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Abstract

We study the squeezing and statistical properties of the light produced by a three-level
laser whose cavity contains a parametric amplifier and with the cavity mode driven by
coherent light and coupled to a squeezed vacuum reservoir. We obtain stochastic differen-
tial equations associated with the normal ordering using the pertinent master equation.
Making use of the solutions of the resulting differential equations, we calculate the quadra-
ture variances and squeezing spectrum. We also determine the mean and variance of the
photon number and the photon number distribution for the cavity mode employing the Q
function. It is found that the parametric amplifier and squeezed vacuum reservoir increase
the degree of squeezing, but the driving coherent light does not have any effect on the
squeezing. Moreover, the mean photon number increases considerably due the driving

coherent light, the parametric amplifier, and the squeezed vacuum reservoir.
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Introduction

There has been a considerable interest in the analysis of the squeezing and statistical
properties of the light generated by three-level lasers [1 - 22]. A three-level laser may be
defined as a quantum optical system in which three-level atoms in a cascade configuration,
initially prepared in a coherent superposition of the top and bottom levels, are injected
into a cavity coupled to a vacuum reservoir via a single-port mirror. A three-level laser
may have additional or modified features. One interesting additional feature of a three-
level laser involves the coupling of the top and bottom levels of the atoms injected into
the cavity by a strong coherent light. When a three-level atom in a cascade configuration
makes a transition from the top to the bottom level via the intermediate level, two photons
are generated. If the two photons have the same frequency, then the three-level atom is

called degenerate three-level atom otherwise it is called nondegenerate.

Three-level lasers in which the crucial role is played by the coherent superposition of
the top and bottom levels of the injected atoms have been studied by several authors [1 -
7]. These studies show that this quantum optical system can generate light in a squeezed
state under certain conditions. Ansari [I] has calculated the quadrature variances of the
cavity mode for a degenerate three-level laser employing the steady state solutions of the
equations of evolution of the expectation values of the cavity mode variables. He has
found that the cavity mode is in a squeezed state if the probability for the injected atoms
to be in the bottom level is larger than the probability for the atoms to be in the top
level. And almost perfect squeezing can be obtained for slightly more probability for the
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atoms to be in the bottom level and for large value of linear gain coefficient. In addition,
with the aid of the Q function he has determined the photon number distribution. This
result shows that the photon number distribution decreases with the number of photons.
Recently, Tesfa [2] has studied the squeezing property of the cavity modes produced by a
nondegenerate three-level laser applying the solutions of stochastic differential equations.
He has found that the two-mode cavity radiation exhibits squeezing if the atoms are
initially prepared with more atoms in the bottom level than in the upper level, and the

degree of squeezing increases with the linear gain coefficient.

A three-level laser with the top and bottom levels of the atoms injected into the
cavity coupled by a strong coherent light can also generate light in a squeezed state [8 -
14]. Ansari et al. [9] have considered a degenerate three-level laser in which the injected
atoms are initially prepared in the top level and with the top and bottom levels of the
atoms coupled by a strong coherent light. They have shown that for sufficiently strong

coherent light the system behaves like a degenerate parametric oscillator.

Furthermore, it has been predicted theoretically and subsequently confirmed experi-
mentally that a parametric oscillator produces light with a maximum intracavity squeezing
of 50% below the coherent-state level [21 - 31]. Some authors have considered a three-
level laser whose cavity contains a parametric amplifier [4, 10]. Fesseha has studied the
squeezing and statistical properties of the light produced by a degenerate three-level laser
whose cavity contains a degenerate parametric amplifier [4]. His study indicates that a
more squeezed light could be generated by a combination of these two quantum optical
systems. This study also shows that the presence of the parametric amplifier in the laser
cavity increases significantly the mean photon number. On the other hand, Ambachew
and Fesseha [10] have considered the same system with the injected atoms having equal
probability to be in the upper and lower levels and with these two levels coupled by the
pump mode emerging from the parametric amplifier. This study shows that the system
generates light in a squeezed state with a maximum intracavity squeezing of 93% below

the coherent-state level.

In this PhD dissertation we seek to investigate the squeezing and statistical properties

of the light generated by a three-level laser whose cavity contains a parametric amplifier
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and with the cavity mode driven by coherent light and coupled to a squeezed vacuum
reservoir. We consider a degenerate as well as a nondegenerate three-level laser in which
the pump mode emerging from the parametric amplifier does not couple the top and
bottom levels of the injected atoms. This could be realized by putting on the right-side

of the nonlinear crystal a screen which absorbs the pump mode.

We carry out our analysis applying the solutions of the pertinent stochastic differential
equations associated with the normal ordering. These differential equations are obtained
applying the master equation derived in the linear and adiabatic approximation schemes
following the approach described in Ref.[21]. We calculate, employing the solutions of the
differential equations and the correlation properties of the noise forces, the quadrature
variances and squeezing spectrum. Moreover, we determine the mean and variance of the
photon number as well as the photon number distribution using the Q function. The
Q function is obtained with the aid of the antinormally ordered characteristics function
defined in the Hiesenberg picture. In addition, we obtain the mean and the normally-
ordered variance of the photon count of the output mode for the degenerate system under
consideration. Finally, we calculate the mean and the normally-ordered variances of the
photon number sum and difference of the cavity modes as well as the photon count sum

and difference of the output modes for the nondegenerate case.



Degenerate Three-Level Laser

We consider a degenerate three-level laser into which three-level atoms in a cascade config-
uration and initially prepared in a coherent superposition of the top and bottom levels are
injected at a constant rate and removed from the laser cavity after sometime. We discuss
the case in which the cavity contains a parametric amplifier and the cavity mode is driven
by coherent light and coupled to a squeezed vacuum reservoir as shown in Fig. 2.1. We
carry out our analysis for the case in which the pump mode emerging from the parametric

amplifier does not couple the top and bottom levels of the three-level atoms.

In this chapter we first seek to obtain the master equation and stochastic differential
equations for the cavity mode variables. Applying the solutions of the differential equa-
tions, we calculate the quadrature variances and the squeezing spectrum. In addition, we
obtain the Q function employing the antinormally ordered characteristic function defined
in the Heisenbeg picture. We calculate applying the Q) function the mean photon number,
the variance of the photon number, and the photon number distribution for the cavity
mode. Finally, we calculate the mean and the normally-ordered photon count variance of

the output mode.
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Fig. 2.1: Schematic representation of a degenerate three-level laser with a parametric amplifier,

a driving coherent light, and a squeezing vacuum reservoir.

2.1 Stochastic Differential Equations

2.1.1 Master equation

In this section we wish to obtain the equation of evolution of the density operator for
a degenerate three-level laser whose cavity contains a parametric amplifier and with the
cavity mode driven by coherent light and coupled to a single-mode squeezed vacuum
reservoir. We first drive the equation of evolution of the density operator for the three-
level laser applying the linear and the adiabatic approximation schemes [4, 21]. Then after
obtaining the properties of the reservoir submode operators, we drive the time evolution
of the reduced density operator for a cavity mode coupled to a single-mode squeezed
vacuum reservoir [22]. Finally, with the help of the two resulting equations, we write the

master equation for the system under consideration.
Degenerate Three-Level Laser

Three-level atoms in a cascade configuration are injected at a constant rate r, and removed

from the cavity after a certain time 7. We denote the top, intermediate, and bottom levels
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of a three-level atom by |a), |b), and |c) as shown in Fig. 2.1. We assume the cavity mode
to be at resonance with the two transitions |a) — |b) and |[b) — |c¢), and with direct

transition between levels |a) and |¢) to be dipole forbidden.

The interaction of a degenerate three-level atom with a cavity mode can be described

in the interaction picture by the Hamiltonian

H = ig ((la) (0] + [b)(cl)a — a' () {al +[e) (D)) . (2.1)

where ¢ is the coupling constant and a is the annihilation operator for the cavity mode.

Considering the atom to be initially in the state

|¢A(0>> = Ca’a> + Oc|c>7 (22)

the density operator for a single atom can be written as

pa(0) = pQla)(al + pQla)(c| + pP|c){(al + p2|c)(cl, (2.3)
where
pg()z) = ’Ca‘27 pcc ’C ’2 (24)

are the probabilities for the atom to be in the upper and the bottom levels at the initial

time and

o0 = G0 (2.5)
is the atomic coherence at the initial time.

Suppose pag(t,t;) is the density operator for a single atom plus the cavity mode at
time ¢, with the atom injected at time ¢; such that ¢ — 7 < t; < ¢. Then the density

operator for all atoms in the cavity plus the cavity mode at time ¢ can be written as

par(t) = TaZpAR (t,5) (2.6)

where r, represents the rate at which the atoms are injected into the cavity. Now con-

verting the summation into integration in the limit At; — 0, we have at time ¢

t
par(t) = ra/ par(t,t)dt’ (2.7)
t—T1
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and on differentiating with respect to ¢, there follows

dA t t a
P/Cxl};( ) = 7o (Par(t,t) — par(t,t — 7)) + 14 aﬁAR(t’ tdt'. (2.8)
t—T1

We observe that pag(t,t) is the density operator for the cavity mode plus an atom injected
at time ¢ and pagr(t,t — 7) represents the density operator for an atom plus the cavity
mode at time ¢ with the atom being removed from the cavity at this time. Therefore,

these density operators can be decoupled, so that

par(tt) = pa(0)p(t), (2.9)

par(t,t —7) = palt — 7)p(t), (2.10)
with p(t) being the density operator for the cavity mode alone. In view of Egs. (2.9) and

(2.10), Eq. (2.8) can be written as

dpar(t X R R Lo N s
pi;( ) =14 (pa(0) — pa(t — 7)) p(t) + 74 apAR(t,t )dt'. (2.11)
t—1

In the absence of damping of the cavity mode by a vacuum reservoir, the density operator

par(t,t') evolves in time according to

3 ~ no__ . N A /
Spar(tt) = =i |H, par(t,t)] (2.12)

so that using Eq. (2.12)) and taking into account Eq. (2.7)), one can put Eq. (2.11) in the

form

dpar(t . . . T4 A
PA) _ o (pa(0) = palt — 7)(0) — i [ pan(t)] (213)
Furthermore, tracing over the atomic variables, we have
dp(t .
% — —iTrs [H, ;’)AR(t)] , (2.14)

in which we have used the fact
TTA (,5,4(0)) :T’I“A (ﬁA(t—T)) =1. (215)

Employing Eq. (2.1)), one can put Eq. (2.14)) in the form

dp(t) .
Zi )y (@hva + @heb — Pradt — Pobit — @' pa — @l poc + Pa’ + pocti’) - (2.16)
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in which the matrix element p,g is defined by

Pas = (alpar(t)]5), (2.17)

with o, 8 = a, b, c.

We next proceed to determine the matrix elements p,3. We see from Eq. (2.13)) that

df;ﬂ = ro {(a]pa(0)|B) — (alpalt — T)|B)} p(t) — il|[H, par(D)]|B) — Vhap,  (2.18)

where the last term is included to account for the decay of the atoms due to spontaneous
emission. Here 7, considered to be the same for all the three levels, is the atomic decay
rate. We assume that the atoms are removed after they have decayed to a level other

than levels |b) and |c). We then see that
(alpa(t = 7)|8) =0 (2.19)

and hence on account of (2.1)) and (2.3]), Eq (2.18) can be written as

dpa .
TB =Tq (pz(z?z)éaaéaﬁ + p((z?éaaacﬁ + p((:g)(sac(;aﬁ + pgc))éacécﬁ) P
+ g (&ﬁbﬁéaa + dﬁcﬂéab - dTﬁaﬁéab - dTﬁbﬁéac
- ﬁaada(sbﬁ - ﬁabaécﬁ + ﬁadeéaﬂ + ﬁach(sbﬂ) - 7ﬁaﬂ7 (220)
from which follows
dpq A O .
C/l)tb = g (@Pbb — Paatt + Paca’) — VPab, (2.21)
d,ébc o A A A A At A ~
=9 (@Pec — Prvl — A% Pac) — Ve, (2.22)
dPaa . A n U .
= TaPaa P+ 9 (ahha + Puva') = VPaa; (2.23)
dpee . At n A .
- =1l 0 = 9 (@' e = pert) — Ve (2.24)
dpqc . . n SN .
G = TaPelp+ 9 (@fre = pard) = VPac (2.25)
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dpb N s R
% = g (@pe> — @' Pab — Prati + Pre') — 7 Pob- (2.26)
We confine ourselves to linear analysis and this can be achieved by dropping the g

terms in Eqgs. (2.23)), (2.24)), (2.25)), and (2.26)). In the good cavity limit v > &, the cavity

mode variables change slowly compared to the atomic variables and the atomic variables
will reach steady state in relatively short time, so that we can set the time derivative of

the atomic variables zero. This procedure is referred to as the adiabatic approximation

scheme. Hence dropping the g terms in Eqs. (2.23)), (2.24), (2.25)), (2.26]) and applying

the adiabatic approximation scheme, we get

Taps

Paa = Ps (2.27)
Y
(0)
~ TaPecc .
Pec = P, (228)
Y
(0)
o TaPac .
Pac = Ps (2'29)
Y
poy = 0. (2.30)

In view of the above results, Egs. (2.21)) and (2.22)) can be put in the form

d)aab grq A A A A N
o= (oS pal — pQ) pat) = Vs, (2.31)

dﬁbc gra PN At A N
pr (pDap — pDalp) — V. (2.32)

Using once more the adiabatic approximation scheme, we see that

A gra An nn
pur =5 (P2 pat — pl)pa) , (2.33)
~ gra A a At A
pro="5 (0Dap— palp) . (2.34)
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Finally on account of (2.33]) and (2.34), Eq. (2.16)) takes the form

dt 2 2
Apl? Apld)
= ’; (2a'pal — a2 — pa'?) — pQ (2apa — a%p — pa?) , (2.35)
where
2 2
A= (2.36)
ol

is linear gain coefficient.
Single-Mode Squeezed Vacuum Reservoir

We assume that a reservoir is composed of a large number of submodes. We also assume
that the reservoir submodes are independent and the reservoir radiation is incident on
the system from one direction. The density operator for a single-mode squeezed vacuum

reservoir can be expressed as
p(r) = H Si(r)[0:) ;0151 (r), (2.37)

where

Si(r) = er®l* =B (2.38)

is the unitary squeeze operator with the squeeze parameter r taken for convenience to be

real and positive and b; represents the annihilation operators for the reservoir submode.

Applying Eq. (2.37)), we can write

(bi) = T JG01be(r)10s). (2.39)

in which

be(r) = ST ()b Si(r). (2.40)

d - 1. e
%bk(r) - E[bk(r), b1 — b2 = bl (r)0 (2.41)
and hence
d - .
%bzm = b;(r) .- (2.42)



2.1 Stochastic Differential Equations Degenerate Three-Level Laser

In order to decouple these equations, we differentiate Eq. (2.41)) once more with respect
to r. Thus we get
d* - -

Jabu(r) = bi(r). (2.43)

The solution of this equation can be put in the form

~

bp(r) = Ae”" 4+ Be™". (2.44)

Applying the condition r = 0, we see that

be(r)| = A+ B=0bidy, (2.45)
r=0
45 (r)| =A—B=10§ (2.46)
ar k L = = 0;04. .
It then follows that
1 .~ .
A= o (bi + )i, (2.47)
Lo

so that substitution of Egs. (2.47) and (2.48) into Eq. (2.44)) yields

~

be(r) = (b; coshr + b] sinh 7)dy. (2.49)

Using Eq. (2.49)) in Eq. (2.39), we have

~

() = 0. (2.50)

A

Furthermore, using Eq. (2.37) and the identity operator I= SZ(T)SJ (r), we can write

(bbi) = ] [GOIBL(r)bw (7)]04), (2.51)

7

where Bk(r) is defined by (2.40). In view of Eq. (2.49)), we see that

(bfbw) = JJ(:0I(bb; cosh® r + (BIb] + biby) sinh 7 cosh r + b;b] sinh® r)]0:) 6, (2.52)

2

from which follows
(bl brr) = (0|(bl, by cosh? r + (bL,bl, + bpby) sinh - cosh - + bybl, sinh? ) [0 ) Sprr. (2.53)

11
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Applying the commutation relation [Bk/, ZAJZ,] =1, we find
(bibr) = Nowr, (2.54)

where

N = sinh?r. (2.55)

It can be also established in a similar manner that

(bpbl) = (N + 1)dp, (2.56)
(brbrr) = MGy, (2.57)

in which
M = sinhr coshr. (2.58)

Assuming that the wave number k varies vary little around the central wave number of
the reservoir submode kg , we can write k ~ 2k — k. In view of this, Eq. (2.57) can be
rewritten as

(brbr) = Myt 2y - (2.59)

We next seek to drive the equation of evolution of the density operator for a cavity
mode coupled to a single-mode squeezed vacuum reservoir. Let x(¢) be the total density
operator of the cavity mode plus the reservoir in the interaction picture. Then the equation

of evolution of the density operator is

S0 = ~il sa(t), 4(0)], (2.60)

where H sr(t) describes the interaction between the cavity mode and the reservoir. The

density operator of the system is defined by

p(t) = Trr(X(t)), (2.61)

in which Trg indicates the trace over the reservoir variables only. A formal solution of

Eq. (2.60) can be written as

(1) = 1(0) — i / a' [Hsn(t), (1)) (2.62)
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On substituting Eq. (2.62) into Eq. (2.60), we have

@ 5(t) = — il fLsn(t), 1(0)] - / 40T Hsr(t), [Hsa(t), ()] (2.63)

Applying the Born approximation,

X(t) = p(t") R, (2.64)
we see that
d ~ 1/ T ~ / 2 2 A
a,f?(t) = —i[(Hsr(t))r, p(0)] — /dt Trr[Hsr(t), [Hsr(t'), p(t') R]]. (2.65)

The interaction between a cavity mode and a single-mode squeezed vacuum reservoir

can be described by
Hgp(t) =i Y Ap(@fbpe’ @0t — ablewomnlt), (2.66)
k

where a is the annihilation operator for the cavity mode, by, is the annihilation operator
for a reservoir submode, and ), is the coupling constant. In view of Eq. (2.50)), we see
that

(Hsr(t))r =0. (2.67)

Therefore, on account of this result, Eq. (2.65)) reduces to

50y = [ A Tra(Hsul)Asn®) RpE) + [ Tra(su0p(0) Rt

+ /t dt/TTR(FISR(t/)ﬁ(t/)R[A{SR@)) - /t dt/ﬁ(t,>T’/’R(RHSR(t/)FISR(t)). (268)

Now employing the Hamiltonian (2.66)) and the fact that the cavity mode and reservoir

submode operators commute, we can write

Tra(Hsr(t)Hsg(t')R) =La'? + Lata + Laat + 1,62, (2.69)
where
I == AAilbjby)etteomealttitoenlt (2.70)
jk

13
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Z Ak (bjbf el ot mileo et (2.71)
Z)\ Ak bTbk —i(wo— w])t-H wo— wk)t'7 (272)
Z/\ Ae(Db] ye i (womes)tmilomewn)t” (2.73)

On account of Eq. (2.59)), we see that

I = =M Agpy_phpe @070, (2.74)
k

We assume the reservoir submode frequencies to be closely spaced. Then changing the

summation into integration, we have
L = —M/ dwg(w)A(2wy — w)A(w)e wom) =) (2.75)
0

where g(w) is the density of the reservoir submodes. We expect w to vary very little
around wy. In view of this, we can replace g(w) and A(2wg — w)A(w) by g(wp) and A?(wp).

Hence
L = —Mg(wo))\2(w0)/ dwe~{wo=w)(t=t) (2.76)
0

Upon setting w’ = w — wy and extending the lower limit of the integration to —oo, we see

that
I = —Mg(wo) A\ (wp) /OO duw' et (2.77)
It then follows that
I = —kMo(t —t'), (2.78)
where
ke =2mg(wo) N* (wo) (2.79)

14
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is defined to be the cavity damping constant. Following a similar procedure, one can

readily establish that

I = k(N +1)6(t —t'), (2.80)
Iy = kN&(t —t'), (2.81)
Iy = —kMS(t —t). (2.82)

Now combination of Eqgs (2.69), (2.78), (2.80), (2.81), and (2.82) leads to

Trg (ﬁSR(t)FISR(t’)R) =r ((N +1ala+ Naa' — Ma'? — Ma?) 6t —t').  (2.83)
We also note that

Trg (ﬁSR(t')ﬁSR(t)R> ==k ((N+1)a'a+ Naa' — Ma"™ — Ma*) s(t — ).  (2.84)

Moreover, employing Eq. (2.66]), one can write

Trg (I:ISR(t)ﬁ(t/)RI:ISR(t,)) = La'p(t)a" + Lap(t')a' + Lsa'p(t)a + Lap(t')a, (2.85)

so that applying the results described by Egs. (2.78)), (2.80), (2.81]), and (2.82)), we have

Trr (FISR(t)ﬁ(t’)RFISR(t’)) = (N + Dap(t)a' + Na'p(t')a
—Ma'p(t)at — Map(t')a) 6(t —t'). (2.86)
It is easy to see that
Trr (ﬁsa(t’)ﬁ(t’)RﬁSR(t)> =k ((N + Dap(t"a" + Na'p(t')a

—Ma'p(t')a' — Map(t')a) 6(t —t'). (2.87)

On substituting (2.83)), (2.84), (2.86), and (2.87) into Eq. (2.68) and carrying out the

integration over t’, we find

d
Eﬁ(t) :g(N +1)(2apa’ — atap — pata) + gN(zaTﬁa —aa'p — paal)
— gM(QaTﬁ&T —a?p — pa'?) — gM(Q&ﬁd —ap — pa’). (2.88)

This represents the equation of evolution of the reduced density operator for a cavity
mode coupled to a single-mode squeezed vacuum reservoir. The effects of the reservoir

are incorporated by the parameters N and M.

15
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Degenerate Three-Level Laser with Coherent and Squeezed Light

With the driving coherent light and the pump mode treated classically, the Hamiltonian
describing the interaction of the driving coherent light with the cavity mode and the

parametric interaction is expressible as

. 1
H =g (a' —a) + 5@(&” —a?), (2.89)

in which e, and &5, consider to be real and constant, are proportional to the amplitude of
the driving coherent light and the pump mode, respectively. The equation of evolution of

the density operator associated with this Hamiltonian has the form
- ~t L oo o g o
p—pa') + = (pa® — a’p+a?p — pa'?). (2.90)

Now taking into account Eqs. (2.35)), (2.88]), and (2.90|), the master equation for the

cavity mode produced by a degenerate three-level laser whose cavity contains a parametric
amplifier and whose cavity mode is driven by coherent light and coupled to a squeezed

vacuum reservoir can be written as
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(Ap + kM) (a%p + pa® — 2apa) . (2.91)

2.1.2 Stochastic differential equations

We next seek to obtain, using the master equation, stochastic differential equations asso-

ciated with the normal ordering. To this end, employing the relation

d . dp(t) .
E(a> =Tr (TG) (2.92)
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2.1 Stochastic Differential Equations Degenerate Three-Level Laser

along with Eq. (2.91]), we see that

d 1
dt< a) =, Tr (apa —a’p+aatp—apa') + 252Tr (apa® — a®p + aap

l\DI»—tl\Dlr—ll\DI»—w

[a,a"] =1
and
PPN d . .5 .
[a’ f(aT7 a)] = dd—i-f(a’-r? a)?
we get
d,. R
EW = ——pla) + ex(a’) + ey,
where

n= Al = pld) +
Following the same procedure, it can also be easily verified that

d .
%<(Al2> = —u<d2> + 282<€LT€L> —+ 251 <CL> + Apac + rM + £€9.

d
dt

—(ala) = —p(a'a) + &5 ((a") + (0%) +e1 (@) + (@) + Apoa + KN.

(2.93)

(2.94)

(2.95)

(2.96)

(2.97)

(2.98)

(2.99)

We note that Eqgs. , and are in the normal order. The c-number

equations correspondlng to Egs. -, -, and ([2.99) are

d 1

(@) = —gua) +e{a’) +e,

—(a?) = —p(a®) + 2e2(a*a) + 261 () + Apac + KM + €2,
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2.1 Stochastic Differential Equations Degenerate Three-Level Laser

—(afa) = —plafa) + e ((@?) + (a?)) + &1 ({(a*) + (@) + Apaa + EN. (2.102)

On the basis of Eq. (2.100]), one can write [4, 21]

%a(t) = —%,uoz(t) + e (t) + 1 + f(2), (2.103)

where f(t) is a noise force. We now proceed to determine the properties of the noise force.
We note that Eq. and the expectation value of Eq. will have identical form
if

(f(t)) =0. (2.104)
Applying the relation 4 (a?) = 2(aZa) along with Eq. (2.103)), we see that

0%) = (o) + 222{a%a) + 2210) + 2a(r) (1), (2.105)
so that comparison of Egs. and shows that
() (1)) = %(Apg? + oM 4 25). (2.106)
Employing the formal solution of Eq.
a(t) = a(0)e /% 4 /0 t e M2 (g0t (t) + f(H) + &) dt, (2.107)
we see that
(a(0)f(t))e % + /0 et [e2{a”(t) f (1)) + (F()f(£)) + ex(f(1))] dt!
— %(Apg? + kM + ). (2.108)

Taking into account Eq. (2.104]) and the fact that a noise force at a certain instant does

not affect the cavity mode variables at earlier time, we have

/ TR () ()it — S (AR + KM+ 5). (2.109)
0

In view of the property of the Dirac delta function
, 1
f t)dt' = 2f(t), (2.110)
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2.1 Stochastic Differential Equations Degenerate Three-Level Laser

one can put Eq. (2.109)) in the form
t t
/ e THEOZF (Y F(1))dt = / e 2 (ApO) 4 kM + 25)(t — t)dt. (2.111)
0 0
It then follows that

(FEVF)) = (ApLD) + KM + &5)d(t —t'). (2.112)

Furthermore, applying the relation %(a*c@ = (a%a*)—l—(a*%@ along with Eq. (2.103))
and its complex conjugate, we have

L iara) = — plata) + ea((a”®) + (@) + ar((0”) + {a))

dt
+{a* () (1) + (f*(t)al)). (2.113)
Comparison of this equation with Eq. indicates that
(@™ (1) F() + (f*()a(t)) = Apll) + KN. (2.114)

Now using Eq. (2.107)) and its complex conjugate, we get

t

((a*(0) (1)) 4+ (a(0) f*(t)))eH/2 +/

0

eI [62(<Oé(t’)f () + (f*D)elt)))
+en((f(0) + (7)) + (S () (1) + <f*(t)f(t’)>] dt' = Apfy) + kN. (2.115)

Taking into account Eq. (2.104]) and the fact that a noise force at a certain instant does

not affect the cavity mode variables at earlier time, we see that
/0 et (F @) F @) + (F @) f () dt' = Apl) + kN. (2.116)
In view of Eq. , we can write
[ OR @n0) + e =2 [ O () 1 ) ot
0 0

(2.117)
and assuming that (f*(¢')f(¢)) = (f*(t)f(t')), we have
/ t e 2P F(E))dE = / t e M2 (ApQ) + kN) 6 (t — t)at. (2.118)
0 0
It then follows that
HEF(0) = (Ap + kNS — 1), (2.119)
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

The results described by Eqs. (2.104)), (2.112)), and (2.119)) represent the correlation prop-

erties of the noise forces associated with the normal ordering.

We next proceed to obtain the solution of Eq. (2.103]). To this end, introducing new
variables defined by
ax(t) = a*(t) £ a(t) (2.120)

and applying Eq. (2.103]) along with its complex conjugate, we find

d 1
EO[:‘: = —§>\:FO(:|: + f*(t) + f(t) + €4, (2121)
where
A = 1L F 2¢q, (2.122)
€y =& ey, (2.123)

The solution of Eq. (2.121]) can be written in the form
t
as(t) = as(0)e 2 4 / e T2y + f(H) +es]dt (2.124)
0

so that with the aid of Eqs. (2.120]) and (2.124]), we finally obtain

a(t) = AL (t)a(0) + A_(t)a™(0) + F(t) + % (1—e12), (2.125)

where
As(t — 1) = % (a“t—t’)/ 24 e—A+(t—t/>/2> , (2.126)
F(t) = /0 [A (=) f()+ A_(t—t)f*(t)]dt. (2.127)

2.2 Quadrature Squeezing

In this section we seek to calculate the quadrature variances of the cavity and the output
modes as well as the squeezing spectrum of the output mode produced by a degenerate
three-level laser whose cavity contains a parametric amplifier and whose cavity mode is
driven by coherent light and coupled to a squeezed vacuum reservoir, using the solutions

of the stochastic differential equations and the correlation properties of the noise forces.
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

2.2.1 Quadrature variance of the cavity mode

The variance of the quadratures represented by the operators

a, =a' +a, (2.128)
and
a_ =i(a’ —a), (2.129)
can be expressed as
Adk =1+ (- ax,ax 3, (2.130)

in which :: stands for the normal order. We note that the c-number equation correspond-

ing to Eq. (2.130) is
Adt =14 (ax, ay), (2.131)

where a4 is defined by Eq. (2.120)). Using Eq. (2.124]), one can write
t
(ox) = (ax(0))e "2 +/ e TR )Y £ (f()) + es]dt. (2.132)
0

Taking into account Eq. (2.104) and assuming the cavity mode to be initially a vacuum

state, we have

2
(ag) = % (1= e¥t2) | (2.133)
:':

Furthermore, employing Eq. (2.124]) along with Eq. (2.104]) and the fact that a noise

force at a certain instant does not affect the cavity mode variables at earlier time, one

can write

(od) = / di"dt' e T CER ) () + (FE)FET)

0

£V FET) £ A FE) +ed] (2.134)
Applying Egs. (2.112) and (2.119]) and carrying out the integration, we obtain
Al + i + 200 + 265 £ 26(N + M 4¢?
<ai> _ [/) +p P ] + 289 H( )(1_€_>‘:Ft)+&(1_6_)‘¥t/2)2. (2‘135)

A ¥l
Hence using Egs. (2.133) and ([2.135)), we finally find

Al 4 el £ 2pR)] + 265 + 265(N £ M)
>\¥

(g, ar) = (1—e). (2.136)
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

It proves to be more convenient to introduce a new parameter defined by

1 _
P ::——Q—Q, (2.137)
so that in view of the fact that
pl0 + pl =1 (2.138)
and
P27 = pl)plD, (2.139)
one easily gets
1
) = ——g 1 (2.140)
1—n?
bl = = (2.141)
and
P — ol =n. (2.142)

On account of Egs. (2.142) and (2.97)), we see that

1= An+ k, (2.143)

so that Eq. (2.122) can be rewritten as

Ar = An+ Kk £ 2e. (2.144)
Upon setting
& =12, (2.145)
we have
PO 4 O = /1 — n2cosb. (2.146)

Now employing Eqs. (2.137)), (2.144), and ([2.146]), we put Eq. (2.136) in the form

A[/1 —n%cost £ (1 —n)| + 2e9 £ 26(N £ M) (1 — e~ (AntsF2e0ty - (2.147)
An + K F 2¢e9 o

(g, ay) =

so that Eq. (2.131]) becomes

All =+ /1 —n2cos] + 2e5 + 2k(N + M) (1- e*(AnMjF?E?)t) (2.148)
An+ K F 2e9 | |

Add =1+
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2.2 Quadrature Squeezing Degenerate Three-Level Laser
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Fig. 2.2: Plots of the quadrature variance [Eq.(2.150))] versus n for A = 100, x = 0.8, r = 0.5,
f# =0, and for e5 = 0 and 0.4.

This represents the quadrature variances of the cavity mode for the system under con-

sideration. At steady state, we find

All £ /1 —n?cost] + k[1 + 2(N £ M)]

Add = : 2.149
e An+ K F 2e, ( )
and in view of Eqs. (2.55) and ({2.58]), we see that
Al £ /1 — n?cosb] + e
Aqz = Al ncosh] e (2.150)

A?] 4+ K F 2¢e9
Since the parameter £; does not appear in Eq. (2.150]), we note that the driving coherent

light does not have any effect on the quadrature variances.

Because Eq. (2.121)) does not have a well-behaved solution for An + k < 25, we

interpret An 4+ k = 2¢5 as the threshold condition. We then see that Eq. (2.150) takes at
threshold the form

AaZ — o0, (2.151)

Ag? 1[A[l = /1 —=n?cosb] + e "k
a’ == :

T2 An+r
The term in the square brackets in Eq. (2.152]) represents the quadrature variance for

(2.152)
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2.2 Quadrature Squeezing Degenerate Three-Level Laser
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Fig. 2.3: Plots of the quadrature variance [Eq.(2.152)] versus n for K = 0.8, § = 0, » = 0.5, and

for different values of the linear gain coefficient.

a degenerate three-level laser whose cavity mode is coupled to a squeezed vacuum reser-
voir [6]. We see from this equation that the variance of the minus quadrature at steady
state and at threshold for the system under consideration is one-half of the quadrature
variance for a degenerate three-level laser with the cavity mode coupled to a squeezed
vacuum reservoir. Thus we observe that the effect of the parametric amplifier is to re-
duce the quadrature variance at steady state and at threshold by a factor of one-half. In
addition, in Fig 2.2 we plot the quadrature variance [Eq.(2.150)] versus n for A = 100,
k=08, r=0.5,60 =0, and for e = 0.4 (solid curve) and €2 = 0 (dashed curve) to
see the effect of the parametric amplifier on the squeezing of the cavity mode. Hence we

observe that the effect of the parametric amplifier is to increase the degree of squeezing.

Fig 2.3 represents the quadrature variance [Eq. ] versus 7 for different values
of A. This figure indicates that the degree of squeezing increases with the linear gain
coefficient for small values of 1 and almost perfect squeezing can be obtained for large
values of the linear gain coefficient. Moreover, the minimum value of the quadrature
variance described by Eq. for A =100, x = 0.8, = 0, and r = 0.5, is found to be
Aa? = 0.0346 and occurs at n = 0.070. This result implies that the maximum intracavity
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2.2 Quadrature Squeezing Degenerate Three-Level Laser
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Fig. 2.4: Plots of the quadrature variances [Eq.(2.150)] (solid curve) and [Eq.(2.153)] (dashed
curve) versus 71 for A =100, k = 0.8, § =0, » = 0.5, and at threshold.

squeezing for the above values is 96.5% below the coherent-state level.

We next proceed to consider some special cases. We first consider the case in which the
cavity mode is coupled to a vacuum reservoir. Hence upon setting » = 0 in Eq. (2.150)),

we find
A[l £ /1 —n%cosb] + k
An+ Kk F 2e9 '

Ad’ = (2.153)

This represents the quadrature variance for the cavity mode of a degenerate three-level
laser whose cavity contains a parametric amplifier and whose cavity mode is coupled to
a vacuum reservoir. The result described by Eq is exactly the same as the one
obtained by Fesseha [4]. Fig 2.4 represents the quadrature variances [Eq. (2.150])] versus
n (solid curve) and [Eq. (2.153)] versus n (dashed curve) for A = 100, x = 0.8, § = 0,
r = 0.5 and at threshold. Hence we see from the figure that the degree of squeezing

increases with the squeeze parameter r.

Furthermore, we consider the case in which the nonlinear crystal is removed from

the cavity and the cavity mode is coupled to a vacuum reservoir. Hence upon setting
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

gg =1 =0in Eq. (2.150)), we get

A[l £ /1 —n?cosh] + k
An+k '

Aad} = (2.154)

This represents the quadrature variance for a degenerate three-level laser [21].

2.2.2 Quadrature variance of the output mode

We next proceed to calculate the variance of the output quadratures. The variance of the

output quadratures represented by the operators

d(—)&—Ut = CAL:r)ut + CALOuta (2155)
a®t = i(al, — ow), (2.156)

can be expressed as
Adty, =1+ (-ag" ag ), (2.157)

so that the corresponding c-number equation is
Adi,, =1+ (a3 a3"™). (2.158)
Using the input-output relation
ol = ko — o, (2.159)
the output quadrature variances can be written as
Adl,,, = kAdL + 1 — k F 2Vk{ax, aT) £+ (o', ). (2.160)

We now proceed to evaluate {(a,a?"). One can express the noise force f(t) as a sum of

the noise forces associated with the cavity mode and the reservoir modes as
f(t) = fe(t) + fo(2), (2.161)

where we assume that f.(t) and f,.(t) are not correlated. In view of Eqs. (2.104]), (2.112),
and ([2.119)), the correlation properties of these noise forces can be written as

(fe(t)) = {fx()) =0, (2.162)
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

(LX) f (1) = kNSt — 1),

() F () = kMt —t),

(f@)fo(t)) = ApQa(t — 1),

(fe®) fe(t)) = (Apl) +e2)o(t —1').

Using the definition

o (1) = % (f2(0) £ £,(1))

and taking into account Eq. (2.162), we see that
(ax(t), o' (1)) = (ax(t)al(t)).

Now in view of (2.161)), Eq. (2.124]) can be rewritten as

(2.163)

(2.164)

(2.165)

(2.166)

(2.167)

(2.168)

ax(t) = ap(0)e 2 / L [ () £ £ () 4 FE) £ () + s dE, (2.169)
0

so that multiplying by af*(¢) and then taking into account Eq. (2.167) along with (2.162),

we find

(s (t), o (1)) = % /0 e ORI E0) + () fr(1))
+ (£ () (@) + (£ (¢) £7 (E))]dt"

(2.170)

Applying Eqs. (2.163)) and (2.164]) in Eq. (2.170) and carrying out the integration, we get

(ax(t), (1)) = VK(M £ N).

We also note that for a squeezed vacuum

(i o'y = £2(N + M).

Hence substitution of Eqgs. (2.171]) and (2.172)) into Eq. (2.160|) leads to

Adf o (1) =RAGE (1) + (1 = £)(1 + 2N + 2M).

27
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2.2 Quadrature Squeezing Degenerate Three-Level Laser
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Fig. 2.5: Plots of the quadrature variances [Eq.(2.152))] (solid curve) and [Eq.(2.176)] (dashed
curve) versus 71 for A =100, kK = 0.8, r = 0.5, and § = 0.

The first and the second terms on the right side of Eq. (2.173]) represent the quadrature

variances for the transmitted cavity mode and the reflected input mode, respectively. On

account of Eq. (2.148)), we can put Eq. (2.173) in the form

AdZ,(8) =k + AL =0+ /1 — pPeost] £ 22 + 26(N £ M)] (1 -Csezazaey
An+ Kk F 2e9
+ (1 — k) (1+2N +2M). (2.174)

At steady state and at threshold, the output quadrature variances take the form

Ad? e — 00, (2.175)
All — /1 — n2cosb] + ke
At = WP (1 e (276)

The plots in Fig 2.5 represent the quadrature variance for the cavity mode [Eq]
versus 7 (solid curve) and the quadrature variance for the output mode [Eq.(2.176))] versus
n (dashed curve) for A = 100 k = 0.8, » = 0.5, and # = 0. This figure shows that the
squeezing of the cavity mode is greater than that of the output mode. Moreover, the

minimum values of the quadrature variances for the cavity and output modes described
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

by Egs. (2.152) and (2.176|) are found for A = 100, x = 0.8, # = 0, and r = 0.5, to be
Aa? = 0.0.346 and Aa?,, = 0.1012, respectively and occur at = 0.070. These results

imply that the maximum squeezing for the above values is 96.5% for the cavity mode and

89.8% for the output mode below the coherent-state level.

2.2.3 Squeezing spectrum of the output mode

The squeezing spectrum of the output mode can be expressed in terms of c-number

variables associated with the normal ordering as [26]
S (w) =14 2Re /OO dre @ 0T (a0 (1), % (t + T)) gs, (2.177)
0
where the subscript ”ss” stands for steady state. Employing Eq. , we can write
(O 4(0), L4+ 7))s = (1, st 7))+ {a2(0), (7))
— Vi (1), ax(t + 7))ss — Vilax(t), o' (t +7))ss. (2.178)

On account of (a'(t)) = (a/(t + 7)) = 0 and the fact that a noise force at a certain

instant does not affect the cavity mode variables at earlier time, we see that
(02 (1), 02 (¢ + 7)) s = rlas (st + 7))es + (0L (Dt + 7))
— V(P () as(t + 7)) s — w{aw () sslas(t + 7). (2.179)
We next proceed to obtain the explicit forms of the two-time correlation functions
involved in Eq. (2.179). The solution of Eq. (2.121)) can also be put in the form
ar(t+71) = ozi(t)e_)‘jFT/Q—i-/ e TR (47 £ fu(t+ 1)
0
+fE+T) £ fot + 7)) +es]dr (2.180)

so that on multiplying by a4 (t) and then taking into account the fact that a noise force

at certain instant does not affect the cavity mode variables at earlier time, we have

(ax(t)as(t+71)) = (@2 (1))e™ 2 4 ey (as(t)) /OT e T2y (2.181)

It then follows

(ap(t)as(t+ 7)) = <ai(t)>ef)‘ﬁ/2 + (1- e”\ﬂ/Q). (2.182)
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2.2 Quadrature Squeezing Degenerate Three-Level Laser

Substituting Eqgs. (2.133)) and (2.135]) into Eq. (2.182), we find at steady state

Alpld + pit” £ 2000 + 20ea + (M EN)] 1y 4]

<OZ:|:(t)Oz:|:(t + ’7')>35 = )\¥ )\_2

(2.183)

With the aid of Eq. (2.167)) along with (2.163) and (2.164)), one can easily establish that

(P (t 4 7)o (1)) ss = £2(N £ M)d(7). (2.184)

Furthermore, on multiplying Eq. (2.180]) by o/*(¢) and taking into account Eq. (2.167)),

we see that

(o (Daslt + 7)) = < (7 (1) £ fr (st

NG
1 Te_x¥(7_7')/2 P £ (47 -
= / (RO L+ 7))+ Lol ot + 7))

(OS5 7)) % (ol + ) ()

+ex((f7 (1) £ (fr(1))]d7, (2.185)

+

so that on applying Eqs. (2.162)), (2.163)), (2.164)), and carrying out the integration, there

follows

(o (ox(t+ 7)) = %((f;"(t) + fr()ax(t)e T2 £ VR(N £ M)e w72 (2.186)

In addition, multiplying Eq. (2.169) by (f}(¢) & f.(t)) and then taking into account
Eqgs. (2.163]) and ([2.164]), we have

(fr () £ fr(t)as(t)) = £26(N £ M) / t e 250 —1hat' (2.187)
0
Hence on carrying out the integration, we get
((f7 () £ fr(t))ox(t)) = £R(N £ M). (2.188)
Now on substituting Eq. into , we find at steady state
(M) as(t + 7)) s = £2VR(N £ M)e 772, (2.189)

In view of Eq. (2.133]), we have

B 2\/E€:|:

2.190
. (2.190)

(s (t))ss = (ax(t +7))ss
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Fig. 2.6: Plots of the squeezing spectrum [Eq.(2.195))] versus n for k = 0.8, § = 0, r = 0.5,
A =25 and for e5 = 0 and 0.4.

Thus combination of Eqs. (2.179), (2.183)), (2.184)), (2.189), and (2.190) leads to

Awlp®) + pa® + 28] + 2 — A (M EN
<Oéim(t), Oéim(t + T>>ss — ’i[p + P P ] + 5[62 + ('I{ :F)( )] e—)\j;T/2
Ag
+ 2(N += M)d(7). (2.191)
Now using Eq. (2.191]) in Eq. (2.177)) and then carrying out the integration, we obtain
A + i 1 2p01 4 2[5 + (k — Ax) (M £ N)]
S (w) =144 i 2(N + M). (2.192
+ (w) K 4((4)—(4)0)2—‘—)\% + ( ) ( )
This expression can be rewritten in terms of the parameter n and r as
Al £ /1 —n? cost] — [An F 2eq]e®?"
Sout =4 :th‘ 2193
2 (W) & 4w —wo)?+ (An + Kk F 2e9)? ( )
At threshold and for w = wq, we have
59 (wp) — o0, (2.194)
All — /1 — n2 0 A22—2r
52 (wp) = AL T 2] rome © (2.195)
(An + k)

Fig 2.6 represents the squeezing spectrum of the output mode [Eq.(2.195))] versus 7 for
A=25k=0.8,0=0,r=0.5, and for e5 = 0 (dashed curve) and 5 = 0.4 (solid curve).
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2.3 Photon Statistics Degenerate Three-Level Laser

0.4

S_(w,)

Fig. 2.7: Plots of the squeezing spectrum [Eq.(2.195)] versus n for kK = 0.8, § = 0, r = 0.5, and

for different values of A.

We observe from this figure that the effect of the parametric amplifier is to increase the
degree of squeezing for 0 < n < 0.02 and to decrease for 0.02 < n < 0.32. Fig 2.7
represents the squeezing spectrum of the output mode [Eq. (2.195])] versus 7 for £ = 0.8,
0 =0, r = 0.5, and for different values of the linear gain coefficient. We see from this
figure that there is perfect squeezing for n = 0. In fact a closer inspection of Eq.
shows that there is perfect squeezing for n = 0, w = wy, and for any values of A, x, and
r. Furthermore, we plot [Eq] versus 7 for A =100, k = 0.8, # =0, and for r =0
(dashed curve) and r = 0.5 (solid curve). We observe from Fig 2.8 that the effect of the

squeezed vacuum reservoir is to increase the degree of squeezing.

2.3 Photon Statistics

The statistical properties of a light mode are described in terms of the mean and variance
of the photon number as well as the photon number distribution. In this section we first
obtain, using the antinormally ordered characteristic function defined in the Heisenberg
picture, the Q function for the cavity mode. Then applying the resulting ) function,

we calculate the mean and variance of the photon number as well as the photon number
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Fig. 2.8: Plots of the squeezing spectrum [Eq.(2.195))] versus n for A =100, x = 0.8, # = 0, and
for r = 0 and 0.5.

distributions for the cavity mode produced by a degenerate three-level laser whose cavity
contains a parametric amplifier and whose cavity mode is driven by coherent light and

coupled to a squeezing vacuum reservoir. Finally, we calculate the mean and the normally-

ordered variance of the photon count.
2.3.1 Photon number statistics of the cavity mode

The Q function

We now proceed to obtain the Q function for the cavity mode. The Q function for a
single-mode light can be expressed in terms of the antinormally ordered characteristic
function as

Qa*, a,t) = —/—ZqDA(z*,z,t)eZ aza (2.196)
T T

where ®4(z*, z,t) is defined in the Heisenberg picture by

Dy(2", 2, t) =Tr (p(O)e_Z*&(t)ezaT(t)> : (2.197)

Applying the relation
el = eBeAeld Bl (2.198)
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which holds for [A, [A, B]] = [B, [A, B]] = 0, Eq. (2.197) can be rewritten as
da(2*, 2,t) = e *Tr <p(0)ez‘ﬂ(t)e_z*&(t)> . (2.199)

We note that Eq. (2.199)) can be expressed in terms of c-number variables associated with

the normal ordering as
a2, 2,t) = e (g2 = alt)y, (2.200)

Using Eq. (2.290)), we can write

2 Ix * 1
Dy(2" 2,t) =exp| — 2"z + %(1 — e M) (2 — )| (PO (2.201)
where
' (t) = AL (H)a(0) + A_(t)a™ (0) + F(t). (2.202)
With the aid of Egs. (2.202), (2.122)), and (2.126]), it can be easily established that
d 1 .
(1) = —5 el (6) — 20" (1), (2209

which is a linear differential equation for /(¢). On the other hand, in view of Eqs. (2.104])

and ([2.127]), we see that
(F(t)) = 0. (2.204)

Assuming that the cavity mode is initially in a vacuum state and taking into account

Eqgs. (2.202]) and ([2.204]), we have
(a/(t)) = 0. (2.205)

Thus we observe that /(t) is a Gaussian variable with zero mean. On account of this,

Eq. (2.201)) can be put in the form [21, 32]

Dy (2", 2, 1) :exp{ — 22+ %(1 — e_’\‘t/Q)(z — z*)] ela(za"(O)=z"/ (1)) (2.206)
or
a(2" 2,1) = efﬂp{ —2"2(L+ (" (1) (1)) + %(22(0/*2(75» +2%(a” (1))
n %(1 ety (5 z*)] _ (2.207)
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We now proceed to obtain the expectation values involved in Eq. (2.207)). Taking into
account Eq. (2.202) with the cavity mode being initially in vacuum state and the fact
that a noise force at a given instant does not affect the cavity mode variable at earlier

time, we find
(" (D)) = (P (OF (1), (2.208)
so that using Eq. (2.127)), we have
(e 0) = [ rar[ane-0ae- e

FAL(E— YA (- )P )

F AL A (= )P S )

A= DAL= OG@OeY) 200)
With the aid of Egs. and (2.119)), we get

@ 0oy = [ ar [(Ai(t SO 4 A (- DAY 4 kN

ac

+ ALt —t)A_(t — ) [APY + prO) 4 26 M + 252]} (2.210)
and employing Eq. (2.126)), we have

et = [ ar (AL + 22 + 202+ 2l + KM+ )0

aa

— (AP + 30 = 2080 + 22 + (M — N )])6“(”')} . (2211)

It then follows that

(o™ () (1)) = 4i_ (Al + oo + 2000)] + 2le2 + £(M + N))(1 = e

1
— K(A[pé? + o2 — 2007 4 2[ey + k(M — N)])(1 — e ™). (2.212)
Jr

Following a similar procedure, we easily find

/ ]' * —
(1)) = (ALl + " + 20001 + 22 + £(M + N))(1 = e7*)

1
+ ——(A[pL) + 93 = 28] + 2[e2 + K(M = N)])(1 — )

4N,

A
0) _ S¥(0)y(1 — ¢=A=+A1)t/2y 2913
e == ) (2213)
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On account of (2.212) and (2.213) along with the complex conjugate (2.213]), the
characteristic function described by Eq. (2.207]) can be written as

CI)A(Z*, 2, t) — e—az*z+b*z2+bz*2+cz—cz*7 (2214)

where the coefficients, expressed in terms of the parameter n, are

Al =+ /1 = n2cos 0] + 2e5 + 2K(N + M) (1 — e~ (Antr=2e2)ty
4(An + K — 2¢e9)

Al —n— /1 —n%cos 0] — 25+ 2k(N — M)
4(An + K + 2&9)

a=1+

+ (1 — e~ Wntrt2e)ty (9 915)

All = n+ /1 —n?cos 0] + 2e9 + 26(N + M)

b= 1 — —(An+r—2e2)t
8(An + Kk — 2e5) ( c )
AL —n— /1 —nPcos 0] — 225 + 2k(N — M) (1= e~ (Ambetzeany
8(An + K + 2¢3)
L IAVLIZSinG g aneny (2.216)
4(An + k) ’
261

- == 1 o —(An+rK—2e2)t/2 ) 2217
¢ An+ Kk — 252( € ) ( )

Hence applying (2.214) in Eq. (2.196)) and carrying out the integration with the help of

the relation

d*a —aa*atbatca*+Ba?+Ca*? 1 abc + Be? + Cb2
/76 =75 __4Bcea:p 1RO , a>0, (2.218)

the Q function for the cavity mode is found to be

/2 Ay*
Qa*, a,t) = uexp{ —u|a —c* + v (a —c)? +v(a* — 0)2} ) (2.219)
m
where

¢ (2.220)

e '

b

= . 2.221
R (2.221)

This represents the QQ function for the cavity mode which is initially in a vacuum state.
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The mean and variance of the photon number

We next seek to calculate the mean and variance of the photon number for the cavity
mode applying the ) function. We recall that the mean photon number can be expressed
as

n= /d%zQ(oz*, a,t)(a*a—1). (2.222)

Taking into account Eq. (2.219)), the mean photon number can be put in the form

__ /22 — 4v*v ( 02 B 1) /dQ_O‘e—ua*a+v*a2+va*2+qa*+q*a (2.223)
ec (u—v*—v) aqaq* T g=c(u—20)
Upon carrying out the integration with the help of Eq. (2.218]), we obtain
2 wa™* v¥ 2 v *2
== ec%mv)( 0 - 1)6*41* , (2.224)
aqaq g=c(u—2v)
from which follows
7i = ﬁ vl (2.225)
Using Eqgs. (2.220) and (2.221)) along with (2.215)) and (2.217)), we can write
- :A[l —n++/1—n%cos 0] + 2e5 + 2k(N + M) (1- e—(An+n—252)t)
4(An + Kk — 2e9)
N All —n— /1 —n?cos ] — 25+ 2k(N — M) (1 — ¢~ lametzeaty
4(An + K + 2&5)
+ 15 (1 — e~ WAmtnm2ea)t/2)2 (2.226)
(An+ Kk — 2e9)?
and at steady state this can be put in the form
_ A[l+ /1 —n2cos 0] + ke* N A[l = /1 —n?cos 0] + ke "
Ngs =
4(An + Kk — 2e9) 4(An + Kk + 2e9)
4¢? 1
°1 - (2.227)

+ —
(An+ Kk —2e9)%2 2
This represents the mean photon number for the cavity mode produced by a three-level
laser whose cavity contains a parametric amplifier and whose cavity mode is driven by

coherent light and coupled to a squeezed vacuum reservoir. We can easily see from

Eq. (2.227)) that the coherent driving light enhances the mean photon number.

Fig 2.9 represents the mean photon number [Eq.([2.227))] versus n for A = 100, x = 0.8,
g1 = 0.2, 7 =0.5,0 =0, and for 5 = 0 (solid curve) and g5 = 0.3 (dashed curve). We
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Fig. 2.9: Plots of the mean photon number [Eq.(2.227))] versus n for A =100, x = 0.8, &1 = 0.2,

r = 0.5, # =0, and for different values of es.

observe from this figure that the mean photon number deceases with 7 and the parametric

amplifier increases the mean photon number of the cavity mode.

We now proceed to consider some special cases. First we consider the case in which

there is no parametric amplifier in the cavity. Thus upon setting €5 = 0 in Eq. (2.227)),

we get

All —n] + 26N 4e?
+ . 2.228
2(An+ k) (An + k)2 ( )

Ngs =

This is the mean photon number of a three-level laser whose cavity mode is driven by

coherent light and coupled to a squeezed vacuum reservoir. The result described by
Eq. (2.228) is the same as that obtained in [6].

We next consider the case in which the cavity mode is not driven by coherent light

and coupled to a vacuum reservoir. Hence upon setting €; = 0 and r = 0 in Eq. (2.227)),

we find

A[l—l—\/l—n?cosH]—l—/@_l_A[l—\/l—n%osﬁ]—kli 1

4(An+ K — 2ey) 4(An + Kk + 2e9) 2

Ngs =

(2.229)

This represents the mean photon number for a three-level laser with a parametric am-
plifier and with the cavity mode coupled to a vacuum reservoir. The result described by

Eq. (2.229) is exactly the same as the one calculated by Fesseha [4]. Furthermore, setting
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g9 = 0 in Eq. (2.229)) leads to

__ All—n)
Ngs = m, (2.230)

which is the mean photon number for a three-level laser.

We next proceed to calculate the variance of the photon number for the cavity mode.

The variance of the photon number defined by
An? = {(a'a)?) — (a'a)? (2.231)
can be expressed as
An? = (a*a'?) —7® — 37 — 2, (2.232)

where 7 = (aa) is the mean photon number for the cavity mode. Using Eq. (2.219), we

can write
o R 4 2
<&2d1_2> _ lé'z —_ fL’U v 28 — / d ae—ua*a+v*a2+va*2+qa*+q*a : (2233)
ec?(u—v*—v) aq aq T g=c(u—20)
so that carrying out the integration with the help of Eq. (2.218]), we get
* * 2 *2
~2512\ _ —c?(u—v*—v) uq q +vq°+vq 2934
= e e (2230
Then performing the differentiation, we find
2(u? + 20*v)  2¢2(2u + v* +0)
a2at?) = 4 2.235
(a%a") (u? — dv*v)? * u? — dv*v e ( )
Combination of Egs. (2.235)), (2.232)), (2.225)), (2.220)), and (2.221)) results in
An* =ala —1) +4b*b +2c*(a + b* + b — 1/2). (2.236)

With the aid of Eqgs. (2.215)), (2.216)), and (2.217]), the variance of the photon number for

the cavity mode is found at steady state to be of the form
Ap? :Q[A[l + /1 —1n2cos 0] + /%27"]2 N 2[A[l — /1 —12cos 0] + I€€_QT]2
5 4(An + Kk — 2¢e9) 4(An + Kk + 2e5)
Al + /1 —n2cos 0] + ke*™  A%*(1 —n?)sin? 0 1

4e? -, 2.237
e (An + Kk — 2e9)3 * 4(An + k)? 4 ( )

Fig 2.10 represents the mean photon number [Eq.([2.227))] versus 7 (solid curve) and the
uncertainty in the photon number using [Eq.([2.237))] versus n (dashed curve) for A = 100,
k=08 ¢ =02 69 =0.3,7r=0.5, and § = 0. We observe from the figure that the

uncertainty in the photon number is greater than the mean photon number.
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Fig. 2.10: Plots of the mean photon number [Eq.(2.227)] and the uncertainty in the photon
number using [Eq.(2.237))] versus n for A =100, K = 0.8, e; = 0.2, e = 0.3, r = 0.5,
and 6 = 0.

The photon number distribution

The photon number distribution for a single-mode light defined by
P(n.1) = (nlp(a,a)n), (2.238)

is expressible in terms of the Q function as [28, 33]

i a2n * a*a
P(TL7 t) = EWQ(O& , Qv t)@ e (2239)
On account of Eq. (2.219)), we see that
P _ u? — 4v*v o (1—u)a*a+v* o fva*? +c(u—20*)atc(u—2v)a* 4
(n, t) prm—- e , (2.240)
nlec (u—v*—v) aa*naan R
so that using the power series
o = (L=t
R (2.241)
- !
v*a? = U*l 2l
e’ Y = T (2.242)
— 1!
va*? = v *2m
et =) e, (2.243)
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c(u—2v*)a __ . [C(U - 20*)]T r

e = E " (2.244)
c(u—2v)a* __ - [C(U B 21})]8 *S

e = E o (2.245)

r

we have

u? — 4v*v 1 —w)f vt o™ [e(u — 20" [e(u — 20)]*
Vv 3 (1 —w)" v o™ [ )] e )]

Pln.t) = - e Ko ml 7l sl
k,l,m,r,s
" erorrr 0" kroms
—_— T __qffTemTs . 2.246
oan oa*m ( )

a*=a=0

Upon carrying out the differentiation with the help of the relation

om n!
] S L 2.247
D" oo (n—m)! ( )

we get

u? — 4v*v 1 —w)f oo™ [e(u — 20" [e(u — 20)]*
Vv Z< ) [e( )] e )]

nlec (u—v*—v) Ko m! r! s!

P(n,t) =

k,l,m,r,s
(k + 20 +1)! (k +2m + s)!
(k+2l+r—n)(k+2m+s—n)!

5k+2[+r,n5k+2m+s,n- (2248)

Hence applying the property of the Kronecker delta, we have
r=n—k—2I (2.249)

and

s=n—k—2m. (2.250)

Now in view of these results, the photon number distribution takes the form

4U ) 1 - U k *l o™ [ (U o 2U*>]n—k‘—2l [C(U o QU)]n—k—2m
P(n,t) = c2u v*—v) kZOlmZOn KU oml (n—k—20)! (n—k—2m)! ’

(2.251)

where [n—k] = (n—k)/2 for even n—k and [n—k] = (n—k—1)/2 for odd n—k. Fig 2.11
represents the photon number distribution [Eq.(2.251))] versus n for k = 0.8, g1 = 0.2,
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Fig. 2.11: Plots of the photon number distribution [Eq.(2.251)] versus n for k = 0.8, ¢; = 0.2,
€0 =0.3,7=0.1,r=0.5, and § = 0 and for A =0 and 100.

g9 =0.3,7r=0.5,17=0.1,0 =0, and for A = 100 (solid curve) and A = 0 (dashed curve).
The figure indicates that the probability for observing n photons in the cavity decreases
as n increases. we also see from the same figure that the probability for observing even
number of photons is greater than that for observing odd number of photons. Moreover,

we see from the same figure that there is more probability for observing even number of

photons for A # 0 than for A = 0.

2.3.2 Mean and variance of the photon count

In this section we wish to calculate the mean and the normally-ordered variance of the
photon count for the output mode employing a moment generating function. The moment

generating function is defined by [34]
M(X) =Y P(m)(1 -\, (2.252)
m=0
where P(m) is the photon count distribution. We note that the photon count distribution

can be expressed as [26, 34]

P(m)=>_ m!(+im)!P"“’f(”)”m(1 — ), (2.253)
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in which P,,(n) is the photon number distribution for the output mode and v is the
probability for detecting a single photon. On substituting Eq. (2.253]) into Eq. (2.252)),

we have

Z Z ml(n —  Pout ()™ (1= v)" " (1 = A)™. (2.254)

m=0n=m

Inverting the order of the summations, we see that

n

= " Pou(n) > m!(n”—imﬂu — )" (1= N)]™, (2.255)

so that applying the binomial theorem, the moment generating function can be expressed

in terms of the photon number distribution for the output mode as

Z Pous(n)(1 — vA)™. (2.256)

Multiplying Eq. (2.252)) from the left by (A — 1)% and then setting A = 0, we get

d
m=(A—1)—M()\) , (2.257)
d\ S
where
m= Y mP(m) (2.258)
m=0
is the mean photon count. Using Eq. (2.256)) in Eq. (2.257]), we have
S d
=3 Poul — (1= A" (2.259)
n=0 d>‘ A=0
and on carrying out the differentiation, we get
M = UNout, (2.260)
where 7,,; is the mean photon number of the output mode.
Using the input-output relation
Qout = VEO — Quip, (2.261)
and
ﬁout = <azutaOUt>7 (2262)
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the mean photon number of the output mode can be expressed as
Rt = K71+ T — V(0 (Din(t)) — VRl (Dalt)), (2.263)
where
n = {(a*(t)a(t)) (2.264)
is the mean photon number of the cavity mode and
Tin = (@, (Dam(t)) = N (2.265)

is the mean photon number of the input mode.

We now proceed to find the explicit forms of (a*(t)a;,(t)). To this end, we rewrite

Eq. (2.290) as

alt) = B(t) + E.(t) + E,(t), (2.266)
where

B(t) = Ay (t)a(0) + A_(t)a™(0) + % (1—e 12, (2.267)

B0 = [ 1AL~ D))+ A D0 (2.268)

B0 = [ A0~ O080) + A= )10 (2.260)

On account of Eq. (2.266|), we see that

(@ (t)ain(t)) = (B ()ain(t)) + (EZ () in(t)) + (E7 (t)in(t))- (2.270)

With the aid of Eqgs. (2.104]), (2.267), and the fact that a noise force at a certain time

does not affect the cavity mode variables at earlier time, we easily get
(B*(t)ayn(t)) = 0. (2.271)

Furthermore, assuming that the noise forces associated with the cavity and reservoir

modes are not correlated, we have

(Ei(t)ain(t)) = 0, (2.272)
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In view of (2.269), (2.271)), (2.272), and the relation

unlt) = Z=1+(0). (2.273)
Eq. takes the form
(o (t)ain(t)) = % /0 t[A+(t — (T W) @) + A(t =) (S (E) e (0))dt’. (2.274)
so that applying Egs. (2.126)), (2.163)), and (2.164)), we find
(0" (H)ain(t)) = VEN/2. (2.275)
Therefore, using Eq. and its complex conjugate in Eq. , we get
Tiout = kM + (1 — K)N. (2.276)

The first and the second terms on the right side of Eq. (2.275]) represent the mean number
of the transmitted cavity photons and the mean number of reflected input photons. Taking

into account Eq. (2.276]), the mean photon count for the output mode takes the form

m =vkn+v(l —k)N. (2.277)

We next seek to calculate the normally-ordered photon count variance for the output
mode. The normally-ordered variance of the photon count can be expressed as
cAm? = Am* —m, (2.278)
where

Am? = m? —m* (2.279)

is the variance of the photon count. Using Eq. (2.252)), one can easily verify that

— d
m? =[(A = 1)—<]*M()) (2.280)
d\ =0
On account of Eq. (2.256|), we see that
2 = d 2 n
m2 = nzo Pyt (n)[(X — 1)5] (1—v)) - (2.281)
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Carrying out the differentiation and then applying the condition A = 0, we get

m? = v2(n2,,) + (1 — V) lgu. (2.282)

Hence substituting (2.260)) and (2.282)) into Eq. (2.279)), we get
Am? = v An2, + v(1 — V)Tgut, (2.283)
where

An2,, = (A2,,) — 7> (2.284)

out out

is the photon number variance of the output mode. Now applying Egs. (2.260]) and ({2 m
in Eq. (2.278]), the normally-ordered photon count variance of the output mode can be

put in the form

. 2. _,2. 2 .
cAmS i =v7 And,

(2.285)
in which

Anout <Oé:<n2Lt agut> ﬁQ (2 . 286)

out
is the normally-ordered photon number variance of the output mode.
Using the input-output relation, we can write
(amitoue) = K2{|0)%) + (laf,[*) + k(4{|aci|?) + (aaf,) + (i a®))
—26vVE((aPaay) + (a*al,a?)) — 2ve((a2aas,) + (o*alal ). (2.287)

We next proceed to evaluate the expectation values involved in Eq. (2.287)). To this end,
we rewrite Eq. (2.290) as

a=a +e, (2.288)
where
o' = Ai(t)a(0) + A_(t)a” (0) + F(t), (2.289)
2¢e1 —A_t/2
e=1 (=¥ (2.290)
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On account of Eq. (2.288) and its complex conjugate, we see that
(a*aad, a) = (& af i) + e2{a aim) + e ok, aim) +e(al o ag,). (2.291)

We recall that o’ and «;, are Gaussian variables with zero mean. Hence Eq. (2.291]) can

be put in the form
(" aaj,am) = (oo ) o], aim) + (0", ) (@ ain) + (0 ain)(0],0) + *(a,ain). (2.292)

With the aid of Eq. (2.288]) and the assumption that the cavity mode is initially in a

vacuum state, it can be easily verified that
(/i) = VEM /2 (2.293)
and
(a™*n) = VEN/2. (2.294)
We note that for a squeezed vacuum reservoir
(Qfnin) = N (2.295)
and

{(Qiniin) = M. (2.296)

Now combination of Egs. (2.292)), (2.293)), (2.294)), and (2.295)) results in

(a*aad, i) = KN? /4 + kM? /4 + 7N, (2.297)
where

= (a*a) + &% (2.298)

Furthermore, taking into account Eq. (2.288)) and the fact that o’ and «;,, are Gaussian

variables with zero mean, we obtain

(aaf,) = (o) (eg,) + 2(a" ain)” + e%{ajy,), (2.299)

m
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so that applying Eqs. and , we get
(a*?a2)) = M'M + kN?/2, (2.300)
in which
M =b+ e (2.301)

with b = (a*?(t)) given by Eq. (2.216)). Following the same procedure, we find

(0 aau,) = VE(M'M/2 +7N), (2.302)
(aj2a0in) = VE(M? /2 + N?), (2.303)
(a;2a2) = M? + 2N, (2.304)

Substitution of Egs. (2.297)), (2.300), (2.302), (2.303)), and (2.304)) along with their com-
plex conjugate into Eq. (2.287)) yields

(2,a2) = K*{a?a?) + (1 — k)2 (M? + 2N?) + 26(1 — k) (M'M +20N).  (2.305)

Now taking into account of and (2.276)), we can put Eq. in the form
CAR2, =R AR (1 — k)2 AnZ, s 426(1 — k) (MM +7AN). (2.306)
where
cAn? = (a*a?) — 7 (2.307)
is the normally-ordered photon number variance of the cavity mode and

cAn2 = N*4+ M? (2.308)

is the normally-ordered photon number variance of the input mode. Therefore, with

Eq. (2.306)) introduced into Eq. (2.285)), there emerges

cAm? =2k AR (1 — k)2 Ang  +26(1 — k)VP(M'M +7N). (2.309)
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Fig. 2.12: A plot of the normally-ordered photon count variance [Eq. (2.309)] versus 7 for A =
100, k =0.8,e1 =0.2, 90 =0.3, r = 0.5, v = 0.6, and 0§ = 0.

Fig 2.12 represents the normally-ordered photon count variance [Eq. (2.309)] versus 7
for A =100, k =08, =0.2,e9 = 0.3, v = 0.6, r = 0.5, and § = 0. We observe from

the figure that the photon count statistics is super-Poissonian.
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Nondegenerate Three-Level Laser

In this chapter we seek to study the squeezing and statistical properties of the light pro-
duced by a nondegenerate three-level laser whose cavity contains a parametric amplifier
and in which the cavity modes are driven by coherent light and coupled to a two-mode
squeezed vacuum reservoir. Three-level atoms initially prepared in a coherent superpo-
sition of the top and bottom levels are injected into the cavity at a constant rate and

removed from the cavity after sometime.

We first obtain the master equation and stochastic differential equations for the cavity
mode variables associated with the normal ordering. Using the solutions of the resulting
differential equations and the correlation properties of the noise forces, we calculate the
quadrature variances and the squeezing spectrum. In addition, we determine the mean
and variances of the photon number sum and difference as well as the photon number
distribution for the cavity modes employing the Q function. The Q function is obtained
with the aid of the antinormally ordered characteristic function defined in the Heisenbeg
picture. Finally, we calculate the mean and the normally-ordered variances of the photon

count sum and difference for the output modes.
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Fig. 3.1: Schematic representation of a nondegenerate three-level laser with a parametric am-

plifier, a driving coherent light and a two-mode squeezing vacuum reservoir.

3.1 Stochastic Differential Equations

3.1.1 Master equation

Here we want to drive the master equation for a nondegenerate three-level laser whose
cavity contains a parametric amplifier and with the cavity modes driven by a two-mode
coherent light and coupled to a two-mode squeezed vacuum reservoir applying the same
approximations that we have used to drive the master equation for the degenerate case

considered in chapter two.
Nondegenerate Three-Level Laser

We represent the top, intermediate, and bottom levels of a three-level atom in a cascade
configuration by |a), |b), and |c), respectively, as shown in Fig. 3.1. In addition, we
assume the two modes a and b to be at resonance with the two transitions |a) — |b) and
|b) — |c), respectively and direct transition between level |a) and level |¢) to be dipole

forbidden. The interaction of a nondegenerate three-level atom with the cavity modes

o1



3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

can be described by the Hamiltonian
i = ig (|a) (bla — a'|b)al + [B){elb — b1|e) o] ) (3.1)

where ¢ is the coupling constant, a and b are the annihilation operators for the cavity

modes. We consider a three-level atom initially in the state

14(0)) = Cala) + Celc). (3.2)

The density operator for a single atom can then be written as

pa(0) = pidla)(al + p2la)(c] + pie)(al + ple){cl, (3.3)

where
paa ‘C ’2 cmd pt(:c ’CC‘Z (34)
are the probability for the atom to be in the upper and the lower levels at the initial time,
PO =c,cr and P9 =cC.Cx (3.5)

ca

represent the atomic coherence at the initial time. We note that

P02 = plpl0), (3.6)

With the aid of Egs. (2.14) and (3.1)), the equation of evolution of the density operator

for the cavity modes can be put in the form

0]

02 =g (a1 = oot — ' fus + pusit! + b — b = Hjue + pucd) . (37)

where
Pap = (a|par(t)|B), (3.8)

with o, 8 = a,b,c. We next proceed to determine the matrix elements p,s involved in

Eq. (3.8]). Taking into account Egs. (2.18)), (2.19)), (3.1]), and (3.3), we can write

dpag

dt _Ta(paa)daaéaﬁ + pgg)éaadcﬁ + p((;g)(sac5aﬁ + p((;?;)éacéc,@),a

+ 9 (@500 — @' pusdas + bpesdos — bl prsdae

— Paass + Pabi!0as — Pasbdos + ﬁacy(sbﬂ) — VPaBs (3.9)
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

where 7, considered to be the same for all the three levels, is the atomic decay rate. Using

Eq. (3.9)), we obtain

ds;b =9 (dﬁbb — Paal + ﬁaciﬁ) — Yabs (3.10)
dil;c =9 <8ﬁcc - pAbbB — &Tﬁac> — YPbes (3.11)
ds:a = raplad + 9 (@Pra + Pavi) = Viaa; (3.12)
dggc =rapldp—g (iﬂﬁbc + ﬁcb13> — Y ecs (3.13)
dggc = raplb g <df’bc - ﬁab’3> — VPac, (3.14)
% =-9g <dTlaab — bpey + frat — f)bCZA)T> — Y Pbb- (3.15)

Dropping the g terms in Eqgs. (3.12)), (3.13)), (3.14)), (3.15)) and then applying the adiabatic

approximation scheme, we get

Tapt(z(c)L) ~

Paa = P, 3.16
5 (3.16)
(0)
~ TaPecc .
Pec = P, (3.17)
Y
(0)
N TaPac .
Pac = P, (318)
Y
pop = 0. (3.19)

Substituting the above results into Egs. (3.10) and (3.11)), we have

dﬁab g'ra ( (0) A7 ~A N
_ AR () )_ " 3.20
i ~ \Pac P = Papl) = Ybw (3.20)
dppe 9T <A S . .
c _ ab(O)_T(0)>_ . 3.21
p o \bpech = @ pach) = Yiue (3.21)
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

so that employing once more the adiabatic approximation scheme, we get

~ gra
par =" (pacpr P pa) (3.22)
. g
pre =3 (péc)bp pPa p) (3.23)

Finally on account of Eqgs. (3.22) and (3.23]), the equation of evolution of the density
operator for the cavity modes given by Eq. (3.7]) takes the form

dp(t)  Ap) ApQ o
4P) _ Ao (ot 50— aatp — paal) + 0 (2bpbt — b — bibp)

dt 2
ApY L . A /. .
_ g (2&*;319* —btats — praT) ’; (21),3& _ pab— &b/}) . (3.24)
where
29%r,
A= (3.25)
y

is linear gain coefficient.
Two-Mode Squeezed Vacuum Reservoir

The density operator for a two-mode squeezed vacuum reservoir can be written as
HS )10;0;) (00,157 () (3.26)
where
Si(r) = er@di—ado (3.27)

is the squeeze operator with the squeeze parameter r taken for convenience to be real and
positive, and ¢; and czz represent the annihilation operators for the reservoir submodes.

With the aid of Eq. (3.26) and the identity operator I = S;(r)S!(r) , we can write as

(&5dy) = H<oioiyej (r)di (k)[0,0,), (3.28)
in which
&i(r) = SI(r)e; S(r) (3.29)
and
di(r) = ST (r)d,,S;i(r). (3.30)
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Differentiating Eq. (3.29) and the adjoint of Eq. (3.30) with respect to r, we obtain
d

—-5(r) = d{(r)3; (3.31)
and
d o )

In order to decouple these equations, we differentiate Eq. (3.31)) once more with respect

to r. We then get
d* . .
e ¢i(r) = ¢;(r). (3.33)

The solution of this equation can be put in the form
¢j(r) = Ae" + Be™". (3.34)

Applying the condition r = 0, we see that

¢(r) = A+ B = ¢;0i5, (3.35)
r=0
d o
acj'(?“) . = A — B = dZ(ZJ (336)
It then follows that

1 .
A= 5(@ +d})d;, (3.37)

Lo s

so that on account of these, Eq. (3.34) takes the form
¢;(r) = (¢ coshr + d! sinh 7)0ij. (3.39)

Following a similar procedure, we can easily verify that

A~

di(r) = (d; coshr 4 &l sinh r)dy,. (3.40)

In view of Egs. (3.39) and (3.40]), we have

(éjcm = H<0101|626L COSh2 T+ (dj(iz + ézéj) coshrsinhr + CZI&I sinh2 T|0101>(5”(51k (341)

)
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

Applying the relation élé;f =1+ éj ¢;, we find
(¢jdi) = Moy, (3.42)

where M = sinhr coshr. We assume that k is of the order of the central wave number

ko, so that we can replace k by 2ky — k. In view of this, Eq. (3.42) can be rewritten as
(&5dy) = M6 oy (3.43)

One can also easily establish in a similar manner that

() = {di) = (&) = (dyd) = (¢5df) = (clel) = (dld]) = (¢ldy) =0, (3.44)
<éjdzi> = Mdj 250k (3.45)
(een) = (djde) = Noj, (3.46)
(¢5¢h) = (dd}) = (N + 1)d;x, (3.47)
in which
N = sinh?r. (3.48)

We now proceed to drive the equation of evolution of the density operator for cavity
modes coupled to a two-mode squeezed vacuum reservoir. In general, the reduced density
operator for cavity modes coupled to a reservoir can be expressed in Born approximation

as

%ﬁ(t) = —i[(Hsr(t)), p(0)] — [ dt'Trr(Hsp(t)Hsr(t')p(t')R)

—|—/dt/TTR(ﬁSR<t)/3(t/>RI:[SR<t/))+ dt'Trr(Hsr(t)p(t' ) RHgr(t))

- / A Trp(p(t) REsp(t') Hsp(t)). (3.49)

We seek to obtain the equation of evolution of the reduced density operator for cavity
modes coupled to a two-mode squeezed vacuum. The Hamiltonian describing the inter-

action of the cavity modes with the two-mode squeezed vacuum reservoir can be written
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

as

HSR - Z)‘k ckez Wa—wp)t déTe i(wa—wp)t + dekei(wawk)t i (A)Cz;gefi(wawk)t)’ (350)

where ¢, and d, are the annihilation operators for reservoir submodes and A, is the

coupling constant. Using (3.50]), one can write Eq. (3.49) as

d . . o . . T
Pt = / dt’ (h(a”p(f’) +p(t)a'* —2a7p(t)a") + L(alap(t') + p(t')ala — 2ap(t')al)
+ Iy(aa’p(t') + p(t)aat —2a'p(t")a) + Lu(@*p(t') + p(t')a® — 2ap(t')a)
+ I5(B7p(t) + p(E)6> — 26T p(¢)0T) + Is(6Tp(t') + p(t')bTh — 2b(¢)b)
+ L (06T p(¢) + p(t)bbT — 267 p(t')b) + Is(B*p(t') + p(t')b* — 2bp(t')D)
+21(at0"p(t') + p(t')ald’ — b p(t')al — alp(t')b")
+ 200 (atbp(t') + p(t")a'b — bp(t)at — atp(t')b)
+ 214, (abTp(t') + p(t)ab" — bTp(t)a — ap(t')bh)
+ 2115 (abp(t') + p(t")ab — bp(ta — ap(t)d) ), (3.51)
where
_ Z )\k)\k’ <ékék/>€’i(wa*wk)t+i(wa7wk/)t" (352)
kk’
== N (@pcf et men)t ezt (3.53)
kK’
== Medp(efep et amenitiluaant, (3.54)
kk'
= Md (el e ementmilvamant (3.55)
kk’
= M (dpdy el ol et (3.56)
kk'
= N (], et r et et (3.57)
kk’
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

— Z A A <CZ£CZ1€/>6_i(wb_w’“)t+i(wb_wk')t/, (3.58)
kk'
Iy = M (dfd], e v menlimitamaant, (3.59)
kk'
=) Mdwr (pdy el @e et (3.60)
kk'
Lo ==Y Medi (gl ye e menlt=itormeant’ (3.61)
kk'
Li = =Y Ned(ehdy e~ wemantrilaut (3.62)
kk'
Ly =Y Mhw (efd, el @rmenttite ot (3.63)
kk'

In view of Eq. (3.44]), we easily see that
11:[4:[521821102111 :0 (364)
On account of Eq. (3.47)), we have

L= —(N+1))  Melleaent=), (3.65)
k

Now replacing w, by the average value wg = “"’TJ"‘”’, and assuming the reservoir submode
frequencies to be closely spaced then the summation can be converted into integration.

We then write
Iy=—(N+ 1)/ dwg(w) N} (w)A(w)el@o=) =t (3.66)
0

where g(w) is the density of the reservoir submodes. We expect w to vary very little
around wy. In view of this, we can replace g(w) and A(w) by g(wp) and A(wp) and extend

the lower limit of the integration to —oo, so that

L=—(N+ 1)9(Wo))\2(wo)/ dwe o=t (3.67)

— 00
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

Moreover, upon setting w’ = w — wy, we see that

Iy = — (N + 1)g(wo) A\*(wp) /00 du' ettt (3.68)
from which follows
I =—=kr(N+1)6(t —t), (3.69)
where
Kk = 2mg(wo)A\?(wo) (3.70)

is defined to be the cavity damping constant. Following a similar procedure, we can also

easily obtain

13 :I'y = —IiN(S(t - t/>, (371)
Is = —k(N 4+ 1)(t — t), (3.72)
]9 = 112 = /{M(;(t - t,) (373)

Upon substituting Eqgs. (3.64), (3.69), (3.71)), (3.72), and (3.73) into Eq. (3.51]), we have

%;}(t) =K / dt’ ((N + 1)(2ap(tal — atap(t') — p(t')a'a)

+ N(2a'p(ta — aa'p(t') — p(t')aal)

+ (N +1)(20p(t")bt — bTop(t') — p(t')bTh)

+ N(2b'p(t)b — bbTp(t') — p(t')bbh)

— 2M (bp(t")a + ap(t')b — abp(t') — ﬁ(t')ai))) 5(t—t), (3.74)

so that carrying out the integration, we get

d K
—H(t) ==
dtp( ) 5

+ gN (2&*;3& —aalp— paat + 26t ph — bbtp — ﬁBET)

(N +1) (zaﬁeﬁ —atap — pata + 2bpbt — bibp — ﬁiﬁé)

— kM (a*piﬂ +btpat — abtp — patbt + bpa + aph — bap — ;’)Bd) . (375)
This represents the equation of evolution of the reduced density operator for cavity modes

coupled to a two-mode squeezed vacuum reservoir.
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3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

Nondegenerate Three-Level Laser with Coherent and Squeezed Light

The interaction of the driving light modes, treated classically, and cavity modes is de-

scribed by the Hamiltonian

H=iei(al —a+ 0" —b), (3.76)
where ¢, is proportional to the amplitude of the driving light modes. In addition, the
Hamiltonian describing the parametric interaction, with the pump mode treated classi-
cally, can be written as

H = isy(a’dt — ab), (3.77)

in which &5 is proportional to the amplitude of the pump mode. The equation of evolution

of the density operator associated with these Hamiltonians has the form

dp(t b o b
_f;(t> = (ﬁa_amam—ﬁauﬁb—bﬁ+bTﬁ—ﬁb*)

1 . . .
+ 58 (pab —abp+a'btp — ,aaTbT) . (3.78)

Taking into account Egs. (3.24), (3.75)), and (3.78), the master equation for the cavity
modes of a nondegenerate three-level laser whose cavity contains a nondegenerate para-
metric amplifier and whose cavity modes are driven by a two-mode coherent light and

coupled to a two-mode squeezed vacuum reservoir can be written as

dp(t
% €1 (pa —ap+a'p—pat + pb — bp + pr pr> + &9 <pab — abp + aTpr ﬁaTbT>
1
2
-5 [(Apg? + kM) (2&*;36* ~btatp — pbtat ) + (A9 + kM) (2@3& —abp— ﬁaéﬂ

[(Apaa + kN) (2apa — aatp — paat) + (Ap) + k(N + 1)) (213,313* — pbth — BTIS,s)]

+ %/ﬂ [(N +1) (2apa’ — a'ap — pa'a) + N (21)pr —bbp ﬁIA)lA)Tﬂ

1
- §HM <2pra —a'btp — palvt + 2apb — bap — pba) (3.79)
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3.1.2 Stochastic differential equations

We now proceed to obtain stochastic differential equations associated with the normal
ordering. Employing Eq. (3.79), we see that

d,. aoi 4 al o — sata + sba — baa + biaa — sbta

E<a> =eTr (paa—apa—l—a pa — pa'a + pba — bpa + b'pa — pb a)

+eoTr (ﬁaéa — abpa + a'bt pa — ﬁd*iﬂd)

—(ApY) + kN)Tr (2a'paa — aa'pa — paa'a)
+ (A0 + k(N + 1))Tr (QBpBT i — phtba — BTi)f)a)
(Ap© + kM)Tr (2&%13*& — btatpa — pBTaTa)

(ApD) + kM) Tr <2bﬁdd — abpa — paba)

l\DI)—‘l\DIH[\DI)—‘[\D —

+3 [(N + )T (2apata — atapa — pafaa) + NTr (26*,613& — bbtpa — phbt a)}
— EMTT <26Tpa a—a'btpa — patbta + 2apba — bapa — pbaa> (3.80)

Applying the cyclic property of the trace operation and the commutation relation

[a,af] = [b,b7] = 1, (3.81)

we get
%@ = tald) + v (B 2, (3.82)

where
fa = K — Apl), (3.83)
_ =2, — ApY). (3.84)

Following the same procedure, it can also be easily verified that

d - 1 . 1 R

230 = = Suelb) + §V+<CLT> +e1, (3.85)
d, o .2 2 .
7407 = = pa{a®) +v-(b'a) + 2e1(a), (3.86)
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d . . " .
(%) = = pe(b?) + w4 (aT0) + 221(b), (3.87)
d At a A 1 ~AT7T 1 * /AT ~T ~ 0)
E(a ay = — pgla'a)y + §V_<a b + 51/,(@()) +e1({a") + (a)) + Apy) + kN,  (3.88)
d it ity o L itaty Lo i
E(b by = — u(b'b) + §V+<b a') + §V+(ab> +e1((b") + (b)) + kN, (3.89)
d ~t7 1 ~AT7 1 ~ 12 1 * /7.2 ~F 7
D@ty = = st p) @) + s @®) 0t B Fa(@) + ). (390)
d A0 ]_ A0 1 ATA ]_ ".'.A ~ =~ 1
£<ab> =— §(ua + 1) {ab) + §V+<CL ay + §V,<b b) +e1((a) + (b)) + §(u+ +2kM),
(3.91)
in which
pre =+ 4+ Ap, (3.92)
vy = 2ey + ApY). (3.93)

We note that the c-number equations corresponding to Eqgs. (3.82), (3.85]), (3.86),
(3-87)), (3-88), (3.89), (3.90), and (3.91]), which are in the normal order, are

) = — shala) + gy {5 + e, (3.91)
918) =~ L)+ grata’) +2, (3.95)
d, 2 *
E@ ) = — pala’y + v_{f*a) + 2e1{a), (3.96)
S = = wel ) + vala’ ) +2246), (3.97)
2 (0*a) = — pufa*a) + 3 (a*8%) + 50" aB) +=1((a) + (a)) + Ao + AN, (3.98)
o Ha 9= 9"~ 1 Paa ) :
d, . . 1 R .
SA5B) = — el B) + Sp(57a) + SviaB) + e ((F7) + (B) + RN, (399)
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TP = = Sta+ p)@*0) + gl + P +aal() + (), (3.100)

d 1 1 1 1
E@ﬂ) == 5(Ha + pe)(ab) + grala’a) + Sv-(F70) + erl() + () + 5 (v4 + 26M).
(3.101)

On the basis of Egs. and (3.95), we can write [21]
d 1 1

%a(t) =— §ua&(t) + §V,ﬁ (t) +e1 + falt), (3.102)
d *(t) = ! *(t L t 5(t 3.103
L) = = Lpes () + vial) + 21+ £5(0), (3.109)

where f,(t) and f3(t) are noise forces. The formal solutions of these equations can be put

in the form

a(t) :a(o)e—uat/2+/ dt/e—#a(t—t/)/Z [%V_ﬁ*(t,) +fa(t,) _i_al} : (3104)

0
B*(t) =F*(0)e H/2 4 / dt' e re(t=t)/2 Byj;a(t’H fﬁ*(t’)+51]. (3.105)
0

We now proceed to determine the properties of the noise forces. We note that

Eq. (3.94) and the expectation value of Eq. (3.102) as well as Eq. (3.95) and the ex-
pectation value of Eq. (3.103)) will have the same form provided that

(falt)) =(fs(t)) = 0. (3.106)

Applying the relation 4(a?) = 2(aZa) along with Eq. (3.304)), we see that

0 02) = —pale) + v (B%0) + 2210) + 2(a(0) (1) (3.107)

Comparison of this equation with (3.96) leads to

(a(t) fa(t)) = 0. (3.108)

On account of Eq. along with , we see that
(@O e 2 [0 | Lo (57 ) + ) ol + 21l a0 d =0,
(3.109)
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so that taking into account Eq. (3.106|) and the fact that a noise force at a certain instant

does not affect the cavity mode variables at earlier time, we have

(Falt) fal)) = 0. (3.110)

Similarly, we can easily establish that
(fa(t") fa(1)) = {fa (') fa(t)) = 0. (3.111)

Furthermore, using Eq. (3.102]) and its complex conjugate, we have

d

o —(a*a) = — po () + %V(a*ﬁ*) + lui (aB) +e1({a”) + ()

2
+ (@ (8) fa(t)) + (fa(t)(t)). (3.112)
Comparison of this equation with Eq. shows that
(" (O0a0)) + (f2(Dalt) = ApY + kN, (3113)

Now taking into account ({3.104)), (3.105]), and the complex conjugate of (3.104)), we find

/0 e IR () fa ) + (fa(@) fa(t) dt' = Apl) + kN, (3.114)
so that assuming (fX(t') fa(t)) = (fZ(t)fa(t')), we have
[ O Nl = 5 (42 + ) (3.115)

and in view of Eq. (2.110]), this can be rewritten as

/te nall=t)/2( £2 (4) o (£))dt = /t e Ha(t=t")/2 (Apg%) +kN) 6t —t')dt’. (3.116)
0

0

It then follows that

(fa@) fa(1)) = (Ap%) + &N)S(t —1'). (3.117)

It can also be established in a similar fashion that

(f5(t)fs(t)) = KNO(t — 1), (3.118)

(Falt) o)) = 50 + 26052 — 1), (3.119)
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The results described by Egs. (3.106)), (3.110]), (3.111)), (3.117)), (3.118)), and (3.119)) rep-

resent the correlation properties of the noise forces f,(t) and fz(t) associated with the

normal ordering.

We next proceed to obtain the solutions of the coupled differential equations Eqs. (|3.102])
and (3.103)) following the procedure described in Ref. [22]. To this end, we rewrite these

equations in matrix form as

d 1
where
a(t)
Y(t) = , (3.121)
B (1)
« U
M= " , (3.122)
o(t)+ €
F(t) = Jalh) e ) (3.123)
f; (t) +é&
Introducing a matrix defined by
(R
v=|[ " "], (3.124)
U21 V22

. v V12 . . :
with V] = and V5 = being the eigenvectors of the matrix M, Eq. (3.120))
V21 V22
can be written as

%y(t) — —%VV‘lMVV‘lY(t) + F(1). (3.125)

Multiplying both sides from the left by V=1 we see that

d 1
a(V“Y(t)) = —iR(Vle(t)) + VIF(t), (3.126)
where
B A. 0
R=V'MV = (3.127)
0 A
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in which A\, and A_ are the eigenvalues of the matrix M. We note that Eq. (3.126)) has a
well defined solution for A\, > 0 and A_ > 0. The solution of this equation can be written

as

Vi) = Ve OV o 1 [ve ety (3.128)
0

We next proceed to find the eigenvalues and eigenvectors of the matrix M. Applying

the eigenvalue equation

MV, = AV, (3.129)

along with Eq (3.122), we find the characteristic equation
A — (fta + )N + (apte — Viv_) = 0. (3.130)

The roots of this quadratic equation are found to be

1

Ay = 5 {(ua + pe) £ \/(,ua — fe)? + 4Viy_} . (3.131)

Taking into account Egs. (3.83)), (3.92)), and the relation

P+l =1, (3.132)
Eq. can be rewritten as
A = % (26 + A+ \), (3.133)
where
=P —Pis (3.134)
A= /A2 + 4t (3.135)

With the aid of Egs. (3.83), (3.92), (3.122), (3.132), and (3.133)), we have

(A + )\)UH + 2V_021 = 0, (3136)
and taking into account the normalization condition:
v+ vy = 1, (3.137)
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we get
S 2u_
Y VAT a2
A+ A
Vo1 = — + . (3138)
VA+ A2+ 402

Similarly we can also easily show that the elements of the eigenvector corresponding to

A_ to be

2v_
V12 = — )
VA=N?2+42
A—A
Voo = . (3139)
VA=N?2+42
Now substitution of Eqgs. (3.138) and (3.139) into Eq. (3.124)) yeids
2v_ . 2u_
V= VAirv% x/fj:+4vE , (3.140)
VAT L\ JAZar
in which
A=A+ A\ (3.141)
And the inverse of the matrix V' is found to be
— 1 A_w/A%r + 42 2V_\/A3_ + 42 (3.142)
WA\ ALAT T2 20 JAT T 42 ' '
Since Eq. (3.127)) describes a diagonal matrix, we observe that
—ix. 7
e 2 0
e 2R = 1 , (3.143)
0 e 3 T
, 6_%)‘+(T_T/) 0
e 2R = : (3.144)
0 e—%/\,(’r—ﬂ")

from which follows

Ve s Byl = (3.145)

and

. , T—1 T—1
Ve*§R(TfT )Vfl _ pl( ) ql( ) ’ (3146)

QQ<T — 7',) pg(t — t/)
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where
pi(7) = %6‘5“ - %6‘9“, (3.147)
p2(7) = gl—;e‘%“ - %6‘5“, (3.148)
@(7) = 22%‘@—%“ - 22%_6‘3“, (3.149)
@(T) = %65“ - %eé*”, (3.150)
plr—7) = %69‘(”') - %65”(”'), (3.151)
po(r 7)) = SremB) L) (315
a(r—71) = 22%_65“”” — 22%‘6%“(””, (3.153)
Go(r —7') = %e—iﬂf—f’) - %e_%’\+(7_7/). (3.154)

With the aid of Eqs. (3.121)), (3.122), (3.123), (3.128), (3.145), and (3.146)), we finally

obtain
a(t +7) = pi(r)at) + @ (1) () + Gi(t + 7) + e (7), (3.155)
B (t 4+ 1) = po(7) B (t) + qo(T)x(t) + Go(t + 7) + €12(7), (3.156)

where
Gi(t+71) = /OT [p1(7 = ) fulT + ) + @ (7 — ) f5(7 + 1)] d, (3.157)
Ga(t+ 1) = /OT [p2(m = ) f3(7 +8) + @o(7 = 7) fu (7' + 1)] A7, (3.158)
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3.2 Quadrature Squeezing Nondegenerate Three-Level Laser

g1 [AL + 20 A_+2v_ 1

e (1) = N T(l — 6_%’\*7) " (1—e2™7)], (3.159)
(A, — 2 A — 2w '
e1(7) = 5—; a2 . TH(1 - i) — Tr—emihm)| (3.160)

Furthermore, upon setting ¢t = 0 and 7 = ¢, the cavity mode variables «(t) and ((t) take

the form

a(t) = pl(t)Oé(O) + ql(t)ﬁ*(()) + Gl(t) + 511(t), (3161)

B7(t) = p2(t)37(0) + q2(t)(0) + Ga(t) + e12(1). (3.162)

3.2 Quadrature Squeezing

In this section we seek to calculate the quadrature variances of the cavity and the output
modes as well as the squeezing spectrum of the output modes, employing the solutions of

the stochastic differential equations and the correlation properties of the noise forces.

3.2.1 Quadrature variance of the cavity modes

Here we wish to calculate the quadrature variances for the cavity modes produced by the
system under consideration. The quadrature operators for a two-mode light are defined

by

by = VEL(E £0), (3.163)
where
1 R
¢=—(a+b). (3.164)

V2
Using Eq. (3.81)), it can be readily verified that

[6,¢l=1 (3.165)

and

6,0 ] = 2i. (3.166)
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3.2 Quadrature Squeezing Nondegenerate Three-Level Laser

The variances of the quadratures represented by the operators defined by (|3.163)) can be

expressed in terms of c-number variables associated with the normal ordering as

AC?&: =1=x <’7:t(t>’7:l:(t)>v (3167)
where
1 * *
Vx(t) :E(a (t) + 57(t) £ a(t) £ 5(1)). (3.168)

On account of Eq. (3.168)), we see that

(10 7(0) = 5 ({alt).a(0) + (5(0). 50} + 2Aa(0), (0]

£ (o (8),a(t)) £ (5(0), B(0)) % 2(3*(¢), a<t>>) fee.  (3.160)

in which c.c. stands for complex conjugate. Using Egs. (3.106)), (3.110]), (3.111)), (3.157)),

(3.158), (3.161)), (3.162), and assuming the cavity modes are initially in vacuum states

along with the fact that a noise force at a certain time does not affect the cavity mode

variables at earlier time, we easily find
{a(t), a(t)) = (B(t), 6(2)) = (5°(1), a(t)) =0, (3.170)
so that in view of these results, Eq. reduces to
(v£(t), (1)) = (a(t), B(1)) + (@™ (1), B7(1)) £ (" (1), a(t)) £ (6°(2), B(1)).  (3.171)
Furthermore, taking into account Eq. along with its complex conjugate, we get

{"(t), alt)) = (GT(1)Gr(1)). (3.172)

With the aid of Egs. (3.157), (3.117), (3.118), and (3.119)), we have

(@ (), () = / (|p1<t O fava D1 — )t — ) f

F A= Opalt =) aa + ot = PN ot (3.173)
where
fara = ApY + kN, fos = (vy +26M)/2. (3.174)
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Applying (3.151)) and (3.153) in Eq. (3.173)) and then carrying out the integration, we

get
Aj_ [A+fa*a + 2]/_ *ﬁ] + 2Vi [A-i-faﬁ + 2V_K/N:| 1\ %
* _ «Q o —5()\_4-)\7)15
(@ (1) a(t) Sty (1 )
_ AYASara + 20 fos] + 205 [Afap + 2v_kN] (1= e 30290
277 (>\* +A4)/2
AT Ay fara + 20 f3p] + 207 [Ay fap + 2v_kN] (1= 330
|22 (A* +A_)/2
N AL[A fora + 20 frg] + 202 [A_fop + 2v_KN] (1 — e 305+ (3.175)
2AP(AL +A4)/2

Following a similar procedure, we also find
A AL RN — 205 fog] — 22U [AL fr s — 2U% fora .
<ﬁ*(t), ﬁ(t» _ +[ +H V;—)\fQﬁ] . V—i—[ +faﬂ V+f ](1 . 6_%(>\++>\+t)
2AP(AL + Ay)/2
B AL [AEN =203 fop] — 2v4 [A_fo5 — 2U7 faral a
RAPCY, + A0)/2
AT [A-O-KN - 2Vifaﬁ] - 2V+[A+f;ﬁ - 2erfa*a] (1 . 67%()\*7+)\+)t)
12A2(A% 4+ Ay)/2
+ A—[A—KN - 2V+faﬁ] - 2V+[A—faﬁ - 2V+foc*a] (1 . 6_%()\*__;,_)\7)15) (3176)
I2A12(A + A)/2

)

A AL fap +2Vv_KkN| = 204 [AL fora + 2v_f7 N
iei): Fle)) = — |2>\‘2(])\1 n /\_[)/2 : (1—e 2t
 ALA Sap £ 20 kN] = 204 [A fara + 20 fo] (1= e~ 35
2AP(AL 4+ A4)/2
AL[A fap + 20 KN] = 204 [As fara + 20 o] (1 — e~ 3T+t
2A2(0" 4+ X_)/2
e 21(2_;\72\2])\ i]/; +[§1/_2fa*a + 2 te (1= e300y (3.177)

Now substitution of Egs. (3.175), (3.176), (3.177), and the complex conjugate of
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3.2 Quadrature Squeezing Nondegenerate Three-Level Laser

Eq. (3.177)) into Eq. (3.171)) leads to

o 1 (A+j:2yi>[<‘41 :|:2V+)fa*,a:!: (Ai :F2Vi>fa,ﬁ]
<7:|:(t)7ry:|:(t)> - j:|2)\|2 |: I + 2
(A— + 21/—)[<Ai + 2I/i)/€N + (A*—I— * 2y+)f:,,8] N _l()\7+)\*7)t
" AT (1=em )
L1 (A 2w)[(A” £ 20 for o F (AL F 207) s
202 W)
+ (A-i- + 21/—)[<Aj- + 2Vi)/€N + (A*— + 2V+)f:4,,8] (1 o 6_%()\++,\jr)t)
ST
2 [ WAL £ 20 o F (A F W) g
2P Y
n (Ay F2v)[(A” F 207 kN F (A*—i— + 2”—&—)][;,,8]} (1— 6_%()\++,\j)t)
Y
+ c.c. 3.178
(

Hence on account of (3.178)), Eq. (3.167]) takes at steady state the form

2 TlA, £ A+ 201
A 2 _ 1 + +
G +|2/\|2[ SN CR S W o
A =2 (A WAL £ )]
Ay 4 A PV o
N 2 [JA-F2v |2 A, F20_|?
122 M-+ A5 (A + %)
(A F 2w )(AnFr) (AL F20)(A- F2v) N
Ap + A0 A4 A
2 [(Ay £2u%)(A F2v7) N (A% F2ur) (A £20v7)
TR Y PEY]
CATFw(A o) (AL (A £24)]
A+ A% N o0
2 [(AL £2v4)(A- F20) N (Ay F2u_) (A £ 2vy)
T Ae AN A+ AL
(A F 2w )(A £ 20y) (AT 20 )(A- F 20 ) F (3.179)
Ap + A0 A4 A

This represents the quadrature variances of the cavity modes for a nondegenerate three-
level laser whose cavity contains a parametric amplifier and whose cavity modes are driven
by coherent light and coupled to a two-mode squeezed vacuum reservoir. In order to have

a mathematically manageable analysis, we take p,. = peo. Hence in view of this as well as

Egs. (3.6)), (3.132), and (3.134)), we can write Eqs. (3.84)), (3.93)), (3.133)), (3.135)), (3.141])),
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Fig. 3.2: Plots of the quadrature variance [Eq.(3.181))] versus 7 for k = 0.8, €5 = 0.399, r = 0.5,

and for different values of the linear gain coefficient.

and (3.174)) as
2y =25 =4deg £ A1 — 12, A= )X"= /A2 + 1662,
1
AL =AL = A+ A2 + 163, AL =)L = 5(2/{+A77:i: \/ A%n? 4 16¢3),

fara = (AL = 1) +26N) /2, fap = fis = (dea+ AT — 12 + 4cM)/4,  (3.180)

so that with the aid Egs. and , we get
26A(1 — n)(26 + 2An + A) + 16e3An — 4 A%* N
A[k(k + An) — 4£3](2k + An)
2k(deg + Ay/T —12) (26 + An + A =+ 4ey)
4r(k 4+ An) — 4£3](2k + An)
N 4k[(26 + An) (26 + An £ 4eg) (N + M) + A*(1 £ /1 — n?)(N F M)]
Ar(k + An) — 4£3](2k + An) ‘

Ak =1+

+

(3.181)

Since the parameter ; does not appear in this equation, the driving coherent light has
no effect on the quadrature variances. Fig 3.2 represents the variances of the minus
quadrature [Eq. (3.181])] versus 7 for different values of A. This figure indicates that the
degree of squeezing increases with the linear gain coefficient and almost perfect squeezing
can be obtained for large values of the linear gain coefficient and for small values of 7.
Moreover, the minimum value of the quadrature variance described by Eq. for
A =100, k = 0.8, g5 = 0.399, and r = 0.5, is found to be Ac? = 0.1237 and occurs
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Fig. 3.3: Plots of the quadrature variances [Eq.(3.181)] (solid curve) and [Eq.(3.182)] (dashed
curve) versus 71 for A =100, k = 0.8, r = 0.5, and €3 = 0.399.

at n = 0.06. This result implies that the maximum intracavity squeezing for the above

values is 87.6% below the coherent-state level.

We next consider some special cases. We first consider the case in which the parametric
amplifier is removed from the cavity. Thus setting e, = 0 in Eq. (3.181]), we have

A(1—n)(2k + 24n + A) — 2A%°N
2(k + An)(2k + An)
A1 — 1226 + An+ A+ 2A(N F M))
2(k + An)(2k + An)

2[(26 + An)*(N + M) + A*(N ¥ M)]
2(k+ An)(2k + An) '

Acizl—i—

+

(3.182)

This represents the quadrature variances of the cavity modes for a nondegenerate three-
level laser coupled to a two-mode squeezed vacuum reservoir. The minimum value of the
quadrature variance is found to be Ac?> = 0.1487 and occurs at n = 0.1 for A = 100,
k = 0.8, r = 0.5, and e = 0. This result indicates that the maximum intracavity
squeezing for the above values and in the absence of the parametric amplifier is 85.1%
below the coherent-state level. Fig 3.3 is the plots of the variance of the minus quadrature

[Eq. (3.181))] versus 7 in the presence (solid curve) and [Eq. (3.182])] versus 7 in the absence

(dashed curve) of parametric amplifier in a nondegenerate three-level laser cavity. This
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Fig. 3.4: Plots of the quadrature variances [Eq.(3.181)] (solid curve) and [Eq.(3.183))] (dashed
curve) versus 71 for A =100, kK = 0.8, e = 0.399, and r = 0.5.

figure shows that the increase of the degree of squeezing due to the parametric amplifier

is not significant.

Next upon setting N = M = 0 in Eq.(3.181]), we have

2kA(1 — 1) (2K + 2An + A) + 16e3An
4k(k + An) — 4€3)(2k + An)

2k(4es + A1 —?)(2k + An + A £ 4ey)
4[k(k + An) — 4e3](2k + An) '

A =1+

+

(3.183)

This is the quadrature variances of the cavity modes for a nondegenerate three-level laser
whose cavity contains a parametric amplifier and whose cavity modes are coupled to a
two-mode vacuum reservoir. In Fig 3.4 we plot the variance of the minus quadrature
[Eq. (3.181))] versus 7 (solid curve) and [Eq. (3.183)] versus n (dashed curve) for A = 100,
k= 0.8, g2 = 0.399, and r = 0.5. We see from this figure that the degree of squeezing
increases with the squeeze parameter r for n between 0 and 0.9, and decreases for other
values of 1. Moreover, the maximum intracavity squeezing for A = 100, Kk = 0.8, g5 =
0.399, and r = 0 is 69.34% and occurs at n = 0.11. Comparison of this result with the
87.6% squeezing that could be obtained in the presence of the squeezed vacuum reservoir
shows that the squeezed vacuum reservoir has significant effect on the squeezing of the

cavity modes.
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Fig. 3.5: Plots of the quadrature variances [Eq.(3.181)] (solid curve) and [Eq.(3.184)] (dashed
curve) versus 71 for A =100, kK = 0.8, e = 0.399, and r = 0.5.

We now consider the case in which the nonlinear crystal is removed from the cavity and

the cavity is coupled to a two-mode vacuum reservoir. Then upon settinge, = N = M =0

in Eq. (3.181)), we get

A(l—n)(2k+2An+ A) £ A1 —n?(2k + An + A)

At =1
Ce= LT 2(r + A) (2 + An)

. (3.184)

This is the quadrature variances of the cavity modes for a nondegenerate three-level laser.
The minimum value of the quadrature variance described by Eq. for A = 100,
k = 0.8, is found to be Ac? = 0.3467 and occurs at 7 = 0.16. This result implies that the
maximum intracavity squeezing for the above values is 65.3% below the coherent-state
level. The plots in Fig. 3.5 represent the variances of the minus quadrature of the cavity
modes for a nondegenerate three-level laser alone (dashed curve) and with parametric
amplifier and squeezed vacuum reservoir (solid curve). This figure indicates that better
squeezing can be obtained from a nondegenerate three-level laser with parametric amplifier

and squeezed vacuum reservoir.

3.2.2 Quadrature variance of the output modes
The squeezing properties of the output modes are described by the quadrature operators
et = /E1(E L, % Cour), (3.185)
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where
1 N
o = — (@, +bou). 3.186
=75 (dou + b (3.186)

The quadrature variances of the output modes

At =1+ (et eq ) (3.187)
can be expressed in terms of c-number variables as

Actoy = 1£ (18", 72"). (3.188)

Using the input-output relation

V& = VR — 7Y, (3.189)
Eq. can be rewritten as
A = KOG + 1 (12,92) = w1 £ =1 7). (3.190)
where
) = == (o () + F3,(8) £ Far8) £ Fir(2). (3.101)

V2K
We now proceed to evaluate (y+,7}). Taking into account Egs. (3.168), (3.161)),
(3.162), (3.191)) along with (7{") = 0 and the fact that a noise force at a certain time does

not affect the cavity mode variables at earlier time, we have

(2,74 = ﬁ((GT(t)+G2(t)iGl(t)iGZ(t))(fér(f)+f57«(t)ifm(t)ifﬁr(t))>- (3.192)

We note that the noise forces can be expressed as a sum of the noise forces associated

with the cavity modes and the reservoir modes as

Jalt) = fac(t) + for(t), (3.193)

fo(t) = foc(t) + far(D). (3.194)

We assume that the noise forces associated with the cavity modes are not correlated with

the noise forces associated with the reservoir modes. Furthermore, in view of Eqs. (3.106]),
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(3.110), (3.111)), (3.117)), (3.118]), and (3.119)), the correlation properties of the noise forces

associated with the cavity modes and the reservoir modes can be written as

<fac(t)> = <far<t>> = <fﬂc(t)> = <fﬂ'r(t)> =0, (3195)

(fae() faelt) = (f5e(t) foe(t)) = (foe(t) fae(t)) = (fae(t) fae(t)) = O, (3.196)

(far (@) far(®)) = (for () f5-(t)) = (far (D) f5r(¢)) = O, (3.197)
(far@) far () = {f5.(t) far(t')) = KNO(t —1'), (3.198)
(far(t) f5r (t)) = KM (t — 1), (3.199)

(fac(t) fac(t')) = %Ws(t -1, (3.200)

(fac®) fact)) = Apl)8(t — 1) (3.201)

Using Egs. (3.193) and (|3.194)), we can rewrite Eqgs. (3.157)) and (3.158) as
t

Gl(t)Z/ {P1(t = ) (fac) + far () + a(t = ) (f5(t) + £5.(E) fat',  (3.202)
0

Gy(t) = /0 {p2(t =) (f5.(t) + f5.() + @2t =) (fac) + far(¥) } dt',  (3.203)

so that with the aid of Eqs. (3.192)), (3.196)), (3.197)), (3.198)), (3.202)), and (3.203)), we
find

(r27) = Vit~ ) 4t —£) 4 3t — 1)+ ot~ )M £ )
£V G bt - - - DN EM). (3200

On account of Egs. (3.151)), (3.152)), (3.153)), and (3.154)), we obtain

(1£(t), 72 (1)) =VE(M £ N). (3.205)
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Fig. 3.6: Plots of the quadrature variances [Egs .(3.181)) (solid curve) and ([3.207)) (dashed curve)]
versus 1 for A = 100, k = 0.8, 2 = 0.399, and r = 0.5.

We note that for a squeezed vacuum reservoir
(487, 77) = 2(M £ N). (3.206)
Hence on substituting Eqgs. and into Eq. , we get
A2, = KA + (1 — k) (1 4+ 2N £2M). (3.207)

The first and second terms on the right side of Eq. represent the quadrature
variances of the transmitted cavity modes and reflected input modes, respectively. We
easily observe from Fig. 3.6 that the degree of squeezing of the output modes is less that
of the cavity modes. For A = 100, e = 0.399, and r = 0.5, the cavity and output mode
squeezing are found to be respectively 87.6% and 82.8% below the coherent-state level

and occur at n = 0.06.

3.2.3 Squeezing spectrum of the output modes

The squeezing spectrum of the output modes can be expressed in terms of c-number

variables associated with the normal ordering as

ST (w) =14 2Re / dre' T (17 (1), /2 (E 4 7)), (3.208)
0
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where the subscript ”ss” stands for steady state. Taking into account the input-output

relation and the fact

<’7;T(t>>ss = <7:T(t + 7—)>ss = <’7:I:(t)7:i|:b(t + T)>ss =0, (3209)

we can write

(), 72 (8 4 7))ss = 5002 (8), 72 (t + T))ss + (VN (E+ 7)) s
— VEOZ ()7t + 7)) ss- (3.210)

We next procedure to obtain the explicit forms of the two-time correlation functions

involved in Eq. (3.210]). To this end, with the aid of Eq. (3.168)), we get

(2 (), 72 (E+7))ss = % (a(®), alt +7))ss + (a7(8), 5°(E + 7))ss + (B(), alt +7))ss

+ (87 (), 87t + 7))ss £ {7 (1), alt + 7))ss + (B7(1), alt + 7)) ss

+ (a(t), B (t +7))ss £ (B(1), 55 (t + T))ss | + c.c, (3.211)
On account of Eq. (3.155]), we see that

<Oé(t), a(t + T))ss = D1 (7-) <a(t)7 a(t)>ss + QI(T) <O./(t), ﬁ*(t»ss + <a(t)v Gl (t + T)>ss-
(3.212)

Applying Eq. (3.170) and the fact that a noise force at a certain time does not affect the

cavity mode variables at earlier time, we easily obtain
(a(t),a(t+ 7)) =0, (3.213)
Similarly, we can find

(67(t), 67t + 7)) = (a(t), B7(t + 7)) = (F"(1), alt + 7)) = 0, (3.214)

Furthermore, using Eq. (3.155]), we have

(B(t), alt +7))ss = pr(T)(B(1), (t))ss + @1 (T)(B(E), B°(t))ss + (B(1), GrL(t 4 7)) ss-
(3.215)
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3.2 Quadrature Squeezing Nondegenerate Three-Level Laser

It then follows that

(B@), a(t + 7))ss = pr(T)(B(E), (t))ss + @ (T)(B(2), 57(2)) ss- (3.216)

Following the same procedure, we can easily get

(@ (1), B+ 7))ss = pa(T)(* (1), B (1)) ss + @a2(7) (@ (£), () Vs, (3.217)

(1), a(t +7))ss = pr(T){@" (1), a(t))ss + @1 (T)(@™(E), 57 (1)) 55, (3.218)

(B(2), 37 (t + 7)) ss = p2AT)(B(E), 57 (£))ss + q2(T)(B(2), (t)) ss- (3.219)

so that combination of Eqs. (3.213)), (3.214)), (3.216)), (3.217)), (3.218]), and (3.219) yields

L a(r) % @1 (1) (0 (8), % (1)) £ (B (1), (1))

() 2+ 7))ss = 5
%( 1(7) £ () ({(a(t), B())ss £ (0¥ (1), u(t))ss) + cc. (3.220)

+

Hence taking into account Eqs. (3.151)), (3.152)), (3.153)), (3.154)), and P2 = pl we
find

re(Ay £204) — s (A F2w) 1,

(e(0) 2+ 7 = £ -
a2 A FB) e (o

where
e = (0" (1), alt))s % (1), 5(0))an, (3222)
5= (8" (), B0 £ (al0) Bl0)) e (3223)

With the aid of Eqgs. (3.174), (3.175)), (3.176)), and (3.177)), 7+ and sy can be written in

terms of n as

(26 A(1 — ) + 16£3) [k + An] + £[2k + An + AJ(A(1 —n) £ 4e5 £ AT —12)
Ak(k + An) — 4£3](2k + An)
N 2[4k (kK + An) + A% + (25 + An)(A £ dey) — A\/1 — n?(4ey F A)]
A[k(k + An) — 4e2](2k + An)
2026 + An+ A](4es — A 24 2k + Anp — A))kM
4k(k 4+ An) — 462](2l§ + An)

r4+ =

(3.224)
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3.2 Quadrature Squeezing Nondegenerate Three-Level Laser

 k(dea+ AVT—?)(des + A1 — 2 £ 25+ An + A))
T A[r(r + A) — 43 (2% + An)
. 2(4r(k + An) + A% — (25 + An) (A F 4ea) + Ay/1 — n2(4ey + A))kN
Ak(Kk + An) 4£3](2k + An)
22k + An — A](4es + A n? £ 2k + An + A))xM
A[k(k + An) — 452](2/@' + An) ’

(3.225)

Furthermore employing Eqs. (3.168]), and (3.191)), we have

(G0t £ 7)os = 5 (<fm< )yt + Tss + (1), B°(E 7))o + i (8), 0t + 7))

+ (f5(), Bt + 7))ss £ (for (O)s at +7))ss £ (f5,(), alt + 7))ss
+ (far(t), 87 (t + 7))ss £ (far(t), B7(t + T)>SS> + c.c, (3.226)

With the aid of Egs. (3.155)), (3.156)), (3.195]), and (3.196)), we easily obtain

(far(t), a(t + 7)) = (f3,(2), B7(t+ 7)) = (far(t), 57 (t + 7)) = (f5,(), a(t + 7)) = 0.

(3.227)
On account of these results, Eq. reduces to
(), y=(t +7))ss = ﬁ (far (@), B7(E 4 7))ss + (for(t), @t 4 7))ss
£ (fr (), a(t +7))ss £ (for-(t), 57t + T))ss | + c.c. (3.228)

We now proceed to obtain the explicit form of the two-time correlation function involved

in Eq. (3.228). Using Eq. (3.156) and the fact that (fX.(t)) = 0, we can write

(For @), B(t + 7))ss = D2AT){for () G2(t)) 55 + G (T)(for ()G ()55 + (farr (t), Golt +T))ss-
(3.229)

In view of Eq. (3.203)), we see that

(o (B)Ga(t) / ot — )2 () F3 (D))es + aalt — )2 (E) fr(D) ). (3.230)

With the aid of Eqgs. (3.152), (3.154)), (3.198), and (3.199)), we get

(for(O)Ga(t))ss = KM /2. (3.231)
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3.2 Quadrature Squeezing Nondegenerate Three-Level Laser

Similarly, we have

(for)G1(t))ss = KN/2, (3.232)
(fr.(t),Go(t + 7))ss = K[p2(T)M + g2(T7)N]/2. (3.233)

Employing Egs. , , and in Eq. , we find
(far(t), B (t + 7)) ss = K[p2(T)M + q2(T)N]. (3.234)

Following the same procedure, we also obtain

(for(t), alt + 7))ss = K[p1(T)M + q1(T)N], (3.235)
(far(t), a(t +7))ss = K[p1(T)N + qu (1) M], (3.236)
(for(t), B*(t + T))ss = K[p2(T)N + ga(T) M]. (3.237)

Upon substituting Eqgs, (3.234)), (3.235)), (3.236)), and (3.237) into Eq. (3.228)), we get

(Y)Y (t +T))s = i\/?g p2(7) £ q2(7) + pi(7) Eu(7) | (N £ M) +ce. (3.238)

and then using Egs. (3.151)), (3.152)), (3.153)), and (3.154)), and taking P = p9 we arrive

at
, AL +2v ) — (A F2u_
<'7$(t)'7:l:(t+7—)>ss . %(N:l:M)( + V+)2)\( + v )6—%)\77
A +2v)— (A 2u_) _1
= YR (v 1 ) ve) Z (AL FW) b (3030
2 2\
We note that for a squeezed vacuum reservoir
(Y)Yt + 7)) = £2(N £ M)S(T). (3.240)

Now combination of Eqs. (3.228]), (3.239), (3.240)), and (3.210)) results in

(Y2 (8), 72+ 7))ss = F2(N £ M)d(7)

1T gi M)Ay 20 )e 37 — (AL + 20, ) $M+7)
F /i<si — (é\;i M)) [(A_F 21/_)6_%>\’T — (AL F 2y_)e_%>‘+7]’

(3.241)
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Fig. 3.7: Plots of the squeezing spectrum [Eq .(3.243))] versus n for k = 0.8, e3 = 0.3, r = 0.5,

and different values of A.

so that applying this in Eq. (3.208]) and carrying out the integration, we find

—(NE£M), M\(A; £2vy) A (A= £ 2vy)
Sout -1 2AN + M 2 '+ ( + + . + +
st —(NE£M) A (A_F2v) M(Ay F20)
-2 — . 3.242
" A [)\2_ +4(w—wp)? N +4(w-— wo)Q] ( )
For w = wy, Eq.(3.242)) turns out to be
2Kk + An + 4dey
ST (wo) =1+ 2(N£ M) [1-2
o) = 1+ 2N ) [1- 2 (HAW =
—s3)(A+ A1 — )(2 An+4
Lo (re —s4)( V/ + (re + s+)(2k + An £ 4ey) (3.243)
(I€+A’I7) 42

Fig 3.7 represents the plots of the squeezing spectrum [Eq ] versus 7 for Kk = 0.8,
g9 = 0.3, r = 0.5, and for A = 5, A = 25, A = 100. We see from the plots that the
squeezing spectrum increases with linear gain coefficient for n between 0 and 0.11, and
almost perfect squeezing occurs for large values of linear gain coefficient and for small
values of 7. In Fig 3.8 we plot the squeezing spectrum [Eq ] versus 7 for A = 100,
k= 0.8, r = 0.5, and for 5 = 0 (dashed curve) and €5 = 0.3 (solid curve). We observe

from these plots that the parametric amplifier increases the degree of squeezing.
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Fig. 3.8: Plots of the squeezing spectrum [Eq .(3.243)] versus n for A = 100, x = 0.8, r = 0.5,

and for 9 = 0 (dashed curve) and 9 = 0.3 (solid curve).

3.3 Photon Statistics

In this section we study the statistical properties of the cavity and output modes produced
by a nondegenerate three-level laser whose cavity contains a parametric amplifier and with
the cavity modes driven by coherent light and coupled to a two-mode squeezed vacuum
reservoir. We first obtain, using the antinormally ordered characteristic function defined in
the Heisenberg picture, the Q function for the cavity modes. Then applying the resulting
Q function, we calculate the mean and variances of the photon number sum and difference
as well as the photon number distribution for the cavity modes. Finally, we calculate the

mean and the normally-ordered variances of the photon count sum and difference.

3.3.1 Photon statistics of the cavity modes

The Q function

Here we wish to obtain the @) function for the cavity modes produced by the system under

consideration. The Q function for a two-mode light can be expressed as

d2 d2 * * *
Qlo, B,t) = = /—Z— D (2, w, t)e” @7 W AwE (3.244)
™
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where
Sy(z,w,t) =Tr <p(0)e’z*&(t)ezm(t)e’w*i’(t)ewwt)) (3.245)

is the antinormally ordered characteristic function defined in the Heisenberg picture. Em-

ploying the Baker-Hausdorff identity, we can rewrite Eq. in the normal order as
Dy(z,w,t) = e~ Ewey <P(0)€Z&T(t)e_z*d(t)e“’i’T(t)e_w*B(t)) , (3.246)
so that the corresponding c-number equation is
Dy(z,w,t) = e 750 <eza*(t)_z*o‘(tHwﬁ*(t)_w*ﬁ(t)> . (3.247)

Now taking into account Eqs. (3.161)) and (3.162)) along with their complex conjugates,
Eq. (3.247)) can be put in the form

q)A(Z, w, t) _ o Frmwiwte] z—enzt tew—efuw” <eza/*(t)*z*a’(t)+w5'*(t)*’LU*/BI(t)> 7 (3248)
where

o (t) = pu(t)e(0) + qu () 5°(0) + G1 (1), (3.249)

B'(t) = p2(t)B(0) + g2(t)a”(0) + G5(1). (3.250)

With the aid of Eqs. (3.133), (3.151), (3.152), (3.153), (3.154), (3.157), and (3.153), it

can be easily established that

d 1 1

(' (0) = = Spala’ (1) + gv-{8(0)), (3.251)
SO =~ Sl FO) + 504 (0 (1) (3.252)

We see that Eqs. (3.251]) and (3.252)) are linear differential equations for «/(t) and f'(t).
On the other hand, taking into account Egs. (3.157)), (3.158)), (3.106)), and the assumption

that the cavity modes are initially in a vacuum state, we have

(@ (1)) = (3()) = 0. (3.253)
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Thus we observe that «/(t) and '(t) are Gaussian variables with a vanishing mean. In

view of this, Eq. (3.248]) can be expressed as [32]

(I)A(Z w t) = G_Z*Z_w*w+€>{12—€112*+512w—6’fgw*
) )

X exp K% (zo/*(t) () + wp () — w*ﬁ’(t)) >] (3.254)
P A(z,w,t) = exp [— 2*2(1+ (o™ (t) (1)) + %(22(0/*2(75» + 2% (a2 (1)))
+ 25w/ (1) (1)) — wle/(t)8™(1)) — en)
+ 2(w(a™(4)B" (1)) — w (" (1) (t)) +€11)
—ww(l+ (BB (1)) + %(w2<ﬁ’*2(t)> +w(B%(t)))
+ 1w — sigw*} . (3255)
Now on account of Eq. , we have
(@”(t)) = (11 (H)a(0) + @ (£)57(0))%) + 2((p1(£)(0) + a1 (1) 37(0))G1 (1))
+ (G1(t)G4(1)). (3.256)

With the aid of Eqs. (3.157)), (3.110]), and (3.111)) along with the assumption that initially

the cavity modes are in vacuum state and the fact that a noise force at a given instant

does not affect the cavity mode variables at earlier time, we obtain

Similarly, we easily get

(a2(t)) = 0. (3.257)
(B"2(1)) = (B (1) (1)) = 0, (3.258)
(o/(1)3'(1)) =(G3()G1 (1)), (3.259)
(o™ (t)d! (1)) =(G1(1)GA (1)), (3.260)
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(B 06 (1) =(G5(H)Ga(t))- (3.261)

Hence on account of Eqgs. (3.257)), (3.258)), (3.259)), (3.260)), and (3.261]), the characteristic

function can be put in the form

CDA(Z, w, t) :e—aaz*z—i-z* (w*b—611)+z(wb*+£’f1)e—a[gw*w—&—amw—ahw*7 (3262)
where
1o =1+ (GG (1), (3.263)
ag =1+ (G5(t)Ga(t)), (3.264)
b—(G3(0)Ga(t)). (3.265)

With the aid of Eqs. (3.157), (3.158), (3-117), (3.118), (.119), and (3.180), we can write

(3-263), (3.264), and (3.265) as
A1 —n)(4k + 3An + A) + 16e3(k + An)
4lk(k + An) — 4e3)(2k + An)
262k + 2An + A) + A%(1 + 1) — 4e2A\/1 — 1?|26N
4lk(k + An) — 4€3)(2k + An)

[deg — A\/1 —n?](2k + An + A)2M
A[k(k + An) — 4£3](2k + An) ’

k(dey + A\/T —02)% + (4eg + A1 — ?)[26 + An — A2 M
4[rk(k 4+ An) — 4£3)(2k + An)

N 26(26 + 240 — A) + A%(1 — ) + 462 A\/1 — 2|26 N

A[k(k + An) — 4£3](2k + An) ’

an =1+

(3.266)

agzl—l—

(3.267)

and
- k(4es + AV/1 — ) (26 + An + A) + [(2k + An)? — A%26M
- 4[rk(k + An) — 4£3](2k + An)

[4eo(2k + An) + A%\/1 — n?|2kN
Aln(r + An) — 43 2m + An)

Now using (13.262) in Eq (3.244)), we have

1 d?z d?
Qau0) = o [ T e { = s (e wh) - 2o - ofy - )
m m e

(3.268)

X exp { — agw w + w*(f — e],) —w(B — 512)}, (3.269)
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so that carrying out the integration with the help of Eq. (2.218)), the Q function is found
to be

UUg — VU . § . . i
Qa, B,t) = ’gﬂ—Zexp —uga* o+ a(p* +v*f) + o’ (p+ vi")
- uaﬁ*ﬁ + ﬁq* + ﬁ*q — 811}?* — €129, (3.270)
where

o
a = T g 3.271
! aqag — b*b ( )

ag
= 3.272
ue agap — b*b’ ( )

b

= 3.273
! agapg — b*b’ ( )
P = up€11 — V€1, (3.274)
q = UaElg — VEY;. (3.275)

Mean and variances of the photon number sum and difference

We next proceed to calculate the mean and variances of the photon number sum and
difference of mode a and mode b applying the Q function. We define the operators

representing the photon number sum and difference of mode a and mode b by
ny = ata + b'b. (3.276)

Then the mean of the photon number sum and difference can be written in terms of the

Q function as

m;i/fafﬁQmﬂjﬂwaiﬁﬁ—l$U. (3.277)
On account of Eq. (3.270)), we see that
ﬁi :Uauﬂ ; v Ue_gllp*—glgq/d2a d2ﬁ (Oé*Oé + ﬁ*ﬁ 1 ¥ 1)
T
% e~ uslal’+a* (p+vf*)+a(p +v*B)—ualB*+6% ¢+ 5" (3.278)
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This equation can be rewritten as

* 2 2
Uy =V e g 0 n 0 11
1 w2 ° Op*0p  0q*0q +
« / Pov @2 evalal o (s ) +alo" +B)—ual 8P+ 050" (3.279)

Upon carrying out the integration with the help of Eq. (2.218]), we obtain

82 82 o * * * * %
+ —171 ) exp UD D + Ugq q + V" pg + vp q ’
op*0p — 0q*0q

—_— —_ *__
ML =—e 1P e <

UgUg — V¥V
(3.280)
from which follows
Ny = Mg £ Ny, (3.281)
where
7 T g 1 (3.282)
Mg = —694+€7,611 — )
UgUg — V*V =t
and
_ %] *
= -1 3.283
ny ety — o + €15€12 ( )

are the mean photon numbers of mode a and mode b. With the aid of Eqgs. (3.271)),

, , and , we can write
_— kA(1 —n)(4r + 3An + A) + 16e3(k + An)
¢ 4k(k + An) — 4e3)(2k + An)
26(25 + 240 + A) + A2(1 4 1) — 462 A\/1 — 2|26 N
A[k(k + An) — 423](2k + An)
[dey — A\/T —n?)(2k + An + A)26M
4[k(k + An) — 4e3)(2k + An)

2 — — 2)2
n e1(2k + An+ A+ 4ey 1;1\/1 n?) (3.280)
[k (ks + An) — 4e3]?

and
Ty = k(dey + AT —12)% + (dey + A1 — 2)[26 + An — A2 M
4[r(k 4+ An) — 4£3](2k + An)
N [26(2 + 240 — A) + A%(1 — ) + 4ea A/1 — ?26N
4[k(k + An) — 4€3)(2k + An)

22 + Ay — A+ dey + Ay/T = 12)2
L Gnr An— At de, + 4 ) (3.285)
[K(k + An) — 4e5)?
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Fig. 3.9: A plot of the mean of the photon number difference [Eq .(3.286])] versus n for A = 100,
k=0.8,¢1 =0.2, g0 = 0.399, and r = 0.5.

We easily see from Eqgs. (3.284)) and (3.285)) that the driving coherent light enhances the
mean photon numbers of mode a and mode b. On account of Eqs. (3.284]) and (3.285)),

the mean of the photon number sum and difference can be written in the form

26A(1 —n)(25 + An) + 16e3An + K82, A 2+ (1 £ 1)k[A%(1 —n?) + 16€3]
Ak(k + An) — 452](2,‘@ + An)
N (14 1)[26(2k 4+ 2A4n) + A% + (1 F 1) A[2x + An — deay/1 — 2]]26N
4[rk(k + An) — 4€3)(2x + An)
N (14 1)[4e9(2k + An) — A2\ /1 — 2] + (1 F 1) Afdey — (26 + An)y/1 — 2|26 M
A[k(k + An) 4£3](2k + An)

e2[(2k + An + A + 4ey — A1 + (26 + Anp — A+ 4des + A1 —n?
[(F&JFATI) 4e3]?

ny =

(3.286)

Fig 3.9 represents a plot of the mean of the photon number difference [Eq. ] Versus
n for A =100, Kk = 0.8, ;1 = 0.2, g9 = 0.399, and r = 0.5. We see from this figure that the
mean of the photon number difference is positive. This indicates that the mean photon
number of mode a is greater than that of mode b. Moreover, we observe in general that

the mean of the photon number difference decreases as 7 increases.

We now proceed to consider some special cases. We first consider the case in which

the parametric amplifier, the driving coherent light, and the squeezed vacuum reservoir
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are absent. Thus upon setting e; = 9 =r = 0 in Eq. (3.286)), we get

- 24(1 —n)(2k + An) + (1 £ 1)A%(1 — n?)
= A[(k + An)](2k + An) '

(3.287)

This is the mean of the photon number sum and difference for the cavity modes pro-
duced by a nondegenerate three-level laser coupled to a vacuum reservoir. We see from
Eq. that the mean of the photon number difference is positive. This also shows
that the mean photon number of mode a is greater than that of mode b. We next consider

the case in which atoms are not injected into the cavity. Hence upon setting A = 0 in

Eq. (3.286)), we find

2e2 + KN + 269k M 4r2e?

ney=(1=+1
ns = ) K2 — 4¢3 (K% — 4e3)?

(3.288)

This represents the mean of the photon number sum and difference of the cavity modes for
a nondegenerate parametric oscillator driven by coherent light and coupled to a squeezed
vacuum reservoir. We see from Eq. that the mean of the photon number difference
is zero. We observe from these two special cases that the mean photon number of mode a
is greater than that of mode b due to the three-level laser. And the increase in the mean
photon number of mode a must be due to the decay of some atoms from the intermediate

level to levels other than level ¢ spontaneously.

We next proceed to calculate the variances of the photon number sum and difference
of mode a and mode b. The variances of the photon number sum and difference defined

by

An2 = ((a'a + b'D)?) — (a'a + b'd)? (3.289)
can be expressed as
Ani = An? + An} 4 2ng, (3.290)
in which
An? = ((a'a)?) — 72 (3.291)

An? = ((b'D)?) — m? (3.292)
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is the photon number variance of mode b, and
ngy, = (afabtb) — m,m,. (3.293)
with 7, = (aa) and 7, = (b'b). Using the commutation relation [a,a] = 1, we can write
An? = (a*a'?) —m2 — 37, — 2. (3.294)

The first term on the right side of Eq. (3.294]) can be expressed in terms of the Q function

as

(a*a'?) = /d&deQQ(&,ﬁ,t)a*QOzQ. (3.295)

On account of Eq. (3.270)), we have

UqUg — V™V

<d2dT2> — - e E11P —E12g
/ P 25 oo e ualal at (o8 a0t ) B +5" 0+ (3.296)
or
<d2&T2> — Uallp ; v ,Ue*EHP**Euq
s

o' /d2 dQﬁ —uglal*+a* (p+vB*)+a(p*+v* B)—ua |BI*+5*4+5q" (3.297)
S « € « . .
ap28p*2

Hence carrying out the integration, we get

. . 84 Ug, * +u * + ’U* +o * ok
<a2aT2> — e 1P 7612qap28p*2 exp{ pp uﬂqu;] — U*];q P q ' (3298)
«

Then performing the differentiation, we find

Q2 4 N N x |2 N *\2 |2
(uqug — v*0)?  uzug — VU |uqug — V¥V (uqug — v*v)?
With the aid of Eqs. (3.274), (3.275)), and (3.282]), we can write as
(a%a™) = 2(m, + 1)% — |enn|™. (3.300)
Therefore, substitution of Eq. (3.300]) into Eq. (3.294]) yields
An? =12 + g — |en|*. (3.301)
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Fig. 3.10: Plots of the mean of the photon number difference [Eq .(3.286))] versus 7 (solid curve)
and the variance of the photon number difference [Eq .(3.304))] versus 1 (dashed curve)
for A =100, k = 0.8, e = 0.399, ¢1 = 0.2, and r = 0.5.

Following the same procedure, we easily obtain
An; =7; + 7y — |e1o]* (3.302)

and

nay = b+ enely)? — len|’|el, ). (3.303)

Hence combination of Eqgs. (3.284)), (3.295)), (3.296)), and (3.297)) results in

Anf =T + T + 70 + T £ 20+ enetol” — (len|* £ [e7,°) (3.304)

Fig 3.10 represents the mean and variance of the photon number difference versus 7 for
A =100,k =0.87r=0.5, e =0.2, and g9 = 0.399. We observe from the figure that the
variance of the photon number difference is greater than the mean of the photon number

difference.
The photon number distribution

In this section we wish to obtain the joint probability for observing m photons of mode a

and n photons of mode b. The photon number distribution for a two-mode light can be
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expressed in terms of the Q function as [28, 33]

71.2 a2m+2n b 8
£esa . 3.305
minl darmdamagagn 4 e im0 (3.305)

Employing Eq (3.270)), we see that

UqUg — V'V

P(m,n,t) =

P(m, n, t) = i —€11p* —€129
827;’7,4:277,
aa*maamaﬂ*naﬁn €Xp {(1 - Uﬂ)Oé*Oé + (]. — Ua>ﬁ*ﬁ -+ Uﬁ*a* + U*ﬁa

(3.306)

+a'p+ap” + Bq + 661*}
a=£=0

Expanding in power series, we have
e S ') M Ul Y Ul i
m!n! k! l! gl st ow!

P(m,n,t) =
k,li,5,r,8,t,w

ama*k+i+7‘ 8mak+j+s anﬁ*l—i—i—l—t anﬁl—&—j—l—w

Oaxm oo™ aﬁ*n 8511

a=0£=0

It then follows that

k! [! ol ogtorl st w!

Plm,n,t) = (uguy — voyminte-snw—ene §S L) (L= w00 ppta g™
) ) - « iy
ki gr,s,tw

Sk+i+r,m)o(k+j+s,m)o(l+i+t,n)o(l+j+ w,n). (3.308)

Hence applying the properties of the Kronecker delta, the joint probability for observing

m photons of mode a and n photons of mode b can be put in the form

m,n
. enpt ey N (L ug)* (1 — )’
P(m,n,t) =(uqgus — v*v)mlnle c11P —124 Z p ; o
k,l
(m—kn—min m—k—i n—l—i 2

(3.309)
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P(m,n)

Fig. 3.11: A plot of the photon number distribution [Eq. (3.309))] versus m and n for A = 100,
k=0.8,¢1=0.2, g0 =0.339, n = 0.01, and r = 0.5.

In Fig 3.11 we plot the probability to observe m photons of mode a and n photons of
mode b versus m and n for A = 100, Kk = 0.8, ¢y = 0.2, £5 = 0.339, n = 0.01, and r» = 0.5.
The peak in the figure represents the joint probability to observe equal number of photons
of mode a and mode b. From this figure we see that the joint probability to observe m
photons of mode a and n photons of mode b decreases as the difference between m and n

mcreases.

Upon setting m = n in Eq. (3.309)), we find

P(n,n,t) =(uqug — v"v)(nl)?e v 520y -
k,l

(1= up)® (1 = ua)’
k! I

(n=kn—Dmin 5 n—k—i n—l—i |2

p q
DS Nn—k—i)l(n—1—q)

%

(3.310)

This represents the joint probability to observe equal number of photons of mode a and
mode b. Fig 3.12 is a plot of the probability to observe n photons of mode a and n photons
of mode b versus n for A =100, k = 0.8, g1 = 0.2, e = 0.339, n = 0.01, and r = 0.5. We
observe from this figure that the joint probability to observe equal number of photons of

mode a and mode b decreases as the number of photons increases.
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Fig. 3.12: A plot of the photon number distribution [Eq. (3.310))] versus n for A = 100, x = 0.8,
€1 =0.2, g2 =0.339, n = 0.01, and r = 0.5.

3.3.2 Mean and variances of the photon count sum and difference

In this section we wish to calculate the mean and the normally-ordered variances of the
photon count sum and difference for the output modes. We define the moment generating

function for a two-mode light by [34]

M(A, \g) = i Pk, 1)(1 — X)F(1 — X)), (3.311)

where P(k,l) is the photon count distribution for a two-mode light. The mean of the

photon count sum and difference, defined by

(e}

me =Y _(k+0)P(k,1), (3.312)

k,1=0

can be expressed in terms of the moment generating function as

_ d d
m4 = [()\1 — 1)d_)\1 + ()\2 — 1)d—)\2]M(>\1, )\2) Al:h:o. (3313)

Furthermore, the photon count distribution can be expressed in terms of the photon

number distribution for the output modes [26, 34] as

Pk)= Y W (mmi oIl (n”i l>!Pout(m, (1 — )" — )l (3.314)

m=k,n=
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in which v, considered to be the same for the two modes, is the probability for detecting

a single photon . Upon substituting Eq. (3.314)) into Eq. (3.311)), we get
gle p p g Lq q ) g

M(A,A) = Z Pour(m.n Z Fm v A=)

« Z l'(nn—Ll)[ p(1 = X)'(1 = ). (3.315)

Inverting the order of the summations, we have

m

M (A1, Ag) mgn:OPm m,n ’; M(mm' - (L= AL - )t
Y ”—'[ (1= X)L — v)" (3.316)

— ll(n—1)!
so that applying the binomial theorem, the moment generating function can be written

as

MM, X)) = i Pout(m,n)(1 —vA)™(1 —vAg)™. (3.317)

m,n=0

Using Eq. (3.317) in Eq. (3.313)), we see that

M= Y Poulm,n)[(M — 1)i + (Mg —1)——

d m n
d>\1 ](]_ — V)\l) (]_ — V/\Q)

dAz A1=X2=0

(3.318)

m,n=0

Hence on carrying out the differentiation and then setting Ay = 0 and A\, = 0, we find
My = VNout+, (3319)

where T,,:+ is the mean of the photon number sum and difference for the output modes.

Moreover, in view of Eq. (2.275)), we have
ﬁout:l: = Hﬁi + (1 - H)(N + N) (3320)

Hence applying Eq. (3.320) in Eq. (3.319), the mean of the photon count sum and differ-

ence for the output modes can be put in the form
my = ving +v(1 — K)(N £ N). (3.321)
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The first and second terms on the right side of this equation represent the mean of the
photon count sum and difference for the transmitted cavity photons and the mean of the
photon count sum and difference for the reflected input photons, respectively. We see
from this equation that the mean of the photon count difference for the output modes is

the mean of the photon count difference of the transmitted cavity photons only.

We next seek to calculate the normally-ordered variances of the photon count sum
and difference for the output modes. We note that the variances of the photon count sum

and difference is given by

Am2 = m?y —ma. (3.322)

=[(\; — 1)d‘i1 + (\g — 1)di)\2]2M()\1, A2) . (3.323)
Using Eq. , we have
— d d n
mZ = Z ot (1, ) (A — 1)dAl + (Mg — 1)%] (1 —vA)™(1 —vhy) -
(3.324)

so that carrying out the differentiation and applying the condition A\; = Ay = 0, we get
WL = V2 (,0) + V(L = V)T (3.325)
Upon substituting and into Eq. , we find
Am% = v?AnZ, .+ v(1 — V)Tt - (3.326)
where
AN = (Moues) = Tours (3.327)

is the variances of the photon number sum and difference for the output modes. With the

aid of the commutation relations [Gou, &\ y,] = [Dout, biye] = 1, we can write Eq. (3.327) as
An?)uti = Anzuti D ﬁoutJra (3328)
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where

P ARZ = (g Oout = B Bout)?) — s (3.329)

is the normally-ordered variances of the photon number sum and difference for the output

modes. With the aid Egs. (3.326]) and (3.328)), we can write the normally-ordered variances

of the photon count sum and difference as

CAML =1t AnZ,, (3.330)

We next proceed to calculate the normally-ordered variances of the photon number

sum and difference for the output modes. To this end, we note that

: Anguti c= (AN, Do+ (ARZ, D) £ 2(Now)ab (3.331)
where
(: Anzut Da = <0423t043ut) - <O‘:utaout>2 (3.332)
(: Angut Dy = <ﬁ;3t gut) - <5:utﬂout>2 (3.333)
(nout>ab = <Oézutaoutﬁ:utﬁout> - <a:utaout><ﬁzutﬂout>- (3334)

Employing the input-output relation, we can write

(OueCiou) = K(@™a®) /2 + (0 jag,) /2 + 26{a" aaj,aim) + r{aj a”)

— 2rv/K(a*al,a?) — 2vK{aa,a) + c.c. (3.335)

We now proceed to evaluate the expectation values involved in Eq. (3.335]). To this end,

Eqgs. (3.155]) and (3.156|) can be rewritten as

a=ao +e, (3.336)
ﬁ* = ﬁ,* + €12, (3337)

in which
o' = pi(t)a(0) + ¢ (1)37(0) + Gi(t), (3.338)
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B = pa(t)57(0) + g2 () (0) + Go(2). (3.339)

Taking into account Eq. (3.336|), we see that

Ix | %

(ool ) = (o' o, aim) + €561 {0, qin) + 11 (o, i) + €51 (e, o’ ain ). (3.340)

We recall that o/ and «y;, are Gaussian variables with zero mean. Hence Eq. (3.340|) can
be put in the form

Ix /1 1% *x

(a*aaj,ain) = (a"a'){af,qin) + (@07, ) (@' ain) + (o ain)(a’al,) + €711 (g, in).

(3.341)

With the aid of Eqs. (3.338), (3.339), (3.202), (3.203), (3.197), (3.193), (3.199), and

the relations

1 1
Ay, = ﬁf&r; ﬁzn = ﬁfﬁm (3342)
we can easily verify that
<@/@in> = <ﬂ/ﬁm> = <a/*ﬂin> = <ﬁ/*ain> = 07 (3343)
(@ in) = (6" Bin) = VEN/2, (3.344)
(&' Bin) = (B'ain) = VM /2. (3.345)

Moreover, we note that for a two-mode squeezed vacuum reservoir

(07,) = (B) = (@} Bin) = (Bjuvin) = 0, (3.346)
(ainin) = (B7,Bm) = N, (3.347)

On account of (3.344)) and (3.347)), Eq. (3.341)) takes the form

(oo, i) =N N + kN?/4. (3.349)
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where
Tl = (&) + &l 1611 (3.350)

is the mean photon number of mode a.

Furthermore, taking into account Eq. (3.335)) along with the fact that o’ and «;, are

Gaussian variables with zero mean, we can write

(agna’) = (o7n) () +2(af,a)* + &1y (ofy)- (3.351)

in in

In view of Eqgs. (3.344)) and (3.346|), we have

(a2a®) = kN?)2. (3.352)
Following a similar procedure, we easily obtain
(a*a a®) = V/Kn N (3.353)
and

(a*al o) = V/EN?. (3.354)

m

Upon substituting Eqgs. (3.349), (3.352)), (3.353)), and (3.354)) into Eq. (3.335)), we get

(2,02,,) = K2{a*20%) + (a202) + 4k(1 — K)ALN + 2(k2 — 2k) N2, (3.355)
Moreover, on account of Eq. (2.275]), we see that
(Qoutout) =T + (1 — K)N, (3.356)

so that in view of (3.355)) and ([3.356|), one can express (3.332)) as
(: An?, ). = Kk*: An2 : +(1 — K)’N? 4+ 2k(1 — k)R, N, (3.357)

o

where

cAR2 = (a*a?) -7 (3.358)

is the normally-ordered photon number variance for mode a. Following the same proce-
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0.5

Fig. 3.13: A plot of the variance of the normally-ordered photon count difference [Eq. (3.367))]
versus 7 for A =100, Kk = 0.8, 1 = 0.2, 2 = 0.399, r = 0.5, and v = 0.6.
dure, we find
(:AnZ, )y =k Anp  +(1 — k)*N? + 26(1 — k)W N, (3.359)

out

where
CAng = (876 — 7y (3.360)

is the normally-ordered photon number variance for mode b and

(N2,)ab = KNap + (1 — K)2M? + 2k(1 — k)M’ M, (3.361)

with
na = (& af*B) — n,my (3.362)

and
M' = (F) + enern. (3.363)

Therefore, on account of Eq. (3.357)), (3.359)), and ((3.361]), we can write Eq. (3.331]) as

CARZ,y =k AR+ (1= k)2 AR+ 26(1 — R) (M N £2M'M),  (3.364)
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where
CARL =1 AR+ Anp o £2ny, (3.365)
and
cAnZ = 2(N? + M?) (3.366)

are the normally-ordered variances of the photon number sum and difference for the cavity
and the input modes. On substituting Eq. (3.364) into Eq. (3.330]), the normally-ordered

variances of the photon count sum and difference for the output mode is found to be
cAmY =7 AR (1 — k)P ARl L+ 26(1 — k)P (N £2M'M). (3.367)

Fig 2.13 represents the variance of the normally-ordered photon count difference versus
n for A = 100, Kk = 0.8, e; = 0.2, 5 = 0.399, r = 0.5, and v = 0.6. We observe from
the figure that the variance of the photon count difference is less than the mean of the

photon count sum for 1 between 0 and 0.95.
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Conclusion

In this dissertation we have studied the squeezing and statistical properties of the cavity
and output modes produced by a degenerate as well as a nondegenerate three-level laser
whose cavity contains a parametric amplifier and with the cavity modes driven by coherent
light and coupled to a squeezed vacuum reservoir. We have obtained, using the master
equation, stochastic differential equations associated with the normal ordering. Applying
the solutions of the resulting differential equations, we have calculated the quadrature
variances and squeezing spectrum. The light produced by the degenerate as well as the
nondegenerate system is in a squeezed state. It is found that the parametric amplifier and
the squeezed vacuum reservoir increase the degree of squeezing, but the driving coherent
light does not have any effect on the squeezing. Moreover, the squeezing of the cavity
modes is greater than that of the output modes for some values of . We have also seen
that the degree of squeezing increases with the linear gain coefficient for small values of n
and almost perfect squeezing can be obtained for large values of the linear gain coefficient.
In addition, the squeezing spectrum of the output mode for the degenerate case shows
that at threshold there is perfect squeezing for n = 0, w = wyp, and for any values of the

linear gain coefficient, the cavity damping constant, and the squeeze parameter.

We have determined employing the Q function the mean photon number, the variance
of the photon number, and the photon number distribution for the cavity modes. The
mean photon number increases considerably due to the driving coherent light, squeezed

vacuum reservoir, and parametric amplifier.



Conclusion

For the degenerate case, we have seen that the probability of observing even number

of photons is greater than the probability of observing odd number of photons.

We have found that the mean photon number of mode a is greater than that of mode
b. This could be due to the spontaneous decay of some atoms from the intermediate level
to levels other than the lower level. We have observed that the joint probability to observe
m photons of mode a and n photons of mode b decreases as the difference between m and
n increases. Finally, we have calculated the mean and normally-ordered variance of the
photon count for the output mode. These result show that the normally-ordered variance
of the photon count is greater than the mean of the photon count. For the nondegenerate
case we have seen that the normally-ordered variance of the photon count difference is

less than the mean of the photon count sum for 7 between 0 and 0.95.

Since the effect of the parametric amplifier, the driving coherent light, and the squeezed
vacuum reservoir on the three-level laser is to enhance both the degree of squeezing and
the mean photon number, a bright and highly squeezed light can be produced by the

quantum optical system considered in this dissertation.

106



Bibliography

[1] N. A. Ansari, Phys. Rev. A 48, 4686 (1993).
[2] S. Tesfa, Phys. Rev. A 74, 043816 (2006).

[3] M. O. Scully, K. Wodkiewicz, M. S. Zubairy, J. Bergou, N. Lu, and J. Meyer te vehn,
Phys. Rev. Latt. 60, 1832 (1988).

[4] K. Fesseha, Phys. Rev. A 63, 033811 (2001).

[5] J. Anwar and M. S. Zubairy, Phys. Rev. A 49, 481 (1994).

[6] Gebremedhen Gebrekirstos, MSc Thesis, Addis Ababa University, (2000).
[7] Wubshet Mekonen, MSc Thesis, Addis Ababa University, (2007).

[8] N. Lu and S. Y. Zhu, Phys. Rev. A 40, 5735 (1989).

[9] N. A. Ansari, J. Gea-Banacloche, and M. S. Zubairy, Phys. Rev. A 41, 5179 (1990).
[10] E. Alebachew and K. Fesseha, Opt. Commun. 265, 314 (2006).

[11] C. A. Blockley and D. F. Walls Phys. Rev. A 43, 5049 (1991).

[12] Adanh Samuel, MSc Thesis, Addis Ababa University, 2003.

[13] C. M. Savage and D. F. Walls, Phys. Rev. A 33, 3282 (1986).

[14] N. Lu, F.X Zhao, and J. Bergou, Phys. Rev. A 39, 5189 (1989).

[15] S. An and M. Sargent III, Phys. Rev. A 39, 1841 (1989).



BIBLIOGRAPHY BIBLIOGRAPHY

[16] A. Ben-Arie, G. A. Koganov, and R. Shuker, Phys. Rev. A 76, 053811 (2006).

[17] S. Y. Zhu and X. S. Li, Phys. Rev. A 36, 3889 (1987).

[18] N .Lu and J. A. Bergou, Phys. Rev. A 40, 250 (1989).

[19] H .P. Yuen, Phys. Rev. A 13, 226 (1976).

[20] N. Lu and S. Y. Zhu, Phys. Rev. A 30, 1386 (1984).

[21] Fesseha Kassahun, Fundamentals of Quantum Optics (Lulu, North Carolina, 2008).

[22] M. O. Scully and M. S. Zubairy, Quantum Optics, (Cambridge University Press,
Cambridge, 1997)

[23] G. J. Milburn and D.F. Walls, Phys. Rev. A 27, 392 (1983).

[24] L. Wu, H. J. Kimble, J. L. Hall, and H. Wu, Phys. Rev. Lett. 57, 2520 (1986).
[25] J. Anwar and M. S. Zubairy, Phys. Rev. A 45, 1804 (1992).

[26] D. F. Walls and G. J. Milburn, Quantum Optics, (Springer-Verlage, Berlin, 1994)
[27] L. I. Plimak and D.F. Walls, Phys. Rev. A 50, 2627 (1994).

[28] B. Daniel and K. Fesseha, Opt. Commun. 151, 384 (1998).

[29] K. Fesseha, Opt. Commun. 156, 145 (1998).

[30] B. Teklu, Opt. Commun. 261, 310 (2006).

[31] S. Tesfa, Eur. Phys. J. D 43, 351 (2008).

[32] W. Chow. W. Koch, and M. Sargent III, Semiconductor Laser Physics, (Springer-
Verlag, Berlin, 1994).

[33] M. S. Zubairy, Phys. Rev. A 20, 2464 (1979).
[34] S. M. Barnett and P. M. Radmore, Methods in Theoretical Quantum Optics, (Oxford

University Press, New York, 1997).

108



	Introduction
	Degenerate Three-Level Laser
	Stochastic Differential Equations 
	Master equation 
	Stochastic differential equations 

	Quadrature Squeezing
	Quadrature variance of the cavity mode
	Quadrature variance of the output mode
	Squeezing spectrum of the output mode

	 Photon Statistics
	Photon number statistics of the cavity mode
	Mean and variance of the photon count 


	Nondegenerate Three-Level Laser
	Stochastic Differential Equations 
	Master equation
	Stochastic differential equations

	Quadrature Squeezing
	Quadrature variance of the cavity modes
	Quadrature variance of the output modes
	Squeezing spectrum of the output modes

	 Photon Statistics
	Photon statistics of the cavity modes
	Mean and variances of the photon count sum and difference 


	Conclusion

