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Abstract

We study the squeezing and statistical properties of the light produced by a three-level

laser whose cavity contains a parametric amplifier and with the cavity mode driven by

coherent light and coupled to a squeezed vacuum reservoir. We obtain stochastic differen-

tial equations associated with the normal ordering using the pertinent master equation.

Making use of the solutions of the resulting differential equations, we calculate the quadra-

ture variances and squeezing spectrum. We also determine the mean and variance of the

photon number and the photon number distribution for the cavity mode employing the Q

function. It is found that the parametric amplifier and squeezed vacuum reservoir increase

the degree of squeezing, but the driving coherent light does not have any effect on the

squeezing. Moreover, the mean photon number increases considerably due the driving

coherent light, the parametric amplifier, and the squeezed vacuum reservoir.
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Introduction

There has been a considerable interest in the analysis of the squeezing and statistical

properties of the light generated by three-level lasers [1 - 22]. A three-level laser may be

defined as a quantum optical system in which three-level atoms in a cascade configuration,

initially prepared in a coherent superposition of the top and bottom levels, are injected

into a cavity coupled to a vacuum reservoir via a single-port mirror. A three-level laser

may have additional or modified features. One interesting additional feature of a three-

level laser involves the coupling of the top and bottom levels of the atoms injected into

the cavity by a strong coherent light. When a three-level atom in a cascade configuration

makes a transition from the top to the bottom level via the intermediate level, two photons

are generated. If the two photons have the same frequency, then the three-level atom is

called degenerate three-level atom otherwise it is called nondegenerate.

Three-level lasers in which the crucial role is played by the coherent superposition of

the top and bottom levels of the injected atoms have been studied by several authors [1 -

7]. These studies show that this quantum optical system can generate light in a squeezed

state under certain conditions. Ansari [1] has calculated the quadrature variances of the

cavity mode for a degenerate three-level laser employing the steady state solutions of the

equations of evolution of the expectation values of the cavity mode variables. He has

found that the cavity mode is in a squeezed state if the probability for the injected atoms

to be in the bottom level is larger than the probability for the atoms to be in the top

level. And almost perfect squeezing can be obtained for slightly more probability for the
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atoms to be in the bottom level and for large value of linear gain coefficient. In addition,

with the aid of the Q function he has determined the photon number distribution. This

result shows that the photon number distribution decreases with the number of photons.

Recently, Tesfa [2] has studied the squeezing property of the cavity modes produced by a

nondegenerate three-level laser applying the solutions of stochastic differential equations.

He has found that the two-mode cavity radiation exhibits squeezing if the atoms are

initially prepared with more atoms in the bottom level than in the upper level, and the

degree of squeezing increases with the linear gain coefficient.

A three-level laser with the top and bottom levels of the atoms injected into the

cavity coupled by a strong coherent light can also generate light in a squeezed state [8 -

14]. Ansari et al. [9] have considered a degenerate three-level laser in which the injected

atoms are initially prepared in the top level and with the top and bottom levels of the

atoms coupled by a strong coherent light. They have shown that for sufficiently strong

coherent light the system behaves like a degenerate parametric oscillator.

Furthermore, it has been predicted theoretically and subsequently confirmed experi-

mentally that a parametric oscillator produces light with a maximum intracavity squeezing

of 50% below the coherent-state level [21 - 31]. Some authors have considered a three-

level laser whose cavity contains a parametric amplifier [4, 10]. Fesseha has studied the

squeezing and statistical properties of the light produced by a degenerate three-level laser

whose cavity contains a degenerate parametric amplifier [4]. His study indicates that a

more squeezed light could be generated by a combination of these two quantum optical

systems. This study also shows that the presence of the parametric amplifier in the laser

cavity increases significantly the mean photon number. On the other hand, Ambachew

and Fesseha [10] have considered the same system with the injected atoms having equal

probability to be in the upper and lower levels and with these two levels coupled by the

pump mode emerging from the parametric amplifier. This study shows that the system

generates light in a squeezed state with a maximum intracavity squeezing of 93% below

the coherent-state level.

In this PhD dissertation we seek to investigate the squeezing and statistical properties

of the light generated by a three-level laser whose cavity contains a parametric amplifier

2
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and with the cavity mode driven by coherent light and coupled to a squeezed vacuum

reservoir. We consider a degenerate as well as a nondegenerate three-level laser in which

the pump mode emerging from the parametric amplifier does not couple the top and

bottom levels of the injected atoms. This could be realized by putting on the right-side

of the nonlinear crystal a screen which absorbs the pump mode.

We carry out our analysis applying the solutions of the pertinent stochastic differential

equations associated with the normal ordering. These differential equations are obtained

applying the master equation derived in the linear and adiabatic approximation schemes

following the approach described in Ref.[21]. We calculate, employing the solutions of the

differential equations and the correlation properties of the noise forces, the quadrature

variances and squeezing spectrum. Moreover, we determine the mean and variance of the

photon number as well as the photon number distribution using the Q function. The

Q function is obtained with the aid of the antinormally ordered characteristics function

defined in the Hiesenberg picture. In addition, we obtain the mean and the normally-

ordered variance of the photon count of the output mode for the degenerate system under

consideration. Finally, we calculate the mean and the normally-ordered variances of the

photon number sum and difference of the cavity modes as well as the photon count sum

and difference of the output modes for the nondegenerate case.

3
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Degenerate Three-Level Laser

We consider a degenerate three-level laser into which three-level atoms in a cascade config-

uration and initially prepared in a coherent superposition of the top and bottom levels are

injected at a constant rate and removed from the laser cavity after sometime. We discuss

the case in which the cavity contains a parametric amplifier and the cavity mode is driven

by coherent light and coupled to a squeezed vacuum reservoir as shown in Fig. 2.1. We

carry out our analysis for the case in which the pump mode emerging from the parametric

amplifier does not couple the top and bottom levels of the three-level atoms.

In this chapter we first seek to obtain the master equation and stochastic differential

equations for the cavity mode variables. Applying the solutions of the differential equa-

tions, we calculate the quadrature variances and the squeezing spectrum. In addition, we

obtain the Q function employing the antinormally ordered characteristic function defined

in the Heisenbeg picture. We calculate applying the Q function the mean photon number,

the variance of the photon number, and the photon number distribution for the cavity

mode. Finally, we calculate the mean and the normally-ordered photon count variance of

the output mode.
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Fig. 2.1: Schematic representation of a degenerate three-level laser with a parametric amplifier,

a driving coherent light, and a squeezing vacuum reservoir.

2.1 Stochastic Differential Equations

2.1.1 Master equation

In this section we wish to obtain the equation of evolution of the density operator for

a degenerate three-level laser whose cavity contains a parametric amplifier and with the

cavity mode driven by coherent light and coupled to a single-mode squeezed vacuum

reservoir. We first drive the equation of evolution of the density operator for the three-

level laser applying the linear and the adiabatic approximation schemes [4, 21]. Then after

obtaining the properties of the reservoir submode operators, we drive the time evolution

of the reduced density operator for a cavity mode coupled to a single-mode squeezed

vacuum reservoir [22]. Finally, with the help of the two resulting equations, we write the

master equation for the system under consideration.

Degenerate Three-Level Laser

Three-level atoms in a cascade configuration are injected at a constant rate ra and removed

from the cavity after a certain time τ . We denote the top, intermediate, and bottom levels

5
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of a three-level atom by |a〉, |b〉, and |c〉 as shown in Fig. 2.1. We assume the cavity mode

to be at resonance with the two transitions |a〉 → |b〉 and |b〉 → |c〉, and with direct

transition between levels |a〉 and |c〉 to be dipole forbidden.

The interaction of a degenerate three-level atom with a cavity mode can be described

in the interaction picture by the Hamiltonian

Ĥ = ig
(
(|a〉〈b|+ |b〉〈c|)â− â†(|b〉〈a|+ |c〉〈b|)

)
, (2.1)

where g is the coupling constant and â is the annihilation operator for the cavity mode.

Considering the atom to be initially in the state

|ψA(0)〉 = Ca|a〉+ Cc|c〉, (2.2)

the density operator for a single atom can be written as

ρ̂A(0) = ρ(0)
aa |a〉〈a|+ ρ(0)

ac |a〉〈c|+ ρ(0)
ca |c〉〈a|+ ρ(0)

cc |c〉〈c|, (2.3)

where

ρ(0)
aa = |Ca|2, ρ(0)

cc = |Cc|2 (2.4)

are the probabilities for the atom to be in the upper and the bottom levels at the initial

time and

ρ(0)
ac = CaC

∗
c (2.5)

is the atomic coherence at the initial time.

Suppose ρ̂AR(t, tj) is the density operator for a single atom plus the cavity mode at

time t, with the atom injected at time tj such that t − τ ≤ tj ≤ t. Then the density

operator for all atoms in the cavity plus the cavity mode at time t can be written as

ρ̂AR(t) = ra

∑
ρ̂AR(t, tj)∆tj, (2.6)

where ra represents the rate at which the atoms are injected into the cavity. Now con-

verting the summation into integration in the limit ∆tj → 0, we have at time t

ρ̂AR(t) = ra

∫ t

t−τ

ρ̂AR(t, t′)dt′ (2.7)

6
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and on differentiating with respect to t, there follows

dρ̂AR(t)

dt
= ra (ρ̂AR(t, t)− ρ̂AR(t, t− τ)) + ra

∫ t

t−τ

∂

∂t
ρ̂AR(t, t′)dt′. (2.8)

We observe that ρ̂AR(t, t) is the density operator for the cavity mode plus an atom injected

at time t and ρ̂AR(t, t − τ) represents the density operator for an atom plus the cavity

mode at time t with the atom being removed from the cavity at this time. Therefore,

these density operators can be decoupled, so that

ρ̂AR(t, t) = ρ̂A(0)ρ̂(t), (2.9)

ρ̂AR(t, t− τ) = ρ̂A(t− τ)ρ̂(t), (2.10)

with ρ̂(t) being the density operator for the cavity mode alone. In view of Eqs. (2.9) and

(2.10), Eq. (2.8) can be written as

dρ̂AR(t)

dt
= ra (ρ̂A(0)− ρ̂A(t− τ)) ρ̂(t) + ra

∫ t

t−τ

∂

∂t
ρ̂AR(t, t′)dt′. (2.11)

In the absence of damping of the cavity mode by a vacuum reservoir, the density operator

ρ̂AR(t, t′) evolves in time according to

∂

∂t
ρ̂AR(t, t′) = −i

[
Ĥ, ρ̂AR(t, t′)

]
, (2.12)

so that using Eq. (2.12) and taking into account Eq. (2.7), one can put Eq. (2.11) in the

form
dρ̂AR(t)

dt
= ra(ρ̂A(0)− ρ̂A(t− τ))ρ̂(t)− i

[
Ĥ, ρ̂AR(t)

]
. (2.13)

Furthermore, tracing over the atomic variables, we have

dρ̂(t)

dt
= −iT rA

[
Ĥ, ρ̂AR(t)

]
, (2.14)

in which we have used the fact

TrA (ρ̂A(0)) = TrA (ρ̂A(t− τ)) = 1. (2.15)

Employing Eq. (2.1), one can put Eq. (2.14) in the form

dρ̂(t)

dt
=g

(
âρ̂ba + âρ̂cb − ρ̂baâ− ρ̂cbâ− â†ρ̂ab − â†ρ̂bc + ρ̂abâ

† + ρ̂bcâ
†) . (2.16)

7
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in which the matrix element ρ̂αβ is defined by

ρ̂αβ = 〈α|ρ̂AR(t)|β〉, (2.17)

with α, β = a, b, c.

We next proceed to determine the matrix elements ρ̂αβ. We see from Eq. (2.13) that

dρ̂αβ

dt
= ra {〈α|ρ̂A(0)|β〉 − 〈α|ρ̂A(t− τ)|β〉} ρ̂(t)− i〈α|[Ĥ, ρ̂AR(t)]|β〉 − γρ̂αβ, (2.18)

where the last term is included to account for the decay of the atoms due to spontaneous

emission. Here γ, considered to be the same for all the three levels, is the atomic decay

rate. We assume that the atoms are removed after they have decayed to a level other

than levels |b〉 and |c〉. We then see that

〈α|ρ̂A(t− τ)|β〉 = 0 (2.19)

and hence on account of (2.1) and (2.3), Eq (2.18) can be written as

dρ̂αβ

dt
=ra

(
ρ(0)

aa δαaδaβ + ρ(0)
ac δαaδcβ + ρ(0)

ca δαcδaβ + ρ(0)
cc δαcδcβ

)
ρ̂

+ g
(
âρ̂bβδαa + âρ̂cβδαb − â†ρ̂aβδαb − â†ρ̂bβδαc

− ρ̂αaâaδbβ − ρ̂αbâδcβ + ρ̂αbâ
†δaβ + ρ̂αcâ

†δbβ
)
− γρ̂αβ, (2.20)

from which follows
dρ̂ab

dt
= g

(
âρ̂bb − ρ̂aaâ+ ρ̂acâ

†)− γρ̂ab, (2.21)

dρ̂bc

dt
= g

(
âρ̂cc − ρ̂bbâ− â†ρ̂ac

)
− γρ̂bc, (2.22)

dρ̂aa

dt
= raρ

(0)
aa ρ̂+ g

(
âρ̂ba + ρ̂abâ

†)− γρ̂aa, (2.23)

dρ̂cc

dt
= raρ

(0)
cc ρ̂− g

(
â†ρ̂bc − ρ̂cbâ

)
− γρ̂cc, (2.24)

dρ̂ac

dt
= raρ

(0)
ac ρ̂+ g (âρ̂bc − ρ̂abâ)− γρ̂ac, (2.25)

8
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dρ̂bb

dt
= g

(
âρ̂cb − â†ρ̂ab − ρ̂baâ+ ρ̂bcâ

†)− γρ̂bb. (2.26)

We confine ourselves to linear analysis and this can be achieved by dropping the g

terms in Eqs. (2.23), (2.24), (2.25), and (2.26). In the good cavity limit γ � κ, the cavity

mode variables change slowly compared to the atomic variables and the atomic variables

will reach steady state in relatively short time, so that we can set the time derivative of

the atomic variables zero. This procedure is referred to as the adiabatic approximation

scheme. Hence dropping the g terms in Eqs. (2.23), (2.24), (2.25), (2.26) and applying

the adiabatic approximation scheme, we get

ρ̂aa =
raρ

(0)
aa

γ
ρ̂, (2.27)

ρ̂cc =
raρ

(0)
cc

γ
ρ̂, (2.28)

ρ̂ac =
raρ

(0)
ac

γ
ρ̂, (2.29)

ρ̂bb = 0. (2.30)

In view of the above results, Eqs. (2.21) and (2.22) can be put in the form

dρ̂ab

dt
=
gra

γ

(
ρ(0)

ac ρ̂â
† − ρ(0)

aa ρ̂â
)
− γρ̂ab, (2.31)

dρ̂bc

dt
=
gra

γ

(
ρ(0)

cc âρ̂− ρ(0)
ac â

†ρ̂
)
− γρ̂bc. (2.32)

Using once more the adiabatic approximation scheme, we see that

ρ̂ab =
gra

γ2

(
ρ(0)

ac ρ̂â
† − ρ(0)

aa ρ̂â
)
, (2.33)

ρ̂bc =
gra

γ2

(
ρ(0)

cc âρ̂− ρ(0)
ac â

†ρ̂
)
. (2.34)

9
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Finally on account of (2.33) and (2.34), Eq. (2.16) takes the form

dρ̂(t)

dt
=
Aρ

(0)
aa

2

(
2â†ρ̂â− ââ†ρ̂− ρ̂ââ†

)
+
Aρ

(0)
cc

2

(
2âρ̂â† − â†âρ̂− ρ̂â†â

)
− Aρ

(0)
ac

2

(
2â†ρ̂â† − â†2ρ̂− ρ̂â†2

)
− Aρ

(0)
ca

2

(
2âρ̂â− â2ρ̂− ρ̂â2

)
, (2.35)

where

A =
2g2ra

γ2
(2.36)

is linear gain coefficient.

Single-Mode Squeezed Vacuum Reservoir

We assume that a reservoir is composed of a large number of submodes. We also assume

that the reservoir submodes are independent and the reservoir radiation is incident on

the system from one direction. The density operator for a single-mode squeezed vacuum

reservoir can be expressed as

ρ̂(r) =
∏

i

Ŝi(r)|0i〉〈i0|Ŝ†
i (r), (2.37)

where

Ŝi(r) = e
1
2
r(b̂†2i −b̂2i ) (2.38)

is the unitary squeeze operator with the squeeze parameter r taken for convenience to be

real and positive and b̂i represents the annihilation operators for the reservoir submode.

Applying Eq. (2.37), we can write

〈b̂k〉 =
∏

i

〈i0|b̂k(r)|0i〉, (2.39)

in which

b̂k(r) = Ŝ†
i (r)b̂kŜi(r). (2.40)

We note that the derivative of Eq. (2.40) with respect to r is

d

dr
b̂k(r) =

1

2
[b̂k(r), b̂

†2
i − b̂2i ] = b̂†i (r)δik (2.41)

and hence
d

dr
b̂†k(r) = b̂i(r)δik. (2.42)

10
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In order to decouple these equations, we differentiate Eq. (2.41) once more with respect

to r. Thus we get
d2

dr2
b̂k(r) = b̂k(r). (2.43)

The solution of this equation can be put in the form

b̂k(r) = Aer +Be−r. (2.44)

Applying the condition r = 0, we see that

b̂k(r)

∣∣∣∣
r=0

= A+B = b̂iδik, (2.45)

d

dr
b̂k(r)

∣∣∣∣
r=0

= A−B = b̂†iδik. (2.46)

It then follows that

A =
1

2
(b̂i + b̂†i )δik, (2.47)

B =
1

2
(b̂i − b̂†i )δik, (2.48)

so that substitution of Eqs. (2.47) and (2.48) into Eq. (2.44) yields

b̂k(r) = (b̂i cosh r + b̂†i sinh r)δik. (2.49)

Using Eq. (2.49) in Eq. (2.39), we have

〈b̂k〉 = 0. (2.50)

Furthermore, using Eq. (2.37) and the identity operator Î = Ŝi(r)Ŝ
†
i (r), we can write

〈b̂†kb̂k′〉 =
∏

i

〈i0|b̂†k(r)b̂k′(r)|0i〉, (2.51)

where b̂k(r) is defined by (2.40). In view of Eq. (2.49), we see that

〈b̂†kb̂k′〉 =
∏

i

〈i0|(b̂†i b̂i cosh2 r + (b̂†i b̂
†
i + b̂ib̂i) sinh r cosh r + b̂ib̂

†
i sinh2 r)|0i〉δikδik′ , (2.52)

from which follows

〈b̂†kb̂k′〉 = 〈k′0|(b̂†k′ b̂k′ cosh2 r + (b̂†k′ b̂
†
k′ + b̂k′ b̂k′) sinh r cosh r + b̂k′ b̂

†
k′ sinh2 r)|0k′〉δk′k. (2.53)

11
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Applying the commutation relation [b̂k′ , b̂
†
k′ ] = 1, we find

〈b̂†kb̂k′〉 = Nδk′k, (2.54)

where

N = sinh2 r. (2.55)

It can be also established in a similar manner that

〈b̂kb̂†k′〉 = (N + 1)δk′k, (2.56)

〈b̂kb̂k′〉 = Mδk′k, (2.57)

in which

M = sinh r cosh r. (2.58)

Assuming that the wave number k varies vary little around the central wave number of

the reservoir submode k0 , we can write k ≈ 2k0 − k. In view of this, Eq. (2.57) can be

rewritten as

〈b̂kb̂k′〉 = Mδk′,2k0−k. (2.59)

We next seek to drive the equation of evolution of the density operator for a cavity

mode coupled to a single-mode squeezed vacuum reservoir. Let χ̂(t) be the total density

operator of the cavity mode plus the reservoir in the interaction picture. Then the equation

of evolution of the density operator is

d

dt
χ̂(t) = −i[ĤSR(t), χ̂(t)], (2.60)

where ĤSR(t) describes the interaction between the cavity mode and the reservoir. The

density operator of the system is defined by

ρ̂(t) = TrR(χ̂(t)), (2.61)

in which TrR indicates the trace over the reservoir variables only. A formal solution of

Eq. (2.60) can be written as

χ̂(t) = χ̂(0)− i

∫
dt′[ĤSR(t′), χ̂(t′)]. (2.62)

12



2.1 Stochastic Differential Equations Degenerate Three-Level Laser

On substituting Eq. (2.62) into Eq. (2.60), we have

d

dt
ρ̂(t) =− iT rR[ĤSR(t), χ̂(0)]−

∫
dt′TrR[ĤSR(t), [ĤSR(t′), χ̂(t′)]]. (2.63)

Applying the Born approximation,

χ̂(t′) = ρ̂(t′)R, (2.64)

we see that

d

dt
ρ̂(t) =− i[〈ĤSR(t)〉R, ρ̂(0)]−

∫
dt′TrR[ĤSR(t), [ĤSR(t′), ρ̂(t′)R]]. (2.65)

The interaction between a cavity mode and a single-mode squeezed vacuum reservoir

can be described by

ĤSR(t) =i
∑

k

λk(â
†b̂ke

i(ω0−ωk)t − âb̂†ke
−i(ω0−ωk)t), (2.66)

where â is the annihilation operator for the cavity mode, b̂k is the annihilation operator

for a reservoir submode, and λk is the coupling constant. In view of Eq. (2.50), we see

that

〈ĤSR(t)〉R =0. (2.67)

Therefore, on account of this result, Eq. (2.65) reduces to

d

dt
ρ̂(t) =−

∫ t

0

dt′TrR(ĤSR(t)ĤSR(t′)R)ρ̂(t′) +

∫ t

0

dt′TrR(ĤSR(t)ρ̂(t′)RĤSR(t′))

+

∫ t

0

dt′TrR(ĤSR(t′)ρ̂(t′)RĤSR(t))−
∫ t

0

dt′ρ̂(t′)TrR(RĤSR(t′)ĤSR(t)). (2.68)

Now employing the Hamiltonian (2.66) and the fact that the cavity mode and reservoir

submode operators commute, we can write

TrR(ĤSR(t)ĤSR(t′)R) =I1â
†2 + I2â

†â+ I3ââ
† + I4â

2, (2.69)

where

I1 = −
∑
jk

λjλk〈b̂j b̂k〉ei(ω0−ωj)t+i(ω0−ωk)t′ , (2.70)

13



2.1 Stochastic Differential Equations Degenerate Three-Level Laser

I2 =
∑
jk

λjλk〈b̂j b̂†k〉e
i(ω0−ωj)t−i(ω0−ωk)t′ , (2.71)

I3 =
∑
jk

λjλk〈b̂†j b̂k〉e−i(ω0−ωj)t+i(ω0−ωk)t′ , (2.72)

I4 = −
∑
jk

λjλk〈b̂†j b̂
†
k〉e

−i(ω0−ωj)t−i(ω0−ωk)t′ . (2.73)

On account of Eq. (2.59), we see that

I1 = −M
∑

k

λ2k0−kλke
i(ω0−ωk)(t−t′). (2.74)

We assume the reservoir submode frequencies to be closely spaced. Then changing the

summation into integration, we have

I1 = −M
∫ ∞

0

dωg(ω)λ(2ω0 − ω)λ(ω)e−i(ω0−ω)(t−t′), (2.75)

where g(ω) is the density of the reservoir submodes. We expect ω to vary very little

around ω0. In view of this, we can replace g(ω) and λ(2ω0−ω)λ(ω) by g(ω0) and λ2(ω0).

Hence

I1 = −Mg(ω0)λ
2(ω0)

∫ ∞

0

dωe−i(ω0−ω)(t−t′). (2.76)

Upon setting ω′ = ω−ω0 and extending the lower limit of the integration to −∞, we see

that

I1 = −Mg(ω0)λ
2(ω0)

∫ ∞

−∞
dω′ei(t−t′)ω′ . (2.77)

It then follows that

I1 = −κMδ(t− t′), (2.78)

where

κ =2πg(ω0)λ
2(ω0) (2.79)
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is defined to be the cavity damping constant. Following a similar procedure, one can

readily establish that

I2 = κ(N + 1)δ(t− t′), (2.80)

I3 = κNδ(t− t′), (2.81)

I4 = −κMδ(t− t′). (2.82)

Now combination of Eqs (2.69), (2.78), (2.80), (2.81), and (2.82) leads to

TrR

(
ĤSR(t)ĤSR(t′)R

)
= κ

(
(N + 1)â†â+Nââ† −Mâ†2 −Mâ2

)
δ(t− t′). (2.83)

We also note that

TrR

(
ĤSR(t′)ĤSR(t)R

)
= = κ

(
(N + 1)â†â+Nââ† −Mâ†2 −Mâ2

)
δ(t− t′). (2.84)

Moreover, employing Eq. (2.66), one can write

TrR

(
ĤSR(t)ρ̂(t′)RĤSR(t′)

)
= I1â

†ρ̂(t′)â† + I2âρ̂(t
′)â† + I3â

†ρ̂(t′)â+ I4âρ̂(t
′)â, (2.85)

so that applying the results described by Eqs. (2.78), (2.80), (2.81), and (2.82), we have

TrR

(
ĤSR(t)ρ̂(t′)RĤSR(t′)

)
=κ

(
(N + 1)âρ̂(t′)â† +Nâ†ρ̂(t′)â

−Mâ†ρ̂(t′)â† −Mâρ̂(t′)â
)
δ(t− t′). (2.86)

It is easy to see that

TrR

(
ĤSR(t′)ρ̂(t′)RĤSR(t)

)
=κ

(
(N + 1)âρ̂(t′)â† +Nâ†ρ̂(t′)â

−Mâ†ρ̂(t′)â† −Mâρ̂(t′)â
)
δ(t− t′). (2.87)

On substituting (2.83), (2.84), (2.86), and (2.87) into Eq. (2.68) and carrying out the

integration over t’, we find

d

dt
ρ̂(t) =

κ

2
(N + 1)(2âρ̂â† − â†âρ̂− ρ̂â†â) +

κ

2
N(2â†ρ̂â− ââ†ρ̂− ρ̂ââ†)

− κ

2
M(2â†ρ̂â† − â†2ρ̂− ρ̂â†2)− κ

2
M(2âρ̂â− â2ρ̂− ρ̂â2). (2.88)

This represents the equation of evolution of the reduced density operator for a cavity

mode coupled to a single-mode squeezed vacuum reservoir. The effects of the reservoir

are incorporated by the parameters N and M.
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Degenerate Three-Level Laser with Coherent and Squeezed Light

With the driving coherent light and the pump mode treated classically, the Hamiltonian

describing the interaction of the driving coherent light with the cavity mode and the

parametric interaction is expressible as

Ĥ = iε1(â
† − â) +

1

2
iε2(â

†2 − â2), (2.89)

in which ε1 and ε2, consider to be real and constant, are proportional to the amplitude of

the driving coherent light and the pump mode, respectively. The equation of evolution of

the density operator associated with this Hamiltonian has the form

dρ̂(t)

dt
= ε1

(
ρ̂â− âρ̂+ â†ρ̂− ρ̂â†

)
+

1

2
ε2

(
ρ̂â2 − â2ρ̂+ â†2ρ̂− ρ̂â†2

)
. (2.90)

Now taking into account Eqs. (2.35), (2.88), and (2.90), the master equation for the

cavity mode produced by a degenerate three-level laser whose cavity contains a parametric

amplifier and whose cavity mode is driven by coherent light and coupled to a squeezed

vacuum reservoir can be written as

dρ̂(t)

dt
=ε1

(
ρ̂â− âρ̂+ â†ρ̂− ρ̂â†

)
+

1

2
ε2

(
ρ̂â2 − â2ρ̂+ â†2ρ̂− ρ̂â†2

)
+

1

2
(Aρ(0)

aa + κN)
(
2â†ρ̂â− ââ†ρ̂− ρ̂ââ†

)
+

1

2
(Aρ(0)

cc + κ(N + 1))
(
2âρ̂â† − â†âρ̂− ρ̂â†â

)
+

1

2
(Aρ(0)

ac + κM)
(
â†2ρ̂+ ρ̂â†2 − 2â†ρ̂â†

)
+

1

2
(Aρ(0)

ca + κM)
(
â2ρ̂+ ρ̂â2 − 2âρ̂â

)
. (2.91)

2.1.2 Stochastic differential equations

We next seek to obtain, using the master equation, stochastic differential equations asso-

ciated with the normal ordering. To this end, employing the relation

d

dt
〈â〉 = Tr

(
dρ̂(t)

dt
â

)
(2.92)
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along with Eq. (2.91), we see that

d

dt
〈â〉 =ε1Tr

(
âρ̂â− â2ρ̂+ ââ†ρ̂− âρ̂â†

)
+

1

2
ε2Tr

(
âρ̂â2 − â3ρ̂+ ââ†2ρ̂− âρ̂â†2

)
+

1

2
(Aρ(0)

aa + κN)Tr
(
2ââ†ρ̂â− â2â†ρ̂− âρ̂ââ†

)
+

1

2
(Aρ(0)

cc + κ(N + 1))Tr
(
2â2ρ̂â† − ââ†âρ̂− âρ̂â†â

)
+

1

2
(Aρ(0)

ac + κM)Tr
(
ââ†2ρ̂+ âρ̂â†2 − 2ââ†ρ̂â†

)
+

1

2
(Aρ(0)

ca + κM)Tr
(
â3ρ̂− âρ̂â2 − 2â2ρ̂â

)
. (2.93)

Applying the cyclic property of the trace operation and the commutation relations

[â, â†] = 1 (2.94)

and

[â, f(â†, â)] =
d

dâ†
f(â†, â), (2.95)

we get
d

dt
〈â〉 = −1

2
µ〈â〉+ ε2〈â†〉+ ε1, (2.96)

where

µ = A(ρ(0)
cc − ρ(0)

aa ) + κ. (2.97)

Following the same procedure, it can also be easily verified that

d

dt
〈â2〉 = −µ〈â2〉+ 2ε2〈â†â〉+ 2ε1〈â〉+ Aρac + κM + ε2. (2.98)

d

dt
〈â†â〉 = −µ〈â†â〉+ ε2

(
〈â†2〉+ 〈â2〉

)
+ ε1

(
〈â†〉+ 〈â〉

)
+ Aρaa + κN. (2.99)

We note that Eqs. (2.96), (2.98), and (2.99) are in the normal order. The c-number

equations corresponding to Eqs. (2.96), (2.98), and (2.99) are

d

dt
〈α〉 = −1

2
µ〈α〉+ ε2〈α∗〉+ ε1, (2.100)

d

dt
〈α2〉 = −µ〈α2〉+ 2ε2〈α∗α〉+ 2ε1〈α〉+ Aρac + κM + ε2, (2.101)
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d

dt
〈α∗α〉 = −µ〈α∗α〉+ ε2

(
〈α∗2〉+ 〈α2〉

)
+ ε1 (〈α∗〉+ 〈α〉) + Aρaa + κN. (2.102)

On the basis of Eq. (2.100), one can write [4, 21]

d

dt
α(t) = −1

2
µα(t) + ε2α

∗(t) + ε1 + f(t), (2.103)

where f(t) is a noise force. We now proceed to determine the properties of the noise force.

We note that Eq. (2.100) and the expectation value of Eq. (2.103) will have identical form

if

〈f(t)〉 = 0. (2.104)

Applying the relation d
dt
〈α2〉 = 2〈α d

dt
α〉 along with Eq. (2.103), we see that

d

dt
〈α2〉 = −µ〈α2〉+ 2ε2〈α∗α〉+ 2ε1〈α〉+ 2〈α(t)f(t)〉, (2.105)

so that comparison of Eqs. (2.101) and (2.105) shows that

〈α(t)f(t)〉 =
1

2
(Aρ(0)

ac + κM + ε2). (2.106)

Employing the formal solution of Eq. (2.103)

α(t) = α(0)e−µt/2 +

∫ t

0

e−µ(t−t′)/2 [ε2α
∗(t′) + f(t′) + ε1] dt

′, (2.107)

we see that

〈α(0)f(t)〉e−µt/2 +

∫ t

0

e−µ(t−t′)/2 [ε2〈α∗(t′)f(t)〉+ 〈f(t′)f(t)〉+ ε1〈f(t)〉] dt′

=
1

2
(Aρ(0)

ac + κM + ε2). (2.108)

Taking into account Eq. (2.104) and the fact that a noise force at a certain instant does

not affect the cavity mode variables at earlier time, we have∫ t

0

e−µ(t−t′)/2〈f(t′)f(t)〉dt′ =
1

2
(Aρ(0)

ac + κM + ε2). (2.109)

In view of the property of the Dirac delta function∫ t

0

f(t′)δ(t− t′)dt′ =
1

2
f(t), (2.110)
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one can put Eq. (2.109) in the form∫ t

0

e−µ(t−t′)/2〈f(t′)f(t)〉dt′ =

∫ t

0

e−µ(t−t′)/2(Aρ(0)
ac + κM + ε2)δ(t− t′)dt′. (2.111)

It then follows that

〈f(t′)f(t)〉 = (Aρ(0)
ac + κM + ε2)δ(t− t′). (2.112)

Furthermore, applying the relation d
dt
〈α∗α〉 = 〈α d

dt
α∗〉+〈α∗ d

dt
α〉 along with Eq. (2.103)

and its complex conjugate, we have

d

dt
〈α∗α〉 =− µ〈α∗α〉+ ε2(〈α∗2〉+ 〈α2〉) + ε1(〈α∗〉+ 〈α〉)

+ 〈α∗(t)f(t)〉+ 〈f ∗(t)α(t)〉. (2.113)

Comparison of this equation with Eq. (2.102) indicates that

〈α∗(t)f(t)〉+ 〈f ∗(t)α(t)〉 = Aρ(0)
aa + κN. (2.114)

Now using Eq. (2.107) and its complex conjugate, we get

(〈α∗(0)f(t)〉+ 〈α(0)f ∗(t)〉)e−µt/2 +

∫ t

0

e−µ(t−t′)/2

[
ε2(〈α(t′)f(t)〉+ 〈f ∗(t)α(t′)〉)

+ ε1(〈f(t)〉+ 〈f ∗(t)〉) + 〈f ∗(t′)f(t)〉+ 〈f ∗(t)f(t′)〉
]
dt′ = Aρ(0)

aa + κN. (2.115)

Taking into account Eq. (2.104) and the fact that a noise force at a certain instant does

not affect the cavity mode variables at earlier time, we see that∫ t

0

e−µ(t−t′)/2 (〈f ∗(t′)f(t)〉+ 〈f ∗(t)f(t′)〉) dt′ = Aρ(0)
aa + κN. (2.116)

In view of Eq. (2.110), we can write∫ t

0

e−µ(t−t′)/2 (〈f ∗(t′)f(t)〉+ 〈f ∗(t)f(t′)〉) dt′ = 2

∫ t

0

e−µ(t−t′)/2
(
Aρ(0)

aa + κN
)
δ(t− t′)dt′

(2.117)

and assuming that 〈f ∗(t′)f(t)〉 = 〈f ∗(t)f(t′)〉, we have∫ t

0

e−µ(t−t′)/2〈f ∗(t)f(t′)〉dt′ =

∫ t

0

e−µ(t−t′)/2
(
Aρ(0)

aa + κN
)
δ(t− t′)dt′. (2.118)

It then follows that

〈f ∗(t′)f(t)〉 = (Aρ(0)
aa + κN)δ(t− t′). (2.119)
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The results described by Eqs. (2.104), (2.112), and (2.119) represent the correlation prop-

erties of the noise forces associated with the normal ordering.

We next proceed to obtain the solution of Eq. (2.103). To this end, introducing new

variables defined by

α±(t) = α∗(t)± α(t) (2.120)

and applying Eq. (2.103) along with its complex conjugate, we find

d

dt
α± = −1

2
λ∓α± + f ∗(t)± f(t) + ε±, (2.121)

where

λ∓ = µ∓ 2ε2, (2.122)

ε± = ε1 ± ε1. (2.123)

The solution of Eq. (2.121) can be written in the form

α±(t) = α±(0)e−λ∓t/2 +

∫ t

0

e−λ∓(t−t′)/2 [f ∗(t′)± f(t′) + ε±] dt′, (2.124)

so that with the aid of Eqs. (2.120) and (2.124), we finally obtain

α(t) = A+(t)α(0) + A−(t)α∗(0) + F (t) +
2ε1

λ−

(
1− e−λ−t/2

)
, (2.125)

where

A±(t− t′) =
1

2

(
e−λ−(t−t′)/2 ± e−λ+(t−t′)/2

)
, (2.126)

F (t) =

∫ t

0

[A+(t− t′)f(t′) + A−(t− t′)f ∗(t′)]dt′. (2.127)

2.2 Quadrature Squeezing

In this section we seek to calculate the quadrature variances of the cavity and the output

modes as well as the squeezing spectrum of the output mode produced by a degenerate

three-level laser whose cavity contains a parametric amplifier and whose cavity mode is

driven by coherent light and coupled to a squeezed vacuum reservoir, using the solutions

of the stochastic differential equations and the correlation properties of the noise forces.
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2.2.1 Quadrature variance of the cavity mode

The variance of the quadratures represented by the operators

â+ = â† + â, (2.128)

and

â− = i(â† − â), (2.129)

can be expressed as

∆a2
± = 1 + 〈: â±, â± :〉, (2.130)

in which :: stands for the normal order. We note that the c-number equation correspond-

ing to Eq. (2.130) is

∆a2
± = 1± 〈α±, α±〉, (2.131)

where α± is defined by Eq. (2.120). Using Eq. (2.124), one can write

〈α±〉 = 〈α±(0)〉e−λ∓t/2 +

∫ t

0

e−λ∓(t−t′)/2[〈f ∗(t′)〉 ± 〈f(t′)〉+ ε±]dt′. (2.132)

Taking into account Eq. (2.104) and assuming the cavity mode to be initially a vacuum

state, we have

〈α±〉 =
2ε±
λ∓

(
1− e−λ∓t/2

)
. (2.133)

Furthermore, employing Eq. (2.124) along with Eq. (2.104) and the fact that a noise

force at a certain instant does not affect the cavity mode variables at earlier time, one

can write

〈α2
±〉 =

∫ t

0

dt′′dt′e−λ∓(2t−t′−t′′)/2 [〈f ∗(t′)f ∗(t′′)〉+ 〈f(t′)f(t′′)〉

±〈f ∗(t′)f(t′′)〉 ± 〈f ∗(t′′)f(t′)〉+ ε2
±
]
. (2.134)

Applying Eqs. (2.112) and (2.119) and carrying out the integration, we obtain

〈α2
±〉 =

A[ρ
(0)
ac + ρ

∗(0)
ac ± 2ρ

(0)
aa ] + 2ε2 ± 2κ(N ±M)

λ∓
(1−e−λ∓t)+

4ε2
±

λ2
∓

(1−e−λ∓t/2)2. (2.135)

Hence using Eqs. (2.133) and (2.135), we finally find

〈α±, α±〉 =
A[ρ

(0)
ac + ρ

∗(0)
ac ± 2ρ

(0)
aa ] + 2ε2 ± 2κ(N ±M)

λ∓

(
1− e−λ∓t

)
. (2.136)
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It proves to be more convenient to introduce a new parameter defined by

ρ(0)
aa =

1− η

2
, (2.137)

so that in view of the fact that

ρ(0)
aa + ρ(0)

cc = 1 (2.138)

and

|ρ(0)
ac |2 = ρ(0)

aa ρ
(0)
cc , (2.139)

one easily gets

ρ(0)
cc =

1 + η

2
, (2.140)

|ρ(0)
ac | =

√
1− η2

2
, (2.141)

and

ρ(0)
cc − ρ(0)

aa = η. (2.142)

On account of Eqs. (2.142) and (2.97), we see that

µ = Aη + κ, (2.143)

so that Eq. (2.122) can be rewritten as

λ± = Aη + κ± 2ε2. (2.144)

Upon setting

ρ(0)
ac = |ρ(0)

ac |eiθ, (2.145)

we have

ρ(0)
ac + ρ∗(0)

ac =
√

1− η2cosθ. (2.146)

Now employing Eqs. (2.137), (2.144), and (2.146), we put Eq. (2.136) in the form

〈α±, α±〉 =
A[

√
1− η2cosθ ± (1− η)] + 2ε2 ± 2κ(N ±M)

Aη + κ∓ 2ε2

(
1− e−(Aη+κ∓2ε2)t

)
, (2.147)

so that Eq. (2.131) becomes

∆a2
± = 1 +

A[1− η ±
√

1− η2cosθ]± 2ε2 + 2κ(N ±M)

Aη + κ∓ 2ε2

(
1− e−(Aη+κ∓2ε2)t

)
. (2.148)

22



2.2 Quadrature Squeezing Degenerate Three-Level Laser

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

η

∆a
−2

ε
2
 = 0.4

ε
2
 = 0

Fig. 2.2: Plots of the quadrature variance [Eq.(2.150)] versus η for A = 100, κ = 0.8, r = 0.5,

θ = 0, and for ε2 = 0 and 0.4.

This represents the quadrature variances of the cavity mode for the system under con-

sideration. At steady state, we find

∆a2
± =

A[1±
√

1− η2cosθ] + κ[1 + 2(N ±M)]

Aη + κ∓ 2ε2

. (2.149)

and in view of Eqs. (2.55) and (2.58), we see that

∆a2
± =

A[1±
√

1− η2cosθ] + e±2rκ

Aη + κ∓ 2ε2

. (2.150)

Since the parameter ε1 does not appear in Eq. (2.150), we note that the driving coherent

light does not have any effect on the quadrature variances.

Because Eq. (2.121) does not have a well-behaved solution for Aη + κ < 2ε2, we

interpret Aη + κ = 2ε2 as the threshold condition. We then see that Eq. (2.150) takes at

threshold the form

∆a2
+ →∞, (2.151)

∆a2
− =

1

2

[
A[1−

√
1− η2cosθ] + e−2rκ

Aη + κ

]
. (2.152)

The term in the square brackets in Eq. (2.152) represents the quadrature variance for
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Fig. 2.3: Plots of the quadrature variance [Eq.(2.152)] versus η for κ = 0.8, θ = 0, r = 0.5, and

for different values of the linear gain coefficient.

a degenerate three-level laser whose cavity mode is coupled to a squeezed vacuum reser-

voir [6]. We see from this equation that the variance of the minus quadrature at steady

state and at threshold for the system under consideration is one-half of the quadrature

variance for a degenerate three-level laser with the cavity mode coupled to a squeezed

vacuum reservoir. Thus we observe that the effect of the parametric amplifier is to re-

duce the quadrature variance at steady state and at threshold by a factor of one-half. In

addition, in Fig 2.2 we plot the quadrature variance [Eq.(2.150)] versus η for A = 100,

κ = 0.8, r = 0.5, θ = 0, and for ε2 = 0.4 (solid curve) and ε2 = 0 (dashed curve) to

see the effect of the parametric amplifier on the squeezing of the cavity mode. Hence we

observe that the effect of the parametric amplifier is to increase the degree of squeezing.

Fig 2.3 represents the quadrature variance [Eq. (2.152)] versus η for different values

of A. This figure indicates that the degree of squeezing increases with the linear gain

coefficient for small values of η and almost perfect squeezing can be obtained for large

values of the linear gain coefficient. Moreover, the minimum value of the quadrature

variance described by Eq. (2.152) for A = 100, κ = 0.8, θ = 0, and r = 0.5, is found to be

∆a2
− = 0.0346 and occurs at η = 0.070. This result implies that the maximum intracavity
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Fig. 2.4: Plots of the quadrature variances [Eq.(2.150)] (solid curve) and [Eq.(2.153)] (dashed

curve) versus η for A = 100, κ = 0.8, θ = 0, r = 0.5, and at threshold.

squeezing for the above values is 96.5% below the coherent-state level.

We next proceed to consider some special cases. We first consider the case in which the

cavity mode is coupled to a vacuum reservoir. Hence upon setting r = 0 in Eq. (2.150),

we find

∆a2
± =

A[1±
√

1− η2cosθ] + κ

Aη + κ∓ 2ε2

. (2.153)

This represents the quadrature variance for the cavity mode of a degenerate three-level

laser whose cavity contains a parametric amplifier and whose cavity mode is coupled to

a vacuum reservoir. The result described by Eq (2.153) is exactly the same as the one

obtained by Fesseha [4]. Fig 2.4 represents the quadrature variances [Eq. (2.150)] versus

η (solid curve) and [Eq. (2.153)] versus η (dashed curve) for A = 100, κ = 0.8, θ = 0,

r = 0.5 and at threshold. Hence we see from the figure that the degree of squeezing

increases with the squeeze parameter r.

Furthermore, we consider the case in which the nonlinear crystal is removed from

the cavity and the cavity mode is coupled to a vacuum reservoir. Hence upon setting
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ε2 = r = 0 in Eq. (2.150), we get

∆a2
± =

A[1±
√

1− η2cosθ] + κ

Aη + κ
. (2.154)

This represents the quadrature variance for a degenerate three-level laser [21].

2.2.2 Quadrature variance of the output mode

We next proceed to calculate the variance of the output quadratures. The variance of the

output quadratures represented by the operators

âout
+ = â†out + âout, (2.155)

âout
− = i(â†out − âout), (2.156)

can be expressed as

∆a2
±out = 1 + 〈: âout

± , âout
± :〉, (2.157)

so that the corresponding c-number equation is

∆a2
±out = 1± 〈αout

± , αout
± 〉. (2.158)

Using the input-output relation

αout
± =

√
κα± − αin

± , (2.159)

the output quadrature variances can be written as

∆a2
±out = κ∆a2

± + 1− κ∓ 2
√
κ〈α±, αin

± 〉 ± 〈αin
± , α

in
± 〉. (2.160)

We now proceed to evaluate 〈α±, αin
± 〉. One can express the noise force f(t) as a sum of

the noise forces associated with the cavity mode and the reservoir modes as

f(t) = fc(t) + fr(t), (2.161)

where we assume that fc(t) and fr(t) are not correlated. In view of Eqs. (2.104), (2.112),

and (2.119), the correlation properties of these noise forces can be written as

〈fc(t)〉 = 〈fr(t)〉 = 0, (2.162)
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〈f ∗r (t)fr(t
′)〉 = κNδ(t− t′), (2.163)

〈fr(t)fr(t
′)〉 = κMδ(t− t′), (2.164)

〈f ∗c (t)fc(t
′)〉 = Aρ(0)

aa δ(t− t′), (2.165)

〈fc(t)fc(t
′)〉 = (Aρ(0)

ac + ε2)δ(t− t′). (2.166)

Using the definition

αin
± (t) =

1√
κ

(f ∗r (t)± fr(t)) (2.167)

and taking into account Eq. (2.162), we see that

〈α±(t), αin
± (t)〉 = 〈α±(t)αin

± (t)〉. (2.168)

Now in view of (2.161), Eq. (2.124) can be rewritten as

α±(t) = α±(0)e−λ∓t/2 +

∫ t

0

e−λ∓(t−t′)/2 [f ∗c (t′)± fc(t
′) + f ∗r (t′)± fr(t

′) + ε±] dt′, (2.169)

so that multiplying by αin
± (t) and then taking into account Eq. (2.167) along with (2.162),

we find

〈α±(t), αin
± (t)〉 =

1√
κ

∫ t

0

e−λ∓(t−t′)/2[〈f ∗r (t′)f ∗r (t)〉+ 〈fr(t
′)fr(t)〉

± 〈f ∗r (t′)fr(t)〉 ± 〈fr(t
′)f ∗r (t)〉]dt′. (2.170)

Applying Eqs. (2.163) and (2.164) in Eq. (2.170) and carrying out the integration, we get

〈α±(t), αin
± (t)〉 =

√
κ(M ±N). (2.171)

We also note that for a squeezed vacuum

〈αin
± , α

in
± 〉 = ±2(N ±M). (2.172)

Hence substitution of Eqs. (2.171) and (2.172) into Eq. (2.160) leads to

∆a2
±out(t) =κ∆a2

±(t) + (1− κ)(1 + 2N ± 2M). (2.173)
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Fig. 2.5: Plots of the quadrature variances [Eq.(2.152)] (solid curve) and [Eq.(2.176)] (dashed

curve) versus η for A = 100, κ = 0.8, r = 0.5, and θ = 0.

The first and the second terms on the right side of Eq. (2.173) represent the quadrature

variances for the transmitted cavity mode and the reflected input mode, respectively. On

account of Eq. (2.148), we can put Eq. (2.173) in the form

∆a2
±out(t) =κ+ κ

A[1− η ±
√

1− η2cosθ]± 2ε2 + 2κ(N ±M)]

Aη + κ∓ 2ε2

(
1− e−(Aη+κ∓2ε2)t

)
+ (1− κ)(1 + 2N ± 2M). (2.174)

At steady state and at threshold, the output quadrature variances take the form

∆a2
+out →∞, (2.175)

∆a2
−out = κ

A[1−
√

1− η2cosθ] + κe−2r

2(Aη + κ)
+ (1− κ)e−2r. (2.176)

The plots in Fig 2.5 represent the quadrature variance for the cavity mode [Eq.(2.152)]

versus η (solid curve) and the quadrature variance for the output mode [Eq.(2.176)] versus

η (dashed curve) for A = 100 κ = 0.8, r = 0.5, and θ = 0. This figure shows that the

squeezing of the cavity mode is greater than that of the output mode. Moreover, the

minimum values of the quadrature variances for the cavity and output modes described
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by Eqs. (2.152) and (2.176) are found for A = 100, κ = 0.8, θ = 0, and r = 0.5, to be

∆a2
− = 0.0.346 and ∆a2

−out = 0.1012, respectively and occur at η = 0.070. These results

imply that the maximum squeezing for the above values is 96.5% for the cavity mode and

89.8% for the output mode below the coherent-state level.

2.2.3 Squeezing spectrum of the output mode

The squeezing spectrum of the output mode can be expressed in terms of c-number

variables associated with the normal ordering as [26]

Sout
± (ω) = 1± 2Re

∫ ∞

0

dτei(ω−ω0)τ 〈αout
± (t), αout

± (t+ τ)〉ss, (2.177)

where the subscript ”ss” stands for steady state. Employing Eq. (2.159), we can write

〈αout
± (t), αout

± (t+ τ)〉ss =κ〈α±(t), α±(t+ τ)〉ss + 〈αin
± (t), αin

± (t+ τ)〉ss

−
√
κ〈αin

± (t), α±(t+ τ)〉ss −
√
κ〈α±(t), αin

± (t+ τ)〉ss. (2.178)

On account of 〈αin
± (t)〉 = 〈αin

± (t + τ)〉 = 0 and the fact that a noise force at a certain

instant does not affect the cavity mode variables at earlier time, we see that

〈αout
± (t), αout

± (t+ τ)〉ss = κ〈α±(t)α±(t+ τ)〉ss + 〈αin
± (t)αin

± (t+ τ)〉ss

−
√
κ〈αin

± (t)α±(t+ τ)〉ss − κ〈α±(t)〉ss〈α±(t+ τ)〉ss. (2.179)

We next proceed to obtain the explicit forms of the two-time correlation functions

involved in Eq. (2.179). The solution of Eq. (2.121) can also be put in the form

α±(t+ τ) = α±(t)e−λ∓τ/2+

∫ τ

0

e−λ∓(τ−τ ′)/2 [f ∗c (t+ τ ′)± fc(t+ τ ′)

+f ∗r (t+ τ ′)± fr(t+ τ ′) + ε±] dτ ′, (2.180)

so that on multiplying by α±(t) and then taking into account the fact that a noise force

at certain instant does not affect the cavity mode variables at earlier time, we have

〈α±(t)α±(t+ τ)〉 = 〈α2
±(t)〉e−λ∓τ/2 + ε±〈α±(t)〉

∫ τ

0

e−λ∓(τ−τ ′)/2dτ ′. (2.181)

It then follows

〈α±(t)α±(t+ τ)〉 = 〈α2
±(t)〉e−λ∓τ/2 +

2ε±〈α±(t)〉
λ∓

(1− e−λ∓τ/2). (2.182)
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Substituting Eqs. (2.133) and (2.135) into Eq. (2.182), we find at steady state

〈α±(t)α±(t+ τ)〉ss =
A[ρ

(0)
ac + ρ

∗(0)
ac ± 2ρ

(0)
aa ] + 2[ε2 + κ(M ±N)]

λ∓
e−λ∓τ/2 +

4ε2
±

λ2
∓
. (2.183)

With the aid of Eq. (2.167) along with (2.163) and (2.164), one can easily establish that

〈αin
± (t+ τ)αin

± (t)〉ss = ±2(N ±M)δ(τ). (2.184)

Furthermore, on multiplying Eq. (2.180) by αin
± (t) and taking into account Eq. (2.167),

we see that

〈αin
± (t)α±(t+ τ)〉 =

1√
κ
〈(f ∗r (t)± fr(t))α±(t)〉e−λ∓τ/2

+
1√
κ

∫ τ

0

e−λ∓(τ−τ ′)/2[〈f ∗r (t)f ∗r (t+ τ ′)〉+ 〈fr(t)fr(t+ τ ′)〉

± 〈fr(t)f
∗
r (t+ τ ′)〉 ± 〈fr(t+ τ ′)f ∗r (t)〉

+ ε±(〈f ∗r (t)〉 ± 〈fr(t)〉)]dτ ′, (2.185)

so that on applying Eqs. (2.162), (2.163), (2.164), and carrying out the integration, there

follows

〈αin
± (t)α±(t+ τ)〉 =

1√
κ
〈(f ∗r (t)± fr(t))α±(t)〉e−λ∓τ/2 ±

√
κ(N ±M)e−λ∓τ/2. (2.186)

In addition, multiplying Eq. (2.169) by (f ∗r (t) ± fr(t)) and then taking into account

Eqs. (2.163) and (2.164), we have

〈(f ∗r (t)± fr(t))α±(t)〉 = ±2κ(N ±M)

∫ t

0

e−λ∓(t−t′)/2δ(t− t′)dt′. (2.187)

Hence on carrying out the integration, we get

〈(f ∗r (t)± fr(t))α±(t)〉 = ±κ(N ±M). (2.188)

Now on substituting Eq. (2.188) into (2.186), we find at steady state

〈αin
± (t)α±(t+ τ)〉ss = ±2

√
κ(N ±M)e−λ∓τ/2. (2.189)

In view of Eq. (2.133), we have

〈α±(t)〉ss = 〈α±(t+ τ)〉ss =
2
√
κε±
λ∓

. (2.190)
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Fig. 2.6: Plots of the squeezing spectrum [Eq.(2.195)] versus η for κ = 0.8, θ = 0, r = 0.5,

A = 25 and for ε2 = 0 and 0.4.

Thus combination of Eqs. (2.179), (2.183), (2.184), (2.189), and (2.190) leads to

〈αout
± (t), αout

± (t+ τ)〉ss =
Aκ[ρ

(0)
ac + ρ

∗(0)
ac ± 2ρ

(0)
aa ] + 2κ[ε2 + (κ− λ∓)(M ±N)]

λ∓
e−λ∓τ/2

± 2(N ±M)δ(τ). (2.191)

Now using Eq. (2.191) in Eq. (2.177) and then carrying out the integration, we obtain

Sout
± (ω) =1± 4κ

A[ρ
(0)
ac + ρ

∗(0)
ac ± 2ρ

(0)
aa ] + 2[ε2 + (κ− λ∓)(M ±N)]

4(ω − ω0)2 + λ2
∓

+ 2(N ±M). (2.192)

This expression can be rewritten in terms of the parameter η and r as

Sout
± (ω) = 4κ

A[1±
√

1− η2 cosθ]− [Aη ∓ 2ε2]e
±2r

4(ω − ω0)2 + (Aη + κ∓ 2ε2)2
+ e±2r. (2.193)

At threshold and for ω = ω0, we have

Sout
+ (ω0) →∞, (2.194)

Sout
− (ω0) =

κA[1−
√

1− η2 cosθ] + A2η2e−2r

(Aη + κ)2
. (2.195)

Fig 2.6 represents the squeezing spectrum of the output mode [Eq.(2.195)] versus η for

A = 25, κ = 0.8, θ = 0, r = 0.5, and for ε2 = 0 (dashed curve) and ε2 = 0.4 (solid curve).
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Fig. 2.7: Plots of the squeezing spectrum [Eq.(2.195)] versus η for κ = 0.8, θ = 0, r = 0.5, and

for different values of A.

We observe from this figure that the effect of the parametric amplifier is to increase the

degree of squeezing for 0 < η < 0.02 and to decrease for 0.02 < η < 0.32. Fig 2.7

represents the squeezing spectrum of the output mode [Eq. (2.195)] versus η for κ = 0.8,

θ = 0, r = 0.5, and for different values of the linear gain coefficient. We see from this

figure that there is perfect squeezing for η = 0. In fact a closer inspection of Eq. (2.195)

shows that there is perfect squeezing for η = 0, ω = ω0, and for any values of A, κ, and

r. Furthermore, we plot [Eq.(2.195)] versus η for A = 100, κ = 0.8, θ = 0, and for r = 0

(dashed curve) and r = 0.5 (solid curve). We observe from Fig 2.8 that the effect of the

squeezed vacuum reservoir is to increase the degree of squeezing.

2.3 Photon Statistics

The statistical properties of a light mode are described in terms of the mean and variance

of the photon number as well as the photon number distribution. In this section we first

obtain, using the antinormally ordered characteristic function defined in the Heisenberg

picture, the Q function for the cavity mode. Then applying the resulting Q function,

we calculate the mean and variance of the photon number as well as the photon number

32



2.3 Photon Statistics Degenerate Three-Level Laser

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

S
(ω

0)

r = 0
r = 0.5

Fig. 2.8: Plots of the squeezing spectrum [Eq.(2.195)] versus η for A = 100, κ = 0.8, θ = 0, and

for r = 0 and 0.5.

distributions for the cavity mode produced by a degenerate three-level laser whose cavity

contains a parametric amplifier and whose cavity mode is driven by coherent light and

coupled to a squeezing vacuum reservoir. Finally, we calculate the mean and the normally-

ordered variance of the photon count.

2.3.1 Photon number statistics of the cavity mode

The Q function

We now proceed to obtain the Q function for the cavity mode. The Q function for a

single-mode light can be expressed in terms of the antinormally ordered characteristic

function as

Q(α∗, α, t) =
1

π

∫
d2z

π
ΦA(z∗, z, t)ez∗α−zα∗ , (2.196)

where ΦA(z∗, z, t) is defined in the Heisenberg picture by

ΦA(z∗, z, t) = Tr
(
ρ(0)e−z∗â(t)ezâ†(t)

)
. (2.197)

Applying the relation

eÂeB̂ = eB̂eÂe[Â,B̂], (2.198)
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which holds for [Â, [Â, B̂]] = [B̂, [Â, B̂]] = 0, Eq. (2.197) can be rewritten as

ΦA(z∗, z, t) = e−z∗zTr
(
ρ(0)ezâ†(t)e−z∗â(t)

)
. (2.199)

We note that Eq. (2.199) can be expressed in terms of c-number variables associated with

the normal ordering as

ΦA(z∗, z, t) = e−z∗z〈ezα∗(t)−z∗α(t)〉. (2.200)

Using Eq. (2.290), we can write

ΦA(z∗, z, t) = exp

[
− z∗z +

2ε1

λ−
(1− e−λ−t/2)(z − z∗)

]
〈ezα′∗(t)−z∗α′(t)〉, (2.201)

where

α′(t) = A+(t)α(0) + A−(t)α∗(0) + F (t). (2.202)

With the aid of Eqs. (2.202), (2.122), and (2.126), it can be easily established that

d

dt
〈α′(t)〉 = −1

2
[µ〈α′(t)〉 − 2ε〈α′∗(t)〉], (2.203)

which is a linear differential equation for α′(t). On the other hand, in view of Eqs. (2.104)

and (2.127), we see that

〈F (t)〉 = 0. (2.204)

Assuming that the cavity mode is initially in a vacuum state and taking into account

Eqs. (2.202) and (2.204), we have

〈α′(t)〉 = 0. (2.205)

Thus we observe that α′(t) is a Gaussian variable with zero mean. On account of this,

Eq. (2.201) can be put in the form [21, 32]

ΦA(z∗, z, t) =exp

[
− z∗z +

2ε1

λ−
(1− e−λ−t/2)(z − z∗)

]
e〈

1
2
(zα′∗(t)−z∗α′(t))2〉. (2.206)

or

ΦA(z∗, z, t) = exp

[
− z∗z(1 + 〈α′∗(t)α′(t)〉) +

1

2
(z2〈α′∗2(t)〉+ z∗2〈α′2(t)〉)

+
2ε1

λ−
(1− e−λ−t/2)(z − z∗)

]
. (2.207)
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We now proceed to obtain the expectation values involved in Eq. (2.207). Taking into

account Eq. (2.202) with the cavity mode being initially in vacuum state and the fact

that a noise force at a given instant does not affect the cavity mode variable at earlier

time, we find

〈α′∗(t)α′(t)〉 = 〈F ∗(t)F (t)〉, (2.208)

so that using Eq. (2.127), we have

〈α′∗(t)α′(t)〉 =

∫ t

0

dt′dt′′
[
A+(t− t′)A+(t− t′′)〈f ∗(t′)f(t′′)〉

+ A−(t− t′)A−(t− t′′)〈f ∗(t′′)f(t′)〉

+ A+(t− t′)A−(t− t′′)〈f ∗(t′)f ∗(t′′)〉

+ A−(t− t′)A+(t− t′′)〈f(t′)f(t′′)〉
]
. (2.209)

With the aid of Eqs. (2.112) and (2.119), we get

〈α′∗(t)α′(t)〉 =

∫ t

0

dt′
[
(A2

+(t− t′) + A2
−(t− t′))[Aρ(0)

aa + κN ]

+ A+(t− t′)A−(t− t′)[A(ρ(0)
ac + ρ∗(0)

ac ) + 2κM + 2ε2]

]
(2.210)

and employing Eq. (2.126), we have

〈α′∗(t)α′(t)〉 =
1

4

∫ t

0

dt′
[
(A[ρ(0)

ac + ρ∗(0)
ac + 2ρ(0)

aa ] + 2[ε2 + κ(M +N)])e−λ−(t−t′)

− (A[ρ(0)
ac + ρ∗(0)ac − 2ρ(0)

aa ] + 2[ε2 + κ(M −N)])e−λ+(t−t′)

]
. (2.211)

It then follows that

〈α′∗(t)α′(t)〉 =
1

4λ−
(A[ρ(0)

ac + ρ∗(0)
ac + 2ρ(0)

aa ] + 2[ε2 + κ(M +N)])(1− e−λ−t)

− 1

4λ+

(A[ρ(0)
ac + ρ∗(0)ac − 2ρ(0)

aa ] + 2[ε2 + κ(M −N)])(1− e−λ+t). (2.212)

Following a similar procedure, we easily find

〈α′2(t)〉 =
1

4λ−
(A[ρ(0)

ac + ρ∗(0)
ac + 2ρ(0)

aa ] + 2[ε2 + κ(M +N)])(1− e−λ−t)

+
1

4λ+

(A[ρ(0)
ac + ρ∗(0)

ac − 2ρ(0)
aa ] + 2[ε2 + κ(M −N)])(1− e−λ+t)

+
A

λ− + λ+

(ρ(0)
ac − ρ∗(0)ac )(1− e−(λ−+λ+)t/2). (2.213)
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On account of (2.212) and (2.213) along with the complex conjugate (2.213), the

characteristic function described by Eq. (2.207) can be written as

ΦA(z∗, z, t) = e−az∗z+b∗z2+bz∗2+cz−cz∗ , (2.214)

where the coefficients, expressed in terms of the parameter η, are

a = 1 +
A[1− η +

√
1− η2cos θ] + 2ε2 + 2κ(N +M)

4(Aη + κ− 2ε2)
(1− e−(Aη+κ−2ε2)t)

+
A[1− η −

√
1− η2cos θ]− 2ε2 + 2κ(N −M)

4(Aη + κ+ 2ε2)
(1− e−(Aη+κ+2ε2)t), (2.215)

b =
A[1− η +

√
1− η2cos θ] + 2ε2 + 2κ(N +M)

8(Aη + κ− 2ε2)
(1− e−(Aη+κ−2ε2)t)

− A[1− η −
√

1− η2cos θ]− 2ε2 + 2κ(N −M)

8(Aη + κ+ 2ε2)
(1− e−(Aη+κ+2ε2)t)

+
iA

√
1− η2sin θ

4(Aη + κ)
(1− e−(Aη+κ)t), (2.216)

c =
2ε1

Aη + κ− 2ε2

(1− e−(Aη+κ−2ε2)t/2). (2.217)

Hence applying (2.214) in Eq. (2.196) and carrying out the integration with the help of

the relation∫
d2α

π
e−aα∗α+bα+cα∗+Bα2+Cα∗2 =

1√
a2 − 4BC

exp

{
abc+Bc2 + Cb2

a2 − 4BC

}
, a > 0, (2.218)

the Q function for the cavity mode is found to be

Q(α∗, α, t) =

√
u2 − 4v∗v

π
exp

[
− u|α− c|2 + v∗(α− c)2 + v(α∗ − c)2

]
, (2.219)

where

u =
a

a2 − 4b∗b
, (2.220)

v =
b

a2 − 4b∗b
. (2.221)

This represents the Q function for the cavity mode which is initially in a vacuum state.
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The mean and variance of the photon number

We next seek to calculate the mean and variance of the photon number for the cavity

mode applying the Q function. We recall that the mean photon number can be expressed

as

n =

∫
d2αQ(α∗, α, t)(α∗α− 1). (2.222)

Taking into account Eq. (2.219), the mean photon number can be put in the form

n =

√
u2 − 4v∗v

ec2(u−v∗−v)

(
∂2

∂q∂q∗
− 1

) ∫
d2α

π
e−uα∗α+v∗α2+vα∗2+qα∗+q∗α

∣∣∣∣
q=c(u−2v)

. (2.223)

Upon carrying out the integration with the help of Eq. (2.218), we obtain

n = e−c2(u−v∗−v)

(
∂2

∂q∂q∗
− 1

)
e

uq∗q+v∗q2+vq∗2

u2−4v∗v

∣∣∣∣
q=c(u−2v)

, (2.224)

from which follows

n =
u

u2 − 4v∗v
+ c2 − 1. (2.225)

Using Eqs. (2.220) and (2.221) along with (2.215) and (2.217), we can write

n =
A[1− η +

√
1− η2cos θ] + 2ε2 + 2κ(N +M)

4(Aη + κ− 2ε2)
(1− e−(Aη+κ−2ε2)t)

+
A[1− η −

√
1− η2cos θ]− 2ε2 + 2κ(N −M)

4(Aη + κ+ 2ε2)
(1− e−(Aη+κ+2ε2)t)

+
4ε2

1

(Aη + κ− 2ε2)2
(1− e−(Aη+κ−2ε2)t/2)2 (2.226)

and at steady state this can be put in the form

nss =
A[1 +

√
1− η2cos θ] + κe2r

4(Aη + κ− 2ε2)
+
A[1−

√
1− η2cos θ] + κe−2r

4(Aη + κ+ 2ε2)

+
4ε2

1

(Aη + κ− 2ε2)2
− 1

2
. (2.227)

This represents the mean photon number for the cavity mode produced by a three-level

laser whose cavity contains a parametric amplifier and whose cavity mode is driven by

coherent light and coupled to a squeezed vacuum reservoir. We can easily see from

Eq. (2.227) that the coherent driving light enhances the mean photon number.

Fig 2.9 represents the mean photon number [Eq.(2.227)] versus η for A = 100, κ = 0.8,

ε1 = 0.2, r = 0.5, θ = 0, and for ε2 = 0 (solid curve) and ε2 = 0.3 (dashed curve). We
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Fig. 2.9: Plots of the mean photon number [Eq.(2.227)] versus η for A = 100, κ = 0.8, ε1 = 0.2,

r = 0.5, θ = 0, and for different values of ε2.

observe from this figure that the mean photon number deceases with η and the parametric

amplifier increases the mean photon number of the cavity mode.

We now proceed to consider some special cases. First we consider the case in which

there is no parametric amplifier in the cavity. Thus upon setting ε2 = 0 in Eq. (2.227),

we get

nss =
A[1− η] + 2κN

2(Aη + κ)
+

4ε2
1

(Aη + κ)2
. (2.228)

This is the mean photon number of a three-level laser whose cavity mode is driven by

coherent light and coupled to a squeezed vacuum reservoir. The result described by

Eq. (2.228) is the same as that obtained in [6].

We next consider the case in which the cavity mode is not driven by coherent light

and coupled to a vacuum reservoir. Hence upon setting ε1 = 0 and r = 0 in Eq. (2.227),

we find

nss =
A[1 +

√
1− η2cos θ] + κ

4(Aη + κ− 2ε2)
+
A[1−

√
1− η2cos θ] + κ

4(Aη + κ+ 2ε2)
− 1

2
. (2.229)

This represents the mean photon number for a three-level laser with a parametric am-

plifier and with the cavity mode coupled to a vacuum reservoir. The result described by

Eq. (2.229) is exactly the same as the one calculated by Fesseha [4]. Furthermore, setting
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ε2 = 0 in Eq. (2.229) leads to

nss =
A(1− η)

2(Aη + κ)
, (2.230)

which is the mean photon number for a three-level laser.

We next proceed to calculate the variance of the photon number for the cavity mode.

The variance of the photon number defined by

∆n2 = 〈(â†â)2〉 − 〈â†â〉2 (2.231)

can be expressed as

∆n2 = 〈â2â†2〉 − n2 − 3n− 2, (2.232)

where n = 〈â†â〉 is the mean photon number for the cavity mode. Using Eq. (2.219), we

can write

〈â2â†2〉 =

√
u2 − 4v∗v

ec2(u−v∗−v)

∂4

∂q2∂q∗2

∫
d2α

π
e−uα∗α+v∗α2+vα∗2+qα∗+q∗α

∣∣∣∣
q=c(u−2v)

, (2.233)

so that carrying out the integration with the help of Eq. (2.218), we get

〈â2â†2〉 = e−c2(u−v∗−v) ∂4

∂q2∂q∗2
exp

[
uq∗q + v∗q2 + vq∗2

u2 − 4v∗v

]∣∣∣∣
q=c(u−2v)

. (2.234)

Then performing the differentiation, we find

〈â2â†2〉 =
2(u2 + 2v∗v)

(u2 − 4v∗v)2
+

2c2(2u+ v∗ + v)

u2 − 4v∗v
+ c4. (2.235)

Combination of Eqs. (2.235), (2.232), (2.225), (2.220), and (2.221) results in

∆n2 = a(a− 1) + 4b∗b+ 2c2(a+ b∗ + b− 1/2). (2.236)

With the aid of Eqs. (2.215), (2.216), and (2.217), the variance of the photon number for

the cavity mode is found at steady state to be of the form

∆n2
ss =2[

A[1 +
√

1− η2cos θ] + κe2r

4(Aη + κ− 2ε2)
]2 + 2[

A[1−
√

1− η2cos θ] + κe−2r

4(Aη + κ+ 2ε2)
]2

+ 4ε2
1

A[1 +
√

1− η2cos θ] + κe2r

(Aη + κ− 2ε2)3
+
A2(1− η2)sin2 θ

4(Aη + κ)2
− 1

4
. (2.237)

Fig 2.10 represents the mean photon number [Eq.(2.227)] versus η (solid curve) and the

uncertainty in the photon number using [Eq.(2.237)] versus η (dashed curve) for A = 100,

κ = 0.8, ε1 = 0.2, ε2 = 0.3, r = 0.5, and θ = 0. We observe from the figure that the

uncertainty in the photon number is greater than the mean photon number.
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Fig. 2.10: Plots of the mean photon number [Eq.(2.227)] and the uncertainty in the photon

number using [Eq.(2.237)] versus η for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.3, r = 0.5,

and θ = 0.

The photon number distribution

The photon number distribution for a single-mode light defined by

P (n, t) = 〈n|ρ̂(â†, â)|n〉, (2.238)

is expressible in terms of the Q function as [28, 33]

P (n, t) =
π

n!

∂2n

∂α∗n∂αn
Q(α∗, α, t)eα∗α

∣∣∣∣
α∗=α=0

. (2.239)

On account of Eq. (2.219), we see that

P (n, t) =

√
u2 − 4v∗v

n!ec2(u−v∗−v)

∂2n

∂α∗n∂αn
e(1−u)α∗α+v∗α2+vα∗2+c(u−2v∗)α+c(u−2v)α∗

∣∣∣∣
α∗=α=0

, (2.240)

so that using the power series

e(1−u)α∗α =
∞∑
k

(1− u)k

k!
α∗kαk, (2.241)

ev∗α2

=
∞∑
l

v∗l

l!
α2l, (2.242)

evα∗2 =
∞∑
m

vm

m!
α∗2m, (2.243)
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ec(u−2v∗)α =
∞∑
r

[c(u− 2v∗)]r

r!
αr, (2.244)

ec(u−2v)α∗ =
∞∑
r

[c(u− 2v)]s

s!
α∗s, (2.245)

we have

P (n, t) =

√
u2 − 4v∗v

n!ec2(u−v∗−v)

∑
k,l,m,r,s

(1− u)k

k!

v∗l

l!

vm

m!

[c(u− 2v∗)]r

r!

[c(u− 2v)]s

s!

∂n

∂αn
αk+2l+r ∂n

∂α∗n
α∗k+2m+s

∣∣∣∣
α∗=α=0

. (2.246)

Upon carrying out the differentiation with the help of the relation

∂m

∂xm
xn

∣∣∣∣
x=0

=
n!

(n−m)!
δmn, (2.247)

we get

P (n, t) =

√
u2 − 4v∗v

n!ec2(u−v∗−v)

∑
k,l,m,r,s

(1− u)k

k!

v∗l

l!

vm

m!

[c(u− 2v∗)]r

r!

[c(u− 2v)]s

s!

(k + 2l + r)!

(k + 2l + r − n)!

(k + 2m+ s)!

(k + 2m+ s− n)!

δk+2l+r,nδk+2m+s,n. (2.248)

Hence applying the property of the Kronecker delta, we have

r = n− k − 2l (2.249)

and

s = n− k − 2m. (2.250)

Now in view of these results, the photon number distribution takes the form

P (n, t) =

√
u2 − 4v∗v

ec2(u−v∗−v)

n∑
k=0

[n−k]∑
l,m=0

n!
(1− u)k

k!

v∗l

l!

vm

m!

[c(u− 2v∗)]n−k−2l

(n− k − 2l)!

[c(u− 2v)]n−k−2m

(n− k − 2m)!
,

(2.251)

where [n−k] = (n−k)/2 for even n−k and [n−k] = (n−k−1)/2 for odd n−k. Fig 2.11

represents the photon number distribution [Eq.(2.251)] versus n for κ = 0.8, ε1 = 0.2,
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Fig. 2.11: Plots of the photon number distribution [Eq.(2.251)] versus n for κ = 0.8, ε1 = 0.2,

ε2 = 0.3, η = 0.1, r = 0.5, and θ = 0 and for A = 0 and 100.

ε2 = 0.3, r = 0.5, η = 0.1, θ = 0, and for A = 100 (solid curve) and A = 0 (dashed curve).

The figure indicates that the probability for observing n photons in the cavity decreases

as n increases. we also see from the same figure that the probability for observing even

number of photons is greater than that for observing odd number of photons. Moreover,

we see from the same figure that there is more probability for observing even number of

photons for A 6= 0 than for A = 0.

2.3.2 Mean and variance of the photon count

In this section we wish to calculate the mean and the normally-ordered variance of the

photon count for the output mode employing a moment generating function. The moment

generating function is defined by [34]

M(λ) =
∞∑

m=0

P (m)(1− λ)m, (2.252)

where P (m) is the photon count distribution. We note that the photon count distribution

can be expressed as [26, 34]

P (m) =
∞∑

n=m

n!

m!(n−m)!
Pout(n)νm(1− ν)n−m, (2.253)
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in which Pout(n) is the photon number distribution for the output mode and ν is the

probability for detecting a single photon. On substituting Eq. (2.253) into Eq. (2.252),

we have

M(λ) =
∞∑

m=0

∞∑
n=m

n!

m!(n−m)!
Pout(n)νm(1− ν)n−m(1− λ)m. (2.254)

Inverting the order of the summations, we see that

M(λ) =
∞∑

n=0

Pout(n)
n∑

m=0

n!

m!(n−m)!
(1− ν)n−m[ν(1− λ)]m, (2.255)

so that applying the binomial theorem, the moment generating function can be expressed

in terms of the photon number distribution for the output mode as

M(λ) =
∞∑

n=0

Pout(n)(1− νλ)n. (2.256)

Multiplying Eq. (2.252) from the left by (λ− 1) d
dλ

and then setting λ = 0, we get

m = (λ− 1)
d

dλ
M(λ)

∣∣∣∣
λ=0

, (2.257)

where

m =
∞∑

m=0

mP (m) (2.258)

is the mean photon count. Using Eq. (2.256) in Eq. (2.257), we have

m =
∞∑

n=0

Pout(n)(λ− 1)
d

dλ
(1− νλ)n

∣∣∣∣
λ=0

(2.259)

and on carrying out the differentiation, we get

m = νnout, (2.260)

where nout is the mean photon number of the output mode.

Using the input-output relation

αout =
√
κα− αin (2.261)

and

nout = 〈α∗outαout〉, (2.262)
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the mean photon number of the output mode can be expressed as

nout = κn+ nin −
√
κ〈α∗(t)αin(t)〉 −

√
κ〈α∗in(t)α(t)〉, (2.263)

where

n = 〈α∗(t)α(t)〉 (2.264)

is the mean photon number of the cavity mode and

nin = 〈α∗in(t)αin(t)〉 = N (2.265)

is the mean photon number of the input mode.

We now proceed to find the explicit forms of 〈α∗(t)αin(t)〉. To this end, we rewrite

Eq. (2.290) as

α(t) = B(t) + Ec(t) + Er(t), (2.266)

where

B(t) = A+(t)α(0) + A−(t)α∗(0) +
2ε1

λ−

(
1− e−λ−t/2

)
, (2.267)

Ec(t) =

∫ t

0

[A+(t− t′)fc(t
′) + A−(t− t′)f ∗c (t′)]dt′, (2.268)

Er(t) =

∫ t

0

[A+(t− t′)fr(t
′) + A−(t− t′)f ∗r (t′)]dt′. (2.269)

On account of Eq. (2.266), we see that

〈α∗(t)αin(t)〉 = 〈B∗(t)αin(t)〉+ 〈E∗
c (t)αin(t)〉+ 〈E∗

r (t)αin(t)〉. (2.270)

With the aid of Eqs. (2.104), (2.267), and the fact that a noise force at a certain time

does not affect the cavity mode variables at earlier time, we easily get

〈B∗(t)αin(t)〉 = 0. (2.271)

Furthermore, assuming that the noise forces associated with the cavity and reservoir

modes are not correlated, we have

〈E∗
c (t)αin(t)〉 = 0, (2.272)
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In view of (2.269), (2.271), (2.272), and the relation

αin(t) =
1√
κ
fr(t), (2.273)

Eq. (2.270) takes the form

〈α∗(t)αin(t)〉 =
1√
κ

∫ t

0

[A+(t− t′)〈f ∗r (t′)fr(t)〉+ A−(t− t′)〈fr(t
′)fr(t)〉]dt′. (2.274)

so that applying Eqs. (2.126), (2.163), and (2.164), we find

〈α∗(t)αin(t)〉 =
√
κN/2. (2.275)

Therefore, using Eq. (2.275) and its complex conjugate in Eq. (2.263), we get

nout = κn+ (1− κ)N. (2.276)

The first and the second terms on the right side of Eq. (2.275) represent the mean number

of the transmitted cavity photons and the mean number of reflected input photons. Taking

into account Eq. (2.276), the mean photon count for the output mode takes the form

m = νκn+ ν(1− κ)N. (2.277)

We next seek to calculate the normally-ordered photon count variance for the output

mode. The normally-ordered variance of the photon count can be expressed as

: ∆m2 := ∆m2 −m, (2.278)

where

∆m2 = m2 −m2 (2.279)

is the variance of the photon count. Using Eq. (2.252), one can easily verify that

m2 =[(λ− 1)
d

dλ
]2M(λ)

∣∣∣∣
λ=0

. (2.280)

On account of Eq. (2.256), we see that

m2 =
∞∑

n=0

Pout(n)[(λ− 1)
d

dλ
]2(1− νλ)n

∣∣∣∣
λ=0

. (2.281)
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Carrying out the differentiation and then applying the condition λ = 0, we get

m2 = ν2〈n̂2
out〉+ ν(1− ν)nout. (2.282)

Hence substituting (2.260) and (2.282) into Eq. (2.279), we get

∆m2 = ν2∆n2
out + ν(1− ν)nout, (2.283)

where

∆n2
out = 〈n̂2

out〉 − n2
out (2.284)

is the photon number variance of the output mode. Now applying Eqs. (2.260) and (2.283)

in Eq. (2.278), the normally-ordered photon count variance of the output mode can be

put in the form

: ∆m2 : = ν2 : ∆n2
out :, (2.285)

in which

: ∆n2
out : = 〈α∗2outα

2
out〉 − n2

out (2.286)

is the normally-ordered photon number variance of the output mode.

Using the input-output relation, we can write

〈α∗2outα
2
out〉 = κ2〈|α2|2〉+ 〈|α2

in|2〉+ κ(4〈|ααin|2〉+ 〈α∗2α2
in〉+ 〈α∗2inα

2〉)

− 2κ
√
κ(〈α∗2ααin〉+ 〈α∗α∗inα2〉)− 2

√
κ(〈α∗2inααin〉+ 〈α∗α∗inα2

in〉). (2.287)

We next proceed to evaluate the expectation values involved in Eq. (2.287). To this end,

we rewrite Eq. (2.290) as

α = α′ + ε, (2.288)

where

α′ = A+(t)α(0) + A−(t)α∗(0) + F (t), (2.289)

ε =
2ε1

λ−

(
1− e−λ−t/2

)
. (2.290)
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On account of Eq. (2.288) and its complex conjugate, we see that

〈α∗αα∗inαin〉 = 〈α′∗α′α∗inαin〉+ ε2〈α∗inαin〉+ ε〈α′∗α∗inαin〉+ ε〈α∗inα′αin〉. (2.291)

We recall that α′ and αin are Gaussian variables with zero mean. Hence Eq. (2.291) can

be put in the form

〈α∗αα∗inαin〉 = 〈α′∗α′〉〈α∗inαin〉+ 〈α′∗α∗in〉〈α′αin〉+ 〈α′∗αin〉〈α∗inα′〉+ ε2〈α∗inαin〉. (2.292)

With the aid of Eq. (2.288) and the assumption that the cavity mode is initially in a

vacuum state, it can be easily verified that

〈α′αin〉 =
√
κM/2 (2.293)

and

〈α′∗αin〉 =
√
κN/2. (2.294)

We note that for a squeezed vacuum reservoir

〈α∗inαin〉 = N (2.295)

and

〈αinαin〉 = M. (2.296)

Now combination of Eqs. (2.292), (2.293), (2.294), and (2.295) results in

〈α∗αα∗inαin〉 = κN2/4 + κM2/4 + nN, (2.297)

where

n = 〈α′∗α′〉+ ε2. (2.298)

Furthermore, taking into account Eq. (2.288) and the fact that α′ and αin are Gaussian

variables with zero mean, we obtain

〈α∗2α2
in〉 = 〈α′∗2〉〈α2

in〉+ 2〈α′∗αin〉2 + ε2〈α2
in〉, (2.299)
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so that applying Eqs. (2.294) and (2.296), we get

〈α∗2α2
in〉 = M ′M + κN2/2, (2.300)

in which

M ′ = b+ ε2, (2.301)

with b = 〈α′∗2(t)〉 given by Eq. (2.216). Following the same procedure, we find

〈α∗2ααin〉 =
√
κ(M ′M/2 + nN), (2.302)

〈α∗2inααin〉 =
√
κ(M2/2 +N2), (2.303)

〈α∗2inα
2
in〉 = M2 + 2N2. (2.304)

Substitution of Eqs. (2.297), (2.300), (2.302), (2.303), and (2.304) along with their com-

plex conjugate into Eq. (2.287) yields

〈α∗2outα
2
out〉 = κ2〈α∗2α2〉+ (1− κ)2(M2 + 2N2) + 2κ(1− κ)(M ′M + 2nN). (2.305)

Now taking into account of (2.305) and (2.276), we can put Eq. (2.286) in the form

: ∆n2
out : = κ2 : ∆n2 : +(1− κ)2 : ∆n2

in : +2κ(1− κ)(M ′M + nN). (2.306)

where

: ∆n2 : = 〈α∗2α2〉 − n2 (2.307)

is the normally-ordered photon number variance of the cavity mode and

: ∆n2
in : = N2 +M2 (2.308)

is the normally-ordered photon number variance of the input mode. Therefore, with

Eq. (2.306) introduced into Eq. (2.285), there emerges

: ∆m2 : = ν2κ2 : ∆n2 : +(1− κ)2ν2 : ∆n2
in : +2κ(1− κ)ν2(M ′M + nN). (2.309)
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Fig. 2.12: A plot of the normally-ordered photon count variance [Eq. (2.309)] versus η for A =

100, κ = 0.8, ε1 = 0.2, ε2 = 0.3, r = 0.5, ν = 0.6, and θ = 0.

Fig 2.12 represents the normally-ordered photon count variance [Eq. (2.309)] versus η

for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.3, ν = 0.6, r = 0.5, and θ = 0. We observe from

the figure that the photon count statistics is super-Poissonian.
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3

Nondegenerate Three-Level Laser

In this chapter we seek to study the squeezing and statistical properties of the light pro-

duced by a nondegenerate three-level laser whose cavity contains a parametric amplifier

and in which the cavity modes are driven by coherent light and coupled to a two-mode

squeezed vacuum reservoir. Three-level atoms initially prepared in a coherent superpo-

sition of the top and bottom levels are injected into the cavity at a constant rate and

removed from the cavity after sometime.

We first obtain the master equation and stochastic differential equations for the cavity

mode variables associated with the normal ordering. Using the solutions of the resulting

differential equations and the correlation properties of the noise forces, we calculate the

quadrature variances and the squeezing spectrum. In addition, we determine the mean

and variances of the photon number sum and difference as well as the photon number

distribution for the cavity modes employing the Q function. The Q function is obtained

with the aid of the antinormally ordered characteristic function defined in the Heisenbeg

picture. Finally, we calculate the mean and the normally-ordered variances of the photon

count sum and difference for the output modes.
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Fig. 3.1: Schematic representation of a nondegenerate three-level laser with a parametric am-

plifier, a driving coherent light and a two-mode squeezing vacuum reservoir.

3.1 Stochastic Differential Equations

3.1.1 Master equation

Here we want to drive the master equation for a nondegenerate three-level laser whose

cavity contains a parametric amplifier and with the cavity modes driven by a two-mode

coherent light and coupled to a two-mode squeezed vacuum reservoir applying the same

approximations that we have used to drive the master equation for the degenerate case

considered in chapter two.

Nondegenerate Three-Level Laser

We represent the top, intermediate, and bottom levels of a three-level atom in a cascade

configuration by |a〉, |b〉, and |c〉, respectively, as shown in Fig. 3.1. In addition, we

assume the two modes a and b to be at resonance with the two transitions |a〉 → |b〉 and

|b〉 → |c〉, respectively and direct transition between level |a〉 and level |c〉 to be dipole

forbidden. The interaction of a nondegenerate three-level atom with the cavity modes

51



3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

can be described by the Hamiltonian

Ĥ = ig
(
|a〉〈b|â− â†|b〉〈a|+ |b〉〈c|b̂− b̂†|c〉〈b|

)
, (3.1)

where g is the coupling constant, â and b̂ are the annihilation operators for the cavity

modes. We consider a three-level atom initially in the state

|ψA(0)〉 = Ca|a〉+ Cc|c〉. (3.2)

The density operator for a single atom can then be written as

ρ̂A(0) = ρ(0)
aa |a〉〈a|+ ρ(0)

ac |a〉〈c|+ ρ(0)
ca |c〉〈a|+ ρ(0)

cc |c〉〈c|, (3.3)

where

ρ(0)
aa = |Ca|2 and ρ(0)

cc = |Cc|2 (3.4)

are the probability for the atom to be in the upper and the lower levels at the initial time,

ρ(0)
ac = CaC

∗
c and ρ(0)

ca = CcC
∗
a (3.5)

represent the atomic coherence at the initial time. We note that

|ρ(0)
ac |2 = ρ(0)

aa ρ
(0)
cc . (3.6)

With the aid of Eqs. (2.14) and (3.1), the equation of evolution of the density operator

for the cavity modes can be put in the form

dρ̂(t)

dt
=g

(
âρ̂ba − ρ̂baâ− â†ρ̂ab + ρ̂abâ

† + b̂ρ̂cb − ρ̂cbb̂− b̂†ρ̂bc + ρ̂bcb̂
†
)
, (3.7)

where

ρ̂αβ = 〈α|ρ̂AR(t)|β〉, (3.8)

with α, β = a, b, c. We next proceed to determine the matrix elements ρ̂αβ involved in

Eq. (3.8). Taking into account Eqs. (2.18), (2.19), (3.1), and (3.3), we can write

dρ̂αβ

dt
=ra(ρ

(0)
aa δαaδaβ + ρ(0)

ac δαaδcβ + ρ(0)
ca δαcδaβ + ρ(0)

cc δαcδcβ)ρ̂

+ g
(
âρ̂bβδαa − â†ρ̂aβδαb + b̂ρ̂cβδαb − b̂†ρ̂bβδαc

− ρ̂αaâδbβ + ρ̂αbâ
†δaβ − ρ̂αbb̂δcβ + ρ̂αcb̂

†δbβ

)
− γρ̂αβ, (3.9)

52



3.1 Stochastic Differential Equations Nondegenerate Three-Level Laser

where γ, considered to be the same for all the three levels, is the atomic decay rate. Using

Eq. (3.9), we obtain

dρ̂ab

dt
= g

(
âρ̂bb − ρ̂aaâ+ ρ̂acb̂

†
)
− γρ̂ab, (3.10)

dρ̂bc

dt
= g

(
b̂ρ̂cc − ρ̂bbb̂− â†ρ̂ac

)
− γρ̂bc, (3.11)

dρ̂aa

dt
= raρ

(0)
aa ρ̂+ g

(
âρ̂ba + ρ̂abâ

†)− γρ̂aa, (3.12)

dρ̂cc

dt
= raρ

(0)
cc ρ̂− g

(
b̂†ρ̂bc + ρ̂cbb̂

)
− γρ̂cc, (3.13)

dρ̂ac

dt
= raρ

(0)
ac ρ̂+ g

(
âρ̂bc − ρ̂abb̂

)
− γρ̂ac, (3.14)

dρ̂bb

dt
= −g

(
â†ρ̂ab − b̂ρ̂cb + ρ̂baâ− ρ̂bcb̂

†
)
− γρ̂bb. (3.15)

Dropping the g terms in Eqs. (3.12), (3.13), (3.14), (3.15) and then applying the adiabatic

approximation scheme, we get

ρ̂aa =
raρ

(0)
aa

γ
ρ̂, (3.16)

ρ̂cc =
raρ

(0)
cc

γ
ρ̂, (3.17)

ρ̂ac =
raρ

(0)
ac

γ
ρ̂, (3.18)

ρ̂bb = 0. (3.19)

Substituting the above results into Eqs. (3.10) and (3.11), we have

dρ̂ab

dt
=
gra

γ

(
ρ(0)

ac ρ̂b̂
† − ρ(0)

aa ρ̂â
)
− γρ̂ab, (3.20)

dρ̂bc

dt
=
gra

γ

(
b̂ρ(0)

cc ρ̂− â†ρ(0)
ac ρ̂

)
− γρ̂bc, (3.21)
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so that employing once more the adiabatic approximation scheme, we get

ρ̂ab =
gra

γ2

(
ρ(0)

ac ρ̂b̂
† − ρ(0)

aa ρ̂â
)
, (3.22)

ρ̂bc =
gra

γ2

(
ρ(0)

cc b̂ρ̂− ρ(0)
ac â

†ρ̂
)
. (3.23)

Finally on account of Eqs. (3.22) and (3.23), the equation of evolution of the density

operator for the cavity modes given by Eq. (3.7) takes the form

dρ̂(t)

dt
=
Aρ

(0)
aa

2

(
2â†ρ̂â− ââ†ρ̂− ρ̂ââ†

)
+
Aρ

(0)
cc

2

(
2b̂ρ̂b̂† − ρ̂b̂†b̂− b̂†b̂ρ̂

)
− Aρ

(0)
ac

2

(
2â†ρ̂b̂† − b̂†â†ρ̂− ρ̂b̂†â†

)
− Aρ

(0)
ca

2

(
2b̂ρ̂â− ρ̂âb̂− âb̂ρ̂

)
. (3.24)

where

A =
2g2ra

γ2
(3.25)

is linear gain coefficient.

Two-Mode Squeezed Vacuum Reservoir

The density operator for a two-mode squeezed vacuum reservoir can be written as

ρ̂(r) =
∏

i

Ŝi(r)|0i0i〉〈0i0i|Ŝ†
i (r) (3.26)

where

Ŝi(r) = er(ĉ†i d̂†i−ĉid̂i) (3.27)

is the squeeze operator with the squeeze parameter r taken for convenience to be real and

positive, and ĉi and d̂i represent the annihilation operators for the reservoir submodes.

With the aid of Eq. (3.26) and the identity operator Î = Ŝi(r)Ŝ
†
i (r) , we can write as

〈ĉj d̂k〉 =
∏

i

〈0i0i|ĉj(r)d̂k(k)|0i0i〉, (3.28)

in which

ĉj(r) = Ŝ†
i (r)ĉjŜi(r) (3.29)

and

d̂k(r) = Ŝ†
i (r)d̂kŜi(r). (3.30)
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Differentiating Eq. (3.29) and the adjoint of Eq. (3.30) with respect to r, we obtain

d

dr
ĉj(r) = d̂†i (r)δij (3.31)

and
d

dr
d̂†k(r) = ĉi(r)δik. (3.32)

In order to decouple these equations, we differentiate Eq. (3.31) once more with respect

to r. We then get
d2

dr2
ĉj(r) = ĉj(r). (3.33)

The solution of this equation can be put in the form

ĉj(r) = Aer +Be−r. (3.34)

Applying the condition r = 0, we see that

ĉj(r)

∣∣∣∣
r=0

= A+B = ĉiδij, (3.35)

d

dr
ĉj(r)

∣∣∣∣
r=0

= A−B = d̂†iδij. (3.36)

It then follows that

A =
1

2
(ĉi + d̂†i )δij, (3.37)

B =
1

2
(ĉi − d̂†i )δij, (3.38)

so that on account of these, Eq. (3.34) takes the form

ĉj(r) = (ĉi cosh r + d̂†i sinh r)δij. (3.39)

Following a similar procedure, we can easily verify that

d̂k(r) = (d̂i cosh r + ĉ†i sinh r)δik. (3.40)

In view of Eqs. (3.39) and (3.40), we have

〈ĉj d̂k〉 =
∏

i

〈0i0i|ĉid̂i cosh2 r + (d̂†i d̂i + ĉiĉ
†
i ) cosh r sinh r + d̂†i ĉ

†
i sinh2 r|0i0i〉δijδik. (3.41)
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Applying the relation ĉiĉ
†
i = 1 + ĉ†i ĉi, we find

〈ĉj d̂k〉 = Mδjk, (3.42)

where M = sinh r cosh r. We assume that k is of the order of the central wave number

k0, so that we can replace k by 2k0 − k. In view of this, Eq. (3.42) can be rewritten as

〈ĉj d̂k〉 = Mδj,2k0−k. (3.43)

One can also easily establish in a similar manner that

〈ĉk〉 = 〈d̂k〉 = 〈ĉj ĉk〉 = 〈d̂j d̂k〉 = 〈ĉj d̂†k〉 = 〈ĉ†j ĉ
†
k〉 = 〈d̂†j d̂

†
k〉 = 〈ĉ†j d̂k〉 = 0, (3.44)

〈ĉ†j d̂
†
k〉 = Mδj,2k0−k, (3.45)

〈ĉ†j ĉk〉 = 〈d̂†j d̂k〉 = Nδjk, (3.46)

〈ĉj ĉ†k〉 = 〈d̂j d̂
†
k〉 = (N + 1)δjk, (3.47)

in which

N = sinh2 r. (3.48)

We now proceed to drive the equation of evolution of the density operator for cavity

modes coupled to a two-mode squeezed vacuum reservoir. In general, the reduced density

operator for cavity modes coupled to a reservoir can be expressed in Born approximation

as

d

dt
ρ̂(t) =− i[〈ĤSR(t)〉, ρ̂(0)]−

∫
dt′TrR(ĤSR(t)ĤSR(t′)ρ̂(t′)R)

+

∫
dt′TrR(ĤSR(t)ρ̂(t′)RĤSR(t′)) +

∫
dt′TrR(ĤSR(t′)ρ̂(t′)RĤSR(t))

−
∫
dt′TrR(ρ̂(t′)RĤSR(t′)ĤSR(t)). (3.49)

We seek to obtain the equation of evolution of the reduced density operator for cavity

modes coupled to a two-mode squeezed vacuum. The Hamiltonian describing the inter-

action of the cavity modes with the two-mode squeezed vacuum reservoir can be written
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as

ĤSR(t) = i
∑

k

λk(â
†ĉke

i(ωa−ωk)t − âĉ†ke
−i(ωa−ωk)t + b̂†d̂ke

i(ωb−ωk)t − b̂d̂†ke
−i(ωb−ωk)t), (3.50)

where ĉk and d̂k are the annihilation operators for reservoir submodes and λk is the

coupling constant. Using (3.50), one can write Eq. (3.49) as

d

dt
ρ̂(t) =

∫
dt′

(
I1(â

†2ρ̂(t′) + ρ̂(t′)â†2 − 2â†ρ̂(t′)â†) + I2(â
†âρ̂(t′) + ρ̂(t′)â†â− 2âρ̂(t′)â†)

+ I3(ââ
†ρ̂(t′) + ρ̂(t′)ââ† − 2â†ρ̂(t′)â) + I4(â

2ρ̂(t′) + ρ̂(t′)â2 − 2âρ̂(t′)â)

+ I5(b̂
†2ρ̂(t′) + ρ̂(t′)b̂†2 − 2b̂†ρ̂(t′)b̂†) + I6(b̂

†b̂ρ̂(t′) + ρ̂(t′)b̂†b̂− 2b̂ρ̂(t′)b̂†)

+ I7(b̂b̂
†ρ̂(t′) + ρ̂(t′)b̂b̂† − 2b̂†ρ̂(t′)b̂) + I8(b̂

2ρ̂(t′) + ρ̂(t′)b̂2 − 2b̂ρ̂(t′)b̂)

+ 2I9(â
†b̂†ρ̂(t′) + ρ̂(t′)â†b̂† − b̂†ρ̂(t′)â† − â†ρ(t′)b̂†)

+ 2I10(â
†b̂ρ̂(t′) + ρ̂(t′)â†b̂− b̂ρ̂(t′)â† − â†ρ̂(t′)b̂)

+ 2I11(âb̂
†ρ̂(t′) + ρ̂(t′)âb̂† − b̂†ρ̂(t′)â− âρ̂(t′)b̂†)

+ 2I12(âb̂ρ̂(t
′) + ρ̂(t′)âb̂− b̂ρ̂(t′)â− âρ̂(t′)b̂)

)
, (3.51)

where

I1 =
∑
kk′

λkλk′〈ĉkĉk′〉ei(ωa−ωk)t+i(ωa−ωk′ )t
′
, (3.52)

I2 = −
∑
kk′

λkλk′〈ĉkĉ†k′〉e
i(ωa−ωk)t−i(ωa−ωk′ )t

′
, (3.53)

I3 = −
∑
kk′

λkλk′〈ĉ†kĉk′〉e
−i(ωa−ωk)t+i(ωa−ωk′ )t

′
, (3.54)

I4 =
∑
kk′

λkλk′〈ĉ†kĉ
†
k′〉e

−i(ωa−ωk)t−i(ωa−ωk′ )t
′
, (3.55)

I5 =
∑
kk′

λkλk′〈d̂kd̂k′〉ei(ωb−ωk)t+i(ωb−ωk′ )t
′
, (3.56)

I6 = −
∑
kk′

λkλk′〈d̂kd̂
†
k′〉e

i(ωb−ωk)t−i(ωb−ωk′ )t
′
, (3.57)
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I7 = −
∑
kk′

λkλk′〈d̂†kd̂k′〉e−i(ωb−ωk)t+i(ωb−ωk′ )t
′
, (3.58)

I8 =
∑
kk′

λkλk′〈d̂†kd̂
†
k′〉e

−i(ωb−ωk)t−i(ωb−ωk′ )t
′
, (3.59)

I9 =
∑
kk′

λkλk′〈ĉkd̂k′〉ei(ωa−ωk)t+i(ωb−ωk′ )t
′
, (3.60)

I10 = −
∑
kk′

λkλk′〈ĉkd̂†k′〉e
i(ωa−ωk)t−i(ωb−ωk′ )t

′
, (3.61)

I11 = −
∑
kk′

λkλk′〈ĉ†kd̂k′〉e−i(ωa−ωk)t+i(ωb−ωk′ )t
′
, (3.62)

I12 =
∑
kk′

λkλk′〈ĉ†kd̂
†
k′〉e

i(ωb−ωk)t+i(ωa−ωk′ )t
′
. (3.63)

In view of Eq. (3.44), we easily see that

I1 = I4 = I5 = I8 = I10 = I11 = 0. (3.64)

On account of Eq. (3.47), we have

I2 = −(N + 1)
∑

k

λ2
ke

i(ωa−ωk)(t−t′). (3.65)

Now replacing ωa by the average value ω0 = ωa+ωb

2
, and assuming the reservoir submode

frequencies to be closely spaced then the summation can be converted into integration.

We then write

I2 =− (N + 1)

∫ ∞

0

dωg(ω)λ2(ω)λ(ω)ei(ω0−ω)(t−t′), (3.66)

where g(ω) is the density of the reservoir submodes. We expect ω to vary very little

around ω0. In view of this, we can replace g(ω) and λ(ω) by g(ω0) and λ(ω0) and extend

the lower limit of the integration to −∞, so that

I2 =− (N + 1)g(ω0)λ
2(ω0)

∫ ∞

−∞
dωei(ω0−ω)(t−t′). (3.67)
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Moreover, upon setting ω′ = ω − ω0, we see that

I2 =− (N + 1)g(ω0)λ
2(ω0)

∫ ∞

−∞
dω′ei(t−t′)ω′ , (3.68)

from which follows

I2 =− κ(N + 1)δ(t− t′), (3.69)

where

κ = 2πg(ω0)λ
2(ω0) (3.70)

is defined to be the cavity damping constant. Following a similar procedure, we can also

easily obtain

I3 =I7 = −κNδ(t− t′), (3.71)

I6 = −κ(N + 1)δ(t− t′), (3.72)

I9 = I12 = κMδ(t− t′). (3.73)

Upon substituting Eqs. (3.64), (3.69), (3.71), (3.72), and (3.73) into Eq. (3.51), we have

d

dt
ρ̂(t) = κ

∫
dt′

(
(N + 1)(2âρ̂(t′)â† − â†âρ̂(t′)− ρ̂(t′)â†â)

+N(2â†ρ̂(t′)â− ââ†ρ̂(t′)− ρ̂(t′)ââ†)

+ (N + 1)(2b̂ρ̂(t′)b̂† − b̂†b̂ρ̂(t′)− ρ̂(t′)b̂†b̂)

+N(2b̂†ρ̂(t′)b̂− b̂b̂†ρ̂(t′)− ρ̂(t′)b̂b̂†)

− 2M(b̂†ρ̂(t′)â† + â†ρ(t′)b̂† − â†b̂†ρ̂(t′)− ρ̂(t′)â†b̂†)

− 2M(b̂ρ̂(t′)â+ âρ̂(t′)b̂− âb̂ρ̂(t′)− ρ̂(t′)âb̂)

)
δ(t− t′), (3.74)

so that carrying out the integration, we get

d

dt
ρ̂(t) =

κ

2
(N + 1)

(
2âρ̂â† − â†âρ̂− ρ̂â†â+ 2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂

)
+
κ

2
N

(
2â†ρ̂â− ââ†ρ̂− ρ̂ââ† + 2b̂†ρ̂b̂− b̂b̂†ρ̂− ρ̂b̂b̂†

)
− κM

(
â†ρ̂b̂† + b̂†ρ̂â† − â†b̂†ρ̂− ρ̂â†b̂† + b̂ρ̂â+ âρ̂b̂− b̂âρ̂− ρ̂b̂â

)
. (3.75)

This represents the equation of evolution of the reduced density operator for cavity modes

coupled to a two-mode squeezed vacuum reservoir.
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Nondegenerate Three-Level Laser with Coherent and Squeezed Light

The interaction of the driving light modes, treated classically, and cavity modes is de-

scribed by the Hamiltonian

Ĥ = iε1(â
† − â+ b̂† − b̂), (3.76)

where ε1 is proportional to the amplitude of the driving light modes. In addition, the

Hamiltonian describing the parametric interaction, with the pump mode treated classi-

cally, can be written as

Ĥ = iε2(â
†b̂† − âb̂), (3.77)

in which ε2 is proportional to the amplitude of the pump mode. The equation of evolution

of the density operator associated with these Hamiltonians has the form

dρ̂(t)

dt
= ε1

(
ρ̂â− âρ̂+ â†ρ̂− ρ̂â† + ρ̂b̂− b̂ρ̂+ b̂†ρ̂− ρ̂b̂†

)
+

1

2
ε2

(
ρ̂âb̂− âb̂ρ̂+ â†b̂†ρ̂− ρ̂â†b̂†

)
. (3.78)

Taking into account Eqs. (3.24), (3.75), and (3.78), the master equation for the cavity

modes of a nondegenerate three-level laser whose cavity contains a nondegenerate para-

metric amplifier and whose cavity modes are driven by a two-mode coherent light and

coupled to a two-mode squeezed vacuum reservoir can be written as

dρ̂(t)

dt
= ε1

(
ρ̂â− âρ̂+ â†ρ̂− ρ̂â† + ρ̂b̂− b̂ρ̂+ b̂†ρ̂− ρ̂b̂†

)
+ ε2

(
ρ̂âb̂− âb̂ρ̂+ â†b̂†ρ̂− ρ̂â†b̂†

)
+

1

2

[
(Aρ(0)

aa + κN)
(
2â†ρ̂â− ââ†ρ̂− ρ̂ââ†

)
+ (Aρ(0)

cc + κ(N + 1))
(
2b̂ρ̂b̂† − ρ̂b̂†b̂− b̂†b̂ρ̂

)]
− 1

2

[
(Aρ(0)

ac + κM)
(
2â†ρ̂b̂† − b̂†â†ρ̂− ρ̂b̂†â†

)
+ (Aρ(0)

ca + κM)
(
2b̂ρ̂â− âb̂ρ̂− ρ̂âb̂

)]
+

1

2
κ

[
(N + 1)

(
2âρ̂â† − â†âρ̂− ρ̂â†â

)
+N

(
2b̂†ρ̂b̂− b̂b̂†ρ̂− ρ̂b̂b̂†

)]
− 1

2
κM

(
2b̂†ρ̂â† − â†b̂†ρ̂− ρ̂â†b̂† + 2âρ̂b̂− b̂âρ̂− ρ̂b̂â

)
. (3.79)
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3.1.2 Stochastic differential equations

We now proceed to obtain stochastic differential equations associated with the normal

ordering. Employing Eq. (3.79), we see that

d

dt
〈â〉 = ε1Tr

(
ρ̂ââ− âρ̂â+ â†ρ̂â− ρ̂â†â+ ρ̂b̂â− b̂ρ̂â+ b̂†ρ̂â− ρ̂b̂†â

)
+ ε2Tr

(
ρ̂âb̂â− âb̂ρ̂â+ â†b̂†ρ̂â− ρ̂â†b̂†â

)
+

1

2
(Aρ(0)

aa + κN)Tr
(
2â†ρ̂ââ− ââ†ρ̂â− ρ̂ââ†â

)
+

1

2
(Aρ(0)

cc + κ(N + 1))Tr
(
2b̂ρ̂b̂†â− ρ̂b̂†b̂â− b̂†b̂ρ̂â

)
− 1

2
(Aρ(0)

ac + κM)Tr
(
2â†ρ̂b̂†â− b̂†â†ρ̂â− ρ̂b̂†â†â

)
− 1

2
(Aρ(0)

ca + κM)Tr
(
2b̂ρ̂ââ− âb̂ρ̂â− ρ̂âb̂â

)
+
κ

2

[
(N + 1)Tr

(
2âρ̂â†â− â†âρ̂â− ρ̂â†ââ

)
+NTr

(
2b̂†ρ̂b̂â− b̂b̂†ρ̂â− ρ̂b̂b̂†â

)]
− κ

2
MTr

(
2b̂†ρ̂â†â− â†b̂†ρ̂â− ρ̂â†b̂†â+ 2âρ̂b̂â− b̂âρ̂â− ρ̂b̂ââ

)
. (3.80)

Applying the cyclic property of the trace operation and the commutation relation

[â, â†] = [b̂, b̂†] = 1, (3.81)

we get

d

dt
〈â〉 =− 1

2
µa〈â〉+

1

2
ν−〈b̂†〉+ ε1, (3.82)

where

µa = κ− Aρ(0)
aa , (3.83)

ν− =2ε2 − Aρ(0)
ac . (3.84)

Following the same procedure, it can also be easily verified that

d

dt
〈b̂〉 =− 1

2
µc〈b̂〉+

1

2
ν+〈â†〉+ ε1, (3.85)

d

dt
〈â2〉 =− µa〈â2〉+ ν−〈b̂†â〉+ 2ε1〈â〉, (3.86)
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d

dt
〈b̂2〉 =− µc〈b̂2〉+ ν+〈â†b̂〉+ 2ε1〈b̂〉, (3.87)

d

dt
〈â†â〉 =− µa〈â†â〉+

1

2
ν−〈â†b̂†〉+

1

2
ν∗−〈âb̂〉+ ε1(〈â†〉+ 〈â〉) + Aρ(0)

aa + κN, (3.88)

d

dt
〈b̂†b̂〉 =− µc〈b̂†b̂〉+

1

2
ν+〈b̂†â†〉+

1

2
ν∗+〈âb̂〉+ ε1(〈b̂†〉+ 〈b̂〉) + κN, (3.89)

d

dt
〈â†b̂〉 =− 1

2
(µa + µc)〈â†b̂〉+

1

2
ν+〈â†2〉+

1

2
ν∗−〈b̂2〉+ ε1(〈â†〉+ 〈b̂〉), (3.90)

d

dt
〈âb̂〉 =− 1

2
(µa + µc)〈âb̂〉+

1

2
ν+〈â†â〉+

1

2
ν−〈b̂†b̂〉+ ε1(〈â〉+ 〈b̂〉) +

1

2
(ν+ + 2κM),

(3.91)

in which

µc = κ+ Aρ(0)
cc , (3.92)

ν+ = 2ε2 + Aρ(0)
ac . (3.93)

We note that the c-number equations corresponding to Eqs. (3.82), (3.85), (3.86),

(3.87), (3.88), (3.89), (3.90), and (3.91), which are in the normal order, are

d

dt
〈α〉 =− 1

2
µa〈α〉+

1

2
ν−〈β∗〉+ ε1, (3.94)

d

dt
〈β〉 =− 1

2
µc〈β〉+

1

2
ν+〈α∗〉+ ε1, (3.95)

d

dt
〈α2〉 =− µa〈α2〉+ ν−〈β∗α〉+ 2ε1〈α〉, (3.96)

d

dt
〈β2〉 =− µc〈β2〉+ ν+〈α∗β〉+ 2ε1〈β〉, (3.97)

d

dt
〈α∗α〉 =− µa〈α∗α〉+

1

2
ν−〈α∗β∗〉+

1

2
ν∗−〈αβ〉+ ε1(〈α∗〉+ 〈α〉) + Aρ(0)

aa + κN, (3.98)

d

dt
〈β∗β〉 =− µc〈β∗β〉+

1

2
ν+〈β∗α∗〉+

1

2
ν∗+〈αβ〉+ ε1(〈β∗〉+ 〈β〉) + κN, (3.99)
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d

dt
〈α∗β〉 =− 1

2
(µa + µc)〈α∗β〉+

1

2
ν+〈α∗2〉+

1

2
ν∗−〈β2〉+ ε1(〈α∗〉+ 〈β〉), (3.100)

d

dt
〈αβ〉 =− 1

2
(µa + µc)〈αβ〉+

1

2
ν+〈α∗α〉+

1

2
ν−〈β∗β〉+ ε1(〈α〉+ 〈β〉) +

1

2
(ν+ + 2κM).

(3.101)

On the basis of Eqs. (3.94) and (3.95), we can write [21]

d

dt
α(t) =− 1

2
µaα(t) +

1

2
ν−β

∗(t) + ε1 + fα(t), (3.102)

d

dt
β∗(t) =− 1

2
µcβ

∗(t) +
1

2
ν∗+α(t) + ε1 + f ∗β(t), (3.103)

where fα(t) and fβ(t) are noise forces. The formal solutions of these equations can be put

in the form

α(t) =α(0)e−µat/2 +

∫ t

0

dt′e−µa(t−t′)/2

[
1

2
ν−β

∗(t′) + fα(t′) + ε1

]
, (3.104)

β∗(t) =β∗(0)e−µct/2 +

∫ t

0

dt′e−µc(t−t′)/2

[
1

2
ν∗+α(t′) + f ∗β(t′) + ε1

]
. (3.105)

We now proceed to determine the properties of the noise forces. We note that

Eq. (3.94) and the expectation value of Eq. (3.102) as well as Eq. (3.95) and the ex-

pectation value of Eq. (3.103) will have the same form provided that

〈fα(t)〉 =〈fβ(t)〉 = 0. (3.106)

Applying the relation d
dt
〈α2〉 = 2〈α d

dt
α〉 along with Eq. (3.304), we see that

d

dt
〈α2〉 = −µa〈α2〉+ ν−〈β∗α〉+ 2ε1〈α〉+ 2〈α(t)fα(t)〉. (3.107)

Comparison of this equation with (3.96) leads to

〈α(t)fα(t)〉 = 0. (3.108)

On account of Eq. (3.104) along with (3.108), we see that

〈α(0)fα(t)〉e−µat/2+

∫ t

0

e−µa(t−t′)/2

[
1

2
ν−〈β∗(t′)fα(t)〉+ 〈fα(t′)fα(t)〉+ ε1〈fα(t)〉

]
dt′ = 0,

(3.109)
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so that taking into account Eq. (3.106) and the fact that a noise force at a certain instant

does not affect the cavity mode variables at earlier time, we have

〈fα(t′)fα(t)〉 = 0. (3.110)

Similarly, we can easily establish that

〈fβ(t′)fβ(t)〉 = 〈f ∗α(t′)fβ(t)〉 = 0. (3.111)

Furthermore, using Eq. (3.102) and its complex conjugate, we have

d

dt
〈α∗α〉 =− µa〈α∗α〉+

1

2
ν−〈α∗β∗〉+

1

2
ν∗−〈αβ〉+ ε1(〈α∗〉+ 〈α〉)

+ 〈α∗(t)fα(t)〉+ 〈f ∗α(t)α(t)〉. (3.112)

Comparison of this equation with Eq. (3.98) shows that

〈α∗(t)fα(t)〉+ 〈f ∗α(t)α(t)〉 = Aρ(0)
aa + κN. (3.113)

Now taking into account (3.104), (3.105), and the complex conjugate of (3.104), we find∫ t

0

e−µa(t−t′)/2 (〈f ∗α(t′)fα(t)〉+ 〈f ∗α(t)fα(t′)〉) dt′ = Aρ(0)
aa + κN, (3.114)

so that assuming 〈f ∗α(t′)fα(t)〉 = 〈f ∗α(t)fα(t′)〉, we have∫ t

0

e−µa(t−t′)/2〈f ∗α(t)fα(t′)〉dt′ =
1

2

(
Aρ(0)

aa + κN
)

(3.115)

and in view of Eq. (2.110), this can be rewritten as∫ t

0

e−µa(t−t′)/2〈f ∗α(t)fα(t′)〉dt′ =

∫ t

0

e−µa(t−t′)/2
(
Aρ(0)

aa + κN
)
δ(t− t′)dt′. (3.116)

It then follows that

〈f ∗α(t′)fα(t)〉 = (Aρ(0)
aa + κN)δ(t− t′). (3.117)

It can also be established in a similar fashion that

〈f ∗β(t′)fβ(t)〉 = κNδ(t− t′), (3.118)

〈fα(t′)fβ(t)〉 =
1

2
(ν+ + 2κM)δ(t− t′). (3.119)
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The results described by Eqs. (3.106), (3.110), (3.111), (3.117), (3.118), and (3.119) rep-

resent the correlation properties of the noise forces fα(t) and fβ(t) associated with the

normal ordering.

We next proceed to obtain the solutions of the coupled differential equations Eqs. (3.102)

and (3.103) following the procedure described in Ref. [22]. To this end, we rewrite these

equations in matrix form as

d

dt
Y (t) = −1

2
MY (t) + F (t), (3.120)

where

Y (t) =

 α(t)

β∗(t)

 , (3.121)

M =

 µa −ν−
−ν∗+ µc

 , (3.122)

F (t) =

 fα(t) + ε1

f ∗β(t) + ε1

 . (3.123)

Introducing a matrix defined by

V =

 v11 v12

v21 v22

 , (3.124)

with V1 =

 v11

v21

 and V2 =

 v12

v22

 being the eigenvectors of the matrixM , Eq. (3.120)

can be written as
d

dt
Y (t) = −1

2
V V −1MV V −1Y (t) + F (t). (3.125)

Multiplying both sides from the left by V −1, we see that

d

dt
(V −1Y (t)) = −1

2
R(V −1Y (t)) + V −1F (t), (3.126)

where

R = V −1MV =

 λ+ 0

0 λ−

 , (3.127)
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in which λ+ and λ− are the eigenvalues of the matrix M . We note that Eq. (3.126) has a

well defined solution for λ+ > 0 and λ− > 0. The solution of this equation can be written

as

Y (t+ τ) = V e−
1
2
R(τ)V −1Y (t) +

∫ τ

0

V e−
1
2
R(τ−τ ′)V −1F (t+ τ ′)dτ ′. (3.128)

We next proceed to find the eigenvalues and eigenvectors of the matrix M . Applying

the eigenvalue equation

MVi = λVi (3.129)

along with Eq (3.122), we find the characteristic equation

λ2 − (µa + µc)λ+ (µaµc − ν∗+ν−) = 0. (3.130)

The roots of this quadratic equation are found to be

λ± =
1

2

{
(µa + µc)±

√
(µa − µc)2 + 4ν∗+ν−

}
. (3.131)

Taking into account Eqs. (3.83), (3.92), and the relation

ρ(0)
aa + ρ(0)

cc = 1, (3.132)

Eq. (3.131) can be rewritten as

λ± =
1

2
(2κ+ Aη ± λ) , (3.133)

where

η = ρ(0)
cc − ρ(0)

aa , (3.134)

λ =
√
A2 + 4ν∗+ν−. (3.135)

With the aid of Eqs. (3.83), (3.92), (3.122), (3.132), and (3.133), we have

(A+ λ)v11 + 2ν−v21 = 0, (3.136)

and taking into account the normalization condition:

v2
11 + v2

21 = 1, (3.137)
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we get

v11 =
2ν−√

(A+ λ)2 + 4ν2
−
,

v21 = − A+ λ√
(A+ λ)2 + 4ν2

−
. (3.138)

Similarly we can also easily show that the elements of the eigenvector corresponding to

λ− to be

v12 = − 2ν−√
(A− λ)2 + 4ν2

−
,

v22 =
A− λ√

(A− λ)2 + 4ν2
−
. (3.139)

Now substitution of Eqs. (3.138) and (3.139) into Eq. (3.124) yeids

V =

 2ν−√
A2

++4ν2
−

− 2ν−√
A2
−+4ν2

−

− A+√
A2

++4ν2
−

A−√
A2
−+4ν2

−

 , (3.140)

in which

A± = A± λ. (3.141)

And the inverse of the matrix V is found to be

V −1 = − 1

4ν−λ

 A−
√
A2

+ + 4ν2
− 2ν−

√
A2

+ + 4ν2
−

A+

√
A2
− + 4ν2

− 2ν−
√
A2
− + 4ν2

−

 . (3.142)

Since Eq. (3.127) describes a diagonal matrix, we observe that

e−
1
2
Rτ =

 e−
1
2
λ+τ 0

0 e−
1
2
λ−τ

 , (3.143)

e−
1
2
R(τ−τ ′) =

 e−
1
2
λ+(τ−τ ′) 0

0 e−
1
2
λ−(τ−τ ′)

 , (3.144)

from which follows

V e−
1
2
RτV −1 =

 p1(τ) q1(τ)

q2(τ) p2(τ)

 (3.145)

and

V e−
1
2
R(τ−τ ′)V −1 =

 p1(τ − τ ′) q1(τ − τ ′)

q2(τ − τ ′) p2(t− t′)

 , (3.146)
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where

p1(τ) =
A+

2λ
e−

1
2
λ−τ − A−

2λ
e−

1
2
λ+τ , (3.147)

p2(τ) =
A+

2λ
e−

1
2
λ+τ − A−

2λ
e−

1
2
λ−τ , (3.148)

q1(τ) =
2ν−
2λ

e−
1
2
λ−τ − 2ν−

2λ
e−

1
2
λ+τ , (3.149)

q2(τ) =
2ν∗+
2λ

e−
1
2
λ−τ −

2ν∗+
2λ

e−
1
2
λ+τ , (3.150)

p1(τ − τ ′) =
A+

2λ
e−

1
2
λ−(τ−τ ′) − A−

2λ
e−

1
2
λ+(τ−τ ′), (3.151)

p2(τ − τ ′) =
A+

2λ
e−

1
2
λ+(τ−τ ′) − A−

2λ
e−

1
2
λ−(τ−τ ′), (3.152)

q1(τ − τ ′) =
2ν−
2λ

e−
1
2
λ−(τ−τ ′) − 2ν−

2λ
e−

1
2
λ+(τ−τ ′), (3.153)

q2(τ − τ ′) =
2ν∗+
2λ

e−
1
2
λ−(τ−τ ′) −

2ν∗+
2λ

e−
1
2
λ+(τ−τ ′). (3.154)

With the aid of Eqs. (3.121), (3.122), (3.123), (3.128), (3.145), and (3.146), we finally

obtain

α(t+ τ) = p1(τ)α(t) + q1(τ)β
∗(t) +G1(t+ τ) + ε11(τ), (3.155)

β∗(t+ τ) = p2(τ)β
∗(t) + q2(τ)α(t) +G2(t+ τ) + ε12(τ), (3.156)

where

G1(t+ τ) =

∫ τ

0

[
p1(τ − τ ′)fα(τ ′ + t) + q1(τ − τ ′)f ∗β(τ ′ + t)

]
dτ ′, (3.157)

G2(t+ τ) =

∫ τ

0

[
p2(τ − τ ′)f ∗β(τ ′ + t) + q2(τ − τ ′)fα(τ ′ + t)

]
dτ ′, (3.158)
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ε11(τ) =
ε1

λ

[
A+ + 2ν−

λ−
(1− e−

1
2
λ−τ )− A− + 2ν−

λ+

(1− e−
1
2
λ+τ )

]
, (3.159)

ε12(τ) =
ε1

λ

[
A+ − 2ν∗+

λ+

(1− e−
1
2
λ+τ )−

A− − 2ν∗+
λ−

(1− e−
1
2
λ−τ )

]
. (3.160)

Furthermore, upon setting t = 0 and τ = t, the cavity mode variables α(t) and β(t) take

the form

α(t) = p1(t)α(0) + q1(t)β
∗(0) +G1(t) + ε11(t), (3.161)

β∗(t) = p2(t)β
∗(0) + q2(t)α(0) +G2(t) + ε12(t). (3.162)

3.2 Quadrature Squeezing

In this section we seek to calculate the quadrature variances of the cavity and the output

modes as well as the squeezing spectrum of the output modes, employing the solutions of

the stochastic differential equations and the correlation properties of the noise forces.

3.2.1 Quadrature variance of the cavity modes

Here we wish to calculate the quadrature variances for the cavity modes produced by the

system under consideration. The quadrature operators for a two-mode light are defined

by

ĉ± =
√
±1(ĉ† ± ĉ), (3.163)

where

ĉ =
1√
2
(â+ b̂). (3.164)

Using Eq. (3.81), it can be readily verified that

[ĉ, ĉ†] = 1 (3.165)

and

[ĉ+, ĉ−] = 2i. (3.166)
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The variances of the quadratures represented by the operators defined by (3.163) can be

expressed in terms of c-number variables associated with the normal ordering as

∆c2± = 1± 〈γ±(t), γ±(t)〉, (3.167)

where

γ±(t) =
1√
2
(α∗(t) + β∗(t)± α(t)± β(t)). (3.168)

On account of Eq. (3.168), we see that

〈γ±(t), γ±(t)〉 =
1

2

(
〈α(t), α(t)〉+ 〈β∗(t), β∗(t)〉+ 2〈α(t), β(t)〉

± 〈α∗(t), α(t)〉 ± 〈β∗(t), β(t)〉 ± 2〈β∗(t), α(t)〉
)

+ c.c., (3.169)

in which c.c. stands for complex conjugate. Using Eqs. (3.106), (3.110), (3.111), (3.157),

(3.158), (3.161), (3.162), and assuming the cavity modes are initially in vacuum states

along with the fact that a noise force at a certain time does not affect the cavity mode

variables at earlier time, we easily find

〈α(t), α(t)〉 = 〈β(t), β(t)〉 = 〈β∗(t), α(t)〉 =0, (3.170)

so that in view of these results, Eq. (3.169) reduces to

〈γ±(t), γ±(t)〉 = 〈α(t), β(t)〉+ 〈α∗(t), β∗(t)〉 ± 〈α∗(t), α(t)〉 ± 〈β∗(t), β(t)〉. (3.171)

Furthermore, taking into account Eq. (3.161) along with its complex conjugate, we get

〈α∗(t), α(t)〉 = 〈G∗
1(t)G1(t)〉. (3.172)

With the aid of Eqs. (3.157), (3.117), (3.118), and (3.119), we have

〈α∗(t), α(t)〉 =

∫ t

0

(
|p1(t− t′)|2fα∗α + p∗1(t− t′)q1(t− t′)f ∗αβ

+ q∗1(t− t′)p1(t− t′)fαβ + |q1(t− t′)|2κN
)
dt′. (3.173)

where

fα∗α = Aρ(0)
aa + κN, fαβ = (ν+ + 2κM)/2. (3.174)
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Applying (3.151) and (3.153) in Eq. (3.173) and then carrying out the integration, we

get

〈α∗(t), α(t)〉 =
A∗

+[A+fα∗α + 2ν−f
∗
αβ] + 2ν∗−[A+fαβ + 2ν−κN ]

|2λ|2(λ∗− + λ−)/2
(1− e−

1
2
(λ∗−+λ−)t)

−
A∗

+[A−fα∗α + 2ν−f
∗
αβ] + 2ν∗−[A−fαβ + 2ν−κN ]

|2λ|2(λ∗− + λ+)/2
(1− e−

1
2
(λ∗−+λ+)t)

−
A∗
−[A+fα∗α + 2ν−f

∗
αβ] + 2ν∗−[A+fαβ + 2ν−κN ]

|2λ|2(λ∗+ + λ−)/2
(1− e−

1
2
(λ∗++λ−)t)

+
A∗
−[A−fα∗α + 2ν−f

∗
αβ] + 2ν∗−[A−fαβ + 2ν−κN ]

|2λ|2(λ∗+ + λ+)/2
(1− e−

1
2
(λ∗++λ+)t). (3.175)

Following a similar procedure, we also find

〈β∗(t), β(t)〉 =
A∗

+[A+κN − 2ν∗+fαβ]− 2ν+[A+f
∗
αβ − 2ν∗+fα∗α]

|2λ|2(λ∗+ + λ+)/2
(1− e−

1
2
(λ∗++λ+t)

−
A∗

+[A−κN − 2ν∗+fαβ]− 2ν+[A−f
∗
αβ − 2ν∗+fα∗α]

|2λ|2(λ∗+ + λ−)/2
(1− e−

1
2
(λ∗++λ−t)

−
A∗
−[A+κN − 2ν∗+fαβ]− 2ν+[A+f

∗
αβ − 2ν∗+fα∗α]

|2λ|2(λ∗− + λ+)/2
(1− e−

1
2
(λ∗−+λ+)t)

+
A∗
−[A−κN − 2ν∗+fαβ]− 2ν+[A−f

∗
αβ − 2ν∗+fα∗α]

|2λ|2(λ∗− + λ−)/2
(1− e−

1
2
(λ∗−+λ−)t) (3.176)

and

〈α(t), β(t)〉 =
A∗

+[A+fαβ + 2ν−κN ]− 2ν+[A+fα∗α + 2ν−f
∗
αβ]

|2λ|2(λ∗+ + λ−)/2
(1− e−

1
2
(λ∗++λ−)t)

−
A∗

+[A−fαβ + 2ν−κN ]− 2ν+[A−fα∗α + 2ν−f
∗
αβ]

|2λ|2(λ∗+ + λ+)/2
(1− e−

1
2
(λ∗++λ+)t)

−
A∗
−[A+fαβ + 2ν−κN ]− 2ν+[A+fα∗α + 2ν−f

∗
αβ]

|2λ|2(λ∗− + λ−)/2
(1− e−

1
2
(λ∗−+λ−)t)

+
A∗
−[A−fαβ + 2ν−κN ]− 2ν+[A−fα∗α + 2ν−f

∗
αβ]

|2λ|2(λ∗− + λ+)/2
(1− e−

1
2
(λ∗−+λ+)t). (3.177)

Now substitution of Eqs. (3.175), (3.176), (3.177), and the complex conjugate of
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Eq. (3.177) into Eq. (3.171) leads to

〈γ±(t), γ±(t)〉 = ± 1

|2λ|2

[
(A+ ± 2ν∗+)[(A∗

+ ± 2ν+)fα∗,α ∓ (A∗
− ∓ 2ν∗−)fα,β]

λ− + λ∗−

+
(A− ∓ 2ν−)[(A∗

− ∓ 2ν∗−)κN ∓ (A∗
+ ± 2ν+)f ∗α,β]

λ− + λ∗−

]
(1− e−

1
2
(λ−+λ∗−)t)

± 1

|2λ|2

[
(A− ± 2ν∗+)[(A∗

− ± 2ν+)fα∗,α ∓ (A∗
+ ∓ 2ν∗−)fα,β]

λ+ + λ∗+

+
(A+ ∓ 2ν−)[(A∗

+ ∓ 2ν∗−)κN ∓ (A∗
− ± 2ν+)f ∗α,β]

λ+ + λ∗+

]
(1− e−

1
2
(λ++λ∗+)t)

∓ 2

|2λ|2

[
(A− ± 2ν∗+)[(A∗

+ ± 2ν+)fα∗,α ∓ (A∗
− ∓ 2ν∗−)fα,β]

λ+ + λ∗−

+
(A+ ∓ 2ν−)[(A∗

− ∓ 2ν∗−)κN ∓ (A∗
+ ± 2ν+)f ∗α,β]

λ+ + λ∗−

]
(1− e−

1
2
(λ++λ∗−)t)

+ c.c. (3.178)

Hence on account of (3.178), Eq. (3.167) takes at steady state the form

∆c2± = 1 +
2

|2λ|2

[
|A+ ± 2ν∗+|2

λ− + λ∗−
+
|A− ± 2ν∗+|2

λ+ + λ∗+

−
(A∗

+ ± 2ν+)(A− ± 2ν∗+)

λ+ + λ∗−
−

(A+ ± 2ν∗+)(A∗
− ± 2ν+)

λ∗+ + λ−

]
fα∗α

+
2

|2λ|2

[
|A− ∓ 2ν−|2

λ− + λ∗−
+
|A+ ∓ 2ν−|2

(λ+ + λ∗+)

−
(A+ ∓ 2ν−)(A∗

− ∓ 2ν∗−)

λ+ + λ∗−
−

(A∗
+ ∓ 2ν∗−)(A− ∓ 2ν−)

λ∗+ + λ−

]
κN

∓ 2

|2λ|2

[
(A+ ± 2ν∗+)(A∗

− ∓ 2ν∗−)

λ− + λ∗−
+

(A∗
+ ∓ 2ν∗−)(A− ± 2ν∗+)

λ+ + λ∗+

−
(A∗

− ∓ 2ν∗−)(A− ± 2ν∗+)

λ+ + λ∗−
−

(A∗
+ ∓ 2ν∗−)(A+ ± 2ν∗+)

λ∗+ + λ−

]
fαβ

∓ 2

|2λ|2

[
(A∗

+ ± 2ν+)(A− ∓ 2ν−)

λ− + λ∗−
+

(A+ ∓ 2ν−)(A∗
− ± 2ν+)

λ+ + λ∗+

−
(A+ ∓ 2ν−)(A∗

+ ± 2ν+)

λ+ + λ∗−
−

(A∗
− ± 2ν+)(A− ∓ 2ν−)

λ∗+ + λ−

]
f ∗αβ. (3.179)

This represents the quadrature variances of the cavity modes for a nondegenerate three-

level laser whose cavity contains a parametric amplifier and whose cavity modes are driven

by coherent light and coupled to a two-mode squeezed vacuum reservoir. In order to have

a mathematically manageable analysis, we take ρac = ρca. Hence in view of this as well as

Eqs. (3.6), (3.132), and (3.134), we can write Eqs. (3.84), (3.93), (3.133), (3.135), (3.141),
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Fig. 3.2: Plots of the quadrature variance [Eq.(3.181)] versus η for κ = 0.8, ε2 = 0.399, r = 0.5,

and for different values of the linear gain coefficient.

and (3.174) as

2ν± = 2ν∗± = 4ε2 ± A
√

1− η2, λ = λ∗ =
√
A2η2 + 16ε2

2,

A± = A∗
± = A±

√
A2η2 + 16ε2

2, λ± = λ∗± =
1

2
(2κ+ Aη ±

√
A2η2 + 16ε2

2),

fα∗α = (A(1− η) + 2κN)/2, fαβ = f ∗αβ = (4ε2 + A
√

1− η2 + 4κM)/4, (3.180)

so that with the aid Eqs. (3.179) and (3.180), we get

∆c2± = 1 +
2κA(1− η)(2κ+ 2Aη + A) + 16ε2

2Aη − 4κA2η2N

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

± 2κ(4ε2 + A
√

1− η2)(2κ+ Aη + A± 4ε2)

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
4κ[(2κ+ Aη)(2κ+ Aη ± 4ε2)(N ±M) + A2(1±

√
1− η2)(N ∓M)]

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

. (3.181)

Since the parameter ε1 does not appear in this equation, the driving coherent light has

no effect on the quadrature variances. Fig 3.2 represents the variances of the minus

quadrature [Eq. (3.181)] versus η for different values of A. This figure indicates that the

degree of squeezing increases with the linear gain coefficient and almost perfect squeezing

can be obtained for large values of the linear gain coefficient and for small values of η.

Moreover, the minimum value of the quadrature variance described by Eq. (3.181) for

A = 100, κ = 0.8, ε2 = 0.399, and r = 0.5, is found to be ∆c2− = 0.1237 and occurs
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Fig. 3.3: Plots of the quadrature variances [Eq.(3.181)] (solid curve) and [Eq.(3.182)] (dashed

curve) versus η for A = 100, κ = 0.8, r = 0.5, and ε2 = 0.399.

at η = 0.06. This result implies that the maximum intracavity squeezing for the above

values is 87.6% below the coherent-state level.

We next consider some special cases. We first consider the case in which the parametric

amplifier is removed from the cavity. Thus setting ε2 = 0 in Eq. (3.181), we have

∆c2± = 1 +
A(1− η)(2κ+ 2Aη + A)− 2A2η2N

2(κ+ Aη)(2κ+ Aη)

± A
√

1− η2(2κ+ Aη + A+ 2A(N ∓M))

2(κ+ Aη)(2κ+ Aη)

+
2[(2κ+ Aη)2(N ±M) + A2(N ∓M)]

2(κ+ Aη)(2κ+ Aη)
. (3.182)

This represents the quadrature variances of the cavity modes for a nondegenerate three-

level laser coupled to a two-mode squeezed vacuum reservoir. The minimum value of the

quadrature variance is found to be ∆c2− = 0.1487 and occurs at η = 0.1 for A = 100,

κ = 0.8, r = 0.5, and ε2 = 0. This result indicates that the maximum intracavity

squeezing for the above values and in the absence of the parametric amplifier is 85.1%

below the coherent-state level. Fig 3.3 is the plots of the variance of the minus quadrature

[Eq. (3.181)] versus η in the presence (solid curve) and [Eq. (3.182)] versus η in the absence

(dashed curve) of parametric amplifier in a nondegenerate three-level laser cavity. This
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Fig. 3.4: Plots of the quadrature variances [Eq.(3.181)] (solid curve) and [Eq.(3.183)] (dashed

curve) versus η for A = 100, κ = 0.8, ε2 = 0.399, and r = 0.5.

figure shows that the increase of the degree of squeezing due to the parametric amplifier

is not significant.

Next upon setting N = M = 0 in Eq.(3.181), we have

∆c2± = 1 +
2κA(1− η)(2κ+ 2Aη + A) + 16ε2

2Aη

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

± 2κ(4ε2 + A
√

1− η2)(2κ+ Aη + A± 4ε2)

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

. (3.183)

This is the quadrature variances of the cavity modes for a nondegenerate three-level laser

whose cavity contains a parametric amplifier and whose cavity modes are coupled to a

two-mode vacuum reservoir. In Fig 3.4 we plot the variance of the minus quadrature

[Eq. (3.181)] versus η (solid curve) and [Eq. (3.183)] versus η (dashed curve) for A = 100,

κ = 0.8, ε2 = 0.399, and r = 0.5. We see from this figure that the degree of squeezing

increases with the squeeze parameter r for η between 0 and 0.9, and decreases for other

values of η. Moreover, the maximum intracavity squeezing for A = 100, κ = 0.8, ε2 =

0.399, and r = 0 is 69.34% and occurs at η = 0.11. Comparison of this result with the

87.6% squeezing that could be obtained in the presence of the squeezed vacuum reservoir

shows that the squeezed vacuum reservoir has significant effect on the squeezing of the

cavity modes.
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Fig. 3.5: Plots of the quadrature variances [Eq.(3.181)] (solid curve) and [Eq.(3.184)] (dashed

curve) versus η for A = 100, κ = 0.8, ε2 = 0.399, and r = 0.5.

We now consider the case in which the nonlinear crystal is removed from the cavity and

the cavity is coupled to a two-mode vacuum reservoir. Then upon setting ε2 = N = M = 0

in Eq. (3.181), we get

∆c2± = 1 +
A(1− η)(2κ+ 2Aη + A)± A

√
1− η2(2κ+ Aη + A)

2(κ+ Aη)(2κ+ Aη)
. (3.184)

This is the quadrature variances of the cavity modes for a nondegenerate three-level laser.

The minimum value of the quadrature variance described by Eq. (3.184) for A = 100,

κ = 0.8, is found to be ∆c2− = 0.3467 and occurs at η = 0.16. This result implies that the

maximum intracavity squeezing for the above values is 65.3% below the coherent-state

level. The plots in Fig. 3.5 represent the variances of the minus quadrature of the cavity

modes for a nondegenerate three-level laser alone (dashed curve) and with parametric

amplifier and squeezed vacuum reservoir (solid curve). This figure indicates that better

squeezing can be obtained from a nondegenerate three-level laser with parametric amplifier

and squeezed vacuum reservoir.

3.2.2 Quadrature variance of the output modes

The squeezing properties of the output modes are described by the quadrature operators

ĉout
± =

√
±1(ĉ†out ± ĉout), (3.185)
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where

ĉout =
1√
2

(
âout + b̂out

)
. (3.186)

The quadrature variances of the output modes

∆c2±out = 1 + 〈: ĉout
± , ĉout

± :〉 (3.187)

can be expressed in terms of c-number variables as

∆c2±out = 1± 〈γout
± , γout

± 〉. (3.188)

Using the input-output relation

γout
± =

√
κγ± − γin

± , (3.189)

Eq. (3.188) can be rewritten as

∆c2±out = κ∆c2± + 1± 〈γin
± , γ

in
± 〉 − κ(1± 2√

κ
〈γ±, γin

± 〉), (3.190)

where

γin
± (t) =

1√
2κ

(f ∗αr(t) + f ∗βr(t)± fαr(t)± fβr(t)). (3.191)

We now proceed to evaluate 〈γ±, γin
± 〉. Taking into account Eqs. (3.168), (3.161),

(3.162), (3.191) along with 〈γin
± 〉 = 0 and the fact that a noise force at a certain time does

not affect the cavity mode variables at earlier time, we have

〈γ±, γin
± 〉 =

1

2
√
κ
〈(G∗

1(t)+G2(t)±G1(t)±G∗
2(t))(f

∗
αr(t)+f

∗
βr(t)±fαr(t)±fβr(t))〉. (3.192)

We note that the noise forces can be expressed as a sum of the noise forces associated

with the cavity modes and the reservoir modes as

fα(t) = fαc(t) + fαr(t), (3.193)

fβ(t) = fβc(t) + fβr(t). (3.194)

We assume that the noise forces associated with the cavity modes are not correlated with

the noise forces associated with the reservoir modes. Furthermore, in view of Eqs. (3.106),
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(3.110), (3.111), (3.117), (3.118), and (3.119), the correlation properties of the noise forces

associated with the cavity modes and the reservoir modes can be written as

〈fαc(t)〉 = 〈fαr(t)〉 = 〈fβc(t)〉 = 〈fβr(t)〉 = 0, (3.195)

〈fαc(t)fαc(t
′)〉 = 〈f ∗βc(t)fβc(t

′)〉 = 〈fβc(t)fβc(t
′)〉 = 〈f ∗αc(t)fβc(t

′)〉 = 0, (3.196)

〈fαr(t)fαr(t
′)〉 = 〈fβr(t)fβr(t

′)〉 = 〈f ∗αr(t)fβr(t
′)〉 = 0, (3.197)

〈f ∗αr(t)fαr(t
′)〉 = 〈f ∗βr(t)fβr(t

′)〉 = κNδ(t− t′), (3.198)

〈fαr(t)fβr(t
′)〉 = κMδ(t− t′), (3.199)

〈fαc(t)fβc(t
′)〉 =

1

2
ν+δ(t− t′), (3.200)

〈f ∗αc(t)fαc(t
′)〉 = Aρ(0)

aa δ(t− t′). (3.201)

Using Eqs. (3.193) and (3.194), we can rewrite Eqs. (3.157) and (3.158) as

G1(t) =

∫ t

0

{
p1(t− t′)(fαc(t

′) + fαr(t
′)) + q1(t− t′)(f ∗βc(t

′) + f ∗βr(t
′))

}
dt′, (3.202)

G2(t) =

∫ t

0

{
p2(t− t′)(f ∗βc(t

′) + f ∗βr(t
′)) + q2(t− t′)(fαc(t

′) + fαr(t
′))

}
dt′, (3.203)

so that with the aid of Eqs. (3.192), (3.196), (3.197), (3.198), (3.202), and (3.203), we

find

〈γ±, γin
± 〉 =

√
κ

4
[p∗1(t− t) + p1(t− t) + p∗2(t− t) + p2(t− t)](M ±N)

±
√
κ

4
[q∗1(t− t) + q1(t− t) + q∗2(t− t) + q2(t− t)](N ±M). (3.204)

On account of Eqs. (3.151), (3.152), (3.153), and (3.154), we obtain

〈γ±(t), γin
± (t)〉 =

√
κ(M ±N). (3.205)
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Fig. 3.6: Plots of the quadrature variances [Eqs .(3.181) (solid curve) and (3.207) (dashed curve)]

versus η for A = 100, κ = 0.8, ε2 = 0.399, and r = 0.5.

We note that for a squeezed vacuum reservoir

〈γin
± , γ

in
± 〉 = 2(M ±N). (3.206)

Hence on substituting Eqs. (3.205) and (3.206) into Eq. (3.190), we get

∆c2±out = κ∆c2± + (1− κ)(1 + 2N ± 2M). (3.207)

The first and second terms on the right side of Eq. (3.207) represent the quadrature

variances of the transmitted cavity modes and reflected input modes, respectively. We

easily observe from Fig. 3.6 that the degree of squeezing of the output modes is less that

of the cavity modes. For A = 100, ε2 = 0.399, and r = 0.5, the cavity and output mode

squeezing are found to be respectively 87.6% and 82.8% below the coherent-state level

and occur at η = 0.06.

3.2.3 Squeezing spectrum of the output modes

The squeezing spectrum of the output modes can be expressed in terms of c-number

variables associated with the normal ordering as

Sout
± (ω) = 1± 2Re

∫ ∞

0

dτei(ω−ω0)τ 〈γout
± (t), γout

± (t+ τ)〉ss, (3.208)
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where the subscript ”ss” stands for steady state. Taking into account the input-output

relation and the fact

〈γin
± (t)〉ss = 〈γin

± (t+ τ)〉ss = 〈γ±(t)γin
± (t+ τ)〉ss = 0, (3.209)

we can write

〈γout
± (t), γout

± (t+ τ)〉ss = κ〈γ±(t), γ±(t+ τ)〉ss + 〈γin
± (t)γin

± (t+ τ)〉ss

−
√
κ〈γin

± (t)γ±(t+ τ)〉ss. (3.210)

We next procedure to obtain the explicit forms of the two-time correlation functions

involved in Eq. (3.210). To this end, with the aid of Eq. (3.168), we get

〈γ±(t), γ±(t+ τ)〉ss =
1

2

[
〈α(t), α(t+ τ)〉ss + 〈α∗(t), β∗(t+ τ)〉ss + 〈β(t), α(t+ τ)〉ss

+ 〈β∗(t), β∗(t+ τ)〉ss ± 〈α∗(t), α(t+ τ)〉ss ± 〈β∗(t), α(t+ τ)〉ss

± 〈α(t), β∗(t+ τ)〉ss ± 〈β(t), β∗(t+ τ)〉ss
]

+ c.c., (3.211)

On account of Eq. (3.155), we see that

〈α(t), α(t+ τ)〉ss = p1(τ)〈α(t), α(t)〉ss + q1(τ)〈α(t), β∗(t)〉ss + 〈α(t), G1(t+ τ)〉ss.

(3.212)

Applying Eq. (3.170) and the fact that a noise force at a certain time does not affect the

cavity mode variables at earlier time, we easily obtain

〈α(t), α(t+ τ)〉 = 0, (3.213)

Similarly, we can find

〈β∗(t), β∗(t+ τ)〉 = 〈α(t), β∗(t+ τ)〉 = 〈β∗(t), α(t+ τ)〉 = 0, (3.214)

Furthermore, using Eq. (3.155), we have

〈β(t), α(t+ τ)〉ss = p1(τ)〈β(t), α(t)〉ss + q1(τ)〈β(t), β∗(t)〉ss + 〈β(t), G1(t+ τ)〉ss.

(3.215)
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It then follows that

〈β(t), α(t+ τ)〉ss = p1(τ)〈β(t), α(t)〉ss + q1(τ)〈β(t), β∗(t)〉ss. (3.216)

Following the same procedure, we can easily get

〈α∗(t), β∗(t+ τ)〉ss = p2(τ)〈α∗(t), β∗(t)〉ss + q2(τ)〈α∗(t), α(t)〉ss, (3.217)

〈α∗(t), α(t+ τ)〉ss = p1(τ)〈α∗(t), α(t)〉ss + q1(τ)〈α∗(t), β∗(t)〉ss, (3.218)

〈β(t), β∗(t+ τ)〉ss = p2(τ)〈β(t), β∗(t)〉ss + q2(τ)〈β(t), α(t)〉ss. (3.219)

so that combination of Eqs. (3.213), (3.214), (3.216), (3.217), (3.218), and (3.219) yields

〈γ±(t), γ±(t+ τ)〉ss =
1

2
(p2(τ)± q1(τ))(〈α∗(t), β∗(t)〉ss ± 〈β∗(t), β(t)〉ss)

+
1

2
(p1(τ)± q2(τ))(〈α(t), β(t)〉ss ± 〈α∗(t), α(t)〉ss) + c.c. (3.220)

Hence taking into account Eqs. (3.151), (3.152), (3.153), (3.154), and ρ
(0)
ac = ρ

(0)
ca , we

find

〈γ±(t), γ±(t+ τ)〉ss = ±r±(A+ ± 2ν+)− s±(A− ∓ 2ν−)

2λ
e−

1
2
λ−τ

∓ r±(A− ± 2ν+)− s±(A+ ∓ 2ν−)

2λ
e−

1
2
λ+τ , (3.221)

where

r± = 〈α∗(t), α(t)〉ss ± 〈α(t), β(t)〉ss, (3.222)

s± = 〈β∗(t), β(t)〉ss ± 〈α(t), β(t)〉ss. (3.223)

With the aid of Eqs. (3.174), (3.175), (3.176), and (3.177), r± and s± can be written in

terms of η as

r± =
(2κA(1− η) + 16ε2

2)[κ+ Aη] + κ[2κ+ Aη + A](A(1− η)± 4ε2 ± A
√

1− η2)

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
2[4κ(κ+ Aη) + A2 + (2κ+ Aη)(A± 4ε2)− A

√
1− η2(4ε2 ∓ A)]κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
2[2κ+ Aη + A](4ε2 − A

√
1− η2 ± [2κ+ Aη − A])κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

, (3.224)
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s± =
κ(4ε2 + A

√
1− η2)(4ε2 + A

√
1− η2 ± [2κ+ Aη + A])

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
2(4κ(κ+ Aη) + A2 − (2κ+ Aη)(A∓ 4ε2) + A

√
1− η2(4ε2 ± A))κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
2[2κ+ Aη − A](4ε2 + A

√
1− η2 ± [2κ+ Aη + A])κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

. (3.225)

Furthermore employing Eqs. (3.168), and (3.191), we have

〈γin
± (t), γ±(t+ τ)〉ss =

1

2
√
κ

(
〈fαr(t), α(t+ τ)〉ss + 〈f ∗αr(t), β

∗(t+ τ)〉ss + 〈fβr(t), α(t+ τ)〉ss

+ 〈f ∗βr(t), β
∗(t+ τ)〉ss ± 〈f ∗αr(t), α(t+ τ)〉ss ± 〈f ∗βr(t), α(t+ τ)〉ss

± 〈fαr(t), β
∗(t+ τ)〉ss ± 〈fβr(t), β

∗(t+ τ)〉ss
)

+ c.c, (3.226)

With the aid of Eqs. (3.155), (3.156), (3.195), and (3.196), we easily obtain

〈fαr(t), α(t+ τ)〉 = 〈f ∗βr(t), β
∗(t+ τ)〉 = 〈fαr(t), β

∗(t+ τ)〉 = 〈f ∗βr(t), α(t+ τ)〉 = 0.

(3.227)

On account of these results, Eq. (3.226) reduces to

〈γin
± (t), γ±(t+ τ)〉ss =

1

2
√
κ

[
〈f ∗αr(t), β

∗(t+ τ)〉ss + 〈fβr(t), α(t+ τ)〉ss

± 〈f ∗αr(t), α(t+ τ)〉ss ± 〈fβr(t), β
∗(t+ τ)〉ss

]
+ c.c. (3.228)

We now proceed to obtain the explicit form of the two-time correlation function involved

in Eq. (3.228). Using Eq. (3.156) and the fact that 〈f ∗αr(t)〉 = 0, we can write

〈f ∗αr(t), β
∗(t+ τ)〉ss = p2(τ)〈f ∗αr(t)G2(t)〉ss + q2(τ)〈f ∗αr(t)G1(t)〉ss + 〈f ∗αr(t), G2(t+ τ)〉ss.

(3.229)

In view of Eq. (3.203), we see that

〈f ∗αr(t)G2(t)〉ss =

∫ t

0

[p2(t− t′)〈f ∗αr(t)f
∗
βr(t)〉ss + q2(t− t′)〈f ∗αr(t)fαr(t)〉ss]dt′. (3.230)

With the aid of Eqs. (3.152), (3.154), (3.198), and (3.199), we get

〈f ∗αr(t)G2(t)〉ss = κM/2. (3.231)
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Similarly, we have

〈f ∗αr(t)G1(t)〉ss = κN/2, (3.232)

〈f ∗αr(t), G2(t+ τ)〉ss = κ[p2(τ)M + q2(τ)N ]/2. (3.233)

Employing Eqs. (3.231), (3.232), and (3.233) in Eq. (3.229), we find

〈f ∗αr(t), β
∗(t+ τ)〉ss = κ[p2(τ)M + q2(τ)N ]. (3.234)

Following the same procedure, we also obtain

〈fβr(t), α(t+ τ)〉ss = κ[p1(τ)M + q1(τ)N ], (3.235)

〈f ∗αr(t), α(t+ τ)〉ss = κ[p1(τ)N + q1(τ)M ], (3.236)

〈fβr(t), β
∗(t+ τ)〉ss = κ[p2(τ)N + q2(τ)M ]. (3.237)

Upon substituting Eqs, (3.234), (3.235), (3.236), and (3.237) into Eq. (3.228), we get

〈γin
± (t), γ±(t+ τ)〉ss = ±

√
κ

2

[
p2(τ)± q2(τ) + p1(τ)± q1(τ)

]
(N ±M) + c.c. (3.238)

and then using Eqs. (3.151), (3.152), (3.153), and (3.154), and taking ρ
(0)
ac = ρ

(0)
ca , we arrive

at

〈γin
± (t)γ±(t+ τ)〉ss =±

√
κ

2
(N ±M)

(A+ ± 2ν+)− (A− ∓ 2ν−)

2λ
e−

1
2
λ−τ

∓
√
κ

2
(N ±M)

(A− ± 2ν+)− (A+ ∓ 2ν−)

2λ
e−

1
2
λ+τ . (3.239)

We note that for a squeezed vacuum reservoir

〈γin
± (t)γin

± (t+ τ)〉 = ±2(N ±M)δ(τ). (3.240)

Now combination of Eqs. (3.228), (3.239), (3.240), and (3.210) results in

〈γout
± (t), γout

± (t+ τ)〉ss = ±2(N ±M)δ(τ)

± κ
(r± − (N ±M))

2λ
[(A+ ± 2ν+)e−

1
2
λ−τ − (A− ± 2ν+)e−

1
2
λ+τ ]

∓ κ
(s± − (N ±M))

2λ
[(A− ∓ 2ν−)e−

1
2
λ−τ − (A+ ∓ 2ν−)e−

1
2
λ+τ ],

(3.241)
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Fig. 3.7: Plots of the squeezing spectrum [Eq .(3.243)] versus η for κ = 0.8, ε2 = 0.3, r = 0.5,

and different values of A.

so that applying this in Eq. (3.208) and carrying out the integration, we find

Sout
± (ω) = 1 + 2(N ±M) + 2κ

r± − (N ±M)

λ
[
λ−(A+ ± 2ν+)

λ2
− + 4(ω − ω0)2

− λ+(A− ± 2ν+)

λ2
+ + 4(ω − ω0)2

]

− 2κ
s± − (N ±M)

λ
[
λ−(A− ∓ 2ν−)

λ2
− + 4(ω − ω0)2

− λ+(A+ ∓ 2ν−)

λ2
+ + 4(ω − ω0)2

]. (3.242)

For ω = ω0, Eq.(3.242) turns out to be

Sout
± (ω0) = 1 + 2(N ±M)

[
1− 2κ

2κ+ Aη ± 4ε2

κ(κ+ Aη)− 4ε2
2

]
+ 2κ

[
(r± − s±)(A± A

√
1− η2) + (r± + s±)(2κ+ Aη ± 4ε2)

κ(κ+ Aη)− 4ε2
2

]
. (3.243)

Fig 3.7 represents the plots of the squeezing spectrum [Eq .(3.243)] versus η for κ = 0.8,

ε2 = 0.3, r = 0.5, and for A = 5, A = 25, A = 100. We see from the plots that the

squeezing spectrum increases with linear gain coefficient for η between 0 and 0.11, and

almost perfect squeezing occurs for large values of linear gain coefficient and for small

values of η. In Fig 3.8 we plot the squeezing spectrum [Eq .(3.243)] versus η for A = 100,

κ = 0.8, r = 0.5, and for ε2 = 0 (dashed curve) and ε2 = 0.3 (solid curve). We observe

from these plots that the parametric amplifier increases the degree of squeezing.
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Fig. 3.8: Plots of the squeezing spectrum [Eq .(3.243)] versus η for A = 100, κ = 0.8, r = 0.5,

and for ε2 = 0 (dashed curve) and ε2 = 0.3 (solid curve).

3.3 Photon Statistics

In this section we study the statistical properties of the cavity and output modes produced

by a nondegenerate three-level laser whose cavity contains a parametric amplifier and with

the cavity modes driven by coherent light and coupled to a two-mode squeezed vacuum

reservoir. We first obtain, using the antinormally ordered characteristic function defined in

the Heisenberg picture, the Q function for the cavity modes. Then applying the resulting

Q function, we calculate the mean and variances of the photon number sum and difference

as well as the photon number distribution for the cavity modes. Finally, we calculate the

mean and the normally-ordered variances of the photon count sum and difference.

3.3.1 Photon statistics of the cavity modes

The Q function

Here we wish to obtain the Q function for the cavity modes produced by the system under

consideration. The Q function for a two-mode light can be expressed as

Q(α, β, t) =
1

π2

∫
d2z

π

d2w

π
ΦA(z, w, t)ez∗α−zα∗+w∗β−wβ∗ , (3.244)
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where

ΦA(z, w, t) = Tr
(
ρ(0)e−z∗â(t)ezâ†(t)e−w∗b̂(t)ewb̂†(t)

)
(3.245)

is the antinormally ordered characteristic function defined in the Heisenberg picture. Em-

ploying the Baker-Hausdorff identity, we can rewrite Eq. (3.245) in the normal order as

ΦA(z, w, t) = e−z∗z−w∗wTr
(
ρ(0)ezâ†(t)e−z∗â(t)ewb̂†(t)e−w∗b̂(t)

)
, (3.246)

so that the corresponding c-number equation is

ΦA(z, w, t) = e−z∗z−w∗w
〈
ezα∗(t)−z∗α(t)+wβ∗(t)−w∗β(t)

〉
. (3.247)

Now taking into account Eqs. (3.161) and (3.162) along with their complex conjugates,

Eq. (3.247) can be put in the form

ΦA(z, w, t) = e−z∗z−w∗w+ε∗11z−ε11z∗+ε12w−ε∗12w∗
〈
ezα′∗(t)−z∗α′(t)+wβ′∗(t)−w∗β′(t)

〉
, (3.248)

where

α′(t) = p1(t)α(0) + q1(t)β
∗(0) +G1(t), (3.249)

β′(t) = p2(t)β(0) + q2(t)α
∗(0) +G∗

2(t). (3.250)

With the aid of Eqs. (3.133), (3.151), (3.152), (3.153), (3.154), (3.157), and (3.158), it

can be easily established that

d

dt
〈α′(t)〉 =− 1

2
µa〈α′(t)〉+

1

2
ν−〈β′∗(t)〉, (3.251)

d

dt
〈β′(t)〉 =− 1

2
µc〈β′(t)〉+

1

2
ν+〈α′∗(t)〉. (3.252)

We see that Eqs. (3.251) and (3.252) are linear differential equations for α′(t) and β′(t).

On the other hand, taking into account Eqs. (3.157), (3.158), (3.106), and the assumption

that the cavity modes are initially in a vacuum state, we have

〈α′(t)〉 = 〈β′(t)〉 = 0. (3.253)
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Thus we observe that α′(t) and β′(t) are Gaussian variables with a vanishing mean. In

view of this, Eq. (3.248) can be expressed as [32]

ΦA(z, w, t) = e−z∗z−w∗w+ε∗11z−ε11z∗+ε12w−ε∗12w∗

× exp

[〈
1

2

(
zα′∗(t)− z∗α′(t) + wβ′∗(t)− w∗β′(t)

)2
〉]

(3.254)

or

ΦA(z, w, t) = exp

[
− z∗z(1 + 〈α′∗(t)α′(t)〉) +

1

2
(z2〈α′∗2(t)〉+ z∗2〈α′2(t)〉)

+ z∗(w∗〈α′(t)β′(t)〉 − w〈α′(t)β′∗(t)〉 − ε11)

+ z(w〈α′∗(t)β′∗(t)〉 − w∗〈α′∗(t)β′(t)〉+ ε∗11)

− w∗w(1 + 〈β′∗(t)β′(t)〉) +
1

2
(w2〈β′∗2(t)〉+ w∗2〈β′2(t)〉)

+ ε12w − ε∗12w
∗
]
. (3.255)

Now on account of Eq. (3.249), we have

〈α′2(t)〉 = 〈(p1(t)α(0) + q1(t)β
∗(0))2〉+ 2〈(p1(t)α(0) + q1(t)β

∗(0))G1(t)〉

+ 〈G1(t)G1(t)〉. (3.256)

With the aid of Eqs. (3.157), (3.110), and (3.111) along with the assumption that initially

the cavity modes are in vacuum state and the fact that a noise force at a given instant

does not affect the cavity mode variables at earlier time, we obtain

〈α′2(t)〉 = 0. (3.257)

Similarly, we easily get

〈β′∗2(t)〉 = 〈β′∗(t)α′(t)〉 = 0, (3.258)

〈α′(t)β′(t)〉 =〈G∗
2(t)G1(t)〉, (3.259)

〈α′∗(t)α′(t)〉 =〈G∗
1(t)G1(t)〉, (3.260)
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〈β′∗(t)β′(t)〉 =〈G∗
2(t)G2(t)〉. (3.261)

Hence on account of Eqs. (3.257), (3.258), (3.259), (3.260), and (3.261), the characteristic

function can be put in the form

ΦA(z, w, t) =e−aαz∗z+z∗(w∗b−ε11)+z(wb∗+ε∗11)e−aβw∗w+ε12w−ε∗12w∗
, (3.262)

where

aα =1 + 〈G∗
1(t)G1(t)〉, (3.263)

aβ =1 + 〈G∗
2(t)G2(t)〉, (3.264)

b =〈G∗
2(t)G1(t)〉. (3.265)

With the aid of Eqs. (3.157), (3.158), (3.117), (3.118), (3.119), and (3.180), we can write

(3.263), (3.264), and (3.265) as

aα = 1 +
κA(1− η)(4κ+ 3Aη + A) + 16ε2

2(κ+ Aη)

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[2κ(2κ+ 2Aη + A) + A2(1 + η)− 4ε2A

√
1− η2]2κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[4ε2 − A

√
1− η2](2κ+ Aη + A)2κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

, (3.266)

aβ = 1 +
κ(4ε2 + A

√
1− η2)2 + (4ε2 + A

√
1− η2)[2κ+ Aη − A]2κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[2κ(2κ+ 2Aη − A) + A2(1− η) + 4ε2A

√
1− η2]2κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

, (3.267)

and

b =
κ(4ε2 + A

√
1− η2)(2κ+ Aη + A) + [(2κ+ Aη)2 − A2]2κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[4ε2(2κ+ Aη) + A2

√
1− η2]2κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

. (3.268)

Now using (3.262) in Eq (3.244), we have

Q(α, β, t) =
1

π2

∫
d2z

π

d2w

π
exp

{
− aαz

∗z + z∗(α− ε11 + w∗b)− z(α∗ − ε∗11 − wb∗)

}
× exp

{
− aβw

∗w + w∗(β − ε∗12)− w(β∗ − ε12)

}
, (3.269)
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so that carrying out the integration with the help of Eq. (2.218), the Q function is found

to be

Q(α, β, t) =
uαuβ − v∗v

π2
exp

[
− uβα

∗α+ α(p∗ + v∗β) + α∗(p+ vβ∗)

− uαβ
∗β + βq∗ + β∗q − ε11p

∗ − ε12q

]
, (3.270)

where

uα =
aα

aαaβ − b∗b
, (3.271)

uβ =
aβ

aαaβ − b∗b
, (3.272)

v =
b

aαaβ − b∗b
, (3.273)

p = uβε11 − vε12, (3.274)

q = uαε
∗
12 − vε∗11. (3.275)

Mean and variances of the photon number sum and difference

We next proceed to calculate the mean and variances of the photon number sum and

difference of mode a and mode b applying the Q function. We define the operators

representing the photon number sum and difference of mode a and mode b by

n̂± = â†â± b̂†b̂. (3.276)

Then the mean of the photon number sum and difference can be written in terms of the

Q function as

n± =

∫
d2α d2β Q(α, β, t) (α∗α± β∗β − 1∓ 1) . (3.277)

On account of Eq. (3.270), we see that

n± =
uαuβ − v∗v

π2
e−ε11p∗−ε12q

∫
d2α d2β (α∗α± β∗β − 1∓ 1)

× e−uβ |α|2+α∗(p+vβ∗)+α(p∗+v∗β)−uα|β|2+β∗q+βq∗ . (3.278)
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This equation can be rewritten as

n± =
uαuβ − v∗v

π2
e−ε11p∗−ε12q

(
∂2

∂p∗∂p
± ∂2

∂q∗∂q
− 1∓ 1

)
×

∫
d2α d2β e−uβ |α|2+α∗(p+vβ∗)+α(p∗+v∗β)−uα|β|2+β∗q+βq∗ . (3.279)

Upon carrying out the integration with the help of Eq. (2.218), we obtain

n± =e−ε11p∗−ε12q

(
∂2

∂p∗∂p
± ∂2

∂q∗∂q
− 1∓ 1

)
exp

{
uαp

∗p+ uβq
∗q + v∗pq + vp∗q∗

uαuβ − v∗v

}
,

(3.280)

from which follows

n± = na ± nb, (3.281)

where

na =
uα

uαuβ − v∗v
+ ε∗11ε11 − 1 (3.282)

and

nb =
uβ

uαuβ − v∗v
+ ε∗12ε12 − 1 (3.283)

are the mean photon numbers of mode a and mode b. With the aid of Eqs. (3.271),

(3.272), (3.266), and (3.267), we can write

na =
κA(1− η)(4κ+ 3Aη + A) + 16ε2

2(κ+ Aη)

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[2κ(2κ+ 2Aη + A) + A2(1 + η)− 4ε2A

√
1− η2]2κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[4ε2 − A

√
1− η2](2κ+ Aη + A)2κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
ε2
1(2κ+ Aη + A+ 4ε2 − A

√
1− η2)2

[κ(κ+ Aη)− 4ε2
2]

2
(3.284)

and

nb =
κ(4ε2 + A

√
1− η2)2 + (4ε2 + A

√
1− η2)[2κ+ Aη − A]2κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[2κ(2κ+ 2Aη − A) + A2(1− η) + 4ε2A

√
1− η2]2κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
ε2
1(2κ+ Aη − A+ 4ε2 + A

√
1− η2)2

[κ(κ+ Aη)− 4ε2
2]

2
. (3.285)
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Fig. 3.9: A plot of the mean of the photon number difference [Eq .(3.286)] versus η for A = 100,

κ = 0.8, ε1 = 0.2, ε2 = 0.399, and r = 0.5.

We easily see from Eqs. (3.284) and (3.285) that the driving coherent light enhances the

mean photon numbers of mode a and mode b. On account of Eqs. (3.284) and (3.285),

the mean of the photon number sum and difference can be written in the form

n± =
2κA(1− η)(2κ+ Aη) + 16ε2

2Aη ± κ8ε2A
√

1− η2 + (1± 1)κ[A2(1− η2) + 16ε2
2]

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[(1± 1)[2κ(2κ+ 2Aη) + A2] + (1∓ 1)A[2κ+ Aη − 4ε2

√
1− η2]]2κN

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
[(1± 1)[4ε2(2κ+ Aη)− A2

√
1− η2] + (1∓ 1)A[4ε2 − (2κ+ Aη)

√
1− η2]]2κM

4[κ(κ+ Aη)− 4ε2
2](2κ+ Aη)

+
ε2
1[(2κ+ Aη + A+ 4ε2 − A

√
1− η2)2 ± (2κ+ Aη − A+ 4ε2 + A

√
1− η2)2]

[κ(κ+ Aη)− 4ε2
2]

2
.

(3.286)

Fig 3.9 represents a plot of the mean of the photon number difference [Eq. (3.286)] versus

η for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.399, and r = 0.5. We see from this figure that the

mean of the photon number difference is positive. This indicates that the mean photon

number of mode a is greater than that of mode b. Moreover, we observe in general that

the mean of the photon number difference decreases as η increases.

We now proceed to consider some special cases. We first consider the case in which

the parametric amplifier, the driving coherent light, and the squeezed vacuum reservoir
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are absent. Thus upon setting ε1 = ε2 = r = 0 in Eq. (3.286), we get

n± =
2A(1− η)(2κ+ Aη) + (1± 1)A2(1− η2)

4[(κ+ Aη)](2κ+ Aη)
. (3.287)

This is the mean of the photon number sum and difference for the cavity modes pro-

duced by a nondegenerate three-level laser coupled to a vacuum reservoir. We see from

Eq. (3.287) that the mean of the photon number difference is positive. This also shows

that the mean photon number of mode a is greater than that of mode b. We next consider

the case in which atoms are not injected into the cavity. Hence upon setting A = 0 in

Eq. (3.286), we find

n± = (1± 1)

[
2ε2

2 + κ2N + 2ε2κM

κ2 − 4ε2
2

+
4κ2ε2

1

(κ2 − 4ε2
2)

2

]
. (3.288)

This represents the mean of the photon number sum and difference of the cavity modes for

a nondegenerate parametric oscillator driven by coherent light and coupled to a squeezed

vacuum reservoir. We see from Eq. (3.288) that the mean of the photon number difference

is zero. We observe from these two special cases that the mean photon number of mode a

is greater than that of mode b due to the three-level laser. And the increase in the mean

photon number of mode a must be due to the decay of some atoms from the intermediate

level to levels other than level c spontaneously.

We next proceed to calculate the variances of the photon number sum and difference

of mode a and mode b. The variances of the photon number sum and difference defined

by

∆n2
± = 〈(â†â± b̂†b̂)2〉 − 〈â†â± b̂†b̂〉2 (3.289)

can be expressed as

∆n2
± = ∆n2

a + ∆n2
b ± 2nab, (3.290)

in which

∆n2
a = 〈(â†â)2〉 − n2

a (3.291)

is the photon number variance of mode a,

∆n2
b = 〈(b̂†b̂)2〉 − n2

b (3.292)
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is the photon number variance of mode b, and

nab = 〈â†âb̂†b̂〉 − nanb. (3.293)

with na = 〈â†â〉 and nb = 〈b̂†b̂〉. Using the commutation relation [â, â†] = 1, we can write

∆n2
a = 〈â2â†2〉 − n2

a − 3na − 2. (3.294)

The first term on the right side of Eq. (3.294) can be expressed in terms of the Q function

as

〈â2â†2〉 =

∫
dα2dβ2Q(α, β, t)α∗2α2. (3.295)

On account of Eq. (3.270), we have

〈â2â†2〉 =
uαuβ − v∗v

π2
e−ε11p∗−ε12q∫

d2α d2β α2α∗2e−uβ |α|2+α∗(p+vβ∗)+α(p∗+v∗β)−uα|β|2+β∗q+βq∗ (3.296)

or

〈â2â†2〉 =
uαuβ − v∗v

π2
e−ε11p∗−ε12q

∂4

∂p2∂p∗2

∫
d2α d2β e−uβ |α|2+α∗(p+vβ∗)+α(p∗+v∗β)−uα|β|2+β∗q+βq∗ . (3.297)

Hence carrying out the integration, we get

〈â2â†2〉 = e−ε11p∗−ε12q ∂4

∂p2∂p∗2
exp

{
uαp

∗p+ uβq
∗q + v∗pq + vp∗q∗

uαuβ − v∗v

}
. (3.298)

Then performing the differentiation, we find

〈â2â†2〉 =
2u2

α

(uαuβ − v∗v)2
+

4uα

uαuβ − v∗v

∣∣∣∣ uαp+ vq∗

uαuβ − v∗v

∣∣∣∣2 +

∣∣∣∣ (uαp+ vq∗)2

(uαuβ − v∗v)2

∣∣∣∣2. (3.299)

With the aid of Eqs. (3.274), (3.275), and (3.282), we can write as

〈â2â†2〉 = 2(na + 1)2 − |ε11|4. (3.300)

Therefore, substitution of Eq. (3.300) into Eq. (3.294) yields

∆n2
a = n2

a + na − |ε11|4. (3.301)
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Fig. 3.10: Plots of the mean of the photon number difference [Eq .(3.286)] versus η (solid curve)

and the variance of the photon number difference [Eq .(3.304)] versus η (dashed curve)

for A = 100, κ = 0.8, ε2 = 0.399, ε1 = 0.2, and r = 0.5.

Following the same procedure, we easily obtain

∆n2
b = n2

b + nb − |ε12|4 (3.302)

and

nab = |b+ ε11ε
∗
12|2 − |ε11|2|ε∗12|2. (3.303)

Hence combination of Eqs. (3.284), (3.295), (3.296), and (3.297) results in

∆n2
± = n2

a + na + n2
b + nb ± 2|b+ ε11ε

∗
12|2 − (|ε11|2 ± |ε∗12|2)2. (3.304)

Fig 3.10 represents the mean and variance of the photon number difference versus η for

A = 100, κ = 0.8, r = 0.5, ε1 = 0.2, and ε2 = 0.399. We observe from the figure that the

variance of the photon number difference is greater than the mean of the photon number

difference.

The photon number distribution

In this section we wish to obtain the joint probability for observing m photons of mode a

and n photons of mode b. The photon number distribution for a two-mode light can be
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expressed in terms of the Q function as [28, 33]

P (m,n, t) =
π2

m!n!

∂2m+2n

∂α∗m∂αm∂β∗n∂βn
Q(α, β, t)eα∗α+β∗β

∣∣∣∣
α=β=0

. (3.305)

Employing Eq (3.270), we see that

P (m,n, t) =
uαuβ − v∗v

m!n!
e−ε11p∗−ε12q

∂2m+2n

∂α∗m∂αm∂β∗n∂βn
exp

{
(1− uβ)α∗α+ (1− uα)β∗β + vβ∗α∗ + v∗βα

+ α∗p+ αp∗ + β∗q + βq∗
}∣∣∣∣

α=β=0

. (3.306)

Expanding in power series, we have

P (m,n, t) =
uαuβ − v∗v

m!n!
e−ε11p∗−ε12q

∑
k,l,i,j,r,s,t,w

(1− uβ)k

k!

(1− uα)l

l!

vi

i!

v∗j

j!

pr

r!

p∗s

s!

qt

t

q∗w

w!

∂mα∗k+i+r

∂α∗m
∂mαk+j+s

∂αm

∂nβ∗l+i+t

∂β∗n
∂nβl+j+w

∂βn

∣∣∣∣
α=β=0

. (3.307)

It then follows that

P (m,n, t) = (uαuβ − v∗v)m!n!e−ε11p∗−ε12q
∑

k,l,i,j,r,s,t,w

(1− uβ)k

k!

(1− uα)l

l!

vi

i!

v∗j

j!

pr

r!

p∗s

s!

qt

t!

q∗w

w!

δ(k + i+ r,m)δ(k + j + s,m)δ(l + i+ t, n)δ(l + j + w, n). (3.308)

Hence applying the properties of the Kronecker delta, the joint probability for observing

m photons of mode a and n photons of mode b can be put in the form

P (m,n, t) =(uαuβ − v∗v)m!n!e−ε11p∗−ε12q

m,n∑
k,l

(1− uβ)k

k!

(1− uα)l

l!

×
∣∣∣∣ (m−k,n−l)min∑

i

vi

i!

pm−k−i

(m− k − i)!

qn−l−i

(n− l − i)!

∣∣∣∣2. (3.309)
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Fig. 3.11: A plot of the photon number distribution [Eq. (3.309)] versus m and n for A = 100,

κ = 0.8, ε1 = 0.2, ε2 = 0.339, η = 0.01, and r = 0.5.

In Fig 3.11 we plot the probability to observe m photons of mode a and n photons of

mode b versus m and n for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.339, η = 0.01, and r = 0.5.

The peak in the figure represents the joint probability to observe equal number of photons

of mode a and mode b. From this figure we see that the joint probability to observe m

photons of mode a and n photons of mode b decreases as the difference between m and n

increases.

Upon setting m = n in Eq. (3.309), we find

P (n, n, t) =(uαuβ − v∗v)(n!)2e−ε11p∗−ε12q

n∑
k,l

(1− uβ)k

k!

(1− uα)l

l!

×
∣∣∣∣ (n−k,n−l)min∑

i

vi

i!

pn−k−i

(n− k − i)!

qn−l−i

(n− l − i)!

∣∣∣∣2. (3.310)

This represents the joint probability to observe equal number of photons of mode a and

mode b. Fig 3.12 is a plot of the probability to observe n photons of mode a and n photons

of mode b versus n for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.339, η = 0.01, and r = 0.5. We

observe from this figure that the joint probability to observe equal number of photons of

mode a and mode b decreases as the number of photons increases.
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Fig. 3.12: A plot of the photon number distribution [Eq. (3.310)] versus n for A = 100, κ = 0.8,

ε1 = 0.2, ε2 = 0.339, η = 0.01, and r = 0.5.

3.3.2 Mean and variances of the photon count sum and difference

In this section we wish to calculate the mean and the normally-ordered variances of the

photon count sum and difference for the output modes. We define the moment generating

function for a two-mode light by [34]

M(λ1, λ2) =
∞∑

k,l=0

P (k, l)(1− λ1)
k(1− λ2)

l, (3.311)

where P (k, l) is the photon count distribution for a two-mode light. The mean of the

photon count sum and difference, defined by

m± =
∞∑

k,l=0

(k ± l)P (k, l), (3.312)

can be expressed in terms of the moment generating function as

m± = [(λ1 − 1)
d

dλ1

± (λ2 − 1)
d

dλ2

]M(λ1, λ2)

∣∣∣∣
λ1=λ2=0

. (3.313)

Furthermore, the photon count distribution can be expressed in terms of the photon

number distribution for the output modes [26, 34] as

P (k, l) =
∞∑

m=k,n=l

m!

k!(m− k)!

n!

l!(n− l)!
Pout(m,n)νk(1− ν)m−kνl(1− ν)n−l, (3.314)
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in which ν, considered to be the same for the two modes, is the probability for detecting

a single photon . Upon substituting Eq. (3.314) into Eq. (3.311), we get

M(λ1, λ2) =
∞∑

m,n=0

Pout(m,n)
∞∑

m=k

m!

k!(m− k)!
[ν(1− λ1)]

k(1− ν)m−k

×
∞∑

n=l

n!

l!(n− l)!
[ν(1− λ2)]

l(1− ν)n−l. (3.315)

Inverting the order of the summations, we have

M(λ1, λ2) =
∞∑

m,n=0

Pout(m,n)
m∑

k=0

m!

k!(m− k)!
[ν(1− λ1)]

k(1− ν)m−k

×
n∑

l=0

n!

l!(n− l)!
[ν(1− λ2)]

l(1− ν)n−l, (3.316)

so that applying the binomial theorem, the moment generating function can be written

as

M(λ1, λ2) =
∞∑

m,n=0

Pout(m,n)(1− νλ1)
m(1− νλ2)

n. (3.317)

Using Eq. (3.317) in Eq. (3.313), we see that

m± =
∞∑

m,n=0

Pout(m,n)[(λ1 − 1)
d

dλ1

± (λ2 − 1)
d

dλ2

](1− νλ1)
m(1− νλ2)

n

∣∣∣∣
λ1=λ2=0

.

(3.318)

Hence on carrying out the differentiation and then setting λ1 = 0 and λ2 = 0, we find

m± = νnout±, (3.319)

where nout± is the mean of the photon number sum and difference for the output modes.

Moreover, in view of Eq. (2.275), we have

nout± = κn± + (1− κ)(N ±N). (3.320)

Hence applying Eq. (3.320) in Eq. (3.319), the mean of the photon count sum and differ-

ence for the output modes can be put in the form

m± = νκn± + ν(1− κ)(N ±N). (3.321)
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The first and second terms on the right side of this equation represent the mean of the

photon count sum and difference for the transmitted cavity photons and the mean of the

photon count sum and difference for the reflected input photons, respectively. We see

from this equation that the mean of the photon count difference for the output modes is

the mean of the photon count difference of the transmitted cavity photons only.

We next seek to calculate the normally-ordered variances of the photon count sum

and difference for the output modes. We note that the variances of the photon count sum

and difference is given by

∆m2
± = m2± −m2

±. (3.322)

With the aid of Eq. (3.311), we can easily verify that

m2
± =[(λ1 − 1)

d

dλ1

± (λ2 − 1)
d

dλ2

]2M(λ1, λ2)

∣∣∣∣
λ1=λ2=0

. (3.323)

Using Eq. (3.317), we have

m2
± =

∞∑
m,n=0

Pout(m,n)[(λ1 − 1)
d

dλ1

± (λ2 − 1)
d

dλ2

]2(1− νλ1)
m(1− νλ2)

n

∣∣∣∣
λ1=λ2=0

,

(3.324)

so that carrying out the differentiation and applying the condition λ1 = λ2 = 0, we get

m2
± = ν2〈n̂2

out±〉+ ν(1− ν)nout+. (3.325)

Upon substituting (3.319) and (3.325) into Eq. (3.322), we find

∆m2
± = ν2∆n2

out± + ν(1− ν)nout+. (3.326)

where

∆n2
out± = 〈n̂2

out±〉 − n2
out± (3.327)

is the variances of the photon number sum and difference for the output modes. With the

aid of the commutation relations [âout, â
†
out] = [b̂out, b̂

†
out] = 1, we can write Eq. (3.327) as

∆n2
out± =: ∆n2

out± : + nout+, (3.328)
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where

: ∆n2
out± : = 〈(α∗outαout ± β∗outβout)

2〉 − n2
out±, (3.329)

is the normally-ordered variances of the photon number sum and difference for the output

modes. With the aid Eqs. (3.326) and (3.328), we can write the normally-ordered variances

of the photon count sum and difference as

: ∆m2
± : = ν2 : ∆n2

out± : . (3.330)

We next proceed to calculate the normally-ordered variances of the photon number

sum and difference for the output modes. To this end, we note that

: ∆n2
out± : = (: ∆n2

out :)a + (: ∆n2
out :)b ± 2(nout)ab (3.331)

where

(: ∆n2
out :)a = 〈α∗2outα

2
out〉 − 〈α∗outαout〉2 (3.332)

(: ∆n2
out :)b = 〈β∗2outβ

2
out〉 − 〈β∗outβout〉2 (3.333)

(nout)ab = 〈α∗outαoutβ
∗
outβout〉 − 〈α∗outαout〉〈β∗outβout〉. (3.334)

Employing the input-output relation, we can write

〈α∗2outα
2
out〉 = κ2〈α∗2α2〉/2 + 〈α∗2inα

2
in〉/2 + 2κ〈α∗αα∗inαin〉+ κ〈α∗2inα

2〉

− 2κ
√
κ〈α∗α∗inα2〉 − 2

√
κ〈α∗2inαinα〉+ c.c. (3.335)

We now proceed to evaluate the expectation values involved in Eq. (3.335). To this end,

Eqs. (3.155) and (3.156) can be rewritten as

α = α′ + ε11, (3.336)

β∗ = β′∗ + ε12, (3.337)

in which

α′ = p1(t)α(0) + q1(t)β
∗(0) +G1(t), (3.338)
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β′∗ = p2(t)β
∗(0) + q2(t)α(0) +G2(t). (3.339)

Taking into account Eq. (3.336), we see that

〈α∗αα∗inαin〉 = 〈α′∗α′α∗inαin〉+ ε∗11ε11〈α∗inαin〉+ ε11〈α′∗α∗inαin〉+ ε∗11〈α∗inα′αin〉. (3.340)

We recall that α′ and αin are Gaussian variables with zero mean. Hence Eq. (3.340) can

be put in the form

〈α∗αα∗inαin〉 = 〈α′∗α′〉〈α∗inαin〉+ 〈α′∗α∗in〉〈α′αin〉+ 〈α′∗αin〉〈α′α∗in〉+ ε∗11ε11〈α∗inαin〉.

(3.341)

With the aid of Eqs. (3.338), (3.339), (3.202), (3.203), (3.197), (3.198), (3.199), and

the relations

αin =
1√
κ
fαr, βin =

1√
κ
fβr, (3.342)

we can easily verify that

〈α′αin〉 = 〈β′βin〉 = 〈α′∗βin〉 = 〈β′∗αin〉 = 0, (3.343)

〈α′∗αin〉 = 〈β′∗βin〉 =
√
κN/2, (3.344)

〈α′βin〉 = 〈β′αin〉 =
√
κM/2. (3.345)

Moreover, we note that for a two-mode squeezed vacuum reservoir

〈α2
in〉 = 〈β2

in〉 = 〈α∗inβin〉 = 〈β∗inαin〉 = 0, (3.346)

〈α∗inαin〉 = 〈β∗inβin〉 = N, (3.347)

〈αinβin〉 = 〈βinαin〉 = M. (3.348)

On account of (3.344) and (3.347), Eq. (3.341) takes the form

〈α∗αα∗inαin〉 = naN + κN2/4. (3.349)
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where

na = 〈α′∗α′〉+ ε∗11ε11 (3.350)

is the mean photon number of mode a.

Furthermore, taking into account Eq. (3.335) along with the fact that α′ and αin are

Gaussian variables with zero mean, we can write

〈α∗2inα
2〉 = 〈α∗2in〉〈α′2〉+ 2〈α∗inα′〉2 + ε2

11〈α∗2in〉. (3.351)

In view of Eqs. (3.344) and (3.346), we have

〈α∗2inα
2〉 = κN2/2. (3.352)

Following a similar procedure, we easily obtain

〈α∗α∗inα2〉 =
√
κnaN (3.353)

and

〈α∗α∗inα2
in〉 =

√
κN2. (3.354)

Upon substituting Eqs. (3.349), (3.352), (3.353), and (3.354) into Eq. (3.335), we get

〈α∗2outα
2
out〉 = κ2〈α∗2α2〉+ 〈α∗2inα

2
in〉+ 4κ(1− κ)naN + 2(κ2 − 2κ)N2. (3.355)

Moreover, on account of Eq. (2.275), we see that

〈α∗outαout〉 = na + (1− κ)N, (3.356)

so that in view of (3.355) and (3.356), one can express (3.332) as

(: ∆n2
out :)a = κ2 : ∆n2

a : +(1− κ)2N2 + 2κ(1− κ)naN, (3.357)

where

: ∆n2
a : = 〈α∗2α2〉 − n2

a (3.358)

is the normally-ordered photon number variance for mode a. Following the same proce-
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Fig. 3.13: A plot of the variance of the normally-ordered photon count difference [Eq. (3.367)]

versus η for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.399, r = 0.5, and ν = 0.6.

dure, we find

(: ∆n2
out :)b = κ2 : ∆n2

b : +(1− κ)2N2 + 2κ(1− κ)nbN, (3.359)

where

: ∆n2
b : = 〈β∗2β2〉 − n2

b (3.360)

is the normally-ordered photon number variance for mode b and

(n2
out)ab = κ2nab + (1− κ)2M2 + 2κ(1− κ)M ′M, (3.361)

with

nab = 〈α∗αβ∗β〉 − nanb (3.362)

and

M ′ = 〈α′β′〉+ ε11ε12. (3.363)

Therefore, on account of Eq. (3.357), (3.359), and (3.361), we can write Eq. (3.331) as

: ∆n2
out± : = κ2 : ∆n2

± : +(1− κ)2 : ∆n2
in± : + 2κ(1− κ)(n+N ± 2M ′M), (3.364)
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where

: ∆n2
± : =: ∆n2

a : + : ∆n2
b : ±2nab (3.365)

and

: ∆n2
in± := 2(N2 ±M2) (3.366)

are the normally-ordered variances of the photon number sum and difference for the cavity

and the input modes. On substituting Eq. (3.364) into Eq. (3.330), the normally-ordered

variances of the photon count sum and difference for the output mode is found to be

: ∆m2
± : = ν2κ2 : ∆n2

± : +ν2(1− κ)2 : ∆n2
in± : + 2κ(1− κ)ν2(n+N ± 2M ′M). (3.367)

Fig 2.13 represents the variance of the normally-ordered photon count difference versus

η for A = 100, κ = 0.8, ε1 = 0.2, ε2 = 0.399, r = 0.5, and ν = 0.6. We observe from

the figure that the variance of the photon count difference is less than the mean of the

photon count sum for η between 0 and 0.95.
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Conclusion

In this dissertation we have studied the squeezing and statistical properties of the cavity

and output modes produced by a degenerate as well as a nondegenerate three-level laser

whose cavity contains a parametric amplifier and with the cavity modes driven by coherent

light and coupled to a squeezed vacuum reservoir. We have obtained, using the master

equation, stochastic differential equations associated with the normal ordering. Applying

the solutions of the resulting differential equations, we have calculated the quadrature

variances and squeezing spectrum. The light produced by the degenerate as well as the

nondegenerate system is in a squeezed state. It is found that the parametric amplifier and

the squeezed vacuum reservoir increase the degree of squeezing, but the driving coherent

light does not have any effect on the squeezing. Moreover, the squeezing of the cavity

modes is greater than that of the output modes for some values of η. We have also seen

that the degree of squeezing increases with the linear gain coefficient for small values of η

and almost perfect squeezing can be obtained for large values of the linear gain coefficient.

In addition, the squeezing spectrum of the output mode for the degenerate case shows

that at threshold there is perfect squeezing for η = 0, ω = ω0, and for any values of the

linear gain coefficient, the cavity damping constant, and the squeeze parameter.

We have determined employing the Q function the mean photon number, the variance

of the photon number, and the photon number distribution for the cavity modes. The

mean photon number increases considerably due to the driving coherent light, squeezed

vacuum reservoir, and parametric amplifier.



Conclusion

For the degenerate case, we have seen that the probability of observing even number

of photons is greater than the probability of observing odd number of photons.

We have found that the mean photon number of mode a is greater than that of mode

b. This could be due to the spontaneous decay of some atoms from the intermediate level

to levels other than the lower level. We have observed that the joint probability to observe

m photons of mode a and n photons of mode b decreases as the difference between m and

n increases. Finally, we have calculated the mean and normally-ordered variance of the

photon count for the output mode. These result show that the normally-ordered variance

of the photon count is greater than the mean of the photon count. For the nondegenerate

case we have seen that the normally-ordered variance of the photon count difference is

less than the mean of the photon count sum for η between 0 and 0.95.

Since the effect of the parametric amplifier, the driving coherent light, and the squeezed

vacuum reservoir on the three-level laser is to enhance both the degree of squeezing and

the mean photon number, a bright and highly squeezed light can be produced by the

quantum optical system considered in this dissertation.

106



Bibliography

[1] N. A. Ansari, Phys. Rev. A 48, 4686 (1993).

[2] S. Tesfa, Phys. Rev. A 74, 043816 (2006).

[3] M. O. Scully, K. Wodkiewicz, M. S. Zubairy, J. Bergou, N. Lu, and J. Meyer te vehn,

Phys. Rev. Latt. 60, 1832 (1988).

[4] K. Fesseha, Phys. Rev. A 63, 033811 (2001).

[5] J. Anwar and M. S. Zubairy, Phys. Rev. A 49, 481 (1994).

[6] Gebremedhen Gebrekirstos, MSc Thesis, Addis Ababa University, (2000).

[7] Wubshet Mekonen, MSc Thesis, Addis Ababa University, (2007).

[8] N. Lu and S. Y. Zhu, Phys. Rev. A 40, 5735 (1989).

[9] N. A. Ansari, J. Gea-Banacloche, and M. S. Zubairy, Phys. Rev. A 41, 5179 (1990).

[10] E. Alebachew and K. Fesseha, Opt. Commun. 265, 314 (2006).

[11] C. A. Blockley and D. F. Walls Phys. Rev. A 43, 5049 (1991).

[12] Adanh Samuel, MSc Thesis, Addis Ababa University, 2003.

[13] C. M. Savage and D. F. Walls, Phys. Rev. A 33, 3282 (1986).

[14] N. Lu, F.X Zhao, and J. Bergou, Phys. Rev. A 39, 5189 (1989).

[15] S. An and M. Sargent III, Phys. Rev. A 39, 1841 (1989).



BIBLIOGRAPHY BIBLIOGRAPHY

[16] A. Ben-Arie, G. A. Koganov, and R. Shuker, Phys. Rev. A 76, 053811 (2006).

[17] S. Y. Zhu and X. S. Li, Phys. Rev. A 36, 3889 (1987).

[18] N .Lu and J. A. Bergou, Phys. Rev. A 40, 250 (1989).

[19] H .P. Yuen, Phys. Rev. A 13, 226 (1976).

[20] N. Lu and S. Y. Zhu, Phys. Rev. A 30, 1386 (1984).

[21] Fesseha Kassahun, Fundamentals of Quantum Optics (Lulu, North Carolina, 2008).

[22] M. O. Scully and M. S. Zubairy, Quantum Optics, (Cambridge University Press,

Cambridge, 1997)

[23] G. J. Milburn and D.F. Walls, Phys. Rev. A 27, 392 (1983).

[24] L. Wu, H. J. Kimble, J. L. Hall, and H. Wu, Phys. Rev. Lett. 57, 2520 (1986).

[25] J. Anwar and M. S. Zubairy, Phys. Rev. A 45, 1804 (1992).

[26] D. F. Walls and G. J. Milburn, Quantum Optics, (Springer-Verlage, Berlin, 1994)

[27] L. I. Plimak and D.F. Walls, Phys. Rev. A 50, 2627 (1994).

[28] B. Daniel and K. Fesseha, Opt. Commun. 151, 384 (1998).

[29] K. Fesseha, Opt. Commun. 156, 145 (1998).

[30] B. Teklu, Opt. Commun. 261, 310 (2006).

[31] S. Tesfa, Eur. Phys. J. D 43, 351 (2008).

[32] W. Chow. W. Koch, and M. Sargent III, Semiconductor Laser Physics, (Springer-

Verlag, Berlin, 1994).

[33] M. S. Zubairy, Phys. Rev. A 20, 2464 (1979).

[34] S. M. Barnett and P. M. Radmore, Methods in Theoretical Quantum Optics, (Oxford

University Press, New York, 1997).

108


	Introduction
	Degenerate Three-Level Laser
	Stochastic Differential Equations 
	Master equation 
	Stochastic differential equations 

	Quadrature Squeezing
	Quadrature variance of the cavity mode
	Quadrature variance of the output mode
	Squeezing spectrum of the output mode

	 Photon Statistics
	Photon number statistics of the cavity mode
	Mean and variance of the photon count 


	Nondegenerate Three-Level Laser
	Stochastic Differential Equations 
	Master equation
	Stochastic differential equations

	Quadrature Squeezing
	Quadrature variance of the cavity modes
	Quadrature variance of the output modes
	Squeezing spectrum of the output modes

	 Photon Statistics
	Photon statistics of the cavity modes
	Mean and variances of the photon count sum and difference 


	Conclusion

