L OD.

CHAOTIC BEHAVIOR OF DETERMINISTIC

e

SYSTEMS

A THESIS SUBMITTED IN PARTIAL EULFILLMENT FOR THE
REQUIREMENTS OF THE DEGREE MASTER OF SCIENCE
IN PHYSICS

IN ADDIS ABABA UNIVERSITY

By

LTsegaye Takele

e

June, 1989

Addis Ababa




ACKRNOWLESSGEMENY

P offer my deepest gratitude o my advisor G, ), faelen for his
consistent suparvision, limitless effor! and dedication in guiding the work,
His deep knowledge and rich experience in the field facilitated my progross
in the thesis work,

I am zlso very grateful to W/O Aeb Beloy for her halp in preparing

the technical part of the thesis.

Finaily, i‘gratefuliy acknowledge all those who gave me assistance

in the reatization of this work. oo ¥




CONTRNTS

INTRODUCTICN

1.

Experiments and Simple Models
1.1 Experiments lLeading to Deterministic Chaos

1.1.1 Periedically driven Pendulum
1.1.2 Benard Experiment

1.1.3 Belousov~Zhabotinsky Reaction
1.1.4 Henon-Heiles System

1.2 One-dimensgional Noninvertible Maps

1.3 Characterization of Chaotic Motion
1.3.1 Liapunov E#ponent
1.3.2 The invariant Measure
1.3.3 Correlation iFunction

Universal Proparties of Quadratic Mapsl
2.1 The Logistic Map
2.1.1 Mechanism of Peirod Doubiing (Plichferk Bifurcation)
2.1.2 Chaotic Region '
2.1,3 Power Spectrum
2.2 Experimental support for Feignbaum Route
2.2.1 Onset of Turbulence
2.2.2 Nonlinear RCL-Oscillator

The Intermittency Route to Chusos
3.1 Mecheniss for Intermitiency
3.1.1 Type-l Intermittency

3.2 Summary of the Measurable Properties of Intermlttency Routa

3.3 Experimental Evidence for Type-| Intermitiency Route
3.3.1 Benard Experim?nt '
3.3.2 Nonlinear RCL-—QscIHator
3.3.3 Belousov-Zhabotinsky Reaction

Page

5
ad

~ o, m oW

12

12
13
15

17
i8
20
27
28
29
29
32

34

" 3y

35
38
39
40
40
Wi




Tahie of Content Conid.

th.

AT
+

Strange Attractors in Dissipative Dynemical Systoms
4.1 Introduction and Definition of a Sirange Atiracior
4.1.1 Dissipative Flows
h.1.2 Dissipative Maps
4,2 Strange Attractors and the onset of Turbujence
4.2.1 Landau's Route to Chaos
4.2.2 Ruelle-Takens—Newhouse Route to Chaos
4.3 Experimental Evidence for Rueile-Takens-Newhouse
Route to Chaos
#4.3.1 Benard Experiment
4,3.2 Benard Instability
¥.3.3 Tavylor instability

4.4 Suwmary of Routes to Chaos

Chaos in Conservative Systems

5.1 Non-irtegrable Versus integrable Hamiltonian Mechanics

5.2 Properties of Integrable Systems _

5.3 Sensitive Dependence on initial Conditions and Random
Eehavior

5.4 Examples of Classical Chaos
Chaos in Nature Quiside Physics
Conclusion and impiicaitons

Reference

Page

43

56

58
58
61

63
65

68
69

71




ABSTRACT

We have censidercd nonlinear sysiems whose time dependence is
deterministic and presentad some representative physical sysiems which
display chaotic behavior. Simple model maps which can exhibit chaons shmilar
to the chaos vbserved in more complex systems are studied. Characterization
for ane dimensional maps whether they are chavtic or not are given guantitative-
ly. The three known prominent scenarios, and their accompaning experiments,
leading to chaos are analysed in some detall. 5Sirange atiraciors in dis-
sipative systems and their relevance to turbuience is caonsidered. The

appearance of chaos in conservative systems are shortly dealt, Finally,

chaos in different branches of science and its impiications are stated,
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Chaotic Behavicer of Deterministic Systems

introcduction

We oftien say 'given the initial condilions we know what a deicrministic
system will do far into the future'. Sm‘r;e people knew this was false in
the past (Poincare 1892), and we know it is false in the following sense:
given infinitesimaily different starting points, we often end up with widely
different outcomes. Almost all non-linear systems will exhibit such irregular

or chaotic behavior,

We wili consider systems whose time dependence is deterministic. That
is, there exists a format in the form of differential or differance eguations
to caiculale the behavior of the system from a given initial conditions.

Therefare, chaotic behavier in deterministic system refers to chaotic motion

which is generated by non linear sysitems whose dynamical law uniquely deter-

mine the time evolution of the siate of the system from a knowiedge of iis

previous history.

The observed chaollc behavior of these systems in fime is neither
due to external source of noise or to an infinite degrees of freedom nor
to the uncertainity associated with quantum mechanics. The actual source
of chaotic behavior is the property of the nonlinear system of separating
initially close irajectories exponentially fast in a bounded region of phase

r

space. :

Therefore, it becomes impossibie to predict the long time behavior
of these systems, because ih practice grie can only fix their initial conditions

with finite accuracy, and eriors increase exponentially fast. In order to




recdict for longar and lopder thnes one has W pol more aind more digits
2] !
on the inttsl conditivss of thase sysiems. Lorenz called this sensitive depend-
£

ence on indtial conditions (e ‘butierfiy effect’.

These results will confront us with questions such as: can one predict
whether or not a given system will display a deterministic chaos? What is
this impact on different branches of Physlcs? etc, There are some answers
to such type of questions. However, there are still more unscived than
solved problams in this field of deterministic chaos. Nevertheless, we will

iry to assess few questlons pertaining to thase deterministic systems.

Wa begin by prasenting typical experiments and modsls which display
deterministic chaos. Then we wili try to give malhematical characterization
of chaotic motion for one dimensional maps. We wiil consider diffarent routes

leading to chaotic motion in dissipative systems. Latter we will consider

chaos in conservative sysiems.

The most: recent route to chaos is the Feignbaum route, which is developed
from a consideration of simple difference equatéon. A second approach to
chaos is the intermitiency route which has been discovered by Mannevilie
and Pomeau (1979). A third possibility was founded by Ruelle Takens
and Newhouse (1978} Al these three routes to chaos are supported by

experiments.

Chaos in conservative systems is considered without mathematical proof.
Finally, the existance of cha_}.\S in different fields and its implications are

stated.




=i apa Siapic Models
bn this soction wo will pemaend sope siporioetls sod medels which
axtibit derersiniatic choss . Basced o Uun axpecinents we Wil vy o characiar-
ize chans qaualitatively.

1.1 Expertmenis fesdiay Yo determinisiic nhans

111 Perjodicaily deiven pandudum

, The equaiion of motion for periodically driven pendulum is
Wy
@ vy + g sind = F cos wi {1.1)

|
i
@
‘.
¢ OF
Fig. 1.1: Periodically

driven penduium
where v is the dampling constant, g is acceleration due to gravity w is fre-
guency of the driving force. If we make a change of variables, x =0,y =0
z = wt, we will obialn
X =y

v omeyy - g osin %X F f cos ¥

4= w (1.2)

The mass is normalized to unity, This equation is numerically integrated
for different sets of paramters {y,g,w F). It has been found that this
simpie sysiem appears io be chaotic when F, the amplitude of the driving
force exceeds a treshold value FC.{EJ,

o) AL oL

Fig., 1.2: ©versus t for regular and irregular motion
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I the Benard axperiment, o fheld laver 1% Lzatad from below in a

gravitational fieid.

E K - ) / /
s o T
T e 1;’ e m‘/f// Fé}“ T Y ‘-al/j‘é % /

THAT, L,:-; poin .!w..iq/ Al A

Fig. 1.3: Benard Experiment
The heated fluid at the bottom'wants"to rise, and the cold ét the top “wants®
to fall, but this motions are opposed by viscous forces. For small temperature
difference. AT, viscosity wins, the liquid remains at rest and heat is trans-
ported by uniform heat conduction. This state becomes unstable at a critical
value R'a of the Rayleigh number R, which is proportional to AT, and a
state of stati;unary convection rolls develops. If R increases a transition

to chaotic m:%iion ls observed after a second threshold RC. To measure experimentally
i i .
the chaotic phenomena seen in the experiment, we make use of the power

or frequency| specirum [1} of the velocity in the x-direction.

\ 2
pin) = |f(m)] , where f{w) is the Fourter transform of f(t).

From this exbression of ptu) it has been found that for periodic motion p)
consists of discrete lines, whereas chaotic motion is indicated by a broad
continuum in p} at low frequencies. This is clearly seen in Benard Experi-

mant.




e <> z frequency
Fig, 1.4: Power spect. um for regular (a) and irreqular motion {(b}).

To describe the Benard Experiment thsoretically, Lorenz fruncated
the complicated differential equation which describe this system and obitained

the following equation [2]:

¥ = OR +C Y
¥ o= FX - Y AL
i = RY

where ¢ and b arve dimensionless constants which characterize the system,
andr js the c:ontm-tf parameter which is proportional to A7T. X is proportionat
to the circulatory fluid flow velocity, Y charvecterizes the temperature difference
hetween ascending and descending fluld elements, and 2 is proporiional

to the deviation of the veriica!l tenperature profile from its equilibrium value.

A numiderical analysis of the above aquations, the Lorenz model, shows
that its variables can exhibit chaotic motion above a threshold value Yo it
should be neted that the lLorenz equations describe the Benard experiment
only in the immaidate vicinity of the transition from heat conduct;ion t¢ convec-
tionn rolls, for the spatial Fourier Coefficiants reiained by Lorenz only describe

simple roils




P ousav  Zhabotinsky eaciion
This i3 an examgple from chemisicy.  Previessty 1V an experimenteiist

obialned a chaoiic record in the study of chemical reactions, he would throw
away the record, saying ihat the experiment was unsuccessful,  Things,
fortunately, have changed and we now have several examples of non periodic

chemical reactions among them is Belousov-Zhabotinsky reaction.

The general equations for the concenirations i'c*.%l oi the reactants
in a system of chemical reactions are again a set of first-order, non-linear

differential equations:

)

N e
N
P T = !i"
gt - SR
S S oS , : ; T
where x = [L,I,(,zf",,fﬂd}, F s g nondinspr function of the é(,ij and » denotes
an exlernal control parameier. The variable in the Balousuv-Zhabotinsky
. ¢, . R . Y+ R . .
reaction is the conceniration C of the C & -lens, which is weasured via

the selective jight shsorpiion of thesz ions, The mean residence time of

the substance in the open reactor acts as an exiernal control parameter.

The transition to chaos in thiz systen is detested by the autocorrolation

function.
T . T
Clry = dim / di C(1) Clis, C = ClL) - Him T [ dt C(t) (1.4)
Trew 0 e 0

This function measures the correlation between subseguent signals. It
remains constant or oscillates for regular motion and decays rapidly if the

signal is chaotic.
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Fig. 1.5: Auto Correiaion Function

One can use also frequency spectrum to distinguish whether the above reaction

is choatic or not [3].

It

1.1.4 Henon-Heiles System

This is an example from classical mechanics which can exhibit chaos
or regular metion depending on the energy of the system which acls as an

external contrel parameter. Hs Hamiltonlan is given by

ay

'3) {1.5)

H = {-[pl2 + q12 + ;122 + qzl) + (q_!‘?qz -

which consists of an‘integrabie pair of harmonic oscillators coupled hv we-
integrable cubic terms. Its equationsof motion were first studied numerically
by Henon and Heiles (1968). Thoy used the Poincare map to distinguish between
chaotic and regular motion. They found that for high enough energies the
Poincare map for the Henon-Helles system become plan~fiiling which implies

the motion is chaotic. They plotted the points in which the trajectory in

phase space :?(,t) = [pl(,t),pz"(,t),q.l(t),qztt)) cuts the {pz,qzl plane.




where f{x) is a scalar funciton.  We only consicor the case i which the

itavatos of 0y}, that g, KXo T f{):g}‘ SO i’{i"{x‘)}}, aic., are bounded,
p < X < . Lot us consider e dollowing one-dimensicnal maps.

ajl F.i(xj = 3{1-2]x-3}), 0 Ca {1 (1.7a)

h} F?(x} = 2x mod 1 -{1.8)

c) F.{x}) = dbx(1-x), 0 < b <1 (1.9)

where a and b are constants, For 0 < a <1, 0 <k < 1 both F.i and
F3 map the interval 0 to 1 into itself. All the above functions are non-

= F(x_) for x

inverti ince given x : can X = .
i yitble, since g n+jr ONe ¢ not solve - 0 n

a) f—‘1 = a(1-2/x-%{). There are essentially two cases of interest,

g <adtand a1,

For 8 < a < ,%' ali iterates, X,s converges to zero. For ¥ < a < 1, the
situation is not simpie. For any initial X betwean 0 and 1, the sequence
after some iterations will be trapped in the interval 2a(1-a) < x < a through
which it will wander chaotically, Fig. 1.7a, To illustrate this, consider the
simple case a = 1 for which the chaotic interval becomes 0 < x < 1. in this
case we may consitder the map to represent two steps: 1) uniform stretching o

the interval € to 1 to twice ils original length, and (2) a folding in haif

of the streiched interval so that it now has its original length, Fig. 1.7c.
A

Xn+1 i n+l &

1 b 0 5

J Stretching

: Folding

1 b) Map of F, for a =1 ¢) Stretching and folding

T e 1 ok R e B e g

Fig.(1.7) a} Map of F

properties of F, for

a =1,




it

The stretching properiy ieads to exponential separation of nett By points
and hence, sensitive dependence on initial condivons. The folding oroperty
keeps the generated sequence bouncded, but also causes the p@ps to e non-
invertible, since it causes two different x  points to be mapg@d into one
X,4p POiNt {(#]. Fig. 1.8 iliustrates the stretching and foldir‘ﬁiAP'”“Perties

of F1 for a value of a less than one.

£ I 1d. a1 0 iy a 2a(l-a)

) W

%
[
f

i

i

.

2a{l-a} W&

al b} <)

Fig. 1.8" Map of F, for 3 < a < 1.
@) mapping of the interval 0 to 1
b) 0 to a,
¢) 2a(i-a) to a.
From Fig. 1.8b, we see that the interval 0 to 2a{i-a) is strechad but no

points are folded back on to it. Thus, any point in 0 < x < 2a{t-a) will

eventually leave that interval and never return. Thus the generated sequencie

Fz(x)f'e.
is eventually trapped in 2a(1-a) < x < a. 1 —
'
b) F,(x) = 2x mod 1. :
- [ - |
Xoeq = FpX) = 2x mod 1 i/ ] y
0 ) 1

Fig. 1.9: Fylx) = ‘2% mod 1
To one untutored in algorithmlc art of generatlng Pseudo random numbers,

forward iteration of the above first order difference equation appears guiteted Ly
determinate [5]. In order to invastigate the properties of this equation

let us use binary representation of Xy




(v L .
(o= 3 a2 " = {0,a804,. ..
YO ) CI ((,(1111233 )
n=i
where a  has the value zere or unity.  Then }‘-f.l = Fz(.\co) = (D,azaa...),

)(2 z l"z{xij = ({i,aaau...), elc. Thus the action of F2 on the binary
representation of X is to move the decimal point sequentially to the right,
gach time dropping the integer part to the left of the decimal point, Such

shifting property, Bernoulli shift, leads to the following points:

1. Sensitive dependence of the iterates of F, on the initial conditiohss .
ce Y wl = 1 : .

Choose X (O,a,laz...an] and X (0"?'132“‘an) which are very close to

each other and differ by their n+h digit a_ . After (n-1) iterations their

difference becomes amplified and their iterates F;q[xg} = (O,an) and

F;'"]{xio) = (0,4} ) already differ in the first digit,

2. If we aitach to an{xo} the symbol R or L. depending on whether the iterate
is contained in the right or left part of the interval, then we can find an
X, such that the seguence of iterates F?{xo) has the same random properties

as successive tosses of a coin.

3. 1t shows also the mechanism by which ergoedicitly emerges En' a deterministic
system. The image of an 'arbitrary' irrational number X (e, 11, F;{xo)
approach any chosen point x in the unit interal an infinite number of times.
That is the system bchaves ergodically, unless X, is not an element of a

set of measure zero.

Stretching and folding properties can also be demonstrated for this

map: if }(0 < 3, XO becomes stretched after each iteration by a facior of
n
2. But for n> n, with 2 0){0 2 1 folding takes place as shown in fig. 1.10,
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1o
f[’-wmé_mufui_ stireiching
5

T lding

Fig. 1.10: Stretching and folding property of Fz[x}

Thus from the above two examples and other similar maps we conclude that the
two basic ingredients for the generation of deterministic chaos are streiching

v

and backfolding property of the map. That is in order for a one dimensional

map to exhibit chaotic behavior, it must be non thvertible,

c) Fg[x) = 4bx(1-x), 0 < b < 1, [G],'{‘f],[ﬂ],... This m."sp has a
very rich behavior and some practical importance in explaining some dynamical
systems. 1t shows regular and chaotic motion for a certain range of b,
Before we procced to this map, we will characterize quantitatively whether

a given signal is chaotic or not,

1.3 Characterization of Chaotic Motion

We have three quantitative measures for chaotic motion which is generated
by one-dimensional maps [6]. These are the Liapunov exponent, Invariant

measure, and correlation funciion,

1.3.1 Liapunov Exponent

For a map Xn+1 = f[xn) which shows chaotic motion adjacent initial
points become sefnarated. The Liapunov exponent measures this exponential

separation. The Liapunov exponent, ,\[xol, is defined as:




% ) = il 1 { ¥ fr"‘{:{ 1/
4 0

N I ’! e e (1,10}

This can be iflustrated granhically as:

et After N L E A i

X X +E | N
f (xO) f (xoﬂs)

o To literations

As the timiéZsﬁ 0, N>« we obtain the correct expression for A (xo), as

in Eq. (1.10).

Example: Triangular map f(x) = a(1-2/x~4/), 0 <a {1 for a.=1

J‘n’rZ 2

i

X ; 2 pute chaog

¥ o4 e
T | N
s :
SN ) V.
:

A
E 1 n ;’:.,m h}
1 oa) Xn+7 = f"'{xn} b} generalization of {(a) to mitrations
of f(xn},

c) The Liapunov exponent for the triangular map as a
function of a in the vicinity of a = §,
The Liapunov exponent for the above map is A (xo) = {og 2 > 0, That is
initial points separate exponentially. For any value of a)x = In 2a. "If
a > %, we have chaotic motion; for a < §, no exponential separation of initial

points and hence no Chaos, Figl, i.12c.

1.3.2 The Invariant Measure

The invariant measure S’(x), determines the density of iterates of a
unimodular map

X = f(xﬂ), X € {0,871, n =0,1,2,... (1.11)

n+1




il

over the unit interval and is defined as

K
§0q = ’”” ’ﬁ g 6[x«fi(x0)}. (1.17)
i=0

This formal expression allows us to write "time averages’ over a function

g{x) as averages over the invarieant measure.

N
Hm 1 itm

1
o N2 S = e

M 2

. i- N
glf'(x )] = Jax §xatx)  (1.13)
0

0

0
it can he shown that S’(x) can be calculated from the following equation:
Sly) = J dx Sly-f(x}] €(x) (1.14)
0 .

The question wheather §{x) is unique, can only be answered by
looking to the solutions to (1.14} for special maps f(x). Let us consider

the triangular map for a = 1:

»
A
Peva.

F, {x) =

IR
12(“{)

in this case eqn, {1.14) becomes:

€(x) =4 95 + Q01 - %) (1.15)
which has the obvious normalised sofution §(x) =

This means that for the triangular map at a = 1 the chaotic sequence
of iterates X f(xo), fz(xo),... uniformly covers the interval [0,1], and

the system is ergodic.




i.3.3 Corvelation Funciion,

The correlation function Cim} for a map

- o S ™ - 1 ¥ = ]
Xnﬂ f[.h_ﬂ} AN 10,11, n 0,.1,2,...

is defined by

% % (1.16)

INTIRES

It tells us, how much the deviations of the iterates from their average
) know about each

g -
x. - %, that are m sieps apart {xi and Xiem

]
value, X =
other, on the average.

If the invariant measureg(x) for a given map f{x) is known, C(m)

can be written in the following form.

1 1

’ 2
Clm) =/ dx §(x)x f7{x) - [/ dx €(x)x] (1.18)
0 0
If we apply this equation for the triangular map, a = 1, one can show that
1 1 ) -
C{m) = f dx x F']"(x) - {5 dx x}
.-0 1k 0 -
1 r
F 3
= ;dyy Fy+h) + 4 s dy FT(y+d) - ¢
-3 ' -1
- 1.5
T 12 6m,c'.r (1.20)

C{m) is deita-correlated.
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To6 summarize, we have found for a general one dimensional map that
a sequence xo,f[}(O)(.‘,,fn(xO}... can be characterized (a) by a Liapunov
exponent which tells us how adjacent points become separated under the
action of f; (b} by the invariant density which serves as a measure of
how the iterates become distributed over the unit interval; (c} by the
correlation function C(m) which measures the correlations bet\;ieen iterates

that are m steps apart,




2. \Universal Pronerties of Quudratic Maps
! f

Seme very simple schemes which oroduce cheos behave identically to
some of the chaotic aspecis of natural phencmensa. We have noaw convincing
evidence that the problem of how a fluid changes over from smooth to turbulent
fiow can be soived through its reiation to the hehavior of simple quadrétic
map under this chapter. Other nestural problems that can be treated in
the same way are the behavior of population from genesration to generation

and the noisness of a large variety of mechanical, electrical and chemical

oscillators [1],{71,18].

The feature comimmon to these phenomena is that, as some external par'a-
meter is varied, the behavior of the system changes from simple to erratic.
More specifically, for some range of the parameter values, the system exhibits
an orderly periodic behavior; say with period T. Beyond this range it needs
a period of 2T to repeat itself. For the next range of the parameter it
required 4T to reproduce itseif., This process of successivie periocd doubling
recurs continually untii, at a certain value of the parameter, it has doubled
ad infinitum, so ithat the behavior is no longer periodic. Period doubling
is then a characieristic route for a system to follow as it changes over from
simple periodic to complex aperiodic motion., In the fimit of aperiodiq behavior,
there is a unique and hence universa! solution common to all systems under-
going perigd doubling: 'The sequence

bt 7 Py

b ~ b

42 N+ . wherg bn is the value of ihe parameter at which its

period doubles for the nth time will reach a special value, the irrational

17
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number, & = #.6865.,, [7]. Delta, § , seems o bhe & naturai constant. This
number, Feigenbaum's constart, s as characteristic for the pericd doubling
scenario as the number ¢ for the geomeiry of & oircle 18F, Tnis definite
number inust apgear as ¢ naturai rate in Oscillators, populations, fluids,
and all systems undergoing a peiod doubling route. Therefore, it is suf-
ficient to study the simplest system exhibiting this phenomena to comprehend

the general complex one,

2.1 The Logistic Map

In this section we study. the logistic map

Xnﬂ =4 b xn“HXH)' }(nf-: [0,il, n=0,1,2,... {2.1)

LN
FCSEA

Fig. 2.1 A quadratic map on the unit interval

As found by different people and Feignbaum (1878), the iterates
Koo XqeXgreoo of Ean (2.1} dispiay, as a function of the external parameter
b, a rather complicaied behavior which becomes chaotic at large b's,

|

Fig. 2.2,




e
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Fig. 2.2: Liapunov exponent for the logistic map

One has to note that chaotic behavior is not tiéd to the special form
of the logistic map. Feignbaum bhas shown that the route to éﬁaos which
is found in the Logistic map, "the Feignbaum route" [10], occurs (with
certain restrictions) "in all first order difference equations )(n+1 = f(xn)
in which f(x_) has only a single maximum in the unit interval 0 { x_ < 1.
Because the conditions for the appearance of the Feigenbeum route are
rather weak this route has been observed experimentally in many nonlinear

systems.

Let us now make a direct onslought against equation (2.1) to see
what it possesses. We want to know the pehavior of the system after many
iterations. As you can guess, higher iterates of f rapidly becomes very
complicated. One way this complication can be prevented is to have the
first iterate of X, bgz precisely x itself. Such a self reproducing point.
is called a fixed point of f. The sequence of iterates is then XgrXgrXgreee

so that the behavior is static or if viewd as periodic, it has period 1.

-




20

Thus the fixed points, for i) = 4bx{1-x) are x=0 and

1
T
X "-'?}b )

2.1.1 Mechanism of Peirod Doubling (Pitchfork Bifurcation)

The Pitchfork bifurcation provides the mechanisms by which successive
fixed points doubles [6},[71,18]. 7o understand this mechanism we must
state a condition for a fixed point o be stable or unstable to small pert urba-
ions. Let X be a‘ fixed point, x = F(x}, and consider a perturbation from

it, x = x +<Sn. From Xog © f[xn), ¥ + 9

n = F(x+6n). For Gn small,

n+1

we can use Taylor's expansion for F(;{-H'Sn)
F(:'aan) = F(x) + FY{X¥ . X + FI{X) $.0r
from which we obtain

5 .
+ — -
2, (2.2)
n .
Thus if] F'(x)} > 1; images under F of points near x successively move
further away from it, and X is unstable. For| F'(%) | < 1, points near x

converge to it, and X is stable.

Now we must ask for what values of b are the fixed points attracting? {«, ¢} .1}

ff(x) = ub[iu?.x)’ sI; that it's value at x = 0, x¥ = 1 - ﬁ-L , are

f1{0) = 4b, and f'(x*) = 2-4b. We can show that for 0 < b < 1, only
x = 0 is stable, atb = II;‘ , f(x*) =1, For %-'( b < % , X = 0 is unstable
and X* is stable, while at b = 3 , (x*) = -1 and x* also become unstable.

I
3 the eveniual behavior is known. See Fig. 2.3.

Thus, for 0 < b < i
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Fig. 2.3: lterates of X4 for b = 0.5

What happens ito the system when b is in the range g—( b <1,
where there are no attracting (stable) fixed points? We will see that as
b increases slightly beyond b = %—, f undergoes period doubling, That is
instead of having a stable cycle of period 1 cqrresponding to one fixed poiqt,
the system has a stable cycle of period 2; that is the cycle contains two
points. .‘Sincn'this two points are fixed points of the function 2 and since
stability is determined by the siop of a function at its fixed points, we must
now focus on f*. First we examine agraph of ‘fz at b jusi below % Fig

2.4a and b show f and f*, respectively, at b = 0.7,
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Fig. i.li b = 0.7. x* is the stabie fixed point.

To understand, Fig. 2.%b, observe first that, since f is symmetric
about its maximum at x = 3§, 2 is also' symmetric about its maximum at
x = 4. Also, f! must have a fixed point whenever { does becaues the second
iterate of a fixed point is still that fixed point. Tho main ingredient that
determines the period - doubling behavior of § as b increases is the relat~
ionship of the slop of f? to the slop of f. This reiationship is a consequence

of the chain rule, it can easily be shown that

a% lexo] = f'(xo} f'ixi) {(2.3)

where Xy = f{xo), similarly

T = x) PUx) e P ) (2.4)

£

A simple result that determines period doubling. If we start at a fixed

point of f and apply Eq. (2.3) to X, = x*, so that x; = x¥*, then
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, l'
Fre(xx) = B{x*y | fi(x*) = !f‘(X‘*‘}ig (2.5)

Since at o = 0.7, Ef‘(x){ < 1, it follows Trom the above equation (2.5)
I 13

that 0 < 7290z} < 1.

3

fo turn to Fig. 2.4, as b — 7 and the maximum value of  increasses to i

fx*)—
-} anel (% * )1, s0 that 7 mmust develop two new fixed points beyond thpse
of f; that is, 2 wiil cross y = x at two more peints. This transition is

depicited in Fig. 2.5 a and b for f and 2, respectively, ait b = 0.75, and

. }/‘

b /s

. Ee. et e

% *
X X
2

y _ e L 1 .
Fig. 2.5: fand f2 for b = 0.75 Fig. 2.6: f and f: for b = 0.785
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similarly in Fig. 2.9 a and o at b = 0,725, Since }:?’ and x;, the new fixed

points of ¢, are not fixed points of #, it must be that T sends one into
the oiber:
x]"‘ F(x?*) and x, ¥ = f{,x_lf"}. {2.6)

values of x which recur every second iteration, in series x]"‘,xz* xiﬁ,'}tz*,...

are fixed points of 2. Such a pair of points, termed a 2-cycle or an attractor
of period 2 is depiciied by the limiting unwinding circulating square in Fig.

2.6 a,

Thus, we have observed for the quadratic map the first period doubl-

ling as the parameter b has increased.

As b is increased further, the minimum at x = } wil drop,é as the
slope of 72 through the fixed point of f increases. At some value of b,
denoted by b', x = } will becoms a fixed point of f?. Figures 2.7 a and

b depicit the situation that occurs at b = b',

As we increase b further, the minimum drops still lower, so that both
x1* and x,z'-" have negative slopas. At some paramter value denoted by b,
the slope at both x‘.[* and x,* become equal to -1, Thus the same situation
has deveioped for 2 as daveloped for f at by = % This transition case is
depicited in Figs. 2.8 a and b. Accordingly, just as the fixed pointl.of f
at bl issued into being a 2-cycle, so too does each fixed point of f* at
b, create a 2-cycle, which In turn is a 4-cycle of f. That is, when Xy,
xz"‘ cycle looses stability, a stable four-point periodic cycle simultaneously
apears, i.e., y1‘*,y2*,y3*,yh*,y]*,y;,... see Fig. 2.10. Thus, we have
now met the second perlod anublingt Fig. 2.8 shows this situation for {-

and f?, respectiveily.
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When b increases further, the maximum of fq at x = } now moves up, developing

a fixed point with negative slope. Finally, at b3 when the slope of this
fixed point is again -1, each fixed point will split into a pair qiving rise

to 8 cycle, which is now stable, stc. see Fig. 2.9
) “
ot

continues a;kl infinitium uptoe a certain value of b, b_

- This period doubling

*
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iteration of the map f for four and eight cycies

The band of b values over which a given 2n=p0mt cycle is stable de
geometrically with n, so thest

br1-i~‘i i br:
4 ""b :’5‘"“"‘—‘ ;_"\"'-) 8§ = ,6G69201, (207)
" 2 n+1 e
where b_ is the value of b at the point where the P.ﬂ-xpain‘t cycle bifurcate:
{or looses stability) to & 2t +

-point cycle 17].
meter convergence is universal

’ 4 &
i el i

A. o

b > 8 = B.6692.,.

i+

s
for i large.

in cther words the paya-

Hg. Z. ‘10
In addition, the distance d_ of the point in a
closest to x =

4N

~¢ycle which are
have constant ratios

n_

= o~ 0 forr n >> 1.
dn+:'i

(2.8)

That is the relative scale of successive branch splittings is univrsal
See Fig. 2.17,
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The constants o and &, the Feigenbaum constants, have the values {7]:

8

[

4.6692016091. ..

W

0 2.5029078750. .. . (2.9)

2.1.2  Chaetic region, b < b {1

in the chaotic region, b, < b < 1, where the Liapunov exponent,
is mostely positive indicates chaotic behavior. The chaotic regidn is inter-
rupted by b;sazi:'ide%vs with A < 0 where the sequance { fg(xoj} is again
periodic. ‘Tisis regiors has the following behavior 16]. {See ' Schuster, H.G;

"Neterministic chaos®].

a) The chaotic intervals move together by inverse bifurcations until
the iterates become distributed over the whole interval [0,1] at
b=1.

b} The b-windows are characterized by periodic p-cycles (p .-“- 3,5,6,...)
with successive bifurcations p,p.2',p.2? etc. The correseponding

LY
b-values scaie like egn, {2.7) with the same § .

¢} In addition, period triplings p.3" and guadruplings p.u” etc.
occur with different Feigenbaum constants§, which are again

univearsal.




2.1.3 Power Spectrum

We have stated ihai the physical significance of the scaling number o
is that it sets the scale of trajectory splitting. But "this is not good enough
to make connection with experiments; the theory describes the splitting of
the phase space trajectories, while experiementalisis usually measure the
power spectrum. Feignbaum has given a nice prediction of how the power

spectrum evoives as a function of the parameter, Fig. 2,12 {10].

fogamp ™

-50 g.fli | I j %
0

.6 o8 .0 frequency

Fig. 2.12: Numerical predictions of the power 5;§ectrum

4
At. sach successive bifurcation a new frequency is born, and each

subharmonic lies below the preceeding level by 8.17dB. The full details
of this power spectrum however, cannot be observed experimentally because
there will always be some external noise, This noise washes out the fine

structure of the power spectruin.

We summarize the main finger prints of this route as follows:
1. There exists an infinite cascade of period doublings which lead
S L h
to subharmonics in the power spectrumm at frequencies 2 fo where

fo is the basic frequency.




2. fach subharmonic Has below the greceeding isvel Dy g factor

of G,1525 {=4.%74B).
3. The controll paramaior b soales oy subsedqoent subhamaonics n ‘
1

URE bﬂ - i}co (‘,‘é

b, External noise destrovs th

©]

fine struciure of the power spectrum.
5. The Poincare map of the system is cne dimengional and shows a

single quadratic maximum,

Let us add as a caveat that not ail quadratic maps of the unit interval
into itself display an infinite sequence of pitcn fork bifurcations, but only

those which have a negative Schwarzian derivative [6].

2.2 Experimental Sunport for Feigenbaum Route

This route to chaos is exiremely well tesied on numerical and physical
grounds. The period doublinus have by now been observed in most current
low dimensional _dynafnicat systems. Experiment with iiquid helium have con-
firmed the predictions. In this section we will present a turbulence experiment

and RCL-Osciliator.

2,2.1 Onset of Turbulence

ui
We start by describing schematicaily the experiment of Lichaber and

Maurer, 1980 on the Benard cell. In this type of experiment a liqud contained
in a small box is heéted from the bottom Fig. 2.13a. The main points are

(1) there is a controllabie parameter, the Rayleigh number. {2) the system

is dissipative. Whenever thc Rayleigh number is increased, one waits for

the transients io die out,
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Fig. 2.13: Experiment of Lichober and Maurer, schematic description.

For small temperature differences there is & heat flow across the wall,

but the liquid is static. At a critical temperature a convectlive fiow sets

The hot liguid rises in the middie,

3
and two convective rolls appear,

in. and the cold figuid flows down at

the sides, Fig 2.13a_ .

As the temperature difference is increased further, a wave starts

running along the roli. From this roll the position and the sidways velocity

of the ridge can be measured with thermometer: one observes a sinusoidal,

2.13 & and ¢.- The periodicity of this instability suggests two other

Fig,

ways of displaying the measurement; Phase space-sidways speed of the

+

ridge, % versus position of the ridge, x and frequency spectrum - Amplitude,

Amp, Versus frequency, f as in {(d} and {e) {11}].

Now, as the temperature difference is increased further we will observe

Fig {2.13e). A new wave has appeared at half the original frequency. The

trajectory closes itself after ZTO. As one, still, increases the temperature

further the phase space undergoes a very fine splitting and the trajectory

closes itself after uTO. In addition, new fregquencies f /4% and Bf 4 are

born., If the noise were not killing us, we would expect these splittings

to continue. For a critical vaiue of the Ravleigh number the periodicity

. L. _ . N
of the system s 2 For and the convective rolis have become turbulent.



Libchaker and Maurer (1980} [121 fnund the following properides of
the Feigenbaum youic in the Benard esperisment with Hguid helium, Fig,
2,14
a) With increasing itemperature difference there appear subharmomcs
of frequencies /2, /%, /8 and /16 where f is the basic frequency.
b) Subsequent subharmonics differ by about 10dB in quéiitative

agreement with theory.
Higher subharmonics are probabiy suppressed by exiernal noise,

Although these results leave little doubt that the Feignbaum
route is involved, the explicit reduction of the hydrodynamic ét;uations which

describe the system to a one dimensiona! Poincare map with a single quadratic
4\

maximum has still not been demonstrated [6].
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Fig. 2.14: (a-c) power specirum with increasing Rayleigh number. d)
the heighis of the n+h subharmonics are compared with Feigen

baum7s theory {horizontal line}. (After Libchaber and Maurer,1980).
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2.2,2 Ngi}i fneas pk L-Ogel itlawor

We have a nonlincar BCL-Oscillator shown in Fig. 2,15, The nonlinear

element in this circuit is, sccording to Linsay {1981y, (6} ihe capacitor

diode, which feads to the following nenlinear retation hatwaen charge

¢ and voltage V:

ey 003
vig) = (1 . ‘%L}J -4 (2.10)
e ° ()

The differntial equation for the time dependence of ¢ is
LG + Rg + V(q) = V  Sin{zntyt) (2.11)
Fig. 2.15 showe that for special value VO {which is proportional to the

controll parameter b) the sequence of current signals !n = t(tg +nl), where

the time T = Hf?, can indeed be generated from a one-dimensional map

with a quadratic maximumes
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Fig. 2.15 A) Circuit for the driven nonlinear RCL-Oscillator (B) The

observed current I{1+T) Vs.1({t} yieids a one-dimensional map

with a single maximum (D} a-c¢ subharmonics in the Power

spectrum for increasing VO; d:comparison with Feignbaum's
theory.

The corresponding power spectrum exhibits-as expected - all the

features of the bifurcation route and yields an estimate for & which

deviates by 10% from Felgnbaum's asymptotic value,




3. The Intermiitency Rouwle v Chaos

Pariod-doubling are rvoiher comuocn, bul thoyv arve by no means the only
way onowidon a2 determinislic sysiom can reach chaos.  Inieroitiency s another
type of chaotic behavior commonly obscerved in uveterminisiic systems. 11 s
¢ har acterized by iong period of regular motion interrupted by short chaotic
bursts. i has also been observed that the number of chactic bursts increases
with an external paramter, which means that intermitiency offers a continuous
route from regufar to chaotic motion.

3.1 Mechanisms _for Intermittency

The intermittency route t¢ chaos has been investigated in a pioneering
study by Pomeau - nd Mannevitle (1979} [15]. They solved numerically the
differential equation of the Lorenz model, eqn. [1.3}:

=G (XY)

<

s eXT 4 XY
AR Sy

and for the Y-component they found the behaviour shown in Fig. 3.1 [14],

Fig. 3.1 Tnne plot of ona coordma*e in the Lorenze model (After
Pomeau and Manneville (1980},

Pomeau and manneville gave the fellowing interpretation for ihis behavior:
the stable oscillations for v < e corvespond 1o a stable fixed point in the
Poincare map. For r > Foo this fixed point bescries usstaple,  lzcavse there

are essentiaily three ways in which & fixed point cnng lose its stability Poinesu

and Manneville cistinguished the hres types of interwittency shown in Table
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Characieristic Typical map
Type
waps r < r
4 e %
1 >‘n+‘! e Xnﬂjxn
£ = rerg
= -3
I Yoy = edr tarl
en+1 = E)n + 0
- % - w3
Ht Xn+1 [1+€],{n u,(n

Later, we will present the measursble characterisitc properties of

different intermittency routes {o chaos.

3.1.1 Type-i_intermittency

Figure 3.2 shows a Poincare map for the Lorenz model, after
Pameau and Manneville [14] who plotted the values Yn where y{t) crossed

the plane x = 0,

Yt . ram—
43 L
42 i
41

40

i i £

R §
507N TR w3 Y

Fig. 3.2 Poincare map of ihe Lorenz modsl for r silightly above
r, = 166,
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Ir fig. 3.2 is compared wiih itable 1, it is seen that the l.orenz mode

displays intermittency of type I.

This

fransition to chaos is characterized by an inverse tangent bi-

furcation in which two fixed points (2 stable and unstable one} merge

as depicted in Fig. 3,3.

xn-H“ r=r

-

-
s
-

7]
b VRN
o

x e el e ——,

~F

=

x
c n+1

n
—

x4

Fig. 3.3: Mechanism for type ~ | intermittency,

a) Poincare map for r < fe (b) Poincare map for
£ = ror > 0 (¢} inverse tangent bifuration.

For r > Fe the map has no stable fixed points. However, a sort of "memor

of a fixed point is displayed since the motion of the trajectory slows down

in the vicinity of X .. and numerous iterations are required to move through
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the narvow channel between the map and the bisector. This leads to the
long laminay regions for values of v just ahove Fe in Flg. 3.7.
After the trajectory has left the channei, the motion becomes chactic
until reinjection into the vicinity of x  starts a new regular phase. The
theory of Pomeau and Manneville explains only the laminar motion but gives

ne information about the mechanism which generates chaos.

Another example for type-! intermittency appears in the logistic

map
Xt = 4b xn(1~xn).
The iterates for b- values larger and smaller than bc = % + %« are shown
{2
in Fig. 3.4
Ta0 i e
. . . X f§ fﬁ F 3 ,? 0 5 I; i
Fig. 3.4 lterates of the logistic n Qf ik
| {
map starting from x = 0,7: 0.6} l l } \1
‘ a) oj 4
a) in stable three cycle region B I J “
bc_b = 0 .005 0.2p J é L A ¥ &4 3 éé
PSRN 3. b 1
. ., -t e n
b) in the intermittent region 0 10 20 30 4o 50

b ~b = 0.005
c

0.2 i

o

2]

» 1 i L Al
TR TR The P

There is a regular cycle of period three slightly above b, but befow bc
faminar regions cccur interrupted by chaos. Numerically it is found that
at bc this map exhibits a cycle of period three with subsequent bifurcations,

i.e. there is a window as shown schematically in Fig. 3.5,
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Fig. 3.5: Window with periad three in the chaotic regime.

An explanations of this peculiar behavior follows from Fig. 3.6 which
shows the third jterates of f(x) at b = bc. There are fixed p_olints which
become unstable for b < bC and lead fo intermittency of type |I. Inverse
tangent bifurcation, where a periodic orbit appears after a region of chaotic
motion, only accounts for the generation of uneven number of fixed points

from the logistic map [3].

4
i e s

£ () \ il
X
Fig. 3.5: The map for 0.5 | \
2 (x) at b = bc '
| ]

X

3.2. Summary of the Measurable Properties of Intermittency Route.

The average iengtf—\' <2 > of a laminar region is given by using the
renormalization group method and the resulis are listed for different types
of intermittencies as shown i_'h table 2. in addition the distribution of
the laminar fengths, P{1), and the respective laminar signal is given,

This will help us to distinguish different types of intermitiency.
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Tahle 21 Chaescteristic Properties of Different Jypes of Intermitiency
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3.3 Experimential Evidence for Type-i intermitiency Route

In this route one should not look for power spectra, but rather at

reai~time measurements. Specifically, by making:'use of table 2 weé can

dis‘tjrxguish different types ofﬂintermittencies. we will presant here three

experiments for type | intermittency,




3.3.1 enard Expariment
in this experimens oo veriiooat veloohty componeni, Vo, as & funation
i < H

of time is recorded as shown in Fig. 3.7, The signel shows a behavior

which is typical for type-i intermittency [135]
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Fig. 3.7: Type-l intermittency for a Benard Experiment
(After Berge, Dubeis, Manneviile, and Pomeau, 1980}.

The vertical velocity component measured in the middle of Benard

cell changes with iﬁcreasing Rayleigh number from periodic motlon
: R

R R
A 1 ~2 =z 270 via intermittent motion B : -i{ = 300 to chaos C a
[# | L
R R™ R
a q a

where Rf = 1700,

€

3.3.2 Nonlinear RCL-Oscillator

which we discussed in section 2.2.2

The nonlinear RCL Oscillator,
Type | intermittency is indicated

also displays the intermittancy route,
in Fig. 3.8 by the Poincare map and the scaling behavior of the lengths

of the laminar regions,




1

Fig. 3.8, Intermittency in the Nonlinear RCI.-Oscillator:
a} W5 ) versus i) which coerresponds to the fifth
iterate of the logistic map at tangency which is shown
/ in D). <) Tha measurert averaged length for which the

~0.43

laminar rogions scoles like <L 2¢ ¢ {where Emvo-vc)

is in reasonabie good zgreement with the prediction,
(After Jiffries and Perez, 1982.}

3.3.3 Belousov-Zhabotinsky Reaciion

This is another example which shows Intermittent behavior. As
we already mentioned, the concentration of the chemical species evolve
according 1o nonilnear equaitons of chemical kinetics and this is enough to

produce chaos., Fig. 3.9 shows type-! Intermitiency [16].
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3.9: {ceu+} oscillations recorded as a function of {ime:

a) residence time 100 min; (b) residence time 76 min;

¢) residence thme 35 min.

When the mean residsnce time of chemicals in the reactor is 100 min.,
the optical density oscillates regularly. At higher fluxes (residence time
76 min.) the time changes in 2 specific maner: scemingly stable osciilations

exist which are interrupied from time fo time and at random by large peaks.
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Coovamicnl Sy st

Theve are cartuln nos-lHasee sysions in which the il ectory becomes
attracted o a poundad ragion of phase space v which the meton becomes
chaotic, This particular region of phase spaca, in which initially close
trajectories separate exponentialiv, are called strange attractors. Strange
attractors are relatively abstraci objects, but Computers give them some
life, and draw pictures of them [1]l. Strange atiractors cun produce print

.
in the form of bagels, funneils, owiish eye and many other shapes. The
dynamical sysiems which give rise to strange attractors are éésipat‘ive
systems. In this section we wlil see some proparties of strange attractors

and we shall see how strange sttractors are usful in expflaining chaotic

phenomena.

4.1 Introdyction and Definition of a Strange Attractor

We will confine ourseives to dissipaiive systems which can be describeot

eithere by flows or maps.

4.1.1 Dissipative Flows

Thase are described by a set of autonomous first-order-differential
equations,
N = Bl - n =
X = F(X':F.’ : = {x];xzf'“'rxd) {4‘1)
and the term dissipative means that an arbitrary volume element V enclosdd.
by some surface S in.phase space coniracts. The surface $§ evoives by

having each polint on it follow an orbit generated by Eqgn. {#.1). This

yields by the.divergance thaorem

d ¢
‘2’{ = sa¥% cx 2% (4.2)

v =1 5 x
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b vastit

Examplie: Lorenz modsi 1230 V{y = vioh {n5,.3)

far v,b 2 U, ine voiage elsment coniracts exponentiaily .,

It can be shown thai, for r ::2‘3‘,(: = 10, b o= B3, the trajeciories
generated by Lorenz model a) is attracied io a bounded regign in phase
space (b) the motion i3 erralic, {.e., it malkes one loop to the right, then
a few foops to the left, then o the right, etc. and (¢} sensitive dependence
of the trajectory on the initiai conditions, i.e., if instead of {0,6,0) an
adjacent initial conditiors, say {0,0,90.1}, is chosen, then_r_the néw solution
soon deviate from the old one, and the number of iéﬂps to the teft and
to the right would no longer be the zame [1]. Fig. 4.1 shows a projectinn
of the phase space orbit of the system into the YZ piane. The points

labled C and C' are the steady conwvection equilibria points {21.

M
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. 5 .
350 . .
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B 3 —M-.wm?_.,_%%!“ c:usuﬁ«mx.mmﬁmﬁaé@»;% Mn
¥ IE
Fig. 4.1 Projection of an orbit 00 350 LEDD #50 500
for r=28 onto the YZ Fig. 4.2: Maxima Vg subsequaent

plane. The segment of
the trajectory exiend-
ing from iterations
1408 to 1900

Maxima of Z occuring
during 6000 iterations.




If we consider a map of the nth maximum ﬁ,'i,* o 2z versus i we obfain
i

ntl’
& map which is, approximately a irinegulay, Pig. M.2. Furterhmnore,

| dMnﬂ‘-tt did | > 1, which is shmiler o the resuli for o, 1.7 with a > 4.
Thus, as for kg, 1.5, we expect this one-dimensional map to generate

a chaoiic saequence. -

The volume of this region contracis to zero impiies the Lorenz system
generates a set of points whose dimension is less than three. At first
sight, one may think of the next lower integer dimension, two. However,
this is forbidden by the Poincare -Bendixson theorem which states that

there is no chantic flow in a bounded region in two- dimensiinml. space.

The solution to this problem is that the set of poinis to which the trajector
in the Lorenz system is attracted, the Lorenz attractor, has a Hausdorff
dimension which lies between two and three, D = 2.06, Aiiractors which
have noninteger dimensions are termed strange. The relavant definition

of dimension is that due to Hausdorff {4}, [17].

p = tm o in Ng) (4.4)
[ I
inf E )

where, ¥ the set is a subsei of m-dimansional ordinary space, then N{R)

is the number of m-dimansionat cubes of side L needed to cover tho set,
D

For &= 0, Eq.{#.4) in_l}?iies M{de & -, This leads to & natural way to

‘the concepi of a strange sttractor.

A strange attractor_has the following qipxaiitative properties [6]:
(Read the articif by J.P. Eclkmann [i0} for definition of a st;ange attractors )
a) I is an attractor, i.e., a bounded regibn of phase space to whicf
all sufficientiy close trajectories from the so-called basin of attrac —

tion are attracted asywptotically ior long encgh times. Furthermoy <

the attractor should he indecomposabda,
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D} Sensitive dependence on the initial coaditions.  Trespite the contrac
tien In volume, lendihs peed not chvindk i o divsciions, aced

points. whlcn ave aebitrivily close initizily, become macroscopicatly

separated af the ativactor for sufficientiy long limes.

c} To describe a physical system, the attraclor has o be structurally
stable and generic. That is, a small chenge in the parameter
of F in Eq. 4.1 changes the structure of the attractor contineously

and the set of parameters for which Eg. 4.1 generates a strange

attractor should not be of measure zoro,

LUpto now there is no gencerally accepted formal definition of strange
attractorg {101, Therefore, it s not yet clear whelbar: a fractal Hausdor:

dimension follows from a) to ¢) or additionally reauired for a strange attrac

A suwange attractor arises typically when the flow contracts volume
1'% < ar . ’ % (A - & ) 4 ¥
elemej in som2 directions and stretehs it along the othnes,  To reeain
canfined t0 a bounded domain, ihe volume element is folded oo ..
time, This stretching and hackfolding process produces a chaotic motion

of the trajectory ai the sivatge attractor.

Since the definition given above for sirange aittractors deals with
properties of sels of points the concepl of sirange attractors applies equall

well to dissipative maps.

4,1.2 Dissipative maps: .

A map

(1) '—“‘E[x_‘(n], xz(n],.,,,xd(ﬂ}] {4.5)
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is called dissipative if it leads to a contraction of volume in phase space,
f.e. if the absolute value of the Jacoblarn J, by which the volume elerent

ts multlplied afier each iteration, is smalier thau unity:

PR
|4 =] det (o)) <8 (4.6)
X,
}
Because maps generate'discrete points, the restriction imposed by the
continuity of the flow for Poincare-Bendixson theorem, are lifted. Therefore

maps can lead to strange attractors which also have dimenslons less than

two'

i

Let us consider two illustrative examples which are easier to visualize

. than the Lorenz system.'

i) Baker's Transformation

The dissipative bakers transformation is given by

Xnﬂ = an mod 1
" ay A S SR
)" " (4.7)
Yn,ll,“ = | .
iray o P Ox, <

where a < %

The first equation in Eq. 4.7 is the transformation for the Barnoulli shift,
It has a Liapunov exponent, Ay = log2> 0, whiéh Is chaotic and mak.es

the object from repeaied applictions of this map to the unit square a strange
attractor. The attracior is an infinite sequence of horizontai lines and

its basin of attraction consists of ail points witt"lin the unit square. In

the y-direction, )\y J.== logia> 0, and iengths are contracted in this direction.

The net effect is a volume contraction, as required for a dissipative map.




il
The Hausdorff dimansion DB of the strange attractor is the sum
of the x and y dimensions. DX = 1. [|In the y direction, Dy follows from

its definition and equais to,

D, = log(4)/log. »

D_=1+D =1+J,9_9_.:2...

(4.8)

B L4 ltog al
it} Henon Map Fig. 4.3: Baker's transformation
We now consider a mapping first studied by Henon (1976)
. - 7 .
X & D@y
(4.9)
Yo © lﬂ'xn

The Jacobian of this map is b, thus the map is an area contracting for
Ibl < 1. Given ¥ 1Y, We can computsa X and Y for n = 1,2,...,10,000
for instance. Let us examine its iterates for a = 1.4, b = 0.3. Fig. 4.4a
shows the result of an iteration with 10 steps. Some successive iterates
have been jrenbored to ilHlustrate their erratic movments on the attracotor,
if the little square of Fig. 4.2 is magnified we get 4.4b. If the square
of Fig. 4.4b is magnified, one would obtain a similar picture, and so on,
each magnification ré‘\kééiing les which were not previously visible. The

HaysdorTf . dimension of the Henon attractors is D(a=t.4,b=0.3) = 1,26 [18].
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We come now io one of fie most fascinating and difficult gquestions:
how the onset of fiuid turbulence in time is related to the emergence of

a strange aitracior.

We have seen that a dynamical system can be written in the form

d -
‘a“'i”x‘” = Gr(X(t)) {5.10)

where r is a parameter which indicate the intensity of the external action
on the : given system. For example, r 5 Reynolds number. . if r = 0,

i.e., if there is no external action, the fluid tends to a state of rest

X(t) = Ky This state corresponds to an attracting fixed point X, for \
our dynamical systers. For small r one ohserves again a steady state

X[t) = Xr. Asg r is further increased, one often sees periodic oscillations

in the fluid. This means that asymptotically

X(t) = f{wt) : (4.11)
where f is a function of period 2r and w is the frequency of the osciliation.
This situation correspond to a periodic attractor for continuous time, f.e.,

a circle or “attracting limit cvcle®. For sufficlently large r, the fluid

motion becomes irregular, chaotic: turbufence has set in {1].

To understand the new route taking to turbulence we have first

to introduce a Hopf bifurcation {Hopf, 1942),

A simple Hopf bifurcation generates a linit cycle starting from a

fixed point [10]

o M
G J—

g

Fig. 4.5: Hopf bifurcation
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“.2.1 tandau's Rouie to Cliaos

As eavly as 19BA 1andau sudgasted o voute to turbulence,  According
to this theory, the thme avelution ol ¢ turbulent Huid is asymptoticatly given
by

X(e) = i £ (0t gt .0y ) (4.12)

15 o KYOT
where f, is a periodic function of period Zu in each of its argumenis, and
Wypto,eese, i, are iﬁdependent frequencies [1]. A Hopf bifurcation intro-
duces a new fundamental frequency w into the system. Therefore he suggesi
that chaotic state  is approached by inﬁnit'e sequence of Hopf instabillties,

as shown in Fig. (4.6} [u4],[6].

& ~» Q N %g?\) — Cwl O3y e )
T, w«.w
U)t 1

Rj) ;L R\ L . gf;_, a 5 & R&E ii ﬁ

Fig. 4.6: lLandau's route to chaos. as the parameter r increases, more

and more fundamental frequencies are generated.

A function of t of the form Eq. 4.i2 is calied guasiperiodic. . A quasiperiodic

function has a non periodic, irregular aspect, suggestive of iurbulence.
However, a sinall change in initial conditions simply reptaces m1t,...,¢'kt

(AR i
by .1t +u1, Wt + %!"ﬂ’wkt oy with small Qs Gy yoresO o There is thus

no sensitive dependence on the initial conditions [1].

Although this route leads to a time dependence which become more and
more complicated as more and more frequencies appear, the power spectrum
always is discrete and approaches the continuum fimit only after an infinite

sequence of Hopf bifurcations.,




e
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4.2.7 Ruelle-Takens-Mewhouse Route to Ghaos

The Landau's roule to chaos is nobin accord with i experiment, foineaiple Berg
axpaf i, after the appesranie of twe furckmentd frequendies, the power specturum
becomes contineous. There is no progressive acumulation of many indépenden
discrete frequencies. 5o it seeins that the onset of turbuence may well

correspond io the appearance of strange attractors [1].

Ruelle and Takens (197) showed that even after two Hopf bifurcations
regular motion beacomes highly unstabie in favor of chactic motion at a strange
_attract’mr [4]. WNewhouse, Ruelle and Takens (1978) showed that a sirange
attractor is not oniy possible but generic, that is practically unavoidable,
after two Hopf bifurcations, as shown in Fig, %.7. it is understandable
that chaotic motion only becomes passible-after‘ fvo Hopf bifurcati.dns when

the trajectory can explore additional dimensions.

T, f’”“f”%"‘\ sirange
R )”w&_ ¢ L) j e _ attractor
s Yo iin a higher .
B dimension
R@ .fi_,_ %Z_i fi ?&;a;,ﬁ f-.ca ‘RL:

Fig, 4.7: The Rualle-Takens-Newhouse roule to chaos.

let us discuss one evidence that thie sequence o a strange attractor
via this route can occur, §uri'y (1978) considered the sarme physical problenr
!as Lorenz but he retained greater number of Fourier spatial modes before
truncating the series. The vesult is 14 coupled ordinary differential equation:
He fincds that chaotic time dependence i3 preceded by doubty periodic motion

on a two dimensional toroidal surface which is embedded in the full 14~




(4]
e

dimensicnai phase space,  The lovus is found by using the surface of secton

technique. A surface of section ¥, ¥ constant was chosen, and anather

two of the 18 variables, which we denote bv %, and »,, were singled oul,

2 &Y

Every time the orbit crossed the surface of section the YXgi¥g coordinates

of the crossing point were plotted. Fig. 4.8 shows a typical result for the
case where a doubly periodic orbit exists; all the points lie on a ciosed curve.
This is the result to be expected for doubly periodic behavior, since the
intersection’'of a torus with a plane (the surface of section ) is a closed

curve 48],

1A s ncine o
~134 4,
~135 : ‘l_y'_,,-
~156 o o
-137§ o

2 138§ 4
-139 L O

-140 ‘5}

X

-375 311 ~367

%

Fig. #.8: Oriii intersections with the surface of section,
(After Curry 1978)

4,3 Experimenial Evidence for Rueli-Takens-Newhouse route to chaos

The appearance of the Ruelle-Takens-Newhouse route to chaos after
two Hopf bifurcations is demonstrated experimentally in Rayliegh-Benard

Convection and Couette flow Fig. #.9[19].
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4,300 Denard Uroorimant

in this exporiment the power soectrws for the convaction current

continants aftar the aoreavance of only bwo fundamental frequencies, F

A, 9.
IIERRRTIES S o e & ' o ‘! P -
10"1 E ;‘r; Convection 1?1 Coueite flow |7i

)

Power spectrum, P{f)l{cm?sec

1,05 0,10 0.15 -*l 2
a) Frequency (H,) b) Relative frequency f/f_

Fig. 4.9: Power Spectrum for Convection and Couette Flow.

4,3.2 Benard lnStabiIi{y ’

Again in a Benard Experiment, Dubols and Berge (1982) observe
the emergence of a strange attractor. They measured the time serles «

temperature T(t} and reconstructed a two dimensional Poincare section




s

plotting [Ty, Virit b brayvals U oy | whore © ds diemiaed from an independent
measuramsnt of the velocity. g, =030 shiows huw the Yoincare section, which
agpactsd for 4 saction of 2

torus), develops

consisis ol 2 closeg |
into a strange attracter, as predicied by Newbause, Ruells, and Takens
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Fig. 4.10: Poincare sections for the Benard Experiment

Fig. 4.10(b7 - (d) shows a transiton from quasiperiodic motion (h) to

substraciuves indication the destruciion of the torus {c) and then to a strange

attractor (1), as one ingreases the Rayliegh number.

.

£.3.3 Taylor instability

The Taylor instability occurs in a fluid layer between an inner cylinder

rotating with angular velecity w and a stationary outer cylinder, a geometry

known as "circuler Couette flow"[19]. For small o, angular momentum fed




[*d
[}

to the iuner oyiinder is {ranspurted ouwsids Ly viscesity., Above a critical
angular vaiocity W ihis siete Decemaen gnsiabla and womantum le fransported

by annuiar cenvection celis.  Ab sthil higher o's pavicdic and multiperiodic
ogcitlations of these cells occur which mergs inte rhaos after two Hopf bifurcations,
Fig, 9. This confirms again the Rueiie-Takens-Hewhouse routs 1o chaos

is involved.

By reconstructing the phase space for a Taylor experimeni from a time
series of the radial velocity { V(tk},.,,,\/(tkg—n};) with tp = KTO_, K=20,%2,..

(io <1), We get a Poincare section with & break up of the torus Fig. 4,11,

similar to Fig. 4.70[6].
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Fig., 4.11: Plane of the Poincare section and break up of the
torus with increasing w,

P

4.4 Summary of Routes {0 Chaos

+

Upo now wa have seen thrze routes 1o chaos: The Feigenbaum route,
Intermitiency, and the Ruelle-Takens~Newhouse route. All these three
routes and their distinciive features are given in table 3. However, one

should not taks them as the only routes io chacs. They are simply the
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prominent scenarios which have had thecortdél and experimental success.

Orie shouid hope thet further relovant Scensrios wiil be found in the future.
I

Table 3. Summary of the three routes to chaos

. S,

Feigenbaurm Mannevili-Pomeau

Rueli- Takaens-Newhouse

Pitchfork bifurcuations bifurcations

Tangent

Hopf bifurcations

Bifurcation Diagrams

L. S
E | .

b

e X
’ -
Ka%v

g

Main _Phenomana

Inflnite casecade of intermitiont transition

period doubings with to chaos. The laminar

universal sealing phase has duration

parameaters (r"f‘c}‘%

After three bi-
furcations strange

attractor "probable"

Experiments

Benard Experiment Benard Experiment

Taylor Experimant . Josephson junction
Driven nonlin. Oscili. Chemical reactions
Chemical reuactions Lasers

Optical instabilities

Benard Experiment
Tayior Experiment
Nonlinear Conductors
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5. Chaos in Conservaiive Sysiems

We have deall uplto now with dissiputive systems. But thare exists
ih nature a large class of physical systems for which chaotic motion has been
found before the discovery of strange aitractors in dissipative systems.- These
are conservative systems which encompass all dynamical systems of classical

mechanics.

Conservative systems are considered to e either systems which follow
Hamilton's equations of motion, and for which volume elements in phase space

are conserved or in a more general case, volume preserving, discrate maps.

The fact that volumes do not change In conservative systems implies
that they display no strange attractors. Nevertheless, in conservative

systems one also finds chaotic regions whick are not attractive.

5.1 Non-integrable Versus integrable Hamiltonian Mechanics

The equations of motion for a system of N-degrees of freadom are

obtainad from a Hamiltonian, H, as:

e :BH{HEQ] & = ~3H(g,g) ’
i 3Py, . Py 36ty {5.1)




59

with k= 1,...,N and ("E,!f)k = Ty« Thase are, mn general, 2N coupled non-

* i 1F 1 a3 L : - o
linear Yirst order differential eguations. A chende of variables from g,
~edba "-. == : i + o N
P to 6,?,, is calied a cononical transiormation if the transformed equation
H ."__b - 3 E}
of motion (5.1} for ‘Z}, P have the same appearance as (5.1), using the
e =l . . . -
transformed H'(Q;P), A particular popular canonical transformation is the
» lﬁ Ha:é ) V -
one to Action-and-Angle variables, ! and © [20). These new variables are
\ . . . = Hrx
defined as variables which wilt transform the given H(G,p) into an H(J},

i.e. one which does not depsnd on haif of the new variables 0. Using this

transformation the new equations of motion will be

¢ Y > e

3y = B oo, =0 Ty = T{0), constant (5.2)
90 k

. L L n

Gk = 9“?‘5*:22“:: k[?},ﬂ) W is a cqnsiant | (5.3}

Thus, @ k{t] = Wt +6Ak(0},

i
b.e. we have explicitely, and triviaily integrated the equations of motion
and obtained IN constants of the motion djg, héa[ﬂj, Hence,r a Hamiltonlan
system is called integrable if we can obtain these action and angle variables

. -
as a function of g, p.

One cen also use the canonical perturbation theory to distinguish
whether the system is integrable or not {21)]. The transformation to actlon
angle variables Is a squect of this theory; That is, one writes each. of the
oid variablas q1,...,q;“ PV'“'PN as a power series, Birkhoff series, in all

new variables J,,...,3 , O,,...., 0. The as yet unknown

3]

coefficients in the serles are derived by substituting the series into H[fﬁﬁ}

-t ol
and the equation of motion (5.2-3}, up wike lowesi order terms in J,0,

we can solve for the lowest order coefflcionts. Having obtained thase we
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start all over and obtain ihe nexwit higher-order ooefficients, etc. Henge,

whenever the series oblained do converge we have an integrable system by

anTepiEy

definition, and we have the'ﬁ,}? as explicii funciiuns of the constants f and
s
o,

The above iteraiive procedure, however often breaks off due to one
coefficient acquiring a zero denominator. This signals that we either need
another variant of Birkhoff series or that no truly convergent series exists
at all, i.e. one of the integrals is a singular function of q,p. In the iatter

case the sysiem is called Non-intearable. Thus, whenever we have infinite

Birkhoff series the system is Integrable if the serias converges or non~

integrabie if the series divergas.

One of the simplest example of an intearable system is the harmonic
oscillator with a Hamiltonian.
H = ${p?* + w2q?) (5.5}

From this we can show that

H{l) = Jw
J =" g-% = ) > § = const, | (_5.5)‘
5 . oH _ , o
= 3““]“ = =20 = wt + FL0) : (5.7)

The motion in the variables p and q is
1 o ;
a= &) Coso , P = -2t sino (5.8)
The corresponding trajectocy in phase space is an ellipse which become a

circle with polan coordinates L

and © after proper rescaling. Comparing
Egns. (5.2-4) and {5.6-7) one can see that the equations of motion (in action-

angle varviables) of any integrable system with N degreas of freedom are practical
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the same as those of a sel of N uncoupled harmentc oscitfators.  The anty
difference is that in a genaréi fntegrable system the frequencies i, are still
funcitons of the actions ji whereas they are independent of J.’ for harmonic
oscillators., In analogy with the harmonic osciiiator, the existance o n
integrals of motion (Jl,...,JN) confines the trajectory in the 2N-dimensional
phase space of an integrabie system of an N-dimensional torus. Tha actions
-

1 measures the N radii of the torus and § the N angles of a point on the

torus.

5.2 Properties of Integrable Systems

Wa have seen that all integrable systems with N-degrees of freedom
can be nonlinearty transformed into sach other and are in this sense equi-
vialent o N harmonic oscillator or even to N pe;ndual. Hence wa .expect
their phase planes to ook like nonlinearly deformed versions of the phase

piane  for the pandulum, [20],(21}, Fig. 5.1.

ratrbil )

Fig. 5.1. Phase FPlot for the Pendublum %X = -gin X.
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- Fig. 5.1 shows tha motion of an integrable zystem with two deqgress
of freedom, e, with S-dimensional phase space, on g torus, wa can generalize

this result for highier dimensions,

Fig. 5.2 Torus in phase space

colsed orbits occur only if n A62 = m 2n, i.a8,

-_;53- = !% = ratlonal; w,n = 1,2,3,... (5.9)

for Irrational freguency ratics the orbit never repeats liself but approaches
every point on the two dimensional manifeld infinitasimally close in the course

of time [6].

Since .each bounded orbit is constrained to a smooth N dimensional
torus, it cannot c;:rme arbitrarily close to avaery point on the (2N-1) dimensional
‘surface of constant snergy, N > 2. Henc‘e ain integrabie 5\,}5&em cannét be
ergodic (N > 2}, let alone approach thermsl équiﬁbréumg 0 order to he
ergodic an orbit shouid, in gener:sal, cover the surface of copstant energy

I L,

both densely and uniformly.
Let us now add to HO, of an integrable ’éystem, & perturbation e H,.
[N wé:- = -
H(L,8) = H () +eHi(J,§) (5.10)
. oy ity
where we expressed H, In acticn-angle varlablas J = (J,,J,), 0= (@1,92)

of the unhparturbed system,




It is found fhat the systam wannot be olegriaed by pariuvbution theory
for rational irequency rilios Becavse S stvendg resonances, and if seems that
it can at most be intagraicd for wrstlonal valuss of '-as*iu)? if the periurbaiion

serigs {he convergss,

i
For an integrable system, if —- is close to an irrational nuinber is
{,\
A

perturbed by ¢ H. then by KAM theorem the system will be stable under
the perturbation & H1 in the limit ¢ << 1. For large c the periurbation e:H1
destroys all torl [6]. The destruction of this KAM torus shows sonie similarity

to the Ruelle-Takens route to chaos in dissipative systems.

When wil'mz is rational, the original torus deconiposes into smailer and

smaller tori Fig. 5.3, Some of these newely c;r'ea’:ed tori are again stable w
according to KAM theoram. But between the stable tori the motion is completely

irregular [6].

Fig. 5.3: Tori with rational frequency ratio decays into
smaller and smaller torl,

.

5.3 Sensitive Dependence 6n_ Initial Conditions and Random Behavior

Wa saw that for & MNonintegrable system the Canonical Perturbation
sories, or Birkhoff sevies, diverge, In all tikelihood due to a singularity in
one of the integrais Jk(ﬁ;’?{), Moreover there appears to be an Infinite set

of such singuiaritics in phase spaca [21].
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Thue, twe orbits with their initial cornditlons arbtvarily close togethar,
bui on different side of sich o singularity, cen have vastly difforsnt behavior. _
f.e. the orbits depend sensiiively on the indial conditlons,  This dependence
is often so sensliive thet we cannot calculate the orbit {or any time interval

of interest, due to experimenial or numerical uncertainity in the initial-

condition.

As a final point let us mention that Notwithstanding the abundance

of chaotic regions, there is aiso an sbundance of regular regions in phase

space. This follows from KAM theorem which shows that marny , of the gimple
quesi~periodic sciutions of an integrable system wili atill be present, virtuaily
unchanged, in a nonintegrable system, in general. Moreover, a finite fraction

(measure) of all orbits are of this regular type [21].

Summarizing, If we disturk the reguiar orblts of an Integrable system
on a torus in phese space by adding a non integrable perturbatlon, then
depending en the difierent initlal condlilons {dii‘fea*ai1iT, *3(0} in Eqgns.
(S.Zt-ﬁ] imply different fli._‘.i!}t.!z since @/ ﬂfﬁﬁ{J]} regulay or completely brregular
motion rasulis. Aiithaugﬁ the meesurs of Initlal conditions which lead to

reguiar motion is nonzero due to the KAM theorem, for every rational
frequency ratic one obisins swmaller and ématlér stable torfand irregular
orbits due to the hyperbolic fixed points. Thus, an arbitrariiy small change
in the initiat cuncﬁtida;‘%'éads to 2 complstely different long~tima behavior,

'
iz




5.8 Examyidas of Claesiosi Glugy

Ho prosent soms exparimenial svicence for e cowisienoa of redular

and irregulsr mation,

1. The Henon-baides -ysiem

ez 3

1o
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which consisis of an integrabie pair of harmonic gsciilators coupied By non~

integrabie cublc terms {Henon, Helles, 1968) 22].

This system has not beeon solved Qsiag any analytic method. Numerlcal
solutions can however be obteined ovar & tima intervz! of physical Interest
when sufficlently many numerical precautions are taken, How do we look
for possible chactic behavior In the 4-dimensional phase space of GyrPq Qg
pz? If we resirict the Inktial conditions to or:ne valus of the eneé‘gy, E, there
are only 3 indepsndent coordinstes left over, due to the constraint H{q,i,
Pyrd,.0,) = B Since 3-dimensional phase space is-stili difficult to draw
we only piot the Entar‘se‘ctior: noints of the arbit qi(t), qz(t), pz(t} ‘with
a -zmc}imer}siémi plane 4, versus p, {at qir{]). tf the system were Integrabie
this [Poincara-} surface of saction would lgok like a dotted version of Fl:g.
5.1, for the Pendulum, i.e dotied elipses, dotted separatrices, etc. Fig.
5.8 shows surfaces of section for the Henon-Heiles sysiem. inspecting iis
left cefumn we see that at some low energy, E = 1/11, the phase plot does
Hike a dotted deform%_& version of the one for an integrable system. Note
the three most visible hyparbolic points and fil'te separatrices "connecting"
them. However, at E = 1/8 these zeem io have disappeared, replaced by
a chaotic collection of dots (from one orbit) through which it would ba

difficult fo draw a nice simple curve. At higher energy E = }g ., nearly




all of the wvuileble phese plane seems chaolieady filled itk ithe Intersection

dots of just ens orbit. Vel sone riruscule isiands', with an eliiptic, f.e..

casr stil e seans,  Those arhits do not

Huearly stabe poino &

=

wandder . A hyper

Fig. 5.4: Poincere maps for the Hanon-Heiles System

H
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Thz vight-hand column shows e surfecas of seotion generated by
::eighth-vﬁrder pearturbation theery for varleus onargles (aftor {uslavsen,
19661231, The curves sgree guite well with ths visibiz bshavior of the
orbits on the left, at E = /12, and several orbits 8t £ = 1/8. Howsver,
the cheatic Yspace filfing Yorbits, visible at E = /6 and 1/8, demonstrate
that the curves on the righi, corresponding to the same initial condition,
are incorrect and even misleading as o the qualitative behavior of the orbits.

This provides a strong indication that the Henon-Heiles system is non integrable.

2. Motion of an asteroid around the sun, perturbed by the motlon of

Jupiter.

This three body problem is
nonintegrabie, and from our discussion

we expact that the asterind motion

becomes unstable if the ratio of the
Asteroid

unperiurbed frequency of the asteroid

M g e
Fig, 5.5: Perturbation of an asterolds

noticn @ and the a lar fre cy o s . s
motion « and the cn?u ar frequancy of motion by Jupiter.

Jupitor ‘wi becomes rational. Fig. 5.6 illustrates that, infact, gaps occur
in the asteroid distribution for rational u&!l% . On the other hand, the
existance of stable asterold orbiits (f#0) can be constderad as & confirmat-

fon of the KAM theorem [6].

R

W,\M/f\“‘ A\

PR R T e

1 wr M}J

Fig. 5.6 Fraction f of asteroids in the belt betweon
Mars and !upiter ac a function of w/e | (aftar
Beryy, 1978)
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6. iZhaos i Nature Oulside Physics

We nave ssen in chaptae 2 the first avder ditference equation

X g = 45::>—:n(1-=xn) displays r'eg!_eiar and chaotic benavicr. Then, wa have
ax t@vied this behavior 10 be cbserved in any nonlinear system if the given
function Aoy = f(xﬁ], which descﬁt’fbas the systaem, has & single maximum

in a unit interval., Based on this (and with some restrictions), we have so
many systems outside physics which exhibit similar behavior. Such behavior
is found, for example, in ecology: to study a seasdna!!y_ breeding populations
in which generations donot overalp. The theoretician seeks _tO. understand
how the magnitude of the population in gé.neratinn nt+l, LY is related to
the magnitude of the populaticn in the preceding ganeration n, Xppr Similar
behaviour car be found In genetics whare the equaiten describes the change
in gene frequency or in epidemiology, where x is the fraction of the populiat-

ion infecied at time { = n.

Examnles in economics include models for the relationship bstween

commodity quantity fmd price, for the theory of business cycles, and for

the temporal sequences generated by various other economic quantities. .Séy!ngs
account with a self-limiting rate of interest follow the above quadratic equation.
The above equaitor, X F(xn), is also germane to the sociel sciences,
where it arises, for example, in theories of learning (where x may be the
number of bits of infor:n‘;atlor:s that can be remembered after'an interval

t = n)}, or in the propagétion of rumours in varié;usiy structured societies

(where x is the number of people to have hearad the rumour after time

t = n} {8].

Experiments with animal hearts fourd another application {9]. it was
found the same characteristic pattern which we know from the Feigenbaum
diagram.

Climatic ;var'iabiiity and the slecirical sctivity of the brain [24] shows

alsv ancther chaotle phanomena.
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o Conciusicn and jmpiaations

this review work of Nonlinear proger bias of detgrministic systems

cbxservad the foliowing:

Wa

e

wve seen experiments and siaple nodals whose time depandence
is deterministic and yet anows chaotic bahavior as one varies the

external control parzineter,

We have seen the three prominent routes to chaas which have
experimental support.

We have observed strange attractors in dissipative systems, Lorenz
and Henon attractor, which lead to the esxponentiai separation of

initial points on the attractor and lead to chaotic hehavior.

In conservative systams of classical mechanics It is observed that
chaotic and regular motlons coexist togather in non integrable systems,

though the former aboundance is by far larger than regular motion,

The sbove routes to chaos and other chaotic phenomana are not
resiricted particulariy in physics, but they can be found in many

nonlinear stystems in other disciplines.

in spite of practical problems to be solved, the ideas presented in this

work have cobvlous applications in many areas. What are the consequences

for our koowiledge about the reality, because every system in real life.is

N

a nonlinear system?

i} One consequence is that the way of thinking" should be changed. We

shouid be aware of the fact that chaotic systems In our world are the normal

case, not the exception,




FA

i is observad that in tihe chactic reyime arbitrarily close initial conditio
can leat to trajeciories which, after a sufficiantly jong time, diverge widely,
This means that, avern i we have a ghaple madel In which all the parameters
are detarmined exactly, long tesm prediction is neverthaless impossible.

This insight should open = new view not only on such simple models,
but alse on other achievements of human civilization which we havé thought
to be under cur complete controli. After the first excitement caused by the
feeling of a partial success we have to learn that the principle of chaotic

behavior limits many of our attempts to create an Ideal world out of our brain.

if) Pedagogical. Students should ba Introduced early to some nonlinear systen

such as equation 2.1, in their mathematical education to enrich their intuition.

itt) It appears that an adequate understanding of naiure requires much more
than finding the fundamentel faws. Phenomanological analysis must gain

more attention.
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