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ABSTRACT 

The power radiated per haJ:l1lonic into a unit solid angle by a monopole 

in uniform circular motion is computed. Then the polar.ization of monopole 

synchrotron radiation is investigated, and found to have certain distinct 

features compared "lith that of electron synchrotron radiation. This, ';e 

hope, may serve as a theoretical }x,ckgroulld in the search for monopoles. 

Finally, the energy transferred fr.om a scattered monopole to all electr.on 

initially at rest is determined. 



1. INTRODUCTION 

The notion of a monopole was introduced by Dirac [1] in 1931 fr~l 

symmetry consideration of the field equations of electrodynamics. The 

requirement that these equations be symmetrical [2] with respect to charge 

as well as c~rent densities, in addition to the symmetry between electric 

and magnetic fields inherent in them, leads to postulating the existence 

of a magnetic charge or a monopole. Such a particle in a state of rest 

would be a source of magnetic field. In the presence of magnetic charge 

... 
and current densities, p and J

g
, in addition to electric densities, p g . e 

... 
and J , Maxwell's equations would then assume the form 

e 

... ... 1 aE 'hI ... div 
... 

curl H - --= -J E = 4rrp 
c at c e 

... ... 
e 

1 an curl 
... 4rr J g' div H = 4rrp g • E + --= -c at c 

However, the modified Maxwell's equations give rise to singularities [3] 

of the electromagnetic potential. The line along which the electromagnetic 

potential fails to be analytic is called the Dirac string. The Dirac string 

can be moved arbitrarily by a suitable gauge transformation, and hence is 

not physically observable [4]. More recently, alternative formulations have 

originated in which the Dirac singularities are avoided. A typical example 

is the formulation given by Wu and Young in which space is divided into 
., 

overlapping regions, on each of which a smooth vector potential is defined 

[5]. 

A quantum mechanical consideration of the motion of an electric 

chargee in the field of a stationary monopole of strength g, that takes into 
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account. t.he arbitrariness in tho location of the Dirac string and single -

valuedness of the wave function, leads to the Dirac quantization condition 

(See for a derivation of this appendix A) 

where n is an integer. Thus thc mere existence of a singlc monopole in 

the universe would offer a beautiful explanation of the observed discrete 

nature of electric charge e 

Although the notion of a monopole is Over half. a century old, so 

far there is no experimental evidence for the existence of monopoles. 

Nevertheless, the quantization of electric charge is one of the most 

fundamental and stri¢king features of the physical "orld, and there seems 

to be no explanation for it apart from the theory of monopoles [6]. This 

then provides some ground for believing in the ~xistence of monopoles [7]. 

In light of this, the main objective of this project is to propose a method 

of identifying monopoles based on the polarization of their synchrotron 

radiation. Another objective being the determination of the energy trans-

ferred from a scattered monopole to an electron initially at rest. 

In order to realize the aforementioned objectives, applying the 

variational principle and postulating the equation of motion of a monopole 

in an electromagnetic field, Haxwell's equations for monopole fields are 

obtained. And comparison "ith the or.dinary Haxwell's equations provides a 

means of obtaining the first set of equations from the second, or vice versa. 

Besides, the motion of a monopole in a uniform electric field is found to be 
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along a circle of constant radius. Next, starting. from the monopole field 

equations 1 integral expressions for the scalar and vector potentials are 

derived, from \-/hich the electric and magnetic fields produced by a monopole 

in unifonn circular motion are calculated. 

l"urthermore, the power radi.ated per harmonic into a unit solid angle 

is computed. Then the polarization of monopole synchrotron radiation is 

investigated, and found to have certain distinct features compared with 

that of electron synchrotron radiation. This I '-ITe hope I may serve as a 

theoretical background in the search for monopoles. The radiation emitted 

by a relativistic charge in lliliform circular motion is called synchrotron 

radiation i because historically such radiation ''las first observed in an" 

electron synchrotron ~l. In such an accelerator, a charge moves conti­

nuously in a circle of constant radius since any energy lost due to radia­

tion is immediately compensated~ 

Analysis of the motion of a monopole in the field of an electron 

(or vice versa) shotls that, in the center-af-mass reference frame, the 

trajectory of the monopole (or the electron) is alonn the surface of a 

conC!. with the aid of this, the energy transferred from a scattered 

monopole to an electron initially at rest is determined. In our discussion 

of the . motion of an electron and a monopole in the field of C!ach other, .,e 

have assumed the monopole to be stable like the electron, the stability of 

.,hieh is inferred from observation. 

Finally, we point out that whllrever the symbol h appears in this manu­

script, it must be read as 11. 
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2. I!ONOPOLE FIELD EQUATIONS 

In order to obtain Hax.,ell' s equations for the fields produced by 

monopoles 1 we shall first seek a tensor \'/hose eleroents are the components 

of monopole electric and magnetic fields. To this end, I<e "rite the action 

integral for a monopole in an electromagnetic field, by analogy with that 

of an electric charge [9], in the form 

b 
g i 

S ~ ! (- mcds .- c Ai dx ) 
a 

where m and g are the rest mass and magnetic charge of the monopole, and 

-+-
A ~ (¢, - A) is the four - potential on the external field. The first 

i 

term in the integrand characterizes a free monopole and the second one 

describes the interaction of the monopole with the external field. 

the variational principle, 

a 
or 

b 
! (- meads - ~ A.dOx

i 
c 1 

a 

Dut Ods
2 

; 2ds ods implies 

Then employing the relation 

Ods 

or, taking into account that 

2 
ods ods ~ ---

2ds 

i 
dx dox. 

1 

i = dXidox , we have ods ~ 

Applying 

I 

I 
I 

) 
I 
! 
i 
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. i 
b mcdx.d6x 

so that 
1 

f (- ---d::-g-- o. 
a 

lifter integrating by parts the first tHO terms in the integrand, one obtains 

a 

mcdx. 
[( __ 1 

ds 

Since the variations of the coordinates at the fixed points vanish, the 

quanti ty in square brackets :is zero ~ l>loreover I when the expressions 

and 

are substituted, there results the equation 

Using the fact that ds = edT, l'Ie Hrite 

dU
i =(-)dT 

dT 

(2.1) 

(2.2) 

\·/here u 
i 

dx. 
1 = edT) are the components of the four - velocity and T is the 

proper time of the monopole. No~/ combining (2.1) >lith Equation (2.2) He 

find 

b dU
i i f (me 6x dT 

dT 
a 

Furthermore, interchanging in the third term the indices i and k, as they 

are sUllUIled over in accordance ''lith the Einstein sununation convention, and 

setting in the second and third tenns dxk 
= cukdT leads to 
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duo all. k a)l"k k i 
f(mc 

1 1 + g u - g --. U }oxdT = ° dT 
ax 

k "Xl 

or 

b duo a~ aAi k i 
f [mc 

1 
g (-. --) u lox dT = ° dT dXl dXk 

a 

'1'he variations oxi are quite arbitrary, and hence the above equation holds 

true provided that 

or 

mc 

d i 
~=g 
dT . 

i i 
",here p (= mcu ) are the components of the four - momentum of the monopole. 

We no" introduce an antisymmetrJ.c field tensor defined by 

Thus 

ik 
F 

d i 
~= 

dT 
ik 

gF ~. (2.3 ) 

These are the equations of motion of the monopole in four-dimentional nota-

tion. 

Next setting i = 0 and k = 0,1,2,3 in Equation (2.3) and noting that 

o £ P :;::: _. 1 "IE have 
c 

Then recalling that 

1 dE 
-- = g 
C dT 

dX
i 

u
i 
=--

edT 

(FooU 
0 

+ 

in ,·,hich 

01 
F u

l
+ F

02
u

2
+ 

03 
F u

3
). 

-> 
xi - (ct, - x) and 
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dT dt (1 -
V .., dt . 
-), ~- YH,lds 

2 y 
e 

Y dE _ [00 d(et) 
-- 9 F y----
e dt - edt 

from which follo;lS 

01 dX l 
F y--­

edt 

02 dX2 
F y--­

edt 

7 

(2.4a) 

In a similar fashion, (for i = 1,2,3 and k = 0,1,2,3) one can obtain the 

follmling three equations: 

dp 
10 .'! 11 12 

F13
v) 

x 
--= gF - (F v + F v + 
dt c x Y z 

(2.4b) 

dp 
20 - .'! (F

2l
v + 

22 23 --.X = gF F v +F v ) 
dt c x Y z 

(2.4c) 

dpz 
9F

30 - .'! (F3lv + 32 33 ) = F v + F v 
dt e x Y z 

(2.4d) 

In order to determine the components of the monopole field tensor Fik, we 

postulate that the equations of molion of the monopole in three dimentional 

notation be 

and 

dE +-> 
-= gv·H 
dt 

-, 
S'.= + 9 -> + 

gH - - vxE (2.5) 
dt e 

or, expressed in terms of components 

(2.6a) 
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dp 
x 

gil '¥. (E V E V ) --~ - -
dt x c z y y z 

(2.6b) 

(2.6c) 
dp 
..:.:t. = gil - g/ (IE V - r; V ) 
dt y x z z x 

c 

dp z gH g/ (E V E V ) --= - -clt . z c y x x y 
(2.6d) 

Since both sets of equations (2.4) and (2.6) describe the same motion of the 

the 
monopole, their corresponding equations must be exactly same. As a consequ-

~ 

ence, Ole finally obtain the follO"ling matrix for the monopole field tensor 

,. 
0 -H -II -H 

x Y z 

II 0 E -E 
ik x z Y 

F = (2.7) 

H -E 0 E 
Y z x 

II E -E 0 
z Y x 

in ;Ihich the indices i,k (= 0,1,2,3) label the rows and columns respectively. 

The complete action integral for a system of a monopole an(.1 an electromagnetic 

field has the form [10] 

S = f(- incds .- ~ ~dxk 

whe"e the last term in the integrand represents the external field in the 

absence of charges, the other tl'lO terms having the same significance mentioned 

before. Here A, and F'k are the four-potential and field tensor of the 
1 1 . 

external field plus the field produced by the monopole, and therefore are 

functions of the coordinates and velocity of the monopole. Replacing the 
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point magnetic charge g by a continuous charge distribution of density p 

(g~dv) transforms the action integral into 

k 1 ik 4 
S ~ f (- mcds _.P/c ~dX dv - l611c F ikF d x ) . 

Then employing the relation jk 
dx

k 

= p dt 
o 

and recalling that dx ~ cdt, one 

obtains 

s ~ f(- mcds -
(2.8) 

The equation of motion of a particle in an external field is found 

by assuming the field to be given and varying the trajectory of the particle. 

But to obtain field equations, "Ie assume the motion of the charge distribu-

tion to be given and vary only the potentials which serve as the "coordinates" 

of the system. Accordingly, the variation of the first term in Equation (2.8) 

is zero, and hence Equation (2.S) assumes the form 

oS = 

'k 
Furthermore, substitution of 1" <5 Fl. ik . 

tional.principle leads to 

and noting that OF" ik ~ axi--

1 l.k 1 ik 
- - f(- ) 6I-.. + - F 

c c k 811 

ik 
~ F OF

ik 
and application of the varia-

1 ik 
- - F 

811 

Next, interchanging in the third term the indices i and k (for the same 
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ki ik 
reason given previously) and then replacing -F by F yields 

or, using the fact that 

one finds 

(2.9) 

~ccording to Gauss' theorem 

T"i.s integral is zero in view of the requirement that the variations 0,\ 

must vanish at the limits of integration. Consequently, E'quation (2.9) 

goes over into 

o . 

Since the variations 0,\ are arbitrary, the quantity in brackets must be 

zero. As a result, We obtain fl.nally 

ik 
3F 411.k 
--. ~-J 

3xl. c 
(2.10) 

As will be shown pretty soon, this equation is equivalent t.o a pair of 

monopole field equations in three·-dimensional form. To this end, setting 

k ~ 1,2,3 and for each case i ~ 0,1,2,3 we have the following set of equa-

tions: 
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aF
ol 11 21 

aF
31 

4I1 
+ aF aJ? 

j' --+ + -_.= 
0 axl 2 3 c 

ax ax ax 

aF
02 a 12 a 22 a 32 iJII .2 F F F --+ --+-- + 

ax3 = C J 
ax 

0 axl ax2 

Then substituting the values for the components of the monopole field tensor 

Fik from Equation (2.7) and recalling that a --= 

aH 3E aE 
= iJII j x (_z _ -X) 

- cat - ay az c x 

au aE aE 
4I1 -X _ x _z_) (-- c jy cat ax ay c 

aH aE aE 
4I1 z y x 

jz - cat -. (---) =-
ax ay c 

+ , one finds 
Cdt 

These three equations can be combined in a single vector equation: 

->-

+ 
curl E 

..-
1 aH 4I1 + + --~-- J 
c at c 

where J = (j ,j ,j ) is the current density vector. 
" y z 

Finally, for k = 0 and i = 0,1,2,3 "Ie have from Equation (2.10) that 

,00 a 01 "02 of F of --+--+--cat ax ay 

(2.11) 

o 
On taking into account Equation (2.7) and the fact that j = cp, the above 

equat-ion becomes: 

aH 
x --+ 

ax 

aH au y z --+--= 
ay az 41TP 
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or -. di v II ; 41fp. (2.12 ) 

F;quations (2.11) and (2.12) are two of the four field equations we are 

looking for. 

The remaining pair of field equations are obtained employing the 

definition of the monopole field tensor 

(2.l3a) 

One can also write: 

(2.l3b) 

(2.l3c) 

Now dif£'erentiating Equations (2.l3a), (2.l3b) and (2.l3c) 1'lith respect to 

, 9,i 
of 

a~ = 

and adding these three equations yields 

(2.14 ) 

This expression is a tensor of the third rank, which is antisymmetric in all 



the three indices. The only nonzero components are those for ",hich i;'k;'9.,. 

Noxt, substituting the sequence of integers (2,0,3), (3,0,1), and 

(1,0,2) for the values of the indices (i,k,n in Equation (2.14), ",e obtain 

the follovling equations: 

aF
20 a1',03 dF32 

--+ ---;- --- = ° aX
3 

aX
2 

ax
O 

aF
30 apOl ap13 

° --+ --+ __ c 

aX
l 

aX
3 

ax
O 

aF
lO 

--+ 
a 02 
_F_+ aF

21 
c ° aX

2 
ax ax 

1 ° 
and on taking into account Equation (2.7) , 

aR aB aE 
(_z _ ..-Y.) x 

° - -- = ay dZ cat 

aB aB dE 
x Z _ ..-Y. = (---) ° az ax cat. 

all all dE 
(-Y. _ ~) 

___ z 
= b 

ax ay cat 

These three equations can be combined in a sing le vector equation: 

-> 
curl Il -

Finally, putting i = 1, k = 2, and ~ = 3 in Equation (2.14), 

and substi.tuting the values for the components of the field tensor Fik 

from r~uation (2.7) gives 
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oE aE all 
l' x -X o. - --- = oz ax ay 

Dut this equation is exactly 

- div 
.,. 
E = 0 

.,. 
or div E = 0 (2.16 ) 

Nml \'Ie re>lrite here F.quations (2.11), (2.12), (2.15) and (2.16): 

... ... 1 all -lIT .,. 
curl E + --= - -J 

c; ot c 

.,. 
div H = IjITp 

-> ... 1 ar: curl II - --= 0 
c at 

... 
div E = 0 

These are 1,!ax>le11 , s equations for the fields produced by magnetic char'le 

, .,. 
and current den9~tiesl p and Jo For comparison, we also write here the 

ordinary t-iax>lel1' s equations: 

... 

.,. 
curl II 

1 
c 

div 
.,. 
E = 4ITp 

+ 
curl E + 

... 
1 all 
C at 

.,. 

= 0 

div H = 0 

>lhere p and J are the electric charge and current densities. One can easily 

see that the first set of equations can be obtained from the second using 

the fo11o>ling transformation, 

-+++ + -+-+ 
H -+ E I E +~H , PC\-+-P

g
, J +-J 

ege gc e q 
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3. I·IOTION OF 1\ I~ONOPOLE IN !\ mnFORJ.l ELECTRIC F'IELD 

\'Ie no\'l consider tre motion of a monopole in a uniform electric 

field directed along the z-axis. According to (2.5), the equation of 

motion of too monopole is 

-+ -+ -+ 
dp/dt ~ .. g/c v x.E. (3.1) 

Then taking too dot product of roth sides of (3.1> \'lith the velocity 

-+ -+ -+-+ 
vector v, and using the identity a. (axb) = 0 lead" to 

-+ -+ 
v.dp/dt ~ O. 

Multiplying l:oth side s of this equat.ion by the relativi stic mass of too 

monopole m, \'18 rove 

-+ -+ 
mV'dp/dt; 0 

or 

from .. hich it follows that the total energy of tbe monopole 

c (2224)1:> 
~; pc +m c 

o 

is a constant of motion. Of course this conclusion holds true provided 

that there exists a means by "hich any energy lost due to radiation is 

imlllediately compen sated, as in synchrotron accelerator s. \\lith the expre s-

-+ -+ 2 
sion for too momentum p = ev/c substituted into (3.1), tl.., equation of 

motion t Ius take s the fo:rm 
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->- ->-->-
&dv/dt ; - gc vxE 

or, expressed in terms of components 

(3.2a) 

where 

OJ = gcE/& • (3.2b) 

Furthennore, multiplying the firot equation of (3. 2a) by i and adding the 

result to the Becond yields 

d 
- (v + iv ) 
dt Y " 

iOl(v + iv ) 
Y " 

so that 
v 

y 
+ iv 

" 
-iOlt 

;::; ae 

vlhere a is a comple" constant. This can be .,ritten in the fonu 

-iet 
a = v e 

o 

(3.3) 

(3.4) 

->-
in vlhich v = (v v 0) is the initial velocity and et is the initial 

o ox' oy' 

phase. Combining Equation (3.3) ,·lith (3.4) then gives 

v 
y 

or, applying Euler's fonuula 

+ iv 
" 

- v e 
-i (Olt + et) 

o 

v+iv =vcos(Olt+et)-ivsin(Olt+et). 
y "0 0 

No., equating real and imaginary parts, one obtains 

v = - v sin (wt + et) and v ; v cos (Olt + et) 
"0 Y 0 

and integration of these t.,o equations with respect to the variable t yields 
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v 
-I-

0 
(Olt + :I) (3.5a) x = x cos , 

0 (u 

V 

y = Yo + 0 sin (Olt-l-e<). (3.5b) ol 

In addition, noting that the z-cornponent of the initial velOcity is zero, 

we have 

z ;::; z 
0) (3.50) 

+ 
«here r ~ (x , y , Z ) is the initial position of the monopole. fience, o 0 0 0 

inspection of Equation (3.5) shOl'ls that a monopole in a wliform electric 

field moves along a circle of radius R = v /ol, in a plane perpendicular to 
o 

the field. ~Ie see that, OJ is the angular frequency of the monopole and «ith 

the aid of Equation (3.2b), the radius can be Iqritten as 

R = EV /qCE. 
o -
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4. POTl!HTU.LS Of' FIELDS PRODUC};Il BY !lOVING HOilOPOLES 

IJe shall now derl ve the equations determining the scalar and vector 

potentials of fields produced by arbitrarily moving monopoles. To this 

end, >Ie write once more the monopole field equations: 

->-
+ 1 aH 4IT + (4.1a) curl E + -- =- -J 

c at c 

+ 
div H = 4TIp (4.lb) 

->-
4- 1 aE 

(4.lc) curl H - cat = 0 

->-
div E = 0 (4.1d) 

->-
As a consequence of (4.1d), one can express the electric field E in terms 

->­
of the curl of a vector potential A: 

~ = - curl t. 

when this is substituted into (4.1c), there results the equation 

->­
'Ix(H + = 0 

(4.2) 

from which it follo>ls that the quantity in brackets can be >lritten as the 

gradient of a scalar function <I> 

or 

Substitution of (4.2) and 

'12 ->-
A -

+ 
->- 1 aA 
H + - - = - V<I> 

c at 

->-
->- 1 all 
fi = - '1<1> - cat 

(4.3) into Equation 

1 2" a 1\ ->-

at2 -
'I('I°A + 2 

c 

('1.1a) yields 

.!.21= ,1TI 
-J (4.4) 

c at c 



on employing the identity 

Finally, imposing the Lorentz condition 

reduces Fquation (4.4) to 

... 1 a.p _ 
'iJ"A ...... c at - 0 

1 a2/t 
2"-2 = 
c at 

4IT ... 
- - J. 

c 

Furthermore, combining Fquation (4.Th) with (4.3) one finds 

According to the Lorentz condition 

Therefore 

19 

(4.5) 

(4.6) 

The solution of (4.5) or (4.6) is the sum of the general solution of the 

homogeneous part and a particular solution of the inhomogeneous equation. 

But the solutions of the homogeneous parts represent potentials due to other 

sources. Hence the potentials of the fields produced by the magnetic charge 

and current densities under consideration must be particular solutions of 

(4.5) and (4.6). Then to obtain a solution of Fquation (4.6), we express 

the magnetic charge density p in terms of the a-function, 

p(x,y,z,t) 
4 

= fd x 'o(x-x') a(y-y') a(z-z') a(t-t') p(x' ,y' ,z',t'), 
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where d~x' ~ dx'dy'dz'dt'. 

On substituting the Fourier integral representation of the o<·f.unctions 

00 

o(x-x') = ~ I . ik(x-x~dk 
21T e 1 ' 

_00 

00 

o(t-t') 1 iK(t-t') 
~--/e dK 

21T ' 
_00 

and similar expressions for o(y-y'), and o(z-z') we obtain 

-7-7 

~ (x,y,z,t) ik<R + iKT 
e p(x' ,y' ,z1,t ' ) 

in which 

Now with the aid of (4.7), Equation (4.6) takes the form 

-7-7 
ik'R + iKT 

e P(X',yl/Z'/tf)~ 

It is easy to check that 

<j,(x ,y,z, t) 
00 

41T 4' 
=- -- Id x'l 

'1 (21T) _00 

is a solution of Equation (4.B). Since 

-7-7 

d
4k ik·RHKT (' " , to) e p x ,Y ~z , # 

-7-7 

(4.7) 

(4.8) 

<j>(x,y,z,t) 
d4 ik'R+i:1C'l' (. 1 1 t') 
~~x~e ____ ~~e~x~~'YL-,~Z~I~~. (4.9) 

2 2k2 K -c 

We next apply the residue theorem to evaluate the integral 
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f 

The function 

has two simple poles at z = -. ck and z = ck where z = K + iy. 

K 
.. .-,+ .. _- i--R ':'CK 

-+--»),c~ -'-_ .. _--

Fig. 1 Contour of Integration in the Calculation of the Scalar Potential 

Since we cannot integrate through singular points, we move the poles an 

infinitesimal distance a off the K-axis as indicated in Figure 1. Then by 

the residue theorem 

R iKTd e K f eizTdz 
= 211i [Res f(- ck) +Res f(ck) 1. f 2 2 2 + 

-R K - c k 2 2 k2 
C Z - C 

But 

Similarly 

Consequently 

Since 

Res 10 (ck) = lim [ 
z->ck 
a-> 0 

ickT 
e 

, =2Ck 

(z_ck_ia)e
izT J 

(z-ck-ia) (z+ck-ia) 

-ickT 
Res f(-ck) e 

= 2ck 

R iKTd iZT
d e K 

f 
e z f --_.- + 

2 2 2 2 2k2 _RK - c k C z-c 

lim 
R->OO f 

C 

izT 
e 

--:;:-~'" = 0 
2 2k2 z-c 

1Ti ickT -ickT) (e =- -e • ck ( .10) 

'. 



and 
R 

lim f 
R->oo 

··R 
f 

_ ro 

iK'f 
e d 

2 2 2 ' 
K -c k 

Equation (4.10) reduces to 

co iKTd 
f 

e K' TIi (ickT -ickT) -2-22 ; -ck- e -e . 
-OOK-ck 

Combination of this 'lith Jlquation (!l.9) then yields 

22 

<i>(x,y,z,t) 
3 ickT -ickT .+ + 

dk(e -e )1k'R("'t') k e px,Y,z, 

(4.11) 

\'Ie now wish to carry out the integration \'lith respect to the variable 

k. To this end, we introduce a spherical coordinate system (k,O,q,). In 

this system, d
3

k ; k
2 

sin 0 dk dO d~ where 0 < 0 < TI, 0< <!> < 211 and 0 < k < "'. 

Fig. 2 A Spherical Coordinate System in k-space 

+ 
If He take vector R parallel to the k

3
-axis, then 

++ 
k'R = kR cos O. 

Therefore 
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211 00 11 
1 d<j> 1 dk [e 

ickT 1 e 
ikR cOS 8 k sin 8 d8] = 

0 0 0 

00 
1

8
=11 211 

1 dk [e 
ick'l' 

(e 
ikR COB 0) 8=0] = 

iR 
0 

00 

_ 211 1 dk [e 
ick'r (e-ikR_eikR)] = iR 

0 

211 
00 00 

[ ik(cT-R) 1 dk eik (cT + R)] 
= - iR 1 dk e -

0 0 

In a similar fashion one obtains 

Hence 

+ + 
00 3 ·-ickT+ik'R 

d k e 1 --=-.;;.....:~--- = 
k 

o 

00 

211 [I 
iR dk 

o 

+ 1 dk 
o 

ik (-cT+R) 
e - Idk 

o 

00 00 

-ik(CT+R)] 
e . 

[/dk eik(cT-R)_1 dk ik(cT+R) 
e 

o o 

-ik(cT+R) 
e - Idk 

ik(-CT+R)] 
e . 

o 

Changing the variable of integration k to -k in the last t\W integrals, we 

have 

'" 3 1 d k 
k 

o 
(

iCkT -ickT) e -e 

When the expressions 

00 

211 [I dk eik(CT-R)_ J dk 
iR 

o o 

00 

ik (cT+R) 
e 

= ~; [I dk eik(CT-R) - 1 dk eik(CT+R)]. 

_00 _00 
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1 dk eik(CT-R) = 211<1 (c'r-R) and 1 dk eik(CT+R) = 211<1 (cT+R) 

are substituted, there results the equation 

'" 
1 

dk( ickT -iCkT) k e -e - <I (cT+R) l. (211)2 
= - ~ [<I(cT-R) 

o 

Thus combining this with Equation (4.11) yields 

<l>(x,y,z,t) = c 
d 3 , 

f R x [<I (cT-R) - <I (cT+R) 1 p (x' , y' , z' ,t') dt' • 

Furthermore, setting c(t-t') - R = 0, we find t' = t-~c • 

Then ",e can .write 

= <I(t'- t +IYc) 

I !, (ct-ct'-R) It' = 

<I (c'r-R) 

Since t and t' are independent variables and R does not depend on t' , 

Therefore 
<I (cT-R) <I (t'- t+R,f). 

c 

The radiation emitted at the retarded time t' is observed at a later time 

t due to the finite speed of propagation of the radiation. Then 

(cT+R) > ° 
and hence 

<I (cT+R) = 0· (4.14) 

Now employing (4.13) and (tl.14) in Equation (tl.12), one obtains 

+ dv l + 
<jl(r,t) =1- <I(t'-t+RJ) p(r' ,t')dt', 

R IC 

where 



On integrating I<ith respect to the variable t', 

+ 
<p(r,t) 

->-
dv'p (r' ,t-IY

c
) 

=! -> ->-----"-
I r-r' (t-R,b) I 
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The magnetic charge density can be expressed in terms of the 

6-function as 

Also 

->-
in I'lhich z is the position vector of a point monopole g. It then follows 

from the above three equations that 

+ <j>(r,t) ~g !dv' 

Finally, after performing the integration with respect to the variable v', 

the expression for the scalar potential of the field produced by a point 

monopole 9 assumes the form 

Similarly we have for the vector potential 

++ 
A(r,t) 
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5. INTENSITY OF RAUIlITIOH BY 11 !.10NOPOLE IN UIUFORH CIRCULlm !>lOTION 

Here we VI ant to consider the intensity of radiation emitted by a 

monopole in uniform circular motion. The most conv&nient starting point in 

this case is the vector potential, 

..,...,. 
lI(r,t) ~ 

..,. 
f vCr) 6 (T-t+%) dT 

11(t)-;:(T)1 
( 5.1) 

~ ~ ~ ~ 
where R ~ r(t) -z (T) is the vector from the l.ocation of the monopole z (T) to 

..,. 
the observation point r (t). 

" 

-+ 
E 

+ 1jJ 

..,. 
r. 

y 

Fig. 3 11 Honopole in Uniform Circular Motion 

The arrangement of Figure 3 corresponds to the motion of a monopole of 

positive magnetic charge along a circle of radius R in the xy-plane, in 
o 

..,. 
a uniform electric field E directed along the positive z-axis. According 

to this figure 

..,. 
r = (r sin e cos ~ , r sin e sin .p, r cos 0) (5.2a) 



and 
-r 
z ~ (R cos 1jJ, R sin >jJ, 0) 

o 0 

on assuming the initial position of the monopole to be (R ,0) • 
o 
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(5.2b) 

At large distance from the system of the monopole (r» R ), the dipole 
o 

approximation of R is given by 

Nml employing Equation (5.2), one obtains 

++ 
z"r - R r sin e (cos ljJcos 4>+ sin ,psin of» 

o 

or, noting that cos >jJ cos 4> + sin >jJ sin of> = cos (>jJ-<j», 

in which 

++ 
z 0 r :: R r sin a cos X 

o 

x = >jJ-4> • 

Thus substitution of (5.4a) into Equation (5.3) yields 

from which follows 

and on applying the 

R = r-R sin e cos X 0 

1 1 
- = = 
R r-R sin a cos X 0 

Binomial approximati on 

1 1 
- = - + R sin e cos X!2 
R r 0 r 

If we keep only terms of the first order, then 

1 1 
= -

P.. r 

1 - (l-R 
r 0 

-1 
sin 0 cos Y!J 

(5.3) 

(5.4a) 

(5.4b) 

(5.5) 
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Finally, substituting this expression and (5.5) into (5.1) gives 

(5.6) 

Since the motion of the monopole under consideration is periodic, Vie "xpand 

the a -'function in a Fourier series 

(5.7) 

where the functions 
1 IT exp inWT' are orthonormal in the interval (-T6,T6] 

(see for a proof of this appendix B) , wand T are the annular frequency and 

period of the monopole, n is an integer, and 

The coefficient of expansion c is determined by 
n 

-inlJ),{, . 
e a (T') dT' • 

Then using the property of the a-function 

we obtain 

Xo 
J f(x) a(x)dx = f(o), 

~Xo 

(5.8) 

(5.9) 

Now with the aid of (5.7) along with (5.0), and (5.9), Equation (5.6) takes 

the form 

++ 
A(r,t) = 01 

'fcrT 
(5.10) 

Next, we wish to put the quantJ.ty "inwT' P in a form convenient for further 

calculation. Taking into account expression (5.0), we I<rite 
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-(wt - ~ - ~+11t.l-"''l. sin e cos Xl 
C I/. 0 Ie 

or 
inWT' = in (a-y"B sin e cos X) 

in which 

It follows from Equation (5.12) that 

da 
dT ~ w' 

In addition, noting that 1jJ = WT Equation (5.12) becomes 

and then using expression (5.4b) 

or 

Thus cos X = sin a. 

(5.13) 

(5.14) 

Finally, combining Equation (5.10) \dth (5.11), (5.13), and (5.14), we 

obtain the following expression for the vector potential: 

., 
A(!,t) = W L 

'crwT 

11 
f 

+ in (a-y-B sin e sin a)d 
v e a.. 

n=~(Q ""'1T 

On introducing the notation 



11 1 + 
J V 

2" 
-11 

in (a-~ sin 0 sina)d 
e a, 

the vector potential can be put in the form 

00 

"* -)- 7- --in y 
A(r,t) = E A(n) e . 

n;:;-CQ 
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(5.15) 

(5.16) 

It is easy to see from Equation (5.15) that the spherical components of 

+ 
A(n) can be written as 

and 

A (n) 
r 

Ae(n) =..'L ~ 
cr 2lT 

11 
in(a- ~ sin e sin a) 1 J v e ca 

r 
(5.17a) 

-11 

11 

J 
in(a- $ sin 0 sin a) d va e a 

-11 

11 

J in (a- S s in a s in a) d Vcp e a. (5.17b) 

Noting that t = - curl h and employing the expression for the curl of vectr 

-r 
A in spherJ.cal coordinates, 

-> 1 3 
E = •. r sin a [3O(sin 0 A.p) 

+ 
e -r 

.!:. .1...( rA ) 1 + 
r 3r cp e a 

1 3 - [--
r 3r 

1 3Ar + 
(rAl----1e 

If r 38 j cp 

But as shmlll in appendix C, the radial component of the electric 

Besides, accordinq to Equation (5.17a), the terms ( ~ e - r s n zero. 

field is 
3A 

r --aT) and 

are each proportional to ~ • Thus if we neglect terms of order 
r 

higher than one, the expression for the electric field reduces to 

+E 1 3 ( ) + 1 3 -> 
= - 0- rA" eO·' -r o-r (rA. e ) e A r or 'i' 0 'I' 

(5.18) 
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In order to determine the quantities AS and ll.p , using Equation (5.2b) I.e 

I.rite 

or, since 

-T 
V(T) 

dlj< 
dT 

-T 
V 

... 

-T 
dz 917- dljl -~ 

=-= R sin IjI 1+ R cos IjI dT J dT a dT a 

= w and v = R W 
a 

7- -T 
- v sin IjI 1 + V cos Ij< j . 

... ... 4-
Then recalliqg that eO = cos 0 cos q>i + cos 0 sin ~ j - sin 0 k and 1)I-.p =a-11jt , 

2 
we have 

...... 
va = voe

O 
= - v cos a (sin I!J cos 4> -cos IjI sin 4»= - v cos e sin (a-Tf/2) 

or v = v cosBcoscx .. o 

Substitution of this into (5.17b) yields 

= 
g V cos a 

cr 
1 

2Tf I
Tf in(a- ~ sin 0 sin a) d 

cos a. e a.. 
-11 

Nml setting f3 = Vic and multiplying both numerator and denominator by sin e , 

One finds 

= g coten 0 
r 

IT 
1 I 8 sin a'cos a e in (a- a sin a sin a) da. 

2Tf 
-11 

Furthermore, since 

de -in f3 sin () sin a 

-in 

= CT cot an a 
r 

and integration by parts leads to 

Q i 0 -in a sin 0 cos a ~_ 
=IJS n cosae uu" 

11 ina -in a sin a sin a 
1 I _e __ de 

211 -in 
-Tf 
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~ 9 colan e 
r· 

1 
ina -in 

{_[.':...- e 
211 -in 

1 {1I in (a- B sin e s in a ) d 
211 e a. 

11 

But 1 ina I a=lI 1 
ill"lr -inll) 

e - e sin 111T 
( 2i = -nll ·-211in e . a=-lI = -Il"lr 

lim 
Hence, noting that 

n+o 
sin Off --= -n11 -1 , 

__ 1_ ein<l.ICl=lI = { -1 
-21Tin U=-1T 0 

In addition, for n = 0 

if n = 0 

if n " 0 

1 {11 in (a- /l sin e sin a ) d iii e a=l. 
-11 

Consequently, for any integer different from zero, the expression for 

Ae(n) takes the form 

= 9 cotaI'. e 
r 

or, in terms of the Bessel fWlCtions defined by 

J (n /l sin e ) 
n 

According to Equation (5.16), 

1 / in (a- /l sin e sin Cl ) d 
::: 21T e a., 

-"IT 

and therefore "ith the aid of (5.19) 

(5.19 ) 



00 

A ~ g cot an ~ L J (n (l sin 0 ) 
6 r n=~(O n 

-iny 
e 

or, on replacing n py -n 

00 

g cotan 0 
AO ~ r 

L J~'n (-n e sin 0 ) e iny • 

Since 
J (-n e sin 0) ~ J (n (l sin 0 ) , 
-n n 

finally we have 
00 

r 
E J (n (l sin 0 ) e iny • 

n= .... (:(1 n 

g cot an 0 
~ 
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(5.20) 

(5.21) 

-t- • 7 + 
Next, using the fact that e¢ ~ .. s:w oj>.t + cos <I> j along with ljI .. oj> ~ a-11k' 

\'1e \'1ri te 

++ 
v<J> = v'''<jJ = v(sin ljJ sin <I> + cos ljI cos oj» ~ v cos (ljI-<I» = v cos (a-1Ib.) 

or 
V ::: V sin ct. 

oj> 

\~hen this expression is sUbstituted into (5.l7c), there results the 

equation 
11 

() gv 1 [. in(a-esinOsina)d 
A4> n = ~r 2iT s:cna e a. 

-11 

On taking into account that 

7;--:~d-;--,, ___ 1_ [11 ein (a- e sin 0 sin 
d(n Il sin 0) 211_11 

Equation (5.22) goes over into 

a) da = J' (n e sin 0) 
""n 

= 
i [11. in(a- e sin 0 sin a)d 
2n s~n a e C1 , 

-11 

A",(n) = igB J' (n e sin 0) 
'I' r n 
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in I.hich a = 'Vc ' 

Thus '" ioa E J' ~ ---
r n 

··iny 
(n a sin 0) e • 

n=-oo 

Finally, on replacinq n by -n and noting that 

J' (-1iI~ sin 0) = '- J' (n a sin 0), 
-n n 

(5.23) 

(n B sin 0) e
iny (5.24 ) 

we shall now obtain explicit expressions for the anqular components of the 

electric field in terms of the Bessel functions or their first derivatives. 

In view of Equation (S.18), 

But I.ith the help of (S.24) 

'" 3 
(rA$) 

3 [- ig a E J' (n a sin 0) e
iny 1 3r 

::: --
3r n n==-oo 

'" 
= -ig~ j: J'(n~sin 0) 

d iny 
- e , 

n dr 

\'lhere 

from which follows 

Therefore 

3 

y = 

dy = 
dr 

(rA~) 
3r "I' 

n=- 00 

(o)t 
(O)r 

---old 
C "-2 

oj ... -~ :::;; 
a 

R 
o c 

n J' (n ~ sin O)e
iny 

n 

(S.2S) 

(S.26) 



and hence 

E ~ ~ nJ' ( D i 0) iny e--Rr b n npsn e • 
o n:::=- co 

From Equation (5.18), I<e See that 

1 
r 

Then combining this I<ith (5.21), one obtains 

., 
E J (n e sin 0) ~ e iny 

n dr n="'D) 

or, on employing Equation (5.26) 

., 
E", = igB cotan 0 E nJ n a sin 0) e iny • 

'" R r n o n=-(O 
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(5.27) 

(5.28) 

He are nQlol in a position to calculate the intensity of radiation emitted by 

a monopole in uniform circular motion into a unit solid angle. The energy 

flux density is given by the poynting vector 

(5.29 ) 

Thus the amount. of energy passing per unit time through an element of 

spherical surface dA ",ith center at the origin and radius r can be I<ritten 

as 

-+ 2 -)- -)-
where dA = r dll n "lith dll = sin 0 dO d<l> and n 

+ 
r 

= -
r 

(5.30) 

(5.31) 

Applying (5.29) and the first equation of (5.31) in (5.30), one finds 

2 
d\>1 Cr ++ + 
dll ="4TI[ ExH] ·n. 



............ 
It is shown in appendix C that H " nxE. 

Then 2 d\ol cr -+ -+ -+ -+ 
dll - Tn [ Ex(nxEl] ·n 

-+ -+-+ -+-+-+ -+ -+ -)-
and using the identity ax(bxc) ~ b(a.c) c(a.b), we obtain 

2 2 
dW. cr -+ -+- -+ -+ -+ -+ -+ 
dll = 4n [n(E.E) - E(E.n) J.n 

36 

Since the electric field E is nomal to the unit vector ri: along >lhich the 

........ 
radiation propagates, E.n = O. 

Consequently 
2 

d\'1 cr 1~12 
dn = 4n 

.... 
or, expressed in tems of the spherical components of the electric field E 

2 
dH = -"E...... E 
dll 411 8: 

Horeover, employing (5.25) and (5.26) along >lith their canplex conjugates, 

2 4 '" 
g(l E nn'J' (n'Bsin 6)J'(nBsin 6) 

2 2 n' n 
R r n=-co 

o 

'" E nn'J (n' B sin O)J (n (l sin e)ei(n-n')Y 
n n 

(5.32) 

we next compute the average intensity of the radiation over the period T: 

d\'1 dt 
dll 

Combining this with Equation (5.32), we have 



d,) <._> 
dll 

2 4 
= [cg B 

2 4!TR_ 
o 

2 2 2 
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E nn'J'Jn' a sin 8)J' (n a sin 8) 
n n n=- (1) 

cg a cotan 8 
+ E nn'J In' Bsin8)J (nSsin8)] 

i(n-n')y 
e dt , 

n n 
n=-co 

(5.33) 

Then changing the variable of integration t to y and noting that dt = ~ , 

lim 
Since 

n~n' 

i (n-n I)y 
e dt 

i(n-n')Y 
e = -::--':-;-----;7" 
2!Ti (n-n') 

i (n-n ')r. i!T (n-n ') _i 11 (n-n') = e 0 [ .::e _____ -=.e _____ ] 
!T(n-n') 2-i 

= ei(n-n')yo{ sin'll (n-n l
)] 

'. !T(n-n ' ) 

sin !T (n-n ') 
1 

sin!T (n-n ' ) 
and for n;in I = 0 , = 

!T(n-n') 

1 
T 

!T (n'-n') 

Tj: 
2 . ( ') 

f e·1 n-n Ydt =onn'. 

Thus substitution of this into Equation (5.33) yields 

'" 
[ L n 2B2J,2 (n a sin 8) + cotan

2
8 

n 
n:::-OO 

2 2 
E n J (n i3 sin 8)] 

n n:::- ro 

(5.34 ) 
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202 
cg ~ 

2 
41TH 

o 
n=-oo 
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00 

+ E n 2 1l2J,2(n S sin 0) 
n~l n 

-1 2 2 2 
+ E cotan 0 n J 

n 
(n Cl sin 0) + E 

n~l 

20 2 2 ( ) ] cot an n J n B sin 0 . 
n 

n:::::-tXI 

Furthermore, replacing n by -n in the first and third terms and then apply-

ing (5.20) and (5.23), one finds 

00 

(E n 2 [1l2J,2(nSSin 
n~l n 

0) + cotan20 i (n (l sin O)])·, 
n 

from o,hich o,e finally obtain the expression for the intensity of radiation 

emitted per harmonic into a unit solid angle 

dp 
n 

dQ ~ 

202 2 
cg ~ n 

21TR2 
o 

[ 
2 2 20 2 ( 0 ] SJ' (n/lsinO) +cotan J nBsin ). 

n n 

(5.35a) 

A similar expression OlaS first derived by Schott for the intensity of 

radiation emitted by an electric charge in uniform circular motion [11]: 

dp 
n -;m ~ 2 

21TR 
o 

2 
J (n S sinO) ]. 

n 
(5.35b) 



6. POLilRIZA'rION OF IlONOI'OLE ,sy,'!CHRO'fRON Rl\DIATIOH 

!\coording to Equations (5.27) and (5.28), the monochrOiOi.tic 

component of the electric field can he , ... ritten in the form 

w'here 

+ 
E 

n 
(6.1a) 

(6.lb) 

In order to investigate the polari?~ation of monopole synchrot 0 1 radiat~_oa 

+ 
in some detail, \'le express E . as 

n 

-> 
(F;f~f -> iny 

E ~ ~. r a )e 
n q g 

in \,lhtch 
in . + + 

a
f 

~ cos z (lz t e s~n 

-> 
1;2 Ll a ~ sin z - e cos 

g 

anti. 
+ + + +* a • a~"" ~ a .a. ~ 1 

f f g g 

+ + + + a oa - a c.a* ~ 0 
f g g f 

-> 
z °3' (6.2a) 

z it3 ' (6.2b' 

In addition, the lmit vectors -°
2 

and B3 are required to satisfy the coneli ... 

tion 

(6.3) 
r 

'l'he parruneters z and n specify different states of polarizaticn. And 

+ + r. 
comparison of e1> x (-ee) ~ -;:- Inth the second equation of (6.3) shol'/s t'1e'c 
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a) \'le no\" consider the state of polarization \'/hen z ==: 0 and n ~-- TI ~ Accord1n9 1y r 

it follo'ds from equation (6.2) that 

on employing the fact 

Thus 

. .;- T 
or, notlng that ee°/.l2 

Also 

and since 

.;- .;- .;- .;-
a

f 82 and a = S3 g 

that 
i1l -1. e 

.;-
g 
nf 

= 

-)- -}-

= 0 and e oS q, 2 
_. 1 , 

.;-
E 

ng 

... .;-
9 8 'S3 

.;-
E 

ng 

= " 1. and ~ 0 it ~ 
<1> 3. 

-+ iny 
= <. ceS

3
e . 

(6.4a) 

o , 

(6.4b) 

.;- .;- .;-

Equation (6.4) indicates that E and E are linearly polarized along S2 
nf ng 

and 13
3 

respectively. In vim', of Equations (5.35a) and (6.1b), the intensi-

ties "ith the f- and g- polarization are then given by 

and 

22 2 22 2 
cg B cotan 8 n J /211R 

n 0 
(6.5a) 

(6.5b) 

As shoolll in appendix C, H8 = - E f and Hq. = Ee' Hence in accordance ,'Ii th 

Equation (6 .la), the monochromatic component of the magnetic field can be 



ill 

\'lri.tten in the form 

NOll application of the trans formation H9 -+- £8 and g-t---e to the above 
n n 

equation along ,'lith (6.1b) yields the folloHing expression for the mono-

cl"D:omatic component of the electric field produced by an electron in 

lili form circular motion: 

-+ 
E' 

n 

-)- -+ ) iny. 
= (iC'<j,'-'e + Co e~ e , (G.6) 

Herr! we have introduced a prime sign;,u order to distinguish quanti ties 

that belong to the electron from that of the monopole. \'lith th2 aid of 

.;­
Equations (6.<1) and (6.6), one can shol< that E' 

nf 

polarized r as in monopole synchrotron radiation, 

.;­
and E' 

ng 
-)-

along 62 

are linearly 

-> 
and S3' nut 

the intensities \'lith the f- and g~ polarization are gi.ven Ly 

and 
dp' 
--E5J. ~ 

dll 

2 0 (1 2 ,2/2 2 c e fJ n J . 7fT{ 
n 0 

Si.nce for a relativistic electron e is of the order of (11/2 + 1l=-S2) 

[12], cos e" + sin 11"6:>' and sin 0 " cos 

Then 
o . 2 11 02 
L. SJ.a -').) 

cotan 0 " --2---- « 1 . 
cos Il-f32 

It £ollo,<]s from this 

(6.72) 

(6.7b) 



2 2 2 2 
f! J I > cotan e,J 

n n 

and hence in vie,', of Equation (6.7) 

dp' 
nf 

dn 
dp' 

> __ '.!9 • 
oil 

42 

(fi .8) 

(6.9a) 

However F i.I1 the case of monopole synchrotron radiation, one can easily see 

from (6.5) lild (6.8) Lhat 

clp 
> ----'!.!. 

dll 

b) we next consider the polarization state \-lhen z 

As a result we obtain from Equation (6.2) that 

... ... 12 12 (8 .. il ) a
f 

= and a =T 2 2 3 9' 

'1[/4 and n = '1[ • 

... ... 
(8

2
+8

3 
) 

Thus ... = [ 
+ -> h il il ~2 (8

2
-8)e

iny 
E (cee e + iCq,e4»' T( 2- 3) 1 nf 

or 
i 1 [C + iC 1 (8 --s )e

iny 

nf ="2 e 4> 2-' 

(619b) 

+ 
This shows that E is linearly polarized along the vector making an angle 

nf 

And 

or 

... 
.,hidl indicates that E is linearly polarized along the vector making an 

ng 

angle of In this case i the intensities ''lith the f- and g-



polarization are equnl: 

or 

2 
-1- C~ ) 

2 n 2 2 2 2 2 
cg ~ 2 n (S J' + cotan 8 J2 ) . 

41TR" n n 
o 
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+ + 
In a similar manner, one can ShO\'l that E' and E I have the same polariza-

nf ng 
+ + 

tion as E illld E I and 
nf ng 

dp' 
nf 

dil = 
2 2 

cotan 8 J" ) 
n 

c) Finally we consider the case when Z =1T/4 and n = 1Y'2. Then, on taking into 

account the fact that ei0/2 = i, one obtains from Equation (6.2) that 

Consequently 

or,noting that 

and 

+ . 
'n ) lny 
l"3 e 

+E' i [ C l(~ '6) iny ng = 2" c.p- '0 112- 1~3 e . 

(6.1Oa) 

(6.1Ob) 

<Dr 
It follows from Equation (6.10) along "lith y= t .. - c 

$+1T tha t ~ and It" ~ . nf I1g 

are respectively right and left circularly polarized. In a similar fashion, 
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-)- + + + 
one can show that E' and E' have the same polarization as E and E 

nf ng nf ng 

The intensities with the f- and g- polarization are now given by 

dPnf 
2 

(C? C
2

) cr + 2C
O

Coj>+ --=--dll 411 ij oj> 

and 
dp 2 2 2 ng cr --=-- (CO - 2COCoj>+ Cq,) dll 4 

or, using Equation (6.lb) 

dPnf 2/32 2 
(/3 2J,2_ cg n 

2fl cotanO --= 2 J'J + 
dll 

iJ1IR n n n 
0 

and 

dPng 2/32 2 
(/3 2J,2_ cg n 

2/3 cotanO \11J + --= 
dll 2 n n n 411R 

0 

Morever, in the case of electron synchrotron radiation 

dp' 2fl2 2 2 2 nf ce n 
--= (/3 J' -- 28 cotanO J'J + 

dll 2 n n n 411R 
0 

and 

dp' 2 2 2 
(fl2J .2+ -ESl. = ce fl n 

2 fl cotana J'J + 
dll 2 n n n 

411R 
0 

It is easy to see from the above four Equations that 

and 
dp' 

ng 
dO ~ 

dp' 
nf 

dil 

2 2 
cotan OJ ) 

n 

cotan'a i) 
n 

2 2 
cotan aJ ) 

n 

2 2 
cot an OJ ). 

n 

(6.11) 
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7. ENERGY 'l'RANSFER IN ELl:CTROi~-,'\ONOPOLE SCAT'rERING 

\'Ie no\~ >lant to determine the ener\1Y transferred from a fast monopole 

to an electron initially at rest. The procedure "e follo" here is to obtain 

first the trajectory of an electron in the field of a monopole, and then the 

square of the velocity at a time long after the scattering is over. Obviously, 

using this, "e are finally able to find the energy transferred to the electron. 

The equation of motion of an electron in the field produced by a mono-

pole is 

(7.1a) 

and that of a monopole in the field of an electron is 

.,. 
dP2 ± ....,. 
-- = g(1 - g, v

2
x E

l
, 

dt 1 ,c (7.1b) 

"here the subscripts (1) and (2) label quantities that belong to the 

electron and the monopole respectively. I'/e "rite here once more Equations 

(4.2) and (4.3): 

(7.2a) 

(7.2b) 

Imd as consequences of the ordinm.y Nromell's equations, we have .,. 
.,. 1 

oA
l 

El = - \]~ - c at (7.2c) 

and 
(7.2d) 

The potentials of the fields produced by an electron and a monopole 

have the form 
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to an electron initially at rest. The procedure l'Ie follow here is to obtain 

first the trajectory of an electron in the field of a monopole, and then the 

square of the velocity at a time long after the scattering is over. Obviously, 

using this, we are finally able to find the energy transferred to the electron. 

'rhe equation of motion of an electron in the field produced by a rnono-

pole is 

(7.1a) 

and that of a monopole in the field of an electron is 

(7.1b) 

where the subscripts (1) and (2) label quantities that belong to the 

electron and the monopole respectively. We ,qri te here once more Equations 

(4.2) and (tL3): 
+ 
E ~-

2 
(7.2a) 

(7.2b) 

And as consequences of the ordinary Maxwell's equations, 1,018 have 
+ 

+ 1 
all

l 
E ~ - '741 -1 c at (7.2c) 

and 
(7.2d) 

The potentials of the fields produced by an electron and a monopole 

have the form 
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O(t,~'C+R,/ ) 

¢' f 
~ 1 C 

d.T. -. e, 
~ ~ R, , 

~ 

and 

.. ' R, 

+ 
e, V,(T,) o(t,~t+ ..2.) 
~ f~'---' ~ c 

t" ch, 
~ c " ~ .n. 

(7.3b) 
1 

i = 1,2, e1;;;e, e 2=g, 
+ -7 + 
R

l
=r

2
(t) .. r

l
(T

l
)· 

-7 ->- + 
d~. 

-7 ~ 

R2 = r
l 

(t) -r
2

(T
2
), and v, 

1 clt, 
~ 

Expanding the o-fw1Ction in pm/ers of IY- and neglectinq all tenus except 
c 

the first 9ives 

" ", 1 . _) 
C 

- 15 (T. - t) . 
1 

Substitution of this expression i.nto (7.3) leads to 

O(T,,,t) 
~l' - e, f J, 

1 R 
i 

and 
+ 

+ 
e, V,(T,) 

1 f,l 1 A, =-
1 C 

dT, 
1 

e, 
1 

=-
R, 

1 

8(T,-t) 
1 

dT, 
H, 1 

1 

->-
eivi (t) 

= 
cR, 

1 

(7. '!a) 

. 

Nml combining r:quation (7.2) ,;ith (7. t!) anel dropping tenus of the order of 

.;-

() 
V, 

1 

.at 
(---) 
1\, 

1 

one finds 
-> 
v -> (..2 ) E2 = .. % \Ix (7. Sa) 
R2 

+ 1 
H2 0\1(:-) (7.5b) 

- "2 

-> 1 
E e"(~) (7.6a) 1 

"I 
and 
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(7.Gb) 

putting Equations (7.5) and (7.6) into (7.1a) and (7.lb) respectively, ,md 

+ ++ 
using the identity V x (4)1\) =$1,7 x 1\-A x V¢ yields 

!1nd 

-- =: 

dt 

eq -+ -+ 
+ --(v -v )x 

c 2 1 

eg1 + eg++ 1 
_.- Vxv --(v -v) xV(-). 
c R1 1 c 1 2 R1 

If "e keep only terms of the ordGr of vic ' Equation (7.7) reduces to 

-- ::;; 

dt 

\>lhere 

o 

cg ->­
-R x 
c 1 

., 0 • 

-+ -+ -l-

and R2 - r 1 - r 2 

-> + 
For v« c, the time cl.eri vati ve of P1 and P 2 can be .,ri tten as 

Hhere m
1 

and m
2 

are the rest mass of the electron and the monopole. 

Consequently 

V (; ) , 
2 

o 

-SCT ->- 1 
= -= R x 1,7(-). 

c 2 R1 

+ -> 
Since 

1,7 (J:-.) 
R1 

V (J:-.) 
R2 

= -- and = , 
R1 3 R2 3 

R1 R2 

(7.7a) 

(7.7b) 

\ 



finally the equations of motion assume the form 

\'l"here 

· ++ 
~ eg RxE. 

c u3 

.... 
- R 

2 

Next, adding Equations (7.8a) and (7.Gb) we have 

-> 
~ Po is constant. 
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(7. Ba) 

(7.Gb) 

o (7.9) 

Thus the total energy 

of the system of an electron and a monopole is conservedo The position of 

the cent:er-ef-mass is given by 

Then 

.... 
R 

c.m 

.,. 
dR 

c.m 
dt 

.,. .... 
mlr l + m2r 2 

ill
l 

+Dl
2 

; (7.10) 

Equation (7.10) shows that the center-of-mass moves with a uniform velocity 

relative to the laboratory system. In the center-of-mass system, 

or 

Recalli.ng that 
.... 
r 

2 

.... -> 
:;: R + r I' We have 

jl .,. 
-R 
ill f 

1 
(7.11a) 



and similarly 
-> 
L 

2 

is the reduced mass of the system. 
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O.lJb) 

No'" combining Equation (7.11a) 1<ith (7.8a), or Equation (7.11b) "ith (7.8b) 

gives 

-7 
R _. ("1.12) 

+ 
Taking the cross product of bo1:h sides of this equation ,<itl! v8ctor R, and 

-)- -)--)- +++ +++ 
using the identity ax(bxc) = b(a.c)-c(a.b) one finds 

or 

++ 
RxR+ 

d 
dt 

+++ 
eg(R.R)R 0 ----3- = 

I1 cR 

o. 

It then fo11o"s from this that the quantity in brackets is an integral of 

+ 
motion. Denoting this quantity by vector C, "e have 

+ 
C :~ txR + ~ R. 

I1cR 
(7.13) 

+ 
Vect.or C is determined from tho following set of initial conditions in the 

laboratory system at time t = --tOO'. long be fore the scat tering takes place: 

+0 
(o,o,b

l
) , 

+c 
(0,0,0) r

lL 
r

lL 
= 

(7.14 ) 
0 

+0 
(o,-R· , -b ) 

+c 
(0,v

2
,o). r

2L 
= r

2L 
= 

...ro 2 

At the initial tim" (t= - too)' the monopole has a velocity of v~ and is 
~ 

located, ,lith impact parameter b = b
l 
+ b

2 
fur from the electron. 



->0 
Further.more, noting that R 

->0 +0 
::::: r 2L rIll;:;::' 

--)·0 -+0 
r

2 
- r

1 
and taking into account 

Q 

+0 
EquHtion (7.14), vectors R 

+0 
and R can be expressed in the laboratory or 

center~of-mass system as 

Thus employing Equations (7.13) and (7.15) we obtain 

or, on taking into account that n "> b 
~~<j;) 

-r ~ (b eg ) 
C v 2' - IIc ' 0 • 

(7. 15) 

(7.16) 

Finally, taking the dot product of both sides of Equation (7.13) ,"ith 

-+ • -+ -+-+ 
vector R and recal11ng that a.(axb) ~ 0 yields 

or 

-+-+ 
C.R 

cose~~ 
IIcC 

(7.17a) 

(7.17b) 

-+ -+ 
where e is the angle bet,"een vectors C anc1 R and the magnitu 1e of vector 

-+ 
C in view of Equation (7.16) is given by 

2 2 k 
~)' 

2 2 
II c 

(7.18) 

It then fol10>ls from Equations (.17b) and (7.18) that in the center-of-mass 

system, thG trajectory of the electron, or for that matter of the monopole; 

is along the surface of a cone the axis of \ihich is directed along vector 

-+ 
C f and \ihose vertex angle is 



Z ZI 

eo '" ~ 2e - 2arecos (\lc'd 

center-of-mass 
systElll 

'm 

x 

z , 

Fig. L) Center-of- mass and Laboratory Systems 
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laboratory system 

A clockwise rotation about the z' -axis through angle 1)i takes the x' - and 

y' -axes into the l(- and Y-axes. Noting that o<1)i<VI.! and taking into account 

Equation (7.16) 

in \'/hich 

cos lJi 
bv 

2 
= -- and 

C 

eg)o 0 ., 

eg 
sin lJi = \lcC' (7.19) 

Thus it :l:01101;s from the second equation of (7.19) and Equation (7.17b) 

that sin lJi = cos 0 • 



JUso, according to Equation (7018) 

2 2 
e g .. 22 
)l c 

and combining this \d th Equation ('J. 17b) gives 

or 

Therefore 

bV
2 sin 8 =-­

C 

cos 1jJ = sin G • 
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(7.20a) 

(7.20b) 

The matrix of transfol1llation in terms of sin e and cos 0 is th"n given by 

sin G 

cos e 
o 

-+ 
In the x'y'x'- system the velocity vector v

2 
= (0,v

2
,0). \'lith the aid of 

... 
this and the transformation mat.rix l v

2 
can be '>lritten in the XYZ~system as 

(7.21) 

-+ 
In addition, vector R can be expressed in the form 

-+ 
R ~ (R cos G, R sin e cos<P , R sin e sin ~,), (7.22) 

-+ 
,·,here ¢ is the angle bet>leen the projection of R on the Y:Z,-pl,mG and the 

Hence 

+" <> " <> Q 

R = (R cos G , R sin G cos q, .• R sin 0 sin ¢¢ , R sin 0 sin <!> + R sin 0 cos <1>1> ) • 

(7.23) 



frO'<" IOhich follows 

->2 ~ R'2~. 2. 20°2 R - R Sln Q. 

Furthermore, applying Equations (7.22) and (7.23) we find 

...... ... 
and taking the dot product of RxR \'lith vector e ~ (e,o,o) yields 

.... ... 2 2 0 

C . (HxR) - eR sin e~ . 

Besides, in vieH of Equation (7.13) 

so that 

... + ... 
RxR~C 

... + ... 
e . (RxH) 

eg ... 
--R 
IlcR 

or, on employing Equation (7.17) 

o 

-)- ++ 2 2 
e· (RxR) _. e sin e. 

It then £0110\.s from this and Equation (7.24) that 

2. 
R <jJ - e. 
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(7.25) 

(7.26) 

... 
Next, the dot product of both sides of Equation (7.12) wi.th R leads to 

or 

. 
'r ... 
R.R ~ 0 

:::: 0, 

\olhtch ShONS that the quantity in br;J.ckets is a constant of motion r and in 

accordance \·,i th the second equation of (7.15' 

o 2 
+2 +Ro R ~ 



to:> t ret Equation (7.24) now become s 

2 02 2 2-2 
v 2 ~ R + R sin 04> • 

Then multiplying throughout by R2, ~Te have 

from which follows 

or 

2 2 R4 . 20",2 R v
2 

- S1n 'I' 

Using Equations (7.20a) and (7.26), one finally obtains 
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We now proceed to find the solution of this equation along with the initial 

condition R
O ~ (R

2 + b 2
) \ To this end, we write 

_0> 

Then 

or 

t 
:: + v

2 
f dt. 
-t", 

(7.27 ) 

We choose the time scale in such a ~Iay that the separation between the 

electron and the monopole has the minimum value b at time t = o. As a 

result, we obtain from Equation (7.27) that 
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R + v t :.:0 0 
_00 ~ 2 co 

or 

('7.28) 

Since R > 0 , I.e must take the plus sign in Lquation (7.28), or the minus 
•• 0> 

sign in (7.27). 

Hence 

'When the (:!xpression R = v i.... is substituted into this I there results the 
-(0 2 00 

equation 

which is valid for any time t. We immediately see that 

as it' should be. 

lim R2 
t+-t 

00 

2 2 2 
= lim (v t + b ) = 

? 
t+t -

00 

In vie>1 of F.quation (7.29), the time derivative of R is given by 

and on taking into account that v t »b 2 0> 

lim 
t+t 

0> 

(7.29) 

(7.30) 

(7.31) 



56 

~:e nO\l1 ~-1ant to obtain an expression for <fl as a function of the timr:~ t ~ \~e 

see from Equations (7.26) and (7.29) that 

<p (t) 
t 

- C f 
t-oo 

-to 
I;here <{J is the angle bet\>leen the projection of R on the YZ-plane and the 

o 

Y-·axis ~ Since 

the expression for 9 can then be 

or 

q,(t) 

C 
q,(t) ~ bV

2 
arctan 

written as 

cJ> o 
C 

:;..: ~- arctan 
bV

2 

C 
arctan 

b"2 

-v t 2 00 
(---_.) 

b 
+ q, • 

o 
(7.32) 

Applying the first equation of (7.15) and the transformation matrix, ,;e 

find the follo\<ling expression for. ua in the XYZ-~ystem: 

Conseguently 
-R sin e _00 

or 

cos <I> ~ -·1 implies <¥ = 11; 
o 0 

Moreover, arctan 
·-v t 

2 00 
(----) " arctan (_00) • 

b 

-1 

2/ 2 (l+b R _00 

(7.33) 
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It: then £0110"'8 from this arctan 

putting 14uations (7.33)and (7.3el) into (7.32), one finally obtains 

and noting that 

Therefore 

C v2t 
<P(t) - bV

2 
arctan (-) 

b 

arctan 
v2t oo 
(--) " b 

lim ¢ (t) 
t+t 

00 

cos $00 = - cos 

arctan (00) 

C (3rr ) 
bV

2 
+ rr 

2 

rr 
= , 

2 

(7.35) 

In order to determine the square of the velocity of the electron at time 

t=t 00 long after the scattering is over, \'Ie \-Trite 

or, using- Equation (7.11a) 

Thus 

.,. .,. 
-= R + r

l c.m 

.,. 
r

lL 
.-

o 

->-
r V:' :;:: 

.,. 
R 

R 

c.m 

c.m 
)J -.­

R 

and substituting Equation (7.10) into this, I'e have 

->- L -.- + 
r

lL 
= ( v. - R) , 

ml 
L. 

from ;,hich follo>ls 

-->2 
2 0 

_)1_ 2 .,. .,. 
r
lL 

= v2 
- 2'1 oR + m

1
2 2 

on recalllng that 
+2 2 
R = v2 

2 
v2 

(7. 36) 
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But employing (7.21) along \1ith (7.23), one finds 

o .,. .,. 
v c;R :::: -

2 

and on taking into account Equations (7.26), (7.30), (7.31), and (7.35) 

lim 
t->t 

ro 

2 2 2 
V

2
(-cos 0 - 8inll cos 

) '-

or,. noting that the last term is zero 

lim 

t>t 
00 

o 
->- ..,. 
v oR = 

2 
2 ( ? 2e v .. cos e - sin cos 
2 

Finally, combining this with Equation (7.36) we obtain 

lim 
t->-t 

ro 

( 1 + cos'B + sin
2e cos 

l'lhence the energy transferred to the electron from the scattered monopole 

is 

1. 
{;£ = '2 Inl (lim 

t t 
ro 

CTI ) 

bv~ 
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0. DISCUSSION 

Although symmetry consideration of l-lax'.'1C!111 s Equations has nerved as 

a theoretical background for postul.ating the existence of monopoles, the 

strong point for sustaining the helief in the existence of monopoles, despi tG 

the negative experimental result up to now, is the ability of the monopole 

theory to account quantization of electric charge. Then either the confirma­

tion of the existence of monopoles, or the formulation of a thGory vlithout 

the notion of a monopole that car. explain charge quantization, seems to be 

inevitable. 

It is found in the first case considered in Chapter G that the inten­

sity "ith the g"polarization is stronger than that ,.,ith the f"polarization 

for monopole synchrotron radiation. However, just quite the opposite holds 

true for electron synchrotron radiation. This then provides a means by 

which one can experimentally distinguish monopole synchrotron radiation 

from that of the electron. It is, of courne, possible to come across 

another radiation in vlhi.ch the 13
3 
-componcmt is larger than the 13

2 
-component. 

But the rasults of the second and third cases for monopole synchrotron radia­

tion can supplement the conclusion drmm with the aid of the res'llt obtained 

in the first case. Horeovor, although in the socond case the intensities 

with the f- and g-polarization are equal. both for monopole and electron 

synchrotron radiation, in vie., of Equation (5.35) and tho DiraC quantization 

condition (A14), the intensity of the monopole radiation is (h2c 2/4e4) times 

stronger t.han that of the electron if both are moving along circles of the 

same radil. Obviously, a monopole produced in a collision process can 
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easily be identified by the spiral or parabolic track the monopole would 

leave \~hen moving in a uniform electric or magnetic field. 

'rhe result of the discussion of energy transfer in electron-monopole 

scattering may be used in tl1e calculation of the energy loss per unit 

distance by a monopole traversing a metal, due to the interaction of the 

monopole "Iith conduction electrons. 
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Appendix All The Dirac Quantization Condition 

'I'he Schroedinger equation for an elect.ron in the field of a stationorry 

monopo18 is 

(All 

... 
where A is the vector potential of the field. A change in th, 'ocation of 

the Dirac string gives rise to a gauge tran03formation of the vect"r pot en-

tial: 

+, + 
A'" A' ~ A + 9 grad X I (A2) 

whore X is an arbitrary functJ.on of the coordinates and time. He suppose 

that under transformation (A2) the '.avo function takes the form 

Then 

e ... 
(-il,l" -- A')\jJ' 

hc 
(-F' -~. A ~ d x) iegX/hc'I' -- v he ~ he gra. e 'f 

(A3 ) 

. _ _ .m (eiegX/hc,,)- 3_ A eiegX/hc\jJ .. ~ d :le9X/hc 1 .CV 0/ hc he gra. X e Ij! 

og d iegX/hS" - .- gra X e 0/ hc 

~ eiegX/hc( .. iV·, ~ it) \' 
hc . 

Introducing t.he notation 

-). e -> 
D ~-i 1,1 •• -- A 

hc 

(M) 



and 

one can "rite Equation (A'l) as 

or 

in which 

According to Equation (Jl2) 

so that .,. 
D'lj!' = .~, 

It th6n fo11mls from this 

.,. + + 
D' (D' lj!' ) ~ D' '1" 

and "ith the aid of Equations (AS) and (Jl6), "e have 

or 

Since the Schroedinger equation is S'auge invariant, 

h + 2 
-- D' 'lj!' ~ Elj!' 

2m 
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(SA) 

(JIG) 

(A?) 

When (/:.3) and (A'l) are substit.utec1 into this, there results the equation 

h +2 
-])lj!~Elj! 
2m 

"hich is exactly the same as (Ai), thereby conforming the validity of 

assumption (A3). 



63 

The vector potential of the field produced by a stationary monopole 

at the origin of a coordinat" system may be expressed in the fonn 

... ->-
11 (r) 

->- '-+ 
~.\!nxr 

r .-+ -+ 
r-n. r 

(AO) 

... 
"hero g is the magnetic chargG of the monopole and n is a unit vector ,<ith 

-, 
arbitrary direction. It is evident t.hat l\ is singular along the (+ iv,,) 

n-axis. According to Equation (Tl2), one can write 

Thus 

from ''1hich folloNS 

or 

In viOl" of Equation (l\8) 

+ If vector r is taken to be along the xy-plane, then 

+ 
r ~ (r cos cp, r sinq" 0) 

... 
I'/hore cp is the angle betNeen the x-axis and vector r. 

Hence -+ -+ -)- -+ 
n

2
x r ~ ··r sin CPi + r cos cP j 

(A9) 

. ~. 
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.,. .,. 
In addition, n 2 'r _. a as the angl.e between the hlO vectors is TT2 • 

COllGequently 

so that 

~)- + g + -+ 
A(n2) ~ -2 (- r sin$ i + r cos $ j) 

r 

2TT --'-- --'-- ---'-.,. ... .,. g f ~ ~ .,. -r 

§ A (n ). dr ,= - (-r sin $ i + r cos $ j) • (-r sin $ d$i +r cos $ d$ j) 2 2 
r 0 

- 2TTg • (1110) 

S:imilarly 

NoI'I canbination of Equations (AD), (AlO), and (All) yields 

!;x ~ 4if (1112) 

Furthenn are, 

'rhe requiranel1t that ljJi be singl.e-valued leads to 

Applying Euler's fonnula and then Gquating real and imaginary parts, one 

obtains 
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cos kg II X/he) .- 1 

froE! I'lhich follows 

egllx/hc = 21Tn (/113 ) 

"hero n is an in teg er . 

Finally, "hen eKpression (1112) is substituted into ~13), there results 

, the Dirac quantization condi.tion 

(1114) 



>lith 

Then 
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Appendix BII The Orthononnal Function s 11.T exp inwT' 

The function s <p (T') 
n 

1 inlJH' 
are oruhonormal in the interval = - e 

IT 

/~i'2 
J <1>*, (T ' ) <I> (T ' ) aT' = ann' 
1
, n n 

-'Y2 

WT = 211. 

$* (T') <p (T') dT ' 
n n 

'.y: 
1 2 i(n-n')wT' 

=TJ edT' 

-T/2 

~ 

= 

~~ 
i(n-n' )WT' 72 

e 
i (n-n' )WT 

-T/2 

1 
(n-n' )11[ 

i (n -n ' ) 11 -i (n -n ' ) 11 
e -e 

sin (n-n')11 
(n-n')11 

2i 1 

On employing Equation (5.34) \'Ie obtain 

'r 
12 

J <P* (T') <p (T')dT' = ann' 
rtI n n 

-112 

showing °th-'lt the functions <p (T') are orthonormal. 
n 
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i\ppendix C II Relations BGt.\;Gen the Electric and flagnetic Fields 

In the ,;ave zone, the monopole field equations take the form 

-+ 
curl 

-+ 1 all 
E----

c at ' 

-+ 
div H = o , 

-+ 
+ 1 aE 

curl II = -;;- at' 

div 
-+ 
E = O. 

'l'aking the curl of both sides of Equation (Cl), we have 

Combining this Idth Equation (C3) then gives 

-> 
VXVXE 

1 aZ~ 
.. 2'--;:2 

c ot 

(Cl) 

(C2) 

(C3) 

(C4) 

+ -)- 2+ 
so that on employing the identity VXVX]; = V(V-E) - V E along with Equation 

(C4) 

Similarly, one can shoO/ that 

It can easily be verified that 

and 

-+-+ 
E(r,t) 

++ 
H<,r,t) 

o . 

-+-+ 
+ ik'r - iWt 

= E e 
a 

-+-+ 
= » eik.r - iwt 

o 

(C5) 

(C6) 

(C7) 

(CO) 
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are reBpectively solutions of (c5) and (c6) \'lith uJ -- ck. Equation (C7) 

can lee >/r itten in the form 

Thus 

-> -+ -+ E k)eiklx + ik2y + E ~ (E i + E oyj + ik3Z ox oz 

dE dE dE 
+ I7:m ~ ( Z -2- --if )1 + 

x 
(----

dZ 

-+ 
~ i[ (E k

2
-E k

3
li. + 

oz . oy 

dE dE Z -+ 

(-:if -.- -)j + 
dX 

NolO canbi.nation of E;quation (Cl) "i.'ch (C9) yields 

+ 
1 dll 

-- - C at· 

But usiI>'} Equation (C!3) one obtains 

+-+ 

i +11 ik· r-iwt - we. 
o 

Therefore Equation (CIO) goes over into 

+->- ++ 

- iwt. 

dE 
X)k 

3y 

-+ -+ ik·r·~iWt 
ikxE e 

-+ ik·r-iwt 
~ ikH e 

o o 

(C9-) 

(ClO) 

from "hich follo>18 on taking into account Eguations (C7) and (ce) that 

+ 
S inee in the wave zone I)k " 

-+ 
H ~ 

->-
k + 
k x E. 

the expression for the: relation betweBn 



the ele ctric and magnetic flelds takes the fonu 

+ 
+ r + 
H~-~xE. 

r 
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(ell) 

We shall next obtain a re lation batl'leen the spherical cauponents of 

the electric and magnetic fields. To this end, wo '/rite in accordance with 

Equat ion (ell) 

On taking into account that 

"e find 

+ + 
e x e 

r r 

It fo1101'IS fro!l\ Equation (ell) that 

+ 
+ +r 
E~Hx-. 

r 

Thal w!th the aid of this, one can also show that 

and E ~ 
<P 
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