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Preface

The theory of H?spaces has its origins in discoveries made forty or fifty years ago by
such mathematicians as G.H. Hardy, J. Riesz, V. Smirnov, and G.Szegs . Most of this
early work is concerned with the properties of individual functions of class #7, and is
classical in spirit. In recent years, the development of functional analysis has stimulated
new interest in the /7 classes as linear spaces. This point of view has suggested a
variety of natural problems and has provided new methods of attack, leading to
important advances in the theory.

This seminar report contains two parts. In the first part we try to develop the definition
and some properties of harmonic functions including the Mean value property, the
maximum principle, and the Poisson integral formula in general and in particular in unit
disk D and upper half plane H. The main object of this part is to show the
representation of the harmonic in the unit disk D and upper half plane H.

In the second part we introduce sub harmonic functions with example, and some

elementary properties, and some properties on the theory of Hardy space with its

definition, and completeness of Hardy space (H? spaces), and also finally we
introduce the use of Blashke products to reduce the problem to the case of non
vanishing analytic functions.

I would like to thank my advisor Dr. Seid Mohammed for his help in identifying the
topic and stimulating advice during the preparation.

Finally my thanks goes to my parents, and spouse, Meaza Melkam for their help and

encouraging in doing this seminar.
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PartI Harmonic function

1.1Definition and examples

Definition: A real valued function U on G which is open, connected subset of C is said
to be harmonic if it has continuous second partial derivatives and satisfies the partial

2 2
differential equation, Au= 2%+ 2

=0 which is known as Laplace’s equation
ox® oy

Examplel: Let w: C=R by u (x,y)=3x°-x* , u has continuous second partial

2 2
derivatives o 3y* -3x*, g% —6x, - 6xy, L 6x , Au=0.Hence u is harmonic
ox o’ oy ’ 3

function on C.

Example2: Let g: C=R by g (xHy) = xz-yz, g is harmonic function on C.

Theoreml: Let U be an open disk with center (a, b). Suppose f and g be

differentatiable on U; let % :?, for all. There is a function h which is in C* (U)

X

oh oh
such that— = fand — =
= / % g

X Y
Proof foreachz=x+iy Define;h (x,y) =J f(t,b)dt + jg(x,s)ds
a b

Then by fundamental theorem of calculus:

Oh(x,y) _ Oh _
—ay =g(x,y)and = F(xab) (L1



Since g € C', differentiation under the integral sign is possible. then
a Y y a ¥ a
— |g(x,8)ds = | —g(x,8)ds = |— f(x,5)ds
Ox ,;Il Iar JGy

p &

=f(x , y)-f(x ,b)

Now, 2 =2 | e b)dr+— Ig(x $)ds = f(6,0)+ f(%,9) = f(xb) = f(x,y)  (12)

oh

And hence from (1.1) and (1.2), 2= / and =

F g but f,geC' this implies that he C?

Therefore h is the required function.
Corollary Let u be harmonic function on unit disc D.Then there is an analytic function

H on D such that ReH =u

2 2
Proof  Letf=2* and g= O this implies that I _ M and % - _6_;2;‘ Since u is
oy Ox oy’ ox ox
2 2
harmonic function, we have a—':+a =0, from this S _%  Then by the above
oy®  ox’ oy Ox

theorem there exists veC? such that % = f(x,y)and %: g(x,y) which is equivalent to
X

& d o _ . and H(z)=u(z)+iv(z) satisfies the cauchy Rieman equation on D.
o 6y oy Ox

Therefore u is a real part of H which is analytic. The function v is called a harmonic
conjugate for u on D.If u is a harmonic function on D, we can find an analytic function
H such that u is the real part of H.But H is infinitely many times differentiable and

hence u is infinitely many times differentiable

1.2 Mean Value property and its principle and maximum principle

Definition: A continuous function u: G=R is said to have the mean v alue property

(MVP) if whenever B (a, 1)CG, then



27
u(a) = 2]—” (J)'u(a +re'’ }J@

The fact that harmonic function is the real part of analytic has a number of important
consequences; one of these is a property of harmonic that is analogues to the cauchy
integral formula. It allows us to ascertain the value of harmonic function u at the center

of a disk from its value on the boundary.

Theorem2: (The mean value theorem)

Suppose that u: G=R is harmonic on G CC and that B (a, 1) for some r>0 then

1 2z
u(a)g—— J.u(cH-re )dE

Proof. Let f be analytic function on B(a,r) such that Ref = u,

By the cauchy integral formula;

fla)= 21 J'Mda Whenever y is the circle |z—a|=r , for & = a + re' then
7Ti
fa)= j rgs ;e ") iea0 - j fla+re®)dd =u(a) +iv(a)
a+re' 2z

S Iu(a +re'®)dO + i—1~ Iv(a +re'®)do
2 2z

Therefore u (a) = ZL _fu(a +re'®)do
T

Theorem3: (Maximum principle)
Let G be an open, connected set and suppose that u is a continuous real valued
function in G with MVP. If there is a point G such that u(a)>u(z) for all zin G then u

is a constant function i.e. u(z) = u(a) for all in G.



Proof Let A= {zeG:u(a)=u(z) }
ClaimA=G From continuity of u, the set A is closed subset of G as
A =(u ((~0,u(a) U (u(a),))

Let 7z, be in G. since G is open set we can choose r>0 such that E(zo_,r) is contained
in G. suppose there is a point b in B(z,,r)such that u(b)=u(a) then u(b)<u(a). This
implies that by continuity taking ¢= u(a)-u(b) we get u(z)<u(a) = u(z,)for all z in a
neighborhood of b .In particular ifp = |z, -8 and b=z,+ pe” , 0<p<2n,then there is
a proper interval I of [0,27] such that f in [ and u(z,+pe” )<u(z,) for all O in L.

1 2z

Hence by the MVP, u(z,) = s I”(Zo +pe'’)d6 <u(z,) which is a contradiction. So

0

B(z,.r)cA and A is also open .By the connectedness of G, A=G //
According to MP, if u (z) is analytic on a domain D.then |f(z)| cannot have a

maximum anywhere in D unless f (z) is constant and if f (z) be analytic in a bounded

region D and let |f(z)| be continuous in the closed region D then |f(z)| assumes its

maximum on the boundary of the region.

1.3 Poisson integrals

Let us begin the discussion of the Poisson integrals by stating the following fact;

Theorem 4: For each real number r,0< r<1, the two sided infinite series

oo .
P(r, t)= 2r I"‘Gmt converges uniformly for t in R that is the sequence S, given

=00

N .
S,H= X pllgin converges uniformly on R
n=-N



N
Proof  To see this, we write S , (t) = 1+2 Z r"(e™ +e™)

n=1
N
n
=1+ 22 r' cosnt
n=1

int

r"(e™ + e_i"t)

N
n n .
But |S N (f)l £1% 22" as <2r" . Therefore it converges

n=l

neoin —int
uniformly. But limS (¢) = 1+Z r'(e™ +e™) which converges uniformly on R.

Definition : P(r, t) = Zrlnle e ,0< <1 and t in R is called the poison kernel. .

H=—0

o0 . i o'}
Note 1. P(I", t) S Zr" (emt +e“mt) =1+ ern COSi’ll‘,
n=l n=l1
eint & e—int
Since Cosnt =~ .
2

2 Let z =re” then P(r,0-t) = >’ (Il in(6=1)

Hn=—00

it ig
e +re _ 42
=Re{ : . ]~ 1—#

e’g —reig 1—2rCOS(9—t)+r2

NOW, P (r,e-t) o 1+2 ir" COSH(9~[) — Re [1+2 Z riiel"ﬂ(g‘!) ]

e n=1

= Re [1+2 i (reig.e_” )n]

n=]



it
B 2ze
= Re[l+2) (ze a5 :Re[1-+-1 l.t]

e

e +re?
ez! _ reiQ

= Rel

But P(r,0-t) =1+§r”[e"”(9‘f) 4 emin(0-0)y

n=1

w0 ) - .
=14 zrnem(f?—t) + Zrne—m(g_;)

n=1 n=1

) yoi0-0)

) 1+1 —re'®" " 1-pe 6D

_ 2
= T BB~ E=E. )
1-2rcos(@—1)+r" b

For each fixed t in R, f(z) = e" 7 s analytic function which satisfies CauchyRemain

€ —Z
equation. Hence Ref(z) is harmonic. Notice that P(r, t)>0 and 2L _{ P(r,t)dt =1 indeed,
7 0
2r 2n 2
2 jf-’(r,a,r)a'zzL ja’z+i [2c0sntdt =1+0 =1
2x 3 2z 3 27 ;
Definition: Let f be continuous on D = {z:|z|=1 } then,
1 2 .
P (z)=2— IP(r,H—t) f(e")dt is said to be the Poisson integral of f. From the
7T 0

definition of pf (z) and the fact that P(r,0-t) = Ref (z) of the above, we can conclude

that pf(z) is harmonic function.



1.4 Poisson integrals in D and H (upper half plane)
From the mean value theorem, if u is harmonic on B (a, r), then u(a) is the mean value

of u on the circle |z—g=r now, if a=0 and r =1 we get a unit disc
D={z: 2| =1 }=B(0,1). Hence if u is continuous on the closed disk D and is harmonicon

2 2
the open disc D Z—L;+a—lf =0.i.e. satisfies Laplace’s equation then
X

u(0) = %Iu(em)dﬁ

Theorem5: Suppose that u is continuous on the closed unit disk D and is harmonic on
the open unit disk D. let z,= re ® and then
. 1% i0
u(Zo)_ . j Y2 (Q)u(e )d@
27 0 0

where P, (0) is the Poisson kernel of z,

z—z — . . o p
Y : D=>D which is amébius transformation and

Proof: consider the map 1 (z)= .
-2, Z

17'(z) exists which we will be given byt ™" (z)= IZWL% , for z on éD we get
+z,.z
i0_,

1~~Z[,.e”9

lr(2)|=1ie.ifz=re “ then =1 this implies that ©(z)e oD . Therefore the unit

circle @D is invariant under 1 and hencez(z) =e'? for some ¢ in R.

Differentiation gives us:




2 2
| 1-r°

d_qg_ l—|z0 B
* 1-2rcos(@-6,)+r’

do 210

=Py, (0-6,)=P(r,0-6,)

T %p

Which is known as Poisson kernel of z, in D. Now consider 7z 'and t which are

continuous on D and harmonic on D. The composition of u and z™'i.e. uo z'is

continuous on D and harmonic on D.Then by the Mean Value property (MVP)

oz (0) =u(z,) =§ [wor™)e"?)dg :2_17; u(e™ (P ))do
1 123
== ju(ef )P, ©)d6

2z .
u(z,) =—— [P. (O)u(¢'?)d0 which is known as Poisson integral formula.
0 271_ ; e

From this we conclude that if u is continuous on D and harmonic in D, for each z, in D,

u( z , ) can be represented by;

1 o
u(z,) =5 fu(e”)P, ()

Suppose the map z: D—>H be given by z(w) = i(ll_w), clearly z is a conformal map
+w

between D and H such that z(i) =1, z(1) =0 z(-1)) =-1and z(-1) = «.If w on 8D and

w= ~1 then z(w) =t in R, from the disc, we get

i0
i0 e +Z
p.0)=P(e")=Rel 5] .
i0
Hence, pw(e‘g) = Re[e!.19 +w], let z, =z(w,) ,z, = X, +i,
e —w
i

Under the inverse map of z aboveie.z: H—>D : z7'(z,) = =w, ,each t in R maps
P 0 o p

i+z;

to éD



. g i—t
For tin R we have, z™7'(t) = —
i+t

. i0
P (e‘9)=|Re{e +W"]:P (2 (1)

= e’g, for some 0 .

“'0 » \V()
2 0 W,

[i-t i-z,
A 1+1%)

i+t U+E&

=i i—=t i—zo = %0 2 2 )
AN 0 (xo—t) + Yo

| i+ [+3, |

And hence normalizing the above equation (*) yields:
ﬁ: y0(1+t2) dt__ yO
27 (=) ) m(xy =0+

P, (€'9). dr,

From this we get:

P (e"‘g)ﬁ AN . Which is called the Poisson kernel

2

i d 7 (%, _t)z + Vo
of zy in the upper half plane. Based on the above information, if u is continuous on

Hu{o} and harmonic on H, then uoz™ is continuous on the closed unit disc and

harmonic on the open disc and hence

0z () = — T(u(z_l (9P, ("%)d0 = uj‘u(z‘)%dt =P, (1)
2% 5 - (x-8)"+y

Which is known as Poisson integral in the upper half plane. When t in R is fixed the
Poisson kernel for the upper half plane is harmonic function of z because,

P.(0)= %Im({%} - P,()

Cz

From its defining formula we see that P, () < R where ¢, is a constant depending
+1

on z, consequently if 1 <g < then P, (¢) e L (R) and the function

u(z) = J‘Pz (t) f(t)dt 1is harmonic on H whenever fe L”(R),1 < p <o, moreover ,

since P(f) is continuous function ,the above integral will still produce a harmonic

10



function u(z) if f(t)dt is replaced by a finite measure dp(t) or by a positive measure

dp(t) such that |

= du(t) < ( so that _[pz(t)dy(t) converges.)
+1

The following are some of the properties of Poisson integral

i. Itis non negative and J'Py (t)dt =1

” |

i P()< - and Sup‘t[ " 51’}. (1)—>0 as y—>0

iii . P, is even, and decreasing function of t>0
V. '[’i _ sP.(0d—0as  y—0 for any 5>0.

The proof of these is the consequence of the definition.

An important tool for studying integrals like u(z) =J‘py(t) f()dt is the Minikoski

inequality for integrals which is stated as follows:

If u and v are o-finite measures, 1< p <wand F (X, t) iswxumeasurable then;

|[Feoave)|, < [IFen

V).

P(

As a result of this inequality, if u(x,y) = J-py (x—1)f(¢)dt .then

1/p
[I|u(x,y)|p dxj <| 7] 5 1< p<owand If u(x,y) = J-py (x—1)du(t) where W is a finite

measure on R. Then ﬂu(x, y)dx < ﬂdy[.

Lemmal: Assume fe LP 1< p <wand f is continuous at x, let u(x,y)= I p,(O)f(x—1)dt
then lim(x,y)_:,xo u(x,¥) = f(x,)

Proof: we are going to show that given €>0 there exists >0 such that

lx—x,| = [u(x,y) - f(x,)| < &, indeed since fis Continuous at x, there exists 6>0 such

that [x—x,| <& = |f(x)— f(x,)| <&, if x-t €(x, —,x, + ) then |(x—1)—x,| <& implies that

11



[f(x=1) = f(x,)| < &, but
lu(X,y)_f(xa )‘ = J‘P,,(l‘)‘f(x—l‘)—f(xo)|dt+ J.py ({)|f(_x_f)_f(xo)|dt

0 e

Hence for the fixed & from the above fp}‘ O|f (x—1) = f(x,)|dt—>0 as y——0 and

|t|zo

hence with & small and |x-x,| small, fp), (O|f (x—1)— f(x,)|d is small. Therefore the

s
limit converges to f(x,).
Lemma?2 Ifu(z) is harmonic on H and bounded and continuous on H

Then u(z) = [p, (x—Hu(®)dt
Proof ifu is continuous at oo, then it is a consequence of the definition
But u may n't be continuous at o
Let U(z) = u(z) - [p, (x —tu()dt

Claim U(z) = 0, clearly U is harmonic on H and continuous in H, and by the above
lemma , for x in R,U(z) =0

Set V(z) = {[_f - M 2= Hy

V is bounded harmonic function on the complex plane on. Then by Lioville theorem
which says a bounded analytic on the complex plane is constant, V(z)=V(0) =U(0) = 0,
hence V(z) =0 for all zin C .This implies that:
u(z) = jpy(x—t)u(t)dt
Thereom5:Let u be a harmonic on the upper half plane H. Then

(a) let 1<p<ewo ,u is the Poisson integral of a function in L7 if and only if

Supy ”u(xsy) Pl =7

(b) u is the Poisson integral of a finite measure on R if and only if Sup, ju(x, y)dx < oo

(c) uis positive if and only if

12



u(z) = cy+ [p, (x~)du(t)e = 0,1 2 0, J‘T’iz(tz) s

t

Proof let u be the Poisson integral of a function fin L7 i.e.

u(z) = [p,(x=1)f(0)dt = p, *f(x)

P
Then by minikoski inequality for integrals we have ( [luCx, y)|P dxj <|f ”p J< p<o

This implies that  [u(x,»)] ¢, <|f

,» taking the suprumum on both sides we get the

required result.

Conversely assume Sup |u(x,y)|,r . <=, we need to show that

(dx)

u(z) =p, *f(x)= [p,(x~)f(®)dt To prove this let’s prove this inequality;

1/p
ju(2)] < [%J Sup .. JeeCx, 8 )”LP @Y >0
Let ® = a+iB. Consider B(z,y).
Then by the MVP: u(z)=?£r- Iu (z + re'?)d6 Integrating from 0 to y i.c.
y2x 1

f _[ u(z + reig)rdrdé? = B _Uu(a))dadﬁ
00

b 1
_[u(z)rdr =—
7 B(z,y)

0 2

From this we get u(z)=— [[u(0)dadfand
ny

@) ==

7y

I Iu(w)d adﬁ| . applying Holder's inequality

1/p
lu(z)| < {}yl? Iﬂu(a))lp dadﬁJ

B(e,y)

[# ,[ e +fﬁ|pdadﬂ] < (;} Sup ..o J.‘U(a +if)P dedpp < »| u(z) is bounded in

-0

13



y>y,>0. For y> 0 such that y> y, >0 by the above lemma

u( +y,)= [p, (=l +iv,)dt, if1<p<eo

Let f.(t)=u(t+iy,), f,(t) is bounded in Z” then by the Banach Alague theorem which

says the closed unit ball of the dual of a banach space is compact in the weak star

topology, {f,} has a weak star accumulation point f e L’ , since Poisson kernels are
inl?,q=pl/p-1
we have:

u(z) = limu(ztiy, )= lim J-p),(x—t)f"(t)dt :Ip,_(x—t)limfn(t)dt= Ipy(x—t)f(t)dt

but fe L” . Therefore u is the Poisson Integra of f.

(b) u is the poisons integral of a finite measure v on R. Then by the minikoski integral

inequality we have I e (x + iy)|dx < ﬂv| <o, Sup, ﬂu(x +iy)dx < 'ﬂv” <o .
The proof of the converse is the same as the converse of (a) except the measures

u(t+ y, )dt which have the bounded norms ,converges weak star to finite measure on
R ie. let du, (1) =u(t+iy,)dr, p, has a finite measure and a bounded norms and
converges to a finite measure du(¢)in the weak star topology .

Hence u(z) = limu(t+iy,) = Ip), (x—O)limu(t+iy,) = jpy(x -)du(t).

The easiest proof (c¢) involves mapping H back to D, using the analoge of (b) for

harmonic functions on the disc, and then returning to H. A harmonic function u(z) on D

is the Poisson integral of a finite measure v in D if and only if Sup ﬂv(rem)}dg <w . The

measure v is then the limit of the measures u(re’ 9)/27: in the weak star topology on

measures on aD. If u(z) =0, then the measures u(reig)a’ﬁ are positive and bounded
14



since u(0) = 3 [u(re®)do.
27

And so the limit v exists and v is a positive measure. That proves the disc version of (c)

. Now, map D to H by w—z(w) = ’(lt—w) The harmonic function u on H is positive is
w

and only if the harmonic function u (z(w)), which is positive , is Poisson integral of a
positive measure v on 8D . Consider first the case when v is supported on the point

w = -1, which corresponds to z = « , then u(z(w)) = v({-1}) P,(-1) :p(.{q})—'l]_"’vl2 =
+W

v({-1})Imz = v ({-1})y. Now assume v({-1}) = 0 . The map z moves v onto a finite
positive measure V on R, and for t = z(e'?). P.(0)==(1+ t2 )P, (). In this case we

have u(z) = IPJ, (x—t)du(t) where p=n(1+t>)v.



Part I Sub harmonic function and #” spaces (Hardy spaces)
2.1 Definitions

Definition: A real valued function f defined in a set G, subset of C is said to be upper

semi continuous (u.s.c) in G if

. —0< f(x)<w

ii. The set {x : x in G, f(x)<a } is open in G for each a in R . This definition is
equivalent to the conditions given x¢ in G and f(x,)< k there exists >0 such that if
|x—x,|<sand x in G then f(x) <k , indeed if f is upper semi continuous and f(x,) <k
then the set A = {x:xe G, f(x) <k} is open and x, € 4 hence there exists >0 such that

the ball B(x,,6) c 4 i.e.if [x—x,| <& and x in G then f(x) <k. We can observe that if f

is finite then f is continuous on G iff f and —f are u.s.c

We have seen that harmonic functions can be defined in terms of the MVP if we
replace equality by inequality in this relation, we obtain the sub harmonic functions.
Definition2: Let G be an open set in the plane a function u is said to be sub harmonic
(s.h) on G if

(i) uis u.s.con G (ii.) Foreach z, e G , there is r = r(z,) >0 such that

the ball B(z,,r) = G and for every p<r,

1 .
u(zy) < — [u(zy + pe'?)ao
2
Example; every harmonic function is sub harmonic function

16



Facts:

o _ . {log!f(Z)I if f(z2)#0
(i) If f is analytic function on G then u(z) = is s.h.
— 00 if f(z)=0

Proof It is immediate that u is u.s.c and
1 a
-0 =u(zp) < = Iu(zo +relg)d9 if f (z) = 0 and if f(z) # 0 then log|f(2)| is
b4

analytic and u(z) = Relog f(z) = log |f(z)| is harmonic . Thus u is sub harmonic in G .

(ii) If u,,u, are sub harmonic in G then u = max { u,,u,} is sub harmonic and hence
if u is sub harmonic max{u, 0) is sub harmonic . Now let ‘s state the Jensen’s
inequality to prove the following theorem

(iii). (Jensen’s inequality ) ; let (X,p) be measurable space such that O<p(X)<co. Let v

be a real valued p-integrable function and let ¢(t) be a convex function on R Then

1 1
—— |vdu | £ —— d
(“'JL(X) e ] ) [P0

Proof the convexity of @ means that ¢ (t) is the Supremum o f functions form at+b
lying below ¢(t):
@(ty) = Sup {ato +b:at+b<p(t),t e ‘R} , Whenever at+b<o(t) we have

1
H1(X)

1
H(X)

al [vdu]+b=——1Ia j vy + 11(X)b].

1
H(X)

[ [av+b)du] < —— [p(v)du

H(X)

1



1
Taking the Suprumum we get the following qp[—i— vdu] <

4(X) () Joran

Remark Jensen’s inequality is also true if |vdu = —oo provided that @ is defined at

t = -c0 and increasing on [-0, ).
(1i1) If u is u.s.c on a set G , then there exists a decreasing sequence {f,} of continuous
function on G Such that f,(x) = f(x) as n—>w©
(iv) If fis u.s.c on a compact set G, then f attains its maximum on G .
Theoreml . Let v be a s.h function in G and let o(t) be increasing convex function on
[-o0,00) Continuous at t = - oo . Then @ov is s.h in G.
Proof Since every convex function is continuous on R , ¢ is continuous on

[0, ). It follows that pov is u.s.con G, if z, € G and if r <r(z,), then because ¢ is

increasing ;
1 i0
p((20)) < ol [W(z +re)d0,
2
by Jensen’s inequality:
1 .
p(v(zy)) < = J‘ (pov)(z, + re'?)d6 , Therefore pov is s.hin G
T

Corollaryl : Ifuis s.hin a domain G, then ™, forA > 0 is sub harmonic function .

Proof Since e* is convex and increasing in (-0, 0 ) , and  for A>0, Au is sub

harmonic , then by the above theorem eiu iss.h inG.

Corollary2: If f is analytic in G then ‘f‘i is s.h.

Proof since fis analytic u = Iog|f‘ is s.h then by
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corrollaryl |f|'1 =e™ isshinG.

The semi continuity of u in the definition of subhamonic guarantees that u is

measurable and bounded above on any compact subset of G . Therefore the integral in

the above definition either converges or diverges to - .

Theorem2: let V: G- [-w,»] be an u.s.c function. Then v is s.h in G iff the following

conditions holds. If u is a harmonic function on a bounded open set W of G and if
lim[v(z) —u(z)] <0, foralle € OW, Then v(z)<u(z),VzeW
Z—E

Proof Assume v is s.h in G .let u and W be as in the above statement. Then

@(z)=v(z)-u(z) is s.h in W and Egp(z)so,weaw, z in W. We show

Z=E

#(z) <0, on W . Assume W is connected. Let a = Sup ¢(z) and suppose a >0.let {z,} be
zeW

a sequence in W such that ¢(z,) — a.. Since a>0 , the z, can’t accumulate on oW ,
and there is a limit point z in W as W is compact . By the semi- continuity ¢(z) =« and
the set E={z € G: ¢(z) = a} is non-empty. The set E is closed because ¢ is u.s.c and has a
maximum value a.

If z, € £, then because @(z)<aon W, ¢(z)=a a.e onB(z,,r) for some r>0.
Hence E is dense in B(z,, 7).

Since E is closed this means B(z,,r)c £ and E is open. Since W is assumed to be
connected, we have a contradiction and we conclude a < 0.

Conversely, let z, € G and let B(z,,r) = G. since v is u.s.c there are continuous

functions u,, decreasing to v on 0B(z,,r) as n— . For each n in N solve the Dirichlet

foru,on B(z,r). Let w, be the harmonic function on B(z,,7) having the same value
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with u#, on the boundary [y, is the Poisson integral of u,]. Then v, is continuous on

B(z,,r)and by hypothesis v(zg) < Wn(z)

o ,.
Hence we have v(z) < lim EIM” (zo +re'?)d6

= ZLI v(z, +re'?)do by monotone
V4

convergence. Thus we havev(z,) < ZLIV(ZO +re'?)d0, v is sub harmonic at z, .
Vi1

Since z, is arbitrary v is s.h.
Corollary : If G is a connected open set and if v a sub harmonic function on G such

that v(z)#-oo , then whenever B(z,,r)c G then
1 y
— o0 <~—J'1u(z0 +re”)do.
2

Proof let u,(z) be continuous functions decreasing to v(z) on 8B(z,,r), and let U, (z)
1 ;

denote the harmonic extension of u, to B(z,,r). If ™ Iv(zo + relg)dﬁ = —o0, then
T

since v is bounded above and since Poisson kernels are bounded and positive we have

ZL IPZ, (O)v(z, + re'®)d0 = —,
7T

z|<1 , Consequently U, (z) »>-« for each z in

B(z,,r)and hence by the above theorem v = - o on B(z,,7)

The non empty set { zeG :v(z) = - 0 on a neighborhood of z} is then open and closed,
we again have a contradiction.

Definition: The sub harmonic v(z) on G is said to have a harmonic majorant if there is
a harmonic function U(z) such that v(z)< U(Z) , for all z in G and the least harmonic
majorant u(z) is a harmonic majorant such that u(z) <U(z) for every harmonic majorant

U(z) of v(z).
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Thereom3: let v be a sub harmonic function in the unit disc D, Assume v(z) # - .
For 0O<r<l,let
v(z2) lz|>r

v,(z) = zij‘}’z,r(ﬁ)v(reig)dﬁ lz|l<r .
Vs

v.(z) is sub harmonic on D and it is harmonic on |z| <r,wWz)<v,(z),zeD

and v, is an increasing function of r. and

v,(0) = ;—ﬂ_ Iv(re“sJ )dE.

Proof by the above corollary v,(z) is finite and clearly v, is harmonic on

B (0,r) = {|z|< r}. To see that v,(z) is upper semi continuous at a point z, € 3B(0,r).

we must show: lim v, (2) <v(zp).
Z—)Zo
|z|<r

This follows from the approximate identity properties of the Poisson kernel and from

semi continuity of v . Write z, = re“g , for g >0, there is & >0 such that

v(reie) <W(zg) + € if |@—6,| <. Thenif [z| <r and if |z - z,| is

small,
1 1 1]
v, (2) :EJ.IB_HO’S‘S P, (0)(v(zq +¢)) dO + E[Supvgrel )Jjga-aopcs P, (0)d0 <v(zy) +2¢

Hence v, is upper semi continuous .If we again take continuous functions u,(z)
decreasing to v(z) on 0B(0,r), then by the same proof of the corollary we have
v(z) € v,(z) . Because v is a sub harmonic, this inequality shows the mean value

inequality at each point z, with |zo| =r1i.e
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v, (20) S — [W(zo + pe'®)d0 , p<r
2
Consequently v (z) is a sub harmonic function on D.
Corollary: if v is a sub harmonic function on D , then

m(r) = ZL jv(reig) d@ is an increasing function of'r.
r

Theoreom4: Let v be a s.h in the unit disc D then v has a harmonic majorant if and

only if

Sup L [v(re’®)d6 = Sup v, (0) <
0<r<l 27T

And the least harmonic majorant of v is then

w(z) = lim l—jpz,,(ﬁ)v(re yd6 = 1lim v,(z)
r—=12m1 r— 1

Poof Suppose Supf,(()) <€ then by Haranck’s theorem the function v, (z) increases to
a finite harmonic function u(z) on D . Then by above theorem v(z)< v, (z)
anv,(z) <u(z),and hence v(z) <u(z) ,for all z. Therefore u is a harmonic majorant of v.

Conversely let U be a harmonic on D and let v(z) <U(z) , Vz in D .This implies
that v,(z) U (z),Vr. ConsequentlySup ,v,(0) < , and again u(z) = lim v, (z) is
finite and harmonic . Since v, (z) < U (z), we have u(z) <U(z) and hence u is the least

harmonic majorant . From continuity #(z) = limu(rz). The least harmonic majorant of
r—l

v can also be written: u(z) = lim [P, OVr?)do /27
r—>
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Theorem 5: Let v be a sub harmonic function in the upper half plane H.

If Sup _ﬂv(x +iy)|dx =M <o,

Then v has a harmonic majorant in H of the form u(z) = IPy (x—t)du(t) where pis a

finite signed measure on R.

Proof From theorem 5 of first part, we proved this inequality;

lu(2)| < 2/ )7 iu,;a“u(x,ﬂ)”Lp(dx) And similar proof gives us

v(z) £ iSup ﬂv(a +inde , z = x+y , y>0 for sub harmonic function v in the upper half
oo

plane H.

Now fix y>0 and consider the harmonic function

u(z)= Uy (z)= [P,_},O (z—1t)v(t,t,)dt defined on the upper half plane {y > y,}

Claim v(z)<u(z) .on y >y, .To scc this lct € >0 and A >0 be large. Let «,(¢) continuous
y

functions decreasing v(t +iy,) on [-A, Al and let U, (z) = | P, (x—tu, (H)dt,y >y, be
-4

the Poisson integral of u,. The function V(z) =v(z) —log|z +i—U,(z) is sub harmonic

on y >y, with € fixed we have lim V(z) = —0 and by theoreml and if A is large we

Z—®
have |im V(z)<0, f0r|r| 24 .
2-5(t,y)
If |t < A,

E )V(Z) Sv(fa}’o)_u,J(t,yg)S 0.

z(t )
Then by theorem 4 and a conformal mapping V(z)<0 on y > y,. Sending n—> , then

A—o0 and then €0, we obtain v(z)<u(z) on y> y,. The measures v(, y,)d¢ remain
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bounded as y, — 0, and if du(t) is a weak —star cluster point , then

lim0 Uy, (2)= J'Py (x —1)du(t) is a harmonic majorant of v(z) and hence the function
Yo

u is actually the least harmonic majorant.

The classical theory of the Hardy space H#”is a mixture of real and complex analysis. In
this short chapter,. We are going to see the sub harmonicity of |f|"and log|f| for

analytic function f and the use of Blaschke products to reduce the problems to the case
of non-vanishing analytic functions. There are two H#” theories one for the disc and for

the upper half plane. We introduce these twin theories simultaneously.

Definition: Let O<p<wand let f(z) be analytic function on D,

We say f e H?(D), if Sup %j|f(rem|pd9 = “f”PHP <oo.

o<r<l

Ifp=cowesay f € H” if f(z) is a bounded analytic on D and we write

|71, = Supls ().
zeD

]

Example: Let f(z)=z= re'’, zin D, 0<r <1 then |f(z)| = r, 0<p<co.

1 0P 19 _ 0 L 1
Sup f|£(re )\ d@-Sl;p%x [rrde <1.

Hence f € H?”(D)and also clearly /' € H” (D). Based on the theorem 4 above the

analytic function f(z) e H”(D)if and only if the sub harmonic function |f(z)|" has a

harmonic majorant and that for p<oo , | by ”p 1P is the value of the least harmonic
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majorant at z = 0, indeed by theorem4. the least harmonic majorant of |f(z)|" is of the

form u(z) = Iiml 2L _[PZ,,_ (9)‘f(re"9)‘pd6’, now if z=0, P,,,.(8) =1, this implies
r—>1 21

o I ;
that u(0) = lim— [|f(r¢"”)[" a0,
r—127
But it can be shown that:

1 i0+|P o8 1 i0+\|P —lrl? , —
Sup—— [}f (re*)[ a0 =lim— [|(re" [ dO =7 v =0,

Definition: Let f be analytic function on the upper half plane H, for 0<p<c we say
ferf @, i Supf|Fx+iv)ds=|f| 5" <.
¥y

When p =« we write f e H” for the bounded analytic functions on H , and we give

1A, = sulra)-

Note that the definition of H”(dr)involves all y, 0<y<oco, instead of small values of y,

—iz/p
like, say O<y<1, For example, if g(z) = _LT’
(i+z)"'*
y—ix 3
i | 5
| | |x+(1+y)i|2 x° & (p41)°
5 e’r

This implies that: T 5 E de = ;
x? +(y+1)? y+1°

-0

e’

For 0<y<l, Sup < Sup me’ =me,but g ¢ H”(dt).
o<y<t ¥+1  o0<y<
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i(1-w)
I1+w

Letz=1(w) = be the conformal mapping of D onto H.

Clearly fote H*(D) if and only if feH”(dt), indeed, if fore H”(D) then

|fo T”w = Sup| for(w)| = Sup| f (r(w))| < %

welD weD
But for each z in H, there exists w in D such that t1(w) = z, and hence PP
Sup’f(z)] = Sup|f(r(w))| <00,
zeH welD

This implies that Suplf(z)| <oand hence f € H”(dt). Conversely
zeH

suppose f € H”(dt), then for all w in D, Sup’fo r(w)| <o butt(z)isin H

Sup| f ()| < ©0and hence fore H*(dt).
zeH

However, for p< o, HP(D)and H ?(dt) are unfortunately not transformed into each
other , for example H (D) contains non zero constants , but A ”(dt) doesn’t contain

them. In order to treat H”(D)and H ”(dt) together we are going to prove the

following to lemmas.

Lemmal; if O<p<ewo and if fe H7”(dt) then the sub harmonic function | i (z)|p has

harmonic majorant u(z) in H and
NP ST
R
V4

53 |p has a harmonic majorant

Proof since fe H”(dt) then by theorem 5 of part two,
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and the least harmonic is of the form u(z) = ny (x— t)‘f(z)}pdt.

Hence u(i) = j | f(o) dt<— j F@ dt,
This implies that: u(i) < 1 ”f(t)’pdt < lHf“p .
T T

Therefore u(i) < lHf”pm“’(afz)
T

Lemma 2: if O0<p<co and if f is analytic function in the upper half plane such that the

sub harmonic | f (z)|p has a harmonic majorant, then

-1
xip

F(z)= Ez_+i)—2”’f(z)

is in H?(dt)and HFHPHP <u(i) where u is the least harmonic majorant of |f(z)|".

Proof let u be the least harmonic majorant of ' f (z)(p . The positive harmonic function

has the form :
u(z) = cy+ [P, (x ~)du(r)

Where ¢ 2 0 and p is a positive measure on R such that j(l +1*) 'du(t) < .
1
(x> +(y+1)?)

» cy | B
’F(z)’ < -F xz) + e x2) _[Py (x—0)dult).

Consequently |F (z)|p = [ (z)“D < ;2)1{(2) and hence
+ X
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Using Fubini theorem

[|[F(x+iy)Pdx| < cy+ I/ﬂ[(]l;z]’y(x—t)dx)dy(t)
+x

B y+1
5 Py(x—f)dx— 5

but _
! 4+ (p+1)?

I = P,,;(¢). This implies that
+Xx

IF(x+ i) dx <cy+ [P, (t)du(t) = -c + u((1+y)i)<eo.

Taking the suprumum we get “F”pﬁp <. But I ‘F(x + iy)|pdx is a decreasing

function of y. hence ”FHPHP = lin‘(l) J'[F(x 5 iy)'pdx.
P

From this we have:

IF|? 57 <u).

For p=1, H”is a normed linear space, for p<1, the inequality ’21 + zz|p < |zl‘p +{zz|p

shows that H ”is a metric space with metric

d(f.e) = |f - g|"n".
Theorem 6: for 0<p<co, H” is complete.

Proof Assume p<oo, we give the proof in the upper half plane ; the reasing for the
disc is very similar .
We already proved that, for each y>0 ’ flx+ 1'y)| <@2/my)''F ” Vi H . p » this shows that

any H ” cauchy sequences { f, } converges point wise on H to analytic function f(z)
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By Fatou’s lemma:

I|f(x+iy)~f,,(x+iy)|pdxﬁ lim ﬂf,,,(x+z'y)-—fn(x+iy)[pdxS h_m||fm —f,,||pHP

m-—0 m-—wo

Hence Hf—f,,"pHP < lim|f,, — f,| HP -
m—0

Therefore H”is a complete space.

2.3 Blaschke Products

Definition: A finite Blaschke product is a function of the form

B(z)=ei‘”H1_zJ;,

J=1 j

Z2—Z
= zj\<1j:1,2...n.

The function B has the properties:

(i) B is continuous across aD.

(ii) |B|=1on éD, indeed since|z,zz| = |21sz]. We have

B@)| =] ’Z__Zj’ but ’Z_ij’ =1 VzeodD and ‘z.‘<1.Hence B|=1
,I—Zj z‘ ’l—zjz‘ :

(iii) B has finitely many zeros in D.

These properties determine B up to a constant factor of modulus one, indeed, if an
analytic function f(z) has (i)—(iii) , and if B(z) is the finite Blashke Product with the

same zeros , then by the maximum principle |f/B|< 1 and |B/f] <1 on D, and so /B is
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constant . The degree of B is its number of zeros. A Blashke product of degree 0 is a
constant function of absolute value 1.Now we are going to see{Z, } of a non zero H”

function on the disc satisfy Blaschke’s condition:
> _|an)< ©,

Theoreml: Let f be an analytic function on the disc, f= 0 and let {z, } be the zeros of

fz) . If log| f (z){ has a harmonic majorant, then

Z(l—'znl)<oo.

, then

If f(0) #0 and if u(z) 1
> (1-|z,]) <u(0) - log| £(0)].

1 .
Proof Assume f(0) # 0, then by theorem3 Supz— I log‘ i (re”g )‘d@ <ooandifuis
T

F

the least harmonic majorant of log|f(z)| then
1 ; 1 -
0) = Sup— |1 9Yd6 =1lim — |1 )6 .
u(0) = Sup - [log|f (re'*)d6 =lim ~ flog| (e }d

Fix r<1 so that ‘z"l # 1 foralln, and letz, , z, z;,...z, be those zeros with ’zj‘ <r.

Then f(rz) has zeros z, /7 ,z, /7 ,..z, [ r.

n (z—z;/r
Let B,.(2)=]] (E ) ,  a finite Blaschke product with the same zeros as
7 1= /r

f(rz). And let g(z) = f(rz)/ B.(z), gis analytic and zero free on D , so that
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l0glg(0)| =, [logle (e jzo.

ig
Since [g(e')| = /") =|£(re"”)|. This gives the familiar Jensen
B, ()
F 1 i0
formula  log|f(0)+ Y log—— = — | log] f(re )}d@.
lz;| 2=x

|z, [<r
Letting r tend to 1 yields:

S log - <lim - [logl (re" 46 ~log|{(0)| = u(0) ~ logl{(0)] .

‘zj‘ Tl 27

But 1-— ’zj{ < logﬁ Vj , this implies that:

. z,
i(l —‘Zj‘)ﬁ i “——Zl ‘ <u(0) - log| /(0)| and hence Z(l—‘zj’) <o,
: j

Jl<r
If /€ H?(D)then 10g]f| < l’f\pand log|f] has a harmonic majorant, hence if
P

f e H?(D) orif fiw) =F(z(w)), F € H?(dt) then ) (1-|z,|) <

Theorem?2: Let {z,} be a sequence of points in D such that > (1— |zn ’) <oo. Let mbe

the number of z, equal to 0, Then the Blaschke product
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B(z)==" [] e, S converges on D . (*)

=0 [2a] 1-2, 2

The function B(z) is in H?(D)and the zeros of B(z) are precisely the points z,, each

zero having multiplicity equal to the number of times it occurs in the sequence {z,}.

Moreover |B(z)‘$l and ’B(eig)‘=l almost everywhere.

Proof. By definition a Blaschke product on D is a function of the form (*) above.

T, B—g,

|Zn|( 1- Zn Z) .

Suppose [z,,|>0 for all n let b,(z)=

Claim: []b, converges on D.

[ 5, converges on D to analytic function having {z,} for zeros if and only if
> |1 =B (z)| converges uniformly on each compact subset of D .

By calculation:

+
L R

|z, 1(1-Z2,2) 1-| z|
1+ | z |

~|.2]
Sl -b, )| < T +'z XCIEVRES

1-5,(2)|= (I-] 2, ) <co.

From this we get that [I -b, (z)| <

—| z, |) and therefore

This means that »_ | (1— b" (z)| converges uniformly on each compact sub set of

D. Then []5, converges on D.Since |b,(z)|<1, it is clear that B(z) € H* (D) and
IB(z)|<1. The bounded harmonic function B(z) has non tangential limits

‘B(e"g )’ <1 almost everywhere .To see "B(em)‘ =l a.e.
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Let B,(z) =[] bx(2). Then B/B, is an other Blaschke Product and
k=1

LUPRNILS PR A
B,(0)| 2z (Bn(efﬂ)‘ 27

R —sR e g — J|B(e”) d6 =1
27

chce|B(ei9)|= la.e.

Based on the above two theorems we conclude that if f is analytic function on D then
f(z) has a factorization f(z)= B(z)g(z) where B(z) is a Blaschke product and g has no

zeros on D if and only log|f(z)| has a harmonic majorant .

Theorem 3: (F. Riesz) let 0<p< o let fe H” (D), f #0 let {z,} be the zeros of f(z)

and let B(z) be the Blaschke product with zeros {z,}. Then g(z) = % is in
z

H?(D) and HgHHP =HfHHP

Proof if fe H” then B (z) converges. Let B, be the finite Blashcke product with
ZeTros

Z{ 5 25 523 ,...2, and let g, = f/B, , &,—~>gas n—>w and g, is
increasing function of'r.

Fix r< 1. Then

i@+|?
J"gn(”em)*pdﬁ/br < lim IM@

R—1 i0\[P 2 but Jlelml
R ACE

B, (Re'’)|=

B, (e"’)‘ =1.

If 1-R is small then:
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i0 i0 pde : i0 d@_ .
’B(Re )‘>l—8 so that jg"(re )’ ES}EIE ﬂf(Re )’E_”f”PHP . This

implies that

HngHP =’}i_r>130 ﬂgn(re)’pd@' < Hf HPHP hence “g”S”f“ 1 .
Since |gn1 is increasing to |g| and |g| = |f] we have ”f”Hp S” gHHP (2).

From (1) and (2) we get Hf HHP = ”g“Hp
The above theorem is also true for f € H?”(dt) because the proof of theorem 5 shows

that Sup [|f(x+iy)|"dx =lim [lfGx+iy)dx .
y =

Blaschke products have a simple characterization in terms of harmonic majorants.

Theorem 4: [ € H*(D), | f||<1. The following are equivalent.

(a) f(z) = AB(z) , where A is a constant, [A|=1 and B(z) is a Blaschke product
(b) lim Ilog‘f(reie )}d—g = 1

r—1 27
(c¢) The least harmonic majorant of log|f(z)|is O.

Proof by theorem 4 (b) and (c) are equivalent. Suppose that f(z) is the Blaschke

product with zero {z,}, and let € >0 , we may divided f(z) by a finite Blaschke product

B,(z) so that >1-¢& .Since B, iscontinuous on D and

B,,(e"‘?)l =1.

f
C i)

f

——~l is sub harmonic

n

lin} J'log‘f(re‘lg )1 df = lin} j'log-éi(rem) d@ . But since log
r— r—

f

——(re

n

i5)

and negative log (1-€) <[log ;1_:9 <0 . Hence (b) holds. Suppose (c) holds.
7r
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Let g(z) =f(z)/B(z), where B(z) is the Blashcke product formed from the zeros of f(z) .
Then because Hf“ =1, log[f(z)[ < log‘g(z)| <0. Since log|g(z)| is a harmonic
majorant of log |f(z)| , (c) implies that log |g(z)| = 0. Hence g(z) = A where A is a

constant and [A| = 1, and so (a) holds.
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