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Preface: 

In this paper I tried to characterize the value of A (eigenvalue) for which a 

higher order boundary value problem wi ll have a positive solution. 

In the process of characterization I used many aspects of analysis. In other 

words this work shows the application of analysis to differential equations. 

The paper is generally divided in to three different parts. The first part starts 

with second order nonlinear differential equations. i.e. 

U + Aa(/) j (u) = 0 

u(O) =u(I) = O 

I E (O, l) } ( 1 ) 

In this part the value of A will be characterized so that the BVP (1) will have 

a positive solution . 

The second part of this paper is the generalization of the first part to n ," 

order. i.e. 

u(")+A H(t ,u)=AKU,u), n?2,/E (O,1) 

u(') (O) =u(p) (1) = O, O ~ i ~ n - 2 (2) 
where 0 ~ p ~ n- l ,but fixed and A> 0 

The BVP (2) is the most general form of (1) above and A. will be 

characterized so that the BVP (2) will have a positive solution. 

Finally, considering the BVP (2) a special case A = 1 will be studied. In this 

section sufficient cond ition will be given so that the BVP (2) will have a positive 

solution for A = 1 . 



Introduction 

In real world not all values are meaningful to our work. Therefore to 

overcome these kinds of problems we should limit ourselves to the values that fit 

to the real world application. Characterizing eigenvalues of the differential 

equations to get only positive solutions is one way of solving such problems. 

Differential equations describe many areas of the real world. To mention 

some; speed of change of population size, flow rates , transportation laws 

conservation laws are expressed (modeled) using differential equations. In some 

of these applications only positive solutions are meaningful. So this work is used 

in such areas of applications. 

In the entire paper two fixed point theorems (Krasnosel'skii and 

shauder) are stated and used as a tool for the characterization and existence of 

A. and positive solutions respectively. Also Banach space is constructed from the 

set of continuous functions defined on [0,1 ] with supremum norm . And to ensure 

the existence of positive solution a cone is defined on the Banach space. Further 

certa in properties of Green's function is established which used later. 

Finally, sublinearity and superlinearity of conditions on a function is 

discussed to ensure the existence of a positive solution for A. = 1 . 
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1. Preliminaries 

Definitions 

1.1 A Euclidean vector space E is said to be complete if every Cauchy 

sequence in E converges to an element of E. 

1.2 A Banach space is a normed space which is complete as a metric space. 

1.3. A set P is convex if and only if 

for X,YE p and I E [0,1] implies 1x+ (1 - I)Y E P 

1.4. An operator T is convex if and only if D(T)(domain of T) is convex and 

for all X,YE D(T) wilh x<Y and for all I E[O,I] 

T(1x +(1 - I) Y ) $; ITx+ (l -t)TY 

and T is concave if and only if - Tis convex. 

1.5. Let B be a Banach space over R (real).A nonempty closed convex set 

pcB is said to be a cone provided the following are satisfied; 

(a) If YEP and a ~ 0, then ayE p 

(b) if yEp and - YEP, then y = 0 

1.6. Let X be a normed space . A set S ~ X is ca lled sequentially compact if 

every sequence {x,,} in S has a subsequence converging to an element in X. 

1.7. A map T: X ~ Y between two metric spaces is said to be 

i. Compact if T (B) is sequentially compact in Y a bounded subset B 

of X . 

ii. T is comp letely continuous if it is compact on each bounded subset in its 

domain. 

The following facts are used later. 

Let B = {y : y E c[ 0,1]) : the set of continuous real valued functions defined on [0, 1]. 

B is a vector space over R (real) . 
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Since continuous real va lued function defined on closed and bounded interval is 

bounded we can define supremum norm on B . 

Let Ilyll = sup IY(I)I this indeed defines a norm for if, 
"Io.t] 

For yE B 

Ilyll = 0 ~ sup IY(I )I = 0 since 0 ::; IY(I )I::; sup IY (I)I = 0 ~ Y(I ) = 0 , VI E [0, 1] 
"Io.t] "Io.t] 

Ilayll = sup laY (I)1 = lal sup IY (I)I = laillyll 
"Io.t] " lo.'J 

For y"y, E B and IE [0, 1] 

Iy, (I) + y, (1)1 ::; Iy, (I )l+Iy, (1)1 ::; sup ly, (1)1 + suply, (1)1 = Ily,ll+IIy,11 
~ suply, (1) + y , (1)1::; Ily,ll+IIy,ll 
~ Ily, + y,ll ::; Ily,11 + Ily,ll 

Now we want to show B is complete with respect to the norm defined above. 

For this let {y,,} be a Cauchy sequence in B. 

Fact 1. A Cauchy sequence has a convergent subsequence. 

Let {y", } be a subsequence of {y,,} which converges to y. i.e. 

y'" --+ y as n, --+ 00 . If we show y E B and y" --+ Y , then B will be Banach space 

with the norm defined above. 

Fact 2. If {J,,} is a sequence of continuous functions on a set F and /" --+ f 

uniformly on F then f is continuous on F . 

From fact 2 since {y ", } is a sequence of continuous functions on [0,1] we 

find y is continuous on [0, I ] . This implies Y E B . 

Next we will show y --+ y. For this, since y --+ y as n, --+ 00 we have; 
n ~ 

for c > 0, 3N, 3 Ily", - yll < c/2 , Vn, ~ N, * 

and since {y,,} is a Cauchy sequence we have; 
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_0_0~_________ ________________ ~()_:> i!i\f_~_s_() llJt_i()Il _!o rhi9~~~()r_~~_r __ f1_()f1_I~Il_~i;lL_~i_\!~_f1_v_<lILJ~Er()~I_~_rr1_ 

if & > 0 3N, > 0 3 Ily", - y",11 < &/2 l'\lm,nk 2::N2 * * 

now let M = max {N" N, } 

From * and * * we find that , 

Ily", - YII = Ily", - y'" + y'" - yll ~ Ily", - y'" II + Ily", - yll 
< &/2 +£/2 = & 

Letting m ~ co Ily", - YII < & \fm ~ M. Therefore the sequence {y,, } converges 

to y .This implies that the space B is Banach space . 

Theorem 1. (Krasnosel 'skii fixed point theorem) 

Let B be a Banach space , and let C(c B) be a cone. Assume Q" Q, be open 

subsets of B with 0 E Q" Q, c Q, and let 

S : en ( Q , \ Q , ) ~ C 

Be completely continuous operator such that, either 

(a) IISyl1 ~ Ilyll, y E en iJQ" and IISyl1 ~ Ilyll, y E en iJQ, 

OR 

( b) IISyl1 ~ IIYII, y E en iJQ, ' and IISyl1 ~ IIYII ' y E en iJQ, 

Then, S has a fixed point in en ( Q, \ Q ,), where iJQ, is boundary of Q , . 
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2. Second order boundary value problem 

In the first part of this work we saw positive solutions for second order 

nonlinear eigenvalue problem. 

i.e. For the boundary value problem below: 

Where 

u · + Aa (I) 1 (u) = 0 

u(O) =u (I) =O 

1 E (0, I) 

(a) 1 :[0,00)-+ [0,00) is conlinuous 

1.1 

1.2 

(b) a:[ 0,1] --7 [0,00) is continuous and does not vanish identically on any 

subinterval ,and 

(c) 
. I (x) fr = hm -- and 

o x--+o' x 
100 = lim I (x) exisl 

x--+oo x 

Now the Green's function for 

-y" =0 

y(O) = y(1) = 0 

Will be 

{ 
I(I -s ), O ~ I :'Os:'0 1 

G(I ,S ) = ( ) s I - I, O ~s:'O I :'0 1 
1.3 

From which 

G(I,s ) > 0 on (O, I) x(O,I) 1.4 

G (I,s ) :'OG (s,s) = s (l -s) , 0 :'01, s:'O l 1.5 

And 

I I [ I 3] G(I ,s ) :::-G (s,s )=-s (l -s ) , I E - ,- , s E[O,I] 
4 4 4 4 

1.6 
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Now let's characterize A so that 1.1, 1.2 wil l has a positive solution . 

Note that U (I) is a solution of 1.1, 1.2 if and only if 

U(I) =A S:C (I,s )a(s)f (u( s)) ds, IE[O, I] 

That is , (*) can be written as 

U (I) =A[f~C (t ,s)a(s ) f ( u ( S ))dS+ F C(t ,s)a(s)f (u( s))ds ] 

Therefore 

= A [f;S (1 - I)a (s) f (u (s) )ds - S> (1 - s )a( s) f (u (s) )ds ] 

=,1,[(1 - I) S;Sa(s)f (u(s)) ds - I S: (I -s )a(s )f( u(s )) ds ] 

(*) 

...... (**) 

u' (I) = ,1,[ - I S>a (s )f ( U (s )) ds+ (1 -1 )la (l)f (u) - f (1 - s)a(l)f (u(s)) ds - (l-t )la(l)f (u) ] 

= ,1,[ - I S;Sa(s )f ( u(s )) ds - f (1 - s)a(l) f ( u(s)) ds ] 

Thus 

u· (I) = ,1,[ - Ia (I) f ( u ) - (I -I ) a (I) f (u ) ] 

=-Aa(I)f(u) 

this implies 

u· +Aa(l) f (u)=O 

And it is clear that from (**) 

u(O) = u(l) = 0 

Therefore u (I) given in (*) is the solution of the BVP 1.1 , 1.2. 

Now let B( Banach) = c[0,I] with norm Ilxll=sup lx(t)1 
OS/S1 

And let P be a cone defined by 

P = {XE B X(I) 2 Oon[O, I] and min X(I) 2 ~ lfxII} 
1/4515.3/4 4 

Once again let rE [0, 1] be defined by 
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i' /4 iV4 G(r,s)a(s)ds=max G(t ,s)a(s)ds 
/'1 OSI:S l / 4 

1.7 

Theorem 1.1. Assume that conditions (a), (b) and (c) hold. Then, for each A, 

satisfying 

4 1 

( 

3/ 4 ) < A, < ( J ) L. G(r ,s )a(s)ds / 00 J,s(l - s)a(s)ds 10 
(1.8) 

There exist at least one solution of 1.1 , 1.2 in P. 

Proof: Let A, be given as in (1.8). Now let £ > 0 be chosen such that 

4 1 
~~--------~----<A,<~--------,-----

(C G( r , s )a(s )ds )U>£) - U;S (1 -s )a(s )ds )(10 +E:) 
(* * *) 

Now let's define an integral operator T: P ~ B by 

Tu(t) = A, f: G(t,s )a(s )/( u(s ))ds , u E P (1.9) 

Now we need to find a fixed point of T in the cone P , and that fixed point is the 

solution of the BVP (1.1) , (1.2) and it is positive as it can be seen from (1.9) . 

From (1.4), foruEP, Tu(t)c.O on[O,l] 

Also, for u E P , (1.5) implies: 

Tu (t) = A, f: G(t,s)a(s)/(u(s))ds 

~ A, f;S(1 - s )a(s)/(u(s ))ds 

So that 

IITull~A, f:S (1 -s )a(s)/ (u( s))ds 

And from (1.6) 
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min Tu(t)= min A r'G (t ,s)a(s)/ (u( s))ds 
1/45153/ 4 1/ 45153/ 4 Jo 

A r' () ~"4 Jo s(l - s)a(s)1 u(s) ds 

~±IITull 
This shows that, T: P -t P .therefore T is completely continuous operator. 

Now considerfo, by assumption (c) and definition of limit 

:10, > 0 such that I (x) ~ (10 +c) lor 0 < x ~ 0, 

- Now if u E P with Ilull = 0, is chosen then (1.10) implies that 

IITul1 ~ A f> (I - s)a(s)/ (u(s))ds 

(***) => 

Therefore 

IITu l1 ~ llull 

~ A f> (I - s)a(s)(lo +c )u(s)ds 

~A f> (I - s)a(s)ds(J;+c )llull 

~ Ilull 

Now to apply theorem 1 (krasnoselskii) set 

0 , = {x E B : Ilx II < 0, } 

then 

ao, = \x EB : Ilxll = oJ 
Therefore , IITul1 ~ Ilull for u E P n ao, (1.11 ) 

Next consider I~, using assumption (c) and definition of limit 

:18, > 0 ) I(x) ~ (f~ - e )x, Vx~ 8, 

and let 0, = max 120,,48,} with 0 , = ix E B : Ilxll < 0,1 
Since 0, ~ 26,, 0 , c O, 

Now if u E P , with 6, = Ilull ' 
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1 1 1 - -
then min u(t) ~-liuII = - 5, ~-x 45 , =5, 

1/49$3/4 4 4 4 
Now 

TU(T) = A. f~ G( T, s)a(s )f (u(s )}ds 

13/ 4 ( ( X ~,1. GT,S)aS f oo - 8)u(s}ds 
1/' 

~,1. r3/' G(T,S)a(s)ds(Joo -8)M, u E P 
J I/4 4 

(** ) => ~ Ilull 
Th us IITul1 ~ Ilull for U E P nan, 

Where an, = (x E B : Ilxll = 5, l 
(1. 12) 

Therefore (1 .11) and (1 .12) satisfy theorem 1 of (i) and hence T has a f ixed point 

U(/)E pn(n, \QJ Thus (1 .9) implies that u(t) is positive and solution of the BVP 

1.1, 1.2. Therefore A. is an eigenvalue for the BVP 1.1, 1.2. 

Theorem 1.2: Suppose assumptions (a) , (b) and (c) hold. Then for each A. satisfyi ng 

Then there exists at least one solution of the BVP 1.1, 1.2 in P 

Proof: choose 

4 <,1.< 1 

(C G( r ,s )a( s )ds )(1;' -8) - U> (I -s )a(s)ds )(100 +&) 
( 1.1 3) 

Let T be the completely continuous operator defined in the proof of theorem 

1.1 
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Now consider fa = lim I (x) , by definition of limit we have, 
x -tO x 

:35,>0 3 l (x) ~(Jo-o), 0<x ~5,. Andsetforu EP, Ilull=5, 

Now 

Tu( r) = it J: G( r,s )a(s )/( u(s ))ds 

i]/' ~ it G(r,s)a(s)(fa -o )u(s)ds 
'/4 

~it rl/'G (r ,s)a(s)ds(J; -o)M, UE P 
J~ 4 

(1.13) => ~llull 

Then if 

n, = i x EB : Ilxll < 5,) 

then IITul1 ~ Ilull lor u E P nan, .......... (1.14) 

Finally consider I~ , as I~ = lim I (x) , by definition of limit we have 
x ---t<o X 

:38, >0 such that l(x)~(J~ +c)x lor Vx~8, 

Now two cases will be considered 

i. if I is bounded 

ii. if I is unbounded 

(i). If I is bounded 

Let N > 0 3 I (x) ~ N, 0 < x < 00 

and let 5, = max{25"Nit J;S(1-s)a(s)ds} 

then for u E P with Ilull = 5, 

....... (1.15) 

Tu (t ) = it J: G (I , s) a ( s ) I ( II ( S ) ) ds 

boundednessolland (1.5) => ~it J;S (1 -s )a(s)dsN 

~ 5, = Ilull 
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Therefore 

JJntJJ $JJuJJ 

If we set n , = {x E B : JJxJJ < 8, } then n , c n , 

therefore JJTuJJ $JJuJJ for u E P non, 

(ii). If f is unbounded 

Nowlet 8, >max\28,,8, l3f(x)$f(o,), O<x$O, 

choose u E P with JJulJ = 0, 

then 

Tu(t) =.:l. f~G (t,s)a(s)f (u ( s ))ds 

(1.5) ~ $.:l. f> (I - s)a(s)f (u(s))d5 

unboundedness of f ~ $.:l. f> (! -s )a(s )f( o, )ds 

(1.1 5 ) ~ $.:l. f> (I -s)a(s)ds(J~ +&)0, 

(113) ~ $O,=JJuJJ 

Therefore JJTuJJ $ JJuJJ 

If n , = {x E B : JJxJJ < o,} . then JJTuJJ $JJuJJ for u E P non, 

In both cases theorem 1 of (ii) is satisfied . 

Therefore T has a fixed point U(t)E pn(n, I n,).Thus (1 .9) implies that u(t) is 

positive and solution of the BVP 1.1. 1.2. This concludes thaU is an eigenvalue 

for the BVP 1.1. 1.2. 

Next let's generalize the problem to nil. order boundary value problem. 
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3. Eigenvalue Characterization for (n, p) boundary 

value problems. 

Consider the (n, p) boundary value problem: 

u (n) + AH (I, u) = AK (t, u) , n ~ 2, I E (0,1) 

u(;) (O) = u(p)(I)=O, 0 ~ i ~n-2 

where 0 ~ p ~ n - I , bUI fixed and A > 0 

(I) 

(2) 

Objective: the value of A will be characterized so that the boundary value 

problem has a positive solution . 

A positive solution y of (1), (2) we mean is that y E en (0,1) and y satisfies (I) and 

fUlfils(2) . 

If, for a particular A , the boundary value problem (1) ,(2) has a positive 

solution , then A is called an eigenvalue and the corresponding function y is 

called eigenfunction for(l)and(2). 

Now let E be the set consisting of such values of A such that (1) ,(2) has a 

positive solution. 

E = {A> 0 :(1) ,(2) has a posilive solulion) 

Assumptions: Throughout th is paper the following assumptions will be 

considered. 

There exist continuous functions 
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f : [0,(0) -+ (0,00) and 

k , k" h,hl :(0,1) -+ R, suchlhal , 

(H-1) f is nondecreasing 

(H-2) for UE[O,OO), 

H(I,u) K(I,u) 
h(l) f eu) ~ h, (I) , k(I) ~ feu) ~ k, (I); 

(H-3) h (I) - k, (I) is nonnegative and is not identically zero on any subinterval of 

(0, 1) 

(H-4) f~ (1 - I)"-P-'[hl (1) -k (I) }!1 <00 

To obtain the solution for the BVP it requires a mapping whose kernel 

G (I,s) is the Green 's function of the BVP 

_yH = 0. 

y(p) (1) =y(') (O) = O, 0 ~ i ~n- 2 

Where 0 ~ p ~ n - I but fixed, then the Green 's function will become; 

I {I n-I (I - s)"-P-I - (t - S)"-I , 0 ~ s ~ t ~ I 
G (I s) = -,----,--

, (n - I)! I ,,- I (I - s)"-P-I , O~t ~ s ~ l 

And 

Of 
- . G(I,S) 2: 0, 
01 ' 

O ~ i ~ p, (I ,S)E[O,I] x[O,I] 

Lemma 1. For (I ,S )E[O,I] X[O,I] , 

() 1 ( ) n- p- I 
G t ,s ::; (n - I)! I - s 
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Proof. This is a direct consequence of the Green's function given above 

Lemma 2. For (I ,S ) E[± '~]X [O, I] , we have 

Proof: 

G (I ,S ) ~ (_1 )" -1 ( . 1 ) (1 _ S)" - P- I ¢ (s) 
4 n - 1 ! 

where 0 :s; ¢ ( s ) :s; 1 is given by 

¢ (s) = 
- (I - s r ' s :s; I 

I :s; s 

For 0:0;; S :0;; t , jrom Ihe Green's junction given above 

(n - I)IG (t , s ) ? t ,,- I (1 - S ),,-,,-1 _ (t _ Is ),,- ' 

= 1,,- 1 (1 - s) " - 1'- 1 [1- (1 - s r ] 
? ( ± ) ,,-I (1 - s) " - 1'- 1 ¢ (s) 

For 1:0;; s :0;; 1 , the inequality is direct. 

Notations: the following notations are frequently used in the build up 

of the result. 

Let v(t)=h,(I) - k(I) and U(I)=h(I)-k,(I) (3) 

For a nonnegative y on [0, 1], denote 

a= ( 1 ) r'(1_ s)"-P-'v (s)j (y(s)) ds 
n - I 1 Jo 

(4) 

/3= ( 1 ) r'(I _s)"-P-I¢(s)u(s)j (y(s)) ds 
n- I ! Jo 

(5) 

from (H-2) and (H-3) it is clear that a? (J > 0 
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Further let's define 

_ ( I ) ,,- I j3 
y- - -

4 a 
(6) 

And note that 0 < y < I 

Let the Banach space be constructed by the set of continuous functions 

defined on the closed interval [0, 1]. i.e . 

B = {Y lYE C [0, I]} be equiped with norm 

IIYII = sUP,ero,llly (t)l, and let 

C" lY E B I Y(I)" nonMgatiwon[O,Ij, .:rnl'(l) > Y[lyll) 

It is clear that C is a cone in B . Further, let 

Where CAl is bounded, closed, convex, subset ofC. 

And let's define the operator 

S: C --t B by 

SY (/) = J: G(/,s )[H (s,y)- K (s,y )Jds, I E [0, I] (21 ) 

To obtain a positive solution of the BVP a fixed point of the operator AS in the 

cone C is needed.i.e y(/ ) is a solution of the BVP (1), (2) if and only if 

Y(/) = A J: G(/,S)[ H (s ,y)- K (s,y )Jds, I E [0,1] 
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To obtain the desired result we find that the operator S satisfy the following ; 

UY(I) ~ SY(I) ~ VY(I), IE [0,1] 

where UY(I) = J: C (I ,S)U (s)f (y( s) )ds 

and VY(I)= J:C (I ,s)v(s)J(y(s))ds 

To verify this , from (H-2) 

H(I,u ) ~h, (I) f (u) 

and K(/,u)?k(/)f(u) 

Fom (2.2) and (2.3) we findlhal, 

H (I ,u) - K(I,u) ~ [h) (/) - k(I)J f (u) 

= v(l)f(u). 
Iherefore, 

(2.2) 
(2.3) 

J: C(I,S)[ H(/,u) - K (I ,U )Jds ~ J: C(I,S)V(S )f (y( s))ds 

again Fom ( H - 2) 

h (I) f (u) ~ H (t , u) 

k) (t) f (u ) ? K (I, u) 
Fom (2.5) and.(2.6) wegel, 

H (I ,u ) - K(I,u) ? [h (l) - k) (I) Jf ( u) 

= u(l)f (u) 
Iherefore 

(2.5) 
(2.6) 

J: C(I,S)[ H (t,u) - K (t ,u )Jds?' J: C (I ,S )[h(/) - k) (t)J f (Y(s ))ds 

= J:C (I,s)u(s)f (y(s))ds (2.7) 

from (2.4) and (2.7) we have, 

UY(t ) ~SY (I) ~ VY(/), I E [O , I] (2.8) 

where UY(I)= J:C(I, s)u(s)f(y(s))ds 

and VY(I) = J: C (I ,S) v( s)f (y( s) )ds 

July, 2007 
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Theorem 3.1: (Schauder fixed point theorem) 

Let M be a nonempty, closed , bounded, convex subset of a B- space , and 

Suppose T : M -) M is a compact operator .Then T has a fixed point. 

Now let's show the operator S defined in (2 .1) is compact on the 

cone C .Let's consider the case U(I) is unbounded in a deleted right neighborhood 

of 0 and also in a deleted left neighborhood of 1.Since V(I) 2: U(I) ,V (I) is also 

unbounded near 0 and 1. 

Form E{ I,2,3, ... ) , define U"" V", :[0, 1] -) R by 

U(_ I ) 
I 

O ~ I ~--
m+1 m +1 

u'" (I) = U (I) , I 117 
(2 .9) --~I~--

117 + 1 m+ 1 

( 117 ) 
117 I 

II -- --~ I ~--
117 + 1 ' 117+1 117+ 1 

( I ) 
I 

v -- O ~ l ~ --
m+ 1 ' 117+1 

v (I) = 
'" 

V(I) , -- --< 1<--( 117 ) I m 
m+ 1 m+ 1 - - 117+ 1 

(2. 10) 

{,::J m I 
--~ I ~ --

117 + 1 m+ 1 

and Ihe operalors U"" V'" : C -) B by 

U",y (l) = f~ G (I ,S }I", (s) f (y ( s)) ds 

V;"y (I) = f~ G (I, s )v", ( s ) f (y ( s ) ) ds 
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From the definitions (2.9) and (2 .10) for each m both U", and v,,, are 

compact operators on C . 

Next, to show V and U are compact operators on C , let M > 0 and y E CM 

Iv",y (t) - Vy(t)1 = f~ G(/ ,s ) Iv", (s)- v( s )If {Y(s )) d 
1 

= f;"+1 G(/, s ) Iv", (s) - v(s )If {y(s))ds 

+ f'--- G(/,s) lv", (s)- v(s)l f {y(s))ds 
m+l 

m 

+ I n;+1 G(I ,s) lvm (s) - v( s)1 f (y( s) )ds 
111+1 

lemma l and(H - I) => ::; m+l 1 - s v -- - v s ds f(M )[I-' ( ) " - p - I ( I ) () 
(n - I) ! 0 m + 1 

+ 1'", (I - s)"-P-I v(_ I_ ) - v(s) dSJ 
;,:;:] 111 + 1 

Assumption (H-4) shows the integrablity of (I - I )"-P-I V(I) . Therefore taking 

the limit as m --t ex) , v,,, converges uniformly to V on CM .compactness of v,,, implies 

V is compact on C. Similarly U'" converges uniformly to U onCM and U is 

compact on C .therefore (2.8) shows that the operator S is compact on C. 

Now it remains to show that S maps the bounded set CM in to CM ,then by 

using theorem 3.1 S will have a fixed point and indeed this fixed point is positive 

(observe (2.1 )). And A will be characterized so that the BVP (1) , (2) will have a 

positive solution . For this the following theorem wi ll be proved . 
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Theorem 3.2. There exists a c > 0 such that the interval (O ,c] (; E. 

Proof: let M > 0 be given . Define 

c = M[ J (M) f '(I - s ),,-p-, v(s )ds]-' 
(n- I)! 0 

(2.13) 

LeU E (O,c] . We shall prove that (ASXC,, )(; CM , that is AS maps bounded sets in 

to bounded sets. For this, let y E CAl. 

Now first let's show ASy E C .From (2 .8) and (H-3) we have, 

(ASY)(I) 2,1. ( C(I ,S )U(S) J (y(s)) ds2 0, /[0,1] (2. 14) 

Further, it follows from (2.8) and lemma 1 that 

SY (I) ~ f~ G(I ,s)v(s)J (y(s)) ds 

~ ( I) f '(1 -s)"-P-' v(s)J (y(s))ds=a, 
n- I ! 0 

1 E[O,I] . 

Thus 

(2. 15) 

Now, on using (2.8), lemma 2 and (2 .15) , for 1 E [ ±, %] we have 

(ASy )(1) 2 A f~ C (I ,s) u (s) J (y( s) )ds 

2A(~)"- ' ( I ) f '(1 - s)"-P-' ¢(s)u(s)J (y(s))ds 
4 n- I ! 0 
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Therefore 

min (itSy ) (I) ~ r IlitsYl1 
,,[I /U /4J 

.. ................... (2. 16) 

And (2 .14) and (2 .16) imply ilSy E C. 

Next we want to show thatASy E CM . i.e , IlilSY11 ~ M . 

So for this, using (2 .8) , [emma 1 and (2 .13) successively, we find that 

( itSy )( t ) ~ it J ~ G (t , s) v ( s ) f (y ( s ) ) ds 

it J I ( ) " - p - I () ( ) [ ] ~ ( ) 1 - s v s f M ds ~ M, 1 E 0, 1 
n- I ! 0 

This implies 

IlilSYII~ M 

Hence (itSXCM ) ~ CM . This shows that for any bounded subset CM of the cone C 

(itS) (C,, ) also lies in CM . Therefore any sequence {zoo } taken from (itS)(C'1 ) is 

bounded and since CM is closed subset of the Banach space B CM is also a 

Banach space. This implies that {z,,} has a convergent subsequence in CM · 

Therefore (itS )( CM ) is sequentially compact subset of CM . Hence itS is compact 

operator which maps each bounded set CM into itself. So from shauder f ixed point 

theorem we get that itS has fixed point in CM and this fixed point is indeed a 

positive solution of the BVP (1), (2) . This shows that it is an eigenvalue of the 

BVP. i.e itE E. Since it is arbitrary element of (O,c ], ( O , c ] ~ E. 

Therefore 

for 

the BVP (1 ), (2) a positive solutions . 
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To get more specific results further conditions must be fulfilled . The following 

theorems wil l provide such conditions. 

Theorem 3.3: suppose that 

AoEE then, foreach O ~A~Ao, AEE 

Thus E is an interval. 

Theorem 3.4: 

Let A be aneigenvalue of the B VP (1) , (2) and 

y E C be a corresponding eigenjimction. 

If y ,,- I (0) = q for some q > 0, then A satisfies 

g ( v )q [f( (n ~ I)! J] -I ~ A ~ g(u )q [f (O)r" ( 2. 17) 

where 

g ( z) = [ f~ (I - s )"-P-I z(s )ds r (2.18) 

Proof: For m E p, 2, ... ) , we define /,,, = f * If"" where If", 

Is a standard mollifier (10, 19) such that /,,, is Lipschitz and converges uniformly 

to f · 

For a fixed 111 , let A", be an eigenvalue and y"" with 

y,;" -' (0) = q,bea corresponding eigenjimctionof the BVP 

YII:' + Ali/ Hili (/,ylII ) = Ali/Kill (/' YIII ) ,1 E [0,1] , 
y,;'(O) = 0, 0~i ~ n -2} 

y,,; (I) =O, 

( 2. 19) 

(2.20) 
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where H", and K", converge uniformly 10 Hand K respeclively, and 

Fom (3.5) and (3.6) we have, 

(
1) < H", (I ,z ) - K", (I,z) < () 

lim - 1,,, ( z ) - VI/! Z 

clearly y", is Ihe unique solulion 01 Ihe IVP 

y,:' (0) = 0, Os i s n - 2} 
,,- I (I) = YIII q 

Since 

y,;" (I) = Am [ Km (I ,Ym) - H", (I, y",) ] 

s -A",U", (I) 1,,, (y", (I)) S 0, 

we have y,,;'-I is nonincrea sin g and hence 

,,- I (I) S ,,- I (0) = 1 E [0 I] YIII YIII q, , 

NOling Ihal 

y,,; (I) = L y,,;+I( S)dS, Osi s n - 2, 1 E[O,I] 

(2.24) => y ,,;'-' (I) = f; y,,;'-I (5)dS S L qds = ql ,I E [0, I] 

applying (20) and conlinuing Inlegraling, we will have 
,,-I 

Ym(I)Sq(' ) « q), IE[O,I] 
n-I' n - I! 

Now, from (2.19),(2.21 ),and(2.26) we get for IE [0, I], 

A", u", (I) 1,,, (0) s - y "~ ,, ) (I) S Am "", (I) 1m ( ( n ~ I ) , ) 

Integrating (2 .27) from 0 to t provides 

B1(I)sy,,!,,-I)(I)sB, (I) , I E[0,1] 
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Where 

e, (I) = q -Am/'" [ (n~ I) !) L Vm (s)ds 

and 

e, (I) =q-A,Jm (O) f>m (s)ds 

Continuing integration process , we get for 0 S; p S; n - I, 

Where 

e I - q I " - p-I - A q , 1 - s v s ds 
[ ) 

( ) 
,,- p- I 

) ( ) - (n - p - I)! m/'" (n - I)! fa (n _ p - I) I m ( ) 

and 

e4 (I) = (n _; -I)!I " - p - I -Am/'" (0) L ~~ ~s; =~;>" (s )ds 

In order to have y;, (I) = 0 (see (2 .20)), from (2.29) it is nessary that 

eJ (I) S; 0 and e4 (I) ~ 0, Or equivalently, 

and 

Am s;g(Um)q[/,,, (O)r' (23 I) 

From (230) and (2.31) we get 

g(Vm )q[ /'''[ (n~I)!)r s;Am s;g (um)q[/", (O) J' 

(2.29) 

(2.30 ) 

(2.32) 

It follows from (2.28) that {y,,~"- I ) } :01 is a uniformly bounded sequence 

on[O,1] .Using the initial conditions (2 .22) and repeated integration; we find that 
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{Y ~: ) [ ., ' 0 $ i $ n - 1 is a uniformly bounded sequence. Thus there exists a 

subsequence, which can be relabeled as {y",} : ,, ' that converges uniformly (in fact, 

in c'''-') norm) to some Y on[O,!] .We note that each y", (/) can be expressed as 

y", (/) = A", f~ G(I ,S)[ H", (s,y", ) - K", (s ,y", )}ls 1 E [O,!] (2.33) 

Since (A",} :,, is a bounded sequence (from(2.32)) , there is a subsequence, which 

can be relabeled as iA",} ;", that converges to some A . Letting m -,>00 in (2 .33) 

yields 

Y(I) =A f~G (I ,s ) [ H(s,Y)-K(s,y )}ls, 1 E[O, !] . 

This means that y is an eigenfunction of the BVP corresponding to the 

eigenvalue A . Further, y (,,- I) (0) = q, and (2.17) follows from (2.32) immediately. 
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Theorem 3.5: 

Let A be an eigen value of the B VPand y E C 

be a corresponding eigenfunction. Further, let 

17 = IIYII and p = max«[a!] Iy ,,-2 (t)1 Then 

A <: _17_ (n _I)'[ f (I -s) " - 1'-1 v(s )dSJ -I 
f(17) a 

and 

(2.34 ) 

(2.35) 

also there exists ac > o such that 

Pr oof: First we shall prove (2.34) .For this ,lelia E [0,1] 

be such that 

17 = IIYII = y( ta) 

Then , applying (2.8) and lemma I we find 

17 = y(ta) = (ASy)(ta) ~ A f~ G(ta,s)v(s)f(y(s))ds 

~ (,,:1)' f~ (! -s)"-I'- I v(s)f(y(s))ds 

~ (":1),.1 (17) f~ (! -S)"-P-IV (s)ds 

jl-om which (234) follows . 
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Next , applying ( 2.8 )and the factthat min y (t) ?1)Y, weget 
__ P/'.3/'1 

1)? y( ±)? A I~ c( ± , s )v (s ) f (y(s ))ds 

? A I!C(±,s )V(S)f(y(s))ds 

? Af (Y17) It c( ±,s ) v( s)ds 

which gives ( 2.35) 

Finally, 10 prove(2.36) we see the relation bellow 

y(;)(f) = I~ Y (;+1) (s)ds, OS i s n-3,IE [0,1] 

and the nonnegalivity of y implies Ihal y (,,- 2) is nonnegalive on [0,1] . 

/1 is also observed thaI y (,,) is nonposilive and hence y("-2) is concave on [0,1] . 

Thus, Ihere ex isIs a unique 1 E [0,1] such Ihat p = max y ("-2) (t) = /'- 2) (t,). 
'Elo.t] 

Now Iwo case willbe considerd. 

Case 1. Y (,,-2) (1) = 0 

(2.37) 

Here,y (,, - 2) (I) = y (,,- 2) (0) = O.Thus,it follows from concavity of y (,, - 2) that 

y (,,-2) (I) ?, 

---.L (I -I ), IE[t,,1] 
1- t, 

? pI (1 - 1) , t E [0, I] (2.38) 

applYing(2.37)and(2.38), we get 

y (,,- 3) (I) = I> (,,- 2) (s )ds ? I>s (l -s )ds = pC~ , I;}t E [0, I] 
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conlinuing Ihe Inlegralion process, we find 

Y (I) ~ P'll(I),1E [O , ll 
t il - I f n 

where '11(1) = ( ) 2-
n - I ! n l 

I ,, - 2 ( 2t) 
observe that '11(/) = ( ) 1--

n - 2 ! n - I 

is nonnegalive for I E I '" [ 0, n ~ 1 ] . Hence in particular 

'II (I) is non decreasIng jar I E [ ± ,~ ] ~ I./I follows ji-om (2.38) Ihal 

Y (I) ~ Cp, I E[ ±,~J (2.39) 

where c = 'II ( ± ) = 4" 1 (~ - I)! 4';n! > 0 (2.40) 

Now relation (2 .37) provides 

y(n- J) (I) = J>("-2) ( s)ds~ Lpds =p, IE[O,!] . 

Using the above inequality and (2.37), we will have 

11 - 2 

(I) < I < P 
Y - p (n-2)! (n -2 )! ' 

In view of (2.41), (2.8) and (2.39), we find 

(n~2)! ~Y(~)~A J~ GG,s )u(s)f(Y(S))dS 

~A Jj GG,s )U(S)f(y(s))ds 

From which (2.36) follows . 
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In Ihis case ,y (,,- 2) (0) = O,y (,, - 2) (1) '" 0 hence by Ihe concavity 01 y ("-2) , 

we have y (,,- 2) (I) <: y (,,- 2) (l)t <: y (,,- 2) (1)1 (1 - 1) , ( E [0,1] (2.42) 

Using similar technique to that of case1, it follows from (2.42) and successive 

integrations that 

y (I) <:y(,,-2) (I)If(t) , IE[O, lJ (2.43) 

This leads to (2.39), where 

c=y("-2) (I)[ 1 

p 4" I (n- l)! 
2 ] 0 

4"n! > 
(2.44 ) 

The rest is similar to case 1. 

This completes the proof of the theorem. 

Theorem 3.6: 

Lei 

FB = {I : I (u) is bounded lor u E [0, co) }, 

F;,={/ :lim- (U ) =o}, F~= {/ :lim~( ) =co} 
II~OO f U 11-)00 f U 

(a) If IE F,,,then E = (O,c )01' (O,c]ior somec E (O,co). 

(b) II I E Fa,then E = (O ,c ]101' somec E (O, co). 
(c) If f E F~, then E = (0, co). 

Proof: (a) this is immediate from (2.35) and (2.36) 

(b) since F;, ~ FB , it follows from case (a) that 

E =(O,c) or(o,c]Jorsome CE (O,CO). 

In particular, c = supE 

July, 2007 27 



Let {A",} :=, be a monotonically increasing sequence in E which converges to c, 

and let {y", !:=, in C be a corresponding sequence of eigenfunctions. Further, let 

77", = Ily",JI. Then, (2.35) implies that no subsequence of {ry", }:=, can diverge to 

infinity. 

Thus, there exists M > 0 such/hat 7]", 5, M f or all m. So Y'" is uniformly 

bounded. Hence, there is a subsequence of{y",!:=" relablled as the original 

sequence, which converges uniformly to some Y E C. Noting that A",Sy", = Ym ' 

We have 

c 
cSy - -y 

//I - A. 1/1' 

'" 

(2.45) 

Since {cSY"' }:=' is relatively compact, Y'" converges to y and Am converges toe , 

letting m ~ 00 in (2.45) gives cSy = y, that is, C E E .this completes the proof for (b) . 

(c) Follows from the fact that E is an interval and (2.34) . 
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Example.1. Consider the boundary value problem 

y(4}+it I , (12y+5)'=0 I E (O,I) 
(5+2 I J_ 14) 
y(O)= y(O) = y' (O) = Y (p}(1)= 0 

Where 0 :-:; p :-:; 3 but fixed , it> 0 and I' ~ 0 

Solution: 

Now if we take / (y) = (12y+ 5)' , then 

H(I,y) 
/ (y) 

K(I,y) 
and =0 

/ (y) ( 5 + 2t J 
_ ( 4 )' 

Hence, we may take 

2 
h,(I) = " 

(5+21 3 - t4) [ I 1 h(t) = 
2 ( 5 + 2tJ 

- (4 )' 

And k, (I) = k(t) = 0 

=> All the hypotheses (i.e, (H-1)-(H-4))are satisfied , 

Now regarding I' three cases will be considered 

Case 1: For 0:-:; r < I 

/EFoo by theorem 3,6 (c) the E =(O,oo ) 

For example when p = it = 2 and I' = 0 the BVP has a positive solution given by 

() 
J(2-t) 

y t == t 
12 

Case 2: For 1' = 1 

Since / E F. by theorem 3,6(a) the set E is an open or a half closed interval. 

Further, if p = 2, E contains the interval(0, 2] 

Case 3: For r > I 
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Since fo E Fo' by theorem 3.6(b) the set E is a half closed interval. 

Once again if p = 2, then(0,2] ~ E. 

Example 2: Consider the BVP 

" , sin n l ( 5 8) ' 0 y +/1. . y+ =, 
8 + 5 s tn n l 

Y(O) = y(p) (l) = 0 

Where 0 s; p s; 1 but fixed A> 0 and r ;::: 0 , 

If we choose j (y) = (5y + 8)' ,then we can have 

I E (O , l) 

h (I) = 3sin nl , h(l) = sinnl 
' (8 + 5sintrl)' 4(8 + 5sintrl)' 

=> k(/) =k, (1)=0 

And all the hypotheses are satisfied ((H-1)-(H-4)) . 

And we note that if p = 0 ,A = n' and r = 0 , and then the BVP will have a positive 

solution given by 

y(t) = sin 7L 
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4. Special case: When A = 1 

Definition: A function f is said to be sublinear if 

fa = lim f (u) =00 and 
1I-t0 ' U 

. f (u) 
f~ = hm--= O. 

11-)00 u 

and superlinear if f~ = 0 and f~ = 00 . 

Theorem 4.1: suppose that f is either superlinear or sublinear. Then the 

boundary value problem has a positive solution. 

Proof: to obtain a positive solution of the BVP, we shall seek a fixed point of the 

operator S (defined earlier) in the cone C .we have seen that S is compact on the 

cone C .further, we observe from the proof of theorem (2.2) that S maps C in to 

itself. Also, the standard arguments yield that S is completely continuous. 

Case 1: suppose that f is superlinear.Since fa = 0, we may choose E,O > 0 such 

that 

f (U) ~E U , (31 ) 

And 

JI( ) ,,-r-I ()d 
(,,' 1)' 0 1- s v s s ~ 1 (3.2) 

Let y E C such that iiy ii = o. Then, applying (2.8) , (3.1), lemma 1 and (3.2) 

successively, we find for t E [0,1] , 

SY (/ ) ~ J~G (/ ,s ) v ( s ) f (y (s )) ds 

~E ( G(/ ,s) v(s)y(s)ds 

« E ) J
I
(1 - S)"-P-IV( S)y(s)ds 

n - 1 r 0 
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Hence 

(3.3) 

If we seW, = {Y E B :IIYII < oj , then (3 .3) holds for y E c nan,. 

Next, since f~ = 00 , we may choose M, N > 0 such that 

f (u) "? Mu , u"?N (34) 

and 

M r f t G( ~ 'S} ( S )dS"? l (3.5 ) 

Let Y E C be such that lly ll = N, '" max {20, ~}. Thus forI E [±,% l 
y(I) "?' rlIYII"? r N = N, 

r 
This in view of (3.4) leads to 

f (y(t)) "? MY(I) , IE[±,%] (3.6) 

Using (2 .8) , (3.6) and (3 .5) , we find 

S y ( ~ )"? J: G ( ~ , s } ( s ) f ( Y ( s »ds 

"? ft G (~' S } ( S ) f (Y( S »dS 

"? M ftG( ~ ,S} ( S ) Y ( S )dS 

"? M JtG ( ~ , s } ( s ) r II Y ll ds "? ll y ll 
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Therefore 

(3.9) 

If we seW, = {Y E B: IIYII < N,} , then (3 .9) holds for Y E C n oD , 

In view of (3.3) and (3 .9), it follows from theorem1 that S has a fixed 

point y E C n( D, \ D,), such that O' s; IIYII s; N, . This Y is a positive solution of the 

BVP (1), (2) . 

Case 2: suppose that f is sublinear. Since fa = 00, then by definition of limits 

there exist L,'; > 0 such that 

f (u) ? Lu, (3. 10) 

And 

LrJ~ C ( ~ , S ) U (s}ds ? 1 (3.11) 

Let y E C be such that Ilyll =.;. On using (2.8),(3. 10) and (3 .11) successively, we get 

SY(±)?, f~ c(±,s )U (S) f (Y(S) )dS 

? L f~c(±,s )U (S)Y(S)dS 

? L ffc(±,S)U (S)Y(S)dS 

? L f f C ( ±, s) u ( s ) r IIYII ds ?llyll 

From which (3.9) follows immediately. If we setD , = {Y E B: IIYII <.;}, then (3 .9) 

holds for Y E en oD, . 

Next, in view of f~ = 0, we may choose J,e > 0 such that 

(3.12) 
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and B J'( ) "-P-' () 
( ) 

1 - s v s ds ~ 1 
n - I ! 0 

LetJ, = max { 2';, J} . 

Since I is nondecreasing 

~ I ( u ) ~ I ( J,) lor 0 < u ~ J , 

In view of (3.12), this implies that 

o <u ~ J, 

Let y E C be such thatllyll = J , .Then it follows from (3.14) that 

(313) 

(314 ) 

(3.15) 

On using (2 .8) , (3 .15), Lemma1 and (3 .13) successively, we get for 1 E [O,I ] that 

Sy(t) ~ J: G (I , S )v( s) I (Y( s)) ds 

~ BJ, J: G(I,s) v(s )ds 

~ ( flJ,) r'(1 -sr"-' v(s)ds 
n- I ! Jo 

~J, =IIYII 
From which (3.3) follows immediately. 

If we seW, = {y E B : IIYII < J,} , then (3.3) holds for y E en oQ, . 

Now we have obtained (3.9) and (3.3), it follows from theorem 1 that S has a 

fixed point y E en (Ql \ Q,), such that .; ~ II YII ~ J ,. This y is a positive solution of 

the BVP (1) , (2). 
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Example1: consider the boundary value problem 

, . 
y ' + rr sm rrl , ( 4 y + I)' = 0, 1 E (0, I) 

(5 - 4cos rrl) 

y (0) = y (0) = y (e) (I) = 0 

Where 0 S P S 2 but fixed and 0 S r < I . 

Taking f (y ) =(4Y +I)', then fo = lin: f (y) = lin: (4y +l)' =00 
y-+ O y ),-+0 Y 

and f~ = lim f (y) = lim (4y + I)' = 0 , which implies f is sublinear. We find that 
),-+00 y y -+'"l Y 

H(I ,y) rr ' sinrrl 
----'c-:-'- = -----

f (y ) (5 - 4cos m)' 

K(I ,y) 
and f (y ) 0 

Hence we may choose 

4 • 

h,(I) = rr sm m " 
(5 - 4cosrrl) 

2 . 

h(I) = rr smrrl 
(5-4cosm)' 

All the conditions of theorem 4 .1 are fulfilled and therefore the boundary value 

problem has a positive solution. We note that when p = I and r = 0 the BVP will 

reduce to: 

y ' + rr ' sillm = Ol E (0,1) 

y(O) = y' (0) = y ' (1) =0 
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And this BVP has a unique positive solution y(l) = 1- cosJrl. 

Example 2: consider the boundary value problem 

• 1 ( ) , y + 2y + 3 = 0, 
(3 + 21 + _ I' r I E (O, l) 

y (O) = y (p) (1) = 0 

Where 0 :s: p :s: 1 , but fixed . And O:S: r < 1. 

Choosing f (y) = (2y+3 )' (which is sublinear), we may take 

5 
h,(/) = " 

(3 +2t - t 2
) 

And k (I) = k, (I) = 0 . 

h(l) = __ 1_--:-

3(3+2t - 12
)' 

Once again, all the conditions of theorem 4 .1 are satisfied and so the boundary 

value problem has a positive solution. Indeed, when p = 1 , one such solution is 

given by 
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y(/) = 1(2-/) 
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