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Abstract

We present a detailed derivation of the c-number Langevin equations for a laser
coupled to a squeezed vacuum reservoir from the corresponding operator
Langevin equations. Employing these equations we investigate the effects of the
squeezed vacuum on the photon statistics, the spectrum of intensity fluctuations,
squeezing spectrum and the power spectrum for a laser operating below threshold.
The same set of equations are also used to study the effects of the squeezed
vacuuin on the photon statistics, the power spectrum, and spectrum of intensity
fluctuations for a laser operating above threshold. We find that the intensity
fluctuations and laser linewidth depend on the relative phase between the
squeezed vacuum and the laser.
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1. INTRODUCTION

The laser principle was first introduced by Schwalow and Townes and also by Prokorov
[1,2] four years later after the discovery of the maser principle by Gordon, Zienger, and
Townes in 1954 {3|. In their semiclassical treatment of atom-field interaction, Schwalow
and Townes showed that a coherent radiation can be generated not only in the radio
frequency range (maser) but also in the optical domain { laser }. A laser consists of a set
of atoms pumped to the upper level and interacting with a resonant radiation inside two
parallel mirrors forming a cavity. One mirror has 100% reflectivity while the other mirror
called port mirror is partially transmitting thereby giving rise to the output radiation.
If the upper level is sufficiently populated, a condition called population inversion, the
resonant radiation (cavity mode) gives rise to further stimulated emission. From the above
discussion, it is clear that a laser theory should deal with three basic elements, an active
medium, pumping to the upper level, and the radiation losses due to the cavity.

The quantum noise and photon statistics of a laser have been extensively investigated
[4-9]. Tt has been found that the photon statistics of a laser operating well above threshold
tends to be Poissonian [6]. Moreover, the intensity fluctuations of the output light of such
a laser tends to have a flat spectrum at the shot-noise level (6]. In addition, the photon
statistics of the radiation generated by a laser operating below threshold is identical to
that of a thermal light [7,8].

A closer look at the quantum theory of a laser reveals that there are three dominant
sources of noise which contribute to the laser output, These are pump fluctuations, spon-
taneous emission, and vacuum fluctuations entering the cavity through the port mirror,
There has been several attempts to suppress one or more of these noise sources {10-14].
The replacement of the ordinary vacuum surrounding the port mirror by a squeezed vac-
uum would certainly modify the properties of the laser light.

The effects of a squeezed vacuum on the intensity fluctuations and laser linewidth
have been investigated by several authors applying the Glauber-Sudarshan P-function
or stochastic differential equations obtained from the pertinent Fokker-Planck equation
[10-14]. It is predicted that the Schawlow-Townes limit of the laser linewidth can be
reduced by as much as one-half of the linewidth of a laser coupled to an ordinary vacuum

reservoir, In addition, it has been found that, due to the coupling of the laser with a




squeezed vacuum, there is an increase in the intensity and intensity noise [13]. On the
other hand, Marte el al [12] considered the effects of coupling the atoms of a laser to a
squeezed vacuum reservoir and showed that the intensity fluctuations of the laser reduces
and cven sub-Poissonian statistics may result.

The Fokker-Planck approach involves sophisticated techniques to convert operator
master equations into Fokker-Planck equations and via Ito calculus to the equivalent c-
number Langevin equations [L5]. Moreover, the derivation of the master equation by itself
involves a great deal of mathematical manipulations.

The main objective of this thesis is to study the quantum noise and the photon statis-
tics of a laser coupled to a squeezed vacuum reservoir applying c-number Langevin equa-
tions. We seek here to derive the c-number Langevin equations from the corresponding
operator Langevin equations for the normal ordering applying the method discussed in
reference [16]. From these set of c-number Langevin equations for atomic and radia-
tion variables, we eliminate the atomic variables adiabatically and derive the Langevin
equations for the radiation variables alone.

The resulting c-number Langevin equations are then used to study the photon statis-
tics, spectrum of intensity fluctuations, squeezing spectrum, and power spectrum for a
laser operating below threshold. Applying the same equations we also calculate the mean
and variance of the photon number, the power spectrum, and the spectrum of intensity

fluctuations for a laser operating above threshold.
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2. LANGEVIN EQUATIONS

In this chapter we seek to derive the Langevin equations for a laser coupled to a
squeezed vacuum reservoir, We shall follow the approach of Scully and Lamb [17}, in
which the pumping mechanism is modeled by the injection of a sequence of inverted
atoms into the cavity. A laser coupled to a squeezed vacuum can be arranged as indicated

in figure 1.

Squeezed i.nputv Laser output

e am S e T B X
\
o\

Fig. 1. A laser coupled to a squeezed vacuum

Atoms initially in level |a) are injected into the cavity at a rate r,. The upper two levels
la) and |b) constitute the lasing levels and are at resonance with the cavity mode. The
lowest atomic level |c) is a state to which atoms decay with a rate 4 and the transition
frequencies w,, and wy, are assumed to be far from resonance. A laser coupled to a

squeezed vacuum reservoir is described in the interaction picture by the Hamiltonian
H = Hup + Hp,p + Hpy 4y (2.1)

where Hyp is the atom-radiation interaction Hamiltonian, Hr p describes the interaction

of the cavity mode with the squeezed vacuum reservoir and Hp, 4 represents the interaction




of the atoms with the ordinary vacuum reservoir, These Hamiltonians have the form

Hap = thg Z Ot —¢;) ((L]Lai — oia) , (2.2)
j

Hpr =1l Z a1 (b:ra exp|—i(wo — wp)t] — a}ng expli(wo — wg)t]) , (2.3)
!

Hp,p = th Z Z gz (Jicc]-; expli{w,c — wp)t] + Ugccﬁ expli(wi — wp)t) + H.C.), (2.4)
ik
where a, b and ¢y are the annihilation operators for the cavity mode, squeezed vacuum and

ordinary vacuum reservoir modes, respectively. The unit step function ©(t) is included
to ensure that the 7 atom starts to interact at the injection time ¢;. o? = |b);;{a| and
af';r = |a);;{b| are the lowering and the raising operators for the j** atom, respectively. We

assume the coupling constants g, g; and gz to be real and

O.J

i IP)jj(QL (p:q =a,b, C) (25)

2.1. Quantum Langevin Equations for the Cavity Mode

The operator ¢ evolves in time according to

1
1= —|a, H .
a ?jh[a’ ]J (26)
and using ( 2.1 ), we have
i = —{a, Har) + +-la, Hiyr) + -+-la, Haa (27)
©7 G AR G BRELT Sl HRaal '

Since the cavity mode operator ¢ commutes with the atomic operators ¢, and the vacuum

mode operators cg

(¢, Hp,a] = 0. (2.8)
And using the commutation relation
[a,a] =1, (2.9)
we see that
1 .
—la, Hap] = gy Ot — 1;)0”, (2.10)
i
1
E[a, Hp, 5] = — Zg{b; exp [1(wo — wy)t]. (2.100)
o ]
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Combining Eqs. (2.8), (2.10a), (2.10b) and (2.7), we have
i=y Z ot — ;) — Zg}b; exp [t{wo — wi)t]. (2.11)
j !
In addition, applying the commutation relation
[br, 53 = 61, (2.12)

one can easily show that

by = giaexp [—i(wo — wi)t). (2.13)
On formally integrating this, we obtain
t
bi(t) = bi(0) + g,’/ dt’ a(t') exp [—#(wo — wi)t'], (2.14)
0
so that substitution of this into (2.11) leads to
a=g Z Ot — ;)07 — Zg{b;((]) exp [#H{wo — wy)?]
j I
ot
— Zg,2 / dt' a(t') exp [i{wo — w)){t — t')).
; 0
(2.15)

We now proceed to simplify the last term in Eq. (2.15). To this end, we let

[p = zgllz f dt’ a(t") exp [t{wo — w))(t — 1] (2.16)
!

0

Assuming that the frequencies of the squeezed vacuum reservoir modes to be closely

spaced, the summation can be replaced by an integration

z — / AMw) dw, (2.17)
. o
where A(w) is the density of reservoir modes. Hence Eq.(2.16) can be put in the form
{ oo
Ty = / dt'a(t')/ dwA(w)g*(w) exp fi{ws — w)(t — ). (2.18)
0 0

Fuarthermore, applying the method developed in Ref. [18] we set w’ = w — wp, and have

t e
Iy = / dt'a(t") / dw' Mewy + w')g 2 (wo + w') exp [—iw'(t — )] (2.19)
o -

wo




Since the exponential factor is a rapidly oscillating function of w’ except near &' = 0, one
can replace A(wp + w') and ¢'?(wo + w') by A(wo) and ¢*(wo) and extend the lower limit

to —oo. In view of this, we have

Ty = /: dt' (1Y A(wo) g * (wo) /oo dw' exp [~ (t — t')], (2.20)
so that on carrying out the integration, we find
o= ga(t), (2.21)
where
C = 21 M (wo) g™ (wo) (2.22)

is the cavity decay rate. Hence the quantum Langevin equation for the cavity mode is
. C ;
a= -—--2—a(t) +g XJ: Ot — t;)ol + Fe(t), (2.23)
~ where
Fe(t) = — Z a101(0) exp [ (wo — wy)t] (2.24)
{

is the noise operator associated with the squeezed vacuum reservoir.

For a squeezed vacuum reservoir (8]

) = () =0, (2.252)
olb) = Néw, (2.250)
(bbf) = (N + 16w, (2.25¢)
{orbir) = Mbp a1, (2.25d)
Ol = Muatem, @(2.25&)

" where

N = sinh*(y), 1(2.256)
M = cosh(r)sinh(r)e™ 1(2.25(@;)

and r is a squeeze parameter, assumed to be real and positive and ¢ is the reference phase

of the squeezed light. On account of {2.25a), we see that
(Fo(t) = (R (1) = 0. (2.26)

6




We now proceed to evaluate the correlation function (FJ(t)Fc(t’)). With the aid of
(2.24), we have

(FEOF) = 3 ol (6] 0)00(0)) exp (=iloo — wn)t + ilwo )], (2:27)
L
On introducing (2.25b) into (2.27), there follo\;rs
(FLOFM) = N 6P exp =il - w)(t = )
!

- N / " oA (@)g2(w) exp [=ilwo — w)(t — 1)

= NC§(t—1)
(2.28a)
Following a similar procedure, one can easily verify that
(F@FJ)) = C(N+1)6t~1), (2.28D)
(Fe(t)Fe(t)) = CM&§(t—1t"), (2.28c)
(FlEI) = omrsi—1). (2.284)

2.2. Quantum Langevin Equations for Atomic Operators

We next seek to obtain the quantum Langevin equations for the atomic operators.

The lowering operator o evolves in time according to

o1
| ol = g[a’_,H] (2.29)
Applying Eq.(2.1), we see that
ol = —]i-[aj Harp] + l—[aj Hp,rl + l[a" Hp, 4 (2.30)
R the T th 7

Since the atomic operators commute with the cavity mode operator ¢ and the squeezed

vacuum operator by, we have

(o2, Hp,r) =0, (2.31)
Employing the identities
ol ol = |6);5 (6] 831, (2.324)




=1

olol = |a)j(al 61,

and the commutation relations

[UL 02;] = |b>jj'<c| 6557

[0l,00] = [o? 00} =0,

[Uiagfb] = —le}irj{al &z,
the first and third terms in Eq.(2.30) are found to be

1
gﬁ[
1

U{) HAF] = g@(t - t.?) (Jga - O-gb) a,

k

Hence substituting Eqs.(2.31) and (2.34) into (2.30), we get

oL = g0t —1) (ol — o)

k

Following the same procedure and with the aid of the commutation relations

00,07 = —|b)jr5{al 65,

o7, 0% = |a)j(b] 65,

(070,05 = la);50{c| 55,

[030: 02} = =€) 5(al 65,
. 3 . 4t

[Uia:aﬁc] = [Uia)aib] = OJ

and

o8y, 03] = |B);71{al &,

07y, 0%] = —|a; (bl 85,

o8y ob] = |B);50 (el 63,
[0t 02] = =)0 (b 850,

8

. . i
E[ai, Hp,al = z gz (agcc}; exp [#(wae — wi)t] + c!.lc.aga exp [—2{wse — wg)t]) .

+> 9 (chq: exp [#(wae — wp)t] + cgaﬁa exp [—1(wpe — wi:)t]) :

(2.326)

(2.33a)

(2.33b)

(2.33¢)

(2.34¢)

(2.345)

(2.36a)

(2.36b)
(2.36¢)
(2.364)

(2.36e)

(2.36)
(2.369)
(2.36h)

(2.364)




o8y, 03] = loiy, 00,) = 0, (2.365)
one can easily arrive at the following equations of evolution for the atomic operators
C}ga = —g@(t — tj) (aTGi + Jia)

. 1
+ Z i (Uiccﬁ exp [¢(wae — wi)t] + cii.orga exp [—2(wqe — wi;)t]> )
z

(2.37)
&l = gOt —1;) (a‘lLai -+ aia)
4 Z gz (agcc,; e.xp [2{wpe — wi:)'t] + ci crfb exp [~ {wpe — wg)t]>.
E
(2.38)
Moreover, applying the commutation relation
legs el] = 8¢z, (2.39)
the equation of evolution for the operator ¢ is found to be
N ( exp [+ i(wae )] 4 0% cxp [ =i5c wg)ﬂ) . (2400)
7
On formally integrating this equation we have
o) = ex0) = [ Yo (oh @) i gy
Byl o).
(2.408)

Substitution of ¢¢(t) from (2.40b) and its complex conjugate into (2.35) leads to

& = g0 -t ) (o3, — crbb) a -+ E gkabc cz(0) exp [¢(wqe — wy)i]
RYLLO)Y [ oty explitou )it — )

“ij%c(i)z / Al (¥) exp [~ilwne — wp)t' + (was — wp)!]




T Z JfCL t) exp [—i(wpe — wi)t]
_ Z gz Z ] dt’ abc () exp [—1(wpe — wg)(t — )]

— Z 9z Z / dt'o? o(1) exp [—t(whe — wp)t + 1{waee — wp)t].

(2.41)

We now let

Iy = ngcrbc Z/ dt'o? (#) exp [ (wae — we)(t — 1], (2.42)

Where the couphng constant gy is given by [8,18]

2 YR cos?(g 4
9= eV cos”(6), (2.43)

with d (assumed to be the same for each atom) being the electric-dipole matrix clement.
Assuming that the wy are closely spaced, the sum over k can be replaced by an integral

over w

> - 2(2—;1)—3 /; 2ﬁd¢ /0 WdOsin((}) /O " du w?, (2.44)

where V is the cavity volume and the factor 2 is included to account for the two possible
polarization of the vacuum modes. Now combination of (2.43) and (2.44) with (2.42) and

setting w' = w — wg, leads to

[e0)

4d? ] ‘ IR AT, / n3 - !
r, = Wagc(t) ;]0 dt'a? () / dw'(wee + W' exp [—w'(t — )], (2.45)

—Wae
In addition, we assume that w varies slowly around w,.. We can then replace w,. + &'
b] c

in the above integral by w,. and extend the lower limif of the integration to infinity, one

then readily obtains

4(12 3 )
Fl W bc Z / dt’O'j [ dw' €xXDp ﬁzw'(t — i’)} (246)
Upon carrying out the integration, we obtain
A2 3
= e Z P1cTea- (247)

Applying the identity
ol ol = ol 85, (2.48)

10




we sce that

I = %ai, (2.490)
where
d2w?
Yoo = gt (2.490)

is the rate at which atoms decay from level |a) to level |¢).
Denoting the sixth term in Eq.(2.41) by Iy and following the same procedure, one can

show that

Iy = ng Z] d ch t) exp [—t(wpe — wy)(t )]

- %Ui : (2.50a)
where
d*w}
c — 5 506
L Shrege® (2.500)

is the rate at which atoms decay from level |b) to level |¢). Assuming the same decay rate,

Le, Yae = Toe =7
Ty =Ty = Lol (2.51)

Since the exponential functions in the fourth and seventh terms in Eq.(2.41) are a rapidly
oscillating functions of wy, their average value tends to vanish. Upon neglecting these

terms, the quantum-Langevin equation for o’ then reduces to
61 = —yol +90(t — ;) (ol, - o},) a+ F,(1), (2.52)
where the noise operator associated with the 7% atom is given by
FL(t) = ol (1) Zgzcz(O) exp [H{wae — wp)i]
+ol, (1) Zg I 0) exp [i(wee — wg ).

(2.53)

Substituting (2.40b) and its complex conjugate into Eqs.(2.37) and (2.38), and following

a similar procedure, we obtain the following quantum-Langevin equations for o7 (t) and
o (t)
61, = —vyol — gO(t —t;) (a ol + aia) + Fi (1), (2.54)

11




ol = —y0ol, + g0t — t;) (a ol + oi(t) + (1), (2.55)

where the noise operators are defined as
Ft{a(t) = Z g5 CL(O) exp [¢(wae — w;\)t]

o2t me ) exp [=i(tae — wi)t], (2.56)

FAt) = 0l,(8) D gpep(0) exp [i(wse — wp)t]
q

+t(&) 3 gzel(0) exp [—i(whe — wp)il (257)
3

~ For ordinary vacuum reservoir, we have

(r(0)). = (ch(0)) =0, (2.550)
(el @ea(0) = o, | (2.58)
<ck<0)cy(0)) = (¢ 0) =0, (2.58¢)
(Ck(o)ckf(g)) = 65!&"' (2.58(1)
‘Applying (2.58a) it is easy to show that
(Fo(0) = (F@) = (Fy®) =0 (2.59)

We next evaluate the non-vanishing correlation functions of the atomic noise operators.

On account of (2.53), we have
FlOR@) = (@i '))th‘; (E(O)CM(O)) exp [—t{wae — Wikt — 1(wee — wpp)t']
ol (£)oi (1)) Z (eh(0)¢(0)) exp (—i(wue — wg)t = i(ehe — wp)t]

o] (t)o7,()) Z 959{c5(0)ep(0)) exp [—2(whe — wp)t + i{wae ~ wy)?']
Fa

AGROLAC) ;9;;(6;:(0)6};(0)) exp [—i(wie —wp)t = i{wie —wp)).

L

-

N

Loy

(2.60)

12




Applying (2.58b-2.58d) and the fact that

ng exp [—i(wse —wp)(t — )] = 7y 8(t 1), (2.61)

Eq.(2.60) read
(FT O FL () = 7{od (1))8(t — 1'). (2.62)

Following a similar procedure the remaining non-vanishing correlation functions are found

to be
(L FL(E) = Aol (D)5t — 1), (2.69)
(FAOFAE) = 1{ol, ()5 — 1), (2.64)
(FL(OFL()) = vlo? (18t - 1), (2.65)
(P ) FA(EY) = o ()6t — ). (2.66)

2.3. Quantum Langevin Equations for Macroscopic Atomic

Operators

In the preceding section we derived the quantum-Langevin equations for individual
atomic operators. We next change the operators for individual atoms to operators which
describe the macroscopic atomic properties. This proves to be necessary for the approxi-
mation techniques employed later in this chapter. While the individual atomic operators
are very sensitive to an adiabatic approximation, the averaged, macroscopic quantities

can be treated by such a technique. Therefore we define the following operaiors:

M@y => 0t —t;) ol (t), | (2.67)
No(t) = 0(t —1;) ol (1), (2.68)

No(t) = Y Ot —t;) a3,(1)- (2.69)

The operator M represents the macroscopic atomic polarization, and the operators N, and
Ny specify the number of atoms in the two excited atomic levels |a) and |b) respectively.

With this definitions Eq.(2.23) for the cavity mode simplifies to
. C
Q= —ga + gM + Fe(t). (2.70)

13




The Langevin equations for the macroscopic atomic operators can be found by differ-
entiating Bqs (2.67), (2.68) and (2.69) with respect to time and substituting Eqs (2.52),

(2.54), (2.55) respectively. For example, for the operator N, we obtain,

No =3 [od, (060 - 1)) + 0 — £5)6,(1)] (2.71)

i
Substituting Eq.(2.54) into (2.71)and applying the following identity

Ot —t;) = 6(t — t;), (2.72a)

@(t — tj)(')(t — tj) = G)(If — f,j), (2.725)

we get
No =3 8(t—43)03,(t;) = YNa — g (a’fM + M’fa) Y 0 -t EE).  (273)
Fl J

The first term on the right-hand side of Eq.(2.73) corresponds to the injection of atoms

into the cavity. To see this clearly let us evaluate the expectation value of this term;

<Z 6(t _tj)ﬂﬁa(ij)> = <Z ot —tj)(fff;a(tj))> : (2.74)

The index s on the brackets in (2.74) indicates that we still have to perform the statistical

average over the injection times. Since atoms are initially in level |a) we see that

(02.(15)) = 1, (2.75a)

(of(t;)) = 0, (2.756)
and hence
<Z 6(t - L‘j)ffia(tj)> = <Z Je *tj)> : (2.76)
3 7 ,
If we assume a time independent atomic injection rate r,, this average can be evaluated

as

<Z 6(t_tj)> =1 /oo dt; 8(t — t;)

)

=7,. (2.77)

14




In order to obtain the correct Langevin equation in which the reservoir average of the
noise operator is zero, we add and subtract the expectation value of the first term of

15q.(2.73), and obtain

Ny=r, 4N, — g (a.TM + ﬂﬂa) T E(0), (2.78)

where

Fo(t) =D Ot — ) FL (D) + ) 6(t — t3)ai,(t;) — e (2.79)
i i
is the total noise operator for the atomic operator N,. It is easy to verify that
(F.(1)) = 0. (2.80)

In a similar way we can derive the quantum-Langevin equations for the remaining atomic
operators.

Ny = Ny + ¢ ((JM + MTa,) + Fy(D), (2.81)
M = —yM + g (N, — Ny)a + Fa(2), (2.82)

where the noise operators are given by
Fi(t) =) 0t~ ;) FL(0) + Y 60t — t;)a3,(), (2.83)
i i

Fy(t) =Y 0@t —t)FL(t) -+ Z §(t — ;) (1), (2.84)

Since we have assumed the atoms to be initially in level |a}, there is no injection term in

Eqgs.(2.81) and (2.82). Employing the identities

{o3y(t5)) = 0, (2.850)

(oL(t;)) =0, (2.85b)
there follows

(Fy(t)) =0, (2.86)

{Iu()) = 0. (2.87)

Next, we seek to evaluate the non-vanishing correlation functions of the atomic noise

operators. Using Eq.(2.79), we have




(Fa(t)Fa(t)) = <2 Ot — ;)0 - ts)(Ffa(t)f*ﬁﬂ(t'))>
+ <Z Ot —t;) 6(t' — ts)(Ffa(f)Gia(fi))>
—2r, <Z Ot — tj)(Fffa(f))>

+ <Z §(t —1)O — t,-)(ai.,(tj)Fia(t'))>

F
5

s

+ <Z 8(t—1;)8(t — ts)(aia(ij)ffia(tf))>

o, <Z 6t - tj)<oza(tj>>> o2

5

5

(2.89)

The statistical average over the injection times denoted by s is separated from the quantum
mechanical expectation value. Since individual atoms are completely independent of each

other, we have the following:

for i g (07, (8)0ia (1)) = (07, (25)) (00, (2:))
Y (2.89)
for i = (3. (1)05a(t)) = (o3, (63)
—1, (2.90)
and also,
(FL(t)oea(t:) = (oha(t) Fau(t)) = 0. (2.91)

Using (2.89-91) and (2.63), Eq.(2.88) can be written as

(Fo()Fa(t)) = 'r<Z®(t~tj)@(i’*tj)(aﬁa(t))> 5(t“t’)+<Z5(i*tj)5(i’~tj)>

§

t <Z §(t —t;)6(t" — ti)> —2r, <Z &(t — tj)> + 2

i#i s
(2.92)
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We see that -

<Z§(t#tj)5(t’—tj)> = <Zs(t4j)> 51 —1)

J 3

= r8(t — t), (2.93)
<E 5(t —1;)8(t' — t,-)> = <Z §(t — tj)> <Z (1" — t,-)>
i ! o M °
=2 (2.94)
and

Ot — ;)00 — t;) = O — t;)6(t — ). (2.95)

Hence, IEq.(2.92) has the form
(Fa(t)Fa(t')) = (v(Na) + ra)8(t = 1), (2.96)

Applying the definition of Fy(t), we see that

(Fp(t)Fy(t)) = <Z Ot — ;)0 tj)(szb(f)Fbjb(t'))>
+ <Z Ot — ;) 6(t' - tj)<Ffjb(t)agb(tj)>>
+<Z 8(t —:)O(t" — fj)(ﬂib(te)ng(t'))>

+ <Z §(t — t:)6(t' — tj)(azb(ti)agb(tj))> :

(2.97)

The last term of (2.97) can be written as

<Z §(t —ti)o(t' tj)(déb(ff)ﬂgb(fj))> = <Z 8t — )8t fi)(fff;b(te'))2>

T <Z §(t — t:)6(t — ;1 oiy(£:) (Ugb(tj))>
i;gj
= 0.

(2.98)
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Combining (2.64), (2.98) and the following relation

(i ()51} = (B (1)ay(t5)) = 0, (2.99)
with (2.97), we obtain
() F£)) = (Mo} 6t — 1), (2.100)

Again from the definition of F3(£) and Fy(t) we see that
(FL(8) Faa (1) <Z Ot — t)O(' — t;)(F; (t)Fﬁa(t'))>
+ <Z Ot — ;) 6(t' — t;){(Fi(t)o’ >
+ <Z §(t — YO — ;) oty (L) FL (1)) >
<25 t— )6t — ;) {of, (1) (1)) > .

5

(2.101)

Since individual atoms are completely independent and are initially in the upper level, it

can be easily verified that,

(o8 (k)0 (1)) = (2.102¢)
(b (L) FL (1) = 0, (2.1025)
(Fi(6)0" 25)) = 0. (2102

So that on substituting Eqgs.(2.102) and the complex conjugate of (2.66) into (2.101) we
gel

(Fy() Far (1)) = y{(M) 8(t —t'). (2.103)
Similarly the remaining non-vanishing correlation functions for the noise operators are

found to be

(F () Far(t)) = (MY 8t — 1), (2.104)
(ELOFu(t) = (1(N) +70) (¢ — 1), (2.105)
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2.4. c-Number Langevin Equations

In this seclion we seek to obtain the c-number equations corresponding to the oper-
ator equations (2.70), (2.78), (2.81), and(2.82). In order to obtain a unique relationship
between operator and c-number Langevin equations, we have to define a certain ordering
of operators. We choose here the normal ordering aT, M T, Ny, Ny, M, a, with the corre-
sponding c-numbers o*, m*, n,, ns, M, @, respectively.

Equations (2.70), (2.78), (2.81), and (2.82) are already in the chosen order so that
in accordance with the discussion given in reference [16] the c-number equations corre-

sponding to Eqs(2.70), (2.78), (2.81), and (2.82) can be written as

. C

a=—gotgm+ fe(®) + no(2), (2.106)
m = —ym -+ g(ne — m)a + fn(t) + m(t), (2.107)
flg = 14 = Y1q — gl@m+mTa) + fo () + 12(2), | (2.108)
iy =~y + g(a™m + mTa) + fiy(t) + nalt), (2.109)

where the functions fi(f) are the noise forces associated with the corresponding noise
operators. And the n;(t) are independent noise forces the properties of which remain to
be determined [16].

It is easy to see that the two time correlation functions for the noise forces fi(t) are the
same as the normally ordered correlation functions of the corresponding noise operators,

so that the non-vanishing correlations of interest are

(J3 (O fe(t)) = CN8(t — 1), (2.1100)
(Fe () fo(t)) = CME(t — 1), (2.1105)
(e F2(0)) = CM™8(t - 1), (2.1100)
(ol 7a(t)) = (y(na) + 728t — 1), (2.1104)
() = 7St~ ), (2.110¢)
(olt) Fn(£)) = m)(t — ), (2.110f)
el Fu(t)) = 7{m™)8(E — 17, (2.1109)
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(T fa(t)) = (v(na) + ra)6(t = t'). (2.1104)

We now proceed to determine the properties of the noise forces 5;(t) by imposing

the requirement that the c-number equations of evolution for the first and the second

moments have identical form as the corresponding operator equations. We note that

the expectation values of Egs.(2.70), (2.78), (2.81), and (2.82) and Egs.(2.106), (2.107),
(2.108), and (2.109) will have identical form if

(n; (1)) = 0. (2.111)
Employing (2.70) it can be established that
%(a(i)a(t» = (a(t)a(t)) + (e(t)a(t))
= —C{a(t)a(t)} + 29(a(t) M (1))
+H{Fe(t)a(t)} + (et (1)), (2.112)

and with the aid of (2.106) the corresponding c¢-number equation is

%(a(t)a(ﬂ) = —C{a(t)al()) + 29(m(t)e(t))

+2(a(t) fe(1)) + 2{a(t)no (1)) (2.113)

Equations (2.112) and {2.113) are identical if
{a(t)no(t)) = 0. (2.114)
Formally integrating (2.106) we have

alt) = af0) — gﬁt a(t)dt' + g/(j m(t"dt' + /Dt Je(hdt' + /Ut no(t')dt', (2.115)

so that the left-hand side of Eq.(2.114} can be written as

(alm(o) = (eOm(®) S [ (el ()it +9 [ ooty
+ V/Oi(fc(t')no(i))dt'-l- /Ot(ng(t')no(t))dt'. (2.116)

Assuming that the system variables at earlier time are not affected by the noise force at

a later time, we have

{a(0)mo(2)) = {a(®)no(1)) = {m()mo(t)) = 0. (2.1174)
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Noting that fe(t) and 5o(t) are independent. noise forces we see that

(fe()mo(t)) = {Je(t))(no(2)) = 0. (2.1176)

Hence Eq.(2.116) takes the form

(oleno®) = [ (e o) (2.118)

Comparing (2.114) with (2.118) we see that [16]

{no(t )n0(t)) = 0. (2.1194)

By a similar argument one can easily show that
(no(#)m5(8)) = 0, (2.1198)

(et )me(1)) = 0. (2.119¢)
Again applying (2.78) we have

%(Nﬂ (ONL()) = 2ra(Na) + ~27(NoN,) ~ g [(a’fﬂm) + aNa)]
—g [(Nea M) + (NoMT )| + (FaN) + (NuF2). (21200)

The first term in the first square brackets and the second term in the second square
brackets are not in the chosen order. Thercfore we have to bring N, to the left of M in
the first case and M i to the left of N, in the second case. To do this we {irst evaluate the
commutation relation [M, N,] . With the aid of Eqs.(2.67) and (2.68) this commutation

relation can be written as

[M,N,] = MN,—N,M
- E Ot — 1)0(t — t;)a’ (H)a? (1)
t,§

_ Z Ot — t:)O(t — t;)ol, ()’ (2)
= D0t~ 1)0(t —1;)[o (1), ol (1))

We note that

(oL (1), 03 (1] = oL (1) &35,
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and hence we get

(M, N = >0t — ;)07 (t) = M.
i
Applying this commutation relation we can rewrite (2.120a) in the normal order as

%(Na(t)Na(t)) = 2 (VL) - 29N, N,) — 2g [(a"waM) (M Naa)]

—g (e M) + (M0} + (PN + (NLF). (2.1205)

We now use Eq.(2.108) to obtain the corresponding c-number equation

%(na(t)na (1)) = 2ra(ng) — 2y{nana) — 2¢ [{&"mn,) + (M ang )| + 2(n.n2) + 2{ng fo)-
(2.121)
Equations (2.120b) and (2.121) are identical if
2na(a(2)) = —g((om) + (m"c)). (2122)
On formally integrating (2.108) we find
i ¥
na(t) = n,(0) -+ 7ot — 7/ ng(1)dt’ — g/ (o (" )ym(t) + m* (N a))dt’
0 0
i L
—]—/ fo(t)dt' + / n2(8)dt!, (2.123)
0 0
in view of this one readily obtains
i
(ra(O(0) = [ (Ot (2.124)
o
On comparing (2.122) and (2.124) we see that [16]
(1 () = —g({am) + (m*a))(t - £). (2125)

In a similar manner, the remaining non-vanishing correlation functions are found to be

(Ot = 29(ma)s(t — t'), (2.126a)
{12()ma(8)} = g({@™m} + (m7a))6(¢ — 1), (2.1268)
(1s()na(¥)) = —g((e"m) + (m™a))8(t — 1), (2.126¢)
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2.5, Adiabatic Elimination of Atomic Variables

The cavity decay rate C is much smaller than the atomic decay rate v, so that the
evolution of the atomic variables happens on a much shorter time scale than the cavity
mode [4,8]. Under this condition we can adiabatically eliminate the atomic variables
m, 1, and ny and derive an equation for « alone. Thus we first set the time derivative of

m in Eq.(2.107) equal to zero and obtain the adiabatic value for the atomic polarization

m = %(na —np)a + %(fm + ). (2.127)

Substituting this result into the equations for o, n, and n; yiclds
2

, c
@=—Za+ %(na — np)ar -+ %(fm + 1) + fe + 10, (2.128a)

, 242 | ) o
Plg = T'q — YNg — %(na — ) o - %(f;a +ao" fin) — %(7}1‘& + o)+ fo 02, (2.128b)

) 2g% . g, . . . _
iy =~y + (e =)o SUnetafu)+ SOact o)+ fbe (2:1280)

We next adiabatically eliminate the population variables n, and n; by setting their
time derivative equal to zero. Solving the resulting set of two coupled linear equations,

we obtain

1 2g* ) ( 2g% ) 2g* ]
PO — P (TR ) Y DR A Y 9.1294
¥(1 4250 [ ( 7’ gl et ot (2.1290)
1 2g° ( 2g° ) 2g* ]
np= ————— lra e T4 [ 1+ T ) G+ 220G 2.129%
Y1+ [ 7 o PR (2.1290)

in which 7 is the intensity |a|? of the radiation field and the noise functions {, and (, are
defined by
Ca = Jfatm2— Q(f;a + o f) — g(n;‘a + a*n1), (2.1304a)
v v
Go=fy b net %(f;a o fn) + %(ni"a + o). (2.1308)

Substituting £q.(2.129a) and (2.129b) into (2.128a), we obtain an equation of evolution

for o alone

+ fo (2.131)




where A and B are the gain and the saturation coefficients for the laser and are given by

2rqg? _

A = W,Y? , (2132(5)
4g*
B= ?.A, (2.132h)
and the noise force f, is given by
g gla

= Z(fm ———((y — (). 2.133
[ fc+fio+7(f +7?1)+72(1+%I)(C ) (2.133)

Employing this expression for f, and the definition for {, and {; one can easily show that

(fult)) = 0 (2.134)

Applying (2.110), (2.130a), (2.130b) and the adiabatic values (2.127), (2.129a), (2.129b),

the two time correlation function for the noise force f, is found to be

Y P B o .

(fa®) folt)) = <CM LI (3 + —AI>> 8(t — 1), (2.135a)
i poriy e Ba® B o

(fa@)f2h) = <CM T (3 + AI>> 8t —t'), (2.1355)

TN N B (. B L 125
(Fa(t) falt) = <CA + o %I)z [1 + 4AI (3 + AI)D&(t ). (2.135¢)

We use these results to determine the the photon statistics, the power spectrum and the

quadrature fluctuations.
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3. BELOW THRESHOLD LASER DYNAMICS

In this chapter we wish to consider a limiting case of laser operation. In the linear

approximation where B = 0, Eq.(2.131) reduces to
) 1
& = —5(6 — Ao + fult), (3.1)

in which the noise force f,(¢) in this approximation is given (cf. 2.133) by

Folt) = Jel®) +10(0) + S (8) + m (1)) (3.2)
and characterized by
(fal®)) =0, (3.30)
(FaO)Falt)) = CME(E — 1), (3.36)
(L) F2(t)) = CM6(t — 1), (3.3¢)
(Fa)) = (CN + A)S(t —1). (3.3d)

Since no well-behaved solution of Eq.(3.1) exists for 4 > C, we interpret A = C as
the threshold condition. Hence, for a laser coupled to a squeezed vacuum reservoir and

operating below threshold, i.e., A < C, the solution of Fiq.(3.1) can be written as
aft) = e(t)a(0) + R(1), (3.4)

where

c(t) = exp [*%(C - A)t} , (3.5a)
R(t) = ¢(t) fut dt’ fou(t) e(—1'). (3.5b)

3.1. Photon Statistics

In this section we seek to calculate, applying the Q-function, the mean and variance
of the photon number as well as the photon number distribution of a laser coupled to
a squeezed vacuum and operating below threshold. We obtain the Q-function via the

antinormally ordered characteristic function.




3.1.1. The Q-function

The Q-function for a laser coupled to a squeezed vacuum reservoir and operating helow

threshold is expressible as

1 .
Qla*,a,t) = 7/‘(122(1)(,3*,2,1,) exp [z a — zax], (3.6)
m

where the antinormally ordered characteristic function in the Heisenberg picture is ex-

pressed as [16]
0(",2,t) = Tr { p(0) exp [~2"a(t)] exp [zal (0]}, (3.7)
here p(0) is the density operator for the cavity mode and the reservoir at the initial time.
We carry out our analysis using c-number variables corresponding to the normal or-

dering. To this end, applying the identity

edeP = ¢BetelhBl (3.8)

one can put expression (3.7) in the normal order
(2", z,t) = e <exp [zat(t)] exp [—z*a(t)]> . (3.9)

Hence the characteristic function can be expressed as

D(2%,2,1) = e“z*z< exp [za™ (L) — z*a(t)]>. (3.10)

Using (3.4) and its complex conjugate, we can rewrite (3.10) as
O(2%,z,1) = eﬁ”tz< exp [ze(t)e™ (0) — 2% c(t)a(0) + 2R (1) - z"R(t)]> (3.11)

The radiation variables at the initial time and the noise forces at a later time are uncor-
related. In accordance with the discussion given in Ref. {16] we can write (3.11) in the
form

(2, 2,1) = e"zﬁz< exp [ze(t)e"(0) — Z*C(f)a’(g)]>

X < exp [zR(t) — z"R(t)]> (3.12)
We consider the case for which the cavity mode is initially in a vacuum state. It then

turns out that

(a(0)) =0 (3.13¢)
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and hence '
<exp [ze(t)a™(0) — z*c(t)a'((])]> =1. (3.138)
Consequently, |
B(z*,2,1) = e-z‘2< expzR (1) — z*R(t)]>. (3.14)
Since the expression in the square brackets is a random Gaussian variable, i.e., has a

vanishing mean, we can express (3.14) in the form [19]

(2", 2,1) = e “exp [%(X:z(t))}, (3.15a)
where
x(t) = zR*(t) — 2" R(¢t). (3.150)
We observe that
(C(0) = 2RAW) — 22 (R (OR() + B0, (3.16)
With the aid of (3.5b), we have
() =) [ a [ el -t (317)

so that substituting (3.3c) into (3.17), we find

(R2(1)) = CM*E(t) / t dt'?(—t')

eM .,
= (1= ). (3.184)
Similarly
(R(0)) = (1 - (1), (3.185)
(RO R(L) = cé‘_* AA(I - (). (3.18¢)
Now combination of (3.18) with (3.16) yields
() = 5 (1~ )" + 2
2(CN + A) 2 .
ﬁ—uC_T(l —c*(t))zz", (3.19)

in which we have assumed M = M*, Hence the characteristic function takes the form
®(2", 2, 1) = exp [— L(#)zz" + H(t)(2* + 2], (3.20)
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where

Ht) = é_(% (1- @), (3.21a)
L - C(C;\rf;) ) (Cé\’_ +AA) 20 (3211

Finally, substituting (3.20) into (3.6) and carrying out the integration, the Q-function

for a laser coupled to a squeezed vacuum reservoir and operating below threshold is found

to be
Qa”, 1) = Ws}(t) exp [-L'(aa” + H'(t)(a* +a™)], (3:22)
where
S2(t) = L2(t) — 4H*(1), (3.23a)
iy L)
g H()
Ilr (t) — Sz(t) . (3236)

3.1.2. The Mean Photon Number and Variance

We now proceed to calculate using the Q-function the mean, variance and the photon

number distribution for the cavity mode under consideration.

A. TheMeanPhoton Number

The mean photon number is expressible as

(n) =Tr {pcﬁla} (3.24a).

Applying the commutation relation

[, a-i'] =1 (3.240)
along with the fact that
Trip} =1,
Eq.(3.24a) can be put in the form
(n) = Tr { paaT} _1L (3.25)
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Employing the identity operator

d*a
I= [ —|a}{o
[ Claital,
we get
1 .
(n} = /dza’—(a|p|a>aa* -1
T
or
{n} = /dza Qe o, t)aa™ — 1, (3.26)
so that on applying the Q-function (3.22), there follows
1 o . ‘
{n) = O] Taaa* exp [— L' (t)ae® + H'(t)(a® + &™) ~ 1
1 a d?a : i % 1y 2 %2
=50 (—ﬁ) - exp [—L(Haa* + H(#)(o* +a™)] — 1. (3.27)
Finally, carrying out the integration and the differentiation, the mean photon number is

found to be

{n) = L(t)—1
CN + A
= oA (1 —exp[—(C — A)¢]). (3.28)
At steady state, this result reduces to
CN+ A
=" (3.29)

If A =0 i.e., there are no atoms in the cavity, the mean photon number in the cavity at
steady state is N, which is the same as the mean photon number of the reservoir. For

N = M =0, i.e, a laser coupled to an ordinary vacuum reservoir, we have [6]

(n) = 2. (3.30)

B. Variance
The variance of the photon number is expressible as
An? = {(aTa)?) — (ala)2. (3.31)
On account of the commutation relation (3.24b), this expression takes the form
An® = (aQaT?) - ((LT(L)Q — S(airz) — 2. (3.32)
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‘ollowing a similar procedure used in arriving at (3.26), the first term in (3.32) can be

expressed in terms of the -function as

(agah) = fdzaQ(a'*,a,t)aza*Z, (3.33)

so that inview of (3.22), we have

{a*a / ‘iﬁa%{*z exp [—L'(t)a*a + H'(t)(a® + ™

S
R SE 1) (W) / djr exp[=L()a’a+ H'(t)(a" + )], (3.31)

Upon carrying out the integration, we find

so that performing the differentiation along with (3.23), we get

M=

(a2al?) = 2L2(1) — 417 (). (3.36)

Hence substituting (3.36) and (3.28) into (3.32), the variance of the photon number is
found to be
An* = (n)((n) +1) — 4H". (3.37)

At steady state one can easily show that
An® > (n).

This shows that the photon statistics of the radiation is supper-Poissonian. For M =
N =0 Eq.(3.37) reduces to
An? = (n)({n) + 1), (3.38)

where (n) is given by (3.30). We observe that the radiation inside the cavity is in a chaotic

state.

3.1.3. The Photon Number Distribution

The photon number distribution P(r,t) at any time can be expressed in terms of the

Q-function as [20]
8271

P, t) = n! Dandasn

Qa”, o, t) exp [aa”] : (3.39)

a=ca*=0
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Therefore applying the Q-function {3.22) we have

1 a?n

Pn,1) = S(t)n! damdarn

exp [b(é)a’a'* + If’(t)(a’z + a‘*z)]} )

a=a*=0
where

b(t)=1-L'(1).
Expanding the exponential function in power series, we have

1 B HUH - gn

_ _ i+25 sit+2k
F (""t)‘s(t)nsijk ik dandas [0 e

a—a*=0

and in view of the fact that
ar p!
da” (p—mn)!

we find

b’H (J‘*‘A) 3_[_2}”)'(3_*_23)[&1-1-23 n xz+2k —-n
P(n,t) t)n'z[ L[a_o.

I+ 2k — )1+ 2§ — n)!

Applying the condition a = o = 0, we get

baH(JH) i 4 2)1(7 + 27)!
25, n0itakn |
ey S(f )n! Z L‘J"»‘(H?i» TG 2 - ) it }

so that on account of the results

j:k:

the photon number distribution can be expressed as

Bl O BOH ()
0= s e

For N = M = 0, we obtain

A
b= —
c b
C
S=—
C-A
H =0.
We thus note that
H"n—i . 6;'1,3'

31

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)




Hence combining this results with (3.46), we obtain the photon number distribution of a

laser coupled to an ordinary vacuum reservoir at steady state:

P(n) = (1 - %) (g) (3.48)

In terms of the mean photon number

P(n) = m)*(i_)f)? (3.49)
which is the photon number distribution of a chaotic light.

One can also casily establish that for A = 0 Eq.(3.46) at steady state reduces to the
photon number distribution of a squeezed vacuum reservoir [20]

(—1)™ tanh™ r
P(n) = WWH,:(O), (350)

where H,(0) is a Hermiete polynomial.

3.2. Spectrum of Intensity Fluctuations

Next we wish to calculate the intensity fluctuations spectrum of the output radiation.

The spectrum of intensity fluctuations is expressible as

awyaﬁqurmu+ﬂwa»“apan (3.51)

where
(1748 4 ), I (E)) = (Tt + ) I()) — (T + 7)) (174 (2)), (3.52a)
1) = al () aou(?). (3.526)

Since (3.52b) is in normal order, the corresponding c-number expression is
1) = g (D aau(t)- (3.53)

The output variable . (t) is expressible in terms of the interacavity variable ()

and the input variable ain(t) as
out(t) = VC alt) — azn(t), (3.54)
where the input variable 1s given by

fe(?). (3.55)

Qin =

L
Ve
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Employing (3.4)one can write Eq.(3.54) as
ot = VC ¢(1)a(0) + VC R(t) — crin(t), (3.56)
with the aid of which we get
(I (1)) = C* ()™ (0)a(0)) + CLR* (1) R(1)) — V(R (t)ain(t))
—VC (e, (1 R()) + (b (Dain(D))- (3.57)
For a cavity mode initially in a vacuum state, we see that
(@ (0)a(0)) = (" (0)){a(0)) = 0. (3.58)
Moreover, applying the definition of R(t), the second term in (3.57) can be written as
(EORO) = & [ @ [ @ me)--)
= (CN + A)c*(t) /t dt'*(—t")

0
CN+ A
= A (1~cz(t)).

(3.59)
Now using (3.5b) and (3.55), we obtain
:
Ve Bain(®) = o) [ UaO)R®)e—t)t, (3.60)
0
so that on account of (3.2) we have
t
VE(E (Daun() = <(t) [ (20ROl -0)it (3.61)
0
Hence substituting (2.110a) into (3.61) and carrying out the integration, we find
. CN
VC(R* (t)onn(t)) = -5 (3.62)
Similarly
. CN
VC(a%, (H)R(1)) = R (3.63a)
We note that the mean photon number of the reservoir is
(o, (Dain(t)) = N. (3.63b)
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Hence combination of (3.58), (3.59), (3.62) and (3.63) with (3.57) yields

(o) = L A0 ewy -

=C(n) + (1 ~C)N.
Upon replacing ¢ by ¢ -+ 7 we get

CCN + A)

(It + 7)) = A (1

—t+ TN+ (1 -C)N

= C{n)iyr + (1 -C)N,

(3.64)

(3.65)

where {n)y4, is the mean photon number of the the radiation inside the cavity at time

{+ 7 given by (3.28). At steady state
(1)), = (It 4 7)),
With the aid of (3.52b), the first term in Fq.(3.522) can be written as
(I PII0)) = (abuat + et + T)adu(Oans(0):
On account of the commutation relation
laoue(t + 7), 0l () = 8(7),
expression (3.67) can be put in normal order as
(184t )T 0)) = (ab(t + o))

Hado(t 4 7 (Bt + 7o),

so that the corresponding c-number expression is
(I (8 + 1) (1)) = (@Gt + T)etout(t))6(7)

Hagu(t + T)alu () aeu(t + 7)aou(t)).

With the help of (3.56) one can write
(@t + T)erour(t)) = C(R* (2 + T)R(L)) ~ VE(R™(t + 7)ain(2))

V(3 (L + TIR(E) + (a7, (L + T)aw(t)),
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(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)




Now employing (3.5b) we sce that
+r
(RU(L+7)RE) = ot +7)el / ! f AT Fult)) e~ el ~1")

= (CN + A)elt +1)e(t) / dt' (1)

0
= CCN+A (1 = (t)) ef7).
(3.72)
And using the definition (3.55) the second term in Eq.(3.71) can be evaluated
VE(R (t+ r)an(t)) = (R'(t+7)e(t))
4T
= oft+7) [ A1)
t+1
= ) [ AU f)-)
0 ,
= CN¢(r).
(3.73)

Similarly one finds
t
VC{a%,(t + T)R(t)) = CNe(t) f dt's(t' — (t + 1)),
0

in-this expression ¢’ can not exceed #, but the Dirac delta function is zero except at

t' =t4 7. Hence

VE(aZ,(t + T)R()) = 0, : (3.74a)
( m(t + T)am( )) = N‘S(T) (3.74[))

Finally substituting (3.72), (3.73) and (3.74) into (3.71) we get
(0gue(t + T)aou(t)) = N6(T) + _C_(%LV_ZA (1= () e(r) — CNelr). (3.75)

For a cavity mode initially in a vacuum state, we have

{(eu(t)) =0, (3.76)
so that inview of this we can express the second term in (3.70) as [20]
(05ue(t + T)aGu(t)aoue(t + T)ou(t)) = (ofu(t +7)abu, (D)) {oult + T)eou(t))

+( out(t + T)aoui(t + T))( out(t)aﬂut(t»
F{ et + 7)o () (Gu () xou(t + 7))

35 (3.77) .




Applying (3.56), we see that
(@t T)ag(0) = CLR L+ T) B (2)) — VC(R (2 + 7)o, (1))
—VC{af, (¢ + TR () + (G, (t + 7)af (), (3.78)
so that the first term in this equation can be written as
_ 47 ¢ _ _
(P + )R (1)) = c(t+7)c(t) /O dt' fo dt"(FR()V ) e =t Ye(—t")
= CM e(t+ 7)e(t) /tdt'cz(—t')

CM* 5 ’
= (1 —*(t)) (7).

(3.79a)
Similarly
VE{at,(t-+ T)R (1)) =0, (3.790)
(¢ + 7)o (8) = MU8(r), (3.79¢)
V(R (t + 7)ag, (1)) = CM*c(7), (3.79d)
upon substituting (3.79a-79d) into (3.78) we find
N . . C2M~ . |
{af (t+ T)al, (8)) = M*6(r) + T (1 — (%)) efr) — CM™ (7). (3.80)
Taking the complex conjugate of (3.80) and (3.75), we get
C*M 9
(Cout(t + T)aou(t)) = M8(r) + A (1 —c (t)) e(r) - CMe(T), (3.81)
r .
(@t 1)) = No(r) 4 CCNTA (1) ofr) —oNe(r). (3.89)

C—A
Introducing (3.75), (3.80), (3.81) and (3.82) into (3.77) at steady state we obtain

(@t Pt + Do) = (), 1 (CEEEEE ) oy

i (FACEHNIE DY oy
+ (lwz + er)) 6(r),

58

(3.83)
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where we have assumed M = M*. Finally, substituting (3.83) and (3.75) into (3.70) we

get at steady state

(Ioui(t+7')[°”t(t)) — <]out(t)>2 + (Cz‘/{z(lz/ézjvgj)\;—i_ 1)2)> C2(T)

CA(2M? + (2N + 1)(N +1))
i+ (o + JECES
+(M? 4 N(N +1))) §(r),

(3.84)

so that combination of (3.66) and (3.84), with (3.52a) at steady state yields

<Iout(t + T))-Iout(i)>ss :‘ ¥+ (62"4 (ﬂ(jézj‘/g:)\; + 1)2)) CQ(T)

s (CA(QM + (Czﬁr ;: (N + 1))) ()5)
+ (M? + N(N +1)) §().

(3.85)

Inserting this expression into (3.51) and carrying out the integration for the second and

third terms we obtain

o

S(w) =a+ b/ dr exp [(iw — (C — A))7], (3.86)

—O0

where
CAQ2M? + (N +1)(2N + 1))
C-—A ’

a=M"+N(N+1)+ (3.87a)

_CPAMM? 4 (N + 1))
b= €A . (3.87h)

The remaining integration can be evaluated applying the stationarity property and is

found to be

/_Do dr exp [(iw — (C — A))7] = ;2—2;%, (3.87¢)
and hence the intensity fluctuations spectrum take the form
2b(C —
S(w) = (€= A) (3.88)

=a+ ———————S—.
w? +(C— A)?
We observe that the spectrum of intensity fluctuations is a Lorentzian with a width of

2(C — A). For N = M = 0 we see that




C?A?
b= —
(€ — A
so that (3.88) reduces to

S(w) = Ei—% + %@%_ (3.89)

This shows that the spectrum of intensity fluctuations for a laser coupled to an ordinary
vacuum reservoir is a Lorentzian with the same width of 2(C — A). Hence the effect the
squeezed vacuum reservoir is to increase the peak of the spectrum. It has no effect on the

width of the spectrum.

3.3. Squeezing Spectrum

The squeezing spectrum of the output radiation is expressible as

Si(w) = /;"0 dr (af“t(t +7), (L?“t(t»ss exp [twT], (3.90)

where the af* (for 1=1,2) are the quadrature operators for the output radiation defined
by
a;mt(t) = a’m”(t) + alut(t)a (3916{,)

05" (£) = ilalu(t) = dou(t)) (3.916)

We now proceed to calculate the squeezing spectrum for the first quadrature operator

of the output radiation. We note that for normal order
(@t + 1), a7 (1) = 8(r) + (07" (t + 7), o (1)), (3.92)
where
af*(t) = cour(t) + gy, (t). (3.93)
Applying the relation {3.52a) we see that
(0t ), 05 (1)) = (0" (¢ + T)a (1)) — (8 (1 + 7)) (a2 (1). (3.94)
With the aid of (3.93) and (3.56) one can easily establish that
(et -+ 7)) = (af"(t)) = 0, (3.95)
and also the first term in (3.94) can be written as
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(" (¢ + 7)o" (1)) = (cour(t + 7)aour (1)) + (ot (£ + 7)oz, (1))

+(a2ut (t + T)am‘f(t)) + (a:ut(t + T)a:ut(t))‘ (396)

Each of these terms has been calculated in the preceding section and are given by
Eqs.(3.81), (3.82), and (3.80). Introducing these terms into (3.96) at steady state we

find
CA(AN + M) +2)

(2"t + 7)™ (1)) = 2(M + N)é(r) + - e(r), (3.97)
so that substituting this into (3.92) we get
CA(N + M) +2
(a2t 4 1), a2 (8)) o = [2(M + N) + 1]6(r) + ﬁ—i%)i—)c(f). (3.98)

Upon introducing this into (3.90) and carrying out the integration, we find

CA(e* 4+ 1)
L 2r
Si(w) =€ + i (T (c;A)T (3.99)
Similarly for 7 = 2
_ CA(e ™ +1)
— 2r
So(w) =™ + g (A ;] (C;A)z . (3.100)

In both cases the squeezing spectrum is a Lorentzian with a width of (C — A). The effect
of the squeezed vacuum reservoir is to increase the peak of the spectrum for the first
quadrature and fo decrease the peak of the spectrum for the second quadrature, it has no
effect on the width of the spectrum. For sufficiently large r, squeezing will occur in the
second quadrature of the output radiation.

We now proceed to calculate the quadrafure fluctuations for the cavity mode.
Aai = (ai(t)) — (e (1)), (3.101)

so that for normal order of the operators we have
Adf = (&*(t)) — (a(t))? + (@™ (1)) — (7 (1))?
+2((a(t)a(t)) — (o™ ()N alt))) + 1. (3.102)

Applying (3.4), one can easily show that

(@) = (@) =0. (3.103)
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In addition, in view of (3.4) and (3.18), we see that

((a?()))" = (1)) = (R()R(1))

and

(3.104)

(3.105)

Combination of (3.103), (3.104),and (3.105) with (3.102) at steady state leads to (M =

M*)
, Ce"+ A
A= e
~ Analogously
, Ce™+ A
2 _
Aay = R

If we choose the squeeze parameter r to be
. 1 | C
"2\ ecT24)

Add > 1,

for C > 2.4, we see that

Adl < 1,

which implies that the squeezing occures in the second quadrature.
2

0 1 2 3
Fig. 2. Plots of the quadrature variance Aa? versus r,
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(3.106)

(3.107)

(3.108)




3.4. Power Spectrum

Now we seck to calculate the power spectrum of the cavity mode from which we can

find the laser linewidth. It is expressible as

S(w) = /jG dT(aT(t)a(t + 7))ss €xp [fwT]. (3.109a)

o0

Since we have a normal ordering of operators the corresponding expression interms of
P

c-number variables 1s then

S(w) = /_ " dr (0 (a(t + 1)) exp [iw7). (3.1098)
Using (3.4) we sec that
@Gt ) = el [ @ [ @ et )
= (N + Al kel [ (-

CN+ A 9
- C— A (1%6 (t)) e(7),

(3.110)
and thus at steady state this reduces
CN

(e (a(t-+ ) = S AA exp [—1/2(C — A)r]. (3.111)

Introducing (3.111) into (3.109b) and carrying ouf the integration yields

CN+ A .
S(w) = —7——- 3.112

W=y (3.1120)

One can also easily establish, employing Eq.(3.75), that the power spectrum for the output

radiation to be
CA(N +1)
W (57

We observe that the power spectrum in both cases is a Lorentzian with a width of (C—.A4),

S (w) = N + (3.1120)

which is independent of the squeeze parameter ». Again in this case the effect of the

squeezed vacuum reservoir is to increase the peak of the spectrum only.
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4. ABOVE THRESHOLD LASER DYNAMICS

In the preceding chapter we neglected the nonlinear saturation effects and discussed a
restricted laser operation in which the gain coefficient is less than the cavity decay rate.
In this chapter we consider a laser operating above threshold, i.e., A > C, with all the
nonlinear effects included. To this end, we can express a(t) interms of intensity and phase

variables as

a =TI, (4.1)

On differentiating with respect to time and comparing the real and imaginary parts with
Fq.(2.131), one can easily arrive at the following equation of evolution for the variable T

and &:
Al

6 = fo(t), (4.26)

where the noise forces are given by
fi(t) = o’ foa +afs, (4.3a)
folt) = (et —a*fa). (4.35)

We next proceed to evaluate the mean of the noise forces. Taking into account (4.3a),

we note that
{(f1(1)) = (o™ (D) fa(D)) + () f2 (1)) (4.4)

On formally integrating Kq.(2.131), we find

a(t) = a(0) — g/ot a(t')dt'—]—% " _Aa(t) — '+ ] Jo(t)dt', (4.5)

0 -I-Bfi"

with the aid of which we can write the first term in (4.4) as

(@ O0) = @ OLO) - 5 (@O0 + [ <%‘%%>dt

t
+ [ onww (46)

0
Since the radiation variables at the earlier times and the noise force at a later time are

uncorrelated, all terms vanish except the last term in (4.6). Hence in view of (2.135c), we
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have

. 1 A B B
* - S A el =
{e” (1) fall)) 5 <Ci\ + (1 N %1)2 [1 + 4.4] (3+ AI>}>. (4.7a)
Similarly,
‘() — A 4B B
(o) f2(1)) = 5 <CN + (1 N %1)2 [1 + 4AI (3 + AI)] > . (4.7b)
Hence the mean of the noise force f is
A B B
- I — T e
(f1(t)) <CA-FU:F%UQ{1+4AI(3+JH>]>. (4.8)
‘aking the expectation value of (4.2a), we see that
Al
(1) =—¢tn) + < 7 %I> )

Consider

AT - Al A B B
() oo =en s (g o 2 (4 20))

For a laser operating well above threshold [4,8]

A>C, I>>§>>1. (4.9)

In view of this we can rewrite the above expression as

AT A
(120 - (20 )

Al
~CN :
+<1+%I>

llence, on comparing the left and the right hand side, we see that

{fi(t)y =CN. (4.10)

Including the contribution of (4.10) in the drift term of (4.2a), we may write the langevin

equation for the variable [ as,

Al

I=-¢I-N)+ %=
( )+(1+%I)

+ f1(2), (4.11)

where

f1(t) = fi(t) —CN, (4.12)
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so that
(f1(6) =0, (4.13a)

(Jr(OF() = (A () - C*N*. (4.130)

Similarly, applying the definition of fy(t) and Eq.(4.7), one can easily show that

{fa(2)) = 0. (4.14)

With the aid of (4.3a) and suppressing the time dependence of o and ¢, the two time

correlation function for fr(t) is

(1)) = (& fa()fo(t)) + Aaa™ 28 fa(t) + (o 2 () a(2)).

Assuming that the radiation variables can be decoupled from the noise forces,we have

(1) A1) = (@) (Falt) fa(t)) + 2aa”) (20 fut) + ()2 (DF(F)).

Substituting Eq.(2.135) for the noise correlation functions and Eq.(4.1) into the above
equation, we obtain

2AT1

{(fr() (1) = <2[C(sinh2 7 -+ sinh r cosh r cos(¢ — 20)) + m

> §(t— 1), (4.15)

where we have substituted Eq.(2.25g) for the value of M and M*, If we choose the phase

of the squeezed vacuum to be

¢ =20, (4.16)
[q.(4.15) reduces to
2AT ; .
(fr) fi(t)) = <IC(ezr—1)+m> 6(t— 1), (4.17a)
A
and hence
2AT
O = ( IC(e¥ — 1) 4 ———— )} §(¢t — ') — C*N™. 4.17h
(fr() () < (e ) (1+%I)2> ( ) ( )
On the other hand, if we choose
¢ — 260 = /2, (4.18)
we get
I
(FHOFE) = <216N + (1%[)—2> §(t—1) - C*N™ (4.19)
A
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Similarly, for fp(1) we find

(foll) fa(t')) = <% [QC(sinh2 r - sinh 7 cosh r cos(¢ — 20))
24 BI(3+41)

(1+40? ° (1+51) >5(tﬁy)_

Ifwelet X =1+ %I , the above expression can be written as

+

{(fo(O) fo(t)) = <$ [2(3(sinh2 r — sinh 7 cosh r cos(¢ — 28)) + A(1 + 1/X)] > 8(t — ).

Choosing the phase of the squeezed vacuum reservoir given by (4.16), the above expression

has the form

eyt = (AEEEET = 5 -, (4.200)
On the other hand, if we make the choice (4.18), we obtain

4.1, The Mean Photon Number and Variance

A. The Mean Photon Number

Since I = a*a, where o and o are the c-number variables corresponding to the

1
operators ¢ and al for the normal ordering, one can write

(n) = {ala) = (I). (4.21)
It follows from Eq.(4.11) that at steady state
Al
—C{{I) + N =0 4.22
(n+ )+<1+%I> , (122)

where we have used Eq.(4.13a). If we make the assumption
(=,

we obtain the steady state mean photon number of a laser coupled fo a squeezed vacuum

reservoir and operating above threshold:

T L1 = | T T
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In view of (4.9) we can neglect the last term in the square root and obtain

A7 A-C
uinied r _— —_— £
Iy =N + B ( c ) (4.24)

setting N = 0, we get the steady state mean photon number for a laser coupled to an

=2 (f!_—ﬁ) : (4.25)

ordinary vacuum reservoir [8]
B C

B. Variance

. o C
The variance of the photon number for the cavity mode is given by

"
)~ (ala)?
= (%) — (1) +(I)

= AI*+{I).

An? = (ataa a) —
)

anl
= (ahﬁaa +(GT(L

(4.26)

To determine the fluctuations in the quantity I(t), we first linearize [(t) around its steady
state value. Defining

AI(Y) = I(t) — I, (4.27)
and substituting for I(t) = Iy -+ AI(t) into ¥q.(4.11), we have

d A(fo + AT)
—(ADN=-C(ly+ AN+ EN +
(A1) (%o ) 1+§(IO+AI)

dt + f1(2). (4.28)

Expanding the third term in power series around A/ = 0, and neglecting second and

higher order terms, we obfain

d Ao+ A BIAI
—(ADN=-C(ly+ AN +CN - ;

B 14 £1)2
In view of (4.9) and (4.24), we see that

2
& —Clp+CN + ol (C - %) Al + f; (4:29)

Clo ~ CN + A%/B,
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and thus

d
E(AI) = —xAT + _ff,, (4.30a)
where
A
¢ =0 — ———. 4,306
§ 1+ 51y ( )
Therefore
ii~(Alr)2 = Z(AJE(AI))
di N dt
= —26(AIY + 2(AI(#) f3(t)). (4.31)

The steady state solution of this equation is then

(A1) =

x| =

(AI(E)f1(1)) ss- (4.32)
On formally integrating Fq.(4.30), we find
AI(t) = AI(0)e ™™ + e /0 t dt' fi(t) e, (4.33)
and hence
(AI@)fH)) = (AT(0) fy())e™" + e /0 tdi'(f}(f')f}(f))e'“’a (4.34)

Applying (4.17b) for ¢ = 28, we obtain at steady state

1C Al C*N?
AT ) = —(e*" — 1 - 4.35
( ()fl()) 2(6 )+(1+%IU)2 PR ( )
so that combination of this with (4.32) leads to
Il AIU CiN?
Al = ——(e¥ —1 — : 4.36
In view of (4.9} we sec that
k= C,
and
_Ab 4
&1+ 51 B
Hence
1, A
(AI)? = Eﬂ(eﬂ*‘ —1) =N (4.37)
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Finally substituting this into (4.26), the variance of the photon number at steady state is
found to be

1
An? = 2(e¥ 4 1) — N? + A (4.384)

2 B
If we apply (4.19) for ¢ — 20 = 7/2, in Eq.(4.34) we obtain

(AT = I,N — N? + A

E:
and the corresponding variance of the photon number is then
2 2 A
An® = L(N +1)—-N* + E (4.38b)

For r = 0, both Eq.(4.38a) and (4.38b) reduces to the variance of the photon number for
a laser coupled to an ordinary vacuum reservoir [6,8], given by

An? = I+ % (4.39)

We observe that, the variance of the photon number increases when the laser is coupled to
a squeezed vacuum reservoir as compared to the variance of a laser coupled to an ordinary

vacuum reservoir.

4.2, Power Spectrum

We now wish to calculate the power spectrum of the cavity mode and hence the laser
linewidth. We recall that the expression for the power spectrum interms of c-number

variables 1s given by

S{w) = /_00 dr{a™(t + m)a(t))ss exp [wrT]. (4.40)

In the region well-above threshold, the fluctuations in / becomes relatively small. This
stabilization in  permits us to replace I in Eq.(4.1) by its steady state value (4.21b), and
write

a(t) = /Toe ™, (4.41)
so that
(" (t + 7)a(t)) = lo(exp [=i(0(¢ + 7) — 6(4))]). (4.42)

On formally integrating Eq.(4.2b) we find
t+7
Bt + ) — O(t) = / fo(t)dr. (4.43)
¢
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Since ([0(t + ) — 8(1)]) = 0, one can express Eq.(4.42) as (cf. 3.15a)
(ot o) = loexp |~ (¢ + 1) ~ 07|, (141)
Applying Eq.(4.43), we find
O+ -0 = [ [T @ ne, (4.454)

We recall that for ¢ — 20 =0,

ol8) fo(t)) = <A(1 +1/X) +C(e > —1)

Vi >6ﬁ-—fL (4.455)

where

A(1+1/X):A(1+ ! )

1+ 51
Replacing I by its steady state value (4.24), we see that

A(1+1/X):A(1+;).

B A
A1\+c

In view of (4.9) and for N not sufficiently large, we can neglect %1\’ as compared to %

and have

AQ+1/X) = A+C. (1.45¢)

Combining this with Eq.(4.45b), we get

o) Fo() = <““+%> (¢ — V). (L45d)

Hence, substituting this into Eq.(4.45a) and carrying out the integration, we obtain

A c —~2r
(O + 7) — 0(2))?) = <Jmﬁe—> . (4.46)
With this Eq.(4.44) becomes at steady state
—2r
(@ (L + T)d1))s0 = Toexp [—-1- (“‘”L) T]. (4.47)
2 41y

Substituting this into Eq.(4.40) and carrying out the integration, the power spectrum in

this case has the form
21,1

S(w) = ST D7 (4.48)
where
A+ Ce
20D = 4—10 (4—49)
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The power spectrumn is a Lorentzian with a width ( laser linewidth ) of 2D;. For r = 0,

the width has the form

A+C
T (4.50)

which is the linewidth of a laser coupled to an ordinary vacuum reservoir (8], We see that

2D =

the effect of the squeezed vacuum reservoir is to decrease the laser linewidth.

3.90E-006 -
 |3.88E-006 J
o™
o 4
g
§ | 3.86E-006 -
:'—ifq:‘;
4

'3.84E-006 -

L3 l L] l L} ‘ L) I_ L}
0.0 0.2 0.4 0.6 0.8 1.0

.
_Fig. 3. Plot of the laser linewidth (2D,) versus r for A/B = 1600, A = 1.2,C = 0.024

Similarily, using Eq.(4.45c) into (4.20b) for ¢ — 20 = n/2, we obtain

() = (FEETED s - o),

And hence using this correlation function, one can easily show that

(@*(t + T)a(t)}ss = Ipexp {—l ('A +CRN+ 1)) T]. (4.51)
2 41y
The corresponding power spectrum is then
21,D,
(W) = ——= 4,52
where the width of the spectrum is
2N
oD, = ATCEN 1) (4.53)
41y

50




In this case, when ¢ — 28 = 7/2, the width of the spectrum increases.

4.3, Spectrum of Intensity Fluctuations

The spectrum of intensity fluctuations for the cavity mode is expressible as

S(w) =, /_ N dr{I(t+7), [(1))sse™". (4.54)

(e}

One can write, for the normal ordering of operators, that
(Lt 4 7), 1(0))es = {a (2 + 7)a(8))se8(7)

H(E+ 7)) ss — (L4 7))as (1{2)) s (4.55)

where I = ao® is the c-number equivalent of the operator [ = al @ for the normal ordering.

Comnbining (4.27} and (4.33), we have
i
I(t) = Iy + AI{0)e™ + e / dt' fr(t)er (4.56a)
0
such that
{L())ss = 1o (4.56b)

With the aid of (4.56a) one can easily show that

C*N* d _,,
Sk (4.57)

T+ (e = 15—

where

the)? (4.58)
2I,CN + ﬁ%, for ¢ — 20 = 7 /2

Substituting (4.57) and (4.56b) into (4.55), we have

{ ICle* —1) + ~(—2—“‘1¥9—, for ¢ = 20

(e 47, D00 = (a4 7)) b(r) — S Lgmmr (4.50)

K2 2k

Introducing this into (4.54) and carrying out the integration, we get

CiN? d
S(w)=1To— e &(w) + R (4.60a)
For w # 0
d
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The spectrum of intensity fluctuations is a Lorenzian with a half width of &, where « is

given by
A
k=0 — 77—
(ZN+2)
For r = 0, the spectrum has the form [22,23]
d’
! — —
S(w) - IU+ w2 + K’hz’

where the half width of the spectrum in this case is given by

c?
tp 2
K =C ,

(4.61)

(4.62)

(4.63)

and d’ is obtained from Eq.(4.58) by setting » = 0, and I is given by (4.25). Comparing

(4.61) and (4.63), we observe that the width of the spectrum increases due to the coupling

of the laser with a squeezed vacuum reservoir,
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"Fig. 4. Plot of the half width of the spectrum of intensity fluctuations (k) versus N
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5. CONCLUSION

We have obtained the c-number Langevin equations for the atomic and radiation
variables from the corresponding operator Langevin equations applying a new method
discussed in reference [16]. Furthermore, applying the principle of adiabatic elimination,
we have derived the equation of evolution for the cavily mode variables.

With the aid of these equations, we have determined the antinormally ordered char-
acteristic function defined in the Heisenberg picture which in turn is used to calculate the
Q-function for a laser operating below threshold. The Q-function has been used to calcu-
late the mean and variance of the photon number, and the photon number distribution.
We have seen that the effects of the squeezed vacuum are to increase the mean photon
number and to decrease the variance of the photon number. We also found that the
photon statistics of the radiation is supper-Poissonian. We have calculated the spectrum
of intensity fluctuations and the power spectrum for the same regime of operation and
found in both cases that the effect of the squeezed vacuum is to increase the peak of the
spectrum with no effect on the width of the spectrum. Moreover, the squeezed vacuum
increases the peak of the squeezing spectrum for the first quadrature and decreases the
peak of the spectrum for the second quadrature of the output radiation with no effect
on the width of the spectrum. In addition, for sufficiently large squeeze parameter r, the
cavity mode will be in a squeezed state.

We have also investigated the properties of a laser coupled to a squeezed vacuum oper-
ating above threshold. We have found that the intensity fluctuations and laser linewidth
depend on the instantaneous relative phase between the squeezed vacuum and the laser.
When the squeezed vacuum and the laser are in phase, the intensity fluctuations increases
and the laser linewidth decreases, and when they are out of phase by #/2, both the in-
tensity fluctuations and laser linewidth increase. Moreover, the width of the spectrum of
intensity fluctuations for a laser operating above threshold increases and the peak of the
spectrum depends on the relative i)llase difference.

We strongly believe that the method we have used in determining the c-number
Langevin equations provides a convenient means of obtaining stochastic differential equa-
tions. In addition, the method employed to determine the characteristic function defined

in the Heisnberg picture provides a significant mathematical simplicity.
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