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Summary of the project

The set covering problem (SCP) is a fundamentablpro in the class of covering problems.
Given a finite setE and a familyF = {S;,S,,...,S,} of subsets ofE (i.e.,S; € E, j=
1,2,...,n) the set covering problem is to find the minimumduaality / < {1,2, ..., n} such
thatU;¢; S; = E. The elements of are calledpoints Given/ € {1,2, ...,n}, apointis said to be
coveredif it belongs toU ¢, S; . In the case of minimum cost covering eachSgdtave a cost
¢; > 0 and our aim will be minimizing ;¢; ¢; such thaty;¢; S; = E.

In this project | focused, in general, on the sobjmatter of the problem and the main

applications together with some basic algorithmsolataining optimal (near-optimal) solutions

including some MatLab programming.
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Optimal Set Covering with Application

1. Introduction

The set covering problenfSCP) is a classical question in computer sciearu complexity
theory. It is a problem "whose study has led todbeelopment of fundamental techniques for

the entire field" of approximation algorithms. [6]

In this project work | tried to present explanaiozoncerning the SCP and a number of basic
algorithms to find near optimal solutions and themalysis with examples for the greedy and
matrix reduction algorithms; together with applioas in which the problem could arise and
finally concluding remarks on the algorithms andragramming code in MatLab for the

Greedy-Set-Cover algorithm, without associatiocasts for the subsets.

1.1. What isthe set cover problem?

The set covering problem is an abstraction of mamymonly arising combinatorial problems.
As an input we are given several sets. They may l&me elements in common. We must
select a minimum number of these sets so thatdtsevge have picked contain all the elements
that are contained in any of the sets in the injpubther words, given a finite sBtand a family

F ={5,S5,,..,S,} of subsets of (i.e.,S; CE, j=1,2,..,n) the set covering problem is to
find the minimum cardinality € {1,2, ...,n} such that ;¢; S; = E [6]. In the minimum-cost set
covering problem, each s&t1 < j <n,hasacostc¢; >0, and the problem is to find <

{1,2,...,n} such that each point @®veredandy. j¢; ¢; is minimum andU¢; S; = E [14].

1.2. Why it isuseful?

The SCP is a main model for several important appbns [2] and many applications arise
having the covering structure. Delivery and routprgblems, scheduling problems and location
problems often take on a set covering structurergdye one wishes to assure that every
customer is served by some location, vehicle osqgef3]. Other applications include switching
theory, the testing of Very-large-scale integratfghSl) circuits, and line balancing. In general,
Successful real-world applications of SCP are plemthich can be classified in three major
areas like (1facility location (2) scheduling or staffing of personnaind (3)dispatching trucks
or vehicles to routes or customégtsg}].
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1.3. How can wesolveit?

The set covering problem (SCP) was one of Karp'sV2R-completeproblems shown to be
NP-completan 1972 [4]. But it is alsdvP-hard in the strong sense. [2][8]

Once the problem has been formulated as a setingveroblem, the search for an optimal (or

near-optimal) solution remains.

Most solution approaches start by consideringitiesatl programming (LP) relaxation of this 0-1
linear programming problem [3].

The most recent and effective algorithms for S@Pheth heuristic and exact approaches [2],

which are based on the branch-and-bound approach.

The most natural heuristic approaches are the gredgbrithm [9] and Matrix reduction
algorithm which shown to be working by an exammeen though its performance was not
guaranteed [15].

Good quality solutions were also obtained by [18ing a genetic-based heuristic and [17]

presented a simple, robust, and quite fast hetbgtusing a probabilistic greedy search.

By using a dynamic sub-gradient heuristic incorgeawith branch-and-bound [20] showed
significantly better quality of solutions for th€B.

A polynomial time approximation algorithm relying ¢he transformation of an instance of SCP
into an instance of a particular flow problem wassgnted in the paper by [16] and based on
graph theoretic relaxation [12] designed a treerckealgorithms for SCP. [7] found better
computational results for larger instances of proid involving up to 400 rows x 4000 columns
by using a Lagrangian heuristic, feasible solugxelusion constraints, Gomofycuts and an
improved branching strategy and by applying theanmeturistic Meta-RaPS (Meta-heuristic for
Randomized Priority Search) [8] developed an eiffecheuristic to solve the SCP which had
been tested on 80 SCP instances from the OR-Libfidrg sizes of the problems were up to
1000 rows x 10,000 columns for non-unicost SCP 28,d68 rows x 11,264 columns for the
unicost SCP.
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2. Preliminaries

2.1. Decision problems

Definition 2.1 A decision problem is any arbitrary yes-or-no dioeson an infinite set of inputs.

Definition 2.2 An algorithm is said to bpolynomial timef its running time is upper bounded by

a polynomial in the size of the input for the algum, i.e.7(n) = 0(n*) for some constari.

Definition 2.3 Polynomial timeP is the class of all (decision) problems that hawe
algorithm that solves it in polynomial time (i.dass of decision problems that can be

efficiently solved)

Definition 2.4 Nondeterministic Polynomial Timd-P is the class of all problems that have
efficient certifiers (i.e. class of decision praile whose solutions can be efficiently

verified)

Definition 2.5 VP-completeproblems are the hardest problemsMeP in the sense that

they have aolynomial-timealgorithm if and only ifP = ¥ P*.

2.2.  Linear programming

Linear programmingdescribes a broad class of optimization taskshithvboth the constraints
and the optimization criterion are linear functiolidurns out an enormous number of problems

can be expressed in this way.

The general problem of linear programming is talfwalues for real variables, x,, ..., x,,

which yield an extreme value (maximum or minimuim) & linear function

« Minimization linear program

Minimize Y7, ¢jx;

! NP-completenessnly means that (assumii® = N P) the problem does not have an algorithm that solte

exactlyon every input
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SUbjeCt to Z;’lzl ai;jX; = bj,

i=12,...m
ijO, j=12,..,n
* Maximization linear program:
Maximize ¥ b;y,
SUbjeCt to Z:’;l a;jyi < Cj, ] = 1,2,..,n
inO' i=12,...m

Wherea;;, b;, andc; are given rational numbers.

In the case where, if there is an assignment efjgrt numbers to, x5,

.., Xy . The linear
programming is said to dateger Programming.

2.3. Duality Theory

The dual of an LP in standard form

(P) Maximize bTy

Subjectto ATy <c¢, y=0
Is the LP

(D) Minimize c¢Tx

Subjecttdx > b, x>0
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Let the minimization program be the prim&) (program
Proposition 2.1 (Weak-Duality)
If X = (xq,x5,....,%,) and y = (y,¥2, .-, Vip) are feasible solutions for the primal and dual

program, respectively, then

m

n
j=1 i=1

By the LP-duality theoren(;1) holds with equality iff bottx andy are optimal solutions.
Proposition 2.2 (Primal complementary slackness conditions)

Letf>1

For eachl < j < n, eitherx; = 0 or¢;/B < X121 a;;y; < ¢;

Proposition 2.3 (Dual complementary slackness conditions)

Lety > 1

For eachl < i < m, eithery; = 0 orb; < X7, a;;x; < y.b;

By the LP-duality theorem solutioissandy are both optimal iff = 1 andy = 1.

Proposition 2.4 If x andy are primal and dual feasible solutions satisfythg slackness

conditions, then

n m
Z CiXj < ﬁyz b;y;
1 i=1

j=
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3. The Problem and its Complexity

3.1. Set Covering Problem

Definition 3.1 An instancg E, F) of theset-covering problermonsists of a finite séf and a set
F ={5,,S,,...,S,} of subsets of. We assume that each elemenEdppears in at least one of

the subsets iff,
E = UsierS; o (2)

The set-covering problem requires us to determimgramum sized subset & that covers all
the elements . In other words, given an instan@ F), we are required to find a minimum
cardinality/ € {1,2, ..., n} such that,

Which is called aet-coveringof E, andS; for j € ] are callectovering setslf, with eachS; € F,
there is associated(positive)costc;, we wish to find that set-covering Bfwhich has minimum

cost, the cost being ¢, c;.

In general, if all the subses have a unit cost; > 0; the problem is called thenicost SCP.

Otherwise, it's called thaon-unicost (weighted3CP and if there is a common usage including
both cases we just call it a SCP.

An instance of the set-covering problem is presemteFigure 1. As can be seen in the figure,

the minimum sized set cover for this instanck#4s{2,5,6} , that isS,, S5, S.
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5, . . .
= Se Ss Figure 1: An instance of the set-covering

& S, & - problem. Each dark circle represents an
element of.

® ® * The setF = {S;,S5,, 53 54, S5, S} With each
boxes indicating members &f The minimal

5

& o [ ] 3 . :
set cover is given by= {2,5,6}. i.e., the

. $. ® P setsS,, Ss and S are minimal covers.

Proposition 3.1: The decision version of the set coveM$-complete[13].
The SCP is an abstraction of many commonly arisorgbinatorial problems [1].

Example 3.1 Suppose thak represents a set of skills that are needed t@solroblem and we
have a given set of people available to work ongreblem. We wish to form a committee
containing as few people as possible, such thagvery request skill ii, there is a member of
the committee having that skill. In the decisiomsuen of the SCP, if we ask whether or not a
covering exists with size at mdstwherek is an additional parameter specified in the pnoble

instance, the decision version of the probledVi®-complete

3.2. Linear Programming formulation of SCP

We define an incidence matrikof a set covering problem as follows. There are= |E| rows
in A, one for each poing; € E, andn columns in4, one for each sé}. The entrya;; of A (the
entry at the intersection of ti& row andj*"* column) is one if poing; is in sets;, otherwiseq;

is zero.

Example 3.2 If E = {ey, e,, e3, €4, €5, €6, €7} andF = {53, S,, S3, 54, S5} such that
S1 ={e1, ez e3,e5}, S, ={es,e4,67}, S3 ={ey,e4,66}, Su = {e1,€3,€3,e4, €7}, andSs = {es}.

Then,
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e [ 1 0 1 1 0
e, |1 0 0 1 0O
e; /1 1 0 1 0
A= e |0 1 1 1 0
es| 1 0 0 0 1
e | 0 0 1 0 0
e,/ 0 1 0 1 0

Hence, an integer linear programming formulationthaf SCP is as follows. For each Sgtwe
have a zero-one variabtg. Such that, x; = 1iffset §; is chosen in the optimal solution
otherwisex; = 0. Let 1 denote a vector ofi ones andx = (x4, xy, ..., x,) denote a column

vector. Therefore, the linear programming formalatwill be:

(IP) Minimize z = Y7_;x; . (4)
Subjectto Ax > 1™ . (5
x; € {fo1}, G=12,..,n) . (6)

For the minimum-cost set covering problem if théueac; > 0 (j = 1,2, ...,n) represents the

cost of columrj, then the objective function becomes:
ZzZ = Z;l=1 C]'x]' (7)

Equation (5) ensures that each row is covered Bast one column and equation (6) is the

integrality constraint.
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Proposition 3.2 The 0-1 integer programming problemN&P-complete [4][21]

In linear programs we are not allowed to requiia the decision variables are integers. But,
there existP-time algorithms for linear programming problemsl am cases such as SCP we are
still able to derive useful information from lineprograms. For instance, if we replace the
constraintsy; € {0,1} with the constraint® < x; < 1, we obtain the following linear program,

which can be solved in polynomial time:

(LP) Minimize z = Y, c;x;
Subjectto Ax = 1™ (8)
0<x;<1, (j=12,..,n)

The linear program (LP) in (8) is calledelaxation of the original program (IP) and since the

(LP) is less constrained than the (IP); the follogvare immediate:

I. Every feasible solution for the original prograr®)(lis feasible for this program
(LP).

il. The objective valuécost)of any feasible solution for the integer progrdR) has
the same objective valfeost)in linear program (LP) and

iii. The optimal objective value for the LP is less thmnequal to the optimal

objective value for the IP.

Hence, if we let;, denote the optimum value of the linear program#pdienote the optimum
value of the integer program, we get the relatigngfy < z;, = OPT holds true, since;, finds

a feasible solution of lowest possible value. WH2RT is the optimal solutiorg;p, for the SCP.
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4. Algorithms
4.1. Heuristics

Since nopolynomial-timealgorithm is available for finding the optimal gbbn of SCPs, it is
worthwhile to study heuristics for solving the plerin with the goal of obtaining a performance
guarantee (or approximation guarantee) on the $teuriThat is, given a simple method that
finds feasible but not necessarily optimal solutitihe goal is to find whether the solution
returned by the method is within a fixed factoroptimal, for every instances of the problem.
Hence, by [10] the usual metric for measuring tearness to optimality of a solution is by the
ratio of its cost to that of an optimal solutiorhig is important because, [5], finding a good
lower bound on the optimal solutid®@PT) is a basic starting point in the design of heigrist
algorithms for a minimization problem.

4.1.1. Thematrix reduction algorithm (MRA)

The matrix reduction algorithm is a heuristic foetSCP. Given an instance of the problem in
the form of an incidence matri the algorithm feduces the matrix by repeatedly attempting
to eliminaterows and columns and in the process the algor@gbnstructs/ < {1,2, ...,n} such
that]' < {1,2,...,n} is an optimal solution of the reduced instancehé# reduction algorithm
terminates with no matrix remaining, an optimalusioh has been identified. Theghis an
optimal solution of the original instance. But Het algorithm terminates with a matri¥
remaining; an integer programming (like branch &aondnd, which is discussed in section 4.2)
will be applied for this matrix to get the remaigisolution/’. Thenj U J* will be an optimal

solution of the original instance of the problem.

Algorithm 1 MATRIX REDUCTION -SET-COVER
Input: incidence matri4
Output: Partial solution/ and “reduced” incidence matri®’ such that for any optimal
solution/’ of A", J' U J is an optimal solution of.
Step 0: (feasibility check)
If A has a row with all entries zero

then stop, no feasible solution exists;

10



Optimal Set Covering with Application

End;
] < ©;
repeat
Step 1:
If rowi has exactly one nonzero entry, say, in colymn

then] <« J U {j}; (S; must be chosen in the optimal solution)

eliminatecolumnj, and all rows having a “one” in that column;

End;

Step 2:
If rowi “dominate$row i, i.e., for all columng, a;; > a;,;
then eliminaterow i; (every solution that coveiswill cover i too)
End;

Step 3:
If columnj is “dominated bycolumnj’, i.e., for alli, a;; < a;;
then eliminatecolumnj; (i’ can replacg in every solution)
End;

Until (matrix A is empty or (no rows nor columns are eliminated in the lasaiten),

Output J and the current matrig’ obtained by reducing

Example 4.1 If we take the example 3.2 we have a solution ualggrithm 1 MRA)as follow.
Initially, ] = @.
Step 1 adds 3 tg, and eliminates colum$y and rowe,, e, andeg,
Step 2 eliminates rowe; since it dominates roe, , and
Step 3 eliminates columns, andSs since they are dominated by colunsisands;,
respectively.
Step 1 adds 1 tg, and eliminates columrg and rowse, andes, and then it adds 4 jo and
eliminates columis, and rowe,.
The reduced matrix is empty, so the algorithm sapsoutputs an optimal solution

] ={1,3,4}, i.e5,,55, S, form a minimum set covering.

11



Optimal Set Covering with Application

4.1.2. A greedy approximation algorithm

The greedy method works by picking, at each stdgesetS; that covers the greatest number of

remaining elements that are uncovered, inuthécostcase or the set whosest-effectivenedss
smallest in the case abn-unicostcase.

Algorithm 2 GREEDY-SET-COVERE, F) FOR UNICOST
Input: family F = {5;,S,, ..., S,,} of subsets of a finite sét
Output: J € {1,2,...,n} such that' = Uj¢; S;

1. U<« E; (U the set points that are currently uncovered)
2. ] < 0;

3. whileU # ¢ do

4. selecs;, € F that maximizgs; n U]

5. U < U\S;,;

6. J<Ju{}

7. end(while);

8.

output J;

A greedy algorithm for the set-covering problem i¢ost case) is presented above. The
algorithm maintains a set of elements£othat are as yet uncoveredinIn each iteration of the
while loop, the algorithm greedily chooses the $ethat maximally covers the elementslof

until all of the elements df are covered. The sgitontains all the sets that have been chosen as
part of the set cover at any point during the ojp@neof the algorithm.

Example 4.2 Let’s take example 3.2 again as above and we aaadution using algorithm 2 as
follow:

Stepl U ={ey, ey e3 €4 65 6667}
Step2 J=0

Step3 U+#0

Step 4 selectsS,

Step5 U = {es, 64}

12
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Step6 J = {4}

Step3 U+#0

Step 4 selects eithef; andS; or S5 andSs.
Step5 U=0

Step 6 J ={1,3,4} or] = {3,4,5}

Now at step 3, sincé = @, the algorithm stops and step 8 outputs optimiaitiems/ = {1,3,4}

orJ = {3,4,5} i.e. eitherS;, S5, S, or S5, 5,4, Ss form a minimum set-covering.

Here, we actually have two alternative solutionsvhich the selection depends on our decision
on step 4. And also if we take an inspection, aifitadion on the greedy step, we can see that a
selection ofS;,S,, and S; is as well optimal. Hence, all of the three saos we have found
will be optimal. This means that, the minimal cogentains only three subsets. Even though not
unique in this case, the selection of any of thbsee alternative solutions will form a minimal

cover.

In the case ohon-unicostcase, the greedy strategy, iteratively, picksniustcost-effectiveset
and remove the covered elements, until all elemantscovered. If we lef’ be the set of
elements already covered at the beginning of #ratibn. During this iteration, define test-
effectivenessa; of a setS; to be the average cost at which it covers new ehs) i.e.
c(Sj)/|Sj — S’|. Defining the price of an element to be the averemst at which it is covered or
when a setS; is picked, we can think of its cost being disttdali equally among the new

elements covered, to set their price.

Algorithm 3 GREEDY-SET-COVERE, ¥) FOR NON-UNICOST

Input: family F = {5, S,, ..., S, } of subsets of a finite sé€tand their respective cos(ts;)
forj=12,..,n.

Output: C < {5;,S,, ..., Sy} such that = UsngSj

1. U< E; (U the set points that are currently uncovered)

2. §'<@; (S the set of points that are currently covered)

3. C« 0 (C subsets currently selected)

4. whileS' # U do
5 C(Sj)

Leta; = Isjos1] i.e. the cost-effectiveness $f vj

13
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6.
7.

find the set whosmst-effectiveneds smallest, say;.
Picks;’, and for eacle; € S;" — S, set pricge;) = a;

8. 'S Ufe:e €S -5}
9. C<CuU{s};
10.end(while);

11.output C;

Example 4.3 Here we take the same example as before but veeiats a cost of 1-unit to

eachS; € F. And we'll see how algorithm 3 works.

Step 1
Step 2
Step 3
Step 4
Step 5
Step 6
Step 7
Step 8
Step 9
Step 4
Step 5
Step 6

Step 7
Step 8
Step 4
Step 5
Step 6
Step 7
Step 8
Step 9

U=1{ey ey eseyes eqe};

S'=0;
C =09;
S' % U;

a—la—la—la—la—l}
1—4, 2—3, 3_3' 4—5; 5—1
. . . . 1
selects, , since itcost-effectiveneds a, = r the smallest.
. 1 .
setsprice(e;) = z, 1= 1,2,3,4,7

S"={ey, ez,e3,e4,€7};

C = {54}
S'+U
0(_1(7(_0061_10(_l
1_1' 2 = ) 3_1' 5_1

selects any one of the s§{sor S; or S as they have the samest-effectiveness
saysS;

sets priceds) = 1

S'={e1, ez €3,€4,65,€7};

S'+U

a; =1

selectss;, since it's the only remaining set containing timeovered element
price g) = 1

C ={S1,53,54}

A
S§" = {ey1, €3, €3,€4, 5,8, €7}

Step 10 end (while)

14
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Step 11 C = {51,53,54}

Hence, based on the assumptions that each sulsset ¢@st associated with it, actually 1-unit
cost in this case, we get a minimum cost set-cof/8runits in either of the selections we take at
step 5 in the second while loop. But, if we wersoasated different costs for each subset, the

result would be different from what we have here.

The above procedures (Algorithm 1, 2 and 3) terteindth a valid set cover because in each of

the iterations in the algorithms we have foundlasover and the sét s finite.

Linear programming plays a central role in the giesand analysis of heuristic algorithms.
Below are discussed some techniques which usethdloey of integer and linear programming
for obtaining heuristic algorithms for the SCP.

4.1.3. Set cover via LP-rounding
After the linear programming relaxation of the S@fe way of converting it into an integral

solution is to round all non-zero variables to heTP-roundingworks as follow, given theP-

relaxation solutionx™, we include subsef; in our solution if and only if; = wheref the

maximum number of sets in which any element app@&at is, f = max;|{j: ¢; € S;}|.

In effect, we round the fractional soluti@hto an integer solutio® by settingt; = 1 if x; >

—n | =

andx = 0 otherwise.

Algorithm 4 SET-COVER vid.P-ROUNDING

1. Find all optimal solutions to theP-relaxation

2. Pick all setsS; for which x; = % in this solution.

Let I denote the indices of the subsets in this solution andflet |{j: e € Sj}|, the number of

sets in which elememrt appearsi = 1, ..., m; thenf = max;f;.

15



Optimal Set Covering with Application

Theorem 4.1 The collection of subses;, j € I in the above algorithm 4, is a set cover.

Proof: considering the solution provided by the algarniwe call an elemer; covered if the
solution contains a subset containgagthen we need to show that each elenegn$ covered.

Since theLP-relaxationsolutionx™ is feasible solution, we know th@y:eiesj x; = 1 fore; and
by the definition off; andf, there arg; < f terms in the summation, so at least one term st
at Ieast% .Thus for somg such that; € S; we havex; > % Thereforg € I, and elemeng;is

covered.

Example 4.4 Let E = {e, f,g} and its subsets I$¢ = {e, f},S, = {f, g}, S; = {e, g}, each of
unit cost.

To see howLP-roundingworks, we first solve theP-relaxationof the problem and we will get

a solutionx™ = (%%%) The maximum number of any element in the suliset¢gual tof = 2.

1 1
Hence, asx; > -,x; > - and x3 >
2 2

N | =

according to algorithm 4 our integer soluti@rwill be

% = (1,1,1) with a cost o83 units. But, an OPT must pick two of the sets fopat of2.

4.1.4. Set Cover via Dual-rounding

It will be useful to consider the dual of a lingaogramming relaxation of a problem. We can
obtain by introducing a variablg corresponding to each elemente E its dual formulation for

the SCP using the usual known technique as follows:
Maximize Y, y;
Subject to Zi:eiesjyi <¢ j=1.,n 9
y; =0, i=1,..,m

One useful step when using dual programs for desyg(heuristics) algorithms is to give

“meaning” or “interpretation” for the dual solution.

16
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We can interpret the dual, equation (9) as follows:want to put things into the sets such that
none of the sets afever packed”, that is, the sum of the costs of elements in é&ss® most the
cost of the set.

Hence the information from the dual LP-relaxati@m de used for derivation of good heuristic

algorithm for the SCP as outlined below.

Let y* be an optimal solution to the dual-LP, equation ™hen form a solution by choosing all
subsets for which the corresponding dual inequadityght; that is, the inequality is met with

equality for subsef;, andZi:eiesj yi =g
Let I’ denote the indices of the subsets in this solution

Theorem 4.2 The collection of subses, j € I' is a set cover.

Proof: suppose that there exists some uncovered elemgniThen for each subse;

containingey, it must be the case that

Z yi* <C]

i:eiESj

Let € be the smallest difference between the right-hsidg and the left-hand side of all
constraints involvingey; that is,e = min;.ees; (cj — Zi:eiesj y{*). By the above inequality, we
know thate > 0. Now, considering a new dual solutighin whichy; = y; + € and every other

components of’ is the same as . Theny' is dual feasible solution since for eaclsuch
thatek € S',

> = Y ivess

i:e{€S; i:e{€ES;

by the definition ok.
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For eacly such thag, ¢ S,

Y vi= ) visg

i:e,-ESj i:eiESj

as before. FurthermorgZ, y; > X, y; this contradicts the optimality ¢f. Thus, it must be

the case that all elements are covered/aigda set cover.

4.1.5. Set Cove viathe Primal-Dual Schema

Primal-Dual schema is another method for desigiagristic algorithms for the SCP using
linear programming. The overview of the algoritrsyoutlined as follow:

* Pick a primal infeasible solutiofy and a dual feasible solutign such that the slackness
conditions (primal and dual) are satisfied for @8 andy.

» Iteratively improve the feasibility af (integrally) and the optimality gf, such that the
conditions remain satisfied, uniilbecome feasible.

To write the algorithm as in the previous sectiong need the following definition and
formulations:

Putg = 1 andy = {, wheref is the frequency of the most frequent element.
Definition 4.1 SetsS; is calledtight if Zi:eiesj yi =¢,Vj
And we have the following facts from the primal ahdal slackness conditions;

1. Primal conditions “pick only tight sets in the cover” if:

i:eiESj
2. Dual conditions “eache;, y; > 0, can be covered at mgstimes” if:

n
Vei:yi>0:>2xjﬁf
=1

18
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Now, we can write the primal-dual algorithm for tREP in formal way

Algorithm 5 SET COVER via Primal-Dual

1. Initialization:x « 0,y « 0; (i.e. sewS;, x; = 0, Ve, y; = 0)

2. While (all elements are not coverett)

Pick an uncovered element and risey; until some set goes tight.

Pick all tight sets in the cover and updatg.e. sety; = 1 for those tight sets;)

Declare all elements occurring in these sets ageienl”.

3. Output the set covet

Example4.5 LetE = {1,2,3,4,5,6,7,8} and its subsets &g = {1,2,3,6}, S, ={2,4,5,8},5; =
{1,3,5}, S, ={2,5,7}, S5 ={1,6,7,8}, S¢ = {1,4,6}, S, = {6,7,8}, andSg = {2,4,6,7,8} with

their respective cost, =4, ¢, =6, cs=1, ¢, =3, cs =9, ¢, =2, ¢c; =10 andcg = 7.

Now, applying the above algorithm we have the fwitg:

i. Initially we havex = (0,0,0,0,0,0,0,0) andy = (0,0,0,0,0,0,0,0)

ii.  Forthe while loop we have the table:

iteration e; (uncovered elemen)s i tight set(s) covered elements
1 ey vy =1 S3 eq,e3,es
2 e, v, =3 S, S, €5,€, €7
3 ey ve=1 Se €y
4 eg Vg = 2 S2 €s

iii.  The solution isx = (1,1,1,1,0,1,0,0).

Hence, the cover found 8, S,, S5, S4, S¢ With a total cost of 16.
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4.2. Exact algorithms
4.2.1. Branch and Bound (B& B)

Branch and Bound (B&B) is by far the most widelyedgool for solving large scalyP-hard
combinatorial optimization problems. In the firs¢s, the linear programming relaxation of the
SCP (obtained by removing the integrality constdiim thex; variables) is solved using any
available LP-solvers (algorithms e.g. simplex). Theulting optimal solution value is then a
lower bounding on the value of the optimal integetution. If we do not have any feasible
integer solution we will take a sub-problem andnictaon one of its variables, j = (1, ...,n)

based on the following branching and bounding stjiat:

i.  Branching: choose an active sub-problem; that is, the ondave not chosen before,
and

ii.  Bounding: choose the sub-problem with the lowest objectalee.

Now we can apply the branch and bound process lansnef the following algorithm:

ALGORITHM 6 THE SET COVER via Branch and Bound

1. Solve the LP-relaxation of the original probleRy){ using the simplex algorithm.

2. If the solution is intege6TOP.
else create two new sub-problemB, (andP;) by branching on a fractional variabtg ,
from the last optimal table, with the highest frant(if the fraction parts are equal take
any selection)

3. Solve each of the new sub-problems by adding amtditiconstraink; = 0 andx; = 1 to
P, andP;, respectively.

4. Select a sub-problem based on the branch and bitateégy.Repeat until there are no
active sub-problems.

Example 4.6 Let E = {e, f, g} and the subsets ¢ = {e, f},S, = {f, g}, S3 = {e, g} each of
unit cost. The linear relaxation solutionxis= 1/2,x, = 1/2, x3 = 1/2 with value3/2. And

we know that (by the argument in section 3.2) Fos minimization problem no integer solution
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will have a value less tha@y2. Unfortunately, since our solution= (x;, x, x3) IS not integer,

we do not have an integer solution yet.

Since the fractional part of each points of ouusoh is equal, we can select any of one of them,
sayx; = 1/2. We wantx; to be integer. So we brangh, creating two sub-problems. In one, we

will add the constraint; = 0. In the other, we add the constraipt= 1.

If we solve the linear relaxations of the sub-peoh$, we get from the last optimal tables of the

simplex algorithm the following solutions:

* x; =0:0ODbjective value 2¢; =0, x, =1, x3 = 1;

o xl =1: ObjeCtIVG V8.|U@, xl = 1, xZ = 1, x3 =0

At this point, we know that the optimal integeriwgan is no less thaB/2 (actually it is greater
than or equal t@). But, we have here two integer solutions with Hane objective value 2.
Hence we stop further branching and our integeutswis arex = (0,1,1) orx = (1,1,0).
Besides to this, if our branching strategy wereecteld a different variable other thap we
would have another solution= (1,0,1). Therefore, we have three possibilities for mirlicast

set cover.

4.2.2. A Cutting Plane Method

Definition 4.1 A cutting plane for an Integer LP problem is a éineonstraint which does not
exclude any integer feasible point.

After the LP-relaxation (simplex algorithm) fraatial solution to P, the primal problem of SCP,
we can generate a set of constraints that willofuthis fractional solution, which is called the

cutting plane approach. Then, adding these congéréd our SCP formulation, we can resolve
the linear program, and if it's integer, we havarfd the optimal integer solution. Otherwise, if
it’s still fractional, then we continue generatioonstraints and resolving the linear program until

an integer solution is possibly found. Below iscdissed the cutting-plane method of Gomory.
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Algorithm 6 GOMORY-CUTTING PLANE
Step 0: If the LP-relaxation (simplex algorithm) has nodise solution STOP, no solution
Step 1: solve problen?’, (i.e. the LP-relaxation d)
Step 2: If the optimal solution t&’ is integer STOP
else decompose the variablesof the solution t®’ in the following way:
xj=[xj]+h-, 0<h <1
(this is only for those vénlies which are fractional)
Determine the indesuch thak, = max{h;:j = 1, ...,n}. If t is not unique, then
choose the smallest index \thik property.
Step 3: decompose alt,; according to:
a;j = [atj] +h, 0<h; <1
Step 4: form the Gomory-constraint
Xg = Xizn+1 heiXi = —hy
Step 5: Add the Gomory-constraint and solve the lineargpmanP’ (using dual-simplex

algorithm). If the problen®’ has no solution, then there is no integer soly&fOP. Otherwise
Go toStep 2.

The key success to this method is to be able toieftly generate constraints that separate
fractional solutions from all integer solutiorssgp 2.

The above two algorithms gives us exact soluti@us.there will be a difficulty if our problem
instance is very large; that is our incidence matnay have large dimensions. However, these
algorithms are still very important if we are abdereduce the dimension of our incidence matrix
using heuristics like the MRA with some partialigains. Then the remaining sub-problem can
be solved using either of the algorithms.
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5. Analysisof algorithms

Definition 5.1 a ¢p-approximation algorithm for an optimization protlés a polynomial time
algorithm that for all instances of the problemdurces a solution whose value is within a factor

of ¢ of the value of an optimal solution.
For a¢-approximation algorithm, we will cath the performance guarantee of the algorithm.

5.1. Matrix reduction analysis
The algorithm may find the optimal solution on som&tances, since the reduced instance may

be trivial and so an optimal solutighfor it is easily found. The algorithm may fail cphately

on other instances, since it may not succeed mimditing even one or more column from the
original incidence matrix. Thus there is no perfante guarantee for the matrix reduction
algorithm

5.2. Greedy algorithm analysis
Let’s begin the analysis of the greedy algorithnthvthe presentation of Chavatal’s [9] result

which is a generalization of the SCP to tien-unit-costcase, in which each sets of the given

collectionF has an associated cost and we wish to find a eeitlerthe minimum total cost.

Before we state the important theorem of Chavatalsbetter to observe the following:

Lemma 5.1 For each € {1,2,..,m}, price(e;) < OPT/(m —i+1). where ¢; is the it
element covered.

Proof: Numbering the elements @f (noting thatU represents the current set of uncovered
points in the greedy algorithm) in the order in g¥hthey were covered by the algorithm. Let

ey, ey, ..., e, be this numbering an@,, 0,, ..., 0,, be the optimal sets. Then we have,

OPT = c(04) +¢c(03) + -+ + c(0p) .. (10)
Now assuming the greedy algorithm has covered lgraents inS’ so far. Then the uncovered
elements, ofU — S'|, are at most the intersection of all of the optis®ts intersected with the

uncovered elements:
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U=S1<10,n(U=S)+10,n(U=S)++|0,n(U=5"| .. (11

In the greedy algorithm, we select the set withsimallest cost effectivenegswhere:

c(Ok) _
= —IOkn(U—S’)l k=12,..,p ... (12)

The above result in equatigh?) is true because the greedy algorithm will alwdysose the set

with the smallest cost effectiveness, which wither be smaller than or equal to a set that the
optimal algorithm chooses.

Hence, from the three resul{4,0) — (12) we get:

c(0,) = a.|0, n (U — S|

which implies, OPT = Z c(0y) = a.ZlOk NWU-S5)2a|U-S5|
K K

OPT
— |u=si|”

Hence, sincéU — S'| = m — (i — 1) anda = price(e;), price of theit" element is:

) OPT OPT
rice(e;) < = n
p (&) < m—(i-1) m—i+1

Theorem 5.1 The greedy set cover algorithm (algorithm 2) igl@n) factor approximation
algorithm for the minimum cost set cover problerhgveH (m) = 1 + % + % + - +% :

Proof: Since the cost of each set picked is distributedragithe new elements covered, the total
cost of the set cover picked is equal to:

Y.e;cuPrice(e;) = cost of the greedy algorithm . (13)
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Putting the result of the above lemma &08) together, we get the total cost of the set cover:

mE ice(e;) < mE il 0PT<1+1+ +1) OPT.H(m)

. —_— = . —_ ] = . [ |
'1prlce e; SLm-i+1 > - m
= 1=

The algorithmic factor bounds the ratio of the coftthe solution obtained by the greedy

heuristic to the cost of the optimal solution.

Example 5.1 let the universeX ={1,2,3,..,12} and its subsets ={1,2,3,4,5}, W =
{1,2,3,6,7}, and Z = {4,5,8,9,10,11,12} with their respective cost(Y) = 6 units, c(W) =
15 units andc(Z) = 7 units.

If we use algorithm 3, we will get a total cost 28 units, but the greedy algorithm is not
optimal in this case because an optimal solutiomlvdhave chosen \&@nd Z for a cost of

22 units.

5.3.  LP-rounding analysis
The approximation guarantee is established by cangé#he cost of the integral and fractional

solutions.
Theorem 5.2 TheLP-roundingis anf-approximation algorithm for the SCP. [5][23]

Proof: It is clear that the algorithm runs in polynontiate. By the construction the algorithm in

section 4.1.3, we have< f{.x; for each picked sef; and from this, and the fact that each term

f.c;.x! is nonnegative; we see that,
]
j=16 < Xj=q 6. (F.x7)
n
=f.

J

*
Cij
1

=f.z[p

< f§.0PT
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Where the final inequality follows from the argurh@nsection 3.2 that;;, < zj, = OPT. =

5.4. Dual-rounding analysis
In order to establish the approximation guarantke, cost of the solution produced by the

algorithm needs to be compared with the cost af@imal solution.

Theorem 5.3 The dual-rounding algorithm is gapproximation algorithm for the set cover
problem.

Proof: The central idea is the followingHtarging argument: when we choose a $gto be in

the cover we pay’ for it by chargingy; to each of its elements; each element is chargethst
once for each set that contains it (and hence atiniones over all the subsets), and so the total
cost is at most Y12, y;, orf times the dual objective function.

More formally, sincg € I' only if ¢; = Zi:eiESj Vi,

Then we have the cost of the set caves:

2.6=0, )

jer Jer' i:e;€S;

= Zﬁll{j €l'ie € Sj}l-ylfk

m
< z fiyi

<fXiZ1¥; . sincef <7

< {.OPT
The second equality follows from the fact that wheninterchange the order of summation, the
coefficient ofy;" is equal to the number of times this term occwsral. The final inequality

follows from the weak duality property. [ ]
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5.5. Primal-Dual analysis

An approximation guarantee Sf is achieved using the primal-dual schema, since

n m
Z Cixj < ﬁ)/z biy; < By.zp < By.OPT
=1 i=1

Where, z;p is LP-relaxation optimal solution of the SCP aneé thequalities holds true by

proposition 2.4 and the LP-duality theorem.

Theorem 5.3 The primal-dual algorithm (algorithm5) is &mapproximation algorithm for the set

cover problem.

Proof: There will be no uncovered elements and no ovekguhsets at the end of the algorithm.
Thus, the primal and dual solutions will both badible since they satisfy the primal and dual
complementary slackness conditions with= 1 andy = f. Hence by proposition 2.4 and the

above argument the approximation.is [
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6. Applications

The set-covering problem has many practical andubusgplications. Successful real-world

applications of SCP are plenty, which can be di@skin three major areas (fjcility location

(2) scheduling or staffing of personpednd (3)dispatching trucks or vehicles to routes or

customergl4]. For each area a sample applications aredlis¢dow:

6.1.

6.2.

6.3.

Facility location
Determine the optimal location for a new fire siatithat can cover a given set of

dispersed subdivisions, taking into account therape response time from a fire
station to a fire in each subdivision.

Determine the least number of new supermarketsetbuilt to cover a number of
geographically dispersed communities, taking intonsideration the distance
restriction and concentration of populations

Determine which subset of a given number of po#¢niansmission towers to
constructed that can cover a given number contigugeographical communities,
taking into account their budgeted constructiontc@nd maximization of potential
population to be served

(information retrieva) There aren files Sy, S5, ..., S, WwhereS; has length;, and there
arem requests for information. Each unit of informatisrstored in at least one file.
Find a subset of minimum total length such thatdeag these will retrieve all the

requested information.

Scheduling or staffing of personnel
Given a set of scheduled flights and a set of %refl” flight crews, the staffing

problem is to identify a subset of crews to coukflights at a minimal cost.
Determine the minimal number of patrol officers uiggd to cover a given set of

areas in Addis Ababa, taking into account responses

Dispatching trucks/ vehiclesto routes/customers
Determine emergency medical service vehicle depémtrim Addis Ababa

Minimize the number of vehicles to meet a fixedipeic schedule
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. Concluding Remarks

The MRA is heuristic for the SCP and gives us advakt cover. But this is not
guaranteed unless the reduced matrix is empty. Mewé is a very important algorithm
that helps us to produce a partial solution, ireaafsnon empty reduced matrix, then the
reduce instance of the problem can be solved effity with another algorithm. Hence
we can solve large instance of the SCP in comlnatith MRA.

The algorithm GREEDY-SET-COVER described in Sect{dr?) is an approximation
algorithm to the set covering problem, with a lathenic approximation ratio (noting the
fact thatH (m) = In (m)).

Since they are typically very easy to implemeng ¢freedy algorithm and its variants
stated in different literatures can be used to esdarge-scale set covering problems
almost in shorter time bound. However, their myopature may easily yield solutions
far from optimality.

The exact approaches like branch and bound, cuttilzges and dual heuristic
approaches solve the SCP optimally but they take af time and therefore, they cannot
be applied to large-scale instances of the SCRefdplution is needed in real time.
However, we can use the combination of the algmsthto get improved feasible
solutions.

The heuristic approaches though they provide omgr@imate solutions, they are
computationally efficient. This make them bettemdidates for solving large-scale
instances of the SCP, as they obtain near optiohafisns in real time [19].
Theprimal-dual gave an approximation algorithm for the SCP. Alidjo it did not give a
better performance guarantee thanltReroundingalgorithm, but in practice tharimal-
dual method gives much faster algorithms than those tequire solving a linear
program.[23]
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8. Programming

A MatLab programming for generating a minimal sever for the greedy heuristic algorithm
(non-unicost) was implemented based on the outlrigke algorithm in section 4.1 as shown
below.

function J = greedyscp(E,F)

% JANUARY, 2011

% GREEDY-SET-COVER FOR UNICOST

% Samuel Abebe, Department of Mathematics, Optiticizastream

% this code will take the universe set E and itsifigof subsets F such that their union initially
% covers E

% function [index of the selected sets] = GREEDYSEPEMENTS, SUBSETS)

% the universe set E should be provided in vedonfof integer entries from 1 to n, where n is
% the number of elements to be covered and theesbshould be provided in array form with
% entries in vector form.

% for example, E=[12345]and F={[1 35],45%], [24 5], [1 5]}

% then, the program will provide the selected stshksted according to their index in F.

% if two subsets have the same cardinality at ssteye the algorithm will

% chooses the entry with the lowest index in F.

U=E; % the set points that are currentlyaweced
J=[] % the indices of subsets currenthgsied (empty)
NumberSubsets = numel (F); % Number of sishseE

SetsCardinalities = cellfun (@numel,F); % thedinality of each subset

% Labels each subsets according to theirdigt i
LebelSubsets = [1: NumberSubsets];

% to check wether each sub-set contains anesieim E
Y=[]

for i=1:NumberSubsets
X = intersect(U,F{i});

Y = union(Y,X);
sortY = sort(Y);
end

if length(U)==length(sortY) % check if the sabts initially form a cover
disp('The Minimal Set-Cover will choose:")
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% The Main routine of the algorithm

while ~isempty(U) % continue untill the setusfcovered elements is empty
%select the subset with maximum cardinality
[SelectedSet,LebelSubsets] = max(SetsCalitigs);
U = setdiff(U,F{LebelSubsets});% remove mntly covered elements
J = union(J,LebelSubsets);% selects thexid the selected subset
F{LebelSubsets}=[];% removes the selectaloset
% create an empty cell array for the remgasnbsets containing the
% currently uncovered elements
V = cell(1,NumberSubsets);
for i=1:NumberSubsets
V{i}=intersect(U,F{i}); % put in eackell the remaining
% subsets containg the uncovered al&sne
end
F =V; % the new subsets containing theowated elements
SetsCardinalities = cellfun(@numel,F); %doaality of the new subsets

end

else
disp((ERROR:The input sub-set can not beverc!! ')
return;

end
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