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PRE F A CE 

Bound d symm t ic trans format ions ar appl ic bl in solving 

differential and i nt gr a l qua tions. This r e port is compil ed from 

diff r e n r adin mat ri als writ ten on bounded s ymmetric , un itary and 

Normal tra nsformations whi c h a r li sted in the r ferences. 

This r e port is a compil ation of the t wo s mm i nar s I have de liv r d, 

i n par tial fulfilm nt, for the M.Sc . d gr in Mat hematics. The 

c nt r al t h m of th pape r i s proving t h s p ctral deco mposition 

Th orem for bounded s ymm tric, unit ary and Norma l trans formations of 

Hilb rt Spac s. It has thr e parts. The first part deal s on a r evi w of 

d f initions nd prop rti s of Hilb rt Spaces, linear trans formations a nd 

th s iIi s int r 1 whi h ar vita l t hrough out t h p pe r . 

In th s cond part, proofs of some e l m nt ary prop rti es, the 

g n ral chw r z in quality, the convergent of bounded seque nc s of 

s ymm tri c tr nsformations, th unique ness of positive s quar e r oot of a 

pos itiv s ymm tric transformation and the inverse of a symmetri c 

trans formation ar di scussed. 

In th t hird part , follow d by a lemma whi ch ass rt s that v r y 

trigonome tric polynomial can be r epresent ed by the squar of the 

a bso lut e value of another trigonometri c polynomi al, the spectral 

d co mposit ion Theorem of a uni tary transformat ion is provid. Al so t he 

theorem on th s p ctra l deco mposi tion of a normal transformat i on i s 

proved. 

finally, I would like to express my deepest grat itude t o my a dvi sor 

Dr. Seid Moha mmed for hi s unreserved guidance and valuabl e s uggestions 

he offer ed me through out the prepar ation a nd presentation of the pa pe r . 

further more , my gratitude also goes to Wit Bizuayehu Adafre for her 

assis t a nce in typing and printing the paper. 
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1. PRELIMINARIES: 
Definition 1: (a) A compl ex vector space H i s called an inner 

product space, if the re i s a function <., . >: HxH ~ [ s uc h tha t 

( i ) <x+y , Z> <x,Z> + <y,z> 

(ii) <x,y> = <y , x> (The bar denoting compl ex conjuga t e ) 

(iii) <ax ,y> = a <x,y> aE[ 

(iv) <x,x> ~ 0 and <x,x> = 0 if and only if x 
0, for x,y,zEH . 

Property: i) <x,y + z> = <x,y> + <x,z> 

ii) <x,ay> = a <x,y> 

iii) <x,X>E~ , for x,y,zEH 

Every inner product space can be normed by defining 

1/2 ~ 
~x~ = <x,x> = v<x,x> 

b) A normed space H is called complete if and only if e ve ry 

cauchy-sequence in H has a limit in H. Whe r e a s equence (x ) n 

in H is said to be a cauchy-sequence, if given E > 0, the r i s 

a positive integer N(E) s uch that 

~xn - xm~ < E , for all n,m ~ N. 

c) A compl ete inner product space H is call ed a Hibert space . 

Example: 1. 

2. 

n 

The space H = 12(n), with <x,y> = L x.y . i=l 1 1 

2 
The space H = L l a,b ] 

S
b r Sb 2 J 1/2 

with <x,y> = x(t) yet) dt and Ilxll = l Ix(t) I dt , 
a a 

x,YEH are Hilbert spaces. 

Definition 2: Let H be a Hilbert space . A transformation T:H~H is 

call ed 
a) Linear if it is i) Additive: T(h1+h2 ) = Thl + Th2 
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ii) Homogeneous: T(ah) aTh , aE[; , 

h , h
1

, h
2

EH. 

b) Bounded: If 3M > 0 s uc h that ~ Th ~ ~ M ~ h ~ . The s ma ll es t M 

is cal l ed t he norm of T dent ed by li T ~ and defined by 

~T~ = s up ~ 
h *0 ~ h ~ 

c) Continuous: if the seque nce (h
n

) in H converging to h 

implies Th conver ges to Th . 
n 

Convention: When we say a linear tra nsformation, it is bounded. 

Remark: A linear transformation is continuous a nd converse ly a 

transformation whi ch i s additive, homogeneo us and conti nuous 

is bounded. 

Definition 3: A function f is upper semi-continuous at a point x ED if 
o 

and only if lim f(x) ~ f(x ) . 
o x--?x 

o 
A function f i s lowe r semi - continuous at a po int x ED if and 

o 

only if lim f(x) ~ f( x ). 
o x--?x 

o 
f is semi-continuous a t a point if it i s eit her uppe r 

semi-continuous or lower semi-continuous. 

Definition 4 : Let (A ) be a sequence of transformations. Then 
n 

(A ) is said to be monotone increasi ng (monotone decreasing) 
n 

if and only if Al ~ A2 ~ . .. ~ Ak ~ .. . (Al~A2~ .. . ~Ak~···)· 

( A ) is said to be bounded be low (above ) if and only if 
n 

there i s a transformation B s uch that B ~ A (A ~ B) for all 
n n 

nEIN . 

A sequence is said to be bounded if and only i f it is 

bounded be low and bounded above. 

The stielties Integral: 

Given, on a ~ x ~ b, a continuous function f(x) a nd a non 

decreas ing function a(x) , we define the s ti e ltjes integral of f with 

res pect to a, denoted by 
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b b 
f f da = f f(x) da( x) , 
a a 

to be t he l i mit of the s ums 

whe r e a = Xo < x l < . . . < xn = b ; xk- l ~ ~k ~ xk 

a nd when max (xk, xk_l ) ~ o. 

2 . BONDED SUMHETRIC TRANSFORMATIONS 

2 . 1. Symmetric Transformations 

Defi ni t i on 5: Le t T:H ~ H be linear, wher e H i s a Hibe r t s pace . The 

* * trans f ormati on T s uch t hat <Tf , g> <f , T g>, f, gEH i s 

call ed the adjoint transformat i on of T. 

* * It can be s hown tha t T i s 1 inear, cont inuous and liT II liT II 

* To s how, liT II = IITII 
* 1<f,T g> 1 = I<Tf ,g> 1 ~ IITII·ll f ll· ll g ll 

* * impl i es , liT g II ~ liT II· Il g II, hence T i s bounded 

* impl ies , liT II ~ IITII ( * ) 

Since we can f ind f or e very e l e ment f of H an e l ement g of H s uch 

t hat g = If and <If, g> = IITq a nd Ilgll = 1, we have 

* * * 
II If II <Tf, g> = <f,T g> ~ Ilfll · IIT 11· llgll Ilfll· IIT II 

* 
i mpli es IIT II ~ liT II (* * ) 

* 
From ( * ) and ( * *) , we ge t IITII = liT II 

Definition 6 : The linear transformation T : H~H for whi ch 

<Tf, g> = <f , Tg> f,gEH i s call ed a symmetric Transformat i on . 

Propos i tion 1 : A linear t r ans f ormat ion A:H~H i s symmet r i c i f and onl y 

if <Af,f> EIR . 
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Proof: Let A be symmet ri c, then for fEH we have 

<Af,f> = <f,Af > = <Af,f> 

hence, <Af,f> E~ 

To show the converse, we start with the ident ify val id for every 

linear transformation A 
<ACf+g),f+g>_<ACf-g) . f-g>+i <ACf+ig>,f+i g»-i <ACf-ig),f-ig> = 4<Af, g> (1) 

<f+g,ACf+g»_ <f_g,ACf-g»+i <f+ig,ACf+ig»-i <f-ig,ACf-ig» 
4<f,Ag>. 

(1) which follows from (1) by interchanging f and g and taking the 

But, if the quadratic from <Af,f> i s al ways 
complex conjugates. 
real-valued, we have <f,Af > = <Af,f> = <Af,f> and thus the first members 

of (1) and C1') are equal and hence <Af,g> = <f,Ag> which s hows that A 

i s symmetric. 

The proposition just proved, as well as r e lations (1) and C1') holds 

only for complex Hilbert spaces and not for r eal Hilbert s paces. 

Theorem 1 : Let A be a s ymmetric transformaton. Then 

Proof: 

IIA II = sup I <Af, f > I 
Ilfll = 1 

We consider the quadrat ic form <Af, f > and Ilf II 

then, NA = sup I<Af,f> 1 s ~A~ 
Ilfll = 1 

Again we have to show NA 2: IIAII . Let i\ > 0, i\E~. Then 

1. 

IIAf 112 " H <A( H+}Af), Af + }Af> - <A( H - }Afl. H - }Af> 1 

4 
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= ~N A [ 11.2 <f, f >+<f, Af>+<Af, f >+ 3 <Af, Af>+A 2<f, f >- <f, Af>- <Af, f > 

+_1_ <Af, Af>] 
11.

2 

= ~ N A [ 211.211 f\\ 2 
+ : 2 II Af 112] 

= ~ N A [A 211 f\\ 2 
+ ~ 2 II Af 112] 

= ~ NA r2 
+ ":;"2] 

which i mplies 

Case 1: If II Af II "* 0, 

II Af 112 ~ ~ N A 

2 
Then for A = IIAf II, we have 

[~Af~ + ~Af~ ] = NA IIAf~ 

Case 2: 
2 1 2 

If IIAf II = 0, then 0 = IIAf II ~ 2' N A' A , which imphis 

IIAfl1 ~ NA' 

Hence IIAII = sup IIAf II ~ N A 
Ilfll = 1 

From (*) and (**) we get, 

~ A ~ sup I <Af ,f> 1 

Ilfll = 1 

(**) 

Definition 7: The linear transformations A and B are said to be 

permutable if AB = BA 
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We define a n order r e l at i on among t he s ymmet r ic t r ansformation by : 

A ~ B when <Af ,f> ~ <Bf ,f> 

(refl exive , anti s ymmetri c a nd trans it i ve ) 

Property: Le t A,B,C, A ,nE~ be s ymmetri c . Then 
n 

1. A + B i s s ymmetri c 

2. If AB = BA , then AB i s s ymmetri c 

3 . A ~ B impli es A + C ~ B + C and cA ~ cB , CE~ a nd c > 0 

4. <Af ,f> = <Bf,f> impli es A B 

5. Af = lim A f impli es A is s ymmetri c 
n 

Li near trans formation A s uch t ha t <Af,f> ~ 0 i s said t o be positive 

Since every linear trans f ormati on A f or which t he 
and we writ e A ~ O. 
quadrati c f orm <Af,f> assumes only r eal va lues, i s s ymmetri c , then e ver y 

pos itive linear trans f or ma tion of compl ex Hilber t s pace i s symmetr i c . 

Proposition 2: (The Ge ner a lized Schwarz Inequa lity) 
For every positive s ymmetric trans f ormati on A and fo r a ny 

two e l ement f and g of H, we have 

Proof: 

2 !<Af,g ! ~ <Af,f> <Ag , g> . 

For e ve ry r eal va lue of A and for hA = f +A<Af, g>g we ha ve 

o ~ <AhA , h
A

> = <A(f+A<Af, g>g ), f+A <Af ,g>g> 
2 2 2 = <Af,f>+2A! <Af,g> ! +A <Ag , g> !<Af, g> ! 

Impli es <Ag, g> !<Af, g> !2A2+2 !<Af,g> !2A+<Af,f > ~ 0, whi ch i s a second 

degree polynomial in A and has r eal coeffi c i ent s and cannot have t wo 

rea l di s tinct ze ros, which i mplies [2! <Af,g> !2 j 2- 4<Ag,g> !<Af, g>!2 <Af , f > 

~ 0 i mpli es !<Af,g> !2 ~ <Af,f >< Ag,g>, 

Defini tion 8: The gr eatest lower bound and the l eas t upper bounds of 

t he s ymmetric transformaiton A are defi ned as the largest r ea l numbe r m 

and the s ma l lest real number M for whi ch m<f,f> ~<Af,f>~M<f,f > or mI ~ A 
In other wards m i s 

~ MI , whe r e I denot es the identity transformation . 

t he gr eat es t l ower bound and M i s the l eas t upper bound of the quadrat i c 
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form <Af,f >, whe r e f vari es under the condit i on Il f ll = 1. But unde r this 

condition t he least upper bound of I<Af, f >1 i s equal to the norm of A 

and consequently, II AII = max {Im l , IMI}· 

Theorem 2 Every bounded monotone sequence of symmetric transformations A 
n 

conver ges to a s ymmetric transformation A. 

Proof: If s uffi ces to consider the case wher e 

o s A1 s A2 s ... s I . 

For m<n, we have A = A - A ~ 0 and IIA II s 1 mn n m mn 
Now, usi ng the gener a lized schwar z inequality, for every f we have 

IIA fl14 mn 
<A f,A f >2 s <A f,f >< A 2f ,A f > 

mn mn mn mn mn 

s ince 0 S Amn S I a nd IIAmn11 S 1, we get 

IIAnf - Anfll4 = IIAmnfll4 S <A f,f >< A 2f ,A f> mn mn mn 

S « A -A )f,f> IIA 2fll ·IIA fII n m mn mn 

S «Anf, f >- <Amf, f » I IAm~ll· IlfII · IIAmnlillfil 

S «A f,f> - <A f,f » IIA 113 . llfII 2 
n m mn 

S «A f,f> - <A f,f > . lIf ll2 
n m 

But the numerica l sequence {<A f, f >} i s bounded and increas ing, 
n 

hence convergent, whi ch impli es , by the inequa lity obt a ined, the 

sequence of e l ements A f 
n 

is cauchy and hence conve rgent . Def ine 

Af = 1 im A f , which is true for all f in H. The transformat ion A is 
n 

n 
obvioui s ly linear and a l so symmetric by the above property . 

Note: The square of a symmetric transformation is always a pos i tive 

transformation that i s <A
2
f,f > = <Af,Af> = II Af l12 ~ O. 
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Now we cons ide r t he conve r se probl e m, whi c h i s to fi nd , fo r a g i ven 

osit ive symmet r ic t r ansformat i on A, a s quar e r oot, whi ch i s a symme tri c 

r ans fo rmat i on T s ucht hat T2 = A. 

heorem 3: Ever y s ymme t r ic A ~ a possesses a un i que pos itive symme t r i c 

s quar e root, de not ed by A1 / 2 It can be r epres e nt ed as the 

li mit of a sequence of po l ynomial s i n A and consequently i s 

permutabl e with a ll transformat i ons whi c h ar e per mutabl e 

with A. 

Proof: w. l. o.g we can assume A ~ I 

se t A = I -B, wher e a ~ B ~ I and T 

equa ti on Y = ! [B + y2] 
2 

I - Y. Then s o lve t he 

l et us try the met hod of s uccess ive a pprox imation . 

!B a nd i ngener a l 
2 

Y n+1 
1 [ B + y2 ] 
2" n 

n ~ a (2 ) 

and we s how t he sequence (Y ) conver ges to a so lution of (1) . Fi r s t we 
n 

s how t hat Y and Y - Y 1 are pol ynomi a l in B with non-negative r ea l n n n-
coeff icent s whi ch we prove by inducti on on n. These proposit i on a r e 

obvi ous ly t rue fo r n = 1 and trivi a lly Y i s apo lynomi a l i n B wit h 
n 

non-negative r ea l coeff i cient s. To s how the second, the f ormul a 

Y - Y 
n+1 n 

1 
2- (Y +Y l)(Y -Y 1) n n- n n-

s ince B ~ a impli es Bn ~ a f or n 2 , 3 , ... , 

Yn - Yn- 1 ~ O. Finally , IIYnll~ 1 for all n. 

we ha ve Y ~ a and 
n 

Thi s i s true for n = a 
and i s proved by induction with the r ecurrence formul a (2 ) . 

Hence t he sequence (Y ) i s bounded monot one sequence , a nd t hen by 
n 

t heo r e m 2 i s convergent . 

l e t Y = lim Y , the n Y satisfi es equation (1), s ince 
n 



V lim V lim 
1 [B + V2 ) 

1 [B + V2 ) 
n+l 2: == 2: n 

n~ n~ 

Hence, V 
1 [B + V2 ] 
2: 

We also have IIVII :S 1 and consequently V :S I, T == I - V ~ 0 

2 2 
thus, T - (I-V) I 

2 2 I-B-V -V == I-B == A 

2 
therefore, T == A. 

Hence , we have constructed a so lution of T2 == A, T == I-V which is 

s ymmetric a nd positive; furthermor e it i s t he limi t of polynomi als in 

A. To pove that T i s unique , l e t T' be a l so a pos itive symmet ri c 

transformation such that T,2 == A and c l a im T' == T. 

T' A == (T , )3 == AT' implies T' i s permutab l e with A and with 

polynomials in A as well as with their limits and in particular with T. 

Now l e t Z and Z' be the positive symmetric s quar e roots of T and T' 

respectively, obtained by the above procedure, but starting with T a nd 

T' instead of A (that is Z2 == T and Z,2 == T') . 

Let f be a n arbitrary element of H and l e t g 
(T-T ' )f . Then we 

ha ve 
2 2 2 2 ~zg~ +~z'g~ == <z g,g> + <z ' g,g> == <Tg,g> + <T' g , g> 

== « T+T')g,g> == « T+T')(T-T')f,g> 

which yields zg == z ' g == 0 hence Tg == zzg == 0 and T'g == Z' z ' g == 0, 

that means Tg- T'g (T-T ' )g == O. If followS 

II (T-T' )[11 2 == < (T-T' )2f ,f> == « T-T' )g,f> == 0 , and he nce 

(T-T')f = O. Since this holds for all f, we have T' = T. 

Corollary l: The product of two permutable, positive 
symmetric 

transformations is also a positive symmetric transformat ion . 
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roof : 
Le t A, B ~ 0 be s ymme tri c and AB = BA. Then by Theorem 3, 

AB1/2 = B1/2 A. Now fo r a n a rb i tra r y element f, we have 

<ABf ,f> <AB1/2B 1/2f , f > = <B1/2 AB1/2f,f> = <AB1 / 2f,B1 / 2f> ~ 0 

. A 0 d B1/2 . t . SInce ~ a n IS s ymme rIC . Hence AB ~ O. 

Corollary 2 : 
Let A, B,C ~ 0 be s ymme tri c a nd AC = CA,BC 

I f A ~ B , then AC = CA ~ BC = CB. 

CB. 

Proof: A ~ B impli es A - B ~ 0 
AC - BC = ( A- B)C, hence C and A-B permut es. 

But C(A-B) = CA - CB 

Then, by cor oll ary 1, C(A-B) ~ 0, whi ch i mpli es 

CA = AC ~ CB = BC 

Now we cons ider t he inver se of a s ymmetri c t r ans f ormat i on A. If 

-1 A ex i s t s i t i s a l so s ymmetri c , s ince 

-1 -1-1 
<A f,g> = <A f, AA g> 

-1 -1 - 1 <AA f,A g> = <f ,A g> 

00 

Lemma: If the Neumann seri es L An 
n=o 

-1 
conve r ges uniformly, then (I-A) 

Proof : 

ex i sts and i s continuous. 

00 L An conve r ges uniformly means ther e ex i s t s a tra ns f ormation 

n=o 
00 

S = L An . Then 
n=o 

00 

A.S = A. L An = 
n=o 

m 
A. lim L . A

n 

m~ n=o 

m 
\' An+1 

lim L 
m~ n=o 

s imil arily , 
00 

= \' An+1 
S.A L 

n=o 

, '''' 

= 
m 

1 i m L 
m~ n=O 

00 L An
+

1 

n=o 

A. A
n 



00 

Then, A. S L An
+

1 

n=o 
00 

S- I 

S A = \ An+ 1 = A + A2 3 . L + A + . . . = s - I, whi ch i mpl ies 
n=o 

I S-A. S 

S. (I-A) 

(I-A). S and I = S- S .A S. (I - A) whi c h impli es I (I - A).S 

-1 -1 00 
Hence , (I-A) exi s t and (I-A) = S = L An 

n=o 
Now, if we t a ke I-A insteed of A, t he l e mma impl ies 

-1 00 

A = [I-(I-A)]-1 = L (I-A)n 
n=o 

Thus , A-
1 

ex i s t in parti cul ar if ~I -A~ < 1, whi c h can be r epresented by 

the Ne umman seri es . 

00 

A-
1 

= L (I-A)n and it conver ges in norm, as s hown be l ow: 
n=o 

n-1 00 n 
II [I - ( I - A) ]-1 - kt (I - A) k II :S mb

n 
iII -A II m - I ~ Ii ~ ~! II ~ , as IiI -A II < 1. 

Not e that thi s r epresentation i s a l so va lid fo r non-symmetri c 

t r a ns formations. 

For A s ymmetri c , the conditi on ~I -A~ < 1 i s equiva l e nt to 

o < m:S M < 2 

whe r e m and M are the greatest lower and l eas t uppe r bounds of A. 

(3 ) 

If we assume only that m > 0 , we can a lways find a pos i t ive 

quantity c such that the bounds m/ , M' of the trans f ormati on A' = c A 
2 

s atisfy condition (3), we have only to t ake c< H. Consequently we have 

the development, 

-1 
A 

00 

L Since the terms 
n=o 

of this series are positive transformations , the s ame i s true of t he s um 
-1 -1 

A . Multiplying the inequalities m. I :S A :S MI by A , we obtain 
-1 -1 mA :S I :S MA ,hence 

-1 -1 -1 M I:sA :Sm I. 

1 1 



heore m 4 : In order t hat the l i near transforma ion T of Hilb rt s pac 

possess a n inverse, i t is necessary and s uffi cient that t he 

* * symmetric transformations T T a nd TT have posit ive great st 

lower bounds. 

* * roof : Assume that the transformation TT and T T, wh ich ar e 

summe tri c have posi ti ve greatest lowe r bounds . Thi s assures 
* - 1 * - 1 * -1 * the ex i stence of (T T) and (TT) . Then (T T) T T = I a nd 

* * - 1 * - 1 * TT (TT) = I i mplies T has a l eft i nver se (T T) T a nd a 
* * - 1 * -1 * * * - 1 

right inverse T (TT) and also (T T) T = T (TT) . 

-1 
Hence, T exists. 

* Assume T T does not have a positive great est lower bound . The n t here 

exist a sequence (f ) s uch that ~f ~ = 1 and n n 

IITf 112 = <Tf ,Tf > = <T * Tf ,f >~. If T- 1 exists, it follows that 
n n n n n 

Il f II = II T-
1
Tf II oS IIT-

1
11 11Tf II ~ whi ch contradi cts Ilf II = 1 n n n n 

Hence T has no inver se . 
* * Si mil arily, if TT does not have a positi ve greatest lower bound, T 

does not ha ve an inver se, a nd hence T can not have an inver se eit h r . 

2.2. Orthogonal projections 

The s i mplest s ymmetric transformation a r e the ort hogonal 

projections on to s ubspaces of the Hilbert s pace H. 

Definition 9: Let H be a Hilbert s pace. Then 

i) The transformat ion P: H ~ H i s call ed a projection in H if 

p2 = P 

ii) l e t M be a subspace of H. The s ubspace 

..L 
M = {fEH I < f,g> = O, VgE M} such t hat H 

orthogonal complement of M. 

1? 

..L 
M$M i s ca l l ed the 



1. 
If H = M0M , the n e very e l e men t f i n H can be uniquely 

1. 
decomposed into f = g + h, wher e gEM, hEM . 

1. 
iii) l e t H = M0M. The proj ecti on P:H~M defined by Pf = g , wh ich 

1. 
i s linear i s call ed the orthogonal projection onto M a l ong M . 

1. 
The projection on to M i s I-P. 

1. 
Proposition 3: Le t H = M0M and l e t P be a proj ecti on onto M. The n, P 

is orthogona l if a nd only if P i s s ymmetri cal . 

Proof: Let P be orthogonal . Le t f g+h and f ' g ' +h' be 

decompositions of f and f' with r espec t to t he s ubs paces M a nd 
1. 

M . Then we have <g,h' > = 0 and <h,g ' > =0 and Pf = g , Pf ' = g ' 

Hence, <Pf,f' > <g,f' > 

<g,g' > 

<g,f' >- <g ,h' > = <g ,f' - h' > 

<g, g ' >+<h, g ' >=<g+h ,g ' >=<f , Pf ' > 

implies <Pf,f' > = <f,Pf' > and hence P i s s ymmetri c. 

Again, let P be s ymmetric, f or all fEH, f 

and f-Pf is orthogonal to M. That is 

Pf+(f-Pf ), wher e PfEM 

2 <f-Pf,Pg> = <Pf-P f,g> <Pf-Pf,g> o for a ll g 

Hence, P i s orthogonal. 

We have <Pf, f > = <p2f, f > = <Pf, Pf> It 

f ollows in particular 0 ~ P ~ I ; then P = 0 if M cons i s t of the s ingle 

e lement 0, and P = I if M coincides with H. 

Prposition 4: For two symmetric projections P1 and P2 ' P1P2 
P

1 
~ P

2 
are equival ent . 

Proof: Let P
1
P

2 
= P

2
' then P1-P2 ~ 0 , P1 ~ P2 

If P
1 

~ P
2 

' then I-P
1 

~ I - P
2 

and consequently 

P
2 

a nd 

IID-P
1

)P2Q 2 = « I-P
1

)P
2
f, (I-P

1
)P

2
f > = <D-P1 )2P2f,P2f > 

« I-P
1

)P
2
f,P

2
f > ~ « I-P

2
)P

2
f,P

2
f > = <0,P

2
f > 0 

13 



the r efore, (I , P
1

)P
2

f = 0 f or all f 

Hence (I - P1)P
2 

= 0 or P
1

P
2 

= P
2 

Theorem 5: If the orthogona l projections P a nd Q onto t he s ubs paces 

B a nd D sati sfy the cond ition ~P-Q ~ < 1 , t hen B can be 

mapped linearly and i somet ri cal ly onto D. 

~P-Q I I < 1 impli es IIp(Q-P)p ll < 1 and t hat consequently the 

symmetri c trans f ormat i on A = I + P(Q- P)P has a gr eates t l ower 

bound. -1 - 1/ 2 -1 112 He nce by theor em 4, A exists a nd A = (A ) 

ex i s t s by theorem 3, whi ch ar e s ymmet ri c and positive . 

Now consider the tra ns formati ons : 

Since PA = AP, 
- 112 

we ha ve PA = 
A-

1I2
p and since further PQQP = PQP = P+P( Q- P )P = PA, it follo ws t hat 

= P. Thi s impli es tha t f or e l ements of B, U :B~D is i s ome tri c , tha t i s 

* fo r f , gEB, <Uf,Ug> = <U Uf, g> = <Pf, g> = <f , g>. Si nce B is a c l osed se t 

its image unde r U s ay D' is c losed and is a s ubspace of D. Since U i s 

zero f or the e l ements orthogona l to B, t hen D' is a l so t he i mage under U 

of H (the entire s pace ) . 

Now, let h be an el ement orthogona l to D', that is <h , Uf > = 0 , for 

* * * * a ll f in H. Then U h = 0 (s ince 0 = <h , Uf> = <U h , U Uf > = <U h,f>, for 

a ll f in H), hence 

PQh = A1 / 2A-1 / 2pQh = A1 / 2pA-1 / 2Qh = A1/2U*h = 0 and consequent l y, 

(Q-P)Qh = Qh. But s ince IIQ-p il < 1, Thi s equation is poss i bl e on ly 

if Qh = 0 , that is only if h i s a l so orthogona l to D. He nce D' = D 

and U:B~D is obviously linear. Thus, t he theor em. 

14 



2 . 3 . Functions of Bounded Symmetric Tr ansformat i ons. 

For a s ymmet ri c tra ns f ormat i on A, we ass i gn to t he polynomial with 
2 al coef f i c i ent s p(A) = a

o 
+ a lA + a

2
A + 

r ansformat ion 

P(A) 
2 

+ ... + a An 
n 

Thi s correspondence i s obvi ous ly homogeneo us, 

he symmetric 

add i t i ve and 

tiplicative, that i s , the t r ansformati ons cP (A), P(A ) + q( A), 

(A) . q(A) corresponds t o CP (A),P(A)+q(A) , p(A) .q (A ) r especti vely. 

Moreover, thi s corres ponde nce i s pos itive type, t ha t i s i f p(A) ~ 0 

m ~ A ~ M, wher e m a nd M denot e the gr eat est l ower a nd least upper 

bounds of A, we a l so have p(A) ~ o. 
p(A) i n the f or m 

Inorder t o see t h is, we deco mpose 

p(A) = 

(3 . ~ M, a nd 
J 

2 2 c re (A-a . ) re ((3 .- A) re [ (A-(Yk) + <\ 1 , where c ~ 0 , a. ~ m, 
i 1 j J k 1 

wher e the quadrat i c fac t or s correspond to compl ex conj ugat 

zer os and to r eal zer os be tween m and M, t he l atter be ing necessar il y of 

e ven multipli c ity . Replac ing A by A, all t he f ac t ors will be positive 

t r ans f or mations , a nd s ince they ar e a l so per muta bl e, t he same wi ll be 

true of the product p( A) . 

More gene r a lly , the inequa lity p(A) ~ q(A) f or m ~ A ~ M i mpli es 

t hat p(A) ~ q(A), t o see thi s , we cons ide r t he d iff er e nce p (A) - q( A) ~ 0 

and apply the a bove . Hence the correspondence i s monot oni c . 

To extend this correspondence t o l a r ger c l asses of functi ons wher e 

the above properti es a r e preserved, we cons ider monot oni c sequence wh ich 

conver ge every whe r e (It will be a littl e mor e convi eni ent to cons i der 

decreasing rather than increasing sequences ) . For this l et us consi der: 



1. The class C1 of non-negative real-valued functions defined in the 

interval m ~ A ~ M which are continuus or at l east uppe r ­

semicontinuous. 

To a function U(A) of this class we can find a dec r eas ing seque nce 

of polynomials (p (A)) which converges to U(A). 
n Th seque nce of 

t rans formations Pn(A) is then also decreas ing and bounded be l ow by 0, 

he nce it is convergent. The limit i s a s ymmetric t r ans formati on wh ich 

we assign to U(A) and denote by u(A) . 

This definition is unique ; that i s , u(A) 

particular choice of the sequence (p (A)): 
n 

does not depend on the 

if (q (A)) 
n 

i s another 

sequence of the same type, then lim p (A) 
n := 

lim q (A). 
n 

Proof: 

n n 

for every integer r, and for s sufficiently l arge we ha ve 

p (A)~q (A) + ~ , q (A) ~ p (A) + ~ , in the entire i nterval 
s r r s r r 

m ~ A ~ M, which i s a consequence of Dini Theor e m on monot omi c 

sequences of continuous functions or also of the Bor 1 

covering Theorem. We then have 

P (A) ~ q (A) + ~ I 
s r r' 

q (A) ~ p (A) + 1 I, and taking li mi t (first 
s r r 

fo r s~ and then r~). We get, 

lim p (A) ~ lim q (A) , lim q (A) ~ lim p (A) 
s r s r 

s r s r 
Hence lim p (A) := lim q (A) 

n n 
n n 

It follows by the same reasoning, that if u1(A) ~ U2 (A), m ~ A ~ M, 

Hence the correspondence extended i s ther efore 

monotonic, and further it is positive ly homogeneous, additive and 

multiplicative since, 

to U(A) and V(A), then 

(P (A)q (A)) decreases 
n n 

if the sequences (p (A)), and (q (A)) decreases 
n n 

the sequences ((p (A)) , c > 0, (p (A) + q (A)) and 
n n n 

to CU(A), U(A) + V(A) and U(A)V(A) respective l y. 

2 . Now, let us consider the class C2 of functions admi tting a 

decomposition in to the differ ence of two functions of c l ass c1· 



We assign to the function weAl = u(A) - veAl the transformation 

weAl = u(A)-v(A). This definition is unique, since u
1 

(A)-v
1 

(A) = U
2

(A) 

- V
2

(A) implies u 1 (A) - v 1 (A) = U
2

(A) - V
2

(A), which we obtain by 

writing the t wo equat ions in the form u + v = v + u and applying 
1 2 1 2 

additivity f or t he class C
1

. 

For the cl ass C2 ' the correspondence is homogeneous, add it i ve and 

multiplicative , a consequence of the corresponding prope rties of the 

c lass C1 and the following decompositions : 

c(u-v ) 

c (u-v ) 

c u - cv , for c > 0 . 

(-c)v - (-c)u for c < 0 

(u
1

- v
1

) + (u
2
-v

2
) = (u

1 
+ u

2
) - (v

1 
+ v

2
) 

(u
1
-v

1
) (u

2
-v

2
) = (u

1
u

2 
+ v

1
v

2
) - (u

1
v

2 
+ u

2
v

1
) 

Finally the correspondence for class C
2 

is also monotoni c, since 

u
1 

(A)-V
1 

(A )::::U
2

( A) -V
2

(A) implies u
1 

(A)-v
1 

(A) ~ u
2

(A) - v
2

(A), that is 

implies 

impli e s 

2. 4 . Spectral Decomposition of a Bounded Symmetric Transformation. 

Among " t he functions" of the symmetric transformat ion A whi c h we 

have jus t def ined there are projections, namely those whi ch correspond 

to the funct ion e(A) taking only the values 0 and 1. Since we have 

[e(A))2 = e (A ), then also [e(A))2 = e(A). 

Theorem 6: To e very symmetric transformation A in a Hilbert space, with 

greatest lowe r and least upper bounds equal to m a nd M, we can assign a 

"spectral f ami ly" on the interval [m, M) , that is a family of 

projections {Ell.} depending on the real parameter A such that 
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a) E S 
A 

E 
11 
. 

b) E i\+o EA 

c) E = i\ 
0 for 

have 

or equivalently. Ei\EI1 

i\ < m and Ei\ = I for i\ 

M 
A = f i\dEi\' 

m-o 

~ 

Ei\ for i\ !': 11 . 

M , in s uch a way that w 

(4 ) 

Moreover , these properties unique ly determine t he famil y {Ei\}' 

For every f ixed value of the parameter, Ei\ is the limit of a s qu nc 

of polynomi a ls in A. 

Proof: Le t us consider in particular the function e (i\), dep nd i n on 
11 

the real paramenter 11, where 

if i\ s 11 
if i\ > 11 ' e

l1
(i\) be l ongs to class C1· H nc 

ther e correspond to it a transformation e (A) whi ch is projectiv nd 
11 

denoted by E . Since, e (i\) e (i\) = e (i\) for 11 < v , we have 
11 11 v 11 

E E = E 
IJ. v 11 

= E E and hence E !': E and since on the segment m !': i\ !': M, 
v 11 11 v 

e (i\) = 0 
IJ. 

if 11 < m and e (i\) 
11 

1 if 11 ~ M , we have E = 0 if 11 < m and 
11 

E = I i f 11 ~ M, also E E 
IJ. 11+ 0 11 

Moreover, as a function of 11, E is continuous fro m t he ri ght. 
11 

Inorder to see this, we fix 11 and construct a sequence of polynomi a l s 

Pn(i\) which decreases in [m,M] to e (i\) and satisfying p (i\) ~ e 1(i\) 
11 n ~ 

Then we have p (A) ~ E ~E 
n 11+1 11 

n 

Si nce p ( A) ~E , it follows that E 1 ~ E for n ~ , and 
n 11 11+_ 11 

n 
s ince E is monotonic function of 11. this impli es 

11 
E ~ E for 0 < E ~ 0 

I1+E 11 

Hence, E is continuous from the right. 
11 

n 



Fo r fJ. < v we obviously have 

fJ.[ e (A) -e (A)] :::: A[e (A)-e (A)] :::: v[ e (A)-e (A)] , whi ch i mp li s 
v Il v Il v Il 

fJ.[ E - E ] :::: A[E -E ] :::: v[E -E ] (5 ) 
Vll VIl vll 

Now, cons i der a sequence of points Il ,Ill " " , Il s uch t hat Il < m < 
o n 0 

fJ.
1 

< 112 < < Iln - 1 < M :::: Iln' Writting (5) with Il = Ilk - 1 ' v = Ilk ' 

k = 1, 2" " , n and t aking the sum, we get 

The middl e term, A ~ [E -E ]:::: 
k=l Ilk Ilk - 1 

n 
max (fJ.

k
- llk- 1) :::: E , we have 

k=l 

If Ak i s betwee n Ilk - 1 and Ilk ' that is 

n n 

A[E -E ] = A[I -O ] 
Iln Ilo 

n 
L Il [E - E ]:::: \' A [E -E ]:::: 

k=l k-1 Ilk Ilk - 1 k~l k Ilk Ilk- 1 
\' Il [ E -E l. kh k Ilk Ilk - 1 

n n n 

A and if 

EI (* ) 

th n 

II A - L Ak [E - E ] II:::: II L Il [E - E ] - L Il [ E - E ] II :::: E , 
k=l Ilk Ilk - 1 k=l k Ilk Ilk - 1 k=l k-1 Ilk Ilk - 1 

from ( *) . 

If we increase indefinitely the number n of decompos i tion i nt erva l s 

( fJ.
k

-
1
,ll

k
) • so that the maximum length t ends t o zer o , we get 

in norm, 

Since EA i s constant for A ?; M and A < m, we can expr es s t hi s 

resul t by wr it t ing, in analogy with ordinary sti e ltjes integr a l , 

00 M 
A = J AdEA = J AdEA, 

-00 m-o 
Mor eover for every integer r > 0 we have 
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fo l lo w fro m the fac t that , as a consequence of the r latio n 

£ £ == E . { } t he difference E - E ar e pairwis ort hogon 1 
v !1 mln v, u Ilk Ilk - 1 

proj ections. 

If t hi s r el at ion r e mains valid for r = 0 , we have fo r v ry 

po lynomial p (;\ ) : 

M 
p( A) = J p(;\) dE;\ 

m- o 

Secondl y , le t us consider an arbitrary continuous f unction u(;\) i n 

[ m, MJ. Gi ven any E > 0 , we can find a polynomial p(;\) s uch h t 

-E u (;\) - p(;\) E 
in [m, MJ we have also - :S :S 3" , 

3 

-E u (A)-p(A) E 
I hence ~u(A)-p(A) ~ :S ; ~I~ - I :S :S 

3" , 
3 

E (i) 

on he otherhand , f or e ve ry decompositi on of t he ;\-axis and for t h s um 

S 
u 

Wh n the decompos i ti on i s suffi c iently fine so that 

(iii) 

From ( i) , ( ii ) and (i ii) , we have 

Therefore , for e ve ry continuou function u(;\) , 

hav 

E 3" I , th n 

M 
U(A) = J u( ;\) dE;\ in the s ense of conver gence i n t he norm of some 

m-o 
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s ieltjes type . It follows for every f,g 

M 
<u(A)f, g> = f urAl d<EAf,g>, in the ordinary stieltjes s nse. (6) 

m-o 

~iqueness: Since {EA} is a spectral family on the inte rval [m, MJ a nd 

sati sfies (4) we conclude as above that it also satisfi s (6) and 

i nparticul ar sat isfies (6) for all continuous functions urAl. But, 

s ince the f irst member of (6) doesnot depend on {E
A

}, it follo ws t hat 

fo r every pa i r of e lements f,g, the function <EAf,g> is de t e rmined upt o 

n additive constant by the relation (6) at it s point of continuity a nd 

at m- o and M. Si nce the function is continuous from the right and has 

t he fixed va l ue <f,g> at the point M it is ther efor e unique ly de t ermin d 

very where . 

3. UNITARY AND NORMAL TRANSFORMATIONS 

3 . 1 . Uni tary Transformations 

Definition 10 : Let H be a Hilbert Space. The linear tr nsform tion 

U: H~H is said to be i sometri c if it I a v s s a l ar 

products invariant, <Uf,Ug> = <f,g>, f,geH or equival ntly, 

* if UU=I. 

If the linear transformat ion U: H..--.?H is onto, U i s said to b 

unitar y. Since i n this case the equation Ug = f has a solution g for an 

arbi t r ary given fe H 

* * UU f = U(U Ug) 

* Hence , uu = I 

we have 

U( Ig) = Ug f 

* * The t wo equations U U = I and UU I or the equivalent equation 
* U = U- 1 are obviously characterstic for unitary transformations. 

Example: U : 12~12defined by U(x
1
,x

2
,x

3
,x

4
, . . . ) 

uni tary, 
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Remark: - In a finite dimensional space e vey isometric transformatio n is 

uni tary. By contrast, in an infinite - dim nsio na l s ac 

there are isometric transformation whi ch are not unitary . For 

exampl e the transformation 

u(x1,x2 ,·· · ) = (O,x1,x2 ,·· · ) is i somet r ic but not 

unitary, s ince it is not onto. 

Lemma : Every pos itive trigonometric polynomial can b r e pr sent d by 

the square of the absolut e value of anot her trigonom tri c 

po l ynOJ:nia l. 

Proof : -
r ikx Let t(x ) = L cke ~ O. 

k=- n 

It would be s ufficient to consider only strictly pos i i v 

polynomial s t(x ) , s ince the general case can be reduc d to this cas by 

adding to t(x) the constant term E > 0 , whc ih then is made to t od to 

O. Now l et us consider the polynomial 

t( x ) r ikx 0 
= L cke > . 

k=-n 

W observe first that c
k 

= ~k and that we can assume c n * 0 , this i s 

cause t( x) > 0 means t(X)E~ (since no order in the compl ex cas ) . 

Then we have 

t(x) = t(x) 
n 'k \' - - 1 X 

= L eke 
k=-n 

which implies by the property of polynomials ck ~k ' 

Now cons ider the polynomial 

p( z) = c + c 1 Z + . . . 
- n - n+ 

2n-1 
+ c n- 1 Z 

It obviously sat i sf ies the relation 

p ( z) = z2n p [ 1 ) 

z 
as s hown be I ow 
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(z ) Z2n- 1 + c z2n 
= ~n + ~n+ 1z + '" + cn- 1 n 

2n [ ( 1 )2n z c , -- + 
n -

z 

z 

+ C - + c 1 ] 
- n+1 ' z - n 

c (_1_ )2n-1 ] 
n-1 _ + '" + c 1 -- n+1-+ c z - n 

z 

Mor over, since 

- inXp( ei x) -inx [ i X 2i nx] = e c 1e +", + c e - n+ n 

inx = c e 
- n 

i(-n+l) x 
+ ~n+1e + '" + c n 

i nx 
= t (x) , pC z ) 

e n have no zeros on the c irc l e Iz 1 = l. Denote by a
1

, a
2

, , , , its z 

i n t h i nteri or and by (31' (32 ' , , , those in t h ext r ior of h 

ei rc l Let the multiplic ities of these zer os be equal to r
1
,r

2
, .. , 

5
1

, 5
2
"" r espect ive l y , Then we have the f actorization 

p(z ) I" S c IT (z-a
k

) k z 
k 

where S = L s .. 
J 

ros 

unit 

nd 

Relat ion (7 ) s hows tha t if (3 i s a zer o exter ior to t he unit c ir 1 

IX = 1 

S 
is a ze ro interior to thi s c irc l e , of t he same multiplicity as (3 , 

and conversl y, Hence we can enumer a t e t he (3 so t hat w have (3k = 

then r
k 

= s and 
k 

1 
s = L s k = L r k = 2 LC s k+rk ) 

We shall ther efor e ha ve 

2n 
2 = n 

tCx) = e-inxpC e i X) = c IT Ce i X-ak)rk IT Ce- ix - ak )rk 
k k 

= c IT Ce i x-a )rk ITC e ix-a )rk 
k k k k 

= cl ITC e i x-a )rkl 2 
k k 
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The coefficient c is necessarily positive, and the trigonome ri c 

po lynomial 

ix r 
q(X) = v-c n( e -ak ) k satisfies the r e quirment of t he l e mma. 

k 

Theorem 7 : Every unitary transformation U has a s pect r a l decomposition 

2 rr . 
U = f e1 CPdE cP , 

o 
(8 ) 

wh r {E} i s a s pec tral family over the segment 0 ~ cP ~ 2rr. W can 
cP 

r quire that E be continuous at the point cP = 0, that is E = 0; { E } 
cP 0 cP 

will then be de ter mine d uniquely by U. Moreover, E i s t h limit of 
cP 

sequence of polynomials in U and U- 1
. 

Proof:- To begin, we assign to the trigonometric polynomi al 

the transformation 

p(U) 
n k 

= L ckU 
k=-n 

here we admit compl ex co ffi c i nt ck . Th 

corr spondence is obviously homogeneous, additive, mult iplicativ and 

s uch that t he t ransformation corresponding to the conjugate polynomial 

icp r - -ikcp 
pee ) = L cke 

k=-n 

is the ad j oint of the one corr esponding to p( e iCP ), to s how t h is: 

* claim: q(U) = p (U) = p(U) 

n _k n k 
< L Cklf-f,g> = L ck<U f,g> 

k=-n k=-n 

n * k 
<f, L ck(U) g> 

k=-n 

'* q(U) 

n k * L ck<f, (U ) g> 
k=-n 

n _ -1 k 
<f, L ck(U ) g> 

k=-n 

n 
f \ - (Uk )-l g> < , L ck k=-n 
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impli s <p(U)f, g> = <f,q(U)q> 

* Th n p(U) q(U) = p(U) 

If p(eirp) is real value, p(U) is s ymmetric, si nce p( eirp ) EIR implies 

p(e i rp ) = p( e
irp

) and hence the corresponding transformations p(U) = p(U) 

* = (U) ,hence p(U ) i s symmetric. The correspondence is also positiv 

yp . t hat is , if p(e
irp

) ~ 0, then p(U) ~ o. To see this we use t h 

bove lemma. By the l emma p(e
irp

) ~ 0 impli es ther e is q(e irp ) s uc h that 

* w h v , p(U ) q(U ) .q(U), 

h nee , <p(U) f ,f> = <q(U)f,q(U)f> ~ 0 and ther efore p(U) ~ O. 

The correspondence establ ished in thi s mann r for trigonom tri c 

polynomial s extends to more general functions of period 2rr, n m ly, 

f irst to functions which are limits of decreasing sequences of positi v 

trigonomet ric polynomials, then to linear combinations of th s 

f unctions (w · th real or complex coefficients ); the m t hod a na logous 

what we foll owed fo r s ymmetric transformations . The corr espond nc thus 

xte nded continues to be linear, multiplicative , and of positi v typ, 

nd the t ransformat ions which correspond to two conjugate functions r 

adjoint to one anot her. 

The c l ass of these functions includes , in particul ar, the function 

e~(rp) which depend on the real parameter ~(O~ ~ ~ 2rr) and are defined as 

fO llows: 

eo(rp ) = 0, e
2rr

(rp) = 1 , and for 0 < ~ < 2rr , 

when 2krr < 'II ~ 2krr + ~ 
when 2krr + ~ < 'II ~ 2(k+l)rr , k 0, ±1, ±2, .. . 

Since these functions are equal to their squares, the corresponding 

t ransformations E will be projections . We s hall have, in particular, 
~ 

Eo = 0 and E
2rr 

= I, a nd since e~(rp) ~ ex (rp) for ~ ~ X , we, have E~ ~ Ex 
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Mor eover, EW is a f unc tion of W whi ch i s conti nuous on h 

To see t his we cons ider first , f or ° ~ W ~ 2rr , t he func i on 

igh . 

I ( ) = 
¢ 

( ~) + e / (~), wher e e /( ~ ) = { 1 
IjJ 0 0 ° i f ~ = 2krr 

e l se wh r e 

Th s f unct i ons a r e uppe r semi-cont i nuous t he r fo r , w can 

cons t ruct , f or eac h fixed W, a sequence of t r igonom t r i c po lynomi Is 

n( i~ ) whi ch decreases t o e~(~) , and has t he additi on 1 prop t y h 

for n s uff i ci entl y l a rge 

Pn( ei ~ ) 2: e~ + 1 (~) . 

n 

This i mpl i es fo r t he corresponding transformation t hat E I 1~ ' ".' , til + 'P 

n 
h n a l so tha t E'''+l~E'I. (n~) , and mor e ge nerall y, t h t l i m . =' ,~, 

'P 'P ~+o X V· 

n 

Th transformat ions EW ther efor e f orm a s pectra l f mi ly ov 

s m nt [O, 2rrl; moreove r Eo 0 . By it s constructi on, EIjJ i s t h 

* -1 o po l ynomi als in U and in U = U . 

t h 

l i mi 

To s how (8) , we cons ider a decomposi tion of t h s gm nt [O, 2rr ) by 

mans of the po i nt s 

o = IjJ <W1< .. . <W 2rr 
o n 

such that max (W
k

- W
k

-
1

) ~ E. We choose an arb it r ar y point ~k in ach of 

h For Wh-
1 

< ~ ~ Wh ' we have 

e
W 

(~) ] I 
k-1 

le itn_e itnhl I I l' l' ~ CP- CPh ~ E (*) and 

analogo us r es ult for cP = 0 . Thi s i s because i n t he decomposi t ion of t he 

i n erval [O,2rr], fo r W
h

-
1 

< cP ~ W
h 

we have 

if k '* h 
if k h 
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an 

But I/>h - I/> = I ip-iph I :S E a nd hence (*) . 

1/ nc for every val ue of ip, 

p ss ing to the corresponding transformations, it follo ws that 

s tie lti es integral, for a finer subdivision of the interval [O, 2rr] , 

2rr . 
U = J e 1ipdEip 

o 
In as much as the projections E -E are pairwise orthogonal, we 

"'k "'k-l 
a l so have , for every integer r ~ 0, 

J
2rr . 

Hence , e 1nipdEip 
o 

~ ,n 0,±1,±2, ... 
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It follo ws that for e ve ry trigonomet ri c polynomial and v n fo r 

very continuous f unction u(e
irp

) , 

2rr . 
u(U) = f u( e 1rp)dErp, 

o 
( ) 

1n h sense of convergence in norm of the s ums of s t i 1 tjes yp Th 

s m for mul a , interpreted in the sense of weak conve r ge nce , i s I so 

v lid fo r the other function u( e
irp

) for which the cor r s pond nc is 

s bli shed, that is, f
2rr . 

we have <u(U)f, g> = u( e1rp )d <E f,g>, wh r 
o rp 

h 

In gra l i s t aken in the s tieltjes -lebesque sens. Thi s for mul b in 

co ns quence of (7 ) , i s valid for an arbitrary s p ct r al family { F } 
rp 

ov r [O,2rr) for whi ch (7) holds. Taking, in part icul ar u( irp) 

2rr '" 
w obtain <~hf , g> = f e ,h(rp) d<F f,g> = f d<F f,g> = « ~/ -F ) , >. Wh n 

'I' 0'1' rp 0 rp ';' 0 

w h v in addition Fo = 0 , it follows that E", = F", . 

uniqu nese of the s pectral family corresponding to U. 

3 . 2. Normal Transformations 

Thi s prov s th 

Definition 11 : linear transformations N whi ch ar e permuta bl e with t h ir 
* * adjo ints, that is NN =N N ar e cal l ed normal trans for m tions. 

symmetri c and unitary transformation ar parti ul ar typ s 

of normal transformations . 

Every normal transformation N can be writt en in the for m 

N = X + iY (10) 

where X and Yare permutable symmetric transformati ons. We have 

only t o se t 

1 * X = 2" (N + N ), Y ;i (N-N *) whi ch are symmetric . it is c l ear that 

~ X II s II N II, II Y II s II Nil. 



Anot her type of decompos ition, whi ch i s l ess immedi 

N = RU = UR 

i s 

( 11 ) 

wh r R is a pos iti ve symmetric transformation and U i s a un it ry 

r nsf ormation . 

The decompos it ion (10) is analogous to the d co mpos i ion of 

compl x number into its real and imaginary parts:z 

compos ition (11 ) i s the analogous of z into the product 0 

factor of unit modulus:z = re i~ . n 

x+iy, h 

i s modulus 

Theorem 8: Every norma l transformation N of a Hilb rt s p n b 

writt en in the form UR wher e R i s a positi v s ymm ri 

transfor mati on a nd U is a unita ry transfo rmation nd s u h th U 

and R per mutes with one another and with a ll linear t r a nsfo rm tio ns 
* whi ch permutes with Nand N . 

Proof: - I n order to obt a in the decompos iti on N = RU = UR, w t or 

h nce 

"" R t he posit ive square root of the pos itive tr nsform ti n NN 
* N N; s i nce R is the limit of a sequence of polynomi a l s in N N, 

* it is per mut able with N and N (by Theorem 3), tha i s , RN 
* * = NR , RN N R. we have for every e l ement f: 

{ 
* 2 <N Nf f > = <Rf Rf> = <R f f > = ' , , * 

<NN f,f > 

* IINf II = li N fiI = IIRq 

<Nf,Nf > 
* * 

= II Nf l12 

II N*q2 <N f , N f > 

(12) 

We deno t e by S the subspace of H consisting of e l e ment s of the form 

Rf and of the i r limits, that is, 

S = {Rf and l~m Rfn If'fnEH}' and l e t M be it s orthogona l 

complement , t ha t i s, 

.1 
M = S = {Rh I <Rh,Rf> = 0 , V RfES} . M obvious ly consists of th 

elements h for which Rh = 0 (i.e.M = {h lRh a}, or equival ently, by 
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* (12), hose for which Nh = 0 or N h = O. But the set of l e m n s h s uc h 

h N If h = 0 i s the orthogonal complement of t he s ubs p c 5 ' whi c h 

consis ts of the e l e ments of the form Nf and of their limits, h i s , 

5 ' = {Nf a nd l~m Nfnl f,fn EH} 

cons quently 5 = 5 ' 

We assign t o each element of the form g = Rf E 5, th u 
h latter is uniquely determined, because if Rf = Rf ' w h v 

R(f-f ') = 0 , hence by (12), N(f-f') o and Nf Nf ' . Thj s 

corr s pondence is obviously homogeneous, additive and mor ov i s om t i 

We can extend it by cont inuity to all e l e m nt s of 5 nd w t hus 

obtai n an isometr ic transformation U of 5 into itse lf it will v n 

unitary, because the elements of the form Nf and th ir li mits fill h 

subs pace ent irel y. We can extend the transformation U to th n i r 

space H = 5+M in s uch away that it remains uni tary: w h v on l y t 

fi ne U i n t he complementary subspace M by an arbi tr ry UI i ry 

t ransformat i on of Minto itself (for exampl e by th id n i y 

t rans format ion ) and then define it in the e ntir s pac H = 5+ M Y 

l inearity, t hat is 

U:H~H by Ug URf if gE5 
if gEM 

The equati on Nf = Ug = URf is verified for elements of th form Rf 

by the very def i nition of the transformation U. As for the e quation Nf 

= RUf, it is obvi ous for elements f of M, that is fEM 

impli es Uf f and Rf = 0 

impli es Nf = URf = 0 = RUf and it also holds for elements 

g of 5, si nce these elements are of the form 

g lim Rf and thus we have 
n n 

n 



N 1 im Rf lim NRf 1 im RNf R lim Nf R 1 im URf g = n n n n n n n n n n 

= RU 1 i m Rf n 
RUg ; 

n 
he equation i s therefore true for all elements of H. 

Hence, N = UR = RV. 

We observe further that the transformation R is obviously, 

permutable wi th ever y linear transformation A whi ch is permutabl with N 
* and N (Theorem 3). The same is true of V, if it is defined to b t h 

Identity in the s ubspace M. Infact, we have on one hand 

AURf = ANf = NAf = VRAf = VARf, 

h nce AUg = VAg, fo r all elements of the form Rf and consequ ntly fo 

11 e l ement s of S. On the other hand, for g be loging to M, A Iso 

b longs to M, s i nce RAg = ARg = 0; therfore, 

AVg = Ag = VAg. 

Hence AV = VA 

Remark: We remark t hat part of this argument is a l so applicabl to h 

case of a n arbitrary linear transformation T inst ad of 

normal transformation N. we can form the positive symm tric 
* 1/2 transformat ion R = (T T) and we have further IITfII = IIRfII for 

all elements of f, from which it follows as above that th 

tra nsfor mation V, defined for elements of the for m g = Rf by 

Vg = Tf, i s homogeneous, additive and i sometric and that it 

can be extended by continuity to the entire subspace S wi t h 

the preservation of these properti es. 

However, the elements Vg will not ingeneral belong to S 

and we shall not be able to extend U to a unitary 

transformation of H. But by setting Vg = 0 for elements g of 

the ort hogonal complement M, we extend V to a part ially 

isomet ric transformation of the space H; this is a 1 inear 

transformation of H which is isometric for t he elements of a 

certain subspace of H and is zero for t he elements of he 

ort hogonal complement of subspace. 



3. 3. The Spectral Decomposi t ion of Normal Transformations 

To every norma l tra nsformation N ther e corresponds a f mily 

{E (o)} of pro j ections such that E(o ) i s an additiv nd 

multiplicat i ve r ect angl e func ti on , 

00 00 

N == f f z E ( dxdy ) 
- 00 -00 

n more gener al 1 y , 

q (N ,N* ) == I: I: q(z,z) E(dxdy) , 

Wher e q (z , z) is a n a rbitrary polynomi a l in z == x+iy and z == x-iy; 

fo r every f i xed rec tang l e 0, E(o) i s the limit of a sequ n 0 

* po lynomi a l s i n Nand N . 

Proof:- From the decompos ition N == X + iY a s pect r a l decompos ition of 

the normal t r ans f orma tion N can be obtained in t he f ol lowi n 

manner : 

Let { E~ } a nd { E~ } be spectra l f ami 1 i es of the s ymm r i 

transfor mati ons X a nd Y ove r the segment -IINII ~ It ~ li N II (by theor m 6). 

For every fi xed val ue of x a nd of y, EX and EY are limit s of po l ynomi I s 
x y 

in X and in Y respec t i ve ly (Theorem 6), and consequent l y the limit s of 

* polynomial s i n Nand N . 

* * (s ince NN == N N) . We have 

It follows in parti cul ar , t hat EXEY 
x y 

00 00 00 00 
N == X + iY == I XdE~ . I dEY + i I dE~ I dEY Y y 

- 00 -00 y -00 -00 

00 00 

dEXdEY 
== I I (x+iy) x y 

-00 -00 

in t he sense that t he s um 

h~ Zhk [EX EX J [EYE Y ] 
xh xh- 1 Yk Yk-l 

( 13) 

cor respond i ng to a decomposition of the compl ex plane i nt o r ectangles 

°hk == [xh- 1 < x ~ xh ' Yk-l < Y ~ Yk J 
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~ arbit r ary points Zhk = Xhk + iYhk of 0hk' conver ges i n norm 0 h 

r~sformat ion N as t he decomposition becomes arbitrarly f in . Sinc 

(E
Y

:= EYE
X 

, the products E(ohk) = [E~ -E~ ] [EY -EY ] ar al so 
x y y x h h-l Yk Yk- l 

pro ject ions; moreover, they are pairwise orthogonal, and cons qu n ly 

hey def ine a decompos ition of the entire space int o the vector sum 0 

lIlutually orthogonal s ubspaces. 

we have , by ana logy with (13) 

lI· 

N := X - iY 

re ge ner a lly, it fo llow from the relations 

(r,s == 0,1, 2, ... ) 

that P(X, Y) 
00 00 J J p (x ,y) dE

X 
dEY for every polynomial x y 

-00 -- 00 

p(x,y) := L and for the corresponding transformati on. 
r, s 

P(X, Y) = L 
Equival ently, we have 

r,S 

* 
00 00 

(14. ) 

q( N, N ) == J J q(z,z) dEX dEY 
x y (1 5) 

fo r ever y pol ynomi a l 
-00 -00 

q( z , Z) = L in z = x+iy and z == x- iy, and f or t he 
r , s 

correspondi ng t r ansf ormat ion 

'* q(N ,N ) = L 
r,s 

formula ( 15) obviously includes (13) and (14) 

The prOjections E(o ), which is a function of the variabl e r ectangle 

is additive and mult iplicative in the sense that for two adisjoin 

rect angl es 0 ,0 whose union is a rectangle we have 1 2 



two arbit rary rectangles 0
1

,0
2 

we have. 
and fo r 

set the s e cond member equal to 0 if the set 0 no is empty. where we 1 2 

If i ncl udes the c losed rectangle 

11 = [mx :s x :S Mx ' my:S y :S ~] 

where mx' M
X

' my. ~ deno tes the greatest lower and least uppe r bounds of X 

nd Y, we have E( o) = I ; consequently E(o) = 0 if the rectangl e li s 

enti rely in ' the e xter ior of fl . In all these statements, wh ich r 

easie r to verify , we s ee a certain advantage in half open rectangl s 

sinc the intersect ion of two rectangles of this type in eithe r a 

rectang l e of the s ame t ype or empty. 

Moreover, i t is easy to extend the definition of E(o) to r ectang l s 

of ot her types. For example, for an open rectangle 

and for a close d rectangle 0 = [xl :S x :S x
2

' Y 1 :S Y :S Y2] we set 

The addit ive a nd multiplicati ve properties remain prese rved and the 

funct i on E(o) wil l e ven be denumerably additive, or equivalently, it 

will be continuous i n the fol l owing sense: 

if °lc O2 c 0
3 

c then lim E(o ) = E(u 0 ) ... , n n n 
n 

and if 0 ::l 0 ::l 0 then lim E(o ) = E( n on ) 1 ::l ... , 2 3 n 
n n 



f 
ul as (13 )- (15) the rectangles are taken with r es pec t to hi s 

In orm 
. d multi plicative rectangle function E(o), a fact w can 

d il l ve an 
. t ly express by writing E(d d ) instead of dE

X 
dEY 

conve nl en x y x y 

Re mark: -
:..---

The domai n of integration can be restricted t o t he r ec t angl 

fl , or r ather to the disc x
2+/ = zz ~ IIN I12, si nce f or ev r y 

r ect angl e 0 lying in the exterior of the d i s c and at 

di s t ance E > 0 from it we have E(o) = o. 
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