}, {βn}, {γn} ⊂ (0, 1] and {rn} ⊂ (0, 2α] satisfying:

(i) lim
n→∞

αn = 0,
∞∑
n=1

βn =∞; (ii) lim
n→∞

(
γn
βn

) = 0, βn + γn ≤ 1, ∀n ∈ N.

Then, the sequence {xn} generated by (2.9) converges strongly to

p = PF (T )f(p). Assume additionally that lim
n→∞

rn = r > 0 and that

the existence of lim
n→∞
||xn − zn|| implies lim

n→∞
||xn − zn|| = 0, then

p = PF (T )∩EP (F,A)f(p).

We remark that Theorem 2.2.5 is more general than Theorem 2.2.4

in the sense that the class of nonexpansive mappings is extended to

the class of pseudocontractive mappings.

More recently, Buangern et al. [8] introduced and studied a modi-

fied iterative algorithm for approximating a common element of the

set of solutions of generalized equilibrium problem and the set of

fixed points of nonexpansive multi-valued mapping. Then, they es-

tablished a strong convergence theorem of the sequence generated

by their iteration process in a real Hilbert space which extends the

results in [33] and [50]. More precisely, they proved the following

theorem:

Theorem 2.2.6. Let C be a nonempty, convex and weakly compact

subset of a real Hilbert space H and F : C×C −→ R be a bifunction

satisfying Assumption 1.2.42. Let A be an α−inverse strongly mono-

tone mapping from C into H and T : C −→ K(C) be a nonexpansive
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multi-valued mapping such that F (T ) ∩ EP (F,A) is nonempty. Let

u, x1 ∈ C and {xn} be a sequence generated by
F (zn, y) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

yn = αnu+ (1− αn)zn,
xn+1 = βnxn + (1− βn)vn, ∀ n ≥ 1,

where vn ∈ Tyn such that ‖vn−vn+1‖ ≤ D(Tyn, T yn+1), {αn}, {βn} ⊂
[0, 1] and {rn} ⊂ [0, 2α] satisfying the following conditions:

i) 0 < a ≤ rn ≤ b < 2α, 0 < c ≤ βn ≤ d < 1;

ii) limn→∞(rn − rn+1) = 0, limn→∞ αn = 0 and
∑∞

n=1 αn =∞.

If Tp = {p}, for all p ∈ F (T ) , then the sequence {xn} converges

strongly to q = PF (T )∩EP (F,A)(u).

We note that Theorem 2.2.6 is more general than Theorems 2.2.3

and 2.2.4 in the sense that the class of single-valued nonexpansive

mappings is extended to the class of multi-valued nonexpansive map-

pings. However, we see that the restriction that C is weakly compact

imposed in Theorem 2.2.6 is strong. In addition, in Theorem 2.2.6

the mapping T is assumed to have compact values which is also a

strong condition.

On the other hand, in 2012, Zhang [63] considered the problem of

finding a common element of the set of common solutions of a fi-

nite family of equilibrium problems and the set of fixed points of

k−strictly pseudocontractive single-valued mapping; and obtained

a weak convergence theorem in the setting of Hilbert spaces. Al-

though the result of Zhang [63] extends the corresponding results

of [47] and [49] to a finite family of equilibrium problem, it is re-

stricted to equilibrium problems and fixed points of k−strictly pseu-
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docontractive single-valued mapping which is a subclass of Lipschitz

hemicontractive-type mapping.

2.3 Solutions of Split Equilibrium, Variational

Inequality and Fixed Point problems

In 2012, He [20] introduced a new class of equilibrium problems,

called split equilibrium problem, which enable us to find a solu-

tion of one equilibrium problem such that its image under a given

bounded linear mapping is a solution of another equilibrium prob-

lem (possibly in different spaces). He [20] also constructed some

iterative algorithms for solution of such problems in a Hilbert space

settings and obtained some strong and weak convergence theorems.

In particular, the following theorems were proved in [20].

Theorem 2.3.1. Let C and Q be a nonempty, closed and convex

subset of real Hilbert spaces H1 and H2, respectively. Let I :=

{1, 2, · · · , N} denote a finite index set and for any i ∈ I, let Fi :

C×C −→ R be a bifunction with
N⋂
i=1

EP (Fi) 6= ∅. Let A : H1 −→ H2

be a bounded linear mapping with adjoint B and G : Q×Q −→ R be

a bifunction with EP (G) 6= ∅. Let {xn} and {zin}(i ∈ I) be sequences

generated from x1 ∈ C by
Fi(z

i
n, y) + 1

rn
〈y − zin, zin − xn〉 ≥ 0, y ∈ C, i ∈ I,

τn = 1
N

(
z1
n + · · ·+ zNn

)
,

G(wn, z) + 1
rn
〈z − wn, wn − Aτn〉 ≥ 0, z ∈ Q,

xn+1 = PC(τn + µB(wn − Aτn)), ∀ n ∈ N,

(2.10)

where {rn} ⊂ (0,∞) with lim inf
n→∞

rn > 0, PC is a metric projection

from H1 onto C and µ ∈ (0, 1
||B||2 ) is a constant. Suppose that Ω =

43



Chapter 2 : Literature Review

{p ∈
N⋂
i=1

EP (Fi) : Ap ∈ EP (G)} 6= ∅, then the sequences {xn} and

{zin} generated by (2.10) converge weakly to a point p∗ ∈ Ω, while

{wn}converges weakly to Ap∗ ∈ EP (G).

Theorem 2.3.2. Let C and Q be a nonempty, closed and convex

subset of a real Hilbert spaces H1 and H2, respectively. Let I :=

{1, 2, · · · , N} denotes a finite index set and for any i ∈ I, let Fi :

C×C −→ R be a bifunction with
N⋂
i=1

EP (Fi) 6= ∅. Let A : H1 −→ H2

be a bounded linear mapping with adjoint B and G : Q×Q −→ R be

a bifunction with EP (G) 6= ∅. Let C1 = C and {xn} and {zin}(i ∈ I)

be sequences generated from x1 ∈ C by

Fi(z
i
n, y) + 1

rn
〈y − zin, zin − xn〉 ≥ 0, y ∈ C, i ∈ I

τn = 1
N

(
z1
n + · · ·+ zNn

)
,

G(wn, z) + 1
rn
〈z − wn, wn − Aτn〉 ≥ 0, z ∈ Q,

yn = PC(τn + µB(wn − Aτn)),
Cn+1 = {v ∈ Cn : ||yn − v|| ≤ ||τn − v|| ≤ ||xn − v||,
xn+1 = PCn+1

(x1),∀n ∈ N,

where {rn} ⊂ (0,∞) with lim inf
n→∞

rn > 0, PC is a metric projection

from H1 onto C and µ ∈ (0, 1
||B||2 ) is a constant. Suppose that Ω =

{p ∈
N⋂
i=1

EP (Fi) : Ap ∈ EP (G)} 6= ∅, then the sequences {xn} and

{zin}(i ∈ I) converge strongly to a point p∗ ∈ Ω, while {wn}converges

strongly to Ap∗ ∈ EP (G).

Recently, Kazmi and Rizvi [25] studied the problem of finding a

common element of the set of solutions of a split equilibrium problem,

the set of solutions of a variational inequality problem and the set

of fixed points of a nonexpansive single-valued mapping. Then, they

proved the following strong convergence theorem in a Hilbert space

settings.
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Theorem 2.3.3. Let H1 and H2 be real Hilbert spaces. Let C and Q

be nonempty, convex and closed subsets of H1 and H2, respectively.

Let A : C −→ H1 be an α−inverse strongly monotone mapping and

B : H1 −→ H2 be a bounded linear mapping. Assume that F1 : C ×
C −→ R and F2 : Q×Q −→ R be bifunctions satisfying Assumption

1.2.42 and F2 is upper semi-continuous in the first argument. Let

T : C −→ C be nonexpansive mapping such that Θ = F (T ) ∩ Ω ∩
V I(C,A) 6= ∅. For a given x0, u ∈ C, let the iterative sequences

{zn}, {xn} and {yn} be generated by
zn = T F1

rn
(xn + γB∗(T F2

rn
− I)Bxn,

yn = PC(zn − λnAzn),
xn+1 = αnu+ βnxn + γnTyn, ∀ n ≥ 0,

where {rn} ⊂ (0,∞), {λn} ⊂ (0, 2α) and γ ∈ (0, 1
L), L = ||BB∗||

and B∗ is the adjoint of B and the sequences {αn}, {βn}, {γn} are

in (0, 1) satisfying the following conditions:

(i) αn + βn + γn = 1, (ii) lim
n→∞

αn = 0,
∞∑
n=0

αn =∞,

(iii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1,

(iv) lim inf
n→∞

rn > 0,
∞∑
n=1

|rn+1 − rn| <∞,

(v) lim
n→∞

(
γn+1

1− βn+1
− γn

1− βn

)
= 0,

(vi) 0 < lim inf
n→∞

λn ≤ lim sup
n→∞

λn < 1, and lim
n→∞
|λn+1 − λn| = 0.

Then, the sequence {xn} converges strongly to p ∈ Θ, where p = PΘu.

We observe that Theorem 2.3.3 improves and generalizes the results

of He [20]. However, the upper semi-continuity assumption imposed

on F2 is strong. Furthermore, we note that the conclusion holds if A

is restricted to be α−inverse strongly monotone mapping.
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2.4 Statement of the Problem

Based on literature in this thesis, we consider the following problems:

1. Can we obtain an iterative algorithm which converges strongly

to a common element of the set of solutions of classical varia-

tional inequality problem and the set of fixed points of a Lipschitz

hemicontractive-type mapping?

2. Can an iterative algorithm be introduced which converges strongly

to a common solution of a generalized equilibrium problem and a

fixed point problem for more general class of Lipschitz hemicont-

ractive-type mappings without the requirement that the domain

is weakly compact?

3. Is it possible to construct an iterative algorithm which converges

strongly to a common solution of a finite family of generalized

equilibrium problems and a fixed point problem for Lipschitz

hemicontractive-type mapping?

4. Can we find an iterative process which converges strongly to

a common solution of fixed point problem for a nonexpansive

multi-valued mapping, a variational inequality and a split equi-

librium problems without the assumption that F2 is upper semi-

continuous?

2.5 Aim and Objectives

In this thesis, our main aim is to find a common solution of a classical

variational inequality, equilibrium and fixed point problems in the

setting of Hilbert spaces. In particular, the main objectives of this

thesis are:
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1. To construct an iterative algorithm which yields the conclusion

of Alghamdi et al.[2] for the more general class of Lipschitz

hemicontractive-type mappings.

2. To prove a strong convergence theorem for approximating a

fixed point of Lipschitz hemicontractive-type mapping which is

also a solution of generalized equilibrium problem.

3. To obtain the conclusion of Buangern et al. [8] for hemicontrac-

tive-type and continuous monotone mappings.

4. To introduce an iterative algorithm for finding a common solu-

tion of a finite family of generalized equilibrium problems and

a fixed point problem for Lipschitz hemicontractive-type map-

ping.

5. To construct an iterative algorithm for approximating a com-

mon solution of a fixed point problem for nonexpansive multi-

valued mapping, a variational inequality and a split equilibrium

problems.

6. To establish strong convergence theorem for a common solution

of a fixed point problem for nonexpansive multi-valued map-

ping, a variational inequality and a split equilibrium problems.

2.6 Significance of the study

Fixed points of multi-valued mappings, solutions of variational in-

equality and equilibrium problems are of great interest in many ap-

plications such as, optimization problems, differential equations, eco-

nomics, game theory etc. Thus, this thesis will enhance the study of

approximation of common solutions of variational inequality, equi-

librium and fixed point problems. In addition, the thesis will serve as
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reference for readers that are interested in finding solutions of these

problems and applications.

2.7 Scope of the Study

This thesis is limited to the study of an iterative algorithms for

approximating a common element of the set of fixed points of Lip-

schitz hemicontractive-type multi-valued mapping, the set of solu-

tions of classical variational inequality problem for continuous mono-

tone mapping and the set of solutions of equilibrium problems in real

Hilbert spaces.

2.8 Methodology

In this thesis, we critically review existing literature on approxima-

tion of fixed points, solutions of variational inequality and equilib-

rium problems. Then, we study distinct iterative algorithms and

prove strong convergence theorems for finding common solutions of

fixed point problem for multi-valued mappings, variational inequality

and equilibrium problems in the framework of real Hilbert spaces.
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Theory of Methods

3.1 Some Auxiliary Mathematical Tools

In this section, we shall state some facts and results from the existing

literature which are used in the proof of our main results. We proceed

as follows:

Lemma 3.1.1. [1] Let H be a real Hilbert space. Then the following

hold:

1. ‖x− y‖2 = ‖x‖2 + ‖y‖2 − 2〈x, y〉, ∀ x, y ∈ H;

2. ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀ x, y ∈ H.

Lemma 3.1.2. [59] Let H be a real Hilbert space. Let αi ∈ [0, 1],

i = 0, 1, 2, ..., n, be such that α0 +α1 + ...+αn = 1, then for xi ∈ H,

i = 0, 1, 2, ..., n,

‖α0x0 + α1x1 + ...+ αnxn‖2 =
n∑
i=0

αi‖xi‖2 −
∑

0≤i,j≤n
αiαj‖xi − xj‖2.

Lemma 3.1.3. [48] Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Then, the metric projection PC is charac-

terized by the following properties: for x ∈ H,

i. z = PCx ∈ C if and only if 〈x− z, z − y〉 ≥ 0, ∀ y ∈ C, and

ii. ‖y − PCx‖2 ≤ ‖x− y‖2 − ‖x− PCx‖2, ∀ x ∈ H, ∀ y ∈ C.

Lemma 3.1.4. [51] Let C be a nonempty subset of a real Hilbert

space and A : C −→ H be an α−inverse strongly monotone mapping.

Then, I − λA is a nonexpansive mapping, for all 0 < λ ≤ 2α.
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Lemma 3.1.5. [54] Let {an} be a sequence of nonnegative real num-

bers satisfying the following relation:

an+1 ≤ (1− αn)an + αnδn, for n ≥ n0,

where {αn} ⊂ (0, 1) and {δn} ⊂ R satisfy the following conditions:

lim
n→∞

αn = 0,
∞∑
n=1

αn =∞, and lim sup
n→∞

δn ≤ 0.

Then, lim
n→∞

an = 0.

Lemma 3.1.6. [29] Let {an} be a sequence of real numbers such

that there exist a subsequence {ni} of {n} such that ani < ani+1, for

all i ∈ N. Then there exists a nondecreasing sequence {mk} ⊂ N
such that mk → ∞ and the following properties are satisfied by all

(sufficiently large) numbers k ∈ N:

amk
≤ amk+1 and ak ≤ amk+1.

In fact, mk = max{j ≤ k : aj ≤ aj+1}.

Lemma 3.1.7. [25] Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let T : C −→ H be a nonexpansive

mapping with F (T ) nonempty. Then, for every x ∈ C and y ∈ F (T ),

we have

〈x− Tx, y − Tx〉 ≤ 1

2
||Tx− x||2.

Lemma 3.1.8. [2, 40] Let A be monotone and L−Lipschitz mapping

from a nonempty, closed and convex subset C of H into H. Let B

be a mapping defined by

Bv =

{
Av +NCv, if v ∈ C,
∅, if v 6∈ C.

Then, B is a maximal monotone mapping and 0 ∈ Bv if and only if

v ∈ V I(C,A).

50



Chapter 3 : Theory of Methods

Lemma 3.1.9. [4] Let C be a nonempty, closed and convex subset

of a real Hilbert space H and F be a bifunction from C × C into R
satisfying Assumption 1.2.42. Then, for any r > 0 and x ∈ H, there

exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀ y ∈ C.

Lemma 3.1.10. [17] Let C be a nonempty, closed and convex subset

of a real Hilbert space H and F be a bifunction from C × C into

R satisfying Assumption 1.2.42. For r > 0 and x ∈ H, define a

mapping T Fr : H −→ C as follows:

T Fr x = {z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0,∀ y ∈ C},

for all x ∈ H. Then, the following hold:

(1) T Fr is single valued;

(2) T Fr is firmly nonexpansive, i.e.,

‖T Fr x− T Fr y‖2 ≤ 〈T Fr x− T Fr y, x− y〉, ∀ x, y ∈ H;

(3) F (T Fr ) = EP (F );

(4) EP (F ) is closed and convex.

The following lemma follows directly from Lemma 2.3 of [50].

Lemma 3.1.11. For r > 0, let T Fr : H −→ C be defined as in

Lemma 3.1.10. Then, for any x ∈ H and for any r1, r2 > 0,

||T Fr1x− T
F
r2
x|| ≤ |r1 − r2|

r1

(
||T Fr1x||+ ||x||

)
.

Lemma 3.1.12. [16] Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let T : C −→ CB(C) be a nonexpansive

multi-valued mapping with F (T ) 6= ∅ and T (p) = {p}, for all p ∈
F (T ). Then, F (T ) is closed and convex subset of C.
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Main Results

4.1 Approximation of a Common Solution of Vari-

ational Inequality Problem and Fixed Point

Problem

In this section, we give a seemingly new iterative algorithm and

prove strong convergence theorems for classical variational inequality

problem and fixed point problem for Lipschitz hemicontractive-type

mapping in the framework of Hilbert spaces.

Let C be a nonempty, closed and convex subset of a real Hilbert space

H. Let A : C −→ H be a monotone mapping and T : C −→ CB(C)

be a hemicontractive-type multi-valued mapping. Let {γn} be a

positive real sequence, and {λn}, {an}, {bn}, {cn} and {αn} be real

sequences in (0, 1) with an + bn + cn = 1, for all n ≥ 0. For any

x0 ∈ C , we find v0 ∈ Tx0 and y0 ∈ C such that

y0 = (1− λ0)x0 + λ0v0,

and by Lemma 1.2.3, the metric projection PC from H onto C is

nonempty for every point in H. So, we can find z0, u0 ∈ C such that{
z0 = PC(x0 − γ0Ax0),

u0 = PC(x0 − γ0Az0).

Observe that as a consequence of Lemma 1.2.26, there exists w0 ∈
Ty0 such that ‖v0 − w0‖ ≤ 2D(Tx0, T y0). Now, for fixed u ∈ C, let

x1 = α0u+ (1− α0)(a0x0 + b0w0 + c0u0).

Then, since x1 ∈ C, we can find v1 ∈ Tx1 and z1, u1, y1 ∈ C such
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that 
z1 = PC(x1 − γ1Ax1),

u1 = PC(x1 − γ1Az1),

y1 = (1− λ1)x1 + λ1v1.

Again, by Lemma 1.2.26, there exists w1 ∈ Ty1 such that ‖v1−w1‖ ≤
2D(Tx1, T y1). Let

x2 = α1u+ (1− α1)(a1x1 + b1w1 + c1u1).

Inductively, we generate the sequence {xn} ⊂ C as follows:
zn = PC(xn − γnAxn),
un = PC(xn − γnAzn),
yn = (1− λn)xn + λnvn,

xn+1 = αnu+ (1− αn)(anxn + bnwn + cnun), ∀ n ≥ 0,

(4.1)

where vn ∈ Txn and wn ∈ Tyn such that ‖vn−wn‖ ≤ 2D(Txn, T yn).

Now, we are in a position to state and prove our strong convergence

theorems.

Theorem 4.1.1. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a d−Lipschitz monotone

mapping. Let T : C −→ CB(C) be a Lipschitz hemicontractive-

type mapping with Lipschitz constant L. Assume that F = F (T ) ∩
V I(C,A) is nonempty and Tp = {p} for all p ∈ F . Let {xn} be a se-

quence generated by (4.1), where {γn} ⊂ (0, 1
d) and {an}, {bn}, {cn},

{αn} ⊂ (0, 1) satisfy the following conditions:

(i) an+bn+cn = 1; (ii) bn+cn ≤ λn ≤ λ < 1√
1+4L2+1

, ∀n ≥ 0. Then,

the sequence {xn} is bounded.

Proof. Let p ∈ F . Then, from Lemma 3.1.3 (ii) and (4.1), we have

‖un − p‖2 = ‖PC(xn − γnAzn)− p‖2

≤ ‖xn − γnAzn − p‖2 − ‖xn − γnAzn − un‖2

53



Chapter 4 : Main Results

= 〈xn − γnAzn − p, xn − γnAzn − p〉

− 〈xn − γnAzn − un, xn − γnAzn − un〉

= ‖xn − p‖2 − ‖xn − un‖2 + 2γn〈Azn, p− un〉

= ‖xn − p‖2 − ‖xn − un‖2

+ 2γn〈Azn − Ap+ Ap, p− zn + zn − un〉

= ‖xn − p‖2 − ‖xn − un‖2 + 2γn

(
〈Azn − Ap, p− zn〉

+ 〈Ap, p− zn〉+ 〈Azn, zn − un〉
)
.

Since A is monotone mapping and p ∈ V I(C,A), we get that

‖un − p‖2 ≤ ‖xn − p‖2 − 〈xn − un, xn − un〉+ 2γn〈Azn, zn − un〉

= ‖xn − p‖2 − ‖xn − zn‖2 − 2〈xn − zn, zn − un〉

− ‖zn − un‖2 + 2γn〈Azn, zn − un〉

= ‖xn − p‖2 − ‖xn − zn‖2 − ‖zn − un‖2

+ 2〈xn − γnAzn − zn, un − zn〉. (4.2)

And from Lemma 3.1.3 (i), (4.1), Cauchy Schwartz inequality and

the fact that A is d−Lipschitz mapping, we get that

〈xn − γnAzn − zn, un − zn〉 = 〈xn − γnAxn − zn, un − zn〉

+ 〈γnAxn − γnAzn, un − zn〉

≤ 〈γnAxn − γnAzn, un − zn〉

≤ γnd‖xn − zn‖.‖un − zn‖. (4.3)

Thus, from (4.2) and (4.3), we obtain that

‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − zn‖2 − ‖zn − un‖2

+ 2γnd‖xn − zn‖.‖un − zn‖

≤ ‖xn − p‖2 − ‖xn − zn‖2 − ‖zn − un‖2

+ γ2
nd

2‖xn − zn‖2 + ‖zn − un‖2

= ‖xn − p‖2 + (γ2
nd

2 − 1)‖xn − zn‖2. (4.4)
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In addition, from (4.1), Lemma 3.1.2, the definition of hemicontra-

ctive-type mapping and the fact that vn ∈ Txn, we have that

‖yn − p‖2 = ‖(1− λn)(xn − p) + λn(vn − p)‖2

= (1− λn)‖xn − p‖2 + λn‖vn − p‖2

− λn(1− λn)‖xn − vn‖2

= (1− λn)‖xn − p‖2 + λn (d(vn, Tp))
2

− λn(1− λn)‖xn − vn‖2

≤ (1− λn)‖xn − p‖2 + λnD
2(Txn, Tp)

− λn(1− λn)‖xn − vn‖2

≤ (1− λn)‖xn − p‖2 + λn

(
‖xn − p‖2 + ‖xn − vn‖2

)
− λn(1− λn)‖xn − vn‖2

= ‖xn − p‖2 + λ2
n‖xn − vn‖2. (4.5)

Thus, from Lemma 3.1.2, (4.4), the fact that wn ∈ Tyn and the

definition of hemicontractive-type mapping, we have the following:

‖xn+1 − p‖2 = ‖αnu+ (1− αn)(anxn + bnwn + cnun)− p‖2

≤ αn‖u− p‖2 + (1− αn)

× ‖an(xn − p) + bn(wn − p) + cn(un − p)‖2

≤ αn‖u− p‖2 + (1− αn)
(
an‖xn − p‖2 + bn‖wn − p‖2

+ cn‖un − p‖2
)
− (1− αn)anbn‖wn − xn‖2

≤ αn‖u− p‖2 + (1− αn)an‖xn − p‖2 + (1− αn)bn
×D2(Tyn, Tp) + (1− αn)cn‖un − p‖2

−(1− αn)anbn‖wn − xn‖2

≤ αn‖u− p‖2 + (1− αn)an‖xn − p‖2 + (1− αn)bn
×
(
‖yn − p‖2 + ‖yn − wn‖2

)
+ (1− αn)cn

×
(
‖xn − p‖2 + (γ2

nd
2 − 1)‖xn − zn‖2

)
− (1− αn)anbn‖wn − xn‖2.
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Then, using (4.5) and condition (i), we have that

‖xn+1 − p‖2 ≤ αn‖u− p‖2 + (1− αn)(an + cn)‖xn − p‖2

+ (1− αn)bn
(
‖xn − p‖2 + λ2

n‖xn − vn‖2
)

+ (1− αn)bn‖yn − wn‖2 + (1− αn)cn
× (γ2

nd
2 − 1)‖xn − zn‖2 − (1− αn)anbn‖wn − xn‖2

= αn‖u− p‖2 + (1− αn)‖xn − p‖2 + (1− αn)bnλ2
n

× ‖xn − vn‖2 + (1− αn)bn‖yn − wn‖2

+ (1− αn)cn(γ2
nd

2 − 1)‖xn − zn‖2

− (1− αn)anbn‖wn − xn‖2. (4.6)

Furthermore, since T is L−Lipschitz mapping, from (4.1), Lemma

3.1.2 and the assumption that ||vn − wn|| ≤ 2D(Txn, T yn), we get

that

‖yn − wn‖2 = ‖(1− λn)(xn − wn) + λn(vn − wn)‖2

= (1− λn)‖xn − wn‖2 + λn‖vn − wn‖2

− λn(1− λn)‖xn − vn‖2

≤ (1− λn)‖xn − wn‖2 + 4λnD
2(Txn, T yn)

− λn(1− λn)‖xn − vn‖2

≤ (1− λn)‖xn − wn‖2 + 4λnL
2‖xn − yn‖2

− λn(1− λn)‖xn − vn‖2.

Thus, since ||xn − yn|| = λn||xn − vn||, we obtain that

‖yn − wn‖2 ≤ (1− λn)‖xn − wn‖2 + 4λ3
nL

2‖xn − vn‖2

− λn(1− λn)‖xn − vn‖2

= (1− λn)‖xn − wn‖2

+ λn(4L
2λ2

n + λn − 1)‖xn − vn‖2. (4.7)

Now, substituting (4.7) into (4.6), we obtain that

‖xn+1 − p‖2 ≤ αn‖u− p‖2 + (1− αn)‖xn − p‖2
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+ (1− αn)bnλ2
n‖xn − vn‖2 + (1− αn)bn

(
(1− λn)

× ‖xn − wn‖2 − λn(1− 4L2λ2
n − λn)‖xn − vn‖2

)
− (1− αn)anbn‖wn − xn‖2

+ (1− αn)cn(γ2
nd

2 − 1)‖xn − zn‖2

= αn‖u− p‖2 + (1− αn)‖xn − p‖2

+
(

(1− αn)bnλ2
n − (1− αn)bnλn(1− 4L2λ2

n − λn)
)

× ‖xn − vn‖2 +
(

(1− αn)bn(1− λn)

− (1− αn)anbn
)
‖xn − wn‖2

+ (1− αn)cn(γ2
nd

2 − 1)‖xn − zn‖2,

which gives

‖xn+1 − p‖2 ≤ αn‖u− p‖2 + (1− αn)‖xn − p‖2

− (1− αn)bnλn
(

1− 4L2λ2
n − 2λn

)
‖xn − vn‖2

+ (1− αn)bn
(

1− an − λn
)
‖xn − wn‖2

+ (1− αn)cn(γ2
nd

2 − 1)‖xn − zn‖2

= αn‖u− p‖2 + (1− αn)‖xn − p‖2

− (1− αn)bnλn
(
1− 4L2λ2

n − 2λn
)
‖xn − vn‖2

+ (1− αn)bn
(
bn + cn − λn

)
‖xn − wn‖2

+ (1− αn)cn(γ2
nd

2 − 1)‖xn − zn‖2. (4.8)

Now, since from the hypothesis, we have γn <
1
d and

1− 4L2λ2
n − 2λn ≥ 1− 4L2λ2 − 2λ > 0 and bn + cn − λn ≤ 0,(4.9)

for all n ≥ 0, then inequality (4.8) implies that

‖xn+1 − p‖2 ≤ αn‖u− p‖2 + (1− αn)‖xn − p‖2

≤ αn max{‖u− p‖2, ‖xn − p‖2}

+ (1− αn) max{‖u− p‖2, ‖xn − p‖2}

= max{‖u− p‖2, ‖xn − p‖2}.
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Thus, by induction, we have that

‖xn+1 − p‖2 ≤ max{‖u− p‖2, ‖x0 − p‖2}, ∀n ≥ 0,

which implies that {xn} is bounded. This completes the proof.

Theorem 4.1.2. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a d−Lipschitz monotone

mapping and T : C −→ CB(C) be a Lipschitz hemicontractive-

type mapping with Lipschitz constant L. Assume that F = F (T ) ∩
V I(C,A) is nonempty, closed and convex, (I − T ) is demiclosed at

zero and Tp = {p}, for all p ∈ F . Let {xn} be a sequence given by

(4.1), where {γn} ⊂ [a, b] for some a, b ∈ (0, 1
d), {an}, {bn}, {cn} ⊂

[e, f ], and {αn} ⊂ (0, c) for some c, e, f ∈ (0, 1) satisfying the fol-

lowing conditions:

(i) an + bn + cn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=0

αn =∞;

(iii) bn + cn ≤ λn ≤ λ < 1√
1+4L2+1

, ∀n ≥ 0.

Then, the sequence {xn} converges strongly to the point q = PF(u).

Proof. Clearly, from Theorem 4.1.1 the sequence {xn}, hence {yn},
{un}, {zn} are bounded. Let q = PF(u). Then, using (4.1), Lemma

3.1.1 (2), the fact that q ∈ F and following the methods used to get

(4.8), we obtain that

‖xn+1 − q‖2 = ‖αnu+ (1− αn)
(
anxn + bnwn + cnun

)
− q‖2

≤ (1− αn)‖anxn + bnwn + cnun − q‖2

+ 2αn〈u− q, xn+1 − q〉

≤ (1− αn)an‖xn − q‖2 + (1− αn)bn‖wn − q‖2

+ (1− αn)cn‖un − q‖2 − (1− αn)anbn
× ‖wn − xn‖2 − (1− αn)ancn‖un − xn‖2

+ 2αn〈u− q, xn+1 − q〉
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≤ (1− αn)‖xn − q‖2 − (1− αn)bnλn
×
(
1− 4L2λ2

n − 2λn
)
‖xn − vn‖2 + (1− αn)bn

×
(
bn + cn − λn

)
‖xn − wn‖2 − (1− αn)ancn

× ‖un − xn‖2 + (1− αn)cn(γ2
nd

2 − 1)‖xn − zn‖2

+ 2αn〈u− q, xn+1 − q〉. (4.10)

This together with (4.9) implies that

‖xn+1 − q‖2 ≤ (1− αn)‖xn − q‖2

+ 2αn〈u− q, xn+1 − q〉. (4.11)

Now, we consider two cases:

Case 1. Suppose that there exists n0 ∈ N such that {‖xn − q‖} is

decreasing for all n ≥ n0. Then, we get that {‖xn−q‖} is convergent.

Thus, from (4.10) and (4.9), we have that

(1− αn)bnλn(1− 4L2λ2
n − 2λn)‖xn − vn‖2 ≤ (1− αn)‖xn − q‖2

−‖xn+1 − q‖2

+ 2αn〈u− q, xn+1 − q〉.

Hence, from (4.9), the fact that αn → 0 as n→∞, the assumptions

of {bn} and {λn}, we have that

||xn − vn|| → 0 as n→∞, (4.12)

and from (4.10), (4.9), the assumptions of {an} and {cn}, and the

fact that αn → 0 as n→∞, we also have that

||un − xn|| → 0, ||zn − xn|| → 0 as n→∞. (4.13)

Moreover, from (4.1) and (4.12), we obtain that

‖yn − xn‖ = ‖(1− λn)xn + λnvn − xn‖

= λn‖xn − vn‖ → 0 as n→∞, (4.14)
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and hence Lipschitz continuity of T , (4.12), (4.14) and the assump-

tion that ||vn − wn|| ≤ 2D(Txn, T yn) imply that

‖wn − xn‖ ≤ ‖wn − vn‖+ ‖vn − xn‖

≤ 2D(Txn, T yn) + ‖vn − xn‖

≤ 2L‖xn − yn‖+ ‖vn − xn‖ → 0 (4.15)

as n→∞. In addition, from the fact that αn → 0 as n→∞, (4.13)

and (4.15) we have that

‖xn+1 − xn‖ = ‖αn(u− xn) + (1− αn)

×
(
bn(wn − xn) + cn(un − xn)

)
‖

≤ αn‖u− xn‖+ (1− αn)bn‖wn − xn‖

+ (1− αn)cn‖un − xn‖ → 0 (4.16)

as n→∞, and from (4.12) we get

d(xn, Txn) ≤ ||xn − vn|| → 0 as n→∞. (4.17)

Furthermore, from Theorem 4.1.1, we have that {xn+1} is a bounded

sequence in H. Thus, since every bounded sequence in Hilbert space

has a weakly convergent subsequence, without loss of generality, we

can choose a subsequence {xni+1} of {xn+1} and a point, say z ∈ H,

such that xni+1 ⇀ z as i→∞ and

lim sup
n→∞

〈u− q, xn+1 − q〉 = lim
i→∞
〈u− q, xni+1 − q〉.

Then, from (4.16), we have xni ⇀ z as i→∞ and hence from (4.13),

we get that uni ⇀ z and zni ⇀ z as i → ∞. Thus, from (4.17) and

the demiclosedness of (I − T ) at zero, we obtain that

z ∈ F (T ).

Next, we show that z ∈ V I(C,A). But, since A is d−Lipschitz

continuous and from (4.13), we have zn−un = zn−xn+xn−un → 0
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as n→∞, we get that

||Azn − Aun|| ≤ d||zn − un|| → 0 as n→∞.

Let

Bv =

{
Av +NCv, if v ∈ C,
∅, if v 6∈ C.

(4.18)

Then, by Lemma 3.1.8, B is a maximal monotone mapping and

0 ∈ Bv if and only if v ∈ V I(C,A). Let (v, w) ∈ G(B), where G(B)

denote the graph of B, then we have w ∈ Bv = Av+NCv and hence

w − Av ∈ NCv. Thus, from the definition of NCv, we get that

〈v − y, w − Av〉 ≥ 0, ∀y ∈ C.

On the other hand, since un = PC(xn − γnAzn) and v ∈ C, then by

Lemma 3.1.3 (i), we have that

〈xn − γnAzn − un, un − v〉 ≥ 0,

and hence 〈
v − un,

(un − xn)
γn

+ Azn

〉
≥ 0. (4.19)

Therefore, since A is monotone mapping, from w−Av ∈ NCv, (4.19)

and uni ∈ C, we obtain

〈v − uni, w〉 ≥ 〈v − uni, Av〉

≥ 〈v − uni, Av〉 −
〈
v − uni,

(uni − xni)
γni

+ Azni

〉
=
〈
v − uni, Av + Auni − Auni

〉
−
〈
v − uni,

(uni − xni)
γni

〉
− 〈v − uni, Azni〉

= 〈v − uni, Av − Auni〉 −
〈
v − uni,

(uni − xni)
γni

〉
+ 〈v − uni, Auni − Azni〉
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≥ 〈v − uni, Auni − Azni〉 −
〈
v − uni,

(uni − xni)
γni

〉
.

This implies that as i → ∞, we obtain that 〈v − z, w〉 ≥ 0. Then,

since B is maximal monotone, by Lemma 1.2.33, we get that 0 ∈ Bz
and hence z ∈ V I(C,A). Therefore,

z ∈ F = F (T ) ∩ V I(C,A).

Thus, since q = PF(u) and xni+1 ⇀ z, then using Lemma 3.1.3 (i),

we obtain that

lim sup
n→∞

〈u− q, xn+1 − q〉 = lim
i→∞
〈u− q, xni+1 − q〉.

= 〈u− q, z − q〉 ≤ 0. (4.20)

Hence, it follows from (4.11), (4.20), condition (ii) and Lemma 3.1.5

that

‖xn − q‖ → 0 as n→∞ .

Consequently, xn → q = PF(u).

Case 2. Suppose that there exists a subsequence {nj} of {n} such

that

‖xnj − q‖ < ‖xnj+1 − q‖,

for all j ∈ N. Then, by Lemma 3.1.6, there exist a nondecreasing

sequence {mk} ⊂ N such that mk →∞, and

‖xmk
− q‖ ≤ ‖xmk+1 − q‖ and ‖xk − q‖ ≤ ‖xmk+1 − q‖, (4.21)

for all k ∈ N. Thus, replacing n by mk, from (4.21), (4.10), (4.9)

and the fact that αn → 0, we get that

||xmk
− vmk

|| → 0, ||umk
− xmk

|| → 0,

and ||zmk
− xmk

|| → 0 as k →∞ .
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Hence, following the same method as in Case 1, we obtain that

lim sup
k→∞

〈u− q, xmk+1 − q〉 ≤ 0. (4.22)

Now, from (4.11), we have that

‖xmk+1 − q‖2 ≤ (1− αmk
)‖xmk

− q‖2

+ 2αmk
〈u− q, xmk+1 − q〉, (4.23)

and hence (4.21) and (4.23) imply that

αmk
‖xmk

− q‖2 ≤ ‖xmk
− q‖2 − ‖xmk+1 − q‖2

+ 2αmk
〈u− q, xmk+1 − q〉

≤ 2αmk
〈u− q, xmk+1 − q〉.

Hence, the fact that αmk
> 0 imply that

‖xmk
− q‖2 ≤ 2〈u− q, xmk+1 − q〉.

Thus, using (4.22), we get that ‖xmk
− q‖ → 0 as k → ∞. This

together with (4.23) and (4.22) implies that ‖xmk+1 − q‖ → 0 as

k → ∞. Since ‖xk − q‖ ≤ ‖xmk+1 − q‖, for all k ∈ N, we get that

xk → q as k → ∞. Therefore, from the above two cases, we can

conclude that {xn} converges strongly to q = PF(u). This completes

the proof.

If, in Theorem 4.1.2, we assume that T is a single-valued Lipschitz

hemicontractive mapping, then we obtain the following corollary.

Corollary 4.1.3. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a d−Lipschitz monotone

mapping. Let T : C −→ C be a Lipschitz hemicontractive mapping

with Lipschitz constant L. Assume that F = F (T ) ∩ V I(C,A) is

nonempty, closed and convex and (I − T ) is demiclosed at zero. Let
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{xn} be a sequence generated from an arbitrary x0, u ∈ C by
zn = PC(xn − γnAxn),
un = PC(xn − γnAzn),
yn = (1− λn)xn + λnTxn,

xn+1 = αnu+ (1− αn)(anxn + bnTyn + cnun),

for all n ≥ 0, where {γn} ⊂ [a, b] for some a, b ∈ (0, 1
d), {an}, {bn},

{cn} ⊂ [e, f ], and {αn} ⊂ (0, c) for some c, e, f ∈ (0, 1) satisfying

the following conditions:

(i) an + bn + cn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=0

αn =∞;

(iii) bn + cn ≤ λn ≤ λ < 1√
1+L2+1

.

Then, the sequence {xn} converges strongly to the point q = PF(u).

If, in Theorem 4.1.2, we assume that A ≡ 0 so that V I(C,A) = C,

then we obtain the following corollary:

Corollary 4.1.4. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let T : C −→ CB(C) be a Lipschitz

hemicontractive-type mapping with Lipschitz constant L. Assume

that F (T ) is nonempty, closed and convex, (I − T ) is demiclosed

at zero and Tp = {p}, for all p ∈ F (T ). Let {xn} be a sequence

generated from an arbitrary x0, u ∈ C by{
yn = (1− λn)xn + λnvn,

xn+1 = αnu+ (1− αn)((1− an)xn + anwn),

for all n ≥ 0, where vn ∈ Txn and wn ∈ Tyn such that ‖vn −
wn‖ ≤ 2D(Txn, T yn) and {an} ⊂ [e, f ], and {αn} ⊂ (0, c) for some

c, e, f ∈ (0, 1) satisfying the following conditions:

(i) lim
n→∞

αn = 0,
∑

αn = ∞; (ii) an ≤ λn ≤ λ < 1√
1+4L2+1

. Then,

the sequence {xn} converges strongly to the point q = PF(u).
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If, in Theorem 4.1.2, we assume that C = H, then we have

V I(C,A) = A−1(0) and PH = I, identity mapping on H. Hence, we

have the following corollary:

Corollary 4.1.5. Let H be a real Hilbert space. Let T : H −→
CB(H) be a Lipschitz hemicontractive-type mapping with Lipschitz

constant L. Let A : H −→ H be a d−Lipschitz monotone mapping.

Assume that F = F (T ) ∩ A−1(0) is nonempty, closed and convex,

(I − T ) is demiclosed at zero and Tp = {p}, for all p ∈ F . Let {xn}
be a sequence generated from an arbitrary x0, u ∈ C by

zn = xn − γnAxn,
un = xn − γnAzn,
yn = (1− λn)xn + λnvn,

xn+1 = αnu+ (1− αn)(anxn + bnwn + cnun),

for all n ≥ 0, where vn ∈ Txn and wn ∈ Tyn such that ‖vn − wn‖ ≤
2D(Txn, T yn) and γn ⊂ [a, b] for some a, b ∈ (0, 1

d) , {an}, {bn}, {cn}
⊂ [e, f ], and {αn} ⊂ (0, c) for some c, e, f ∈ (0, 1) satisfying the

following conditions:(i) an + bn + cn = 1; (ii) lim
n→∞

αn = 0,
∑

αn =

∞; (iii) bn + cn ≤ λn ≤ λ < 1√
1+4L2+1

. Then, the sequence {xn}
converges strongly to the point q = PF(u).

Remark 4.1.6. We note that, since every quasi-nonexpansive and

demicontractive mappings are hemicontractive, the results obtained

in this section for hemicontractive (single and multi-valued) map-

ping also hold for quasi-nonexpansive and demicontractive mappings

provided that the indicated conditions are satisfied.

Remark 4.1.7. Again we remark that, since every Lipschitz pseu-

docontractive multi-valued mapping T with F (T ) 6= ∅ and T (p) =

{p},∀p ∈ F (T ) is a Lipschitz hemicontractive-type mapping, the re-

sults given in this section also hold for Lipschitz pseudocontractive

multi-valued mapping T with F (T ) 6= ∅ and T (p) = {p},∀p ∈ F (T ).
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Hence, it is also true for nonexpansive and k−strictly pseudocontrac-

tive multi-valued mappings provided that the specified assumptions

are satisfied because every nonexpansive and k−strictly pseudocon-

tractive mappings are Lipschitz pseudocontractive.

4.2 Approximation of a Common Solution of Gen-

eralized Equilibrium Problem and Fixed Point

Problem

In this section, we furnish an iterative algorithm and prove strong

convergence theorems for a generalized equilibrium problem and a

fixed point problem for Lipschitz hemicontractive-type mapping.

Let C be a nonempty, closed and convex subset of a real Hilbert

space H. Let A : C −→ H be a continuous monotone mapping and

F : C × C −→ R be a bifunction satisfying Assumption 1.2.42. Let

T : C −→ CB(C) be a hemicontractive-type multi-valued mapping.

Let {rn} be a positive sequence of real numbers and {λn}, {βn}, {γn}
and {αn} be sequences in (0, 1) such that αn + βn + γn = 1, for all

n ≥ 1. Let x1, u ∈ C be arbitrary. Then, using Lemma 3.1.9, we can

find z1 ∈ C such that

F (z1, y) + 〈Az1, y − z1〉+
1

r1
〈y − z1, z1 − x1〉 ≥ 0, ∀ y ∈ C.

And for u1 ∈ Tz1, we find y1 ∈ C such that

y1 = (1− λ1)z1 + λ1u1.

By Lemma 1.2.26, there exists v1 ∈ Ty1 such that ‖u1 − v1‖ ≤
2D(Tz1, T y1) and then we calculate x2 ∈ C by

x2 = α1u+ β1v1 + γ1z1.
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Inductively, we construct the sequence {xn} ⊂ C by the following:
F (zn, y) + 〈Azn, y − zn〉
+ 1
rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

yn = (1− λn)zn + λnun,

xn+1 = αnu+ βnvn + γnzn,

(4.24)

for all n ≥ 1, where un ∈ Tzn and vn ∈ Tyn are such that ‖un−vn‖ ≤
2D(Tzn, T yn).

We now present our results concerning the iterative sequence gen-

erated by (4.24), assuming mild conditions in our parameters. We

proceed as follows:

Theorem 4.2.1. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a continuous monotone

mapping and F : C×C −→ R be a bifunction satisfying Assumption

1.2.42. Let T : C −→ CB(C) be a Lipschitz hemicontractive-type

mapping with Lipschitz constant L such that Γ = F (T ) ∩ EP (F,A)

is nonempty and Tp = {p} for all p ∈ Γ. Let {xn} be a sequence

generated by (4.24), where {βn}, {γn}, {αn} and {λn} satisfy the fol-

lowing conditions:

(i) αn+βn+γn = 1; (ii) αn+βn ≤ λn ≤ λ < 1√
1+4L2+1

, for all n ≥ 1.

Then, the sequence {xn} is bounded.

Proof. Define G : C × C −→ R by G(x, y) = F (x, y) + 〈Ax, y − x〉.
Then, G satisfies Assumption 1.2.42. Let p ∈ Γ, then, p ∈ EP (F,A)

and p ∈ EP (F,A) is equivalent to G(p, y) ≥ 0, for all y ∈ C.

Thus, from (4.24) and using Lemma 3.1.10, zn can be rewritten as

zn = TGrnxn and hence, we have p = TGrnp. So, by Lemma 3.1.10,

which assures that TGrn is nonexpansive, we obtain that

‖zn − p‖ = ‖TGrnxn − T
G
rn
p‖ ≤ ‖xn − p‖. (4.25)

67



Chapter 4 : Main Results

Since T is hemicontractive-type mapping and un ∈ Tzn, then from

(4.24), (4.25) and Lemma 3.1.2, we get

‖yn − p‖2 = ‖(1− λn)zn + λnun − p‖2

= (1− λn)‖zn − p‖2 + λn‖un − p‖2

− λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − p‖2 + λnD
2(Tzn, Tp)

− λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − p‖2 + λn

(
‖zn − p‖2 + ‖zn − un‖2

)
− λn(1− λn)‖zn − un‖2

= ‖zn − p‖2 + λn‖zn − un‖2 − λn(1− λn)‖zn − un‖2

≤ ‖xn − p‖2 + λ2
n‖zn − un‖2. (4.26)

On the other hand, since T is hemicontractive-type mapping and

vn ∈ Tyn, we obtain from (4.24) and (4.26) that

‖vn − p‖2 = d2(vn, Tp) ≤ D2(Tyn, Tp)

≤ ‖yn − p‖2 + ‖yn − vn‖2

≤ ‖xn − p‖2 + λ2
n‖zn − un‖2 + ‖yn − vn‖2. (4.27)

It follows from (4.24) that

‖zn − yn‖2 = λ2
n‖zn − un‖2. (4.28)

Since T is L−Lipschitzian mapping and ‖un − vn‖ ≤ 2D(Tzn, T yn),

then using (4.28) and Lemma 3.1.2, we get that

‖yn − vn‖2 = ‖(1− λn)(zn − vn) + λn(un − vn)‖2

= (1− λn)‖zn − vn‖2 + λn‖un − vn‖2

− λn(1− λn)‖zn − un‖2

≤ (1− λn)‖zn − vn‖2 + 4λnD
2(Tzn, T yn)

− λn(1− λn)‖zn − un‖2
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≤ (1− λn)‖zn − vn‖2 + 4λnL
2‖zn − yn‖2

− λn(1− λn)‖zn − un‖2

= (1− λn)‖zn − vn‖2 + 4λ3
nL

2‖zn − un‖2

− λn(1− λn)‖zn − un‖2

= (1− λn)‖zn − vn‖2

+ λn(4L
2λ2

n + λn − 1)‖zn − un‖2. (4.29)

Hence, substituting (4.29) into (4.27), we obtain that

‖vn − p‖2 ≤ ‖xn − p‖2 + λ2
n‖zn − un‖2 + (1− λn)‖zn − vn‖2

+ λn(4L
2λ2

n + λn − 1)‖zn − un‖2

= ‖xn − p‖2 + (1− λn)‖zn − vn‖2

+ λn(4L
2λ2

n + 2λn − 1)‖zn − un‖2. (4.30)

Thus, from (4.25), (4.30) and Lemma 3.1.2, we have that

‖xn+1 − p‖2 = ‖αnu+ βnvn + γnzn − p‖2

≤ αn‖u− p‖2 + βn‖vn − p‖2 + γn‖zn − p‖2

− βnγn‖zn − vn‖2

≤ αn‖u− p‖2 + βn

(
‖xn − p‖2 + (1− λn)‖zn − vn‖2

+ λn(4L
2λ2

n + 2λn − 1)‖zn − un‖2
)

+ γn‖xn − p‖2 − βnγn‖zn − vn‖2

= αn‖u− p‖2 + (βn + γn)‖xn − p‖2

+βn(1− γn − λn)‖zn − vn‖2

−βnλn(1− 4L2λ2
n − 2λn)‖zn − un‖2.

Then, by condition (i), we have that

‖xn+1 − p‖2 ≤ αn‖u− p‖2 + (1− αn)‖xn − p‖2

− βnλn(1− 4L2λ2
n − 2λn)‖zn − un‖2

+ βn(αn + βn − λn)‖zn − vn‖2, (4.31)
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and from condition (ii), we get

1− 4L2λ2
n − 2λn ≥ 1− 4L2λ2 − 2λ > 0 and

αn + βn − λn ≤ 0, (4.32)

for all n ≥ 1. Therefore, from (4.31) and (4.32), we infer that

‖xn+1 − p‖2 ≤ αn‖u− p‖2 + (1− αn)‖xn − p‖2

≤ max{‖u− p‖2, ‖xn − p‖2}.

Thus, by induction, we have that

‖xn − p‖2 ≤ max{‖u− p‖2, ‖x1 − p‖2},

which implies that {xn} is bounded. This completes the proof.

Theorem 4.2.2. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a continuous monotone

mapping and F : C×C −→ R be a bifunction satisfying Assumption

1.2.42. Let T : C −→ CB(C) be a Lipschitz hemicontractive-type

mapping with Lipschitz constant L such that Γ = F (T ) ∩ EP (F,A)

is nonempty, closed and convex. Assume that (I − T ) is demiclosed

at zero and Tp = {p} for all p ∈ Γ. Let {xn} be a sequence gener-

ated by (4.24) , where {rn} ⊂ (0,∞) such that lim
n→∞

rn = r, for some

0 < r <∞, {βn}, {γn} ⊂ [a, b], {αn} ⊂ (0, c) for some a, b, c ∈ (0, 1)

and {λn} satisfying the following conditions:

(i) αn + βn + γn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(iii) αn + βn ≤ λn ≤ λ < 1√
1+4L2+1

. Then, the sequence {xn} con-

verges strongly to the point q = PΓ(u).

Proof. Since Γ is nonempty, closed and convex subset of C, we get

that PΓ is well defined. Clearly, from Theorem 4.2.1 the sequence

{xn}, hence {yn} and {zn} are bounded. Now, Let q = PΓ(u). Then,
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q ∈ Γ. Thus, using (4.24), Lemma 3.1.2 and Lemma 3.1.1 (2), we

obtain

‖xn+1 − q‖2 = ‖αnu+ βnvn + γnzn − q‖2

≤ ‖βn(vn − q) + γn(zn − q)‖2 + 2αn〈u− q, xn+1 − q〉

≤ βn‖vn − q‖2 + γn‖zn − q‖2 − βnγn‖zn − vn‖2

+ 2αn〈u− q, xn+1 − q〉. (4.33)

Since, by Lemma 3.1.10, TGrn is firmly nonexpansive and q = TGrnq,

from Lemma 3.1.1 (1) , we have that

‖zn − q‖2 = ‖TGrnxn − T
G
rn
q‖2

≤ 〈zn − q, xn − q〉

=
1

2

(
‖zn − q‖2 + ‖xn − q‖2 − ‖xn − zn‖2

)
,

which gives that

‖zn − q‖2 ≤ ‖xn − q‖2 − ‖xn − zn‖2. (4.34)

Thus, since q ∈ Γ, substituting (4.30) and (4.34) into (4.33) and

using condition (i), we obtain that

‖xn+1 − q‖2 ≤ βn

(
‖xn − q‖2 + λn

(
4L2λ2

n + 2λn − 1
)

× ‖zn − un‖2 + (1− λn)‖zn − vn‖2
)

+ γn(‖xn − q‖2 − ‖xn − zn‖2)

− βnγn‖zn − vn‖2 + 2αn〈u− q, xn+1 − q〉

= (βn + γn)‖xn − q‖2 − βnλn(1− 4L2λ2
n − 2λn)

× ‖zn − un‖2 + βn(1− γn − λn)‖zn − vn‖2

− γn‖zn − xn‖2 + 2αn〈u− q, xn+1 − q〉

= (1− αn)‖xn − q‖2 − βnλn(1− 4L2λ2
n − 2λn)

× ‖zn − un‖2 + βn(αn + βn − λn)‖zn − vn‖2

− γn‖zn − xn‖2 + 2αn〈u− q, xn+1 − q〉. (4.35)
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It follows from (4.32) and (4.35) that

‖xn+1 − q‖2 ≤ (1− αn)‖xn − q‖2

+2αn〈u− q, xn+1 − q〉. (4.36)

Next, we consider two cases:

Case 1. Suppose that there exists n0 ∈ N such that {‖xn − q‖} is

decreasing for all n ≥ n0. Then, we get that {‖xn−q‖} is convergent.

Thus, from (4.35) and (4.32), we have that

βnλn

(
1− 4L2λ2

n − 2λn

)
‖zn − un‖2 ≤ (1− αn)‖xn − q‖2

− ‖xn+1 − q‖2

+ 2αn〈u− q, xn+1 − q〉.

Hence, since {xn} is bounded, from (4.32), the fact that αn → 0 as

n→∞ and the assumptions of {βn} and {λn}, we have that

‖zn − un‖ → 0 as n→∞, (4.37)

which implies that

d(zn, T zn) ≤ ‖zn − un‖ → 0 as n→∞. (4.38)

In addition, from (4.32) and (4.35), we find that

γn‖zn − xn‖2 ≤ (1− αn)‖xn − q‖2 − ‖xn+1 − q‖2

+ 2αn〈u− q, xn+1 − q〉.

Thus, since αn → 0 as n → ∞, it follows from the assumption of

{γn} and the boundedness of {xn} that

lim
n→∞
‖zn − xn‖ = 0. (4.39)

Next, using the Lipschitz continuity of T , triangle inequality, (4.37)

and the assumption that ||un − vn|| ≤ 2D(Tzn, T yn), we get that

‖zn − vn‖ ≤ ‖zn − un‖+ ‖un − vn‖
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≤ ‖zn − un‖+ 2D(Tzn, T yn)

≤ ‖zn − un‖+ 2L‖zn − yn‖

= ‖zn − un‖+ 2Lλn‖zn − un‖ → 0 as n→∞. (4.40)

Therefore, from (4.39), (4.40) and the fact that αn → 0 as n → ∞,

we obtain that

‖xn+1 − xn‖ ≤ ‖xn+1 − zn‖+ ‖zn − xn‖

= ‖αn(u− zn) + βn(vn − zn)‖+ ‖zn − xn‖

≤ αn‖u− zn‖+ βn‖vn − zn‖+ ‖zn − xn‖ → 0 (4.41)

as n→∞.

Now, we claim that lim sup
n→∞

〈u − q, xn+1 − q〉 ≤ 0. Since {xn+1} is

a bounded sequence in a real Hilbert space H, there exists a subse-

quence {xni+1} of {xn+1} and an element in H, say z, such that

xni+1 ⇀ z and lim sup
n→∞

〈u− q, xn+1 − q〉 = lim
i→∞
〈u− q, xni+1 − q〉.

Since, C is weakly closed, we have z ∈ C and from (4.41) it follows

that xni ⇀ z as i → ∞. From (4.39), we obtain that zni ⇀ z as

i → ∞ and hence using the assumption that (I − T ) is demiclosed

at zero and (4.38), we conclude that

z ∈ F (T ).

In addition, from (4.39) and the fact that zni = TGrni
xni, we obtain

that

‖xni − TGrnixni‖ = ‖xni − zni‖ → 0 as i→∞.

Thus, we obtain from Lemma 3.1.11 that

||xni − TGr xni|| ≤ ||xni − TGrnixni||+ ||T
G
rni
xni − TGr xni||

≤ ||xni − TGrnixni||+
|rni − r|

r

(
||TGr xni||+ ||xni||

)
,
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which implies that ||xni − TGr xni|| → 0 as i→∞.

Since TGr is nonexpansive, we get (I −TGr ) is demiclosed at zero and

hence, since xni ⇀ z as i → ∞, we obtain that z = TGr z, that is,

F (z, y) + 〈Az, y − z〉 ≥ 0, for all y ∈ C. Hence, we have

z ∈ EP (F,A).

Therefore, z ∈ Γ. Hence, since q = PΓ(u) and xni ⇀ z, from Lemma

3.1.3 (i), we get that

lim sup
n→∞

〈u− q, xn+1 − q〉 = lim
i→∞
〈u− q, xni+1 − q〉

= 〈u− q, z − q〉 ≤ 0. (4.42)

Thus, from (4.36), (4.42) and Lemma 3.1.5, we get that

‖xn − q‖ → 0 as n→∞ .

Hence, xn → q = PΓ(u).

Case 2. Suppose that there exists a subsequence {nj} of {n} such

that

‖xnj − q‖ < ‖xnj+1 − q‖,

for all j ∈ N. Then, by Lemma 3.1.6, there exists a nondecreasing

sequence {mk} ⊂ N such that mk →∞, and

‖xmk
− q‖ ≤ ‖xmk+1 − q‖ and ‖xk − q‖ ≤ ‖xmk+1 − q‖, (4.43)

for all k ∈ N. Thus, replacing n by mk, from (4.35), (4.32), (4.43)

and the fact that αn → 0 as n→∞, we get that

||zmk
− umk

|| → 0, ||zmk
− xmk

|| → 0 as k →∞ .

Hence, by the same argument as in Case 1, we obtain that

lim sup
k→∞

〈u− q, xmk+1 − q〉 ≤ 0. (4.44)

74



Chapter 4 : Main Results

But, from (4.36), we have that

‖xmk+1 − q‖2 ≤ (1− αmk
)‖xmk

− q‖2

+2αmk
〈u− q, xmk+1 − q〉, (4.45)

and hence (4.43) and (4.45) imply that

αmk
‖xmk

− q‖2 ≤ ‖xmk
− q‖2 − ‖xmk+1 − q‖2

+ 2αmk
〈u− q, xmk+1 − q〉

≤ 2αmk
〈u− q, xmk+1 − q〉.

Hence, the fact that αmk
> 0 implies that

‖xmk
− q‖2 ≤ 2〈u− q, xmk+1 − q〉.

Thus, using (4.44), we get that ‖xmk
− q‖ → 0 as k → ∞. This

together with (4.45) and (4.44) implies that ‖xmk+1 − q‖ → 0 as

k → ∞. Since ‖xk − q‖ ≤ ‖xmk+1 − q‖, for all k ∈ N, we get

that xk → q as k → ∞. Consequently, from both cases above, we

deduce that {xn} converges strongly to q = PΓ(u). This completes

the proof.

If, in Theorem 4.2.2, we assume that A ≡ 0, then A is a continuous

monotone mapping and EP (F,A) = EP (F ). Hence, we obtain the

following corollary:

Corollary 4.2.3. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let F : C × C −→ R be a bifunction

satisfying Assumption 1.2.42. Let T : C −→ CB(C) be a Lipschitz

hemicontractive-type mapping with Lipschitz constant L such that

Γ = F (T ) ∩ EP (F ) is nonempty, closed and convex. Assume that

(I − T ) is demiclosed at zero and Tp = {p}, for all p ∈ Γ. Let
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x1, u ∈ C be arbitrary and {xn} be a sequence generated by
F (zn, y) + 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

yn = (1− λn)zn + λnun,

xn+1 = αnu+ βnvn + γnzn,

for all n ≥ 1, where un ∈ Tzn and vn ∈ Tyn such that ‖un − vn‖ ≤
2D(Tzn, T yn), and {rn} ⊂ (0,∞) such that lim

n→∞
rn = r for some

0 < r <∞, {βn}, {γn} ⊂ [a, b], {αn} ⊂ (0, c) for some a, b, c ∈ (0, 1)

and {λn} satisfy the following conditions:

(i) αn + βn + γn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(iii) αn + βn ≤ λn ≤ λ < 1√
1+4L2+1

. Then, the sequence {xn} con-

verges strongly to the point q = PΓ(u).

If, in Theorem 4.2.2, we assume that F (x, y) = 0, for all x, y ∈ C so

that EP (F,A) = V I(C,A), then we obtain the following corollary:

Corollary 4.2.4. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a continuous monotone

mapping and T : C −→ CB(C) be a Lipschitz hemicontractive-type

mapping with Lipschitz constant L such that Γ = F (T ) ∩ V I(C,A)

is nonempty, closed and convex. Assume that (I − T ) is demiclosed

at zero and Tp = {p}, for all p ∈ Γ. Let x1, u ∈ C be arbitrary and

{xn} be a sequence generated by
〈Azn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

yn = (1− λn)zn + λnun,

xn+1 = αnu+ βnvn + γnzn,

for all n ≥ 1, where un ∈ Tzn and vn ∈ Tyn such that ‖un − vn‖ ≤
2D(Tzn, T yn), and {rn} ⊂ (0,∞) such that lim

n→∞
rn = r for some

0 < r <∞, {βn}, {γn} ⊂ [a, b], {αn} ⊂ (0, c) for some a, b, c ∈ (0, 1)

and {λn} satisfy the following conditions:
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(i) αn + βn + γn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(iii) αn + βn ≤ λn ≤ λ < 1√
1+4L2+1

. Then, the sequence {xn} con-

verges strongly to the point q = PΓ(u).

If, in Theorem 4.2.2, we assume that T is a single-valued hemicon-

tractive mapping from C into itself, then we obtain the following

corollary:

Corollary 4.2.5. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a continuous monotone

mapping and F : C×C −→ R be a bifunction satisfying Assumption

1.2.42. Let T : C −→ C be a Lipschitz hemicontractive mapping with

Lipschitz constant L such that Γ = F (T ) ∩ EP (F,A) is nonempty,

closed and convex. Assume that (I − T ) is demiclosed at zero. Let

x1, u ∈ C be arbitrary and {xn} be a sequence generated by
F (zn, y) + 〈Azn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

yn = (1− λn)zn + λnTzn,

xn+1 = αnu+ βnTyn + γnzn,

for all n ≥ 1, where {rn} ⊂ (0,∞) such that lim
n→∞

rn = r for some

0 < r <∞, {βn}, {γn} ⊂ [a, b], {αn} ⊂ (0, c) for some a, b, c ∈ (0, 1)

and {λn} satisfy the following conditions:

(i) αn + βn + γn = 1; (ii) lim
n→∞

αn = 0,
∞∑
n=1

αn =∞;

(iii) αn+βn ≤ λn ≤ λ < 1√
1+L2+1

. Then, the sequence {xn} converges

strongly to the point q = PΓ(u).

If, in Corollary 4.2.5, we assume that T = I, then we obtain the

following corollary on generalized equilibrium problem.

Corollary 4.2.6. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let A : C −→ H be a continuous monotone
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mapping and F : C×C −→ R be a bifunction satisfying Assumption

1.2.42 such that EP (F,A) is nonempty. Let x1, u ∈ C be arbitrary

and {xn} be a sequence generated by{
F (zn, y) + 〈Azn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnu+ (1− αn)zn,

for all n ≥ 1, where {rn} ⊂ (0,∞) such that lim
n→∞

rn = r, for some

0 < r <∞ and {αn} ⊂ (0, c) for some c ∈ (0, 1) such that

lim
n→∞

αn = 0 and
∞∑
n=1

αn = ∞. Then, the sequence {xn} converges

strongly to the point q = PEP (F,A)(u).

Remark 4.2.7. We remark that, since every quasi-nonexpansive and

demicontractive mappings are hemicontractive, the results obtained

in this section for hemicontractive mapping also hold for quasi-none-

xpansive and demicontractive mappings provided that the indicated

conditions are satisfied.

Remark 4.2.8. Observe that, since every Lipschitz pseudocontrac-

tive multi-valued mapping T with F (T ) 6= ∅ and T (p) = {p},∀ p ∈
F (T ) is Lipschitz hemicontractive-type, the results given in this sec-

tion also hold for Lipschitz pseudocontractive multi-valued mapping

T with F (T ) 6= ∅ and T (p) = {p},∀ p ∈ F (T ). Hence, it is also

true for nonexpansive and k−strictly pseudocontractive multi-valued

mappings provided that the specified assumptions are satisfied because

every nonexpansive and k−strictly pseudocontractive mappings are

Lipschitz pseudocontractive.
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4.3 Approximation of a Common Solution of a

Finite Family of Generalized Equilibrium Pr-

oblems and Fixed Point Problem

In this section, we prove the strong convergence of an iterative al-

gorithm to a common element of the set of fixed points of Lipschitz

hemicontractive-type multi-valued mapping and the set of common

solutions of a finite family of generalized equilibrium problems in

real Hilbert spaces.

Let C be a nonempty, closed and convex subset of a real Hilbert

space H. Let Am : C −→ H and Fm : C ×C −→ R, m = 1, 2, ..., N ,

be a finite family of continuous monotone mappings and bifunctions

satisfying Assumption 1.2.42, respectively. Let T : C −→ CB(C) be

a hemicontractive-type multi-valued mapping. Let {rm,n} ⊂ (0,∞),

{an}, {bn}, {cn}, {en} ⊂ (0, 1) such that bn+cn+en = 1, and {dm,n} ⊂

(0, 1] such that
N∑
m=1

dm,n = 1 for all n ≥ 1 and m ∈ {1, 2, . . . , N}.

Let x1, u ∈ C be arbitrary. Then, for each m = 1, 2, . . . , N , using

Lemma 3.1.9, we can find zm,1 ∈ C such that

F (zm,1, y) + 〈Azm,1, y− zm,1〉+
1

rm,1
〈y− zm,1, zm,1−x1〉 ≥ 0, ∀ y ∈ C,

we then calculate w1 ∈ C by w1 =
N∑
m=1

dm,1zm,1. And for v1 ∈ Tw1,

we find y1 ∈ C such that

y1 = a1v1 + (1− a1)w1.

By Lemma 1.2.26, there exists u1 ∈ Ty1 such that ‖v1 − u1‖ ≤
2D(Tw1, T y1) and then we calculate x2 ∈ C by

x2 = b1u+ c1u1 + e1w1.
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Inductively, we generate a sequence {xn} ⊂ C as follows:

Fm(zm,n, y) + 〈Amzm,n, y − zm,n〉
+ 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0, m = 1, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

yn = anvn + (1− an)wn,
xn+1 = bnu+ cnun + enwn,

(4.46)

for all n ≥ 1, where vn ∈ Twn and un ∈ Tyn are such that ‖vn−un‖ ≤
2D(Twn, T yn).

Next, we state and prove our convergence results of the sequence

generated by (4.46).

Theorem 4.3.1. Let C be a nonempty, closed and convex subset of a

real Hilbert space H. Let Am : C −→ H and Fm : C×C −→ R, m =

1, 2, ..., N , be a finite family of continuous monotone mappings and

bifunctions satisfying Assumption 1.2.42, respectively. Let T : C −→
CB(C) be a Lipschitz hemicontractive-type mapping with Lipschitz

constant L. Assume that Θ =
N⋂
m=1

EP (Fm, Am)
⋂

F (T ) is nonempty

and Tp = {p} for all p ∈ Θ. Let {xn} be a sequence generated by

(4.46), where bn + cn ≤ an ≤ d < 1√
1+4L2+1

, ∀n ≥ 1. Then, the

sequence {xn} is bounded.

Proof. Let p ∈ Θ. Then, we have Tp = {p} and Fm(p, y)+ 〈Amp, y−
p〉 ≥ 0, for all m = 1, 2, ..., N and y ∈ C. For each m = 1, 2, ..., N ,

define Gm : C × C −→ R by Gm(x, y) := Fm(x, y) + 〈Amx, y − x〉.
Then, Gm is a finite family of bifunctions satisfying Assumption

1.2.42 and p ∈ EP (Fm, Am) is equivalent to Gm(p, y) ≥ 0, for all

m = 1, 2, ..., N and y ∈ C. Hence, using the definition , zm,n can be

rewritten as zm,n = TGm
rm,n

xn := {Gm(zm,n, y) + 1
rm,n
〈y − zm,n, zm,n −

xn〉 ≥ 0, ∀ y ∈ C}, m = 1, 2, ..., N , hence, by Lemma 3.1.10, we
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obtain p = TGm
rm,n

p, for all m = 1, 2, ..., N . In view of Lemma 3.1.10,

TGm
rm,n

is nonexpansive, for all m = 1, 2, ..., N . Thus, we have that

‖zm,n − p‖ = ‖TGm
rm,n

xn − TGm
rm,n

p‖ ≤ ‖xn − p‖. (4.47)

Then, from (4.46) and (4.47), we have the following:

‖wn − p‖ = ‖
N∑
m=1

dm,nzm,n − p‖ = ‖
N∑
m=1

dm,nzm,n −
N∑
m=1

dm,np‖

≤
N∑
m=1

dm,n‖xn − p‖ = ‖xn − p‖. (4.48)

And using Lemma 3.1.2, the fact that T is hemicontractive-type

mapping and vn ∈ Twn, we find that

‖yn − p‖2 = ‖an(vn − p) + (1− an)(wn − p)‖2

= an‖vn − p‖2 + (1− an)‖wn − p‖2

− an(1− an)‖wn − vn‖2

≤ anD
2(Twn, Tp) + (1− an)‖wn − p‖2

− an(1− an)‖wn − vn‖2

≤ an
(
‖wn − p‖2 + ‖wn − vn‖2

)
+ (1− an)‖wn − p‖2

− an(1− an)‖wn − vn‖2

= ‖wn − p‖2 + a2
n‖wn − vn‖2.

This combined with (4.48) gives that

‖yn − p‖2 ≤ ‖xn − p‖2 + a2
n‖wn − vn‖2. (4.49)

In addition, since T is hemicontractive-type mapping and un ∈ Tyn,
from (4.49), we get that

‖un − p‖2 = d2(un, Tp) ≤ D2(Tyn, Tp)

≤ ‖yn − p‖2 + ‖yn − un‖2

≤ ‖xn − p‖2 + a2
n‖wn − vn‖2 + ‖yn − un‖2. (4.50)
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It follows from (4.46) that

‖wn − yn‖2 = ‖wn − (anvn + (1− an)wn)‖2

= a2
n‖wn − vn‖2 (4.51)

Thus, since ‖vn − un‖ ≤ 2D(Twn, T yn) and T is a L−Lipschitzian

mapping , from Lemma 3.1.2 and (4.51), we get that

‖yn − un‖2 = ‖anvn + (1− an)wn − un‖2

= an‖vn − un‖2 + (1− an)‖wn − un‖2

− an(1− an)‖wn − vn‖2

≤ (1− an)‖wn − un‖2 + 4anD
2(Twn, T yn)

− an(1− an)‖wn − vn‖2

≤ (1− an)‖wn − un‖2 + 4anL
2‖wn − yn‖2

− an(1− an)‖wn − vn‖2

= (1− an)‖wn − un‖2 + 4a3
nL

2‖wn − vn‖2

− an(1− an)‖wn − vn‖2

= (1− an)‖wn − un‖2

+ an(4L
2a2
n + an − 1)‖wn − vn‖2. (4.52)

Hence, substituting (4.52) into (4.50), we get that

‖un − p‖2 ≤ ‖xn − p‖2 + a2
n‖wn − vn‖2 + (1− an)‖wn − un‖2

+ an(4L
2a2
n + an − 1)‖wn − vn‖2

= ‖xn − p‖2 + (1− an)‖wn − un‖2

+ an(4L
2a2
n + 2an − 1)‖wn − vn‖2. (4.53)

Then, from Lemma 3.1.2, (4.48), (4.46) and (4.53), we obtain that

‖xn+1 − p‖2 = ‖bnu+ cnun + enwn − p‖2

≤ bn‖u− p‖2 + cn‖un − p‖2 + en‖wn − p‖2

− cnen‖wn − un‖2
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≤ bn‖u− p‖2 + cn

(
‖xn − p‖2 + (1− an)‖wn − un‖2

+ an(4L
2a2
n + 2an − 1)‖wn − vn‖2

)
+ en‖wn − p‖2 − cnen‖wn − un‖2

≤ bn‖u− p‖2 + cn‖xn − p‖2 + en‖xn − p‖2

+ cn(1− en − an)‖wn − un‖2

− cnan(1− 4L2a2
n − 2an)‖wn − vn‖2

= bn‖u− p‖2 + (1− bn)‖xn − p‖2 + cn(1− en − an)

× ‖wn − un‖2 − cnan(1− 4L2a2
n − 2an)‖wn − vn‖2

≤ bn‖u− p‖2 + (1− bn)‖xn − p‖2

− cnan(1− 4L2a2
n − 2an)‖wn − vn‖2

+ cn(bn + cn − an)‖wn − un‖2. (4.54)

Moreover, from the hypothesis, we have that

1− 4L2a2
n − 2an ≥ 1− 4L2d2 − 2d > 0 and

bn + cn − an ≤ 0, (4.55)

for all n ≥ 1. Thus, from (4.54) and (4.55), we conclude that

‖xn+1 − p‖2 ≤ bn‖u− p‖2 + (1− bn)‖xn − p‖2

≤ max{‖u− p‖2, ‖xn − p‖2}.

Hence, by induction, the sequence {xn} is bounded. This completes

the proof.

Theorem 4.3.2. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let Am : C −→ H and Fm : C × C −→ R,

for m = 1, 2, ..., N , be a finite family of continuous monotone map-

pings and bifunctions satisfying Assumption 1.2.42, respectively. Let

T : C −→ CB(C) be a Lipschitz hemicontractive-type mapping with

Lipschitz constant L. Assume that Θ =
N⋂
m=1

EP (Fm, Am)
⋂

F (T )
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is nonempty, closed and convex, (I − T ) is demiclosed at zero and

Tp = {p} for all p ∈ Θ. Let {xn} be a sequence given by (4.46),

where {rn,m} ⊂ (0,∞) such that lim
n→∞

rm,n = rm for some 0 < rm <

∞ and for each m = 1, 2, . . . , N , and let {an}, {bn}, {cn}, {en} and

{dm,n} satisfy the following conditions:

i) 0 < a ≤ cn, en ≤ b < 1 and 0 < c ≤ dm,n ≤ 1, ∀m ∈ {1, 2, ..., N};

ii) lim
n→∞

bn = 0,
∞∑
n=1

bn =∞; iii) bn + cn ≤ an ≤ d < 1√
1+4L2+1

. Then,

the sequence {xn} converges strongly to q = PΘ(u).

Proof. Since Θ is nonempty, closed and convex subset of H, from

Lemma 1.2.3, we see that PΘ is well defined. Clearly, from Theorem

4.3.1 the sequence {xn}, hence {zm,n}, {wn} and {yn} are bounded.

Now, let q = PΘ(u). Then, q ∈ Θ. Thus, using the fact that TGm
rm,n

is

firmly nonexpansive and TGm
rm,n

q = q, for each m ∈ {1, 2, ..., N}, and

Lemma 3.1.1 (1), we find that

‖zm,n − q‖2 = ‖TGm
rm,n

xn − TGm
rm,n

q‖2

≤ 〈zm,n − q, xn − q〉

=
1

2

(
‖zm,n − q‖2 + ‖xn − q‖2 − ‖zm,n − xn‖2

)
,

which implies that

‖zm,n − q‖2 ≤ ‖xn − q‖2 − ‖zm,n − xn‖2.

This combined with Lemma 3.1.2 gives that

||wn − q||2 ≤
N∑
m=1

dm,n||zm,n − q||2

≤ ||xn − q||2 −
N∑
m=1

dm,n||zm,n − xn||2. (4.56)

On the other hand, from (4.46), Lemma 3.1.2 and Lemma 3.1.1 (2),

we have

‖xn+1 − q‖2 = ‖bnu+ cnun + enwn − q‖2
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≤ ‖cn(un − q) + en(wn − q)‖2 + 2bn〈u− q, xn+1 − q〉

≤ cn‖un − q‖2 + en‖wn − q‖2 − cnen‖wn − un‖2

+ 2bn〈u− q, xn+1 − q〉. (4.57)

Thus, since q ∈ Θ, from (4.53), (4.56) and (4.57), we obtain that

‖xn+1 − q‖2 ≤ cn

(
‖xn − q‖2 + an(4L

2a2
n + 2an − 1)‖wn − vn‖2

+ (1− an)‖wn − un‖2
)

+ en
(
‖xn − q‖2

−
N∑
m=1

dm,n‖zm,n − xn‖2
)
− cnen‖wn − un‖2

+ 2bn〈u− q, xn+1 − q〉

= (1− bn)‖xn − q‖2 − cnan
(
1− 4L2a2

n − 2an
)

× ‖wn − vn‖2 + cn(bn + cn − an)‖wn − un‖2

− en
N∑
m=1

dm,n‖zm,n − xn‖2

+ 2bn〈u− q, xn+1 − q〉. (4.58)

Now, we consider the following two cases:

Case 1. Suppose that there exists n0 ∈ N such that {‖xn − q‖}
is decreasing sequence for all n ≥ n0. Then, the boundedness of

{‖xn − q‖} implies that {‖xn − q‖} is convergent. From (4.55) and

(4.58), it follows that

cnan
(
1− 4L2a2

n − 2an
)
‖wn − vn‖2 ≤ (1− bn)‖xn − q‖2

− ‖xn+1 − q‖2

+ 2bn〈u− q, xn+1 − q〉.

Thus, from (4.55), the assumptions of {cn} and {an}, and the fact

that bn → 0 as n→∞, we obtain that

‖wn − vn‖ → 0 as n→∞. (4.59)
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This implies that

lim
n→∞

d(wn, Twn) = 0. (4.60)

And from (4.55) and (4.58), we see that

endm,n‖zm,n − xn‖2 ≤ (1− bn)‖xn − q‖2 − ‖xn+1 − q‖2

+ 2bn〈u− q, xn+1 − q〉.

This together with the conditions (i) and (ii) implies that

lim
n→∞
‖zm,n − xn‖ = 0. (4.61)

In addition, from the L−Lipschitz condition of T , the assumption

that ||vn − un|| ≤ 2D(Twn, T yn), (4.51) and (4.59), we get that

‖wn − un‖ ≤ ‖wn − vn‖+ ‖vn − un‖

≤ ‖wn − vn‖+ 2D(Twn, T yn)

≤ ‖wn − vn‖+ 2L‖wn − yn‖

= ‖wn − vn‖+ 2Lan‖wn − vn‖ → 0 as n→∞. (4.62)

Furthermore, from (4.46) and the triangle inequality, we get that

‖xn+1 − xn‖ ≤ ‖xn+1 − wn‖+ ‖wn − xn‖

= ‖bn(u− wn) + cn(un − wn)‖+ ‖
N∑
m=1

dm,nzm,n − xn‖

≤ bn‖u− wn‖+ cn‖un − wn‖+
N∑
m=1

dm,n‖zm,n − xn‖.

Thus, since bn → 0 as n→∞, from (4.61), (4.62), we obtain that

lim
n→∞
||xn+1 − xn|| = 0. (4.63)

It follows from (4.55) and (4.58) that

‖xn+1 − q‖2 ≤ (1− bn)‖xn − q‖2

+ 2bn〈u− q, xn+1 − q〉. (4.64)
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Next, we show that lim sup
n→∞

〈u − q, xn+1 − q〉 ≤ 0. Since {xn+1}
is a bounded sequence in a real Hilbert space H, without loss of

generality, we can choose a subsequence {xni+1} of {xn+1} and a

point in H, say z, such that

xni+1 ⇀ z and lim sup
n→∞

〈u− q, xn+1 − q〉 = lim
i→∞
〈u− q, xni+1 − q〉.

Since, C is weakly closed, we have z ∈ C and from (4.63) it follows

that xni ⇀ z as i→∞. Using (4.61), we see that ||wni−xni|| → 0 as

i → ∞ and so wni ⇀ z as i → ∞. Thus, demiclosedness of (I − T )

at zero and (4.60) imply that

z ∈ F (T ).

On the other hand, from Lemma 3.1.11 and (4.61), we get that

||xni − TGm
rm
xni|| ≤ ||xni − TGm

rm,ni
xni||+ ||TGm

rm,ni
xni − TGm

rm
xni||

≤ ||xni − TGm
rm,ni

xni||

+
|rm − rm,ni|

rm

(
||TGm

rm
xni||+ ||xni||

)
,

which implies that ||xni − TGm
rm
xni|| → 0 as i → ∞, for each m =

1, 2, . . . , N . Using the fact that (I − TGm
rm

) is demiclosed at zero

for each m = 1, 2, . . . , N , we obtain that z = TGm
rm
z, and thus z ∈

EP (Fm, Am) for all m = 1, 2, ..., N . That is,

z ∈
N⋂
m=1

EP (Fm, Am).

Therefore, z ∈ Θ. Hence, since q = PΘ(u) and xni ⇀ z, from the

property of a metric projection, Lemma 3.1.3 (i), we have that

lim sup
n→∞

〈u− q, xn+1 − q〉 = lim
i→∞
〈u− q, xni+1 − q〉

= 〈u− q, z − q〉 ≤ 0. (4.65)

Thus, from (4.64), (4.65), condition (ii) and Lemma 3.1.5, we con-

clude that

‖xn − q‖ → 0 as n→∞.
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That is, xn → q = PΘ(u).

Case 2. Suppose that there exists a subsequence {nj} of {n} such

that

‖xnj − q‖ < ‖xnj+1 − q‖,

for all j ∈ N. Then, by Lemma 3.1.6, there exist a nondecreasing

sequence {nk} ⊂ N such that nk →∞, and

‖xnk − q‖ ≤ ‖xnk+1 − q‖ and ‖xk − q‖ ≤ ‖xnk+1 − q‖, (4.66)

for all k ∈ N. Thus, replacing n by nk, and using (4.66), (4.58),

(4.55) and the fact that bn → 0, we find that

||wnk − vnk|| → 0, ||zm,nk − xnk|| → 0 as k →∞ .

Hence, since q = PΘ(u), following the same technique as in Case 1,

we obtain that

lim sup
k→∞

〈u− q, xnk+1 − q〉 ≤ 0. (4.67)

Now, from (4.64), we get that

‖xnk+1 − q‖2 ≤ (1− bnk)‖xnk − q‖2 + 2bnk〈u− q, xnk+1 − q〉,(4.68)

and hence (4.66) and (4.68) imply that

bnk‖xnk − q‖2 ≤ ‖xnk − q‖2 − ‖xnk+1 − q‖2

+ 2bnk〈u− q, xnk+1 − q〉

≤ 2bnk〈u− q, xnk+1 − q〉.

Then, from the fact that bnk > 0, we have that

‖xnk − q‖2 ≤ 2〈u− q, xnk+1 − q〉.

It follows from (4.67) that

‖xnk − q‖ → 0 as k →∞.
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This together with (4.68) and the fact that bnk → 0 imply that

‖xnk+1 − q‖ → 0 as k → ∞. Since ‖xk − q‖ ≤ ‖xnk+1 − q‖, for all

k ∈ N, we obtain that xk → q as k → ∞. Therefore, we conclude

that the sequence {xn} generated by (4.46) converges strongly to the

point q = PΘ(u). This completes the proof.

If, in Theorem 4.3.2, we assume that Am ≡ 0, for all m = 1, 2, ..., N ,

then EP (Fm, Am) = EP (Fm) for each m = 1, 2, ..., N . Thus, we

obtain the following corollary on a finite family of equilibrium prob-

lems and fixed point problem for a Lipschitz hemicontractive-type

mapping:

Corollary 4.3.3. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let Fm : C × C −→ R, for m = 1, 2, ..., N ,

be a finite family of bifunctions satisfying Assumption 1.2.42. Let

T : C −→ CB(C) be a Lipschitz hemicontractive-type mapping

with Lipschitz constant L. Assume that Θ =
N⋂
m=1

EP (Fm)
⋂

F (T )

is nonempty, closed and convex, (I − T ) is demiclosed at zero and

Tp = {p} for all p ∈ Θ. Let {rm,n} ⊂ (0,∞) such that lim
n→∞

rm,n = rm

for some 0 < rm < ∞ and for each m = 1, 2, . . . , N , and let {an},
{bn}, {cn}, {en} and {dm,n} be real number sequences in (0, 1). Let

{xn} be a sequence generated from an arbitrary x1, u ∈ C by

Fm(zm,n, y) + 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0,

m = 1, 2, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

yn = anvn + (1− an)wn,
xn+1 = bnu+ cnun + enwn,

for all n ≥ 1, where vn ∈ Twn, un ∈ Tyn such that ‖vn − un‖ ≤
2D(Twn, T yn), {an}, {bn}, {cn}, {en} and {dm,n} satisfy the follow-
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ing conditions:

i) bn + cn + en = 1 and 0 < a ≤ cn, en ≤ b < 1; ii) lim
n→∞

bn = 0,

∞∑
n=1

bn =∞; iii) 0 < c ≤ dn,m ≤ 1 and
N∑
m=1

dn,m = 1;

iv) bn + cn ≤ an ≤ d < 1√
1+4L2+1

. Then, the sequence {xn} converges

strongly to q = PΘ(u).

If, in Theorem 4.3.2, we assume that Fm ≡ 0, for all m = 1, 2, ..., N ,

then EP (Fm, Am) = EP (C,Am) for each m = 1, 2, ..., N . Hence, we

get the following corollary:

Corollary 4.3.4. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let Am : C −→ H, for m = 1, 2, ..., N ,

be a finite family of continuous monotone mappings. Let T : C −→
CB(C) be a Lipschitz hemicontractive-type mapping with Lipschitz

constant L. Assume that Θ =
N⋂
m=1

V I(C,Am)
⋂

F (T ) is nonempty,

closed and convex, (I − T ) is demiclosed at zero and Tp = {p} for

all p ∈ Θ. Let {rm,n} ⊂ (0,∞) such that lim
n→∞

rm,n = rm for some

0 < rm <∞ and for each m = 1, 2, . . . , N , and let {an}, {bn}, {cn},
{en} and {dn,m} be real number sequences in (0, 1). Let {xn} be a

sequence generated from an arbitrary x1, u ∈ C by

〈Amzm,n, y − zm,n〉+ 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0,

m = 1, 2, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

yn = anvn + (1− an)wn,
xn+1 = bnu+ cnun + enwn,

for all n ≥ 1, where vn ∈ Twn, un ∈ Tyn such that ‖vn − un‖ ≤
2D(Twn, T yn), {an}, {bn}, {cn}, {en} and {dm,n} satisfy the follow-

ing conditions:
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i) bn + cn + en = 1 and 0 < a ≤ cn, en ≤ b < 1; ii) lim
n→∞

bn = 0,

∞∑
n=1

bn =∞; iii) 0 < c ≤ dn,m ≤ 1 and
N∑
m=1

dn,m = 1;

iv) bn + cn ≤ an ≤ d < 1√
1+4L2+1

. Then, the sequence {xn} converges

strongly to q = PΘ(u).

If, in Theorem 4.3.2, we assume that T is a single-valued hemicon-

tractive mapping from C into itself, then we obtain the following

corollary:

Corollary 4.3.5. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let T : C −→ C be a Lipschitz hemicon-

tractive mapping with Lipschitz constant L. Let Am : C −→ H and

Fm : C × C −→ R, for m = 1, 2, ..., N , be a finite family of con-

tinuous monotone mappings and bifunctions satisfying Assumption

1.2.42, respectively. Assume that Θ =
N⋂
m=1

EP (Fm, Am)
⋂

F (T ) is

nonempty, closed and convex, and (I−T ) is demiclosed at zero. Let

{rm,n} ⊂ (0,∞) such that lim
n→∞

rm,n = rm for some 0 < rm <∞ and

for each m = 1, 2, . . . , N , and let {an}, {bn}, {cn}, {en} and {dm,n}
be real number sequences in (0, 1). Let {xn} be a sequence generated

from an arbitrary x1, u ∈ C by

Fm(zm,n, y) + 〈Amzm,n, y − zm,n〉
+ 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0, m = 1, 2, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

yn = anTwn + (1− an)wn,
xn+1 = bnu+ cnTyn + enwn,

for all n ≥ 1, where {an}, {bn}, {cn}, {en} and {dm,n} satisfy the

following conditions: i) bn + cn + en = 1 and 0 < a ≤ cn, en ≤ b < 1;

ii) lim
n→∞

bn = 0,
∞∑
n=1

bn =∞; iii) 0 < c ≤ dn,m ≤ 1 and
N∑
m=1

dn,m = 1;
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iv) bn + cn ≤ an ≤ d < 1√
1+L2+1

. Then, the sequence {xn} converges

strongly to q = PΘ(u).

If, in Corollary 4.3.5, we assume that T = I, then we obtain the

following corollary:

Corollary 4.3.6. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let Am : C −→ H and Fm : C × C −→ R,

for m = 1, 2, ..., N , be a finite family of continuous monotone map-

pings and bifunctions satisfying Assumption 1.2.42, respectively. As-

sume that Θ =
N⋂
m=1

EP (Fm, Am) is nonempty. Let {rm,n} ⊂ (0,∞)

such that lim
n→∞

rm,n = rm for some 0 < rm < ∞ and for each

m = 1, 2, . . . , N , and let {bn} and {dm,n} be real number sequences in

(0, 1). Let {xn} be a sequence generated from an arbitrary x1, u ∈ C
by 

Fm(zm,n, y) + 〈Amzm,n, y − zm,n〉
+ 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0, m = 1, 2, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

xn+1 = bnu+ (1− bn)wn,

for all n ≥ 1, where {bn} and {dm,n} satisfy the following conditions:

i) lim
n→∞

bn = 0,
∞∑
n=1

bn = ∞; ii) 0 < c ≤ dn,m ≤ 1 and
N∑
m=1

dn,m = 1.

Then, the sequence {xn} converges strongly to q = PΘ(u).

If, in Corollary 4.3.6, we assume that Fm ≡ 0, for all m = 1, 2, ..., N ,

then we obtain the following corollary:

Corollary 4.3.7. Let C be a nonempty, closed and convex subset

of a real Hilbert space H. Let Am : C −→ H, for m = 1, 2, ..., N ,

be a finite family of continuous monotone mappings. Assume that
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Θ =
N⋂
m=1

V I(C,Am) is nonempty. Let {rm,n} ⊂ (0,∞) such that

lim
n→∞

rm,n = rm for some 0 < rm < ∞ and for each m = 1, 2, . . . , N ,

and let {bn} and {dm,n} be real number sequences in (0, 1). Let {xn}
be a sequence generated from an arbitrary x1, u ∈ C by

〈Amzm,n, y − zm,n〉+ 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0,

m = 1, 2, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

xn+1 = bnu+ (1− bn)wn,

for all n ≥ 1, where {bn} and {dm,n} satisfy the following conditions:

i) lim
n→∞

bn = 0,
∞∑
n=1

bn = ∞; ii) 0 < c ≤ dn,m ≤ 1 and
N∑
m=1

dn,m = 1.

Then, the sequence {xn} converges strongly to q = PΘ(u).

If, in Corollary 4.3.6, we assume that Am ≡ 0, for all m = 1, 2, ..., N ,

then we obtain the following corollary on a finite family of equilib-

rium problems:

Corollary 4.3.8. Let C be a nonempty, closed and convex subset of

a real Hilbert space H. Let Fm : C×C −→ R, for m = 1, 2, ..., N , be

a finite family of bifunctions satisfying Assumption 1.2.42. Assume

that Θ =
N⋂
m=1

EP (Fm) is nonempty. Let {rm,n} ⊂ (0,∞) such that

lim
n→∞

rm,n = rm for some 0 < rm < ∞ and for each m = 1, 2, . . . , N ,

and let {bn} and {dm,n} be real number sequences in (0, 1). Let {xn}
be a sequence generated from an arbitrary x1, u ∈ C by

Fm(zm,n, y) + 1
rm,n
〈y − zm,n, zm,n − xn〉 ≥ 0,

m = 1, 2, . . . , N, ∀ y ∈ C,

wn =
N∑
m=1

dm,nzm,n,

xn+1 = bnu+ (1− bn)wn,
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for all n ≥ 1, where {bn} and {dm,n} satisfy the following conditions:

i) lim
n→∞

bn = 0,
∞∑
n=1

bn = ∞; ii) 0 < c ≤ dn,m ≤ 1 and
N∑
m=1

dn,m = 1.

Then, the sequence {xn} converges strongly to q = PΘ(u).

Remark 4.3.9. We note that, since every quasi-nonexpansive and

demicontractive mappings are hemicontractive, the results obtained

in this section for hemicontractive (single and multi-valued) map-

ping also hold for quasi-nonexpansive and demicontractive mappings

provided that the indicated conditions are satisfied.

Remark 4.3.10. Observe that, since every Lipschitz pseudocontrac-

tive multi-valued mapping T with F (T ) 6= ∅ and T (p) = {p},∀ p ∈
F (T ) is Lipschitz hemicontractive-type, the results given in this sec-

tion also hold for Lipschitz pseudocontractive multi-valued mapping

T with F (T ) 6= ∅ and T (p) = {p},∀ p ∈ F (T ). Hence, it is also

true for nonexpansive and k−strictly pseudocontractive multi-valued

mappings provided that the specified assumptions are satisfied because

every nonexpansive and k−strictly pseudocontractive mappings are

Lipschitz pseudocontractive.

4.4 Approximation of a Common Solution of Split

Equilibrium, Variational Inequality and Fixed

Point Problems

In this section, we give an iterative algorithm and prove strong con-

vergence theorems for a split equilibrium problem, a variational in-

equality problem and a fixed point problem for a nonexpansive multi-

valued mapping.

Let H1 and H2 be real Hilbert spaces. Let C and Q be nonempty,

closed and convex subsets of H1 and H2, respectively.
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Let A : C −→ H1 be a monotone mapping and B : H1 −→ H2 be a

bounded linear mapping. Let F1 : C×C −→ R and F2 : Q×Q −→ R
be bifunctions satisfying Assumption 1.2.42. Let f : C −→ C be a

ρ−contraction mapping and T : C −→ CB(C) be a nonexpansive

multi-valued mapping. Let s, r, λ > 0 be fixed real numbers, {γn}
be a sequence of positive real numbers, and {an}, {bn} ⊂ (0, 1), for

all n ≥ 0. For arbitrary x0 ∈ C (using Lemmas 3.1.9 and 3.1.10) we

find z0 ∈ C such that

z0 = T F1
s (I − λB∗(I − T F2

r )B)x0,

and since by Lemma 1.2.3, the metric projection PC from H1 onto

C is nonempty and unique for every point in H1, we find u0, y0 ∈ C
such that {

u0 = PC(z0 − γ0Az0),

y0 = PC(z0 − γ0Au0).

Choose v0 ∈ Ty0 and then we compute x1 ∈ C by

x1 = a0f(x0) + (1− a0)(b0x0 + (1− b0)v0).

Then, we can find z1, u1, y1 ∈ C such that
z1 = T F1

s (I − λB∗(I − T F2
r )B)x1,

u1 = PC(z1 − γ1Az1),

y1 = PC(z1 − γ1Au1).

Choose v1 ∈ Ty1 and then we compute x2 ∈ C by

x2 = a1f(x1) + (1− a1)(b1x1 + (1− b1)v1).

Continuing in this way, we construct inductively a sequence {xn} ⊂
C by

zn = T F1
s (I − λB∗(I − T F2

r )B)xn,

un = PC [zn − γnAzn],
yn = PC [zn − γnAun],
xn+1 = anf(xn) + (1− an)(bnxn + (1− bn)vn), ∀ n ≥ 0,

(4.69)
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where vn ∈ Tyn, PC is a metric projection from H1 onto C, and T F1
s

and T F2
r are defined as in Lemma 3.1.10.

In this section, we shall need the following lemma.

Lemma 4.4.1. Let C be a nonempty, closed and convex subset of

a real Hilbert space H and let CBC(C) denote the collection of all

nonempty, closed, bounded and convex subsets of C. Let T : C −→
CBC(C) be a nonexpansive multi-valued mapping. Then, (I − T ) is

demiclosed at zero.

Proof. Let {xn} ⊂ C be such that xn ⇀ x and suppose d(xn, Txn)→
0 as n → ∞. We want to show that 0 ∈ (I − T )x, that is, x ∈ Tx.

Now, since Txn is closed and convex subset of H, then by Lemma

1.2.3, there exists an element yn ∈ Txn such that

||xn − yn|| = d(xn, Txn).

Thus, by assumption, we get that

||xn − yn|| → 0 as n→∞. (4.70)

Again since Tx is a closed and convex subset of H, there exists a

point p∗ ∈ Tx such that

||yn − p∗|| = d(yn, Tx) ≤ D(Txn, Tx). (4.71)

Define a function h : H −→ [0,∞) by h(y) := lim sup
n→∞

||xn − y||.
Moreover, since

||xn−y||2 = 〈xn−y, xn−y〉 = ||xn−x||2 +2〈xn−x, x−y〉+ ||x−y||2,

and xn ⇀ x, we obtain that

h(y) = lim sup
n→∞

||xn − y||2 = lim sup
n→∞

||xn − x||2 + ||x− y||2

= h(x) + ||x− y||2, ∀ y ∈ H.
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Hence, we have that

h(p∗) = h(x) + ||x− p∗||2. (4.72)

On the other way, from the Cauchy Schwartz inequality, we have

||xn − p∗||2 = ||xn − yn + yn − p∗||2

= 〈xn − yn + yn − p∗, xn − yn + yn − p∗〉

= ||xn − yn||2 + 2〈xn − yn, yn − p∗〉+ ||yn − p∗||2

≤ ||xn − yn||2 + 2||xn − yn||.||yn − p∗||+ ||yn − p∗||2.

Thus, from (4.70), we get that

lim sup
n→∞

||xn − p∗||2 ≤ lim sup
n→∞

||yn − p∗||2. (4.73)

Furthermore, using (4.71), (4.73) and the fact that T is nonexpansive

mapping, we obtain that

h(p∗) = lim sup
n→∞

||xn − p∗||2

≤ lim sup
n→∞

||yn − p∗||2

≤ lim sup
n→∞

D2(Txn, Tx)

≤ lim sup
n→∞

||xn − x||2

= h(x). (4.74)

Therefore, from (4.72) and (4.74), we infer that

||x− p∗||2 ≤ 0,

which implies that x = p∗ ∈ Tx. Hence, we conclude that (I − T ) is

demiclosed at zero. This completes the proof.

Now, we are in a position to state and prove our main theorem.
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Theorem 4.4.2. Let H1 and H2 be real Hilbert spaces. Let C and Q

be nonempty, closed and convex subsets of H1 and H2, respectively.

Let A : C −→ H1 be a L−Lipschitz monotone mapping and B :

H1 −→ H2 be a bounded linear mapping. Let F1 : C × C −→ R and

F2 : Q × Q −→ R be bifunctions satisfying Assumption 1.2.42. Let

f : C −→ C be a ρ−contraction mapping with 0 ≤ ρ < 1
2 and T :

C −→ CBC(C) be a nonexpansive multi-valued mapping. Assume

that Tp = {p}, for all p ∈ F (T ) and F = F (T ) ∩ Ω ∩ V I(C,A)

is nonempty. Let {xn} be a sequence generated by (4.69), where

{γn} ⊂ [a, b] for some a, b ∈ (0, 1
L) and λ ∈ (0, 1

d), for d = ‖B∗B‖,
where B∗ is the adjoint of B, and {bn} ⊂ [e, f ] for some e, f ∈ (0, 1)

and {an} ⊂ (0, 1) satisfying lim
n→∞

an = 0 and
∞∑
n=0

an =∞. Then, the

sequence {xn} converges strongly to the point q = PFf(q).

Proof. First, we show that B∗(I − T F2
r )B is a 1

2d−inverse strongly

monotone mapping. Since Lemma 3.1.10 implies that T F2
r is non-

expansive mapping, then by Lemma 1.2.21, we have I − T F2
r is

1
2−inverse strongly monotone mapping. Thus, for all x, y ∈ H1,

from the Cauchy Schwartz inequality, we obtain that

‖B∗(I − T F2
r )Bx−B∗(I − T F2

r )By‖2

=
〈
B∗((I − T F2

r )Bx− (I − T F2
r )By), B∗((I − T F2

r )Bx

−(I − T F2
r )By)

〉
=
〈
(I − T F2

r )Bx− (I − T F2
r )By,BB∗((I − T F2

r )Bx

−(I − T F2
r )By)

〉
≤ d‖(I − T F2

r )Bx− (I − T F2
r )By‖2

≤ 2d〈Bx−By, (I − T F2
r )Bx− (I − T F2

r )By〉

= 2d〈x− y,B∗(I − T F2
r )Bx−B∗(I − T F2

r )By〉,

which implies that B∗(I − T F2
r )B is a 1

2d−inverse strongly monotone

mapping. Thus, from Lemma 3.1.4 and the assumption that λ ∈
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(0, 1
d), we get I−λB∗(I−T F2

r )B is nonexpansive mapping and hence

from the nonexpansiveness of T F1
s , we obtain

‖T F1
s (I − λB∗(I − T F2

r )B)x− T F1
s (I − λB∗(I − T F2

r )B)y‖

≤ ‖x− y‖. (4.75)

Since from Lemmas 3.1.12, 3.1.10 and 1.2.40, we get F is a closed

and convex subset of C and f is ρ−contraction, we have PFf is a

mapping from C into C and

‖PFf(x)− PFf(y)‖ ≤ ‖f(x)− f(y)‖

≤ ρ‖x− y‖,

for all x, y ∈ C. Hence, PFf is ρ−contraction mapping. Therefore,

by Banach Contraction Mapping Principle, there exists a unique

point q ∈ F ⊂ C such that q = PFf(q).

Next, we show that {xn} is bounded. Let p ∈ F . Then, we have p ∈
Ω and hence by Lemma 3.1.10, we get p = T F1

s p and Bp = T F2
r Bp,

which implies that T F1
s (I−λB∗(I−T F2

r )B)p = p. Thus, using (4.69)

and (4.75), we get that

‖zn − p‖ = ‖T F1
s (I − λB∗(I − T F2

r )B)xn − p‖

≤ ‖xn − p‖. (4.76)

From Lemma 3.1.3 (ii) and (4.69), we have that

||yn − p||2 = ||PC(zn − γnAun)− p||2

≤ ||zn − γnAun − p||2 − ||zn − γnAun − yn||2

= 〈zn − γnAun − p, zn − γnAun − p〉

−〈zn − γnAun − yn, zn − γnAun − yn〉

= ||zn − p||2 − ||zn − yn||2 + 2γn〈Aun, p− yn〉

= ||zn − p||2 − ||zn − yn||2 + 2γn
(
〈Aun − Ap, p− un〉

+〈Ap, p− un〉+ 〈Aun, un − yn〉
)
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≤ ||zn − p||2 − ||zn − yn||2 + 2γn〈Aun, un − yn〉

= ||zn − p||2 − ||zn − un||2 − 2〈zn − un, un − yn〉

−||un − yn||2 + 2γn〈Aun, un − yn〉

= ||zn − p||2 − ||zn − un||2 − ||un − yn||2

+2〈zn − γnAun − un, yn − un〉, (4.77)

and since A is L−Lipschitz mapping, from Lemma 3.1.3 (i) and

(4.69), we obtain

〈zn − γnAun − un, yn − un〉 = 〈zn − γnAzn − un, yn − un〉

+〈γnAzn − γnAun, yn − un〉

≤ 〈γnAzn − γnAun, yn − un〉

≤ γnL||zn − un||.||yn − un||. (4.78)

Thus, substituting (4.78) into (4.77), we get

||yn − p||2 ≤ ||zn − p||2 − ||zn − un||2 − ||un − yn||2

+2γnL||zn − un||.||yn − un||

≤ ||zn − p||2 − ||zn − un||2 − ||un − yn||2

+γnL(||zn − un||2 + ||un − yn||2)

≤ ||zn − p||2 + (γnL− 1)||zn − un||2

+(γnL− 1)||un − yn||2. (4.79)

Since T is nonexpansive and γnL − 1 < 0, it follows from (4.76),

(4.79) and the assumption that Tp = {p}, for all p ∈ F (T ) that

‖vn − p‖ = d(vn, Tp) ≤ D(Tyn, Tp)

≤ ‖yn − p‖

≤ ||zn − p||

≤ ||xn − p||. (4.80)

Thus, from (4.69) and (4.80), we obtain that

‖xn+1 − p‖ = ‖anf(xn) + (1− an)(bnxn + (1− bn)vn)− p‖
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≤ an‖f(xn)− p‖+ (1− an)
(
bn‖xn − p‖

+(1− bn)‖vn − p‖
)

≤ an‖f(xn)− f(p)‖+ an‖f(p)− p‖

+(1− an) (bn‖xn − p‖+ (1− bn)‖xn − p‖)

≤ anρ‖xn − p‖+ an‖f(p)− p‖+ (1− an)‖xn − p‖

= (1− an(1− ρ))‖xn − p‖+ an(
1− ρ
1− ρ

)‖f(p)− p‖

≤ max{‖xn − p‖,
1

1− ρ
‖f(p)− p‖}.

By induction, we have that

‖xn+1 − p‖ ≤ max{‖x0 − p‖,
1

1− ρ
‖f(p)− p‖}.

Hence, {xn} is bounded and so are {f(xn)}, {yn}, {zn} and {vn}.

On the other hand, since T F1
s is nonexpansive, we have that

‖zn − p‖2

= ‖T F1
s (I − λB∗(I − T F2

r )B)xn − T F1
s (I − λB∗(I − T F2

r )B)p‖2

≤ ‖(I − λB∗(I − T F2
r )B)xn − (I − λB∗(I − T F2

r )B)p‖2

= ‖(xn − p)− λ(B∗(I − T F2
r )Bxn −B∗(I − T F2

r )Bp)‖2

= ‖xn − p‖2 − 2λ〈xn − p,B∗(I − T F2
r )Bxn −B∗(I − T F2

r )Bp〉

+ λ2‖B∗(I − T F2
r )Bxn −B∗(I − T F2

r )Bp‖2.

Hence, the 1
2d−inverse strong monotonicity of B∗(I − T F2

r )B gives

that

‖zn − p‖2 ≤ ‖xn − p‖2 − λ

d
‖B∗(I − T F2

r )Bxn −B∗(I − T F2
r )Bp‖2

+ λ2‖B∗(I − T F2
r )Bxn −B∗(I − T F2

r )Bp‖2

= ‖xn − p‖2 + λ(λ− 1

d
)‖B∗(I − T F2

r )Bxn‖2. (4.81)

Now, let q = PFf(q). Then, q ∈ F . Consequently, using Lemma

3.1.2, (4.80), (4.79) and Lemma 3.1.1 (2), we obtain

||xn+1 − q||2 = ||an(f(xn) + (1− an)
[
bnxn + (1− bn)vn

]
− q||2
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≤ (1− an)||bnxn + (1− bn)vn − q||2

+2an〈f(xn)− q, xn+1 − q〉

≤ (1− an)bn||xn − q||2 + (1− an)(1− bn)||vn − q||2

−(1− an)bn(1− bn)||vn − xn||2

+2an〈f(xn)− q, xn+1 − q〉

≤ (1− an)bn||xn − q||2 + (1− an)(1− bn)||yn − q||2

−(1− an)bn(1− bn)||vn − xn||2

+2an〈f(xn)− q, xn+1 − q〉

≤ (1− an)bn||xn − q||2 + (1− an)(1− bn)[
||zn − q||2 + (γnL− 1)||zn − un||2 + (γnL− 1)

×||un − yn||2
]
− (1− an)bn(1− bn)||vn − xn||2

+2an〈f(xn)− q, xn+1 − q〉. (4.82)

Thus, substituting (4.81) into (4.82), we find that

||xn+1 − q||2 ≤ (1− an)bn||xn − q||2 + (1− an)(1− bn)[
‖xn − q‖2 + λ(λ− 1

d
)‖B∗(I − T F2

r )Bxn‖2
]

+(1− an)(1− bn)(γnL− 1)||zn − un||2

+(1− an)(1− bn)(γnL− 1)||un − yn||2

−(1− an)bn(1− bn)||vn − xn||2

+2an〈f(xn)− q, xn+1 − q〉

= (1− an)||xn − q||2 + (1− an)(1− bn)λ(λ− 1

d
)

×‖B∗(I − T F2
r )Bxn‖2 + (1− an)(1− bn)

×(γnL− 1)||zn − un||2 + (1− an)(1− bn)

×(γnL− 1)||un − yn||2 − (1− an)bn(1− bn)

×||vn − xn||2 + 2an〈f(xn)− q, xn+1 − q〉. (4.83)

From (4.83) and the fact that λ < 1
d and γnL < 1, we get
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||xn+1 − q||2 ≤ (1− an)||xn − q||2

+ 2an〈f(xn)− q, xn+1 − q〉. (4.84)

But

〈f(xn)− q, xn+1 − q〉 = 〈f(xn)− q, xn − q〉

+〈f(xn)− q, xn+1 − xn〉

≤ 〈f(xn)− f(q), xn − q〉

+〈f(q)− q, xn − q〉

+||xn+1 − xn||.||f(xn)− q||

≤ ρ||xn − q||2 + 〈f(q)− q, xn − q〉

+||xn+1 − xn||.||f(xn)− q||. (4.85)

Thus, substituting (4.85) in (4.84), we obtain that

||xn+1 − q||2 ≤ (1− an(1− 2ρ)||xn − q||2 + 2an〈f(q)− q, xn − q〉

+2an||xn+1 − xn||.||f(xn)− q||. (4.86)

Next, we consider two cases.

Case 1. Suppose that there exists n0 ∈ N such that {||xn − q||}
is decreasing for all n ≥ n0. Then, we get that {||xn − q||)} is

convergent. Thus, from (4.83), the fact that γn ≤ b < 1
L , for all

n ≥ 0, λ < 1
d and an → 0 as n→∞, we have that

||zn − un|| → 0, ||un − yn|| → 0 and ||vn − xn|| → 0 (4.87)

as n→∞. Moreover, since

xn+1 − xn = an(f(xn)− xn) + (1− an)(1− bn)(vn − xn),

from (4.87) and the fact that an → 0 as n→∞, we get that

lim
n→∞
||xn+1 − xn|| = 0. (4.88)
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Again from (4.83), the fact that λ < 1
d , γnL < 1 and an → 0 as

n→∞, we obtain that

||B∗(I − T F2
r )Bxn|| → 0 as n→∞ , (4.89)

which implies that

||xn − (xn − λB∗(I − T F2
r )Bxn)|| → 0 as n→∞. (4.90)

Since T F1
s is firmly nonexpansive and q ∈ F , from the nonexpan-

siveness of (I − λB∗(I − T F2
r )B), (4.69) and Lemma 3.1.1 (1), we

have

‖zn − q‖2 = ‖T F1
s (I − λB∗(I − T F2

r )B)xn − T F1
s q‖2

≤ 〈zn − q, (I − λB∗(I − T F2
r )B)xn − q〉

=
1

2

(
‖zn − q‖2 + ‖(I − λB∗(I − T F2

r )B)xn − q‖2

− ‖zn − (I − λB∗(I − T F2
r )B)xn‖2

)
≤ 1

2

(
‖zn − q‖2 + ‖xn − q‖2 − ‖zn − xn‖2

− 2λ〈zn − xn, B∗(I − T F2
r )Bxn〉

−λ2‖B∗(I − T F2
r )Bxn‖2

)
,

which implies that

‖zn − q‖2 ≤ ‖xn − q‖2 − ‖zn − xn‖2

+2λ〈xn − zn, B∗(I − T F2
r )Bxn〉. (4.91)

Thus, from Lemma 3.1.2, (4.80) and (4.91), we get that

‖xn+1 − q‖2 ≤ an‖f(xn)− q‖2 + (1− an)bn‖xn − q‖2

+(1− an)(1− bn)‖vn − q‖2

≤ an‖f(xn)− q‖2 + (1− an)bn‖xn − q‖2

+(1− an)(1− bn)‖zn − q‖2

≤ an‖f(xn)− q‖2 + bn‖xn − q‖2
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+(1− bn)‖xn − q‖2 − (1− bn)‖zn − xn‖2

+2(1− bn)λ‖xn − zn‖.‖B∗(I − T F2
r )Bxn‖

≤ an‖f(xn)− q‖2 + ‖xn − q‖2 − (1− bn)

×‖zn − xn‖2 + 2(1− bn)λ‖xn − zn‖

×‖B∗(I − T F2
r )Bxn‖. (4.92)

Therefore, since {f(xn)}, {xn} and {zn} are bounded and an → 0 as

n→∞, from (4.92) and (4.89), we have

||zn − xn|| → 0 as n→∞. (4.93)

Thus, since

vn − yn = vn − xn + xn − zn + zn − un + un − yn,

from (4.93)and (4.87), we obtain that

||vn − yn|| → 0 as n→∞.

This and the fact that vn ∈ Tyn imply that

d(yn, T yn) ≤ ||vn − yn|| → 0 as n→∞. (4.94)

Furthermore, since {xn} is a bounded sequence in Hilbert space H,

without loss of generality, we can choose a subsequence {xni} of {xn}
and a point z in H such that xni ⇀ z and

lim sup
n→∞

〈f(q)− q, xn − q〉 = lim
i→∞
〈f(q)− q, xni − q〉.

Thus, (4.93) implies that zni ⇀ z, then from (4.87), we get that

uni ⇀ z and yni ⇀ z. Hence, since Lemma 4.4.1 implies that (I−T )

is demiclosed at zero, from (4.94), we get

z ∈ F (T ).

Since (I − λB∗(I − T F2
r )B) is nonexpansive, from (4.90) and demi-

closedness princeple for nonexpansive, we get that

z = (I − λB∗(I − T F2
r )B)z,

105



Chapter 4 : Main Results

which implies that B∗(I − T F2
r )Bz = 0. Thus, using the fact that

Bp = T F2
r Bp, ∀p ∈ F and Lemma 3.1.7, we obtain that Bz = T F2

r Bz

hence Bz ∈ EP (F2). In addition, from (4.93), we have

lim
i→∞
‖xni − T F1

s (I − λB∗(I − T F2
r )B)xni‖ = lim

i→∞
‖xni − zni‖ = 0.

Since T F1
s (I−λB∗(I−T F2

r )B) is nonexpansive, from the demiclosed-

ness of a nonexpansive mapping, we obtain that z = T F1
s (I−λB∗(I−

T F2
r )B)z. This with the fact that Bz = T F2

r Bz gives that z = T F1
s z

and hence z ∈ EP (F1). Therefore, z ∈ Ω.

Next, we show that z ∈ V I(C,A). But, since A is Lipschitz contin-

uous, from (4.87), we have

||Ayni − Auni|| → 0 as i→∞.

Let

Bv =

{
Av +NCv, if v ∈ C,
∅, if v /∈ C.

(4.95)

Then, by Lemma 3.1.8, B is a maximal monotone and 0 ∈ Bv if

and only if v ∈ V I(C,A). Let (v, w) ∈ G(B). Then, we have

w ∈ Bv = Av + NCv and hence w − Av ∈ NCv. Thus, we get

〈v − u,w − Av〉 ≥ 0, for all u ∈ C. On the other hand, since

yni = PC(zni − γniAuni) and v ∈ C, we have

〈zni − γniAuni − yni, yni − v〉 ≥ 0,

and hence

〈v − yni,
(yni − zni)

γni
+ Auni〉 ≥ 0.

Therefore, from w −Av ∈ NCv, yni ∈ C and the monotonicity of A,

we get

〈v − yni, w〉 ≥ 〈v − yni, Av〉

≥ 〈v − yni, Av〉 − 〈v − yni,
(yni − zni)

γni
+ Auni〉
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= 〈v − yni, Av − Ayni〉+ 〈v − yni, Ayni − Auni〉

−〈v − yni,
(yni − zni)

γni
〉

≥ 〈v − yni, Ayni − Auni〉 − 〈v − yni,
(yni − zni)

γni
〉.

This implies that 〈v − z, w〉 ≥ 0, as i → ∞. Then, by Lemma

1.2.33, maximality of B gives that 0 ∈ Bz and hence z ∈ V I(C,A).

Therefore,

z ∈ F = F (T ) ∩ Ω ∩ V I(C,A).

Thus, since q = PFf(q) and xni ⇀ z, from the property of metric

projection PC , Lemma 3.1.3 (i), we have

lim sup
n→∞

〈f(q)− q, xn − q〉 = lim
i→∞
〈f(q)− q, xni − q〉

= 〈f(q)− q, z − q〉 ≤ 0. (4.96)

Now, since ρ ∈ [0, 1
2) and {an} ⊂ (0, 1), it follows that {an(1−2ρ)} ⊂

(0, 1). So, from the assumptions of {an}, we obtain that

lim
n→∞

an(1− 2ρ) = 0 and
∞∑
n=1

an(1− 2ρ) =∞.

Hence, from (4.86), (4.88), (4.96), Lemma 3.1.5 and the boundedness

of {f(xn)}, we conclude that

||xn − q|| → 0 as n→∞.

Consequently, xn → q = PFf(q).

Case 2. Suppose that there exists a subsequence {nj} of {n} such

that

||xnj − q|| < ||xnj+1 − q||,

for all j ∈ N. Then, by Lemma 3.1.6, there exist a nondecreasing

sequence {mk} ⊂ N such that mk →∞, and

||xmk
− q|| ≤ ||xmk+1 − q|| and ||xk − q|| ≤ ||xmk+1 − q||, (4.97)
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for all k ∈ N. Now, replacing n by mk from (4.97), (4.83), (4.92) and

the fact that an → 0 as n→∞, we get that

||umk
− zmk

|| → 0, ||vmk
− xmk

|| → 0, ||ymk
− umk

|| → 0,

and ||zmk
− xmk

|| → 0 as k →∞.

Thus, following the same process as in Case 1, we obtain

lim sup
k→∞

〈f(q)− q, xmk
− q〉 ≤ 0. (4.98)

Now, from (4.86) we have that

||xmk+1 − q||2 ≤ (1− amk
(1− 2ρ))||xmk

− q||2

+2amk
〈f(q)− q, xmk

− q〉,

+2amk
||xmk+1 − xmk

||.||f(xmk
)− q||. (4.99)

And hence (4.97) and (4.99) imply that

amk
(1− 2ρ)||xmk

− q||2 ≤ ||xmk
− q||2 − ||xmk+1 − q||2

+2amk
〈f(q)− q, xmk

− q〉

+2amk
||xmk+1 − xmk

||.||f(xmk
)− q||

≤ 2amk
〈f(q)− q, xmk

− q〉

+2amk
||xmk+1 − xmk

||.||f(xmk
)− q||.

But, the fact that amk
> 0 implies that

(1− 2ρ)||xmk
− q||2 ≤ 2〈f(q)− q, xmk

− q〉

+2||xmk+1 − xmk
||.||f(xmk

)− q||.

Thus, using (4.98) and (4.88), we get that ||xmk
−q|| → 0 as k →∞.

This together with (4.99), (4.98) and (4.88) imply that ||xmk+1 −
q|| → 0 as k → ∞. Hence, ||xk − q|| ≤ ||xmk+1 − q||, for all k ∈ N
gives that xk → q as k → ∞. Therefore, from the above two cases,

we can conclude that {xn} converges strongly to a point q = PFf(q).

This completes the proof.
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If, in Theorem 4.4.2, we assume that f(x) = u ∈ C for all x ∈ C

and T is a single-valued nonexpansive, then we obtain the following

result.

Corollary 4.4.3. Let H1 and H2 be real Hilbert spaces. Let C and Q

be nonempty, closed and convex subsets of H1 and H2, respectively.

Let A : C −→ H1 be a L−Lipschitz monotone mapping and B :

H1 −→ H2 be a bounded linear mapping. Let F1 : C × C −→ R
and F2 : Q × Q −→ R be bifunctions satisfying Assumption 1.2.42.

Let T : C −→ C be a nonexpansive mapping. Assume that F =

F (T )∩Ω∩V I(C,A) 6= ∅. Let {xn} be a sequence generated from an

arbitrary x0 ∈ C by
zn = T F1

s (I − λB∗(I − T F2
r )B)xn,

un = PC [zn − γnAzn],
yn = PC [zn − γnAun],
xn+1 = anu+ (1− an)(bnxn + (1− bn)Tyn), ∀ n ≥ 0,

where PC is a metric projection from H1 onto C, s, r > 0, {γn} ⊂
[a, b] for some a, b ∈ (0, 1

L) and λ ∈ (0, 1
d), for d = ‖B∗B‖, where

B∗ is the adjoint of B, and {bn} ⊂ [e, f ] for some e, f ∈ (0, 1) and

{an} ⊂ (0, 1) satisfying lim
n→∞

an = 0 and
∞∑
n=0

an = ∞. Then, the

sequence {xn} converges strongly to the point q = PF(u).

If, in Theorem 4.4.2, we assume that A ≡ 0 so that V I(C,A) = C,

then we obtain the following corollary on a split equilibrium problem

and a fixed point problem for nonexpansive multi-valued mapping:

Corollary 4.4.4. Let H1 and H2 be real Hilbert spaces. Let C and Q

be nonempty, closed and convex subsets of H1 and H2, respectively.

Let B : H1 −→ H2 be a bounded linear mapping. Let F1 : C×C −→
R and F2 : Q×Q −→ R be bifunctions satisfying Assumption 1.2.42.

Let f : C −→ C be a ρ−contraction mapping with 0 ≤ ρ < 1
2 and
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T : C −→ CBC(C) be nonexpansive multi-valued mapping. Assume

that Tp = {p}, for all p ∈ F (T ) and F = F (T ) ∩ Ω 6= ∅. Let {xn}
be a sequence generated from an arbitrary x0 ∈ C by{

zn = T F1
s (I − λB∗(I − T F2

r )B)xn,

xn+1 = anf(xn) + (1− an)(bnxn + (1− bn)vn), ∀ n ≥ 0,

where vn ∈ Tzn, s, r > 0, λ ∈ (0, 1
d), for d = ‖B∗B‖, where B∗

is the adjoint of B, and {bn} ⊂ [e, f ] for some e, f ∈ (0, 1) and

{an} ⊂ (0, 1) satisfying lim
n→∞

an = 0 and
∞∑
n=0

an = ∞. Then, the

sequence {xn} converges strongly to the point q = PFf(q).

If, in Theorem 4.4.2, we assume that A ≡ 0 and T is an identity

mapping on C, then F (T ) ∩ V I(C,A) = C. Thus, we obtain the

following corollary:

Corollary 4.4.5. Let H1 and H2 be real Hilbert spaces. Let C and Q

be nonempty, closed and convex subsets of H1 and H2, respectively.

Let B : H1 −→ H2 be a bounded linear mapping. Let F1 : C×C −→
R and F2 : Q×Q −→ R be bifunctions satisfying Assumption 1.2.42.

Assume that Ω 6= ∅ and let f : C −→ C be a ρ−contraction with

0 ≤ ρ < 1
2. Let {xn} be a sequence generated from an arbitrary

x0 ∈ C by{
zn = T F1

s (I − λB∗(I − T F2
r )B)xn,

xn+1 = anf(xn) + (1− an)(bnxn + (1− bn)zn), ∀ n ≥ 0,

where s, r > 0, λ ∈ (0, 1
d), for d = ‖B∗B‖, where B∗ is the adjoint

of B, and {bn} ⊂ [e, f ] for some e, f ∈ (0, 1) and {an} ⊂ (0, 1)

satisfying lim
n→∞

an = 0 and
∞∑
n=0

an = ∞. Then, the sequence {xn}

converges strongly to the point q = PΩf(q).

If, in Theorem 4.4.2, we assume that H1 = H2, Q = C, B = I and

F2 ≡ 0, then we obtain the following corollary:
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Corollary 4.4.6. Let C be a nonempty, closed and convex subset

of a real Hilbert space H1. Let A : C −→ H1 be a L−Lipschitz

monotone mapping and F1 : C × C −→ R be a bifunction satisfying

Assumption 1.2.42. Let f : C −→ C be a ρ−contraction mapping

with 0 ≤ ρ < 1
2 and T : C −→ CBC(C) be a nonexpansive multi-

valued mapping. Assume that Tp = {p}, for all p ∈ F (T ) and F =

F (T ) ∩ EP (F1) ∩ V I(C,A) 6= ∅. Let {xn} be a sequence generated

from an arbitrary x0 ∈ C by
zn = T F1

s xn,

un = PC [zn − γnAzn],
yn = PC [zn − γnAun],
xn+1 = anf(xn) + (1− an)(bnxn + (1− bn)vn), ∀ n ≥ 0,

where vn ∈ Tyn, PC is a metric projection from H1 onto C, s > 0,

{γn} ⊂ [a, b] for some a, b ∈ (0, 1
L), {bn} ⊂ [e, f ] for some e, f ∈

(0, 1) and {an} ⊂ (0, 1) satisfying lim
n→∞

an = 0 and
∞∑
n=0

an = ∞.

Then, the sequence {xn} converges strongly to the point q = PFf(q).
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Discussion, Conclusion and

Recommendation

5.1 Discussion

The results obtained in this thesis extend, improve and unify several

recent results in the existing literature on approximation of fixed

points of nonlinear mappings, solutions of classical variational in-

equality and equilibrium problems. In particular, Theorem 4.1.2 ex-

tends the results of Alghamdi et al.[2] from the class of single-valued

mappings to the class of multi-valued mappings. Moreover, our The-

orem 4.1.2 provides strong convergence to a common element of the

set of solutions of a variational inequality problem and the set of

fixed points of a Lipschitz hemicontractive-type multi-valued map-

ping which is more general than pseudocontractive and nonexpansive

mappings.

The results presented in section 4.1 have been published in the

journal “Creative Mathematics and Informatics, Volume 25, No.2,

(2016), 183-196.”

Moreover, Theorem 4.2.2 extends and unifies the results of Takahashi

and Takahashi [49, 50], Wang et al.[52], Ceng et al.[9] in the sense

that the class of α−inverse strongly monotone mappings is extended

to the class of continuous monotone mappings. Theorem 4.2.2 fur-

ther improves and extends Theorem 2.2.6 of [8] in the following way:

i. The result obtained for class of nonexpansive multi-valued map-

pings is extended to more general class of Lipschitz hemicontr-
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active-type multi-valued mappings.

ii. The result obtained for α−inverse strongly monotone mapping

is extended to continuous monotone mapping.

iii. In our results, T is assumed to have closed and bounded values

instead of compact values and also the domain of the mapping

involved is assumed to be closed and convex instead of convex

and weakly compact.

The results presented in section 4.2 have been published in the jour-

nal “International Journal of Advanced Mathematical Sciences, Vol-

ume 5, issue 1, (2017), 20-26.”

Furthermore, Theorem 4.3.2 extends and generalizes the results of

Razani and Yazdi [39], Hao [19], Wang et al.[52], Ceng et al.[9],

Huang and Ma [21] to a finite family of generalized equilibrium

problems and a Lipschitz hemicontractive-type mapping which con-

tains the class of pseudocontractive and k−strictly pseudocontrac-

tive mappings. In addition, Our Theorem 4.3.2 extends and improves

Theorem 3.7 of Zhang [63] in the sense that the results obtained for

a finite family of equilibrium problems is extended to a finite family

of generalized equilibrium problems.

The results presented in section 4.3 have been accepted in the journal

“SINET: Ethiopian Journal of Science, (2017).”

Besides, Theorem 4.4.2 is new and more general than the result of

Kazmi and Rizvi [25] (see Theorem 2.3.3 on page 45 of this thesis)

in the sense that:

1. The result obtained in [25] is extended from the class of non-

expansive single-valued mappings to more general class of non-

expansive multi-valued mappings; and from class of α−inverse
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strongly monotone mappings to more general class of Lipschitz

monotone mappings.

2. Theorem 4.4.2 exhibits a viscosity-type iterative algorithm which

is more general than the iterative algorithm considered in The-

orem 2.3.3.

3. The assumption that F2 is upper semi-continuous imposed in

Theorem 2.3.3 is dispensed with.

5.2 Conclusion

In conclusion, we wish to state that the main aim of this research is

met; and all objectives that enhanced the establishment of the aim

achieved. All the results obtained in this thesis are of independent

of interest.

5.3 Recommendation

We recommend that further work can be carried out on the approx-

imation of a common solution of a fixed point problem for class of

multi-valued mappings more general than Lipschitz hemicontractive-

type and generalized equilibrium problems. In connection with re-

sults obtained in this thesis, which are done in the setting of real

Hilbert spaces, it will be of interest if answers can be provided for

the following questions:

• Are the results obtained in this thesis extendable to Banach

spaces more general than Hilbert spaces? If so, what modifica-

tions are needed on our theorems?
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• Can the results obtained in this thesis for a classical variational

inequality problem be extended to the case of a multi-valued

variational inequality problem?

• Is it possible to approximate common element of the set of fixed

points of more general multi-valued mappings than nonexpan-

sive mappings, the set of solutions of variational inequality prob-

lem and the set of solutions of split equilibrium problem?

• Can some conditions, like demiclosedness and others, imposed

in our main theorems be removed or dispensed with?
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