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BRBRSTRBARCT

The power radiated per harmonic into a unit solid angle by a monopole

in uniform circular motion is computed. Then the polarization of monopole

synchrotron radiation is investigated, and found to have certain distinct
features compared with that of electron synchrotron radiation. This, we
hope, may serve as a theoretical background in the search for monopoles,
Finally, the energy transferred from a scattered monopole to an electron

initially at rest is determined.




1. INTRODUCTION

The notion of a monopole was introduced by Dirac [1] in 1931 from
symnetry consideration of the field equations of electrodynamics. The
requirement that these equations be symmetrical {[2] with respect to charge
as well as current densities, in addition to the symmetry between electric
and magnetic fields inherent in them, leads to postulating the exilstence
of a magnetic charge or a monopole. Such a particle in a state of rest
would be a source of magnetic field. In the presence of magne£ic charge
and current densities, pg and Eg’ in addition to electric densitiesf Pe

-
and Je’ Maxwell's equations would then assume the form

. . >
' div E = tl'rrpei

= 2 > . >
curl B +--i~-—g—Ii - .M Jq: div H = 41'rpg

However, the modlfied Maxwell's eguations give rise to singularities [3]

of the electromagnetic potential. The line along which the electromagnetic
potential fails to be analytic is called the Dirac string. The Dirac string
can be moved arbitrarily by a sultable gauge transformation, and hence is
not physically observable [4]. More recently, alternative formulatlons hgve
originated in which the Dirac sinéularities are avoided. A typical example
is the formulation given by Wu and Young in which space is divided into

overlapping regions, on each of which a smooth vector potential is defined
{sl.

A guantum mechanilcal consideration of the motion of an electric

chargee in the field of a stationary monopole of strength g, that takes into




account the arbitrariness in the location of the Dirac string and single -
valuedness of the wave function, leads to the Dirac quantization condition

{Sce for a derivation of this appendix A}

g .n
e 2

where n 1s an Iinkteger. Thus the mere existence of a single monopole in
the universe would offer a beautiful explanation of the observed discrete

nature of electric charxge.

Although the notion of a monopole is over half a century old, so
far there 1s no experimental evidence for the existence of monopoles.
Nevertheless, the gquantization of electric charge is one of the most
fundamental and strig¢king features of the physical world, and there seems
to be no explanation for it apart from the theory of monopoles [6]. This
then provides some ground for believing in the exlstence of monopoles [7].

In light of this, the main objective of this project is te propoese a method

of identifying monopoles based on the polarization of their synchrotron

radiation. Another objective helng the determination of the energy trans-

ferred from a scattered monopole to an electron 1nitially at rest,

In order to realize the aforementloned objectives, applying the
variational principle and postulating the equation of motion of a moncpole
in an electromagnetic ficld, Haxwell's equations for monopole fields are
obtained. And comparison with the ordinary Maxwell's equations provides a
means of obtaining the first set of equations from the second, or vice versa.

Besides, the motion of a monopole in a uniform electric field is found to ba




along a circle of constant radius. Next, starting.from the monopole field
equations, integral expressions for the scalar and vector potentials are
derived, from which the electric and magnetic fields produced by a monopole

" in uniform circular motion are calculated.

Furthermore, the power radiated per harmonic into a unit solid angle
is computed. Then the polarization of monopole synchrotron radiation is
investigated, and found to have certain distinct features compared with
that of electron synchrotron radiation, This, we hope, may serve as a
theoretical background in the search for monopoles, The radiation emitted
by a relativistic charge in wniform circular motion is called synchrotron
radiation; because historically such radiation was first observed in an
electron synchrotron [3]. 1In such an accelerator, a charge moves conti-
nuously in a circle of constant radius since any energy lost due to radia-

tion is immediately compensated.

Analysis of the motion of a monopole in the field of an electron
{or vice versa) shows that, in the center-of-mass reference frame, the
trajectory of the monopole (or the electron) is alono the surface of a
cone, With the aid of this, the energy transferred from a scattered
monopole to an electron inltially at rest is determined. In our discussion
of the motion of an electron and a monopole in the field of cach other, we
have asgssumed the monopole to be stable like the electron, the stability of

which is inferred from observation.

Finally, we point out that wherever the symbol h appears in this manu-

script, it must be read as'h.




2, HONOPOLE FIELD EQUATIONS

In order to obtain Maxwell'’s equations for the fields produced by
monopoles, we shall first seek a tensor whose elements are the components
of monopecle electric and magnetic flelds, To this end, we write the action
integral for a monopole in an electromagnetic field, by analogy with that

of an electric charge [2], in the form

b
S=f (- meds -
a

g

i

where n and g are the rest mass and magnetlc charge of the moncpele, and

A = (9, - %) is the four - potential of the external field, The first
term in the integrand characterizes a freé monopole and thé second one
describes the interaction of the monopole with the external field. Applying

the variational principle,

b
§s = 8/ (-~ meds - L ajaxt) = o
a
or
b g i _g i
[ {~ mcédds - E—Aidéx - E—GAidx ) =0
a
. 2 §a 2
But §ds = 2ds &ds implies §ds = -235

Then employing the relation ds = (dxidxiﬁ P
1 i 1 i i
das = Sds G(dxidx ) s (dxidﬁx + dﬁxidx )

or; taking into account that
i
dxjddx

ax déx, = dxidaxi, we have 6&ds =
1 ds

e i, g e e




. b mcdxidé‘xl g i q i
- - < n, -3 sa,a =0,
so that i { P 3 A;déx p I 1 ax )

After integrating by parts the first two terms in the integrand, one obtains

b mcdzxiﬁxi g i g i mcdxi g ib
oA - . - P = 0,
i ( - + 2 dAiﬁx = 6A;dx7) [( el By} 6x Ll

Since the variations of the coordlnates at the fixed polnts vanish, the

quantity in square brackets is zero. Moreover, when the expressions

Bi\i " Y
dh, = —— dx and 8Aa, = #-i-ﬁx
i k i
IX X

k

are substituted, there results the equation

2 i
b mecd x, §x ah, . ah .
I i + 22 ax®ex* - %-—i ax 6x%) = 0. (2.1)

a ds Bxk Bxk

Using the fact that ds = cdt, we write

d x, d"x du

i i i
ds cdt dui “‘E?"’dT' (2.2)

dx,
where vy ( = Ea%ﬁ are the components of the four - veloclty and 1 is the

proper tilme of the monopole. Wow combining (2.1) with Equation (2.2) we

find
b du A oA ,
i i i . 1 k
[ (me 2 sxtar + &L gf8a- & 2wkt &™) = o,
dr c k c k
a ax ox

Furthermore, interchanging in the third term the indices 1 and k, as they
are summed over in accordance with the Einsteiln summation convention, and

setting in the second and third terms dxk = cude leads to




du, ah, b

f (mc —X 4 g — uk - g m~7-uk)6xld1 = 0
dr k i
ax ox
or
b du, oE A .
S [mc —— - g ( A}‘--—-—)uk]axldT =0
drt i
a X ox

the varlations §x- are qulte arbitrary, and hence the above equation holds

true provlded that

N au . (azk ) BAi) .
dr axi 3xk

oY
apt  aa"  aa

dt 9 (E;T T 9x ) uk
i k

i i
where p (= mcu ) are the components of the four - momentum of the monopele.

We now introduce an antisymmetric field tensor defined by

ik onF  aat
F -,
axi 3xk
Thus

i
dp ik
ae  _ 4F ] .
at - F % (2.3)

These are the equations of motion of the monopole in four-dimentional nota-

tion.
Mext setting i = 0 and k = 0,1,2,3 in Equation (2.3) and noting that
o €
= - 72 h

p o we have
1l g€ 00 ol o2 03
— — D ) + N
ol g (F u  + F uy F u2+ F u3)

dax N
Then recalling that ui = v in wh}ch xi = (¢t, - x) and




2
dt = 4t (1 - 15)1’195- yiclds
o2 Y

a
1_§5_= [Foo gjct) _ Fol dx1 _ @02 dx2 _ 03 XB]
c dt 9 Y cdt cht cdt cht
from which follows
lde . 00 g ol 02 03
s = 9F p (F vt F vy+ F vz), (2.4a)

In a similar fashion, {(for i = 1,2,3 and k = 0,1,2,3) one can obtain the

following threce equations:

dp
x_ o g 11 12 13
prs gF P (F vx+ F vy+ E vz) (2.4b}
dp
X = gr?® - L 7Pl 4 ¥ 23y (2.4c)
dt c X ¥ z
dp
b7 30 g 31 32 33
— T - + .
TS grF p {F v, F vy+ ¥ VZ) (2.44)

In order to determine the components of the monopole field tensor Fik, we
postulate that the equations of motion of the monopole in three dimentional

notation be

de > >
at = gv-h
and
d+ > > ‘
EE—-:gHug—vxE (2.5)

or, expressed in terms of components

de
_— = + .
at g(vax + vyHy VZHZ) (2.6a)




ap
X _ _ ] o
T ng g/C { EZVY L.YVZ) (2.6b)
®y
prals gl—ly - g/C (Exvz - I:va-) {2.60)
dpz
= - iV ~EV 2.6d
ac - 98, g/C(Eyvx R y) ( )

Since both sets of equations (2.4) and (2.6) describe the same motion of the
. the
monopole, their corresponding equations must be exactly same, As a consequ—

ence, ve finally.obtain the following matrix for the monopole field tensor

Q =H -H -H
b4 Z
Hx O Ez --EY
k. (2.7)
H - O Iy
Z X
H B -E O
z Y X

in which the indices i,k (= 0,1,2,3) label the rows and columns respectively.

The complete action integral for a system of a monopole and an electromagnetic

field has the forxm [10]

= [{~ 1 - g k1. i
8§ = f{~ mcds < Akdx TETa FikF

k ddx) r

wherxe the last term in the integrand represents the external field in the
absence of charges, the other two terms having the same significance mentioned

before. Here Ai and Fi are the four~potential and field tensor of the

k
extarnal field plus the field produced by the monopole, and therefore are

functions of the coordinates and velocity of the monopole. Replacing the




point magnetic charge g by a continuocus charge distribution of density p

{(g+pdv) transfoxms the action integral into

k 1 ik .4
= f(- mcds ﬂ%% A dX"dv - TeTic F.\ F dx}.
k k o
Then employing the relation j p dt and recalling that dx = cdt, one
obtains
k 4
i) Akd X ,
1 ik 4. (2.8}
= - - - F,
f{~ meds Cz {efa lkF dx

The equation of motion of a particle in an external field is found
by assuming the field to be given and varying the trajectory of the particle.
But to obtain field equations, we assume the motion of the charge distribu-
tion to be given and vary only the potentials which serve as the “coordinates”
of the system. Accordingly, the variation of the first term in Equation {2.8)

is zero, and hence Equation (2.8) assumes the form

1 .1 .k 1 ik 4
§8 = c:J‘(cj GAK—I en r'l §F +16nr 6P )dx.

Furthermore, substitution of Fif P FlkGFik and application of the varia-

tional principle leads to

——f(——J Gnk+—-F 6F )ddxa—o

36Ak aﬁhi
and noting that §6F,° = - — ——= , we have
ik i k
ax ox
1 1l .k 1 ik 9 1 ik 23 4
- = f(= + = T —— -~ —= F — = 0.
cfeion gt o Sn ~ B T axk‘SAi’d" 0

Next, interchanging in the third term the indices i and k (for the same




1¢

reason given previousgly) and then replacing —Fkl by Fik yields

1 ik 3 4
———f(-—]rSlsk-E'-ﬁﬁfF m-i-élxk)dx-—o
ox
or, using the fact that
k 3B, T
- ==~~-(F 6 y - — SA
Bxl Bxl ;k ox k
one finds
1 1 BF 1 3 ik
(— 3 GAk a1 6Ak)dx ~ i I~ (F GAk)d4x =
ox

(2.9)

According to Gauss' theorem

3 ik 4 ik
S -—I' (F 6nk)d x=8§F Snl(dsk
Jx
This integral is zero in view of the requirement that the variations GAk
must vanish at the limits of integration. Consequently, Eguation (2.9)
goes over into
1l .k o
fZ 3 .._-Lﬁl___) 6Akdx=0.
Since the variations 6Ak are arbitrary, the gquantity in brackets must be

zero. As a result, we obtain finally

=3, (2.10)

As will be shown pretty soon, this equation is equivalent to a pair of
monopole field equations in three-dimensional form. To this end, setting
k =1,2,3 and for each case 1 = 0,1,2,3 we have the following set of equa-

tions:




ar°t LA ap ot _
3:°  9x I ax°
1592 gpl? g2 op32

A WA R B
ax ox ox ax
3% o eSS ars

=+ Sy + i =
ox Ix 9x ox

Then substituting the values for the components

Fik from Equation (2.7) and recalling that ~93
9x
H ¢ )iy
- E_E - EEE._ E_Zq = A 3
cdt oy 9z c "X
B (aEx ) BEZ) _an
cot 9x 9y c Jy
) BHZ i (BEY ) BEX) _an
cot 9x oy C Jz

These three equations

11

of the monopole field tensor

E%E , one finds

{2.11)

3
where J = (jx’jy'jz) is the current density vector.

¥inally, for k = c and 1 = 0,1,2,3 we have from

1 2 3

IF°
iz

R
cat X%

_9F°
T

Equation (2,10) that

On taking into account Equation (2.7} and the fact that jO = ¢p, the above

equation bacomes:

BHZ
= 4T{p
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or aiv | = 4Tp. 12.12)

Equations (2.11) and (2.12} are two of the four field eguations we are

looking for.

The remaining pair of field equations are cobtained emploving the

definition of the monopole field tensor

ik an< B

oy = e v e (2.13&)
axi axk
One can also write:
L k
ki A A
F = 28 . 98 (2.13b)
BXk BXQJ
. i 'S
L3 13y an
F = o L {2.13c)
81-(’L Bxi

Now differentiating Equations (2.13a), (2.13b) and (2.13c) with respect to

Xg P Xi‘and xk gives
or _ 920° a2t
QXE BXQBXi Bxgaxk
ar _ a2t a2aF
Bxi axiaxk axiaxg
or't _ aZat  a2a”
BXk 3xkax2 axkaxi
and adding these three equations yields
1 :
Y . Y N gptt .o (2.14)
X X . :
@ L 2 i axk

This expression is a tensor of the third rank, which is antilsymmetric in all




13

the three indices. The only nonzero components are those for which i#k#%.

Next, substituting the sequence of inteqgers (2,0,3). (3,0,1), and

(1,0,2) for the values of the indices (i,k,%) in Equation (2.14), we obtain

the followino equations:

or’® | or®  art o

I TR T

NI S T £

w. taw taw <= ©
1 3 0

a0 L a2 L artt L g

8X2 d}(l 31‘(0

and on taking into account Equation {(2.7) ,

BHZ aH BEX

Sy " 3s ) T aae - ©

9H oH AE

(X% . Y.
3z ax’  cdt .

3 i 3 Hx 9 BZ

(ax - Iy ) - cat °

These three equations can be cowbined in a single vector equation:

<>
+ 1 9E
l r emr ae— =
cur H e 3L 0]

Finally, putting i = 1, kX = 2, and % = 3 in Eguation (2.14),

2 3 31

1 2
aF & aF + IF
3x3 Bxl sz

= Q

. , ik
and substituting the values for the components of the field tensor F

from Fgquation (2.7) gives
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ut this equation is exactly

=d
il
o

- div

Eid
Il
o

oxr div {2.16)

Mow we rewrite here Equations (2,11), {2.12), (2.15) and (2.16}):

-+
curl E + i-gﬂ-= - EE 3
¢ 3 c
div H = 41p
1 9%
+ L
curl F —"-C——é-{:--- 0
+
div B = o]

These are Haxwell's eguations for the fields produced by magnetic charge
s +* . .
and currxent densities, p and J. TFor comparison, we also write here the

ordinary Maxwell's equations:

1

._).
- 1 B9E 4 +
I « = — = —
curl i c 3t p J
div E = 4lp
> 190
1E+=or =0
cur o 3¢
+
div H=20

-
where p and J are the electric charge and current densities. One can easily
see that the first set of eguations can be obtained from the second usging

the following transformation:

H+E, E--H I3
, F - -
e ' e g’ Pa Par Je Jq




15
3. HMOTION OF h HMONOPOLE IN A UNIFORM ELECTRIC FIELD

We now consider the motion of a monopole in a uniform electric
field directed along the z-axis., According to (2.5}, the eguation of

motion of the monopole is

dp/dt = - g/c vxB. (3.1)

Then taking the dot product of both sides of (3.1) with the velocity

-+ +> > >
vector v, and using the identity a.{axb) = 0 leads to

> ¥
vedp/dt = O,
Multiplying both sides of this equation by the relativistic mass of the
monopole m, we have
.
mv-dp/dt = ©
or

Y, ap’/at = 0

from which it follows that the total energy of the monopole

22

E = (pc +m‘§cd)&i

is a constant of motion. Of course this conclusion lholds true provided

that there exlsts a means by which any energy lost due to radiation is
immediately compensated, as in synchrotron accelerators. With the expres-

-+ >
sion for the momentum p = 'av/c2 substituted into (3.1), the equation of

motion thus takes the form
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> > >
edv/dt = - gc vxE

or, expressed in terms of components

°
o
o

v ==Wv , v =wv , and v._ =0, (3.2a)
Y Y X

- where

i

w = gck/e . (3.2b)

Furthermore, multiplying the firat equation of (3.2a) by i1 and adding the

result to the socond yields

d , . I
dt(y x) (y x)

so that —iut
v + 1v = ae o P (3.3)
Yy X

where a is a complex constant. This can be written in the form
a=ve (3.4

+
in which vo = (vox’ voy’ o) is the initial velocity and o is the initial

phase. Combining Equation (3.3) with (3.4) then giwves

v +iv = v e"l(mt+u’)
Y X o
or, applying Euler's formula

v +iv = v cos{wt+ o) ~1iv sin({wt +a).
v X o o

Now equating real and imaginary parts, one obtains
v. = = v gin{ut +a) and v = v _cos{ut +qa)
A o Yy o

and integration of these two equations with respect to the wvariable t yields
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v
X = x4 cos (wt + 1) (3.5a)
o W
vo
= + - gi +a), .
Y YO F tu sin (wt } (3.5b)

In addition, noting that the z=component of the initial velocity is zero,

we have

Z =z (3.50a}

whare }; = (xo, Yo r zo) is the initial position of the monopole. Hence,
inspection of Equation (3.5) shows that a nonopole in a uwniform electric
field moves along a circle of radius R = vo/m, in a plane perpendicular to
the field. We see that;w is the angular frequency of the monopole and with

the aid of Equation (3.2b), the radius can be written as

R = Evo/ch.
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4. POTLNTIALS OF FILELDS PRODUCED BY MOVING MONOPOLLS

Ye shall now ded.ve the équations determining the scalar and vector
potentials of fields produced by arbitrarily moving moriopoles., To this

end, we write once more the monopole field equations:

curl E + a8 EE-E {4.1a)
¢ ot c
> ,
div H = 4Jp (4.1b)
1 9B
curl H - PlrTal Q (4.1c)
AvE= O (4.1Q)

>
As a consequence of (4,1d), one can express the electric field E in temms

+
of the curl of a vector potential A:
+ .
E = - curl A (4.2)
when this is substituted into {(4.1c), there results the equation

3
> 19K, _
VX(H-PE:—SE = 0

from which it follows that the quantity in brackets can be written as the

gradient of a scalar function ¢ :

> 1 oA
H + P = -~ V¢
> 1 33—
or H= - ¥ - Py (4.3)
Substitution of (4.2) and (4.3) into Fquation (4.la) yields
2% ' y
v2 A RS TUN U R L (4.4)

L L
02 8t2 c ot c
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on employing the identity
> = 2+.
VxVx A = ¥(V-A) ~ V°A

Finally, imposing the Lorentz condition
> 1 3¢ _
Vf\ﬂcat-—o
reduces Eguation (4,4} to
V2R - 5y T T T . (4.5)
Furthermoxe, combining Equation (4.1lb) with (4.3) one finds

v24 +%% goR = — 4llp .

According to the Lorentz condition

T o130 .
Ved = - & at
Therefore
2
v2¢ - _%_M= - Allp . (4.6)
c“ at?

The solution of (4.5) or (4.6) is the sum of the general solution of the
homogeneous part and a particular sclution of the inhomogeneocus equaticn.
But the solutions of the homogeneous parts represent potentials due to other
sources. Hence the potentials of the fields produced by the magnetic charge
and current densities under consideration must be particular solutions of
(4.5} and (4.6). Then‘to obtain a solution of Equation (4.6), we express

the magnetic charge density p in terms of the §-function:

p{x,v,2,t) = fd%x‘ﬁ(x=x') S(y-y') S(z-z'") &{t-t') p(x',y',z',t"),




where ddx' = dxldy'dz'de’,

On subgtituting the Fourier integral representation of the §-—-functlions

§{x-x') = _21“_ I 'elk(x-x')dkl’

-0l

Sltmtr) = o g &MIETEY

=00

dk,

and similar expressions for §{y-y’), and §(z-z2') we obtain

>
1k<R + 1ikT

¢ {x,y,z,t} =~ 7
{2m) =

-5
in which k

(k. riky k) R= [(x-x"), (y=y"), (z-z")],

4
= L-=t', - = r
T t-t', and d'k dkldkzdk3dx.

Now with the aid of (4.7), Equation (4.6) takes the form

v2p =L 3% a8t AROR & kT

fatxir %k e p (X' ¥,z ,t")

3 ) = 4 p(x',y',27,t").

c 3t {21). e

It i1s easy to check that

> >
w 4 ik-R+ixT

. __ _4m 4 ;. dk.e plx',y',z',t")
¢(x;Y;&.t) (2“‘)4 fa Xui (ik )2"‘(1]{ )2+(ik )2-(1K)2
1 2 3 ]

ig a solution of Equation (4.8). Since

N 2 2 ik 2 k2 2
(k) k) k) (] 7 = k“,

w 4 iﬁ°§+£xT

: ¥
¢(x,y;z,t) = - 4rc fdllkif dx e p(x"yi'z it!)
4 2_ 22
(2“) =00 K -0 k

We next apply the residue theorem to evaluate the integral
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w iK'T
e dk -
f

YT .
e KTTC k
izT
[=1

The funétion f{z) = m

has two simple poles at z = - ck and 2z = ¢k where 2 = K + 1y,

(- k0 . {10\

IR ek

Fig. 1 Contour of Integration in the Calculation of the Scalar Potentilal

Since we cannct integrate through singular points, we move the poles an
infinitesimal distance o off the k-axis as indicated in Figure 1. Then by
the residue theorem

R ikT izT
I e dx
-R K2~02k2 cz -c k

= 2mi [Res f(-ck)+Res f{ck!].

But Res f{ck) = lim' (z-—ck-—ia)eiZT
2->ok ok Ta) (zck-Ta)
’ a—> o Lo @
ickT
_e
.. T o2ck
Similarly —ickT
e
Res f(-ck)} = --"'—éz‘-k—- .
Consequently ReiKTdK eiZsz _mi ickT ~ickT
f syt I 55 =x e ¢ . (-.10)
-RK- "k € z% ek
Since lim I eiZT =0
R->w c z%‘CZRZ
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and lim e e fm M Tq
> 2 2 2!
R oS K-ﬂczk - |<2-— c2k2
Equation (4.10) reduces to
o ipT .
s elK__g5_= _ mi (eiCkT_e-—leT}
2 22 ¢k '
~w g -ck

Combination of this with BEquation (4.9) then yields

w0 b ~ick
(-4m) (L1c) | A ., Pk (ot KT 1OKT

{2“_)4 o k

) ikeR
el p(x',y,2,t")

¢'(XJY!Z:t) =
(4.11)

3
where d k = dkldkzdk3.

We now wish to carry out the integration with respect to the variable
k. To this end, we introduce a spherical coordinate system (k,8,¢). In

3
this system, d'k = k2 sin 8 dk db dp where o< 0O <7, 0<d <21 and o<k <=,

e A
=]

Fig. 2 A Spherical Coordinate System in K-space

>
If we take vector R parallel to the k3-axis, then

+
kR = kR cos 0.

Therefore y

+ : !
i +ike i + i
; dak d1.c]-cT ik*°R al dlckT F ikR cos ekzsin 6 a0 ds

k ”f .k‘-
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o i
m
= 1 ae £ ax [FKT ;MR 90y 6in 0 a0
O O O
o LekT . 1KR cos 0. |0
=-—i—1fdk[e°" (1KR cos Oy ig ]
R
(o]
21 i ok ikR ikR
= - 2L ¢ gk [elc (e TRE et )]
iR
[a}
2 ® ik (cT-R ® ik{cT+R
l e
= - E%-f dk [e (eT-R) _ [ dk e e )]
O Q
In a similar fashion one cbtains
3. ~ickT +iKe°R
0 ~ic ° 0 00
3 . »
f k e - 2_11 [f dk elk( CT+R)_ f dk e J.k(CT""R)].
k iR
[8] (8] Q
Hence
o
7 &%k 1ckT -ickT. ik*R 2 .= 4k(cT-R) . ik{cT+R)
—{e -e Ye =-= [fdk e ¢ -f d& e ¢
o k iR
(8]
e ik (cT+ ® ik (~cT+R)
+'f‘dkel\(c R)-'fdkel (“C"" ]'
[a] (o]

Changing the varjiable of integration k to ~k in the last two integrals, we

have
"k, LekT ~ickT, iReR 21 . O ik(¢T-R) . . ik(GT+R)
S @ MR e R T ek &1
© o]
O . (o]
o [ ak oIK(CTHR) | o gy ik (cT-R)
-0 o
oo o0
i - ik (CT+R) - .
= < 2T a MO L GHHIOTHRY
-00 g

When the expressions
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ik (cT-R) ik(cT+R) _

(1] oo
f dk e =218(cr-R) and f dk e = 276 { cT+R)

.. ] s O

are substituted, there results the equation

&+
RS (2Tr)2
iR

&, icKT —-ickT
f ?;{e —-e

o]

) [6(cT-R) - §{cT+R)].

Thus combining this with Equation (4.11) yields

3.
#{x,y,2,t) =c J’%—E‘- [6(cT-R) ~ &(cT+R) Jp{x',y',2',t")dt"'.

Furthermore, setting c(t-t') -~ R =0, we find t' = tmge R

6(£’=t-+
s (CT‘"R) = —-———B

I é%; (ct---ct'—R)|t,= £

Then we can write

_BE

Since t and t' are independent variables and R does not depend on t',

ac _ drR _
ac T a9
Th ot
erefore 6{cTnR)==6(tC t Eé{

The radiation emitted at the retarded time t' 1s observed at a later time

t due to the finite speed of propagation of the radiation. Then

{(cT+R) > O
and hence S{(cT+R) = O - (4.14)
Now employing (4.13) and (4.14) in Equation (4.12), one obtalns

-+ dv?
(r,t) ==f—R‘i 8 (L= t+Ry) 0 (F',th)dt,

vhere dv' = dxa_dxz)dx'B and R = |;~;'|.
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On integrating with respect to the variable t',

N dv'p(?',t-%&)
plr,t) = f e .
|r«r’(t—%e)|

The magnetic charge density can be expressed in terms of the
d-function as
> t
_ p(r',tigé) = fp{r',t) G(T—t+3é)dr.

Also 5 .
p(x',t} = g8fr’~z(r)]

-3
in which 2z is the position vector of a point monopole g. It then follows

from the above three equations that

R S[%" -2 (1) )6 (1-t+Ry) dr
é(r,t)y =g fav' /-

> >
lx-7x]

Finally, after performing the integration with respect to the variable v',

the expression for the scalar potential of the field produced by a point

nonopole g assumes the form

¥ §(r-t +R 4
S5, L) =g (t 2 ) T’
where R = i?—g(r)|.

Simllarly we have for the vector potential

vit) 8(t-t + Bdr
R

AL =g/ S
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5. IWTENSITY OF RADIATION BY A MONOPOLE IN UNIFORM CIRCULAR MOTION

Here we want to consider the intensity of radiation emitted by a
monopole in uniform circular motion. The most convenient starting point in

this case is the vector potential:

9D 8 (a-t4Ry)de (5.1
IF () - 2(0) |

>
A(rrt) = g/C

> > >
where R = y{t}-z(t1) is the vector from the location of the monopole z(t) to

+
the observation point r (t).

i L

\fh<

Fig. 3 A Monopole in Uniform Circular Motion

The arrangement of Figure 3 corresponds to the motion of a monopole of

positive magnetic charge along a circle of radius R0 in the xy-plane, in
—)- 3

a uniform electric field E directed along the positive z-axis., RAccording

to this figure

; = (r sinfcos ¢ ; r sin @sin ¢, r cos 0} ' (5.2a)
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+
and z = (Rocos {1/ Rosin P, 0) {5.2b)
on assuming the initial position of the monopole to be (RO, Q) .

At large distance from the system of the monopole (r >> RO) . the dipole
approximation of R is gliven by

+ + r.r
- X
R = |r-z| sx-zevr=r - ==, (5.3}

Now employing Bquation (5.2), one obtains

+ >

Zox = Ro r sin 8 (cos Ycos ¢+ sin bsin §)
or, noting that cos Y cos ¢ + gsin Yysin ¢= cos (Yy-9),
-
z

>
r

L

i

Ro r sin 0 cos ¥ (5.4a)

in which Y-b {5.4b)

>
I

Thus substitution of (5.4a) into Equation (5.3) yields

R = rn-Ro sin 8 cos ¥ (5.5)

from which follows

1 1 1 -1
R r-R_ sin § cos x =7 (1R, sinBcosyy

and on applying the Binomial approximation

Wi
n

1
= + .
- Rosin 8 cos xf;:Z

If we keep only terms of the first order, then

et L
f
=
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Finally, substituting thils expression and {(5.5) into (5.1} gives
A(Y,t) = g/ S¥(1) 8(T~t+r, —R sin @ ) a 5.6
A(r,t) = Iy v(t) S(t-t+y -R sinbcos xz) dr. (5.6)
Since the motion of the monopole under consideration is periodic, we expand

the & -function in a Fourier series

1 o inwt?, (5.7)
c e
T n=-© n

§(t") =
1
where the functions Tz exp inwt' are orthonormal in the interval [—Té ,Té]
{Sce for a proof of this appendix B}, wand T are the anaular freguency and
period of the monopole, n is an integer, and
''= 1~t + X% R i . .
T T-t + L~ R sinfcosx, (5.8)
The coefficient of expansion c is determined by

Y
- '
I 2 o inwt

Then using the property of the §-function

§ {thar* .

1
“n VT

. X,
S f{x} §(x)dx = f(0),
X5

we obtain <, =;}E . (5.9)

Now with the aid of (5.7) along with (5.8), and (5.9), Equation (5.6) takes

the form

o
-»> i 1
 fvne™ ar, (5.10)

EE

> >
Alr,t) = Yerp

Next, we wish to put the guantity "inwt'" in a form convenient for further

calculation. Taking intoc account expression (5.8), we write
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[ - - .
ingt' = inw(t-t+y - R sincos x/)
= in (gt~ mt+wr/c - mRosin 9 cos x/c)
= in(ut- o +1m)  ~(ut - U5 ~ 64m.) ~wR _sin 8 cos ¥
; R w c A "o S Xl
or
inwt' = in{o-y-p sin 8 cos ¥ )
in which o = Wt - ¢+1r/2 p

Yy = Wt - 9615--‘¢+1T/2,
B =uR, /o .
It follows from Equation ?(5.12) that
dat = — , (5.13)
In addition, noting that ¢ = wr Equation (5.12) becomes
=P~ ¢+,

and then using expression (5.4b)

o =X+ T,
or X=0=1, .
Thus . cos y = sin a. (5.14)

Finally, combining Equation (5.10) with (5.11), (5.13), and (5.14), we
obtain the following expression for the vector potential:

™
K(-f,t) f ‘3.' ein(a"Y"'B gin @ sin o )da

.

= g/crmT L
=

On introducing the notation
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An) = gér 5= 1 "y ein(a-f sino SIn%) 4, (5.15)

the vector potential can be put in the form
w0

AT,L) = I An) &Y, (5.16)

n=—=<w

It 1s easy to see from Eguation (5.15) that the spherical components of

-5
Af{n) can be written as

m . .
A (n) =2 L S v ein(a—len651na)da {5.17a)
r r 2 '
=
1 m inf{o~ 8 sin 0 sin o}
AB(n) = Cr 2n ! Vg © d
=N
ang Ll . . .
nm =L L gy inle-Bsinbsinal),, (5. 17b)
$ cr 27 . P
>
Noting that E = - curl K and employing the expression for the curl of vectr
-
A in spherical coordinates, A ‘
dA oA
> 1 Ag 2z 1 r 1 3@
7 I s e———— i e am——— - At —
rsind [BG(S n0A¢) 9¢ [r sin 0 3¢ r ar(rﬁ ' e
13 - Bﬁr N
[T 55 (R ~F 5519

But as shown 1n appendix C, the radial component of the electric field is

JA
zero, Besides, according to Equation (5.,17a), the texms (—r—-é%n—-—g—é-f) and

1 OA
(= r) are each proportional to L . Thus if we neglect terms of order

r 28 2
r

higher than one, the expression for the electric field reduces to

] > 1 3 >
5y (rAd)) €0 " T35 (r‘fke ) e¢ . (5.18)

=
1
Rl
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In order to detexmine the quantities Ry and AQ) . uslng Equation (5,2b) we

write
> az i > ay
Z , ap ¥
= =4 =R | + ==
v(T) an o Sinyar 1 RO cos "Pd‘r J
. ) dyp _ . ’
or, since i w and v = Rom ’
: T T
v = - vsiny 1+ v cosyi.
. > ¥ N o =+
Then recalling that e, = cos Becosdpi + cosfsingdi - sinBk and 1p—¢=u—-1r/ ,
2
we have
> > . . . o
Vg = Vieg = - v cos 8 {sin Y cos ¢ ~cos Ysin ¢ )= — v cos 651n(u-'rr/2)
or
Vg =V cos B cos o .

Substitution of this into (5.17b) yields

gvcosh 1 g
Ae(n) == o f cosae

in{oa- A sin 0 sina )da

Mow setting B = VA and multiplying both numerator and denominator by sin €,

cone finds

"

Ae (n) = ME.IE‘,.R._Q E:‘L‘r_r [ B sinBcosa ein(O‘-“ 8 sin 6 sin Cz)da-
=

Furthexrmore, since

de—in B sin 8 sin a -in B sin § cos o

- "=Rfgsinfcosae da,
~in
m ing_ -infsinfsinc
gecotan8 1 e de
A (n) = tiemre _— f -
6 2 ~in
-7

and integration by parts leads to
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ina -in Bsin 9 sino T '
A (n) =3gnl (lee ‘e jm L, ino-Bsin0sing)
3] X 2mt-in o==-T 2T
)
Bit 1 ina ia=ﬂ " (emﬂ-e_lnﬁ)z sin nm .
~2Tin =T -nT 21 -nT
11 .
Hence, noting that P LA -1,
n+o =-ni
1 einu|u=1r ef "1 ifn=o0
~2Tin o=-1 o ifn #o

In addition, for n

1l
e}

T, , ;"
5'1]?-"{ eln(u“BSln lena)d

o = 1.

Consequently, for any integer different from zero, the expression for

Ae{n) takes the form

T, ] ‘
Ae(n) =2.‘E?£E£’..Q 'él}‘ ) Jin(a -Bsin@sina)
-

or, in terms of the Bessel functions defined by

T
. 21 in{o-fsin®sin o)
Jn(nB sin §) = w‘?“.,.,{ e

da,

Ay (n) = 9—‘?—95&‘3—9 J {afsin0).

According to Equation {5.16),

(=]

- -iny
I\e T I\e (n)e

n=-—w

and therefore with the aid of (5.19)

do.

(5.19)
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o
_gcotan6 X
6 r Nz

A J (nBsin6) o T

or, on replacing n by -n

m .
AB = EJ__‘}E_‘E“_E L Jn(-nBsin @ )elny.
r Nn=—==0m ’
Since
J__n(-nBSine) -“—Jn(nﬁsine), {5.20}
finally we have
o
i
ny = Lootand 3 (nBsino)e Y, (5.21)
N==w=0

-+ EY >
Next, using the fact that e = - sin¢ i + cos ¢j along withy - ¢:=c¢—-‘% P

ve write
+ + . )
v¢ = v°e¢ = v{sin{ysin¢+ cos Ycos ¢ ) = vcos {Pp~$) = vcos (u-‘%)
or v, = vsina
P .

When this expression is substituted into (5.17c), there results the

equation

gv 1 T
I\d,(n) =E*Eﬁfsn.nae

%

in{(a-Bsinfsino )da

.

On taking into account that

n
d 1 in{a-Bsinb sin a) o
d(n f sin 8) 2= ".;Te do = ql'](nBsin %
i 7 in(a- B sin 0 sin o)
= e -é?‘l'— f sinae da r
-7

Equation (5.22) goes over into

I

A¢(n) - Jn (npfsin @)
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in which B = g%.

Thus « “in iaB @ ~in
A = A (me ™ =X 5 50 (ngsin 0)e MY,
& 4 r n
n__.-d) n_.-.o:)

Finally, on replacing n by -n and noting that

Jln(-nﬁ sin B) = - Jrlx {nBsin 6}, {(5.23}
A, =298 v 5 (npsin 0T . (5.24)
¢ Y e D

we shall now obtain explicit expressions for the angular components of the
electric fleld in terms of the Bessel functions or thelr first derivatives.

In view of Equation (5.18),

af e

L] =

0 (rn ). (5.25)

2
3r 0]
But with the help of (5.24)

[}

] ] , , in
T (rA¢) =5 {= 1an:E=HmJn' {(nBf sin B)e Y]
® a 1
= =igh EF J'(nBsin 6) — e oY,
— n dr
n=- o
where ¥ = wt - %§ —o+ W@
from which foilows
ay _ w8 __ B
ar i it {5.26)
o}
Therefore
d ~g82 2 iny
— = —— 'y ! i
o (rA¢) 9 I n Jn(n1351n 0)e

0 n=—c
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and hence
2 o
WA I B g inY
EB LROr n,—}_ ann (nRsin B)e . {5.27)

From Equation (5.18B), we see that

.1 9
E¢ T T r (rAB)'

Then combining this with (5.21), one obtains

]
-g cotan 9 d iny
3 " =“m11h16 sin 0) ar ©

or, on employing Equation (5.26)

[=]
E = ig-@--c:otam&') L nJ f 8 sin B)einY. (5.28)
$ Ror n=ete D

We are now in a position to calculate the intensity of radiation emitted by
a monopole in uniform circular motion into a unit solid angle. The energy

flux density is given by the poynting vector

s=SFxT. (5.29)

Thus the amount of energy passing per unit time through an element of
spherical surface dA with center at the origin and radius r can be written

as

aW = 5-dh , (5.30)

where dh = r2d m with dQ = sin 0 A6 Ad and n = % . (5.31)

Rird

Applying (5.29) and the first equation of (5.31) in (5.30}, one finds
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s
It is shown in appendix C that H = nxk.

Then dwncrz—ﬁ,(—*% >
an = Tap L Fx(nxE)) en

. ) > 3 -+ 3 > > > o
and using the identity ax(bxc) = bla.c} - cl(a.b}, we obtain

2 )
%—‘%e%‘ ED - FED]S

-+ -+
Since the electric field E 1is normal to the unit vector n along which the

+ >
. radiation propagates, E.n = 0O,

Consequently —_—= %%

-
or, expressed in temms of the spherical components of the electric field E

2
ay _ cr ke .
aq " an % Bt EeEy) -

Moreover, empioying (5.25) and (5.26) along with their camplex conjugates,

24 o

aw cr2 g B
an = An ) b nn‘Ja'(n“ Bsin B)J%(n B sin 8)

R ¥ n=—w
[e)
252 @ {(n-n")
s cotan“® £ nn'J (n' Bsin 0)J (nBsin @)e Y (5.32)
2 2 n n
Ror n=- «

we next compute the average intensity of the radiation over the perxriod T:

k)

au 1 aw
@ "1 ] m*-

.=.T&

Combining this with Eguation {5.32), we have
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24 o
s L. [Eg—-ﬁ—- b nn‘Jr"l,(n' 8 sin e)Jr'l(nBsin 8)

ae 41rR% n=- @
o]

T L3
é ei(n n )Ydt .

cq-Bcotan®s o 1
+ S3E L0 b nn'Jn,(n‘ B sin G)Jn(nBsin 0] T S

2 =wm ~T
4R, 72 (5.33)
- o mp - OE
where y = wt + Yo with Yo = T & el
Then changing the variable of integration t to y and noting that dt = gml '
&J_T__}_Y
1 T/fZ i(n-n")y 1 2 i(n-n'}y
= f at = = f e dy
Tw
T L
2 Yo
ey !
ei(n n'}y |Y="+Y
= S———— [
2nifn-n') ‘y y-mw
=Q
PR | -ty ! - e |
_ ei(n n )'yo [ ei1T(n n )—-e' im(n-n )]
~ w{n-n') 271
_ i(n-n')y gin (n-n')
= e O{ 1T(n-n’) ]
; lim sinrm (n-n') _ ., sinmT (n-n') _
Since v Tt T 1 and for n#n S L 0, (5.34)

1 oo
- f el(n n )Ydt =§nn',
T

_'172

Thus substitution of this into Egquation (5.33) yields

o

2 2 0
2
&, cg B [ © r12E32J'2 (n 8 sin 0) + cotan29 T'n J2 (nfsin 0)}]
an 2 n n
4R n=-—=o« ns=—on

(o}




g

2,2 -1 0

2
= Eﬂ,g__[ b n282J’2(n Bsin ) + E n BzJ'z(nESSin o)
n n
4TR n=-—o n=1
o ‘

-1 2 2.2 ® 2 2.2
+ I cotan O n I {(nBsin 8) + I cotan O n JA(nl%sin 0)].

n=-o n=1

Furthermore, replacing n by -n in the first and third terms and then apply-

ing (5.20) and (5.23), one finds

an.  eq8> T 2,02 , 2 2 .
o> = *ELjr— { T n“[B23' (nBsin 6) + cotan™0 J (n B sin 0},
dan ZﬁRO n=l n n

from which we finally obtain the expression for the intensity of radiation
emitted per harmonic into a unit solid angle

dpn

df

2.2 2
. 2
- an [BZJ'?(nBSin 0) + cotan26 J (nBsin®)].
n n
2ﬂRo
(5.35a)

A similar expression was first derived by Schott for the intensity of
radiation emitted by an electric charge in unifom clrcular motion {11]:
2
dp, ce 32n2

an - 5 [ﬂZnghlﬁsin o) + cotanze thlﬂsine)].
: ZWRO n

(5.35b)
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5. POLARIZATION OF HOMOPOLE SYWICHROTRON RADIATION

necording to Equations (5.27) and {5.28), the monochron:tic

component of the electric field can be written in the form

+

- > \ iny

N o= + P e a
Ln (Céeé i (®@¢ e ' {6.La;
where

[ 2 [ -—
C, = —-af an/ROr and C¢ gfl cotanE)an/Ror {6.1b)

In order to investigate the polarization of monopole synchrot o radiation

’ -
in some detail, we express E . as
n

> g . iny
E = ({(i.a_+ F
N { P Egag)e
in which :
3 = cos z E + Sl in ? (6.2a}
f 2y sS1 4 13, o i)
" (W i-'
aq = gin z %2 - e 1cos z 33, (6.2
anda
> > + >
a.at = .at =1
f £ ag ag
A . o
ag ag = aq af =
] a . ~ + 1] 3 i
In addition,; the unit vectors 62 and 83 are required to satisfy the condi--
tion .
E g = 0 and B.xB, == (6.3
2 3 - an BZXBB = T . e

The parameters z and 1 specify different states of polarizaticn. BAnd
-i\

. -r
comparison of e ”

+
X (—ee) = with the second equation of (6.3} shows thel

¢

g, 11 2’¢ and B[] (=€)
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a)We now consider the state of polarization when z=o and n= 7. Accordinuly,

it follows from equation (6.,2) that

> > >
a, = 62 and a_ = 83
iw
on employing the fact that e = =1,
Thus 5 5 o 5 iny
) + 3 .
Inf [(Ceee 1C¢e¢) 82] Bze
, > ﬁ 5 >
or, noting that eg°B, = o and e¢082 =1,
&> R - j_nY
S £ 1C¢82e . (6.4a)
Also > N N in
- L iny
= + -
Eng [(Coee 1C¢e¢) §3] §3e
and since ;ec_é3 = - }. and g¢= 33.= 0,
> o + iny .
Eng = C0 3 {6.4b)

5

-+ >
Equation (6.4) indicates that En and Eng are linearly polarized along 82

£

and Eé respectively. In view of Equations (5.35a) and (6.1b}, the intensi-

ties with the f- and g- polarization are then given by

dp
‘nf 2.2 2 2_2 2
an = <9 f cotan 8 n Jn/2ﬂRO (6.5a)
and
g 2" nZJ'z/?.TrR(z) (6.5b)
As shown in appendix C, H9= - E¢ and H¢ = EB' Hence in accordance with

Equation (6.la), the monochromatic component of the magnetic field can be




written in the form

How application of the transformation ﬁg . E: and g*>-e to the above
equation along with (6.1b) yields the following expression for the mono-
chyomaltic component of the elactric field produced by an electron in
uniform circular motion:

3. i -
(iC‘d)ee + Cé g¢)elnY} (C.o)

e

i

where

il
i

2

! o at ol o= - b2 J .

by af n n/Ror and (‘¢ ef cotan G n n/th
Here we have introduced a prime sign ip order to distinguish guantities
that belong to the electron from that of the monopole, With thz aid of

. > >
Equations (6.,4) and (6.6}, one can show that Erllf and Er;g are linearly
> >

polarized, as in monopole synchrxolron radiation, along 62 arnd [33‘ But

the intensities with the f- and g- polarization are given by

dp';
Tnf 2.4 2_,2 2 o
ag " ce B 'n Jn /21TRO (6.72)
and
dp! 2 2.2 2
2.2 . .
dr;zg_ “ ce’ g cotan § n Jn/27rRO (6.7b)

Since for a relativistic electrxon 0 is of the order of (m/2 +V 1-82)

T

[12]; cos 8 = ¥ sin Y1-B% and sin 6 = cos Y1-f-.

Then

It follows from this
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2 2 )
R J'z > cotan 8J2 {.8)
n n o
and hence in view of Equation (6.7)

i 2
dpnf dpng.
daa as (6.9a)

However, in the case of monopole synchrotron radiation, one can easily see
from (6.5) and {(6.8) that

d 1
png Png

a6~ Tan - (615b)

Lywe next consider the polarization state when 2z = /4 and n=7 .

ns a result we obtain from Eguation (6.2) that

> V2 > Y2

f
Thus

>

Enf=[(cee+1c¢e (E E)] (B ﬁ)
or > 3 1 [C . } g 3 ﬁin

B¢ =5 [Gy +1C, ) (By-Bye

>
This shows that Enf is linearly polarized along the vector making an angle

of ~45° with §2

And

B = [(cgeq +icey) . 5 AR RY 22 (bt
. or

g, =3 lic, - ¢l (B 48 pet™

>
which indicates that Eng is linearly polarized alcong the vector making an

o] -
angle of 45 with 82. In this case, the intensities with the f- and g-
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dpnf - dpng _ cr2 ( 2 s C 2)
ag dag dm 8 ]
or
dp dp 2.2 2
nf ~"ng _c¢g fn 2,2 2 2
T = Tdo 3 (B I + cotan BJn).
4wRO

In a similar manner, one can

*> +>
show that E;f and Eég have the same polariza-

) > +
tion as E and E ; and
nf Cl
dp’ dp! 2 2 N
nf __ng_ <8 B n (BZJ'2+ cotanzeJd) .
an an ; n n
uﬂRO

c)Finally we consider the case

when 2 =n/4 and n=%2 . Then, on taking into

account the fact that eln@ = i, one cbtains from Equation (6.2) that
+ V2o Y- + Y2 .
a. = (ézu 153) and ag = <3 (§2— lEB)'
Consequently y
> > I T 2 .2 . iny
5 B, - k] = +
L [(ceoa + ].C¢C-Z) af] 5 (ﬁz iByle
or ,noting that o __fg > L F
ag = (82 183) , We have
> i 2 . > iny
J = b 6.].0(
E =3 [CBF C¢](B2+ 183)e ( a)
and
e i L iny
™ = — - - . 6.10b
£, =3, co](ﬁz i,)e ( )

nx -+ -
i vi = p o o Ty ; 1 E
It follows from Equation (6.10) along with y= t = ¢ T4 that Enf and ng

are respectively right and left circularly polarized.

In a similar fashion,
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one can show that E‘ and E' have the same poclarization as E and E .
nf ng nf ng
The intensities with the f- and g- polarization are now given by
dp 2
nf cxY 2 2
= —— (C° + 2CC + C
dan da ¢ 8 0 ¢ ¢)
and
dp 2
ng cY 2 2
= - +
o 7 (Cy 2C9C¢ c¢)
or, using Egquation (6.1b)
dp 2,2 2
nf _cg B n (BZJ'Z— 28 cotan® J'J + cotan2662)
daq 2 n nn n
4nR
o
and
dp 2.2 2
2_.2
ng _ 9 B0 (42502 28 cotand 7'7 + cotan® 3°)
an n nn n
4R
o
Morever, in the case of electron synchrotron radiation
dp' 2.2 2
2
dgf =% Bn (B J'zv 2B cotand J'g + cotanzer)
n nn n
41mR
o
and
dp' 222
2
ng - ce BN (g%51%4 28 cotand J'J + cotan 83},
agn 2 n nn n
41R
o)
It is easy to see from the above four Equations that
dp dp
ng nf dp’ dp!
aa > Tan and ng nf (6.11)

4an dan
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7. ENERGY TRANSFER IN ELECTROM=-MONOPOLE SCATTERING

Yo now want to determine the enerqy transferred from a fast monopole
to an electron initially at rest. The procedure we follow here is to obtain
first the trajectory of an electron in the field of a monopole, and then the
square of the velocity at a time long after the scattering is over. Obviously,

using this; we are finally able to find the energy transferred to the electron.

The equation of motion of an electron in the field produced by a mono-

pole is
ap
1 _ o L ex > (7.1a)
T - eE2 + 5 leH2
and that of a monopole in the field of an electron is
-3
P2 gt xd
S N e L {7.1b)

where the subscripts (1) and (2) label quantities that belong to the
electron and the monopole respectively. Ve write here once more Equations

(4.2} and (4.3}:

B, = - & 7.2
2 T T Ty (7.28)

E = 6, - 1:3%3 {7.2b)

2 2 ¢ ot ° '
Mnd as consequences of the ordinary Maxwell's equations, we have
g
] A
' > - L 1

By == V-5 5 G.2¢)

and i g -
=V
Hy XB, . (7.24)

The potentials of the fields produced by an electron and a monopole

have the form




45

7. ENERGY TRARSFER IN ELECTROM-MONODOLE SCATTRERING

e now want to determine the enercay transferred from a fast monopole
to an electron initially at rest. The procedure we follow here is te obtain
first the trajectory of an electron in the field of a monopole, and then the
square of the velocity at a time long after the scattering is over. Obviously,

using this, we are finally able to find the energy transferred to the electron,

The equation of motion of an electxon in the field produced by a mono-

pole is
=S
dp
dt1 - eﬁz . % —Glxﬁz (7.1a)

and that of a monopole in the field of an electron is

->
dp
2 _ = - .
-E'E" = ng= (;!23 V2XEJ—, {7.1b)
vwhere the subscripts (1) and (2} label quantities that belong to the

electron and the monopole respectively. We write here once more Equations

(4.2) and (4.3}):

E, = - Vx3 (7.2a)
, = = VxR, .2a
?=mv¢-~l—ii2— (7.2b)
"2 27 ¢ at '
And as consequences of the ordinary Haxwell's eguations, we have
->
an
> 1 1
By == V-0 50 0 7.2¢)
and - +
=V .
H) X Ry {(7.2q)

The potentials of the fields produced by an electron and a monopole

have the form



S{t.~-t+R
i i/c) . _—
¢l = e, I3 R dr. (7.3a)
i
and
> Ri
e, v, {1,) §{1.-t+ -——)
+
A, == g = S an, , (7.3b)
1 C n. i
1
> >
qher . i = = = = .
where i 1,2, e 7er e, =g, Rl rz(t) rl(Tl),
-y
BP0 -2, aay - ok
2T " ¥y (1), and v, = ar;

Expanding the §-function in powers of 3& and neglecting all terms except
the first gives

SCt, -t +-—=) = &(1, ~ t).
C 1

Substitution of this expression into (7.3) leads to

G(Tj"t) ei
¢i = ei f———"'-—'R dTi = ‘17{'—.- (7.1a)
1 1
and
3 >
% fvi(Ti) AR S A (7.4b)
R R, Ty crR, °

1 1

How combining Iquation (7.2) with (7.4) and dropping terms of the order of

+
2 iy
At 'R, !
1
onz finds -
e g U 2
L2 = TE X (E_) . {(7.5a)
2
- 1
}5 = = gV{-—) , (7.5h)
IR,
2
+ 1
El = e eV(Eu), (7.6a)
1

and
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>
N o v,
g e - .__._'. r_ .
Hl - Vx (Rl) . (7.6k)

Putting Equations (7.5) and (7.6} inte (7.1la) and (7.1b} respectively, and

using the identity V x (3-;3) =@V ;.;Kul{x Vé yields

Y
dp -+
l _ -eg eg > 2 1.
3~ oR va2 + > (v2 Vl)x V(R ) {(7.7a)
2 2
and
ap
2_e 1 o 2> eq T 1 -
3T o Rl val 3 (vl v2) xV(Rl), {7.7D)

If we keep only terms of the order of Vi Equation (7.7) reduces to

d—)-
P o
1l  eqg 1
&7 Pt VR
2
d+
p a
2 eqg * 1
T e RpxVRD
1
where > . > 5 > > >
Rl == r2 rl ana R2 rl r2 .

> >
For v << ¢, the time derivative of P and p, can be written as

o . @ *

> >
and P, = m, X,

where m. and m. are the rest mass of the electron and the monopole.

1 2
Consequently . ,
3>
mry = Br Vi)
2
nt =T E vy,
272 C 2 R
1
s3 R R
ilnce
2
V) = - =5 and U = - 5
1 Rl 2 R2
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finally the equations of motion assume the form

3 Bt
mor, = oL ZXL ' (7.8a)
171 c R3
5 b
m, v °g =X~ (7.8b)
272 C 3
R
h R=R =-R.=1.~2
where =R, = g = Xy
Mext, adding Equations (7.8a) and (7.8b) we have
-+ e ad -; -;—
mlrl-l-mzr2 = ag(mlrl+1n2r2) =0 (7.9)

> -+ -+

+ >
= + = i . C {
so that pl-r Py n vol m2v02 P, is constant Thus the total energy

1

of the system of an electron and a monopole is conserved. The position of

the center-ef-mass is given by

2 11 272
c.m . ml+m2
Then dﬁ 2 N 5 N
cm M1 T ™% Py (7.10)
dt ml4ﬂn2 ml+m2

Bquation (7.10) shows that the center-of-mass moves with a uniform velocity

relative to the laboratory system. In the center-of-mass system,

+ =
ml 1 m2 2 0o
ox n ;
T 171
2 m,
. -+ &> >
Recalling that r, = R + Xy, we have
> > -
r = e R’ (7-11&}
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- -y _
and similarly r, = gi—R ' (7.11b)
4 1112
m._m
where U (2na+ln) is the reduced mass of the system.
1 2

Now combining Equation (7.1la) with (7.8a), or Equation (7.1lb) with (7.8b)

gives

3

R (7.12)

- eg
R = - — 2o
3

gt

. >

Taking the cross product of both sides of this equation with vector R, and
s T = \

using the identity ax({bxc} = b{a.c)-c{a.b} one finds

25 egh Y
ok + SR eg(RBIR_

or

It then follows from this that the quantity in brackets is an integral of

+
motion. Denoting this guantity by vector C, we have

C o= Rxn + L R, (7.13)

..,).
Vecior C is determined from the following set of initial conditions in the

laboratory system at time t = -t_, long before the scattering takes place:
+0 =0
s (o,o,bl), Yip = {0,0,0)
. (7.14)
A >0
r2L = (O’"le' qbz) r2L = (o,vz,o).

At the initial time (t=-t_ ), the monopole has a velocity of v, and is
&

located, with impact parameter b==bl+b2 far from the electron,




20 0 +0O -¥ -+ . .
Furthermore, noting that R = r2T = rlI = rg - ri and taking into account
>0 30 )
BEquation (7.14), vectors R~ and R can be expressed in the lahoratory or
- center-of-mass system as
> >
R* = (0,~R_,, ~b) and R° = {o,v,,0) (7.15)

Thus employing Equations (7.13) and (7.15) we obtain

2

2 1
¢ = [bv2' - eg R (R +kf')2,—egb C(Rfm+ bz)%]

—»/jic M

or, on taking into account that R > b

g = (v,, - E% , o). (7.16)

Finally, taking the dot product of both sides of Equation (7,13} with

> > >
vector R and recalling that a. (axb) = o yields

ek =R (7.17a)

e
or = B9 7.17b
cos @ noc ( }

> >
where 0 is the angle between vectors C and R and the magnitule of vector

¢ in view of Equation (7.16) is given by

7 ks
¢ o= (bivs o+ 29,7 (7.18)

It then follows from Equations (.17b) and (7.18) that in the center-of-mass
system, the trajectory of the electron, or for that matter of the monopole,
is along the surface of a cone the axis of which ig directed along vector

>
C, and whose vertex angle is
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aq
« = 28 = Zarccos (Egé

center-of-masg
system

laboratory system

Tig. 4 Center-cf-massand Laboratory Systems

A clockwise rotation about the z'-axis through angle | takes the x'- and
y'-axes into the X- and ¥Y-axes. Woting that o<¢<g§ and taking into account

Equation (7.16}

bv
e

-2 in o =3
cos Y = G and sin ¢ ek (7.19})

in which ey > o .

Thus it follows from the second equation of (7.19} and Equation (7.17b)

that siny = cos 0.
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Also,; according to Equation (7.18)

and combining this with Equation (7.17b) qgives

b2v22 = Czsinze (7.20a)
or bv2
sin 9 = e - (7.20b)

Therefore

cos Y= sin 0,

The matyix of transformation in terms of sin 0 and cos 0 is then given by

sin 0 = cosd o
Uiy = cos 8 gin 0 o
Q o 1
+
In the z'y'x'~ system the velocity vector v, = (o,v,,0). With the aid of

2 2

+
this and the transformation matrix, v,

can be written in the XVi4-system as

+
v, = (-v

A cos 9, v

sin 0 , o). {7.21)

2 2

>
In addition, vector R can be expressed in the form

.
R= (Rcos0O, RsinOcosd , R sinOsin ¢), (7.22)

' -+
where § is the angle between the projection of R on the YZ-plane and the

Y-axis,

Hence

o

> a o ] o o
R=(RcosO, Rsinfcosd~ Rsindsindd , Rsindsind+ R sin 0 cos dd ).

(7.23)




from which follows

Furthemmore, applying Equations (7.22) and (7.23) we find

5 &
RxR =
o

¥+ > >
and taking the dot product of RxR with vector C = (C,0,0} yields

e - S 2 o
¢ (hd) = cr%in%0d .

Besides, in view of Eguation (7.13}

—_— >
RxR = C - —= R
HeR
so that
e 3 f 2 eq -x -
C- (RxR) = C === C.R
¢ ) Her
or, on employing Equation (7.17)
¢ . (Ex®) = c%sin’e.

It then follows from this and Equation {7.24) that

]

Hext, the dot product of both

or ¢
4,02
EE.(R ) - O'

M

which shows that the quantity

accordance with the second equation of (7.15}

2

=V,

-‘;2 -;o
R =R
2
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2 s s 2 .2
(RZSin nd , - stil‘l G cos B cos gp , ~R sin € cos 0 sin ¢¢ )

{7.24)

(7.25)

(7.26)

+
sides of Equation (7.12) with R leads to

in brackets is a constant of motion, and in
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go that Bquation (7.24) now becomes

vg = ﬁz + stin28$2.

Then multiplying throughout by R?’, we have

R2v§ = R°R® + R7sin04° , ‘
from which follows
2
L dr™, 2 22 4,2 ¢2
-ZGEEJ = R v, R sin 08¢
or
1 art2 _ 2 ’lsin’ed’
4‘;2 dt v2 ’
2 2

Using Equations (7.20a) and (7.26), one finally cbtains

We now proceed to find the sclution of this equation along with the initial
2.k

condition rC = (Rz_'m +b )", To this end, we write

R 2 t

I (;R 5y = i’ V2 I at.

gC(R b7 ~teo
Then

N S L v2t|t A

R “top

or

R2=[R + v (t+t )] 2162 (7.27)

- - 2 ) * *

We choose the time scale in such a way that the separation between. the
electron and the monopole has the minimum value b at time t=o0. 2as a

result, we obtain from Equation (7.27} that
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orxr

-0 2 e (7.28)

Since R >0, we must take the plus sign in Egquation (7.28), or the minus
sign in (7.27}).

2 2 2
Hence R™ = [R,w - v2(t+tm}] +h,
When the expression R m=v2i.;n is substituted into this, tliere results the
equation

R™ = v t" +D" (7.29)

which is valid for any time t. We immediately see that

lim R2 = vzt2 - b2 = R2 + b:2
2 oo
t-xt
[xe)
as it should be,
. 2 2 2
Dlso, lim R2 = lim (v? tz + b2) = Riﬂ+ b, (7.30)
-t e -

In view of Equation (7.29), the time derivative of R is given by

v'2 t
R = g’
¢'V2 2 ,+b2)!=z
2
and on taking into account that V2 t »b
v2t v

lim B = e s - 2 ay (7.31)
ST 2.2 20 27y T2 ’
tot (vot, +b7)* (1t B




We now want to obtain an expression for ¢ as a function of the time t. We
see from Bquations (7.26) and (7.29) that
t
dtc
¢le) = CJ oy v e
tew v2t +b

where (!JO is the angle between the projection of R on the YZ-plane and the

Y-axis. Since

d(vzt/b)-

the expression for ¢ can then be Written as

\ t d(v, t/n) V.t
¢ 2 C 2 t
() = i " + ¢ = -~ arctan (—‘*—)|_+¢
bv2 e (v2 £/b) 2+ 1 o) bv2 s} tcﬁ o)
c v, t C i tco
or $(L) = —— arctan (-——) - 7 arctan (=} (7.32)
bv2 b b:2 b e}

Applying the first eguation of (7.15) and the transformation matrix, we

find the following expression for R in the RYZ-system:

>0 )
R = (Rnco ccs 8, - R sin® , - b}
Conseqguently
-R siné@
‘cos ¢ B o = -1
2
° (& sin®e + vH"  (w’/RE sin’0)”
or
cos ¢_ = -1 implies ¢ = . (7.33)
-y, tm
Morsover, arctan (—-—-)} = arctan (-«} .,

b}
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-y, t
¥t then follows from this arctan (»nﬁmsz %;—. (7.34)

putting Equations (7.33)and (7.34) into (7.32), one finally obtains

v,.t
and noting that arctan (wgmf) =~ arctan (») = g-,

Cr

= lim ¢{t) =T~ — .
T e by,
cn
Therefore cos ¢ _= = Cos (ET—J. (7.35)

2
In order to determine the square of the velocity of the electron at time

t=t_, long after the scattering is over, we write

> E + -+
r = r
1L c.m 1
or, using Equation (7.1la)
-+ -+ -+
r = R - R .
1L c.m m
1
Thus o o R
> +
r.. = ﬁ - Ji—R
],}J C.,n ml

and substituting Equation (7.10) into this, we have

:r ”_“E_ -+ _j}
1. m ( vy R,
1
from which follows
o 2 o
2 oy 2 > 2
X m12 { 2 2v2 R + v, ) {7.36)
2

3 +2
on racalling that R

I
<
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But employing (7.21) along with (7.23), one finds

P o 2 s 2
v,°R= - v.Rcos 6§ + v, R sin 0 cos d~v

. 2 . °
5 2 9 ‘R sin 6 sin ¢¢

2

and on taking into account Equations {(7.26), (7.30), (7.31), and {7.35)}

2 .
Cvzsin g Sin by

- 2
1im VeR = vz(—coszo msin?B cOS bcv“ ) - 5 7
e 2 2 (R° +b“)
o - Q0
or, noting that the last term is zero
ey 2 2 2 C
lim v_°R = v_(+ cos 0 = sin O cos ——i) .
2 2 bv2
-t
[ee]
Finally, combining this with Eguation {7.36) we obtain
2112\72
>2 4
lim X = 5 2 {1+ cos?o + si:126 cos -B%-ﬂ—) .
-t my 2

Whence the energy transferred to the electron from the scattered monopole

te u 2.2
1 2 2
Ag = o m_(lim r? ) = (1+cos 8 + sin29 cos —EE) .
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8. DISCOSSION

Although symmetry consideration of Maxwell's Eguations has served as
a theoretical background for postulating the existence of monopoles, the
strong point for sustaining the helief in the existence of monopoles, despite
the negative experimental result up to now, ig the ability of the monopole
theory to account quantization of electric charge. Then either the confirma-
tion of the existence of monopoles,; oxr the formulation of a Theory without
the notion of a monopole that can explain charge quantization, seems to be

inevitable.

It 1is found in the first case considered 1in Chapter ¢ that the inten-
sity with the g-polarization is stronger than that with the f-polarization
for monopole synchrotron radiation. However, just guite the opposite holds
true for electron synchrotron radiation. This then provides a means by
vhich one can éxperimentally distinguish monopole synchrotron radiation
from that of the electron, It is; of course, possible to come across
another radiation in which the Bchomponent is larger than the Bz=component.
But the rasults of the second and third cases for monopole synchrotron radia-
tion can supplement the conclusion drawn with the aid of the result obtainecd
in the first case. Moreover, although in the second case the intensities
with the £~ and g-polarization are equal both for monopole and elactron
synchrotron radlation, in view of Equation (5.35} and the Dirsc quantization
condition (Al4), the intensity of the monopole radiation is (h2c2/4e45 times
stronger than that of the electron if both are moving along circles of the

game radii . CObviously, a monopole produced in a collision process can




G0

easlly be identified by the spiral or parabolic track the monopole would

leave when moving in a uniform electric or magnetic field.

The result of the discussion of energy transfer in electron-monopole
scattering may be used in the calculation of the energy loss per unit
distance by a monopole traversing a metal, due to the interaction of the

monopole with conduction electrons.
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Appendix AH The Dirac Quantization Condition

The Schroedinger equation for an electron in the field of a stationary
monopole ig
%j—mv - .}-%K)Qw = EY,, @1)
where K ig the vector potential of the field. A change in th: "ocation of
the Dirac string glves rise to a gauge trangformation of thae vector poten-

tial:

"_)' _f\ +
A*AY = A+ ggradX, (nZ}

where ¥ is an arbitrary function of the coordinates and time. We suppose

that under transformation (A2) the wave function takes the form

Y = eiEQX/hclp_ (a3)
Then
i S Ty = g BT L Bg iegX/hC[
=iV~ =B R {~1V ho B gy 9radX)e ¥
160 ..._%..+ ieg)(/hc - N
= ~iV (elng/hclll) he © © v %% grady elegx/hcl.’)
= -iq-gradxelegx/hclp ﬂieiegx/hCVlP e + 1eg¥ /he
he T he U
- &g iegX/hc
he gradye {1
- elegX/hc(uiV-# “-E—K}\f A (Ad)
he ;
Introducing the notation
-+ e >
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and b‘vui‘?—%g',
one can write Equation (A4) as
Bry e = oI8IX/ Negy (5R)
or B Yo ieg X /hcq,
in which ¥ =Dy, (AG)

According to Equation (A2)

w,:emgthw

so that

qu'pz,@r

It then follows from this
EI (61 lpv) = _15! W
and with the aid of Equations (a5) and (A6), we have

B Brgry = te/hedy . tex/hey Zy,
or

E'2¢° - eiegx/hc 32¢. (A7)

Since the Schroedinger equatlon is ¢auge invariant,

.2
B - e

When (23) and (A7) are substituted into this, there results the equation

which 1g exactly the same as (Al),; thereby conforming the validity of

assumption (A3).
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The vector potential of the field produced by a stationary monopole

at the origin of a coordinate system may be expressed 1n the form

=R d
x4

X

*Fo_g
A(r) = "

K+

3
-] ¢

N,

{A8)

where g is the maghetic charge of the monopole and ; is a unit vector with

>
arbitrary direction. It 1s evident that A is singular along the (+ ive)

n~axls. According to Equation {(AZ), one can write

_15(32) = —ﬁ(;l) + ggrady

with
+
n

5 = (0,0,1) and El)= 0,0,-1),

Thus 1.+ + >
grady = a—[A(nz) - A(nl)]

from which follows > 1. > > > >
§ grad ¥dr = aﬁ[ﬂ(nz) - A(nl)]adr

or
Ay = X [SE@)ar - §RE) a2, (A9)
g 2 1
In view of Equation (A8) N
I Enzxr
n r(n?.) s el
r-n, ¥

+
If vector v is taken to be along the xy-plane, then

+
r = {r cos ¢, r sin¢, o)

+
where ¢ is the angle between the x-axis and vector r,

Hence
3
n_x

+
5 A

-> >
= ~rsindl+r cosd i
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> >
n,<xr

in addition, 2 = o as the angle ketween the two vectors is Tré .
Conseguently
> *> e
A(nz) = ‘J_zn (-~ reindi + r cos Qi)
i
so that
> > >+ g 2m . +> T > *
§ An,)dr = 25 S (~r sin¢i+r cosd i)« (-r sin¢ ddi+r cos ¢ ddp3)
r [+
2T
=g f ad
o
= 2Tg . (a10)
Similarly
+ - -+
8a (nl)-dr = - 2Tg

How cambination of Equations (BB), (al0), and (all) yields

Ay = 41 (nl12)
Furthemore,
P o= oo x/hcw

=eic:g (X + Ax}/hcw .

legy/he h

_olegX/he leg ax/he,

The reguirement that P’ be single-valued leads to
eieqﬁx/hc = 1.

Applying Euler's fomula and then eguating real and imaginaxy parts, one

obtains
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cos (eg AY/hc) = 1

from which follows

eghx/hc = 2Tn {(n13)

vwhere n is an integer.

Finally, when expression {Al2) is substituted into (Al3), there results

_the Dirac quantization condition

eg/he = l“yz . {pl4)
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Appendix BH The Orthonormal Functions ll frexp inwt*

i ¥
The functions (bn (1) = LT et L i the interval
VT
VR ARE:
/Ty
* et ,
'1{ ¢n'(T')¢n (t9)at* = §an
=
with Wl = 27 .
y .?
Then o) b |
SodE (thg (anart = % ;G Net

1{n-n*)wt' 72
e

1 (n-n' )LU'I‘_T/
2

1 ei (n—n')ﬂ_‘emi(nnn')‘rr

(n—n')’lr[ 21 ]

gin {(n-n")™W

(n-n")m
On emploving Equation {5,34) we oktain
p
& ' 0 ] -
_{1 ¢n {1 )()n(‘l.' yart §nn?
7

skowing that th: functions ¢n (1') are orthonormal.
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Appendix C H Relations Between the Electric and Magnetic Fields

In the wave zone, the monopole field equations take the form

N
curl En-»‘]:l -gié- ' (Cl}
aiv H = 0 ; (c2)

> 1 93E |
curl H = =~ ek (€3)
AivE=0. (cd)

Taking the curl of both sides of Equation (Cl), we have

> >
VXVXE=-=-]—'- 9 VZH .

c ot

Combining this with Equation (C3) then gives

+
3%

ot

VRVRE = - -3
c

> 2+
so that on employing the identity VXVXFE.,’ = V{(VeE) - V E along with Equation

o

(C4)
1 528
V2E=-§———=0. (C5)
¢ 3t
Similarly, one can show that
2
VR - l—g : (C6)
¢ ot
It can easily be verified that
> >
e o > ik- - 10
E(r,t) = Ee r- 1t (c7)
and .
> > ik.r - i
H(Z,t) = ﬁ e:.]f r it (cB)
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are respectively solutions of (C5) and (C6) with © = ck. Equation (C7)

can e written in the form

ikyx + dkY | oyp 2 - dwe.

K € 1+ J+E B
L = : vle
ox” c>y:l oz 3

Thus %, 9F JE  OE B 9

“ -_ - _w‘x_ .=_,...Z_.+ .X..— P g
VH{E = (T_ ‘sz- i+ (az ax)j + (-g'x 'a—}‘;-)k

N

+
+ ) - -+ ik.r-itt
= 1[ (Eozkz"Eoka)" - (onk3mEOZ}1)j+ (Eoykl onkz)k] e
> L.t it
= ifk e XET (¢9)
o
Now cambination of Equation (Cl) with C9) yilelds
> iker-i 1 5H
i o Fer-Ot L oH (€10)
o c ot
Bul: using Ecuation (C8) one obtains
5K - _l: T-iwt
iker-i
TB—E o inOe .

Therefore Equation (Cl0) goes over into

> > ikepeitt > iker-int
ikxlz:oel Tt 1kH_e X

from which follows on taking into account Eauations (C7) and (C8) that

Ly

+ -
H = xE.

> >
Since in the wave zone ]%( o ré ; the expression for the relation betwesn
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the elactric and magnetic fields takes the form

Hir+

+ o
H= >xE, {(C11)

Ye shall next obtain a relation batween the spherical components of
the electric and magnetic fields. To this end, we write In accordance with

Equatijon {Cll)

+'+P++H+ > (++F++E+)
Hr.ef ’GeB ¢e¢ = erx Erer ‘Bee ¢e¢ .
On taking into account that
> > + + a > > .
erxer = 0, erxee~ ed), an erxe(b- - e.e
ve find
H = = - R = Ep.
. = 0, Hy 1“¢ , and H¢ 5

It follows from Equation (Cll) that

EY

=4

HTHR 4

Then with the aid of this, one can alsc show that

Er=O,E6'—’:H¢; andE¢=”Hev




3

70

REFERENCES

(1] P.A.M. Pirac, Pro. Roy. Soc. (London) Al33, 60 (1931).

[2] P.A.M. Dirac, Phys. Rev. Zﬁ, 817 (1948), Julian Schwinger, Phys.
Rev. 144, 1087 (1966).

[3] P.A.M. Dirac Phys. Rev. 74, 819 (1948},

[4] Richard A. Brant and Joel R. Primack, Phys. Rev. 15, 1175 (1977).

[3] Richard A. Brant and Joel R. Primack, Phys. Rev., 15, 1798 (1976),

[6] P.A.M. Pirac, Phys., Rev, 74, 817 (1948).

(7] P.A.M. Dirac, Phys. Rev. 74, 817 (1948),

[8] F.R. Elder, A.M. Gurewitsch, R.V. Langmuir, and H.C. Pollock, Phys.
Rev. 71, 839 (1947),

[9] L.D, Landau and E.M, Lifshitz, The Classical Theory of Filelds
(trans. from the Russilan}, Pergamon Press, 1975, p. 45.

[10] L.D, Landau and E.M. Lifshitz, The Classical Theory of Fields

(trans. from the Russian), Pergamon Press, 1975, p. 69.
[11] &.A. Schott, Electromagnetic Radlation, Cambridge Univ. Press,
London and New York, 1912,
(12} L.D. Landau and E,M, Lifshitz, The Classical Theory of Fields

(trans. from the Russian), Pergamon Press, 1975, p. 201,



