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Abstract

In this thesis, the construction of Green’s function for IVP and BVP is discussed. We established
continuity and symmetric properties of Green’s function for ODEs, especially for Sturm-Liouville
problems. We demonstrated the method of Green’s function in conjunction with the Fourier

transform to solve PDEs.
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Introduction

The method of Green’s function is a technique widely used to solve a non-homogeneous differen-
tial equation (ODE and PDE). The method essentially consists in finding an integral operator
which produces a solution satisfying a set of prescribed conditions (IC and/or BC). As such, a
Green’s function is an integral kernel that can be employed to solve differential equations such
as ordinary differential equations with initial or boundary value conditions, as well as inhomo-
geneous partial differential equations (PDE) with boundary conditions. In the study of linear

PDEs, Green’s function arises in connection with fundamental solutions.

The method of Green’s function finds a number of applications in several areas of science such
as physics, especially in the study of electricity and magnetism. George Green (1793 — 1841) in

his 1823 investigation of electric potential in a bounded domain considered Poisson’s equation
Au = f

and introduced the function for which afterwards Bernhard Riemann coined the nomenclature

Green’s function. The solution of the above equation is basically,
u=A"1f

which might be written as

u= / Glx.y)f(y)dy

The integral kernel, i.e the function G(z,y) is what we call Green’s function.

This thesis is organized as follows, in chapter 1 we visit some mathematical preliminaries that
we use in the sequel and in chapter 2 we study Green’s function for ODEs. Finally in chapter 3

we investigate Greens function for PDEs.
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Chapter 1

Preliminaries

1.1 Heaviside Function and Dirac Delta Function

Definition 1.1.1. Heaviside function H(x — x¢) is defined as

1, =z>ux

0, =< uxop.

Let G(z) be a continuous function everywhere except at the point x = g, at that point it has a
Jump discontinuity such that

Gi(x), x> xg

Ga(z), z < xg.

Then G(z) can be written as
G(z) = Gi(x)H(x — xg) + Go(x)H (29 — ).
Define a pulse of unit length starting at x; as

(z2) 1, (2, Az + xy)
v\x;) =
0, otherwise.

Then any function g(x) can be written as

N
g(x) = Zg(xz)v(a:z)) on an interval (a,b)

=1

This is a piecewise constant approximation of g(x). As Ax — 0 the number of points N — 0o.

Hence usig the limit, the infinite series becomes the integral. Therefore



where 0(x — x;) is the limit of unit pulse v(x;) divided by Awx.

The properties of Dirac delta function d(x — (), which has several significants are :

5@ —¢) =0, forz#¢

b 0,a,b< < a,b,
/ 5z — () = a Cor(<a
a LLa<(<b

and

[ b= 0gtayts = 40

where g(x) is a sufficiently smooth function, which is called the sifting property or the reproducing

property of the delta function. when g(x) = 1, then the sifting property becomes

/ZcS(a:—C)d:c:l

The Green’s function G(z,() is related with Dirac delta function as

G(z,¢) = d(z = Q).

where L is linear differential operator.

1.2 Fourier Transform and Inverse of Fourier Transform

Definition 1.2.1. The Fourier transform of a function f denoted by f(x) s given by

e

The inverse Fourier transform of a function f, denoted by f(w) is defined as

= ;T/f(w)eiw"rdac.

We can extend the theory of Ry to n dimensional space. That is for n = 3, we have

:B Y,z ///f T,U1,’lU2,UJ3 —ilw, w27W3) (wyz)dwldw2dw3

and

f(wlaw%w?) ///f T,Y, % et (w1,w2,ws3).(z,y,2 )dxdydz

1.3 Leibnitz’s Rule

For any continuous function G(x, () whose derivative G, (z, () is piecewise continuous, we have

d (5 fa(z)
. /fl(x) G(z,Q)d¢ = G(z, fao(w)) fol (x) — G(, fr(x)) fr(z) + /1(@ G, C)dC



where fi(z) and fo(x) are differentiable function.

1.4 The Method of Eigenfunction Expansions

Consider nonhomogeneous heat equation

— kugy = Q(z,t),z € (0,L) (1.1)
subject to
u(0,t) = u(L,t) = 0 and u(z,0) = f(x) (1.2)
The solution of the homogeneous PDE leads to the eigenfunctions

¢n(x) = sin %x,n =1,2,3,... and eigenvalues A\, = (%)Z,n =1,2,3,..

The eigenfunctions depend on the boundary conditions and the PDE. Having the eigenfunctions,

we expand the source term

- fo (z,1) ¢n )
= n(t)on(z), where q,(t) =
;q () n(z) qn(t) [
Let -
t) = Zun(w(bn(x) (1'3)
n=1
Then

f(@) = u(w,0) =Y un(0)¢n()
n=1

Since f(x) is known, we have
fo z)dw

I ¢%

Differentiate u(x,t) in terms of ¢ once and = twice and then substitute in the given PDE, we get

Zun/(t)¢n($) = Z( kAn) )+ Z qn(t)Pn(z
n=1 n=1

This implies that
Up!/ (L) + kXp)un(t) = gn(t).

Using the method of variation of parameters, we have

t
Un (t) = un(0)eHt + / g () AR (1.5)
0

Thus, by substitute equations (1.5) and (1.4) in an equation (1.3) we summarize the solution of
BVP (1.1) subject to (1.2).



Chapter 2

Green’s Function for Ordinary

Differential Equations

2.1 Linear Boundary Value Problems

Definition 2.1.1. A differential equation subject to boundary conditions is called boundary value

problem . The second order linear differential equation

q1(2)yr + q2(x)y! + g3(x)y = f(z) (2.1)

on the interval I = [a,b] subject to boundary conditions

11(y) = aoy(a) + a1y (a) + boy(b) + b1y (b) =

, , A (2.2)
l2(y) = coy(a) + cry (a) + doy(b) + dry (b) = B

where a;, b;,¢;,di, A#0and B #0, i =0,1 are arbitrary constants, is called nonhomogeneous
boundary value problem. An associated homogeneous differential equation of (2.1) subject to

boundary conditions

l(y) = aoy(a) + a1y () + boy(b) + b1y (b) =0 (2.3)
0

coy(a) + c1y (a) + doy(b) + d1y (b) =

o~

[\

—~

<

~—
I

18 called homogeneous boundary value problem.

Theorem 2.1.1. Let y1(x) and y2(z) be any two linearly independent solutions of the associated

homogeneous of DE (2.1). Then the homogeneous boundary value problem

q(@)y + )y + gs3(z)y =0
subject to boundary conditions l1(y) = 0,l2(y) = 0 has only the trivial solution if and only if

Lhy1) h(y2)

la(y1) la(y2) 70




Proof. Since y1(z) and y2(x) are linearly independent solutions of

a1 (2)y + q(@)y + g(x)y =0,

its general solution can be written as

y(r) = ayi(x) + Bya(z)

Hence
y(z) = ay1(z) + Bya(z)

is the solution of

@ (@)Y + q@@)y +g(x)y=0

subject to {1 (y) = 0,l2(y) = 0 if and only if
hayi(z) + Bya2(x)) = ali(y1(x)) + Bl (y2(z)) =0

lo(ay1(x) + Bya()) = ala(y1(x)) + Bla(yz2(z)) =0

Thus, this system has trivial solution if and only if

Theorem 2.1.2. The nonhomogeneous boundary value problem

q1(@)yr + q2(x)y! + g3(x)y = f(z)

subject to boundary conditions

has a unique solution if and only if the homogeneous boundary value problem

a1 (z)y! + qa(x)y! + q3(x)y =0

subject to boundary conditions

has only the trivial solution.

Proof. Let y1(z) and y2(x) be linearly independent solutions of qi(z)y/ + q2(z)y’ + q3(z)y = 0
and w(x) be a particular solution of g1 (x)y/” + go(x)y! + q3(x)y = f(x). Then y(z) = ayi(x) +
Bya(z) + w(x) is the general solution of qi(z)y! + q2(z)y’ + g3(x)y = f(x).



However, y(z) is a solution of problem g1 (x)y/’+qa(z)y/+qs(x)y = f(z) with l1(y) = A, l2(y) = B
if and only if

L(y) = li(ayr + By2 + w(x)) = adi(y1) + Bl(y2) + hi(w) = A

la(y) = l2(ayr + By2 + w(z)) = ada(y1) + Bla(y2) + l2(w) = B

This system has a unique solution if and only if

Applying theorem (2.1.1), A # 0 implies that the problem

q(z)y! + q2(x)y! + q3(x)y = 0

subject to boundary conditions /1 (y) = 0,l2(y) = 0 has only trivial solution. O

Corollary 2.1.1. The boundary value problem y!t = f(x) subject to boundary conditions
h(y) = aoy(a) + ary (a) =0
lo(y) = doy(b) + diy (b) = 0

has a unique solution if and only if A = agdy(b — a) + apd1 — a1dy # 0

Proof. Associated homogeneous of DE y” = f (x) is y" = 0. The general solution of the given
homogeneous equation can be written as y(x) = 1 + B2z, where B and [y are arbitrary
constants.

= y1(r) = 1 and yo(x) = z. And

Ly (2)) = aoyi(a) + a1y, (a) = ag
L(ya(2)) = agya(a) + arys(a) = aga + ar
la(y1(x)) = doy1 (b) + day, (b) = do
la(y2()) = doya(b) + d1yy(b) = bdo + da

ag apa + ay
do bdy+ dy

A= = (ao)(bdo + d1) — (do)(aoa + al) = aodo(b — a) + agdi1 — aydy

Since W (y1,y2) # 0, yrand yy are linearly independent solutions of the given DE. Applying
theorem (2.1.1), 3" = 0 subject to boundary conditions

11 (y) = aoy(a) + a1y (a) = 0

Ia(y) = doy(b) + dry (b)) = 0

has trivial solution if and only if apdo(b — a) + apd; — a1dy # 0.



Therefore, by theorem (2.1.2), the boundary value problem 3y = f(z) subject to boundary

conditions
l(y) = agy(a) + a1y (a) = 0
la(y) = doy(b) + dvy (b) = 0
has a unique solution if and only if A = agdy(b — a) + apdy — a1dy # 0 d

Theorem 2.1.3. Let y1(x) and y2(x) be the solutions of the boundary value problems

q(z)y! + q2(x)y! + q3(x)y = 0

subject to

Ly)=A

lo(y) = B
and

q1(z)y! + g2(x)y! + q3(2)y = f(z)

subject to

Liy)=0

la(y) =0

respectively. Then yi(x) + y2(x) is a solution of the boundary value problem

q(2)y! + q2(2)y! + q3(x)y = f(z)

subject to

Proof. Since y;(x) is the solution of

q1(x)y! + g2(x)y! + g3(x)y = 0

subject to
Lhy)=A
lb(y) =B
we have
q1(z)y1/! + q2(2)y1! + g3(x)yr = 0
subject to

l1(y1) = aoy1(a) + aryy (a) + boy1 (b) + biyy (b) = A

la(y1) = coyi(a) + cryy(a) + doyi (b) + diy, (b) = B



and since ya () is the solution of

a1 (z)y!" + q2(2)y! + q3(z)y = f(v)

subject to
li(y)=0
la(y) =0
we have
qu(@)y2! + q2(x)y2! + g3(x)y2 = f(x)
subject to

11(y2) = aoyz(a) + arys(a) + boyz(b) + biya(b) = 0
Ia(y2) = coya(a) + c1ya(a) + doya(b) + diya(b) = 0

Now suppose y(z) = y1(z) + y2(z). Then

q1(z)y! + g2(x)y! + g3(2)y = [q1(x)y1 /! + ga(z)y1/ + g3(z)y1] + [q1(2)y2! + g2(2)y2! + g3(2)y2]

This implies that
q1(z)y!" + q2(x)y! + q3(z)y = f(v)

From boundary conditions, we get
h(y) = h(yr + 1) = ao(yr + y2)(a) + ar(y; + y2) (@) + bo(yr + y2)(b) + ba(y; + 1) (b)
And
la(y) = la(y1 + 1) = co(yn +y2)(a) + 1 (¥ + y2)(a) + do(y1 + y2)(b) + da(yy + 1) (D)
= lQ(y) =B
Therefore, y(x) = y1(x) + y2(x) is a solution of the boundary value problem
@ (@)y! + qa(2)y! + g3(x)y = f(x)

subject to



2.2 Green’s Function for Second Order Linear ODEs

Definition 2.2.1. A Green’s function for boundary value problem

a1 (@)y! + q2(2)y! + g3(x)y = 0
subject to
li(y) =0,12(y) =0
is a function G(x,() for (x,() € [a,b] X [a,b] such that G(x,() satisfy the following properties:
1. G(z,() is continuous on [a,b] X [a,b].

2. %?O s continuous in each of the triangles a < x < <b and a < < x <b. Moreover,
GO _ 9GO 1

ox ox q1(¢) "

3. For any ¢ € [a,b], G(x,() is a solution of associated homogeneous of equation (2.1) in each

of the intervals [a,() and (¢, b].
4. For any ¢ € [a,b], G(x,() satisfies the boundary condition l1(y) = 0 and l2(y) = 0.

Theorem 2.2.1. Let the associated homogeneous boundary value problem

q1(z)y! + q2(x)y’ + q3(x)y =0

subject to

has only the trivial solution. Then

1. there exist a unique Green’s function G(x,() of the associated homogeneous of boundary

value problem
a1 (@)y! + q2(2)y! + g3(x)y = f(x)
with
li(y) =0,l2(y) =0

b T b
va) = [ G010 = [ 605+ [ 6 e
1s the unique solution of the nonhomogeneous boundary value problem
a1(@)y! + q2(2)y! + g3(x)y = f(2)

subject to
li(y) = 0,l2(y) = 0



Proof. 1. Let y1(x) and ya(z) be two linearly independent solutions of the associated homoge-
neous of the equation (2.1). From property (3) there exist a functions A1(¢), A2(¢), #1(¢) and
p2(C) such that

G(a? C) _ yl(-T))\l(C) + y2($))\2(<)7 a<z< C
| y1(2)pa(€) + ya(@)p2(¢), ¢ <z <b.

From property (1) and (2), we get
y1(OAL(Q) + w2(O)A2(C) = y1(Qpa(C) + y2(C)p2(C)

yWQmo+wmm@wmmmM©+W“MM”:mb

Now suppose v1(¢) = u1(¢) — A1(¢) and v2(¢) = p2(¢) — A2(¢). Then the above two equations

becomes

y1(Q)v1(¢) + y2(Qva(¢) =0

yMOmKHﬂﬂOWKHZQ&)

The Wronskian W (y1,y2) # 0 because of y; and y9 are the linearly independent solutions for all
¢ € [a,b]. Hence, the above equations uniquely determine v1(¢) and v1(¢). Since v1(¢) +A1(¢) =
p1(¢) and va(C) + A2(¢) = p2(¢), the Green’s function G(x, () can be written as

Gl () = y1(2)A1(C) + y2(x) A2(C), a<z<(
’ Y1 (2)A1(0) + 12(2)Aa(C) + 11 (@)01(C) + pa(@)1a(C), ¢ <z <b.

Finally, from the property (4), we get
1 (y1) A (€) + 1 (y2)A2(€) = —bo(y1(b)v1(C) + y2(b)v2(C)) — br(y1/(b)vi(C) + y2/(b)v2(C))

la(y1)A1(C) + la(y2)A2(C) = —do(y1(b)v1(C) + y2(b)v2(C)) — di(y1/(b)v1(C) + Yo/ (b)v2(C))

Thus, the above linear system of equation uniquely determines A;(¢) and A2(() since the asso-

ciated homogeneous of equation (2.1) subject to

has only the trivial solution. From the above construction we have the existence of the Green’s

function G(z, () and since the associated homogeneous of an equation (2.1) subject to

has only the trivial solution the constructed Green’s function G(z,() is unique.

10



b x b
- / G, Q) F(O)dC = / G, O)F(O)dC + / G, Q) F(C)dC

since G(z, () is differentiable in each of the intervals, we get
yl(z) = G(x,x)f(m)—i—/ Gz(z,0)f(¢)d¢ — G(z, x) / Gz(z,Q)f
T b
— [ @05+ [ Gala )01

b
_ / G, ) F(C)dC
0G(z,()

Again since =5 is continuous function on an interval (z,() in the triangles a < ¢ <2z <b

and a < x < ¢ < b, for any point (s, s) on the diagonal of the square(that is © = ¢ ) we have the

relations 50 50
%(8,8_) = %(S—"—?S)
oG oG
8713(8’S+> 83:( 73)
y(z) = Gz, 27) f(z) + /I Gox(2,0) f(Q)d¢ — Gy(w,z™ / Gaz(z, Q) f

using the above relations, we obtain

b
yi(x) = [Golat, ) — Gl 2)] f(x) + / G (2, ) F(C)dC

Because of Gy(27,7) — Gu(z™,x) = —

Therefore,

b
a1 (z)y!(z) + g2(2)y/(x) + g3(2)y = f(z) + / [01(2) Gz (2, ¢) + q2(2) G (2, ¢) + q3(2) G (2, C)]
@ (x)y(x) + qo()y!(z) + g3(x)y = f(z)
From boundary conditions, we have
b
:/G(a,g)f )d¢ and yi(a /G (a, Q) f(O)dC,

and . .
y(b) = / G(b,O)F(C)dC and yi(b) = / G, Q) F(O)dC
This implies that

b
h(y) = / L(G(z, O)F(C)dC =0

11



b
) = [ 4G 0) () =0
Therefore, the proof is completed.
Example 2.2.1. Find the Green’s function G(x,() for the periodic BVP

yl +k*y =0,k >0

subject to

Solution 1.

y1(x) = coskx and yo(x) = sinkx
are linearly independent solutions of
yit +k*y =0,k >0

however,
yl +k*y =0,k >0

subject to

has trivial solution if and only if

2

k
A :4ksin2?w #0,w e (0,75).

From continuity and jump discontinuity property, we have
v1(¢) cos k¢ + va(¢) sink( =0

—kv1(¢) sin k¢ + kva(¢) sink¢ =1

implies that
1.
v1(¢) = ~ sin kC

02(Q) = 7 coskC

and from boundary conditions

M (O)(1 = cos kw) — A (C) sin kw — Smk(;"_o
A1(Q) sinkw + A1 (¢)(1 — cos kw) = COSk(kw_C)

12



This implies

MO = o ok 3)
Xo(€) = o sink(C — )

2

Therefore, the required Green’s function is

L cosk(z—(+%), 0<a<(

o kw
ksmT

1
ksm%wcosk(C—a:—l—%), ( <z <w.

G(‘TvC) =

Formula for Finding Green’s Function
Consider a linear second order differential operator
Ly(z) = qi(z)y" + @2(2)y! + g3(x)y = f(z), on I = [a, ]

where ¢1(x), g2(x), g3(x) are continuous on an interval I = [a, b], ¢1(x) # 0 and f is bounded on

[a,b]. Now we need to construct the Green’s function for boundary value problem

Ly(z) = qu(z)y!" + qa(x)y! + q3(x)y = f(x),

take the fact that whenever = # (, LG(x,() = 0. Suppose that y;(x) and yo(x) are two linearly

independent solutions of the homogeneous DE

Ly(z) = qi(z)y + g2(x)y! + g3(z)y = 0,

on an interval [a, b]. For both > ¢ and = < ¢ we can express Green’s function G(z, () in terms

of solutions of the problem

Ly(x) = q(2)y! + q2(x)y! + g3(x)y = 0.

Define y;(a) = 0 and y2(b) = 0. i.e each of y; (z) and y2(x) obeys one of the homogeneous bound-
ary conditions. On an interval [a, () the Green’s function obeys LG(x,() = 0 and G(a,() = 0.
However, any homogeneous solution to Ly = 0 obeying y(a) = 0 must be direct proportional to

y1(z) and we have

G(:L', C) = A(C)yl(x)7 forz e [av C)

where A(() is a constant of proportionality which is independent of x. Again, on an interval
(¢,b] the Green’s function obeys LG(z,() = 0 and G(b,{) = 0. However, any homogeneous
solution to Ly = 0 obeying y(b) = 0 must be direct proportional to y2(z) and we have

G(x7C) = B(C)yg(l'), Jorz e (C? b]

where B(() is a constant of proportionality which is independent of z. Our construction gives

us families of Green’s function for all x € [a,b] — ¢ in terms of the functions A(¢) and B(().
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Hence we must determine how these two solutions are to be joined together at © = (. Suppose
that G(z, () was discontinuous at x = ¢, with the discontinuity modelled by step function. Then
B%G(x,C) x 6(x — (), and %G(x,() x §/(z — ¢). But the problem

LG(2,¢) = 8(z — ¢)

shows that LG(z, () not involves generalized functions above é(x — (), and in particular it can
not contains the derivatives of J- function. Therefore, G(z, () is continuous on an interval [a, b],

and in particular x = (. Now, from problem
LG(x,¢) = 6(x — ()

we get

(e

(e 2
| 055600 + ale) 5 6.0 + @Gl Olde = [ 8= da

—€

C+e 2

= e [QI(x)@G(x7 C) + QQ(x)aaxG(x7 C) + Q3($)G((B7 C)]d.ﬁC =1

From our assumption all coefficient functions i.e ¢1(x), g2(x), g3(z) are bounded and since G(z, ¢)
is continuous, the CC_JFEE ¢3(z)G(x, ()dx is zero as we make the integration region infinitesimally
thin. Also, since G(z, () is continuous, %G (x,¢) must be bounded. So the middle term can not

contribute as the integration region shrinks to zero. Finally, we have

[t 9PG(,Q)
YL

dr=1
Using integration by part, we get

0G0, 0G0, 1
T T S )

And since G(z, () is continuous we have

9G(x,Q), _ 9G(2,Q)
Top e T Ty =

we get the system of linear equation

A(Q)y1(€) = B(Qy=2(¢)

AQIC) = BOwAQ) = —
By applying Cramer’s rule, we get
A y2(¢)
= Gow©

14



where

W(x) = yiya! — yay1/

is Wronskian of y; and ys. Therefore, we got the solution G(z,() of LG = §(x — () satisfying
G(a,() = G(b,¢) = 0 which is given by

y2(2)y1

y1(m)y2(4) a<xr< C
G(r,0) = {qm(owg =S
a1 (OW(C)’

To verify the uniqueness of the Green’s function G(x, (), suppose that there is two Green’s
function G(z, () and Ga(z, ()

b b b
[1616.0) = Galo. Q15Qc = [ 610050 = [ Galir ()

b
/ (G1(,€) — Galer, O () = f(x) — f(x)

-/ '[Ga(a:¢) — G, OIF(Q)dC = 0
= Gi(,) — Gal,€) = 0, () £ 0
= Gi(#,¢) = Gal(a, )
Define Green’s function G(z, ¢) of a linear operator L to be the unique solution to the problem

LG(x,) = 6(x — )

which satisfies homogeneous boundary conditions G(a,() =0 and G(b,¢) = 0.
Given the solution of DE
LG(z,¢) =6(z— ()

G(z,(), we can solve the more general problem

with
Li(y) =0and la(y) =0

for arbitrary forcing term f(z) such that

b
o) = [ G 0r0c
To verify y(x) is the solution of the given DE, compute

LG(x,¢) = 0(z = ()

15



by multiplying both sides by f(¢) and integrate in terms of d(, we have

b b
/ FOLG(x, ¢)de = / F(O)d(x — Q)

Since the Green’s function is the only function that depends on z, we can interchange differential

operator L. and integral sign, hence we get

b b
L] / FOG.0dc = [ Q)8 — ¢)d¢
)

Lly(z)] = f(=

Hence, The solution of nonhomogeneous equation Ly = f(x) is written as

b
/ G, O)F(Q)dC

2.3 Green’s Functions for Initial Value Problems

The initial value problem is also solved by using Green’s function. Suppose that the independent

variable is x and the function y(x) : [x,00) — R that satisfies the differential equation

subject to the initial condition y(xg) = 0 and y/(xg) = 0. Then we want to find G(x, () such
that LG(z,() = 0(xz — () for each (, the Green’s function G(z, () will solve the homogeneous
equation LG(z, () = 0 whenever x # (. On an interval xy < & < ¢ construct G(z, () as a general

solution of the homogeneous equation, so that
G(z,¢) = Ay1(z) + Bya(w)

where y;(x) and ya(z) are linearly independent homogeneous solutions. Now by applying initial
condition, we get
Ayl({L‘o) + Byg(xo) =0

Ayll(azo) + By2/(330) =0

Since yi(x) and y2(x) are linearly independent, the Wronskian W (y;,y2) is different from zero.

Therefore, the only way to impose both initial conditions is to set A = B = 0.
= G(z,() =0, for z €a,()

For z > (, construct the Green’s function as a general solution of the homogeneous equation
Ly =0, so that
G(z,() = Cy1(x) + Dya(x)

16



Applying the continuity condition and jump discontinuity at = = {. Since G(z,() = 0 for = < (
we get
Cy1(Q) + Dy2(¢) =0

Cyrt(C) + Dy (¢) = qio

By applying Cramer’s rule, we obtain C' = #V(l/i)g“) and D = o (ygl)(WO(()'

Hence
0, <

G(z,¢) =
G (@) + oiign@, >

By using the Green’s function we solve the nonhomogeneous problem

as

- [ 6o
- [ cwos@u

because of the fact that G(z, ) vanishes for > x. This equation show that the solution satisfies
a causality condition i.e the value of y at independent variable = depends only on the behaviour

of the forcing term for earlier times ¢ € [xo, z].

Theorem 2.3.1. The first order nonhomogeneous differential equations

y/ +p(x)y = f()

subject to initial value condition

y(a) =0, for x>a

- [ G050

where G(z,¢) satisfies the equation LG(x,¢) = 6(x — ¢) for > a, G(a,¢) = 0 and the Green’s
function G(x,() = H(x — C)eff P(z)dz

has the solution

Proof. Given an equation
G(z,¢) =d(z - ()

multiplying both sides by f({) and integrate in terms of d(, we have

/aLG(xg dC/ (z — O)f(Q)d¢

Since the Green’s function G(z,() is the only function depend on z, we can interchange linear

17



operator L and the integral sign. That is

L[ 6w 0s@d) = [ - Qs

= Ly(z) = f(z)

The integral also satisfies the initial condition

) = [ "G, O F(O)de

o) = [ " 0, Q) f(O)dc = 0

To determine the Green’s function G(z, (), for x # ¢ we use a homogeneous solution of a given
differential equation. However, at x = { we expect some singular behaviour 0,G(z, () a dirac
delta function type singularity. That is 9,G(z, () will have a jump discontinuity at z = (. We

integrate the given differential equation on the interval (a, () to determine this jump.

<+

G(CH¢) — G(¢,0) + / P(2)Gl(,¢) = 1

G0 -G, =1

The homogeneous solution of the differential equation is y, = e~ /P4 Since the Green’s func-
tion satisfies the homogeneous equation for x # (, it will be a constant times this homogeneous

solution for x < ¢ and x > ¢

cre~ IP@dr g g < ¢

G(.%', C) -

coe~ IP@)dz g C.

In order to satisfies the initial condition G(a,() = 0, the Green’s function must vanish on an
interval (a, ()

=G, =1

This determines the constant in the homogeneous solution ¢; = 0 and ¢o = 1. Therefore,

Gl () = 0, a<zx<(

e~ Ip@de o e

G(x,¢) = H(z — (e~ /P@d

18



2.4 Higher Order Linear Ordinary Differential Operators

In section (2.2) we have constructed Green’s function for linear ordinary differential equations
of order two. So, we can extend the technique (or definition) in section (2.2) to higher order
linear order ordinary differential equations. The following instance illustrates the appropriate

adjustments for the case of higher order ODEs when n = 3.

Example 2.4.1. Take third order ODE

ym = f(x)

subject to boundary condition
y(0) = y1(0) = yn(1) =0

To construct Green’s function G(x,(),0 < x < 1,0 < ( < 1, for the given boundary value

problem:

Applying integration by part, we have

1 1
/ Gymdx = (Gyi — Gyl + Gmy)hl) — / Grraydr
0 0

To obtain the solution of the above problem as

1
mo:AG@@ﬂmm

put
(Gy// — Gyl + Gxacy)|(1) =0, =Gz = (5(1’ B C)

and G, G, are continuous 0 <z < 1,0 < ( < 1. From boundary condition
—G(0,0)y1(0) — Gx(1, )y (1) + Guz(1,y(1) =0

Hence, take G(0,() = G4(1,() = Guz(1,) = 0, and therefore (Gytt — Gyl + Guzy)|y = 0
satisfied. Thus, the Green’s function G(x,()

G1<$,C), x<<
Gg(m,(), T > C

G(.’L‘,C) =

has the following properties:
1. 66—;3(31 =0 forx < and ;—;Gg =0 for x > ( and also G, G, are continuous at x = (
2. G1(0,¢) = £Ga(1,() = £5G2(1,¢) =0

3. The second derivative of G with respect to x has a jump discontinuity of magnitude —1 at

r=¢
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From

G(x C): Gl(x,C), x<<
’ Go(2,¢), = >C.

we have
a1 + asx + asz?, <
G(r,() = ;
B1 + Bax + B3z, x> (.

From properties (1) and (3), we have
(B1—aa) + (B2 —a2)( + (B3 — 043)C2 =0

(B2 —a2) +2(B3 —a3)( =0
2(B3 —az) = —1
Solving these system of linear equation for B; — o, j =1,2,3, we obtain

2

1 _
ﬁ3—03=—§,52—042=CCmdﬂl—m:T

From property (2),

2
G1(0,¢) = 0 implies that oy = 0,and thus f; = TC;

0 0?
—G9(1,¢) =0 and @Gg(l, ¢) =0 imply P2 + 2P3 = 0,andf3 = 0 respectively.

1
B2 =0,02 = —( andagzi

1
_5427 $>C

Hence the solution of the above boundary value problem becomes

1
y(C) = /0 f(2)G(z, )dz

¢ 1
_ / (@) (x, O)da + / F(2)Ga(x, O)da
0 ¢

¢ 1 ! 1
— [ 1@ gat getdn+ [ fa) (-5
0 2 ¢ 2
Generally consider n'* order ordinary differential equation

4 (2)y" () + gn-1(2)y" (@) + . + @1 (2)y (2) + qo(2)y(x) = f(2)

with n > 2, ¢,(x), ¢n—1(x),...,qo(x) are continuous on an interval [0,1] and g,(z) # 0 with
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n boundary conditions. Then to construct the Green’s function G(z,() for the given linear

boundary value problem: Using integration by part

1 1
/0 GLydr = /0 Glgn(@)y™(x) + guor(@)y" (@) + oo+ @1 (@)y (@) + qo(2)y())dz

gives

1 1
/ GLydx = p(y,G)|$ + / yL*Gdx
0 0

where L*G is adjoint differential operator of G with respect to x, That is

* o ndn n—1 dnil d
LG = ()" 2 (aG) + (=1)"—25(@26) + . 4+ (-1) 7 (an-1G) + anG
and
d o dnfl
(Y, G) = ylan-1G = 7 (402G) + . + (1" 27 (@G)] +

n—2

d ,d o
Ygn—2G — —(gn—3G) + ... + (=1)" 2 (1G)] +...+ y( 1)(qu)

dx xn—2

By using p(u, G)|§ = 0, where p(u,G)|} is a function of u and G and the given boundary

conditions on y we can find the boundary condition on G, B(G).

Thus, the Green’s function
Gi(z,¢), z=<(
Ga(z,(), = >,
has the following properties:

1. L*G1 =0 and L*Gy = 0, and G, B%G’ e %G are continuous on 0 <z <1,0< (<1

in particular, the derivatives of G; and G2 join up smoothly along x = ¢
2. G satisfies the boundary condition B(G)

3. aa;Till G has jump discontinuity at z = ¢ with magnitude (q_1 %2;

Furthermore, the general solution of the nonhomogeneous differential equation

satisfying the homogeneous boundary conditions y(a) = 0 and y(b) = 0 is given by

b
@)= [ 6. 01(0c
where G(z, () satisfies
LG(x,¢) = 0(z = ()

subject to boundary conditions G(a,() = G(b,{) = 0, and both G(z,() and its first n — 2

derivatives are continuous at z = (. Moreover

anflG(x,CN _ 3n71G(9E’C)| 1
Ozn—1 z=(* Oxrn—1 r=¢~ = an(0)
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To verify, given an equation

LG(x,¢) = d(x = ()

Multiply both sides by f(¢) and integrate both sides in terms of d(, we obtain

b b
/ LGz, Q) f(C) = / 5@ — O)F(0)

Since Green’s function G(x,()f(¢) is the only function depend on z, we can interchange the

integral sign and differential operator L.

b b
] / G, O f()] = / 5z — OF(0)

by applying property of J-function, we get

Since the boundary conditions

G(a7 C) - G(bv C) =0

we obtain )
y(a) = / G(a,O)F(C)dC = 0

and

b
y(v) = / G(b, Q) F(C)d¢ =0

2.5 Sturm-Liouville Problems
Consider the Sturm-Liouville Problem
Lyy(x) = (p(@)y) + g(x)y + Ay =0,a <z <b

subject to boundary conditions

where
li(y) = airy(a) + ay/(a) + biry(b) + by/(b)

and p(z) € C(a,b), p(x) > 0,z € [a,b]. A Green’s function for Sturm-Liouville Problem
Lyy(z) = (p(x)yn) + g(x)y + Ay = 0,a <2 < b

is a function G(z,(, A) for (z,¢) € [a,b] X [a, b] such that the following properties are holds:
1. G(z,(, A)is continuous on an interval [a,b] X [a, b]

2. % is continuous on an interval [a, () x (¢, b].
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Moreover’ 8G(%Za(7)‘) _ 8G(Ca;,<,)\) — %

3. For all ¢ € [a,b], G(z,(, \) solves LxG(x,(,A\) =0,z # ¢
4. For all ¢ € [a,b],l;(G(z,(,\)) =0

Theorem 2.5.1. Suppose X is not an eigenvalue of Sturm-Liouville Problem
Lyy(z) = (p(x)yn) + g(x)y + Ay = 0,a <2 < b

subject to boundary condition

Then BV Py has a unique Green’s function G(x,(, \) and it’s symmetric.

Proof. We provided the proof by constructing Green’s function.
1. consider
Lyy(z) = (p(x)y!) + g(x)y + Ay = 0,a <2 <b

subject to boundary condition
li(y) = ary(a) + azy/(a) =0

l2(y) = b1y(b) + bay!(b) = 0.

Select u; such that Ly(u;) = 0 and [;(u;) = 0. The solutions u; and uz must be linearly
independent. so suppose z = cju; + coug. Then [1(2) = cali(ug) and la(z) = cila(uy). If
l1(ug) = 0, then uy becomes an eigenfunction, but A is not an eigenvalue. This implies that

¢z = 0. In the same fashion ¢; = 0. Take the Green’s function G(z,(, \) as

From continuity condition and jump discontinuity, we have

1

Aup(¢) = Bug(¢) and Bug/(¢) — Aupr(¢) = 0

by using substitution, we get
A u ()
P(OW (ur, u2)(C)

u1(C)
p(OW (u1,u2)(C)

Hence,
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To verify G(z,(, \) is symmetric, we apply

W (ur, u2)(C) = W(zo)e ™ J=o 550 % = W (o)

which is known as Abel’s formula. This implies that

W (u1, u2)(C)p(¢) = W (zo)p(x0)

Hence
W (u1,u2)({)p(¢) = constant

Therefore

Gz, ¢, A) = GGz, A)

Example 2.5.1. Construct the Green’s function for
y=0,0<z <1

subject to

Ly = Lo and A = 0 is not an eigenvalue. Take u;(x) =z and ug(x) =z — 1.
W(ul, UQ) =1

and since p(z) = 1,p(¢) = 1.

Therefore, the required Green’s function is

Assume uq(z) and wug(x) are linearly independent solution of Ly = 0. we seek the Green’s

function
0, a<wz<(

Auq(z) + Bug(z), ¢ <ux.

G(l’, ¢, )‘) =

From continuity and jump condition, we have

Auq(¢) + Bua(¢) =0
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p(¢)
using Cramer’s rule, we got
A —u2(¢)
p(OW (u1(¢), u2(¢))
B— u1(C)
p(OW (u1(€), u2(C))
Hence,
0, a<z<(
Gl G A) = —uz(Q) ()
PO (@) 4 (@) + 5w @y v2(@), (<

Let u¢(x) be the solution of

1

Ly(u¢(x)) = 0,uc(¢) = 0 and uc/(() = ra)

Thus, the Green’s function for the initial value problem satisfies
G(z,¢) = H(z — QJux(x)

where H(x — () is Heaviside function. Such a Green’s function is often referred to as the causal
fundamental solution. For more general boundary conditions, we might seek Green’s function
G(x,() as

G(x,¢) = H(x — Q)u¢ + Auq(x) + Bua(x)

where u(z) and uz(x) are linearly independent solutions of Ly = 0.
Example 2.5.2. Find the Green’s function for

wl=0,0<x <1

subject to
u(0) +u(1) =0 and w(0) +w(l) =0

From above theorem, we seek
G(z,¢) = H(z — Qu¢(x) + Aui(z) + Bug(z) = E(z,() + Az + B

where
UC//:O,$>C>O

ue(Ch) =0,uc(¢F) = 1.

Then
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and

h(G)=(E0,{)+B)+ (E(0,{)+A+B)=2B+A+(14+¢) =0
L(G)=0+A4)+(1+A)=24+1=0

This implies that

-1 ¢
p— B—_-.°&
5 and 1 +2
Therefore,
1 1, ¢
5T — 7+ 3, 0<z<
G.= 2 1T ‘
(z-Q—1+5-2 =z<(<1

Take the nonhomogeneous boundary value problem

Lyy(z) = (p(x)ynN! + g(x)y + Ay = f(x),a <z <b

subject to boundary condition

where

li(y) = any(a) + aiy/(a) + bay(b) + bizy/(b)
and p(z) € C'(a,b), p(z) > 0,z € [a,b]. Given any two functions u and v, we have Lagrange
identity

vLy(u) —uLy(v) = dP((;;’U)

where P(u,v) = p(z)(u/v — v/u). And by integrating both sides, we got

b
/wmwwwm@nzmwwﬁz

which is called Green’s formula. Let G(z, () be Green’s function for the homogeneous boundary

value problem. From Lagrange’s identity, for « # (,we have

GIAW) ~ yIA(G) = - (@) (WG — Cy)

implies that
and

Therefore,

b
/cuxwm:mmw@—ewm—mmwe—@wﬁ
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Suppose l; and ly are boundary conditions with the property if u,v satisfy [j(u) = 0 and
la(v) = 0, then

p(@)(yG — Gry)[o =0
Let us refers to such boundary conditions as regular boundary conditions. Assume the boundary

conditions are regular and /;(y) = 0 and l3(y) = 0. Then

b
/ GL(y)dz = —p(x)(yG — Gry)|¢"

IG(CH, Q) IG(CH, <)
ox ox

= p(z)( y(<)

L(y) =0,
subject to boundary condition

li(y1) =0

la(y2) =0

and X\ be not an eigenvalue of BV Py subject to boundary condition
l1(y) = ary(a) + azy/(a)

la(y) = biy(b) + bay/(b).

Then

b
) = (@) + (o) + [ Gl Q@

s the unique solution of nonhomogeneous boundary value problem
Lyy(z) = f(x),a <z <b
subject to boundary condition
hiy) =m
l2(y) =72

Proof. Since y; and yo are different from zero, we have l1(y2) # 0 and l3(y1) # 0. And also since
[1(G) = 12(G) = 0, we obtain

hy) = ZIZ;2>Z1(y2) =m

and

lo(y) = lQZjl)lQ(yl) =
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To verify the nonhomogeneous differential equation is satisfied, consider

b
u(x) = / G, O)F(Q)dC

= b
:/ G(x,c)f(g)dg+/ G(z, () f()d¢

x~ b
s ue)= [ 2 s a0+ [ 2 e - et o)

T x b x
- [ 2+ [

Differentiating u(x) twice, we get

x” b
wi@) = [ Gaalw SO+ Gal¢ OFC) + [ | G, OF (O = Glc*C)F(CT)

Note that
0G(z,z7)  OG(aT,x)
Ox N Ox
0G(z~,x)  OG(x,z™)
ox - ox
To verify it
0G(z,x~) .. 0G(z,r—€)
ox N 15% ox
i Tim G(x + h,z —e€) — G(z,x — ¢€)
e—0 h—0 h

The partial exist since the open region z > ( away from the diagonal x = ( where only one
sided derivatives exist. Moreover, since G is smooth for every = > (, we can interchange the

order of limits, we get

OG(z,x7) Gz +h,x—¢€) —G(z,z —¢)

ox B E£%1+ hli%l‘*' h
~ i lim Gz +h,x—¢€) —G(x,z—¢)
h—0+ e—0+ h
— lim G(z + h,x) — G(z,x)
h—0+ h
0G(z,x~)  OG(zt,x)
Ox B Ox

Hence

b
() = / G (2, ) F(Q)C + [Gala™ 2) — Gl 2)] ()

1

p(x) (@)

b
- / G, O) F(O)C +
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By substitute in the given equation, we have

b
za@»=/fmmamm¢>+wuxau@»+mw0@£7+Mﬂ%0”“wg+p%zyg

b
_ / LrG(, Q) ()G, C) + f(=)

subject to boundary condition

has a solution if and only if
b
/ f(z)v(z)dz = 0.

Proof. Assume that u is the solution of the nonhomogeneous boundary problem Ly (y) = f(z).

Since u and v satisfy the homogeneous boundary conditions, we have

P(u,v) = p(z)(viu — umv)

/abvfda::/ab[O—vf]d:c

b
= / [uLx(v) —vLy(u)ldxr =0

From Green’s formula, we get

b
:>/ vfdr =0

On the other hand suppose ff vfdx = 0 and choose u to the initial value problem solve Ly (u) =

f(z) with the initial conditions

u(a) = v(a),uw(a) = v/(a).

Then I; (u) = 0 since I3 (v) = 0. Now we need to show la(u) = byu(b) + bau/(b) =0 O
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From Green’s formula, we have

b b
/ vfdr = / [uLy(v) — vLy(uw)]dz = p(z)[uvr — vus]|®
Since [3(u) = 0, \
[ vt = p)u(e)or(e) ~ ooyt
Because of f; vfdr =0, we get
= p(B)[u(B)vI(b) — v(byw (b)] = 0

Since b3 + b3 # 0, without loss of generality suppose by # 0. If by = 0, then bjv(b) = 0 implies
that v(b) = 0 and hence ly(u) = 0. If by # 0, then %v(b) = v/(b). Since v is a nontrivial
Ly(y) = 0,v(b) # 0 and v/(b) # 0. Implies that

v(b)u(b)

u(b) = o) and
bru(b) + bour(b) bl[w] + bout(b)
blu(b) + bgu/(b) = u/(b)(bl[ U(b) ] + bg) =0

v!(b)
Hence, l2(u) = 0.

Therefore, u is the solution of the above nonhomogeneous boundary value problem.

2.6 Modified Green’s Function

Theorem 2.6.1. (Fredholm Alternative)

For a nonhomogeneous boundary condition

with boundary conditions
y(0) — hoy/(0) = 0

y(1) = hy/(1) = 0
where hg and h1 are arbitrary constants, either of the following statement is holds:

1. y = 0 is the only homogeneous solution (i.e X = 0 is not an eigenvalue), in the case of

nonhomogeneous problem has a unique solution

2. There are nontrivial homogeneous solution p,(x)(i.e X = 0 is an eigenvalue), in which

cases the homogeneous problem has no solution or an infinite number of solutions.
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If the linear homogeneous differential equation has nontrivial solution that satisfies boundary
conditions, then a Green’s function for the differential equation with these boundary conditions

doesn’t exist. In these cases we find the generalized Green’s function (modified Green’s function).

Example 2.6.1. Take
yn+y = f(x), subject to y(0) = y(m) = 0.

y(x) = Prsinz + Pocosx is the general solution of homogeneous problem yit +y = 0. From
boundary condition y(0) = y(w) = 0 if and only if B2 = 0 which implies y(x) = P sinx, where ¢;
is arbitrary constant. Hence y(x) = sinx is a solution of y!+y = 0, subject to y(0) = y(7) = 0..
Thus, the Green’s function doesn’t exist. Define Green’s function G(z,(),0 <z <m,0<( <.
From properties (1) and (3), we obtain

aisinx + ascosr, x<(
G(z,() =

Brsinx 4+ Pacosx, x> (.

and

(B1 —aq)cos( — (B2 —ag)sin¢ =1
The property G satisfies the boundary conditions that u satisfies, which is,
G1(0,¢) = Go(m,¢) =0

implies that ae = 0 and P2 = 0. Hence ($1—aq) cos(—(Ba—az) sin ¢ = 1 implies (1 —aq) cos =
1, a contradiction since there is no constant (51 — 1) which make (61 — aq)cos( =1 for all ¢.

In this case we use the modified Green’s function H(x,(),0 <z < m,0 < ( <7 define as

Hi(z,(), z<(
Hg(x,g“), T > C

H(IL‘,C) =

such that H(x,() satisfies

1. H(z,C) is continuous on 0 < x < w,0 < ¢ < 7. In particular, at © = (, Ha(x,() —
Hy(z,¢) =0, and alsoHy(z,¢) and Hy(z,() satisfy

2

& H(@.0)+ H(z.0) = Culz)ul)

where u(x) is a solution of yi +y = 0 subject to y(0) = y(w) = 0 and C is arbitrary
constant.

2. H(z,() satisfies the boundary conditions of the given differential equation, that is

H2(7T7 <) = Hl(oaC) =0
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3. %H(w, ¢) has a jump of continuity of magnitude one at x = ( i.e

2 Ha(C,€) — - Ha(G,¢) = 1

4. H(z, () satisfies the condition

/W H(z,{)u(x)de =0
0

Hence, we will find a modified Green’s function H(x,() using the above four properties. From

(1)

2
22
The general solution of aa—;zH(x, Q)+ H(z,() =01is Hy = asinz + cosx and using the method

H(z,()+ H(x,() = Csinzsin(

of variation of parameter we obtain the particular solution of

2

@H(x,g) + H(z,() =sinzsin,

C
H, = 233 cos xsin (.

Thus,

C

apsinz + agcosw — S coswsing,  w < (

H(ZE,C): c

Bisinz + Bacosx — SFcoszsing, x> (.

From (1) and (3) we get
(b1 —aq)sin( + (B2 —az)cos( =0

(81— a1)cosC — (B2 — ag)sin¢ = 1

Since the Wronskian of y1 and yo is different from zero, the above linear system determines
(B1—aq) and (f2—a2). Using Cramer’s rule we obtain (f1—aq) = CosC and (B2 —ag) = —sin (.
From (2), H(0,¢) = 0 implies as = 0 and H(m,¢) = 0 implies B2 = SF sin¢ Hence

—sin( = @ sin ¢
2
This imply that C = =2. Now H(x,¢) become

aysinz + £ cosxsin x <
H(w.) - Foosesine ‘

(a1 +cos()sinz + (£ —1)coszsin(, x> (.

From property (4), we obtain
r x
/ [aq sinz + — cos x sin (] sin xdx +

0 T

T x

/ [(aq +cos()sinx + (— — 1) coszsin(|sinzdr =0
s
x
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This implies
(sin ¢ — 2sin® ¢ — 27 cos ¢ + 2 cos ¢ — sin 2¢ cos ()
27

Therefore, the required modified Green’s function is:

o] =

H(z. ) ajsinz + T coswsin(, x<(
z,¢) =
(1 +cos()sinz + (£ —1)cosasing, x> (.

where
(sin ¢ — 2sin3 ¢ — 27 cos ¢ + 2 cos ¢ — sin 2¢ cos ()

2

o] =

Furthermore, consider
Lu(z) = f(z),0 <z <

with homogeneous boundary condition. If A = 0 is not an eigenvalue, then we can find Green’s
function G(z, s) by solving
LG(z,s) =0(x — s)

Let A = 0 be an eigenvalue. Then there are nontrivial homogeneous solutions vy, that is
Lvh =0

and to have a solution for Lu(z) = f(x),0 < z < [, we must have

l
/ f(x)vpdx =0
0
Since 0(xz — s) is not orthogonal to u(z), in fact
!
/ vp(2)0(z — s)dx = vp(s) #0
0
hence we can not expect to get a solution for
LG(z,s) =0(z —s)
that is we cannot get G(z,s). To overcome the problem, introduce
0(x — s) + cop(x)

is orthogonal to vy, (z) if we select ¢ an appropriately, such that
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Introduce the new Green’s function as

A~

Gz, 5) = G(a, ) + Bon(2)n(s)
satisfies

L@x,s :(Szc—s—w
e 3 V2 (x)dx

The modified Green’s function is also symmetric. To solve
Lu(z) = f(z),0 <z <

using the modified Green’s function, we use Green’s theorem as v = G, such that
l A A
/ (uLG — GLu)dx =0
0

Since u and G satisfies the homogeneous boundary conditions

! (s ()
[ 5616 sy + o)

o Vi (z)dx

vp ()

Since l
Jo u(s)vn(s)ds

Olv%(a;)dx

vp(2)
is a multiple of the homogeneous solution, we get a particular solution for the nonhomogeneous

Lu(z) = f(z),0 <z <

!
u(a;):/o f(s)G(x, s)ds
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Chapter 3

Green’s Function for Partial

Differential Equations

3.1 Heat Equation

Consider one dimensional heat equation,

Ut = Ugg,x € (0,1),£>0
with boundary and initial conditions

u(z,0) = f(x),z € (0,1)

and
u(0,t) = u(1,t) =0.

From the separation of variable method we get the solution
[e.e]
2
u(x,t) = Zan sin(nrz)e” (")
n=1
where a,, are the Fourier coefficients of the expansion of f(x) in Fourier sine series such that

an =2 /1 f(x)sin(nmz)dx
0

[e.9]

! 2
= u(z,t) = Z 2[/0 f (@) sin(nmz)dz] sin(nrz)e” "™

n=1

1 00
= u(x,t) :/0 f(C)Z[2sin(n7rC) sin(nﬂx)e*("”)%]dc

n=1
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An expression
o0

2[2 sin(nm() Sin(nﬂ'x)e*(mr)%

n=1
is known as influence function for the initial condition. An influence function shows the fact
that the temperature at a point x at a time ¢ is due to the initial temperature f at a point (.
So by integrate (sum) the influence of all initial points  we get the temperature u(x,t).

Consider a nonhomogeneous problem
Ut = Ugy + P, t), 2 € (0,1),t >0
with boundary and initial conditions
u(x,0) = f(z),z € (0,1)

and
u(0,t) = u(1,t) =0.

We expand a function u and P in an eigenfunctions sin(7nx) such that

P(x,t) = an(t) sin(nmx)
n=1

where

1
pn(t) = 2/ P(z,t)sin(nmx)dx
0
and let

u(x,t) = Z U (t) sin(nmx)
n=1

by differentiating u(z,t) , we get

oo
up = Z un!(t) sin(nmz)
n=1

Uy = Z(mr)un(t) cos(nmzx)
n=1
Ugy = Z —(n7m)*u, (t) sin(nmz)
n=1

Hence, by substitution we obtain the nonhomogeneous first order linear ordinary differential
equation
U/ (t) 4 (n7) %, (1) = pa(t).

Solving above equation using variation of parameter, we get

t
up(t) = Un(o)ei(nﬂ)zt T / p”(’)’)ei(nﬂ)ztd’Y
0
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where

1
un(0) = ay = 2/0 f(z)sin(nmzx)dx

By substitute wu,(t), u,(0) and p,(t) in an equation

u(zx,t) = Z U (t) sin(nmz)
n=1

we obtain
o

u(z,t) = Z[un(O)ef(m)Qt +/ pu(y)e” "t dr] sin(nr)

n=1 0

= /1 f(C)[iQsin(mr() sin(nxﬂ)e*(m)%]dc—i—
0 n=1

/1 /t P(¢,7) [Z 2sin(nn() sin(nmr)e*(m)z(t*”]dvdc.
0 Jo n=1

Introducing the Green’s function as
G(x;s,t—7v) = Z 2sin(nm() sin(n:m)e*(”“)Q(t*V)
n=1

we get the solution of the given problem

1 1 t
u(a, 1) = /0 FOG (s s, t — 7)]d¢ + /0 /0 P(C.7)Gas 5.t — )dydC

The Green’s function depends only on the elapsed time ¢t — ~.

Consider the heat equation on an infinite domain

ou >
E—kv u= P(z,t)

subjected to initial condition
u(z,0) = g(T)

where T = (x1,72,73) and T € R? that is the spatial domain is an infinite. Let T = Zg =
(x1,x9,x3) and t = ty be concentrated source. Take the Green’s function G(Z,t;Tg, to) is the

solution of an equation

%(j — kV?G = 6( — T0)d(t — to)

From causality principle, we have
G(f,t;fo, to) =0 fort <ty
by translate the variable ¢ to the origin, we get

G(7,t; 7o, to) = G(T,t — to; o, 0)
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Because of lack of boundary condition, we will find the solution of Green’s function G(Z, t; T, to)
by applying Fourier transform. Take the Fourier transforms of the Green’s function G(, t; g, to)

as G(w, t; Tg, to) for infinite domain, we get an ordinary differential equation of the form

0G (w, t; Ty, to) 9/ et-To
W, 5 %0,%) | t: 70, to) =
ot + kw*G(w, t; Tg, to) o)

o(t —to)

subject to

G(w,t;Tg, to) =0 if t < typ where w? =ww

For t > tg, we have

6G(@, t> o, tO)
ot

Thus, the Fourier transform of the Green’s function G(Z, t; Tg, to) is

+ kw?G (W, t; Tg, to) = 0

— 0, if t <t

Ae—kw?t=to) ¢ > ¢,

Integrating ordinary differential equation from t; to tar , We obtain

iW.To

2m)3

(&

—

since G(tg) = 0, we get

1W.TQ
A=<
(2m)3
Hence o
_ 1W.To b (t—to)
G(w7 t; To, tO) = (27‘(’)3 €
By using inverse of Fourier transform, we obtain
0, if t <tg

G = 0o e—kw?(t—tg) —iw.(

f—OO W@ Ei%d@, t> t().
writing Fourier transform G (w, t; g, to) as a Gaussian, we have

0, if t <ty
3 ‘f*%F

ffooo (27103 [p(tﬁto)]iezxk(pto), t > to.

G =

We find the solution of heat equation

ou

5 kVZu = P(T,t)
by using the solved Green’s function as
9 2
Lza—kv , where L = L1 — kLo
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and

9
Li= —, Ly =V>
1= 50 L2 \Y

From Green’s formula for Lo we have

/ / / [uL2v — vLouldT = / / (uVv — vVu).Ads.

Since L is not self adjoint, we cannot use the Green’s formula for L;. So by applying integration

to to
/ uLqvdt = uv\if —/ vLiudt

t1 t1

by part, we get

Hence if we introduce self-adjoint linear operator L] = —%, we get

to
/ [uLjv — vLju]dt = —uv\if

t1

Since

Lu = P(z,t), LG = 6(T — To)d(t — to)

define L} = — & — kV2.

/tjz///[“L*“_”L*“]dxdt: —///uvlifdx+k/://(vvu—uvv).ndsdt

Using Green’s function G to find u(Z, t), consider the source varying Green’s function, that using
translation
G(fv tl; Tla t) - G(T7 _tlv f? _tl)

By causality principle
G(f,tl;.%il, t) =0,t>1

Thus,
0

[ -
= L[G(F, b 71, 8)] = 3( — 70)3(t — to)

kV2G (T, 11571, 1) = 6(T — T0)d(t — to)

where G(ZT,t1;%71,t) is the adjoint Green’s function. Moreover
G*(z,t1;71,t) = G(7,t1; 71, 1),

G*(z,t1;71,t) = G(T, t1;7T1,t) = 0,t > 13

Suppose that u(Z,t) be the solution to heat equation
Lu(z) = P(7,t)

with
u(z,0) = g%, and v = G(T, to, To, t)
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be the varying source Green’s function obeying
= L*v = (T — T0)d(t — to)

G(f, to; Zo, t) =0,ty > t.

Hence Green’s formula becomes

/Otg///[ué(m—m)m—to)—G(x,to;m,t)P(m,t)]dwdtz///(u(m,O)G(m,to;m,O)dw

t+
+/ 0 //[G(l“, to; To, t)Vu — uVG(T, to; To) . ndsdt.
0

Because of G(Z, tg; g = 0 for t > tg, to solve u(Z,t), replacing the upper limit of integration tar
with £y, and by reciprocity, we get

u@t = [ t || [ c@tmir@ g+ [ [ [ 6@ tm @iz

t
+/ //[G(x,t;xg, to) Vagu(Zo, to) — u(To, to) Va G (T, t; To| . ndsodto.
0

Therefore, the solution of heat equation on an infinite domain written as

t 1 3 Iz—=gl? _
z,t) = — |2 e%k(t-t0) P(7Tq, tg)dTodt0
u@t) /0 ///[4ﬂk(t—to)}2€ ) P(@0,to)dz

+///f(m)[4;kt]gelw432d%
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3.2 Poisson’s Equation

Consider a poisson’s equation
Viu = f(7)

with homogeneous boundary conditions. The Green’s function G(?, 7“_5) must satisfy

2G(7,76) = 6(x — w0)6(y — o)
where 7 = (z,y), with the same homogeneous boundary conditions. Then the solution of

Viu = f(7)

//f 70)G (7, 78)dro

Using one dimensional eigenfunctions, we get Green’s function G(7 0) . Suppose the problem

is given by

is on a rectangular domain

VQG(7 6) =0(x —x0)0(y —10),0<z< L O<y<.J

G(7,75) = 0, on all sides of the rectangle. Then the eigenfunction expansion for G(77,7¢)

becomes
G(7,70) = Zgn sin( )
where g,(y) obeys

d% g (y) nT.ay 2 . nmxg B B
P (7)"9n = 7 sin(=7)3(y = %0), 9n(0) = gn(H) = 0

This implies that

L dzgn(y) L nw. o
— e n — 6 —
2sin("5E0)  dy? 2sin(—"”L“°)( L )9 (v = 0)

which is the second order linear ordinary differential equation. Hence

cpsinh 2Ty sinh 5 (yo — H),  y <o
In(y) = )
cp sinh 55 (y — H) sinh %% (yo), ¥ > yo-

and from the jump condition, we have

dgn Yo+ . NTTo
|y8_ = — sin( 7 )
Where = % Sln(nﬂiﬂo) P is the coefficient Of gn _ Now we have
2
Cn%[shlh %yo cosh %(yo — H) — sinh %(yo — H) cosh %yo] =2 sin(nWon)
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Implies

nm nmwTIQ

2
en - [sinh " (yo — (yo — H)) = T sin(“7)
Hence
_ 2sin("F0)
= o sinh (H)
Thus,

i 2sin(Z L o) (mrx) sinh “Fysinh 7 (yo — H),  y <o
sin
L sinh % (y — H) sinh "% (y0), v > %o.

The Green’s function G(?, ﬁ) is symmetric and we could have used Fourier sine series in y,

but we can replace it by

G(7,76) = Y ha(y) sin(—)
To get the solution of Poisson’s equation subject to nonhomogeneous boundary conditions
VZu = f(7),u = h(7), on the boundary
consider the Green’s function G(7,73) such that
2G(7,70) = 6(x — x0)0(y — ), 0 <z < L,0<y < J
subject to homogeneous boundary condition
G(7.79) =
By applying Green’s formula
/ / WV2G(T, ) — (T, 1) V2uldady = 55 (VG — GVu). 7 ds

we get
/ / _ W) = FG(T, ) dady = 55 (W(T)VG). T ds

From Dirac delta property, we get
u(rg) = //f(?)G(?, 70)dady + yg(h(?)vc:).ms
where Vi is the gradient at (0, yo) which is called dipole source. To solve a poisson’s equation
VZu = f(7), on an infinite domain
Take the Green’s function G(7,74) which satisfies

VIG(7,76) = 6(z — 20)d(y — o)
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on an infinite space with no boundary. So we find the two dimensional case of Green’s function.

Since symmetry G depends only on the distance r = |7 — 7],
VAG(T,75) = 8(x — 20)6(y — yo)

becomes 1d . dc
o r Yy =5
rdr (r dr ) (r)
When we solve the above equation, we get
G(r)=clnr+c
To get the constants ¢;,7 = 1, 2, we integrate the equation

V2G(7,78) = 8(x — 20)d(y — yo)

over a circle of radius r containing the point (xg,yo) that is

//VQGd:Edy = //V(S(a: —20)0(y — yo)dzdy = 1

= //V2dedy =1
Applying Green’s formula, we have

//VZdedy = %VG.W(ZS = %ds = %27[‘7“
or or

implies that

0G 1

87‘T T on
= rg[cl Inr+c] = S
or 27

1

= C1 = %

For convenience, let ca = 0. Then we get the Green’s function

G(r) = % Inr
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3.3 Wave Equation

Take the wave equation on an infinite domains

2
E;tg — V% = P(7 1)

subject to initial conditions

w(@,0) = f(T)
w(7,0) = g(7)

where @ = (z1,x2,x3). that is the spatial domain 7 € R3.
Consider the point 7 =1f = (zo1, 02, To3) be a concentrated source. The Green’s function

G(Y, t; 70, to) obeys an equation

0*G

o7 AV2G = 6(7 —Th)o(t — to).

Since the variable ¢ increases in one direction from causality principle, we have
G(T,t; 74, t0) = 0, < to
and also we translate the variable ¢ to the origin we have
G(T,t; 30, t0) = G(T, t — to; 0, 0)

Since the domain is infinite we will solve the Green’s function G(?,t;m_)o,to) using Fourier

transforms. Using Fourier transforms, we get

f(w1, 22, 23) :///F(wl,wg,wg)e_i(wl’m’w?’)(xl’m’x?’)dwldwgdwg

:///F(ﬁ)e‘m)(7)dﬁ?

and

For J-function, we get

(18)(T)

F(6(Z — @

5T — ) = (271)3///44@?)(?)6@?)(?0)@
_ (271T)3 / / / RT3 g

and
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From the equation
0’°G

T AV2G = 6(7 — Th)0(

t—1).
G(T,t; 24, t0) = 0, < to

take a Fourier transform of G(?,t;:ﬁo,,to) and solve for é(w,t;m,to), we get an ordinary

differential equation
0?°G 5 o BEE
il G =
oz TCVE T o

é(wat%—(ﬁ,t()) =0,t <t

where G is Fourier transform of G.
For t > tg
W + ccw G = 0

Thus, the transform of the Green’s function G(U, t; 70, to) is given as

_ 0, ift<t
G<W7t7a70>7t0> - 0
Acoscw(t —tg) + Bsincw(t — tg), t> tp.

Since G is continuous at t = ty, A = 0, to calculate B, we integrate the above ODE

td 927 td o td iWE
’ 8G+/OC2U)ZGZ DO st — to)dt
t

ty o o ty (2m)?
920 | o pRETER
ot? 'ty (2m)3
Since,
0*G
EZhC
we get eim—g
cwB cos cw(t — to)|+ = @np
TG
= b= cw(2m)3
Therefore,
o IV
G= cw () sin cw(t — tg)

Applying inverse Fourier transform on G we get

0 if t <ty

9
BT .
ffooo ffooo f_oooo 02(2733 sin cw(t — 750)dﬁ> t > to.

G(?7 t, 3767 tO) =
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where w = ||

Hence to solve

1 o) 00 o) eiﬁ:c_o) ] ﬁ
o) )] sin cw(t — to)d

we introduce spherical coordinates with W = 0,¢ = 0 corresponding to the ws axis, and we
integrate in the direction (2 — z§). This implies @.(7 — ) = |W]|(z — z0)| cos ¢, let p =
|(z — x0)| we get W.(Z — Z4) = wpcos ¢ with an angle # measured from the positive w axis,

the volume differential becomes
dw = dw; dwadws = w? sin dpdidw

Hence the integration limits for an infinite space becomes 0 < ¢ < 7,0 < 0 < 27,0 < w < o0.

Based on our selection of coordinate, the integrand is independent of 6, implies

1 S e—iwpcosqﬁ
G(z,t, T, ty) = @n? / / ——sincw(t — to)w’singdpdw
s 0 0 cw

Integrating in terms of ¢

1 oo s i
G(Z, t,To, tg) = ——— i t—t WP Cos P (i sin @) ded
(Z,t,Zo, o) i (2m)? /0 sin cw( 0)/0 e (twp sin ¢)dodw

1 > ,

— 7%,()(2702 /0 sin cw(t — to)[e P " ¢] |0 dw
1 00 . .

=—— sin cw(t — to)[e"? — e "Pldw

icp(2m)? /0

since, [e"P — e”"P] = 2isinwp we get

2 oo
G(z,t, T, tg) = —— / sin pw sin cw(t — to)dw
cp(2m)? Jo
2 (o ¢]
= n)? /0 cosw(p — c(t — tg)] — cosw[p + ¢(t — to)]dw
because of ffooo [e”™?]dw = §(z), and using the real part of e~*“?  the evenness of cosine function,
we have
(o]
/ coswz = 0(2)
0
Thus,

G(f,t,?o, to) = 2(6[[) — C(t - to)] - 5[p+ C(t — to)]) fort >ty

cp(2m)
Since p + ¢(t — tp) > 0, we obtain

0, if t <ty
7 (6[p —c(t —to)] t > to.

G(j7 t, xo, tO) =
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To get the solution of the wave equation

O*u 2v2 = 7 7 T
57 = AV u—{—P(?,t),u(z,O) = f(Z),w(7,0) = g(T)

applying Green’s function, define a linear operator L as

2

_ 2
ﬁ,LQ—V .

= L =Ly — Ly, where L1 =

The Green’s formula for L and Lo are given by

to
/ (uLi(v) —vLi(u))dt = uvy — vy fg?

t1

///(uLQ(”) —vla(u))dT = //(qu —vVu).nds

Since Lu = P(z,t), LG = 6(T — Tp)d(t — to) and
uL(v) —vL(u) = uLi(v) — vLi(u) — 2 (uLla(v) — vLa(u)),

[ [ [ -ownaza= [ [ [on-oitzaz-c [* [ [0 ovinisa

This shows that Maxwell’s reciprocity holds spatially for the Green’s function, provided the

and

elapsed times between the points T and T are the same for the infinite domain.

0, if t < tg
G(fvumi(b tO) - 9
T OlT —Tol —c(t —to)] > to.
0, if t < tg

mwﬂﬁfﬂ —c(t —to)] t>to.

= G(JTO» t7 z, tO)

Let u(Z,t) be the solution of a wave equation
Lu = P(7,t)

with initial conditions
u(7,0) = f(7), w(7,0) = g(7)

and v = G(Z, to, Tg, t) be a solution to

Lv =6(T —Tp)d(t — o)
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with homogeneous boundary condition and the causality principle
G(z,tg, To,t) =0 for tg <t

Integrate in time from ¢; = 0 to ty = tg (a point just beyond the appearance of our point source

t =ty ), we obtain

/0 g / / / (uL(v)—vL(w))dzdt = /0 g / / / (u(Z, 1)5(7—75)8(I—To)— G (T, to, To, ) P(x, 1)) dzdt
:///uGtGutyﬁﬁdzc?/otg[//(waGvu).nds]dt

At point t = tg, G = Gy = 0. And using reciprocity, we obtain

u(xg,to)—/Otg///G(ac,to,a:o,t)P(a:,t))dxdt

+///U($,O)G(Zlf(),t0,aj‘,0)—ut(.’II,O)Gt(:EO,tO,ZII,O)dQZ'—

&2 /O o / / (u(T, )V G(TT, to, T, t) — G(Ts, to, T, 1) Vu(T, t))] ds]dt

As tg — t and interchange (7o, tg) with (7,t), we obtain

wwn= [ [ [ [ o mwpa oo

+/ / / l9(@0)G (. 1,5, 0) — f (70) Gy (%, £, 70, 0)]dFo—

t
2 / [ / / (T, t0)Vay G(F, 1, 75, t0) — C(T £, 75, t0) Vi (T3, £0))] o]t
0

where V,, stands for the gradient in terms of the source location Zy. The three algebraic
expression given in above are the contributions due to the source, the initial conditions and

boundary conditions respectively. For our infinite domain, an expression

t
02/ [//(u(azo,to)VxOG(x,t,xo,to) — G(%,t,T0, to) Vo u(To, to))] - Iidso] dto
0

is removed. Therefore, the complete solution of wave equation with infinite domain is given as:

u(@0) = 5o / [ ]| 0l ] = et — o) Plaw oo

|7 — ol

1 T T 0
= ’ i)of”x‘%“c“‘toﬂ— 1209 5117 — a5 — et — to)]) e

[z — @ — o] Oto
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Conclusion

In this thesis a number of boundary value problems have been solved in an integral form which
has a function as a kernel of the integral. This function is called Green’s function. If the
Green’s function of the problem is known then the solution for the problem is found. Thus, we
are interested in finding Green’s function of the problem. It all started in 1828 when George
Green first found Green’s function for the solution of a potential equation. In order to find
Green’s function, a definition of the function is needed. From this study, knowing its properties
is very helpful in finding the function. The results in section (2.1) are on the solution of the
BVP (2.1) subject to (2.2) and the results in section (2.2) are the techniques to construct
the Green’s functions to solve the linear ordinary differential equations. Theorem (3) gives
y(x) = y1(z) + y2(z) is the solution of the BVP (2.1) subject to (2.2) when y;(z) and ya(x) are
the solution of associated homogeneous of DE (2.1) subject to (2.2) and DE (2.1) subject to (2.3)
respectively. Further, Theorem (4) states the existences and uniqueness of Green’s function of

homogeneous boundary value problem (2.1) subject to (2.3), and

b
y(z) = / G, O)f(O)dC

is a unique solution of BVP (2.1) subject to (2.3).

From section (3.1) - (3.4), we have the following results:

1. Solution of one dimensional heat equation and heat equation on an infinite domains ap-

plying Green’s functions.

2. The complete solution of Poisson’s equation and wave equation on an infinite domains

using Green’s functions.
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