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Abstract

We first study the rate and cross section for electron-positron pair creation by rela-
tivistic muon impact on intense laser beams through the process u+rw — p' +et +e™.
We then study the rate and cross section for electron-positron pair creation by proton
impact on intense laser beam through the process p + rw — p’ +e® + e~ in the proton
rest frame. The Feynman diagrams the pair creation by relativistic muon and proton
impact on a circularly polarized high frequency laser beam is evaluated with in the frame-

work of laser-dressed quantum electrodynamics employing relativistic Volkov states.
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Chapter 1

Introduction

The modification of the perturbative QED in strong electromagnetic fields was initia-
ted soon after the invention of the laser, leading to the theory of strong-field QED, also
known as laser dressed-QED. The creation of electron-positron pairs in very strong laser
fields was investigated by theoreticians already in the 1960s and 1970s.

In recent years, interest in nonlinear pair creation processes via multiphoton absorption
from external laser fields [1, 2, 3] has raised.

Here, we consider ete™ pair production by the collision of charged particles with laser
fields. There are two possible ways in which the creation of the pairs can take place.

1) Bethe- Heitler type: where the pair is created by a virtual photon from the
Coulomb field of the projectile particle and real photons (r) from the laser field. Due
to the number of photon originally treated the linear case of pair production by a single
high-energy photon (r=1) [4], and nonlinear which involves the absorption of » > 1 laser
photons and thus depends on the laser intensity in a nonlinear way. In the case of a muon
projectile, the symbolic equation for this process is u + rw — p' + e~e™ with the laser
frequency w.

2) Breit-Wheeler [5]: nonlinear type where the pair creation takes place by the
collision of the laser beam with a real photon.

We first worked out the rate and cross section for electron-positron pair creation by

relativistic muon on intense laser beam throughout the process p+rw — ' + et +e™.



The calculation of cross section for this process also done rigorously. However in [6], the
calculation of cross section for this process was not done.

We then calculated the rate and cross section for electron-positron pair creation by
proton impact on intense laser which is similar to earlier process, through out the process
p+rw — p'+et +e” treated proton as an effective Dirac particle. However since proton
is quite massive (m, = 1840m,) than electron and positron. One can approximate the
proton to be at rest before and after scattering and the thus consider this process to be
taking place on the Coulomb field of the heavy particle(proton). One can thus treat this
process in first order in perturbative theory. Similar to muon projectile the calculation of
cross section for this process also done rigorously. However in [6], the calculation of cross
section for this process was not done.

This thesis is organized as follows: chapter 2 deals electron-positron pair creation by
relativistic muon impact on intense laser beams, the rate of production and total cross
section are calculated. In chapter 3 also deals electron-positron pair creation by proton
impact on intense laser beams, rate of production and total cross section also calculated
when proton is at rest frame before and after scattering. Finally we conclude the work in

chapter 4.



Chapter 2

Rate and cross section for e e pair
creation by relativistic muon impact

on intense laser beams

2.1 Total pair production rate

A quantity of interest to be calculated for this process is the rate of production
R. Physically, the rate of production is the probability per unit time for the produced
electron-positron pairs per projectile muon for a laser beam of infinite length. First we
begin finding the amplitude (Sy;) from the perturbation series in the Fig. 2.1. In our
case we use from Fig. 2.1 the first two rows on the right-hand side show the four leading
graphs for one-photon processes. From 2"¢ order perturbation theory the amplitude (Sy;)

of the process is given by

Sri = % // dwd yy_ ()7 Uy, s, (2) D (v — Y)Ppr o ()7 Prs(y).- (2.1.1)

Here, x and y the space-time coordinates of the produced pair and the scattering particle
respectively.
D, (x — y) is the virtual photon propagator between the two vertices.

Vo o ()7 ¥ps(y) is the muon vertex, and
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Figure 2.1: Decomposition of the Feynman graph in to perturbation series for the pro-
cess p+rw — pu' +eet.

Up_s_ ()"9p, s, (z) the electron-positron vertex with the Dirac matrices y*. 1
and ¥ are the Volkov states [7] of the respective particles which solve the Dirac equation

for spin'/? particle in an electromagnetic field,

(a_eA_m)¢ :Oa

with the laser potential A* = (0, A) in the radiation gauge. We consider a circularly
polarized laser field, so that the four potential reads A*(n) = ajcos(n) + agsin(n) with
the laser phase n = kx, where k is the wave vector of the laser field. The four-vectors
aijp read a; = (0,a,0,0) and az = (0,0,a,0), where a being the amplitude of the laser
potential. Volkov wave function of electron with the kinetic momentum p_ and the spin

projection s_ thus can be written as

e (02 Vn;() (1 - 2(6151?_)) Ups € (2.1.2)
with the action
5. = —(g_v) + L) e(azp)



and effective momentum (g_) of the electron in the laser field [8],

e?a?

W)

q- =p-+

Thus, we can write

Foon ) =g e e

The Volkov wave function of positron with the kinetic momentum p, and the spin pro-

jection s, thus can be written as

B m el A is,

e(ar.py) e(as-p+)
e(k.p+) (k-p+)

and effective momentum (g, ) of the positron the laser field,

with the action

Sy = (g4x) + sin(n) — cos(n),

e?a?

qy = py + 55— K"
" ! 2(k.p+)

Here, m = m, is the electron mass, V is normalization volume, u, , and v, , are free

Dirac spinors of electron and positron respectively. The corresponding effective mass is

ea
mec?’

my = m(1 + ¢?) with the laser intensity parameter reads ¢ =

Replacement of the mass m(mass of e~ or e) by the projectile mass M(mass of muon),
the kinetical momentum p_ by P or P’ for the incoming or scattered muon respectively,
and the effective momentum ¢_ by Q or @' yields the Volkov states for the initial and
scattered muon. The effective muon mass is obtained by M, = M(1 + Z?), and the
corresponding intensity parameter reads = = 7 = (/M. We concentrate our study on
the multiphoton regime ¢ < 1 where the intensity of the laser field is comparatively low
and the photon energy is high. Therefore, we neglect vacuum polarization effects which
become important only at near critical laser intensities I > 10% W/em? [9,10] and employ

a free photon propagator for the description of the virtual photon which is propagated



between the two vertices:

d4 eia(z—y)

D,,(x —vy) :47T/W Z g, (2.1.4)

with the integration variable q describing the momentum of the virtual photon. Then one

can write the Volkov wave function of incoming muon as

M el/A iS
Wps(y) = VQO (1 - m) upse (215)
with the action
e(a;.P) e(az.P)
= — — 2.1.
§ = ~(@Qu) + iy sintn) — S eos(n), (2.1.6)
and effective momentum of incoming muon is
e?a?
=P k.
@=LF 0P

For scattered muon we can write the corresponding Volkov wave function as

_ M WA i
Wpr g (y) = VU (1 - Q(k—P/)) up e (2.1.7)

with the action

/ / e(ar.P') e(ay.P")
= — — 2.1.
S (Qy)+ D) sin(n) D) cos(n), (2.1.8)
and effective momentum of scattered muon is
/ / 62(12
=P k.
¢ ST

Thus, we can write

- M e o

This implies insert the wave function of electron-positron and incoming muon with scat-

tered muon in Eq. (2.1.1), we can write the amplitude as

: : AV N\ el A :
R d4 d4 d4 m 1 — € iS__p 1 iSy
Sfl /Laf /// q x y Vqu 9 up757 Q(kp_) € '7 + 2(kp+) /Up+3+€

1 eiq(x—y)glw M2 a1 eAl e_is/ v(q_ el A wpce'S
2n)t ¢ V2QoQY P'S 20k.P) v 2(k.P)) 5




——iame 1 Lodied™y @ B eAﬁ) “< el;/A)
- emne qquQOQ'O/// Fadady G (1 200 ) "\ S0

) xr— — € v ekA W(S—qgy— ! v
U, s, €T )g (1 — %) o (1 - W) upge S g (2.1.10)

To simplify the work first find out the integral in terms of the co-ordinate z of eTe™, in

this case 1 = kx. From Eq. (2.1.10)

4y A CHA N\ i(Si+aa—so)
st (1= 583) (1% gy v

_ 40 wo OVHA et Ay KA v . i(S++az—S-)
st (4 Sy~ 50y ~ T TR B

For mathematical simplicity, the laser field is taken to be a monochromatic plane wave of

circular polarization with four-potential A, (n) = aicos(n) + azsin(n) must satisfying the
following condition
aj.ay = 0,a% = a3 = 2a>.
From this the terms e Ay*KA in Eq. (2.1.11) becomes
AW HA = e Ay Il
=e2 AF APEPY.

But
Ar AP = atcos®(n) + assin®(n) + a3.a3cos(n)sin(n)
= 2a*(sin*(n) + cos*(n)) = 2a*. (2.1.12)
Therefore, e AP A = 2e2a’kH Y.
This implies RHS of Eq. (2.1.12) becomes

/d4xﬂ (Vu N eyl dhcos(kx) + gasin(kz)] B eldicos(kx) + gasin(kx)] ky*
e 2(k.p+) 2(k.p-)

. 620'2]{“% " ei(SJr-‘rq:c—S,)
) (hp) )

o) (R ) e

+§ ((VI:ZTQ) - G(ZZ?D Sin(kx)] Iy, o (2113)




Substituting each action in to exponential function of the terms in Eq. (2.1.13)

. . .(ea1p_ eajpq . .[eagp_ eagp
(St +az—S-) _ 6z(q+q++q—)-xe*1(m*m)“"(’”)ﬂ(m*m)“’s(m)_

But

.(ea1p_ eaip . .(eagp_  eagp o
e_z< Gp—) ‘Tpf))“”(’“I)“((ki.p,) _7(/9.10:))605(’”) — p—iasin(kz—no)

Therefore

ez(S++qx—S_) _ 61(q+q++q_).xe—wcszn(kx—no)'

Then Eq. (2.1.13) which is the RHS of Eq. (2.1.11) can be written as

/d4xﬁp_5_ |:(,7,u o 2( 626L2kMM ) +§ (”Yu%l/l B Ql/l]%VM) COS(kiC) +

k.py)(k.p-) (k-ps)  (kp-)
E 7“%@l2 N GQ/QK’YM sin(kx efiasin(kmfno)€(q+q++q,).xv
2 <<k:.p+> <k.p_>> (k )] proe (2144)

From cylindrical Bessel function expansion of trigonometric functions in the appendix.

Let as consider

B, = Ju(a)e™e,

1

Cn = 5 (6(n+1)n°Jn+1(6{> -+ e(”_l)”" Jn_1<C_¥)) y
1

Dn - 2_7, (€(n+1)n"Jn+1(C_&) — e(nil)nOJnfl(@)) .

The functions J;(&) are the regular cylindrical Bessel functions [11] of integer order. Their

argument is @ = \/a? + a3 and the angle 7, is given by cosn, = a1/, sinn, = as/a with

Of] — e(aj‘p—) _ €(a]p+) j — 1,2

(k.p-) (k-py)

From these equation

/d4xu (7u+ HA  eAit AR KA )U LSt +ar—5_)
= 2(kpy)  2(kpo)  2(kpo)2(kpy)) T '

N s P 4 e (V¥ g
N _Z /d e l (7 2(k'p+)(/f-p_)> Bty ((k"m) (k.p_)) Cn
+ g (7”%0/2 66/2]%7”) Dn:| e(q+Q++Q——nk’)-x

(kpy)  (kpo) (2.1.15)

Upisy-



But one can find
/ digelttarta-—mh-e — (om)A54 (g + gy + q_ — nk). (2.1.16)

This implies

/d4l’ﬂps <,y,u+ 67“%44 _ GA%V'U GQA'%YM '%A )Up+s+ei(5++qm—3)

2(k.py)  2(kp-)  2(kp-)2(k.py)

_ o B o M E ’Y“/%Ql/l B @/157“)
- (= ami) 5 (e~ ) ©
¢ Vs edol” . g .
i 2 ((k’-p+) (k.p-) ) D”} piss (27)°0%(q + a1 + - k)

= Z (2W)4M#(6_e+|n)54(q +q+ + q- — nk), (2.1.17)

n=—oo

where the electronic spinor matrix product M(e*e|n) can be written as

et = s | (= i) B s (fs ~ ) ©
5 (s~ o) P o119

By the same method from the above find out the integral in terms of the co-ordinate
y of pu'. In this case where n = ky and
A, (n) = ajcos(n) + azsin(n).
From Eq. (2.1.10) we get

/ dytrs (1 - 2(61%')) v (1 B 2???))]“Psei(s_51_qy)

[ (AN WA A A s
_/d4yup/s' (7 kP 2(kP) 206D _2(1<;.P'))UPS€ T el

But the terms e2 A" KA in the above equation
AW YA = FATARY
= 2e%a’k" V.
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From this the RHS Eq. (2.1.19) become

[ dtvims |y st — ot st

k.P)(k.P) 2(k.P)
B el(dycos(n) + gigsz'n(n))l;/”y”} Upapi(8—S'—ay)
(2k.P') P

(e

Substituting each action in the exponential function the term in Eq. (2.1.20)

—i e<a1'P/)fe(a1P>> sin(k )+'<5<a27»1°'>,€a21°) S (k
i(S—S'— _o' l( &Py (Rp) )i T ey JeosR)
GZ(S S'—qy) _ 6(q+Q Q') .ye

But

[ e(ay.P') e(ay.P)\ . [ e(ay.P') e(ag.P)
e—z( (k‘lp/) - (k_lp) )sm(ky)-i-l( (k_ZP/> _7(k?P) )cos(k)] _ e*iﬁsin(kyfko)

Therefore
ci(5=8"—ay) _ (¢+Q-Q").ye  Feintku=ko),

Then Eq. (2.1.20) which is the RHS of Eq. (2.1.19) can be written as

€ 'Vy'y@/Q 6@/2'%71/ . —Q'-). e—iﬁsin(ky—ko).
-5 (g + oy ) i urseneee (2.1.21)

From cylindrical Bessel function expansion of trigonometric functions in the appendix.

Let as consider

Fy = Jn(B)e™N™,

Gy = (e(N+1)”0JN+1(6_) + G(N_l)k°JN—1(B)) 7

: (€(N+1)k"JN+1(B) — e(N_l)kOJN—l(B)) :

|,_.[\3|,_.

Hy =

[\
<

The argument of the Bessel functions Jy(3) for this vertex reads
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with
e(a;.P")  e(a;.P) =12

bi = (k.P) ~ (kP)’
Making use of the angle ko defined by cosk, = 31/3, and sink, = 3/

From these equation

N e D I S W,
/d4yup'5' (7 T2k 2kP)  2kP) 2(k.P’)) upse!®2

_ k'l e (VKdy gl
- N_Zoo/dy“”w +2<kP><kP>> N‘§(<k.P>+<k.Pf>)FN
(R e s o1

But one can fined

/ drye MHQTEN=Q)Y — (9m)454 (g + Q + kN — Q). (2.1.23)

Therefor

N e A S W,
/d4yuP'S' (7 P2 P) T 2(kP) 2(k.P)’) upse"

+

ke > N_§((l<:.P) (k.P'

= 3 [ (74 e

N=-—00
e (V'Hdy  eqalty” 454 '
-3 <(k‘P> + 33 ) HN} ups(2m)*6* (¢ + Q + kN — Q')

V" Hoh a/ll%v”) ) Py

[e.9]

= > M,(u|N)(2m)'6' (g + Q + kN - Q)

N=—o00

= Z M, (pp |N)(2m) 5% (g + Q + kN — Q'),

(2.1.24)

N=—o0
The corresponding muonic spinor-matrix product M, (up'|N)

o p 2e2a’kHi e (V'R dn”
M (i IN) = tiprg { (7 + Q(k.P)(k:.P’)) F ((k.P’) * (k:.P)) Gw
e (’Y“lﬁ/(fz €¢2%y“) HN:| ups. (2.1.25)

&P (kP
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Combinations of Eq. (2.1.17) and Eq. (2.1.24) insert in to Eq. (2.1.10) the amplitude

become
, ame /d4 - .
St = M, (e"e"|n)M, N
"= o ST 2 ) My |N)
(27r)454(q +q+ +q- — nk‘)(27r)454(q +Q+ kN - Q). (2.1.26)
From the properties of Dirac delta function
/d4x54(x —a)d*(z —a) = §*(a —b). (2.1.27)
This implies Eq. (2.1.26) becomes
2m)ta mM g+qy+q. —nk—Q— Nk+ Q'
Sy = oAl Z e )My ) )
P Q°Q (44 + g- — nk)?
(2.1.28)

The expressions by the energy-momentum conserving d-function at the first vertex
integer number n and in the second vertex integer number N in Eq. (2.1.28) counts the
laser photons that are emitted (if » > 0) or absorbed (if n < 0) by the electron and
positron. Similarly, N is the number of laser photons emitted (if N < 0) or absorbed (if
N > 0) by the muons. But we can separate the amplitude in to a sum of partial amplitude
SSZ;) for one particular photon order r=n+N it gives N=r-n. From this we can write the
partial amplitude for the process

(g +qy +q- —nk—Q— Nk+Q")

SN My e In) M, )

n=-—00 (qu +q- — nk>2 ’
(2.1.29)
where
N — (2m)*aymM |
iV2/qlq2QQ"
The total transition amplitude and its squared can be written as
Si= > s s = SIS,
r>To r>70

where 7 is the minimal number for which the threshold relation rw > 2m.c*(1 — 2%) is

fulfilled. Because of the delta function in Eq. (2.1.29), there is no double sum over r,
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r’ so that the summation in Eq. (2.1.30) can be pulled out. The square of the partial

amplitude S (? is

2

Z My(e™e* )M, (uydIr = n)

(6%g+ g+ +g- —nk —Q — Nk +Q"))’
(¢+ +q- —nk)*(¢4 +q- —n'k)?

‘S(T-)

=N

(2.1.30)

It is possible to show that

v
(6%(q + a4 + - —nk—Q—Nk+Q’))2 = (Zﬂ)4

where T is time factor and the volume factor V which is the same as the normalization

s (q+qr+q. —nk—Q— Nk+Q),

of Volkov states. Therefore

TV g+ qy +q. —nk—Q— Nk+Q)
(2m)* (g4 + q— — nk)?(q4 + q— — n'k)?

‘S(T)

SIS M M, G )

o (2.1.31)
where the invariant spinor-matrix product
2 0
Z Mu(e e ) My(updlr = m)| = S My(e™e" [n) M, (g [r—n)M;' (e e )M, (upd [r—n).

This implies

(r)
557

= |N'J? Z My (e” e |[n) My (pud'lr — n) M, (e” e [n) M, (i |r — n)

TV54(q+q++q_—nk—Q—Nk:+Q/)
(2m)*(qy +q- —nk)*(q +q- — n'k)?

(2.1.32)

The total pair production rate is obtained from (2.1.32) by averaging over the possible
initial spin states summing over the final spin states integrating over the final momenta

and dividing the result by a unit time T"

[ e L

ss’ S4+S—

(2.1.33)
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First evaluate with the completeness relation for the components of the Dirac spinors
uy_s_and v,, ,_, we can perform the spin summation by introducing the matrices

2020 M H M H
= (vu_ o ¥ )Bn+§ Kw W ity )On+<’y Vs dobly )D]

2.0+ (kp-) (kps) (ko) (kps)  (kpo)
(2.1.34)

for the vertex of the produced pair and

() o G ) (8 8

(2.1.35)

for the projectile vertex.

So that the spinor matrix
Mu(e_eﬂn) =ty s I} vy s,, and

Mu(u,u’h" - 7’L) - up's/ TAZUPS'
This implies
Mf(emet|n') = (u, s g Upysy )t

_ n't = — ot
p+8+ I u but u, = Uy o V4
_ ot n'+ — A2 — -
=V, s, Vv L) yaup s where vy =75 =1 and vy =4
n’ —n/ n/t
= 'Up+3+F Up s, where I =y, I 4.

By the same method
M (p, i |(r = n') = Tps A7 iy, where ,AY, = 4, A7 Ay,
Insert Eq. (2.1.34) and Eq. (2.1.35) in to the summation of spin and we set

DO My(e et n) My (p, ' fr — n) M (€= e ') M, (u, ' |r — 1)

ss’ S48

_ = n — aly — An'
= E g Up s L7 0p, s, Uy PAftps Upspr D) Up s Ups 2 A Sy g

ss’ sys—
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— = n T ! T n, o An/
= E g Up s L3 Upy s, Uprsy v Up s Uy y P Atystys + A VU g

ss’ S48
=N T Up Uy L Uy Uy AL Tl A, uy T
ss! sys_
= Z rF: UpysyUpysy TZ:ZZ/ Up s Up s Z’”AZ UpsUps r An/u Uy Uy o
S45— ss’
(2.1.36)
From the summation of Dirac spinors of spin given in [12]
; wy oy, =V ;mm, and (2.1.37)
_ y—m
D VpsiTpis, = ST (2.1.38)
From these summation and Eq. (2.1.36)
SN My(emetn) M, (g |r — n) M, (e et |0 )M (u, 1 |r — 1)
ss’ sys_
p/-i-_m —_ ﬂ——i_m F+M A/ F/+M
=Tr |17 AV N ———— || Tr | A% » A7,
T{M(Qm v \om "\ Tam oM
=T (2.1.39)

Therefore

o0

. / Q) / &g, / gL p 3 T TV6 g+ g +9- —nk—Q— Nk+ Q)
(2m)3 S @m)* ) (2m)*2 T (@2m)*gr + - —nk)* (g +q- —nk)*
(2.1.40)

/I —



16

2.2 Total cross section

The scattering cross section can be defined as the total pair production rate dividing
by the velocity of the incoming particle per unit volume. From the previous section total

rate of production given in Eq. (2.1.40), so that

do dR
Vv

This implies

3y 3 3 12 o0 4 _ o . /
U:/dQ/dq+/dq/ 0 LIV 3 o VOa+ a4 +g- —nk —Q — Nk + Q')

ey ) @) ) M Ten) Mgy +q- — nk)2(qs +q- —nk)?

V nn'=—o0

(2.2.2)
When we calculated the cross section we must confronted with the task of evaluating
traces of special combinations of v matrices using standard trace technology. To simplify
the calculation first find the trace of product of gamma matrix in Eq. (2.1.39)

Tr [TF;} (f’/+ — m) Ty (’/‘ u m)] m—_— {Tfﬁ(m —m) Ly (- + m)}

2m 2m 4m?2

1 mn 0,/ n —— n = n = ,
— —4m2TT |:7'F up(-‘rrpgﬂ_ +, Fum_rfﬁm—i—r Furpﬁﬂ_m—mzfurpg}

1 n P! n A/ n  p/ 2 n i/
== [Tr LDt D] +mTr [ T T3 )+ mTr [ T Dp gl ] — mPTr[ 1T }].
(2.2.3)
Due to trace identities involving ~ matrices the trace of an odd number of v matrices

vanishes. From the above Eq. (2.2.3) the terms which vanishes are
mTr [, I e, 7] = mTr [, I, T7y-] = 0.

This implies

Tr {F: <ﬂ2_—mm) oIy (‘T/ ‘Jlm)} = 4;2 (TrlLien Ty 9] = m*Trl I T
(2.2.4)
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First find out
Trl Loy, T ). (2.2.5)

Substituting the vertex of the produced pair from Eq. (2.1.34) in to Eq. (2.2.5)
TT[TF;TZ{H]:ZLIP(—]
202k H I H 7
Crf{ (Y [ (A (i) 11
kp+ (k.p-) 2| \(kps) (kp-) (k.py)

{( " gater) 2| (He ) o (e %)DH |

ot v KAMPL Wy + KA - e M- 2
H Y e e ) ) ) (kop ) 2}}B”|
+g{—v“ﬂ+%%" C_ s (ea)’R (k/mct’l/f/v V- ]7/Z/+7 W’l ) }B o+
2 (k.py) (k.p-) 2(k.py)(k.p-) (k.ps) e
+g{ VYV Vo (ea)’R (Ww’z/%v”zf Ww”/%aé )}B D
2 (k-p+) (k.p-) 2(k.py)(k.p-) (k-p+) "
€ —V' Wy Y- ¢1]§/’Y“P(+”Y V- (ea)?k” V' Hh K Y- Qfl%’#zﬂr/%ﬂ
+2{ (k.-) Gp) 20 kp) ( k) )}C"B
+e_{ WA A Y M HAY A Y e | g Y dl%“pw W’l }\C 2
A (k.py)? (k.py)(k.p-) (k.py)(k.p-) !
D I L AR Y e N (Y AR A Y ey Y e Y v“pw lf/a’z
*Z{ Gt T Go)Ep) T (pn)(kp) }C”D
o UL UL |l c/zwmw e
2 (kfp+) (k —) Ufp+)(kp ) (k’p+)
L AR Y e el 1 A AV Y e XNV e Y v“pw /7/91’1
*4{ kp)? ep)(kp) | (kpo)(kp) }D"C
VMo s oMY Y- VM N K Ao ok D do Y dz/f/’y“pw /f/ dop-
+4{ kpe)? ep)kp) | (kpe)(kp) }’D‘}

(2.2.6)

Let as evaluate each trace in Eq. (2.2.6) using trace technology

KA Y+ R Y
2(k.p+)(k.p-)

Tr { — Y'Y Y-+ (ea)®

Al -
A[(k.py) (k-p-)J?

—(6(1)4/{}“]{1/ ’Bn‘2 :ln’BnFa



e I AL Ny A
2 TT{ ko) (hp)
(ca)?kH W al W'y MK dp-
Tt e ) |Ber =umer
€, {—V“zﬁ%/f’%ﬂ L H
2 (k-p+) (k-p-)
(ea)?k" W by WY g
R G i I O
= Tr {_7”/7/@/19@7”1/— 4 GV P Y-
2 (k-p+) (k.p-)
(ea)*k VR K Y- Y Y-
gt (e ) Jonr = micus
<oy [—deflk/w_ Nl A Al AV VA OV B
4 (k.ps)? (k-p+)(k.p-) (k-ps)(k.p-)
lal (Z;Tpv_)kg%ﬂ_} Ol = pal Gl
e [—vwmm%wy_ LV HAIA Y B I Dl
4 (k.py)? (k-p+)(k.p-) (k.p+)(k.p-)
G p H oy
(k.p-)?
€ m. {—’Y“’ﬁ%ﬂﬂ”ﬂ G Y Y-
(k-p+) (k.p-)

}an; _ ptO,D*

(ea)k” VR Ky ol Y Ky + +

et G e e |
e [—’V”/%%ma’lk/v”z/ VWt W gy | Gl g Y-
4 (k.ps)? (k-ps)(k.p-) (k-p+)(k.p-)

B P H gy
(k.p-)?
< [—wwgmaww_ B Y W o
4 (k-ps)? (k-p+)(k.p-) (k-p+)(k.p-)
_%lf/v“pw”/%a’ﬂf—} D,
(k.p-)?

} D,CF =stD,CF and

Where the abbreviations

_ o, Pi(kp) = k(py.p-) +p_(k.py)
l, =4 [(m-p—) —2pyp- + (ea)’k Fpn) (hp)

2(k-ps ) (kp-) — k2(p+-p)]
Al(k.ps) (k.p-)]?

— (ea)*k?
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Iy =2e H — (k.ar)[2pip- + (p—p3)] + (P4-a1) [2kp_) (p— )] + (p4-k)[—2p_ad]

(@) pos + {2k = (o] + (k)0 - 2]

+(k.a1)[(pyp-) — 2p+p—]}ﬁ

+(€a)2k{2(k-29+)[ (p--a1) — a—(k.p-)] + 2p (k.ar) (k.p-) + K*[(p+-a1)p-

)2 (kp- Qk{2<p+-k)[p(k.a1) — (p_k)]

Ko >v~m1—2<ka1>1+k2p_<p+.a1>} e

—p+(p—.a1) + a1(py.p- } I
I+ 2(k.p+)(k.p-)?

+k(ps.a1)[2(p-.k) — kp-

— [{ (ha)2pap- — (0ps)] — (pras)2kp_) — (0 k)] — (s k) [—2p_as

+<a2.p_>1}@

—2p+p]} (k;) + (ea)zk{Q(k-m)[/f(p-az) —a_(kp-)] + 2py (k.az)(k.p-)

+ {<a2.p_>[2kp+ — (kp )]+ (k) [(ps02) — 24a1] + (k.a2)[(p+-p-)

+k[(p+-a2)p— — pi(p—.az) + az(m.p)]}m

—(ea)zk{2(p+-k)[p—(k-a2)—(p—‘k)] k(py-a2)[2(p--k) — kp-]

+k(py.p-)[kas — 2(k.az)] + k*p_(ps. a2)} 2(k. p+)1( _)? }

m, = 2e [{ — (p-a1)[2kp- — (k.p-)] = (k.p-)[(p+-a1) — 2prai]
—(k.a1)[2p4p- — (m-p)]}@ + {(al-k)[2p+p = (p+p-)] = 2a1p+ (k.p-)

+kp_(a1.py) + (a1.p-)[2kps+ — (kpﬁ]}ﬁ + (ea)zk{Zk(al.p)(k.pQ
1
2(k.p+)?(kp-)

—(ea)2k:{2k:(a1.k;)(p_.p+) +2p_(a1.k)(k.py) + 2(k.p-)[k(ar.py) — a1 (k.py)]

o (k) (kp-) — 2Aar k) (s ) — 21 (kpy) (k- >}

+k2[ay (p-.p1) — p—(ar1.p4) + py(a1.p-)] } 2(k.p+)1(k-p—)2} ’
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pn =& [ - {2k2<a1.p+>[a1p_ T (arp )]+ 203 (kp ) [(kp-) — kp_) + (ank)pap-
—atkpy (k.p-) + kK aipy (ar.p-) + (ar.k)(k.py)[6p_k — 4(k.p_k)] + kai(k.p, k)

—k2a1(a1.p+)}m — {4(al.p_)(a1.k)[2p+k: — (kp)] + K (a1.p-)[2(a1.py)

—anp] + 20k (2 + (k) — B+ ()] b

+{4k‘2(a1'p+)(a1~p—) — 3kai(ar.p-)(k.py) + 4kaips (k.p-) + 3kaip(k.py)
—5a1p_(k.py)(ar.k) — Tark(k.p_)(ay.py) + bark(ar.k)(pr.p-) — 3aik*(p.p-)
—8arp(a1.k)(k.p_) + Tpip_(a1.k)* + 3prark*(ay.p_) — 4k*alpp_
60k ) (a1 k) (kpo) — K2 (ar ) (a0 + 663 (kp )k p2)3p_ark(ar )
—4p_ar(k.pi)(a1.k) + 6p_k(ar.ps)(ar-k) — (a1.k)*(p4-p+) — 2kp-(a1.p4)(ar k)
+2(k.p-)(ar.py)(ark) + 2k*p_ai(ar.py) — 2a3kpy (kp- - 2kp+(a1-k)(a1-p—)}m] :
i = | = {2l (haoa) [2ho — (k)] + 2awp) ) by — ()]
+k*(a1.a2)2p_py — (p—.p1)] + K (az.p-)[(a1.p1) — 2a1p4] + k*(ar.py) [ — 2a0p_

—(as.p-)] — k2a1a2(p_.p+)}m — {(al.aQ) [ — 2kpy (kp-) + K> (2p4p— — (p+.p-))
—2kp (k.p-) + 2(k.py) (kp-)] + (a1.k) (2kp+ (p—-az) — 2(k.p1) (p-.a2)) — arazk®(p+.p-)
+k2(a1.p+)(a2.p_)}m + {(k.p+) [ — daip_(k.az) + 2(a1.p_)(k.as)

—5asp_(k.a1) + 2(az.p—(k.a1) + aras(k.p_) — dark(as.p_) — 2ask(ar.p-))

+2k? [agpy (a1.p—) — 2a2a1(p—.py) + agp—(ar.py) — (ar.py)(az.p-) — (az.01)(p-.py)
—2(ag.a1)p-ps + (a1.p-)(a2.p+)] + a1k [kp_(az.ps) + (k.a2)(p—.p+) — 4(az.p4 ) (p- k)]
+2(k.p-) [ = 2asp4 (k.ar) + (az.py)(k.ar) — (az.a1)(k.p+) — ar1py (k.as)

+(a1.p+)(k.az) — prk(az.ar)] + 2(az.k) [3p1p-(a1.k) — 2(pyp-)(ar.k) + (p4+.a1)p_k]

#34] = aalarpe) () + () k)] o).
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Sn = 2e H — (p+-a2)[2kp- — (k.p-)] = (k.p)[(p+.a2) — 2p+az] — (k.az)[2p,p-

el o

+(ag.p-)[2kps — (/{p+)]}<l€%) + (ea)Qk{Qk(aQ.p_)(k.er) —2py(as.k)(k.p-)

—2(ag.k)(pyp-) — 2a2(k'p+)(k'p)}2(k.p+)12(k;.p)] - (ea)zk{2k(a2.k)(p.p+)

+2p_(ag.k) (k.py) + 2(k.p_)[k(az.py) — as(k.py)] + k*[az(p—.py) — p—(az.py)

+p(az.p-)] } 2(kxp+)1(k'p)2} ’

+ {(az-k‘)[Qmp- — (p+p-)] — 2a2py (k.p-) + kp_(az.py)

st =e? { — {2 az.py)(k.ar) [2kp- — (k.p-)] + 2(a1.py ) (k.az) [2kp- — (k.p-)]
+k*(ag-a1)[2p-py — (p—p)] + K*(ar.p)[(as.py) — 2a9py] + k*(as.py ) [ — 2a1p-
—(a1.p-)] — k azaz(p—-m)}w%)z — {(al-a2) | = 2kpy(k.p-) + K2 (2p4p- — (p1p-))
2k (hp) + 2kp) (h:p-)] + (a2.K) (2K (par) — 2(k.p:) ()
—arask?(Pop ) + k‘Z(ag.p_i_)(ag.p_)}m + {(k.p+) [ — dasp_(k.ay)
2(anp ) (kar) — Sasp.(k.as) + 2(ar.p_(k.as) + aras(k.p_ ) — dask(ay.p_)
—2a1k(as.p-)] + 2k*[arpy(a2.p-) — 2a105(p-.p1) + arp—(as-py) — (as-py)(a1.p-)
—(ag.a1)(p--py) — 2(az.a1)p-py + (a2.p-)(ar.py)] + ark[kp—(ar.py) + (k.ar)(p-py)
—4{arps) ()] + 200 ) [ — 2apy (kaa) + (an-p1) (b-02) — (ar.02)(k-ps)

e (b.ar) + (a2.p1) (k-ar) — p(ar.a)] + 2(ar k) [3psp_(a2.k) — 2(pp)(az.h)

+(ps.a2)p_k| + 3k — ar(a1.py ) (p— k) + p_(as.a1) (k.p4)] } !

<k.p+><k.p>]’“”d
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— [ - {2k2<a2.p+>[a2p_ T (a2 )] + 202k )[(kp_) — kp_] + (ask)Ppap-
—azkpy (k.p-) + k*aspy (as.p-) + (ag.k)(k.py)[6p_k — 4(k.p_k)] + ka3 (k.p, k)

—k2a2(a2.p+)}m — <4(a2.p_)(a2.k)[2p+k — (k.p )] + k*(az.p_)[2(az-py) — azpy]

FE () (20 + (62)) = Rpep+ (o)) s + {2 )
—3kas(az.p-)(k.py) + 4kazpy (k.p-) + 3kazp_(k.py) — Sarp—(k.py)(a1.k)
—Task(k.p-)(as.ps) + 5ask(az.k)(p+.p-) — 3a3k*(p4.p-) — Saspy

(ag-k)(k.p-) + Tpyp—(as.k)* + 3pyask?(as.p-) — 4k aspip- + 6(k.py)(az-k)(k.p-)
—k*(ag.p-)(az.py) + 6a5(k.p_)(k.py)3p_ask?(az.py) — 4p_as(k.py)(az k)
+6p_k(as.py)(az.k) — (a2.k)*(ps.py) — 2kp_(az.py)(as.k) + 2(k.p_)(as.py)(az k)

+2k*p_ay(ag.py) — 2a5kp (kp_ — 2kp+(a2'k)(a2'p_)}m}

Therefor
Trl Liye I Y] = | Bal® + 1 BuCF + my By DY +m}CoB + p,|C?
+pCoD + 5,D, B} + 57D, CT +t,|D,|. (2.2.7)
Secondly evaluate
Trl 010, (2.2.8)

Substituting the vertex of the produced pair from Eq. (2.1.34) in to Eq. (2.2.8)
Tr(. 7.1
—Tr W ekl e[ (V"W gk VWt dalr”
{0 i) 25 (e~ ) ot (T~ o) )
o ea’k, ¥ > . K_a’l/%v” v”lﬁ/a’l) + ( gl v" ”W&) ﬂ}]
{( ' Sathr) B e ) T e ) <kp+>+ ))

_ A MAY 2k,l/,yu]%+kul%,yu o LYNTERZ
TH T S ey kp+ kp }|B|

+§{—v“¢’1/7/7” Y N CO Rk (Wl/f/v A W’l) }Bnc,j

kps) | (kpo)  2(kpe)(ep) \ (kps)
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e[ = gl 7“7 Wdsy (ea)’kt ([ Waol'v" 1%7 5’/9/2
+2{ (Fpv) 0D k) (ko) ( (.07) ) }B”D
e [ —y"¥ghv” ¢1W‘ (ea)’k” ('Kl dlk’y“/f/
TN ) ) 2(kpe) (Rl ( (k-ps) k.p- )}C”B
e_{ AT Rl A S Al s e c/lW‘v W&},O :
4 kp+ k?p+)(kp ) (kf p+)(kp "
f{ U VA i W VAl Y el dlk/’y“v k/%}c
4 kp+ k’p+)(kp ) (kp+)(kp "
e [ ='Wy | gl (ea)’k” (Wl dz%”/% 4
*2{ Epn)  Ghp) | 230ep)(ip) ( ) ) }D”B"
e [ =Mo" V' HAAH A g K %W‘v %/1 +
T { hp)? o) (Ep) | (kp) (k) }D"C"

[ AHhIY Y | I Ay I BE Y ¢2Mfy#7 /ﬁ/a’z
i { (k-p+)? i (k.p+)(k.p-) - (k.py)(k.p-) (k.p_)? }’Dn| ] (2:2.9)

Let as evaluate each trace in Eq. (2.2.9) using trace technology

Tr{_iju (ea)Qk;Zl:Z;r(:;%; (ea) I km kp 2} |Bu|” = 24| Ba|”,
SRR TR I il o e L
| e R ma i (e ~ a) [Pt =B
[ A B (e ) o
T N
R R e
[ A (G
R

[ "Haodol V| AWK Ay | BN G i P
{ hp)? o) (kpo)  (hp)(kp ) (k.p-)? }‘D”’ #|Dnl”

Where the abbreviations

2(eak)? (eak)* ] |

e [‘1 T ks Rk )P
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_ ¢ lua (ar.k) — a1 k?]  2k(k.ar) — a k?
e 2 [4( vk) ((k' p+) ) * ( (k.py)?(k.p-) 2(k.py)(k.p-)? )] ’
+ E a CLQ ]{7) — ang] _ 2kz(ka2) — (12162
=g o) ((m )+ (e rm  atom )
9 —(k.ay) ca Qk(k a) —ak® | (ba) oa)? 2k(k.ay) — a1k?
o= 2e [ e U 5 ~ R )
2 {—(alkz)2 N 4(a1.k)? — 8kay(a1.k) + 4k%a} —(alk)Q}
" (k.p+)? (k-p+)(k.p-) (k.p-)?
o= o2 {—kz(al.@) N 4(k.az)(k.al) — 2kag(ai.k) — 6kay(as.k) + (ay.a2)k? + 2a,a:k?
" (k.p+)? (k.py)(kpo)
_k2(a1.a2)]
(kp-)? |’
+ e —(k‘.ag) ca 2 Qk(k’ag) — (ng’Q (k.CLQ) —(ea 2 2]{5(1{/'@2) — a2k2
i = [T+ P S+ () — e S|
o — o2 {—kQ(al.ag) +4(/€.a2)(k:.a1) — 2kay (ag.k) — 6kai(az.k) + (ar.a2)k? + 2a1a2k?
" (k.p+)? (k.py)(k.po)
_k2(a1.a2) an
R
o — o |:—(a2k')2 4A(az.k)? — 8kag(ag.k) + 4k%a3 (—agk’)Q}
" [ (kps)? (k.py) (k.p-) (kp)? |’

This implies that

Tr[rFl’}rfﬁ’] = 2| Bu|* + yu BuCF + 4 B, D 4 2,C. B + 27| C,|?

+ knCo DY + kDB 4w, DyCF 4w | D, 2. (2.2.10)

By the same method from the above for the incoming and scattering moun evaluate

the trace in Eq. (2.1.39)

TT{TAZ(P+M)TA"’V(F/+M)]—1 [A”(F+M) (F+M)]

oM oM 4M?2

1 n An/! n An' n An/ noAn
= —4M2Tr {TA (P AL P A AT PLAY M 4 AR AYPIM + MEAT AL }

R {Tr [ AL P Ay P+ MTr[ ALP Ay + MTr[ AL Ay ') — M*Tr [TAZTAS’}} .

(2.2.11)
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Due to trace identities involving v matrices the trace of an odd number of v matrices is

vanishes. From the above Eq. (2.2.11) the terms which vanish are

MTv &0, Ay) = MT+], &%, A, P =0
So that

W (PEMN L, (P M 1 B ) -
T {TA“ ( 2M )" ATy oM =AM (Tr AP AY P+ M*Tr [ AL AY]

(2.2.12)
First find out

Trl, An P, AL P (2.2.13)
substituting the vertex of the projectile pair from Eq. (2.1.34) in to Eq. (2.2.13)
Tr(, An P, Ay P')
_ wo  ealkul e[ (VHA | (Y | ey
‘TTH ('y +2<k.P><k.P'>)E“” 2“(1:.13) *(W))GT‘" ((m) *(hPl))H’“‘"HP
y e*a’k, i Ky A H A B H A ,
i e |G L G e L

B wv (o 2KV PP+ KPP o WPE P
_TTH —VPT = ) R () K L Py )2 }'F’" ol

[ TRAIY PGPl (WA WPYAPY Ly
2 (k.P") 2(k.P)(k.P") (k.P) (k.P") r-nGr_n
¢ V“F%VV"F’ LPIHGP | (cal’Rt (WPRYAP WP P

+5{ WPy (k.P)(k:.P’)( kP kP )}Fr—nﬂfn
‘ “Wlf”v”F” LB (ca’R (VY PHP h PP

+§{ (k.P’) + 2(k.P)(k.P) ( (k.P) T (kP’) )}Gr—nan
_6_{7“/7/9/1%’1%”?/+7“W1P7”/M1P’+d1/f/7“i7’c/177/7”?’+¢1k/7“?7 Vo p }|G °

4 (k.P)? (k.P)(k.P') (k.P)(k.P") (b P)? ren

& (VUL PLYV' P AWV AP B PhHA P diby Py H o P!

_Z{ (k-Pz)z i (k'P)(k-P’§ " (k.P)(li:.P’) " (k.P/)22 }Gr—nﬂf_n
¢ [YHLPVE PP (R ([ HAPYP G PYP
+§{ kP EP (k'-P)(/f-P’)( EP kP )}HT_"FTt"
(VUL PAYV' P AWLPV VAP " PAY P gk Py H o P

_Z{ (k.P)? - (k.P)(k.P") * (k.P)(k.P") + D)2 }Hr—nG:__n
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e? Y RA P LS WA P A Hdo PV R Lo ol Pas WA P doby P K oy P
_Z{ (k.P)? i (k.P)(k.P") * (k.P)(k.P") + (k.P')? }}H - ]

(2.2.14)
Let as evaluate each trace of Eq. (2.2.14) using trace technology

P KNP P+ KPP s WPEP
o {_7 Py p=(ea) SEPIRDY N B )

2:| ‘Fr—n‘2 = Ln|Fr—n|27

_|_

Tr {’WFWM”F’ YEPY K o P
(k.P) (k.P)

2

(e
2(k.P)(k.P')

2

a)’k*  (UPAYYP WPV H AP B
: (FRmemy ) |t - ipct,
7 {7“&%%"?’ L Y
(k.P) (k.P")
(ea)*k" KPOLEN" P WP H b _
2(k.P)(k.P) ( *kP) (kP HF ron iy = M B,
¢ [ VAP PP
2 TT{ P (5P
(ea)?k” VHOPH P | A PH P _
PP () ) |Gt = MG EL,
. {wmmww MYV PP
1 (k.P)? (k.P)(k.P") &.P)(k.P)
AIPIVER) 6P, .
. [’W%F%W”F’ L HAPVHGP A PAY P
1 (k.P)? (k.P)(k.P") (k.P)(k.P")
+dml;,f) 73)% %P}GWHJ — P{G, O,
e [V“W 2PV PP
2 (k.P)
(ea)k” VR PH P ol PH P o
2(k.P)(k.P") ( kP) | (kP) )}HT_"FTt" = ol
B V’Wdﬁ”%%”i” L PHRPYEATY | I PR P
1 (k.P)(k.P") (k.P)(k.P")
LAl ( Z) ;zdm } H, G = S*H,_ .G and
e [V“Wz}”a’g%”}”’ I i VA Y i Vel
1 (k.P)? (k.P)(k.P") (k.P)(k.P")
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GV PV A P 2 2
Gy |Hy—n|” = To|Hyon|
Where the abbreviations

Ln = 4[(—P.P') +2PP' — (ea)QkP(k'P/) _(kkg;(i;l/—)'— P'(k.P)

— (ea 4 22(kP)<]€PI) — kQ(PP/)
(ea)k A[(k.P)(k.P)]2 }
K H(k'al)pppl — (P".P)] + (P.ay)[2kP") = (P'.k)] + (P.k)[=P'ay] + (al.Pl)}ﬁ

1
(k.P")

+ {(al.P’)[QkP — (k.P)] + (k.P)[(P.ay) — 2Pay] + (k.a1)[(P.P’) — 2PP’]}
+ (ea)Qk{Z(k.P) [k(P'.a1) — a_(k.P")] + 2P(k.a1)(k.P') + E*[(P.ay)P' — P(P'.a1)
+ al(P.P’)]}m + (ea)zk{2(P.k)[P’(k.a1) — (P'K)] + k(P.ay)[2(P' k) — kP

MPP s =20 + PR | |

M, = 2e H(k.ag)[zpp’ — (P'.P)] + (P.a2)[2kP’) — (P'.k)] + (P.k)[-2P'a;

+ (QQ‘P,)]}(k‘—i;-F) + {(ag.P’)[Zk‘P — (k.P)] + (k.P")[(P.as) — 2Pay] + (k.as)[(P.P’

+ (ea)%{Q(k.P)[k(P’.az) —a_(k.P)] +2P(k.ay)(k.P') + k*[(P.ay) P’

— 2PP’]} P

1

— P(P'.as) + aQ(PP’)]}W

+ (ea)zk{Q(P.k)[P’(k:.ag) — (P k)]

-+ /{,‘(PCLQ)[Q(P/k) — kpl] + k(PP/)[kag — Q(kag)] + k2P’(Pa2)}W} 5

n

MF =2¢ H(P.al)[QkP’ — (k.P)] + (k.P)[(P.ay) — 2Pay] + (k.a))[2PP'

. (P.P’)]}%P) + {(al.k:)[QPP/ — (PP)] = 20, P(k.P') + kP'(ay.P) + (a,.P')[2kP

—~

- (k:.P)]} (k;) + (ea)2k{2k(a1.P’)(k;.P) —2P(a1.k)(k.P) — 2(a,.k)(P.P")

— 2a1(k.P)(k.P") } 2(]{:.P)i(k:.P’)] - (ea)2k{2k(a1.k)(P'.P) +2P'(ay.k)(k.P)

+ 2(k.P)[k(ar.P) — a\(k.P)] + K[y (P.P') — P'(a;.P) + P(al.P’)]}W} ,
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P, =¢? { - {2k2(a1.P) (a1 P’ + (ay.P")] + 2a2(k.P)[(k.P') — kP']

+ (a1k)*PP’ — a2kP(k.P') + k*ay P(a,.P') + (ay.k)(k.P)[6P'k — 4(k.P'k)]

+ ka2(k.Pk) — kQal(al.P)}ﬁ _ {4(al.P’)(a1.k)[2Pk; ~ (k.P)
+ k*(ay.P")[2(a1.P) — ay P + 2a3[(k.P")(—2kP + (k.P)) — k*(PP' + (PP’))]} (k:;”)2

— {4k2(a1.P)(a1.P’) — 3kay(ar.P')(k.P) + 4ka}P(k.P') + 3ka2 P'(k.P)

— 5a, P'(k.P)(a1.k) — Tayk(k.P")(ay.P) + 5ark(ar.k)(P.P') — 3a2k*(P.P')
— 8ay P(a1.k)(k.P") + 7PP'(a,.k)* + 3Pa1k*(a,.P') — 4k*a; PP’
+6(k.P)(ay.k)(k.P) — k*(a;.P")(a;.P) + 6a3(k.P")(k.P)3p_a1k*(a;.P)

— 4P'ay (k.P")(ay.k) + 6P'k(ar.P)(ar.k) — (a1.k)?(P.P") — 2kP'(ay.P)(ay.k)

+2(k.P")(a1.P)(a1.k) + 2k*P'ay(ay.P) — 2a3kP(k.P' — 2kP(a1.k)(a1.P’)}W] :

n

Pr=¢? { - {2(al.P)(k:.a2) [2kP" — (k.P")] + 2(as.P)(k.a1)[2kP" — (k.P")]

+ k*(a1.a2)[2PP" — (P.P")] + k*(az.P")[(a1.P) — 2a1 P] + k*(a1.P) [ — 2a,P" — (az.P")]

— kQalag(P’.P)}ﬁ - {(al.ag) [ — 2kP(k.P') + k*(2PP' — P.P')) — 2kP(k.P')
+2(k.P)(k.P")| + (a1.k) (2kP(P".as) — 2(k.P)(P'.a2)) — ajask*(P.P’)
+ kZ(al.P)(ag.P/)}ﬁ - {(kP)[— 4(1,1P/(]€.CL2) + 2(a1.Pl)(k.a2) - 5CL2P/(]€.(11)

+2(a.P'(k.ar) + aras(k.P') — dark(as.P') — 2azk(ar.P")] + 2k* [ax P(a;.P')

— 2a501(P'.P) + ayP'(a1.P) — (a1.P)(az.P") — (as.a,)(P.P") — 2(as.a,) PP’

+ (a1.P")(as.P)] + ark[kP'(az.P) + (k.as)(P'.P) + —4(as.P) (P k)] +
2(k.P")[ — 2a3P(k.a1) + (ag.P)(k.a1) — (as.a1)(k.P) — ay P(k.as) + (a1.P)(k.as)
+ —Pk(az.a1))2(az.k) [3PP'(a1.k) — 2(PP')(a1.k) + (P.a;) P'k]

+ 3k[ — az(ay.P)(P".k) + P'(az.a1)(k.P)] }m] )
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Sp = 2e {{(P.ag)[ZkP’ — (k.P")] + (k.P")[(P.ay) — 2Pas] + (k.as)[2P P’

—(P. P’)]} iP {( k)[2PP' — (P.P")] — 2ayP(k.P') + kP'(ay.P(ay.P')[2kP
— (k.P)] } i) 2k{2k )(k.P) — 2P(ay.k)(k.P') — 2(ay.k)(P.P")
— 2ay(k.P)(k.P )}2(k:P) kP + (ea) k{2k(a2 k)(P.P') + 2P (ay.k)(k.P)

+2(k.P))[k(az.P) — as(k.P)] + kas(P.P') — P'(ay.P) + P(ag.P’)]}W} ,

St =¢? l — {Q(GQ.P)(k.CLl) [2kp_ — (k.P")] + 2(a1.P)(k.az) [2kP" — (k.P')]

+ k*(as.a1)[2PP — (P.P")] + k*(a1.P")[(az.P) — 2a2P] + k*(as.P) | — 2a; P’
1
(k.P)?
— 2kP(k.P") + 2(k.P)(k.P")] + (as.k) (2kP(P'.a1) — 2(k.P)(P".a1)) — asask®(P.P")
+ kQ(GQ-P)(GQ.P’)}ﬁ = {(k.P) [ = 4a2P'(k.a1) + 2(as.P')(k.a1) — 5as P’ (k.as)

+ 2(ar.P'(k.az) + asas(k.P') — 4ask(as.P') — 2a1k(as.P")] + 2k* [a1 P'(as.P")

— (a1.P)] - k2a2a2<P.P/)}

— 2aya5(P.P") + a1 P'(ay.P) — (as.P)(ay.P') — (ag.a1)(P.P") — 2(az.a,) PP’

+ (az.P')(a1.P)] + a1k [kP'(a1.P) + (k.ay)(P'.P) + —4(a,.P)(P k)]

+2(k.P")[ — 2a1 P(k.as) + (a1.P)(k.as) — (a1.a2)(k.P) — aaP(k.a;) + (as.P)(k.a1)
— Pk(ay.a2)] + 2(a1.k)[3PP'(az.k) — 2(P.P')(as.k) + (P.as) P'k]

+3k[ — ar(ar.P)(P" k) + P'(az.ar)(k.P)] }m} ,and
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T, = é* { - {2k2(a2.P) [P’ + (ag.P")] + 2a3(k.P)[(k.P') — kP'] 4 (ask)*PP’
—akP(k.P') 4 k*ayP(ay.P') + (ag.k)(k.P)[6P'k — 4(k.P'k)] + ka2(k.Pk)
—k:%m(a;P)}ﬁ — {4(@2.P')(a2.k)[2pk — (k.P)] + k*(ag.P)[2(az.P) — ay P]

(k?.lp/)g - {4k52(a2.P) (ag,P')

—3kay(ay. P')(k.P) + 4ka3P(k.P'") + 3ka3P'(k.P) — 5a; P'(k.P)(a,.k)

+2a3[(k.P")(—2kP + (k.P)) — K*(PP' + (P.P’)]}

—Task(k.P')(az.P) + 5ask(ays.k)(P.P') — 3a3k*(P.P") — 8ayP(ay.k)(k.P") + 7TPP'(ay.k)?
+3Payk*(ay.P') — 4k*a3 PP’ + 6(k.P)(ag.k)(k.P") — k*(ay.P")(ay.P) + 6a3(k.P')(k.P) +
3P ask*(ay.P) — 4P'ay(k.P)(ag.k) + 6P'k(ay.P)(ay.k) — (as.k)?(P.P') — 2kP'(ay.P)(ay.k)

+2(]€P/)((ZQP)(G2]€) + 2/€2P/(1,2(CL2.P) — 2a§kP(kP’ — ZkP(agk:)(agP/)}m} .

Therefor

Trl, I Poly P = LulFroo® + L Frn Gy + Mo F oy H + MG, B

+ PG, + PG H + S, H,  Ff 4+ STH, .G + T, |H._,|*. (2.2.15)

Secondly we evaluate

Tr[, Ar A, (2.2.16)

Substituting the vertex of the projectile from Eq. (2.1.34) in to Eq. (2.2.16)

Trl, Ap, Ap]
~r{ (v i pees) Pt (R + ) o (e + (m) 2}
L =) s | (i + e ) oo (W + e ) 2 ]

_ wov o KM AR, WY )
=Tr H — "y = (ea) 2k P) (k. ) (ea) KMk 4((/{:.P)(k,P)2}|F”"|
[V AEAY- | (eal’Rt (HAYY Y
5{ *kP) T (RP)  2&P)(KP) < kP) (P > }F rn G
E{’Y”%M’YV + ’VNPYVMQ/Q + (ea)le‘ (y%yp)ﬂ/ ]%,}/VM%) }F ) H+—

2\ P) P 2kP)EP)\ (RP) (kP

_|_

_l_
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+

+ +

2{ (k.P)
ol AT

(k.P’)

205 P) (k. P)
VR K o)

(

(k.P)
el

e ) Yoot

+

_622{ kP2

ol A

62

(.

Y Ha K o

PY(kP)

(k.P)(k.P)
G ol "

a4 }‘Grn|2

4

*&P)? (&P (kD)
el

+

(ea)?k”

(k. P) (k. P)
VGl gl

(k.P')2
+ }GT—WH:_—n
+

&P) (kP

e [ Yiday”
+§{
VMo Y

VW K oy

2(k.P)(k.P)
el

(

(

VY
(kD)2
R

+

_6742{ (k.P)?

(o.P) (k. P")
VR K o,

+

(k.P)(k.P)
Gk doll "

(k.P')?

_f{'y“%%/f/v” N
4

(k.P)?

(k.P)(k.P")

+

(k.P)(k.P")

el A 2
) 2}|Hr_n| } (2.2.17)

Let as evaluate each trace in Eq. (2.2.17) using trace technology

1| = e g ey~ O et 1ol = ol
S e b s By Gy ) |G = VoGl
S e (7 08 v
[ (A0 o
[P S A s
et R e e (N
S (A o=
[ R R
[ e G el
Where the abbreviations

An = {_1 - (k.gi?(klj.;/) N [Q(k.(ziC)L(ker')]J ’
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g {4(%]{:) ((k'.lP) - (k‘.lP’)> + (ea)’ <2 [lzéfélg;)(;;;})m + Qk((k al))(l;;,l)lf)} ’

Y, =
L e 1 1 o [ 2[k(ag.k) — agk?]  2k(k.ag) — ask
=5 et (G o)+ Coipem + Bemwrr )|
(k.ay) o, 2k(k.a1) — ark*  (k.ay) o 2k(k.a1) — a1 k?
ER A Y ORI B T ) SR T ST e ]

(k.P)? (k.P)(k.P") (k.P)?
o[ —k*(ar.az)  4(k.ag)(k.al) — 2kag(ar.k) — 6kay(ag.k) + (a1.a2)k? + 2a1a0k?
(k.P)2 (k.P)(k.P")

—(a1k)?  4(ay.k)? — 8kay(ar.k) + 4k*a? —(alk:)2}

+ (k~a2) 2 Zk(k'(lg) — a2k’2 (k’.ag) 2 2]{3(1{3&2) — a2k2
Ky =2e [(k:.P) e b = mrar) T we) T P ) } !

— —k*(ar.as)  4(k.ag)(k.al) — 2kay(as.k) — 6kai(as.k) + (ay.a0)k? + 2aia2k>
n= e { kP2 (k.P)(k.P)
k2(a1 ag)
A end
v o[ —(a2k)®  4(ag.k)? — 8kas(as.k) + 4k*a3  (—agk)?
Wi =e [ (k.P)? (k.P)(k.P") T (kP2 ]

This implies that
Tr, Al AY] = Xp|Fronl? + Yo B oGl + Y F W HE L+ Z,Gy B
+ZHG P + KW Gr o HY  + KTH, FE 4+ W, H, G+ W H. 2. (2.2.18)
Therefore we can rewrite

DO Myleme |n) M, (p, ' [r — n) M, (e |n') M (, g |7 = ') = T

ss’ s4s—

1
- —L |Bal? + L BuCyf + m,BuD;f +m CoBY + pa|Cul? + p CuD;f

©16(mM)?

+8,D, B} + st D, CF +t,|D,|* —m (xn|B 1>+ y.B.Cf + vy B, D} + 2,C, B

O 4 kG D+ KDy B + w, DaCF + w,ﬂDn\z)] {LnyFrn\Q CLRLGE
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+M,FNH " 4+ MG, Ff + PG, +PrG._ Ht +S,H,_,Ft
+StH, GF 4+ T, Hyp|* + M? (Xn\FrnF + Y, F_ .Gt +Y I F_ H'
+Z,Gr o 420G, P+ K,Ge HY A KTH,_ EF n+WnHT_nG}+Wj|HT_n|2>} :

(2.2.19)

This implies from Eq. (2.2.2) total cross section can be rewrite

dSQ/ d3q+ d3q_ |N/|2 1 ) 1
= A2 — sz | la| Bul*+0 BuCyY +1m, By Dy
o / (2m)3 / (2m)3 / (2m)3 / f |U_VZ| 39 ) ZOO (mM)? { | B, |+ B, C.T+m !

n/=—

+m Co B+ po|Cn|* +pi Cu DY + 8,D, B + 81 D, CF +1,| Dy, |> — m? (mn]Bn\Q +ynB.CF

n n

+yr B, D+ 2,C. B + 2 |C|* + k,C. D} + kD, B +w, D, C;t —|—w:{|Dn|2>] {Ln|}«1_n|2
+LIF._,GF  +M,FyHY +MG._ . F' +P,|G_.*+PrG,_H'
+S,H,_FY 4+STH, Gl 4T, |H,_,|*+M? (Xn|FT_n|2+YnFT_nGjn+Yn+Fr_nHjn

+Z,Gr o Er +ZNG, P+ K,G. HY  + K H,. . Ef +W,H,. Gk

Vitg+ g +q- —nk—Q—Nk+ Q)
2m)* (g4 + q- — nk)?(q4 + q— — 'k)?

+W,j|Hrn|2>]
(2.2.20)



Chapter 3

The rate and cross section for eTe™

pair creation by proton impact on

intense laser beams

Protons are not fundamental particles. In our case the calculation does not actually
apply to them. But since they are spin'/? particles like leptons, we may approximately
treat them as effective Dirac particles. We now consider the process p+rw — p'+et +e~

in the presence of a laser field show in the figure below.

Figure 3.1: Feynman diagram of the considered process in the lowest order in. The dashed
line represents the virtual photon propagated between the projectile and the electron
positron vertices, and the double lines stand for the exact lepton wave functions in the
laser field (Volkov states).

This is similar to the process u + rw — ' + e + e~ treated in the previous chapter.

However p is quite massive compared to e™ and e~ (m, = 1840m,) as an approximation

34
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we can regard p as at rest before and after scattering.

Figure 3.2: Feynman diagram on scattering of e"e™ at an external field (x)

We can thus consider the above process as taking place in the Coulomb field of a heavy
charged particle (x) at rest shown in Fig. 3.2. We can thus treat the above process in
first-order of perturbation theory and work in the rest frame of the proton. From the
Feynman diagram in the above using the first-order perturbation theory the scattering
amplitude of the transition from negative energy Volkov state to positive Volkov state

induced by the Coulomb field A, of the static proton is

S =ie / d'zV, o« AV, ., (3.0.1)

where a proton in its rest frame can be described by the four potential A# = ( £.0,0, 0),

ma
so that A, = —7'A’ +~°A2 but —~+'A? = 0, this implies A, = 7°A°.

This implies Eq. (3.0.1) become
Sy =ie / d'zV, , YA, .. (3.0.2)
From cylindrical polarized plane-wave
A, = aycos(kz) + azsin(kx). (3.0.3)

Substitute the Volkov states expressions of \pr_s_ and V¥, . given from the above in

section (2.1). This implies the scattering amplitude of Eq. (3.0.2) can be rewrite as

iem _ eAl el A cal
St = ——— d*xu s (1 — ) °AC (1 + —) Upo s e (5+—5-)
" V/EE 8 2(kp-)) 2(kps))
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ie*m ( e Al ) e ( el A ) ,
_ d4xa e 1 _ L 1 + v s e’L(SJr—S,)
V" : 2(kp-)) x| 2(kps)) Y

_ ie’m d4_xa (’yo—i- e’ KA _ eAk° _ A KA )v i(S+=5-)
_V ’—ng0_ ’X| p_S_ P45+

2(kpy)  2(kp-)  2(kp-)2(k.py)
ie*m d*x _ . 2e2a’k°K e ((VHdy gl
|0~ zpms) <3 (f

) costia)

“vvae ) W ko) (kp)) " 2 \(kpy)  (hpo)
e (V¥ e’ sin (k)| 515y
5 (G ~ ) ) o

From section (2.1)

4<€(a1-p7> _elar-py) ) sin(kx)+i<e(a2'p7) _lag-Py) )cos(k:v)

ez‘(S+—S,) _ ei(qyl-qu)-ace*z CN) N kp_) (k-py)
But in this case
.(e(ay.p_) e(ay.py) . .(elag.p_) e(ag.py)
o~ (T s ) simthe) i (G - S Jeos(he) _ —iwsin(he—o0)

Therefore

(84 =5) _ illas+a-) a—wsin(ka—go)]

From these expressions

S5 ie’m d*z |:(»)/0_ 2( e*a”kl ) 48 <701f¢1 Vel

) cos(kz)

= ——— T
V@ ) X kp)(kpo)) 2 \(kpy)  (kpo)
e (1K edﬂv") . } I sin(ka—
+ = - sin(kx)|ellarTa-)e—wsinlkz=go)l,, 3.0.5
(T~ Ty ) sinte pro (305)

From cylindrical Bessel function expansion of trigonometric functions in the appendix.

Let as consider

B, = " J.(w),

1, . ;
C = . (ez(r+1)¢o(]r+1(w) + ez(”_l)d’OJr—l(W)) ,and
1, . ;
Dy = o (¢ (w) = 0V ()

where

1T k) (Rpe)
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From these equation

o ie*m a’ky e (Vhdh Gy’
o1 = VA A Z / T K 2(k-p+)(k-p)) brtg ((k-m) (k-p)> <
<7 Ko _ €¢277/7 >D ]ez(q++q_m),m
(k.py) p-) '

ie*m i(q++q——7k).x (3 0 6)
V\/ a%q° rz / x| p+p_

Where the invariant spinor-matrix (MZS +)p )

i o _COKY N\ p o e (1HA Ay
My = Tps [ (7 2(k.p+)(k.p)) Br 2 ((k'p+) (kp)) “

e (¥t e\ ],
+§ ((k-p+) (k?-P—)) DT} e

To solve the integration of amplitude on Eq. (3.0.6)

26 m _ —i(q2+q% —rko).z0
Spi = / / ellarta——rl)x g, . (3.0.7)
v L [

Upysy

But
[t~ i),
where  q2 = (¢ +q° —rk,).
And
6’13| eila++a-—rk).x ’
x

it can be solved easily with the help of the following trick based on partial integration.

3
T
x| (a+ +9- — k) x|
1 / 1. .
= Bx(A—)ella)X
(q,)? x|
1 / ‘
= dPx (—4mwd?(x)) ellar)x
(e | 4 ()
A
(ql")27
where q, = (q+ +q- — rk).
Therefor
47 (2m)d(q°
Sy e Z ") L@J (30.8)

VP =T (@)
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3.1 Partial rate corresponding to the process p+rw —

p +e" + e taking Proton at rest

The total partial rate corresponding to the photon order r is given by

r Vd3q+ Vdgq_ 9
. :/ (2m)? / 27)3 T Z|3fl‘ (3.1.1)

But the square of the partial transition amplitude

59 = g 3 M, iy T 3.12)
One can show that
(2m0(g7))* = 2md(q))T.
This implies
1S5l = VQ 0 ° Z p+p— p+p— 27Tfl£qT)T (3.1.3)

T orrl=—o0

Let as consider

o (o €’k e (V¥ %W’) e (7‘%@ B edmo)
= (7 2<k.p+><k.p>> Bt s ((m) o) T2\ T )
(3.1.4)

Then the spinor-matricx

(r _ 7 oo
My, =, s Ivp, s,
Thus, we can rewrite
"+ — (g 00 +_ oot gzt
MPH’— - (upfsfpr’ UP+5+> p+s+Fr p s_
oo+ (,,+ + __ +

+S+Fr ( p_s_74) - +3+Fr Yalp_s_

= Iy, u Because =17
PS4+ 7474 r! 74 pP—S— ’74’74 -

= 00
= Upysy Fr’ Up_s_;
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where T, vy and 10 = 45T,

p+S+

Due to these equation

/)+ 700
E : p+p p+p E : up S—]ﬂ UP+5+1%+5+ I;/ Up_s_

S5 S45-

_ 00 — 00 —
= E I 0p s, Upysy I Up_ s Up_s_.

S5

From the summation of Dirac spinors of spin in Eq. (2.1.37) and Eq. (2.1.38)

r r’ ooli+ _'7n/*oolf_ +m
Z Mp+)p— pip. = LT {F om I om | (3.1.5)
S+S—
Therefore
Vd3q. Vd3q_ [ 1 e*m? = 276(q°) Po—m - _p-+m
R :/ + /_ T Tl oo oo
(2m)® (2m)* ) TV2qSq2 ;OO g} " om0 2m
4,.,2 d3 d3 3 00 275(a° B B 3
= q+3/ =y = (A {F,?O]/+ M ool +m} (3.1.6)
gig> J (2m)* ) (2m) —~ = q 2m 2m

3.2 Total cross section of the process p +rw — p' +

e + e taking proton at rest

The scattering cross section can be defined as the transition probability per unit time

divided by the incoming current of particle given by

do dR
— 2.1
From this equation
e'm? [ dBq, [ dPq_ 276 (q Ye—m-_p- +m
— d e 'y . (3.2.2
T <27r>3/< / f|vz|z at { 2m " 2m ] (3:22)

First find out the trace evaluation of

Tr [Fﬁo (%) re (V ki m)} - %szr [FOO (e — m) T2 (p + m)]

2m
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1 _ _ _ _
= 51T LY TXy- + Iy Lm + LT y-m — m* LT (3.2.3)

Due to trace identities involving v matrices the trace of an odd number of v matrices is

vanishes. From the above Eq. (3.2.3) the terms
mTr [Fﬁopﬁrl?,o} =mTIr [FTOOF;O,OZL} =0

This implies

Tr {FTOO (fﬁ;mm) e (,zfz;m)} - ﬁ (Tr([°y, Iy ] — m*Tr[[°T]) .
(3.2.4)

First solve the trace
Tr[l2y, T2y ]. (3.2.5)

Substituting the vertex of the produced pair from Eq. (3.1.4) in to Eq. (3.2.5)

Ty ey
=t { (- s ) s (G~ s e (G - s ) o e
{(=7+ sy B (s + T ) e (5 + o) o o

T N N R A TS :
‘TTH T e ) ) (ea) k7K 4[<k.p+><k.p>]2}’3’“|

e[ VANV VA WA (calRe(WhAKATY W A N
+2{ (k.p+) hp)  20kp)(kp) ( (k.py) (k.p-) >}BTC’”
e[ VVBYV WA W gy (calRe (W W N
o e e e ) e
el Wb Y- @/1]7/’Yoﬂ+’7 A (ea)’k” VKA K Y- _ G YK Y- +
1l Camm Tl G ) jos
+e_{ — Wy il v° p/—+7 KAV ey Y S Y ek Y S N Y }|C ?
4 (k.py)? (k-p+)(k.p-) (k-p+)(k.p-) ((k.p-))?
+_2{ N LY Yoo~ ATl 20Vl Vo AP H }C D+
4 (k.py)? (k.ps)(k.p-) (k.ps)(k.p-) (k.p-)? o

€ L e Y A (ea)’k” (’Y 501/29@&/17/_(;/2]%’70?@/{?)} +
*2{ kp) ep) 2p)(ke) \ (k) kn) ) 7



41

o B T AN e AN U 70 e o Y 2 0 A e A 0 e vy N
+4{ ko (kpo)(eps) | (kp)(kpo) (k.p-)? }qu
R { SOl AR A e i S s I Y e Y Yo S }| b ﬂ
4 (k.py)? (k.ps)(k.p-) (k.ps)(k.p-) (k.p-)? '
(3.2.6)

Let as evaluate each trace in Eq. (3.2.6) using trace technology

Tr [ — P - + (ea)? ke VOﬂgéﬁJ'(Z;/f/P;ﬂo j/

o W
Ok M eps) kP

e {—7‘%%%"'?— VI W Ay~
2

1B =5

(k-p+) T k)

L (ea)’k? (Ww’l/fhdﬂ— WK A
2(k.py)(k.p-) (k-p+) (k-p-)

e o [—’y”ma’z%dﬂ LV K
2 (k.p+) (kp_)

(ea)®ke (Wﬂ’zlf V- W W

> 1BTCT+ _ I B,C,

) ]BTD;F i, B,DY

2(k.py.)(k.p-) (k-p+) (k.p-)
€ [—70%417@70/?— i Y Y-
2 (k) (kp-)
(ea)?k” (voéfdlmlf/z/— B dléfv"mlf/zf—) } P,
T S\ (hps) (kpy )0 =GB
e r {—v%mgflw’ﬂ_ R Y 2 LV Vg S 2
4 (k.ps)? (k-p+)(k.p-) (k.p+)(k.p-)
ARSI | = il
¢ TT{—V"W%%W”'V R Y X
4 (k.p+)? (k.py)(k.p-) (k.py)(k.p-)
A -

e et =srein:

€ —VHdof Y- ol Y-
2 TT[ (k-p+) " (k.p_)

(ea)’k” (7017/%27@/)/]/— _ YK Y-
2(k.py)(kp-)\  (kpy) (k-p-)

)] DB = 5,D. B
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¢ {—v%maww R G Y o S i 2
4 (k-p+)? (k-p+)(k.p-) (k.p+)(k.p-)
W -
(k.p-)?
< {—demmw’ﬂ I L Y O i 2
4 (k-p+)? (k-ps)(k.p-) (k-p+)(k.p-)
B W o
(k.p-)?

]DTC’;r =sD,C} and

} D, = 4,|D,]".
Where the abbreviations

(k°.p2) — k(p%-p-) +p-(k-ps)
((k.ps)(kp-)
ke.pl) (k2.p?) — kOQ(pip‘i)}
A[(k.p4) (k.p-)? ’

o (o) (0] (0] Opo
I =4 [(PHU) — 2p%p% + (ea)?ko=+

- (6&)4/{5022(

1 = 2e|{ - (a2t + 0290+ O8R4 2]

- (a(f.p")}—(k;) + {(a‘{-po)[%"p‘i — (k°.p5)] + (K°.p2)[(p%-a7) — 2pSaf]
1

+(k%.a))[(p% p2) = 2p5 7] } (k-p-)

+<ea0>2k0{2<ko.pi>[k"(pz.am = (k.p )+ 20 (k.af) (.0 ) + k(92 )p?

—p%(p%.a3) + a3 (p%..p%)] } m - (6@0)2k0{2(pi~k°) [p? (k°.a}) — (p2 k)]
k7 (pg-a9)[2(p2 %) — Kp2] + K (p%.p2 ) [K°af — 2(k°.af)] + k**p? <pi-a§>}m} ’

e = 2e|{ = (287 = (00 2] = (2R — (42 ] = ()2

+(a§.p0)]}—<k;+) + {(aé’-p")[%pi — (k2. p)] 4 (k°.p2)[(p% -a3) — 2% af]
+(k.a3)[(pSp2) — 2pip°]}—<k;_) + (ea)Qk"{?(k"-pi)[k”(p".ag) —a? (k%.p2)]

+2p° (k°.a3)(k°.p° ) + k[(p%.a3)p® — p%(p°.a3) + aé’@i-p‘i”}m

—(6a°)2k0{2(pi~ko)[Po_(k“’-aé’) — (P2E2)] + K2 (p%.a3)[2(p” %) — kp?]

RO (p%-p” ) [k°as — 2(k®.a3)] + K*p” <p°+'a3>}z<k.p+>1 <k.p>2] |
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ot = 2e{ = (Rad2Ape — ()] = (K02 ) ~ 28]

a2 ()] s+ R~ )]~ 20t )
FR (@) + (V2R = ()] b o+ (oo ka2 ) 0002)

1
2(k.py)?(kp-)

—(ea°)2k0{2k0(a1.k0)(p°.pi) + 2p? (a$.k°)(K°.p%) + 2(k°.p°)[k°(a].p%) — af(k°.p%)]

—2pS (a7.k°)(k°.p2) — 2(a].k°) (p%-p2) — 2@‘1’(k°-pi)(k°-p‘i)}

+k2[af (p2.p%) — 2 (af.p%) +pi<a‘f'po)]}2<k.p+>1(k:-p—)2} ’

o= | = {2t et + ()] + 200~ K]+ (kP

—af?keps (k°.p2) + k2afp? (a3.p%) + (af.k%) (k°.p%) [6p° k — 4(k°.p2 )k®] + k°as? (k° .p% )k

—k2a‘i(a‘{'p‘i)}m - {4(a‘1’-p")(a‘i'k")[2pik° — (k°.p2)] + k*(af.p?)[2(aS %)
—afpl] + 2aP?[(k°.p° ) (—2k°pS. + (k°.p%)) — k(0 + (pﬂrpo_))]}—(k‘;_)2

+{4k‘°2(ai’ P5)(af.p®) — 3k°af(ag.p” ) (k°.p%) + 4k°a?ps (k°.p% ) + 3k af®p® (k°.p%)
—5a9p? (k°.p5. ) (a3.k%) — TaSke (k°.p° ) (aS.p%) + 5ak® (aS. k%) (p5 .p° ) — 3a3°k* (p%. 1)
—8afp? (a3 k) (k°.p) + TpSp° (af.k) + 3p%atk?(af.p) — 4k*a*pdp®

(R ) (0 ) (R ) — K202 (a8 ) + G (K 2 ) (° ) 3p° k™ (a5
—4p° af (k°.p% ) (af k%) + 6p° k°(aS .p3) (a3.k%) — (a3.k) (pT.05) — 2k°p° (af.p% ) (af.k°)
+2(k°.p2)(a3.p%) (af-k°) + 2kp? af (af.pS.)

0. 0,.0 o o 0,.0 o o o (o} 1
—2ak"pS (k°.p? 2k°p5 (af-k )(al'p_)}m17
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it = | = {otat ) e = ()] + 2t 0 [0 — (1)
+k%(af.a3)[2p2 p% — (p2.p2)] + k(a5.p2)[(af %) — 2a9p%] + k°*(af.p%) [ — 2a5p”
—(a3.p%)] — kozai’ag(po-pi)}m - {(ai"a‘z’) [ — 2k°pS(K°.p%) + k7 (2p50° — (p5.%))
—2k°pS (k°.p2) + 2(k°.p% ) (k°-p2) | + (a9.k%) (2K°p%L(p2.a3) — 2(k°.p%) (p2.a3))
) R ) s () (8.08) + 2t 4.
—5a9p° (k°.a9) + 2(ag.p” (k°.a3) + ajag(k°.p°) — 4a7k’(a3.p”) — 2a35k°(af.p”)]

+2k [a5p? (a3 .p2) — 2a5a9(p° .p%) + asp® (a9.p) — (a3.p%)(a5.p) — (a5.a9)(p”.p%)
—2(a3.a0)p” p5 + (af.p ) (a3.p%)] + afk® [k°p° (a3.p%) + (k*.a3)(p° -p%) — 4(as.p}) (p” k)]
2(ke.p ) [ — 2030 (K aS) + (a0 ) (K°.a2) — (a5.a) (K°.5) — aZps, (k°.a3)

(08 (K.08) = P (03.09)] + 2(ah) [39297 (aK7) — 20207 ) (0.4°) + (0 a)p” ]
1 = et )0 4) 4 8 (g ()] b |

so = 2e[{ = GRal2upe — ()] = (K02 () 28]~ ()27

o+ {(a;.k°>[2p1pz (9] — 208, (K.7) + K" (0.7

(a0 KBS, — (Ko >]}( o+ ey O{zko 87 ) (.05) — 202, (03K (° 17

ARG 47) — 25 ) ) s = (e >k0{2k°<a2ko><p )
NI )+ 0 ) — A L ) 2 )

Rl el
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= 2| = {taga e an iy - (000 + 2at ) a2k — (057
+k%(a3.09)[2p 5. — (p2-p%)] + K (af-p?)[(a5.p5) — 2a3p%] + k% (a3.p%) [ — 2a9p”
—(ag.p%)] — /~<?02a3a§(p"-pi)}uﬁ;2 - {(ai"a‘z’) [ — 2k°pS(K°.p%) + k7 (2p50° — (p5.%))
D+)
—2k°pS (K°.p”) + 2(k°.p}) (k°.p% )] + (a5.k°) (2k°pS (p2.a3) — 2(k°.p%) (p° .a9))
kP ) (0500) b+ { ) - e (k)
+2(a$.p% ) (k°.a9) — 5asp® (k°.a3) + 2(a$.p® (k°.a3) + afa§(k®.p®) — 4a3k(ad.p)
—2a9k°(a5.p )] + 2k°* [afpS. (a5.p2) — 2a7a5(p? .p%) + aip? (ag.p%) — (a5.p%)(a3.p2)
—(a5.a9)(p2.p%) — 2(a5.a3)p2p% + (a5.p-)°(ag-p%)] + a3k’ [k°p2 (af.p4)° + (k°.af) (92 p2.)
—4(af-p) (P2 %) ] + 2(k°.p2) [ — 2a3p5 k°.a5) + (af.pS(k°.a5) — (af-a3)(k."p%)
—agpS (°k.af) + (as5.p% ) (K°.a7) — piok(ar.a3)] + 2(af-k°) [3pSp? (a5.k%) — 2(pS.p2 ) (a5-k°)

+(p%-a3)p-k°] + 3k — a3 (aS.p% ) (p° k%) + p° (a5.a9) (k°.p%)] } (k.p 1

b= | = {2 + (W) + 2P ~ K]+ (a3
—ag’kpS (K .p2) + kasp (ag.p2) + (a3.k*) (k7.p3)[6p2 K — A(k7.p2 k)] + ka3 (k7.5 k°)

R 8) s — (U RV — ()] + e lart) — ]

+2a37[(k°.p2 ) (—2k°p%. + (K°.p%)) — kP (pSp° + (pip‘l))]> m + {476"2(61‘2"291)(@%'1)‘1)

—3k°a3(ag.p”) (k°.p%) + 4k°a*p% (k°.p%) + 3k a?p® (k°.p%) — 5alp® (k°.pS.)(a$.k°)
Ak (R ) (a307) + 53k (0 )0 ) — BaPR () — Bapt (a3 k) (R )

TP (k) + 390k (a”) — AR+ 6(K 5 ) (a3h7) (k7.7

() (002 + B (k7 57 ()30 a3k ) — 497 a5 ) aK°)

+6p° k°(a3.p% ) (a9.k°) — (a3.k)(p5.p%) — 2k°p° (a9.p ) (a3.k) + 2(k°.p% ) (a3.p% ) (a3.k°)

1
+2kp° ag(a3.pS,) — 208°k°pS (K .p” — 2k0pi<a%~k”>(a5‘pi>}m} |
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Therefor
TrI>*y, >y | = 1,|B.|> + I B.C" + m,B.D; + m}C.B + p,|C,|?
+pC.D} + s,.D, B + s D,C} +t,|D,|*. (3.2.7)

Secondly we can evaluate

Tr[>re=]. (3.2.8)
Substituting the vertex of the produced pair from Eq. (3.1.4) in to Eq. (3.2.8)
Tr[[°1]
_ o ca’ky el (¥ g’ VWl gl
- H (7 Q(k-m)(k-p_)) s { ((k'm) (k.p_)> CTJF((k.m) (/f'p_)> DT} }
g, AW N g{(_a’ll%vo' 7"’&%) ( ¥y W’z) +1 H
{ ( T 2<k.p+><k.p>> Bs e T o ) O <k PR A

.
2(k.py)(k.p-) kp+ kp }}B‘
+§{_?%¢I i 7(219]/{/)(;/1 " Q(k.;(aia)o();.p ) (%gj T Wl) }Brof
S () o
et kid; *d@g) +2<z§p§<fip>(<fiy %Wy)} B
s e
A= - S
A Y;’f” i (5 )
R G

e? Ww’z/f/v "/%dw ¥ dzlﬁ/v%%”' B (/277/7 ¥ /%aé
+_{ (hp)? " (kp)(kpo) | (kp)(kp)  (hpo)? }\Dr\ } (3.2.9)
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Let as evaluate each trace in Eq. (3.2.9) using trace technology

e[ ()k2&5)+(zpm) kK e 1B =1,
R e el (s e DI L s
R s TR el Tnank iyl Lo
[ A S )

N e (VY e /e Y LY A Y el /%q’l .
T’ { koo (epo)kpo) | ep)(kps)  (kp) }‘C| Flal’

o B AT e R A A AV Y e A Vs e i Y P T .
4T{ (hps)? *(km(kp) ) kp) ~ (kp)? }OD =Ry

i

ijTD:',

0%/2'7 @/2'%7 (ea)2k0l (70/;//(}/2]%’ B dab° ]7/’) :| + _ ot +
{ ) R i Gt e | L
€ | T HBAY Y W K ¢27%70%V70/_¢2’%70701V¢'1} ¥ — . DO an
1 [ hp 2 Uep (o) (hp)lip) (epE | = rDrGrand
e { R s e S i e (/2]7/7070,/%%} D,| 1 w|D, "
4 (kpe)? (kps)(ep) | (kps)(kopo) (k.p-)?
Where the abbreviations
- =4l 2(ea’ke)? (ea®)ko*k? }
’“ 4{ M ) () kp ) ()
e ey (L ¢ 2 [k°(ag. k" k°2] 2k (k°.af) — affk:o?)]
v =5 100 (g ) e (et R
o[y 1 ) ¢ (2 [k°(ag k" a;k02] - 2k°(k°.a8) — agk02)]
= {4( ) ((m) (b2 () (kp )2
B —(k°.a9) 2k0(k:0 ag) — aSk* (k. al) o2k (k°.a9) — a?kOQ]
=20 |l e L 1 G — (e R
2 (afk®)? N A(a9.k)” — 8k°af(ag.k°) + 4kaf®  —(a3k°)?
" (k.py)? (k.py)(k.p-) (k.p-)?
2 [—k‘ﬂ(a({.ag) +4(k" a$)(k°.al?) — 2k°ay(a$.k°) — 6k°a(as.k°) + (a$.a3)k*? + 2a9a9k*?
T (k.py) (k.py)(k.p-)

~ k(ag.a3)
(k-p-)?
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—(k*.a9) ke (ko.a2) — ask?  (k°.a3) 2% (k?.ag) — gk
k:r:2€ |:¥ eda 2]{70 2 2 2/ eao Qk 2 2 ,
T A (I EI 0 B (0 B (PR (P
o — o2 [—k‘ﬁ(a‘l’.ag)+4(k0.a§)(ko.a10) — 2k°a$(ag.k°) — 6k°as(ag.k®) + (a9.a$)k®? + 2agaske?

(k-ps)? (k-p+)(k.p-)
k°2(a$.as9)
_—(k.pl,)2 ,and
ot = {—(agk“’f N 4(a$.k°)? — 8k°as(as.k) + 4k°*a3? N (agk®)?
e NTENE (hp) (k) (k.02

This implies that

Tr[I°TF] = 2| B,)* + v B.C;" + y B.Df + 2,C. B + 2}|C,|?

+ k,C,.D} + kD, B} +w,D,C +w/|D,|*. (3.2.10)

Therefor

m

2m

Fo,oﬂf m == (lr _mzlEn) |Br’2+ (l:_ _mQyn)BTC:_ + (mr _mzy:)BTD:_

r

Tr

+ (mf —m?z,)C.Bf + (p, — m*2))|C.]* + (p — m*k,)C,. D}
+ (s, — m’k}) D, B + (s} — w,m?)D,Cf + (t, — m*w])|D,|*. (3.2.11)

Then the scattering cross section from Eq(3.2.2) can be rewrite

o e*m? dPqy dq_ V 2m0(gy) 2 2, (1+ 2 +
"= ap | @ / T / d(zfmm;m " ((lr—m 20) | By *+ (1,7 —m?y,) B, C,
+(m, —m*y) B, D} + (m;] —m®2,)C. B + (p, z0)|CHP + (pf — m?k,)C,. D

+(s, —m*k) D, B + (sf —w,m?*)D,CF + (t, — m*w))) |D,,|2)) : (3.2.12)



Chapter 4

Conclusion

In this thesis we have first studied in chapter 2 the creation of electron- positron pairs
by the projection of a relativistic muon with impact on intense laser beams through the
process jt+71w — p' +e~et. The Feynman diagrams for this process are given in Fig. 2.1.
In this calculation we have considered the contribution of the first four diagrams which are
actually third order correction to Sy;. However they reduced to second order correction
diagrams after that Volkov wave functions for muon, electron as well as positron involved
in this process.

We calculate not only the production rate (R), but also the total cross section o for
this process in this thesis. However in [6] only the production rate for this process has
been worked out.

Secondly in chapter 3 we studied the creation of electron- positron pairs by the pro-
jection of proton in laser field through the process p +rw — p’ + e~ e™ and the Feynman
diagram is shown in the Fig. 3.1. In this case the diagram is 2"¢ order process. It is
reduced to 1% order process by regarding p as massive in comparison to e~ as well as et
and hence does not move during and after interaction. We thus work in p rest frame and
the Feynman diagram is shown in Fig. 3.2. In this case also we calculate the production

rate and total cross section o. However the calculation of ¢ for this process is not done

in [6].
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Appendix

From cylindrical Bessel function expansion of trigonometric functions relative to muno

projectile of electron-positron scattring.

o

e—iasin(kx—no) _ Z e—nk.xjn(a)einno
.~ efnk.:c
cos(kx)etasmke=mo) — Z 5 (eI J i (@) + eI g, (o)
0 —nk.x
in(k —iasin(kz—mno) _ € (n+1)no J, _ on=1)no I
sin(kx)e ZOO — (e ale)—e 1(a))

From cylindrical Bessel function expansion of trigonometric functions for scattring and
incoming muon.

efiﬁsin(kyfko) _ Z JN<ﬁ)efiNkyeiNﬁko
N

o e Y
cos(kx)e Pk he) — Z s (G(NH)kOJNH(ﬁ) + e(Nfl)B"JNfl(ﬁ))

2
N
8 oim{ otk e Nky 1 N—-1)k
sin(kx)e Psmky—ho) — Z % (e(n+ 0 Iy (8) — e *Jn-1(8))

From cylindrical Bessel function expansion of trigonometric functions relative to proton

at rest of electron-positron scattring.

e—iwsm(km—d)o) _ Z e—irkzeirqSo Jr(w>
- =1 _, . :
Cos(kx)e—zwsm(kx—¢o) _ Z ie—zrkx [ez(r+1)¢0JT+1(w) + 6z(r—1)¢oJr_1(w):|
- =1 _, : .
Sin(kx)e—zwsm(kx—¢o) _ Z Q_ie—zrkx [ez(r+1)¢oJr+1(w) . ez(r—l)qbol]r_l(w)}

50



Bibliography

[1] M. Marklund, P. Shukla, Rev. Mod. Phys. 78, 591 (2006).

[2] Y. L. Salamin, S. X. Hu, K. Z. Hatsagortsyan, and C. H.Keitel, Phys. Rep. 427,
41 (2006).

[3] F. Ehlotzky, K. Krajewska, and J. Z. Kami ski, Rep. Prog. Phys. 72, 046401
(2000).

[4] H. Bethe and W. Heitler, Proc. Roy. Soc. London A 146, 83 (1934).

[5] G. Breit and J. A. Wheeler, Phys. Rev. 46, 1087 (1934).

[6] Sarah J. Muller and Carsten Muller, arXiv: 0907. 5139v1 [hep-ph] (2009).
7] D. M. Volkov, Z. Phys. 94, 250 (1935).

[8] V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii, Relativistic Quantum
Theory (Pergamon, New York, 1971).

[9] W. Becker and H. Mitter, J. Phys. A 8, 1638 (1975); V. N. Baier et al., Zh. Eksp.
Teor. Fiz. 69, 783 (1975) [Sov. Phys. JETP 42, 400 (1976)].

[10] E. Ltstedt, U. D. Jentschura, and C. H. Keitel, Phys. Rev. Lett. 98, 043002 (2007).

[11] M. Abramowitz and I. A. Stegun, Handbook of Mathe- matical Functions (Dover,
New York, 1965).

[12] W. Greiner, J. Reinhart, Quantum Electrodynamics, 3rd edn, Springer-Verlag,
Berlin, 1994.

o1



52

Declaration

This thesis is my original work, has not been presented for a degree in any other University

and that all the sources of material used for the thesis have been dully acknowledged.

Name: Lijalem Kelemu

Signature:— — — — — — — — — — —

Place and time of submission: Addis Ababa University, May 2012

This thesis has been submitted for examination with my approval as University advisor.

Name: Dr. S. Bhatnagar

Signature:— — — — — — — — ——



