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Abstract 

We present a detailed derivation ofthe c-number Langevin equations for a laser 

coupled to a squeezed vacuum reselVoir fi'om the conesponding operator 

Langevin equations. Employing these equations we investigate the effects of the 

squeezed vacmUll on the photon statistics, the spectnllll of intensity fluctuations, 

squeezing spectrum and the power spectnllll for a laser operating below tln·eshold. 

The same set of equations are also used to study the effects of the squeezed 

vacuum on the photon statistics, the power spectrum, and spectmm of intensity 

fluctuations for a laser operating above threshold. We find that the intensity 

fluctuations and laser linewidth depend on the relative phase between the 

squeezed vacuum and the laser. 
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1. INTRODUCTION 

The laser principle was first introduced by Schwalow and Townes and also by Prokorov 

[1,2] four years later after the discovery of the maser principle by Gordon, Zienger, and 

Townes in 1954 [3]. In their semiclassical treatment of atom-field interaction, Schwalow 

and Townes showed that a coherent radiation can be generated not only in the radio 

frequency range (maser) but also in the optical domain ( laser). A laser consists of a set 

of atoms pumped to the upper level and interacting with a resonant radiation inside two 

parallel mirrors forming a cavity. One mirror has 100% reflectivity while the other mirror 

called port mirror is partially transmitting thereby giving rise to the output radiation. 

If the upper level is sufficiently populated, a condition called population inversion, the 

resonant radiation (cavity mode) gives rise to further stimulated emission. From the above 

discussion, it is clear that a laser theory should deal with three basic elements, an active 

medium, pumping to the upper level, and the radiation losses due to the cavity. 

The quantum noise and photon statistics of a laser have been extensively investigated 

[4-9]. It has been found that the photon statistics of a laser operating well above threshold 

tends to be Poissonian [6]. Moreover, the intensity fluctuations of the output light of such 

a laser tends to have a flat spectrum at the shot-noise level [6]. In addition, the photon 

statistics of the radiation generated by a laser operating below threshold is identical to 

that of a thermal light [7,8]. 

A closer look at the quantum theory of a laser reveals that there are three dominant 

sources of noise which contribute to the laser output. These are pump fluctuations, spon­

taneous emission, and vacuum fluctuations entering the cavity through the port mirror. 

There has been several attempts to suppress one or more of these noise sources [10-14]. 

The replacement of the ordinary vacuum surrounding the port mirror by a squeezed vac­

uum would certainly modify the properties of the laser light. 

The effects of a squeezed vacuum on the intensity fluctuations and laser linewidth 

have been investigated by several authors applying the Glauber-Sudarshan P-function 

or stochastic differential equations obtained from the pertinent Fokker-Planck equation 

[10-14]. It is predicted that the Schawlow-Townes limit of the laser linewidth can be 

reduced by as much as one-half of the linewidth of a laser coupled to an ordinary vacuum 

reservoir. In addition, it has been found that, due to the coupling of the laser with a 
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squeezed vacuum, there is an increase in the intensity and intensity noise [13J. On the 

other hand, Marte et al [12] considered the effects of coupling the atoms of a laser to a 

squeezed vacuum reservoir anel showed that the intensity fluctuations of the laser reduces 

and even sub-Poissonian statistics may result. 

The Fokker-Planck approach involves sophisticated techniques to convert operator 

master equations into F'okker-Planck equations and via Ito calculus to the equivalent c­

number Langevin equations [15]. Moreover, the derivation of the master equation by itself 

involves a great deal of mathematical manipulations. 

The main objective of this thesis is to stuely the quantum noise and the photon statis­

tics of a laser coupled to a squeezed vacuum reservoir applying c-number Langevin equa­

tions. vVe seek here to derive the c-number Langevin equations from the cOl'J'esponeling 

operator Langevin equations for the normal ordering applying the method discussed in 

reference [16J. From these set of c-number Langevin equations for atomic and radia­

tion variables, we eliminate the atomic variables adiabatically and derive the Langevin 

equations for the racliation variables alone. 

The resulting c-number Langevin equations are then used to study the photon statis­

tics, spectrum of intensity fluctuations, squeezing spectrum, and power spectrum for a 

laser operating below threshold. Applying the same equations we also calculate the mean 

and variance of the photon number, the power spectrum, and the spectrum of intensity 

fluctuations for a laser operating above threshold. 
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2. LANGEVIN EQUATIONS 

In this chapter we seek to derive the Langevin equations for a laser coupled to a 

squeezed vacuum reservoir. We shall follow the approach of Scully and Lamb [17J, ill 

which the pumping mechanism is modeled by the injection of a sequence of inverted 

atoms into the cavity. A laser coupled to a squeezed vacuum can be al'1'anged as indicated 

in figure 1. 

Squeezed input Laser output 

-.-,.,-"-... --0-_ ... .-...... -.-........ " ..... _-•. _--.---0 .. " .......... -..... .. 

/ \ I I 
. / \ 
/ \ 

~ 

It I;? 
'f 'f 

Ie) 

Fig. 1. A laser coupled to a squeezed vacuum 

Atoms initially in levella) are injected into the cavity at a rate j·n. The upper two levels 

la) and Ib) constitute the lasing levels and are at resonance with the cavity mode. The 

lowest atomic level Ie) is a state to which atoms decay with a rate I and the transition 

.frequencies Wac and Wbc are assumed to be far from resonance. A laser coupled to a 

squeezed vacuum reservoir is described in the interaction picture by the Hamiltonian 

(2.1 ) 

where HAF is the atom-radiation interaction Hamiltonian, HRIF describes the interaction 

of the cavity mode with the squeezed vacuulllreservoir and HR,A represents the interaction 
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of the atoms with the ordinary vacuum reservoir. These Hamiltonians have the form 

HAF=ihg~8(I-tj)(ato-~-o-~a), (2.2) 
j 

HR1F = in ~ g; (bl a cxp[-i(wo - WI)t]- a tbl exp[i(wo - WI)t]) , (2.3) 
I 

HR2A = in ~ ~gk (o-tcckexp[i(wac - wk)t] + o-bcckexp[i(Wbc - wr)t] + H.C.) , (2.4) 
J k 

where a, bl and c;; are the annihilation operators for the cavity modc, squeezed vacuum and 

ordinary vacuum reservoir modes, respectively. The unit step function 8(t) is included 

to ensure that the ph atom starts to interact at the injection time ij. o-~ = Ib)jj(al and 

o-~ = la)jj(bl are the lowering and the raising operators for the ph atom, respectively. We 

assumc the coupling constants g, g; and gk to be real and 

o-~q = Ip)jj(ql, (p, q = a, b, c) (2.5) 

2.1. Quantum Langevin Equations for the Cavity Mode 

The operator a evolves in time according to 

a = .~ [a,HJ, 
ZIt 

(2.6) 

and using ( 2.1 ), we have 

(2.7) 

Since the cavity mode operator a commutes with the atomic operators o-;q and the vacuum 

mode operators ck 

(2.8) 

And using the commutation relation 

(2.9) 

we see that 

1 " . c:;[a,HAF] = 9 ~ 8(t - tj)o-~, 
1.1~ . 

(2.10a) 
J 

i~[a,HR1Fl = - ~g;blexp[i(wo -WI)t]. 
I 

(2.10b) 
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Combining Eqs. (2.8), (2.10a), (2.10b) and (2.7), we have 

it = 9 L 0(t - t;i)a~ - Lg;bl exp [i(evo - WI)t]. 
J I 

In addition, applying the commutation relation 

one can easily show that 

On formally integrating this, we obtain 

bl(t) = bl(O) + g; l dt' art') exp [-i(wo - WI)t'], 

so that substitution of this into (2.11) leads to 

it = 9 L0(t -t;i)a~ 
j 

Lg;bl(O) exp [i(wo - WI)t] 
I 

Lg? (' elt' art') exp [i(wo - WI)(t - tIll· 
I io 

We now proceed to simplify the last term in Eq. (2.15). To this end, we let 

fo = Lg? r' elt'a(t')exp[i(wo-wl)(t-t')]. 
I io 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

Assuming that the frequencies of the squeezed vacuum reservoir modes to be closely 

spaced, the summation can be replaced by an integration 

L ----> roo ,\(w)dw, 
I io 

(2.17) 

where .\(w) is the density of reservoir modes. Hence Eq.(2.16) can be put in the forIll 

ro = l elt'a(t') 100 

dw.\(w)g12(w) exp [i(wo - w)(t - tIll· (2.18) 

Furthermore, applying the method developed in Ref. [18] we set w' = w - Wo, and have 

ra = (' dt'a(t') 100 

dw'.\(wo + W ' )g'2(WO + Wi) exp [-iw'(t - t')]. 
Jo -wo 

(2.19) 
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Since the exponential factor is a rapidly oscillating function of Wi except near Wi = 0, one 

can replace .\(wo + Wi) and g'2(WO + Wi) by .\(wo) and g'2(WO) and extend the lower limit 

to -00. In view of this, we have 

fo = l dt l a(t').\(wo)g'2(wo) 1: dW' exp [-iw'(t - t')], (2.20) 

so that on carrying out the integration, we find 

C 
fo = Za(t), (2.21 ) 

where 

(2.22) 

is the cavity decay rate. Hence the quantum Langevin equation for the cavity mode is 

where 

C '" . it = -Za(t) + 9 6 8(t - tj)(}'~ + Fe(t), 
j 

Fe(t) = - Lg;bl(O) exp [i(wo - WI)t] 
1 

is the noise operator associated with the squeezed vacuum reservoir. 

For a squeezed vacuum reservoir [8] 

(b l ) = (bl) =0, 

(blb1,) - N 611', 

(bl bt, ) - (N + 1)611', 

(blb1, ) = M 61'.210-(, 

( t t b1 bl') = M*61'.210-l, 

where 

N _ sinh2{1-), 

M = cosh(j·) sinh(l')ei¢ 

(2.23) 

(2.24) 

(2.25a) 

(2.25b) 

(2.25c) 

(2.25d) 

.(2.25e) 

I (2.25f) 

I (2.25g) 

and l' is a squeeze parameter, assumed to be real and positive and ¢ is the reference phase 

of the squeezed light. On account of (2.25a), we see that 

(Fc(t)) = (FJ (t)) = O. (2.26) 
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We now proceed to evaluate the correlation function (F) (t)FC(t')). With the aid of 

(2.24), we have 

(FJ (t)Fc(t/)) = -z:= gig;, (bi (O)b,,(O)) exp [-i(wo - WI)t + i(wo - WI' )t/]. (2.27) 
l,i' 

On introducing (2.25b) into (2.27)' there follows 

(FJ (t)Fc(t' )) = N -z:= g? exp [-i(wo - WI)(t - t')] 
I 

= N l'" dWA(W)g?(w) exp [-i(wo - w)(t - t')] 

= NCo(t - t/) 

Following a similar procedure, one can easily verify that 

(Fc(t)FJ (t')) = C(N + 1) o(t - t'), 

(Fc(t)Fc(t')) = CM 6(t - t'), 

(FJ (t)FJ (t')) - CM' o(t - t/). 

2.2. Quantum Langevin Equations for Atomic Operators 

(2.28(1 ) 

(2.28b) 

(2.28c) 

. (2.28d) 

We next seek to obtain the quantum Langevin equations for the atomie operators. 

The lowering operator (J~ evolves in time according to 

Applying Eq.(2.1), we see that 

. 1 . 
iJJ = _[(JJ H] 

- ili-' (2.29) 

(2.30) 

Since the atomic operators commute with the cavity mode operator (I and the squeezed 

vacuum operator b
" 

we have 

(2.31) 

Employing the identities 

(Ji (Ji' - Ib) '" (b16 '" -+- JJ JJ' (2.32(1 ) 
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., . 

O"to"'. = la)j'j(aI8jj', 

and the commutation relations 

the first and third terms in Eq.(2.30) are found to be 

i~ k~, HR2AJ = L gf (O"tcck exp [i(wac - wk)tJ + cla{a exp [-i(Wbc - wk)tJ) . 
k 

lIenee substituting Eqs.(2.31) and (2.34) into (2.30), we get 

u'. g8(t - tj) (a~a - aib) a 

+ ~gk(O"tcckexp [i(wac - wk)tJ + cta~a exp [-i(Wbc - wk)tJ). 
k 

Following the same procedure and with the aid of the commutation relations 

· ., 
[O"~a,a'.J = -lb)j'j(aI8jj', 

[a~a,arJ = la)jj'(bI8jj" 

[a~a, (Jt~] = \a}jp{clojp) 

[a~a,a~:J = -1c)j'j(aI8jj" 
- -, .-/ 

[a~a' atc] = [a~a) a~b] = 0, 

and 
· ., 

[atb' a'.J = Ib)j;,(aI8jj" 
· ., 

[O"tb,atJ = -la)jj'(bI8jj" 
· ., 

[abb, aiel = Ib)jj'(cI8jj" 
· ., 

[alb' a~bJ = -1c)jj'(bI8j j', 
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(2.32b) 

(2.33a) 

(2. 33b) 

(2.33c) 

(2.34a) 

(2.34b) 

(2.35) 

(2.36a) 

(2.36b) 

(2.36c) 

(2.36d) 

(2.36e) 

(2.36j) 

(2.36g) 

(2.36h) 

(2.36i) 



(2.36j) 

one can easily arrive at the following equations of evolution for the atomic operators 

a~a -g0(t-tj)(ata~+a~a) 

+ ~ gk( a!8 exp [i(wae - Wk)t] + 4a;a exp [-i(wae - Wk)t]} 
k 

alb y0(t - tj) (at a~ + a~a) 

+ L gk (aleck exp [i(Wbe - wk)t] + c~a~b exp [-i(Wbe - wk)t]} 
;; 

Moreover, applying the commutation relation 

the equation of evolution for the operator ck is found to be 

Ck = - Lg;;(ata exp [-i(wae - w;;)t] + a;b exp [-i(Wbe - Wk)t]). 
J 

On formally integrating this equation we have 

c;;(t) = el(O) - l' dt' L y;; ( ata (t') exp [-i(wae - wl)t'] 
J 

Substitution of c;;(t) from (2.40b) and its complex conjugate into (2.35) leads to 

a~ g0( I - tj) (a~a - alb) a + L y;;aUt)c;;(O) exp [i(wae - wk)t] 
;; 

- ~ gfaW) I,: l' dt'a~:(t') exp [i(wae - w;;)(t - t')] 
k J 

- ~YfaUt) I,: l' elt' a;;(t') exp [-i(Wbe - w;;)t' + i(wae - w;;)t] 
k J 
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We now let 

+ Z=gkcl(O)a~a(t)exp [-i(Wbc - wk)t] 
k 

- ~ gf L, l' dt' aL(t')a~a (t) exp [-i(Wbc - Wk)( t - t')] 
k J 

-~ gf L, l' dt' a~~(t')a~a( t) exp [-i(Wbc - wrJt + i(Wac - w;;)t']. 
k J 

1\ = ~ gl;aUt) L, l' dt' a1~ (t') exp [i(wac - w;;)(t - t')], 
k J 

Where the coupling constant g;; is given by [8,18] 

2 Wi: Z2 2(0) gi: = Ii T/ cos , 
2 ~EO' 

(2.41 ) 

(2.42) 

(2.43) 

with d (assumed to be the same for each atom) being the electric-dipole matrix clement. 

Assuming that the w;; are closely spaced, the sum over k can be replaced by an integral 

over w 

11 12

,. 1" 100 z= --> 2 ( )3 dq, dO sin( 0) dw w2, 
• 21fC 0 0 0 
k 

(2.44) 

where 11 is the cavity volume and the factor 2 is included to account for the two possible 

polarization of the vacuum modes. Now combination of (2.43) and (2.44) with (2.42) and 

set ting w' = W - Wac leads to 

r 1 = Ii ~~ )2 aW)Z= ('dt'a1~(t')1°O dw'(wac+w')3exp[-iw'(t-t')]. (2.45) 
6 EO 21f j' io -Wac 

In addition, we assume that W varies slowly around Wac' Vie can then replace Wac + w' 

in the above integral by Wac and extend the lower limit of the integration to infinity, one 

then readily obtains 

4d2 

3 l' 100 
_ Wac j I P _, I • I , r 1 - Ii c'( )2abC(t)Z= dtaca(t) dwexp-zw(t-t)]. 

6 ~(o 21f ., 0 -00 
J 

Upon carrying out the integration, we obtain 

Applying the identity 

d2 3 
_ Wac '""""" j / r 1 - 6" -, D abcaca · 

a7rEoC- 'J 
J 

j j' j c abcaca = U_Vjjl) 
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we see that 

r _ fUc j 
1 - 2 ,,-, (2.'19" ) 

where 
d2w3 

lac = ac. 
3n7rEoc.3 

(2A9b) 

is the rate at which atoms decay from level la) to level Ie). 

Denoting the sixth term in Eq.(2.41) by 1'2 and following the same procedure, one can 

show that 

1'2 = ~gn~ l' dt'"t;(t')"~a(t) exp Hh, - wk)(t - t')] 
k J 

Ib, j 

= 2"-' (2.50a) 

where 

Ib, = 3n7rEoc" (2.50b) 

is the rate at which atoms decay from levellb) to levellc). Assuming the same decay rate, 

I.e., la' = Ib, = I 

(2.51 ) 

Since the exponential functions in the fourth and seventh terms in Eq. (2.41) are a rapidly 

oscillating functions of wk' their average value tends to vanish. Upon neglecting these 

terms, the quantum-Langevin equation for ,,~ then reduces to 

where the noise operator associated with the j'h atom is given by 

FluCt) = "Ut) 2:>kCk(O) exp [i(wu, - w;;)t] 
k 

+"Ut) I:g;;4(0) exp [i(Wbc - w;;)t]. 
k 

(2.52) 

(2.53) 

Substituting C2.40b) and its complex conjugate into Eqs.(2.37) and (2.38), and following 

a similar procedure, we obtain the following quantum-Langevin equations for "~a (t) and 

"tb(t) 

(2.54) 
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where the noise operators are defined as 

F!a(t) = O"Ut) 2: 9;;C;;(0) exp [i(wac - w;;)t] 
;; 

+O"~(t) 2:9;;cl(0) exp [-i(Wac - w;;)t], 
;; 

Ft;(t) - O"tc(t) 2: 9;;c;;(0) exp [i(Wbc - w;;)t] 
;; 

+O"~(t) 2:9;;cl(0) exp [-i(Wbc - w;;)t]. 
;; 

For ordinary vacuum reservoir, we have 

(c;;(O)) = (4(0)) = 0, 

t (c;;(O)ck,(O)) = 0, 

(ck(O)Ck,(O)) = (4(0)ch(0)) = 0, 

(c;;(O)ch(O)) = 8;;k" 

Applying (2.58a) it is easy to show that 

(Fta(t)) = (Fta(t)) = (Ftb(t)) = 0 

(2 . .5.5) 

(.) "") '-J")U 

: (2.57) 

(2.58a) 

(2.58b) 

(2.58c) 

(2.58d) 

(2.59) 

We next evaluate the non-vanishing correlation functions of the atomic noise operators. 

On account of (2.53), we have 

+(0"~c(t)0"1a(t')) 2:9k9k,(C;;(0)ch(0)) exp [-i(Wb' - w;;)t - i(Wb' - wk-,)I']. 
k,ki 

(2.60) 

12 



Applying (2.58b-2.58d) and the fact. that 

Eq.(2.60) read 

L:9rexp[-i(Wbc -wk)(t _tf)] = lo(t - tf), 
k 

(2.61 ) 

(2.62) 

Following a similar procedure the remaining non-vanishing correlation functions are found 

to be 

(F!a(t)F!a(tf)) = I(J~a(t))o(t - tf), 

(Ftb(t)Ftb(tf)) = I(J~b(t))o(t - tf), 

(FL(t)F!a(tf)) = I(J~(t))o(t - tf), 

(2.63) 

(2.64) 

(2.65) 

(2.66) 

2.3. Quantum Langevin Equations for Macroscopic Atomic 

Operators 

In the preceding section we derived the quantum-Langevin equations for individual 

atomic operators. \¥"e next change the operators for individual atoms to operators which 

describe the macroscopic atomic properties. This proves to be necessary for the approxi­

mation techniques employed later in this chapter. While the individual atomic operators 

are very sensitive to an adiabatic approximation, the averaged, macroscopic quantities 

can be treated by such a technique. Therefore we define the following operators: 

M(t) = L: 8(t - tj) J~(t), 
J 

Na(t) = L: 8(t - tj) J~a(t), 
j 

Nb(t) = L: 8(t - tj) Jtb(t). 
J 

(2.67) 

(2.68) 

(2.69) 

The operator 11,11 represents the macroscopic atomic polarization, and the operators Na and 

1Vb specify the number of atoms in the two excited atomic levels \a) and \b) respectively. 

With this definitions Eq.(2.23) for the cavity mode simplifies to 

it = -~a + gM + Fe(t). (2.70) 
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The Langevin equations for the macroscopic atomic operators can be found by differ-

entiating Eqs (2.67), (2.68) and (2.69) with respect to time and substituting Eqs (2.52), 

(2.54), (2.55) respectively. For example, for the operator Na we obtain, 

i.fa = ~ [oL(t)8(t - tj) + 0(1 - tj)a~a(t)] . (2.71) 
J 

Substituting Eq.(2.51) into (2.71)and applying the following identity 

(2.72a) 

(2.72b) 

wegct 

i.fa = ~ S(t - tj)oL(tj) -,Na - 9 (a tJlI + Mta) + ~ 0(t - tj)F1a(t). 
j j 

(2.73) 

The first term on the right-hand side of Eq.(2.73) corresponds to the injection of atoms 

into the cavity. To see this clearly let us evaluate the expectation value of this term; 

(2.74) 

The index s on the brackets in (2.74) indicates that we still have to perform the statistical 

average over the injection times. Since atoms are initially in levella) we see that 

(2.75a) 

(2.75b) 

and hence 

(2.76) 

If we assume a time independent atomic injection rate r a, this average can be evaluated 

as 

= Tao (2.77) 
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In order to obtain the correct Langevin equation in which the reservoir average of the 

noise operator is zero, we add and subtract the expectation value of the first term of 

Eq.(2.73), and obtain 

(2.78) 

where 

(2.79) 
j j 

is the total noise operator for the atomic operator N a • It is easy to verify that 

(Fa(t)) = O. (2.80) 

In a similar way we can derive the quantum-Langevin equations for the remaining atomic 

operators. 

ih = -,Nb + g (atM + Mta) +H(t), 

if = -,M + g (Na - Nb) a + FM(t), 

where the noise operators are given by 

j j 

J J 

(2.81) 

(2.82) 

(2.83) 

(2.8'1 ) 

Since we have assumed the atoms to be initially in level la), there is no injection term in 

Eqs.(2.81) and (2.82). Employing the identities 

there follows 

(F1(t)) = 0, 

(FM(t)) = O. 

(2.85a) 

(2.85b) 

(2.86) 

(2.87) 

Next, we seek to evaluate the non-vanishing correlation functions of the atomic noise 

operators. Using Eq.(2.79), we have 
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(F~(t)Fa(t')) = I ~ 8(t - tj)8(t' - t;)(Fja(t)F~a(t'))) 
~ t,) s 

+ I ~ 8(t - tj) S(t' - t;)(FL(t)a~a(t;))) 
\ I,) s 

-21'a (it 8(t - tj)(F!a(t))) s 

+ I ~ S(t - tj)8(t' - t;)(a~a(tj)F~a(t'))) 
\ I,J s 

+ I ~ O(t - tj)O(t' - t;)(a~a(tj)a~a(t;))) 
\ I,J s 

-27'a (it O(t - tj)(a~a(tj))) s + 1';. 

(2.88) 

The statistical average over the injection times denoted by s is separated from the quantum 

mechanical expectation value. Since individual atoms are completely independent of each 

other, we have the following: 

for i =I j 

= 1, (2.89) 

for i = j 

= 1, (2.90) 

and also, 

(2.91) 

Using (2.89~91) and (2.63), Eq.(2.88) can be written as 

(Fa(t)Fa(t')) = I (it 8(t - tj)8(t' - tj)(a~a(t))) s o(t - til + (it S(t - tj)S(t' - t j)) s 

+1'Lo(t-tj)S(tl-t;)) -21')'LS(t-tj)) +1';. 
\ I,} \ J s 

i-lj s 

(2.92) 
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We see that 

(2t D(t - Ij)D(t' - t j)) s = (2t D(t - Ij)) s D(t - I') 

= TaD(1 - i'), (2.93) 

(;;/(t - Ij)8(I' - I;)) = (2t 8(t - Ij)) s (2t 8(t' - I;)) s 

rlJ s 

and 

(2.95) 

lIenee, Eq.(2.92) has the form 

(2.96) 

Applying the definition of Fb(I), we see that 

(Fb(l) Fb(t')) = / ~ 0(1 - t;)0(t' - tj)(F:b(t)Ftb(t'))) 
\ I,} s 

+ / ~ 0(t - t;) 8(t' - tj)(F:b(t)(Jib(t j))) 
\ I,} s 

+ / ~ 8(t - t;)0(t' - tj)((Jib(t;)Ftb(t'))) 
\ I,} s 

+ / ~8(t - t;)8(t' - tj)((Jib(t;)(Jib(t j))) . 
\ I,J s 

(2.97) 

The last term of (2.97) can be written as 

/ ~ 8(t - t;)8(t' - tj)((Jib(t;)(Jib(t j))) = 
\ I,l s 

(~8(t - t;)8(t' - t;)((Jib(t;))2) s 

+ (~8(t - 1;)8(t' - tj)((Jib(t;)) ((Jib(t j))) 

;"I'j s 

= o. 

(2.98) 
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Combining (2.64), (2.98) and the following relation 

(2.99) 

with (2.97), we obtain 

(2.100) 

Again from the definition of Fb(t) and FM(t) we see that 

(Fb(t)FM(t')) = / z= S(t - t;)S(t' - tj)(FMt)Fla(t'))) 
~ lJ S 

+ / z= S(t - til o(t' - tj)(Ftb(t)O'~(tj))) 
\ I,J s 

+ / z= o(t - t;)S(t' - tj)(O'ib(t;)Fla(t'))) 
\ t" s 

+ / z= o(t - t;)o(t' - tj)(O'ib(t;k~(tj))) . 
\ t" S 

(2.101) 

Since individual atoms are completely independent and are initially in the upper level, it 

can be easily verified that, 

(O'ib(t;)O'~(tj)) = 0, 

(O'ib(t;)Fta(t')) = 0, 

(Ftb(t)O'~(tj)) = O. 

(2.102a) 

(2.102b) 

(2.102c) 

So that on substituting Eqs.(2.102) and the complex conjugate of (2.66) into (2.101) we 

get 

(2.103) 

Similarly the remaining non-vanishing correlation functions for the noise operators are 

found to be 

(Fa(t)FM(t')) = ')'(lvJt) o(t - til, 

(Ft(t)FM(t')) = b(Na) + 1'a) o(t - t'). 
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2.4. c-Number Langevin Equations 

In this section we seek to obtain the c-number equations corresponding to the oper­

ator equations (2.70), (2.78), (2.81), and(2.82). In order to obtain a unique relationship 

between operator and c-number Langevin equations, we have to define a certain ordering 

of operators. vVe choose here the normal ordering at, M"t, Na,Nb, Nl, a, with the corre­

sponding c-numbers a*, m*, na, nb, m, a, respectively. 

Equations (2.70), (2.78), (2.81), and (2.82) are already in the chosen order so that 

in accordance with the discussion given in reference [16] the c-number equations corre-

sponding to Eqs(2.70), (2.78), (2.81), and (2.82) can be written as 

" C 
it = -2a + gm + Jc(t) + 7]o(t), (2.106) 

(2.107) 

(2.108) 

(2.109) 

where the functions Ji(t) are the noise forces associated with the corresponding noise 

operators. And the 7]j(t) are independent noise forces the properties of which remain to 

be determined [16]. 

It is easy to see that the two time correlation functions for the noise forces Ji(t) are the 

same as the normally ordered correlation functions of the corresponding noise operators, 

so that the non-vanishing correlations of interest are 

(JJ(t)Jc(t')) = CN8(t - t'), (2.110a) 

(fc(t)Jc(t')) = CM8(t - t'), (2.110b) 

(f~(t)J~(t')) = CNI*8(t - t'), (2.110c) 

(fa(t)Ja(t')) = b(na) + 1'a)8(t - t'), (2.110d) 

(fb(t)Jb(t')) = l(nb)8(t - t'), (2.110e) 

(fh(t)Jm(t')) = l(m)8(t - t'), (2.110J) 

Ua(t)Jm(t')) = l(m.*)8(t - t'), (2.110g) 
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U;" (t)fm(t' )) = (,(na) + 1'a)8(t - tl). (2.110h) 

vVe now proceed to determine the properties of the noise forces 'u (t) by imposing 

the requirement that the c-number equations of evolution for the first and the second 

moments have identical form as the corresponding operator equations. VYe note that 

the expectation values of Eqs.(2.70), (2.78), (2.81), and (2.82) and Eqs.(2.l06), (2.107), 

(2.108), and (2.109) will have identical form if 

(TU(t)) = O. 

Employing (2.70) it can be established that 

~~ (a(t)a(t)) = (a(t)a(t)) + (a(l)iL(t)) 

= -C(a(t)a(t)) + 2g(a(t)M(t)) 

+(Fc(t)a(t)) + (a(t)Fc(t)), 

and with the aid of (2.106) the corresponding c-number equation is 

d 
dt (a(t)a(t)) = -C(a(t)a(t)) + 2g(m(l)a(t)) 

+2(a(t)fc(t)) + 2(a(t)1)0(t)). 

Equations (2.112) and (2.113) are identical if 

(a(t)1)o(t)) = o. 

Formally integrating (2.106) we have 

C l' l' 1t l' art) = a(O) - - a(t')dt' + 9 m(t')dt' + fc(t')dt' + 7/0(t' )dt', 
2 0 0 0 0 

so that the left-hand side of Eq.(2.114) can be written as 

C l' 1t (a(t)7/0(t)) = (a(O)1)o(t)) - - (a(t')1)o(t))dt' + 9 (m(t' )1)o(t))dt' 
2 0 0 

+ i'Uc(t')1)o(t))dt' + [(7/0(t')1)0(t))dtl. 

(2.111) 

(2.112) 

(2.113) 

(2.114) 

(2.115) 

(2.116) 

Assuming that the system variables at earlier time are not affected by the noise force at 

a later time, we have 

(a(O)1)o(t)) = (a(t')1)o(t)) = (m(tl)7/0(t)) = O. (2.117a) 
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Noting that fc(t) and I/O(t) are independent noise forces we see that 

(fc(t')T/o(t)) = (fc(t'))(I/o(t)) = O. 

Hence Eq.(2.116) takes the form 

Comparing (2.114) with (2.118) we see that [16] 

(I/O(t'lT/O(t)) = O. 

By a similar argument one can easily show that 

(T/~(t')I/~(t)) = 0, 

Again applying (2.78) we have 

~~ (Na(t)Na(t)) = 2I'a(Na) + -2,(NaNa) - 9 [(atMNa) + (JV[t aNa)] 

-g [(NaatAf) + (NaMta)] + (FaNa) + (NaFa). 

(2.1l7b) 

(2.118) 

(2.119a) 

(2.119b) 

(2.119c) 

(2.120a) 

The first term in the first square brackets and the second term in the second square 

brackets are not in the chosen order. Therefore we have to bring Na to the left of 111 in 

the first case and Mt to the left of Na in the second case. To do this we first evaluate the 

commutation relation [M, N a ] . With the aid of Eqs.(2.67) and (2.68) this commutation 

relation can be written as 

We note that 

L 8(t - ti)8(t - tj)O'~(t)O'~a(t) 
i,i 

i,j 

L 8(t - ti)8(t - tj)[O'~(t)'O'~a(t)]. 
i,j 
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and hence we get 

J 

Applying this commutation relation we can rewrite (2.120a) in the normal order as 

! (Na(t)Na(t)) = 21'a (Na) - 2,(NaNa) - 2g [(at NaM) + (Mt Naa)] 

-g [(atM) + (Mta)] + (FaNa) + (NaFa). 

We now use Eq.(2.108) to obtain the corresponding c-number equation 

(2.120b) 

:t (na(t)na(t)) = 21'a(na) - 2,(nana) - 2g [(a*mna) + (m*ana)] + 2(na I12) + 2(nal a). 

(2.121) 

Equations (2.120b) and (2.121) are identical if 

2(na(t)1]2(t)) = -g((a*m) + (m*a)). 

On formally integrating (2.108) we find 

na(t) = natO) + 1'a t -, l' na(t')dt' - 9 1'(a*(t')m(t') + m*(t')a(t'))dt' 

+ l' la(t')dt' + 1'112 (t')dt', 

in view of this one readily obtains 

On comparing (2.122) and (2.124) we see that [16] 

(1)2(t)1)2(t')) = -g( (a*m) + (m*a) )o(t - t'). 

(2.122) 

(2.123) 

(2.124) 

(2.125) 

In a similar manner, the remaining non-vanishing correlation functions are found to be 

(1/l(t)I/l(t')) = 2g(ma)o(t - t'), 

(112(t')1]3(t)) = g( (a*m) + (m*a) )o(t - t'), 

(1)3(t)1]3(t')) = -g((a*m) + (m*a))o(t - t'). 
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2.5. Adiabatic Elimination of Atomic Variables 

The cavity decay rate C is much smaller than the atomic decay rate I, so that the 

evolution of the atomic variahles happens on a much shorter time scale than the cavity 

mode [4,8]. Under this condition we can adiabatically eliminate the atomic variables 

m, na, and nb and derive an equation for a alone. Thus we first set the time derivative of 

min Eq.(2.107) equal to zero and obtain the adiabatic value for the atomic polarization 

g 1 
m = -(na - nb)a + -Urn + 1/1)' 

I I 
(2.127) 

Substituting this result into the equations for a, na and nb yields 

. C g2 g 
a = --a + -(na - nb)a + -Urn + 1/1) + fe + '70, 

2 I I 
(2.128a) 

(2.128b) 

(2.128c) 

We next adiabatically eliminate the population variables na and nb by setting their 

time derivative equal to zero. Solving the resulting set of two coupled linear equations, 

we obtain 

(2.129a) 

1 [2
g2 

( 2l) 2g2 ] nb= 4' ra- 2 I+ 1+-2 1 (b+-2 I (a, 
1(1+ ~, 1) I I I 

(2.129b) 

in which I is the intensity lal2 of the radiation field and the noise functions (a and (b are 

defined by 

( J. + g (f* + *f) g (* + * ) a = a 172 - - mO' Q' m - - 7]1 a Q' 'l}l ) 
I I 

(2.130a) 

( J. + g (f* + *f ) + g (* + * ) b = b + '73 - ,;, a a m - '71 a a '71 . 
I I 

(2.130b) 

Substituting Eq.(2.129a) and (2.129b) into (2.128a), we obtain an equation of evolution 

for a alone 

(2.131) 
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where A and 8 are the gain and the saturation coefficients for the laser and are given by 

and the noise force fa is given by 

21' g2 A=_a._ ,2 ' 

8 = 4g
2 
A ,2 ' 

(2.132a) 

(2.132b) 

(2.133) 

Employing this expression for fa and the definition for (a and (b one can easily show that 

(f<,(t)) = 0 (2.134) 

Applying (2.110), (2.130a), (2.130b) and the adiabatic values (2.127), (2.129a), (2.129b), 

the two time correlation function for the noise force fa is found to be 

(f,,(t)fa(t')) = / CM - 80:
2 

2 (3+ ~ I)) 8(t - t'), 
\ 4(1+~I) X 

(2.135a) 

(f~(t)f~(t')) = / CM* - 80:*2 2 (3+ ~ I)) 8(t - t'), 
\ 4(1+~I) x 

(2.135b) 

(f~(t)f,,(t')) = (CN+ (1:~I)2 [1+ ~I(3+ ~I)])8(t-tl). (2.135c) 

Vve use these results to determine the the photon statistics, the power spectrum and the 

quadrature fluctuations. 
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3. BELOW THRESHOLD LASER DYNAMICS 

In this chapter we wish to consider a limiting case of laser operation. In the linear 

approximation where B = 0, Eq.(2.131) reduces to 

in which the noise force J,,(t) in this approximation is given (ef. 2.133) by 

and characterized by 

9 J,,(t) = Jc(t) + 7/0(t) + -(fm(t) + 1/1 (t)), 
'Y 

(f,,(t)) = 0, 

(J,,(t)J,,(t' )) = CM8(t - t'), 

(J~(t)J~(t')) = CM*8(t - t'), 

(J~(t)J,,(t')) = (CN + A)8(t - t'). 

(3.1) 

(3.2) 

(3.3a) 

(3.3b) 

(3.3c) 

(3.3d) 

Since no well-behaved solution of Eq.(3.1) exists for A > C, we interpret A = C as 

the threshold condition. Hence, for a laser coupled to a squeezed vacuum reservoir and 

operating below threshold, i.e., A < C, the solution of £q.(3.1) can be written as 

where 

art) = c(t)a(O) + R(t), 

crt) = exp [-~(C - A)t] , 

R(t) = crt) l' dtIJ,,(t' ) c( -t'). 

3.1. Photon Statistics 

(3.4) 

(3.5a) 

(3.5b) 

In this section we seek to calculate, applying the Q-function, the mean and variance 

of the photon number as well as the photon number distribution of a laser coupled to 

a squeezed vacuum and operating below threshold. \Ve obtain the Q-function via the 

antinormally ordered characteristic function. 
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3.1.1. The Q-function 

The Q-function for a laser coupled to a squeezed vacuum reservoir and operating below 

threshold is expressible as 

Q(o:*,o:,t) = :2 J (pz<l>(z*,z,t)exp[z*a - zo:*], (3.6) 

where the antinormally ordered characteristic function in the Heisenberg picture is ex-

pressed as [16] 

<I>(z*, z, t) = Tr {p(O) exp [-z*a(t)] exp [za t (t)] } , (3.7) 

here p(O) is the density operator for the cavity mode and the reservoir at the initial time. 

We carry out our analysis using c-number variables corresponding to the normal 01'-

dering. To this end, applying the identity 

(3.8) 

one can put expression (3.7) in the normal order 

<I>(z*,z,t) = e-z
•
z \exp [zat(t)] exp [-z*a(t)]) . (3.9) 

Hence the characteristic function can be expressed as 

<I>(z*,z,t) = e-z
'

Z
\ exp[zo:*(t) -z*a(t)]). (3.10) 

Using (3.4) and its complex conjugate, we can rewrite (3.10) as 

<I>(z*, z, t) = e-z
'

Z
\ exp [zc(t)a*(O) - z*c(t)a(O) + zR*(t) - z* R(t)];' (3.11) 

The radiation variables at the initial time and the noise forces at a later time are uncor-

related. In accordance with the discussion given in Ref. [16] we can write (3.11) in the 

form 

<I>(z*, z, t) = e-z
'

Z
\ exp [zc(t)a*(O) - z*c(t)a(o)]) 

X\ exp[zR*(t) - Z*R(t)]). (3.12) 

vVe consider the case for which the cavity mode is initially in a vacuum state. It then 

turns out that 

(a(O)) = 0 (3.13a) 
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and hence 

( exp [zc(t)o:*(O) - z*c(t)o:(O)]) = 1. (3.13b) 

Consequently, 

<Ii(z*,z,t) = e- z
•

z
( exp[zR*(t) -Z*R(t)]). (3.14) 

Since the expression in the square brackets is a random Gaussian variable, i.e., has a 

vanishing mean, we can express (3.14) in the form [19] 

(3.15a) 

where 

x(t) = zR*(t) - z* R(t). (3.15b) 

We observe that 

(3.16) 

With the aid of (3.5b), we have 

(R*2(t)) = c2(t) l' dt' l' dtl(J~(t').f~(t"))C( -t')c( _til), (3.17) 

so that substituting (3.3c) into (3.17), we find 

Similarly 

(R*2(t)) = CM*c2(t) 1'dt'c2(-t') 

= ~~1~ (1 _ c2(t)). 

(R2(t)) = CC!:IA (1 - c2(t)), 

(R*(t)R(t)) = C;_+:(l _ c2(t)). 

Now combination of (3.18) with (3.16) yields 

(3.18a) 

(3.l8b) 

(3.l8c) 

(3.19) 

in which we have assumed J11 = J1;[*. Hence the characteristic function takes the form 

<Ii(z*, z, t) = exp [-L(t)zz* + H(t)(Z2 + Z*2) 1, (3.20) 
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where 
CM 2 

H(t) = 2(C _ A) (1 - c (t)) , (3.21a) 

L( ) = C(N + 1) _ (CN + A) 2() 
t C-A C-A ct. (3.21b) 

Finally, substituting (3.20) into (3.6) and carrying out the integration, the Q-fundion 

for a laser coupled to a squeezed vacuum reservoir and operating below threshold is found 

to be 

Q(a*,a,t) = 1f;(t) exp [-L'(t)aa* + H'(t)(a2 + a*2)], 

where 

82(t) = L2(t) - 4H2(t), 

, L(t) 
L (t) = 8 2 (t)' 

, H(t) 
II (t) = 8 2(t)' 

3.1.2. The Mean Photon Number and Variance 

(3.22) 

(3.23a) 

(3.23b) 

(3.23c) 

vVe now proceed to calculate using the Q-function the mean, variance and the photon 

number distribution for the cavity mode under consideration. 

A. TheJV[eanPhotonNtlmbeT 

The mean photon number is expressible as 

(3.24a). 

Applying the commutation relation 

(3.24b) 

along with the fact that 

Tr{p} = 1, 

Eq.(3.24a) can be put in the form 

(3.25) 
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Employing the identity operator 

J d'a 
1= --;;:-Ia) (ai, 

we get 

or 

(n) = J d'a Q(a*,a,t)aa* - 1, 

so that on applying the Q-function (3.22), there follows 

(n) = S~t) J :a aa* exp [-L'(t)aa* + H'(t)(a' + a*')l - 1 

= ~( ) (-~) J d'a exp [-L'(t)aa* + H'(t)(a' + a*')l - l. 
S t 8L' 1f 

(3.26) 

(3.27) 

Finally, carrying out the integration and the differentiation, the mean photon number is 

found to be 

(n) = L(t) - 1 

CN+A 
= C _ A (1 - exp [-(C - A)t]). 

A t steady state, this result reduces to 

( ) 
= CN +A 

n C-A' 

(3.28) 

(3.29) 

If A = 0 i.e., there are no atoms in the cavity, the mean photon number in the cavity at 

steady state is N, which is the same as the mean photon number of the reservoir. For 

N = J11 = 0, i.e., a laser coupled to an ordinary vacuum reservoir, we have [6] 

B. Variance 

A 
(n) = C - A 

The variance of the photon number is expressible as 

On account of the commutation relation (3.24b), this expression takes the form 

, 2 t, " " 6n =(aa )-(a1a) -3(a 1a)-2. 

29 

(3.30) 

(3.31 ) 

(3.32) 



rollowing a similar procedure used in arriving at (3.26), the first term in (3.32) can be 

expressed in terms of the Q-function as 

(3.33) 

so that inview of (3.22), we have 

= S~t) (f)~~'2) J d:a exp [-L'(t)a*a + H'(t)(a
2 + a*2)J. (3.34) 

Upon carrying out the integration, we find 

a2a 2 ____ _ t 1 (f)2) [ 1 ] ~ 
( .) - S(t) f)D2 L'2 - 4H'2 ' (3.35) 

so that performing the differentiation along with (3.23), we get 

(3.36) 

Hence substituting (3.36) and (3.28) into (3.32), the variance of the photon number is 

found to be 

(3.37) 

At steady state one can easily show that 

-6.n2 > (n). 

This shows that the photon statistics of the radiation is supper-Poissonian. For M 

N = 0 Eq.(3.37) reduces to 

-6.n2 = (n)( (n) + 1), (3.38) 

where (n) is given by (3.30). We observe that the radiation inside the cavity is in a chaotic 

state. 

3.1.3. The Photon Number Distribution 

The photon number distribution P(n, t) at any time can be expressed in terms of the 

Q-function as [20J 

1r f)2n [. . ] 
P(n,t) = If) f)' Q(a",a,t)exp[aa"J . 

n. an a"'n a=o:*=O 
(3.39) 
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Therefore applying the Q-function (3.22) we have 

P(n, i) = S( \ 'a a;n , [exp [b(I)O'O'* + I1'(i)(0'2 + 0'*2)J] , (3.40) t n. an Q''''tl 
0=0:*=0 

where 

b(i) = 1 - L'(i). 

Expanding the exponential function in power series, we have 

1 bi H'(j+kl a2n 
P(n i) = "'"' [O'i+2j .*i+2k] 

, S(i)n! ~ i!j!k! aO'naO'*n 0' ,,=,,'=0 
!,1,k 

and in view of the fact that 
an , 

P p. p-n 
-Q - Q' 

aO'n - (p - n)! ' 

we find 

_ 1 [biH'(j+kl(i + 2k)!(i + 2j )!O'i+2j- nO'*i+2k-n] 
P(n, i) - S(i)n! fu i!j!k!(i + 2k - n)!(i + 2j - n)! "="'=0' 

Applying the condition 0' = 0'* = 0, we get 

1 [biH'U+kl(i+2k)!(i+2j )! ] 
P(n, i) = S(i)n! 2.= i!j!k!(i + 2k _ n)!(i + 2j _ n)! Di+2j,nDi+2k,n , 

I,J,k 

so that on account of the results 

j = k, 

. n-t 
J = ~2-' 

the photon number distri bution can be expressed as 

For N = 111 = 0, we obtain 

\~Te thus note that 

n! n bi(i)Htn-i(i) 
P(n,i) = Sri) E "[(=i),]2 . 

1=0 'l,. 2' 

A 
b= c' 

C 
S=C_A' 

H' = O. 

H 'n-i _ ~ . 
- Un,t 

31 

(3.'11) 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 

(3.'17) 



Hence combining this results with (3.46), we obtain the photon number distribution of a 

laser coupled to an ordinary vacuum reservoir at steady state: 

In terms of the mean photon number 

(n)n 
P(n) = ((n) + l)n+1' 

which is the photon number distribution of a chaotic light. 

(3.48) 

(3.49) 

One can also easily establish that for A = 0 Eq.(3.46) at steady state reduces to the 

photon number distribution of a squeezed vacuum reservoir [20] 

P(n) = (_I)n tanh
n 

r H~(O), 
2nn! cosh r 

where Hn(O) is a Hermiete polynomial. 

3.2. Spectrum of Intensity Fluctuations 

(3.50) 

Next we wish to calculate the intensity fluctuations spectrum of the output radiation. 

The spectrum of intensity fluctuations is expressible as 

where 

(ru'(t + T),r'(t)) = (r'(t + TW"'(t)) - (rt(t + T)) (r'(t)) , 

r'(t) = aL(t)aou,(t). 

Since (3.52b) is in normal order, the corresponding c-number expression is 

(3.51) 

(3.52a) 

(3.52b) 

(3.53) 

The output variable O:ou,(t) is expressible in terms of the interacavity variable o:(t) 

and the input variable O:in(t) as 

O:ou,(t) = VC o:(t) - O:in(t), (3.54) 

where the input variable is given by 

1 
O:in = ..;c fc(t). (3.55) 
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Employing (3.4)one can write Eq.(3.54) as 

0:0 "1 = v'c c(t)o:(O) + v'c R(t) - O:i,,(t), 

with the aid of which we get 

(I""I(t) = Cc2 (t)(0:*(0)0:(0)) +C(R*(t)R(t)) - v'c(R*(t)O:in(t)) 

-v'c(o:in(t)R(t)) + (o:in(t)O:in(t)). 

For a cavity mode initially in a vacuum state, we see that 

(0:*(0)0:(0)) = (0:*(0))(0:(0)) = O. 

(3.56) 

(3.57) 

(3.58) 

Moreover, applying the definition of R(t), the second term in (3.57) can be written as 

(R*(t)R(t)) = e2(t) l' elt' l' eltIU~(t')f,,(t"))e( -t')e( _til) 

- (CN + A)e2 (t) l' elt'c2(-t') 

= CN + A (1 _ 2()) 
C-A e t . 

Now using (3.5b) and (3.55), we obtain 

v'c(R*(t)O:in(t)) = e(t) l' U~(t')fc(t))e( -t')elt', 

so that on account of (3.2) we have 

v'c(R*(t)O:in(t)) = e(t) l' U;(t')fc(t))e( -t')elt'. 

Hence substituting (2.110a) into (3.61) and carrying out the integration, we find 

Similarly 

CN 
v'c(R*(t)O:in(t)) = 2' 

CN 
v'c(o:in(t)R(t)) = 2' 

\~Te note that the mean photon number of the reservoir is 

(o:in (t)O:i,,(t)) = N. 
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(3.59) 

(3.60) 

(3.61 ) 

(3.62) 

(3.63a) 

(3.63b) 



Hence combination of (3.58), (3.59), (3.62) and (3.63) with (3.57) yields 

(rt(t)) = C(~J~: A) (1 _ c2 (t)) + (1 -C)N 

= C(n) + (1 - C)N. 

Upon replacing t by t + r we get 

= C(n)t+T + (1 - C)N, 

(3.64) 

(3.65) 

where (n)t+T is the mean photon number of the the radiation inside the cavity at time 

t + r given by (3.28). At steady state 

(3.66) 

With the aid of (3.52b), the first term in Eq.(3.52a) can be written as 

On account of the commutation relation 

[aout(t + r),aL,(t)] = 8(r), (3.68) 

expression (3.67) can be put in normal order as 

(r'(t + r)[Out(t)) = (aL(t + r)aout(t))8(r) 

t t +(aout(t + r)aout(t)aout(t + r)aout(t)), (3.69) 

so that the corresponding c-number expression is 

With the help of (3.56) one can write 

(a~u,(t + r)aout(t)) = C(R*(t + r)R(t)) - VC(R*(t + r)a;n(t)) 

-VC(ain(t + r)R(t)) + (a7n(t + r)a;n(t)) , (3.71) 
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Now employing (3.5b) we see that 

(R'(t + r)R(t)) = c(t + r)c(t) l+T dt' l dtl(J~(t')Ja(t"))c( -t')c( -til) 

= (CN + A)c(t + r)c(t) l dt'c2
( -t') 

= 
CN+A 2 
C _ A (1 - c (t)) c(r). 

And using the definition (3.55) the second terIIl in Eq.(3.71) can be evaluated 

VC(R*(t + r)ai,,(t)) = (R*(t + r)Jc(t)) 

Similarly one finds 

= c(t + r) l+T dt'(J~(t')fc(t))c( -t') 

t+T 

= c(t + r) Jo dt'(Jc(t')fc(t))c(-t') 

= CNc(r). 

VC(ai,,(t + r)R(t)) = CNc(t) l dt'o(t' - (t + r)), 

(3.72) 

(3.73) 

in· this expression t' can not exceed t, but the Dirac delta function is zero except at 

t' = t + r. Hence 

VC(ai,,(t + r)R(t)) = 0, 

(a1',,(t + r)aj,,(t)) = No(r). 

Finally substituting (3.72), (3.73) and (3.74) into (3.71) we get 

• () () C(CN + A) ( 2)) ( (aout t+r aout(t)) = No r + C _ A 1- c (t) c(r -CNc r). 

For a cavity IIlode initially in a vaCUUlll state, we have 

so that inview of this we can express the second terlll in (3.70) as [20J 

(3.74a) 

(:3.74b) 

(3.75) 

(3.76) 

(a~ut(t + r)a~ut(t)aout(t + r)aout(t)) = (a~ut(t + r)a~ut(t))(aout(t + r)a.ut(t)) 

+(a:ut(t + r)aout(t + r))(a:ut(t)aout(t)) 

+(a~ut(t + r)aout(t))(a~ut(t)a.ut(t + T)). 
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Applying (3.55), we see that 

(o:;",(t + r)O::ut(t)) = C(R'(t + r)R'(t)) - Vc(R'(t + r)o:~,(t)) 

so that the first term in this equation can be written as 

(R'(t + r)R*(t)) = e(t + r)e(t) l+T dt' l dt"U:(t')!:(t"))e( -t')e(-t") 

= CM'e(t+r)e(t) ldt le2(-t l
) 

Similarly 

CM* 2 
= C_A(l-e(t))e(r). 

Vc(0:1n(t+ r)R*(t)) = 0, 

(0:7n(t + r)0:7n(t)) = M*8(r), 

Vc(R*(t + r)0:7,,(t)) = Cll1*e(r), 

upon substituting (3.79a-79d) into (3.78) we find 

Taking the complex conjugate of (3.80) and (3.75), we get 

(3.79a) 

(3.79b) 

(3.7ge) 

(3.79d) 

C2 M 
(O:out(t + r)O:out(t)) = M8(r) + C _ A (1- e2(t)) err) -CMe(r), (3.81) 

* C(CN + A) 
(O:~ut(t)O:ou,(t + r)) = N8(r) + C _ A (1 - e2(t)) err) - CNe(r). (3.82) 

Introducing (3.75), (3.80), (3.81) and (3.82) into (3.77) at steady state we obtain 

(O:;u,(t + r)O::ut(t)O:ou,(t +r)O:o",(t)) = wut(t))~s + (C2A2(1~~2!~; + 1)2)) e2(r) 

+ CCA(J1;[~ +_11N + 1))) e(r)8(r) 

+ (M2 + N 2)) 8(r), 

(3.83) 
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where we have assumed M = M*. Finally, substituting (3.83) and (3.75) into (3.70) we 

get at steady statc 

(r'(t + T)1""'(t)) (1""'(t))2 + (C2.tF(1~~2~ ij~: + 1]2)) C2(T) 

+ (CA(2M'
2 + g~; 1)(N + 1))) c(T)8(T) 

+ (M2 + N(N + 1))) 8(T), 

so that combination of (3.66) and (3.84), with (3.52a) at steady state yields 

(r'(t + T),I°"\t)),. = + (C2A2(1~~2~ ij~: + 1)2)) C2(T) 

+ (CA(2A'I
2 + g~; 1)(N + 1))) c(T)8(T) 

+ (M2 + N(N + 1)) 8(T). 

(3.84) 

(3.85) 

Inserting this expression into (3.51) and carrying out the integration for the second and 

third terms we obtain 

S(w) = a + b 1: dT exp [(iw - (C - A))T], (3.86) 

where 

'12 ",(hi 1) CA(2M2 + (N + 1)(2N + 1)) 
a = 11' + jy II + + C _ A ' (3.87a) 

C2A2(J112 + (N + 1]2) 
b = (C - A)2 . (3.87b) 

The remaining integration can be evaluated applying the stationarity property and is 

found to be 

100. 2(C - A) 
-00 dT exp [(zw - (C - A))T] = w2 + (C _ A)2' 

and hence the intensity fluctuations spectrum take the form 

2b(C - A) 
S(w)=a+ w2+(C-A)2 

(3.87c) 

(3.88) 

vVe observe that the spectrum of intensity fluctuations is a Lorentzian with a width of 

2(C - A). For N = M = 0 we see that 

CA 
(l= 

C-A' 
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so that (3.88) reduces to 

CA 2C2A 2 /(C - A) 
S(w) = C _ A + w2 + (C _ A)2 . (3.89) 

This shows that the spectrum of intensity fluctuations for a laser coupled to an ordinary 

vacuum reservoir is a Lorentzian with the same width of 2(C - A). Hence the effect the 

squeezed vacuum reservoir is to increase the peak of the spectrum. It has no effect on the 

width of the spectrum. 

3.3. Squeezing Spectrum 

The squeezing spectrum of the output radiation is expressible as 

Si(W) = 1: dr (aiut(t + r),aiut(t)., exp [iwr], (3.90) 

where the ai'ut (for i=I,2) are the quadrature operators for the output radiation defined 

by 
, 

a~ut(t) = aout(t) + a!ut(t) , 
L 

a~ut(t) = i[a;ut(t) - Clout(t)]. 

(3.91a) 

(3.91b) 

vVe now proceed to calculate the squeezing spectrum for the first quadrature operator 

of the output radiation. We note that for normal order 

(a~ut(t + r), a~ut(t)) = 8(r) + (a~ut(t + r), a~ut(t)), (3.92) 

where 

(3.93) 

Applying the relation (3.52a) we see that 

(a~"t(t + r), a~"t(t)) = (a~ut(t + r)a~"t(t)) _ (a~"t(t + r))(a~ut(t)). (3.94) 

With the aid of (3.93) and (3.56) one can easily establish that 

(a~ut(t + r)) = (a~ut(t)) = 0, (3.95) 

a.nd also the first term in (3.94) can be written as 
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+(a;",(t + r)ao",(t)) + (a;u,(t + r)a;",(t)). (3.96) 

Each of these terms has been calculated in the preceding section and are given by 

Eqs.(3.81), (3.8,2), and (3.80). Introducing these terms into (3.96) at steady state we 

find 

(a~U'(t + r)a~U'(t)) = 2(111 + lY)o(r) + CA(2(1~ ~ ~I) +2) c(r), (3.97) 

so that substituting this into (3.92) we get 

(a~U'(t + r),a~U'(t))ss = [2(111 + N) + IJo(r) + CA(2(~ ~ ~I) + 2) c(r). (3.98) 

Upon introducing this into (3.90) and carrying out the integration, we find 

Similarly for i = 2 

S2(W) = e-2r + CA(e-
2r + 1). 

w2 + (C;,A)2 

(3.99) 

(3.100) 

In both cases the squeezing spectrum is a Lorentzia.n with a width of (C - A). The effect 

of the squeezed vacuum reservoir is to increase the peak of the spectrum for the first 

quadrature and to decrease the peak of the spectrum for the second quadrature, it has no 

effect on the width of the spectrum. For sufficiently large 1', squeezing will occur in the 

second quadrature of the output radiation. 

\Ve now proceed to calculate the quadrature fluctuations for the cavity mode. 

6.ai = (ai(t)) - (al(t))Z, (3.101) 

so that for normal order of the operators we have 

6.ai = (a2(t)) - (a(tW + (a*2(t)) - (a*(tW 

+2((a*(t)a(t)) - (a*(t))(a(t))) + 1. (3.102) 

Applying (3.4), one can easily show that 

(a(t)) = (a*(t)) = O. (3.103) 

39 



In addition, in view of (3.4) and (3.18), we see that 

and 

((a*2(t)))* = (a2(t)) = (R(t)R(t)) 

= CC!'!A (I - c2(t)) , 

(a*(t)a(t)) = (R*(t)R(t)) 

CN+A 
= C-A (l-c

2(t)). 

(:3.104) 

(3.105) 

Combination of (3.103), (3.104),and (3.105) with (3.102) at steady state leads to (M = 

M*) 

Analogously 

C 2r A 
A 2 _ e + 

LlCl1 - C - A ' 

A 2 _ Ce-2r + A 
LlCl2 - C - A ' 

If we choose the squeeze parameter l' to be 

for C > 2A, we see that 

/':"a~ > I, 

/':"Cl~ < 1, 

which implies that the squeezing occures in the second quadrature. 
2 

04-----~--~-----r----~----r_--~ 
o 1 2 3 

l' 

Fig. 2. Plots of the quadrature variance /':"Cl~ versus I'. 
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3.4. Power Spectrum 

Now we seek to calculate the power spectrum of the cavity mode from which we can 

find the laser linewidth. It is expressible as 

(3.109a) 

Since we have a normal ordering of operators the corresponding expression interms of 

c-number variables is then 

S(w) = 1: dr(a*(t)a(t + r))ssexp [iwrJ. (3.109b) 

Using (3.4) we see that 

(a*(t)a(t + r)) 
[' ['+T 

c(t + r)c(t) in dt' in dt" (J~(t')fa(t"))C( -t')e( -til) 

(CN + A)e(t + r)e(t) l dt le2( -tl) 

CN +A 2 
C-A (l-e(t))c(r), 

(3.110) 

and thus at steady state this reduces 

• CN+A 
(a (t)a(t + r))ss = C _ A exp [-1/2(C - A)rJ. (3.111 ) 

Introducing (3.111) into (3.109b) and carrying out the integration yields 

(3.112a) 

One can also easily establish, employing Eq.(3.75), that the power spectrum for the output 

radiation to be 

sout(w) = N + CA(N + 1) . 
w2 + (C~A)2 (3.112b) 

We observe that the power spectrum in both cases is a Lorentzian with a width of (C-A), 

which is independent of the squeeze parameter 7'. Again in this case the effect of the 

squeezed vacuum reservoir is to increase the peak of the spectrum only. 
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4. ABOVE THRESHOLD LASER DYNAMICS 

In the preceding chaptcr we neglected the nonlinear saturation effects and discussed a 

restricted laser operation in which the gain coefficient is less than the cavity decay rate. 

In this chapter we consider a laser operating above threshold, i.e., A > C, with aU the 

nonlinear effects included. To this end, we can express a(t) interms of intensity and phase 

variables as 

(4.1) 

On differentiating with respect to time and comparing the real and imaginary parts with 

Eq.(2.131), one can easily arrive at the following equation of evolution for the variable I 

and 0: 

j = -CI + (1 :~I) + .fI(t), 

iJ = fe( t), 

where the noise forces are given by 

h(t) = a* fa + o:f~, 

fe(t) = ;I(o:f~ - a* fa). 

(4.2a) 

( 4.2b) 

( 4.3a) 

( 4.3b) 

vVc next proceed to evaluate the mean of the noise forces. Taking into account ('1.3a), 

we note that 

(h(t)) = (a*(t)fa(t)) + (a(t)f~(t)). (4.4) 

On formally integrating Eq.(2.131), we find 

C l' 11' A (t') lt a(t) = a(O) - -2 a(t')dt' + - ~ (, dt' + f,,(t')dt', 
o 2 0 1 + AI t) 0 

(4.5) 

with the aid of which we can write the first term in «1.4) as 

+ l' (J~(t')fa(t))dt'. ( 4.6) 

Since the radiation variables at the earlier times and the noise force at a later time arc 

uncorrelated, all terms vanish except the last term in (4.6). Hence in view of (2.135c), we 
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have 

(a*(t)fa(t))=~(CN+ (1/~I)2 [1+ ~I(3+~I)]). (4.7a) 
Similarly, 

(a(t)fZ(t)) = ~ (CN + (1 /~I)2 [1+ 4~I (3+ ~I)]). (4.7b) 
Hence the mean of the noise force f1 is 

Taking the expectation value of C1.2a), we see that 

. ( AI ) (I) = -C(I) + B + (fr(t)) 
1 + AI 

Consider 

For a laser operating well above threshold [4,8] 

A 
A» C, I» B » 1. 

In view of this we can rewrite the above expression as 

/ A~ ) + (fr(t)) = CN + / A~ (1 + B/4A)) \1+ AI \ 1+ AI 

~CN + / A~ ). \1+ AI 

Hence, on comparing the left and the right hand side, we see that 

(.fr(t)) = CN. 

(4.8) 

(4.9) 

(4.10) 

Including the contribution of (4.10) in the drift term of (4.2a), we may write the langevin 

equation for the variable I as, 

. AI 
1= -C(I - N) + (1 + ~I) + mt), (4.11) 

where 

fW) = fr(t) - CN, (4.12) 
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so that 

Uf(t)) = 0, (4.13a) 

U;(t)ff(t')) = (!I(t)h(t')) - C2 N2
• (4.13b) 

Similarly, applying the definition of fo(t) and Eq.( 4.7), one can easily show that 

Uo(t)) = O. (4.14) 

With the aid of (4.3a) and suppressing the time dependence of a and a*, the two time 

correlation function for !I(t) is 

UI(t)/J(t')) = (a*2 f,,(t)J,,(t')) + 2(aa* f~(t)f,,(t')) + (a2 f~(t)J~(t')). 

Assuming that the radiation variables can be decoupled from the noise forces, we have 

UI(t)!I(t')) = (a*2)U,,(t)J,,(t')) + 2(aa*)U~(t)J,,(t')) + (a2)U~(t)J~(t')). 

Substituting Eq.(2.135) for the noise correlation functions and Eq.( 4.1) into the above 

equation, lVe obtain 

(fr(t) (I(t')) = / 2IC(sinh2 l' + sinh !'Cosh l' cost q, - 211)) + ( 2Af) ) 6(t - t'), (4.15) 
. \ 1+AI2 

where we have substituted Eq.(2.25g) for the value of M and NJ*. If we choose the phase 

of the squeezed vacuum to be 

q, = 20, (4.16) 

Eq.(4.15) reduces to 

(!I(t)fr(t')) = / IC(e 2
' -1) + ( 2A8I ) ) 6(t - t'), 

\ 1 + AI 2 
(4.17a) 

and hence 

(4.17b) 

On the other hand, if we choose 

q, - 211 = "If /2, (4.18) 

we get 

(('(t) ('(t')) = / 2ICN + 2AI ) 6(t _ t') - C2 N2. (4.19) 
. I . I \ (1+ ~ 1)2 
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Similarly, for fe(t) we find 

(Jo( [)Jo(t')) = \ 4~ [2C(sinh2 r - sinh r cosh r cost q, - 20)) 

2A 81(3+ ~I)]) , 
+ (1+ ~I)2 + (1+ ~I)2 o(t - t). 

If we let X = I + ~ I, the above expression can be written as 

(Je(t)Jo(t')) = ell [2C(sinh2 r - sinh r cosh r cost q, - 20)) + A(l + 1/ X)]) o(t - t'). 

Choosing the phase of the squeezed vacuum reservoir given by (,1.16), the above expression 

has the form 

(Je(t)Je(t')) = \ A(1 + 1/ X) 4~ C(e-
2r 

- 1)) o(t _ t'). (4.20a) 

On the other hand, if we make the choice (4.18), we obtain 

(Je(t)Jo(t')) = \ A(1 + 1/~) + 2CN) o(t _ t'). ( 4.20b) 

4.1. The Mean Photon Number and Variance 

A. The iVJean Photon Number 

Since I = 0:*0:, where 0: and 0:* are the c-number variables corresponding to the 

operators a and at for the normal ordering, one can write 

(n) = (at a) = (I). 

It follows from Eq.( 4.11) that at steady state 

-C((I)+ fIT) + / A~ ) = 0, \1+ AI 

where we have used Eq.( 4.13a). If we make the assumption 

( 4.21) 

(4.22) 

we obtain the steady state mean photon number of a laser coupled to a squeezed vacuum 

reservoir and operating above threshold: 

1 [ A (A-C)] (n) = 10 = 2" N + B -C- + 1 [r A (A_C)]2 NA - 1\ +- +-. 
4 B C B 

(4.23) 
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In view of (4.9) we can neglect the last term in the square root and obtain 

A (A-C) 10 = lV + B -C- . ( 4.24) 

Setting N = 0, we get the steady state mean photon number for a laser coupled to an 

ordinary vacuum reservoir [8J 

A (A-C) 10= B -C- . 

B. VaTiance 

The variance of the photon number for the c~vity mode is given by 

L".n2 (ataata) - (a ta)2 

(atataa) + (at a) - (a t a)2 

(12) - (1)2 + (I) 

M2 + (I). 

(4.25) 

(4.26) 

To determine the fluctuations in the quantity I(t), we first linearize I(t) around its steady 

state value. Defining 

M(i) = J(i) - 10 , (4.27) 

and substituting for I(t) = 10 + L".J(t) into'Bq.(4.11), we have 

d
d (M) = -C(Io + M) + eN + A~( + M) ) + fHi). ('1.28) 
i 1 + A 10 + L".I 

Expa.nding the third term in power series around L".I = 0, and neglecting second and 

higher order terms, we obtain 

~(M) = -C(l L".I) CN A(Io + L".I) _ BloL".I JI 
dt 0+ + + 1+110 (1+110)2+ I 

A2 ( A) '" -Clo + CN + -B - C - ( 13) M + f~ 
1 + Alo 2 

In view of (4.9) and (4.24), we see that 

Clo R< CN + A2jB, 
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and thus 

(4.30a) 

where 
A 

K=C- . 
(1 + ~I)2 (4.30b) 

Therefore 

ell (M)2 = 2(M d
l 

(M)) 
d d 

= -2K(M)' + 2(M(t)/Ht)). (4.31) 

The steady state solution of this equation is then 

(M)2 = ~(M(t)/Ht))88' 
K 

(4.32) 

On formally integrating Eq.(4.30), we find 

ilI(t) = M(OVK' + e-K' 1'dt'/Ht')eK
", (4.33) 

and hence 

(M(t)/Ht)) = (M(O)/~(t))e-K1 + e-Kt l' dt'UHt')/~(t))eKt', (4.34) 

Applying (4.17b) for </; = 20, we obtain at steady state 

( () '()) IaC( 2r) Ala C
2
N

2 
ill t II t 88 = 2 e -1 + (1 + ~Ia)2 - -K-

so that combination of this with (4.32) leads to 

In view of (4.9) we see that 

K ~C, 

and 

Hence 

(M)2 = ~(e2r -1) _ N 2 + ~. 
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(4.35) 

(4.35) 

( 4.37) 



Finally substituting this into (4.26), the variance of the photon number at steady state is 

found to be 
I .It 

6.n2 
= ;(e2

' + 1) - N 2 + B. (4.38a) 

If we apply (4.19) for </> - 2(} = 7r /2, in Eq.(4.34) we obtain 

(6.1)2 = IoN - N 2 + ~, 

and the corresponding variance of the photon number is then 

(4.38b) 

For ,. = 0, both Eq.( 4.38a) and (4.38b) reduces to the variance of the photon number for 

a laser coupled to an ordinary vacuum reservoir [6,8], given by 

2 .It 
6.n = 10 + B. (4.39) 

"liVe observe that, the variance of the photon number increases when the laser is coupled to 

a squeezed vacuum reservoir as compared to the variance of a laser coupled to an ordinary 

vaCUUlll reserVOIr. 

4.2. Power Spectrum 

\"1e now wish to calculate the power spectrum of the cavity mode and hence the laser 

linewidth. \~re recall that the expression for the power spectrum interms of c-number 

variables is given by 

S(w) = 1: dr(o:*(t + r)o:(t))ss exp [iwr]. ( 4.40) 

In the region well-above threshold, the fluctuations in I becomes relatively small. This 

stabilization in I permits us to replace I in Eq.(4.1) by its steady state value (4.21b), and 

write 

(HI) 

so that 

(o:*(t + r)o:(t)) = Ia(exp [-i((}(t + r) - O(t))]). (4.42) 

On formally integrating Eq.(t1.2b) we find 

I
t+T 

(}(t + r) - IJ(t) = t fe(t')dt'. (H3) 
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Since ([II(t + T) -1I(t)]) = 0, one can express Eq.(4,42) as (d. 3.15a) 

(a*(t -+ T)a(t)) = Ioexp [-~((II(t + T) - 0(l))2)]. 

Applying Eq.( 4,43), we find 

1'+7 1'+7 ((O(t + T) - 0(t))2) =, dt' , dt"(Jo(t').fo(t")), 

VVe recall that for <p - 20 = 0, 

where 

(Je(t)Je(t' )) = \ A(1 + I/X) 4: C(e-
2c -1)) 8(t _ t'), 

A(1 + 1/ X) = A (1 + Ill)' 
1 + AI 

Replacing I by its steady state value (4.24), we see that 

(4.44) 

( 4A5a) 

( 4A5b) 

In view of (4.9) and for N not sufficiently large, we can neglect ~ N as compared to 7} 
and have 

A(l+l/X)=A-+C. ( 4,45c) 

Combining this with Eq.(4.45b), we get 

(Je(t)Je(t')) = \ A \~e-2C) 8(t _ t'). ( 4.45d) 

Hence, substituting this into Eq.(4,45a) and carrying out the integration, we obtain 

(4.46) 

With this Eq.(4.44) becomes at steady state 

[ 
1 (A + ce-2C

) ] (a*(t + T)a(t))" = Ioexp -2 
41

0 T . (4.47) 

Substituting this into Eq.( 4.40) and carrying out the integration, the power spectrum in 

this case has the form 

S( ) = 2IoDl 
W w2 + Di' (4.48) 

where 

(4.49) 
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The power spectrum is a Lorentzian with a width ( laser linewidth ) of 2D,. For r = 0, 

the width has the form 
A+C 

2D, = 410 ' ( 4.50) 

which is the linewidth of a laser coupled to an ordinary vacuum reservoir [8J. We see that 

the effect of the squeezed vacuum reservoir is to decrease the laser linewidth. 
- -- - - ----

,3.90E-006 

~3.88E-006 

..<:11 
4:ji 

.~ i 3.86E-006 

~I "'. roi 
~ 

3.84E-006 

0.0 0.2 0.4 0.6 0.8 1.0 
l' 

Fig. 3. Plot of the laser linewidth (2Dd versus r for A/B = 1600, A = 1.2,C = 0.02A 

Similarily, using Eq.(4,45c) into (4.20b) for <p - 2() =i'1f/2, we obtain 

Ua(t)!o(t')) = (A + C~r + 1)) ott - t'l. 

And hence using this correlation function, one can easily show that 

• [ 1 (A+C(2N+l)) ] (a (t + r)a(t))3S = Ioexp -2 
41

0 r . (4.51 ) 

The corresponding power spectrum is then 

S't ) = 2l0 Dz 
W w2 + D~' ( 4.52) 

where the width of the spectrum is 

2D = A+C(2N + 1) 
2 410 

(4.53) 
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In this case, when ¢ - 2() = 7r /2, the width of the spectrum increases. 

4.3. Spectrum of Intensity Fluctuations 

The spectrnm of intensity fluctuations for the cavity mode is expressible as 

(4.54) 

One can write, for the normal ordering of operators, that 

, , , 
(l(t+r),I(t))" = (aT(t + r)a(t))"o(r) 

+(I(t + r)I(t))" - (I(t + r)),,(I(t))ss (4.55) 

where 1= ew' is the c-number equivalent of the operator j = at a for the normal ordering. 

Combining (4.27) and (4.33), we have 

I(t) = 10 + L'>.1(O)e- Kt + e- Kt l' dt' fHt')eKt' , (4.56a) 

such that 

(I(t))" = 10 , (4.56b) 

With the aid of (4.56a) one can easily show that 

C2 N 2 d 
(I(t+r)l(t))" =15--

2
-+-

2 
e-KT

, 
K. K. 

(4.57) 

where 

{

I C(e2' - 1) + 2A
l o for" = 2() 

d = 0 (1+110)" 'I' 

2IoCN + (laIJo)" for ¢ - 2() = 7r /2 
(4.58) 

Substituting (4.57) and (4.56b) into (4.55), we have 

, ,t C2N 2 d 
(l(t + r),I(t))ss = (a (t + r)a(t))sso(r) - -2- + _e-K7

• 

K. 2K. 
(4.59) 

Introducing this into (4.54) and carrying out the integration, we get 

(4.60a) 

For w # 0 
d 

S(w)=Io+ 2 2 
w + K. 

( 4.60b) 
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The spectrum of intensity fluctuations is a Lorenzian with a half width of 1>" where I>, is 

given by 
A 

I>,=C- (ll A)2 
'J,N+ c 

For r = 0, the spectrum has the form [22,23] 

d' 
B'(w)=Io+ 2 '2' 

w +1>, 

where the half width of the spectrum in this case is given by 

c2 
1>,' =C--, 

A 

(4.61 ) 

( 4.62) 

(4.63) 

and d' is obtained from Eq.( 4.58) by setting r = 0, and 10 is given by (4.25). Comparing 

(4.61) and (4.63), we observe that the width of the spectrum increases due to the coupling 

of the laser with a squeezed vacuull1 reservoir. 

0.0235212 

0.0235210 

0.0235208 

. 0.0235206 

K, , 
. 0.0235204 

0.0235202 

0.0235200 

o 20 40 

N 

60 80 100 

. Fig. 4. Plot of the half width of the spectrum of intensity fluctuations (1),) versus N 

. for AjB = 1600, A = 1.2, C = 0.02A 
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5. CONCLUSION 

vVe have obtained the c-number Langevin equations for the atomic and radiation 

variables from the corresponding operator Langevin equations applying a new method 

discussed in reference [16J. Furthermore, applying the principle of adiabatic elimination, 

we have derived the equation of evolution for the cavity mode variables. 

With the aid of these equations, we have determined the antinormally ordered char­

acteristic function defined in the Heisenberg picture which in turn is used to calculate the 

Q-function for a laser operating below threshold. The Q-function has been used to calcu­

late the mean and variance of the photon number, and the photon number distribution. 

vVe have seen that the effects of the squeezed vacuum are to increase the mean photon 

number and to decrease the variance of the photon number. vVe also found that the 

photon statistics of the radiation is supper-Poissonian. We have calculated the spectrum 

of intensity fluctuations and the power spectrum for the same regime of operation and 

found in both cases that the effect of the squeezed vacuum is to increase the peak of the 

spectrum with no effect on the width of the spectrum. Moreover, the squeezed vacuum 

increases the peak of the squeezing spectrum for the first quadrature and deCl'eases the 

peak of the spectrum for the second quadrature of the output radiation with no effect 

on the width of the spectrum. In addition, for sufficiently large squeeze parameter 1', the 

cavity mode will be in a squeezed state. 

\Ve have also investigated the properties of a laser coupled to a squeezed vacuum oper­

ating above threshold. We have found that the intensity fluctuations and laser linewidth 

depend on the instantaneous relative phase between the squeezed vacuum and the laser. 

\Vhen the squeezed vacuum and the laser are in phase, the intensity fluctuations increases 

and the laser linewidth decreases, and when they are out of phase by 7r /2, both the in­

tensity fluctuations and laser linewidth increase. Moreover, the width of the spectrum of 

intensity fluctuations for a laser operating above threshold increases and the peak of the 

spectrum depends on the relative phase difference. 

We strongly believe that the method we have used in determining the c-number 

Langevin equations provides a convenient means of obtaining stochastic differential equa­

tions. In addition, the method employed to determine the characteristic function defined 

in the Heisnberg picture provides a significant mathematical simplicity. 
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