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                             ABSTRACT 

The maximum Modulus Theorem expressing one of the basic properties of the modulus of analytic 

function. The purpose of this paper is to present some variants of the maximum modulus theorem 

and present the application of maximum modulus theorem. The convex functions form a special 

class of function, defined on convex subset of the real line (that is intervals), and having the 

geometric property. Their importance in varies fields of analysis is steadily growing. We are also 

concerned with two interesting themes, “convexity and continuity” and “convexity and 

differentiability.” 
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INTRODUCTION. 

Complex variable is a subject which has something for all mathematicians. In addition to having 

applications to other parts of analysis, it can rightly claim to be an ancestor of many areas of 

mathematics (e.g., homotopy theory, manifolds). 

This project has two chapters in which each of the chapter was subdivided by section. 

The first chapter deals with elementary properties and definition of analytic functions, definition of 

some topological concepts in the set of complex plane. In this chapter one of the section was some 

applications of Cauchy's Integral Theorem was given. It is shown how to count the number of zeros 

inside a curve; also, using some information on the existence of roots of an analytic equation, it will 

be proved that a non-constant analytic function on a region maps open sets onto open sets which 

leads us to proof  The Open Mapping Theorem. 

The second chapter, covering the required point maximum modulus principle and Mobius 

transformations. This chapter continues the study of a property of analytic functions seen in the first 

chapter. In the first section maximum modulus principle is presented again with a second proof, and 

other versions of it are also given. The remainder of the section is devoted to various extensions 

and applications of this maximum principle. 

The last section presents some results of E. Phragmen and E. Lindelof (published in 1908) which 

extend the Maximum Principle by easing the requirement of boundedness on the boundary. The 

Phragmen-Lindelof Theorem bears a relation to the Maximum Modulus Theorem which is 

analogous to the relationship Liouville’s theorem.  
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CHAPTER ONE 

PRELIMINARY TO COMPLEX ANALYTIC FUNCTIONS. 

1.1   Elementary Properties and Definition of Analytic Functions 

1.1.1 Definition. The system of complex numbers denoted    ,is the set of order paier     together 

with the usual rules of vector addition and scalar multiplication by a real number  , namely 

(     )  (     )  (           ) 

 (   )  (     ) 

and with the operation of complex multiplication defined by  

(     )(     )  (                   ) 

1.1.2 Definition. A metric space is a pair ),( dX  where X  is a set and d is a function from     

into   called a distance function or metric, which satisfies the following conditions for yx,  and z  

in X : 

i. 0),( yxd  

ii. 0),( yxd  if and only if yx   

iii. ),(),( xydyxd   (Symmetry) 

iv.  ),(),(),( zydyxdzxd   (Triangle inequality) 

If x  and 0r  are fixed then define   ryxdXyrxB  ),(:),(  

        ryxdXyrxB  ),(:),(  

),( rxB  and ),( rxB are called the open and closed balls, respectively, with center x  and radius r . 

1.1.3 Definition. For a metric space ),( dX  a set XG  is open if for each 0z  in G  there is 0                 

such that GzB );( 0 . Thus, a set in     is open if it has no "edge."  

1.1.4  Definition. A metric space ),( dX  is connected if the only subset of X which are both open 

and closed are □  and  . If XA  then A  is a connected subset of X if the metric                           

space ),( dA  is connected. 
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1.1.5. Definition. Let A  be a subset of X . Then the interior of A , Aint  is the set GG :{  is open 

and }AG  . The closure of A, A  is the set    *                     +  or for any      , the 

closure of A is the set  :zA   there is some sequence  ( na )  in A   such that   zan   .            

Remark.  A   may be               may be empty. 
1.1.6 Definition. The boundary of a set     is the set    *          (   )     □  

      (   )       □+ . In other words a point z belongs to the boundary of the set A 

provided that every open disc around z contains both points of A and point’s not in A. 

1.1.7  Definition. Let     , then A is called a bounded set if there exists a real number    such 

that Kz   for all Az . 

1.1.8 Definition. Let (   ) be a metric space and K is a subset of   . A collection   of open set 

in    satisfying  the property ; 

                                                      *     +                                                              (   ) 

is called  a cover of  ; if each member of     is an open set it is called an open cover of  K.  

1.1.9 Definition. A subset K of a metric space X is compact if for every collection   of open sets  

in X with the property (   ) there is a finite number of sets                in   such that  

                  

1.1.10  Definition. A path in a region      is a continuous function   ,   -    for some 

interval ],[ ba  in   . If      exists for each t  in ],[ ba  and     ,   -     is continuous then   is 

called a smooth path. Also    is called  piecewise smooth if there is a partition of ],[ ba , 

bttttta n  ...3210 , such that    is smooth on each subinterval [ jj tt ,1 ] , nj 1  

1.1.11 Definition. If    ,   -     is a path then the set  * ( )      + is called the trace of    

and is denoted it by * +.   is a rectifiable path if   is a function of bounded variation. If P is a 

partition of ],[ ba  then  (   ) is exactly the sum of lengths of line segments connecting points on 

the trace of    . To say that   is rectifiable is to say that    has finite length and its length is   ( ). 

Remark. The trace of a path is always a compact set. 

1.2 Zero of analytic function 

1.2.1 Definition. A power series about z0 is an infinite series of the form





0

0 )(
n

n

n zza where 

     and                  . 
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1.2.2  Definition. A function )(zf  is analytic in  Rzz  0  is said to have zero of order  zm      

(positive integer) at the point 0z  if; 0)(...)(')( 0
)1(

00   zfzfzf m and .0)( 0
)( zf m For 1m , 0z

is a simple zero of   .  

Suppose )(zf  is analytic at 0z  , then we have for all   

Rzz  0 ,  ...)(
!

)(...)(
!1

)('
!0

)()( 0
0

)(

0
00  n

n

zz
n

zf
zz

zfzf
zf  

1.2.3  Theorem. Let a function f  be analytic at a point 0z . It has a zero of order m  at 0z  if and only 

if there is a function    , which is analytic and non-zero at 0z , such that )()()( 0 zgzzzf m . 

Proof. To prove both direction of this theorem, we use the fact that if a function is analytic at a 

point 0z , then it must have a Taylor series representation in powers of 0zz   which is valid 

throughout a neighborhood   0zz  of 0z . 

( ) Assume )()()( 0 zgzzzf m . Since )(zg  is analytic at 0z , 0)( 0 zg , it has a Taylor series 

representation ; ...)(
!

)(...)(
!1

)('
!0

)()( 0
0

)(

0
00  n

n

zz
n

zg
zz

zgzg
zg                          )2.1(  

 in some neighborhood   0zz  of 0z . Therefore if we multiply both sides by mzz )( 0  we get                                                                   

 ...)(
!2

)('')(
!1

)(')(
!0

)()()( 2
0

01
0

0
0

0
0   mmmm zz

zg
zz

zg
zz

zg
zgzz

 
. Since )()()( 0 zgzzzf m  

then we have ...)(
!1

)(')(
!0

)()( 1
0

0
0

0  mm zz
zg

zz
zg

zf when  0zz . But this is actually a 

Taylor series expansion for )(zf , it follows that;  

0)(...)(')( 0
)1(

00   zfzfzf m   and 0)(!)( 00
)(  zgmzf m                                       (1.3)  

                                                 Hence 0z  is the zero of order m of f . 

( )If we assume that f has a zero of order m at 0z ,the analyticity of f at 0z  and the fact that 
equation )3.1( hold tells as that in some neighborhood   0zz , there is a Taylor series;

...)(
)!1(

)()(
!

)(...)(
!2

)('')(
!1

)('
!0

)()( )1(
0

0
)1(

0
0

)(
2

0
0

0
00 






 m
m

m
m

zz
m

zf
zz

m

zf
zz

zf
zz

zfzf
zf  

This implies 











mn

n
n

m
m

m
m

zz
n

zf
zz

m

zf
zz

m

zf
zf )(

!
)(...)(

)!1(
)()(

!
)()( 0

0
)(

)1(
0

0
)1(

0
0

)(
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....
)!1(

)(
!

)()()( 0
)1(

0
)(

0 














m

zf

m

zf
zzzf

mm
m

 
Consequently )()()( 0 zgzzzf m  Where;



















...
)!2(

)(
)!1(

)(
!

)()( 0
)2(

0
)1(

0
)(

m

zg

m

zf

m

zf
zg

mmm

 for  0zz . That is )()()( 0 zgzzzf m . 

Since  0
!

)()( 0
)(

0 
m

zf
zg

m

 , so 0)( 0 zg  and also )(zg  is analytic at 0z  and also since it is 

represented by a power series which converges in  0zz .   

Example. The polynomial function )42)(2(8)( 23  zzzzzf  has zero of order 1m  at 
20 z  , Since )()2()( zgzzf   where 42)( 2  zzzg  and because f  and g  are entire 

function and 012)2( g .Note how the fact that 20 z  is a zero of order 1m  of f  also follows 
from the observation that f is entire function and that  ( )    and 012)2(' f  

1.2.4 Lemma. The zeros of an analytic function are isolated. 

Proof. Suppose )(zf has a zero of order m at 0z . In view of theorem (1.2.3), we can write  

)()()( 0 zgzzzf m  where 0)( 0 zg  and )(zg  is analytic at 0z .  

Claim. If a function )(zg  is continuous at 0z  and 0)( 0 zg , then there exists a neighborhood of 0z

in which )(zg  is nonzero. 

Proof.  Given that )(zg  is continuous at 0z then, for given 0 there exists a 0  such that 

                               )()( 0zgzg   whenever   0zz                                                    )4.1(  

Also again given 0)( 0 zg , that is 0)( 0 zg . Suppose 0)( zg  at some point in }./{)( 00 zzN

Then, from )4.1( , )(zg , since 0  is arbitrary, on choosing   
| (  )|

 
 this is contradiction . 

This concludes  zzg ,0)( )( 0zN . So from this claim the function )(zg  is analytic at 0z  and 

0)( 0 zg , it follows that there exists a neighborhood of 0z , say  0zz  in which the function is 

nonzero. Now 0)()()( 0  zgzzzf m  ,  00 zz  . Thus, a deleted neighborhood of 0z  is 

available in which )(zg  is nonzero and since 0z is arbitrary the assertion is proved.   

1.3 Counting zeros; the Open Mapping Theorem 

In this section some applications of Cauchy's Integral Theorem are given. It is shown how to count 

the number of zeros inside a curve; also, using some information on the existence of roots of an 
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analytic equation, it will be proved that a non-constant analytic function on a region maps open sets 

onto open sets. 

1.3.1 Definition. If   is a closed rectifiable curve in   then for      * +  ,
 

dz
azi

an  






1

2
1);(  

is called the index of    with respect to the point a . It is also sometimes called the winding number 

of     around a. 

1.3.2 Definition. If   is a closed rectifiable curve in G  then     is homotopic to zero (   )         is 

homotopic to a constant curve. 

1.3.3 Definition. If G is an open set then   is homologous to zero, in symbols 0 , if 0);( wn   

for all w  in      . 

1.3.4 Theorem. Let G  be a region and let f be an analytic function on G with zeros

maaaaa ,...,,, 4321   (repeated according to multiplicity). If    is a closed rectifiable curve in G  which 

does not pass through any point ka  and if 0  in G then; 





m

k

kandz
zf

zf

i 1
);(

)(
)('

2
1






. 

Proof. Suppose G is a region and let f be analytic in G  with zeros at maaaaa ,...,,, 4321 (where some 

of the ka  may be repeated according to the multiplicity of the zero multiplicity). So we can write   

                          ( )  (    )(    )(    )  (    ) ( )                                              )5.1(  

where g  is analytic on G and 0)( zg  for any Gz . So if 0)( zg   for any Gz  then 
)(
)('

zg

zg is 

analytic in G; since 0 ,by Cauchy’s theorem we have  


0
)(
)('

zg

zg . Now from the above equation 

(1.5) )())...()(()( 21 zgazazazzf m , applying the formula for differentiating a product; 

)())...()(()())...()(()())...()(()(' 213132 zgazazazzgazazazzgazazazzf mmm 

                                                                       )('))...()(...( 21 zgazazaz m  

)())...()((
)())...()((

)())...()((
)())...()((

)())...()((
)())...()((

)(
)('

21

21

21

31

21

32

zgazazaz

zgazazaz

zgazazaz

zgazazaz

zgazazaz

zgazazaz

zf

zf

m

m

m

m

m

m














                                               

)())...()((
)('))...()((...

21

21

zgazazaz

zgazazaz

m

m




 . 
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 












dz

zg

zg

i
dz

azi
dz

azi
dz

azi
dz

zf

zf

i )(
)('

2
1...1

2
11

2
11

2
1

)(
)('

2
1

321

. 

 



m

k

km anananananandz
zf

zf

i 1
4321 );();(...);();();();(

)(
)('

2
1






  

1.3.5  Corollary. Suppose G  is a region and let f  be analytic in G  with   maaaaa ,...,,, 4321  are 

the points in G  that satisfies )(zf  and if   is a closed rectifiable curve in G which does not 

pass through any point ka  and if 0  in G  then   







m

k

kandz
zf

zf

i 1
);(

)(
)('

2
1






 

Proof: Suppose G  is a region and let    be analytic in G  and maaaaa ,...,,, 4321 are the points in G  

satisfies the equation )(zf . So we can write  

                  )())...()()(()( 321 zgazazazazzf m                                                    )6.1(  

where g  is analytic on G and 0)( zg  for any Gz . If 0)( zg  for any Gz  then 
)(
)('

zg

zg  is 

analytic in G; since 0 , by Cauchy’s theorem we have  


0
)(
)('

zg

zg . Now from above )6.1( ,

)())...()()(()( 321 zgazazazazzf m ,we have 

...)())...()(()())...()(()())...()(()(' 213132  zgazazazzgazazazzgazazazzf mmm

                                                                       )('))...()(...( 21 zgazazaz m       

...
)())...()((
)())...()((

)())...()((
)())...()((

)())...()((
)())...()((

)(
)('

21

21

21

31

21

32 















 zgazazaz

zgazazaz

zgazazaz

zgazazaz

zgazazaz

zgazazaz

zf

zf

m

m

m

m

m

m



                                                                       
)())...()((
)('))...()((...

21

21

zgazazaz

zgazazaz

m

m



                                 

 















dz

zg

zg

i
dz

azi
dz

azi
dz

azi
dz

zf

zf

i )(
)('

2
1...1

2
11

2
11

2
1

)(
)('

2
1

321

       

       





m

k

km anananananandz
zf

zf

i 1
4321 );();(...);();();();(

)(
)('

2
1





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1.3.6 Theorem. Suppose f is analytic in ),( RaB  and let )(af . If )(zf has a zero of order 

m  at az   then there is an 0  and 0  such that for   , the equation )(zf  has 

exactly m simple roots in );( aB . 

 

Proof. Since the condition that )(zf   have a zero of finite multiplicity guarantees that f is not 
constant. And again since the zeros of analytic function are isolated, we can choose 0  such that

2
R

 , )(zf  has no solution with  20 az  and 0)(' zf  if  20 az . (If 2m  

then 0)(' af  ).  Let  10,)( )2(  teat it  , and  Put  fo . Since f is analytic on G and   
is a rectifiable curve in G, so   is a rectifiable curve. Now }{ ; so there is a  0   such that 

}{);(  B □. Thus, );( B  is contained in the same component of    * +  ;  

That is, );();(  nn   

But we have; 









m

k

kzndz
zf

zf

iwf

dw

i
n

1
))(;(

)(
)('

2
1

)(2
1);( 






   and  











m

k

kzndz
zf

zf

iwf

dw

i
n

1
))(;(

)(
)('

2
1

)(2
1);( 






 

So if    then );();(  nn   or 


m

k

kzn
1

)(;(  = 


m

k

jzn
1

)(;(   where )(kz  and )(jz  

are the points in G that satisfies )(zf  and )(zf  respectively. But since );( zn   must be 

either zero or one, we have that there are exactly m solutions to the equation )(zf  inside 

);( aB .Since 0)(' zf  for  az0 , each of these roots (for   ) must be simple; by 

theorem 1.3.4 above.   

1.3.7 Open Mapping Theorem. Let G  be a region and suppose that f is a non-constant analytic 

function onG . Then for any open set U  inG , )(Uf  is open. 

Proof. Let U  be open in G . We want to show that )(Uf  is open. Let )(Uf , then since U is 

open in G  there is some Ua  such that )(af . Since f  is not constant, the point a  is an 

isolated zero of )(zf  which means that there is 0  such that UaB ),( and )(zf  has 

no zero in the punctured disk ),(' aB . In particular )(zf  does not vanish on the circle

2


 az . Let   be the curve given by 10,
2

)( 2 


 tet it . By the preceding theorem 1.3.6, 
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there is some 0  such that )(zf  certainly has zeros inside  whenever ),(  B . But this 

is simply means that )(),( UfB   . That is ).())),(( UfafB   Therefore )(Uf  is open.   
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CHAPTER TWO 

THE MUXIMUM MODULUS THEOREM 
INTRODUCTION 

One of the most powerful consequences of the Cauchy integral formula is The Maximum Modulus 

Theorem, also called The Maximum Modulus Principle. It states that if f is a non-constant analytic 

function on a region G , then f  cannot have a local maximum anywhere inside G , It can attain a 

maximum only on the boundary of G . This theorem and the Cauchy integral formula will be used 

to develop some of the important properties of harmonic function. This chapter continues the study 

of a property of analytic functions and is devoted to various extensions and applications of this 

maximum principle. 

2.1 The Maximum Principle 

Let   be any subset of    and suppose   is in the interior of . We can, therefore, choose a 

positive number   such that );( B  ; it readily follows that there is a point   in   with

  . To state this in another way, if    is a point in  with    for each   in the set Ω then 

  belongs to ∂  . 

2.1.1 Maximum Modulus Theorem-First Version. 

If f is analytic in a region     and    is a point in    with )()( zfaf   for all z in   then f  must 

be a constant function. 

Proof. Let )(Gf  and )(af  for a point   in . From the hypothesis we have that     

for each   in  ; as in the discussion preceding the theorem   is in   . Therefore

 . In particular, the set   cannot be open. Hence the Open Mapping Theorem says that 

f  must be constant.   

2.1.2 Corollary. Suppose f is analytic and non-constant in a region  .  Then for any        there 

is       such that   | ( )|  | (  )|. 

Proof. Given f is analytic and non-constant in a region  . We went to show that | ( )|  | (  )|.  

Since  Gz 0  , )()( 0 Gfzf   and by Open Mapping Theorem )(Gf is open. Then there is some 

0  such that )()),(( 0 GfzfB  . 

Suppose that izf Re)( 0  , for   is real, where ReRzf ii  Re)( 0 . Then for any  r0  , 

).()),(()( 00 GfzfBrezf i   Hence there is Gz such that irezfzf  )()( 0 . But 

irezfzf  )()( 0
 ii re Re .rR   That is )()()( 00 zfrzfrRzf  . 

Therefore we get )()( 0zfzf  .  
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2.1.3 Maximum Modulus Theorem-Second Version. 

Let G be a bounded region and suppose that    ̅     is continuous function that is analytic inG . 

Then  

}:)(max{}:)(max{ GfGf    

Proof. If f is constant onG , since   is bounded for every point Ga  such that  )()( zfaf    for 

all z in G . Suppose f is not constant. Since   is bounded, its closure G  is bounded and closed. 

Therefore, G is compact. The continuity of f on G  implies that f  is continuous real-valued 

function on G  and which therefore is bounded on G  and achieves its maximum; that is f  

achieves its maximum at some point G  such that }:)(max{)( Gzzff  . By first 

version of The Maximum Modulus Theorem f  does not attain its maximum value in  , 

}:)(max{)( Gzzff   for all Gz . It   follows that .GGG   Therefore  

}:)(max{)(}:)(max{ GzzffGzzf    

Remark. For unbounded region the above result may be false. 

Example1. Let G  be the infinite horizontal strip   *  
  

 
     

 

 
+  and 

 ( )     (    )       . Then f  is an entire function and so it is continuous on   ̅.  

Claim. f  is bounded on the boundary of G . To see this, let G , so that 
2


 ix   for some 

     . We have  ))
2

i ±exp(exp(x )( 
 f =  )eexp(e 2ix  = 

xiee =  isineCose xx  . 

So      1esineCos)( x2x2 f  .That is 1)( f  for every G , the boundary of G . Is 

1)( f  for all G ?  The answer is no. For example, suppose that           . Then we find 

that 
xeezxfzf  )exp(exp)()(  and clearly 

xeezf )(  as x  and so )(zf is not even 

bounded on G  never mind being less than 1. Thus, the hypothesis that G  is bounded is essential in 

The Maximum Modulus Theorem-Second Version. 

Example (2) Let xyyxiiz eeezf 2)( 222

)(   , so that   | ( )|       

 
If    *                  +  then, for points on the boundary ∂G, either 0x  or 0y  and 

so 1)( zf  on ∂G.  However, for xy   (     )  we have 
22)( xezf   as .x  
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Then both examples (1) and (2) show that the modulus of an analytic function need not attain its 

maximum on the boundary ∂G and the maximum of the modulus on the boundary may not be the 

maximum value inside the domain G unless G is bounded.  

Example (3) Find the maximum modulus of izzf 23)(    on 3z . 

To do this, we compute  | ( )|  |     | 4Im129 2
 zz . By Maximum Modulus Theorem-

second version, )(max
3

zf
z 

 occurs on the boundary |z| =3.Therefore, on |z| =3,   

                                                4Im129)( 2
 zzzf  

                                                          4Im12)3(9 2  z  

                                                          zIm1285  

The last expression attains its maximum when Imz attains its minimum on |z| = 3, namely, at the 

point z = −3i. Thus  )(max
3

zf
z 

 )3(1285  11121   

2.1.4 Definition. By the extended complex number system   ,we shall mean the complex plane   

along with a symbol  ,which satisfies the following properties: 

a. If       , then we have 0, 



z

zz  

b. If       ,but 0z ,then .z  and 
0
z

 

c.  .  and 


z
( 0z ) 

The set   * +  is called the extended complex plane and will be denoted by    . 

2.1.5 Definition. If                   ̅  or a ,then the limit superior of )(zf as   

approaches   ,denoted by )(lim zfSup
az

is defined by, 

 ),(:)(lim)(lim raBGzzfSupzfSup
oraz




 

(If  a  , );( raB is the ball in the metric of     , where     =    U  *   + .  Similarly the limit 

inferior of   ( ) as   approaches    , denoted by )(inflim zf
az

 is defined by, 

 ),(:)(inflim)(inflim
0

raBGzzfzf
raz




, 

and so )(lim zf
az

exists and equals   iff )(inflim)(lim zfzfSup
azaz 

 . 
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If G      then let G  denote the boundary of   in     and call it the extended boundary of  .  

                  G = G  if G is bounded and G = G *   +  if   is unbounded. 

2.1.6 Maximum Modulus Theorems -Third Versions. 
Let   be a region in   and f is analytic function on . Suppose there is a constant   such that 

MzfSup
az




)(lim for all a  in G  .Then 

 Mzf )(   for all z  in  G . 

Proof. Let 0  be arbitrary and put })(:{  MzfGzH . The theorem will be 

demonstrated if   is proved to be empty. Since f  is continuous, H  is open.  

Since MzfSup
az




)(lim for each a  in ,G there is a ball );( raB  such that   Mzf )(  for all 

  in );( raBG  . Hence  GH  . Since this condition also holds if G is unbounded and a , H 

must be bounded. Thus, H  is compact. So the second version of the Maximum Modulus Theorem 

applies. That is f must attain its maximum value somewhere on the H . 

But for z in H ,  Mzf )( .  Since  MzfzH )(:{ . 

Therefore,        or    is a constant. But the hypothesis implies that         if     is a 

constant.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



The Maximum Modulus Theorem 

AAU Page 19 

2.2 Functions on the Unit Disc 

2.2.1 Schwarz’s Lemma. Let }1:{  zzD and suppose f is analytic in 1z  with  

 (a) | ( )|     for all z in | |     b)  ( )                                                                          (2.1) 

Then    !0 nf n    and n
zzf )(  for all z  in the disk D .                                                         (2.2) 

Moreover if   !0)( nf n    or   n
zzf   for some 0z  then there is a constant w , 1w  such that 

nwzzf )(   for all z in disk D. 

Proof. Suppose f is analytic in 1z . Then from Taylor expansion and using the fact   that   

          0)0(...)0('')0(')0( )1(  nffff .  It   follows that 

......
)!2(

)0(
)!1(

)0(
!

)0()( )2(
)2(

)1(
)1()(







 





n
n

n
n

n
n

z
n

f
z

n

f
z

n

f
zf    , 1z  

For 0z , equation )1.2( is the hypothesis, since  100)0( 
n

f  and 11!0)0( nf  the 

conclusion is true. Let 0z , then from the above expansion; 

......
)!2(

)0(
)!1(

)0(
!

)0()( 2
)2()1()(










z
n

f
z

n

f

n

f

z

zf nnn

n
    10  z  

The series on the right side converges for 0z . Let us define g from           by 
















0,
!

)0(

0,)(

)(
z

n

f

z
z

zf

zg
n

n

 

Now )(zg  is continuous in the disk D. Let C be a circle  rz   where 10  r . Then by The 

Maximum Modulus Theorem, 

nnrzrz rz

zf
zgzg

1)(max)(max)( 


 , rz   

The above inequality is true for all 1r . Letting  1r  , we find that        

1
)(

)( 
n

z

zf
zg    Or   n

zzf )(  . 
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Since 
!

)0()0(
)(

n

f
g

n

   and zzg  ,1)(  in rz   , therefore  1)0( g  . This implies that 

!)0()( nf n   

In case n
zzf )( for some 0z  or !)0()( nf n   then )(zg assumes its maximum value inside D. 

Thus again applying The Maximum Modulus Theorem, this is the only possible when )(zg  is 

constant, say wzg )(  or nwzzf )(  for some constant  w   with   | ( )|  | |   .  

Remark: Originally, the Schwarz’s lemma was proved for   1n  

2.2.2 Definition. A mapping (z)f  is said to be Conformal at a point 0z if it preserves the angle 

between the oriented curves passing through 0z in magnitude as well as sense.  

Example.  If zezf )(  then f  is conformal throughout     . 

2.2.3 Definition. A mapping of the form 
dcz

baz
z




)(  is called a linear fractional transformation. 

If ,,, cba  and d  also satisfy 0 bcad  then )(z  is called a möbius transformation. 

Aim. Our main theme in defining 
a  is to utilize this function in conjunction with Schwarz’s 

Lemma for determining the estimates of  | ( )| and |  ( )|  . 

We can use Schwarz's Lemma to classify those mappings of the open unit disc )1,0(D  onto itself 

which are analytic, one-one and with analytic inverse.  

2.2.4 Proposition. If 1a  and }1:{  zzD  such that DDa :  defined a Mobius 

transformation  by 
za

az
za






1
)(  then the function  

za

az
za






1
)(  

I. is a one-one map of }1:{  zzD  onto itself . 

II. ))(())(( zzz aaaa     , if a is the inverse of a . 

III.  0)( aa  and   aa )0(  

IV.  aa  )0(   and   21
2)(

a

a
aa


  

V.  21)0(' aa        and    21
1)('
a

aa


  
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VI. 
22

2

)1(

1
)('

a

a
a

a



     and  aa

a
 1)0('  

VII.  Furthermore, a  maps D  onto D . 

Proof. Let  
za

az
za






1
)(  , since a  is analytic for }:{ 1

 azzD , so that it is analytic in an 

open disk containing the closure of }1:{  zzD  

I. To show one to one ; let 
1

1
1 1
)(

za

az
za




     and    

2

2
2 1
)(

za

az
za




  where 11 z   and 12 z  

Let )()( 21 zz aa   . 

Now we want to show  21 zz  . Therefore we have ; 

)()( 21 zz aa   
2

2

1

1

11 za

az

za

az








  

                               azzazaaz  2121 11  

                                )(111 212221 azzaazzaazaz   

                          12122211 azazzaazzaaazzaz   

                          2211 zaazazaz   

                          )1()1( 21 aazaaz   

                         21 zz    , so a  is a one to one mapping. 

II. Let )(za  be the inverse of )(za  and let )(zw a  then by letting 
za

az
w






1
 solve for z  

interims of   .  

That is azzwaw         azzwaw   

                                            zwazaw   

                                            
wa

aw
z






1
  . Therefore 

za

az
za




 1

)(  

Now z
a

a
z

aazaza

aaaaz

za

az
a

a
za

az

za

az
z aaa 















































  2

2

1
1

1
1

1
1

1
))((  ,  

Similarly  z
a

a
z

aazaza

aaaaz

za

az
a

a
za

az

za

az
z aaa 















































 2

2

1
1

1
1

1
1

1
))(( 

 

.             

Therefore ))(())(( zzz aaaa    . So we conclude that a  has its own inverse . 
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III. Since 
za

az
za






1
)(  , we have  0

1
)( 






aa

aa
aa   and  a

a

a
a 






01
0)0(  

IV. Since
za

az
za




 1

)(  ,then we have a
a

a
aa 




 01

0)(        21
2

1
)(

a

a

aa

aa
aa







                                            

V.  Let 
za

az
za






1
)( then

     2
2

22
1

1

1
1

1
))((1)('

za

a

za

aa

za

azaza
za














 . Therefore we have  ;           

  22

2

1
1

1

1
)('

aaa

a
aa







     and       

 
2

2

2

1
01

1
)0(' a

a
a 




                                              

VI. Let  
za

az
za




 1

)(   then 
   2

2

2
1

1

1

)(1)('
za

a

za

azaza
za









   .  Therefore we have  ;                               

 
2

2

2

1
01

1
)0(' a

a

a
a 




   and    

   22

2

2

2

1

1

01

1
)('

a

a

a

a
aa









  

VII. Let   be a real number and let iez   then .1
1

)()( 








  








 i

i

i

i

i
i

aa e
ae

ae

ea

ae
ez

Therefore we conclude that a  maps D  onto D .  

2.2.5 Corollary. Let f (z) be analytic in 1z  and 1)( zf  then  

i.   |  ( )  (  )

   (  )̅̅ ̅̅ ̅̅ ̅̅  ( )
|  |

    

    ̅̅ ̅ 
|                                                                           

ii.  |  ( )|  
  | ( )| 

  | | 
 
  

for any       inside the unit disk                                             (2.3) 

Proof 

     From the above proposition 2.2.4, we have that; 
zz

zz
zz

0

0

1
)(

0 


    and 

  
.

1
)(

0

0
0 zz

zz
zz




  

Consider a function  )()(
00 )( zfzg zzf    and also suppose  10 z  , )( 0zf  (so 1  unless f 

is constant.) Note that g(z) is a function that maps D into D and is analytic such that 

0)()0()0( 0)()( 000
  zffg zfzzf  ,since 0)0(

0
zz  . Therefore 0)0( g . Thus Schwartz’s 

lemma is applicable to g(z). So that  zzg )(   for  1z    and   1)0(' g . But by definition of    

for any z  , we have )()(
00 )( zfzg zzf   . That is   
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














































zz

zz
fzf

zf
zz

zz
f

zz

zz
fzg

o

zf

0

0

0
0

0

0

0
)(

1
)(1

)(
1

1
)(

0
  

 

Thus z

zz

zz
fzf

zf
zz

zz
f

zz

zz
fzg

o

zf 

























































0

0

0
0

0

0

0
)(

1
)(1

)(
1

1
)(

0
                                           )4.2(  

Let
zz

zz

0

0

1


   where 1    then
0

0
00 1 z

z
zzzzz









                                   (2.5) 

From equation )4.2( and )5.2(  we have  
0

00

1)()(1
)()(

z

z

fzf

zff

o 














 .  Replacing   by z we have  

0

0

0

0

1)()(1
)()(

zz

zz

zfzf

zfzf








  . 

The equality will occur when zzg )(   or 1)0(' g  , this means    

0

0

0

0

1)()(1
)()(

zz

zz
c

zfzf

zfzf








  , 1c . 

Claim: zzg )(   and ))(()(
00 )( zczf zzf   

Consider again equation )()(
00 )( zfzg zzf   . Note that g(z) is a function from 1z  to 1z  and 

is analytic such that 0)()0()0( 0)()( 000
  zffg zfzzf  ,since 0)0(

0
zz   . Therefore  ( )     

Thus Schwartz’s lemma is applicable to g and 

                                                        zzg )(                                                                   )6.2(  

But 1g  is also analytic and bijective on 1z  , 0)0(1 g , applying Schwarz’s Lemma to 1g  we 

obtain ;  

                                                      )())((1 zgzggz                                                           )7.2(  

From )6.2( and )7.2( we have zzg )(    on   1z . Thus by Schwarz’s Lemma  

                                       czzg )(  for all z in 1z .                                                               )8.2(  
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To show the second part; from equation )8.2( we have czzg )(  and from above  

                       ( )    (  )     
( )    .  Now put 0)( 0  zf we get )()(

0
czzf z     

                                           )()(
0

zczfz     

                                           ))(()(
0

zczf z   ))(( )( 00
zc zfz                                     )9.2(  

    From ( ) above we have 1)0(' g . Now obtain an explicit formula for )0('g , using chain rule; 

for any z from )()(
00 )( zfzg zzf     we get )(')).(('))).(((')('

0000 )( zzfzfzg zzzzf    

)('.
)(1

1
)0(')).0(('))).0(((')0(' 02

0

2
0

)( 0000
zf

zf

z
ffg zzzzf




    , since      

 ( )        ̅  

  |  |
  , )('))0((' 00

zff z  , )())0(( 00
zff z   and 

 22
0

0)()(
)(1

1))((')))0((('
000

zf
zff zfzzf


  . Therefore 

)('.
)(1

1
)0(' 02

0

2
0 zf
zf

z
g




  and 1)0(' g . 

 This implies that  2
0

2
0

0 1
)(1

)('
z

zf
zf




 .  Since 0z   is arbitrary in  1z  , so   

                                               2

2

1

)(1
)('

z

zf
zf




                                                                   )10.2(  

Moreover equality will occur exactly when 1)0(' g  or by virtue of Schwarz’s Lemma when there 

is a constant c  with 1c  and ))(()(
0

zczf z     for all 1z . 

Note that if 1c  and 1a  then ac defines a one to one analytic map of the open unit disk D

onto itself.   

2.2.6 Theorem. Let DDf :  be a One – One analytic map of   onto itself and suppose that  

0)( 0 zf . Then there is a complex number c  with 1c  such that )()(
0

zczf z . 

Proof. Since   is one to one and onto there is an analytic function DDg :   such that 
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zzfg ))((  for 1z . From the above lemma 2.2.5 (ii) we have 2
0

2
0

0
1

)(1
)('

z

zf
zf




 for arbitrary  

 

0z  in  1z   , where )( 0zf .  Applying this inequality to both f and g on equation )10.2(  in this 

theorem 0)( 0 zf  we have; 2
0

2
0

2
0

0 1
1

1
)(1

)('
zz

zf
zf







  and 2

02

2

1
01

)0(1
)0(' z

g
g 




 , since

00))(( zzfg  .So,  

00 )0())(( zgzfg  . 

But 1)(')).(('))((  zfzfgzzfg  .So we get   .1)0(').0(' fg  Therefore 2
0

0 1
1)('
z

zf


 . 

Again from the above equation )9.2( we have ))(()(
00 )( zczf zzf  , applying this formula we 

have ))()(
00 )( zczf zzf     

    
0

0

0

0

1)()(1
)()(

zz

zz
c

zfzf

zfzf








    . Then solve for   ( ). 

                                              0000 .)()(11)()( zzczfzfzzzfzf   

                   000000 1)(])(1)[( zzzfzzczzczfzzzf   

Therefore )(
1

)()(
0

0

0 zc
zz

zzc
zf z




    

2.2.7. Corollary. Suppose 1)( zf  for 1z  and   is a non-constant analytic function. If 

DDg :  defined by 
)(1

)()(
zfa

azf
zg




  where )0(fa  ,then    

zf

zf
zf

zf

zf

)0(1
)0(

)(
)0(1

)0(








  , for   1z  

Proof. We claim that 1)( zg  and 0)0( g . It is easy to check that 0)0( g , since   

.0
1)0(1

)0()0( 










aa

aa

fa

af
g  We also have 1

)(1
)(

)( 





zfa

azf
zg , since 1)( zf , now apply 

Schwarz lemma zzg )(  for  1z if and only if )(1)( zfazazf 
 
 

                             )(.)(1)()( zfazzzfazazfazf   
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                              )(.)( zfazzazf   

                              )(.)()(. zfazzazfzfazz   

                              azfzfazz  )()(.   and )(.)( zfazzazf   

Case (1) If azfzfazz  )()(.  then )(.)( zfazzfza   

                  ).1()( azzfza  . Therefore )(
.1

zf
az

za





                                     (2.11) 

Case 2 If )(.)( zfazzazf   then zazfazzf  )(.)(  

                   zaazzf  ).1()( .Therefore 

                                                   az

za
zf

.1
)(




                                                                 )12.2(  

Then from )11.2( and )12.2( above we get  
za

za
zf

za

za










1
)(

1
 

Set )0(fa  , So we get 
zf

zf
zf

zf

zf

)0(1
)0(

)(
)0(1

)0(








  

Example.  

Show that there does not exist an analytic function DDf :  with
4
3

2
1









f and

3
2

2
1' 







f  

Solution. Assume there exist an analytic function DDf :  with   .
4
3

2
1









f  According to the 

definition, we have f is analytic on D with   .)(,1)(  afzf  In our case, we have 
2
1

a  and

4
3)( af . We know 2

2

1
1

)('
a

af






and therefore we must have; 

358.0
12
7

4
3
16

7

2
11

4
31

2
1' 2

2































f . But 6.0

3
2

2
1' 







f  which is not possible. 
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2.3  Convex functions and Hadamard's Three Circles Theorem 

2.3.1 Convex functions 
In this section we will study convex functions and logarithmically convex functions and show that 

such functions appear in connection with the study of analytic functions. 

2.3.1.1 Definition. If  ,      - is an interval in the real line, a function   ,      -    is  convex if 

for any two points 1x and 2x in ,      -; 

)()1()())1(( 1212 xfxfxxf   , whenever     . 

If we look at the graph of  , the convexity inequality can be formulated geometrically by saying 

that each point on the chord between  )(, 11 xfx and  )(, 22 xfx is above the graph of . Observe that 

for any two points 21 xx   in  ba,  each point   in  21, xx  may be expressed as   21 1 xxx    

where
12

2

xx

xx




 . Thus the convexity inequality may be written as   

                )()()( 2
12

1
1

12

2 xf
xx

xx
xf

xx

xx
xf 

























  for 21 xxx  . 

                           )()()()()( 21211212 xfxxxfxxfxfxxxxf   

                         )()()()()()( 21211212 xfxxxfxxfxfxxfxxfx   

                           )()()()()()()( 12121122 xfxxxfxfxxxfxxfxxfxfxxfx   

                         )()()()())()(())()(( 121112 xfxxxfxxxfxfxxfxfx     

                          ))()()(())()()(( 2112 xfxfxxxfxfxx      

Rearranging, this inequality may also be written as 
xx

xfxf
xf

xx

xfxf










2

2
1

1

1 )()()()()(  for 

21 xxx  . Therefore convexity may also be formulated geometrically by saying that for       

        , the slope of the chord from  11 (, xfx  to  )(, xfx  is no longer than the slope of the 

chord from  )(, xfx  to  )(, 22 xfx . 
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A function is convex if and only if the portion of the plane lying above the graph of the function is 

a convex set. A set   is star shaped if there is a point a  in   such that for each z in  , the line 

segment ],[ za  lies entirely in  . 

2.3.1.2  Proposition.  A function   ,    -     is convex iff the set     

  bxayxA  :,{  and  })( yxf    is convex. 

Proof ( ) Suppose   ,    -     is a convex function and let  yx ,1  and   yx ,2  be Points in A.    

 That is           ,   - . Thus  (  )     and  (  )     for         . Let 10    and    

       (   )     ,   - then by definition of convex function; 

yytyxfxfxf  )1()()1()()( 21   
  ( )    

                   Thus   is in A. So A is convex set. 

( ) Suppose A is convex set. Let  21, xx  be two points in [a, b] then  

 )()1()(,)1( 1212 xftxtfxttx   lies in      if  10  t  by virtue of its convexity. But the 

definition of A gives that   )()1()()1( 1212 xftxtfxttxf  ; that is, f is convex.   

2.3.1.3 Theorem.  A differentiable function f on ],[ ba  is convex if and only if 'f  is increasing 

Proof ( )  Assume that f  is convex. We want to show  'f  is increasing. 

Let byxa   and suppose that 10  t . Then )()()1())(( ytfxftxytxf  . 

                 That is  
)(

)()(
)(

)())((
xy

xfyf

xyt

xfxytxf








 . Then letting  0t  we get  

                                        )(
)()()('

xy

xfyf
xf




                                                                     )13.2(  

Similarly, since   ((   )    )   ( )  (   ) ( )    ( )   ( ) 

  ))(1(
))()()(1(

))(1(
)())1((

xyt

yfxft

xyt

yftyxtf








  

                                         
)(

)()(
))(1(

)())1((
xy

yfxf

xyt

yftyxtf










 

                                  .
)(

)()(
))(1(

)())1((
xy

xfyf

yxt

yftyxtf










 
Then letting 1t  we get, 

                                     xy

xfyf
yf






)()()('                                                              )14.2(  

From equation )13.2( and )14.2( we have   ( )    ( ). So 'f is increasing. 
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Conversely.  Suppose that 'f  is increasing and let           Apply the mean value theorem 

for differentiation to find r  and s  with           . That is )(')()(
rf

xu

xfuf




 and 
   

 )(')()(
sf

uy

ufyf




 . Since 'f is increasing, )(')(' sfrf 
 

  
uy

ufyf

xu

xfuf








 )()()()(  ,   whenever    yux  . 

In particular by letting  tyxtu  )1(  where 10  t  we have    

tyxty

ufyf

xtyxt

xfuf










)1(
)()(

)1(
)()(

tytxxy

ufyf

xtytxx

xfuf











)()()()(  

))(1(
)()(

)(
)()(

xyt

ufyf

xyt

xfuf









  

Hence,   tufyftxfuf ))()(()1()()(   

                                                        ( )    ( )   ( )    ( )    ( )    ( )  

  ( )   ( )    ( )    ( ) 

  ( )  (   ) ( )    ( ) 

This shows that f must be convex.   

2.3.1.4. Corollary. If    (    )     is convex then   is continuous. But this does not remain true 

if f is defined on the closed interval   ,   -. 

Proof.  Since f  is convex on  ba,  and if butsa   . We want to show that    

                               tu

tfuf

su

sfuf

st

sftf













 )()()()()()(
                                                )15.2(  

Let butsa  , ust )1(   , with )1,0(





su

tu
   .  Since f  is convex on  ba,  we get 

)()1()())1(()( ufsfusftf    )()1()()( uf
su

tu
sf

su

tu
tf









  

                                )()()()()()( ufstsftutfsu     ; since 0 su  

                                )()()()()()( usfutfstfsuftsftuf   
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                                 0)()()()()()(  usfutfstfsuftsftuf  

                                 0)()()()()()(  tsfsuftufusfstfutf                                    )16.2(  

                                 0)()()()()()()()(  ssftsfsuftufssfusfstfutf  

                                 0))()(())()(())()(())()((  sftfstfsfusfufssfuft  

                                 0))()()(())()()((  tfsfsusfufst  

                                
st

sftf

su

sfuf








 )()()()(
 

                Therefore      
su

sfuf

st

sftf








 )()()()(
                                                               )17.2(  

Similarly using equation )16.2(  above 0)()()()()()(  tsfsuftufusfstfutf  we get 

                          0)()()()()()(  stfutfsuftsftufusf  

                          0)()()()()()()()(  stfutfsufuuftsftufusfuuf  

                          0))()(())()(()()()()(  sfuftsfufutfsuufsu  

                          0))()()(())()()((  sfufuttfufsu  

                         
su

sfuf

ut

tfuf








 )()(
)(

)()(  

             Therefore   
su

sfuf

tu

tfuf








 )()()()(
                                                                       )18.2(  

Thus from equation )17.2( and )18.2(  we get  
tu

tfuf

su

sfuf

st

sftf













 )()()()()()(
 

Next.  Given  bax ,  choose 0 such that ),(],[ baxx    

Claim.  






 )()()()()()( xfxf

xz

xfzfxfxf 








 for all    xxz ,                    

Proof. Consider a point  xxz ,  and applying the second inequality of equation )15.2( , or let 

bxzxa     and xxz )1()(    with ).1,0(






zx

 Since f  is convex, 

)()1()())1()(()( xfxfxxfzf    
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                          )()()()()1()()( xfxfxfxfxfzf    

                         )()()()()1()()( xf
zx

xfxf
zx

xfxfzf











  

                        )()()()()()( xfzxxfxfzxzf    

                        )()()()()()( xzfxxfxfxzfxxfzf    

                        0)()()()()()(  zfxzfxxfxfxzfxxf   

                        )()()()()()( xfzfxxfxzfxxfxzf    

                        ))()(()()()()( xfzfxfxzxfxz    

                        ))()(())()()(( xfzfxfxfxz    

                          
xz

xfzfxfxf






 )()()()(



  Since 0 xz                                              )19.2(  

Secondly consider a point   xxz ,  and applying the first inequality of equation )15.2( , or if

bxzxa   , Put ))(1(   xxz with )1,0(








zx , since f  is convex; 

)()1()()(   xfxfzf  if and only if )()1()()( 













 xf

zx
xf

zx
zf  

              )()()()()()(   xxfxzfxzfxfxzf  

              0)()()()()()(  zfxzfxfxxxfxzf   

             0)()()()()()()()(  zxfzfzxfxzfxfxxxfxzf   

             0)()()()()()()()()(  zxfzfxxzfxzfxfxxxfxzf   

             0)()()()()()()()()()(  xxfzxfxfxzfxxxfxxfxzfxzf   

              0))()(())()()(())()(())()((  xxfzfxxfzfxxfxfxxfxfz   

              0))()()()(())()()((  xfzfxxxfxfxz   

              0))()(())()()((  xfzfxfxfxz   

              ))()(())()()(( xfzfxfxfxz    



The Maximum Modulus Theorem 

AAU Page 32 

              
xz

xfzfxfxf






 )()()()(



  

       Therefore 


 )()()()( xfxf

xz

xfzf 




                                                              )20.2(  

Thus from equation )19.2(  and )20.2(  we get:   

            






 )()()()()()( xfxf

xz

xfzfxfxf 








 for all    xxz , .  

From this equivalent we have: 

                  )()()()()()()()(
xz

xfxf
xfzfxz

xfxf














  

Taking the limit as xz   we have that  

                0)()()(



xz

xfxf




  and    0)()(






 xfxf
.            

Thus ( )   ( )    . That is  )()( xfzfxz   which shows that f is continuous.   

The statement is not true if f is defined on the closed interval  ],[ ba  . Here is a counter example 

define   ,    -    by 

                                                









bxif

baxif
xf

,,1
),[,,0

)(  ,      

f is convex on ],[ ba and f is continuous on ),( ba .But f is not continuous at bx  . 

2.3.1.5  Lemma. A function   ,    -    is convex iff any of the following equivalent conditions 

satisfied: 

a) byuxa     gives     
















1)(
1)(
1)(

det
yyf

xxf

uuf

0  

b) byuxa    gives 
xy

xfyf

xu

xfuf








 )()()()(  

c) byuxa    gives 
uy

ufyf

xu

xfuf








 )()()()(  
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Proof. ()  Let a function   ,    -     is convex, and then we want to show a, b, c is true. 

(a) Since f  is convex on ),( ba  and byuxa  . We went to show that 
















1)(
1)(
1)(

det
yyf

xxf

uuf

 0

. Since 
















1)(
1)(
1)(

det
yyf

xxf

uuf

).()())()(())(( yxfxyfyfxfuyxuf   So we have to show that 

0)()()()()()(  yxfxyfyufxufuyfuxf .Let byuxa  , Put yxu )1(    with

)1,0(





xy

uy
 , since f  is convex on ],[ ba  we get )()1()())1(()( yfxfyxfuf   . 

This implies  )()1()()( yfxfuf    

              )()1()()( yf
xy

uy
xf

xy

uy
uf









 )()()()(

yf
xy

uyxy

xy

xfuy









  

                   
xy

yfux

xy

xfuy
uf











)()()()()(                                     

                   )()()()()()( yufyxfxufxyfufxy   

                   )()()()()()( uxfuyfyufyxfxufxyf   

                  0)()()()()()(  uxfuyfyufyxfxufxyf  

                  0)()()()()()(  yxfxyfyufxufuyfuxf .This is the proof for )(a  

Next we have to show 
xy

xfyf

xu

xfuf








 )()()()(  if byuxa  . 

Since from )(a  we have 0)()()()()()(  yxfxyfyufxufuyfuxf , Rearranging we get   

0)()()()()()(  uxfxyfuyfyxfxufyuf  

                 0)()()()()()()()(  xxfuxfxyfuyfxxfyxfxufyuf  

                 0))()(())()(())()(())()((  xfufxxfufyxfyfxxfyfu  

                 0))()()(())()()((  xfufxyxfyfxu  

                
xu

xfuf

xy

xfyf








 )()()()(

 
 is the required one. 
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       Therefore if   byuxa   then 
xy

xfyf

xu

xfuf








 )()()()(                                     )21.2(  

Finally to show if   byuxa   then  
uy

ufyf

xu

xfuf








 )()()()(   .  Again from )(a  we have  

0)()()()()()(  xufyufxyfuxfuyfyxf  

               0)()()()()()()()(  yyfxufyufxyfuxfuyfyxfyyf  

               0)()()()())(()()(  yfyuxfuyxyufyfxy  

               0))()()(())()()((  yfxfuyufyfxy  

             
xy

xfyf

uy

ufyf








 )()()()(  

            Therefore  
uy

ufyf

xy

xfyf








 )()()()(                                                                       )22.2(  

We conclude from  )21.2(   and )22.2(  if byuxa    then  
uy

ufyf

xu

xfuf








 )()()()(  

Conversely. Suppose )(b is true. That is  byuxa    gives 
xy

xfyf

xu

xfuf








 )()()()(  

Put yxu )1(    where yux   and 10   ,
xy

xfyf

xu

xfuf








 )()()()(

 
this implies that

   

xy

xfyf

xyx

xfuf








 )()(
)1(

)()(


 
xy

xfyf

xyxx

xfuf








 )()()()(
  

                                          ))()(()()( xfyfxfuf    

                                          )()1()())1(( xfyfyxf   .So f  is Convex.  

Suppose )(c  is true. That is byuxa  gives    
uy

ufyf

xu

xfuf








 )()()()( . 

Put xyu )1(    where yux   and 10   ,
xy

ufyf

xu

xfuf








 )()()()(
 

                                    
xxyy

ufyf

xxxy

xfuf

 






 )()()()(  
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                                    
))(1(
)()(

)(
)()(

xy

ufyf

xy

xfuf











 

                                     )()()()()()( ufyfxfxfufuf    

                                     )()()()( xfxfyfuf    

                                     )()()())1(( xfxfyfxyf   .So f  is convex.   

2.3.2 Hadamard's Three Circles Theorem 
In actuality we will mostly be concerned with functions which are not only convex, but which are 

logarithmically convex; that is,     ( ) is convex. Ofcourse this assumes that   ( )       for each  

 . It is easy to see that logarithmically convex function is convex, but not conversely. 

2.3.2.1 Lemma.  Let ba   and let G  be the vertical strip   *                + . Suppose  
Gf :    is continuous and f is analytic in    .  If we define; 

  ,    -      by   ( )      *| (    )|       + 

and if | ( )|    for all z in G, further suppose that | ( )|    for all      . Then     

1)( zf   for  all Gz . 

Proof: For each 0 , let 
)(1

1)(
az

zg



for each Gz .Then for yixz   in G , 

Since 1)(1)}(1Re{  axaz  in G  we have; 

1
)(1

1
)(1

1Re
)(1

1)( 

















axazaz
zg . 

Since 1)( zf  and 1)(  zg for z in G , then for z in G , 1)()(  zgzf . Also, since f  is 

bounded by B in G,
z

B

az
Bzgzf

Im)(1
1.)()(







. So if











B
ybxayixR ,: ; then

1
Im)(1

1)()( 






z

B

az
Bzgzf . That is 1)()(  zgzf , for all Rz  . It follows from the 

maximum modulus theorem that 1}:)()(max{)()(   Rgfzgzf   for z  in R . If



B

zIm
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again; 1.
Im

)()( 











B

B

y

B

z

B
zgzf . That is for all z  in G, 1)()(  zgzf .Thus for all z

in G, )(1
)(

1)( az
zg

zf 


. Letting   approach zero, we have that 

1)( zf  for all Gz .  

2.3.2.2. Theorem / The three lines theorem/   Let ba   and let G  be the vertical strip 

   *                +. Suppose Gf :     is continuous and f is analytic in G . If we 

define    ,    -       by  

 ( )      *| (    )|       + 

and if | ( )|    for all z in G then )(log xM is a convex function.(That is if | (    )|   ( ) 

and | (    )|   ( )  for all      then; ab

au

ab

ub

bMaMuMiyxf 







 )()()()(  for    , 

bua  ) . In other words,       | (    )|       is a convex function of u.) 

Proof. Note that to say that )(log xM is convex means (Lemma 2.3.1.5) that for byuxa  , if 

we put yxu )1(    with )1,0(





xy

uy
  then;        

                           )(log)1()(log)1(log)(log yMxMyxMuM    

                              )(log)1()(log)(log yM
xy

xu
xM

xy

uy
uM









  

                              )()()()()( )()(log)(log)(log)(log xuuyxuuyxy yMxMyMxMuM    

                             )()()( )()(log)(log xuuyxy yMxMuM    

Taking the exponential of both sides gives,  

)()()( )()()( xuuyxy yMxMuM    Whenever byuxa  . 

Also, since )(log xM  is convex we have that )(log xM  is bounded by     *     ( )     ( )+  

That is for bxa  ,   ( )      *    ( )     ( )+ . So to prove this theorem the above lemma 

is used. Thus from the above lemma (2.3.2.1)for byuxa  , .)()()( )()()( xuuyxy yMxMuM  

To prove this theorem we need only established  

)()()( )()()( auubab bMaMuM   for bua  . 
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To do this recall that for a constant 0A , )log( Azz eA  is an entire function of z with no zeros. So 

)(zg  define by ab

az

ab

zb

bMaMzg 







 )()()(  is an entire, never vanishes, (because zz AA Re ) for

yixz  , so  

                          

ab

ax

ab

xb

ab

az

ab

zb

bMaMbMaMzg 















 )()()()()(                                                )23.2(  

(It is assumed here that )(aM  and )(bM  is nonzero. However, if either )(aM  or )(bM  is zero   

then 0f .) Since ab

ax

ab

xb

bMaM 







)()(  is continuous for x  in [a, b] and never vanishes,
 g

1
 must 

be bounded in .G  Also )()()()()()(
0

aMbMaMbMaMyiag abab

ab

ab

ayia

ab

yiab

 











 and  

                                  )()()()()()(
0

bMbMaMbMaMyibg ab
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abab

ayib

ab

yibb

 











 

So that 1
)(
)(


zg

zf  for z  in G  and  
g

f  satisfies the hypothesis of the above lemma (2.3.2.1). Thus

)()( zgzf  , Gz . Using equation )23.2( for bua  , ab

au

ab

ub

bMaMzgzf 







 )()()()(           

                          ab

au

ab

ub

bMaMyzf 







 )()(}:)(sup{  , for bua   

 Since ab

au

ab

ub

bMaMyzfuM 







 )()(}:)(sup{)(   , for bua   

Therefore ab

au

ab

ub

bMaMuM 







 )()()(    for  bua  .   

2.3.2.3 Theorem / Hadamard’s three circle theorem/  

 Let   ( )  be analytic in the annular region 31 rzr   and assume           .If 

)(),(),( 321 rMrMrM are respectively the maximum of )(zf  on the three circles 321 ,, rrrz   then;   
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Proof. Consider )()( zfzz    where  is a real constant then )(z is analytic function in the region 

31 rzr   

                                                                           Y               

                                                                                                              

                                                   

 

                                                                                                                        X                        

 

 

                                                                                              Figure: Hadamard’s three circle theorem   

 

The function )(z  is not, in general, single valued. So for convenience, we choose the Principal 

branch. For this if we cut the annulus along the negative real axis there will be a domain in which 

the principal branch of the function )(z is analytic. By Maximum Modulus Theorem the function

)(z attains its maximum value on the boundary of the cut annulus. Consider a branch of this 

function which is analytic in the region for which
2

3arg
2


 z . 

We observe the principal value cannot attain its maximum modulus on the cut and therefore 

maximum modulus must be attained on one of the boundary circles of the annulus. That is by The 

Maximum Modulus Theorem )(z  is less than or equal to its value on the boundary of the closed 

annulus. Thus  )(),()()( 3311 rMrrMrMaxzfzz
     if 31 rzr  . Hence 

                       )(),()( 331122 rMrrMrMaxrMr


   , if 321 rrr                                           )24.2(  

Since   is arbitrary, choose   so that )( 11 rMr
 = )( 33 rMr

 . Taking log  of both sides, we get  

))(log())(log( 3311 rMrrMr


  

                                   )(loglog)(loglog 3311 rMrrMr 
                                                                                                                     

    )(loglog)(loglog 3311 rMrrMr    

r3                                                              

 

 

 

 

      r2                                   

       r1          

 0    
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                                   )(log)(log)log(log 1331 rMrMrr   

                                   
31
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loglog
)(log)(log
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


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                               That is  

1

3
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log
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r
r
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From )24.2( and )25.2( we have 
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If we substitute the value of       we get            



























































































 1

3
1

3

1

3
1

3

1

3

1

3

1

3 log

1

)(
)(log

1

2
log

1

log
log

)(
)(log

1

2
log

2 )()()( r

r
rM

rM

r

r
r

r

r

r

rM

rM

r

r

rM
r

r
rM

r

r
rM  









































 1

3
1

2

1

3 log

1

log

1

3
log

2 )(
)(
)()( r

r
r

r

r

r

rM
rM

rM
rM     . (Since ab ba lnln  ) 





















































































































 2

1

1

3
1
2log

1

2

1

3
1
2log

1

3

1
2log

1
2log

1

3 log

13

loglog

13

log

1

1

3
log

2 )()()()()(.
)(

)()( r

r

r

r

r

r

r

r

r

r

r

r

rMrMrMrMrM

rM

rM
rM

r

r

r

r

r

r

r

r

Therefore 


































 2

3
1
2log

1

3 log

13

log

2 )()()( r

r

r

r

rMrMrM
r

r

.  Equality achieved when )(z  is constant.   

2.3.2.4 Theorem / Hadamard’s three circle theorem as convexity/ 

Let )(zf  be analytic in the annulus region 31 rzr   and 3210 rrr   . If 3,2,1),( irM i  are 

respectively the maximum of )(zf  on the three circles;  1rz  , 2rz  , 3rz   ,  then  
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Proof. Using Hadamard’s three circle theorem, we have 
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Taking log of both sides of the above inequality we get;   
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Thus we can express Hadamard’s three circle theorem by saying that      ( ) is a convex function 

of rlog .  
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2.4 The Phragmen-Lindelof  Theorem 

Introduction. 

This section presents some results of E. Phragmen and E. Lindelof (published in 1908) which 

extend the Maximum Principle by easing the requirement of boundedness on the boundary. 

The Phragmen-Lindelof Theorem bears a relation to the Maximum Modulus Theorem which is 

analogous to the relationship of the following result to Liouville's theorem. If f is entire and 

2
1

1)( zzf   then f is a constant function. So it is not necessary to assume that an entire function 

is bounded in order to prove that it is constant; it is sufficient to assume that its growth as z is 

restricted by 2
1

1 z  . The Phragmen-Lindelof Theorem places a growth restriction on an analytic 

function Gf :     as z nears a point on the extended boundary. Nevertheless, the conclusion, like 

that of the Maximum Modulus Theorem, is that f is bounded. 

2.4.1 Definition. An open set G  is simply connected if G  is connected and every closed curve inG  

is homotopic to zero. 
2.4.2 Theorem. If   is simply connected and       is analytic in   then f  has a Primitive in    

Proof. Fix a point 0z  in G and define F  on G  by 
],[

)(
zzo

fzF  for Gz . Since Gzz ],[ 0 , F is well 

defined. We claim that F is differentiable and fF '  everywhere in G . To show this, let Gz  be 

given. Since G  is open, there is 0r  such that GrzB ),( . We wish to show that 

 (   )   ( )

 
  ( )             

We assumed that  (   ) is defined for all   with|  |   , since GrzB ),( , as noted above. 

Suppose that |  |    from now on. We will apply to Cauchy’s theorem to rewrite  (   )   ( )  

in another form.  

Indeed        (   )   ( )   ∫    ∫  
 

  

   

  
  

 
. 

Let T denote the triangle with vertices            . Since Gz 0  and since,        -, the line 

segment from     to     lies in GrzB ),( . It follow that GT  . 

Indeed, any point w  on the line segment,        -, lies in G  and so, therefore the line segment 

],[ 0 wz  also lies in G . By varying w , we exhaust the triangleT . Now by Cauchy’s theorem            

0
T

f  
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However, the contour integral around a triangle is equal (by definition) to the sum of the integrals 

along its sides. Hence we have ∫    ∫  
 

    

   

  
  ∫     

  

 
     

Reversing the direction of the contour is equivalent to a change in sign of the integral, and therefore 

we may rewrite the above equation as ∫    ∫  
 

   

   

  
  ∫     

   

  
   Interims of F , this becomes 

   (   )   ( )   ∫  ( )  
   

 

 

Hence    (   )  ( )

 
  ( )  

 

 
 ∫  ( )    ( )   

   

 
 ∫

 ( )  ( )

 
    

   

 
 

Since    ( ) ∫     ( )  
   

 
. It remains to estimate this last integral. To do this, we use the 

continuity of f  at z . Let 0  be given. Then there is a 0  such that | ( )   ( )|    

whenever|    |     . It follows that if   | |     *     + then|    |    for every    ,     

 -   so that | ( )   ( )|     for such  . Therefore 

                           |  (   )  ( )

 
  ( )|  

 

| |
 |∫ ( ( )   ( ))   

   

 
| 

                                                              

| |
 ∫ | ( )   ( )|

   

 
   

                                                                    
 

| |
   (,     -)  

                                                             
 

| |
  | | 

                                                               

Since   is arbitrary letting      , we have    (   )  ( )

 
  ( )    . Therefore  

)()(' zfzF  .   

2.4.3  Phragmen-Lindelof Theorem.  Let G  be a simply connected region and let f  be an 

analytic function onG . Suppose there is an analytic function         which never vanishes and 

is bounded onG . If M  is a constant and           such that    

   )(a  for every a  in A , Mzf
az




)(suplim ; 

   )(b  for every b in B , and 0 , Mzzf
bz





 )()(suplim ,then Mzf )( for all z  in G . 

Proof. Let kz )(  for all z  in G . Also because G  is simply connected there is an analytic 

branch of )(log z  on G  (Theorem 2.4.2). Hence )(log)( zezg  is an analytic branch of  )(z for 

0  and 
 )()( zzg  . Define        by  kzgzfzF )()()( ; then F is analytic on G and 

)()()()()()()( zf
k

k
zfkzgzfkzgzfzF  




  ,since kz )(  for all z  in .G That is 

)()( zfzF   for all z  in G. But then, by conditions )(a  and )(b on G , F satisfies the hypothesis 



The Maximum Modulus Theorem 

AAU Page 43 

of The Maximum Modulus Theorem - third version. Thus  ),max()( MkMzF  for all z  inG

Since  kzgzfzF )()()(  and    kzgzfkzgzfzF )()()()()( . 

So ),()()()()()( MkMMaxzFkzzfkzgzf      for all z  in G .This gives, 

),()()( MkMMaxzzf 
 

  for all z  in G  and for all 0 . Letting  0 gives that   

                                    Mzf )(  for all z  inG .  

2.4.4 Corollary. Let 
2
1

a  and put 









a

zzG
2

arg:  . Suppose that f  is analytic on G  and 

there is a constant   such that Mzf
wz




)(suplim  for all w  in G . If there are positive constants P

and ab   such that  

                                                          | ( )|    | |                                                              (    ) 

for all z with z  sufficiently large, then Mzf )(  for all z in G . 

Proof. Let acb   and put )exp()( czz   for z  in G .If irez  , 
a2


  then                   

            Coscrz cc Re . So for z in G ,  Coscrc c

ezz  )exp()(  
 when .irez   

Since ac  , 0 Cosc  for all z in G . This gives that   is bounded onG . Also, if 0  and 

irez   is sufficiently large,  

                                         
 )()()( )(

zPezzf
b

z
 


Coscrre c

b
i

ePe                                                 

                                                                                            CoscriCosr cbb

ePe 


sin    

                                                             cb rrPe    

But )(   cbccb rrrr .Since cb  ,  0cbr  as r , so that   cb rr  as   r . 

Thus 0)()(sup 


 zzfLim  . Hence, f  and    satisfy the hypothesis of the Phragmen-Lindelof 

theorem so that; 

                                     Mzf )(  for all z in G .  

2.4.5 Corollary. Let
2
1

a  , }
2

arg:{
a

zzG


 and suppose that for every w  in G , 

Mzf
wz




)(suplim . Moreover, assume that for every 0  there is a constant P (which may depend 

on  ) such that  

                                                             )(
)(

a
z

Pezf


                                                               27.2  

for z in G , and | | sufficiently large.  Then Mzf )(  for all z  in G . 
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Proof. Define        by )()()(
azezfzF   where 0  is arbitrary. If 0x and   is chosen 

with 0  then there is a constant P  with  

                            
])[(

])[()()()()()( a

aaaa

x

xxzz

e

P
PeePeezfxF







 
 
. 

But then | ( )|      as x  in   ; so  }0:)({1 xxFSupM . 

Define },max{ 12 MMM    and      ,
2

arg0:









a

zGzH
  

                                                         






 


a

zGzH
2

arg0:    

then Mzf
wz




)(suplim  for all z in H  and H . Using hypothesis 27.2 ,Corollary 2.4.4 gives 

2)( MzF   for all z  in  H  and H . Hence, 2)( MzF  for all z  in G . 

                               We claim that .2 MM   

In fact, if MMM  12 then F  assumes its maximum value in   at some point x ,  x0  

(because 0)( xF  as  x  and ))(suplim)(suplim 100
MMxFxf

xx



. This would give that 

F  is a constant by the Maximum Principle and so 1MM  . Thus, MM 2 and MzF )(  for all 

z  in  G ; that is, )Re()(
azMezf   for all z  in  G ; since M  is independent of  , we can let 

0 and get Mzf )(  for all z  in  G .  
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