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Abstract

Accurate and reliable calculation of the ellipticity parameter is very important in
order to theoretically study the gravitational waves emitted by pulsars which is a hot
research area in the field astrophysics. Ellipticity is a result of lack in symmetry of
spherical bodies. In the case of pulsars rotation and magnetic fields are the causes
of deformation. According to relativistic plasma diffusion model for neutron star
magnetic fields, the surface magnetic field of neutron stars depends on their rotation

frequency. Hence it can be deduced that the parameter ellipticity depends on the

But gravitational and magnetic dipole radiations affect the rotational frequency of
pulsars which in turn will also affect the parameter ellipticity. In this work we will
estimate the contributions of gravitational and dipole radiations to the parameter

ellipticity.
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Introduction

Our universe is populated by massive objects like galaxies, stars, and so on. Clouds
of interstellar gas consisting mostly of hydrogen and a little dust are the incubators of
stars. Important factors in stellar formation are gravity, dust, gas pressure, rotation,
magnetic fields, winds and radiation from near by young stars, and radiative shock
waves. The dust in the molecular clouds originates on the cool stellar surfaces of
redgiants (massive stars in a late stage of stellar evolution). Dust shields cloud inte-
riors from UV star light, enabling their centers to cool. With lower thermal pressure,
gravitational collapse of the denser regions becomes inevitable. A clump of gas then
begins to fall towards its mass center under the attraction of gravity. Gravitational
energy is converted to heat by compression.

The opacity of the gas increases as its density and establishes a temperature and
thermal pressure gradient which approximately balances gravity until the core temn-
perature raises to the ignition point for fusing hydrogen into helium. There after
fusion becomes the important energy source and the thermal and radiation pressure
will now nearly balance gravity for millions to billions of years. The protostar has
now joined the main sequence of stars.(the evolutionary path way of stars first pro-
posed by H. N. Russel). The star will spend most of its luminous life in this state
of suspended collapse as it burns its large store of hydrogen, slowly radiating energy
from its surface. Thermonuclear fusion provides the energy for the great furnace, in the
phase of Eddington [1] which evolves stars through the various stages of combustion
helium, carbon, neon, oxygen, magnesium, and silicon. Fusion will end when iron the
most bound nuclear species is reached. Beyond iron, fusion is no more exothermic.

The cessation of nuclear fusion signals the end of luminous stage of of the star. The



constant and estimate wrong values. According to the new model (3], however pulsar
magnetic fields decay due to mainly the braking mechanisims involving quadrapole
gravitational and magnetic dipole radiations but also due to neutrino and photon
emissions. Based on this model we will estimate the time gravitational radiation will
remain the dominant cause for pulsars ellipticity, die down and at the same time
calculate the time evolution of the same parameter.

This thesis consists four chapters. In the first chapter we will derive the basic formu-
las for the rate at which energy is carried away from pulsars due to gravitational and
magnetic dipole radiations. In the second chapter a mechanism, based on the physi-
cal conservation laws, will be developed out of which the initial angular frequency of
pulsars can be estimated.

In chapter 3, with the help of the basic formulas derived in chapter 1, we will find
expressions for the time evolutions of angular velocity for gravitational and dipole
radiations, Finally in chapter 4, based on the expressions for the time evolutions of
angular velocity found in chapter 3, we will derive the time evolution of the ellipticity

due to gravitational and dipole radiations.




Let us next express [);; as a sum of IFourier components
D,‘j(t) = Z 8(—iwt)Dij (UJ) (1218)
o

Neutron stars emit gravitational waves mainly at frequencies twice the rotational one.
For this particular frequency w = 22, the non vanishing Fourier coeflicients can be

calculated using
D,‘j (t) = Di'j (29)6(_2“”) (]. 219)

Hence from the above equation we get

Dy1(t) = Dyy(20)el~2 (1.2.20)

or

DlI(QQ) = Dll(t)e(zint) (1221)

Substituting this into equation 1.2.14 we have
! @ity | 1 ice) |, 1
DH(ZQ) = 5(111 + Izz)e + Z(Iu — 1-22)6 + Z(Iu — Izg) (1222)

When averaged over time the first two terms of the above two equation vanish. Therefore
D11(29Q) becomes
1
Dn(20) = Z(In —In) (1.2.23)

In a similar procedure one conld arrive at the following results for Doy and Dy,.

D (29) = %(122 Ty (1.2.24)

]
D12(2Q) = Z(IH — I) (1.2.25)
The total power radiated by gravitational radiation is given by([11]

_ 2Gws

P =22 D) Dy(w) ~ 5 | D) P | (1.2.26)




































Chapter 3

Time Evolutions Of 2 Due To
Gravitational And Magnetic
Dipole Radiations

3.1 Introduction

We know that pulsars lose energy due to radiations, as a result of which the rotational
frequency of pulsars change with time. The rate at which the angular frequency
changes can be formulated from the energy loss rate equations. In this chapter we
will attempt to write the time evolutions of rotational frequency due to gravitational
and magnetic dipole radiations. In both cases we will use the expression for moment

of inertia and its time rate of change which will be given in the next chapter.

3.2 Time evolution of 2 due to gravitational radi-
ation

As shown in the chapter 1, the time rate of change of rotational energy loss due

gravitational radiation is given by

e
Hed

19

B, = 12208 (3.2.1)



But
d

dt 2

In the next chapter it will be shown that the moment of inertia I of a pulsar can be

. 1 1
By = —(510%) = IQQ + 21{22 (32.2)

expressed as {equation 4.3.8)
I=IL(l+ KQ?

where K is a constant(=~ 3.8 x 1079).

From which we can get its time derivative to be

I =20, KO0

L

We can define the parameter ellipticity ¢ as

I—I

r (3.2.3)

£ =

where I is the initial moment of inertia. When the above three relations are substi-

tuted into equations 3.2.1 and 3.2.Z we find

: 2
(14 202K)00 = _35—C5GI K20 (3.2.4)
which can be rewritten as
0 2
142021 2
(,—+m—)dﬂ - _EIGIF/ dt (3.2.5)
Qp

Upon integration the above equation yields

LK K 3G,

where £, is the initial rotational frequency. If we define the constants
K
808 ' 308

and
32G

I 2
5o i =

20



Substituting the valucs of I and { given in the preceding section into equation 3.3.3

we have
2Q* RS

KQH06 = ~
L1+ KQ500 T

which can be rewritten as

Q 2 2 pd ¢
dQ
f —5+2f(/ gzm_g_%fdt
Qg §2 0, §2 270 Sy

which upon integration yields

1 K 1 K Q'R

— — —_— ____.;t
10f Ve T i T Y wres

If we define the constants
2 pd
@R _
278
and
1, K
TOT Ty

we can rewrite the above equation as

=b

404by +byt) —4KQ2—1=0

The physically meaningful root of the above equation is

1
2 1y?2
Q) - (K+(K by -+ byt) )

2(Dy + bt)

(3.3.4)

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

which is the required equation for the time evolution of angular frequency due to

magnetic dipole radiation. If we assume the initial angular frequency to be in the

order of ~ 10%s™ the above equation can be simplified with the help of the following

approximation,

K?~ 10718

and

by ~ 10712

22



Thus 2({t)can be simplified to

Bl

Q) = [4(1)1 +bzt)]u (3.3.9)
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Chapter 4

Ellipticity of Pulsars

4.1 Introduction

The main objective of this thesis is to estimate the ellipticity of pulsars. Ellipticity
arises due to lack in symmetry in shape of spherical objects which is zero for per-
fect spherical objects. Tact
magnetic field. Strong magnetic fields can induce large deformation in the star which
is a possible source of gravitational radiation. As it will be shown in this unit, the
ellipticity can be expressed as a function of angular velocity {2 Hence a change in the
angular velocity will also change the parameter ellipticity. But we have already seen
in the preceding unit that the angular velocity of pulsars varies with time. Thus we
will try to estimate the time change of the ellipticity based on the time evolution
of angular velocity which comes as a result of gravitational and dipole radiations.
The former is strong in the early stage of pulsar life time during which gravitational
radiation will be the main factor in defining the ellipticity. Eventually gravitational
radiation will grow weak just to be replaced by magnetic dipole radiation. We will

study the time evolution of the parameter for the two cases.

24



4.2 Definition of ellipticity e

As already pointed out in chapter 3 the ellipticity € of a rotating spheroid can be

defined as

(4.2.1)

But for the star we are dealing with in addition to being a spheroid, the star is
also magnetized. Therefore we will here adopt the expression for moment of inertia

I as used by Macy [14}:

251,0°R  25R* 9 ) 9
I=1Io[1+ s+ g BB < B >)(eos’ x - 1/3)] (1.2.2)
where I, is given by [15]
1 2
Iy=-A+C 4.2,
0= 3 + 3 (4.2.3)

where A and C are the equatorial and polar moments of inertia given by

a 2
& ] l}-h’.'-o
= Z A — 24
A= MR 161er) (4.2.4)
and
2 52
C=2MR21 0 4.2.
5va( +8ﬂGP) (4.2.5)

p being the average density of the neutron star{~ 10‘7{%’-), M is the average mass of

the star(~ 1.4Mg),and R is the radius of the star(~ 10&m).

B,, < B} >, and x in equation 4.2.2 above are the poloidal magnetic field, the
square of volume weighted average toroidal internal field and the angle between the
dipole moment and symmetry axis of rotation respectively.

Basically there are two causes for the deformation of the star. These are the rotation
of the star and the magnetic fields. In equation 4.2.2 the second term in the bracket
represents the contribution of the rotational bulge to the ellipticity whereas the third

term represents the contribution of the magnetic bulge to the ellipticity. Notice then

25



that studying the time evolution of € means finding finding the time evolution of B

and €.

4.3 Time evolution of the parameter ellipticity ¢

In chapter 2 we have shown that the time evolution of angular frequencies from

gravitational and dipole radiation are respectively given by

W

Qo = [8(cr + eat)] ™ (4.3.1)
and
K+ (KP4 b+ bat)i3
Her = [ 2(by + bat) ] (4.3.2)

We now derive the expressions for the quantities, B,, and < B >

From Kebede (2002) (3] the magnetic field at the surface of a pulsar is given by

2Q
B, =--(=%) (4.3.3)
SNQULLS
where Q is the magnitude of separated charge. Squaring the above equation we then
get
20 \2
2= (X)) Q2 4.34
B, (3CR) (4.34)

To get < B? > we need to take the contribution to the external field of the positive
charges at the core and the internal field of the separated negative charges at the
crust. But the field of the separated positive charges in the core is small as compared
to the field of the negative charges on the crust. Thus < B? > will be approximately
equals to the square of volume weighted average internal field from the crust only and

according to Kebede (2002) it will become

2 2
< Bl>= ("éc%) 7% (4.3.5)

In this work we will restrict ourselves to the condition that the angle between the

magnetic dipole moment and the symmetry axis of rotation to remain constant and
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we will take its value to be 90°, representing an orthogonal rotator. Therefore sub-

stituting equations 4.3.4, 4.3.5, and the value of x into equation 4.2.2 we get

1=l i+ o an) ) (43

- uft v { Tt + i or) (437)
= L[+ 921(] | (4.3.8)

where K is a constant given by

K

_ 25L,R | 25R! (2@)2
T 12GM? T 18GM?\3cR

~ 3.8036 x 1072

The magnitude of the separated charges, Q is taken to be 10" esu [3]. Now if we
into equation 4.2.1 we find that

A1t i A g e ooy
substibuie t:ql.ldtiuu 4.5.10 into cjua W

. Ig(l + I(Q2) — Iy

4.3.
Lo(L 1 K$%) (43.9)
which reduce to
K2

The last equation gives us the time evolution of € if we express {1 as function of time.
Using the expressions for the time evolutions of {2 due to gravitational radiation
(eq. 3.2.7) and dipole radiation{eq. 3.3.9) we will now quantitatively study the time
evolution of e¢. In the early stage of their life, due to distortion induced by strong
magnetic field, a large amount of gravitational wave is emitted [16] from pulsars.
Thus during this period gravitational emission is the main mechanisin for spin down
of pulsars. Hence the ellipticity from gravitational braking will be
K2,

= 311
11 KeZ, (4.3.11)

€
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For a typical pulsar with initial period 1.7ms or £y = 3969s~! [13] our yesults for
ellipticity are shown in Table-1 and the graph of ellipticity versus time dte to gravi-
tational radiation is shown in fig.1

Basically the dipole radiation becomes the dominant braking meg_ihanism after the
gravitational radiation gets weak and hence its contribution to ellipticity will be sig-
nificant during this time. But in general we can express its contribution at any time

as
K2,

T 1+ KOE

Therefore using the above equation we get the results shown in Table-2. The graph

€ (4.3.12)

of ellipticity for dipole radiation contribution versus time is plotted in fig.2

4.4 Results

Rased on the calculations made in the preceding section we now give quantitative
estimates to the ellipticity of pulsars. As stated in the previous section gravitational
radiation is dominant for some time in the early time of pulsars life time and therefore
its contribution to ellipticity is dominant during this time. For the pulsar with {2y =
369651 the values of ellipticity at different times is shown in the table below and the

graph of ellipticity versus time is plotted in fig 4.1.

28



From the fig above it can be clearly seen that the ellipticity decreases fast up to
a certain time after which it changes very slowly with time.
On the other hand the value of ellipticity at different times from dipole radiation is
shown in Table-2 below and the graph of ellipticity versus time for dipole radiation
is plotted in fig 4.2, from which it can be seen that the ellipticity due to the dipole

radiation changes at a relatively slower rate.
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4,5 Discussion of Results

It is possible to roughly estimate the time during which gravitational radiation plays
the major role for pulsars spin down. We can do this with the help of energy loss rate

equations shown in unit one. i.e

E, = Eq4 (4.5.1)

where E‘gr and By, ave power radiated from gravitational and dipole radiations re-

spectively. These are shown to be
Bgr = Io(1 + 202, K)Q6, 2y,

and
By = Iy(1 4 202 K}, 2,

If we substitute €2, and Qgr into E’gr we find

B, = —Iscy ([8(c1 + eat)] 7T + 2K [8(cy + czt)]-%) (4.5.2)

Similatly for . we get

gy = —Igbg([tl(bl + bt)]"E + 2K [4(by + bgt)]“z) (4.5.3)
Substituting the last two equations into equation 4.4.1 we get a numerical value for
the required time ¢ = 9.04hrs. for a typical pulsar with initial rotational frequency
369651, As stated earlier the dipole radiation becomes important braking mechanism
after this time. If we take the initial angular velocity to be 1000s7!, we get the
time during which the gravitational radiation plays the major role for the baking
mechanisin to be £ ~ 6072hrs. From the above results it can he concluded that the
faster a pulsar rotates initially, the shorter will be the time for which gravitational
radiation becomes a dominant braking mechanism.

Next we will compare what the standard calculation show for the time evolution
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of ¢ with our work. Palomba starting from the spin down rate equation due to

gravitational radiation:

Qo = ~ 25 109 (4.5.4)
showed the ellipticity to be [17]
€ =1.9 x [PP,,)? (4.5.5)

where P is the period and Py, its time rate due to gravitational radiation.The above
equation can be rewritten as a function of the observed pulsar period and its time

derivative, and the ratio between the gravitational and electromagnetic spin down

rates:
. Y
_ 5 p3
e=1.9 x 10 {P P 1} (4.5.6)
where )
-
Abem

ng and $lem being gravitational and electromagnetic spin down rates respectively.
Using the above equation Palomba calculated the limiting value of ellipticity for three

pulsars with measured braking index. The result is shown in the table bellow.

Table-3

pulsar | Q(s71) €maz
Crab 365.3 | 3x1074
Vela 390.3 | 3.3x1074
PSR 0540 | 1745 | 2.4x10™

According to our model the limiting values of ellipticity for the above three pulsars

is shown in the table below.
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