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AG~)TRACr 

deterministic and Fwesent~d some n:;pre,,~nta\ive physical ~y:;tems whk:h 

display chaotic behavior. Simple model maps which can exhibit chaos slmitar 

to the chaos observed In more complex system" are studied. Characterization 

for one dimensional maps whether they are chaotic or not are given quantitative­

ly. The three known prominent scenarios, and their accompaning experiments, 

leading to chaos are analysed in some detail. StranDe attractors in dis­

sipative systems and their relevance to turbulence is considered. ihe 

appearance of chaos in conservative systems are shortly d,~alt. Finally, 

chaos In different bf'aIYJw; of science and its implications are stated. 



,nt I"oduction 

Vie oftBn ~ay 'given f:he initial conditions we know what a dcter~l1Iinistic 
, 

system will do far into the future'. Some people knew this was false in 

the past (Poinear-e 1392), and we know it is false in the following senso: 

given infinlteslmallr different starting points, we often end up with widely 

different outcomes. Almost all non~linear systems will exhibit such inegulal' 

or chaotic behavior. 

We wi!1 con'lidel' systems whose time dependence is deterministic. That 

is, there exis~s a format in the form of differential or difference equations 

to calculate the behavior of the system fr'om " given initial conditions, 

Therefore, chaotic behavior in deterministic system refers 1Pchaotic motion 

which is generated by nOn linear systems whose dynamical law uniquely cleter-

mine the time evolution of the state of the system from a knowledge of its 

previolls history. 

The obset'ved chaotic behavior of these systems in time is neither 

due to extm'nal source of noise at' to an infinite degrees of freedom nor 

to the uncet'tainity associated with quantum mechanics. The actual source 

of chaotic behavior is the property of the nonlinear system of separating 

initially dose trajectot'ios exponentially fast in a bounded region of phase 

spac.e. 

Ther-efore, it becomes impossible to pt'edict the long time behavior 

of these systems, because ih practice 0I'le can only fix theh' initial conditions 

with finite acCtwacy, and elTOrS incl'ease exponentially fast. In order to 
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predkt for long,JI and lon~J(,r t-imf~!t onf;~ hus to put moro und more digitfJ 

on t.hl~ inilbt o)n(Hti(;;i5 or t.h:_~!_;'.? 5~/5t0ms, ton:.;nz calkd this sonsHive d~pend<­

en co on Initia; c01HJitions lh(: 'buttecfly effect'. 

These .'esuHs will confr'ont us with questions such as: can one predict 

whether or not a given system will display a detel'ministic chilos? What is 

this impact on different branches of Physics? etc. There are some answers 

to such type of questions. However, there are still more unsolved than 

solVl1d problems in this field of deterministic chaOS. Nevertheless, we will 

try to assess few questions pertaining to these deterministic systems, 

Vie begin by presenting typical experiments and models which &splay 

deterministic chaos. Then we will uy to give mathematical charactl1rization 

of chaotic motion for one dimensional maps. We will consider different routes 

leading to chaotic motion in dissipative systems. L"ttor Vie will conside;' 

chaos In conservative systems. 

Tho most .'ocent route to chaos is the Feignbawn rOllte, which is developed 

from a consideration of ~imple diffenmce equation. A second approach to 

chaos is the intermittency I'oute which has been discovered by Manneville 

and Pomeau (1979). A thit-d possibility was founded by Ruelle Takens 

and Newhouse (1918) All these thr(,e routes to chaos are supported by 

experiments. 

Chaos in conservative systems is considered without mathematical proof.. 

Finally, the e)(istance of chaos in different fields and itsimplicatiol1s at'e 

stated. 



1.! 

///4(U_ 
The equa'don of motion for periodically driven pendulum is 

-~ 

!~ 
: b f 

Fig. 1.1: Periodically 
ddven pendulum 

( 1.1) 

where y is the dmnplinn constant, 9 is acceleration due to gravity w is fre-
o 

quency of the driving force, If we make a change of variables, x "' 0, y "0 

z '" wt, we wil! obtain 

sin )( + f cos t 

(1. 2) 

The mass is flonlmliied to unity. This equation is numerically integrated 

fO!' different sets of paramters (y ,g, w, F). It has been found- that this 

simple system appears to be chaotic when F, the amplitude of the driving 

force exceeds a tnlshoicl value F erG]. 

0(t) ;,. . 

Fig. L 2: 0 vel-SUS t for regulilr and irregular motion 



grClvitational fi(}irL 

Fig. 1.3: I3cnard Experiment 

The heated fluid at the bottom "w3nts"to rise, and the cold at the top "wants" 

to fall, but this motions are opposed by viscous forces. For small temperature 

dlfferen!;e. t, T, viscosity wins, the liquid remains at rest and heat is trans" 

ported by uniform heat conduction. This state becomes unstable at a critical 

value R of the Rayleigh number' R, which is proportional to t, T, and a 
a 

state cif. statl,onat'Y convection rolls develops. If n increases a transition 

to chaotic motion is observed after a second threshqld Rc' To measure experimeotally 
I 

the chaotic ~henomena seen in the expel"iment, we make use of the power 

or frequencyi spectrum [1 J of the velocity in the x-direction. . I . 
I 2 

P (OJ) "'II f( 0») I ' where f(r,») is the Fouder transform of f( t) . 
I 

From this ex~ression of ptll) it has been found that for periodic motion p(w) 

consists of iscrete !!ties, whereas chaotic motion is indicated by a broad 

continuum . p(uJ) at low frequencies. This is clearly seen in Benard Experi-

ment. 



---, ( i} 

Fig, 1. II : 

.. , 
'.\ j 

l frequency 
irregular motion (b) • 

To describe the Benard Experiment theN'etically, Lorenz truncated 

the complicated differential equation which describe this "ystem and obtained 

the following equation l:n: 

x .. --0 X +0 Y 

y ~ -rx - Y XZ 

z xv - bl 

where G and bare dimi'nsionless constants which chiOwactedze the system, 

and y is ihe control F'arameter which is pt'oportioll<ll to 1\ T. X is proportion,,1 

to the c;,culato,y fluid flow velocity, Y dlilractet'izes the templ~rature difference 

between ascending and descel1ding fiuirJ elemHnts, and Z is proportional 

to the deviation of the vertic,,1 h'lnlperature pYofi1e from its equilibrium value. 

A numyl'erical flnalysh, of the above equations, the Lorenz model, shows 

that its variables can exhibit chaotic motion aoove" threshold value y. It .. c 

should be noted that the l.on:mz equations descdbe the Benat-d expel'iment 

only in the immddate vicinity of the transition ft'om heat conduction to convec-

tion rolls, for the spatial Foude," Coefficients retained by Lorenz only describe 

simple roils. 
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away the I"ecord .. stiYlng that the ~>{perimei\t was i.Jllsllccessful. Things, 

fortunately, have changed and we now have seveI'al examples of non periodic 

chemical reactions among them is BeIOl,'s()v'" Zhabotinsky t'caciiotl. 

The general equations fcw the concetltl'ations [C,j of the reactants , 
in a system of chemical reactions are again a sot of fit-st-order, non-linem' 

differontial equations: 

d .. ,0 ',Ie x ,. 
-", 

where x " (S,C2 " .. ,Crl L F j,; a nonlin<'lilr function of the (C] and " denotes 
I 

an external control parumder.. Th" ",H-iuble in the B(~lousov-Zhabotinsl(y 

t ' "h ' t' C" tl C '1+. i' , ' d ' reac Ion IS ( e concen(ra ion ~ Of ~lt:' .. c;} -ICOS, W)lCtl lS mUB511n3 via 

the selective light llbsnq)tion ijf these ions. The mean residence time of 

the substance in the opm1 reactnl' acts as an oKiel'rlai control parmneter. 

The transition to chaos in this SY3t'J: 1 is dotected by the autocon'oiatioll 

fl.U1CtiOIl. 

C(-r) '" lim 
Tr(<) 

l A ~ A 
f d, C(t) e(l'"); CIt) -
o 

eft) .. lim 
1 T 
T J dt 

o 
C (tl 

This function n"'<l5Ui"es the co,Te!ation between subsequent signals. It 

(1. 4) 

remains constant or oscillates for r'ogulnr motion and ck,cays rapidly if the 

signal Is chaotic. 
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C(r ) 

o 

-1 
10 20 30 T (min) 

Fig. 1,5: Auto Correl"Uon Function 

One can use also frequency spectrum to distinguish whether the above reaction 

ls choatic or not l31. 

, 1. 1 ,II Henan- Heiles 2Ys t_~ 

This is an example from classical mechanic~ which can exhibit chaos 

or regular motion depending on the enp,rgy of the system which nets as an 

external control pararo&ter. Its H"miltonian is giwln by 

q2 ' 
-'- J 3 

H = l(P1' + q , + ~ I + 0 'J + (0"[{ -
• 1 i'7. "2 ''I 2 

(L 5) 

which consists of an integrable pail- of harmonic oscillators coupled hv ~~' . 

integrable cubic terms, Its equationsof motiop were fit'st studied numerically 

by Heno~ and Ileiles (1969}. Th"y u5'Jd the PoinC<II'c map to di~tinguish between 

chaotic and regular motion. They found~hat for high enough energies the 

Poincare map for the ~ier;on-Heiles syfltem become plan-filling which implies 

the motion is chaotic. They plotted the points i~ which the trajectory In 

-" phase space x(t) '" (PI (t).Pi(t),Q1 (t),qz(t)) cuts the (P2,Q2) plane. 



a) 

f{flX)' ,,,.~ ""'e "'"Jo"nd"'d -t>c'I)_.i/0:'C"t.11 .... t!t 

a) F 1 (x) = a(1- 2Ix -tj), 0 < a " (1. 1 a) , -
b) F7.(x) = 2x mod 1 - (1 .8) 

c) F. (xl = 4bx (l-xl. 0 <. b < 1 (1. 9) 
~ 

where 11 and b are constants, For 0 < " < 1, 0 < h < 1 both F 1 and 

F 3 map the interval 0 to 1 into itself. Ail the above functions l!re non­

invertible, since given x n+I ' one cannot solve xn+l = F(x n ) for x n ' 

a) F, = a(I-2/x-t{J. There at'e essentially two cases of interest, 

o < a < t and ~ ( a < "J. 

1"01' 0 < a < 1, all iterates, x n ' converges to zero. Fot' t < a :S. 1, the 

situation is not simple. For any initial Xo between 0 and 1, the sequence 

aftel' some Heri'ltions will be trapped in the ii1terval 2a(l-a) < x < a through 

which it will wander chaotically, Fig. 1.7a. To illustrate this, consider the 

simple case a '" J for which the chaotic interval becomes 0 < x < 1. In this 

case Vie may consider the map to represent two steps: 1) uniform stretching" 0 

the intervnl 0 to 1 to twice its original length, and (2) a folding in half 

of the stretched intet'val so that it now has its ol'iginal length, Fig. 1.7e. 

b) Map of Fl for a " c) Stretching and folding 

properties of F,foI' 

a = 1. 



keeps the genet'ated sequence bounded, but also causes the 1 '''P'' to be non-

invertible, since it causes two different xn points to be mapred irlto olle 

xn+1 point [4]. Fig. 1.8 illustrates the stretching and foldir1g properties 

of FIfoI' a value of a less than one. 
a 1 

c) 

Fig. 1.8 Map of Fl for i < a < 1. 

a) mapping of the interval o to 1 

b) o to a, 

c) 2a(l-a) to a. 

from Fig. 1.8b, we see that the interval 0 to 2a( I-a) is stre,:h'2.d but no 

points are folded back on to it. Thus, any point in 0 < x < 28(I-a) will 

eventually leave that interval and never return. Thus the genel'ated sequence 
F2 (x) .... 

is eventually trapped in 2a(l-a) < x < a. 1r--"7:'--
b) F

2
(x) '" 2x mod I. 

X n+1 '" F2(X n ) 'C 2x n mod 1 
x 

o t 1 

Ig. • ;, F· 1 9 F
2

(x) = 2x mod 
To one untutored in algorithl11ic art of generating Pseudo random numbers, 

fOI'ward iteration of the above first OI'der difference equation appears guilelehy 

determinate [5]. In order to investigate the properties of this equation 

let us use bin3ry representation of xo' 



X :: 
o 

", 
); 

IF1 

a 
n 

! 1 

X 2 = F2{X1) ~ (O'~3a4'''), etc. Thus the action of F2 on the binary 

,"epresentdtioll of x is to move the decimal point sequentially to the dght, o 

each time dmpping the integer pal't to the left of the decimal point. Such 

shifting propel"ty, Bernoulli shift, leads to the following points: 

1. Sensitive depencJence of the iterates of F 2 on the initial conditiohS. 

Choose xo ~ (O,a 1i1 2 · .. an) and x~ = (O,a , a 2 ... a~) which are very close to 

each other and differ by their n+h digit a. After (n-1j iterations their 
n 

diffe"ence becomE'S amplified and their iterates F;l-l (x
o

) = (O,a
n

) and 

F~'" (x~) ~ (O,a;,,) afr('.ady differ in the first digit. 

2. If we attach to F~{xo> the symbol f{ or L depending on whether the iterate 

is contained in the right or left part of the interval, then we can find an 

Xo such that the s13quence of iterates F~{xo) has the same random pt'Operties 

as successive t05ses of a coin. 

3. I t shows also the mechanism by which ergodicity emerges in a deterministic 

system. I' The image of an 'arbitnJry' irrational number XOE [0,1], F
2

{x
o

) 

approach any chosen point x in the unit internl an infinite number of times. 

That is the system behaves ergodically, unless x is not an element of a 
o 

set of measure zero. 

Stretching and folding propel"ties can also be demonstrated for this 

mpfD: If Xo < L Xo becomes stretched after each iteration by il factor of 
n 

2. But for n > no with 2 Ox > folding ta!<es p"-'ce a" ghown in fig. 1.10. o -
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Fig. 1.10: Stretching and folding propet-ty of F
2

(x) 

Thus from the above two examples and other similar maps we conclude that the 

two basic ingredients for the generation of detet"ministic chaos are stretching 
, 

and bacl<folding property of the map. 
, 

That is in ordet' for a one dimensional 

map to exhibit chaotic behavior, it must be non invertible. 

c) F3(x) = 4bx(1-x), 0 < b ~ 1. [6],171,[0]" .. This map has a 

very rich behavior and some practical importance in explaining some dynamical 

systems. It shows regular and chaotic motion fat' a certain range of b. 

Before we proceed to this map, we will characterize quantitatively whether 

a given signai is chaotic at" not. 

1.3 Characterization of Chaotic Motion 

We have three' quantitative measures for chaotic motion which is generated 

by one-dimensional maps [61. These are the Uapunov exponent, Invariant 

measure, and con'elation function. 

1.3.1 Liapunov Exponent 

For il map X +1 = f(x ) which shows chaotic motion adjacent initial n n 

points be(:ome separated. The Liapunov exponent measures this exponential 

separation. The Liapunov exponent, ;I(x ), is defined as: . 0 



\~-\ After N 
x X +E-,----, --> o 0 Iterations 

iJ 

(1.10) 

N'\ 
\ t: e_1 N N f (x) f (x +£l o 0 

As the limit € "" 0, N""oo we obtain the cot'rect expression for ,\ (x ), as o 

in Eq. (1.10). 

Example: Triangular map fIx) = a(I-2/x-t/)' 0 < a < 1 for a·" 1 

xn+2 

a) 

X n+m ).. 

0 

b) xn 

one 
fixed 
point 

A< 0 

,/' 
c) 

';f'Ll1'e ch,~o.!. 
\::;>:::':0> . 
'/).)/ ~ 

I~~ I h.::0'/ 
/./:/~ .h 

~ • 

Fi<J. 1.12: a) X 2 ~ f2(xn) . n+, b) generalization of (a) to m itrations 

of f(x n ). 

c) The Liapunov exponent fOI' the triangular map as a 

function of a in the vicinity of ·a " t. 

The Liapunov exponent for the above map is Ie (x
o

) " log 2 > O. That is 

initial points separate exponentially. For any value of aJ ), " In 2a .. If 

a > L we have chaotic motion; for a < t, no exponential separation of initial 

points and hence no Chaos, Fig: 1.12c. 

1.3.2 The Invariant Measul'e 

The invariant measure f(x), determines the density of iterates of a 

unimodular map 

(1.11) 
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over the unit in\erval and is defined as 

~(x) = lim 1 
~= N 

"l 

Z o[x-fi(x )], 
i=O 0 

(1.12) 

This formal expression allows us to write "time averages" over a function 

g(x) as averages over the invarieant measure. 

N . 
lim 1 lim 1 
N+oo N E g(x,) = "'00 N 

i=O I "F 

N 

E g[ fi(X ) 1 " ~JdX ~(x)g(X) 
i=O a 0 

(1.13) 

It can be shown that s>(x) can be calculated from the following equation: 

1 
~(y) = f Jx 0 [y-f(x)] PIx) 

o ) 
(1.14) 

The question wheathet' ~(x) is unique, can only be answered by 

looking to the solutions to (1.1~) tor special maps f(x), Let us considel' 

the triangular In.ap for a " 1: 

co r 2x, 

l.2(1'X)' x > -i 

In thi s case eqn. (1. 14) becomes: 

~ (x) = ! [f(I) + ~(1 - })l 

which has the obvious norm.alised solution ~(x) ., 1. 

• 

(1.15) 

This means that for t.he triangular nlilp at a = 1 the chaotic sequence 

of iterates x o ' f(xo )' f 2 (x
O
)"" uniformly covers the intet'val [0,1]' and 

the system is ergodic. 
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j. 3. 3 COrl'siation Function 
_~_-._~ ~~< ',·~~_~~~_~_L~ ___ ' ___ ~_' 

The correlation function elm) for i) )llap 

x ~ f(x ) 
n 4 1 n 

is defined by 

N 

C( )" lim 1 r .,--""" 
. m N~oo N /: x x. I+m I 

(1.16) 

i=O 

N 

(1.17) 
,..... 

fi (x
o

) x - lim 1 fi (x
o

) where x. = - ; x = N ); 
I N+'" 

i=O 

It tells us, how much the deviations of the iterates from thei!- average 

.-. -value, x. = x. - x, that al'e m steps apat't (x. and x.+ j know about each 
I I I 1m 

other, on the average. 

If the invariant measure sex) for a given map f(x) is known, C(m) 

can be WrittH!1 in the following form. 

1 , 
C(m) '" J dx S"(x)x fm(x) - [J dx f(x)xl (1.18) 

o o 

If we apply this equation for the triangular map, a = 1, one can show that 

1 1, 
C(m) " J dx x F~"!.x) - [J dx xl 

o 

t 
= J dyy F~(y+tl + t 

-t 

1 A' 

'" 12' v 01,0 

C(m) is delta-correlated. 

t 
J dy 

-i 

(1.20) 
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To summarize, We ha".'(~ found for C\ gGneral one dilll8'f)sional map that 

a soquence x ,f(x l, ... , fn(x ) ... can be cha,'ucterized (a) by a Liapunov 
000 

exponent which t011s us how adjacent points become separated under the 

action of f; (b) by the inval'iant density which serves as a measure of 

how the itei'ates become distributed over th~ unit interval; (c) by the 

correlation function elm) which measures the eon'elations between iterates 

that are m steps apart. 



2 ~ Universal Properties of Qu[;:.:iratic r\1ap~j 

Some very simple $ctH~mes which. produce Ch~HJS bf',)WV(;e kk'nticEllly to 

some of the chaotic aspects of natut;)j ;_)nenomena., W~ have now convincing 

evidence that the problem of how H fluid changes ove,' from S!l100'di to ttwbulellt , 

flow can be solved through its relation to the behavior of simple quadratic 

map under this chapter. Other nvtw-,,! problems thilt can be "il-eated in 

the same way are the behavior of population from generation to generation 

and the noisness of a large variety of mechanical, electrical and chemical 

oscillators [1], [7], [8]. 

The feature common to these phenomena is that, as some external para-

meter is varied, the behavior of the system changes from simple to erratic. 

More specifically, for some range of the parameter values, the system exhibits 

an orderly periodic behavior; say with period T. Beyond this range it needs 

a period of 2T to repeat itself. Fat' the next range of the parameter it 

I'equired 4T to reproduce itself. This process of successivie pet'lod doubling 

recurs continually until, at a certain value of the parameter, it has doubled 

ad infinitum, so tl'lat the behavior is no longer periodic. Period doubling 

is then a characteristic route for a system to follow as it changes over from 

simple periodic to complex aperiodic motion. In the iimit of aperiodic behavior, 

there is a unique and hence universal solution common to all systems under-

going period doubling, 'The sequence 

, where b n is the value of the parameter at which its 

period doubles for the nth time wil! reach a special value, the it'rational 

17 
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number, <') ~ 11.669 ... [7 j. Delta, ,s , seems to be 2 natural COllstant. This 

scenario as the numbet if fOl~ tho ge.ometry of (} c;(cle t g.i , Thi~; definite 

numbet~ must appear as a natur,,; rate in Oscillator";, populations, fluids, 

and all systems undergoing il poiod doubiing route. Therefore, it is suf--

ficient to study the simplest system exhibiting this phenomena to comprehend 

the general complex one. 

2.1 The Logistic ~~ 

I n this section we study the logistic map 

Xn+1 =0 4 X E [0,11, n ~ 0,1,2, •• , 
n 

X~lt~-~------~~,~ 

>I~ Jt~ t 
,,/ I ' 1_0 < b < t 

< b < 1 

'" ' /~-~i-~~ 
~./ i '''"' 

""'--~.--~ o x· 
~x 

1 n 
Fig. 2.1 A quadratic map on the unit interval 

(2. 1 ) 

As found by diffe,'ent people and F<>.ignbaum (1913), the iterates 

xo ,x
1
,x2, ... of Eqn (2.1) display, as a function of the external parameter 

b, a rather complicated behavior which becomes chaotic at large b's, 

Fig. 2.2. 
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Fig. 2.2: Liapunov exponent fOl- the logistic map 

One has to note that chaotic behavior is not tied to the special form 

of the logistic map. Feignbaum has shown that the route to chaos which 

is found in the Logistic map, "the Feignbaum route" [10], occurs (with 

certain restrictions) . in all first order difference equations Xn+1 " f(x n) 

in which f(x n ) ras only a single maximum in the unit interval 0 ~ xn ~ 1. 

Because the conditions for the appearance of the Feigenbeum route are 

rather weak this route has been observed experimentally in many nonlinear 

systems. 

Let us now make a direct onslought against equation (1. 1) to see 

what it possesses. We want to know the behavior of the system after many 

iterations. As you cnn guess. higher iterates of f rapidly becomes very 

complicated. One way this complication can be prevented is to have' the 

first iterate of x be precisely x itself. o. 0 
Such a sE!lf reproducing point 

is called a fixed point of f. The sequence of iterates is then xo ' xo,xo"" 

so that the behavior is static or if viewd as periodic, it has period 1. 
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The Pitchfork bifurcation provides the mechdnisms by which successive 

fixed points doubles [6], [7J, [8J. To understand this mechanism we must 

state a condition for .8 fixed point to be stable or unstable to small pert urba­

ions. Let x· be a fixed pOint, x ~ F(X), and IAlnsider a perturbation from 

From x ~ f(x) x + 0 '" F(X+on ). For 0 smail, 
n+l n 'n+l n 

we can use Taylor's expansion for F(x·+6 ) 
n 

from which we obtain 

(2.2) 

Thus if I F' (x) I > 1; images under F of points near x successively move 

fUrther away fro II' it, and x is unstable. For I F'(x) 1< 1, points near X 

converge to it, and x is stable. 

Now we must ask fot, what values of b at'e the fixed points attracting? (,[;) fJ&(~.' il 

f'(x) '" 4b(1-2x) so that it's value at x '" 0, x* = 1 - 4~ , are 

f'(O) '" 4b, and f1(x·) = 2-lIb. We can show th1jt for 0 < b < * ' only 

1 .. 1 3 
x = 0 is stable, at b '" if' fl(x') = 1. For if < b < if ' x = 0 is unstable 

and x' is stable, while at b = ~ , f'(x·) = -1 and x* also become unstable. 

Thus, for 0 < b < ~, the eventual behavior is known. See Fig. 2.3. 
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Fig. 2.3: Iterates of Xo for b ~ 0.5 

3 What happens to the system when b Is in the I'ange 11 < b < 1 

where there a!'~ no attracting (stable) fixed points? We will see that as 
I 

b increases slightly beyond b = ~, f undergoes period doubling. That is 

instead of having a stable cycle of period i corresponding to one fixed point, 
I 

the system has a stable cycle of pet'iod 2; that is the cycle contains two 

points. gincn this two points are fixed points of the function f2 and since 

stability is detennined by the slop of a function at its fixed points, we must 

now focus on fl.. First Wll examine agraph of f' at b just below fro Fig 

2.4a and b show f and f2, l"espectively, at b " 0.7. 
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Fig. 2.11 b = 0.7. x' is the stable fixed point. 
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To understand, Fig. 2. 4b. observe fit'st that, since f is symmetric 

about its maximum at x = t, 1" is also symmetric about its maximum at 

x = t. Also, fl must have a fixf,d point wileneve,' f does becaues the second 

iterate of a fixed point is still that fixed pOint. The main ingredient that 

determines the period - doubling behavior' of r as b increases is the relat-

ionship of t.he slop of f1 to the slop of f, This relationship is a consequence 

of the chain rule. it can easily be shown that 

.2. f' (x ) = f'(x ) r'(X ) dx 0 0 1 (2. 3) 

where xl = f(x o)' similarly 

.J:L [ ['1 (x ) 1 = fl [x ) f' (x ) ... f' ( x 11 .. 1 ) ( 2 • 4) dx 0 0 1 .. 

A simple ,esult that determines period doubling. If we start at a fixed 

point of f and apply Eq. (2.3) to Xo = x*, so that xl = x*, then 
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, I 

f"(x*) " f'(x*) . f'(x") cc /f'(X")I' (2,5) 

Since at b = 0.7, <: 1, it follows f,.om the abuve equation [2.5) 

3 3 To turn to Fiq. 2.4, as b -,.) 4 and the maximum value of f increases to if,l'[x*)-

-1 ilnd' ("(x' r> 1 p so that f2 /Oust develop two new fixed points beyond thgse 

of f; that is, f2 will Gross y " x at two more points. This transition is 

depicited in Fig. 2.5 a and b for f and f2, respectively, at b " 0.75, and 

a 
/ 

/ 

/ a / 
/ 

b 

/ 
/ 

/ 
/ 

/ 

/ 

/ 

/ 
/ 

/ 

/ 
/ 

/ 

/ 
/ 

/ 

Fig. 2.5: f and f2 fot' b " 0.75 
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/ 

/ 
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/ 
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f 

/ 
/ 

/ 
/ 

/ 

/ 
/ 

x' 1 
Fig. 2.6: f and t: fot' 

xi 

/ 

/ 

b '" 0.785 

/ 



point~ of F I aroe not fixed point~; of C it must be that f sends one into 

x .;., .:: 
I 

(2.6) 

values of x which t~eCUf~ every second jtcfadon~ in sedes xl,;"x2*lxl'~I)(2*'.'. 

are fixed points of f2. Such a pail' of points, termed a 2--cycle or an attractor 

of period 2 is depicited by the limiting unwinding circulating square in Fig. 

2.6 a. 

Thus, we -have observed for the quadratic map the first period doubl­

ling as the parameter b has Increased. 

As b is increased further, the minimum at x = t will drop, as the 

slope of f2 thro'J~lh the fixed point of f increases. At some value of b, 

denoted by b', x = t will become a fixed point of f2. Figures 2.7 a and 

b depicit the situation that OCCUI'S at b = b ' • 

As we increase b further, the minimum drops still lower, so that both 

x * and x " have negative slopes. 1 2 At some paramtet' value denoted by b 2 

the slope a t both xl * and x z* become equal to -1. Thus the same situation 

3 has developed for f2 as developed for f at b
l 

~ 4' This transition case is 

depicited in Figs. 2.8 a and b. Accordingly, just as the fixed poinLof f 

at b 1 issUl'd into being a 2-cycle, so too does each fixed point of f2 at 

b2 create a Z--cycle, whICh In turn is.a 4-cycle of f. That is, when xl *, 

x 2' cycle looses stability, a stable four-point PEJriodic cycle simultaneously 

. -k" * -* .... F·' 2 10 apears, I.e., Yl 'Y2 'Y3 'Y4 'Yl 'Y2'''' see Ig .•• Thus, we have 

now met the second period doubling. Fig. 2.8 shows this situation for I' 

and f2, l'espectivell y. 
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Fig. 2.7: bC"b. 
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When b increases 
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/ 
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1 '(* , 2 
Fig. 2.8 

further, the maximum of f4 

/ 

/ 

/ 
/ 

/ 

f and fZ 

at x = t 
at b=b

2 
now moves up, developing 

a fixed point with negative slope. Finally, at b
3 

when the slope of this 

fixed point is again -1, each fixed point wili split into <'I pair giving dse 

to 8 cycle, which is now stable, etc. 
I») 

continues a~ infinitium upto a certain 

see Fig. -2.9. 

value of b, b 
00 

This period duubling 
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Fig. 2.. 9: Iteration of the map f for four and eight cycles. 

The band of b values ov",. which a given 211"point cycle is stable de, 

geometrically with 11, so that 

Ii 
n iL 669201 ••. (2.7) 

where b n is the value of b at ttw point where the 2n -'point cycle bifurcatel 

n+l . (or looses stability) to iJ 2--polnt cycle [7]. In other words th'" po.'fa:-

meter convergence is universa!. 

1'.. 
i 

(j. 
1+1 

)U·, 
\ ~CS 
j J <C\. 

r~=~ 
\ l t i ~ \ 

~; ~ i ~~ 
, -~"·}t.'1i--'-~\'-fl-b~;';;,.,..--""""""b 
Fig. 2.10 

in addition, the distance d of the point in a :In'cycle which are 
n 

closest to x "' t have con~tant I'atios: 

.. a for n » 1. (2.8) 

That is the t'elative scale of successive branch splittlngs i~ univrsal, 

See Fig. 2. 11 . 
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t if-J • ,- "j!: rL~'}lanCG~) un 0-( the fixed 

points closesi'to x"t for 
n S'4,,,)·:;table 2 ·<cycles < 

The ~onstants 0' and 6, the Feinenbaum constants, have the values (7J: 

6 =4.6692016091 .•• 

o. ~ 2.5029073750.,. (2.9) 

7..1.2 Chuotic t<egion, 1:;0 < b < 1 

in the chaotic n'gioil, boo < b < 1, where the Liapunov exponent, A 

is mostely positive indicates chaotic behavior. The chaotic region is inter,­

.uptHd by b-windows with ,\ < 0 where the sequence { fg( xol} is again 

periodic. This region ha& the following behavior [6]. ! See Schuster, H. G; 

a) The chaotic inte,'vals move togethet· by inverse bifurcations until 

the iterates become distributed over the whole interval [0,1] at 

b=l. 

b) The b-windows are characterized by periodic p-cycles (p"' 3,5,6, ... ) 

with successive bifurcations p, p. 2', p. 2l etc. The correseponding , 
b-values scale like eqn. (2.7) with the same 8 • 

c) ! n addition, period triplings p. 3 n and quadruplings p. 4n etc. 

occur with different Feigenbaum constants'6, which at'e again 

universal. 
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We have- stateli that the physical significance of the scalin~J number ex 

is that it sets the scale of tt'ajectury splitting. But· this is not good enough 

to make connection with experiments; the theory describes the splitting of 

the phase space trajectot'ies, while experiementalists usually measure the 

power spectrum. Feignbaum has given a nice prediction of how the power 

spectrum evolves as a function of the parameter, Fig. 2.12 [10]. 

logamp~l 
db o. 

-10) I 
-20 

Fig, 2.12: Numerical predictions of the powet' spectrum 

A+· ,~ach successive bifurcation a new frequency is born, and each 

subharmonic lies below,the preceeding level by B.17dS. The full details 

of this f:QNer spectrum however, cannot be obset'ved experimentally because 

there will always be some f:lxternal noise. This noise washes out the fine 

structure of the power spectrum. 

. 
We summarize the main fingel' pdnts of this route as follows: 

1. Then, exists an infinite cascade of period doublings which lead 

to subharmonics in the power specl,'uln at frequencies 2-n f where 
o 

fo is the basic 'frequency. 

,. 



of G. i52'o (eB. U(8). 

" -- tko (!. (; 

5. The Poinc,we map of the system is one dimensional ilnd shows a 

single quadl'atic mal<imum. 

Let us add as a caveat that not ail quadratic maps of the unit interval 

into itself display an infinite sequence of pitch fork bifur'cations, but only 

those which have a negative Schw3rzian derivative [6l. 

2.2 Experimental Support for feigenbaum_ RautIO 

This foute to chaos is extremely well tested on numerical and physical 

grounds. The period doublin9s have by now been observed in most current 

low dimensional dynainical systems. Experiment with liquid helium have con-

firmed the predictions. I n this section we will present a turbulence experiment 

and RCL·'Oscillator. 

Z.2.1 Onset of Turbulence _._-------_._._--
~J!)-

We start by describing schematically the experiment of Lfchaber and 

Maurer, 1980 on the Benard cell. I n this type of experiment a Iiqud contained 

in a small box is heated from the bottom Fig. 2.1311. The main points are 

(1) there is a controllable parameter, the Rayleigh number. (2) the system 

is dissipative. Whenevet' the Rayleigh number is increased, one waits for 

the transients to die out. 
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Fig. 2.13: Experiment of Lichober and Maurer, schematic descl'iption. 

For small temperature diffet'ences there is 11 heat flow across the wall, 

but the liquid is static, At a critical temperature a convective flow sets 

in. The hot liquid rises in the middle, and the cold liquid flows down at 

the sides, and two convective I'olls appeal', Fig 2, 13a,. 

As the tempel~ature difference is increased further, a wave starts 

I'unning along the roll. Fl'Onl this roll the position and the sidways velocity 

of the ridge can be measured with thermometer: one observes a sinusoidal, 

Fig. 2.13 band c.' The periodicity of this instability suggests two other 

WilyS of displaying the measllI'ement; Phase space-sidways speed of the 

ridge, >1: \(ersus position of the ridge, x and frequency spectrum - Amplitude, 

Amp, Versus fl'equency, f as in (d) and (e) [11 J. 

Now, as the temperature difference is increased further we will observe 

Fig (2. 13e) . A new wave has appeared at half. the original frequency. The 

trajectory closes itself after 2To ' As one, still, increases the temperature 

further the phase space undergoes a very fine splitting and the trajectory 

closes itself after 4T. In addition, new frequencies f /4 and 3f /4 are o 0 0 

born. If the noise wen~ not killing us, we would expect these splittings 

to continue. Fot- a critical value of the Rayleigh number the periodicity 

of the system is i"T and the convective I-oils have become tu,'bulent. 
0' 



Libch{jbf~r and Mi]Urei~ ("lORO) [121 ff)lJnd the f(if!cw;ins:~ rrope~·Ues of 

2.14 ; 

?-) With incre;ising tempel".:--;turc clifferenc,,:: ttH~,e ~pp~a~~ subhannonics 

of frequencies f/2, fill, f/8 and fl16 whcl'e f is the basic ft'equency. 

b) Subsequent subharmonics di ffer by about 10dB in quaiitative 

agreement with theory. 
Higher subharmonics are probably suppressed by external noise. 

Although these. results leave little doubt that the l"eignbaum 

route is involved, the explicit reduction of the hydrodynamic equations which 

describe the system to a one dimensional Poincat'e map with a single quadrati<.: , 
maximum has still not been demonstnHed [6]. 

a) c) 

20 ..---

() 

42.7Rc 1 

''''~~l. L~_~_Lk~~_ 
100 )00 b) :900 +1lO 

Hi' 
Fig. 2.14: (a-c) power spectrum with increasing Rayleigh number. d) 

the heights of the n+h subharmonics aloe compared with Feigen 

baumls theory (horizontal line). (After Libchaber and Maurer, 1980). 



We h8ve a nonHnear ~~CL-OsdlltltOf S!lOI;'U! in Fiq< ,.15, The nonlinear 

element in this circuit I:;, accoi~din9 to Linsay {1 ~Hn) I [6] the capacitor 

diode, which iea(is tv thB followinq nonlinear !'-niation betwl:!en charge 

q and voltage V: 

(2.10) 

The differntial equation fo,' the time dependence of q is 

,c • 
Lq + Rq + V(q) ~ Vo Sin(2rrf1t) (2.11) 

Fig. 2. 15 show~ that for special value V (which is proportional to the o 

control I parameter b) the sequence of curn:nt signals! ~ HI .-nT) , where n 0 

the time T = I If, , can indeed be generilted from a one-dim"nsiona! map 

with a quad,-atic maximum. 



Measu red v;;}h!P. of the convergence r'ate 

Subharmonic V 
thl'oshold 
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3.:U:O.02 

4.4±0.1 
0.72±0,02 
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Fig. 2.15 A) Cit'cuit for the driven nonlinear RCt-Oscillator (B) The 
obSet'vcd CUtTent I (t+T) Vs.1 (t) yields a one-dimensional map 

with a single maximum (D) a-c subharmonics in the Powe;' 
:h:~;~~m for inc/-easing V 0; d:comparison with Feignbaum's 

The con'esponding power spectrum exhibits-as expected _ all the 

features of the bi·;urcation route and yields an estimate for 0 which 

deviates by 10% froln Felgnbaum's asymptotic value. 



typu of Ch20ti( behaviof commonly (}b~(!t- 'Jed in uet.enninisdc systems, It. is 

c ha,- act(lrilGd by lon9 pel-iod of rel]ulm' motion interrupted by ~hon chaotic 

bursts, It has also been obsel'ved that t.he number of chaotic bursts increases 

with an exte,'nal pal'amte,', which means thilt intermittency offers a continlJOUS 

route from regular to chaotic motion, 

Th" intenniitency route to ch~os has been investigated in a pioneering 

study by Pomeilu ; nd Manneville (1979) f 151. They solved numet'ically the 

diffe,'ential eql~~tion of th" Lorenz model, eqn. (1,3): 

x "G(X,Y) 

Z::::~\V-bZ 

and tor the Y·-component ttwy found the behaviour shown in Fig. 3.1 ! 141, 

cit \\~';~\~411p1\tJhjr')M··J, ''''~I')'llj.r:l()dililt »:1 <-:1\" 'i'(,- '1,:- ~/ ,j' ;-;; : ,,(.,. )' ,"", :if~~dflr " 

"r'''' ." . 'e 

fig. 3.1: Time plot of oni) coordinate in tho Lorenzc model (f\fter 
Pomeau and Manneville (1980). 

POilleau and mannevillc gave the follo\'lin9 interpretation for this b, l1aviol': 

the stable oscillations fOl' I' < t' cortf.:lpond to il "table fixed point in tile c 

and Manneville ctistinquished thn three types of jflt~~rndUelll:::y ~h0','/n in Table 



35 

lypical map 
Type 

II r = (I-I;:)r +w·' . n+l n n 

III x '" -(1+£);{ -uX' n+l n n 

Later, we will present the measurable charactedsitc propertIes of 

di fferent intennittency ,'outes to chaos. 

3.1.1 Type-i In~ennitterlS'y 

Figure 3.2 shows a Poincare map 1'01' the LOI'etlz model, after 

Pameau and Manneville [14 J who plotted the values y where y (t) crossed . n 

the plane x = o. 

43 

42 

41 " .. " 

! 
/ 

;;: 

J 

~_. ,._~_Jy 
40 41 42 43 n 

Fig. 3,2 Poincare map of tile Lorenz model for r silightly above 

r~ = 166. 
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If fi9· 3.2 is compa"l~d with table 1, it is seen th<Jt the I.orenz modE 

displays intermittency of type I. 

Thifj ~j·an~.ition to chaos is chat-acterized by an inven?e tangent bi-. 

fLlI-cation in which two fixed points (a stable and unstable one) merge 

as depicted in Fig. 3.3. 

X n+l r=r r<r 

aJ 

c 

c) 

.-
~ , I 

I <-?c--+> 

r > r c 

.-.....!~---'----'-"il> x n 
X 

c 

bl 

Fig. 3.3: Mechanism for type - I intermittency. 

aJ Poincare map for r < r (b) Poincare map fOt' - c 

E: = r--r 
c > 0 (c) inverse tangent bifuration. 

For r > r the map has no stable fixed points. However, a sort of c "memor 

of a fixed point is displayed since the motion of the trajectory sk:>ws down 

in the vicinity of x c' and numerous iterations are ,'equrl'«J to move through 
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the nor (9W channel between the map and the bisectur. This lead~) to the 

long IaminarA r€9jons fOl~ values of \. just above "'c in Fig < 3. 1 ~ 

Aftcl' the traje,ctory hac; left the channei, the motion becomes chaotic 

until ,-einjection into the vicinity of x" starts a new regular phase. The 

theory of Pomeau and Manneville e"plains only the laminar motion but gives 

no information about the mechanism which generates chaos, 

Anothe,' example for type~1 inte,-mitteney appears in the logistic 

map 

X +1 =4b X (I-X). n n n 

The iterates fOl' b- values largel' and smallel' than b c 

in Fig. 3,4 

Fig. 3.4 Iterates of the logistic 

map starting from x .~ 0.1: 
aJ 

aJ in stable three cycle region 

0.2 
be~b = "0.005 

b) in the intermittent I'egion 

b i 0.6 

0.2 

1 ~ 1 
, Ii . /2 are shown 

110 

Thet-e is a regUlar cycle of period three slightly above b c ' but below b c 

laminar ,'egions occur interrupted by chaos. Numerically it is found that 

at be this Inap exhibits a cycle of period three with subsequent bifurcations, 

i.e. tml'fl is a window as shown schematically in Fig. 3.5. 



An explanation of this peculiar behavior follows from Fig. 3.6 which 

shows the third jterates of f(x) at b ~ b. There are fixed point,; which c . . . 

become unstable for b < b and lead to intennittency of type I. Inverse c 

tangent bifurcation, whet'e a periodic orbit appeal's after 11 region of chaotic 

motion, only ac<~ounts for the generation of uneven number of fixed points 

fl"om the logistic map [8J. 

Fig. 3.6: The map for 

f3(xlatb=b 
c 

3.2. SU.!!!!!!.1l!J.' of t.~.~" Measurilble Pr,operties .• 2U!ltermittency ROllte. 

The averag~ length < 9,) of a laminar region is given by lIsing the 

renormalization gl"oup method and the results llI'e listed for different types 

of intermittencies as shown in table 2. In addition the distribution of 

the laminar lengths, P(tl. and the respective laminar signal is given. 

This will help us to distinguish different types of intennittency. 
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TabJe l: Ch;H'"eteristic PI'operti"" of Diffenmt ,'Yfles of Intennittency 

... - ... Tl;;;rnil;-~·-~·----··~-T.il;i;jrl,;;:l,~;;gth ~'<T 
and 

spirals 

Altornate" 

sk;nal Distribution peo 

< 9~ )'v c 

-\ 
E 

In this t'Oute one should not look for power' ',pectra, but rathet' at 

real-time measurements, Specifically, by making' use of table 2 we can 

distinguish different types of Intcmlittencles. We will present here three 

experiments for t)'pe I intermittency. 



which is typi<:cil fOl' typn-·I intermittency [1 'ij, 

, 11 
). -
J 

Fig. 3.7: TYfX\-f intermittency for a Benard Experiment. 

(After Berge, Dubois, Manneville, and Pomeau, 1980). 

The vel'tical velocity component measw'ed in the middle of Benard 

cell changes with increasing Rayleigh 

R 
A : .~ ,,270 via intermittent motion 

RC 
a 

where RC
" 1700. 

II 

, . 

3.3.2 Nonlinear RCL~05ciilator 

number from periodic motion 

B : 
R 

" 300 to chaos C : _'! " 
RC 

a 

335 

The nonlinear RCL Oscillator, which we discussed in section 2.2.2, 

also displays the intermitteilcy route. Type I intel'mlttency is indicated 

in Fig. 3.8 by the Poincare nlap and the scaling behavior of the lengths 

of the laminar ,'eglons. 
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'11 

d! 
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Fig. 3,8. Intermittency in the Nonlinear ReL-Oscillator: 

a) I (t+5T) Vet'3'-lS ! (t} which con'esponds to the fifth 

itel'ate of the logistic map at tangency which is shown 

in 'b). c) TilB In"'ilsurecl averaged iengtil fot, which the 

laminat~ n)c!ions. ~cn'es like <J~ >u £: o-O~lJ3 (where £'Vv -v ) 
.1 . 0 C 

is in reasonable good Dgreellient with the prediction. 

(After Jiffries ilnd Perez, 19n.) 

This is another eXflmple which shows Intermittent behavior. As 

we already mentioned, the ~oncent .. ation of the' chemical species evolve 

according to nonlinear equaitons of chemical kinetics and this is. eno'ug'h to 

produce ChflOS. Fig. 3.9 shows type-! intermittency [16J. 
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4+ 3.9: Ice J oscillations recorded IlS a function of time: 

a) ~esidence time 100 min; (b) residence time 76 min; 

c) .residence time 35 min. 

When the mean residence time of chemicals in the reach)!" is 100 min., 

the optical density oscillates regularly. At higher fluxes (I'esidence time 

76 min.) the time changes in a specific fil<!I1f1f.:t': seemingly stable oscillations 

exist which a~e int61'rupted 1-I'om time to time and at random by large peaks. 



chaotic. This particular legion of phase sPdn~l in which inHiaHy close 

trajectories separate exponentlall:" ano called stnmge attractors. Strange 

sttractors are relatively abstnlCl objects, but Computers give them some 

life, and draw pictures of them [11. Strange attraetors can produce print 

in the form of .bagels, funnels, owlish eye and many other shapes, The 

dynamical systems which give dse to strange attractors are dissipative 

systems. In this 5e(;tion we will see some propm'ties of strange atuactors 

and we shall ,;ee how strange attractol'"s are usfuf In explaining chaotic 

phenomena. 

4. i introrJuction and Definition of a Stnmqe Attractor 
~'----~-'--~'-' -_. ---~.-.--.--.~-.<---.~ -~ 

We will corl'fine ourselves to dissipative systems which call be descri.be~J· 

eithere by flows or maps. 

4.1.1 DissiR"ti~yl~ 

HV'lse are described by a set of autonOnlOUS fir5t-'order"dlfferential 

equati0l15, 

.~ 

; x == (4.1) 

and the term dissipative means that an arbitrary volume element V enclos(),/ 

by some surface S in,phase spilce contracts. The surface S evolves by 

having each point on it follow an orbit generated by Eqn. (4.1). This 

yields by too. divergence theorem 

dV «cit _. 
d 

f ddx ( l: 
v i",l 

() F i 

a-x: 
I 



Example: Lon:onz rnodf;1 [:!J> V(t) 

It can be shown that l fo!' t ~:::lajG :::: iU._ b :::: 813 1 the tl"ftjectot"ies 

generated by Lorenz model a) is attracted [0 a bounded n;giQn in phase 

space (b) the motion is ena!ic, i.e., it makes one loop to the dght, then 

a few loops to the left, then to the right, etc. and [cl sensitive dependenc~ 

of the trajectory on the initial conditions, i.e., if instead of (0,,([,0) an 

adjacent initial condition, say (0,0,0.1), is chosen, then the new solution 

soon deviate from the old one, and the number of loops to the left and 

to the right would no longer be the "arne l t J • Fig. 4.1 shows a Pt"ojection 

of the phase "pace ot"bit of the system into the YZ phine. The points 

labled C and C' are the steady convection equilibd" points 121. 

7 
,) l.. _ 

#t"b~~~-

lv' In-J,._j 

,- l' ~~O ." 

, , , , , , 
350 ~ ,/ ~'-~ \\ 

~~ 1'S----;;: 
'. . \ 

~ ti.· \ 

300 J "' .... '/ ' . 
l_~~~._~..i~~~"' ___ ~ __ +-----1_. ~- _~~+ 

}' 
Fig. 4.1 Projection of an orbit 

for r=28 onto the Y Z 
plane. The segment of 
the tnljectol-Y extend­
ing from iterations 
140\) to 1900 

300 350 400 450 500 
~ 

Fig. 4.2: Maxima V s subsequent 

Maxima of Z occudng 
during GOOO iterations. 



f f VJe consider 

o map which is; appt"oxirnutely [\ tdnilgular 1 ~~ig~ 1~.2. FUi'terhmore , 

I dM,,") elM" i > 1, which ;;; similw to the ;"C,SU it for Eq, I> 7 with a > i, 
Thus, £15 for Eq. 1 ~l~, 'lifo; expect thi~ ol"fc·-dirnensionai map to generate 

a chaotic sequence. 

Th., volume of this region contracts to zero implies the, Lorenz system 

generates a set of points whose dimension is less than three. At flrst 

sight, one may think of the next lower integer dimension, two. Bowever, 

this is forbidde,n by the Poincare -Bendixson theorem which states that 

there ,is no ~h'l')tic flow in a bo~nded region in ~9.- dim_~_ns:iinml s,Pace .. 

The solution tf) this pt'oblem is that the set of points to which the traJector 

in the Lorenz sygtelll is attracted, the torenz attractor, has a Hausdorff 

dimension which lies between two and threH, D ~ 2.06. Altractors which 

have noninteger dimensions fire termed strange. The relevant definition 

of dimension is that' due to HausdOt·ff I,ll 1, [17 J > 

lim o ~ 
'2+ 0 

(4.4) 

Where, i'{ the set is a subset of m~dimensional ordinat'Y space, then N( t ) 

is the ntlmber of Ill-dimensiona! cube,~ of side 9. needed to cover tho set. 

For 2·' I), Eq. (n.4) implies I'l(Q. In !< -D. Thl" leads to a natural way to 

'the concept of a stl'ange "ttractor. 

A strange attractor _has the following qllaiitotive properties [6}: 
\ 

(Read the article, by J. P.' Eckmann t 'I (\ I fO!' definition of a strange attracto( 5 ) 

al It is an attractor, Le., 11 bounded region of phase space to wh:e,\.. 

all sufficiently cio::w trajectol'ics from the "o-called basin of aUrat', .. ' 

tion are attt'acted :l"YlIJptO!icillly ;'ot 10n£1 enoqh timen. FurthernHJr (~ 

the "ttt'actor should he indecomposaj::,j;-,. 



c) To describe a physical system. the attractor has 10 be ~gf'ucturally 

stable and gen.!?ric,' That is, a smnll ch<lnge in the parametet' 

of F in Eq. 4."1 changes the strucl\Jl"e of the attractor contineousl} 

and the set of parameters for which Eq. 4.1 genet'ates a strange 

attractOl' should not be of measure zero. 

Upto now therp. is no genorolly accepted formal definition of sti'ange 

attractors [1 OJ, Th,xdol'e, it I:; not yet clear whether'," B fractal Hausdot" 

dimension follows fro!n ll) to c) or additionally required for a sit'ange aUrae 

A stnmge attnlctor arises typiCAlly when the flow conir'acts volume 

elem~ in som" directions and 5tretcr\$ it along H:e ':"·)-'~"S. To rf'''''I;n 

confined to a bounded domain, the volume element is folded ,,. " 

time. This stretching and backfolding proces~; produces" chaotic motion 

of the trajE-ctory at the 51w1Jgl' attractot'. 

Since the definition given above for strfmge attractol's deals with 

propertier. of sets of points the concept of strange attractors applies equall~ 

well to dissipativ<; mtipS; 

11.1.2 .Dissif?ative maps: 

A map 
~ ... -~~ 
x (n+1) ~ G [xl(n), x

2
(n), ... ,x

d
(n)] (4.5) 



'n 

is called dissipative if it leads to ~ contraction of volume in phase space, 

i.e. if the absolute value of the Jacobian J, by which the volume element 

Is multiplied after each iteratio'l, h 'ilnallm' than unity: 

I ,1\ 

Because maps generate discrete points, lhe restriction imposed by the 

continuity of the flow for Poincare-Bendixson theorem, at'e lifted. Therefore 

maps can lead to strange attractors which also have dimensions less than 

two. 

Let us consider two illustrative examples which are easier to visualize 

. than the Lorenz system. 

I) Baker's Transformati0l! 

The dissipative bakers transformation is given by 

Yn+l " n i
'aY 

1+aYn 

where a < t 

o < xn < 1-

i < x ~ 1 - n 

(4.7) 

The first equation in Eq. 4.7 is the transformation for the Bemoulll shift. 

It hilS a Liapunov exponent, AX " log'2 > 0, Which Is chaotic and makes 

the object from repe<!jed\'lpplictions of this map to the unit square a strange 

attractor. The attracior Is an infinite sequence, of horizontal lines and 

its basin of attl'action consu;ts of all points within the unit square. In 

tho y-dlt-ection, Ay '" 109,a> 0, and lengths are contracted In this direction. 

The net effect Is a volume contraction, as required for a dissipative map. 



The Hausdorff dimension DB of the strange aUrado,' i~ the sum 

of the x and y dimensions. 

its definition and equals to, 

D = 1-x 

Dy ~ 10g(1) Ilog. a 

1 + .!N.L 
Ilog a I 

I n the y eli rec tion, D follows from 
y 

(4.8) 

ii) Henon Map Fi!~. 11.3: Baker's transformation 

We now consider a mapping firs;: studied by Henon (1976) 

x n+l -- 1 - ax~ + y n n 

Y '" bx n+f n 

The Jacobian of this map is b, thus the map is an area contl'acting for 

I bl < 1. Given x ,y we can computEl x and y for n '" 1 ,2, ... ,10,000 
o 0 n n 

for instance. Let us examine its itel'a tef. for il " 1. II, b ", 0.3. Fig. II .lIa 

1~ 
shows the result of an itel-ation with ! I) Mep~. Some successive iterates 

have been If..llllbored to illustrate their erratic movments on the attr1lcotor. 

if the little square of Fig. lj,lla is mO~lnified we get ".lIb. If the square 

of Fig. 1I,IIb is magnified, one would obtain a similar picture, and so on, 

each magnification revealing 1liie9 which \'Iere not previously visible. The 

~ff. dimension of the Henon attra,etors is p(a:!.li, b"O. 3) " 1. 26 [18]. 
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We come now to one of fit.; most fascinating alld difficult questions: 

how the onset of fluid turbulence in time is "elated to the emergence of 

a stt'unge attractnr-. 

We have seen that a dynamical system can be wl'itten in the form 

(11.10) 

where r is a parameter which indicate the intensity of the external action 

on the given' system. For example, r " Reynolds number. ' ,If r =- 0, 

i. e., if there is, no external action, the fluid tends to a state of rest 

X(t) = Xo' lhis state corresponds to an attracting fixed point X~ for 

OUi' dynamical system. Fot" small r one observes again a steady state 

X(t) = X. As r is furt.her increased, one often sees periodic oscillations 
r 

in the fluid. This means that asymptotically 

X(t) = f(vit) (4.11) 

where f is a function of period 211 and 1/;' is the frequency of the oscillation.' 

This situaL,m correspond to a periodic attractor for continuous time, i.e., 

a circle or "ilttracting limit cvclo". For sufficiently large r', the fluid 

motion becomes irregular, chaotic: turbulence has set in [1]. 

To understand the new route taking to turbulence we have first 

to introduce a Hopf bifurcation (Hopf, 1942). 

A simple Hopf bifurcation generates a limit cycle starting from a 

fixed point [10] 

Fig. 4.5: Hopf bifurcation 
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by 

X(tJ "" lim (4.12 ) 
I<->-LU 

where f k is a periodic function of period 211 in each of its arguments, and 

{[l" 1.1ij 2' ..•.• oj K are independent fre'luencies ! 1] • A Hopf bifurcation intro­

duces a new fundomental frequency VI into the system. Therefore he suggesl 

that chaotic state" is approached by infinite sequence of Hopf instabilities. 

as shown in Fig. (II. 6) [4 L [6] . 

• -+ 0 ~) ,-4> 09" 
(w W:a,··· ~) 

~ I / 

&J'"~ 
0'>\ I 

Ito L R\ L ~.,.t GI !jo ~ !{;;o l. 

Fig. 4.6; Landau's route to chaos. as the parameter r Increases. more 

and more fundamental frequencies are generated. 

A function of t of the form Eq. 4.12 is called quasiperiodic. "A quasiperiodic 

function has a non periodic. irregular aspect, suggestive of turbulence. 

However. a srnaJl change in initial conditions simply replaces hll t •••.• OJ' kt 

by W'lt +Cl 1• wzt + (X 2".,:.w kt +Cl k with small a"ct.2 .... ,Cl k • There Is thus 

no sensitive dependence on the initial conditions [1 J • 

Although this route leads to a time dependence which become more and 

more complicated as more and more frequencies appear. the power spectrum 

always is discrete and approaches the continuum limit only after an infinite 

sequence of Honf biful'cations. 



IL 2,2 Rueile··T"kens··I-Jewhouse Rouie to Chaos 
.~~ __ ~_ ·-··3~~. ~~~_. ____ ~~~_~~~~_.~~~._. __ ~ __ 

The Landau's routp. to chao:,; is tVJldn acc(wd with Jt~experir®nt).:"fuf~.{'-.xarrpte Ben;; 

becomes contineous. The.'e is no progi'essive acumulation of many ind(i}lenden 

disci'ete frequencies, So it seems that the onset of turbuence may well 

cOt'respond fO the appearance of strange attractors (1]. 

Ruelle and Takens (197) showed that eyen after tlVO Hopf bifurcations 

regular motion becomes highly unstable in favor of chaotic moti?n at a strange 

attractbr [4]. Newhol1se, Ruelle and Takens (1978) showed that a strange 

attractor is not only po:.;sible but generic, that i" practically unavoidable, 

after two Hopf bifurcations, <15 shown in Fig. 4.7, It is undei'standable 

that chaotic motion only becomes possible after two Hopf bifurcations when 

the trajectoi'y can explore additional dimensions. 

(strange ) 
(,.,attractoi' 
,in a highet< . 
\ dimension . 

Rc 
Fig. 11.7: The Ruelle--Takens-Newhouse routf, to chaos. 

l.et us discuss one evidenc() that the sequence to :1 strange attt"actor 

via this route can occur. Cun'Y (1978) considered the same physical problerr 

as Loren7- but he retained gt'eater number of Fourier spatial modes before 

truncating the series. The result is 14 coupled ordinary differential equationl 

He finds that chaotic time dependence is preceded by doubly periodic motion 

on a two dimension,,1 tot'Qidal surface which ;5 embedded in the full 11~-



diml"~n3k~nai ph;}~;(~ sf,ideo. The tOI'U[~ is found by usin~~ the surface of seeton 

technique. A .';urface of ';ection xl:::: constant Was chosen, and another 

two of the 111 va;-iable,;, which we denote bv x 2 ~nc1 Y3' were singled out. 

Every tinJ(; the m'bit crossed the surface of section the >:2' x3 coordinates 

of the crossing point were piotted. Fig. If. 8 sholVs a typical result for "the 

case where ~ doubly periodic orbit exists; all the points He on a closed curve. 

This is the result to be expected for doubly periodic behavior, since the 

intersection' of a torus with a plane (the surface of section ) Is a closed 

curve [II). 

(After ClIrt'Y 1978) 

The appearance of the Ruelle-Takens-Newhouse rOllte to chaos after 

two Hopf bifurcations is demonstrated experimentally In Rayliegh-l3enard 

Convection and Couette flow Fig. 4.9[ 19], 



11. 9a. 

.r, ,. Convection 

cr 10 

0.05 0.10 

i 
10 
··1 
10 

0.15 

~3 

10 

1 
10 

10 

.• j 

10 

10 

54 

Couette flow 

al Frequency (Hz) bl Relative ft'equency 

2 

flf o 

Fig. 4.9: Powor .Spectrum for Convection and Couette Flow. 

4.3.2 "~enard Instability 

Again in a Benard EXperiment, Dubois and Bet'ge (1982) observe 

the emergence of a strange attractor. They measured the time series, 

temperature T (t) and reconstt"ucted a two dimensional Poincare section 



~" 

plottin~ tTit),1"(i,jl <J~ ;iitJ~t\·::L-: t fl 

(1918)[6). 

" T 

Fig. !\, 10: Poincal'e s"ctions fOI' the Benard Experiment 

Fig. 4.IO(b) ,. (d) shows a trnnsition from quasiperiodic motion (bl to 

substractures indication the de5truction of the torus (cl and then to a strange 

attractot' ('.1), 3b one in(":rease5 the Ray\legh number. 

The Taylor instability. occun; in a fluid layer between an inner cylinder 

rotatinfJ with angular velocity to and a stationary outer cylinder, a geometry 

known as "dt'cu!.w Couette noV/"[l!)!. For small w, angular momentum fed 



oscillations of thesE; celli; occur whIch 1,,(01'90 int0 C<1dOS !\fie!' two Hopf Wfurcations. 

Fig. /jI:9b. This confirms "9<lin the Ruelle-- Tak<His-NmvhoLJse rOLJt~ to chaos 

Is involved. 

By reconsh"uctlng the phase space for a Taylor experiment from a time 

series of the radial velocity {V(tl<), ••• ,V(tkt~!) with tk '" KT~, K n 0,1,2, •• 

(TO < T), We get a Poincare section with a breal< up of the torus Fig. 4.11, 

similar to Fig. 4.10[6]. 

w 
"'10. 1 

[.j 
C 

Fig. 1f.11: Plane of the Poincare section and break up of the 

torus with increasing Ul. 

4.4 Summary of Routes -to Chaos 

Up':m now we have seCA three routes to chaos: The FeigenbauM route, 

Intermittency, and the Ruelle-Tal~ens-Newhou5e route. All these three 

rOlltes and their distinctive features are given in table 3, However, one 

should not take them as thB only t'outes to chaos. They are simply the 
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pi"ominent scetlados which have had th"ll<mtk;{,ii and experimental success. 

One shotllci hop" that fu~thei' rHlev<Jnt :~cenodo5 ViHl be found in the future. 

Table 3. Summary 01 the three routes to chaos 

Feigenb~urn 

Pitchfork bifurcations 

Infinite casecade of 

period doubings with 

univet"sal scaling 

parameters 

Benard Experiment 

Taylor Experiment 

Driven nonlin. Oscil!. 

Chemical reactions 

Optical instabilities 

, _7' 

Rueli- Takens-"Newhouse 

Tangent bifurcations Hopf bi furcatlons 

~ ---~ -----------------
Main Phenomena 

Intermittent transition 

to chaos. The laminar 

phase has duration 

(r-r }-l 
c 

Experiments 

Bemwd Experiment,' 

_ Josephson Junction 

Chemical reactions 

Lasers 

A fter three bi­

furcations strange 

aUractor "probable" 

Benard Experiment 

Taylor Experiment 

Nonlinear Conductors 
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5~ ChflOS in Conset"'v8tivc Syst(~ms 

We hove dealt upto now with diss ip;itlve systems. Hut there exists 

in tl<lture iI iarge dass of physical systems for which chaotic motion has been 

found beton, the discovery of stt'ange attl'actors in dissipative gystems."' These 

are conservative systems which encompass all dynamical systems of classical 

mechanics, 

Conservative systems are considered to be either systems which follow 

Hamilton's equatlo.n!! of motion, and for which volume elements in phase space 

al"e conserved or in a more general case, volume pt'0serving, discrete maps. 

The fact that volumes do not change In conservative systems implies 

that they display no strange attractors. Nevertheless, in conservative 

systems one also finds chaotic t'egions which an~ not attractive. 

5.1 Non-lntes!!!ble Ver~';!,s. Integrable H,!miltonian Mechanics 

The equations of motion for a system of N-~egrees of freedom are 

obtained from a Hamiltonian, tl, as: 

(5.1) 
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with k '" 1,.", N and tell I "q." Thes(' iwe, l!1 genm'al, 2N coupled non-
( . ., 

linear l'irst orclcl' differential equations, 
.",. 

A (:hun~y~ of variables from ql 

'p to "it p~ is c:aHed a cononical transformation if the h'a!isfol"med equation 

of Illotion (5,1) for 1}, '15 have the same appearance as (5.1), using the 
-J'ho ~ 

transformed H' (Q; P) • A particular popular canonical tnmsformation is the 
......... 

one to Action-and-Angle variables, J and 8 [20]. These new variable,s are 
, ..... 

defined as variables which will U'ansform the given Hcq;p) into an Hll), 
..... 

i. e. one which does not depend on half of the new variables 8. Ushlg this 

transformation the new equations of motion will be 

''''' ., oHIJ} ............ 
J " __ ,l:!L,, 0, ==) J(t) = HO), constant 

k 00 k 
(5.2) 

, .... 
8 _ 8H(1l_ -" 

k - aT k' :~:- VI k II l. """'> VI is a constant (5,3) 

L e. we have explicitely, and trivially integrated the eqwHlons of motion 
.; .. ~ 

and obtained 2N constants of the motion J, 0(0). Hence, 8 Hamiltonian 

system is called inte9n~ble if we can obtain these action and angle variables 
_to. ~ 

as a function of q, p. 

One can also use the canonical perturbation theory to distinguish 

whether the system is integrable or not [21J. The transformation to action 

angle variables is a subject of this theory. That is, one writes each. of the 

old variables ql' ... ' qn' p l' ••• ,P N as a powel' series, Blrkhoff series, In all 

new variables J 1, ... ,J n , 0J' ... ~,0N. The l:\$ yet unlmown 

....... 
coefficients in the series are derived by subGtltuting the se.-Ies into H (q, p) 

..... ..,. 
and the equation of motion (5.2-3), up to the low1')st order terms in J, 0 , 

we can solve for the lowest ol'de;' coefficientr., Hewing obtained those we 
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start all OVcf' and obtain the next hlghe~-'ord"t' cnefficitmts, etce, Hence, 

~ - ~ 
definition, and we have the el,f"- as <'l)<plidt functiuns of th" constant" .J "nd 
~ 

O. 

The above iterative procedure, however often breaks off due to one 

coefficient acquiring a lem denominator. This signals that we either need 

another variant of Birkhoff series or that no trulY. convergent series exists 

at all, i.e. one of the integrals is a singular function of q,p. In the latter 

case the system' is called !:!2!t:..!ntegrabie.. Thus, whenever we, have infinite 

Birkhoff series the system is integrable if the series converges or non-

integrable if the series diverges. 

One of the simplest example of an integrable :;Yl'ltem is the harmonic 

oscillator with a Hamiltonian. 

From this we can show that 

H(J) = JI.ol 

- aH 
J" M) '" 0 -> J '" const. 

• (J Ii 
o '" ;)J = W --> 0 "'l1lt + (i(O} 

The motion in the variables p and q is 

(2J)! c . q " - os0 Wi 
• p = -(?'JUl'j'~ Sin 0 

(5.5) 

(5.6) 

(5.7) 

(S.O) 

The corresponding trajector.y in phase space is an ellipse which become a 

circle with ~w coordinates Jl ane! e after proper rescaling. Comparing 

Eqns. (5.2-4) and (5.6-7) one can see that the equations of motion (in action­

angle variables) of any Integrable system with N degt'ees of freedom are practical 
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the san10 a;; jho;;e of a set of N uncoupled harmonic G'lcHlators, The only 

diffcrenc" is tll,,\ in '1 gOilf!rn! !ntl'.grabl'! system the ft'equenc!<Js ("i are still 

funcitom; of the actions .Ii wlwrea5 ti1BY ,we ind('pendmH of J i tOt' hllnnoniG 

oscillators. In analogy with the harmonic osciliatot'. the existance of n 

integrals of motion (Jl' ... ,I
N

) confines the trajectory in the 2N-dimenslonal 

phase space of an integrable system of an N-dimensional torus. The actions 

-"" ..... 
J measures the N radii of the torus and 0 the N angles of a point on the 

torus. 

We have seen that all integl'able systems with N-degrees of freedom 

can be nonlinearly transformed into each other and are In this sense equi-

valent to N hat'monic oscillator or oven to N pen dual. Bence We expect 

their phase plane5 to look like nonlinollrly deformed versions of the phase 

ptine for the pondulum, [20], (211, Fig. 5, t. 

• 

Fig. 5.1. Pha5e riot for the Pendulum x = ··sin x. 



Fig, 5,;: shows th,,, motion of an !ntegrable "ys'rem with two dBg,-ees 

MJ 2 
Fig. 5.2 Tonls in phase space 

colsed orbits occur only if n 1102 '" m 2n, i.e • 

. " .vz m 
.~- co - '" rational; m,1l '" 1,2,3,; •• -w n 

1 
(5.9) 

for Irrational frequency ratios the orbit never repeats Itself but approaches 

every point on the two dimensional manifold Infinitel;iolilily close in the course 

of time [6}. 

SlnceeaGh bounded orbit if; constrained to a smooth N dimensional 

torus, it cannot come arbitrarily close to every pOint on the (2N-1l dimensional 

SUI-face of constant energy, N ~ 2. Hence an integrable system cannot be 

ergodic (N :: 2), let alone appmilch thermal equilibrium. 10 order to be 

ergodic an orbit should, In general, cover the surface of constant energy 

both densely and uniformly. 

Let us now add to ~o' of an integrable 'system, a perturbation £; 1-1 1, 

(5.10) 

.., ..... 
where we expl'cssed H1 In action-angle variables J " (J" J 2l, ° '" (°1,°2) 

of the unpertw<bed sy~terl'. 



series inc convcrg()s, 

For an integrable system, 
'J: {0' 1 
I, ,~~ is close to tin irration,al nu,Tlber Is 
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perturbed by E B, then by I(AM thelll'em the ';Y;item wi!! be stable under , 
the perturbation £ Hl in the limit £ « 1. ,For large c the perturbation £ HI 

destroys all tool [6], The destruction of this KAM torus sho:<,!s WI)10 slmlladty 

to the Ruelle-Takens ['oute to chaos In dissipative systems. 

When t~l 1'1')2 is rationol,the original torus decomposes Into smaller and 

smaller tori Fig. ~,.3. Some of tl¥llje newely created t,?ri are agllirl stable 

according to I(AM theorem, But between the stable tori the motion is completely 

irregular [6!, 

Fig, 5.3: TorL¥l,lth rational fl'equency ratio decays into 

smaller and smaller tori, 

5.3 Sei2,5itive Dependence all. Initial Condition.' and Random Behavior 

We saw that for s Nonintegrab!e system the Canonical Perturbation 

series, 01" Birkhoff sorles, diverge, In all likelihood due to a singularity in 

ono of the integral!; J,/q,-P>, Moreover thel"e appears to be an Infinite sot 

of such singuhll'ltios in phase speco [21], 



of Intorest, dut: to e~~perimentol or numerical uncertalnlty in the lnitla!~ 

condition. 

As II final polnt let WI mention that Notwlt}lstandlng the abundance 

of chaotic regions, there Is aiso an abundance of j'Ergular re51ions in phase 

space. This follows ft'om KAM theorem which show5 that many. of the simple 

quaSi-periodic solutions of an Integrable sy~tem will still be present, virtually 

unchanged, in a nnnintegrable system, in general, Moreovc,H', a ,finite fraction 

(measure) of all ol'bits an) of this ... egular type [21], 

Summat'lz!ny, if '!IO disturb the regular orbits of an Integn:lble system 

on a torus in phase soaCG by adding a mm Integrable perturbation, then 
~ ~.;$ 

depending on tho different initial conditions (different j, e (0) in Eqns. 
=A. ~ 

(5,2 .. 4) imply different (q 1';""2 ~ince (111 '""}." (J)) regular or completely irregular 
, . 

motion nl!lults. Although th~ measure of initial conditions which lead to 

t'egular motion is nonzero due to the KAM theorem, fo;' evet'y rational 

frequency ratio one obtains smaller and smaller stable tor\.!and irregulElr 

orbits dua to the hyperbolic fixed points. Thus, an al'bltrarily small. change 

In the initial conditions leads to a completely different long-til1l3 behwlor. 

; , 

I 



H = lip! + ,,' + p! + q') + Iq lq -
. I 11 <~ 2 .. tl ~l 3 1 

W.hich consists of an Intcgl'abic pair of harmonic oscillators coupled by non-' 

integrable cubic terms (Henon, Heiles, 1964) In}. 

This system has not be')t1 solved using any analVtic method. Numerical 

solutions can however be obtained ovet' a time intet'v!ll of physical l(\tol'e91 

when sufficiently milny numerical procautions <Ii'", taken. How do we look 

fot' possibl", chaotic behavior in the 4·'dimensional phase space of qt' P"Q2' 

P27 If we restrict the Initial conditions to one value o·~ the energy, E, there 

are only 3 independent coordimlto" left over, due to the .constraint H(Ql' 

P, ,G2'PZ) '";s Since 3-dimenslonsl pha:>e space is still difficult to draw 

we only plot the intersection points of the orbit q! (t), qz(t), P2(t} with 

a 2-dimensional plane q2 versus P2 (at qj"'O). If tho system were Integrable 

this! Poim:are·-) surface of section would lOOk like Cl dotted version Of Fig. 

5. 1, few the Pendulum, i. e dotted eUpso5, dotted "eparatricas, ate. Fig. 

5. q shows ~urfaces of secHon for the Henan-Hailes system. Inspecting its 

left column we see that at some low energy, E '" 1/12, the phase plot does 
"'. -~" 

like il dotted deformed version of the one for an integrable system, Note 

the tht"oo most visible hyperbolic points and the separatrices "connecting" 

them. However, at E ~ 1/8 these seem to have dlsappellred, replaced by 

a chaotic coll6c;tion of dots (from one orbit) through which it would be 

difficult 1:0 dt'aw a nice simple curve. At higher energy E ~ k., nearly 



1 
E = Ti 

E _ 1 
B 

Fig. 5,11: Poincare maps for the Hanon·-Heiles System 
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QI'bits on the left, at E ~. I/H, and sevel'al orbits at to ,,1/8. How""er, 

the chO<ltic "space filling "orbit§, viElblf, at E ~ 1/6 and ll8, demonstrate' 

that the cUt'ves on the dght, COf"((0sponding to the same initial .condition, 

are incorrect and even misleading as to th,' qualitative behavior of the orbits. 

This provides a strong indication tlwt the Henon--Heiles system is non integrable. 

2, Motion of an astel'Oid arol.mct the sun, perturbed by Uie motion of 

Jupiter. 

This threll body p.-oblem is 

nonintegrable, and fmm ollr discussion 

we expect thut'tll'>' asterioct Illotion 

become» unstablz if the ratio of the 

unpertut'bed frequency of the asteroid -------
motion (0' and the angula'- frequency of Fig, 5.5: Perturbation of an asteroids 

motion by Jupitel'. 

Jupitorill. becomes rational. Fig. 5.6 illustrates that, infact, gaps occur 
I 

in the asteroid distribution for rational wi"'.I' On the other hand, the 

existance of stable <1stok"otd orbits (NO) clln be mn"ldered as a confirmat-

ion of the K AM theorem [61. 

f 

Fig. 5, G Fraction f of asteroids in thtl belt hetwnm 

Mars and .Jupiter ar a function of (fli"".1 [l'ft(Jr 

Ben'y, 1913) 
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6. Chaos in Nature Outside Physics 

x ." 'f!:>)': (1 ~X ) displavs t'eg· I!,,)!, Hnd chaol.lc hehavior. Then, we have nil n n -

"xM,~1 !:his behavior to be observed ;(1 any nonlinear sy~t(lm if the givan 

function xl" fIx ), which describes i:he system, has a single maximum 
n+ n 

in a unit interval, Based on this (and with some ,'estrictions), we have so 

many systems outside physics which exhibit similar behavior. Such behavior 

is found, for example, in ecology: to study a seasonally breeding populations 

in which generations donot overalp. The theoretician seeks to understand 

how the magnitude of the population in generation n+1, x n+1, is related to 

the magnitude of the population in the preceding generation n, xn' Similar 

behaviour can be found in genetics where the equaiton desct'ibes the change 

in gene fniquency or in epidemiology, where x is the fraction of the populat-

ion infected at time t ,~ n. 

Exampl"\il in economics include models for the relationship between 

commodity qUfmtity and price, fot' the theory of business cycles, and for 

the temporal sequences generated by various other economic quantities •. Sayings 

account with a self-limitin9 rate of Interest foll~w t.he above quadratic equation. 

The above equalton, x 1-1 ~ F(y. ), l5 also germane to the social sciences, 
~ n . 

where it adses, for example, in theories of learning (where )( may be the 

number of bits of information that can be remembered after' an interval 

t = n), or in the propag;)tion of rumours in variously structured societies 

(whet·e x is the number of people to have heared the rumour after time 

t " n) [II]. 

Experiments with animal hearts found another lIppliclltlon [9], It was 

found the same charllctet'istk pattern which we know fl'om the Feigenbaum 

diagt'am. 

CIIIll<1tic variability and the elec.tricr.1 m:tlvh v of th" brain [241 shows 

also anL'ther chaotic ph;;nOm'.lfl1L 
• 



we havo observed ~hl: foliowinn: 

is dl,terrninisti<: and yat SilOWS charltk b<.lhavior as one varies the 

external control parr.metet. 

2. We have seen the three prominent routes to chaos which have 

experimental support. 

3. We have observed strange attmctors in dis!!lpatlve sY!1tems, Lorenz 

and Henon attractor, which lead to the exponential separation of 

initial pOints on the uttractor and lead to chaotic behavior. 

4. In conservative systems of classical m~chanics .it Is observed that 

chaotic and regular motions coexist together in non integrable systems, 

though Ihe former abmmdance is by far lar'ger than regular motion. 

5. The above J'outes to chaos and other chaotic phenomena are not 

restricted particularly in physics, but they can be found In many 

nonlinear sty stems In other disciplines. 

In spite of practical pt'oblems to be solved, the ideas presented in this 

work have obvious applications in many areas. What are the consequences 

for our knowledge about tho reality, because every system in real life. is 
_< .4-,! 

a nonlinear system? 

i) One consequence Is that the way of thinking' should be changed. We 

should be aware of the fact that chaotic systems In our world are the normal 

case, not the exception. 
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Ii. is observed til", in the chaotic ["'Jime ad.Jitri.wily close Initial conditio 

can leaei' [0 tnc.j",::wries which, DHut" a sufflciHntly long time, diverge widely. 

TniG mODr,-S thg!:, nvnp it w .. ~ huvn ,3 siruple IHodo! In \vhich all the parameters 

art; derBl'mined oxactly, long te,Tl prediction is nevel'th()less Impossible. 

Thin insight should open a now view not only on such simple models, 

but also on other achievements of human civilization which we have thought 

to be under our complete controll. Aftoy' tho first excitement caused by the 

feeling of a partial success we havo to learn that the pdndple of chaotic 

behaviot' limits many of our attempts to create an Ideal world out of our brain. 

II) Pedagogical. Students should b" Introduced early to some nonlinear systel! 

such as equation 2.1, in their mathematical education to enrich their intuition. 

iii) It appears that an adequate, understanding of nature requires much more 

than finaing the fundamental law", Phenomenological a~alysls must gain 

more attention. 
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