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Abstract

In this thesis, we have investigated the statistical and squeezing properties of the
light produced by a two-mode subharmonic generating system in a cavity driven by
two-mode coherent light and coupled to two-mode thermal reservoir via a single-
port mirror. Employing the master equation for the system under consideration,
we obtain c-number Langevin equations associated with the normal ordering and
determined correlation properties of the noise forces. The solutions of the resulting
differential equations are then used to calculate the mean and variance of the
photon number of the cavity light. We have found that the variance of the photon
number is gerater than the mean of the photon number and hence the photon
statistics of the cavity light mode is super-Poissonian. Moreover, applying the same
solutions, we also obtained the antinormally-ordered characteristic function with
the aid of which the Q function is determined. In addition, the Q function is used
to calculate the photon number distribution for the cavity mode. Furthermore, we
obtain the variance of the plus and minus quadrature of the two-mode cavity light
produced by the two-mode subharmonic generating system. It is found that the
two-mode driving coherent light has no effect on the squeezing properties of the
cavity mode and the squeezing occurs in the plus quadrature. Finally, we have
found that at steady state and at thershold, there is a 50% maximum squeezing of

the two-mode cavity light when the cavity is coupled to vacuum reservoir.



CHAPTER 1

Introduction

Quantum optics is the subject that deals with optical phenomena that can only be
explained by treating light as a stream of photons rather than as electromagnetic
waves. In principle, the subject is as old as quantum theory itself, but in practice, it
is a relatively new one, and has really only come to the fore during the last quarter
of the twentieth century [1]. Quantum optics deals mainly with the quantum
properties of the light generated by various optical systems such as lasers and
with the effect of light on the dynamics of atoms. The quantum properties of light
are largely determined by the state of the light mode and the well known quantum
states of light are the number state, the chaotic state, the coherent state and the

squeezed state [2].

A two-mode subharmonic generating system, consisting of a nonlinear crystal in
a cavity pumped by a coherent light and coupled to a reservoir is a source of a
two-mode squeezed light. When light interacts with nonlinear crystal it induces
polarization. The amount of polarization of a material depends linearly or nonlinea-
rly on the applied electric field [3]. The propagation of electromagnetic field in a
nonlinear medium is affected by the dielectric polarization induced by the field.
When electromagnetic radiation is incident on a nonlinear medium, a response
with greater or less than the driving frequency can appear. The frequencies of
the response in such a system are related to the driving frequency by an integer
multiple and these are called harmonic responses [3]. But under certain conditions,
a response with frequency less than the driving frequency can appear. The response
with frequency less than the driving frequency is called subharmonics and the
response with frequency greater than the driving frequency is called supper harmo-
nics. Some examples of nonlinear interactions are; second harmonic generation,
sum frequency generation and subharmonic generation. Subharmonic generation

[2 - 4] as well as second harmonic generation [2, 5, 6] is a typical process that leads



to the production of squeezing light. In second harmonic generation a photon of
frequency w interacts with nonlinear material and is up converted into photon with
twice the frequency of the initial photon. In sum frequency generation two photons
of different frequencies are combined to provide a photon of frequency equal to the

sum of the two frequencies.

There has been a considerable interest in the analysis of the quantum properties of
the squeezed light generated by various quantum optical systems [2]. Squeezing is
one of the nonclassical features of light that has attracted a great deal of interest
[7 - 8]. In squeezed light the fluctuations in one quadrature is below the vacuum
level at the expense of enhanced fluctuations in the conjugate quadrature, with
the product of the uncertainty in the two quadratures satisfying the uncertainty
relation. It is also worth mentioning that squeezed light has potential applications
in the detection of weak signal and in low-noise communications [2, 10]. Hence it is
vital to find new optical devices or to combine the existing ones to generate highly

squeezed and bright light.

Subharmonic generator has been considered as an important source of squeezed
light. It is one of the most interesting and well characterized optical device in
quantum optics. In this device a pump photon interacts with a nonlinear crystal
inside a cavity and is down-converted into two highly correlated photons [2]. If
these photons have the same frequency the device is called a degenerate subharm-
onic generator, otherwise it is called a nondegenerate subharmonic generator [2,
11].

The main objective of this thesis is to study, employing c-number Langevin equation,
the statistical and squeezing properties of the light produced by a two-mode subhar-
monic generating system in a cavity driven by two-mode coherent light and coupled

to two-mode thermal reservoir via a single-port mirror.



CHAPTER 2

C-number Langevin Equations

In this section we develope the dynamics of the system, the master equation for the
cavity mode under consideration. Applying this master equation, we determine
c-number Langevin equations associated with the normal ordering. Finally, we
can obtain the correlation properties of the noise forces and the solutions of the

resulting c-number Langevin equations.

2.1 The master equation

We now seek to obtain the equation of evolution of the reduced density operator
for the two-mode light produced by a nondegenerate subharmonic generator in a
cavity driven by two-mode coherent light beams and coupled to two-mode thermal

reservoir via a single-port mirror. In a nondegenerate subharmonic generator a

Driving coherent,
Light Mode a

Light mode
a (signal) <Jwo-mode thermal

Pump mode )
reservoir

Nonlinear crystal
Light mode
b (idler)

Driving coherent,
Light Mode b

Figure 2.1: A nondegenerate subharmonic generator with the cavity modes driven by
coherent light and coupled to thermal reservoir.

pump photon of frequency w is down converted into a highly correlated signal and
idler photons of frequencyies w, and w; such that w = w, + w; [2, 11].

The process of the parametric interaction can be described by the Hamiltonian
H =ig(abet — a'bfe), (2.1)

where @ and b are the annihilation operators for the signal and idler light modes

respectively, ¢ is the annihilation operator for the pump mode, and ¢ is the coupling

3



constant. With the pump mode treated classically, the Hamiltonian given in Eq.
(2.1) can be written as

H =igB(ab — a'bh), (2.2)
or

H =iXab— a'bh), (2.3)
where \ = g/ is proportional to the amplitude of the pump mode, considered to be
real and postive constant.
We consider the case in which the cavity modes are driven by two coherent light
modes. With the driving modes treated classically, the interaction of the cavity

modes with the driving modes can be described by the Hamiltonian

H=iea"—a+b —0b), (2.4)
where, ¢ is proportional to the amplitude of the deriving coherent light modes,
considered to be real constant and the same for both modes.

The Hamiltonian describing the parametric interaction and the interaction of the
cavity modes with the driving light modes is expressible, using Eqgs. (2.3) and (2.4),
as

~

H =ie(al —a+ b —b) +ix(ab — a'bh). (2.5)

The master equation for two-mode cavity light driven by coherent light and coupled

to two-mode thermal reservoir can be written as [2]

dp ; k k
d—f = —i[H,p] + 5(% +1)(2apa’ — atap — pata) + Eﬁ(Z&T,@d —aa'p — paa')
+ 0+ 1)(20pb" — bibp — pbTh) + Eﬁ(QbTﬁb —bb'p — pbbl), (2.6)

where k is a cavity damping constant, /) is density operator and 7 is the mean
photon number of thermal reservoir.
Combining Eqs. (2.5) and (2.6), the equation of evolution of the density operator

for the system under consideration is

don Y A . A . A
d_,; = e(a'p+bp—ap—bp—pa’ — pbt + pa + pb)
+ Nabp — atbtp — pab + pa'h
k k
+ 5(% + 1)(2apa’ — atap — pata) + 5%(2&*;&& —aa'p — paat)
+ 5(% + 1)(20pb" — bTbp — pb'd) + 5%(2b*ﬁb — bb'p — pbbh). 2.7

This represents the master equation for a two-mode subharmonic generator driven

by coherent light and coupled to a two-mode thermal reservoir.



Now, we seek to obtain the c-number Langevin equations employing the master
equation. The time evolution of the expectation value of an operator A in the

Schrodinger picture can be written as [2]

d, ~ dp ;
£<A> —TT(th)- (2.8)

Now taking into account Eq. (2.7) along with (2.8), we have

d . R . .
E(&(t» = eTr(a'pa + b pa — apa — bpa — pata — pbla + pa® + pba)
ATr(abpa — a'b'pa — paba + pa'bla)

k
5(% + 1)Tr(2apata — atapa — pa'a?)

+ o+

+

k
5%%(2&* pa? — aalpa — paa'a)
ko poite  fihas  sitin
+ §(n + 1)Tr(2bpb'a — b'bpa — pb'ba)
+ §ﬁTr(2bTﬁba — bb'pa — pbb'a). (2.9)

or
d

k k k k
%Wt)) =ceclh + N\ + 5(% +1)I5+ -nly + 5(% +1)I5 + Eﬁlﬁ, (2.10)

2
where

Is = Tr(2bpbta — bTbpa — pbTba),
and
Ig = Tr(2b! pba — bb' pa — phb'a).

Applying the cyclic property of the trace operation together with the commutation

relations
[a,a'] =1, (2.11)
[a,bT] = [a,0] = [a,b7] =0, (2.12)
(a2, a'] = 2a, (2.13)
6%, b1] = 2b, (2.14)

we evaluate the traces in Eq. (2.9).

I, = Tr(a'pa + bt pa — apa — bpa — pa'a — pbla + pa® + pba)



or

= Tr(paa’ + pabt — pa® — pab — pata — pbfa + pa® + pba)
= Tr(pla, a'] + pla, b'] — pla, b)),
=Tr(p) = 1.
I, = Tr(abpa — a'b pa — paba + pa'dla)
= Tr(pa*h — paab’ — paba + pa'bta)
= Tr(=pla, a'}b") = Tr(=pb"),

~

I = —(bT).

In a similar manner, one can verify that

and

]3 - _<d>7
Iy = <d>>
[5 — 0,
Is = 0.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Now substituting Eqs. (2.15), (2.17), (2.18), (2.19), (2.20) and (2.21) into (2.10), we

have

Similarly

d . k. ~

g lalt)) = —5{a(t) - AT (1)) + e
d . k. -
@(aT(t» = —§<GT(t)> — Ab(t)) +¢.

Moreover, employing Eq. (2.7) along with Eq. (2.8), we see that

d

i

or

a

d

dt

a*(t))

ATr(abpa® — atbtpa® — paba® + pa’bta?)

- -

k
7+ V)Tr(2apa‘a® — atapa® — pata®)

_I_

5%%(2&*,3&3 —aa'pa® — paata®)
+ 5(% + 1)Tr(20pb'a* — bTbpa* — pbTba?)

+ EﬁTr(QbT,éb&Q — bb'pa® — pbb'a?).

k k k k
(a*(t)) = eTy + T + §(ﬁ+ DT5+ -nly + §(ﬁ+ DTs + §ﬁT6,

2

(2.22)

(2.23)

eTr(atpa® + b'pa® — apa® — bpa® — pata® — pbfa® + pa® + pba?)

(2.24)

(2.25)



where
T = Tr(afpa® + btpa® — apa® — bpa® — pata® — pbla® + pa® + pha?),
T, = Tr(abpa® — abf pa® — paba® + pa'bfa?),
Ty = Tr(2apa'a® — a'apa® — pata®),
Ty = Tr(2a'pa® — aa'pa® — paata®),
Ty = Tr(2bphta2 — bibpa2 — pbtba?),
and

Ts = Tr(2b pba® — bbf pa® — pbba?).
We next evaluate the traces in Eq. (2.25). Applying the cyclic property of the trace

operation, we obtain

Ty = Tr(paa’ + pa’bt — pa® — pa2b — pata® — pbla® + pa’ + pba?).

= Tr(pla*, a] + pla®, b'] — pla®, b]). (2.26)
We see that with the aid of Eqgs. (2.10) - (2.12), we can rewrite Eq. (2.26) as
Ty = Tr(2pa) = 2{(a). (2.27)

Employing the cyclic property of trace opration, we have
Ty = Tr(abpa® — a'bt pa® — paba® + pabfa?).

= Tr(pa’b — pa’a’dt — paba® + pa'bfa?)

= Tr(pala, b] — pla?, a']bh). (2.28)
In view of Egs. (2.11) and (2.12), Eq. (2.28) reduces to
Ty = —Tr(2pab’) = —2(ab'). (2.29)

Moreover, applying the cyclic property of trace opration, we see that
Ty = Tr(2apata® — alapa® — pa'a®).

= Tr(2/3de3 — peﬂzﬂa — pata®)

or

Ty = —Tr(2pa%) = —2(a?). (2.30)



In a similar manner, one readily obtains

Ty = 2(a%). (2.31)
Ts = 0. (2.32)

and
Ts = 0. (2.33)

Now substituting Eqgs. (2.27), (2.29), (2.30), (2.31), (2.32) and (2.33) into (2.25), we
get

d .

E<@2(t)> = —k(a®(t)) — 2\a ()b (1)) + 2<(a(t)). (2.34)

Furthermore, in view of Egs. (2.7) and (2.8), we have

d R R . R

E(&T(t)d(t)) = eTr(a'pa‘a +b'pata — apata — bpata — paa — pbata + paa’a + pba'a)
(

+
k
+

+
|
3|
S~
=
—~
[\
IS
pafiy
e
Q>
Q>
pafy
Q>
|
=)
IS
pafil
=)
IS
pafiy
IS
|
=)
IS
IS
-
IS
~

+ S+ 1) Tr(2bpbta’a — blbpata — pbtbata)
+ §ﬁTr(2bTﬁb&T& —bb'pata — pbbTa’a). (2.35)
or

k k k k
%@T(t)d(t» =Ry + ARy + 5(% +1)Rs + 5B+ 5(% +1)Rs + 37he,  (2.36)

R, = Tr(a'pa’a + b pata — apa'a — bpa'a — pat®a — pblata + paa'a + pba'a),
R, = Tr(abpata — a'bfpata — pabata + pa'viata),

Rs = Tr(2apa‘*a — alapa’a — pa'aa’a),
Ry = Tr(2d'paa‘a — aa'pa‘a — paat?a),
Ry = Tr(2bpbta’a — bfbpata — pbibata),

and
Rg = Tr(2b' pba'a — bbTpa'a — pobfata).

We next evaluate the traces in Eq.

R, = Tr(a'pa’a + b pata — apata — bpata — paa — pblata + paa’a + pba'a)



= Tr(patla, a’] + plat, bla — plat, ala — pla’, bla). (2.37)

or
Ry = Tr(pa’ + pa) = (a) + (a). (2.38)

= Tr(pata’d — pataatd’ — pabata + patdblala)
= Tr(plat, a)ab + patlat, a)b?), (2.39)

or
Ry = —(ab) — (a'b'). (2.40)

Rs = Tr(2apaa — a'apa'a — pataata)
=Tr(2pa"a* — pataa‘a — pa'aa'a)
= Tr(2pa'%a? — 2pa’aa’a)
=Tr(2pa'[a’, aa)

or
Rs = Tr(—2pa'a) = —2(a'a). (2.41)

Following similar procedure one can verify that

Ry = 2(a'a) + 2. (2.42)
Rs; = 0. (2.43)
and

Substituting Eqs. (2.38), (2.40), (2.41), (2.42), (2.43) and (2.44) into (2.36), we

obtain

£<€ﬁ<t)d(t)> = —k(a'()a(t)) — M(@a(t)b(1)) + (@' (£)b'(t)))
+ e({a'(t)) + (a(t))) + k7. (2.45)



10

Furthermore, employing Eq. (2.7) along with Eq. (2.8)), we see that

d R R R R
dt<a(¢)a*(t)) Tr(a'paa’ + b paa’ — apaa’ — bpaa' — pa'aa’ — pbtaat + pa*al + pbaal)

ATr(abpaa’ — a'dtpaat — pabaa’ + patdbfaat)
k
2(
k
EﬁTT(%LTﬁdsz — aa'paa’ — paa'aal)

+ 5(% + 1)Tr(2bpbTaa’ — bibpaat — pbibaal)

~ +

+ 1)Tr(2apataa’ — atapaa’ — pataal)

_I_

+ §ﬁTr(2bT;3bddT — bb'paat — pobTaal). (2.46)
or

d k k k k
%(t)&(t)&*) =¢eN; + AN, + E(ﬁ +1)N; + 57N + 5(% + 1)Ns + 57Ne, (247

where
N, = Tr(apaat + b paat — apaat — bpaat — pataat — pbtaat + pa’at + phaat),
N, = Tr(abpaa’ — a'dtpaa’ — pabaat + patbfaal),

Ny = Tr(2apa‘aa’ — a'apaa’ — pataal),
N, = Tr(24' pa’a’ — aa'paa’ — paa’aal),
N5 = Tr(2bpbtaa’ — bibpaat — pbibaat),

and
N = Tr(2b' pbaa’ — bb' paa’ — pbbfaat).

Applying the cyclic property of the trace operation together with the commutation

relation

Ny = Tr(a'paa’ + b paat — apaa’ — bpaa® — pataat — pbtaat + paal + pbaa'),

= Tr(pla,a'la’ — pala’, a), (2.48)
or

Ny = (@) + (a). (2.49)

Ny = —(ab) — (a'd"). (2.50)

Ny = —2(aa') + 2. (2.51)



N, = 2(aa’)
Ns; =0
and
Ng =0
Now substitution of Egs. - into leads to

i(d(t)fﬁ(t)) = —k(a(t)a'(t)) — A((@(t)b(t)) + (@' (£)b' (1))

+ e((@' (1) + (a(1))) + k(@ + 1).

Moreover, employing Eq. (2.7) along with Eq. (2.8), we see that

11

(2.52)

(2.53)

(2.54)

(2.55)

dt( a(t)b(t)) = eTr(a'pab+ b pab — apab — bpab — pa'ab — pbTab + pab + pbab)
+ ATr(abpab — a'btpab — pabab + pa'bab)
+ §(n + 1)Tr(2apatab — a'apab — pa'ab)
+ §ﬁTr(2aTﬁAQb — aa'pab — paa'ab)
+ §(ﬁ + 1)Tr(20pb'ab — bibpab — pbbab)
+ §ﬁTr(2bTﬁbdb — bb'pab — pbbiab). (2.56)
or
d . .- k k_ k_ k_
E(a(t)b(t)) =eM; + A\My + 5(n + 1) M; + §nM4 + §(n + 1)M;5 + 5nMG, (2.57)
where
M, = Tr(atpab + bt pab — apab — bpab — pa'ab — pbfab + pab + pbab),
M, = Tr(abpab — a'b' pab — pabab + pa'biab),
Ms = Tr(2apa‘ab — atapab — patab),
M, = 5%%(2&*,}&% — aa' pab — paa’ab),
Ms = Tr(2bpb'ab — bTbpab — pb'bab),
and

Mg = Tr(2b' pbab — bbt pab — pbb'ab).

Now we evaluate the traces in Eq. (2.57) applying the trace’s cyclic property and

commutation relation given Eqgs. (2.11) - (2.14)

My = Tr(atpab + bt pab — apab — bpab — pa'ab — pbtab + pab + pbab)



= Tr(paba’ + pabb’ — paba — pab* — patab — pbtab + pa’b + pbab)

or

M, = Tr(abpab — a'b'pab — pabab + patbtab)
— Tr(pabab — paba'b’ — pabab + pa'bfab)
= Tr(—paba’bt + pablab)
= Tr(patab’b — plata + 1)bb)

= Tr(patab’ — patabbt — pobh)

or

M, = Tr(2apa‘ab — atapab — palab)
= Tr(2pataba — paba‘a — pata2b)
= Tr(pa‘a’d — paa‘ab)
= Tr(plal,alab) = —Tr(pab) = —(ab).
Following a similar procedure, one can verify that

~

M, = (ab).
My = —(ab).
and

Now substituting Eqgs. (2.58) - (2.63) into (2.57), we get

Llambe) = —ka®b(n) — Mal(Ha(e) — AG )

dt )
+ e((b(1)) + (a(6)) — A

Following a similar procedure, one can readily obtain

%@T(tﬂ;(m = —k(a' (1)b(1)) — A(B*(1)) + (@ (1)) + (@' (1)) + (b(1))),

12

(2.58)

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)



d ,» k - .

b)) =~ (b)) — Mal(o) +e.
d - k - .

S 1) = — S0 (0) — Mato) +e.
d

{0(0)) = —k(B*(1)) — 2M(b(£)al (1)) + 2¢(b(1)),

—O' (1)) = —k(d'(OD(1)) = M(@()d(1)) + (a (D' (1))
+e((0F() + (b(t))) + k.
OB () = kDO (B)) — A{a®)b(t)) + @ )b ()

~

+ (1)) + (1)) + k(@ +1).
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(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

Replacing a by o, a' by o* , bby 3 and b' by 3*, the c-number equations corresponding
to Eqgs. (2.22), (2.23), (2.34), (2.45), (2.55), (2.64),(2.65), (2.66), (2.67), (2.68), (2.69)

and (2.70), in the normal order can be written as

d k )

“lalt) = —a(e) ~ A (0) + <,

d, .k,

Sl (1) = 50 (1) = A(BO) + <
(02(1)) = ~Ma?(0) — 2Xa ()" (0) + 2=(a(1),

St (t)a(t)) = ko ()a(t)) — A(a(t)5(1) + (a*(1)5°(2))
+ e((e*(t) + (a(t) + k7,

—ta@)Bt) = —ka()8(t) — Mo (t)a(t)) — MB"(1)5(1)
+ e((B(1) + (1)) = A,

dt
d k .
S4B() = —5 (1) — Ma*(1)) +<,
d, . ko
S5 (1) = —S45°(1) = Ma(®) +<,

S0 = ~HE(0) — 0B’ (1)) + 22(5(1),
and

CEWem) = —kEOB0) ~ MalBn) + (o' ()5 (1)

+ e((67(1)) + (B(1))) + k7.

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)
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We claim that the equation of evolution of «(¢) (c-number Langevin equations) can
be obtained from that of («(¢)). This can be achieved by dropping the angular
brackets in Eq. (2.71), and adding the noise forces f,(t), so that the c-number
Langevin equations for the cavity modes can be written as

d k

%a(t) = —§a(t) — AB*(t) + & + fal(t). (2.81)
Following similar procedure one can verify that

d k

rat(t) = =50’ (1) = AB(E) + &+ f3(0), (2.82)
CB(0) = —2B(0) ~ (1) + £+ Fo(1), (2.89
SE) =~ 60~ alt) + < + 500, (2.84)

where f,(t) and f3(t) are noise forces the properties of which remain to be determined.

Now we seek to determine the correlation properties of the noise forces f,(¢) and
f5(t). Upon comparing Eq. (2.71) and the expectation value of Eq. (2.81), we notice
that

(fa(t)) = 0. (2.85)
In addition, comparing Eq. and the expectation value of Eq. (2.83), we also
see that

(fs(t)) = 0. (2.86)

In the same manner, one can verify that

(fa(®)) = (f5(t)) = 0. (2.87)
Now substitiuting Eq. into the relation
d, o\ da(t) da(t)
G0 = (a0 )+ (“aw) 2.89
we obtain
d

—(0(1)) = =k(a®(1)) = 2Ma()57(1)) + 25(al()) + (@(t) fa(t)) + (fa(D)a(t)).  (2.89)
Comparison of Egs. and indicates that
(a(®)fa(t)) + (fa(t)a(t)) = 0. (2.90)

A formal solution of Eq. (2.81) can be written as

a(t) = a(0)e s + / t et <fa(t’) te— AB*(t’))dt’. (2.91)
0
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Multiplying both side Eq. (2.91) by f,(¢) from the right side and taking the expectation

value of the resulting expression, we have

(@) fa(®)) = (a(0)fa(t))e
+ / A (<fa(t’)fa(t>> T (ful)) = NB(E) fa(t)>>dt’. (2.92)

Since a noise force at some time t has no effect on system variables at time [2], we

can write
((0)fa(1)) = {(0)) (fa(t)), (2.93)
(B () fa(t)) = (B" () {fa()), (2.94)
so that taking into account Eq. (2.85), we see that
{@(0)fa(?)) = 0 (2.95)
(B () fu(t)) = O (2.96)

Applying Egs. (2.95) and (2.96) in (2.92), we obtain

(@O80) = [ HO O e @97
In a similar manner, we can verify that
o) = [ X0 ). (2.98
Now adding Egs. and (2:98), we get
(a(t) fo (1)) + (falt)a(t)) = /0 t e 2 (t=t) (< Falt) fa(t)) + (falt) fa(t’))>dt’. (2.99)

Comparison of Egs. (2.90) and (2.99) shows that

t
[ O (a1l + a0 ) = (2.100)
0
and upon assuming
(fat) fa@®)) = {falt) fa(t), (2.101)
we obtain .
/ e 2= (#) £ (1)) dE = 0. (2.102)
0

On the basis of the relation [2]
t
/ e 2 (I F())dt = M, (2.103)
0

we assert that
(FT1E) () = 2M6(t —t'). (2.104)
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where f(t) is noise force, b and M are constants. With the aid of this relation, Eq.

(2.100), becomes
(fat) fa(8)) = (fa(t) fa(t))) = 0. (2.105)

Moreover, employing Egs. (2.81) and (2.82) in the relation
Lot @a(®) = ('O %al) ) + (Lo (Balt) (2.106)
dt @ @ —\¢ dta dta «Q ) .

one can easily establish that

d

o at)) = ko ()a(t)) — A({a(t)5(t)) + (a7()57(¢))

£ (@ (1) + (D) + (@ O fal) + (fiDal). (@107
Comparison of Egs. and shows that
(" () fa(t)) + (fa(t)a(t)) = k. (2.108)

A formal solution of Eq. (2.82) can be written as

t
a*(t) = a*(0)e 2 + / e 2= ( i) +e— A,@) dt'. (2.109)

0

Multiplying both side of Eq. (2.109) by f,(t) from the right side and taking the

expectation value of the resulting expression, we get
(@ (0)fa(®) = (@ (0)falt))e™*
b [ (U0 + a0) ~ MBS0 ot 2110)

With the aid of the fact that a noise force at a certain time should not affect the

system variables at earlier time, one obtains

(0 (1) (1)) = / e 5O () o)) dE (2.111)

Multiplying both side of Eq. (2.91) from the left by f(¢) and taking the expectation
value of the resulting expression and on account of the assertion that a noise
operator at a certain time should not affect the system variables at earlier time,

we have

t
(falt)alt)) = / e 2 TO(Fr (1) fult))dt (2.112)
0
Adding Egs. (2.111) and (2.112), we see that

(@ () fa(t)) + (fa(t)a(t)) = /0 6_5“_“)(<f2(t’)fa(t)>+<f£i(t)fa(t’)>)dt’- (2.113)



In view of Eq. (2.108), we can write Eq. as
O (U@ ulo) + 080 )i =i
Assuming that
(fat)fa(t)) = (fa(t) fa(t)),
and taking into account Egs. and (2.104), one easily gets
(fat) fa()) = (fa(t) fo(t')) = k6(t — 1)

Moreover, substituting egs. and in the relation

d B d da(t)

Salam) = (a 5o0) + (52 50)

we obtain

d

S ta®)pt) = —ka(t)5(t) — Ma(t)a™ (1)) +elalt)) +5(2)

— MBTO)B(1) + (at) fs(1)) + (fa(t)B(H))-
Upon comparing Egs. and (2.118), we see that

() fs(t)) + {fa(t)B(1)) = —A.

17

(2.114)

(2.115)

(2.116)

(2.117)

(2.118)

(2.119)

Furthermore, multiplying both side of Eq. (2.91) by f5(¢) from the right and taking

the expectation value of the resulting expression, we have

kt
2

() fs(t)) = (a(0)fs(t))e”

- / et (<fa(t’)fa(t)> T e{f5(1)) - Aw*fﬂ(t»)dt'- (2.120)

On account of the assertion that a noise force at some time t should not affect

system variables at earlier times, we can write

(a(0) f5(t)) = ((0))(f5(t)) = 0,
and
(B () f5(t)) = (B (1)) (fs(1)) = 0.
In view of these results, we can write Eq. as
(a(t) fa(t)) = /0 e 2 (L (1) fo(t))dt .

It can also be verified in a similar manner

alD)B(0)) = / 5 (1) £ ()

(2.121)

(2.122)

(2.123)

(2.124)
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Adding Egs. and (2.124),we have
(@00 + (a3(0) = [ 50 ((fa( N alt) + fa(t)fﬁ(t’»)dt’- (2.125)

In view of Eqs. (2.119) and (2.125), we see that

[t (Gatrsat0r+ fosae )i = (2126)

Upon assuming
(falt) f5(t)) = (fa(®) f5(t), (2.127)
and in view of Eqs. (2.103) and (2.104), we can put Eq. (2.126) in the form

(fat)fs(1)) = (fa(t) fo(t) = =AS(t —¥). (2.128)

Following similar procedure, one can establish that

(B)fs(1)) + (fs(t)B(2)) = 0. (2.129)
(B () f5(t)) + (f5(t)B(t)) = kn. (2.130)

Furthermore, it in similar manner

(fa(t') fa(t)) = (f5(t)fa(t')) = 0. (2.131)
(f5(t) fa(t)) = (f3(0) fo(t)) = kmo(t —t'). (2.132)

In addition, we find
(fa@) f5) = (fa@)f5(E) = (f5Of2()) = (f3E) fa(t)) = —Aé(t —t)  (2.133)

(fa®)f3) = {(fa®)S5(t)) = (f5()fa(t)) = (f5() fa(t)) = O (2.134)
(fa)fa(t)) = (fa@)fa(t)) = (f3(E) f5(1)) = (f3() f5(t)) = O (2.135)
We would like to point out that Eqs. (2.105), (2.116), (2.128), (2.132), (2.133),
(2.134) and describe the Correlation properties of the noise forces f,(¢) and
fs(t) associated with the normal ordering.
We then introduce new variable 2. () = «a(t) + 5*(t). Adding Eq. (2.81), along with
the complex conjugate of Eq. (2.83), we have

Ci( () +587(¢ )) _Qk (a(t) +B*(t)) —)\(a(t) +B*(t)) +2e+ fa(t) + f5(t), (2.136)

or
inr(t) = %szr(t) — A2y (t) + 2 + fu(t) + f5(1), (2.137)
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where
2z (1) = alt) + B*(¢). (2.138)

Furthermore, subtracting Eq. (2.81) from Eq. (2.83), we see that

%(a(t) - B*(t)> = %k (a(t) - ﬁ*(t)) - A(a(t) — 5*<t)> + falt) = f3(),  (2.139)

or

%2_(15) = _Tkz_(t) — Az (t) + falt) — f5(2), (2.140)
where
z_(t) = alt) — B*(1). (2.141)
Combining Egs. and (2.140), we get
%zi (t) = %Hizi(t) Ledet fult) £ F3(E), (2.142)
where
A =k £ 2\, (2.143)
and
21 (t) = alt) £ B*(2). (2.144)

In view of Eq. (2.142) together with Eq. (2.143), the solution of z_(¢) does not
have a well-behaved solution for £ < 2\, we then identify £ = 2\ as the threshold
condition. For k > 2), the solution of Eq. (2.142) can be put in the form
t
2 (t) = 24 (0)e =12 4 / e M2 f e fL(H) £ fa(t))]at'. (2.145)
0

Now with the aid of Eqgs. (2.144) and (2.145), we have

Oé(t) + 5*(75) — (Oé(O) + ﬁ*(O))e_A+t/2 n /Ot e_)\+(t—t')/2[2€ + fa(t/) + f;(t/)]dt/ (2.146)

t
a(t) — B*(t) = ((0) — B7(0))e™ 1?4 / e MR () — fr()]dY. (2.147)
0
Employing Eqgs. (2.146) and (2.147), we obtain

a(t) = EL(t)a(0) + E_(t)57(0) + F(t) + F_(t), (2.148)
B(t) = EL(t)B(0) + E_(t)a*(0) + F(t) — F*(¢), (2.149)
where
EL(t) = %(e—m/2 + e A1), (2.150)
and

t
Ft) = & / MO Lo 4 f () £ F(E)]d. 2.151)
0



CHAPTER 9
Photon Statistics

In the previous sections, we have studied the solutions of the c-number Langevin
equations for the nondegenerate subharmonic generator. The statistical properties
of a light beam is described in terms of the mean photon number, the variance
of the photon number, the power spectrum and the photon number distribution.
The photon statistics of light modes based on the relation between the mean and
variance of the photon number divided into three parts. Thus the photon statistics
of a light mode for which (An)? = 7n the light mode has Poissonian photon statistics(e.g.
coherent light), the photon statistics of a light mode for which (An)? > 7 is known
as super-Poissonian (e.g chaotic light) and the photon statistics of a light mode for
which (An)? < 7 is called sub-Poissonian. We now wish to determine the mean
photon number, the variance of the photon number, the power spectrum, the local

mean photon number and the photon number distribution.

3.1 Single-mode photon statistics

In this section, we obtain the mean photon number for cavity mode a and cavity
mode b, the variance of the photon number for the cavity mode a and cavity mode

b, the power spectrum and the local mean photon number.

3.1.1 The mean photon number for cavity mode a and cavity mode b

For the system under consideration the mean number of photons for the cavity

mode a can be represented by
Mo (t) = (a'(t)a(t)). 3.1)

The mean number of photons for the cavity mode a can also be expressed in terms

of c-number variables associated with the normal ordering as

Tia(t) = (a*()a(t)). (3.2)

20
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Applying Eq. (2.148]) along with the complex conjugate of (2.148), we readily obtain

Il
&)
+ 0
~
o

+ E_(8)(FL(1)57(0))
FZ()5°(0))

+ o+ o+ +

(3.3)

With the assertion that a noise force at a certain time should not affect the system
variables at earliear time and the cavity radiation is initially in a two-mode vacuum

state, we get
a(t) = (FL()FL (1) + (FL(OF-(1) + (FZ() FL (1) + FZ@) F-(1)), (3.4

where F,(t) is defined by Eq. (2.151). On account of (2.151), we note that

(FOFR.0) = ([ [ R f) + Sl

t
x5 / e e + falt) + £ (t"))dt”1>

[ e lagt s (e + (500 + G20 + )
+ (fa@) @) + fa@) f5E7) + (fa) fa(t")) + <f5(t’)f[§(t”)>] dt'dt”,  (3.5)
so that application of Eqs. (2.85)), (2.86), (2.97), (2.116), (2.128)), (2.132) and (2.133)

leads to

A

t
(FLOF) = & [ ey
0

n — t ! 17
km — A / e_)\+(2t—t —t )/25(t/ . t”)dt,dt/,. (36)
0
Now carrying out the integration, one easily gets
42 —
(FY(t)Fy(t) = iz (1 — 2 M2 4 e‘Mt) i (1 - e_Mt). 3.7
AL 20,
Furthermore, applying Eq. (2.151), we have
. 1t
(FOF) = (G [ ) - e

% [%/0 e/\_(tt”)/Q(fa<t//>_f;(t//))dt//]>
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1 ! - / " * (1IN £ (1]
= [ OR  R) - O 5)
— B+ GO arar 3.8)
Now with the aid of Eqgs. (2.116), (2.128), (2.132) and (2.133), one readily gets
— ¢
(F*(t)F_(1)) = kn; A / e AC25( —Ydt dt. (3.9)
0
On performing the integration using the property of Dirac delta function, one can
obtain B
(F*(t)F_(t)) = kg; A <1 - e‘At). (3.10)
In addition, applying Eq. (2.151), we find
(F(t)F_(t)) =0, (3.11)
and
(F*(t)F (t)) = 0. (3.12)

Therefore, upon substituting Eqs. (3.7), (3.10), (3.11), (3.12) into (3.2), there follows

4¢? km— A
n t = —_— 1 — 2 _A+t/2 _>‘+t 1 _ —>\+t
Ma(t) Ai ( e te W e

K7+ A o
—e . 1
. (1 e ) (3.13)

At steady state this expression goes over into

4e? k*n 2\2

Mg = : 3.14
O N PR ERy Ul CRaye (3.14)
For )\ = 0 (absence of parametric interaction) Eq. (3.14) becomes
42
ﬁa — ﬁ —|— ﬁ (315)

This is the mean photon number due to the deriving coherent light and thermal
reservoir.

Furthermore, in the absence of the parametric interaction (A = 0) and when the
cavity is coupled to vacuum reservoir (n = 0) Eq. (3.14), we get

4e?
a — ﬁ

(3.16)

n,

This represents the mean photon number due to the driving coherent light mode.
Moreover, in the absence of the parametric interaction (A = 0) and the driving
coherent light modes are absent (¢ = 0), Eq. (3.14) reduces to

T, = 7. (8.17)
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This is the mean photon number due to thermal reservoir.
Finally, in the absence of the driving coherent light modes (¢ = 0) and when the
cavity is coupled to vacuum reservoir (7 = 0), Eq. (3.14) takes the form

2)\2

This is represents the mean photon number produced by the nondegenerate subharmonic

generator.

Following a procedure used to obtain the mean photon number for cavity mode b it
can be verified that the mean photon number for the cavity mode b is expressible,

at steady state, as

4e? k*n 272
T = ) 1
T ) o T (8.19)
For absence of parametric interaction (A = 0) Eq. (3.19) becomes
42

This is the mean photon number for cavity mode b due to the deriving coherent
light and thermal reservoir.

Furthermore, in the absence of the parametric interaction (A = 0) and when the
cavity is coupled to ordinary vacuum (n = 0) Eq. (3.19), we obtain

4e?

-5 (3.21)

y

This describes the mean photon number due to the driving coherent light.
Moreover, in the absence of the parametric interaction (A = 0) and the driving
coherent light modes are absent (¢ = 0), Eq. (3.19) reduces to

np = 7. (3.22)

This can be interpreted as the mean photon number due to thermal reservoir.
And also, in the absence of the driving coherent light modes (¢ = 0) and when the
cavity is coupled to vacuum reservoir (7 = 0), Eq. (3.19) takes the form

_ 2)\2

This describes the mean photon number of the cavity mode b photons produced by
the nondegenerate subharmonic generator.
Hence the above result shows that the mean photon number for cavity mode a are

the same as that of cavity mode b.
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3.1.2 The cavity mode photon number variance

We now seek to obtain the variance of the photon number for the cavity mode a
and the variance of the photon number for the cavity mode . The variance of the

photon number for the cavity mode a can be expressed in the normal order as
(Ang(t))* = (a™(t)a’(t)) + (al (H)a(t)) — (@ (H)a(t))*. (3.24)
The corresponding c-number equation is then
(Ang(8))* = (a(H)a’ (1)) + (" (Ha(t)) — (" (H)a(t))”. (3.25)

Since the c-number Langevin equation for «(¢) has the form given by Eq.
inspection of this equation indicate that «(¢) is a Gaussian variable and noise force
f(t) has the correlation properties obtained in chapter two. Moreover, on account
of along with the assumption that the cavity mode is initially in a vacuum
state, we easily show that (a(t)) = 0. Hence «(t) is a Gaussian variable with

vanishing mean satisfy the relation [2]
(ABCD) = (AB){(CD) + (AC)(BD) + (AD){(BC), (3.26)

one can write
(@?(t)a’(t)) = (a2(t))(@?(t)) + 2(a* (t)a(t))?, (3.27)

so that Eq. can be expressed as
(Ang(t))* = (a™(t)){a? (1)) + (o ()a(t))* + (" (H)a(t)), (3.28)

or
(Ana())? = (@2())(Q2(t)) + 72 + T (3.29)

With the aid of Eqgs. (2.148) and (2.151), one readily obtains

2
(™ (t)) = (a?(t)) = % <1 — 272 4 6_’\+t). (3.30)
+
And at steady state
2
(@®)ss = (a%)ss = %. (3.31)
+

Hence on account of Eqgs. (3.29) together with (3.31), the variance of the photon

number for the cavity mode a at steady state, can be expressed as

(Ang )2, = + 1S +n,. (3.32)
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We note that (An,)%, > 7, and hence the cavity radiation has super-Poissonian
photon statistics.
Moreover, in the absence of the parametric interaction (A = 0) and the driving

coherent light modes (¢ = 0) one can put Eq. (3.32), using Eq. (3.17), in the form
(An,)%, =n° +7. (3.33)

This represents the variance of the photon number due to thermal reservoir.
Finally, in the absence of the driving coherent light modes (¢ = 0) and when the
cavity is coupled to ordinary vacuum (7 = 0) and taking into account Eq.
along with Eq. (3.32), we note that

o 2K2A2 4\

(Amhf—@;;@@;. (3.34)

This describes the variance of the photon number of the cavity mode a photons

produced by the nondegenerate subharmonic generator.

It can also be established following a similar procedure that, the variance of the

photon number for cavity mode b can be expressed, at steady state, as

16¢*
@m&=j§+ﬁ+m. (8.35)
+

We readily observe that (Any)?%, > m;, this indicates that the photon number statistics
is super-Poissonian.

Moreover, for the absence of the parametric interaction (A = 0) and the driving
coherent light modes are absent (¢ = 0) and using Eq. one can put Eq.

in the form
(Any)2, =n° + 7. (3.36)

This can be interpreted as the variance of the photon number due to thermal
reservoir.
In addition, for ¢ = 0 (the absence of the driving coherent light modes) and when
the cavity is coupled to vacuum reservoir (7 = 0) and taking into account Eq.
along with Eq. (3.35), we note that

2K2N% — 4\1

2 _
(Anb)ss - (kQ . 4)\2)2 .

(3.37)

This is represents the variance of the photon number of the cavity mode b photons
produced by the parametric interaction.
Now the above result indicats that the variance of the photon number for cavity

mode a are the same as that of cavity mode b.
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3.1.3 Power spectrum

We wish here to determine the spectrum of mean photon number, usually known
as the power spectrum for cavity mode a. The power spectrum of the cavity mode a

with centeral frequency w, is given by [12]

P(w) = lRe / m<a*(t)a<t + 7)) €' @7y, (3.38)
0

™

where 'Re’ donotes the real part. The c-number equation corresponding to Eq.

(3.38) one can write

P(w) = lRe /Oo<a*(t)a(t + T))Sse"(w’%)TdT. (3.39)
0

™

Now we seek to find the steady state expectation value (o*(t)a(t + 7)) in Eq. (3.39).
To this end, we realize that the solution of Eq. (2.137) can also be written as

2y (t47) :z+(t)eA+T/2+2€e)‘+T/2/ eA+T//2dT’+e>‘+T/2/ N2 fL () dr . (3.40)
0 0

With the aid of Eq. (2.138), we have
4e

a(t+ 1)+ FE+T) = (@) + B )T (1= e

+ e M7/ / TR (t+7)dT (3.41)
0
On the other hand, the solution of Eq. (2.140) is expressible as

2 (t4+7)=2_(t)e T2 g e AT/2 / TR (t+ )T (3.42)
0

Now taking into account Eq. (2.141), we can write

alt+7) =Bt +71) = (at) =B (t))e "/
+ e T2 / AT2f(t+1)dr' (3.43)
0

Adding Egs. (3.41) and (3.43), we see that

2e
(t)(e—A+T/2 + G—A,T/Q) + )\_(1 _ e—)\+r/2)
+

DN | —

alt+71) =

*(t)(ef)\_,_T/Q . e*)\_T/2>

®

e MR (4 )dr!

3

e_’\’(T_T/)/Qf— (t+7")dr'. (3.44)

N = N =D~

o—
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Furthermore, taking the expectation value of both sides and on account of Egs.

and (2.86), we obtain
2e

1 -4 T/2 —A_T/2 —A4T/2
(a(t+7)) = Sl +e /)+Z(1—eA ?)

Lige @)y e/ — o2y, (3.45)

3

Now application of the quantum regression theorem to Eq. (3.45) leads to

(a*(t)a(t+71)) = %<a*(t)a(t)>(e—)\+r/2 + 6_)"7/2) i §_€<a*(t)>(1 B 6_)\+T/2)
+
+ %@* (1) (1)) (e ™MT/2 — e A=7/2), (3.46)

Since «(t) has a vanishing mean, we have

. . e—>\+7/2
(@ (alt + ) = ({a"(Ha(t))ss + (@ ()57 ())ss) —
. i § 67)\_7'/2
b (0" (a0 (08" (1)) (3.47)
From Eq. (3.14), we obtain
. 4e? 270 22
(@ (t)a(t))ss = Grop ool oo (3.48)
and in similar manner
.l o 4¢? 2kTA kA
@ OF )= Gy "R oae B (3.49)
Moreover, applying Eqs. (3.48) and (3.49), one easily gets
. PN . R
(@ (Da(t))ue+ (0 (OF ) = 20 = =52 = =55 (350
and
(0" (a(D)as — (0" (B (1)) = o 2 (3.51)
@A s TR Tk —ox | k—2\ ‘
Now substituting Eqgs. (3.50) and (3.51) into (3.47), we have
% = kﬁ >\ e*)\+T/2
(" ()t +7))ss = (2na_k—2/\_k—2)\) 5
kn A e A-T/2
. .52
* (k—2/\+k—2)\> > (8.52)

Furthermore, employing Eq. (3.52) in (3.39), we see that

1 kn A RS WIS
- 2_(1 . . —(——z(w—wo))rd
p(w) 27r<” k—2X k—2)\>Re/0 © 7

1 kn A 0 AL
= — (5 —ilw—wo))T 3
+ 27r<k—2)\+k—2)\>R€/0 e\ 2 dr, (3.53)




28

and carrying out the integration, there follows

1 kn A k+ 2\
p(w) _ _(Zﬁ“_k; n ) +

™ — 2% k—2X)) (k+20\)? + 4(w — w,)?
1/ 1
or
W — 1{ o (k+2)) (k71 + \)(E + 2)))
P = e r 202 14w — w2 (k—20)(k + 202 + 4(w — w,)?
k7T + A
T E S F A= wO)Q] ' (3.55)

This represents the power spectrum for cavity mode a.

3.1.4 The local mean photon number

We finally seek to calculate the local mean photon number of the cavity light. Upon
integrating both sides of Eq. (3.38) over w, we readily obtain

/_ Z P(w)dw = %Re /0 Oo<a*(t)a(t + 7)) sse T dr /_ Z €T dw, (3.56)
so that using the fact that [10]
/ " Ty — 26(7) (3.57)
we have
/ " P(w)dw =2 /O T (Dt + 7)) e (r)dr (3.58)
_ / TG DA+ 7)) ase=TS(7)dr (3.59)
In view of the relation [10] -
| r@a)ds = (@)l (3.60
we get
/ " Pw)dw =7, (3.61)

with n,(t) = (af(t)a(t)) being the steady state mean photon number of the cavity
mode a.

On account of this relation, we observe that P(w)dw represents the steady state
mean photon number of a cavity mode in the interval between w and w + dw.

We realize that the local mean photon number in the frequency interval between

w' = —p and W' = p is expressible as

m
ﬁaiu:/ P(W")dw', (3.62)

-
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in which o' = w — w,.
Finally, upon substituting Eq. (3.55) into Eq. (3.62), we get

- o 2ne(k +2)) /“ 1 dl (km+ N)(k +2X) /“ 1 o
e A (R e dr(k—2X) ), (B2 4 2
km+ A (" 1 ,

and carrying out the integration, applying the relation

o
/ @ 2 (ﬂ) (3.64)
_amEEy?rom m

we get

_ Me 4 21 kn + A 1 21 _1 241
o Pay ¢ —t . (3.65
Mty = a0 (k+2)\)+7r(k—2)\){an may) T\ )| 869

or

_ _ km 4+ A
naiu = naz-i—(u) + k o 2)\ Z—(M)7 (3‘66)
where
B 2 1 20
zi(p) = 7Ttan (k+2)\>’ (3.67)
1 ~1 2p tan—l 24
z(,u)—ﬁ{tan <k:—2/\) tan <k+2/\)]' (3.68)

This describes the local mean photon number of the cavity mode a.

We indicate in the table below that as the values of i increases the local mean

photon number approaches to the global mean photon number.

n=0 n = 0.2 n=04
ﬁa+,u ﬁaiu ﬁai,u
0.590 0.751 0.919
0.670 0.849 1.028
0.709 0.880 1.070
0.719 0.905 1.091
0.731 0.915 1.115

BEEE 2SS |

Table 3.1: Values of 7,4, and 7, for difrerent values of 1z and 7.

#U‘l-waI-‘t
H |
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Figure 3.1: Plots of the local mean photon number [Eq. (3.65)] at steady state versus
uwfor A =0, =0.35 k= 0.8, 7 = 0 (black curve) , m = 0.2 (red curve),
n = 0.4 (brown curve).

Moreover, inspection of the plots in Fig. 3.1 shows that the presence of thermal
reservoir increases the local mean photon number of the cavity mode. In addition,
one can also observe that the local mean photon number approaches the global

mean photon number for a relatively small frequency interval.

3.2 Two-mode photon statistics

We now obtain the mean and the variance of the photon number for the the two-

mode cavity light produced by nondegenerate subharmonic generating system.
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3.2.1 The mean photon number for the the two-mode cavity light
The two-mode cavity light mean photon number can be expressed as [2]
Ty = T + Ty, (3.69)

where 7, and 7, are the mean photon number for cavity mode a and cavity mode b.

We see that with the aid of Eqgs. (3.14) and (3.19), we can write Eq. (3.69) as

_ 82 2k%m 4A)N2
Ny = (k+2)\)2+k2—4)\2+]§2_4/\2' (3.70)

In addition, for A = 0 (absence of parametric interaction), we have

2
i, = Skiz + 27, (3.71)

This is the mean photon number due to the two-mode deriving coherent light and
two-mode thermal reservoir.

Furthermore, in the absence of the parametric interaction (A = 0) and when the
cavity is coupled to ordinary vacuum (n = 0) Eq. (3.70), we get

8¢e?
n, = R (3.72)
This represents the mean photon number due to the driving coherent light modes.

Moreover, in the absence of the parametric interaction (A = 0) and the driving
coherent light modes (¢ = 0), Eq. (3.70) reduces to

T, = 27. (3.73)

This is the mean photon number due to the two-mode thermal reservoir.
Lastly, in the absence of the driving coherent light modes (¢ = 0) and when the
cavity is coupled to ordinary vacuum (7 = 0), Eq. (3.70) takes the form

_ 4)\?

This represents the steady-state mean photon number of the two-mode photons

produced by the nondegenerate subharmonic generator.

3.2.2 The variance of the photon number for two-mode cavity light

The variance of the photon number for two-mode cavity light in the normal order
defined as [2]
(An,)* = (e¢%) + (¢'e) — (c'e)?, (3.75)
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where ¢ = a + b is annihilation operator for two-mode cavity light. The c-number
equation corresponding to Eq. (3.75) is

(Any)* = (™) + (v"7) = () (3.76)
or
(Any)? = (v?9%) + 71y — 72, (3.77)
where
v=a+0. (3.78)

With the help of Eq. (3.78), one easily find
(77%) = (" + B")*(a + B)7) (3.79)
= (a”a®) + (875%) + (a67) + 2{a"*af) + (a*47) + 2(aB™B)
4+ 2(a*a?®B) + 2(a* BB + 4{a*aBB). (3.80)

Since «(t) and /(t) are a Gaussian variable. Therefore the Gaussian variables
with vanishing mean satisfy the relation from Eq. (3.26), thus on the basis of the

relation, we have

(a*?a?) = () {a?) + 2(a*a)?, (3.81)
on the basis of Eqgs. (3.14) and (3.31), one can write
1 4
(a*?a?),, = % + 2n2. (3.82)
+

Furtheremore, it can also established in a similar manner that

16¢*

(B25%)ss = =3 + 27, (3.83)
+
2 00 48:4
(@237 55 = i (3.84)
+
A8e4
(a?B7%) s = X‘f : (3.85)
+
82 [4e2  km—X  km—A\  16e2
2 *2 s _ - J— _a’ 3.86
(% af)ss = 3 (Ai LT VY ) a2 (3.86)
162 2 (4e®2 km— )\  kn— )\
NaB2B) s = —— 1y + —— [ — — : 3.87
(0828 = 55 nb+)\%r()&+ AP ) (3.87)
162 82 [4e?2 km— N  knm— )\
2 * 2 % — 5 I o .
(a*a”B")ss 2 na+A2+(A2++ o e > (3.88)
82 [4e?2 km— N knm— \ 162
Na*B* ),y = | — _ Tip, 3.89
(" 3" 5%) Ai(AiJr oW 2)\>+)\3—nb (3.89)
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422 k- X km—A\?  64et

4 * * _ 4_2 4 e _ | |
(a*af*B)ss = 4n; + ()\3 + o, . > _/\i (3.90)

Now substituting Egs. (3.82) - (3.90) into (3.80), we see that
(2. = SR+ 6452ﬁ N 192¢* N 32¢2 (4_52 N kn—XA  kn— >\>
ss a )\i a )\i )\%r )\2+ 2/\+ 2\
42 km—X\  kn—\\’

e - : 3.91
" (Xi+ 20 2h ) (3.91)

Moreover, on account of Eq. (3.91), the variance of the photon number for two-mode
cavity light given by (3.77) at steady state takes the form

64s2_ 192e* 3222 (42 kA ki — A
An,)i, = 8m; T — —
(Bny)us = 8T+ S5+ =+ 55 ()\i L) VT )
42 km—A  km—-\\* _
- 4(E+ o2, 2h ) T T (3.92)

Furtheremore, in the absence of the parametric interaction (A = 0) and the driving
coherent light modes are absent (¢ = 0) and using Eq. (3.17) and (3.73) one can put

Eq. (3.92) as
(An,)%, = 4n° + 2m. (3.93)

This represents the variance of the photon number due to the two-mode thermal
reservoir.
Finally, in the absence of the driving coherent light modes (¢ = 0) and when the

cavity is coupled to vacuum reservoir (7 = 0) and taking into account Eqgs. (3.18)

and (3.74) along with Eq. (3.92), we note that
8K\

CEor (3.94)

(An’Y)gs =

This can be interpreted as the variance of the photon number of the two-mode
cavity light photons produced by the nondegenerate subharmonic generator for

parametric interaction.

We see that the above result tells us the variance of the photon number of the two-
mode cavity light is greater than the mean photon number the two-mode cavity
light and hence the light produced by nondegenerate subharmonic generator has

super Poissionian photon statistics.

3.3 The Q function

We next seek to obtain the Q function for the two-mode cavity light produced by

the system under consideration. To this end, the Q function for a two-mode cavity
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light is expressible as [2]

Qa0 = [ [@enolenenta -z s -ng).  @.95)

where the antinormally orderd characteristic function ¢,(z*, z,t) is defined in the

Heisenberg picture by [13]
Ga(z,m,t) =Tr (,6(0)6_2*&“)eZ&T(t)e_"*E(t)engT(t)). (3.96)

Using the identity [2]

eAeB = eBeAe[A’B], (3.97)

the characteristic function defined by Eq. (3.96) can be expressed in terms of c-

number variables associated with the normal ordering as

Galz) = exp(—="z —'n){exp(za’() — Z"a(t) + nB* (1) — ' B(1)).  (3.98)

We recall that o(t) and 3(t) are Gaussian variables with zero mean. One can put
Eq. (3.98) in the form [14]

buli) = capl+"s — e 5{(50°(0) = alo) + 00 <O, (3.99)
or
Ga(2,t) = exp(—2z"2z — n*n)exp(%ﬂ), (3.100)
where
T, = (0" (1) — *a(t) + nB*(t) — " B(0))?). (3.101)

Now simplify Eq. (3.101), we have

L = —({e"®)a@)) + (a()a™(1)))z"z = (B (O)B®) + (B@)E* ()0
+ 27 ()7 (1)zn + 2{e() (1)) 20" — 2 () 5(E)) 20"
— 2{a(t)B ()2 n + (o) 2" + (a®)2" + (B)n* + (B7)n™. (3.102)

It can be readily verified that

(@) s = (B)ss = (a®)ss = (B%)ss = (" (1) B(t))ss = (a(t)B(t))ss = i—ij (3.103)
(@Ot = (500N = 3 + 5+ R @0m
(a(t)ar(t))ss = (BH)B™(1))ss = i—ij + k;? + kZ;_A (3.105)
(B0 = (0 (G () = 5 4 FT=2 AT (3.106)

T VY W
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Substituting Eqgs. (3.103) - (3.106) into (3.102), we have

S _(8_¥+kﬁ—A+kﬁ+>\)(Z*z+ . )+(8_g2+lm—A_lm—)\)(z )
SR CEL W A T TN PR
8e? 4e?
- A—Q(zn*—kz*n)+>\—2(22+z*2+772+7)*2). (3.107)
+ +

Now on the account of Eq. (3.107) expression (3.100) takes the form

4e?  km— X  km+ A, .
¢a(zan>t) = €Xp _<1+()\_2+ A + \ )(2Z+77 77)
+ + -
N <452 N k=X kn— A
AL At A
4e? 2¢2
i(zn* +z2'n) + )\iz(z2 + 22 4 + 77*2)} , (3.108)
Jr

)(zn + 2"n")

or

¢a(2z,1m,t) = exp —a(z*z—l—n*n)—b(zn—l—z*n*)—c(zn*+z*77)+d(z2+z*2+772+n*2)}, (3.109)

where 2 2 2
de 2k*7 AN
a:1+<k+2/\)2+l{?2_4/\2+k‘2_4)\27 (3.110)
4KTIA 2K\ 222

"= N 3.111
o2 A (k2 ( )

4e?
T etran (3.112)

2¢e?
= oy (3.113)

Now upon introducing Eq. (3.109) into (3.95), the Q function for the two-mode
cavity light turns out to be

1 * k X sk * *
Qaubit) = = [ Esresp| — ales ) - e+ 20 = el + 270
+ A+ 2+ +n?) + 2fa— 2ot + B — B

1 [d?
= = —Zexp(—az*z +d2? +dz*? 4 2o — za¥)
T T

d2
X / —nexp(—a'r]*n —bzn — bz"n"
s
— ezt — e+ dn? +dn®? + 0B —nsY). (3.114)

Furthermore, using the relation [2]

d2
/ —Zeznp(—az*z + bz + c2* + A2® + Bz*?)
7r

3 2 2
= [;] %p(abc—l—Ac + B ),a>0, (3.115)

a? —4AB a? —4AB
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and performing the integration over 7, one readily obtains

1 _ * d 2 d *2
Qo 5t) = (L

d*z [ (a —ab® — ac* — 4dbc) .
—exp| — 2*z

X

T a? — 4d2

B (&* + abB — acf* + 2def — 2dcﬁ*)z

a? — 4d?
a —acf + abf* — 2dbp + 2deS*
( a? — 4d? )Z
d+ abc +dc® + db*\ , [ d+ abc+ dc* + db?
( a? — 4d? )Z +( a? — 4d?

)2*2}, (3.116)

or

B 1 —aB*B + dB? + djB** d?z .
Qaiit) = e ) [ e | - P

B (a* + abf — acf* + 2def — 2dcﬁ*)z

a? — 4d?
a — acf + abB* — 2dbp + 2dcS*
a? — 4d?

)z*+Sz2—l—Sz*2}, (3.117)

where ) )
a — ab® — ac* — 4dbc
P= a1
a? — 4d? ’ (3.118)
B d + abc + dc? + db?
a a? — 4d?

Furthermore, integrating over z the Q function can be written as

1 —af* B+ dB? + djB** 1

Qe B,t) = 7T2\/meﬂcp( 20 — A2 )\/m
D S

i * 2 *2
S Bl v T vy Ll p gy e T oy A

N . M >
(a2—4d2)2(P2—4S2)B p— (a2—4d2)2(P2—4S2)(a6+a B8)

L * *
T @ oaepp—asy) @)
R

R r YT 452)(ﬁ2 + 57|, (3.120)

S (3.119)

where
N = a**P + a*?P + 4d*c* P + 4d*b* P + 8dabep

+  4a®beS + 8dab*S + 8dac®S + 16d%besS, (3.121)

R = a*bcP + 2dab®P + 2dac*P + 4d*beP + a*c*S
+  8dabcS + 4d*b%S + a*b*S + 4d*2S, (3.122)
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M = abP + 2dcP + 2acS + 4dbS, (3.123)
L = acP + 2dbP + 2abS + 4dcS. (3.124)

Finally, the Q function for the two-modes turns out to be

Qapt) = —zeap| —ula’a+ )+ vla’ +0) ~wlaf+a')
+ (@ B+ af) +W(6+ 57, (3.125)
where

z = (a® — 4d*)(P? — 45?), (3.126)

u= r et (3.127)

V= (3.128)

v T (3.129)

= m (3.130)

- %. (3.131)

3.3.1 The photon number distribution

We are now in a position to calculate the photon number distribution for the two-
mode cavity light. The photon number distribution for observing m photons of
cavity mode a and n photons of cavity mode b are expressible in terms of the Q
function as [2]
7T2 82m 8271
m!n! damoa*™ O
Now substituting Eq. (3.125) into (3.132), we have
1 an a2n
P t — _ * *
(m, n, ) Jzmn! damdarm 9Brop {exp ( u(a’a+575)
+ v(a®+a*?) —w(af + a*B*) + pula* B+ af*)

+ U(B*+ B?) +aa* + 55*)] (8.133)

a=a*=pF=p*=0

P(m,n,t) = {Q(a, B, t)eo“"*+ﬂﬁ*] ) (3.132)

a=a*=p=p*=0

— ! o o {exp((l —u)(afa+ B*B) +v(a® + a*?)

Vzmln! damdar™ o
— wla+a"8) +pla”+ o) + 05+ 57) )] (3.134)

a=a*=L=p*=0
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1 @Zm a2n ) ‘

— 1 — *a) (1 — * 0\] 2\1 *2\k
e T ij;omjm« wara) (1 - w8 (va) (va®)
(—wapB)' (—wa” B)° (pa B)P (na ™)1 (W B2)" (¥ 5*2)°

— . (3.135)
WKk olplglrstt! a— o == =0
So that on carrying out the differentiation employing the relation a{;;f = (rf—!n)!a:?"_”

[2] and applying the condition o = o* = § = g* = 0, there follows

Py = Ly DI 0Py
T Vzmn!l ik olplg!r!s!t!
ijklopqrst

(i+2k+t+q)!  (i+2+o+p)  (j+t+p+2r)
(i+2k+t+qg—m)(i+2l+o0+p—m)(j+t+p+2r—n)!
(j +o0+q+2s)
(jJ+o+q+2s—mn
X 6rttamiarnOrtorassen. (3.136)

I 042k +t+q,mOi+21+o+pm

It is interesting to consider a special case in which the coherent driving light is

absent (¢ = 0). Thus upon setting ¢ = 0, we get
v=pu=Vv=0. (3.137)

With the aid of Eq. (3.137) the photon number distribution reduces to

(u/Q _ w/Z) Z (_1)t+o(1 _ ul)iJrjw/tJro (Z + t)!

Pm,n.t) = i1j1tlo! i +t—m)

min!
ijto

(i +o0)! (7 +1)! (7 +o)!
(i+o—m)l(j+t—n)(j+0—n)!
X 5i+t,m5i+o,m5j+t,n6j+o,n~ (3138)

Applying the properties of the Kronecker delta, we have

t=m—1i,0=m —1, (3.139)
and

t=n-—j,0=n-—7j. (3.140)
We note that

t=o=m—i=n—]. (3.141)

Therefore for m = n and on account of Eqs. (3.141) along with the fact that a
factorial is defined for nonnegative integers, the photon number distribution can
be put in the form

n!2<1 _ u/)in/Q(n—z‘)

i2[n—i)z (3.142)
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where
= ﬁ (3.143)
) v
e (3.144)
2~ 2
@ =14 k:ff Rl 4—>\4>\2’ (5-149)
po kA2 (3.146)

k2 —4X2 k2 —4)2
This describes the joint probability to observe equal number of cavity mode « and
cavity mode b photons. From this result we note that there is a finite probability of

finding equal number of photons in the two-modes.

In addition, in the absence of the parametric interaction (A = 0) and the driving
coherent light modes (¢ = 0), Eq. (3.142) reduces to

(2%) 2n

P(n,n,t) = W

(3.147)

This the photon number distribution for a two-mode chaotic light.

0.25r 7

Figure 3.2: Plots of the photon number distribution [Eq. (3.142)] at steady state
versus the photon number for m = 0.5, A = 0.15, e = 0 and &k = 0.8.
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As can be seen from Fig. 3.2 the steady state photon number distribution decreases
with the photon number. Though the photons are generated in pairs in this quantum
optical system, there is a finite probability to find odd number of photons inside the
cavity. This is due to the damping of the cavity mode.



CHAPTER 4
Quadrature Variance and Quadrature Squeezing

Applying the solutions of the c-number Langevin equations along with the correlation
properties of the noise forces, we calculate the quadrature variance and quadrature

squeezing for the cavity light

4.1 Quadrature variance of the cavity mode

We now proceed to calculate the variance of the plus and minus quadrature of the
the two-mode cavity light produced by the nondegenerate subharmonic generator.
The squeezing properties of a two-mode cavity light is described by two quadrature

operators [2]

ey = +é, (4.1)
e =il —¢), (4.2)
where
é=a+b. (4.3)
Using the commutation relation
[a,a'] = [b,b1] = 1, (4.4)
we see that
[¢,¢1] = 2. (4.5)

Now with the aid of Egs. (4.1), (4.2), and (4.5), we readily find
(6,6 ] =[¢" + (el — @)
=i[¢, é'] +ife, é']
= 4i. (4.6)

The operators ¢, and ¢_ represents physical quantities called the plus and minus

quadrature respectively.

41
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A two-mode light is said to be in a squeezed state if either Ac, < /2 and Ac_ > /2
or Acy > v/2 and Ac_ < V2 such that Ac,Ac_ > 2. A squeezed state for which
the equality holds is called a minimum uncertainty state. We then note that the
noise in one quadrature of a squeezed state is below the vacuum state level at the

expense of enhanced noise in the other quadrature.

The variance of the quadrature operators are defined by
(Acx(t))? = (B () — (Ex(1))”. (4.7)
Applying Eqgs. and (4.2)), one can write in the normal order as
(Acs(t)? =24 (2(t) + (1) £ 261 (1)e(t)) F (E(t) + é(1))>. (4.8)

This can be expressed in terms of c-number variables associated with the normal

ordering as

(Ace(t))? =24 (72 (t) +7°(t) £ 29 ()7 (1)) F (v* (1) £(1))?, (4.9)

where 7(t) is the c-number variable corresponding to the operator ¢(¢). The c-

number equation corresponding to Eq. can be written as
v =a+p, (4.10)
Introducing a new variable defined by
v (t) = 7" (t) £ (1), (4.11)
Eq. can be rewritten as
(Acs(®))? = 2% (H2(1)) — (v (®))?). (4.12)

Now in view of Eq. (4.10), one can write

d d d

Sot) = Salt) + Z60) (4.13)
Applying Egs. (2.81) and (2.83) into (4.13), we have

d —k

(1) = o (8) = (1) + 26+ fult) + f5(8), (4.14)

where
~v(t) = alt) + B(t). (4.15)
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Taking the time derivatives of Eq. (4.11), we get
d d d
— = —"(t) £ — . 4.1
dt%(t) o7 () £ () (4.16)

Furthermore, employing Eq. (4.14) and its complex conjugate along with (4.16),
one can easily establish that
d —1
21 = S Aex(t) +2(e o) + fo(t) £ fa(t) + f5(t) £ f5(1). (4.17)
For 2\ < k, the solution of Eq. (4.17) can be put in the form

t
1lt) = a4 [ {2(&&:8)
0

LR )+ ) £ fa(t/)}dt’, (4.18)

so that taking the expectation value both side Eq. (4.18) and taking into account
Eqgs. (2.85), (2.86) and (2.87), we arrive at

t
(74 (t)) = (72(0))e +t/2 —|—/ e ME/29(c 4 £)at (4.19)
0
Now carrying out the integration, one easily gets
4
(v (t)) = (7£(0))e Y2 4 E(s +)(1 — e M/2), (4.20)

Moreover, applying the relation

d dys(t) | dy<(?)

2V () = () == + == (), (4.21)
along with Eq. (4.17), we have
SR = ~Aun20) + 4l 2at) + (20 £ (D)
+  fa®)yx®) £ fa®)y: @) + 92 () f5()
£ () fs(t) + f3(01:(8) £ f(t)r=(1), (4.22)

or

%Wi(t» = —A(E®) + 4e £ o) (12(t) + (O fa(®)) £ (=) fa(t)

4
+ (fat)=®) £ (fa(t)r=(®)) + (=) f5(2))
+ (=) fs() + (f50r=(0)) £ (fa()r=(1)). (4.23)

Multiplying both side Eq. (4.18) by f(¢) from the right side and taking the expectation

value of the resulting expression, we obtain
QeOF0) = GO RO 12k e) [ P g
b [0 (o = G ar
v [enr (oo £ onm)ae. a2
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On account of the assertion that a noise force at time t should not affect system

variables at earlier times, we note that

(7£(0)£a(1)) = (v£(0)) (£ (1))- (4.25)
Now taking into account Eq. (2.87), we see that
(1=(0)f5(1)) = 0. (4.26)

Applying Eqgs. (2.87), (2.116), (2.133), (2.134), (2{2.135) and (4.26) in (4.24), we get

t t
(e (B F5(8) = +hm / M=/25( — )it — \ / O par . (4.27)
0 0
On the basis of the relation [2]

M / =25t — ") dt' = (4.28)

one can write Eq. (4.27) as

(0 f200) = =5 £ 5 (429)

Furthermore, multiplying both side Eq. (4.18) by f,(¢) from the right side and

taking the expectation value of the resulting expression, we have
(= fa(1)) = (= (0)fa(t))e 2 +2(c £ 6)/ eI (fo (1)) dt!
0
v e—w—t’m(<f;<t'>fa<t>> £ () ul0) )

b [ e (GOR0) £ OO )it @30
Employing Eqs. (2.85), (2.105), (2.116), (2.128), (2.134) and using the fact that a

noise force at time t doesn’t affect that cavity mode variables at earlier time, we

get

t t
(2 () falt)) = / e TIRG(t — 1) dt F A / e EO25 (1 Ydr. (4.31)
0 0
On the basis of Eq. (4.28), one can write
km A

(£ (t) falt)) = 5 T3 (4.32)

Moreover, multiplying both side Eq. (4.18) by f5(¢) from the right side and taking

the expectation value of the resulting expression, we have

(OF0) = a0 () 4 2(e k) [ MO 0ar
b [ () o) £ Gul) () )t
b [feon (5015000 £ (1) ). @39)
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Substituting Eqs. (2.86), (2.128), (2.131), (2.132) and (2.134) into (4.33) with the

assertion a noise force at time t should not affect system variables at earlier times,

we find

t t
(v (t) fa(t)) = FA / e 25 — ¢Yat + km / e A5 —dt . (4.34)
0 0

In view of the relation of Eq. (4.28), we easily find

A kn
(O F5(0) = 5 + 5

or =
(eOf5(0) = 5 F 5.

It can also be established in a similar manner that
A kn
(V=) f5()) = 3 + 5

A km
(Fare(0) = =5 = 5

km A

althre®) = 5 7 5.

A km
(f3(t)r=(t)) = —5E 5

km A

(fs(t)y=(t)) = 5 F3

(4.35)

(4.36)

(4.37)

(4.38)
(4.39)
(4.40)

(4.41)

Now substituting Eqs. (4.29), (4.32), (4.36), 4.37), (4.38), (4.39), (4.40) and (4.41)

into (4.23), we obtain

d (Vi) = = AL (YA (1)) + 4(e £ &) (y=(t)) — 4\ + 4kn.

dt
This can be rewritten on account of (4.20) as
d
SOED) = —AGA) A Ee) [m(m)e_w

- %(5 +e)(1- e*ﬂﬂ)} — 4\ £ 4kn
= (A1) +4(e £ ) (r(0))e

b (e (1— ) —arkakm
+

The solution of Eq. (4.43) cna be put in the form

R = (12(0)e ™ + 4 £ £)(12(0)) /O () gy

16 2 ! At (t=t) g4t
+ —(ete) e dt
)\i 0

(4.42)

(4.43)

(4.44)
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so that on performing the integration, we get

(A1) = (E0))e™+ + %(8 +6)(7£(0)) (e M7 — e

1 2
+ )\—26(6 + 5)2(1 — e_Ait) . i_z(e + 5)2(6—)\it/2 . e_)\it)
* i
(M)(l S
At

8

= (RO + (e E ) (a(0) (2 — )
! —AX\ | 4k

boS ek e)(1 - 2N g gty 4 (S22 T
)\i )\i >\i

Moreover, on account of Eq. (4.20), we have

J1— e, (4.45)

(O = a0 74 (21— )

X a0 4 (e 2)(1 - )

= a0V 4 (e ) a0} (2 — e

=+
1
b (e el - 27 4 sty (4.46)
+

Finally, upon substituting Eqs. (4.45) and (4.46)) into (4.12), the quadrature variances
there follows
—4X  4kn
(et =22 | (2O)e ™ - faoe s (52257 ) (1) |,
+ +

At steady state, the quadrature variances become

(Acy)? =24 (22 2T (4.48)
At At

Separatly the plus and minus quadrature variance can be written as

A(KT — A
(Acy)? =2+ % (4.49)

and B
(Ac )2 =2+ % (4.50)

On taking into account Eqs. (4.49) and (4.50), we see that at steady state and at
thershold

(Acy)? =1+ 2m, (4.51)
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and
(Ac_)? = oo. (4.52)

Moreover, when the cavity is coupled to vacuum reservoir (7 = 0), Eqgs. (4.49) and

(4.50) reduces to
2k

(Acy)? = Y (4.53)
and
2k
(AC_)2 == m, (454)

which is quadrature variance of the cavity light generated by two-mode subharmonic

generating system coupled to a two-mode vacuum reservoir.

We observe from Eqs. (4.49) and (4.50) that the two-mode cavity light is in a
squeezed state and the squeezing occurs in the plus quadrature. Moreover, the

deriving coherent light has no effect on squeezing.

S —

SiIsisl
1]
oo o

2.5

Figure 4.1: Plots of (Ac,)? [Eq. (4.49)] at steady state versus \ for k = 0.8, 7 = 0
(black curve) , m = 0.1 (blue curve), 7 = 0.2 (red curve)
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It can be seen from the plots in Fig. 4.1 that generally the quadrature variance
decreases as parametric interaction increases. However, the quadrature variance

increases as the mean photon number of thermal reservoir increases.

4.2 The quadrature squeezing

In this section we seek to study the squeezing properties of the light generated
by nondegenerate subharmonic generating system. To this end, we calculate the
quadrature squeezing of the two-mode light relative to the quadrature variance of

the two-mode cavity light in a vacuum state. That is [2]

(Aci)iee = (Acy)?

vac

(Acy )3 7

vac

S, = (4.55)

where (Ac, )2, is quadrature variance of the two-mode vacuum cavity light, S, is

vac

plus quadrature squeezing and (Ac,)? is given by Eq. (4.49).

Now employing Eq. (4.49) the quadrature variance of the cavity light in a vacuum
state can be expressed as
(Acy)?,. = 2. (4.56)

vac

With the aid of Egs. (4.49) and (4.56), we can put the quadrature squeezing as

2\ — 2kn
-z =7 4.
T k42N (4.57)
We see that at steady state and at thershold
r
S, = 5T (4.58)

Furthermore, when the cavity is coupled to vacuum reservoir (7 = 0), Eq. (4.57)

reduces to
2\

S, = .
N ES))
We note that at steady state and at thershold, there is a 50 % squeezing of the

(4.59)

two-mode cavity light when the cavity is coupled to vacuum reservoir. We would

like to point out that this result is in complete agreement with that obtained in [2].
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Figure 4.2: Plots of S, [Eq. (4.57)] versus ) for k = 0.8, 7 = 0 (black curve) , 7 = 0.1
(blue curve), m = 0.2 (red curve)

We see from Fig. 4.2 that the quadrature squeezing increases with \. Furthermore,
the plot shows that the quadrature squeezing decreases as the mean photon number

of the thermal reservoir increases.



CHAPTER D

Conclusion

In this thesis we have studied the statistical and squeezing properties of the light
generated by two-mode subharmonic generating system with a cavity light driven
by two-mode coherent light beams and coupled to two-mode thermal reservoir via a
single port-mirror. Applying the master equation for the system under consideration
and following the procedure discussed in [2], we determined the c-number Langevin
equations for the cavity mode variables associated with the normal-ordering. Using
the solutions of these equations, we have calculated the mean and variance of the
photon number and the local mean photon number for the cavity light. Our result
shows that the mean photon number and the variance of the photon number for
mode a are the same as that of mode 6. We also note that the variance of the
photon number is greater than the mean photon number of a cavity light and hence
the light produced by nondegenerate subharmonic generator has super Poissionian
photon statistics. In addition, we have found that the driving coherent light and
the thermal reservoir enhance the mean and variance of the photon number for
the cavity mode. Moreover, we have found that the local mean photon number

approaches the global mean photon number for a relatively small frequency interval.

Furthermore, employing the solutions of the c-number Langevin equations, we
obtained the antinormally-ordered characterstic function. And with the aid of
this characterstic function, we have determined the Q-function for the two-mode
cavity light. The resulting Q-function is then used to calculate the photon number
distribution. From the results we have found, we note that the steady-state photon
number distribution decreases with the photon number. And there is also a finite

probability of finding even and odd number of photons in the two-mode cavity light.

Finally, we have determined the quadrature variance and quadrature squeezing

of the cavity light. Our calculation of the quadrature variance of the two-mode

50



51

cavity light indicates that the cavity modes in a squeezed state and the squeezing
occurs in the plus quadrature. In addition, we have shown that at steady state and
at thershold, there is a maximum of 50% squeezing of the two-mode cavity light
when the cavity is coupled to vacuum reservoir. We would like to point out that
this result is in complete agreement with that obtained in [2]. We have also seen
that the presence of the parametric interaction enhances the squeezing of the light
generated by the systems under consideration, while the driving light has no effect
on the squeezing. On the other hand, the presence of thermal reservoir decreases

the quadrature squeezing of the cavity light.
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