THE OUTPUT LIGHT FROM A SUBHARMONIC
GENERATOR AND A COHERENTLY DRIVEN
CAVITY MODE

By
DESALEGN AYEHU

SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE IN PHYSICS
AT
ADDIS ABABA UNIVERSITY
ADDIS ABABA, ETHIOPIA
JUNE 2010

(© Copyright by DESALEGN AYEHU , 2010



ADDIS ABABA UNIVERSITY
DEPARTMENT OF
PHYSICS

Supervisor:

Dr. Fesseha Kassahun

Examiners:

Professor A.V. Gholap

Dr. Gizaw Mengistu

i



ADDIS ABABA UNIVERSITY

Date: JUNE 2010

Author: DESALEGN AYEHU

Title: THE OUTPUT LIGHT FROM A SUBHARMONIC
GENERATOR AND A COHERENTLY DRIVEN
CAVITY MODE

Department: Physics
Degree: M.Sc. Convocation: JUNE Year: 2010

Permission is herewith granted to Addis Ababa University to circulate and
to have copied for non-commercial purposes, at its discretion, the above title upon
the request of individuals or institutions.

Signature of Author

THE AUTHOR RESERVES OTHER PUBLICATION RIGHTS, AND NEITHER
THE THESIS NOR EXTENSIVE EXTRACTS FROM IT MAY BE PRINTED OR
OTHERWISE REPRODUCED WITHOUT THE AUTHOR’S WRITTEN PERMISSION.

THE AUTHOR ATTESTS THAT PERMISSION HAS BEEN OBTAINED
FOR THE USE OF ANY COPYRIGHTED MATERIAL APPEARING IN THIS
THESIS (OTHER THAN BRIEF EXCERPTS REQUIRING ONLY PROPER
ACKNOWLEDGEMENT IN SCHOLARLY WRITING) AND THAT ALL SUCH USE
IS CLEARLY ACKNOWLEDGED.

111



Table of Contents

Table of Contents

List of Figures

Abstract

Acknowledgements

1

2

Introduction

The Q Function

v

vi

vil

2.1 The Q function of a coherently driven cavity mode . . . . ... ... ...
2.2 The Q function of a signal mode . . . . . . .. ... ... L.
2.3 The Q function of the superposition of the coherently driven cavity and

the signal mode . . . . . . . ...

Quadrature Squeezing

3.1 The normally-ordered quadrature variance
3.2 Squeezing spectrum . . . . . . ... L

Photon Statistics

4.1 The mean photon number . . . . . . . . . ... ... ... ... ...
4.2 The normally-ordered variance of the photon number

4.3 The photon number distribution

Conclusion

v

19

23
23
28

36
36
38
41

44



List of Figures

/
3.1 Plots of the quadrature variance : (Aa,)? : versus t for S 045 ... ..
K
!/
3.2 Plots of the squeezing spectrum S (w) versus w for £ 02 (red curve)
K
/

and = = 0.5 (green curve). . . . ...
K

/

4.1 Plots of the mean photon number (Eq. (4.1.7)) vs t for k=0.8, C =045
K
and ¢ =0.3 in the presence of the coherent driving light (red curve) and in

the abscence of the coherent driving light (green curve) . . . . . . ... ..



Abstract

Applying the propagator method discussed in J. Math. Phys. 33 (1992) 2179, we calculate
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Chapter 1

Introduction

A considerable attention has been paid to squeezed states of light [1-5], because in these
states the quantum noise in one quadrature is below the coherent-state level at the expense
of enhanced fluctuations in the conjugate quadrature, with the product of the uncertainties
in the two quadratures satisfying the uncertainty relation. This property makes squeezed
light to be very useful in the detection of weak signals and in low-noise communications
1, 3, 6, 7].

Various quantum optical processes such as subharmonic [1-9] and second harmonic
[1, 3, 6, 7] generation produce squeezed light. A degenerate subharmonic generator,
consisting of a nonlinear crystal pumped by coherent light, is a prototype source of a
single-mode squeezed light. In this system a pump photon of frequency 2w is down

converted into a pair of highly correlated signal photons each of frequency w.

Subharmonic generator is one of the most reliable source of squeezed light. A the-
oretical analysis of the quantum fluctuations and photon statistics of the signal mode
produced by a subharmonic generator has been made by a number of authors [1, 2, 5, 6,
7,9]. A limit of 50 % squeezing of the intracavity signal mode produced by a subharmonic

generator has been predicted by a number of authors [1, 2, 5, 6].

In this thesis, the Q function of the signal and the coherently driven cavity mode are
derived separately using the propagator method discussed in [10]. We next determine the

superposition of these two Q functions [1]. We then obtain the Q function of the output



light employing the input-output relation. With the aid of the resulting Q function, we
calculate the normally-ordered quadrature variance, the squeezing spectrum, the mean
photon number, the normally-ordered variance of the photon number and the photon

number distribution.



Chapter 2

The Q Function

Various quantum distribution functions are widely used in quantum optics, because they
provide convenient means of describing the quantum properties of light modes. Here
we will confine our discussion to the Q function which is best suited to the evaluation
of the expectation value of antinormally ordered operators. We proceed to calculate
the Q function of a subharmonic generator, a coherently driven cavity mode and the

superposition of these two ) functions.

2.1 The Q function of a coherently driven cavity mode

We seek here to obtain the Q function for a cavity mode driven by coherent light and
coupled to a vacuum reservoir. The interaction between a cavity mode and a driving

coherent light, treated classically, can be described by

H =is(a" — a), (2.1.1)

where a is the annihilation operator for the cavity mode and e is proportional to the
amplitude of the driving light. The master equation for the cavity mode driven by coherent

light and coupled to a vacuum reservoir has the form

05
d—f = —c(ap —a'p— pa+ pa') + g(Qaf)aT —a'ap — pa'a). (2.1.2)



We next proceed to obtain the Fokker-Planck equation for the Q function. To this end,

using the relations

la, f(a',a)) = 52Tf(&T,d% (2.1.3)
Al f(@),a)] = - 5@, ) (2.1.)

we find

ap—i'p—pa+pal = [a,p) —[al,
= 8§Tﬁ+ aadﬁ. (2.1.5)
Moreover, we see that
2apa’ — alap — pata = —[al, ap) + [a, pal]
= g%(&ﬁ)+»5%F(ﬁdU. (2.1.6)
We note that
[a, p] = 83'6' (2.1.7)
It then follows that
ap = pa + ai;,é. (2.1.8)
We also find in a similar manner that
ﬁﬁ:aw+§%i (2.1.9)

Upon substituting (2.1.8) and (2.1.9) into (2.1.6), there follows

92
dadat

D D

= 55 (P) + 5oz (@'p) +2

p. (2.1.10)

Now on account of (2.1.5) and (2.1.10), the master equation takes the form

82

9 9 5)
daoat””

oat

dp__ 0,2

_ 542 it
o e(gaP+ a&p) + (a'p) +2 (2.1.11)



where p = p(a', a,t) is assumed to be in the normal order. Upon replacing a,a’ and

p(a’,a,t) by a,a* and Q(a*, a,t), we find the Fokker-Planck equation for the Q function

to be
0 o k o0 k 0?
E (O[,t) = aa*(§0z _6)_{—%(5&_8)_{—]{8&8@* Q(O[,t) (2112)
In terms of Cartesian coordinates, one can write
a=x+1y, (2.1.13)
0 1,0 0
(= = 2.1.14
O 2(851; Zay)’ ( )
0? 1,02 0? 0?
=- —2i - — 2.1.1
Do 4((‘331:2 Z@x@y 8y2)’ ( )
0? 1, 0? 0?
o da 1(@+8_y2) (2116)

Employing (2.1.13), (2.1.14), (2.1.15) and (2.1.16) along with their complex conjugate,

the Fokker-Planck equation for the ) function can be put in the form

k 0> Kk 0? 0 K Kk O
g I A AR A AP S . 2.1.1
Qr,y ) = 53+ 197t 523t~ e+ 28yy]62(96,y,25) (2.1.17)

This differential equation can be solved using the propagator method. We first trans-

form (2.1.17) into a schrodinger-type equation. To this end, upon replacing (a%, a%’ x,,

Q(l‘,y,t)) by (iﬁl‘?iﬁyaia@a |Q(t>>), we get

.d .
i—1Q(1)) = H|Q(t)), (2.1.18)
where
N Ko K. . K. K.
H= —zzpi — zzpz — px(gx —€) — 5DyY- (2.1.19)

The formal solution of (2.1.18) can be written as

Q1)) = e~ "™1Q(0)). (2.1.20)



Multiplying (2.1.20) by (x, y| on the left-hand side and applying the completeness relation

for two-dimensional position eigenstates, we have

@il = [ drdy (e sle ) (' 1Q(0)) (2.1.21)
or
Qz,y,t) = /dw/dy’@(x,y,t!x’,y/,O)Qo(x’,y’), (2.1.22)
in which
Qz,y,t) = (z,y|Q(1)), (2.1.23)
Q(z,y,t2’,y/,0) = (w,yle™ M|y, 2') (2.1.24)

is the Q function propagator, and

Qo(2',y') = (', y'|Q(0)). (2.1.25)

According to Fesseha [10], the propagator associated with a quadratic Hamiltonian

H(&,py) = agp? + bo(t)poi + co(t)2? (2.1.26)
is expressible as
K(z,t]2',0) = (L 5. )%ex (- /tb (t')dt' +iS,) (2.1.27)
P N or OO b 70 v < o

where S. = S.(2/, x,t) is the classical action, a, is a constant different from zero and +y is

a parameter connected with operator ordering. Comparing (2.1.19) and (2.1.26), we have

S 2.1.2
b=, (2.1.28)
b, = —g (2.1.29)

1

5 and employing the two-

and recalling that for the antistandard form of ordering v =
dimensional form of (2.1.27), the Q function propagator associated with (2.1.19) is ex-
pressible as

i 0%S,

x E (i 0%Se \4
2w 0x'0x’ 2w Oy’ Oy

)ﬁexp(gt +iS,). (2.1.30)

Qz,y,t|',y,0) = (



The classical Hamlitonian corresponding to (2.1.19) is

K K K K
H=—i—p>—i-p> —p(=0—¢) — =p,y. 2.1.31
i Pe = iy Py — Pa(5T =€) = 5Py (2.1.31)
Applying Hamilton’s equation of motion
oOH
= 2.1.32
= ( )
and
oH
y=——", 2.1.33
o (213
we arrive at
9
pe = ;Z(j:jt(gx—g)), (2.1.34)
=2+ By (2.1.35)
Py = o Y 29~ 1.

Now on account of (2.1.34) and (2.1.35), the classical Hamiltonian takes the form
2 ) .9 B
r—e) + -y —i—y-. (2.1.36)
K
We recall that the Lagrangian is given by
L=) pi;—H, (2.1.37)
J
where H is the classical Hamiltonian. We then see that
1 K 2 K
L=—||d+ (z2— 4+ —y)*|. 2.1.38
(e Ge-a) + 5] 2139

The Euler-Lagrange equations are given by

d oL 0L
i 0 (2.1.39)
and
d OL 0L
aeob ok _ 2.1.40
dt oy Oy ( )
It then follows that
2
i-ar o, (2.1.41)



/{2

TRATIY
) 4?J

The general solutions of (2.1.41) and (2.1.42) are given by

£y _ny 2¢e
x(t) = crez’ + cpe” 2" + —|
K
K _k
y(t) = cze2’ + cue 2",
there follows
. R sy R _ry
r=C—<-€e2 —Ccy<e 27,
2 2
. K Ky K _ky
Y =c3=e2’ —cy—e 2.
2 2

Upon substituting (2.1.43), (2.1.44), (2.1.45) and (2.1.46) into (2.1.38), we find

[
I == |:/€2C%€m 4 /€2C§€m:| )
K

Imposing the boundary conditions

x(T) =",
z(0) =,
y(T) =y"
and
y(0) =y,
one easily obtains
' — (:L’/ _ k)e—gT _ 2
C1 = egT — eigT )
" ! —=T
=20
ezl — e 2T

On account of (2.1.52) and (2.1.53), Eq. (2.1.47) can be put in the form

"o 28\, =T _ .. 2e " ET
(" = Z)ez’ —a' + y'ext —y

L:Z:‘i[ eﬁT_l K]2€Rt+( eliT_]_

With the aid of (2.1.54) and recalling the relation

T
S, = / L(t)dt,
0

)Qent )

(2.1.42)

(2.1.43)

(2.1.44)

(2.1.45)

(2.1.46)

(2.1.47)

(2.1.48)
(2.1.49)

(2.1.50)

(2.1.51)

(2.1.52)

(2.1.53)

(2.1.54)

(2.1.55)



the classical action can be expressed as

‘ (l‘”—%)egT—l‘/—i—% ) T » . y//egT_y/ ) T o
S. = ik T 1 ]/Oe dt—’_m(em—l) /0 e™dt (2.1.56)

After carrying out the integration, we readily obtain

[(:17// _ Q—S)GgT — + %]2 (y//egT _ y/)z

Se=1 e +1 T (2.1.57)
Upon replacing (z”,y”,T) by (x,y,t), we have
o= 2)elt w4+ 2P et —y)?
Se=1 e +1 1 (2.1.58)
It then follows that
o 0 ezt
%% c = —QZth _ 1, (2159)
0 0 ezt
——S.=—-2 . 2.1.60
oy’ Oy P ( )
In view of (2.1.58), (2.1.59) and (2.1.60), Eq. (2.1.30) can be rewritten as
Loer (z—Z)est —a/ + 22 (yed' —y/)?
tla', o = — — E B — . (2.1.61
Qa,y,tl2’,y,0) = ——5—eap — e (2.1.61)
We are interested in the Q function satisfying the intial condition
1
Qo(@',y) = —ewp[—(2' = 0)" = (v = 0] (2.1.62)
Applying (2.1.22), (2.1.61) and (2.1.62), one gets
1 et [zezt — %(egt —1) — 2/
Qa,yt) = 55— /dw’dy’exp{— — -
=t 2
yez2" —y
(e“t——l)] exp[—2" — ). (2.1.63)
Let
1 ent
C= . (2.1.64)
2, w
D=—(e ~1), (2.1.65)

E = et (2.1.66)
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Fr=e—1 (2.1.67)
Now Eq. (2.1.63) can be written as
Exr— D —2')2 Evu— )2
xexp[—z" —y"] (2.1.68)
or
_E2.1'2+2DE$—D2—E2y2
H=C
Q(z,y,t) exp{ - }
14+ F 2Ex — 2D
/ _ 2 <L — 2l ,
x/dxexp{ (—F )z’ + ( . )m}
F 2F
: = (2.1.69)

/ 1 /
x/dyexp{—(T)y2+ I y}

Employing the mathematical relation

2
/d:ce“szrbx = \/Eeza, a>0 (2.1.70)
a

along with (2.1.69), we obtain

mCF [Ex — D]? (Ey)?
e {— T 1fF} (2.1.71)

1) = _
Q(z,y,t) T

On account of (2.1.64), (2.1.65), (2.1.66) and (2.1.67), Eq. (2.1.71) can also be written in

the form ) )
waiy_—mpﬂ—kfx_%SJ_JHQ—Qigy} (2.1.72)
We note that
o=+ 1y, (2.1.73)
af =x—1y (2.1.74)
Then we have
=&2a* (2.1.75)
and
a—al (2.1.76)
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In a similar manner, one can see that

g, = Fot % (2.1.77)
9
y — O
=2 "o 2.1.78
Y 5; ( )

Applying the above relations together with (2.1.72), we arrive at

Qant) = %egjp{ - %“ - 6_352} x emp{— aa +[Z(1 - e 5)a

+[2_§(1 — eét)]@*] (2.1.79)
Qa,t) = @emp( —aa” +b(t)(a+ a*)), (2.1.80)
where
A(t) = exp[ - %(1 - e_;t)Q} ) (2.1.81)
b(t) = %(1 —e2), (2.1.82)

2.2 The Q function of a signal mode

We seek here to obtain the @ function of a signal mode produced by a degenerate
subharmonic generator. In a degenerate subharmonic generating system, a pump mode
of frequency 2w is down converted into a pair of signal photons each of frequency w. With
the pump mode treated classically, the process of degenerate subharmonic generation is
described by the Hamiltonian

H= %(aﬂ —af?), (2.2.1)

where ¢’, considered to be real and constant, is proportional to the amplitude of the pump
mode and a is the annihilation operator for the signal mode. The master equation for the

signal mode is given by

dp _ € s ar | aitr  st2sy Ko st s At
%:5( p—pa”+pa'” —a p)—|—§(2ap& —a'ap — pa'a). (2.2.2)
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The Fokker-Planck equation for the QQ function corresponding to (2.2.2) can be constructed

by putting all operators in the normal order. To this end, one can find employing (2.1.3)

and (2.1.4) that

&Qﬁ_ﬁd2 +ﬁdT2

8p op . .+O0p  Op. it
“Dat Tt T 96 T e
We note that
. Op 9%p
2, " 0a T] dat?

It then follows that

We alo find in a similar manner

0., .0p O
22" = “aa t oar

Upon substituting (2.2.5) and (2.2.6) into (2.2.3), there follows

a
a?p =

8 . 0p  p

a+ 2al

_|_

@ — i + P

Moreover, one can see that

2apa’ — alap — pata = —[at, ap) + [a, pal]
o ... 0 ..
= 55(@p) + ooz (pa’

Employing the relations

.0 = 5
a =
P da
and
9p

Ao = —

@', 0l = -5z
along with (2.2.8), we have

i 0P 9, .. d i,

2 -
a0t T 9a P T gar(a

a"p = ala, p + [a, pla — a'lat, p] — [a', p

dat da  0da*

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)
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Now on account of (2.2.7) and (2.2.11), the master equation can be put in the form

dp (0% | 0p . . 40p PP\ k(P D . . D .
dt 2 2 2 512 = f 2.2.12
it~ 2 (aaw T2t T 25t gaz )t 2\ Paaear T aaPY T gar@h) ) (2212)

where p = p(a', a,t) is assumed to be in the normal order. Upon replacing a, a', p(a', a, t)

by a,a* and Q(a*, a,t), we find the Fokker-Planck equation for the Q function to be

oQ(a* o t) [ ([ 07 0? J 5,
o {5 902 T aam T 29" 29"
+§(28a@a* + e + S )]Q(a o, t). (2.2.13)

Applying (2.1.13), (2.1.14), (2.1.15) and (2.1.16) together with their complex conjugate,

the Fokker-Plank equation for the Q function take the form

0Q(x,y,t) Ks’%—/{) 0? N (/{—5’)8_2
ot 4 0x? 4 oy?
ko ,\ O ko ,\ 0
+(§ -I—S)%a: + (5 - 8)8_3/ }Q(m,y,t). (2.2.14)

This differential equation can be solved using the propagator method. We first transform

(2.2.14) into a schrodinger-type equation. To this end upon replacing (8%, a%’ x,y, Q(x,y,1))

by (ipx, ipy, T, 7, |Q(t))), we then get
d X
i=1Q(0) = HIQW), (22.15)
where

Y A A W - K A K AU
H——2< 1 )pm—z< 1 )py 5—1—8 Dol 5 € )Pl (2.2.16)

The formal solution of (2.2.15) can be written as

Q) = e~Q(0)). (2.2.17)

Multiplying (2.2.17) by (z, y| on the left-hand side and applying the completeness relation

for two-dimensional position eigen states, we can write

(@il = [ drdy e sle ) (e /Q(0) 2:218)
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or
Qrpet) = [ ddy Qe v. e’ 0)Q0(a' ), (2:2.19)

in which
Qlr.y.t) = (2. 91Q(1)), (2.2.20)
Q(x,y,tla',y,0) = (z,yle™ M|y, 2') (2.2.21)

is the Q function propagator and

Qo(z',y") = (2, y'|Q(0)). (2.2.22)

In view of (2.1.26) and (2.1.27) together with (2.2.16), we obtain

by = —(g +e), (2.2.23)
b, = —(g — ) (2.2.24)
and recalling that for the antistandard form of ordering v = % and employing the two

dimensional form of (2.1.27), the Q function propagator associated with (2.2.16) is ex-

pressible as

N s
Q(xayaﬂx?y?()) - <§81’/8$€)

N |=

i 9°5.\* &
— — 15¢). 2.2.2
(27r 8y’3y) exp( 2t +14S,) ( 5)

The classical Hamiltonian corresponding to (2.2.16) is

e+ kK (rk—¢€ K K
H:—z( 1 )pi—z( 1 )pz—(i—l—s’)px:ﬂ—(i—e’)pyy. (2.2.26)

Applying Hamilton’s equation of motion described by (2.1.32) and (2.1.33), one gets

21 _ K ,
P = (x + (5 +e )x) (2.2.27)

and

py = 2 (y+(g— ’)y). (2.2.28)

Kk —¢
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On combining (2.2.26), (2.2.27) and (2.2.28), we have

i 2 (R 22 i 2 R e o
= — (= (== . 2.2.2
L R R L e (2:2:20
On account of (2.1.37) and (2.2.29), one readily obtains
2 2
L= - {m + (k/2+ g')x] + — {y + (k/2 — 5’)4 . (2.2.30)
Employing (2.1.39) and (2.1.40), we arrive at
- K 2
i (5 ) =0 (2.2.31)
and
. K "2
J— (5 —&)y=0. (2.2.32)

The general solutions of the above differential equations are given by

x(t) = Ael3 1)t 4 Bem (3t (2.2.33)
y(t) = Cel2==)t 4 De= (571, (2.2.34)
It then follows that
. K N (Bt K N —(E4e)t
x:A(§+€)e 2 —B(§+5)e 2 e (2.2.35)
Y= C’(g —e")elz 70t D(g — e G, (2.2.36)

Upon substituting (2.2.33), (2.2.34), (2.2.35) and (2.2.36) into (2.2.30), we obtain

. . 2
L(t) = o (14 22 Azelorzen 4 U200

2 (k—2¢")t
— oy T (2.2.37)

Applying the the boundary conditions
z(T) = 2", (2.2.38)

z(0) = 2/, (2.2.39)
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x(T) =y, (2.2.40)
y(0) =y, (2.2.41)
one easily obtains
I (54T
A=— (xe(m"’;j;_sl ) (2.2.42)
and
I (E—e)T
- _ (ye(ﬁ_yzj;_ : ) (2.2.43)

On account of (2.2.42) and (2.2.43), Eq. (2.2.37) can be put in the form

; BT\ 2
e 2 (T Y et
e+ K e(rt+2e")T _ 1

L 962 [y — e —TNE
L2 (y y'els )e(n—zmt_ (2.2.44)

K — ¢! e(k—2e")T _ 1

L(t) =

In view of (2.1.55) and (2.2.44), the classical action can be expressed as

5 i K+ 2¢! (mle—(g—i-a’)T _/ LL‘”)Z K — 2! (y/e—(g—a’)T _/ y//)Q (2245)
K+ & 1 — e~ (s+2¢")T K —¢! 1 — e—(k—2")T
Upon replacing (z”,y”,T) by (x,y,t), we have
Jr 42 (2e G —2)2 g — 2 (e (G —g))?
c = K+ g 1 — e—(s+2¢/)t K —¢! 1 — e—(k—2e)t ’ (2246>
It then follows that
9 ,08.,  —2i(k+2e)e 3 9 947
%( 835)_ (K+€/)(1 e~ (n+25/)t> ( L. )
o 08 —2i(k — 2¢')e~ (37!
c i(r — 2)e 3 (2.2.48)

3_y’(8y>_(fi—€)(1 6(/{ 26)t)
Applying (2.2.46), (2.2.47) and (2.2.48), the Q function propagator can be written as

1 K2 — 4e’?
Q(l‘ y,t|£L’ y 0) \/(/{2 5/2)(1 _ e*(li+2€/)t)(1 _ e*(l{*QEI)t)
(k +2¢") (2 (G HeDt — )2 (k- 2¢')(y/e" (275t — y)?
(E + /{)(1 — e (n+2e’ )t) (KJ _ 5’)(1 — e—(:‘i—ZE’)t)

(2.2.49)

xemp{

We are interested in the () function which satisfy the initial condition

Q.2 y) = %exp[—(x’ —26)* — (¥ — vo)?. (2.2.50)
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Employing (2.2.19), (2.2.49) and (2.2.50), one can see that

1 K2 — 4¢e'?
Qz,y,t) = /dﬁl7 dy w\/(/—# —e?)(1— 6—(/{—28/)15)(1 _ 6—(n—2a/)t)

ey (B2 @ 0 (p = 2y g
e +r (1 —e 20 (k — &)(1 — e~ (v=2))
1
x—eapl— (2’ = 20)” = (' — 0)’] (2.2.51)
Let
A=r+2, (2.2.52)
B = 6_(%+5/)t7 (2253)
C = (k+e)(1 —e 2t (2.2.5)
D=k —2¢, (2.2.55)
E=e G, (2.2.56)
F=(k—¢)(1—e 20 (2.2.57)
and
1 K2 — 4e'?
G = ﬁ\/(/{2 _ 8/2)(1 _ e*(ﬁ+25/)t>(1 _ ef(ﬁfze/)t) (2258)
and hence Eq. (2.2.51) takes the form
AB2x"? — 2ABxa’ + Az?
Q(z,y,t) = /dCC/dy,Gexp{— ( x - rx + Ax
DE*y? — 2DEyy + Dy?
_(DE?y D vy + y)]Xe$p(_x,2+2m0x,_$3_y,2
2oy’ y§> (2.2.59)

or

_ A 2 D 2 2 2 / AB2+C 12
Q(x,y,1) —Gexp( ol T Y T /dx exrp — /)

2ABx +2Cz\ , , DE?* + F\ ,
+ c x dyexp| — — )Y

2DEy + 2Fy,
+( v 2l )yf} (2.2.60)
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Applying the mathematical relation given by (2.1.70), one obtains

CF A )
Qe y,t) = G”\/(AB2 TODE TP T apr o B

D

On combining (2.2.52), (2.2.53), (2.2.54), (2.2.55), (2.2.56), (2.2.57) and (2.2.58) into

(2.2.61), we get

I€2 _ 45/2
Qo t) = o\ ol T e Ml — (1 + e 20
cenp| - B2 e B (k20— e BP0 6
K+ e'(1 + e (vt2eNt) Kk —e'(1+ e (v=2eN1)

Applying the relation described by (2.1.75), (2.1.76), (2.1.77) and (2.1.78) along with
(2.2.62), we find

Qla*, a,t) = A;Et)exp[ — B'(t)a*a+ @(oﬁ2 +a?) + D'(t)a + D/*(t)oc*] , (2.2.63)

where

B/(t) + C/(t)]ef(nf%’)t

|- (0
[B'(t) — C’(t)]e‘(“”a')t)a:%

2
+([B’(t) +C’(t)]e_(“_25/)t [B'(t) — C'(t)]e” (k+2¢' )t>(a:2 —1—043)]’ (2.2.64)

+

4

1 [ R — 28, K + 28/ T
, - —
B (t) - 2 _K, — 8/(1 + e*(lﬁ*?s’)t) + K -+ 5/(1 + 67(,{4,25/)25)_ (2265)

1 Kk — 2¢’ K+ 2¢’
2 = 8’(1 + 67(n725’)t) K+ 8’(1 + 67(n+2€’)t)_

(2.2.66)

D'(t) = 5 |[B'(t) + C'(t)]e” "> (a;, — a,)

+[B'(t) = C'(1)]e” " (af + ap) |- (2.2.67)
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2.3 The Q function of the superposition of the coher-

ently driven cavity and the signal mode

We proceed to obtain the Q function of the superposition of the light beams produced
by the subharmonic generator and the coherently driven cavity mode. The superposition
of the light beams from the subharmonic generator and the coherently driven cavity mode

in terms of the Q function can be expressed as [1]

0 0
Qo) =+ [ AR+ 500"+ )

xexp(—aa® — B3 — v + "B+ af* + oFy + ay* — By — B77). (2.3.1)

On account of Eq. (2.1.80), one can write

9, A 0
Q"+ o) = 235" + 005 + s ean (15 00l ) (232
and in view of (2.2.63), we have
0 A
Qv+ ) = “ | - B0 + Do+ D oy
C’ o C'(t) 9?
+¥(7*2 + 72)] wp[( —B'(t)y"+ D'(t) + C"(t)v) e + Q(t) 87*2} (2.3.3)
Upon substituting (2.3.2) and (2.3.3) into Eq. (2.3.1), one obtains
Q" a,t) = %@A’(t) /dQﬁ?exp[—aa* + "B+ o’y — 5"
(0B + b8 — B+ D0+ D0+ 2 72 4 )
wean| (= 5800 ) 5 [eapl=5 + ap - 57
o C'(t) 9
xe:cp{( — B'(t)y" + D'(t) + C”(t)*y) e + 2(t) 87*2]
xexp(—y*y + ay* — Bv7). (2.3.4)

On account of the power series expansions

capl(-5 430 = S 4 (-0 +00) 235
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Y

exp[(—B'(t)y*+D'(t) +cr(t)v)a%] = Z % ( — Bty +D'(¢) +C’(t)7) 57 (2.3.6)

C'(t) & | 1[0\ o*
exp( 5 87*2) = zk: il pre (2.3.7)
expression (2.3.4) can be put in the form

2
Q(a*, a,t) = %ATt)A’(t) / dQQQea@p[ —aa" +a"f+a*y— BF*

+b(t)B +b(t)3" — B'(t)yy" + D'(t)y + D" (t)v" + ) (v? + 72)}

2
<S5+ u0) e +ar -5

2

(2.3.8)
so that carrying out the differentiation, we arrive at
1At d?
L O R
™ ™

™

{ ="+ (=b(t) + )y

+ (D/*(t) —B'(t)a+ B'(t)3+a— 5) o @7*2}

><eacp< —ad® +b(t)a+ D'(t)a + #oﬁ +a"f— BB +b(t)3

+b(t)5* — b(t)B — D'(t)3 — C'(t)aB + %(%2) : (2.3.9)

Employing the relation

d?z
T

—

exp(—azz* + bz + c2* + A2® + Bz*)

1
1 2 abc + Ac? + Bb?
= [m] e‘”’{ T 1AD } (23.10)
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Eq. (2.3.9) takes the form

Q(a", aut) = LA A (H)exp [D’(t)a + %%2 — () D" (1)

() B (a + D*(t)a* — B'(t)aa* + %(t)bZ(t) — C'(t)b(t)a”
c'(t)

FRAN } / djf e:vp[ BB + 5( — D'(t) — C'(t)a — b(t) B'(1)

2
¢

+O(t) + B’(t)a*) +b(t)B" + =

52]. (2.3.11)

Upon carrying out the integration over 3, we have

Qa*, a,t) = Rff)exp[—B’(t)aoz* + S(t)a + S*(t)a* + #(o{"2 +a?)],  (23.12)
where
R(t) = A(t)A’(t)exp[ — b D (t) + %@zﬂ(t) — D'(t)b(t)
—b*(t)B'(t) + V() + %(t)bQ(t)} : (2.3.13)
S(t) = D'(t) + b(t)B'(t) — C'(£)b(1). (2.3.14)

We are interested in the case for which the signal mode is initially in a vacuum state and

hence upon setting ay = aj; = 0, we have

Qa*, a,t) = @emp[—B/(t)aoz* + 5 (t) (o + ") + @(oﬂ‘2 + o?)], (2.3.15)
where

= /B2(t) — C2(D)exp[b®(t)(C"(t) — B'(t) + 1)], (2.3.16)

S'(t) = b(t) (B’(t) - C’(t)), (2.3.17)

b(t) = 2?5(1 — et (2.3.18)

According to the input-output relation, we have

Gout(t) = VKG(t) — Qin(t)- (2.3.19)
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For a cavity mode coupled to a vacuum reservoir and with the cavity mode represented

by c-number variables associated with the normal ordering, one can write

Qout (t) = VEa(t). (2.3.20)

On account of (2.3.12), the Q function of the output light from a subharmonic generator

and a coherently driven cavity mode turns out to be

Qa*, a,t) = @exp[— B/(t)aa* + @a 4 S*<t>a* i '(t)

K K NG NG 2K

If we consider the case in which the signal mode is initially in a vacuum state, the Q

(@ +a?)]. (2.3.21)

function of the output light takes the form

@e —B/(t)ozoz* + S (v +a™) + %(Q*Q +a?)].  (2.3.22)

Q(a*aa7t): J l’p[ K W e




Chapter 3

Quadrature Squeezing

We now seek to study the quadrature variance and the squeezing spectrum for the output
light produced by the subharmonic generator and the coherently driven cavity mode

coupled to a vacuum reservoir.

3.1 The normally-ordered quadrature variance
The squeezing properties of a single-mode light are described by two quadrature operators
ap=a-+al, (3.1.1)

a_ =i(a" —a). (3.1.2)

S(aag)? =+ (@t +a)?: ) F (@ £a)> (3.1.3)

as

(A ag)?: = 4(0d) F (ag)?, (3.1.4)

where

ay =a" £a. (3.1.5)

23
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The expectation value of a c-number variable associated with normal ordering can be

written as
1 * * * *
(a?) = —/dQOzdzﬁQ(a*,ﬁ)BI‘p{— ola PP A b (3.1.6)
K K K K K
Upon introducing (2.3.22) into (3.1.6), we obtain
2 d2
(o) = “ / dza—ﬁexp[—clB/a*ﬁ +/a S8+ e Sa
T 7r
' '
—1—61704*2 01752 — 1 a — e F* B + et B+ craft]a?, (3.1.7)

where ¢; = =

One can write the above equation as

2 d2
) =2 / Lol eaplei B+ B-erBla + VaS + aa)
m Oa 7
!/
+cra3” + A 2 3] x exp[\/c1S'a* + aa® + %Q*Z — 1A |a=0, (3.1.8)

so that on carrying out the integration over (3 employing the relation described by (2.3.10),
there follows

a [d
(®) = cyr— —aexp[—clB'aoz* +VaSa+ /oS

Oa T

c’ C
+(—612 +a)o +—012 a*?azg (3.1.9)

and on performing the the integration over «, we have

) 1 :
da [028’2 AC”? — QClC’a]
AB'S”? + AC'S”? + claS’Q}

AB? — 30”2 —2¢,C'a

(®) = rep—

xexp{ (3.1.10)

On carrying out the differentiation and applying the condition a=0, one readily obtains

Cl
(a?) = B,f 5 + b, (3.1.11)

We note that

kC'

<Oé*2> = B/2 _ C/Q

+ Kb? (3.1.12)
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Further more, one can also write

ata §8 a'f o

(a"a) = W—i/fafﬁ@(a*,ﬂ,t)ewp[— p p p - |foae’ (3.1.13)

and on substituting (2.3.22), we see that

™

rci o d*B / / /
(o) = —/d a— X expl—ciB'a* B + /1 S'6 + a1 S'o”

+c1C")2(a*? + 32) — cra*a — a1 B + c1a B + craB%] 3. (3.1.14)
It can also be rewritten as

2 2
(o) = Ei* /d%zﬁexp[—clﬁﬁ* + B(—e1B'a* + /1S + cra)
T 0c; T

ch’

aC’
+eaf + 32 x exply/er Sat +

5 a*? — craa]e—, . (3.1.15)

Upon integrating over [ employing the relation described by (2.3.10), (3.1,15) can be
written as
a*a)y =re | —exp|—(ciB' — ] + c1)aa” + —S'« aS'a
1 . P 1 1 1 /e 1

*2 !
ac _, o aC
+:2Cla® +
2 ¢ T2

e, (3.1.16)

and taking out the integration over «, one gets

(oa) 0 1 2
a*a) = reg—
1(’30’{ (cAB' — ¢t +¢1)? — c2C"?

weap C»{QB/S/Q _ CTQSQ + CIC»{S/Q + CTQC”SIQ (3 . 17)
(CTB/ - C>1k + Cl)2 - CT2C/2 c’l‘:cl' -
Carrying out the differentiation and putting the condition ¢} = ¢;, we have
R(B, + C/Q _ B/2>
(a*a) = EEReT + Kkb?. (3.1.18)
In the same manner, one can also write
1 * * * *
(@) = —/d2ad26Q(a*,6,t)exp[—a o _F6 B b (3.1.19)
TR K K K K



and on introducing the @ function described by (2.3.22), we get

2 2
(a) = ™ /d2a¥exp[—clB’a*ﬁ +/c1S'B

™

o C’
+y/e St + 17(04*2 + %) — ciafa — 1B + cra* B + craff]a.
The above equation can also be rewritten as

2 2
(a) = %%/d%gexp[—clﬂ*ﬁ + B(aa” + /18" — e B'a®)

C’ '
+aaf + 61762} X exply/c1S'a* + 61704*2 + da — cyaa™]|g=o.

Upon carrying out the integration over (3, one can write

d2
(o) = 7’01% —aexp[—clB’aoz* + (VaS' + d)a+ /e S'a”
7r
o’ o’
+ 12 a? 12 &*2]d20

and on performing the integration over «, there follows

0 1 2
) =rag; | zpr—aon
AB'S? + ¢1\/e1B'dS" + 3C'S™ + ¢1/c1dC'S' + L

X 6[Ep |: .
2 D2 202

Carrying out the differentiation and applying the condition d=0, one obtains

We note that

26

(3.1.20)

(3.1.21)

(3.1.22)

(3.1.23)

(3.1.24)

(3.1.25)

Upon substituting (3.1.11), (3.1.12), (3.1.18), (3.1.24) and (3.1.25) into (3.1.4), we

have

2kC’ 2k(B' + C"” — B?)
BIQ _ C/2 —"_ B/2 _ 012

C(Aay ) =

(3.1.26)
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and

2k(B' 4+ C"™* — B"?) 2kC"
B2 — ("2 B2 _ o2’

C(aal)?: = (3.1.27)

Upon substituting the explicit form of B” and C’, (3.1.26) and (3.1.27) can be put in the

form

2%6/(—1 _}_ef(erZs’)t)
c(Aay)? = s (3.1.28)

and

2%5/(1 o 67(5725/)15)
C(aal)?: = — , (3.1.29)

so that at steady state, we obtain

—2ke’

(A 2. = - 3.1.30

(Ba): = —=, (3.1.30)
2ke’

: )2 = . .1.31

(ba ) =T (3.131)

One can observe that the coherent driving light has no effect on the quadrature variances
of the output light.

At threshold, we see that

(A ag)? = —=k (3.1.32)
and

c(Aa )’ =00, (3.1.33)

At and below threshold, the variances of the quadrature operators indicate that the fluc-
tuations in the plus quadrature are below the vacuum level with enhanced fluctuations in
the minus quadrature. This verify that the output mode is in a squeezed state. We also
note that at steady state and at threshold, there is a 40 % squeezing of the output light
for k = 0.8.
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/

Figure 3.1: Plots of the quadrature variance : (Aay)? : versus t for £ —0.45.
K

Fig. 3.1 indicates that the squeezing increases with time and is maximum at steady

state.

3.2 Squeezing spectrum

The squeezing spectrum of a single-mode light is expressible in terms of c-number variables

associated with the normal ordering as
ST (w) = :l:gRe /000 dr{os(t), o (t + 7)) g€ @), (3.2.1)
where w, is the central frequency of the single-mode light and
ar = a*(t) £ alt). (3.2.2)

Applying (3.2.1) and (3.2.2) along with the relation

(U, V) =(UV) = (U){V), (3.2.3)
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we get

S (w) = i%Re/O dr{a*(t)a (t + 7)) s @ 77

8

Re dr{o*(t)a(t + 7)) e @)

+

8

=
)

_H
Al Alx 3= =1:|U;R Al Alx A=
9]

dr{a(t)a*(t + T)}ssei(‘”_”")T

+

g

H_
=
®

dr{a(t)a(t + T)>Ssei(”_“’°)7

dr{ar(t 4 7)) s (@ (1)) g€ @)

g

=y
®
8

T<Oé* (t)>ss <Oé(t + T))Ssei(w_WO)T

g

oy
)

dr{a*(t + 7)) ss (a(t))sse"(‘“’“"’)T

8

Re dr{ou(t))ss(ou(t + 7)) gse @7, (3.2.4)

_H

A two-time correlation function is expressible in the schrodinger picture as
(a(H)a*(t + 7))ss = Trlal(0)a’ (1) p(t)]. (3.2.5)
Upon expanding the density operator in the normal order, we have
p(t) = Cin(t)ala™. (3.2.6)
Im

Employing (3.2.5), (3.2.6) and using the completeness relation

fz/ﬂ\oo( ] (3.2.7)

™

one obtains
(o (H)a*(t + 7)) /d chm t)Trlal (o)a' (r)|a)(alal'a™)

= / % > Cim(t)a ' Tr{al(0)al (7)]a)(ala™]. (3.2.8)

Now applying the identity

la)(ala™ = (a—l— 8(24*) (le)(a]), (3.2.9)
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we have

(a*(B)a*(t +7) / Ta Zc,m < a‘z*)mTr[aT(O)aT(T)mx@u. (3.2.10)
(@ (B)a™(t + 7)) /d%@(a o+t aa OTrat () (Da)(all.  (3.2.11)
We note that
Trlaf(0)a’(r)|e)(al] = o Trlal (7)p(0)] = Trlaf (0)p(r)], (3.2.12)
whero
p(0) = |a)(al. (3.2.13)
Thus, one can write
Trla'(0)a' (7)|a)(a|] = oz*/dQ)\Q()\*)\,T))\*, (3.2.14)
with
QO A,0) = %e:fvp[—\)\ ol (3.2.15)
On combining (3.2.11) and (3.2.14), one can arrive at
(0 ()0 (£ + 7)) 0 = / Pad Qo' a+ 2o o QO A TN (3.2.16)

Oa

This represents an expression for a two-time correlation function in terms of the Q func-

tion. In the same manner, one also finds

(a*(t)a(t +7))ss /d204d2)\Q(04 a+ — S DT QN A T)A, (3.2.17)
(a(t)a™ (t +7))ss /d2ad2)\Q(Oz a+ aa QN A\, T)AY, (3.2.18)
(a(t)a(t + 7))ss /dzadQ)\Q(oz a+ aa QN A, T)A, (3.2.19)
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0

(a(t+7))ss = /d2ad2)\Q(a*, a+ o DN, A, T)A, (3.2.20)
0

(" (t+7))ss = /d2ad2)\Q(a*, a+ o DN, A, T)A™. (3.2.21)

On account of (3.2.16-21), Eq. (3.2.4) can be put in the form
out K - 2 2 * 9 *
ST (w) = —Re/ drd®ad AQ (o, o+ —,t)(a £ )
T 0 Oar*

K QN N, T) (N £ N)ellmwo £ D pe / drd®ad?\ (3.2.22)

™ 0

xQ(a*, o+ %, DO, N, )N £ X)((aF) £ (a))el@welT, (3.2.23)

Now replacing (a, a*, a,, a, t) by (A, A", a,a*, 7) in the Q function (2.3.12), we have

QN A\, T) = R/:ﬂeazp[—B”(T))\)\* + S"(T)N+ S (T)NF + %(T)()\*Q + 2], (3.2.24)

where B”,C"  R" and S” are described by the expression (2.2.65), (2.2.66), (2.3.13) and
(2.3.14) with (o, o, t) replaced by (o, a*, 7).

It then follows that

/ EAN £ N)QOV A7) = R'(7) / ?(A* L) x eap(— B (1)W\*
+S"(T)A + 8" (T)\* + L(T)(X‘Z + M%) (3.2.25)

2

One can also write the above equation in the form

/d2)\()\*i)\)Q()\* ar) = (202 2 N iy [ EA (- B
yNT) = 85”* aS// T T p T

+S"(T)N+ S ()N + %(T)(A*Q + A% (3.2.26)

and on performing the integration over A, there follows

0 0 R"(T)
APANENQON, N = +
/ ( )Q( ) ’T) <85//* asll)m
QI C"(1) qmx (1) an
B"S" 8" 4 Q()S/2+ 2()S/2
B2 _ (2 )

(3.2.27)

erp {
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so that on carrying out the differentiation, we get

/d2>\(/\* +NQ\ A\ T) = i ?:B?;/)_(Sg//zi) SR (3.2.28)
Upon substituting the explicit form of B”, C”,S” and S into (3.2.28), we have
/dQ)\(/\* FNQW, N, T) = e W (0 fa) + 48(1 —e727) (3.2.29)
and
/ PAXN = NQN N, 7) = e W27 (0* — q). (3.2.30)
On combining (3.2.23), (3.2.29) and (3.2.30), we see that
ST w) = %Re /OOO drd?ae™ T Q (o o+ %0 1)
(£a? 4 o® + 200 )W) I %Re /000 drd? e (#/2%=0T
Qa", o + %, t)(a* + a)((a* £ a))e'@wo)T, (3.2.31)
Moreover, the expectation value of A can be expressed as
(A) = Tr[p(t)A(0)]. (3.2.32)

Upon expanding the density operator in the normal order and applying the completeness

relation for coherent state, we have

(A) = /d2 Z(sz o* Tl (ala™ Ay (ot a)]. (3.2.33)

Applying the identity described by (3.2.9), we find

(A) = /dZaQ(oz a+ ai t) A, (", ), (3.2.34)

where A, (a*, @) is the c-number variables corresponding to A(a',a) in the normal order.
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Now with the aid of (3.2.34), Eq. (3.2.31) can be expressed as
S (w) = ERe/ dTe_("/Zﬂ/)T((:I:d2 +at? 4+ Qde)>ei(“_”0)T
T 0
¥ Re / dre” (W20 (gt £ ))2ei@mwo)T, (3.2.35)
m 0

Employing the Q function (2.3.15), one can write

(@ + a') = r(t) / d%(of + o) x exp(—B'(t)aa* + S'(t)(a + aF)
+@(a2 + a*?)). (3.2.36)

The above equation can also be put in the form

0 d*a
(a® +a'?) = QWT(t) / — X exp(—B'(t)ac* + 5 (t)(a + a¥)
m

+%(t>(a2 + a*?)] (3.2.37)

and hence carrying out the integration over a and differentiating with respect to C’, we

get
. . 2C"
<CL2 + CLT2> = m + 2b2(t) (3238)
Furthermore, one can write
. d*a
G+ ah = r(t) / T +a*) x exp(~B(faa” + §'(1)(a +a")
"(t
JF(JT()(Q2 + a*?)]. (3.2.39)

The above equation can also be expressed as

(a+al) = a?glr(t) d?a x exp(—B'(t)aa” + S'(t)(a + a¥)
—f-@(oﬂ + a*?)], (3.2.40)

there follows

(a4 a')y = 2b(t). (3.2.41)
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We note that
(a—a'y =0. (3.2.42)
In the same manner, we have

(afa) = r(t )/%(aa* — 1) x exp(—B'(t)ac* + S'(t)(a + a¥)

Lo

— (@ +a™)] (3.2.43)

One can rewrite the above equation in the form

(a'a) = 3%’T(t) d27a x exp(—B'(t)aa* + 5'(t)(a + o)
0/2(’5) (@®+a”)] - 1, (3.2.44)

so that performing the integration employing the relation given by (2.3.10) and carryin-

gout the differentiation, we find

BI

(a'a) = 5 —on T b2(t) — 1. (3.2.45)

Upon substituting (3.2.38), (3.2.41), (3.2.42) and (3.2.45) into (3.2.35), one obtains
1 o Ny
ST (w) = £~ (Nay)*: Re/ dre™ (R/2EE)T gilw—wo)T (3.2.46)
T 0

Upon carrying out the integration, the squeezing spectrum turns out to be of the form

(k £2¢') /27
(k£2e)]? + (w—w,)? ]

S (W) = +: (Nas)?: [[l (3.2.47)

This represents the squeezing spectrum of the output light produced by the degenerate

subharmonic generator.
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/

Figure 3.2: Plots of the squeezing spectrum S¢*(w) versus w for 02 (red curve) and

K
/

05 (green curve).
K

Fig. 3.2 indicates that the squeezing spectrum S9*(w) of the output mode produced by
the degenerate subharmonic generator operating at and below threshold. We notice from
Fig. 3.2 that the minimum value of the squeezing spectrum occurs at w = wy. Moreover,
we also observe that the value of the squeezing spectrum increases with increasing or

decreasing w.

Now on integrating both sides of (3.2.47) over w, we have
/ ST w)dw =: (Aax)?: . (3.2.48)

On the basis of this relation, we note that S9(w)dw is the normally-ordered quadrature

variance of the output light in the interval between w and w + dw [1].



Chapter 4

Photon Statistics

The statistical properties of a light beam is described in terms of the mean photon number,
the variance of the photon number and the photon number distribution. Here we wish to
calculate the photon number distribution, the mean and variance of the photon number

for the output mode employing the Q function.

4.1 The mean photon number

The mean photon number is expressible in terms of the Q function and c-number variables

associated with normal ordering as

1 * * * *
n=— /dzodeﬁQ(a*,ﬁ)exp[—a @_ 56 + o6 + b |foae (4.1.1)
K K K K K
and upon substituting (2.3.22) into (4.1.1) and letting < = ¢;, we find

2 2
Sh /d2a¥6xp[—013’a*ﬁ +VaS'8+asa

™
C1 Cl

2 (@2 + %) — cra’a — a6 + a8 + cafas”. (4.1.2)

+

One can write the above equation in the form

2 2
n= %i / d%vgea:p[—clﬁﬁ* + B(—a1B'a* + \/e15" + o) + cjaf”

C1 C,
2

o — a0, (4.1.3)

Flexply/ers'a” +
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so that carrying out the integration over [ employing the relation given by (2.3.10), we

obtain
9 [d V
n=cir(t)z— —aexp[—(cl + B — )aa” + jcTS'oz + /1S’ a
ac; T 1
C, % ch’ %
+2—61012042 + TO& Q]szcl' (414)

Upon performing the integration over «, there follows

_ 0 1 2
"= artlag [[cl + B - - ci?C’?]
- {61015’/2 + CTQB/S/Q _ CTZS/Q + CT20/8/2:|
lc1 + B — ;]2 — 120" e

(4.1.5)

and carrying out the differentiation and putting the condition ¢ = ¢;, we readily obtain

H(B/ _ B/2 + 0/2)

B + Kb, (4.1.6)

n =

Upon substituting the explicit form of B’, C' and b, we get

Ape'? + /€2€/<€_(H+2€/)t _ e—(H—QEI)t) . 2K€/2(6—(H+25’)t + 6—(/4—25’)15)
2(k? — 4e'?)

+ (1= e 52 (4.1.7)

At steady state the above equation reduces to

- 2ke’? 4e?
n = m+7 (4.1.8)

In the absence of the coherently driving light € = 0, the above equation reduces to

2 2
B (4.1.9)

K2 — 4?2’

which is the mean photon number of the output light from a subharmonic generator.
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/

Figure 4.1: Plots of the mean photon number (Eq. (4.1.7)) vs t for k=0.8, £ —0.45 and
K

e =0.3 in the presence of the coherent driving light (red curve) and in the abscence of the
coherent driving light (green curve)

Fig. 4.1 shows that the coherent driving light results in an increase in the mean photon

number.

4.2 The normally-ordered variance of the photon num-
ber

Next we wish to calculate the normally-ordered variance of the photon number for the

output mode. The normally-ordered variance of the photon number is expressible as

(An)?: = ((a™a?)) — (a'a)?. (4.2.1)
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In terms of c-number variables associated with the normal ordering, Eq. (4.2.1) can be

written as

C(An)?: = {((a*?a?)) — (a*a)?. (4.2.2)

The expectation value of the c-number variables associated with the normal ordering can

be put in terms of the Q function as

(02 = = [ PadpQ(a®, eyl 22 - 20 T8 08

1320’ (4.2.3)

On account of (2.3.22), one can write

2 2
((a*a?)) = @/d%%ew)[—clﬁﬂ* + B(aa* + /18" — 1 B'a*) + cfaf*
+le ﬁQ]GIL’p[ croat + ga*2+fsl *]5*2 2 (424)

One can also put the above equation in the form

*2 2 () 82 2 d26 * * ! I %
((a™a?)) = d“a——-exp[—a1ff" + Blaa” + 15" — a1 B'a’)
T 80 T
+ciaf* lexp[—craa® + 2004*24—\/ S'aer—e, (4.2.5)

and applying the mathematical relation (2.3.10), we get

. 0? d*a . .
((a*?a?)) = 7“(15)01—*2 / Te:vp[—(cl + ;B — ¢))aa”* + \/—2_15'0(

+\/_S’oz*+ O’ 2y %C'a*2]0»{:q. (4.2.6)

Upon carrying out the integration over «, we have

5 o 82 1 2
* t
eten) = rWeg ey [[c1+clB'—c1] —cﬁm}
01015'2 —i—CTQB/SQ o 125/2 +CT20/SI2}
Trp .
Cl—Cl

le1 + ¢t B! — ;]2 — ¢;2C"2

(4.2.7)

Performing the differentiation and applying the condition ¢} = ¢;, we get
o 9 3/{2(312 _ B/ _ 0/2)2 /{2(23/ + 0/2 — 1= B/2)
<(a a )> (B/g . 012)2 + B/2 _ 0/2
6/{21)2(3/ _ B/2 + 0/2)
_|_
2 _ 0/2

b?)? 2“—%23’ ' —1 4.2.8
+(/<;)+B,+C,( + ). (4.2.8)
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On account of (4.1.6), we have

/€2<B/ + Cl2 _ B/2)2 2H2b2(B/ + CIQ _ B/Q)
(BIQ _ 0/2)2 + B2 _ ("2

(a)? =

+ (kb?)?. (4.2.9)

On combining (4.2.8) and (4.2.9), the normally-ordered variance of the photon number

takes the form

s QKQ(BI2—B/—C/2)2 K2(23/+O/2—1—B/2)

: (An) (B2 — Py + B2 o
4&2[)2(3/ _ B/2 + C/Q) 2/12[)2 ) /

and upon introducing the explicit form of B, C' and b, we get

(A )2 5 ) 48,2 + Iigl(e—(n—i-%/)t . e—(H—Qa’)t) o 25/2(6_('”'25/)75 + 6_(”_25%) 9
: (An)*: =2k
2(Kk? — 4e'?)
(= 27) (5 £/ £l 0420 (1 4 2/) (s — &' — clem =2
o K2 — 4e?
(k— & — e 2N (g 4 ¢! 4 gl (v 2 , s
4 + ge' (e (WH2eNt _ o=(k=2eNty _ 9r2(p=(rF26)t 4 o= (r=26)1)
X
[ 2(k? — 4e?) }
8€2€I(1 . e—%t)2(e—(f$—2a’)t . 1)
+ PR : (4.2.11)

so that at steady state, we obtain

2.2 2 2 2 2. /
‘ s KE K* +4e 5 € 8e e’ (k +¢€')
c(An): = pERp <,€2 — 45’2) + 32¢ LR e 9 (4.2.12)

In the absence of the driving coherent light, we have

/€2 +4€/2
K2 —4e? )’

528,2

L (An)?: = (

K2 — 4e”?

(4.2.13)

This represents the variance of the photon number of the output light of a subharmonic
generator. According to Berihu Teklu [7], the variance of the photon number of the

intracavity of the subharmonic generator is found to be

(an) = = (“2+4€'2). (4.2.14)

/12 _ 45/2 52 _ 45’2
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From the above two expressions, one can conclude that the variance of the photon number

of the output light from the subharmonic generator is x? times that of the intracavity.

4.3 The photon number distribution

We now seek to study the photon number distribution of the output light employing the

Q function (2.3.22). The photon number distribution of the output mode is expressible

in terms of the Q function as [1]

TR aQn

Pn,t) = “n! da*ndan

{Q(a*, a, t)eaza}

a=a*=0
Upon substituting (2.3.22) into (4.3.1), we have

/ / /

r(t)s™ o™
kn! Oda*damn

P(n,t) =
(n,1) -

On account of the power series expansion, one can write

and hence the photon number distribution takes the form

P(n,t) =

1 B 2 ot QQ*Q o2
{emp[(;—?)aa +\/E( +a") + —(a™ +a”)

r(t)K" T 1 1 (1—-B')sistcrmtr

kn! 4
ijlmr

aZn

% [ai+j+2r *(1+1+2m)
darmoa™

(07 ]a:a*:O-

QmAT it gty lbmr il jmlr!

(4.3.1)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)
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Applying the relation

" = ™" 4.3.9
Dam (m — n)'x ’ ( )
(4.3.8) can be written as
AT 1 1 1— B iS/jsllO/m—i—T
P(n,t)zr()ﬁ > ——— ( )
kn! i 2mAT it gitgltmar g Imlir!
(i +j+2r)! 2 (i + 1+ 2m)! QAR (4310
(i+j+2r—mn)! (i +1+2m —n)! a=ar=0- =S

Now applying the condition a = o* = 0, one finds

AT 1 1 1— B/ iS/jsllClm+r
Py ="~ L1 (=5
kn! e QMAT it g gl g mlr!
(i47+2r)! (i 4+ 1+ 2m)!
i+ + 25 — )l G 2 — 1T (4:3.11)

Hence in view of the property of the kronecker delta, we see that

j=mn—1i—2r, (4.3.12)

l=n—1i—2m. (4.3.13)

On introducing (4.3.12) and (4.3.13) into (4.3.11), one obtains

T(t) Z (n|)2 (1 _ Bl>i8/2(n7i7T7m)C/m+T

2mtr gl(n — i — 2r)/(n — i — 2m)!m!r!’

P(n,t) = (4.3.14)

kn! 4
mnr

This represents the photon number distribution of the output light from the subharmonic

generator and the coherently driven cavity mode.

If we consider the case in which the driving light is not present (¢ = 0) and employing

(2.3.16), (2.3.17), (2.3.18) and (4.3.10), we get

VB? = 2" 3 11 (1-B)om

Pin.t) = Kkn! L QmAr gitmtr ilm!r!
(1 + 2r)! (1 +2m)
X————Cirorn————"0i 29mumn- 4.3.15
(i+2r —n) TG 2m — )l T ( )
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Applying the property of the kronecker delta, we have

i=mn—2m. (4.3.17)

Hence the photon number distribution takes the form

\/W (] (n[)2 (1 _ B/)n—?mcl?m

knl =22 (n —2m)l(ml)?

where [n] = 2 for even n and [n] = 25+ for odd n.

This expression indicates that there is a finite probability of observing odd number of
output signal photons. This is due to the fact that, although the signal photons are
generated in pairs, there is also the possibility for an odd number of photons to pass

through the port mirror.

Comparing the results given by (4.3.18) with the intracavity photon number distribu-
tion of a subharmonic generator found by B. Daniel and K. Fesseha [2], one can observe
that the photon number distribution of the output light from the subharmonic generator

is L of the intracavity.
K



Chapter 5

Conclusion

In this thesis we have studied the squeezing and statistical properties of the output light
from a subharmonic generator and a coherently driven cavity mode. We have obtained
the Q function of the signal mode and the coherently driven cavity mode employing the
propagator method [10]. Then we have obtained the superposition of these two light
beams. Applying the input-output relation, we have determined the Q function of the

output light.

Employing the resulting Q function, we have calculated the normally-ordered quadra-
ture variance and the squeezing spectrum. We have found that the normally-ordered
quadrature variance of the output light depends on the cavity damping constant and the
amplitude of the pump mode. At steady state and at threshold, there is a 40 % squeezing
of the output mode for kK = 0.8. We have also observed that the squeezing spectrum
increases with increasing or decreasing w. In addition, we have noticed that the squeez-
ing spectrum is just the quadrature variance of the given components of the output light.
Further more, the driving coherent light has no effect on the normally-ordered quadrature
variance and squeezing spectrum of the output mode.

Moreover, we have determined with the aid of the  function of the output light,
the mean photon number, the normally-ordered variance of the photon number and the
photon number distribution. The presence of the coherent driving light results in an

increase in the mean photon number of the output light. Finally, from the photon number

44
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distribution of the output light from a subharmonic generator, we have seen that there
is a possibility of finding odd number of output photons. This is due to the fact that,
although the signal photons are generated in pairs, there is a possibility for an odd number

of photons to leave the cavity through the port mirror.
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