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Abstract

In this thesis we study various solution techniques of the Legendre differential equations,
properties of the Legendre polynomials and the physical applications of Legendre equations and

Legendre polynomials to heat conduction and expansion of electromagnetic potential.



Chapter 1

Introduction and Preliminaries

1.1 Introduction

Legendre’s equation occur in many areas of applied mathematics, physics and chemistry in
physical situation with a spherical geometry such as flow of an ideal fluid past a sphere, the
determination of the electric field due to a charged sphere and the determination of the
temperature distribution in a sphere given its surface.

Legendre differential equation was introduced by Legendre in the last 18™century and takes the

form of

(1-x) -2 4k (k+ 1y = 0. (1.1)
The general solution of the above equation in case where k = 0,1,2,3,... (a positive integer) is
given by y = a;px+a,Qx where a; anda, are constants, P.(X) is Legendre polynomial
(polynomial solution with even exponent) and Qy(x) is the Legendre polynomial (polynomial
solution with odd exponent) . We will obtain explicit representation of these polynomials and
discuss their various properties and applications.

1.2 Preliminaries

1.2.1 Definitions

Definition An equation involving independent and dependent variables and the derivatives or
differentials of one or more dependent variables with respect to one or more independent variable
is called a differential equation.

Example 11) ﬂ =4x+5 is first order ODE.

i) = erd” y+2(dy)2 =1 issecond order ODE.
...\ 02 9%y 02 y _ .
i) = —4--=0 is second order PDE.

+ 5xy =0 s third order ODE.

All the above equatlons are examples of differential equation.



Definition A differential equation which involves derivatives with respect to a single independent
variable is known as an ordinary differential equation (ODE).
Definition A differential equation which contains two or more independent variables and partial
derivatives with respect to them is called a partial differential equation (PDE).
Definition The order of the highest order derivative involved in a differential equation is called
the_order of the differential equation.
Definition The degree of a differential equation is the degree of the highest order derivative
present in the equation after the differential equation has been made free from the radicals and
fractions as far as the derivatives are concerned.
Definition A differential equation in which the dependent variables and all its derivatives present
occur in the first degree only and no products of dependent variables and /or derivatives occur is
known as a linear. It has the form

an() S+ ap 1 () T 4+ a0+ a0y = () . (1.2)
Definition A differential equation which is not linear is said to be a nonlinear differential
equation.
Definition A homogeneous second order linear differential equation (ODE) has the form

y'+p1(x)y +p.(x)y =0 (1.3)

Where p, (x) and p,(x) are continuous in some interval I.
Definition A solution of a differential equation is a relation between dependent and independent
variables not involving the derivatives such that this relation and the derivative obtained from

it satisfies the given differential equation.

Definition A solution which contains a number of arbitrary constants equal to the order of the
differential equation is called the general solution of the differential equation.

Definition A solution obtained from a general solution by giving particular values to the constants
is called a particular solution of the differential equation.
Theorem: Two solutions y; and y, of equation (1.3) are linearly independent in the interval | if

and only if they satisfy Wronskain property which is defined by

yix)  y2(x)
Vi) vy
Theorem: If y, (x) and y,(x) are solutions of equation (1.3) and a; and a, are arbitrary constants,

W) =W (y1,y2) = = i@y -y 1®y.®) #0.

then a;y; (x) + a,y,(x) is also solution of equation(1.3).



Definition Power series is a series of the form

Y an(x —x,)"=ap +a;(x—Xg) +ay(x—xp)%+...Fax" +... (1.4)
in which the coefficients a,, (n=0, 1, 2, 3,4...) and the point X, are independent of x.
The power series centered at x, = 0 is often referred as Y5’ a,x".
Definition: A Legendre’s differential equation is second order ordinary differential equation of
the form
(1 —x2?)y" — 2xy' + k(k + 1)y = 0 Where k is a positive integer.
Theorem: for Legendre differential equation we can find two linearly independent power series
basic solution y, and y, centered at x = 0 of (1.1) in the formy = Y5 a,x"

1.2.2 The method of reduction of order

Let y'+Py'+Qy =0 (1.5)
be a linear second order homogeneous differential equation.
The main idea is reducing equation (1.5) to a linear first order differential equation on the interval
| .Let y,(x) is a known solution of (1.5) on I and y, (x) # 0 for every x in the interval I. if we

define

y (®) = y1(0u(x). (1.6)
it follows that

y'=uy'1+y1u' (1 7)
y =uy 4y u +yiu 4y u=uy 42y u+yu '

Substitute (1.7) to (1.6) we get
uy' + 2y Wy pQuy’ +yu) +Qy (0w =0 (1.8)
u(y', + oy’ + Qi) + w2y’ +pyr) +yu'=0
yiu + 2y’ +py) u=0 (1.9)
Letw=u'thenw =u"
yw' + 2y, + py) w=0

d ! —
Y1+ @2y +py) w=0

aw o2y _
o (S pw=0 (1.10)
aw _ 2y

- = ( ot p) w



w_ (P4
— (y1+p)dx

W 24 gy — pdx (1.11)
Y1

w
Inlw| ==21In(y;) — [ pdx+c,
Inlw| +2In(y,) =— [ pdx+c,
Inlwy,?| = — [ pdx+c,
wy,? = ¢ e S pax (1.12)
We solve the last equation for w, use w = u’and integrate again
u'y,? = ¢ e~ rax (1.13)
uy 2 =c, [ e~ 1P dy+c,

e_fpdx

uU=c¢ f?dx%z (1.14)

Since c¢; and ¢, are arbitrary constant we can choose ¢c; =1 and ¢, =0
Then (1.14) becomes

_ e Jpdxgy

v1?
Substitute (1.15) into (1.6) we get

u dx. (1.15)

Y2 =y1(X —zdxdx is the second solution of (1.5)

fe—fpdx
) Y1
Therefore the general solution of (1.5) is the linear combination y = c¢;y; + c,y, where y;and y,

are solutions that constitute a linearly independent set on some interval 1.
1. 2.3 Power series solution

Let the given equation be
y'+p®y +QXx)y =0 (1.16)
Theorem: Existence of Power Series Solutions
If x = xoisan ordinary point of the differential equation(1.16), we can find
two linearly independent solutions in the form of a power series centered at Xo, that is
Y = Xn=0an(X = xo)" .
For every power series there is a number R > 0, known as the radius of convergence. A series solution

converges at least on some interval defined by |x — x,| < R otherwise divergent.



Consider x = 0 is an ordinary point of (1.16) then based on the above theorem (1.16) has two
non-trivial linearly independent power series solutions centered at xo = 0 of the form

Y=Y papX? =a, + a;x + ayx? + azx> + - (1.17)
In order to get the coefficient ays (1.17) we follow the following procedure.
Differentiating (1.17) twice in succession with respect to 'x’

—_ V'O n-1
y'= Yn=1NapX

y'=3, n(n-1)anxn~> (1.18)
putting the values of y,y’ and y" in (1.16) and equating the constant term and the coefficients of
various powers of x to zero since it is an identity finally solving equation (1.17),we can obtain
the coefficients of (1.17)in terms of a, and a; where a, and a,; are arbitrary constants.
Substituting these coefficients in (1.17) we obtain the required series solution of (1.16) in power
of x.

Some of the properties of power series are:
Every power series has an interval of convergence.
Every interval of convergence has a radius of convergence R.

We can determine the radius of convergence by finding the ratio of successive terms of the series

n+1
An+1X
anpx™

An+1
an

< R.

i.e lim,_q | = x| limy, 00

A power series convergences for |x — x,|<R and diverges for |x — x,|>R.

When R =0 the interval of convergence consists of the single number x when R = co the power
series convergences for all number x.

If R is not O or oo then the interval of convergence may include the endpoints

Xo — Rand xy, + R.

A power series represents a continuous function within its interval of convergence.

A power series can be differentiated term wise within its interval of convergence.

Two power series with a common interval of convergence can be added term by term.

Example 2: Find the power series solution of the equation y" + xy’ + y = 0 in powers of x

Solution: Given that

y'+xy +y=0 (1.19)
Substitute (1.18) to (1.19) we get
X _on(n— Dapx" 24x Y% _na,x" 1+ Y2 ja,x" =0 (1.20)



2a, + 6azx + 12a,x%+ - + x(a; + 2a,% + 3a3x*+...) +a, + a;x + a,x% + a3x3 =0
And collect terms

2a, + a, + x(6a3 + 2a;) + x?(12a, + 3a,) + x3(20as + 4a3) - =0

Next we require the coefficient of each power of x" to vanish giving

Ao

2a, +ap=0sothata, = _T

6ag+2a; = 0 50 that ag = —*

_ _ (-az)
12a4+3a, =0 so that ay =
20as+4az = 0 so that as = (_;3)

eq (1.23) — (1.26) have the recurrence relation
(n+2)(n+Daps, +(n+1)a, =0,n=1,2,3..

an
(n+2)

or apso = — foralln>1

The general solution of eq (1.19)
y = aof(x) +a,8(x)

x8

2 1 3
where f(x)=1-= 4 —x*——x6+ ¥ o
2 2.4 3.4.6 2.4.6.8
x3 1 g 1 4 o
X) = Xx—— +—x°>——x
8() 5 Tis 5575 T3s70t
. 2 1 3 8
1.ey=a0[1—x—+—x4——x6+ e ]
2 | 24 3.4.6 2.4.6.8
fag [x—5 + x5 —x7 ]
1 3 ' 35 3.5.7 3.5.7.9

(1.21)

(1.22)

(1.23)

(1.24)
(1.25)

(1.26)

(1.27)
(1.28)

(1.29)

(1.30)

(1.31)



Chapter 2

Legendre Differential Equation and Its Applications

2.1 Legendre Differential Equation

The Legendre differential equation is the homogeneous second order ordinary differential

equation of the form

2
a-x)Z-2xT+ay=0 x| < 1 2.1)

dx?
where A =k(k + 1), kis a non -negative integer
R d 2 dy _ - . - .
Or equivalently = [(1 —X )&] +Ay =0 isits self adjoin form.

When we divide (2.1) by (1 — x?) we get

d?y 2x_dy , k(k+1)
dx?2 (1-x2)dx (1-x2)

y = 0. We write this equation as

y'+ Py +Qx)y =0 (2.2)

where P(x) = 1_2;2 and Q(x) = ?1(1:?)

both P(x) and Q(x) are analytic everywhere except at the pointx = +1.

The behavior of the coefficients P(x) and Q(x)

a)at x = 0, i) limy_,o p(x) = limy_,o —— = 0 which is finite

(1-x

“C4 = k(k + 1) which is finite

1) limy0 Q%) = limyo 755 =

Therefore x = 0 is the ordinary point.

- . . 2
b) at x = +1, 1) limyy p(x) =limy =5 =0



k(k+1) _
XLl (1-x2)

i) limy_,; Q(x) =lim

2X

e -1 finite

But lim,_; (x — 1) p(x) = lim,_,; (x — 1)

and limy; (x — 1)? Q) = limyoy (x — D22 =0 finite

(1-x%)
Therefore we can conclude that eq (2.1) has singular pointatx = —1 and at x = 1 whilex = 0 is
an ordinary point.
We can find power series solutions centered at x = 0 that converges for |x| < 1.

Now we construct such series solution.

2.2 Power series solution of Legendre’s differential equation

Legendre’s differential equation is one of the important equations in mathematical physics. It is

usually written in the following form of

2
1 -x)Z-2xT+kEk+Dy=0 k>0,lx<1

dx?

We can solve it using a power series expansion in the neighborhood of x = 0, which is a regular

point for the equation. We assume the solution is form of
Y =Xn=oan(x —0)"

y(x) =YPa,x" =ap + arxt +ax% + azx3 + azxt +agx® + - (2.3)

Next, we need first and second derivative of expression(2.3) and differentiate it i.e.
y = Xn=gnapx" (2.4)

and y' =¥ ,n(n— 1)a,x" 2 (2.5)
Now, substituting (2.2), (2.4) and(2.5) to eqn(2.1). the resulting expression yields
(1 —x3)¥,n(n—Dapx™ 2 —2x¥% nax" 1+ k(k+ 1) Yerpanx® =0 (2.6)
The first summation contributes only for n = 2 and the second contributes for n = 1 then

1 -=x)[Xr,nn—1Dax" 2] —2x¥> na,x" T+ k(k+ 1) X a,x* =0 2.7)



Y ,nn—1Dapx™ 2+ k(k+ 1) X gapx — Yo ,n(n— Dayx" —2¥2  nax"=0  (2.8)
In the third summation we can start counting from 0, because terms with n = 0 is null.

Yo onn—1Dapx 2 +k(k+ 1) X2 pax — Yo on(n— Dayx” —2n Y e ,a,x" =0 (2.9)

Degree 1Stsummation | 2"*summation | 3"%*summation 4"summation
x° 2(Da, k(k+1)a, 0 0
xt 3(2)a; k(k+1)a, 0 2(Da,
x? 4(3)a, k(k+1)a, 2(Da, -2(Qa,
x3 5(4)as k(k+1)a; -3(2)a; -2(3)a;
x4 6(5)a, k(k+1)a, -4(3)a, 2(Ma,
x™" (n+2)(n+1) a4 k(k+1)a, -n(n-1) a, -2(Ma,

As we absorb the sum of the coefficients of x™ is equal to zero
Yooln+2)(n+ Dayyox" + (k(k+1)—2.n —n(n—1))a,] x" =0 (2.10)
(m+2)(n+Day,, + [k(k+ 1)—2n —n(n - 1)]a, =0
(n+2)(n+ Dayy, + (k2+k—2n—n2+n)a,, =0
(n+2)(n+ Dayy, = —(k? —n? + k—n)a,
m+2)(n+Day,, =—-[(k—n)k+n)+ (k—n)]a,

m+2)(n+Dayy,=—(k—n)k+n+1)a,

_ (k—n)(k+n+1)
dn+2 = (n+2)(n+1)

a,n=0,1,23... (2.11)

is the recurrence relation formula of the Legendre equation.

From (2.11) one can calculate all coefficients a,,, once agand a; are known.




For even coefficients we have:

2x1 2!

forn = 2 —_ k=2)(k+3) a,=— (k—2)(k+3) (—k(k+1)) 2,

4x3 4x3 2x1

_ (k+3)(k+1)k(k—-2))
= ao
4!

forn = 4 (=— (k-4)(k+5)) a,= — (k+5) (k+3)(k+1)k(k—2)(k—4) a,

6X5 6X5 4!

_ (k+5)(k+3)(k+1)k(k—2)(k—4)a
- 6! 0
Ay = (—1)™ [(k+2m-1)(k+2m—3)...(k+1)k(k—2)...(k—2m+2) 2 withm =012,
(2m)!
Similarly for odd coefficients,
forn = 1 _ k=1(k+2) a, = —(k+2)(k-1) a
3.2 3!
forn = 3 _ (k=3)(k+4) a; = (k+4) (k+2)(k—1)(k—3) a,
5x4 5!
forn=5 a, = _ (=S)(kto) as
7X6
__ (k=5)(k+6) (k=3)(k+4)(k=1)(k+2)
76 5! a1
_ _ (k+6)(k+4) (k+2)(k—1)(k—3)(k=5) a
7! 1

Ay = (~D)™[(k+2m)(k+2m—-2)...(k+2)(k—1)(k—3)...(k—2m+1] a, ,m=0,1,2, .

(2m+1)!

(2.12)

(2.13)

10



Substituting the above coefficients back in(2.3) the assumed solution we get
y(x) = X5 anx™ =ag +a;x* +ax? + azx® + ax* +agx® + - (2.14)

y(x) = apgy: (%) + a1y, (%) (2.15)

where y;(x) = ag + apx? + azx* + agx®+...

y1(x) = ag[1 + Eipog(— 1) Lzt 2o (oD om |
g [1— Dk o o (43)(HDk(k=2) 4 ((+5)(c+DAHDRK=2)(k=4) 6 n (2.16)
2! 4! 6!

y2(X) = a;x+ azx3 +agx® +a,x’+ ...

(k+2)(k=1)(k=3)...(k—=2m+1] x2m+1]
(2m+1)!

V2 (X) = al[X+Z;?1=0(_1)m [(k+2m)(k+2m-2).

- a,[x! — —(l<+)l(k—1) 3 4 (k+4)(k+2;('k—1)(k—3)X5_ (k+6)(k+4)(k+2)7('k—1)(k—3)(k—5)X7 117

m [(k+2m-1)(k+2m-3)..k(k-2)...(k—2m+2)
) X
(2m)!

y() = ag [1 + Ein_o(—1

)m [(k+2m)(k+2m-2)...(k+2)(k—1)(k—-3)...(k—2m+1] X2m+1]

+a; [X+Xm-o(—1 Zm+1)!

y(X) = a [1— (k+1)kX2 n (k+3)(k+1)k(k—-2) x4 — ((k+5)(k+3) (k+1Dk(k—2)(k-4) <6 .
2! 4! 6!

4 ay[x! — Rtk 3 | kEDEEDE-DK=3) 5 KOkt (42 k-DK=)K=S) 7 .1 (218)
3! 5! 7!

Is the series solution of Legendre differential where ao, a; are arbitrary constants and

Given that the coefficients with even index (a,, a4, a4,...) are only dependent on a, and those
with odd index (as, ag, a-, . . ) are only dependent on a;.

The two solutions are converges for |x|<1 i. e on the interval (—1, 1) and these series are linearly
independent solutions which can be verified by evaluating the Wronskian at the ordinary point,
where y; (x) and y,(x) are as defined above and y'; (x) and y',(x) and are the first order

derivatives of the y; (x) and y, (x) respectively. At the ordinary point x = 0.

11



y1(¥)  y2(%)

WO =Wy =y v v

:|3 2=1¢0

Remark:
A series converges if the ratio of two consecutive terms converges to a number smaller than 1 for

n getting bigger and bigger.

» using the ratio test that the series defining y; and y, converge on the interval (—1,1)

az(m+1)x2(m+1)

k(kt+1)—2m(@m+1) , 2
ameZm

— 2| = 42
2m+2)2m+1) =[x =x

lim,,,_,

Thus the power series converges for x| < 1

» every Kk either y; or y, is unbounded on (—1,1).That is as x = 1 or as x = -1 one of the
following holds ,either |y, (x)| = w0 or |y, (x)| = =

» The only case in which Legendre equation has abounded solution on [-1, 1] is when the
parameter A has the form A=k (k+1) with k=0 or ke Z™.In this case either y; or y, is
polynomial (the series terminate) this case is considered below.

2.3 Legendre Solution (Legendre polynomials)

Definition: The polynomial solution, denoted by Py (x), of degree k of (2.1) which
satisfies P (1), = 1 is called the Legendre polynomial of degree k. The Legendre functions

(Legendre polynomials) are the solutions of Legendre differential equation with variable

coefficients (1 — x?) &y _ 2x% + k(k+ 1)y =0 where k=0orke Z*

dx?

Since the Legendre differential equation is a second order ordinary differential equation it has two
linearly independent solutions.

Consider the recurrence relation

_ (k-n)k+n+Day,
Ant2 = T T e

vn=0,1,2,3, ... (2.19)

To obtain the expression of the Legendre polynomial we first invert the recurrence relation to

re-write it as

_(+2)m+) o (2.20)

an=—
T (ken)(ktntn) M2

12



The coefficient a, and aare arbitrary so, we choose a, = 1.

_ _@rr _

A= Sz 1'3'5'7;!(21(_1) fork =1, 2, 3,... the reason for this choice of ay is to have all

Legendre polynomial with x = 1 as li.e. all of py(x) = 1Vk € Z*

Pn(¥) = Xn=oan X"

forn=k—2, ap_,= %ak substituting the expression aj
_ —k(k-1) 2K)! _ -k(k-1) @K@k-1)(2k-2)! _ —(2k-2)!
k-2 = 2(2k-1) 2K(kD)2 ~ 2(2k-1) 2K k(k—1)(k-2)'k(k—1)!" 2K(k—2)!(k—1)!
Forn =k — 4, aAg_4= %ak_z substituting the expression of aj_, we get
_ —(k-2)(k-3) _ —(k-2)(k-3) [ (2k-2)! ]
dk—4 = 4(2k-3) K727 7 402k-3) |2K(k-2)!(k-1)!

_ —(k-2)(k-3) (2k-2)! _ (2k—4)!

4(2k-3) 2K(k-2)(k-3)(k-4)!(k-1)(k=2)!  2K2!(k—2)!(k—4)!

Therefore in general when k — 2m >0 we can write the coefficient ay_,, as

(-1)™(2k—2m)!
2km!(k—m)!(k—2m)!

Ag—2m ~

Substitute it to p,(x) = Yop ap X"

(2.21)

(2.22)

The resulting solution of Legendre’s differential equation is called the Legendre polynomial

denoted by
— VM k-2m — yM —DM@2k-2m)!  _k_o
Pk(X) = Xm=oak-2m X " = Xm=o 2km!(k-m)!(k—2m)! "
k ..o .
—,if k is even
Where M=4 ",

. if kisodd

(2.23)

13



Example 3: Write the first six Legendre polynomials, using formula (2.23).

Solution: The first six Legendre polynomials are:

po(x) =1 p1(X) = X
P2(¥) =5 (3x2 —1). Pa(x) = 2 (5x° — 3x)
Pa(x) = £ (35x* —30x2 +3) ps(x) = < (63x° — 70x® + 15x)

legendre polynomials

I
1 =
a//
,-'/‘
4"‘,‘
,-'/“'
,-'//‘
0.5 A
r/j
.-f’/'
.i'/'
— '//'
= 0 . .
o ) A
F'J/'
.//'
p-’//’i
-0.5 et Po(x) 7
H,f’/, Pl[:i{}
‘/_.H' PE(J{}
pd P3(x)
yd Pa(x)
1 | | | PS(J{}
1 0.5 0 0.5 1
X

Note that: if k is even (respectively odd) then the only powers of x involved in py are even

(respectively odd) and so an even (respectively odd).

Proposition: If y(x) a bounded solution on the interval (—1, 1) of the Legendre equation (2.15)

then there exists a constant ¢ such that y(x) = cpy(x) where py(x) the k™ Legendre polynomial.

Theorem: (Rodrigues formula for Legendre‘s polynomials)
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Legendre polynomials can be computed iteratively one after the other with the aid of a formula

which makes use of repeated derivatives. This formula is known as Rodrigues’ formula.

Rodrigues formula of Legendre‘s polynomials is expressed as

Pa(X) = o (% = 1) (2.24)
Proof
Lety= (x2 — 1" (2.25)
Differentiating (2.25) w.r.t x we get

dy

T = n(x? — 1)"2x = 20x(x? — 1) (2.26)

Multiplying both sides of equation (2.26) by (x°—1)
(—1) = 2nx(x? — 1)" (2.27)
Using equation (2.25) we rewrite

(*~1) = 2nxy (2.28)

By Leibnitz theorem we know that for two functions u and v the n™ differential equation is

expressed as
D™ (vu) = Yr-o(}) D¥vD" *u (2.29)

Where D"is differentiation performed n times .Thus differentiating equation (2.27) (n + 1) times

by Leibnitz’s theorem {using v = (X2—1) andu = %}

+1y
(Xz —1) d n+2+(n+1)(2 )d n+1 +(n+1) (2) = =2n [Xd n+1+(n+1) (1) an
2 2(n+Dn d" _ dntly (n+1)11! d%.
(x 1) dx n+2+2(n t 1)Xd n+1 2 dx0 [ dxn*2  (n+1-1)!1!dx0
ant 2(n+1)n d* _ dan+
(Xz—l)dn+2 2( +1)Xd n+1 Tdﬁ —211an+2+2 (n+1)—
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(x —1) 2 [(an + 2x) — 2nx] +n(n +1)—2n(n+ 1)—:

dxn+1
dn+1
(x ’ 1) dx iz Xd n+1 n(n+1)— =0
dn+2 dn+1
(1- %9 dxm-‘; — 22X +n(n+ 1) =0 (2.30)
: d"y - " —
Letting 8(x) = ey and subsequently @' (x) = e Yand ¢ (x) = T2 Y we write the above
equation as
(1— %) @"(x) — 2x0'(x) + n(n + DB(x) = 0 (2.31)
Which is the Legendre equation with the solution @(x) = therefore we can relate the solution

@(x) with the Legendre polynomial p,(x) as a constant ¢ times the @(x)

Pn(x) = cB(x) (2.32)

We only have to determine this constant ¢ for which we re-expressy = (x — 1)*(x + 1)" and

differentiate the above equation n times using the Leibnitz theorem and get

W= - Dk DM (e - D

halitd n
dxn (X + 1) +..

dxn— 1

(0 )&+ D™ 1dxnn = DM+ DY x - D" (2.33)

Putting x = 1 on both sides of the above equation

dly

dxn

dn(x—1)0

dxn

x=1 =20

x=1

dn—l(x_l)n—l

= 2n(n) S

x=1

dn_z(X—l)n_z

dXH—Z

=2"(n(n—-1)

x=1

x=1

= 2°(n(n — 1)(n — 2) T-EDT

dxn-3

=20n!
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Substituting x = 1 in equation (2.33) we see that

=1 =c2™n!

Pa(D) = @@l = 32

(2.34)

Since we know that for any n when x = 1 the Legendre polynomial p,(x) = 1. Therefore the value

pn(1) _ 1
2n! ~ 2n0p!

of the constantcis c =
Substituting ¢ back in equation (2.32) we get

1o 1 an
Pa) =cB(x) = S = (X - 1"

1 4",
e X~ 1D)'m

pn(X) =

Example 4: Using Rodrigue’s formula compute the first six Legendre polynomials.

Solution: The zeroth-order derivative of a function is simply the function itself.

So,
Forn=0 po()‘zoo,dxo( x*-1)°=1
Forn=1 p1()—ﬁ@( x? - 1)t=x
Forn = 2 pZ()_%F(Z 1)? _2(4)012()(—
= A(xx2-1)
dx 2
Forn=3 Ps(X) = s (% — 1) ==L (5x°—3x)
Forn=4 pa(X) = ﬁ@( x2—1)* =
Forn=5 ps(X) = 255,d5(2—1)5

which is the same result obtained in example 3.

~(3x°-1))

—(35X4—30X2+3)

= ( 63x> — 70x3 + 15x)
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2.4 Properties of Legendre polynomials

In this subtopic we will prove some properties of Legendre functions

2.4.1 Generating function of Legendre’s polynomials

Many facts about Legendre functions can be proved by using its generating function. Here

we want to determine the generating function.

Definition: The function G (t,x) = \/;— is called the generating function for the Legendre

1-2xt+t2

polynomials P, (x) . If we extend G (t,x) as Taylor series in ‘t’ then the coefficient of t™ is the
polynomial P,(x) . It can be shown that for small t i.e.|t|<1,
1 oo
e = Zn=o Pn(OL" (2.35)

Proof: Using the binomial theorem which is for [v| < 1 and p is any real number, then

(1 +v)? = T2o(P) v™ where the binomial coefficient (7)=—2

(1+x)P :1+pv+p(p;!1)"2+p(P—l)g(!p-3)v3+p(p—1)(p—31)1.!..(p—n+1)\§g__i)_!1_1‘!
(1-2xt+ tz)_zl =[1—t(2x — t)]_%
=14 JH2x - 930 (2x - 0% R 2k - O
%mx—on +... (2.36)

Now the coefficient of t" in this term
1,3..(2n-1) _ oyn _ (13..(2n-1) n
2.4..(2n) t(2x -9 = 2.4..(2n) (2x)

__ 1,3,5.2n-1)2"x"
T (2,1)(2,2(2.3)...(2n)

_ 135..(2n-1)2"X"
20n!
_ 135.(n-1) g (2.37)
n!

Again the coefficient of t" inn — 1 term

[-(n = D(2x)"7?]

_ 1,35..(2n-3)2"x"2n-1 n
2h-1123.(n-1) n 2n-1

1,3...(2n-3)

n-1 _ n-1 — 1,3....(21’1—3)
2tz b (X~

" 24..(2n-1)

[(n—1)x2"x"~?]

on multiplying and dividing by %
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_135.2n-1) n(n-1) , o
a n! 2(2n-1) (238)
and so on. Using (2.37) and (2.38) we see that the coefficient of t™ in the expansion of
1
(1 — 2xt + t2)7z namely (2.36) is given by
13.2n-D[ 5 nm-1) n_p  nm-1D0-2)0-3) 4
n! [X 2(2n—1)X + 2,4.2n-1)(2n+3) X ] (2.39)

This we can prove by integrating the above eq (2.39) n times from 0 to x to get

_1,3,5..(2n-1) _

2n)! [X“ —nx?""% + M) yon-4 _ ] which can be expressed as

2!

1,3,5...(2n-3)(2n-1)
2n(n-1)(2n-3)..3.2.1%

x* -1

Cancelling the odd terms to get

n

mia & D" "

pn(X) =

1
Thus the generating function of p,(x) is (1 — 2xt + t?)=.
Note we find that p; (x), p, (%), ps (x)...will be the coefficient of t, t, t* in the expansion
1
of (1 — 2xt +t?)72.
Example 5: Show that i) P,(1) =1
") l:)n (_X) = (_1)nPn (X)

1 . H H 1 1 — [ee] n
Solution: i) Consider the generating function - Yo Pa(x)t
We substitute x = 1 then

1
(1-2t+t*)72 =30, P, (Dt
(1 -1t =1+tP (1) + t2P,(1) + t3P; (1) +...+t"P, (1)
i =1+t + t2 + t3 +...+t" (by toyler series expansion )
= = IR = P(DE"
Then equating coefficients of t" on either side we get
P,(1)=1 [
“) pn(_x) = (_1)npn(x)
1

Solution: Again use (1 — 2t +t2)7z = Y%, P,(x)t"

We substitute —x = x and then —t = t respectively to get
1
(14 2xt+t2) 2=y o pn(—)t"
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(14 2%t + 132 = T30 pa (0 (—0)"
By equating the two
Ynzo Pn(—X)t" =X o pn(x)(—0)"
= pa(=x)t" = py () (=D "®O"
= pn(—x) = (=1 "py(x)m

2.4.2 Recurrence relation (formulae) for Legendre’s polynomials

Proposition: The Legendre polynomials satisfy the following
) (n+ Dppia(x) = @n+ Dx pp(x)—npy_1(x)n 21
i) npp(x) =xp'n(x) = p'n-1().
iii) (2n+1)pn(x) =p’,,, () —p",_, (%)

V) 1 (1) — xp'n(x) = (n+ Dpp(x)
V) (1 = x)p'n(x) = n(Pp-1(x) = x pp(x))
vi)  (1=xH)p"n(0) = 2xp'n (1)) = —n(n + 1) pp(x))

Proof:

). (M + Dpnsa(x) = @n+ Dx pp(x)—npp-1(x) n 21 (2.40)
Similarly from generating function, we have of
(1—-2xt+t3)7z = ¥, pn(Ot" (2.41)
Differentiating both sides of (2.41) with respect to ‘t” we get
3

‘71(1 — 2xt + t2)72(=2x + 2t) = Y% np, ()t ! (2.42)

Multiplying both sides by (1 — 2xt + t2), (2.42) gives
x—t)(1 —2xt+t?)z=(1-2xt+t?) ¥ nt" 1p,(x)

Or (x — ) XnloPn ()" = (1 — 2xt + t?) T3 nt"'py(x) by (2.35)

X Xn=o t"Pn () — Enzo t"1pn(x) = Xilo nt" ' py (x) —2xE o nt"pn(x) +Xn- nt" py (x)

Equating coefficients of t™ from both sides, we get

X pn(X) - pn—l(x) = (1’1 + 1)pn+1(x) - zxnpn(x) + (n - 1)pn—1(X)'
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(n+ Dppya(x) = @n+ Dx pp(x)—npp—,1(x) n=1m
An alternative form is obtained if n — 1 be substitute for n as
np,(x) = (2n—1) x py—1 (X)—(n — 1)py_»(x) n=1.
ii) npp (x)=x p's (%) — p'n-1(x).
Generating function, we have of (1 — 2xt + tz)‘% = Yo Pan (O™
Differentiating both sides of the above equation with respect to ‘t” we get

_ 3
?1 (1 — 2xt + t2)72(=2x + 2t) = ¥, np,, (x) 01

(x—0(1 —2xt+t*)2=32  np, (Ot"

Differentiating the generating function w.r.t x
_ 3
— (1 - 2xt +t2)72(=2t) = Lo np'n ()"

3
t(1—2xt+t?)7z = 32 np’ ,(x)t" !
Where p'y(x) = 22 et as divided eq(2.45) by (2.46)

x—t _ Zazont" 'pn(®) .
we get — = TN cross multiply to get

(X — 1) Zazo P'n (Ot = X2 o nt” py (x)

Equating the coefficient of t"
= np;(X) =xp'p(X)— p'p-1(x).m
i) (2n+1)pn() =p 1, () —P -, ®)
Consider (2.40) and differentiate with respect to x
[+ Dppaa () = @1+ 1x () —1py—1 ()]
(n+ Dp'ns1(x) = @n+ D(x'pp(x0) +xp"n(x)) —np'y-1(x)

(n+ Dp'n1(x) = Cn+ Dp,(x) + 2n + Dxp'y(x)) — np'y-1(x)
Substituting the value of xp’, (x) by np,(x) + p'n—_1(x) from (2.44) We get
(n+ Dp'nsa(x) = 2n+ Dpp(x) + (2n + D[npy(x) + p'n-1 ()] — np'n-1(x)

(2.43)
(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

= (2n + Dp,(x) + 2n + Dnp,y(x) + (2n + Dp'p-1(x)) —np'n_1 (%)

= (2n + D(n+1)py(x) + 2n)p'h-1 () +p -1 (x) —np’y_1(x)
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=(2n+ D @+Dpy(x) +np’_, X) +p'n-1(x)

(n+ Dp'ns1(x) =@2n+D(n+1)py(x) + (n+ Dp’ _, (%)
(n+ Dp'ns1(x) =2n+ D(+1)(pa) +p’',_; X))

P'n+1() =@2n+ Dp,(x) +p',_, ®)
Therefore p’ .. (x) — p'n-1(X) = (2n+1)p,m
An alternative form is obtained if n — 1 be substitute for n as
P, (%) = p'n—2(X) = (2n — Dpn—y
V. p'ns1 (X)) = xp'n (%) = (M+1)py (%)
from eq (2.40)

ie. (n+ Dppy1x) = 2n+ 1) xpp(x)—np,_1(x) Differentiating wrt x to get
(M +1Dp'ha1(®) = 2n+ Dpa(x) + 2n + Dx p'n(x)—np'n-1(x)
= (2n+ Dpy(x) + (n+ 1+ n)xp'y(x)—np’y-1(x)

= (2n+ Dpy(x) + (n + Dxp'n(x) + nx p's (x)—np’y-1(x)
Substituting the value of

xp' (x)—p’ _, () =np,(x) from (2.43) we get
(M +1Dp'h1 () = @n+Dpp(x) + (n+ Dxp's(x) +nnp,(x)]
= (2n+n2+ Dp,x) + (n+ Dxp'h(%)
= (n+ 1)?py(x) + (n + 1)x p'p(x) thus
P = (+1D?pp(x) +(n+ Dxp’' (%)
= (n+1)pn(x) +xp', (%)
P'h+1(x) —xp'h(®) =+ Dpy(x)m
An alternative form is obtained if n — 1 be substitute for n as
P (x) —xp’,_;(X) =np,y_1(x)
V. (1 = x%)p’, () = n(py-1(%) = X pp(x))
Multiply eq(2.44) by x and then subtract it from eq(2.53) We get
N(X pp(X) = pp-1(®)) = (x* = 1)p’ (%)
(1 —x?)p’, (%) = n(pp-1(x) — xpy (x)). m
vi)  (1=x®p"n(x) = 2xp'n(0)) = —n(n + 1) pp(x))

Differentiating both sides of (2.54) with respect to x and use (2.44) we get

(2.50)

(2.51)
(2.52)

(2.53)
(2.54)
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(1= x*)p"p(x) = 2xp", () = n(p',_; () —xp,(x) — P (X))
= n[{p’,_, &) —nxp’, (X)) — pp(x)]
=n(—npy(x) — pp(x))
=—n(n + 1)p(x) .
So the p,(x) in (2.41) satisfies Legendre’s equation.

2.4.3 Orthogonality of Legendre’s polynomials

The most important property of the Legendre polynomials is the fact that

1 0, ifm #n
f_l Pm(xX)pn(x)dx = {L’ ifm=n (2.55)
2n+1
Proof: (i) Since py, (x)and p,(x) satisfy Legendre’s equation we have
(1 —=x*)p"m — 2xp’_+m(m + 1)py, =0 (2.56)
(1-x*)p"y —2xp' +n(n+ 1)p, =0 (2.57)

Multiply the first equation by p,, the second by p,,
We get, (1 —x*)pn p"m — 2Xpn P’y + m(m + 1)p, pry =0

d '
or —[(1 =x*)py p',| + m(m + 1)py pry =0 (2.58)
(1 =X*)Pmp"n — 2XpmP’,*+ n(n + 1)ppmpn =0

d ,
or —[(1=x*)pmp ] +n(n+ 1)pmpy =0 (2.59)
subtract (2.59)from (2.58) . We get

d ' ! —
(1 =x*)(Pnp'y, = P ,Pm)] + (M* + m — n? — n)pyp, =0
d ' ! —
(1 =x*)(Pnp'y, = P ,Pm)] + (M = n)(n + m + 1)pypy, =0
d ' ' —

(1 =x*)(Pnp'y, =P ,Pm)] = (0 = m)(n + m + 1)pypy

Integrating both sides w.r.t x from —1to 1 we get

(= m)(n+m+ 1) [ pm(IpaIdx = [(1 =X Pab'y, ~ o],

n—m)(nh+m+ 1)[ PmX)pn(x)dx =0
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therefore [ pp(x)pn(x)dx=0asm # nm
(i) When m = n,

Then the required result takes the form

1
[\ Tpn G012 dx = s

To prove this with start generating function

(1—2xt+t2)72 = X0 pa (OL"

Also (2.50) may be re-written as

(1—2xt+t3)72=X0 o pm (L™

Multiplying the corresponding sides of (2.61) and (2.62) we get
Y=0 Zn=0 Pm(¥) pnGOt™ " = (1 — 2xt + t?) 71

Integrating both sides of the above equation w.r.t X we get
Tineo Zaezol )y Pm(OPR()dX]E™™ = [7 (1 - 2xt + £2)1dx

Making use of (2.60), (2.64) reduces to
1

ol (Pa(0)2dx]t? = [T — —dx

_ [1n(1+t2—2xt)]1
- 2t -1

= ——[In(1 — 2 —In(1 + )?]

—(Zit) [2In(1 — t) — 2In(1+t)]
=@[In(1 + 1 —In(1 - 1]

from the Taylor series for |x|<1,

3 4

n 2 5
In(x+1) = Ne, (D" = (x-S +Z -4 4) and
In(x+1) = g, (-1rt 20

S s

Hence for |t|<1 we have

1w (D7 4 o
(In(1 +t) — In(1-)]= T (Ti, —t - 32,

n n

|~

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)
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3 2n+1
=2t )
t 3 2n+1
2 2n
=2(145 4ttt
3 2n+1
. tZl’l
= 2200507
(o] 1 — [o'e) 2
Zn=o [f_l[pn(X)]de] 2 =¥t (2.65)

Equating coefficients of t2" from both sides (2.65) gives

1 2
Lipn GOl dx = m

2.4.4 Fourier-series expansion of Legendre’s polynomials

Any function f which is finite and single-valued in the interval -1 < x < 1, and which
has a finite number of discontinuities within this interval can be expressed as a series of
Legendre polynomials. We let
f(X) = Agpo(X) + A1p1(X) + Azpa(X) + Azps(X) +...—1<x<1

=Xin=0AnPn (%)
Multiplying both sides by p,,(X)dx and integrating with respect to x from
x =-1tox =1gives
2, Pm@fCOdx =1 T2 Anpn () pm(x)dx
=Yiz0 An [, Pm(¥) Pn(¥) dx
By means of the orthogonality property of the Legendre polynomials we can write

1
Jo, Pm(Of()dx=A, ﬁ form=n

__ 2n+1

A, >

1 G0 pa(¥)dx

Since p,(x) is an even function of x when n is even, and an odd function when n is odd, it

follows that if f(x) is an even function of x the coefficients A, will vanish when n is odd;
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whereas if f(x) is an odd function of X, the coefficients A, will vanish when n is even.

Thus for an even function f(x) we have

0 ifnis odd
A (2n+1) fol f(x) pp(x)dx if nis even

Whereas for an odd function f(x) we have

A = { (2n+1) fol f(x) py(x)dx  fornisodd
! 0 forniseven

Example 6: find the Legendre series for the polynomial f(x) = 4x+3x? — 5x3.

Solution: Since any polynomial of degree n can expressed as a linear combination of Legendre

polynomial up to the n™ degree using Rodriues formula i.e
Po(¥) = 1,p;(X) = X,y (X) = §(3x2 —1), ps(x) = %(5){3 — 3x) and so on in this case the

function is polynomial with degree 3.it will be the combination of Legendre polynomial p,(x),

p1(x), p2(x)and p5(x).to compute the coefficient of the linear combination the formula

a, = 2n+1f f(x)p, (x)dx can be used four times.

20+1

f f(x)po(x)dx = —f [(4x + 3x% — 5x3)]dx =1

a, = ;f_l f(x)ps () dx
a, =2 [, f)p, (x)dx

1
a; =2 [ f(x)p;(x)dx
Then the expression will be

4x+3x?% — 5x3 = po(X) + p; (%) + 2p,(X) — 2p3(X%).

Ef—1[(4x + 3x% — 5x3)x]dx =1

51 2 _ o3yl au2 _
2f_l[(4x+ 3x* —5x7) 7 (3x* = 1)]dx =2

7l 2 331 3 -
2 [T [(4x + 3x% — 5x3) 2 (5%° — 3x)]dx =

Example 7: Expand f(x) in the form .7, a,pn(X)

0 where—1<x<0

Where f(x) = { 1where0<x<1

Solution: Given that f(x) = {° fiﬁféfe?) 1<<XX<<1° (2.66)
We know that f(x) = Y72 anpn(X) (2.67)
Where a, = 222 f f(x)p, (x)dx (2.68)
2n+1

1 f()Pa () dx+ [ (x)pn(x)dx]
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2n+1

11 (30 pa () dx by (2.66)
Putting n=0, 1, 2, 3... successively in (2.68) we get
forn=0,a, = lfl f(x)po (x)dx =lf1(1)dx 23

forn=1,a; = 2+1f f(x)p; (x)dx :—f p;(x)dx = —f de——

forn = 2,a, = 2(2)+1f f(x )pz(x)dx——f P, (x)dx=2 J-13x2 1d -0

forn = 3,85 = 2(3)+1f f( )p3(x)dx— f p3(x)dx— fl 5% 2—3de ‘;_Z
forn = 4,a, = 2(‘”“ [; f0pa(dx =2 [ p4(x)dx=> f15X4 dx =2

and so on .using these values in (2.60) we get
f(x) = 2po(®) +2p1(X) — =3 (x) = = Pa(®) + -+ 2appyp(x) + -

1=-po() +2p1() —Z=ps () + 0<x<1
Hence f(x) = 1 3 -
0=2po(x) +p:1(%) —1—6p3(x) + -, -1<x<0

2.5 Physical Application of the Legendre Polynomials
In this section we present some examples of Legendre polynomials as they arise in mathematical
models of heat conduction in spherical geometries and expansion of electromagnetic potential. In
general we will encounter the Legendre equation in situations where we have to solve partial

differential equations containing the Laplacian polar coordinates.
2.5.1 Heat conduction

Let’s derive the equation that governs the evaluation of an initial distribution of heat in a solid
body with temperature T, density p, specific heat capacity ¢ and thermal conductivity k.

The specific heat capacity c, is the amount of heat required to raise the temperature of a unit mass
of a substance by one degree.

The thermal conductivity k, of a body appears in Fourier’s law which states that the heat flux per
unit area, per unit time Q = (Qx Qy,Q,).is related to the temperature gradient VT, by the simple
linear relationship Q = —KVT .If now consider a small element of our solid body at (x,y,z) with
sides of length ox, oy and oz, the temperature change in this element over a time interval ot is
determined by the difference between the amount of heat that flow out in which gives

pc(T(x,y,z,t +ot) —T(x,y,z,t)oxocyoz
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={Q@:(x,y,2,t) — (Qx(x + 0x,y,2,t)}otoyoz
+{Qy(x, v,z t+ at) — Qyx,y +0y,2, t)}otoxoz
+{Q,(x,y,z,t) — Q,(x,y + 0z,2,t)}otaxay (2.69)
Note that typical term on the right hand side of this for example,
{(Qx(x,y,2,t) — (Qx(x + ox,y,2,t)} atayoz is the amount of heat crossing the x- orientated
faces of the element, each with area yoz,during the time interval (t, t + ot) taking the limit

ot,ox,0y,0z — 0.we obtain

oT 0Qx aQY

- _ 9% Q4 _ _
pcﬁ_ {6X+6y+6z'}_ v.Q

Substituting in Fourier’s law Q = —KkV. T given the diffusion equation

aT
at

kV2T (2.70)
Where K = i is called the thermal diffusivity

When the temperature reaches a steady state (Z—I = 0) this equation takes the simple form

ViT=0 (2.71)
Which is known as Legendre’s equation .It must be solved in conjunction with appropriate
boundary conditions which drive the temperature gradients to the body.
Example 8: Temperature distribution in a sphere
Lets try to know the steady state temperature inside a sphere of radius a whose upper hemisphere
is obtained at a temperature T = T, and the lower hemisphere is obtained at a temperature T = —T,
to this end we have Laplace’s equation in spherical coordinate subject to the given boundary

conditions. Since temperature distribution is in dependent of ¢ we can write

20 )b (cOS6) (2.72)

r

T(r,0)=Ym—o(Apr™ +

Since temperature will be finite at the center of the sphere(r = 0), we must have B, = 0 for all m
otherwise solution will diverge. Hence expression in (2.72) reduces to

T(r,0)=Yr-oAnr™ pm(cosd) (2.73)
In view of the given conditions the temperature distribution on the surface of the sphere can be
~T,if-1<x<0

written as f(x) ={ T, if0 < x < 1 (2.74)
Where x = cos6.Applying the boundary conditions to (2.69) we get
f(x) = Xm=0Ama™ pm(x) (2.75)
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To determine the constant A, we use the orthogonality relation. To this end we multiply both

sides of the equation by p,,(x) and integrate the resulting expression over X in the range
—1to 1.This yields

1 - 1
J2, pn(Of()dx = X Amt™ [Z, P ()P (x) dx

Using the orthogonality relation for the Legendre polynomials we get

o= 2t [ p(OfG) dx = 2 To[f°, pa ) + [ pa(x)dc ]

2n+1

(2.76)

—(2”“) [y () = [ Pa(—2)dx ] (277)

Since p,,(—x) = (—1)™ p,,(x), the above expression simplifies to
A = {(Zn + 1)(%) fol po(x)dx  forn = odd
" 0 forn = even

From this we can readily write the values of the first few coefficients

3T, (1 3T, (1 3T
A== Ap(x)dx ==2 [ "xdx =

_ 7Ty 1 _ 3Ty 1 (5x3-3x) _=7T
Az= Tofo pz(x)dx = a_gofo —dx = >

8a3

Hence the temperature distribution inside the sphere is given by

36-3c0s6)+...]

2.5.2 Expansion of electromagnetic potential

Example 9: From Electrostatics
In electrostatics, the potential due to a unit point charge at r = ry is
1

llr=roll ~

If this unit charge lies on the z-axis, at x =y = 0, z = a, this becomes
- 1

In terms of spherical polar coordinates, (7, 6, ¢),

X=rsin#cos ¢, y=rsinfsin g, z=rcos 6.

x2+y +(z—a) =x*+y*+ 2% —2az + a*

(2.78)

(2.79)

= (rsin 8 cos @)? + (r sin 6 sin ¢)? + (r cos 8)? — 2a(r cos ) + a?

= r2sin?fcos?p + r?sin?fsin®p + r2cos?0 — 2a(r cos ) + a?

=r2sin?0(cos?¢p + sin?p) r?cos?0 — 2a(r cos H) + a?
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=r2(sin?0 + cos?0) — 2a(r cos ) + a?

=712 —2a(r cos ) + a?
1

Vr2+aZ-2ar cos

2 -1
:i(l—Zrcosﬁ %+%)7.

there is no dependence upon the azimuthal angle, ¢. We can now use the generating function to
write this as a power series, V = %Z,"{’:O pn(cos®) )"

Example 10: Electric potential inside a sphere

Consider a sphere of radius a such that V(r, 8)|,—, = Vycos38 and assume that there are no charge
at the origin. Since V must satisfy Laplace’s equation and the boundary condition has no ¢
dependence, the solution will be obtained in terms of Legendre polynomials. The general solution

can be written as

21 Y pn(cosh) (2.80)

ro

V(r0)=Xn_o(Anr™ +
From this form of solution we note that V can be finite at the origin only if B,, = 0 for all n.

then expression in eq(2.80) reduces to

V(r0)=Yn_0A,r™ pp(cosb) (2.81)
On applying the given boundary condition, we have
V(r,0) =Vycos30 =Y 7_, A a" p,(cosd) (2.82)

To solve the constant A, we write cos30 in terms of Legendre polynomials. To this end we

(5c0s30 —3cos6 2

) and we can write cos30 = =p;(cos0) +§cose since

recall that p;(cosf) = ( 5

cos0=p; (cos®)we find that cos30 = §p3(c056) + %plcose.lntegrating this result in (2.81)
we obtain
%[ZVOpg(cose) + 3Vyp1(cosO)] =Xn_oAna™ pn(cosd) (2.83)
Using the orthogonality property of Legendre polynomials we can easily see that
3Vo 2Vo

Aj=—and A;=—

5a 5a3’
Hence V/(r,0) =2 Vo(5)py (cos0)+=22 (5)*p; (cosb).
Example 11: Consider a charge q located at position R from the origin .We want to compute the

potential at some other position r, let the polar angle 6 be the angle between r and R.
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Solution method 1

Recall that Gauss’s law says:

VZD(r,0,0,)= P99 for all r = R the charge density p is zero
€0

2 2 0 1 ad _
Vio= [r2 or ( Or) + rZsin 0 00 (Sln 0 )] ®(r, ) =0.
We can find separable solutions ®(r, 6) = R, (r)p,(6).

The general solution is given by @(r,0) = R,(r)p,(cosH)

where R, (r) = Ar"™ + and p, (cos0) is the n™ Legendre polynomial .

rb+1
For R, (r) = Ar"

D(r,0)=)7n—pa,r" pn(cose).
To determine the constants a,, we need boundary conditions, when 6 = 0 we must recover the

potential of a point charge:

— \'© n—_9 1
(D(F, 0) B 2n=0 anl"= 4meg R—r

= (—+ + + --).Therefore

4meg

—_ 9 1
0 4qeq ROFY

The full solution is:

O(r,0) =——X1-o le pn(cose)

Solution method 2

From the potential function @ = d =|R—r|.
4megq

The law of cosine gives

d = |R —r| = VR2 — 2Rrcos 0 + r2

= R\/l —2%c056+ (é)z.

Change of variables t = ~ and x = cos 6.Then

o =
4TEGR

Legendre polynomials as @(r,0) = —— Y7o t" pp(x)

4TEQGR

— _4 rt
= mes Ln=0 purt Pn(c0SH).

G(x,t) where G (x, t) is the generating function. This can be expressed in terms of
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Summary

A homogeneous second order differential equation of the type
1 - -2 kk+ Dy =0

dx2
where k=0, 1, 2, 3 ... (a non- negative integer) is known as the Legendre’s differential equation.
One of the powerful methods used to solve Legendre differential equation is a power series
technique. For the ordinary point x = 0 the series solution y(x) = Y5, a,x™ Yyields the

recurrence relation / formula

k-n)(k . . .
a,,, =—Kndntban ppo o0 rrence relation leads to the solution
(n+2)(n+1)

y(X) =¥ panXx" =a, + a;x + ayx% + azx> + agx* + agx® +agx® + -

_ n(n+1) n(n+1)(n—-2)(n+3)
y(x) = a,[1-——x"+ . x* 4]

_ (n—1)(n+2) 3 n (n—1)(n+2)(n—3)(n+4)X5 + ]

1
*ay [x 3! 51

The two series in the solution converges for |x| < 1 and the solution can be written in the form
y(x) = a, y1(x) +ayy(x)

where the two solutions are

_ n(n+1) n(n+1)(n-2)(n+3)
yi(x)= [1-——x*+ " x* 4]
(n—1)(n+2) (n—-1)(n+2)(n-3)(n+4)
i x3 + - X% +...]

y2(x) = [x!

The above two solutions are linearly independent solutions which can be verified by evaluating
the Wronskian at the ordinary point, x=0, where y, (x) and y,(x) are as defined above and
y'1(x) and y', (x) are the first order derivatives of y, (x) and y,(x) respectively.

yi(x)  y2(x)
vi(x) y2(x)

W) =W (y1,y2) = =1x1=1#0

y1(0)  y2(0) :|1 0
y'1(0) y'2(0) 0 1

For Kk is positive integer we have Legendre polynomial solutions from Legendre differential
equation which is denoted by

<M (-1)™(2k-2m)!
— 4m=0 2k (k—m)!(k—2m)!

Pr(x) xK=2m  where M:S orM = %

Rodrigues formula of Legendre‘s polynomials is expressed as

1 d"
2nn! dx™

Pn(X)= (x* - 1"

1
The Legendre polynomial p,,(x) is the coefficient of t™in the expansion of (1 — 2xt + t?)"2
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in ascending powers of t i.e. the generating function is
=== S0 Pa (O

pn(1) =1

Pn(=%) = (=1)"pa(®)

The orthogonal and normalization properties of Legendre’s Polynomials are expressed as

fl Opn (D) = 0, ifm#n
_1pm pTL - anﬁ’ lfm=n

Recurrence Formulae for Legendre’s Polynomials

vV (n+ Dpper(x) = 2n+ Dx pp(x)—npp_1(x) n 21
v npy(x) =xp'n(x) = p'n-1(%).
v (@2n+1)pa(X) =p’ ., (0 P (%)
V P — xph(x) = (n+ Dp,p(x)
vV (1 =x)p () = n@po1(x) — x pa(x))
Finally

Legendre Polynomials are applied in different area such as in solving Laplace equation
spherical polar coordinates in heat conduction and in the expansion of electromagnetic potential.

in
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