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Abstract
In this paper we present Inner product space ,orthogonality ,series ,Fourier
series ,parameter form of Bessel equation and the Sturm-Liouville Theory to
find eigenvalue and eigenfunction ,eigenfunction expansion and at last apply
Sturm-Liouville Theory to the oscillation of hanging chain ,elastic vibrations
and buckling beams.

iv



Notations
Through out this project we will use the following notations:

1) C=complex numbers.

2) C1=Continuous Differentiable functions .

3) C0 = Continuousfunctions

4) <n =n-tuple of Real number.

5) Cn =n-tuple of complex numbers.
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Introduction
Our development of the theory of Sturm-Liouville in this paper involve some
from linear algebra that are some what abstract but simple to explain in the
context of a finite dimensional vector space. For this reason we start our
discussion by reviewing some basic concepts from linear algebra.
We will encounter ordinary differential equations Bessel’s equations,whose
solutions are called Bessel functions. The full implementation of the sepa-
ration of variables method will leads us to study expansions of functions in
terms of Bessel functions.
The main focus of this paper is to develop a general theory that encompasses
the specific expansions theorems considered previously Bessel expansions.
This theory is named after Sturm and Liouville , who developed it early part
of the nineteenth century.
Beyond its esthetic appeal, Sturm-Liouville theory has many applications in
applied mathematics , physics and engineering . We will use it to obtain
further expansion results rather than developing them a case by case basis.
Some classical applications are presented in this paper including the problems
of hanging chain and the vibrating beam.
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Chapter 1

Preliminaries

1.1 Inner product space

Definition 1. Let X be a vector space over F . A function X × X −→ F
is called an inner product in X, if for any pair x, y ∈ X, the inner product
(x, y) 7→ 〈x, y〉 ∈ F satisfies the following conditions .

1. 〈x, y〉 = 〈y, x〉 for all x, y ∈ X

2. 〈ax+ by, z〉 = a〈x, z〉+ b〈y, z〉 for all a, b ∈ F x, y, z ∈ X

3. 〈x, y〉 ≥ 0 for all x, y ∈ X

4. 〈x, x〉 = 0⇐⇒ x = 0

A vector space on which an inner product is defined is called an inner product
space.
The symbol in 〈y, x〉 in (1) denotes the complex conjugate of 〈y, x〉, so that
〈x, y〉 = 〈y, x〉 if X is a real vector space. Note also that (1) and (2) imply
〈x, ay〉 = 〈ay, x〉 = a〈x, y〉.
* We now define the norm of a vector x as ‖x‖ =

√
〈x, x〉.

* In <n we define the inner product of the vectors
x = (x1, x2, ..., xn) , y = (y1, y2, ..., yn) by

〈x, y〉 = x1y1 + x2y2 + ...+ xnyn (1.1.1)
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which implies ‖x‖ =
√
x12 + x22 + ...+ xn2.

* In Cn we define

〈z, w〉 = z1w1 + z2w2 + ...+ znwn (1.1.2)

For any pair z, w ∈ Cn. Consequently,

‖z‖ =
√
|z1|2 + |z2|2 + ...+ |zn|2

A natural choice for the definition of inner product on C([a,b]),by analogy
with (1.1.1) is

〈f, g〉 =

∫ b

a

f(x)g(x)dx f, g ∈ C([a, b]) (1.1.3)

Sothat ‖f‖ = [
∫ b
a
|f(x)|2dx]

1
2

Definition 2. (i) A pair of non-zero vectors x and y in the inner product
space X is said to be orthogonal if 〈x, y〉 = 0. Symbolically expressed by
writing x ⊥ y. A set of non-zero vectors ν in X is orthogonal if every pair
in ν is orthogonal.
(ii) An orthogonal set ν ⊆ X is said to be orthonormal if ‖x‖ = 1 for every
x ∈ ν.

1.1.1 Inner products and orthogonality of functions

In defining inner product of two vectors, we summed the product of their
components. To define the inner product of two functions; we will integrate
their product as follows. Let f and g be real-valued functions defined on an
interval (a, b). The inner product of f and g denoted by (f, g), is the number

(f, g) =
∫ b
a
f(x)g(x)dx. If f and g are complex valued, then define

(f, g) =

∫ b

a

f(x)g(x)dx (1.1.4)

The same properties as the inner product vector space (1.1.4) satisfies.

1. (af, g) = a(f, g), for any number a.

2. (f + g, h) = (f, h) + (g, h).

3. (f, f) ≥ 0, for any function f .
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Definition 3. The functions f and g are called the orthogonal on the interval
(a, b) if (f, g) =

∫ b
a
f(x)g(x)dx = 0. In the case of complex-valued functions

(f, g) =
∫ b
a
f(x)g(x)dx = 0. We define the norm of f , denote ‖f‖, by ‖f‖ =√

(f, f) = [
∫ b
a
|f(x)|2dx]

1
2

Note how both definitions, othogonality and norm, are based on the notion
of inner products as they were in the finite dimensional case.
A set of functions {f1, f2, f3, ...} defined on the interval (a, b) is called an

orthogonal set if ‖fn‖ 6= 0 for all n ,and each distinct pair of functions from
the set is orthogonal , that is (fn, fm) = 0 for n 6= m. If, in addition, the
norm of each fn is 1, the set is called an orthonormal set. Hence, if we divide
each function in an orthogonal set by its norm we obtain an orthonormal set.

Example 1. Orthogonal functions
Show that the sequence of functions fn(x) = sinnx (n = 1, 2, 3, ...) is or-
thogonal [−π, π] on the interval and obtain the corresponding orthonormal
set.

solution 1. We need to show that ‖ sinnx‖ 6= 0 and each distinct pair of
functions in the given set is orthogonal. We have

‖ sinnx‖2 =

∫ π

−π
sin2nxdx =

∫ π

−π

1− cos 2nx

2
dx = π

Thus the norm of sinnx is ‖ sinnx‖ =
√
π 6= 0.

For m 6= n, we have∫ π

−π
sinmx sinnxdx =

1

2
[

∫ π

−π
cos (m− n)x− cos (m+ n)xdx] = 0

The corresponding orthonormal set is sinx√
π
, sin 2x√

π
, sin 3x√

π
, ...

1.1.2 Generalized fourier series

Theorem 1.1.1. Generalized fourier series
If f1, f2, f3, ... is a set of orthogonal functions on (a, b) and if f can be rep-
resented as a series in the form

f(x) =
∞∑
j=1

ajfj(x) (1.1.5)
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then

f(x) =
∞∑
j=1

(f, fj)

‖fj‖2
fj(x) (1.1.6)

Proof. Let A be a class of functions on (a, b) . Given f1, f2, f3, ... is an
orthogonal set of function A and a function f in A. From the hypothesis f
expressed as a series of the form

f(x) =
∞∑
j=1

ajfj(x)

multiplying both sides of (1.1.5) by fk and integrate term by term on the
interval (a, b).
This gives ∫ b

a

f(x)fk(x)dx =
∞∑
j=1

aj

∫ b

a

fj(x)fk(x)dx

Because of orthogonality, the kth term is the only non-zero term on the right
side and so

∫ b
a
f(x)fk(x)dx = ak

∫ b
a
f 2
k (x)dx. The left side is the inner product

of f and fk and the integral on the right side is the square of the norm of fk,
so (f, fk) = ak‖fk‖2. Thus

ak =
(f, fk)

‖fk‖2
=

1

‖fk‖2
∫ b

a

f(x)fk(x)dx (1.1.7)

Hence

f(x) =
∞∑
j=1

(f, fj)

‖fj‖2
fj(x)

1.1.3 Orthogonality with respect to a weight

If f and g are real-valued functions on (a, b), we define their inner product
with respect to the weight w to be the number

(f, g) =

∫ b

a

f(x)g(x)w(x)dx
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We assume that w(x) is a non-negative piecewise continuous function on
[a, b] that is not identically 0 on any sub-interval of [a, b]. The corresponding
definition of orthogonality is as follows

Definition 4. The functions f and g are orthogonal with respect to the weight
function w on the interval [a, b] if (f, g) =

∫ b
a
f(x)g(x)w(x)dx = 0. The norm

of f with respect to the weight w is

‖f‖ = [

∫ b

a

|f(x)|2w(x)dx]

1
2

(1.1.8)

The following is analog of theorem (1.1.1) for expansions in series with re-
spect to functions that are orthogonal with respect to a weight.

Theorem 1.1.2. If f1, f2, f3, ... is a set of orthogonal functions with respect
to a the weight w on [a, b] and if f can be represented as a series in the form
(1.1.5), then

f(x) =
∞∑
j=1

(f, fj)

‖fj‖2
fj(x) (1.1.9)

We end this section with a statement of Parseval’s identity for complete
orthogonal systems.

Theorem 1.1.3. Parseval’s identity
Let f1, f2, f3, ... be a complete set of orthogonal functions with respect to the
weight w on [a, b] and let f be such that its norm as given by (1.1.8) is finite
(That is, f is square integrable with respect to the w.) Then∫ b

a

|f(x)|2w(x)dx =
∞∑
j=1

|(f, fj)|2

‖fj‖2
(1.1.10)

1.2 Bessel’s Equation and Bessel Functions

We will see in this section that Bessel’s equation of order p ≥ 0,

x2y
′′

+ xy
′
+ (x2 − p2)y = 0, x > 0 (1.2.1)

Note that Bessel’s equation is a whole family of differential equations, one
of each value of p. Note also the unfortunate clash of terminology - Bessel’s
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equation of order p is a differential of order 2.
Historically, the equation with p = 0 was first encountered and solved by
Daniel Bernoulli in 1732 in his study of the hanging chain problem. Similar
equation appeared later in 1770 in the work of Lagrange on astronomical
problems .In 1824, while investigating the problem of elliptic planetary mo-
tion, the great German astronomer F.W.Bessel encountered a special form
of (1.2.1). Influenced by the monumental work of Fourier that had just ap-
peared in 1822, Bessel conducted a systematic study of (1.2.1).

Solution of Bessels Equation
We will apply the method of Frobenius. It is easy to show that x = 0 is a sin-
gular point of Bessels equation. So, as suggested by the method of Frobenius,
we try for a solution.

y =
∞∑
m=0

amx
r+m (1.2.2)

Where a0 6= 0. substituting this into (1.2.1) yields

∞∑
m=0

am(r +m)(r +m− 1)xr+m +
∞∑
m=0

am(r +m)xr+m+

∞∑
m=2

am−2x
r+m − p2

∞∑
m=0

amx
r+m = 0

writing the terms corresponding to m=0 and m=1 separately gives

a0(r
2−p2)x2+a1[(r+1)2−p2]x(r+1)+

∞∑
m=2

(am[(r+m)2−p2]+am−2)x
r+m = 0

Equating coefficients of the series to zero gives

a0(r
2 − p2) = 0(m = 0) (1.2.3)

a1[(r + 1)2 − p2] = 0(m = 1) (1.2.4)

am[(r +m)2 − p2] + a(m−2) = 0(m ≥ 2) (1.2.5)

From (1.2.3), since a0 6= 0, we get the indicial equation (r+ p)(r− p) = 0
with indicial roots r = p and r = −p.
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First solution on Bessel’s Equation
Setting r =p in (1.2.5) gives the recurrence relation

am =
−1

m(m+ 2p)
am−2,m ≥ 2

(1.2.4) becomes
a1[(p+ 1)2 − p2] = 0

which implies that a1 = 0 (recalling that p ≥ 0 in (1.2.1)), and so a3 = a5 =
· · · = 0. To make it easier to find a pattern for the even indexed terms we
rewrite the recurrence relation with m = 2k and get

a2k =
−1

22k(k + p)
a2(k−1), k ≥ 1

This gives

a2 =
−1

22(1 + p)
a0,

a4 =
−1

222(2 + p)
a2 =

1

242!(1 + p)(2 + p)
a0

a6 =
−1

223(3 + p)
a4 =

−1

263!(1 + p)(2 + p)(3 + p)
a0

and so on. Substituting these coefficient into (1.2.2) gives one solution to
Bessel’s equation

y = a0

∞∑
k=0

(−1)k

22kk!(1 + p)(2 + p)...(k + p)
x2k+p (1.2.6)

Where a0 6= 0 is arbitrary. We choose

a0 =
1

2pΓ(p+ 1)

Definition 5. The gamma function is defined for x > 0 by

Γ(x) =

∫ ∞
0

tx−te−tdt.

This integral is improper and converges for all x > 0.The basic property of
the gamma function is

Γ(x+ 1) = xΓ(x).
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and simplify the terms in the series using the basic property of the gamma
function, as follows:

Γ(1 + p)[(1 + p)(2 + p)...(k + p)] = Γ(2 + p)[(2 + p)...(k + p)

= Γ(3 + p)[(3 + p)...(k + p)]

= ... = Γ(k + p+ 1)

After this simplification, (1.2.6) yields the first solution, denoted by JP and
called the Bessel function of order p,

Jp(x) =
∞∑
k=0

(−1)k

k!Γ(k + p+ 1)
(
x

2
)2k+p (1.2.7)

When p = n, we have Γ(k+ p+ 1) = (k+n)! , and so the Bessel function
of order n is

Jn(x) =
∞∑
k=0

(−1)k

k!(k + n)!
(
x

2
)2k+n

1.3 Bessel series expansions

In this section we explore some recurrence relations, orthogonality proper-
ties of Bessel functions and expansions of functions in Bessel series. Many of
these properties are used in solving the boundary value problems.

Identities Involving Bessel Functions
We start with two basic identities. For any p ≥ 0

d

dx
[xpJp(x)] = xpJp−1(x) (1.3.1)

d

dx
[x−pJp(x)] = −x−pJp+1(x) (1.3.2)

Note that for p = 0, the second identity yields

d

dx
[J0(x)] = −J1(x)

Many other useful identities follow from (1.3.1) and (1.3.2). We list some of
the most commonly used ones:

xJ
′

p(x) + pJp(x) = xJp−1(x) (1.3.3)
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xJ
′

p(x)− pJp(x) = −xJp+1(x) (1.3.4)

Jp−1(x)− Jp+1(x) = 2J
′

p(x) (1.3.5)

Jp−1(x) + Jp+1(x) =
2p

x
Jp(x) (1.3.6)

To prove (1.3.3), we expand the left side of (1.3.1) using the product rule
and get

xpJ
′

p(x) + pxp−1Jp(x) = xpJp−1(x)

Dividing through by xp−1 gives (1.3.3). Identity (1.3.4) is proved similarly by
starting with (1.3.2) and expanding using the product rule. Adding (1.3.3)
and (1.3.4) and simplify yields (1.3.5). Subtracting (1.3.4) from (1.3.3) and
simplifying yields (1.3.6).
There are similar identities involving integrals of Bessel functions. For ex-
ample, the identities ∫

xp+1Jp(x)dx = xp+1Jp+1(x) + c (1.3.7)

∫
x−p+1Jp(x)dx = −x−p+1Jp−1(x) + c (1.3.8)

1.3.1 Orthogonality of Bessel Functions

To understand the orthogonality relations of Bessel functions, let us re-
call the familiar example of the functions sinnπx,n = 1, 2, 3, .... We know
that these functions are orthogonal on the interval [0, 1], in the sense that∫ 1

0
sinnπxsinmπxdx = 0 if n 6= m. In constructing systems of orthogonal

Bessel functions, we will proceed in a similar way by using a single Bessel
function and its zeros. Fix an order p ≥ 0, the Bessel function Jp has in-
finitely many zeros on the positive x-axis x > 0 (just like sinx). We denote
these zeros in ascending order 0 < αp1 < αp2 < ... < αpj < .... Hence αpj
denotes the jth positive zero of Jp.
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Unlike the case of the sine function, where the zeros are easily determined
by nπ, there is no formula for the positive zeros of the Bessel functions. Since
the numerical values of these zeros are very important in applications, they
are found in most mathematical tables and computer systems. For later use,
we list in table 1 the first five positive zeros of J0, J1 and J2.

j 1 2 3 4 5
α0j 2.40483 5.52008 8.65373 11.7915 14.9309
α1j 3.83171 7.01559 10.1735 13.3237 16.4706
α2j 5.13562 8.41724 11.6198 14.796 18.9801

Table1: positive zeros of J0 ,J1 and J2.
Let a be a positive number. To generate orthogonal functions on the interval
[0, a] from Jp, we proceed as in the case of the sine function, using αpj, the
zeros of the Bessel function. We obtain the functions

Jp(
αpj
a
x), j = 1, 2, 3, ... (1.3.9)

To simplify the notation, we let

λpj =
αpj
a
, j = 1, 2, 3, ... (1.3.10)

So λpj is the value of the jth positive zero of Jp scaled by a fixed factor 1
a
.

We are now in a position to state some fundamental identities.

Theorem 1.3.1. Orthogonality of Bessel functions with respect to
a weight
Fix p ≥ 0 and a > 0. Let Jp(λpjx)(j = 1, 2, ...) be as in (1.3.9) and (1.3.10).
Then ∫ a

0

Jp(λpjx)Jp(λpkx)xdx = 0 for j 6= k (1.3.11)

and ∫ a

0

J2
p (λpjx)xdx =

a2

2
J2
p+1(αpj) for j = 1, 2, ... (1.3.12)

Note that (1.3.12) involvesλpj and αpj. Property (1.3.11) is described by
saying that the functions Jp(λpjx) , j =1, 2 , . . . are orthogonal on the
interval [0, a] with respect to the weight x. The phrase ”with respect to the
weight x ” refers to the presence of the function x in the integrand in (1.3.11).

10



On the interval [0, 1], that is when a = 1 formulas (1.3.11) and (1.3.12) take
on a simpler form ∫ 1

0

Jp(αpjx)Jp(αpkx)xdx = 0 for j 6= k (1.3.13)

∫ a

0

J2
p (αpjx)xdx =

1

2
J2
(p+1)(αpj) for j = 1, 2, .. (1.3.14)

1.3.2 Bessel series and Bessel-Fourier coefficients

Now we will see how we can expand functions using Bessel series. More
precisely, a given function f on the interval [0, a] can be expressed as a series

f(x) =
∞∑
j=1

AjJp(λpjx) (1.3.15)

called the Bessel series of order p of f . Multiplying both sides of (1.3.15)
byJp(λpkx) and integrating term by term on the interval [0, a] gives∫ a

0

f(x)Jp(λpkx)xdx =
∞∑
j=1

Aj

∫ a

0

Jp(λpjx)Jp(λpkx)xdx (1.3.16)

The orthogonality property (1.3.11) shows that all the terms on the right
sides of (1.3.16) are 0 except when j = k. Canceling the zero terms and using
(1.3.12), we get

Aj =

∫ a
0
f(x)Jp(λpjx)xdx∫ a
0
J2
p (λpjx)xdx

=
2

a2J2
p+1(αpj)

∫ a

0

f(x)Jp(λpjx)xdx (1.3.17)

The number Aj is called the jth Bessel coefficient of the function f . The
next theorem gives conditions under which the Bessel series expansion of a
function is valid.
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Theorem 1.3.2. : Bessel series of order p
If f is piecewise smooth on [0, a], then f has a Bessel series expansion of
order p on the interval (0, a) given by

f(x) =
∞∑
j=1

AjJp(λpjx)

Where λp1, λp1, ... are the scaled positive zeros of the Bessel function Jp given
by (1.3.10), and Aj is given by (1.3.17). In the interval (0, a), the series
converges to f(x), Where f is continuous and converges to the average

f(x+) + f(x−)

2

at the points of discontinuity.

Example 2. Find the Bessel series expansion of order 0 of the function
f(x) = 1 ,0 < x < 1. (Note : We will drop the index p and write αj and λj
instead of αpj and λpj.)
Solution :

f(x) =
∞∑
j=1

AjJ0(αjx)

Where αj is the jth positive zero of J0 and

Aj =
2

J2
1 (αj)

∫ 1

0

f(x)J0(αjx)xdx

=
2

J2
1 (αj)

∫ 1

0

J0(αjx)xdx

=
2

α2
jJ

2
1 (αj)

∫ αj

0

J0(t)tdt, (t = αjx)

=
2

α2
jJ

2
1 (αj)

J1(t)t|
αj

0 , (by(1.3.7) with p = 0)

=
2

αjJ1(αj)

12



Theorem (1.3.2) asserts that the Bessel series converges to f(x) at all points
in the interval. Thus

1 =
∞∑
j=1

2

αjJ1(αj)
J0(αjx), 0 < x < 1

j 1 2 3 4 5
αj 2.4048 5.5201 8.6537 11.7915 14.9309
J1(αj) 0.5191 -0.3403 0.2714 -0.2325 0.2065

2
αjJ1(αj)

1.6020 -1.0648 0.8514 -0.7295 0.6487

Table 2: Numerical data for example above
Using the numerical data provided by table 1 and 2, we can write explicitly
the first few terms of the series:
1 = 1.6020J0(2.4048x)−1.0648J0(5.5201x)+0.8514J0(8.6537x)−0.7295J0(11.7915x)+
0.6487J0(14.9309x) + ...
It is worth noticing that the Bessel coefficients tend to 0 as j →∞. This is
a property that holds in general.

1.3.3 Parametric Form of Bessel’s Equation

Theorem 1.3.3. Parametric Form of Bessel’s Equation
Let p ≥ 0, a > 0, and let αpj denote the jth positive zero of Jp(x). For
j = 1, 2, ..., the functions Jp(

αpj

a
x) are solutions of the parametric form of

Bessel’s equation of order p.

x2y
′′
(x) + xy

′
(x) + (λ2x2 − p2)y(x) = 0, (1.3.18)

Together with the boundary conditions

y(0) finite, y(a), (1.3.19)

When λ = λpj =
αpj

a
, and these are the only solutions of (1.3.18), aside

from scalar multiples, with these properties. Moreover, these solutions satisfy
(1.3.11) and (1.3.12) and so they are orthogonal on the interval [0, a] with
respect to the weight function x.

13



Chapter 2

Sturm-Liouville theory ,
Hanging chain , Elastic
Vibration and Buckling Beams

2.1 Sturm-Liouville Theory

2.1.1 Sturm-Liouville Theory

Definition 6. A homogeneous boundary value problem of the second order
linear differential equation that can be written in the form

(p(x)y
′
)
′
+ (q(x) + λr(x))y = 0, a ≤ x ≤ b (2.1.1)

c1y(a) + c2y
′
(a) = 0 (2.1.2a)

d1y(b) + d2y
′
(b) = 0 (2.1.2b)

with q, r ∈ C0[a, b] , p ∈ C1[a, b] , (c1, c2) 6= (0, 0) , (d1, d2) 6= (0, 0) and λ a
real constant is called Sturm-Liouville problem.

Equation (2.1.1) is said to be a regular Sturm-Liouville problem with
p(x) > 0 and r(x) > 0 for a ≤ x ≤ b. A singular Sturm-Liouville problem
is Sturm-Liouville problem in which at least one of the regularity properties
fails or on an infinite interval. In this case the boundary conditions are not
always described by sets of equations like (2.1.2a) and (2.1.2b). Typically,
a Sturm-Liouville problem is singular either because it occurs on an infinite
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interval, or because one or more of the coefficients goes to 0 or ∞ at an
end point of the interval or both. Indeed, it is convenient to require that
p(x) , p′(x),q(x)and r(x) are continuous on the interval a < x < b, with
p(x) > 0 and r(x) > 0 for a < x < b. This will be the case for all singular
problems encountered. Clearly y = 0 is a solution of every Sturm-Liouville
problem. The non-zero solutions of a Sturm-Liouville problem are called
the eigenfunctions of the problem and those values of λ for which non-zero
solutions can be found are called the Eigenvalues.

Example 3. Find the Eigenvalues and corresponding Eigenfunctions of the
Sturm-Liouville problem

y
′′

+ λy = 0, y(0) = y(π) = 0

Solution:
This differential equation fits the form of (2.1.1) with p(x) = 1, q(x) = 0 and
r(x) = 1. In the boundary conditions, a = 0 and b = π, with c1 = d1 = 1
and c2 = d2 = 0, so this is a regular Sturm-Liouville problem.
We seek non-zero solutions of the problem. As is often the case with Sturm-
Liouville problems, the nature of the solution depends on the sign of λ, so
we consider three cases

Case 1:- λ < 0. Let us write λ = −α2 where α > 0, Then the equation
becomes y

′′ − α2y = 0. Its characteristic equation is λ2 − α2 = 0 with char-
acteristic roots λ1 = α and λ2 = −α. Thus a fundamental set of solutions is
{eαx, e−αx}. Their Wronskian is

W (eαx, e−αx) =

∣∣∣∣ eαx e−αx

αeαx −αe−αx
∣∣∣∣ = −2α 6= 0

Thus eαx and e−αx are linearly independent. The general solution of the
differential equation is of the form y = c1e

αx + c2e
−αx; and so any solution is

a linear combination of the functions eαx and e−αx, which form a fundamental
set of solutions. It is worth while to note that the fundamental set of solutions
is not unique. In fact, we now describe another set that is more convenient
in some applications.
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Recall the definition of the hyperbolic functions

coshαx =
eαx + e−αx

2

and

sinhαx =
eαx − e−αx

2

Since these are linear combinations of functions from the fundamental set
of solutions, they are themselves solutions of the differential equation. You
could also verify the last assertion directly by using the derivative formulas.

d

dx
coshαx = α sinhαx

and

d

dx
sinhαx = α coshαx

Computing the Wronskian of coshαx and sinhαx. We find

W (coshαx, sinhαx) =

∣∣∣∣ coshαx sinhαx
α sinhαx α coshαx

∣∣∣∣ = α(cosh2 αx−sinh2 αx) = α 6= 0

We conclude that coshαx and sinhαx form a fundamental set of solutions
and so the general solution of the differential equation is the form y =
c1 coshαx+c2 sinhαx. We need y(0) = 0, so substituting into the general so-
lution gives c2 = 0. Now using the condition y(π) = 0, we get 0 = c1 sinhαx,
and since sinhαx 6= 0 unless x = 0, we infer that c1 = 0. Thus there are no
non-zero solution in this case.

Case2:- λ = 0. Here the general solution of the differential equation is
y = c1x+ c2, and as in case 1 the boundary conditions force c1and c2 to be
0. Thus again there is no non-zero solution.

Case 3:- λ > 0. In this case we can write λ = α2 with α > 0, and so the
equation becomes y

′′
+ α2y = 0. Its characteristic equation is λ2 + α2 = 0.

The characteristic roots are λ1 = iα and λ2 = −iα.
Thus a fundamental set of solutions is {eiαx, e−iαx}.
We now describe an alternative fundamental set of real-valued solutions. The
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construction is similar to the one we used in constructing the hyperbolic co-
sine and sine solutions in case 1. Recall Eulers identity

eiαx = cosαx+ i sinαx

Consider the following solution, which is formed by taking a particular linear
combination from the fundamental set of solutions.

y1 =
eiαx + e−iαx

2

=
1

2
(cosαx+ i sinαx+ cosαx− i sinαx)

= cosαx

Thus y1 = cosαx is a solution of the differential equation, which is a fact
that we can verify directly. Similarly, the linear combination

y2 =
eiαx − e−iαx

2i
=

1

2i
(cosαx+ i sinαx− cosαx+ i sinαx) = sinαx

Computing the Wronskian of cosαx and sinαx. We find

W (cosαx, sinαx) =

∣∣∣∣ cosαx sinαx
−α sinαx α cosαx

∣∣∣∣ = α(cos2 αx+ sin2 αx) = α 6= 0

Clearly, y1 and y2 are real-valued and linearly independent. Thus the general
solution of y

′′
+ α2y = 0 is y = c1 cosαx + c2 sinαx. From y(0) = 0 we get

0 = c1 cos 0 + c2 sin 0, or 0 = c1. Thus y = c2sinαx . Now we substitute
the other boundary condition to get 0 = c2 sinαπ. Since we are seeking non-
zero solutions, we take c2 6= 0. Thus we must have sinαπ = 0, and hence
α = 1, 2, 3, .... This means that, since λ = α2, the problem has eigenvalues
λ1 = 1, λ2 = 4, λ3 = 9, ... and corresponding eigenfunctions. y1 = sinx ,
y2 = sin 2x ,y3 = sin 3x, .... We have let the constant c2 be 1 in each case.
All other eigenfunctions will be non-zero multiple of these.
We now describe some fundamental properties of eigenvalues and eigenfunc-
tions of regular Sturm-Liouville problems, all of which are illustrated by the
solution to the above example. In that example, the eigenvalues form an
increasing sequence of real numbers. Moreover, to each eigenvalues there
corresponds just one linearly independent eigenfunction.

17



Theorem 2.1.1. The eigenvalues of regular Sturm-Liouville problem are all
real and form an increasing sequence λ1 < λ2 < λ3 < ... where λj → ∞ as
j →∞.

Our next result deals with the orthogonality of eigenfunctions. This prop-
erty holds for regular as well as some singular Sturm-Liouville problems. To
understand the reason behind the orthogonality property, we start by deriv-
ing some consequences of the boundary condition (2.1.2), in Sturm-Liouville
problems.
Let λj and λk be two distinct eigenvalues of the regular sturm-liouville prob-
lem (2.1.1)-(2.1.2) and let yj and yk denote their corresponding eigenfunc-
tions. From (2.1.2a) we have

c1yj(a) + c2y
′
j(a) = 0

c1yk(a) + c2y
′

k(a) = 0
In matrix form becomes[

yj(a) y
′
j(a)

yk(a) y
′

k(a)

] [
c1
c2

]
=

[
0
0

]
Since not both c1 and c2 are 0, we must have that∣∣∣∣ yj(a) y

′
j(a)

yk(a) y
′

k(a)

∣∣∣∣ = 0

Or equivalently, yk(a)y
′
j(a) − yj(a)y

′

k(a) = 0. Similarly, since the eigenfunc-
tions satisfy (2.1.2b), we get that
yk(b)y

′
j(b)− yj(b)y

′

k(b) = 0.
Combining these two identities and the fact that p(a) and p(b) are finite, we
infer that

p(b)(yk(b)y
′

j(b)− yj(b)y
′

k(b))− p(a)(yk(a)y
′

j(a)− yj(a)y
′

k(a)) = 0 (2.1.3)

In singular problems, since we may be dealing with infinite intervals, or
with functions that may be unbounded near the end points, instead of (2.1.2)
we will require a condition similar to (2.1.3), but stated using limits as follows

Condition for orthogonality in singular Sturm-Liouville problem:

Suppose that y1 and y2 are eigenfunctions of a Sturm-Liouville problem,
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corresponding to two distinct eigenvalues λ1 and λ2, respectively. We require
that

lim
x→b

p(x)(y1(x)y
′

2(x)− y2(x)y
′

1(x))− lim
x→a

p(x)(y1(x)y
′

2(x)− y2(x)y
′

1(x)) = 0

(2.1.4)
As we just noticed, (2.1.4) reduces to (2.1.3) for regular Sturm-Liouville

problems, and thus it holds for regular Sturm-Liouville problems. It also
holds in many important singular problems, such as Legendres and Bessels
equations.

Theorem 2.1.2. :-Uniqueness and Orthogonality of Eigenfunctions
(a) Each eigenvalue of a regular Sturm-Liouville problem has just one linearly
independent eigenfunction corresponding to it.
(b) Eigenfunctions corresponding to different eigenvalues of a regular Sturm-
Liouville problem are orthogonal with respect to the weight function r(x).
This assertion is also valid for the other Sturm-Liouville problems allowed by
condition (3.1.4).

2.1.2 Eigenfunction Expansions

From theorem (2.1.2) it follows that if λ1 < λ2 < λ3 < ... is the set of
eigenvalues for a regular Sturm-Liouville problem, then a corresponding set of
eigenfunctions {y1, y2, y3, ...} is orthogonal with respect to the weight function
r(x). Thus, as in section (1.1), we can find orthogonal expansions for suitable
functions in terms of y1, y2, y3, .... More precisely, we have the following
fundamental result in Sturm-Liouville theory. Recall that the inner product
(yj, yk) with weight r(x) is defined as

∫ b
a
yjykr(x)dx and that the norm ‖yj‖

is
√

(yj, yj).

Theorem 2.1.3. :- Eigenfunction Expansions
Let y1, y2, y3, ... be the collection of eigenfunctions for a regular Sturm-Liouville
problem on an interval [a, b]. If f is piecewise smooth on the interval [a, b],
then we have

f(x) =
∞∑
j=1

Ajyj(x),
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where

Aj =
(f, yj)

‖yj‖2
=

∫ b
a
f(x)yj(x)r(x)dx∫ b
a
y2j (x)r(x)dx

For a < x < b, the series converges to f(x) if f is continuous at x, and to

f(x+) + f(x−)

2

Otherwise.

The series expansion is called the eigenfunction expansion of the function
f , and the coefficients Aj are called generalized Fourier coefficients. Eigen-
function expansions arise naturally in the solution of applied problems.

Example 4. : Eigenvalues and eigenfunctions
Find the eigenvalues and eigenfunctions of Sturm-Liouville problem

X
′′

+ λX = 0, X
′
(0) = 0, X(1) +X

′
(1) = 0

Solution:
If λ = 0, the general solution of the differential equation is X = ax+ b. It is
easy to check that the only way to satisfy the boundary conditions is to take
a = b = 0. Thus λ = 0 is not an eigenvalue since no non-trivial solutions
exist.
If λ < 0 , the general solution of the differential equation is
X = c1 cosh

√
−λx+ c2 sinh

√
−λx. It is a straight forward exercise to check

that no non-trivial solution of this form will satisfy the boundary conditions.
Thus there are no negative eigenvalues.
When λ > 0, for convenience, we set λ = µ2 and find that the general solution
of the differential equation is

X = A cosµx+B sinµx

We now apply the boundary conditions:

X
′
(0) = 0⇒ B = 0

X(1) +X
′
(1) = 0⇒ A(cosµ− µ sinµ) = 0
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To ensure that we get non-zero eigenfunctions, we take
A = 1 and set cosµ− µ sinµ = 0
Equivalently,

cotµ = µ (2.1.5)

Thus the eigenvalues λ = µ2 correspond to the positive root µ of this
equation. If we plot the graphs of y = cotµ and y = µ, we see that these
graphs intersect infinitely. Thus, (2.1.5) has infinitely many roots. Although
we cannot compute these roots in simple form, we can find their numerical
values and use them in our subsequent computations. For now, we denote
the roots by µ1, µ2, ..., µn, ... and conclude that the eigenfunctions are

X = Xn = cosµnx, n = 1, 2, 3, ...

The eigenvalues are µ2
1, µ

2
2, ..., µ

2
n, ...

Example 5. :- Eigenfunction expansions
(a) Compute the first five eigenfunctions X1(x), X2(x), ..., X5(x) in the above
example explicitly.
(b) Given f(x) = x(1− x), 0 < x < 1 . What is the eigenfunction expansion
of f ?

Solution :-
(a) According to the solution of above example, to find the eigenvalues ,we
must solve the equation cotµ = µ with the help of a computer system, we
find the first five solutions to be approximately.
µ1 = 0.860, µ2 = 3.426, µ3 = 6.437, µ4 = 9.529, µ5 = 12.645
Thus the five eigenfunctions are
X1(x) = cos (0.860x), X2(x) = cos (3.426x), X3(x) = cos (6.437x), X4(x) =
cos (9.529x), X5(x) = cos (12.645x)
(b) By Theorem (2.1.3) the eigenfunction expansion of f is

f(x) =
∞∑
j=1

Aj cosµjx

Where

Aj =

∫ 1

0
x(1− x) cosµjxdx∫ 1

0
cos2 µjxdx

with the numerical values of the µj’s given in (a). We evaluate these coeffi-
cients with the help of a computer and find
A1 = 0.189, A2 = −0.032, A3 = −0.091, A4 = −0.001, A5 = −0.025
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Thus the eigenfunction expansion of f is

f(x) = 0.189 cos(0.860x)−0.032 cos (3.426x)−0.091 cos (6.437x)−0.001 cos (9.529x)−

0.025 cos (12.645x) + ...

2.2 The Hanging Chain

Figure 2.1: Hanging chain

Having studied Sturm-Liouville theory for second order equations, we
illustrate the theory as it applies to the oscillations of the hanging chain.
This problem played an important role in the development of the theory of
partial differential equations. It was while solving this problem that Daniel
Bernoulli first discovered Bessel functions in 1732. Although we link the
solution to general Sturm-Liouville theory, our presentation contains all the
necessary details to solve this problem based on the properties of Bessel
functions (in section1.3 Bessel series expansion).
To describe the equation governing the motion of the hanging chain, we
place the x-axis in a vertical position, pointing upward. Consider a chain
of length L, hanging down with one end fastened at x=L (Figure 2.1). The
small transverse oscillations of the chain are described by the boundary value
problem.
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∂2u

∂t2
= g[x

∂2u

∂x2
+
∂u

∂x
], 0 < x < L, t > 0 (2.2.1)

u(L, t) = 0, t > 0,

u(x, 0) = f(x), ut(x, 0) = v(x)

Here g is the gravitational acceleration, f(x) is the initial displacement of the
chain, and v(x) its intial velocity. We will solve this boundary value problem
using separation of variables. The method will lead to Bessel’s equation, and
the solution will involve a form of Bessel series.

Separation of variables
We assume a product solution of the form u(x, t) = X(x)T (t).
Plugging this into (2.2.1) and separating the variables, we get

XT̈ = gT (xX
′′

+X
′
),

1

g

T̈

T
=
xX

′′
+X

′

X

Since the variables are separated, for the last equality to hold, each side must
be equal to a constant. Thus

1

g

T̈

T
= λ

and
xX

′′
+X

′

X
= λ

The boundary condition implies that T (t)X(L) = 0 for all t > 0. Hence to
avoid the trivial solution, we require that X(L) = 0. Thus we arrive at the
equations
T̈ − λgT = 0 and xX

′′
+X

′ − λX = 0, X(L) = 0

Solving the separated equations
If λ ≥ 0, the solutions of the differential equation in T are either linear or
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exponential functions. We discard these solutions for obvious practical rea-
sons. Thus λ must be negative. To simplify notation, we will simply replace
λ in the equations by −µ2 and get

T̈ + µ2gT = 0 (2.2.2)

and
xX

′′
+X

′
+ µ2X = 0, X(L) = 0 (2.2.3)

The general solution of (2.2.2) is

T (t) = A cos(
√
gµt) +B sin(

√
gµt) (2.2.4)

Next we consider the differential equation in X from the point of view of
Sturm-Liouville theory. By rewriting (2.2.3), we see that the differential
equation can be put in the Sturm-Liouville form

(xX
′
)
′
+ µ2X = 0

Comparing this to (2.1.1) from section (2.1.1), we find that p(x) = x, q(x) = 0
and r(x) = 1 and also that a = 0 and b = L. Since p(0) = 0,this is a singu-
lar Sturm-Liouville problem. We will show that this problem has infinitely
many eigenvalues and a corresponding complete set of eigenfunctions, and
by Theorem (2.1.2b) section (2.1.1), it follows that these eigenfunctions are
orthogonal with respect to the weight function r(x) = 1. It will then follow
that we can construct the solution u(x, t) to the hanging chain problem by
superposing the corresponding product solutions. In this particular exam-
ple it is possible to be much more concrete since (2.2.3) is closely related to
Bessel’s equation. To see this, we make the change of variables s = 2

√
x.

Using the chain rule, we verify that

X
′
=
dX

dx
=
dX

ds

1√
x

X
′′

=
d2X

dx2
=

1

x

d2X

ds2
− 1

2x
3
2

dX

ds

Substituting in (2.2.3) and simplifying, we get

s2
d2X

ds2
+ s

dX

ds
+ µ2s2X = 0, X(2

√
L) = 0,
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which is precisely the parametric form of Bessel’s equation of order 0
(theorem 1.3.3,subsection 1.3.3). Since we are only interested in the bounded
solutions of this equation, we can apply (subsection1.3.3, theorem 1.3.3) (with
p = 0) and that

µ = µj =
αj

2
√
L

and
X(s) = Xj(s) = J0(

αj

2
√
L
s) (2.2.5)

Where j = 1, 2, 3, ... and αj denotes the jth zero of J0. Moreover, these func-
tions are orthogonal on the interval 0 ≤ s ≤ 2

√
L with respect to the weight

functions. The orthogonality relations expressed by (1.3.11) and (1.3.12) of
section (1.3.1) (with a = 2

√
L)become∫ 2

√
L

0

J0(
αj

2
√
L
s)J0(

αk

2
√
L
s)sds = 0, j 6= k, (2.2.6)

and ∫ 2
√
L

0

J2
0 (

αj

2
√
L
s)sds = 2LJ2

1 (αj), j = 1, 2, ... (2.2.7)

Substituting s = 2
√
x back into (2.2.5), (2.2.6), (2.2.7), we find the solutions

Xj(2
√
x) = J0(αj

√
x

L
), j = 1, 2, 3, ... (2.2.8)

and their orthogonality relations∫ L

0

J0(αj

√
x

L
)J0(αk

√
x

L
)dx = 0, j 6= k

1

LJ2
1 (αj)

∫ L

0

J2
0 (αj

√
x

L
)dx = 1, j = 1, 2, ...

Having solved the equation in X, we combine (2.2.4) and (2.2.8) and conclude
that a product solution of (2.2.1) satisfying the accompanying boundary con-
dition is

uj(x, t) = J0(αj

√
x

L
)[Aj cos(

√
g

L

αj
2
t) +Bj sin(

√
g

L

αj
2
t)] (2.2.9)
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The functions uj(j = 1, 2, ...) are called the normal modes of the chain. For
j = 1 we get the fundamental mode of the chain. From (2.2.9), we obtain
the frequency of the jth normal mode

νj =
αj
4π

√
g

L

Bessel series solution of the entire problem
By superposing all the product solutions, we get

u(x, t) =
∞∑
j=1

J0(αj

√
x

L
)[Aj cos(

√
g

L

αj
2
t) +Bj sin(

√
g

L

αj
2
t)] (2.2.10)

Setting t = 0 and using the initial condition, we find that

f(x) = u(x, 0) =
∞∑
j=1

AjJ0(αj

√
x

L
)

To determine the Aj’s we multiply both sides of the equality by J0(αk
√

x
L

)
and then integrate with respect to x from 0 to L. By the orthogonality
relations, all the terms with j 6= k are equal to zero , and when j = k we get

Aj =
1

LJ2
1 (αj)

∫ L

0

f(x)J0(αj

√
x

L
)dx, j = 1, 2, ... (2.2.11)

To determine Bj we proceed in a similar way using the initial velocity v(x).
Differentiating u with respect to t and then setting t = 0 , we get

v(x) = ut(x, 0) =
∞∑
j=1

Bj

√
g

L

αj
2
J0(αj

√
x

L
).

Multiplying both sides by J0(αk
√

x
L

) and then integrating with respect to x
from 0 to L, the orthogonality properties yield

Bj =
2

αjJ2
1 (αj)

1√
gL

∫ L

0

v(x)J0(αj

√
x

L
)dx, j = 1, 2, ... (2.2.12)

This completely determines the solution in terms of the initial conditions.
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Example 6. : Vibrating chain
A chain of length 1meter is hanging from one end. An initial displacement
of the chain is done by pulling the center 0.005m while keeping the lower end
fixed. (see figure 2.2) The chain is then left to vibrate freely
(a) What are the frequencies of the first three normal modes?
(Take g = 9.8 m

sec2
)

(b) Find the first three normal modes u1(x, t), u2(x, t), u3(x, t) at t = 0.
(c) Determine the motion of the chain by finding u(x, t).

Figure 2.2: Initial shape of the chain

Solution:
(a) Note that Bj = 0 for all j because the initial velocity is zero. Hence from
(2.2.9), the jth normal mode is

uj(x, t) = AjJ0(αj
√
x) cos(

√
9.8

αj
2
t)

Where αj is the jth zero of J0. The frequency of the jth normal mode is
νj =

αj

4π

√
g. Using the numerical values of αj from table below, we find

ν1 = 0.5990, ν2 = 1.375, ν3 = 2.1558.

(b) At time t = 0 we have u1(x, 0) = A1J0(2.4048
√
x)

u2(x, 0) = A2J0(5.5201
√
x) and u3(x, 0) = A3J0(8.6537

√
x)

(c) The function u(x, t) is given by (2.2.10), where the coefficients Bj are all
equal to 0. It remains to compute the Aj’s.
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For this purpose, we use (2.2.11) and the equation of the initial displacement
f(x) given in figure. We get

Aj =
1

J2
1 (αj)

[

∫ 1
2

0

1

100
xJ0(αj

√
x)dx+

∫ 1

1
2

1

100
(1− x)J0(αj

√
x)dx]

These integrals are computed with the help of the following identities.∫
xJ0(αj

√
x)dx =

2

αj
x

3
2J1(αj

√
x)− 4

α2
j

xJ2(αj
√
x) + c;

∫
J0(αj

√
x)dx =

2

αj
x

1
2J1(αj

√
x) + c,

which can be derived from (1.3.7), section 1.3 Bessel with p = 0), after
making the substitution t = αj

√
x. Apply these formulas and simplify, we

get

Aj =
J2(αj)− J2( αj√

2
)

25α2
jJ

2
1 (αj)

Numerical values of the Aj’s can be approximated with the help of a
computer. They are presented table along with other pertinent numerical
data. Plugging the numerical data into (2.2.10), we get

u(x, t) = 0.003847J0(2.4048
√
x) cos (3.76415t)−0.005787J0(5.52008

√
x) cos (8.64029t)+

0.002371J0(8.65373
√
x) cos (13.5452t)− ...

j 1 2 3
αj 2.40483 5.52008 8.65373
νj 0.5990 1.375 2.1558
Aj 0.003847 -0.005787 0.002371

Table :Numerical data for the example above
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2.3 Elastic Vibration and Buckling Beams

The applications that we consider in this section lead to partial differential
equations that are fourth order in the space variables. We consider the
transverse vibrations of an elastic homogeneous beam with various supports
at its ends.

2.3.1 Transverse vibration of a Beam: Simply Sup-
ported Case

The free vertical vibrations of a uniform beam of length L are described by
the equation

utt = −c2uxxxx (2.3.1)

Where c2 = EI
ρA

,E = Young’s constant ( determined by the constitutive ma-

terial of the beam),I = moment of inertia of a cross section of the beam with
respect to an axis through its center of mass and perpendicular to the (x, u)−
plane, ρ = density ( mass per unit volume), and A = area of cross section.
It is assumed that the beam is of uniform density throughout, that the cross
sections are constant, and that in its equilibrium position the centers of mass
of the cross sections lie on the x- axis ( see figure 2.3). The variable u(x, t)
represents the displacement of the point on the beam corresponding to posi-
tion x at time t.
It is customary in engineering to show a simple beam resting on a pin and
a roller and not, say, on two pins. In this manner, the beam is said to
be statically determinate. If the beam were to have two pins as supports,
it would become statically indeterminate and develop horizontal reactions,
which is still acceptable; however, it would not constitute the simplest pos-
sible beam. As far as the boundary conditions are concerned, both prevent
vertical translation ( completely) and both allow rotation ( unlike a fixed or
clamped support, which locks also rotation). The only difference between a
pin and a roller is that a pin prevents horizontal movement, whereas a roller
does not ( it can roll horizontally). However, both allow rotation and both
prevent vertical translation as we said. A structure in equilibrium must also
be stable. A simply supported beam is the simplest structure that is also
stable. If the supports were to be two rollers, the beam would be unstable
( it would not resist any perturbation in the horizontal direction). On the
other hand, if it is to rest on two pins, it would have one additional reaction
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in excess of being a stable structure. Therefore, a pin and a roller are the
simplest possible supports for a beam to be both in equilibrium and stable.

Figure 2.3: A simply supported beam is pinned at one end and roller sup-
ported at the other. The ends can rotate freely but do not move vertically.

The boundary conditions that acompany equation (2.3.1) depend on the
end supports of the beam. The case under consideration, that of simply
supported ends, is described by

u(0, t) = 0, u(L, t) = 0, uxx(0, t) = 0, uxx(L, t) = 0 (2.3.2)

The fact that the beam is prevented from translating vertically at its
supports is expressed by the first two equations in (2.3.2). To understand the
remaining equations in (2.3.2). Recall that uxx(x, t) represents the curvature
or concavity of the beam at any x. It is a fact from the theory of strength
of materials that curvature is proportional to bending moment for an elastic
beam. The last two equations in (2.3.2) state that the moments at the
supports are zero, as is the case for a simply supported beam, since the
beam can rotate at its ends.

To complete the description of the initial value, we specify the initial
conditions

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < L (2.3.3)

Which give the initial displacement and velocity of the beam. To solve
(2.3.1)-(2.3.3), we use the method of separation of variables. This leads
to the equations

X(4)

X
= − T

′′

c2T
= α4 (2.3.4)
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We have chosen the separation constant to be positive because we expect
periodic behavior in t, and for reasons that will become apparent momentarily
it is convenient to denote this constant by α4. For the sake of completeness,
we note that it can be shown that the boundary value problem x(4)−λx = 0
together with boundary conditions implied by (2.3.2) has nontrivial solu-
tions only for positive choices of the separation constant λ. We begin by
considering the boundary value problem for X:

X(4) − α4X = 0, X(0) = 0, X(L) = 0, X
′′
(0) = 0, X

′′
(L) = 0 (2.3.5)

Note that this a fourth-order Sturm-Liouville problem , with λ = α4, p(x) =
1, q(x) = 0 and r(x) = 1. Since (2.3.5) is a linear equation with constant
coefficients, we solve it by passing to the characteristic equation . We find

r4 − α4 = 0⇒ r = ±α, andr = ±iα

Thus the general solution is

X(x) = A coshαx+B sinhαx+ C cosαx+D sinαx

Where A,B,C and D are arbitrary constants. The first and the third bound-
arys imply that A + C = 0 ,A − C = 0 ⇒ A = C = 0. The second and the
fourth conditions then imply{

B sinhαL+D sinαL = 0
B sinhαL−D sinαL = 0

These are equivalent to B sinhαL = 0 and D sinαL = 0, from which it
follows that
B = 0 (sinhαL 6= 0 for α > 0 ) and α = αn = nπ

L
, n = 1, 2, ...

We thus obtain the solutions in X:

Xn(x) =
sinnπ

L
x, n = 1, 2, ...

Going back to (2.3.4) and solving for T with α = αn , we obtain the corre-
sponding solutions

Tn(t) = An cos cα2
nt+ A∗n sin cα2

nt

Forming the product solutions and superposing, we find the general form of
the solution :

u(x, t) =
∞∑
n=1

sin
nπ

L
x(An cos cα2

nt+ A∗n sin cα2
nt) (2.3.6)
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Using the initial conditions (2.3.3), we get

f(x) =
∞∑
n=1

An sin
nπ

L
x

and

g(x) =
∞∑
n=1

A∗ncα
2
n sin

nπ

L
x.

Since these should just be the sine expansions of f and g on the interval
0 < x < L, it follows directly from next theorem (2.3.1) that

An =
2

L

∫ L

0

f(x) sin
nπ

L
xdx (2.3.7)

A∗n =
2

cα2
nL

∫ L

0

g(x)sin
nπ

L
xdx, n = 1, 2, 3, ... (2.3.8)

The solution of (2.3.1)-(2.3.3) is thus given by the series (2.3.6) with the
coefficients determined by (2.3.7) and (2.3.8).

Theorem 2.3.1. : Eigenfunction Expansions
If f is piecewise smooth on the interval [a, b], then we have the eigenfunction
expansion

f(x) =
∞∑
j=1

AjXj(x),

where

Aj =

∫ b
a
f(x)Xj(x)r(x)dx∫ b
a
X2
j (x)r(x)dx

For a < x < b, the eigenfunction expansion converges to f(x) at the points
of continuity, and otherwise it converges to

f(x+) + f(x−)

2
.
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2.3.2 The transverse Vibrations of a Beam: clamped
case

If the ends of the beam in the previous example are clamped (Figure 2.4),
the boundary conditions become

u(0, t) = 0, u(L, t) = 0, ux(0, t) = 0, ux(L, t) = 0 (2.3.9)

For all t > 0. While the first two conditions in (2.3.9) are the same as
those for the simply supported case, the last two impose a restraint against
end rotation, since the beam does resist moments at its ends. The initial
conditions remain

u(x, 0) = f(x), ut(x, 0) = g(x), 0 < x < L (2.3.10)

Figure 2.4: A beam with two clamped ends

We solve the boundary value problem (2.3.1),(2.3.9),(2.3.10). After sep-
arating the variables, we arrive at the fourth order Sturm-Liouville problem

X(4) − λX = 0, X(0) = 0, X(L) = 0, X
′
(0) = 0, X

′
(L) = 0 (2.3.11)

and the general solution is

X(x) = A coshαx+B sinhαx+ C cosαx+D sinαx (2.3.12)

To determine the eigenvalues and the eigenfunctions, we must find all the
non-zero functions of the form (2.3.12) that satisfy the boundary conditions,
we see that
The first and the third conditions imply that
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A+ C = 0 ,B +D = 0 ,
The second and the fourth conditions then imply

A coshαL+B sinhαL+ C cosαL+D sinαL = 0

A sinhαL+B coshαL− C sinαL+D cosαL = 0

The first two conditions imply that A = −C ,B = −D.
Substituting in the last two equations gives

A(coshαL− cosαL) +B(sinhαL− sinαL) = 0

A(sinhαL+ sinαL) +B(coshαL− cosαL) = 0

}
(2.3.13)

For this system to have non-zero solutions A and B its determinant must be
zero. In this case, A can assume any value and

B = −A(coshαL− cosαL)

(sinhαL− sinαL)

Computing the determinant and setting it to zero, we arrive at the equa-
tion

coshαL cosαL = 1

or

cosαL =
1

coshαL
(2.3.14)

Thus the admissible values of α are the roots of this equation. There are
infinitely many roots α1, α2, ..., αn, ... for each value of αn we take A = 1 it
then follows that

C = −1, B = −(coshαnL− cosαnL)

(sinhαnL− sinαnL)
, D = −B

The corresponding eigenfunctions are obtained from (12) :

Xn(x) = coshαnx− cosαnx−
(coshαnL− cosαnL)

(sinhαnL− sinαnL)
(sinhαnx− sinαnx)

where the αn’s are the positive roots of the equation. Using the solution for
T from the previous example and superposing product solutions, we arrive
at
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u(x) =
∞∑
n=1

{coshαnx− cosαnx−
(coshαnL− cosαnL)

(sinhαnL− sinαnL)
(sinhαnx− sinαnx)}

× {An cos cα2
nt+ A∗n sin cα2

nt} (2.3.15)

We now determine the coefficients by using the initial conditions and appeal-
ing to theorem(2.3.1). We get

An =
1

kn

∫ L

0

f(x)Xn(x)dx, A∗n =
1

α2
nckn

∫ L

0

g(x)Xn(x)dx

where, kn =

∫ L

0

X2
n(x)dx (2.3.16)

and the αn’s are the positive roots of (2.3.14). We illustrate this problem
numerically

Example 7. : vibrating elastic beam :clamped case
consider the boundary value problem (2.3.1), (2.3.9), (2.3.10), with
L = 1, c = 1,
f(x) = sin2 πx, g(x) = 0

The solution of this problem is given by (2.3.15), where An and A∗n are
given by (2.3.16) and αn is the nth positive root of (2.3.14), with L = 1, the
eigenfunctions are

Xn(x) = coshαnx− cosαnx−
(coshαn − cosαn)

(sinhαn − sinαn)
(sinhαnx− sinαnx)

Since g is identically zero, we have A∗n = 0.
Given L = 1 and compute the first five positive roots of the equation
cosα = 1

coshα
with the help of a compute algebra system these and other

relevant numerical values are shown in table 1
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n 1 2 3 4 5
αn 4.7300 7.8532 10.9956 14.1372 17.2788
α2
n 22.3729 61.6727 120.9032 199.8604 298.5569
An 0.612 0 -0.022 0 -0.002

Table 1: numerical data for example 1
Using the data from table 1, we find

u(x, t) = 0.612X1(x) cosα2
1t− 0.022X3(x) cosα2

3t

−0.002X5(x) cosα2
5t+ ...

Here u is approximated up to the fifth partial sum,

u(x, t) ≈ 0.612X1(x) cosα2
1t− 0.022X3(x) cosα2

3t− 0.002X5(x) cosα2
5t.
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