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PREFACE

Bounded symmetric transformations are applicable 1in solving
differential and integral equations. This report is compiled from
different reading materials written on bounded symmetric, unitary and

Normal transformations which are listed in the references.

This report is a compilation of the two semminars I have delivered,
in partial fulfilment, for the M.Sc. degree in Mathematics. The
centeral theme of the paper 1is proving the spectral decomposition
Theorem for bounded symmetric, unitary and Normal transformations of
Hilbert Spaces. It has three parts. The first part deals on a review of
definitions and properties of Hilbert Spaces, linear transformations and

the stielties integral which are vital through out the paper.

In the second part, proofs of some elementary properties, the
general schwarz inequality, the convergent of bounded sequences of
symmetric transformations, the uniqueness of positive square root of a
positive symmetric transformation and the 1inverse of a symmetric

transformation are discussed.

In the third part, followed by a lemma which asserts that every
trigonometric polynomial can be represented by the square of the
absolute value of another trigonometric polynomial, the spectral
decomposition Theorem of a unitary transformation is provid. Also the
theorem on the spectral decomposition of a normal transformation is
proved.

Finally, I would like to express my deepest gratitude to my advisor
Dr. Seid Mohammed for his unreserved guidance and valuable suggestions
he offered me through out the preparation and presentation of the paper.
Further more, my gratitude also goes to W/t Bizuayehu Adafre for her

assistance in typing and printing the paper.

AWOKE ANDARGIE
June, 1998
ADDIS ABABA UNIVERSITY.



1. PRELIMINARIES:

Definition 1: (a) A complex vector space H is called an inner
product space, if there is a function <.,.>: HxH — C such that
(i) <x+y,z> = <x,2> + <y, z>

(t1) <X, ¥> = <y,x> (The bar denoting complex conjugate)

(ii1) <ox,y> = a<X,¥y> ael

(iv) <x,x> z 0 and <x,x> = 0 if and only if x = 0, for X, ¥, z€H.

Property: 1) X,y + 2> = <X,y> ¢ <, 2>
11 <x,qy> = <X,y
1113 <x,x>eR , for x,y,z€H

Every inner product space can be normed by defining

x| = <x,x>1/2 = V<x, x>

b) A normed space H is called complete if and only if every
cauchy-sequence in H has a limit in H. Where a sequence (xn)
in H is said to be a cauchy-sequence, if given € > O, there is
a positive integer N(e) such that

i - x | <&, for all n,m = N.
n m

c) A complete inner product space H is called a Hibert space.

n

Example: 1. The space H = lz(n), with <x,y> = Z xi§i
i=1
& 2)1/2
and Hx“ = [ izllxil ] , where x = (xl,xz,...,xn)
# . .2
y = (yl,yz,...,yn) in 17(n)

24 The space H = Lz[a,b]

P — b 2 1/2
with <x,y> = I x(t) y(t) dt and x| = [ J |x(t) | dt] ]
a a

x,yeH are Hilbert spaces.

Definition 2: Let H be a Hilbert space. A transformation T:H—H is
called
a) Linear if it is i) Additive: T(h1+h2) = Th1 + Th2



ii) Homogeneous: T(ah) = o«Th , «eC ,
h,hl,hzeH.
b)  Bounded: If 3M > O such that |Th| = M|h|. The smallest M
is called the norm of T dented by |T| and defined by
I1] = sup 1Tl
h #0 ||h
c) Continuous: if the sequence (hn) in H converging to h
implies Thn converges to Th.
Convention: When we say a linear transformation, it is bounded.
Remark: A linear transformation 1is continuous and conversely a
transformation which is additive, homogeneous and continuous
is bounded.
Definition 3: A function f is upper semi-continuous at a point xoeD if
and only if 1im f(x) = f(xo).
X—X
o
A function f is lower semi-continuous at a point xoeD if and

only if lim f(x) = f(xo).

X=X
o
f is semi-continuous at a point if it is either upper

semi-continuous or lower semi-continuous.

Definition 4: Let (An) be a sequence of transformations. Then
(An) is said to be monotone increasing (monotone decreasing)
if and only if A1 = A2 £ ... 8 Ak v (Alezz ...zAKZ...).
(An) is said to be bounded below (above) if and only if
there is a transformation B such that B = An(An = B) for all
neN.

A sequence is said to be bounded if and only if it is

bounded below and bounded above.

The stielties Integral:

Given, on a = x = b, a continuous function f(x) and a non
decreasing function «a(x), we define the stieltjes integral of f with

respect to «, denoted by



b b
Iafda = J;f(x) da(x),

to be the 1limit of the sums

n

T = Z £g ) lalx) - alx,_,)]
k=1
where a = xo < x1 ey =4 It xn = b s xk—l < gk < Xk
and when max (xk’xk—l) —> 0

2. BONDED SUMMETRIC TRANSFORMATIONS
2.1. Symmetric Transformations

Definition 5: Let T:H — H be linear, where H is a Hibert space. The

* *
transformation T such that <Tf,g> = <f,T g>, f,geH is

called the adjoint transformation of T.

It can be shown that T* is linear, continuous and ”T*H = |T|
To show, 1| = [1|
E3
|<f,T g>| = [<Tf,g>| = |T]. |£]. el

implies, “T*g" = |T|. |g|, hence T* is bounded

*
implies, |T | = |T| (*)

Since we can find for every element f of H an element g of H such

that g = Tf and <Tf,g> = |Tf| and |g| = 1, we have

* * *
ITE| = <Tf,g> = <£,T g> = |£].|T |.[e] = [£].|T |
inplies |T| = [T | (*%)
From (*) and (**), we get |T| = “T*“

Definition 6: The linear transformation T:H——H for which

<Tf,g> = <f,Tg> f,geH is called a symmetric Transformation.

Proposition 1: A linear transformation A:H——H is symmetric if and only

if <Af,f> eR.




Proof: Let A be symmetric, then for feH we have

SAL f> ='<E, AT>I= <Af, £>
hence, <Af,f> €R

To show the converse, Wwe start with the identify valid for every
linear transformation A
<A(f+g),f+g>—<A(f—g).f‘—g>+i<A(f‘+'1g>,f+ig)>-i<A(f‘—'1g),f‘-ig> = 4<Af,g> (1)
<f+g,A(f+g)>—<f—g,A(f—g)>+i<f+ig,A(f+ig)>—i<f—ig,A(f—ig)> = 44F, Ag>.
(1) which follows from (1) by interchanging f and g and taking the
complex conjugates. But, if the quadratic from <Af,f> is always
real-valued, we have <f,Af> = ZK?T?? = <Af,f> and thus the first members
of (1) and (1’) are equal and hence <Af,g> = <f,Ag> which shows that A

is symmetric.

The proposition just proved, as well as relations (1) and (1’) holds

only for complex Hilbert spaces and not for real Hilbert spaces.

Theorem 1: Let A be a symmetric transformaton. Then

|A] = su | <Af, £> |
el - 1

Proof: We consider the quadratic form <Af,f> and |f| = 1.

|<af, £> = |af]|f] = [allEl = 1Al

then, N, = su l<Af,f>l = |A| (*)
AT el = 1

Again we have to show N, = |A]. Let A > 0, AeR. Then

1
uAfn2 = %[<A(Kf+%Af), Af + %Af> - <A(Af - %Af), Af - X-Af>]
1 1 1 1
Af+SAf  Af+SAE M-k o Afeghl

> ag-xar |2

S| =

> Ap+xar]?- <A

|Af +%Afu’uhf+%Afn nxf—%Afn,nAf—%Afu

IA

%[NA [resiag|? - N, nkf—%Afuz]



}I[N A[\]Af+%Afl‘2 : ||7\f—)1—\AfH2]]

I 1 1 1 "
= ZNA[<Af+XAf, A4SAE> = <Af = SAE, Af XAf>]

= %NA[A2<f,f>+<f,Af>+<Af,f>+—%—<Af,Af>+A2<f,f>—<f,Af>—<Af,f>

A

—l§ <Af,Af>]
A

1
a

w22l + 2 1aei?]

A
v PR+ 25 ]

N —

AZ

2
- Lw, [AZ " ﬂijL_]
which implies

[ag)? =

N -

v [P L el

0. Then for Az = |

v, [1acl + 1] =y el

hence, “Af“ = NA'

Case 1: If [Af]

#

|Af |, we have

2
|ag]™ =

N -

Case 2: If |Af| = 0, then 0 = [ag)? = 5 N,-A% , which imphis
Iac] = N,
Hence |A| = sup |Af] = N, (**)
I£] =1

From (*) and (**) we get,

Al = sup [<Af,£]
I£] = 1

Definition 7: The linear transformations A and B are said to be

permutable if AB = BA



We define an order relation among the symmetric transformation by:
A = B when <Af,f> = <Bf, f>
(reflexive, antisymmetric and transitive)

Property: Let A; B, G, An,neN be symmetric. Then

1: A + B is symmetric
1f AB'= BA , then AB is symmetric
A = B implies A + C =2 B + C and cA = cB, ceR and c > 0
<Af,f> = <Bf,f> implies A =B

_U']rb(.JN

Af = 1lim Anf implies A is symmetric
n->0

Linear transformation A such that <Af,f> = 0 is said to be positive
and we write A = 0. Since every linear transformation A for which the
quadratic form <Af,f> assumes only real values, is symmetric, then every

positive linear transformation of complex Hilbert space is symmetric.

Proposition 2: (The Generalized Schwarz Inequality)

For every positive symmetric transformation A and for any

two element f and g of H, we have

|<Af,g\2 = <Af,f> <Ag,g>.

Proof: For every real value of A and for hA = f+A<Af,g>g we have

<A(F+A<AF, g>g), T+A<AL,g>g>

= < >
0 Ahh’hA

<Af,f>+2A|<Af,g>|2+A2<Ag,g>|<Af,g>|2

Implies <Ag,g>|<Af,g>[2A2+2]<Af,g>|2A+<Af,f> > 0, which is a second
degree polynomial in A and has real coefficients and cannot have two
real distinct zeros, which implies [2l<Af,g>|2]2— 4<Ag,g>|<Af,g>|2<Af,f>

< 0 implies |<Af,g>]2 < <Af,f><Ag,g>,

Definition 8: The greatest lower bound and the least upper bounds of
the symmetric transformaiton A are defined as the largest real number m
and the smallest real number M for which m<f,f>S<Af,f>5M<f,f> or mI = A
< MI, where I denotes the identity transformation. In other wards m is

the greatest lower bound and M is the least upper bound of the quadratic



form <Af,f>, where f varies under the condition "f" = 1. But under this
condition the least upper bound of |<Af,f>| is equal to the norm of A

and consequently, [A| = max {|m|, [M]|}.

Theorem 2 Every bounded monotone sequence of symmetric transformations An

converges to a symmetric transformation A.

Proof: If suffices to consider the case where

0= A1 = A2 =3 R 7 ()

For m<n, we have A =A - A =20 and [A_ | =1
mn n m mn

Now, using the generalized schwarz inequality, for every f we have

1A £]* = <A £,A £52 = <A £ £><A 2F, A £>
mn mn mn mn mn mn

since 0 = A =1 and |[A | =1, we get
mn mn

|A £-a £]* = Ao £|* = <o £,£5<A 2p,A 1>
n n mn mn mn mn

IA

<(A -AE,£>[A 2| A £]
1o R 1| mn mn

IA

2
(<A £5=<A £, £ [A 2] e]. |, 1]

IA

(<A _f,£> - <A f,£>)|A "3."f”2
n m mn

1A

(<A £,£> - <A £,£> . |£[°
n m

Hence, . [A £-A £|* = (<A £,£> - <A £,£5). |£]?
n m m m
But the numerical sequence {<Anf,f>} is bounded and increasing,
hence convergent, which implies, by the 1inequality obtained, the
sequence of elements Anf is cauchy and hence convergent. Define
Af = 1lim Anf , which is true for all f in H. The transformation A is

n
obviouisly linear and also symmetric by the above property.

Note: The square of a symmetric transformation is always a positive

transformation that is <A2f,f> = <Af, AE> = “Af"2 = 0.



Now we consider the converse problem, which is to find, for a given
ositive symmetric transformation A, a square root, which is a symmetric

-

ransformation T suchthat T

Every symmetric A = 0 possesses a unique positive symmetric

square root, denoted by Al/z. It can be represented as the

limit of a sequence of polynomials in A and consequently is
permutable with all transformations which are permutable
with A.

w.l.0.g we can assume A = [

set A= 1I-B, where O = B =1 and T = I-Y. Then solve the

equation Y = % [B + Y2] (1)

let us try the method of successive approximation.

put Yo = 0, Y1 S %B and ingeneral
L ® [BIE Yolgos B 0 (2)
and we show the sequence (Yn) converges to a solution of (1). First we
show that Yn and Yn-Yn_1 are polynomial in B with non-negative real
coefficents which we prove by induction on n. These proposition are
obviously true for n = 1 and trivially Yn is apolynomial in B with

non-negative real coefficients. To show the second, the formula

B | 2 ol 2 I e
n+1 Yn e (B+Yn) 2 (B+Yn—1) T E(Yn Yn—l)
=Lysy vy
2: 1 _.n=1 r =l
since B = 0 implies Bn =20 forn-=2,3,..., we have Yn = 0 and
Yousey = 0. Finally, |Y |= 1 for all n. This is true for n =0
n n-1 n

and is proved by induction with the recurrence formula (2).

Hence the sequence (Yn) is bounded monotone sequence, and then by
theorem 2 is convergent.

let Y = 1im Yn, then Y satisfies equation (1), since
n-w



v e s T (Rt SAlE )
n+1 2 n &
n->0 n->0
Hence, = % [B + Y2]

We also have [Y| = 1 and consequently Y = I, T=1-Y 2 0

thus, T2 - (I—Y)2 =1 - 2IY + Y2
-1 - 2[ 2 (B+Y2)]+Y2 - I-B-Y°-Y° = I-B = A
therefore, T2 = A.

Hence, we have constructed a solution of T2 = A, T =1-Y which is
symmetric and positive ; furthermore it is the limit of polynomials in
A. To pove that T 1is unique, let T’ be also a positive symmetric
transformation such that T’2 = A and claim T’ = T.

/e (T’)3 = AT’ implies T’ 1is permutable with A and with

polynomials in A as well as with their limits and in particular with T.

Now let Z and 2’ be the positive symmetric square roots of T and T’
respectively, obtained by the above procedure, but starting with T and

T’ instead of A (that is Z2 = T and 2’2 = e I

Let f be an arbitrary element of H and let g = (T-T’)f. Then we
have

2 2 ,
Nng2+H2'gH = <z2g,g> + <z'“g,@> = <Tg,g> * <T'8 &

<(T2-T'%)f, 8> = <(A-AM)f,g> = 0,

]

= <(T+T’')g, 8> = <(T+T7)(T-T")f, 8>
which yields zg = z'g = 0 ; hence Tg = zzg = 0 and T'g = z'2'g = 0,
(T-T’ )g = 0. If follows

that means Tg-T'g

”(T-T’)fnz = <(T—T’)2f,f> = < (T-T")g,£> = 0 , and hence

(T-T* )£ = 0. Since this holds for all f, we have T =T,

Corollary 1:The product of two permutable, positive symmetric

transformations is also a positive symmetric transformation.



Let A,B = O be symmetric and AB = BA. Then by Theorem 3,

48172 = B”2A. Now for an arbitrary element f, WS s

1/2 1/2f Bl/2f,> s 0

<ABf, f> = <ABl/zBl/2f,f> - <Bl/2AB f,f> = <AB ;

since A =z 0 and Bl/2 is symmetric. Hence AB = O.

Corollary 2: Let A,B,C = 0 be symmetric and AC = CA,BC = CB:

If A= B, then AC = CA = BC = CB.

Proof': A = B implies A - B = 0
But C(A-B) = CA - CB = AC - BC =
Then, by corollary 1, C(A-B) = O, which implies

(A-B)C, hence C and A-B permutes.

CA = AC =z CB = BC

Now we consider the inverse of a symmetric transformation A. If

=1, g AT ; :
A exists it is also symmetric , since

T le g = <A'1f,AA'1g> = <anle a7t = «, A g

i

Lemma: If the Neumann series Z An converges uniformly, then (I—A)_

n=0
exists and is continuous.

0
n ;
Proof: z A" converges uniformly means

n=o

there exists a transformation

e'= A, AR = A, 1lim Z o kK 4 A. A
n=o m-o N=0 m-0 N=0
m 00
+
= 1lim 2 Aot o z i
m->0 N=0 n=o

similarily ,

& n+1
S.A = z A
n=o



[o4]
Then, A.S = ) AP+l 2, 3

|
>
i
>
B
>
-+

Il
v
—

n+1 2 3

[04]
S.A = Z A A+ A + A" + ... = s-1I, which implies

n=0

—
Il

S-A.S = (I-A).S and I = S-S.A = S. (I-A) which implies I = (I-A).S

= S.(I-A)
-1 -1 ©
Hence, (I-A) exist and (I-A) =8 = Z i
=0
Now, if we take I-A insteed of A, the lemma implies
=1, = e
PR T Y L ¥ (AT
n=o

=i ; A : ] .
Thus, A ~ exist in particular if |I-A| < 1, which can be represented by
the Neumman series.

00
=1
ALTRS Z (I—A)n and it converges in norm, as shown below:
=0

I-A|™ n—e

AT — o @ 2S |1-A| < 1.

n=d ©
J1-(1-a017" = T -a0%) = ¥ r-a® =
k=o m=n

Note that this representation is also valid for non-symmetric
transformations.
For A symmetric, the condition |I-A| < 1 is equivalent to
0<msMc< 2 (3)

where m and M are the greatest lower and least upper bounds of A.

If we assume only that m > 0, we can always find a positive
quantity c¢ such that the bounds m’,M’ of the transformation A’ = cA

satisfy condition (3), we have only to take c<%. Consequently we have

the development,

Y e

00
= c(A')—1 = C(CA)_l =c Z (I-cA)®. Since the terms
n=o

1

of this series are positive transformations, the same is true of the sum

i Multiplying the inequalities m.I = A = MI by A1, we obtain
mA L &AMy hetee

Mo sk s



heorem 4: In order that the linear transformation T of Hilbert space

possess an inverse, it is necessary and sufficient that the

* *
symmetric transformations T T and TT have positive greatest

lower bounds.

* *
Assume that the transformation TT and T T, which are

summetric have positive greatest lower bounds. This assures
* i W e * P *
the existence of (T T) 1 and (TT ) 1. Then (T T) 1177 = I and
* L * - *
TT(TTy) Lo I implies T has a left inverse (T T) 1T and a

_1 1# * *_1

* * * -
right inverse T (TT ) =~ and also (T T) 'T =T (TT )

Hence, T_1 exists.

*
Assume T T does not have a positive greatest lower bound. Then there

exist a sequence (fn) such that “fn" = 1 and
|T£ ”2 = <Tf ,TE > = <T*Tf 2 TR | Tn1 exists, it follows that
n ke n’ n
If | = ”T_le | = "T_1“”Tf | —0 which contradicts |f | = 1
n n n n

Hence T has no inverse.
* *
Similarily, if TT does not have a positive greatest lower bound, T

does not have an inverse, and hence T can not have an inverse either.

2.2. Orthogonal projections

The simplest symmetric transformation are the orthogonal

projections on to subspaces of the Hilbert space H.

Definition 9: Let H be a Hilbert space. Then

1) The transformation P:H — H is called a projection in H if

P2 =P

ii) let M be a subspace of H. The subspace

4. -
M = (feH| < f,g> = 0,VYgeM} such that H = MeM 1is called the

orthogonal complement of M.

19



il
Remark: If H= MeM , then every element f in H can be uniquely

5 L
decomposed into f = g + h, where geM, heM .
il L
iii) let H = MeM . The projection P:H——M defined by Pf = g, which
is linear is called the orthogonal projection onto M along M .

- . -L
The projection on to M is I-P.

% L
Proposition 3: Let H = MeM and let P be a projection onto M. Then, P

is orthogonal if and only if P is symmetrical.

Proof: Let P be orthogonal. Let f = g+h and f’ = g’+h’ be
decompositions of f and f’ with respect to the subspaces M and

A
M . Then we have <g,h’> = 0 and <h,g’> =0 and Pf = g,Pf’ = g’

g, f'> = <g,f'>=<g.h’> = <g,f’"~-h’>

Hence, <Pf,f’>

]

<g,g’'> = <g,g’>+<h, g’ >=<g+h, g’ >=<f,Pf’'>

implies <Pf,f’> = <f,Pf’> and hence P is symmetric.

Again, let P be symmetric, for all feH, f = Pf+(f-Pf), where PfeM
and f-Pf is orthogonal to M. That is
SE=PfPgbir= <Pf—P2f,g> = <Pf-Pf,g> = 0 for all g

Hence, P is orthogonal.

We have <Pf,f> = <P°f,f> = <Pf,Pf> = |Pf|°, for all feH. It

follows in particular O = P = I ; then P = 0 if M consist of the single

f element 0, and P = I if M coincides with H.

I! Prposition 4: For two symmetric projections P1 and P2’ Plpz = P2 and

)i P2 are equivalent.

| 1
Proof: Let P1P2 = PZ’ then Pl—P2 = e Pl = P2
I P1 2 P2 ». then I—P1 = I—P2 and consequently
[(1-P )P £ = <(I-P.)P_f, (I-P,)P£> = <(I-P,)°P,f,P_£>
152 Ty 2007 12 1= 2072
= <(I-P1)P2f,P2f> = <(I~P2)P2f,P2f> = <0,P2f> = 0

13



therefore, (I’Pl)PZf =10/ Porrall'f

Hence' (I-P. )P = =
1) 5 =0 or P1P2 P,
Theorem 5: If the orthogonal projections P and Q onto the subspaces
B and D satisfy the condition |P-Q| < 1 , then B can be

mapped linearly and isometrically onto D.

Proof: |P-Q| < 1 implies |[P(Q-P)P| < 1 and that consequently the
symmetric transformation A = I + P(Q-P)P has a greatest lower
bound. Hence by theorem 4, A—1 exists and A_l/2 = (A_l)l/2

exists by theorem 3, which are symmetric and positive.

Now consider the transformations:

17 * - -
U = QA 2P and U = PA 1/2Q. Since PA = AP, we have PA 172 -
-1/2 '
A P and since further PQQP = PQP = P+P(Q-P)P = PA, it follows that
* s s - - - - = o
U'U = PA 1/2 00A 1/2P P 1/2PQQPA W2 o A 1/2PAA 142 _ PA 1/2AA 172_ P

= P. This implies that for elements of B, U:B——D is isometric, that is
*

for f,geB, <Uf,Ug> = <U Uf,g> = <Pf,g> = <f,g>. Since B is a closed set

its image under U say D’ is closed and is a subspace of D. Since U is

zero for the elements orthogonal to B, then D’ is also the image under U

of H (the entire space).

Now, let h be an element orthogonal to D’, that is <h,Uf> = 0, for
* * * *
all foin He 4Then Ushe=¢0! (sinces0osnchUf>isaUihjU UE> = <U h,f>, for

all £ in H), hence

= /2
1/2A 1

N *
1/ZPA 1/th = A U h = 0 and consequently,

PQh = A "%poh = A
(Q-P)Qh = Qh. But since "Q—P" < 1, This equation is possible only
if Qh = 0 , that is only if h is also orthogonal to D. Hence D’ = D

and U:B——D is obviously linear. Thus, the theorem.

14



2.3. Functions of Bounded Symmetric Transformations.

For a symmetric transformation A, we assign to the polynomial with

eal coefficients p(A) = a + a1A + aZAZ W e anAn the symmetric
ransformation
2
P(A) =a +aA+aA +... +aA”
o 1 2 n
This correspondence is obviously homogeneous, additive and

ultiplicative, that 1is, the transformations cP(A), P(A) + q(A),
(A).q(A) corresponds to cP(A),P(A)+q(A),p(A).q(A) respectively.

Moreover, this correspondence is positive type, that is if p(A) = O
for m = A = M, where m and M denote the greatest lower and least upper
bounds of A, we also have p(A) = O. Inorder to see this, we decompose
p(A) in the form

p(A) = cm (A—ai) n (B.-A) n[()\—yk)2 + 62 ] , where ¢ =2 0, a, = m,

i e 4 )
Bj = M, and where the quadratic factors correspond to complex conjugate
zeros and to real zeros between m and M, the latter being necessarily of
even multiplicity. Replacing A by A, all the factors will be positive

transformations, and since they are also permutable, the same will be

true of the product p(A).

More generally, the inequality p(A) = gq(A) for m = A = M implies
that p(A) = q(A), to see this, we consider the difference p(A)-q(A) = O

and apply the above. Hence the correspondence is monotonic.

To extend this correspondence to larger classes of functions where
the above properties are preserved, we consider monotonic sequence which
converge every where (It will be a little more convienient to consider

decreasing rather than increasing sequences). For this let us consider:
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1 The class C1 of non-negative real-valued functions defined in the
interval m = A = M which are continuus or at least upper-

semicont inuous.

To a function u(A) of this class we can find a decreasing sequence
of polynomials (pn(A)) which converges to u(A). The sequence of
transformations pn(A) is then also decreasing and bounded below by O,
hence it is convergent. The limit is a symmetric transformation which

we assign to u(A) and denote by u(A).

This definition is unique; that is , u(A) does not depend on the
particular choice of the sequence (pn(A)): if (qn(A)) is another

sequence of the same type, then lim pn(A)_ lim qn(A).
n n

Proof: for every integer r, and for s sufficiently large we have

1 1
s i 1 4 . :
ps(h)-qr(h) + ® qS(A) = pr(A) ¥4 in the entire interval
m = A = M, which is a consequence of Dini Theorem on monotomic
sequences of continuous functions or also of the Borel
covering Theorem. We then have

il 1 . g .
pS(A) = qr(A) dis I, qS(A) = pP(A) + 2 I, and taking limit (first

for s—w and then r—w). We get,

lim ps(A) = lim qr(A) , lim qS(A) = lim pP(A)
s r s r
Hence lim pn(A) = lim qn(A)
n n

It follows by the same reasoning, that if ul(A) = uz(A), m=A=M,
then ul(A) = uz(A). Hence the correspondence extended is therefore
monotonic, and further it is positively homogeneous, additive and
multiplicative since , if the sequences (pn(h)), and (qn(A)) decreases
to u(A) and v(A), then the sequences ((pn(A)), c> 0, (pn(A) g qn(A)) and
(Pn(A)qn(A)) decreases to cu(A), u(A) + v(A) and u(A)v(A) respectively.

2. Now, let wus consider the class C2 of functions admitting a

decomposition in to the difference of two functions of class Cl'



We assign to the function w(A) = u(A) - v(A) the transformation

4(A) = u(A)-v(A). This definition is unique, since ul(h)—vl(h) = uz(h)
- vg(a) implies ul(A) = Vl(A) = uz(A) = VZ(A)’ which we obtain by
writing the two equations in the form u, + v, = ¥y ® u, and applying

additivity for the class Cl'

For the class C2’ the correspondence is homogeneous, additive and
multiplicative, a consequence of the corresponding properties of the
class C1 and the following decompositions:

c(u-v) =cu-c¢cv, forec>0.

elu-v) = (=e)vw=ll=e)u  For ec.<.0 .
(ul—vl) + (uz—vz) = (u1 + u2) - (V1 + v2)
(u=vydluy=vy) = (wyu, + vavy) = (W, + uv,)

Finally the correspondence for class C, is also monotonic, since

2

ul(A)—vl(A)éuz(A)—vz(A) implies ul(A)—vl(A) = u2(A) - VZ(A), that is

ul(A) - vlkA) - uz(h) = VZ(A) means ul(A) + vz(A) = vl(A) + UZ(A)
implies ul(A) + v2(A) e Vl(A) + u2(A) , monotonocity of Cl'

implies ul(A) = vl(A) z uz(A) - V2(A).

2.4. Spectral Decomposition of a Bounded Symmetric Transformation.

Among "the functions" of the symmetric transformation A which we
have just defined there are projections, namely those which correspond
to the function e(A) taking only the values 0 and 1. Since we have

[e(l)]z = e(A), then also [e(A)]2 =le(A).

Theorem &: To every symmetric transformation A in a Hilbert space, with
greatest lower and least upper bounds equal to m and M, we can assign a
"spectral family" on the interval [m,M], that is , a family of

projections {EA} depending on the real parameter A such that

17



a) E, = E , or equivalently , EE =E. for \ =< i,

L g e
B Byt By
el By =i0-TogTaca s sad E, =1 for A =2 M, in such a way that we
have
M
A=
I AdEA. (4)
n<o
Moreover , these properties uniquely determine the family {E,}.

For every fixed value of the parameter , EA is the limit of a sequence

of polynomials in A.

Proof: Let us consider in particular the function e“(A), depending on
the real paramenter pu, where
_ 1 B A s
e“(h) = { ¢ TER% B st e“(A) belongs to class Cl' Hence

there correspond to it a transformation e“(A) which is projective and
denoted by E . Since , e (A) e (A) = e (A) for up < v , we have
7 t v M it

EE =E =EE and hence E = E and since on the segment m = A = M,
nv [l % 1l %
e“(A) =0 if p < m and e“(h) =1 1if p =z M, we have E“ =0 if w < m and
E =1if p= M, also E =k
" pto H

Moreover, as a function of u, EH is continuous from the right
Inorder to see this, we fix p and construct a sequence of polynomials
p (A) which decreases in [m,M] to e“(l) and satisfying p (1) = e“+l(h)

n

u+fEu
n

Then we have pn(A) = F

Since pn(A) ——eE“, it follows that EH+1 —> EH for n — , and

n
since E“ is monotonic function of u, this implies

Eu+€ — E“ for 0<e —>0

Hence, EN is continuous from the right.



For g < v we obviously have

p[ev(h)—e“(l)] = A[ev(A)—e“(A)] =< v[ev(A)_e“(A)]’ which implies

& = A[E -E = E -
plE,E] = AIEE ] = V[E -E ] (5)
Now, consider a sequence of points “o’“l""’“n such that p < m <
o)
< < =< g itti i = -
by <M, € e Mg M By Writting (5) with p Mg > V= By
k=1,2,...,n and taking the sum, we get

n i n
M, [E =k ]5 A [E =E ] = N [E =F ]
kzl k=1 Lty Peqd k&l Mg P kzl kL e

n
The middle term, A Z [E oE ] < A[E - ] = A[I-0] = A and if
. Bt P T
max (“k_“k~1) = € , we have
k=1
) ) )
wE -E TS SR PSR - Di - ][E =E ]
ke K M Wy g RO kzl kTR B ey
n
<We [E E Ie=wel (%)
kzl |
If Ak is between Mg and My that is
) ) - )
M [E -E = A B =K i [E ], then
gy X1 R R 1 kzl L % ”k Hp-1
RS )
A - A -E 1 =] m [E = 1= 3t ;(E <E 1| =
“k Hye_q Z Ky “k 1 ke By My
from (*).

If we increase indefinitely the number n of decomposition intervals

(“k—l’uk) , so that the maximum length tends to zero, we get

y Kk[E -E ] —. A in norm.
3 M M-

Since EA is constant for A =2 M and A < m, wWe can express this

result by writting, in analogy with ordinary stielt jes integral,

00
A ® I AdE, = I AdE,

Moreover for every integer r > 0 we have
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M
- J }\r‘dEA , since [ Z A(E -E )]P X Z AT(E -E ). this
My Py Ky ey

follow from the fact that , as a consequence of the relation

EE = Emin(v,u} the difference Euk-E“k_1 are pairwise orthogonal

projections.
If this relation remains valid for r = 0 , we have for every
polynomial p(A):

M
p(A) = me dE,
m=o

Secondly, let us consider an arbitrary continuous function u(A) in

[m,M]. Given any € > 0 , we can find a polynomial p(A) such that
_g = u(d) - p(A) = g in [m,M] , we have also
-€ € S € .
= I = u(A)-p(A) = 3 I , hence |u(A)-p(A)| = 3 1] = g o (i)

on the otherhand , for every decomposition of the A-axis and for the sum

S = E u(Ar, J(E -E ) and S = Z p(A, J(E -E ) , we have
u p k

e ey P Hr-1
€ -
S-S =) [ula )-p(a )I[E -E = ¥ ( ) = =1, then
- P Z . e “k—1 3 “k “k1 5
- . _ € _ € i
we have = I = Su—Sp 5 1 implies "S -S " =< "3 I| = 3 (ii)
When the decomposition is sufficiently fine so that
3 b
Hp(A)—sp” sz (iii)
From (i), (ii) and (iii), we have
€ € £ € _
Hu(A)—Su” = Ju(A)-p(A)| + "p(A)—Sp” + "Sp—Su" £statane
Therefore , for every continuou function u() ,
M
u(a) = I u(a) dEA in the sense of convergence in the norm of some
m=o

20



stieltjes type. It follows for every f,g

M
<u(A)f, g> = I u(a) d<EAf,g>, in the ordinary stielt jes sense. (6)
m=o

Uniqueness: Since {EA) is a spectral family on the interval [m,M] and
Uniqueness

satisfies (4) we conclude as above that it also satisfies (6) and
ipparticular satisfies (6) for all continuous functions u(A).  But,
since the first member of (6) doesnot depend on {EA}’ it follows that
for every pair of elements f,g, the function <EAf,g> is determined upto
an additive constant by the relation (6) at its point of continuity and
at m-o and M. Since the function is continuous from the right and has

the fixed value <f,g> at the point M it is therefore uniquely determined

every where.

3. UNITARY AND NORMAL TRANSFORMATIONS

3.1. Unitary Transformations

Definition 10: Let H be a Hilbert Space. The linear transformation
U:H—H 1is said to be isometric if it leaves scalar
products invariant,<Uf,Ug> = <f,g>, f,geH or equivalently,

*
if UU=1.

If the linear transformation U:H—H is onto, U is said to be
unitary. Since in this case the equation Ug = f has a solution g for an
arbitrary given feH , we have

* *
UW f = U(U Ug) = U(lg) =Ug = f

*

Hence , UU =1

* *
The two equations UU =1 and UU = I or the equivalent equation
*

U = U_1 are obviously characterstic for unitary transformations.

Example: U:1°— 512defined by U(x,,x,, %, X Yom o 2, Fay Ms v ) 1IN

“Xample: :1"—>1"defined by 1 X X Xy oo o X Xgo X
unitary,
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In a finite dimensional space evey isometric transformation is

Remark:

noRe” =
unitary. By contrast, in an infinite - dimensional space
there are isometric transformation which are not unitary. For
example the transformation

u(xl,xz,...) = (O,xl, 2,...) is isometric but not
unitary, since it is not onto.

Lemma: Every positive trigonometric polynomial can be represented by
the square of the absolute value of another trigonometric
polynomial.

& ikx

Proof:- Let t(x) = z c, e =0,

k=—nk

It would be sufficient to consider only strictly positive
polynomials t(x) , since the general case can be reduced to this case by
adding to t(x) the constant term € > 0 , whcih then is made to tend to
0. Now let us consider the polynomial

& ikx
t(x) = z c, e SR08
k
k==n

We observe first that C, = g; and that we can assume o * 0 , this is

because t(x) > 0 means t(x)eR (since no order in the complex case).
Then we have

s ik B - _jkx
c,e X = t(x) = t(x) = Z c, e

k k
k=-n k=-n

which implies by the property of polynomials Sy * ék'
Now consider the polynomial
Z2n-1 ZZD

plz) = c i+ & ol ANl o ol e
-n  =n+1 n-1 R

It obviously satisfies the relation

p(z) = 220 p[ l] (7)
z

as shown below
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p(2)=9n+c-:n+1z+ +Cn_1 V4 L
2n- 1 ) ]
=z s 4 Bael - e
L z2n n+1 z2n 1 =l =
2n[ - 1,2n — 1,2n-1 - 1 =
-2 5, () L2 +3n+1.5+<_;n]
2 -
e N e L R
L z Z it 8
z
= z2n p(—%—)
z
Moreover, since
-inx i, . —inx ix 2inx
o ple™™) = e [gn+1e *...%ce ]
. inx i(-n+1)x ing
AR + gn+1e RS c, ®© = t{x) ., plz)
can have no zeros on the circle |z| = 1. Denote by ORI IREE its zeros
in the interior and by Bl,Bz,... those in the exterior of the unit
circle. Let the multiplicities of these zeros be equal to rl,rz,... and
81185+ respectively. Then we have the factorization
p(z) =c I (z-a )k 2° 1 L IO 1 Sj
k ; Za. B
k J J

where S = ) Sj'

Relation (7) shows that if B is a zero exterior to the unit circle,

« = —%— is a zero interior to this circle, of the same multiplicity as B,
B
1
and conversly. Hence we can enumerate the B so that we have Bk sl
%k
th = g
en Pk Sy and

S=Zsk=2pk=22(sk+rk)=§_=n
We shall therefore have

-inx

t(x) = e p(eix) =c T (e'%-a )"
k

= ¢ Me*-a )k H(elx—ak)rk
k
k k
I | 2

c|H(e1X—a )k

k
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The coefficient ¢ is necessarily positive, and the trigonometric

polynomial

ix r i Lo
g(x) = V¢ Me" "~ ) k satisfies the requirment of the lemma.
k

Theorem 7: Every unitary transformation U has a spectral decomposition

2T iw
U = I evvdES (8)
- ]
where (E¢) is a spectral family over the segment o = ¢ = 2n. We can

require that E@ be continuous at the point ¢ = 0, that is Eo = 0; (E¢}

will then be determined uniquely by U. Moreover, Ew is the limit of a

sequence of polynomials in U and U_l.
Proof:- To begin, we assign to the trigonometric polynomial
! n !
ple’®) =} o ¥
k=-n
the transformation
r k
p(U) = =) ; here we admit complex coefficient Cy The

k
k=-n
correspondence is obviously homogeneous, additive, multiplicative and

such that the transformation corresponding to the conjugate polynomial

is the adjoint of the one corresponding to p(elw), to show this:

i g, _ @ = =1k e - -1
Let q(e'?) = ple ?) = Z c, € Biropy q(U) = Z Ck(Uk) = p(ua)
k:—n k="n

claim: q(U) = p(U)* = p(U)
n

n n
< Z Ckka,g> Z ck<f,(Uk)*g>

k=-n k=-n k=-n

]
[¢]
A
C'k_
»
o
Vv
|

LA e s o D
: z c, (U )kg> = <f e ) 1)kg>
k k
k=-n o

Il
A
)

n
2g, Z Ek W) 1g>
k=-n
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implies <p(U)f,g> = <f,q(U)g>

*
Then p(U) = q(U) = p(U)

If p(elw) is real value, p(U) is symmetric, since p(eiw) €R implies

Mei¢) = p(elw) and hence the corresponding transformations p(U) = p(U)

*
= p(U) , hence p(U) is symmetric. The correspondence is also positive

L i
type. that is, if p(e w) =z 0, then p(U) =2 0. To see this we use the

above lemma. By the lemma p(e1¢) = 0 implies there is q(e1¢) such that
s ; . 2 A s
ple’?) = |a(e*®)|® = q(e™?). q(e™?),

*
we have, p(U) = q(U) .q(U),
hence, <p(U)f,f> = <q(U)f,q(U)f> = 0 and therefore p(U) = 0.

The correspondence established in this manner for trigonometric
polynomials extends to more general functions of period 2m, namely,
first to functions which are limits of decreasing sequences of positive
trigonometric polynomials, then to linear combinations of these
functions (with real or complex coefficients); the method analogous to
what we followed for symmetric transformations. The correspondence thus
extended continues to be linear, multiplicative, and of positive type,
and the transformations which correspond to two conjugate functions are

adjoint to one another.

The class of these functions includes, in particular, the function

ew(W) which depend on the real parameter y(0= y = 2m) and are defined as

follows:
eo(w) =1 Q) ezn(w) =elosand  For 0 Wik 2,
e (p) = 1 when 2km < ¢ = 2km + ¢
Y 0 when 2km + ¢ < ¢ = 2(k+1)m , k = 0,%1,%2,...

Since these functions are equal to their squares, the corresponding

transformations E. will be projections. We shall have, in particular,

]
EO =0and E;, = I, and since e (¢) = ex(w) for Yy = x , we, have E¢ = Ex-

2n V]
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Moreover, Ew is a function of y which is continuous on the right.

To see this we consider first , for 0 = y = 2n, the function

1 if ¢ = 2kn

e.};(‘o) = ew(qp) 4 ec’)(sp), where ecl)(w) e { 0 else where .

These functions are upper semi-continuous ; there fore, we can
construct, for each fixed ¥, a sequence of trigonometric polynomials

’

p(ew) which decreases to ew(w), and has the additional property that
n

for n sufficiently large
ig y
pobe ™l wrepd l(so)
n
This implies for the corresponding transformation that E¢,+ 1—_95w' ,
n
hence also that E, ,—E, 6 (n—w), and more generally, that lim E =E, .
Pl Y Un EcE,
n

The transformations Ew therefore form a spectral family over the

segment [0,2m]; moreover E0 = 0. By its construction, EW is the limit
* -

of polynomials in U and in U = U 1.

To show (8) , we consider a decomposition of the segment [0,2m) by
means of the points

0= < < =

wo wl ...<wn 21

such that max (wk-wk_l) < €. We choose an arbitrary point Py in each of

the intervals [y W 1. "For < <y _, we have
k-1"Y 0 Wi, St 1

k

¥ n s
le'?- ¥ o1y [e (3] w5
Z l'bk wk

(W)]l = |ei¢-ei¢h| =< [¢—¢h| =e¢ (*) and
k=1 il

analogous result for ¢ = 0. This is because in the decomposition of the

interval [0,2n], for wh—l < @ = wh we have

0 if k =
e (p) - e () = { : £
Uy V1 1 if k =
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n - 7
ip N g
e 'k [e (p) - e (q))] = e'%h
o kzl Vi V-1
and
i i ¢ i Z . ¢
: h t
st = bddan it 5 LTl b [ e
But ¢,~¢ = Iw—wh[ < € and hence (*).

Hence for every value of ¢,

d n . : no%
ig ig i i
0 = [e - )Y e 'k [e (¢) - e (w)]] [e — ek [e (p) - e (go)]]
k; Ve V-1 Z1 Ve V-1

—|ei¢-—>rieiwke (@) ~"8 ()] ]? = €
g : MaSins A dy
k=1 k k-1

passing to the corresponding transformations, it follows that

15 i % T
0= [u -V e'% [E = ]] [ -3 o¥p [E - E ]] s €1
k; Ve Yigsq kzl W Vg

o,
hence that, [U - } ek [Ew - E, ]” < €, which implies by
k=1 k k-1

stielties integral, for a finer subdivision of the interval [0,2n],
21 i
U= f e'PaEp .
o
In as much as the projections E‘/J —E'// are pairwise orthogonal, we
s k=

also have , for every integer r = O,

' - i i
e”‘ok[E -E ] [ el‘"k[E o ” i,
Z L Z Ve Vg

. " r * =
équ)k{E ~F ] = [Z él“’k[E -E ]] s (U Y=y
Z Ve Yely Ve Vi1

A
Hence, I e ™dEp = UM, n =0,%1,%2,...
o
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It follows that for every trigonometric polynomial and even for

every continuous function u(elw) ;
2m oy
u(u) = J ate P idle -, 4
o

in the sense of convergence in norm of the sums of stilt jes type. The

same formula , interpreted in the sense of weak convergence, is also

valid for the other function u(e1¢) for which the correspondence is

2

established, that is, we have <u(U)f,g> = I
o

integral is taken in the stielt jes-lebesque sense. This formula, being

A
ule'?)a <E¢f,g>, where the

a consequence of (7), is valid for an arbitrary spectral family (F¢}

over [0,2n] for which (7) holds. Taking, in particular ue'?) = ew(w),

2m U/}
i ¥ = < = = -
we obtain <E¢i,g Jo ew(¢) d wa,g> J;d<F¢f,g> <(FW Fo)f,g>. When

we have in addition Fo = 0, it follows that EW - Fw. This proves the

uniquenese of the spectral family corresponding to U.

3.2. Normal Transformations

Definition 11: linear transformations N which are permutable with their

* *
adjoints, that is NN =N N are called normal transformations.

symmetric and unitary transformation are particular types

of normal transformations.

Every normal transformation N can be written in the form
N =X+ iY

where X and Y are permutable symmetric transformations.

(10)
We have
only to set

" * -
X = % (N+«N), ¥= —%7 (N-N ) which are symmetric. it is clear that
i

1A

IXI = INJ, JY]= |n).



Another type of decomposition, which is less immediate is
N = RU = UR (11)
where R is 2 positive symmetric transformation and U is a unitary

{ransformation.

The decomposition (10) is analogous to the decomposition of a
complex number into its real and imaginary parts:z = x+iy, the
decomposition (11) is the analogous of z into the product of its modulus
and a factor of unit modulus:z = rei¢.

Ihﬁgfgﬂ_g: Every normal transformation N of a Hilbert space can be
written in the form UR where R 1is a positive symmetric
transformation and U is a unitary transformation and such that U
and R permutes with one another and with all linear transformations

*
which permutes with N and N .

Proof': - In order to obtain the decomposition N = RU = UR, we take for

*
R the positive square root of the positive transformation NN
* *
= N N; since R is the limit of a sequence of polynomials in N N,
*
it is permutable with N and N (by Theorem 3), that 1is, RN

* *
= NR, RN = N R. we have for every element f:

<NE,NE> = |NF|°
* * * 2
<N £,N £> = |N £

*

< >
|re |2 = <Be,Re> = <Bf,£> = {N T
<NN £, £>

hence
*
INEf = [N £] = |RE| S i
We denote by S the subspace of H consisting of elements of the form
Rf and of their limits, that is,

S = {Rf and lim an |f,fneH}, and let M be its orthogonal
n

complement , that is,

Al
M=S" = {Rh | <Rh,Rf> = 0 , V RfeS}. M obviously consists of the
elements h for which Rh = 0 (i.e.M = {h|Rh = 0}, or equivalently, by
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*
(12), those for which Nh =0 or N h = 0. But the set of elements h such
that N‘h = 0 is the orthogonal complement of the subspace S’ which
consists of the elements of the form Nf and of their limits, that is,

g/ = {Nf and lim Nfn| f,fn eH}
n

consequently S =S’

We assign to each element of the form g = Rf € S, the element Ug =
Nf ; the latter is uniquely determined, because if Rf = Rf’ we have
R(f-f’) = 0, hence by (12), N(f-f’) = 0 and Nf = Nf’. This
correspondence is obviously homogeneous, additive and moreover isometric

Jug| = INg| = |RE] = |g].

We can extend it by continuity to all elements of S and we thus
obtain an isometric transformation U of S into itself ; it will even be
unitary , because the elements of the form Nf and their limits fill the
subspace entirely. We can extend the transformation U to the entire
space H = S+M in such away that it remains unitary: we have only to
define U in the complementary subspace M by an arbitrary unitary
transformation of M into itself (for example by the identity
transformation) and then define it in the entire space H = S+M by
linearity, that is

Nf = URf if geS
g if geM

U:H—H by Ug = {

The equation Nf = Ug = URf is verified for elements of the form Rf
by the very definition of the transformation U. As for the equation Nf
= RUf, it is obvious for elements f of M, that is feM

implies Uf = f and Rf = 0

implies Nf = URf = o = RUf and it also holds for elements

g of S, since these elements are of the form

g = lim an and thus we have
n
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N 1im an = lim Nan = lim Ran =R lim an =R lim Uan =
n n n n n

Ng =

n

RU lim an = RUg;
n
the equation is therefore true for all elements of H.

gence, N = UR = RU.

We observe further that the transformation R is obviously,
pemmmable with every linear transformation A which is permutable with N
and N* (Theorem 3). The same is true of U, if it is defined to be the
identity in the subspace M. Infact, we have on one hand

AURf = ANf = NAf = URAf = UARf,
hence AUg = UAg, for all elements of the form Rf and consequently for
all elements of S. On the other hand, for g beloging to M, Ag also
belongs to M, since RAg = ARg = 0; therfore,
AUg = Ag = UAg.
Hence AU = UA

Remark: We remark that part of this argument is also applicable to the

case of an arbitrary linear transformation T instead of a
normal transformation N. we can form the positive symmetric
transformation R = (T*‘T)l/2 and we have further |Tf| = [Rf| for
all elements of f, from which it follows as above that the
transformation U, defined for elements of the form g = Rf by
Ug = Tf, is homogeneous, additive and isometric and that it

can be extended by continuity to the entire subspace S with

the preservation of these properties.

However, the elements Ug will not ingeneral belong to S
and we shall not be able to extend U to a wunitary
transformation of H. But by setting Ug = O for elements g of
the orthogonal complement M, we extend U to a partially
isometric transformation of the space H; this is a linear
transformation of H which is isometric for the elements of a
certain subspace of H and is zero for the elements of the

orthogonal complement of subspace.

-1



3.3. The Spectral Decomposition of Normal Transformations

Theorem g: To every normal transformation N there corresponds a family
{E(8)} of projections such that E(s) is an additive and

multiplicative rectangle function,

00 00 * 00 00 W
=J f z E(dxdy) SN =f f z E(dxdy)
o ~o S0 oo
and more generally,
* e (2 s
q(N,N ) =f j q(z,z) E(dxdy),
=00 =00

Where q(z,z) is an arbitrary polynomial in z = x+iy and z = x=-1y;
for every fixed rectangle &, E(8) is the 1limit of a sequence of
*

polynomials in N and N .

Proof: - From the decomposition N = X + iY a spectral decomposition of
the normal transformation N can be obtained in the following

manner:

Let { E;( }r and { EI } be spectral families of the symmetric

transformations X and Y over the segment -IN] = A = |N| (by theorem 6).
For every fixed value of x and of Y, E and Ey are limits of polynomials

in X and in Y res spectively (Theorem 8) and consequently the limits of

By Y X
polynomials in N and N : It follows in particular, that ExEy = EyEx
* %
(since NN = N N). We have
00 (o] 00 00
b
N=X+ iY:deEx.deY+iIdEX. [ vee
X y X v
00 =00 =0 —0
(13)

=I I (x+iy) dE dE;i

in the sense that the sum

szhk [Ei —Ei ][EY Lk ]
h; h *h-1J U ¥ Yg-1

corresponding to a decomposition of the complex plane into rectangles

3 = < = ]
hk [xh_1 SRR R RS S
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nd arbitrary PoInts Zy, = Xp, + 1y, of &, converges in norm to the

ransformation N as the decomposition becomes arbitrarly fine. Since
1:(PIY 2 EYEX , the products E(Shk) = [Ef: —Ei( ][EY —EY ] are also
EE, = By™x h “h-1J 0¥ ¥y
srojections ; moreover, they are pairwise orthogonal, and consequent ly
\hey define a decomposition of the entire Space into the vector sum of
qutually orthogonal subspaces.

we have, by analogy with (13)

¥ 002 X Y
N. =X - 1Y —lf (x-iy) dE_ dEy (14)
= -0

More generally, it follow from the relations

00 00 o0 00
KFyS = f 3 aE® f ySaEY & I jxrys dENGEY (nfs 9%, 130
* oo g ke ol

=0 -0
oW i X
that P(X,Y) = f ; p(x,y) dEX dE_ for every polynomial
S0 *m M
p(x,y) = z CPSXFYS and for the corresponding transformation.
IS
.~ 2 r.s
P(XaY) = FuiG XN
;S
Equivalently, we have
* 905 409 &
q(N,N ) =f jq(z,z) dE)}: dEY (15)
=00 =00 y
for every polynomial
q(z,z) = ? dFSzP (z)° in z = x+iy and z = x-iy, and for the

=
I‘, b=

corresponding transformation

2 e It W
q(N,N ) = z d N(N')
B, S

formula (15) obviously includes (13) and (14)

The projections E(8), which is a function of the variable rectangle &,
is additive ang multiplicative in the sense that for two adisjoint

rectangles 9,,8, whose union is a rectangle we have



E(8,) + E(s,) = E(58,V8,),
and for two arbitrary rectangles 61,82 we have.

E(S ).E(az) = E(61n62)

1

shere we set the second member equal to 0 if the set alnaz is empty.

[f & includes the closed rectangle

A = [mxsstX, mYSysMy]
where mx’MX’mY'MY denotes the greatest lower and least upper bounds of X
and Y, we have E(8) = I ; consequently E(8) = 0 if the rectangle & lies
entirely in  the exterior of A. In all these statements, which are
easier to verify, we see a certain advantage in half open rectangles

8 = [x1<x5X2, y1<y5y2],

since the intersection of two rectangles of this type in either a

rectangle of the same type or empty.

Moreover, it is easy to extend the definition of E(8) to rectangles

of other types. For example, for an open rectangle

6=[x1<xsx2, y1<y5y2] we set

(X
E(3) =lE% o Ex _OJ[EY SE ]
1 Y9 ¥

and for a closed rectangle 8§ = [x, = x = Xon ¥y =Y = y2] we set

E(5) =[E>f < g ][EY g ]

X5 x;70) LYy ¥y o

Te additive and multiplicative properties remain preserved and the
function E(8) will even be denumerably additive, or equivalently, it

Wil be continuous in the following sense:

if i =
8¢ 3, c 83 € ..., then lim E(3 ) E(v &)
n
and it . =
8/>8,>38,> ..., then lim E(5) E(g 3 )

n



n1formu1as (13)-(15)
th
e rectangles are tak
en with re
Spect to s
this

e and multiplicat'
iv
e rectangle functio
n E(3)
5 8 Tact W
e can

¢

additiv
y express b iti
y writing E(d d ) in
Xy stead of dE dE
% g
bf

@nvenientl
pemark: - The domain of i
emart int i
| A egration can be restri
to the disc X2+ 9 3 icted to the
rectangle & lying 1 y° = zz = "N“2 y rectangle
in the exterior of th’ ti e i
e disc an
d' ab /&

dista
nce € > 0 from it we have E(
§) =0
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