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I. Introduction 

This seminar report is prepared for the partial fu lfillment of M.Sc degree at Addi s 

Ababa University. The seminar report is devoted to P6lya 's Counting. In this 

seminar report we will:-

• Exam ine a special class of counting problems. 

• See the development of a special formula and the illustration of a technique 

for counting inequivalent colorings in the presence of symmetric and when 

any physical motion (rotation or reflection) is allowed. 

• Also obtain a generating function that gives a pattern inventory of the 

distinct colorings. 

At the beginning the seminar report is about equivalence and symmetric group. 

Following this we explain how to determine inequivalent colorings using 

Burnside's Theorem. The last secti on shows P6lya's Counting formula using 

generating function, cycle index and P6 lya's Theorem. 

The motivation in developing formu las for counting distinct colorings when 

motions are allowed, comes from a problem in chemistry, the enumeration of 

isomers. 

The motivation, derivation and application of P6lya' s Theorem has been the 

primary purpose of this seminar report. 



2. Equivalence and symmetric group 

Consider the way of coloring the comers of an equilateral triangle. How many 

different colorings are there, If we have two colors red and blue? 

The answer is 2' = 8, these are RRR, RRB, RBR, BRR, BB R, BRB, RBB and BBB 

since an equilateral triangle has three comers. But should we regard all of the 8 

colorings to be different? If the triangle is fixed in space, then each comer is 

distinguished from the others by its position and it matters which color each comer 

gets. Thus in this case all 8 colorings are different. Suppose however that rotating 

the triangle about its center through the angles 0·, 120· and 240· or reflecting the 

triangle about the lines joining comers and midpoints of opposite sides are 

possible, then because it is so symmetrical it matters not which comers are colored 

red and which are colored blue. The only way two colorings can be distinguished 

from onc another is by the number of comers of each color. 

Thus there is 

I coloring with all red comers 

I coloring with 2 red comers and I blue comer 

I coloring with 2 blue comers and I red comer 

I coloring with all blue comers. 

A total of 4 different colorings. These are RRR, RRB, BB R and BBB. 

Similarly if we color the 4 comers of a square with colors red and blue, we have 

24 = 16 different colorings provided the square is regarded as fixed in position. 

These are RRRR, RRRB, RRB R, RB RR, BRRR, RRBB, RB BR. BRRB, BB RR, 

BRB R. RBRB, RBBB, BRB B, BBRB, BBBR, and BBBB. 

However if we allow the square to rotate about its center through the angles 0·, 

90·, 1800 and 270· or if we reflect its comers through the lines joining opposite 

comers or through the lines joining midpoints of opposite sides, the 16 ways to 
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However if we allow the square to rotate about its center through the angles 0·, 

90·, 1800 and 270· or if we reflect its corners through the lines joining opposite 

corners or through the lines joining midpoints of opposite sides, the 16 ways to 

color its corners are partitioned in to parts in such a way that two colorings in the 

same part are regarded as the same (the colorings are equivalent) and two colorings 

in different parts are regarded as different (the colorings are inequivalent).The 

number of inequivalent colorings is thus the number of different parts. Therefore 

when we color the 4 corners of a square with red and blue, we have; 

I coloring with all red corners 

I coloring with three red corners 

2 colorings with two red corners 

I coloring with three blue comers 

I coloring with no red comers 

Giving a total of 6 different (inequivalent) colorings. These are RRRR. RRRB, 

RRBB, RBRB, BBB R and BBBB. 

The difficulty in determining different colorings (inequivalent colorings) comes 

from the geometric symmetries of the figure being colored. With a little more 

work, we can obtain a generating function that gives a pattern inventory of the 

distinct colorings. 

For example the pattern inventory of red-blue colorings of the comers of 

• an equilateral triangle and 

• a square 

when the above rotations and reflections are possible are 

r" + r'b+ rb' +b' and 

r' + r"b + 2r'b' + rb' + b' 

respectively where the coefficient of r' 1Ji IS the number of non-equivalent 

colorings with i- red comers and j-blue comers. 
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From the list of inequivalent colorings or from the pattem inventory of red-blue 

colorings of the comers of an equi lateral triangle and the comers of a square, we 

can see that there are four different 2- colorings of the triangle and there are six 

di fferent 2-colorings of the square when they are rotated and reflected as 

mentioned above. However we seek a theory and a formula to explain why there 

are four such distinct 2-colorings of an equilateral triangle and six such distinct 2-

colorings of a square. 

Let X be a finite set, with out loss of generality, we take X to be the set {I, 2, . . . , 

n j consist ing of the first n-positive integers. We denote the set of all n! 

permutations of {I, 2, 3, .. . , n j by So .. Since permutations are fu nctions they can 

be combined using composition. That is if f and g are two permutat ions of {I, ... , 

n j then their composit ion, in the order f fo llowed by g is a permutation. 

Definition: A group of permutat ions of X, for short, a permutation group is 

de fi ned to be a non-empty subset G of permutations in So satisfy ing the 

following three propert ies. 

i. Closure under composition: for all permutations f and g in G, fog is also in G 

ii. Identity: the identity permutation i of S" belongs to G. 

iii. Closure under inverse: for each permutation f in G the inverse I -I is also in G. 

The set So of all permutations of X = {I , 2, ... , nj is a permutation group, called 

the symmetric group of order n!. 

Let Q be a geometric fi gure. A symmetry of Q is a geometric motion (rotation or 

reflection) that brings the figure Q on to it self. 

For instance, the symmetries of a square are divided in to two classes 

rotat ions - circular motion in the plan and re fl ections. That is 

• 4 rotations about the center of the square through the angles of 0·, 90·, 180· 

and 270· and 
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• 4 reflections about the lines joining opposite comers and the lines joining the 

mid-point of opposite sides. 

In a regular n-gon the smallest rotation is e~O ) . There are n-rotat ions in all. 

There are two types of reflections for a regular even n-gon, flipping about two 

opposite sides and flipping about two opposi te corners. Since there are!!' pai rs of 
2 

opposite sides and !!. pairs of opposite corners, a regular even 
2 

n + n = n reflections. 
2 2 

n-gon will have 

Summing rotations and reflections, we find that a regular even n-gon has 2n 

symmetries. 

In a regular odd n-gon there are also n-rotations and n-reflections summmg 

rotations and reflections we have 2n symmetries. 

As a result each symmetry acts as a permutation on the comers. A symmetry of Q 

followed by another, that is the composition of two symmetries is again a 

symmetry, and the motion that leaves every thing fixed is the identi ty symmetry. 

I-Ience we conclude that the symmetries of Q acts as a permutation group Gc on its 

corners, as a permutation group GE on its edges. Thus a set of permutations which 

results by considering all the symmetries of a figure is automatically a corner 

symmetry group. For example; 

• The rotations about the center of a square through the angles 0', 90' , 180' 

and 270' act ing on the corners of the square give the four permutations. 

, . (' 2 3 4) P.' = (' 2 3 4) 
P. = I = ' 2 3 4 3 4 , 2 

(' 2 3 4) 
P. = 2 3 4 , 

p:=(' 234) 
4 , 2 3 
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• The reflections of corners through the lines joining opposi te corners or 

through the lines joining midpoints of opposi te sides, act ing on the corners 

of the square give the four permutations. 

(
I 2 3 4) 

T,= 1432 

(
I 2 3 4) 

T,=2 14 3 

Thus the corner symmetry group of a square is 

T _ (I 2 3 4) 
2- 3214' 

(
I 2 3 4) 

1; = 4321 

Gc = { p~ = i , P4 , pi . P: , 1~ , T2 ,Tj , T4 } 

To compute that the edge symmetry group GE of a square 

Letlhe edges be labeled by a, b, C and d and the corners by I, 2, 3 and 4. Replacing 

I by a, 2 by b, 3 by c and 4 by d . 

. (ab ed) For example, In pi we get and e dab we get .Thus the (a bed) 
c b (I d 

permutations of the edge forms a group called GE• 

In a similar way we can obtain the symmetry group ofa regular n - gon for n~3. 

Besides the n- rotations p~ = i , Pn' p,~ , ...• p;-l we have n - reflections 7;,T2, ···,7~ . 

The result group Do = ( p: = i , P.' p;, ... ,p;-' ,T, , T, ' ... , T. l of2n permutations 

of {1 ,2, 3, 4, .. . , n} is an instance ofa dihedral group of order 2n. 

Exa mple 2.1: (The dihedral group of order 12). 

Consider the regular hexagon with its vertices labeled 1,2, 3, 4, 5 and 

6. Its corner symmetry group D6 contains 6 rotations and 6 reflections. 

The 6 rotations are 

o . (I 2 3 4 5 6) 
P, =' = 123456' 

1(123456 ) 
p, = 4 5 6 1 2 3 ' 

(
I 2 3 4 5 6) 

p , = 2 3 4 5 6 1 

• (12 3 456) 
p, = 5 6 1 2 3 4 

2 (12 3456) 
P'= 345612 

, (I 2 3 4 5 6) 
P' =6 1 2345 
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The 6 re Oections are 

T , = ( 1 2 3 4 5 6) 
165432 

T _ (1 2 3 4 5 6) 
'- 32 1 654 

( I 2 3 4 5 6) 
T, = 543216 

T, =(123456 ) 
2 1 6543 

T = ( 1 2 3 4 5 6) 
' 432165 

T _ C 2 3 4 5 6) 
.- 65432 1 

Suppose we have a group G of permutations of a set X where X = {I, 2, 3, ... , n} 

• Let C be a collection of colorings of X (a coloring of X is an assignment of a 

colorto each element of X) 

• Let c be a coloring of X in which the colors of 1,2,3, .. . ,n are denoted by c( l ) , 

c(2), ... , c(n), respectively. 

• et J = . . . . . e a permutalion in G. L (
1 2 3 ... k ... n) b . 
' l ' 2 ' l , · J.·· /n 

Then f' c is defined to be the coloring in which i, has the color c(k), that is, 

( f' c) (i,) = c(k) or us ing the inverse of f, ( f' c )(k) = c( r' (k)) 

In words, since f moves k to i" the color of k namely c(k) moves to f(k) = i, and 

becomes the color of i,. 

The set C of colorings is required to have the property that for all f in G and all c in 

C, f ' c is also in C. This implies that f permutes the colorings in C and thus G acts 

as a permutation group on the set C of colorings. Hence f ' c denotes the coloring 

in C in to which c is sent by f. 

The basic relation ship that holds between the two operations 0 (composi tion of 

permutations in G) and * (action of permutations in G on colorings in C) is 

(got) * (c) = g • (f • c) ----------------------------- ( I) 

-The left hand side of ( I) is the coloring in which the color ofk moves to (got) (k) 

-The right side is the coloring in which the color of k moves to f(k) and then moves 

to g( f(k)). Since (got) (k) = g(f(k), we have (got) • (c) = g' (f ' c) 

7 



--~-

Definition: Let G be a group of permutation acting on a set X = { I, 2, 3, ... , nJ or 

the first positive integers. Let C be a collection or colorings of X such 

that for all fin G and all c in C, the coloring r * c of X is also in C. 

Thus G acts on C in the sense that it takes colorings in C to colorings in C. 

Let c , and C2 be two colorings in C, we define c, to be equivalent to (under the 

action of G) C2 denoted by c, - C2 provided there is a permutation r in G such that 

r* c, = C2. Two colorings a re inequivalent provided they ore not equivalent. 

From the definition we have 

a. c - c ror each coloring c ; ( because i * c = c ) 

b. Ifc, - C2 then C2 - C, 

( If f*c, =C2 forsomef inGthen r' *c2 ' c,) 

c. ifc,- c, and C2- CJ then c, - CJ (if r* c, = C2 and g * C2 = CJ then 

(gol) *c , = g *(f* c,J . g * C2 = cJ ) 

Remark: Equivalence partit ions the colorings ofC in to parts with two colorings 

being in the same pan ifand on ly if they are equivalent. 
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3. Burnside's Theorem 

In thi s section we derive and apply Burnside' s fo rmu la for counting the number of 

inequivalent colorings of a set X under the action of a group of permutations of X. 

Let G be a group of permutations of X and let C be a set of colorings of X such 

that G acts on C. This means f * c is in C for all fin G and all c in C, and each fin 

G permutes the colorings in C. It is possible that for an appropriate choice of f and 

c, we have 

f'" c = c 

I f we allow either f to vary over all penmutat ions in G or all c to vary over all 

colorings in C, then we get the following . 

• G(c) = {f:finG , f*c = c} the set of all permutations in G 

which fix the coloring c, and 

• C(f) = {c: c in C, f* c = c} the set of all colorings in C which are fixed by f. 

The set G( c) of all permutations that fix the coloring c is called the stabi 1 izer of c. 

Theorem 3: I For each coloring c, the stabilizer G(c) ofc is a permutat ion group. 

Moreover for any permutations f and g in G, g * c = f * c if and 

only if r' 0 g is in G(c). 

Proof: let fand g both fix c then (gof)(c) = g(f(c» = g(c) = c 

=> gaf is in G(c) 

Therefore G(c) is closed under composition. 

Since the identity i fixes every coloring, i fixes c thus i is in G(c) 

Let f fixes c, since (r' a f) * (c) = r' * (f * c) we have i * c = r' * c 

=> c = / -1 '" C 

=> r' is in G(c) 

Hence G(c) is closed under inverse. 
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Therefore G( c) is a permutation group. 

Suppose that f* c = g * c 

By the relation (gol) * (c) = g * (f* c) 

Weget( r' og)*c = r' * (g*c) 

= r *(f*c) 

= (r' 0 f) * c 

= i * c 

= c 

Therefore r' 0 g fixes c and hence r' o g is in G(c) 

Conversely suppose that r 'o g is in G(c) 

=> (r'o g) * c = c 

=> (r' 0 g) * c = i * c 

=> (r' 0 g ) * c = (j -' 0 I) * c 

=::) / -1 * (g • c ) = I -I * ( f * c ) 

=:) g * c = f * c: 

Hence g * c = f * c if and only if r' 0 g is in G( c) 

Corollary 3: I Let c be a coloring in C then the number I { f * c : fin G ) I of 

colorings that are equ ivalent to c equals the number 

I G I 
I G(e) I 

obtained by dividing the number of permutations in G by the number 

of permutations in the stabilizer of c. 
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-- - ----

Proof: let f and g be permutations in G such that g satisfies 

g * c = f* c· 

By theorem 3: 1. r' og is in G(c) 

=> 1-' 0 g = h for some h in G(c) 

=> f o (F'og) = foh 

=> g = foh 

.: g is a permutation in { f 0 h: h is in G(c) } 

If f 0 h = f 0 hi then h = hi by cancell ation low 

=> g is uniquely determined . 

Hence the number of permutations in the set { f 0 h: h is in G(c)} equals the 

number I G (c ) I . 
Thus for each permutation f there are exactly I G (c) I permutations that have the 

same effect on c as f. 

Since there are I G I permutatiuns altogether, the number I { f * c f in G } I of 

colorings equivalent to c equals 

I G I 
I G( c ) I 

The following theorem of Burnside gives a formu la for counting the number of 

inequivalent colorings. 

T heorem 3:2 Let G be a group of permutations of X and let C be a set of 

colorings of X such that f * c is in C for all fin G and all c in C. 

Then the number N ( G , C ) of inequivalent colorings in C is given 

by N(G , C) = 
I 

IGl 
I I C(f) l 

f ." (j 

I I 



Proof: The proof is depending on counting the number of pairs ( f , c ) such that f 

fi xes c, that is such that f * c = c, in two di fferent ways and then equating counts. 

One we to count is to consider each f in G and compute the number of colorings 

that f fi xes and then add up all quantities. Since C(f) is the set of colorings which 

are fi xed by f, counting in this way we get L: I C ( J) I ------------ ( I) 
foG 

Another way two count is to consider each c in C and compute the number of 

permutations f such that f ' c = c and then add up all the quantities. Since the set of 

all f such that f * c = c is the stabilizer G(c) of c, each c contributes I G(c) I to 

the sum 

By corollary 3: I , I G(c) I = I G I -------------- (2) 
(he number of colorings equivalenr 10 C 

Hence count ing in the way we get 

I G I __________________ --------------( 3 ) 

e m C 
(he number oj colorings equivalent 10 C 

But the sum in (3) can be simplified if we group the colorings by equivalence 

classes. Two colorings in the same equivalence class contribute the same amount 

(2) to thi s sum and hence the total contribution of every equivalence class is I G I· 
Since the number of equivalence classes is the number N ( G , C) of ineqivalent 

colorings, thus (3) equals N (G ,C) x I G I ----------------------------------- (4) 

Equat ing (\) and (4) we get 

L: I C(/) I = N(G , C) x I GI 
I ut c; 
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4. P6lya's Counting Formula 

Using Burnside's Theorem to count the number of inequivalent colorings in the 

presence of a permutation group G acting on set C of colorings is dependent on 

being able to compute the number I Cu) I of colorings in C fixed by a 

permutation f in G. This computation can be fac ilitated by consideration of the 

cyclic structure of a permutation. 

Let f ~ be permutation 
(
I 2 3 4 5 6 7 8 9) 
3 1976 5482 

of {I ,2,3,4,5,6,7,8,9}.Then the 

fo llowing are parti tions of the permutation in to directed cycles 

1->3->9->2->1 , 4->7->4 ,5->6->5,8-> 8 

Let us write 

[I 3 92] for the permutation of ( I, 2, ... , 9) which sends 1 to 3, 3 to 9, 9 to 2, 2 to 

I, and fi xes the remaining integers. Thus 

[I 3 9 2] = ( I 2 J 4 5 6 7 8 9) 
3 1 9456782 

We call such a permutation, in which certain of the elements are permuted in a 

cycle and the remaining elements, ifa ny, are fi xed, a cycle permutation more 

briefly a cycle. If the number of elements in the cycle is k, then we call it is a k 

cycle. Thus [I 635] is a 4 cycle. The other directed cycles of the permutation 

f -- ( I 2 3 4 5 6 7 8 9) 
3 19 765 48 2 

are [47] , [5 6] and [8] 

Since each integer in the permutation f occurs in exactly one of the cycles in the 

factorization, it is easy to check that the partition of the permutation f in to cycles 

corresponds to a factorization (with respect to the composi tion 0 ) of f in to 

permutation cycles. Thus we can write f interms of its cycle factorizat ion as 

IJ 



f= (I 2 3 4 5 6 7 8 9) = [I 392] 0 [ 47] 0 [5 6] 0 [8] 
319765482 

In the factorization of the above permutation: 

• It doesn't matter in which order we write the cycles because each element 

occurs in exactly one cycle. 

• The I-cycle [8] is just the identity permutation and thus could be omitted in the 

factorization with out affecting its val idity. But for counting problem it is useful 

to include all I-cycles. 

Let f be any permutation of the set X. Then with respect to the operation of 

composition, f has a factorizat ion. 

f = (i" i" ... , ip) 0 U"j" .. . ,jq) 0, ... ,0 (m" m" ... , m,) ------------------------ (I) 

in to cycles where each integer in X occurs in exactly one of the cycles. 

We call (I) the cycle factorizat ion of f. The cycle factorization of f is unique apan 

from the order in which the cycles appear and this order is arbitrary. 

Exa mple 4.1: Detenmine the cycle factorization of each permutation in the 

dihedral group D6 of order 12 (the comer symmetry group of a 

regular hexagon).The permutations in D6 were computed in page 6 

and 7.The cycle factorization of each permutation in D6 is given by 

the table below. 
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D6 Cycle factorization 

pZ [I J 0 [2] 0 [3] 0 [4] 0 [5J 0 [6 I 
p, [123456] 

pi [I 3 5]0 [2 4 61 

p; [14[0[25]0[36] 

P: [1 531012461 

pi [I 6 5 4 3 2] 

T, [I]0[26]0 [35Jo[4J 

T, [I 310[21 0[4 6]01 5] 

T, [l5]0[24]0[3Jo[6] 

T, [I 2]0[36]0[4 5] 

T, [I 4]0[2 3]015 6] 

T, [I 6 10[2 5Jol3 4J 

Notice that in the cycle factorization of dihedral group of D6 of order 12, for the 

• identity permutation i, all cycles are I-cycles, this shows that identity 

permutation fixes all elements. 

• Rotations p, and pi one 6-cycle occur since the rotations are about 60' and 

300' respectively. 

• Rotations p: and p: two 3-cycles occur since each of the rotations are about 

120' and 240' respect ively. 

• reflections T" T, and T, two I-cycles and two 2-cycles occur since each of these 

reflections is about a line joining two opposite comers of the hexagon and these 

comers are thus fixed . 
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• reflections T4:r, and T6 and for the rotation p~ three 2-cycles occur since the 

reflections are about the line joining the mid point of opposite sides and the 

rotation is about 180· 

The reflections in the corner symmetry group of a regu lar n-gon with 

• n-even behave similarly, that is half of them have two 1- cycle and half of 

them have two 2-cyc les 

• n-odd each refl ection has one I-cycle since each such reflection is about a line 

joining a corner to the mid point of the opposite sides and hence only the one 

. fi d d I ,, - 1 corner IS Ixe an a so each reflection has - 2-cycles 
2 

Let us examine the importance of cycle decomposition in counting inequivalent 

colorings using the following examples. 

Exam ple 4.2 : Let fbe the permutation of X = (I ,2, .. . ,7 ) defined by 

f = (1 2 3 4 5 6 7) 
327465 1 

The cycle factorization offis f = [137] 0 [2] 0 [4] 0 [5 6]. 

Suppose that we color the elements of X with the colors; red, white, blue, green 

and ye llow, and C be the set of all such colorings. How many colorings in Care 

left fixed by f? 

Solution: Let c be a coloring such that f* c = c. 

First consider the 3 cycle [I 3 7]. This 3 cycle moves the color of 

It03,3t07 ,7 tol 

Since the coloring c is fi xed by f, we see that color of I = color of 3 = color of 7 = 

color of I. This means that I, 3, and 7 have the same color and 5 and 6 also have 

the same color and no restriction placed on 2 and 4 since they belong to 1- cycle. 

Pick anyone of the five colors; red, whi te, blue green and yellow, for { I 3 7 } (5 
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choices) for {56} (5 choices), for { 2 } (5 choices) and for {4) (5 choices). Thus 

5' = 625 colorings are fixed by f. That is I c (!) I = 625 

Note that the exponent 4 in the answer is the number of cycles of f, in its cyc le 

factorization and the answer is independent of the sizes of the cyc les. 

Theorem 4:1 Let f be a permutation of a set X. Suppose we have k colors 

available with which to color the elements ofX. Let C be the set of 

all colorings of X. then the number I C (f) I of colorings ofC that 

are fixed by f equals k" where #f is the number of cycles in the 

cycle factori zation of a permutation f. 

Proof: Let c is in C such that c is fixed by f. 

Let f = [ i, i, .. . ip 1 0 [j, j, ... jq 1 0 ... 0 [ In, In , ... m, 1 be the cycle 

factorization of f . 

Let k = the number of colors ava ilable to color. 

Since f fixes the coloring c 

Color of i, = color of i, = ... = color of ip 

Color ofj, = color ofj, = ... = color ofjq 

C I f lor ofm - = color afm, ooro In, = co ,- ... 

Pick anyone of the k colors 

F { " i } k choices or ' " I, ,"', p 

{ " j'} k choice j " j , , . . . , q 
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{ m" m" ... , m,} k choices 

Thus a total of k numbcrofc),ck s = k Nf colorings are fixed by f. 

Hence I e V} I = k" 

Example 4.3 : How many inequivalent ways are there to color the comers of a 

regular heptagon wi th the colors; red, white and blue? 

Solution : Let C = the set of all 3' = 2187 colorings of the comers of heptagon wi th 

colors; red, white and blue. The corner symmetry group of a regu lar 

heptagon is the dihedral group D,. For fin D" the followi ng table 

shows cycle factorization of f, #f and I ev)} I 

fi n D, Cycle factorization 

P: 1 tJOI2JOI3]014151016J o[7 J 

p, (I 23456 7J 

p; [t 3 5 7 2 4 6 tJ 

pi [1 4 7 3 6 2J 

P: [15263741 

pi [1 642 7 5 31 

P: [1 7 6 5 4 3 2] 

T, [1] 0 [2 7Jo[3 6Jo[451 

T, [2Jo[1 3Jo[47Jo[56J 

T, [3]0[ 1 5Jo[2 4Jo[6 7J 

r. [4 ]0 [1 7Jo[2 6]0[3 5J 

T, [5Jo(l2Jo[3 7]0[4 6J 

1'" [6Jo[1 4]0[2 3Jo[5 7J 

T, [7Jo[1 6Jo[2 5J o[3 4J 

1 
Hence N ( D, , C) = I D, L i e (f) I 

f '" I), 

= ~ [ 2187 + 6(3) + 7(8 1) ] 
14 

#f l eV }1 
7 3' - 2187 

31 = 3 

3 

3 

3 

3 

3 

4 3' ~ 81 

4 81 
4 81 
4 81 
4 81 
4 81 
4 81 
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= J..(2 187+ 18+567) 
14 

= J..(2772) 
14 

198 

Theorem 3:2 and Theorem 4: I gives as a method 10 compute the number of 

inequivalent colorings in the presence of a group G of permutations of a set X. 

This method requires that we be able to compute the cycle factorizat ion (or at least 

the number of cycles in the cycle factorization ) of each permutation in G. In order 

I to be able to compute the number of inequivalent colorings for more general selS C 

of colorings. we introduce a generating function for Ihe number of permutal ions in 

G whose cycle factorizations have the same number of cycles of each size. 

4.1 Generating function for number of permutation 

Let f be a permutation of X where X has n-elements. Suppose that the cycle 

factori zation of f has e, I-cycles. e, 2-cycle •... and e, n-cycles. Since each element 

of X occurs in exactly one cycle in the cycle factorizat ion of f. the numbers 

el,eZ," " en are non negative integers satisfying 

lei +2e2+" .+nen = n 

We call the n - tuple (e" e, • ...• e,) the type of the permutation fand write 

type(f) = (e" e, •. ..• e,) 

Note that the number of cycles in Ihe cycle factorization of f is 

#f =el +e2+,· ·+en. 

Di fferen t permutations may have the same type since the type of a permutation 

depends only on the size of the cycles in its cycle factorization and not on which 

elements are in which cycles. Since we now want to distinguish permutations on ly 
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by type, we introduce n - indeterminates Zit Z2 , ... , Zn where Zk is to correspond to 

a k-cycle (k =1, 2, ... , n). 

To each pennutation f with type(f) = (e" e" ... , eo), we associate the monomial 

off(cycle structure tenn). 

Definition: For fin G the monomial (cycle structure term) of f is a product of 

the variables Zi, with one copy of Zi for each cyc le of length i in f 

(including I-cycles). That is 

mon (f) = z~'z? ... z:· 

The total degree of mont!) is the number #f of cycles in the cycle factorization of f. 

Let G be a group of permutation of X, summing these monomials for each fin G 

we get the generating function for the number of pennutations. 

L monU) = L z;' z;· z;· ... z;- ------- - ------- -- ( I ) 
fm(; /".0 

If we combine like terms in (I), the coeffi cient of z;' z;· ... Z;- eqllals the number of 

permutations in G of type (e, • e, •.. .• eo) 

4_2 Cycle index and pattern inventory 

The cycle structure of permutations played an imporlant role in counting problems. 

Our goal in this section is to find the Cycle index and pattern inventory for the 

number of different ways to k-colors of a set X acted on by a group G. The cycle 

index polynomial Po ofa pennutation group G is the sum of the monomials (cycle 

structure terms) off in G. divided by the order of G: 

( )
_ 1 '" ~Irlr, r. 

Thus the cycle index Po z" z, •...• z" - -Il L... z, z, Z, ... z" 
G I II. (; 
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Definition: The pattern inventory of the k-colorings ofa set X acted on by a 

group G is the generating function for the number of inequivalent 

k-colorings of X. That is, the pattern inventory is a polynomial 

I(u" u" ... , Uk) (representing colors I to k) such that the coe fficie nt 

on U~l U;2 ... u~ is the number of colorings of X with PI clements of 

color UI, P2 elements of color U2, ... , Pk elements of color Uk etc. Note 

that each term must satisfy p, + p, + . .. + Pk = I X I. 
Example 4.4: Determine the cycle index of the dihedral group 0 6 

Solution : Using the cycle factorizat ion of each permutation in 0 6 on page IS, we 

give the type of each permutation and its associated monom ial in the 

table below. 

0 6 Cycle factorization *1 type monomial 

p,0 -i [1]0 [2]0[3]0[4]0[5]0[6] 6 (6,0,0,0,0,0) " , - -, 
p, [123456] I (0,0,0,0,0, 1) z, 

, 
[1 3 5]0[2 4 6] 2 (0,0,2,0,0,0) z: Pi 

pi [I 4]0[2 5Jo [3 6] 3 (0,3,0,0,0, 0) z' , 
, 

p, [I 53]0[246] 2 (0,0,2, 0,0,0) z' , 
p; [I 6 5 4 3 2] (0, 0,0,0,0,1) z, 

I; [1] 0[2 6]0 [3 5]0[4] 4 (2, 2,0,0,0,0) Z2 Z 2 , , 
[1 3]0[2]0[4 6]0 [5] 4 (2,2,0,0,0,0) , " T ZI - 1 , 

T, [15] 0[2 4] 0[3]0[6] 4 (2, 2,0,0,0,0) ,. 2 .,. 2 
- 1 - 2 

T, [I 2]0[36]0[45] 3 (0,3, 0,0,0,0) " -, 
T, [1 4]0[2 3]0 [5 6] 3 (0,3,0,0,0,0) z; 

[16]0 [2 5]0[34] - (0,3,0,0, 0.0) z' 
T, > , 

The cycle index of 0 6 = P" ( z" z" z" ZI. z,. Z. ) 
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We can now detennine the number of inequivalent colorings among a ll the 

colorings of a set X using a specified set of colors provided we know the cycle 

index of the group G ofpennutations ofX. 

Theo rem 4:2: let X be a set of n - elements and suppose we have a set of k colors 

available with which to color the elements of X. Let C be the set of 

all k' colorings ofX. Let G be a group of permutations of X. Then 

the number of inequ ivalent colorings is the number. 

N (G , C) = Po (k, k, ... , k) obtained by substituting 

Z; = k (i = 1,2, ... , n) in the cycle index ofG. 

Proof:- The cycle index of G is the average of the sum of the monomials 

associated with the pennutation fin G. That is 

I 
Po (z"z" .. . ,z,,) = I G I LA z;' ... z;· 

By Theorem 4: I , the number of colorings in C which are fi xed by f equals 

k" = 

where (e" e" ... , e,) = type(f) 

By theorem 3:2 , the number of inequivalent colorings is 

I 
N(G,C) = fGl L k" k" .. . k" 

f '" (; 

= PO< k, k, . . . , k) 

Exa mple 4.5: What is the number of inequivalent ways to color the comers of 

a regular hexagon if we are given a set ofk colors. 
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Solution: The cycle index of the dihedral group D6 is 

By theorem 4 : 2, the number of inequi valent colorings 

~ (k k k k k k ) = k' + 4k' + 2k' + 3k' +2 k 
/). "" , 

12 

If k = 2, P (222 2 22) = 2'+ 4.2' + 2.2' + 3 .2" +2.2 = 13 
D6 ", , 12 

If k = 6 , P (666 666) = 6' + 4.6' + 2.6' + 3 .6' + 2.6 - 429 1 
/). " ',' 12 -

The formula in Theorem 4:2 gives a satisfactory way to count the number of 

inequivalent colorings in C provided C is the set of all colorings possible with k 

g iven colors. However the formula requires one to know the number of 

permutations of each type in the group G of permutations, and so can be difficult to 

apply. But it is as simple as one could expect given the fact that G can be any 

permutation group on the set X of objects being colored. 

In Theorem 3:2 the only restrict ion on C is that G acts as a permutation group on 

C, that is, each permutation fin G takes a coloring c of C to another coloring f ' c 

of C. Under these more general circumstances we have same formal way to 

determine the inequivalent colorings, and we show how the cycle index of G can 

be used to determine the number of inequivalent colorings where the number of 

times each color is used is specified. 

Let C be the set of all colorings of X in which the number of elements in X of each 

co lor have been specified. For each permutation f of X and each coloring c in 

C, the number of times a particular color appears in C is the same as the 

number of times that color appears in f * c. 

Put another way, permut ing the objects in X along with their colors doesn' t change 

the number of colors of each kind. 
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This means that any group G of permutations of X acts as a permutation group on 

such a set of colorings C. 

Exa mple 4.6: How many inequivalent colorings are there for the corners of a 

regular 6-gon in which four corners are colored red and two are colored 

blue? 

Solution : Let C be the set of all colorings of the corners ofa 6-gon with four 

corners colored red and two colored blue. 

=> the number of colorings in C = C(6,4) = C(6,2) = 15 . 

The cycle factorization of each permutation in G along with the number of 

colorings in C fixed by the permutation in D, is given by 

D, cycle factorization Number of fixed colorings 

P: [1 ] 0 [2] 0 [3] 0 [4] 0 151 0 16] 15 

p, [1 2 3 4 5 6] 0 
, 

[1 3 5]0 [2 4 6] 0 Pi 
P; [1 4]0[2 5]0[3 6] 3 
, 

p, [15 3]0[2 4 6] 0 

P; [1 6 5 4 3 2] 0 

T [1] 0[26]0[35] 0[4] 3 , 
T [13]0[2]0[46]0[5] 3 , 
T, [1 5]0 [24] 0[3]0[6 ] 3 

T [12] 0[3 6] 014 5] 3 ., 
r, [1 4]0[23] 0[56] 3 

T" [16 ]0[25] 0[34] 3 

The reason that none of the rotations di fferent from the ident ity and P; fi xes any 

I
· . th t ' and n' to fix a coloring all colors in the coloring must be co onng IS a lor P 6 "-6 ' 

the same (and so we don't have four red and two blue colors as specified). For P; 
and p; to fix a coloring, three of the colors in the coloring must be the same (and 
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we don' t have four red and two blue colors as specified). Each reOection fi xes 

three colorings in C. This is because for the 6-gon, three of the reOections have 

type (2,2,0,0.0 ) and the other three reOections have type (0,3,0,0,0,0). In order to 

have two blue comers in a fixed coloring, we must color blue the corners in one of 

the two 2-cycles or two of I-cycles for those wi th type (2,2,0,0,0,0) and we must 

color blue in one of the three 2-cycles for those with type (0,3,0,0,0,0) in the 

factorization. Thus by Theorem 3:2 

N(G D) = 15 + 7(3) = 3 
, 6 12 

In order to apply Burnside's Theorem to determine the number of inequivalent 

colorings when the number of occurrences of each color is specified, we must be 

able to determine the number of such colorings fi xed by a permutation 

Let f be a permutation of the set X and suppose that 

Type (f) = (e" e" ... , e, ) and 

Man( f) = z~' z;! ... z:" 

Thus fhas e, I-cycles, e, 2-cycles, ... , e, n-cycle in the cycle factorization. 

Suppose we have only two colors red and blue, Let Cp . q denotes, the set of all 

colorings of X with p element colored red and q = n - p elements colored blue. A 

coloring in C
p
•
q 

is fixed by f if and only if fo r each cycle in the cycle 

factorization of f all elements have the same color. 

Thus to determine the number of colorings in Cp.q fi xed by f, we can think of 

assigning colors to a cycle in such a way that the number of elements that get 

assigned the color red is p (and hence the number assigned the color blue is 

q = n - p). 

Suppose that t, of the I-cycles get assigned red, t, of the 2-cycles get red, ... and t, 

of the n-cycles get red, we have 

P = t,l + t, 2 + ... + t, n 
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Hence the number Ie ,., (f) I of colorings in Cp.q which are fixed by f equa ls the 

number of the solutions of 

P = t l 1 + t2 2 + ... +to n in integers t1 .12" .. ,to satisfying 0:5 tj ::: Cj ( i =1 p '" n) 

Now consider the color red as a variable r and the color blue as a variable b which 

we can manipulate algebraically in the usual way. Then the number of solution of 

P = t, I + t2 2 + ... + t, n , satisfying O:s t;:S e; ( i = 1,2, ... , n ) is the coefficient 

of r" bq in the expansion of 

(r+b),' (r ' +b')" (r' +b'),' ... (r" +b")" obtained by making the substitutions 

ZI = r +b, Z2 = r2 + b2
, .. " Zn = rn + bn in the monomial off 

Thus the two variables: 

cycle index is Pd r + b, r2 + b2, ... r' + b') and 

Generating function is L (r+b),' +(r' +b' l" ... (r" +b"l" 

Hence the number of inequivalent colorings in Cp.q equals the coefficient of r' b' in 

the expansion 

P ( b 2 b2 ' +b') - I G r+ , r + , ... , r - iGl L (r + b)" + (r ' + b'l" ... (r " + b"l" 

4.3. P6lya's Theorem 

The next theorem commonly called P6lya's Theorem generali zes the way how we 

determ ine the number of inequ ivalent colorings for k number of colors. The 

motivation, derivation and appl ication of the theorem has been the primary purpose 

of thi s seminar report. 
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T heorem 4:3 (Poly.·s T heorem) 

Let X be . set of elements. Let G be a group of permutation ofX. 

Let (u"u" ... Uk) be a set ofk colors and let C be any set of 

colorings of X with the propeny that G acts as a permutation group 

on C, then the generating function for the number of inequivalent 

colorings ofC according to the number of colors of each kind is the 

expressIOn 

?G(U1 +U2 + ... +Uk '/(12 +ui + ... +u; •...• u~ + II ; + ... +11; ) -- --------------(1) 

obtained from the cycle index Po (z" z" ... Zk ) by making the 

substitution zJ = ui + ut + '" + ut) (j = 1,2,3, ... , n) 

In other words the coefficient of in ( I) equals the number of 

inequivalent colorings in C with p, elements of X colored u, (i = 1.2 ..... k) 

Substituting u, = I for i = 1,2, ... ,k in (I) we get the sum of its coefficients and 

hence the total number of inequivalent colorings of X with k available colors. 

Since the substitution yields Po (k. k ..... k) it fo llows that Theorem 4:3 (P6Iya's 

Theorem) is a refinement of Theorem 4:2. Theorem 4:3 contains more detailed 

information than Theorem 4:2 which coincides wi th Theorem 4:2 if each u, is 

replaced with I 

Exa mple 4.7: Determine the generating funct ion for inequivalent coloring of 

the comers of a rectangle which is not a square with k colors. 

Solution: The comer symmetry group Gc of a rectangle contains, the identity, a 

rotation p by 180' about the center of the rectangle and two reflections 

T. andT aboutthe lines J'oining the midpoints of opposite sides. That is, , , 
Gc= {i,p,~ , T, } 

If we label the corners ofa rectangle by 1, 2, 3 and 4, then the cycle factori zation, 

the types and the monomials of the permutations in Gc can be given as follows 
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f in Gc cycle factorization lype monomial 

[1 ]0[2]0[3]0 [4 ] (4,0,0,0) • , -, 
P [I 3]0[2 4] (0,2,0,0) -' " 
7; (J 2]0[3 4J (0,2,0,0) " -, 
T, (J 4]0[2 3] (0,2,0,0) -' -, 

Generating function for number of permutati ons = 

Generating function with k colors is .t, ( k' + 3k' ) 
4 

Cycle index p(z"z,.z, .,,) = .t, ( z: + 3 z; ) 
4 

Hence there are ±(k' + 3k' ) different ways to colorthe comers ofa rectangle with 

k colors. 

Suppose we have two colors; red r and blue b 

Generating function for two colorings = .t, (r + b)' + 3(r' + b' )' 
4 

Thus there are 

= r' + r' b + 3r' b' + rb' + b' (pattern 

Inventory) 

one inequivalent coloring with all red 

• one inequivalent coloring wi th all blue 

• one inequivalent coloring with 3 corners red and I corner blue 

• one inequivalent coloring with 3 corners blue and I corner red 

three inequivalent colorings with 2 corners red and 2 corners blue 

The total number of inequivalent colorings, the sum of the coeffi cient is 7 
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Example 4.8: Benzene is a chemical wi th the fo rmul a CoHo. The six carbon atoms 

are arranged in a ring and ali are equivalent. How many possible 

structures are there if2-Chlorine and 2-Bromines are added to make 

C, H,CI,Br, 

Solution: The problem is similar to that of coloring the comers of a regular 

hexagon since the carbon atoms form a regular hexagon shape. 

The index ?'" of 0 6 is given by 

Determine the coefficient of h' c' b' in 

.!... [( h + c + b l' + 3(h + c + b)' (h' + c' + b' )' + 4(h' + c' + b' )J 
12 

+2( hJ + cJ +bJ )' + 2( h' + c' +b' ) 1 
Thus coefficient of h' c' b' in :-

• ( h + c + b l' IS 
6! 

2! 2! 2! 
= 6x5x3 = 90 

• 3(h + c + b)' (h' + c' + b')' = 

3 2! 
(2 !0'0! 

2! 

o ! I ! I ! 
2! 2! 

+ 
O! 2! O! I! O! 1 ! 

3 ' 
• 4(h' + c' + b')J = 4 ( I! I ; I ! ) = 24 

• 2( hJ + cJ +bJ )' = 0 

• 2( h' + c' +b6
) = 0 

+ 
2! 

DrOl2! 

ffi · fh"b'-Therefore cae IClent a c - .!... ( 90 + 18 + 24) = II 
12 

Hence there are II possible structures. 

2! ) = 18 
I! I ! O! 
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Exa mple 4.9: Let n be a prime number then each of ' "-, . I P~ . p~, .. .p,. IS an n eye c. 

Proof: If p; (i = 1,2, .. . ,n-I) contains m cycles then by symmetry the cycle 

factori zation of p; contains on ly m cycles. 

~ m is the factor of n 

~ m = I or m = n since n is prime 

~ m = n otherwise p~ is identity fo r all i = 1,2, ... ,n-1 

~ p; is an n-cycle. 

Hence each of p", p;, .. .p;-' is an n-cyc le. 

4:5 Beads on a Necklace 

Count the number of ways to arrange beads on a necklace, where there are k­

different colors of beads and n-total beads arranged on the necklace. With a 

necklace, we can obviously rotate it around, so if we label the beads in order as 

a, b, c, d then for a tiny necklace with only four beads, the pallern "red, red, 

blue, blue" is clearly the same as !Ired, blue, blue, red", etc. also, since the 

necklace is just made of beads, we can tum it over, so i f there were four colors, 

although we can' t rotate "red, green, yellow, blue" into "blue, yellow, green, 

red", we can fl ip over the necklace and make those two colorings identical. Let 

us solve this problem in the special case where k = 2 and n = 4, that is with 4 

beads and 2 colors, red and blue. These are rrrr, bbbb, bbrr, brbr, mb, bbbr, a 

total of 6 solutions. 

Now let us apply P6lya's method 

I f the bead position are calied a, b, c and d, here are the permutations that map 

the necklace in to itself (a)(b)(c)(d), (adcb) , (ac) (bd) , (abcd) , (ad)(bc) , 

(ac)(b)(d), (ab)(cd) and (bd)(a)(c). 
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We can write down the cycle index: P = ~ ( z' + 2 z + 3 . ' + ? . ' . ) 8 I 4 - 2 - - I - 2 

Since there are two colors; red ad blue. substitute as before 

P = i [ ( r +b )' + 2 ( r + b )' ( r' +b' ) + 3 (r' +b' )' + 2 ( r' + b' ) ] 

= r4 + r3 b + 2 r' b' + r b3 + b' 

The sum of the coefficients is 6 implies these are 6 ways to arrange the beads. 

Clearly with a small numbers of beads and colors. it is probably easier just to do a 

brute-force enumeration. But if the number of beads or colors gets large. P6lya's 

method become more and more attractive. 

Let n be a prime number. consider a necklace that can be made from beads of k 

different colors. 

Since we have n beads and k colors we have k" ways to color all the beads. If we 

rotate the necklace we have ;, P ... p;, ... , p;-I and if we tum it over, we get 

7; . T, •...• T" permutations that map the necklace in to it sel f 

The number of colorings fixed by the identity is 1 C(i) 1 = k· 

Since n is prime each of p; (i = I. 2 •.. .• n-I) is an n-cycle then the number of 

colorings fixed by each p; (i = 1.2 •... • n- I) are equal. That is 

I C(P. ) I = I C(p;1 = = I c(p;-')I = k 

11 - 1 
Since n is prime each of T,. i = 1.2 •.. .. n has one I-cycle and '"2 2-cycles 

If-I ".1 
1· - T 

=> 1 C{7;) 1 = 1 C(7;)1 = . = 1 C{T,,) 1 = k ' =k 

Therefore number of di fferent necklaces is equal to -2
1 L:I C([) I· That is 
n I 

_I L:I C([) 1 
2n I 

.. , 
= ..!. [ k· + (n- I)k + n{kT ) ] 

2n 
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For example, look at a necklace with 17 beads in it. Using the above formula for 

n ~ 17 will show that the cycle index polynomial we need is 

p = Ii' + 16 zn + 17 ZI z~ 
34 

Let us try to solve this with 4 colors; red r, blue b, ye llow y and green g, of beads 

to obtain 

p (r +h + y + g)" + 16(r 17 +b 11 + y l7 + gl7) + 17 (r +b + y + g)(,. 2 +b2 + y 2 + gl ) • 

34 

Substituting r ~ b ~ y ~ g ~ I yields 505421344 solutions. 

If we have a really strong stomach, we can multipl y out the expression for p and 

get the breakdown for various color combinations. 

To illustrate wi th our example above to count the number of necklaces with 2 red, 

4 blue, 3 yellow and 8 green beads, we simply look for coefficients of terms like 

r' b'y'g'. 

Using the formu la for multinomial coefficients, the coefficient of r' b'/g' in : 

17 17 I 
( + b + +) - . - 30630600 

• r y g - 2141318 1 -

• 16(r" + b" + y" + gil) ~ 0 

• 
1 2 2 l8 81 ~ 14280 

17(r + b + Y +g)(r + b + Y + g ) ~ 17 I 1 2 1 I' 4 1 

30630600 + 14280 k h kl Therefore, there are = 901320 way to rna e suc nee ace. 
34 
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