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ABSTRACT 

 

This project is a reading material in all Complex Analysis. It deals mainly with the class 

of Analytic Functions on an open set G. 

Our purpose is to describe this class of analytic functions is complete metric space with 

defined metric space. As a co nsequence w e p rove t he se t o f al l co ntinuous f unction i s 

complete metric space. 

Let ℱ be family of analytic function in a region G. We prove that ℱ is a normal family, 

provided that ℱ is locally bounded. 

We also briefly discuss applications to the normal families of analytic functions. 
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𝑆𝑆𝑐𝑐                     complement of a set S 

diamS              diameter of a set S 

cis θ                 cos θ + i sin θ 

𝛾𝛾                      path 
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H (G)               family of analytic functions on an open subset G of ℂ 

C (G, ℂ)            class of continuous functions  from G to ℂ  

ann(𝑎𝑎;𝑅𝑅1,𝑅𝑅2 ) {𝑧𝑧:𝑅𝑅1 < |𝑧𝑧 − 𝑎𝑎| < 𝑅𝑅2} 
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INTRODUCTION 

 

One of the remarkable features of the space of analytic functions in one variable is that 

the compactness and convergence. This simple fact lies at the heart of many key results in 

basic complex function theory- for example the completeness of many important function 

spaces. 

Let 𝐺𝐺 ⊂ ℂ is a region. We wish to take the set of all analytic functions on G denoted by  

H (G), and make it into a metric space. We will define a metric such that convergence in 

this metric space is the same as u niform convergence on compact subsets of G. we will 

call this the space of analytic functions on G. It is known that there exists a sequence of 

compact subsets 𝐸𝐸𝑛𝑛 ⊂ 𝐺𝐺 such that 𝐸𝐸𝑛𝑛 ⊂ int𝐸𝐸𝑛𝑛+1, such that ⋃ int𝐸𝐸𝑛𝑛 = 𝐺𝐺∞
𝑛𝑛=1  and such that 

if E is any compact subset of G, then 𝐸𝐸 ⊂ 𝐸𝐸𝑛𝑛  for some n. Now define the quantity 𝜌𝜌𝑛𝑛 (f, g) 

for f, g ∈ H (G) as  

𝜌𝜌𝑛𝑛(𝑓𝑓, g) ∶= Sup
𝑧𝑧∈𝐸𝐸𝑛𝑛

{|𝑓𝑓(𝑧𝑧) − g(𝑧𝑧)|}. 

We define the metric on H (G) as  

𝜌𝜌(𝑓𝑓, g) ∶= ��
1
2�

𝑛𝑛 𝜌𝜌𝑛𝑛(𝑓𝑓, g)
1 + 𝜌𝜌𝑛𝑛(𝑓𝑓, g)

∞

𝑛𝑛=1

. 

This can be shown to be metric. Furthermore, it can be shown that the topology generated 

by this metric i s independent of  the choice of  𝐸𝐸𝑛𝑛 , even though the actual values of  the 

metric do d epend on t he pa rticular 𝐸𝐸𝑛𝑛  we ha ve c hosen. F inally, i t c an be  s hown t hat 

convergence i n 𝜌𝜌 is t he same as uniform c onvergence on c ompact s ubsets. I t i s known 

that if you ha ve a  s equence of  a nalytic f unctions on G that c onverge uni formly on  

compact su bsets, then t he l imit i s i n f act analytic in  G, a nd t hus H (G) is a co mplete 

space. W e can si milarly define t he s pace of  c ontinuous f unctions, a nd t reat H (G) as 

subspaces of that. That is, H (G) would be a subspace of C (G, ℂ).  
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Let ℱ be a  f amily of  a nalytic f unctions on a  r egion 𝐺𝐺 ⊂ ℂ. We w ill de fine nor mal a nd 

locally bou nded f amily of  a nalytic functions. Finally, i t can be  s hown t hat l ocally 

bounded family of analytic functions is normal, which is a famous Montel’s Theorem. 

This project report has two parts. In the first part we collect together various definitions 

of metric spaces and the topology of ℂ.   

In the second part, first we prove that C(G, Ω), the set of all continuous functions from an 

open set G in ℂ to a complete metric space Ω is complete metric space. As a consequence 

we prove the famous Arzela-Ascoli Theorem. 

Finally, we shall see H (G), the collection of analytic functions on an open set G in ℂ, is 

closed i n C(G, ℂ). We c omplete th is re port p roving f amous H urwitz’s T heorem a nd 

Montel’s Theorem. 
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CHAPTER I 

  PRELIMINARY CONCEPTS 

1.1. METRIC SPACES 
1.1.1. DEFINITION  

A metric space is a p air (X, d) where X is a set  and d is a mapping from X × X into ℝ  

which satisfies the following conditions: 

i) d(x, y) ≥ 0  i.e.  d is finite and non-negative real valued function.  

ii) d(x, y) = 0 if and only if x = y  

iii) d(x, y) = d(y, x) (symmetry)  

iv) d(x, z) ≤ d(x, y) + d(y, z) (triangle inequality) 

for x, y, z 𝜖𝜖 X. 

Example:-(a) Let X = ℝ or ℂ and defined by                             

𝑑𝑑(𝑧𝑧1, 𝑧𝑧2) = |𝑧𝑧1 − 𝑧𝑧2|. 

                  This metric space is called a Euclidean metric space. 

                 (b) Let X be a non-empty set and defined by 

                                                            𝑑𝑑(𝑥𝑥,𝑦𝑦) = �0  𝑖𝑖𝑖𝑖 𝑥𝑥 = 𝑦𝑦
1  𝑖𝑖𝑖𝑖 𝑥𝑥 ≠ 𝑦𝑦.

� 

                  This metric space is called a discrete metric space. 

Open Ball: Let (X, d) be a metric space. If a 𝜖𝜖 X and r ≥ 0, then the set 

                                            {𝑥𝑥: 𝑥𝑥 𝜖𝜖 𝑋𝑋,𝑑𝑑(𝑥𝑥,𝑎𝑎) < 𝑟𝑟}, 

denoted by  B(a; r) is called the open ball with centre a and radius r. 

The open ball B (a; r) on ℝ is the bounded open interval (a - r, a + r) with mid-point a 

and total length 2r. The open ball B (a; r) on ℂ is the set 
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                                            {𝑧𝑧 𝜖𝜖 ℂ: |𝑧𝑧 − 𝑎𝑎| < 𝑟𝑟} 

Open Sets: Let (X, d) be a metric space. A set G ⊂ X is open if for each x in G there is an 

r > 0 such that 𝐵𝐵(𝑎𝑎;  𝑟𝑟)  ⊂ G. 

Example:-  (a)   The set G = {𝑧𝑧 𝜖𝜖 ℂ:𝑎𝑎 < 𝑅𝑅𝑅𝑅𝑅𝑅 < 𝑏𝑏} is open. 

                    (b)   The set S = {𝑧𝑧 𝜖𝜖 ℂ:𝑅𝑅𝑅𝑅𝑅𝑅 < 0} ∪ {0} is not open. 

Note that the empty set ∅ and the full space X are open sets.  

Observe that in any metric space (X, d), each open ball is an open set. 

Closed Sets: Let ( X, d) be a  m etric sp ace. T he set G ⊂ X is sai d t o b e closed if th e 

complement 𝐺𝐺𝑐𝑐 is open. Equivalently, G ⊂ X is closed if {𝑧𝑧𝑛𝑛} ⊂ G and 𝑧𝑧𝑛𝑛 → 𝑧𝑧 imply  

z 𝜖𝜖 G. 

Interior:- Let ( X, d) be a m etric space and S a s ubset of  X. A  poi nt x 𝜖𝜖 S is called an  

interior point of S if there exist an open ball 𝐵𝐵(𝑥𝑥; 𝑟𝑟) such that 𝐵𝐵(𝑥𝑥; 𝑟𝑟) ⊂ S. The interior 

of S, denoted by int S, is the set of all its interior points. 

Observe that int S ⊂ S. It is easy to verify that S is open iff S = int S. 

Closure: Let (X, d) be a metric space and S a subset of X. A point x 𝜖𝜖 S is called a closure 

point of S if every open ball centered on x contains at least one point of S. In other words, 

a point x 𝜖𝜖 X is a closure point of S if   

                                      𝐵𝐵(𝑎𝑎;  𝑟𝑟)  ∩ 𝑆𝑆 ≠ ∅    forall 𝑟𝑟 > 0. 

The closure of S, denoted by cl S, is the set of all its closure points. 

Observe that  𝑆𝑆 ⊂  cl 𝑆𝑆. 

Closed Ball: Let ( X, d) b e a m etric sp ace. Let a 𝜖𝜖  X and l et r > 0 . T hen t he set  

{𝑥𝑥𝑥𝑥 𝑋𝑋:𝑑𝑑(𝑥𝑥, 𝑎𝑎) ≤ 𝑟𝑟}, 

denoted by  𝐵𝐵�(a; r) is called the closed ball with centre a and radius r. 
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It can be easily proved that in a metric space (X, d), each closed ball with center a and 

radius r is closed set. 

For, let 𝑑𝑑(𝑥𝑥,𝑎𝑎) > 𝑟𝑟, then 𝑟𝑟1 = 𝑑𝑑(𝑥𝑥,𝑎𝑎) − 𝑟𝑟 > 0.  

If 𝑑𝑑(𝑦𝑦, 𝑥𝑥) < 𝑟𝑟1, then 

            𝑑𝑑(𝑎𝑎,𝑦𝑦) ≥ 𝑑𝑑(𝑎𝑎, 𝑥𝑥) − 𝑑𝑑(𝑦𝑦, 𝑥𝑥) 

                 > 𝑑𝑑(𝑎𝑎, 𝑥𝑥) − 𝑟𝑟1 

                                      = 𝑑𝑑(𝑎𝑎, 𝑥𝑥) − [𝑑𝑑(𝑎𝑎, 𝑥𝑥) − 𝑟𝑟] 

= 𝑟𝑟. 

This shows that int 𝑆𝑆𝑐𝑐 = 𝐵𝐵�(𝑎𝑎; 𝑟𝑟)𝑐𝑐 is open, and thus, S is closed. 

In general, it is not true that in every metric space the closure of every open ball of radius 

r is the closed ball of radius r. 

Here i s an  example. Let ( X, d) b e a d iscrete metric sp ace ( i.e., 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = 1 if 𝑥𝑥 ≠ 𝑦𝑦, 

𝑑𝑑(𝑥𝑥,𝑦𝑦) =0). 

Then                

𝐵𝐵(𝑎𝑎; 1) = {𝑥𝑥𝑥𝑥 𝑋𝑋:𝑑𝑑(𝑥𝑥,𝑎𝑎) < 1} = {𝑎𝑎}; 

{𝑥𝑥𝑥𝑥 𝑋𝑋:𝑑𝑑(𝑥𝑥,𝑎𝑎) ≤ 1} = 𝑋𝑋; 

𝐵𝐵(𝑎𝑎; 1)��������� = {𝑎𝑎} 

Limit Point: let (X, d) be a m etric space and S a subset of  X. A point 𝑥𝑥 𝜖𝜖 𝑋𝑋 is called a 

limit p oint (an a ccumulation poi nt) of  S if e ach ope n ball 𝐵𝐵(𝑥𝑥; 𝑟𝑟) contains at  least one 

point of  S different f rom x. I n o ther w ords, a  poi nt 𝑥𝑥 𝜖𝜖 𝑋𝑋  is a  lim it p oint o f S if 

𝐵𝐵(𝑥𝑥; 𝑟𝑟) ∩ (𝑆𝑆 − {𝑥𝑥}) ≠ ∅   for each 𝑟𝑟 > 0. 

It is clear that every limit point of a set must be a closure point of that set. The set of all 

limit points of S is called the derived set of S, and is denoted by 𝑆𝑆 ′. 
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Note that cl 𝑆𝑆 = 𝑆𝑆 ∪ 𝑆𝑆′ . Also, note that S is closed iff it contains all its limit points. 

Example:- (a) Let 𝑋𝑋 = ℝ and  𝑆𝑆 = �1, 1
2

, 1
3

, … �. 

                    0 is the limit point of S. 

                   (b) Let  𝑋𝑋 = ℂ and 𝑆𝑆 = [0, 𝑖𝑖) ∪ {𝑖𝑖}.� 

                    The set of all points of [0, 1] is a limit point of S but i is not. 

Boundary: Let (X, d) be metric space and S a subset of X. A point 𝑥𝑥 𝜖𝜖 𝑋𝑋 is called a 

boundary point of S if every open ball 𝐵𝐵(𝑥𝑥; 𝑟𝑟) intersects both S and 𝑆𝑆𝑐𝑐 . In other words, a 

point  𝑥𝑥 𝜖𝜖 𝑋𝑋 is a boundary point of S if  

𝐵𝐵(𝑥𝑥; 𝑟𝑟) ∩ 𝑆𝑆 ≠ ∅  and  𝐵𝐵(𝑥𝑥; 𝑟𝑟) ∩ 𝑆𝑆𝑐𝑐 ≠ ∅    for all 𝑟𝑟 > 0. 

The boundary of S, denoted by 𝜕𝜕𝜕𝜕, is the set of all its boundary points. 

Note that 

𝜕𝜕𝜕𝜕 = 𝜕𝜕𝑆𝑆𝑐𝑐  

1.1.2. CONVERGENCE AND COMPACTNESS 

Let (X, d) be a metric space. Let {𝑥𝑥𝑛𝑛} be a sequence in X. The sequence {𝑥𝑥𝑛𝑛} is said to be 

convergent to x in X if f or e very 𝜖𝜖 > 0  there is a n in teger 𝑛𝑛0  such t hat    

𝑑𝑑(𝑥𝑥𝑛𝑛 , 𝑥𝑥) < 𝜖𝜖  for 𝑛𝑛 ≥ 𝑛𝑛0. 

In symbols, we write 

lim 𝑥𝑥𝑛𝑛 = 𝑥𝑥 

Note that a sequence in a metric space can have at most one limit. 

Dense Set: Let (X, d) be a metric space and S a subset of X. The set S is called dense in X 

if cl 𝑆𝑆 = 𝑋𝑋. 

Example: The set ℚ of rational numbers is dense in ℝ. 
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Cauchy Sequence: Let {𝑥𝑥𝑛𝑛} be a sequence in X. We say that {𝑥𝑥𝑛𝑛} is a Cauchy sequence 

if for every 𝜖𝜖 > 0 there is an integer  𝑛𝑛0 such that  

𝑑𝑑(𝑥𝑥𝑚𝑚 , 𝑥𝑥𝑛𝑛) < 𝜖𝜖  for 𝑚𝑚,𝑛𝑛 ≥ 𝑛𝑛0. 

Note that a convergent sequence in X is a Cauchy sequence in X but the converse is not 

true. A s an  ex ample, co nsider 𝑋𝑋 = (0, ∞)  with 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = |𝑥𝑥 − 𝑦𝑦| , a nd de fine the 

sequence by  𝑥𝑥𝑛𝑛 = 1
𝑛𝑛

. Then t he s equence {𝑥𝑥𝑛𝑛} is a Cauchy sequence i n X that doe s not  

converge in X. 

A metric space (X, d) is said to be complete if every Cauchy sequence in X converges in 

X. The simple example of complete metric space is: 

                                               ℝ or ℂ with the usual metric 

𝑑𝑑(𝑥𝑥,𝑦𝑦) = |𝑥𝑥 − 𝑦𝑦|; 

Observe that the set ℚ of rational numbers is not complete. 

Diameter: Let (X, d) be a metric space and S a subset of X. The diameter of S, denoted 

by diamS,  is defined as 

diam𝑆𝑆 = sup{𝑑𝑑(𝑥𝑥,𝑦𝑦): 𝑥𝑥,𝑦𝑦𝑦𝑦 𝑆𝑆} 

The set S is called bounded if diam𝑆𝑆 < +∞. 

Uniform Convergence: Let X be a set and (Ω, 𝜌𝜌) a metric space and suppose f, f1, f2, … 

are f unctions f rom X into Ω. T he s equence {𝑓𝑓𝑛𝑛 } converges uniformly to f written               

f = u−lim 𝑓𝑓𝑛𝑛 −if for every 𝜖𝜖 > 0 there is an integer N (depending on 𝜖𝜖 alone) such that 

                     

               𝜌𝜌(𝑓𝑓(𝑥𝑥),𝑓𝑓𝑛𝑛(𝑥𝑥))  <  𝜖𝜖 for all x in X, whenever n ≥ N.  

 

Hence,                                  

 sup⁡{ 𝜌𝜌(𝑓𝑓(𝑥𝑥), 𝑓𝑓𝑛𝑛(𝑥𝑥)): 𝑥𝑥 𝜖𝜖 𝑋𝑋}  <  𝜖𝜖 

whenever n ≥ N.  
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1.1.3. CONTINUOUS FUNCTIONS 

Let (𝑋𝑋1,𝑑𝑑1) and (𝑋𝑋2,𝑑𝑑2) be metric spaces. The function 𝑓𝑓:𝑋𝑋1 → 𝑋𝑋2 is said to be 

continuous at 𝑎𝑎 𝜖𝜖 𝑋𝑋1 if for each 𝜖𝜖 > 0 there exists 𝛿𝛿 > 0 such that 

𝑑𝑑2�𝑓𝑓(𝑥𝑥),𝑓𝑓(𝑎𝑎)� < 𝜖𝜖 when ever 𝑑𝑑1(𝑥𝑥, 𝑎𝑎) < 𝛿𝛿. 

Note that 𝛿𝛿 depends on 𝜖𝜖 as well as on a. 

The function 𝑓𝑓:𝑋𝑋1 → 𝑋𝑋2 is said to be continuous if it is continuous at each point of 𝑋𝑋1. 

Uniform Continuity: Let (𝑋𝑋1,𝑑𝑑1) and (𝑋𝑋2,𝑑𝑑2) be metric spaces and let 𝑓𝑓:𝑋𝑋1 → 𝑋𝑋2 be a 

function. We say that f is uniformly continuous if for every 𝜖𝜖 > 0 there exists 𝛿𝛿 > 0 

(depending only on 𝜖𝜖) such that  

𝑑𝑑2�𝑓𝑓(𝑥𝑥1),𝑓𝑓(𝑥𝑥2)� < 𝜖𝜖 when ever 𝑑𝑑1(𝑥𝑥1, 𝑥𝑥2) < 𝛿𝛿. 

Note that every uniformly continuous function is continuous but the converse is not true. 

As an example, Let 𝑋𝑋1 = (0,1) and 𝑋𝑋2 = ℝ both with 𝑑𝑑(𝑥𝑥,𝑦𝑦) = |𝑥𝑥 − 𝑦𝑦|. Then 𝑓𝑓(𝑥𝑥) = 1
𝑥𝑥
 

is continuous, but not uniformly continuous.  

1.1.4. COMPACTNESS  

Let (X, d) be a metric space. A collection {𝐺𝐺𝑖𝑖} of open subsets of X is said to be an open 

cover of X if 𝑋𝑋 ⊂ ⋃ 𝐺𝐺𝑖𝑖𝑖𝑖𝑖𝑖  𝐼𝐼 . Let S be a subset of X. The set S is said to be compact if every 

open cover of S has finite sub cover. In other words, there is a finite number of sets 

𝐺𝐺1,𝐺𝐺2, … ,𝐺𝐺𝑛𝑛  in the collection {𝐺𝐺𝑖𝑖} such that 

𝑆𝑆 ⊂ 𝐺𝐺1 ∪ 𝐺𝐺2 ∪ …∪ 𝐺𝐺𝑛𝑛  

Note that the empty set and all finite sets are compact. 

The set 𝑆𝑆 = {𝑧𝑧 𝜖𝜖 ℂ: |𝑧𝑧| < 1} is not compact. 

A metric space ( X, d) i s s aid t o be  sequentially compact if ev ery seq uence i n i t has a  

convergent sub-sequence. 
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Totally Bounded Set: Let (X, d) be a metric space and E a subset of X. The set E is said 

to be totally bounded if for every r > 0 there exists a finite number of points 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛  

such that 

𝐸𝐸 ⊂�𝐵𝐵(𝑥𝑥𝑖𝑖 ; 𝑟𝑟).
𝑛𝑛

𝑖𝑖=1

 

Note that a compact metric space is totally bounded but the converse is not necessarily 

true. As an example, take 

𝐸𝐸 = (0,1),𝑋𝑋 = ℝ, both 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = |𝑥𝑥 − 𝑦𝑦|. 

Let (𝑋𝑋1,𝑑𝑑1) and (𝑋𝑋2,𝑑𝑑2) be metric spaces. Let 𝑓𝑓:𝑋𝑋1 → 𝑋𝑋2 be a  function, and let E  be  a  

subset of 𝑋𝑋1. We call f an open mapping if f (E) is open when ever E is open. 

Similarly, we call f a closed mapping if f (E) is closed whenever E is closed. 

1.1.5. CONNECTEDNESS  

Let (X, d) be a m etric space and S a subset of X. The set S is said to be disconnected if 

there exist two disjoint non-empty open subsets G and H of X such that G intersects S and 

H intersects S, and S ⊂ G ∪ H. In this case the pair G, H is said to form a disconnection 

of S. 

A set S in a metric space X is said to be connected if it is not disconnected. 

Examples:- (a)  The set I of all positive integers is disconnected in ℝ. 

                       Let 𝐺𝐺 = �𝑥𝑥 𝜖𝜖 ℝ: 𝑥𝑥 < 3
2
� and 𝐻𝐻 = �𝑥𝑥 𝜖𝜖 ℝ: 𝑥𝑥 > 3

2
�. 

                       It is immediately verified that the pair G, H form a disconnection of I. 

                    (b)  The set E of all positive rational numbers is connected in ℝ. 

                        Let 𝐺𝐺 = �𝑥𝑥 𝜖𝜖 ℝ: 𝑥𝑥 < √2� and 𝐻𝐻 = �𝑥𝑥 𝜖𝜖 ℝ: 𝑥𝑥 > √2�. 

                        The pair G, H form a disconnection of E. 
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                  (c)  C onsider th e s ets 𝐺𝐺 = {𝑥𝑥 𝜖𝜖 ℝ: − 1 < 𝑥𝑥 ≤ 𝑢𝑢},  𝐻𝐻 = {𝑥𝑥 𝜖𝜖 ℝ: 𝑢𝑢 < 𝑥𝑥 < 2}                                                                                                      

where 0 < x < 1. T hen G and H split the interval [0, 1] in to two disjoint 

non-empty subsets whose union is [0, 1]. But since G is not open it does 

not follows that [0, 1] is a connected set in ℝ. 

Note that in order to show that a set is connected we need to show that no disconnection 

can exist. 

Component: A su bset D of a metric sp ace X is a component of X if it is  a  m aximal 

connected subset of X. That is, D is connected and there is no connected subset of X that 

properly contains D. 

Example:- (a) A subset X = [0, 1) ∪{1 + 1
𝑛𝑛
 : n ≥ 1} of ℂ is not connected, since there is 

no w ay t o connect {2}  a nd {  3
2
 }.  T herefore X is n ot connected. T he 

components are [0, 1), {2}, {3
2
}, {4

3
}, …, {1 + 1

𝑛𝑛
}.    

                   (b) A subset X = ℂ − (A ∩ B) of ℂ where A = [0, ∞) and  

                         B = {z = r cis θ: r = θ, 0 ≤ θ ≤ ∞} is not connected, since there is no way 

to connect (2, 1) and (1, −2). The k − th component is given by 

                          ℂ − {A ∩ B} where  

     𝐴𝐴 =  [2𝜋𝜋𝜋𝜋 − 2𝜋𝜋, 2𝜋𝜋𝜋𝜋)  

                         and  

                          𝐵𝐵 =  {𝑧𝑧 =  𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃: 𝑟𝑟 =  𝜃𝜃, 2𝜋𝜋𝜋𝜋 − 2𝜋𝜋 ≤  𝜃𝜃 <  2𝜋𝜋𝜋𝜋},𝑘𝑘 ∈  {1, 2, 3, … }. 

Region: Let S be a subset of the complex plane ℂ.  

If S is open and connected, then S is called a region. 

1.1.6. INFINITE SERIES IN ℂ 

Consider the infinite series 

�𝑧𝑧𝑛𝑛 = 𝑧𝑧0 + 𝑧𝑧1 + ⋯
∞

𝑛𝑛=0
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Where the 𝑧𝑧𝑛𝑛  are arbitrary complex numbers. 

Associated with this series is the sequence of its partial sums 

𝑆𝑆𝑛𝑛 = 𝑧𝑧0 + 𝑧𝑧1 + ⋯+ 𝑧𝑧𝑛𝑛−1 + 𝑧𝑧𝑛𝑛 . 

We say that the series ∑ 𝑧𝑧𝑛𝑛∞
𝑛𝑛=0  converges to z if lim𝑛𝑛→∞ 𝑆𝑆𝑛𝑛  exists and is equal to z if for 

every 𝜖𝜖 > 0 there is an integer 𝑛𝑛0 such that 

��𝑧𝑧𝑘𝑘 − 𝑧𝑧
𝑛𝑛

𝑘𝑘=0

� < 𝜖𝜖  whenever 𝑛𝑛 ≥ 𝑛𝑛0 

If this is the case, we say that z is the sum of the infinite series, that is, 

𝑧𝑧 = �𝑧𝑧𝑘𝑘

∞

𝑘𝑘=0

. 

If 𝑓𝑓𝑛𝑛 is in ℂ for every n ≥ 0 then the series   ∑ 𝑓𝑓𝑛𝑛∞
𝑛𝑛=0 converges to f iff for every 𝜖𝜖 > 0 there 

is an integer N such that  

                                                    

��𝑓𝑓𝑛𝑛

∞

𝑛𝑛=0

−  𝑓𝑓� < 𝜖𝜖   whenever 𝑚𝑚 ≥  𝑁𝑁. 

1.2. ELEMENTARY PROPERTIES OF ANALYTIC FUNCTIONS 
1.2.1. LIMITS AND CONTINUITY 

Let Ω be an open subset of the complex plane ℂ. 

Let f  be a function on Ω. Let A be a complex constant. We say that 

lim
𝑧𝑧→𝑧𝑧0

𝑓𝑓(𝑥𝑥) = 𝐴𝐴 

if the following condition is satisfied. 

Given 𝜖𝜖 > 0  there ex ists a  number 𝛿𝛿 > 0  such t hat i f 𝑧𝑧 𝜖𝜖 Ω  and |𝑧𝑧 − 𝑧𝑧0| < 𝛿𝛿,  then 

|𝑓𝑓(𝑧𝑧) − 𝐴𝐴| < 𝜖𝜖. 

Note that this definition of a limit implies that z may approach 𝑧𝑧0 from any direction in 

the complex plane ℂ. For example, let us take 

𝑓𝑓(𝑧𝑧) =
(𝑥𝑥 + 𝑦𝑦)2

𝑥𝑥2 + 𝑦𝑦2  
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It can be easily seen that 

lim
𝑥𝑥→0

[lim
𝑦𝑦→0

𝑓𝑓(𝑧𝑧)] = 1 = lim
𝑦𝑦→0

[lim
𝑥𝑥→0

𝑓𝑓(𝑧𝑧)] 

But a long the path y = mx, we have 

lim
𝑧𝑧→0

𝑓𝑓(𝑥𝑥) =
(1 + 𝑚𝑚)2

1 + 𝑚𝑚2  

The limiting value here depends on m and hence 

lim
𝑧𝑧→0

𝑓𝑓(𝑧𝑧)  does not exist. 

1.2.2. COMPLEX DIFFERENTIABILITY 

Let Ω be an open set in the complex plane ℂ. Suppose f is a function on Ω. The function f 

is said to be differentiable at a point 𝑧𝑧0 of Ω if 

lim
𝑧𝑧→𝑧𝑧0

𝑓𝑓(𝑧𝑧) − 𝑓𝑓(𝑧𝑧0)
𝑧𝑧 − 𝑧𝑧0

 

exists. The derivative is denoted by 𝑓𝑓 ′(𝑧𝑧0). Note that the limit is independent of the path 

along with 𝑧𝑧 → 𝑧𝑧0 in the complex plane. 

Analytic Functions: A function f is said to be analytic at a point 𝒛𝒛𝟎𝟎, if it is differentiable 

throughout s ome 𝜀𝜀-neighbourhood of  𝑧𝑧0. A f unction f is analytic i n a  reg ion if i t is  a t 

every point of the region. 

Observe that a function which is differentiable at a point, need not necessarily be analytic 

at that point. Example (v) below illustrates this fact. 

Example:- (i) I f n i s a positive i nteger, t hen 𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑛𝑛  is d ifferentiable in  th e e ntire 

complex plane. 

                   (ii) 𝑓𝑓(𝑧𝑧) = Re𝑧𝑧 and 𝑓𝑓(𝑧𝑧) = Im𝑧𝑧 are not differentiable. 

                   (iii) 𝑓𝑓(𝑧𝑧) = 1
𝑧𝑧
  is differentiable in ℂ − {0}. 

                   (iv)  𝑓𝑓(𝑧𝑧) = 𝑧𝑧̅  is not differentiable. 

                    (v)  𝑓𝑓(𝑧𝑧) = |𝑧𝑧|2 is differentiable only at z = 0. 
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A path in a region 𝐺𝐺 ⊂ ℂ is a continuous function 𝛾𝛾 ∶  [𝑎𝑎, 𝑏𝑏] →  𝐺𝐺 for some interval [a, b] 

in ℝ . 

If 𝛾𝛾 ∶  [𝑎𝑎, 𝑏𝑏] →  ℂ is a r ectifiable path and f is a  function defined and continuous on t he 

trace of 𝛾𝛾 then the (line) integral of f along 𝜸𝜸 is  

�𝑓𝑓�𝛾𝛾(𝑡𝑡)�𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑏𝑏

𝑎𝑎

. 

This line integral is also denoted by ∫ 𝑓𝑓𝛾𝛾 = ∫ 𝑓𝑓(𝑧𝑧)𝑑𝑑𝑑𝑑𝛾𝛾 . 

An entire function is a  f unction w hich i s de fined a nd a nalytic i n t he w hole c omplex 

plane ℂ. 

Zeros of an analytic function: If   𝑓𝑓: 𝐺𝐺 → ℂ is analytic and a in G satisfies f (a) = 0 then 

a is a zero of f o f multiplicity 𝒎𝒎 ≥ 𝟏𝟏 if there is an analytic function g: 𝐺𝐺 → ℂ such that 

𝑓𝑓(𝑧𝑧) = (𝑧𝑧 − 𝑎𝑎)𝑚𝑚g(𝑧𝑧) where  g(𝑎𝑎) ≠ 0. 
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CHAPTER II 

COMPACTNESS AND CONVERGENCE IN THE SPACE OF 
ANALYTIC FUNCTIONS 

2.1. METRIC ON C (G, Ω) 

Let G be an ope n s et in ℂ and let (Ω, d) be a co mplete metric space. W e denote by     

C(G, Ω) the set of all continuous functions from G to Ω.  

In order to introduce a metric on C (G, Ω) we first prove a theorem about subsets of ℂ. 

Theorem 1. If G is open in ℂ then there is a sequence {𝐸𝐸𝑛𝑛} of compact subsets of G such 

that G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 . Moreover, the sets 𝐸𝐸𝑛𝑛  can be chosen to satisfy the following conditions:  

(a) 𝐸𝐸𝑛𝑛  ⊂ int 𝐸𝐸𝑛𝑛+1;  

(b) E ⊂ G and E compact implies E ⊂ 𝐸𝐸𝑛𝑛 for some n; 

(c) Every component of ℂ∞-𝐸𝐸𝑛𝑛  contains a component of ℂ∞-G. 

Proof:- For each positive integer n, define                            

𝐸𝐸𝑛𝑛 = {𝑧𝑧: |𝑧𝑧|  ≤  𝑛𝑛} ���������
∶=𝐵𝐵�(0;𝑛𝑛)

∩ {𝑧𝑧: 𝑧𝑧 ϵ 𝐺𝐺 and 𝑑𝑑(𝑧𝑧,ℂ − 𝐺𝐺) ≥  
1
𝑛𝑛

 }���������������������
∶= 𝐹𝐹𝑛𝑛

 ; 

 since 𝐵𝐵�(0;𝑛𝑛) is bounded then 𝐸𝐸𝑛𝑛 is bounded and it is the intersection of two closed 

subsets of ℂ , 𝐸𝐸𝑛𝑛 is closed. Hence by Theorem 3.4 [3] 𝐸𝐸𝑛𝑛 is compact. For                            

 𝐻𝐻𝑛𝑛 = {𝑧𝑧: |𝑧𝑧| <  𝑛𝑛 + l} ∩   �𝑧𝑧: 𝑧𝑧 ϵ 𝐺𝐺 and  𝑑𝑑(𝑧𝑧,ℂ − 𝐺𝐺) >  
1

𝑛𝑛 + 1
�, 

it is clear that 𝐻𝐻𝑛𝑛 is open and  

                                          𝐸𝐸𝑛𝑛 ⊂ 𝐻𝐻𝑛𝑛 ⊂ 𝐸𝐸𝑛𝑛+1  

Thus the property (a) holds. We claim that G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 . To show this, suppose that z 𝜖𝜖 G, 

since G is ope n, there is  𝜖𝜖 > 0 s uch t hat B (z; 𝜖𝜖) ⊂ G. I n particular, f or a ny w 𝜖𝜖 ℂ∞-G,         

| 𝑧𝑧 –  𝑤𝑤 |  ≥ 𝜖𝜖  choose n  𝜖𝜖 ℕ  such t hat n > 1
𝜖𝜖

 and 𝑛𝑛 >  |𝑧𝑧| . T hen z  𝜖𝜖  Fn and also 
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𝑧𝑧 𝜖𝜖 𝐵𝐵�(0;𝑛𝑛), that is  , z 𝜖𝜖 𝐸𝐸𝑛𝑛 . I t follows that 𝐺𝐺 = ⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1  , a s r equired. We al so get that    

G = ⋃ int𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 .  Further, f or a ny compact E with E ⊂  G, it is  c lear th at E ⊂ 

⋃ int𝐸𝐸𝑛𝑛∞
𝑛𝑛=1  and E ⊂ 𝐸𝐸𝑛𝑛 for some n. This gives part (b).  

To see part (c), Let K be the unbounded component of ℂ∞- 𝐸𝐸𝑛𝑛  (⊃ ℂ∞-G) and let F be the 

unbounded c omponent of  ℂ∞ -G. T hen 𝐾𝐾 ⊃ {𝑧𝑧: |𝑧𝑧| > 𝑛𝑛} , ∞ ϵ 𝐾𝐾  and 𝐾𝐾 ⊃ 𝐹𝐹  since         

ℂ∞- 𝐸𝐸𝑛𝑛 ⊃ ℂ∞-G. So i f D is a  boun ded c omponent of  ℂ∞- 𝐸𝐸𝑛𝑛 it c ontains a p oint z with  

d(z, ℂ -G) < 1
𝑛𝑛
. B ut, then t here i s 𝑤𝑤 𝜖𝜖 ℂ -G with |w – z| <  1

𝑛𝑛
 and z 𝜖𝜖 B(w; 1

𝑛𝑛
 ) ⊂  ℂ∞- 𝐸𝐸𝑛𝑛 . 

Since disks are connected and z is in the component D of ℂ∞- 𝐸𝐸𝑛𝑛 , then B( w; 1
𝑛𝑛
 ) ⊂  D. If 

D l is the component of ℂ∞- G that contains w it follows that D 1 ⊂ D. ∎ 

Remark:- we can find 𝐸𝐸𝑛𝑛 for each of the following choices of G: 

a) G is an open disk,  

      Let a ∈ ℂ and r > 0 such that G = B (a, r). Set  

                                            

𝐸𝐸𝑛𝑛 =   𝐵𝐵(𝑎𝑎, 𝑟𝑟 −
1
𝑛𝑛

)
���������������

 

 

where a ball of negative radius is to be understood as the empty set.  Depending on            

the si ze o f r, a  finite nu mber of  𝐸𝐸𝑛𝑛 may be  e mpty, not  vi olating t he c ondition               

𝐸𝐸𝑛𝑛⊂ int  𝐸𝐸𝑛𝑛+1, and obviously G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 . 

b) G is an open annulus,  

        Let a ∈ ℂ be the center of the annulus with radii r, R, 0 ≤  r < R < ∞ so that  

        G =ann(a, r, R). Define  

 

                                                 𝐸𝐸𝑛𝑛 =   ann(𝑎𝑎, 𝑟𝑟 + 1
𝑛𝑛

,𝑅𝑅 − 1
𝑛𝑛

)��������������������������  

 

        again with the interpretation that an annulus with inner radius larger than the outer 

radius is the empty set. 

c) 𝐺𝐺 =  {𝑧𝑧 ∈  ℂ: |Im𝑧𝑧|  < 1},  
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      For this open set G define                 

𝐸𝐸𝑛𝑛 = {𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖 ∈ ℂ ∶ 𝑥𝑥, 𝑦𝑦 ∈ 𝑅𝑅, |𝑥𝑥| ≤ 𝑛𝑛} ∩ {𝑧𝑧 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖 ∈ ℂ: 𝑥𝑥,𝑦𝑦 ∈  𝑅𝑅, |𝑦𝑦|

≤ 1 −
1
𝑛𝑛

 }.  

Although G is unbounded each 𝐸𝐸𝑛𝑛 is bounded and closed and hence compact and    

G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 . 

d) G = ℂ −ℤ.  

      Here we can define                     

                                       

𝐸𝐸𝑛𝑛 = {𝑧𝑧 ∈  ℂ: |𝑧𝑧|  ≤  𝑛𝑛}  ∩   ( � 𝐵𝐵(𝑗𝑗,
1
𝑛𝑛

)
𝑛𝑛

𝑗𝑗=−𝑛𝑛

)𝑐𝑐  

 

       an intersection of closed set, one of which is bounded, hence 𝐸𝐸𝑛𝑛 is compact.  Also  

       𝐸𝐸𝑛𝑛⊂ int 𝐸𝐸𝑛𝑛+1 by definition and G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 .  

Lemma1. If (S, d) is a metric space then                                          

𝜇𝜇(𝑠𝑠, 𝑡𝑡) =
𝑑𝑑(𝑠𝑠, 𝑡𝑡)

1 + 𝑑𝑑(𝑠𝑠, 𝑡𝑡)
 

is also a metric on S. A set is open in (S, d) if and only if it is open in (S , 𝜇𝜇); a sequence is 

a Cauchy sequence in (S, d); it is a Cauchy sequence in (S, 𝜇𝜇). 

Proof:- To s how that µ: 𝑆𝑆 ×  𝑆𝑆 →  ℝ, 𝜇𝜇(𝑠𝑠, 𝑡𝑡) = 𝑑𝑑(𝑠𝑠,𝑡𝑡)
1+𝑑𝑑(𝑠𝑠,𝑡𝑡)

  is a  m etric w e p roof t hat µ 

satisfies the conditions of a metric function. 

For s, t ∈ S the va lue 𝜇𝜇(𝑠𝑠, 𝑡𝑡) = 𝑑𝑑(𝑠𝑠,𝑡𝑡)
1+𝑑𝑑(𝑠𝑠,𝑡𝑡)

 is well defined in the nonnegative real numbers 

because d is a metric. Also µ(s, t) = 0 i f and only if d(s, t) = 0  and since d is a metric it 

follows that s = t. The metric d is symmetric and therefore µ is also. It remains to show 

the triangle in equality. L et th erefore s, t, u ∈ S. The m etric d satisfies th e t riangle 

inequality                                                                                                                                                                                                                                         

 (1)                                     𝑑𝑑(𝑠𝑠,𝑢𝑢) ≤  𝑑𝑑(𝑠𝑠, 𝑡𝑡) +  𝑑𝑑(𝑡𝑡,𝑢𝑢).                                                                
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The function 𝑓𝑓(𝑡𝑡)  =  𝑡𝑡
1+𝑡𝑡

  is a strictly increasing, concave function on the interval [0,∞).  

Thus i f 𝑑𝑑(𝑠𝑠,𝑢𝑢) ≤  max{𝑑𝑑(𝑠𝑠, 𝑡𝑡),𝑑𝑑(𝑡𝑡,𝑢𝑢)} , t hen a lso µ(𝑠𝑠,𝑢𝑢) ≤  max{µ(𝑠𝑠, 𝑡𝑡), µ(𝑡𝑡,𝑢𝑢)}  and 

by non negativity of µ also  

µ(𝑠𝑠,𝑢𝑢)  ≤  µ(𝑠𝑠, 𝑡𝑡)  + µ(𝑡𝑡,𝑢𝑢). 

If instead max {𝑑𝑑(𝑠𝑠, 𝑡𝑡),𝑑𝑑(𝑡𝑡,𝑢𝑢)}  <  𝑑𝑑(𝑠𝑠,𝑢𝑢) then                                             
1

1 + 𝑑𝑑(𝑠𝑠,𝑢𝑢)
<  min �

1
1 + 𝑑𝑑(𝑠𝑠, 𝑡𝑡)

,
1

1 + d(𝑡𝑡,𝑢𝑢)
�. 

Together with equation (1) we have  

                                                                         

µ(𝑠𝑠,𝑢𝑢) =
𝑑𝑑(𝑠𝑠,𝑢𝑢)

1 +  𝑑𝑑(𝑠𝑠,𝑢𝑢) ≤  
𝑑𝑑(𝑠𝑠, 𝑡𝑡) +  𝑑𝑑(𝑡𝑡,𝑢𝑢)

1 +  𝑑𝑑(𝑠𝑠,𝑢𝑢)   

                                                                         

  =
𝑑𝑑(𝑠𝑠, 𝑡𝑡)

1 + 𝑑𝑑(𝑠𝑠,𝑢𝑢) + 
𝑑𝑑(𝑡𝑡,𝑢𝑢)

1 + 𝑑𝑑(𝑠𝑠,𝑢𝑢)     

≤  
𝑑𝑑(𝑠𝑠, 𝑡𝑡)

1 + 𝑑𝑑(𝑠𝑠, 𝑡𝑡)
+  

𝑑𝑑(𝑡𝑡,𝑢𝑢) 
1 + 𝑑𝑑(𝑡𝑡,𝑢𝑢)

  

                                         

=  µ(𝑠𝑠, 𝑡𝑡) +  µ(𝑡𝑡,𝑢𝑢),                

which gives the triangle inequality.  

To show that the metrics d and µ are equivalent on S, let O be on open set in (S, d) and let 

x ∈ O. There is ε ∈ (0,1) such that 𝐵𝐵𝑑𝑑 (x, ε) ⊂ O. Choose δ positive such that δ < 𝜀𝜀  
1+𝜀𝜀

, then 

Bµ(x, δ) ⊂ 𝐵𝐵𝑑𝑑 (x, ε). Similarly, if O is an open set in (S, µ) and δ is such that x ∈ Bµ(x, δ) 

⊂ O then choose ε > 0 with ε ≤  δ
1−δ  

 which implies 𝐵𝐵𝑑𝑑 (x, ε)⊂ Bµ(x, δ). Since this can be 

done for any element x ∈ O, open sets in (S, d) are open in (S, µ) and vice-versa.  

The fact that exactly the open sets in (S, d) are open in (S, µ) leads to the statement about 

Cauchy sequences. Assume t hat {𝑥𝑥𝑛𝑛} i s a C auchy sequence i n ( S, d). To s ee that it  is 

Cauchy in (S, µ), let ε > 0 be arbitrary but fixed.  By the above there is a δ small enough 
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that 𝐵𝐵𝑑𝑑 (x, δ) ⊂ Bµ(x, ε) and δ depends only on ε, but not on x ∈ S.  Since {𝑥𝑥𝑛𝑛} is Cauchy 

in (S, d) there is N ∈  ℕ such that 𝑑𝑑(𝑥𝑥𝑚𝑚 , 𝑥𝑥𝑛𝑛)  <  𝛿𝛿 whenever m, n  ≥ N and therefore also 

µ(𝑥𝑥𝑚𝑚 , 𝑥𝑥𝑛𝑛)  <  𝜀𝜀 for m ,n ≥ N. The opposite statement holds with a similar argument.  

Theorem 2. If G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 where each 𝐸𝐸𝑛𝑛 is compact and 𝐸𝐸𝑛𝑛 ⊂ int𝐸𝐸𝑛𝑛+1, define   

(2)                                           𝜌𝜌𝑛𝑛(𝑓𝑓,𝑔𝑔)  =  𝑠𝑠𝑠𝑠𝑠𝑠 {𝑑𝑑(𝑓𝑓(𝑧𝑧),𝑔𝑔(𝑧𝑧)): 𝑧𝑧 𝜖𝜖 𝐸𝐸𝑛𝑛}                                   

for all functions f and g in C(G, Ω). Also define       

(3)                                               𝜌𝜌(𝑓𝑓,𝑔𝑔) = ��
1
2�

𝑛𝑛 𝜌𝜌𝑛𝑛(𝑓𝑓,𝑔𝑔)
1 + 𝜌𝜌𝑛𝑛(𝑓𝑓,𝑔𝑔)

∞

𝑛𝑛=1

;                                            

then (C(G, Ω), 𝜌𝜌) is a metric space. 

Proof:- Since 𝑡𝑡
1+𝑡𝑡

≤  1 for a ll t ≥ 0, t he s eries i n ( 3) i s do minated by ∑(1
2
)𝑛𝑛  and m ust 

converge. It will be shown that 𝜌𝜌 is a metric for C (G, Ω).It is clear that 𝜌𝜌 (f, g) = 𝜌𝜌 (g, f). 

Also, since each 𝜌𝜌 n satisfies the triangle inequality, the preceding lemma can be used to 

show t hat 𝜌𝜌 satisfies th e triangle inequality. F inally, the f act th at G=⋃ 𝐸𝐸𝑛𝑛∞
𝑛𝑛=1 gives t hat      

f = g whenever 𝜌𝜌 (f, g) =0. ∎ 

Theorem 3.  Define the metric 𝜌𝜌  as in (3). If 𝜖𝜖>0 is given then there is a 𝛿𝛿 > 0 and a 

compact set E ⊂ G such that for f and g in C (G, Ω),  

(4)                        sup {𝑑𝑑 (𝑓𝑓(𝑧𝑧), g(𝑧𝑧)): 𝑧𝑧 𝜖𝜖 𝐸𝐸}  <  𝛿𝛿 ⇒  𝜌𝜌 (𝑓𝑓, g)  <  𝜖𝜖.                                  

  

Conversely, if δ > 0 and a compact set E are given, there is an 𝜖𝜖 > 0 such that for f and g 

in C(G,Ω),  

(5)                                      𝜌𝜌 (𝑓𝑓, g)  <  𝜖𝜖 ⇒  sup {𝑑𝑑 (𝑓𝑓(𝑧𝑧), g(𝑧𝑧)): 𝑧𝑧 𝜖𝜖 𝐸𝐸}  <  𝛿𝛿.                    

Proof:- Let 𝜖𝜖 > 0 be fixed let m be a positive integer such that                               

� �
1
2�

𝑛𝑛∞

𝑛𝑛=𝑚𝑚+1

<
1
2
𝜖𝜖 
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Put E =𝐸𝐸𝑚𝑚 . For suitably chosen δ > 0 we have  

𝑡𝑡
1 + 𝑡𝑡

<
1
2
𝜖𝜖    where 0 ≤ 𝑡𝑡 < 𝛿𝛿. 

By our hypothesis f and g are functions in C (G, Ω) where  

sup �𝑑𝑑 �𝑓𝑓(𝑧𝑧), g(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸� <  𝛿𝛿. 

Since 𝐸𝐸𝑛𝑛 ⊂ 𝐸𝐸𝑚𝑚= E for 1≤ n ≤ m,                       

𝜌𝜌𝑛𝑛(𝑓𝑓, g) <  𝛿𝛿. 

Therefore,                     

𝜌𝜌𝑛𝑛(𝑓𝑓, g)
1 + 𝜌𝜌𝑛𝑛(𝑓𝑓, g)

<
1
2
𝜖𝜖    for 1 ≤   𝑛𝑛 ≤   𝑚𝑚.  

Hence                                

 𝜌𝜌 (𝑓𝑓, g) = ��
1
2�

𝑛𝑛 𝜌𝜌𝑛𝑛(𝑓𝑓, g)
1 + 𝜌𝜌𝑛𝑛(𝑓𝑓, g)

∞

𝑛𝑛=1

 

                                     

                                                                 = ��
1
2�

𝑛𝑛 𝜌𝜌𝑛𝑛(𝑓𝑓, g)
1 + 𝜌𝜌𝑛𝑛(𝑓𝑓, g)

+ � �
1
2�

𝑛𝑛 𝜌𝜌𝑛𝑛(𝑓𝑓, g)
1 + 𝜌𝜌𝑛𝑛(𝑓𝑓, g)

∞

𝑛𝑛=𝑚𝑚+1

 
𝑚𝑚

𝑛𝑛=1

 

                                    

                            < ��
1
2�

𝑛𝑛

�
1
2
𝜖𝜖�

𝑚𝑚

𝑛𝑛=1

+ � �
1
2�

𝑛𝑛∞

𝑛𝑛=𝑚𝑚+1

  

    <
1
2
𝜖𝜖 +

1
2
𝜖𝜖 =  𝜖𝜖.  

Conversely, Let E and δ are given.  

Since 

𝐺𝐺 = �𝐸𝐸𝑛𝑛

∞

𝑛𝑛=1

=  � int𝐸𝐸𝑛𝑛

∞

𝑛𝑛=1

 

 and E is compact, there is an integer m ≥ 1 such that E ⊂  𝐸𝐸𝑚𝑚 .  
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From this we have  

𝜌𝜌𝑚𝑚  (𝑓𝑓, g) = sup�𝑑𝑑 �𝑓𝑓(𝑧𝑧), g(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸𝑚𝑚� 

                                                                         

                  ≥  sup �𝑑𝑑 �𝑓𝑓(𝑧𝑧), g(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸�.  

Now choose 𝜖𝜖 > 0 such that 

0 ≤  𝑠𝑠 ≤   2𝑚𝑚𝜖𝜖  implies  
𝑠𝑠

1 − 𝑠𝑠
< 𝛿𝛿. 

Hence  

𝑡𝑡
1 + 𝑡𝑡

 <  2𝑚𝑚𝜖𝜖 implies 𝑡𝑡 <  𝛿𝛿. 

Thus if 𝜌𝜌(f, g) < 𝜖𝜖  then                                     

 � �
1
2�

𝑚𝑚 𝜌𝜌𝑚𝑚 (𝑓𝑓, g)
1 + 𝜌𝜌𝑚𝑚(𝑓𝑓, g)

∞

𝑚𝑚=1

< 𝜖𝜖 

and this implies 

�
1
2�

𝑚𝑚 𝜌𝜌𝑚𝑚(𝑓𝑓, g)
1 + 𝜌𝜌𝑚𝑚(𝑓𝑓, g)

< 𝜖𝜖, 

that is, 

𝜌𝜌𝑚𝑚(𝑓𝑓, g)
1 + 𝜌𝜌𝑚𝑚(𝑓𝑓, g)

< 2𝑚𝑚𝜖𝜖 

and this gives 

𝜌𝜌𝑚𝑚(𝑓𝑓, g) < δ. 

Hence the theorem is proved. ∎ 

Lemma 2. (a) A set 𝒪𝒪 ⊂ (C (G, Ω),𝜌𝜌) is open if and only if for each f in 𝒪𝒪 there is a 

compact set E and a δ > 0 such that                                  

𝒪𝒪 ⊃  {g: 𝑑𝑑(𝑓𝑓(𝑧𝑧), g(𝑧𝑧))  < δ, 𝑧𝑧 𝜖𝜖 𝐸𝐸}   
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(b) A seq uence {𝑓𝑓𝑛𝑛} in (C (G, Ω),𝜌𝜌) converges to f  i f and o nly i f {𝑓𝑓𝑛𝑛} converges t o f 

uniformly on all compact subsets of G. 

Proof:- (a) If 𝒪𝒪 is open and f 𝜖𝜖 𝒪𝒪 then for some 𝜖𝜖 > 0, 𝒪𝒪 ⊃{g: 𝜌𝜌 (f, g) < 𝜖𝜖 }.But now the 

first part of the preceding lemma says that there is a δ > 0 and a co mpact set E with the 

desired properties. Conversely, if 𝒪𝒪 has the stated property and f 𝜖𝜖 𝒪𝒪 then the second part 

of the lemma gives an 𝜖𝜖 > 0 such that 𝒪𝒪 ⊃{g: 𝜌𝜌 (f, g) < 𝜖𝜖 }; this means that 𝒪𝒪 is open.  

(b) Suppose f irst fn  →  R f in t he sen se o f t he 𝜌𝜌  – metric. For l arge n we h ave t hen  

𝜌𝜌(𝑓𝑓𝑛𝑛 ,𝑓𝑓) <  𝜖𝜖  and c onsequently,  𝜌𝜌𝑖𝑖�𝑓𝑓𝑛𝑛 , 𝑓𝑓� <   2𝑖𝑖𝜖𝜖 . But th is implies th at 𝑓𝑓𝑛𝑛 →  R f   

uniformly on 𝐸𝐸𝑖𝑖with respect to d – metric. Since every compact E is contained in an 𝐸𝐸𝑖𝑖  it 

follows that the convergence is uniform on E. 

Conversely, suppose this is true for all compact E subsets of G. Then it is certainly true 

for all 𝐸𝐸𝑖𝑖 . Hence for all i,                                             

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)

→ 0   for all 𝑖𝑖. 

 Let 𝜖𝜖 > 0 and choose N so that ∑ 1
2𝑖𝑖

∞
𝑖𝑖=𝑁𝑁+1 < 𝜖𝜖 choose no so that  

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 , 𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)

< 𝜖𝜖, for all 𝑛𝑛 ≥  𝑛𝑛0. 

If i ≤ N, we know 𝐸𝐸𝑖𝑖 ⊂ 𝐸𝐸𝑁𝑁and hence 

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 , 𝑓𝑓) ≤ 𝜌𝜌𝑁𝑁(𝑓𝑓𝑛𝑛 , 𝑓𝑓) 

Now                                        

�
1
2𝑖𝑖

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)

𝑁𝑁

𝑖𝑖=1

≤�
𝜖𝜖 
2𝑖𝑖

𝑁𝑁

𝑖𝑖=1
≤�

𝜖𝜖 
2𝑖𝑖

∞

𝑖𝑖=1
= 𝜖𝜖   

and  

                                       

�
1
2𝑖𝑖

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 , 𝑓𝑓)

∞

𝑖𝑖=𝑁𝑁+1

≤�
1 
2𝑖𝑖

∞

𝑖𝑖=𝑁𝑁+1
<  𝜖𝜖  
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Thus,       

𝜌𝜌 (𝑓𝑓𝑛𝑛 , 𝑓𝑓) = �
1
2𝑖𝑖

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 , 𝑓𝑓)

∞

𝑖𝑖=1

 

                                      

                                                             = �
1
2𝑖𝑖

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)

𝑁𝑁

𝑖𝑖=1

+ �
1
2𝑖𝑖

𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 ,𝑓𝑓)
1 + 𝜌𝜌𝑖𝑖(𝑓𝑓𝑛𝑛 , 𝑓𝑓)

∞

𝑖𝑖=𝑁𝑁+1

 

                                                                       

                                 <  𝜖𝜖 +  𝜖𝜖 =  2𝜖𝜖      if  𝑛𝑛 ≥  𝑛𝑛0  

 Since this is true for any E, fn → R f in 𝜌𝜌.∎ 

Corollary1. The c ollection of  ope n s ets i s independent of  the c hoice o f t he s ets {𝐸𝐸𝑛𝑛}. 

That i s, if G=⋃ 𝐸𝐸′𝑛𝑛∞
𝑛𝑛=1  where e ach 𝐸𝐸′𝑛𝑛 is c ompact and 𝐸𝐸′𝑛𝑛 ⊂ int 𝐸𝐸′𝑛𝑛+1  and i f 𝜇𝜇  is t he 

metric defined by the sets {𝐸𝐸′𝑛𝑛} then a s et i s open in (C (G, Ω), 𝜇𝜇 ) if and only i f it i s 

open in      (C(G, Ω), 𝜌𝜌). 

Proof:- This i s a d irect co nsequence o f p art ( a) o f t he p receding lemma since t he 

characterization of open sets does not depend on the choice of the sets {𝐸𝐸𝑛𝑛}.∎ 

Theorem 4. C (G, Ω) is a complete metric space. 

Proof:- Suppose { 𝑓𝑓𝑛𝑛} is a Cauchy sequence in C (G, Ω).Then the restrictions of the 

functions 𝑓𝑓𝑛𝑛 to E gives a Cauchy sequence in C (E, Ω) where E is compact and E ⊂  G. 

That is, for every 𝜖𝜖 > 0 there is an integer N such that                                              

𝜌𝜌�𝑓𝑓𝑛𝑛(𝑧𝑧),𝑓𝑓𝑚𝑚(𝑧𝑧)� < 𝜖𝜖, for all 𝑧𝑧 in 𝐸𝐸 and for 𝑛𝑛,𝑚𝑚 ≥  𝑁𝑁.  

By Theorem 3, for every 𝛿𝛿 > 0 there is an integer N such that                                   

(6)                        sup {𝑑𝑑�𝑓𝑓𝑛𝑛(𝑧𝑧),𝑓𝑓𝑚𝑚(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸}  <  𝛿𝛿   for 𝑛𝑛,𝑚𝑚 ≥ 𝑁𝑁.                                       

Hence {𝑓𝑓𝑛𝑛 (z)} is a C auchy sequence in Ω. Thus there exists a point f (z) in Ω such that   

𝑓𝑓(𝑧𝑧) = lim 𝑓𝑓𝑛𝑛(𝑧𝑧). 

We now got a function 𝑓𝑓: 𝐺𝐺 →  Ω and have to prove that f is continuous and   

𝜌𝜌(𝑓𝑓𝑛𝑛 ,𝑓𝑓 )  → 0. 
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Let E be compact and fix δ > 0. Choose N so that 

sup {𝑑𝑑�𝑓𝑓𝑛𝑛(𝑧𝑧),𝑓𝑓𝑚𝑚(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸}  <  𝛿𝛿    

 holds for n ,m >N.  If z is arbitrary in E but fixed then there is an integer m ≥ N so that 

𝑑𝑑(𝑓𝑓(𝑧𝑧), 𝑓𝑓𝑚𝑚(𝑧𝑧))  <  𝛿𝛿. 

By triangle inequality, we get                                           

       𝑑𝑑�𝑓𝑓(𝑧𝑧),𝑓𝑓𝑛𝑛(𝑧𝑧)� ≤ 𝑑𝑑�𝑓𝑓(𝑧𝑧),𝑓𝑓𝑚𝑚(𝑧𝑧)� + 𝑑𝑑(𝑓𝑓𝑚𝑚(𝑧𝑧), 𝑓𝑓𝑛𝑛(𝑧𝑧)) 

                                   <  δ +  δ =  2δ  

for all n ≥ N. Since N does not depend on z we have                                      

sup⁡{𝑑𝑑�𝑓𝑓(𝑧𝑧), 𝑓𝑓𝑛𝑛(𝑧𝑧)�: z 𝜖𝜖 𝐸𝐸} → 0 

as n→ ∞ . Hence {𝑓𝑓𝑛𝑛 } c onverges f uniformly on e very c ompact s et i n G. Thus f  i s 

continuous. Finally, it follows from Lemma 2(b) that  

𝜌𝜌(𝑓𝑓𝑛𝑛 , 𝑓𝑓 )  → 0.∎ 

A family ℱ is said to be normal in C (G, Ω) if every sequence {𝑓𝑓𝑛𝑛} of functions 𝑓𝑓𝑛𝑛  𝜖𝜖 ℱ 

contains a subsequence which converges uniformly on every compact subset of G.  

Note t hat this de finition doe s n ot r equire the limit f unctions of  t he c onvergent 

subsequences to be members of ℱ. 

Lemma 3. A set ℱ ⊂ C (G, Ω) is normal if and only if its closure is compact. 

 

Theorem 5. A set ℱ ⊂ C(G, Ω) is normal if and only if for every compact set E ⊂  G and 

δ > 0 there are functions f1,…,fn in ℱ such that for f in ℱ there is at least one k, 1 ≤ k ≤ 

n, with  

                                              sup⁡{𝑑𝑑�𝑓𝑓(𝑧𝑧),𝑓𝑓𝑘𝑘(𝑧𝑧)�: z 𝜖𝜖 𝐸𝐸} <  δ. 



 

24 
 

Proof:- Suppose ℱ is normal and let E and δ > 0 be given. By Theorem 3 there is an 𝜖𝜖 > 

0 such that (5) holds. But since ℱ− is compact, ℱ is totally bounded. To see this, suppose 

ℱ− is compact then by Theorem II 4.9[1] ℱ− is totally bounded. Thus, since  ℱ ⊂ ℱ− then 

by T heorem5.2.7 [2]  ℱ  is to tally b ounded. So th ere a re 𝑓𝑓1, … , 𝑓𝑓𝑛𝑛 in ℱ  such t hat                                             

ℱ ⊂�{𝑓𝑓:𝜌𝜌(𝑓𝑓,𝑓𝑓𝑘𝑘) < 𝜖𝜖}
𝑛𝑛

𝑘𝑘=1

 

But from the choice of 𝜖𝜖 this gives                                            

ℱ ⊂��𝑓𝑓:𝑑𝑑�𝑓𝑓(𝑧𝑧),𝑓𝑓𝑘𝑘(𝑧𝑧)� < δ, 𝑧𝑧 ∈ 𝐸𝐸�;
𝑛𝑛

𝑘𝑘=1

 

that is, ℱ satisfies the condition of the proposition.  

For the converse, suppose ℱ has the stated property. Since it readily follows that ℱ− also 

satisfies this condition, assume that ℱ is closed. But since C(G, Ω) is complete ℱ must be 

complete. And, again using Theorem 3, it readily follows that ℱ is totally bounded. From 

Theorem II. 4.9 [1]ℱis compact and therefore normal.∎ 

Theorem 6. Let (𝑋𝑋𝑛𝑛 ,𝑑𝑑𝑛𝑛)be a metric space for each n ≥ 1 and let X = ∏ 𝑋𝑋𝑛𝑛∞
𝑛𝑛=1  be their 

cartesian product. That is, X = {𝜉𝜉 = {𝑥𝑥𝑛𝑛}: 𝑥𝑥𝑛𝑛𝜖𝜖 𝑋𝑋𝑛𝑛  for each n ≥ 1}. For 𝜉𝜉 = {𝑥𝑥𝑛𝑛} and 𝜂𝜂 = 

{𝑦𝑦𝑛𝑛} in X define                               

(7)                                        𝑑𝑑(𝜉𝜉, 𝜂𝜂) = ��
1
2�

𝑛𝑛∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)                                            

 then (∏ 𝑋𝑋𝑛𝑛∞
𝑛𝑛=1 , d), where d is defined by (7), is a metric space. If 𝜉𝜉𝑘𝑘 = {𝑥𝑥𝑛𝑛𝑘𝑘}𝑛𝑛=1

∞  is in X = 

∏ 𝑋𝑋𝑛𝑛∞
𝑛𝑛=1  then 𝜉𝜉𝑘𝑘 → 𝜉𝜉 = {𝑥𝑥𝑛𝑛} if and olny if  𝑥𝑥𝑛𝑛𝑘𝑘 → 𝑥𝑥𝑛𝑛  for each n. Also, if each (𝑋𝑋𝑛𝑛 ,𝑑𝑑𝑛𝑛) is 

compact then X is compact. 

Proof:-  To show (∏ 𝑋𝑋𝑛𝑛∞
𝑛𝑛=1 , d) is a m etric space we have to show that each axioms are 

satisfied.  

i)   Since 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛) ≥ 0, n ≥ 1 therefore                                
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�(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)

= 𝑑𝑑(𝜉𝜉, 𝜂𝜂) ≥  0 

ii)  Let   d(𝜉𝜉, 𝜂𝜂) = 0 then  

�(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)

 =  0, 

 this gives that 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛) = 0. So this implies that 𝑥𝑥𝑛𝑛 =  𝑦𝑦𝑛𝑛   , n ≥ 1, that is, 𝜉𝜉 =  𝜂𝜂. 

Conversely, suppose 𝜉𝜉 =  𝜂𝜂  then   𝑥𝑥𝑛𝑛 =  𝑦𝑦𝑛𝑛 , n ≥ 1.Then                    

𝑑𝑑(𝜉𝜉, 𝜂𝜂)  =  �(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)

=  �(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑥𝑥𝑛𝑛)

 =  �(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

0
1 + 0

 =  0 

𝑖𝑖𝑖𝑖𝑖𝑖)              𝑑𝑑(𝜉𝜉, 𝜂𝜂) = ��
1
2�

𝑛𝑛∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛) =   ��

1
2�

𝑛𝑛∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑦𝑦𝑛𝑛 , 𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑦𝑦𝑛𝑛 , 𝑥𝑥𝑛𝑛)  =  𝑑𝑑(𝜂𝜂, 𝜉𝜉)  

iv)  Since 𝑑𝑑𝑛𝑛  is a metric for all n ≥ 1 therefore 𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑦𝑦𝑛𝑛) ≤ 𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑥𝑥𝑛𝑛) + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛), 

n ≥ 1                              

𝑑𝑑(𝜔𝜔, 𝜂𝜂) = �(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑦𝑦𝑛𝑛)

 

                                             

                                 ≤�(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑥𝑥𝑛𝑛)  +  𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑥𝑥𝑛𝑛)  + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)

 

                                            

 ≤  �(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑥𝑥𝑛𝑛) 
1 + 𝑑𝑑𝑛𝑛(𝑤𝑤𝑛𝑛 , 𝑥𝑥𝑛𝑛)

+  �(
1
2

)𝑛𝑛
∞

𝑛𝑛=1

 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛 , 𝑦𝑦𝑛𝑛)

 

  =  𝑑𝑑(𝜔𝜔, 𝜉𝜉)  +  𝑑𝑑(𝜉𝜉, 𝜂𝜂) 

Hence,  (∏ 𝑋𝑋𝑛𝑛∞
𝑛𝑛=1 , d) is metric space. 

Suppose d(𝜉𝜉𝑘𝑘 , 𝜉𝜉) → 0; since                                             

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛)

≤ 2𝑛𝑛𝑑𝑑(𝜉𝜉𝑘𝑘 , 𝜉𝜉) 
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To see this               

d(𝜉𝜉𝑘𝑘 , 𝜉𝜉) = ��
1
2�

𝑛𝑛 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛�𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛�

∞

𝑛𝑛=1

  then   �
1
2�

𝑛𝑛 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛�𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛�

 ≤ 𝑑𝑑(𝜉𝜉𝑘𝑘 , 𝜉𝜉) 

for 𝑛𝑛 ≥  1   

and this implies                                 

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛)

≤ 2𝑛𝑛𝑑𝑑(𝜉𝜉𝑘𝑘 , 𝜉𝜉) 

     we have that                                              

lim
𝑘𝑘→∞

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛)

= 0 

This gives that 𝑥𝑥𝑛𝑛𝑘𝑘 →  𝑥𝑥𝑛𝑛  for each n ≥ 1.  

Conversely, suppose 𝑥𝑥𝑛𝑛𝑘𝑘 →  𝑥𝑥𝑛𝑛  for each n ≥ 1. Then,  

𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛)

→ 0  as 𝑘𝑘 → ∞. 

 Thus,                                  

d(𝜉𝜉𝑘𝑘 , 𝜉𝜉) = ��
1
2�

𝑛𝑛 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 ,  𝑥𝑥𝑛𝑛)
1 + 𝑑𝑑𝑛𝑛(𝑥𝑥𝑛𝑛𝑘𝑘 , 𝑥𝑥𝑛𝑛)

→ 0 as 𝑘𝑘 → ∞.
∞

𝑛𝑛=1

 

Hence,   𝜉𝜉𝑘𝑘 → 𝜉𝜉. 

Now suppose that each (𝑋𝑋𝑛𝑛 ,𝑑𝑑𝑛𝑛) is compact. To show that (X, d) is compact it suffices to 

show that every sequence in X has a convergent subsequence; this is accomplished by the 

Cantor diagonalization process.1 

Let 𝜉𝜉𝑘𝑘 = {𝑥𝑥𝑛𝑛𝑘𝑘} 𝜖𝜖 X for each k ≥ 1 and consider the sequence of the first entries of the 𝜉𝜉𝑘𝑘 ; 

that is, co nsider {𝑥𝑥1
𝑘𝑘}𝑘𝑘=1
∞ ⊂ X1. S ince Xl is c ompact t here i s a p oint x1 in X1 and a 

                                                           
1  Cantor d iagonalization pr ocess is a  t echnique of  pr oving s tatements a bout i nfinite 
sequences, each of whose terms is an infinite sequence by operation on the nth term of the 
nth sequence for each n; used to prove the uncountability of the real numbers 
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subsequence of  { 𝑥𝑥1
𝑘𝑘 } w hich c onverges t o it. W e a re now  f aced w ith a  pr oblem i n 

notation. If this subsequence of {𝑥𝑥1
𝑘𝑘}𝑘𝑘=1
∞  is denoted by {𝑥𝑥1

𝑘𝑘𝑗𝑗 }𝑗𝑗=1
∞  there is little confusion at 

this stage. However, t he ne xt s tep i n the p roof i s to consider t he c orresponding 

subsequence of second entries {𝑥𝑥2
𝑘𝑘𝑗𝑗 }𝑗𝑗=1

∞  and take a subsequence of this. Furthermore, it is 

necessary to continue this process for all the entries. It is easy to see that this is opening 

up a notational Pandora's Box.2 However, there is an alternative. Denote the convergent 

subsequence of  { 𝑥𝑥1
𝑘𝑘} by { 𝑥𝑥1

𝑘𝑘 : 𝑘𝑘 𝜖𝜖 ℕ1}, w here ℕ1 , i s a n i nfinite s ubset of  t he pos itive 

integers ℕ. Consider the sequence of second entries of {𝜉𝜉𝑘𝑘 : 𝑘𝑘 𝜖𝜖 ℕ1}. Then there is a point 

x2 in X2 and an infinite subset  ℕ2 ⊂  ℕ1such that  

lim {𝑥𝑥2
𝑘𝑘 : 𝑘𝑘 𝜖𝜖 ℕ2} = x2. (Notice that we still have lim {𝑥𝑥1

𝑘𝑘 : 𝑘𝑘 𝜖𝜖 ℕ2} = x1 .) Continuing this 

process gives a decreasing sequence of infinite subsets of ℕ,  ℕ1 ⊃  ℕ2,… ; and points 

𝑥𝑥𝑛𝑛 in 𝑋𝑋𝑛𝑛such that                                     

(8)                                      lim {𝑥𝑥𝑛𝑛𝑘𝑘  ∶  𝑘𝑘 𝜖𝜖 ℕ𝑛𝑛} =  𝑥𝑥𝑛𝑛                                                                       

 Let 𝑘𝑘𝑗𝑗be the 𝑗𝑗th integer in  ℕ𝑗𝑗 ; and consider {𝜉𝜉𝑘𝑘𝑗𝑗 }; we claim that 𝜉𝜉𝑘𝑘𝑗𝑗 → 𝜉𝜉 ={xn} as j→ ∞. 

To show this it suffices to show that                                         

(9)                                                𝑥𝑥𝑛𝑛 = lim
𝑘𝑘𝑗𝑗→∞

𝑥𝑥𝑛𝑛𝑘𝑘𝑗𝑗                                                                             

 for each  n  ≥  1. B ut s ince 𝑁𝑁𝑗𝑗 ⊂ 𝑁𝑁𝑛𝑛  for j ≥  n, { 𝑥𝑥𝑛𝑛
𝑘𝑘𝑗𝑗  : j ≥  n} i s a su bsequence o f            

{𝑥𝑥𝑛𝑛𝑘𝑘 : 𝑘𝑘 𝜖𝜖 𝑁𝑁𝑛𝑛}. So, (9) follows from (8).∎  

A set ℱ ⊂ C(G, Ω) is equicontinuous at a point z0 in G if  for every  𝜖𝜖 > 0 there is a      δ 

> 0 such that for |𝑧𝑧 − 𝑧𝑧𝑜𝑜 | < δ,  

                                               𝑑𝑑(𝑓𝑓(𝑧𝑧), 𝑓𝑓(𝑧𝑧0))  <  𝜖𝜖  

for every f in ℱ. ℱ is equicontinuous over a set K ⊂ G if for every 𝜖𝜖 > 0 there is a δ > 0 

such that for z and z' in K and |𝑧𝑧 − 𝑧𝑧′ | < δ,  

                                               𝑑𝑑(𝑓𝑓(𝑧𝑧), 𝑓𝑓(𝑧𝑧′))  <  𝜖𝜖 

                                                           
2 Pandora’s Box – a complex situation with problems and pitfalls 
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for all f in ℱ. 

For  the  purpose  of  this  note,  the  most  significant  feature  of  equicontinuity is that it 

bridges the gap between point wise convergence and normal convergence. 

Lemma 4. Suppose ℱ  ⊂  C(G, Ω) is e quicontinuous at  e ach point of  G ; t hen ℱ  is 

equicontinuous over each compact subset of G.  

Proof:- Let E ⊂  G be compact and f ix 𝜖𝜖 > 0. T hen for each w in K there i s a 𝛿𝛿𝑤𝑤 >  0 

such that 

 𝑑𝑑(𝑓𝑓(𝑤𝑤′),𝑓𝑓(𝑤𝑤))  <  
1
2
𝜖𝜖 

for all f in ℱ whenever |𝑤𝑤 − 𝑤𝑤′| < δ𝑤𝑤 . Now {𝐵𝐵(𝑤𝑤;  𝛿𝛿𝑤𝑤): 𝑤𝑤 𝜖𝜖 𝐸𝐸} forms an open cover of 

E; by L ebesgue's Covering Lemma(II4.8) [1] there i s a δ > 0  such t hat for each  z in E,  

B(z; δ) is contained in one of the sets of this cover. So if z and 𝑧𝑧′ are in E and |𝑧𝑧 − 𝑧𝑧′| < δ 

there i s a w in E with 𝑧𝑧′ 𝜖𝜖 𝐵𝐵(𝑧𝑧;  𝛿𝛿)  ⊂  𝐵𝐵(𝑤𝑤;  𝛿𝛿𝑤𝑤).  That i s, |𝑧𝑧 − 𝑤𝑤| < δ𝑤𝑤  and                

|𝑧𝑧 − 𝑧𝑧′| < δ𝑤𝑤 . This gives 𝑑𝑑(𝑓𝑓(𝑧𝑧),𝑓𝑓(𝑤𝑤))  <  1
2
𝜖𝜖 and 𝑑𝑑(𝑓𝑓(𝑧𝑧′),𝑓𝑓(𝑤𝑤))  <  1

2
𝜖𝜖 ; so that  

        𝑑𝑑(𝑓𝑓(𝑧𝑧),𝑓𝑓(𝑧𝑧′))  ≤   𝑑𝑑(𝑓𝑓(𝑧𝑧),𝑓𝑓(𝑤𝑤))  +  𝑑𝑑(𝑓𝑓(𝑤𝑤),𝑓𝑓(𝑧𝑧′))   

                                    <  
1
2
𝜖𝜖 +  

1
2
𝜖𝜖 =  𝜖𝜖 

and ℱ is equicontinuous over E.∎ 

Theorem 7. [ Arzela-Ascoli Theorem ] A set  ℱ ⊂ 𝐶𝐶(𝐺𝐺,Ω) is normal if and only if the 

following two conditions are satisfied:  

         (a) for each z in G, {𝑓𝑓(𝑧𝑧): 𝑓𝑓 𝜖𝜖 ℱ  } has compact closure in Ω;  

         (b) ℱ is equicontinuous at each point of G. 

Proof: - First assume t hat ℱ  is nor mal. N otice t hat f or e ach z in G the m ap of               

C(G, Ω) → Ω defined by f ⤳ f(z)is continuous; since  ℱ− is compact its image is compact 

in Ω and (a) follows. To show (b) fix a point 𝑧𝑧0in G and let 𝜖𝜖 > 0. I f R > 0 is chosen so 
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that  𝐸𝐸 = 𝐵𝐵�(𝑧𝑧0;  𝑅𝑅)  ⊂  𝐺𝐺 then E is compact and Theorem 5 implies there are functions 

𝑓𝑓1, . . . ,𝑓𝑓𝑛𝑛  in ℱ  such t hat f or e ach f in ℱ  there i s at  least one 𝑓𝑓𝑘𝑘 with                           

(10)                                            sup �𝑑𝑑�𝑓𝑓(𝑧𝑧),𝑓𝑓𝑘𝑘(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸� <   
𝜖𝜖 
3

.                                           

But since each 𝑓𝑓𝑘𝑘 is continuous there is a δ, 0 <  𝛿𝛿 <  𝑅𝑅, such that |𝑧𝑧 − 𝑧𝑧𝑜𝑜 | < δ implies 

that                                       

 𝑑𝑑�𝑓𝑓𝑘𝑘(𝑧𝑧),𝑓𝑓𝑘𝑘(𝑧𝑧0)� <
𝜖𝜖 
3

 

for 1 ≤  𝑘𝑘 ≤  𝑛𝑛. Therefore, i f |𝑧𝑧 − 𝑧𝑧𝑜𝑜 | < δ, 𝑓𝑓 𝜖𝜖 ℱ , a nd k is c hosen s o t hat (10) hol ds, 

then 

𝑑𝑑(𝑓𝑓(𝑧𝑧), 𝑓𝑓(𝑧𝑧0))  ≤ 𝑑𝑑(𝑓𝑓(𝑧𝑧),𝑓𝑓𝑘𝑘(𝑧𝑧))  +  𝑑𝑑(𝑓𝑓𝑘𝑘(𝑧𝑧),𝑓𝑓𝑘𝑘(𝑧𝑧0))  +  𝑑𝑑(𝑓𝑓𝑘𝑘(𝑧𝑧0),𝑓𝑓(𝑧𝑧0)) 

                                         <
𝜖𝜖 
3

+
𝜖𝜖 
3

+
𝜖𝜖 
3

= 𝜖𝜖 

That is, ℱ  is equicontinuous at 𝑧𝑧0.  

Now suppose ℱ satisfies conditions (a) and (b); it must be  shown that ℱ is normal. Let 

{𝑧𝑧𝑛𝑛} be the sequence of all points in G with rational real and imaginary parts (so for z in 

G and δ > 0 there is a 𝑧𝑧𝑛𝑛  with  |𝑧𝑧 − 𝑧𝑧𝑜𝑜 | < δ). For each n ≥ 1 let 

                                          𝑋𝑋𝑛𝑛 = {𝑓𝑓(𝑧𝑧𝑛𝑛): 𝑓𝑓𝑓𝑓 ℱ}−  ⊂ Ω; 

from part (a), (𝑋𝑋𝑛𝑛 , d) is a compact metric space. Thus, by Theorem 6, X = ∏ 𝑋𝑋𝑛𝑛∞
𝑛𝑛=1  is a 

compact metric space. For f in ℱ define 𝑓𝑓 in X by 

 𝑓𝑓 = {𝑓𝑓(𝑧𝑧1), 𝑓𝑓(𝑧𝑧2), … }. 

Let {𝑓𝑓𝑘𝑘} be a sequence in ℱ  so {𝑓𝑓 Rk} is a sequence in the compact metric space X. Thus 

there is a 𝜉𝜉 in X and a subsequence of {𝑓𝑓 Rk} which converges to f. For the sake of 

convenient notation, assume that 𝜉𝜉 = lim 𝑓𝑓 Rk. Again from Theorem 6,                                   

(11)                                           lim
𝑘𝑘→∞

𝑓𝑓𝑘𝑘(𝑧𝑧𝑛𝑛) = {𝑤𝑤𝑛𝑛}                                                                        
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where 𝜉𝜉 = {𝑤𝑤𝑛𝑛}. 

It will be shown that {𝑓𝑓𝑘𝑘} converges to a function f in C (G, Ω). By (11) this function f 

will have to satisfy f(𝑧𝑧𝑛𝑛 ) = 𝑤𝑤𝑛𝑛 . The importance of (11) is that it imposes control over the 

behavior of { 𝑓𝑓𝑘𝑘} on a dense subset of G. We will use the fact that {𝑓𝑓𝑘𝑘} is equicontinuous 

to spread this control to the rest of G.  

To find the function f and show that { 𝑓𝑓𝑘𝑘} converges to f it suffices to show that { 𝑓𝑓𝑘𝑘} is a 

Cauchy sequence. So let E be compact set in G and let 𝜖𝜖 > 0; by Theorem 3 it suffices to 

find an integer J such that for k, j > J,                                     

(12)                                              sup �𝑑𝑑 �𝑓𝑓𝑘𝑘(𝑧𝑧),𝑓𝑓𝑗𝑗 (𝑧𝑧)� : 𝑧𝑧 𝜖𝜖 𝐸𝐸� <  𝜖𝜖                                         

Since E is compact R = d(E, 𝜕𝜕𝜕𝜕) > 0. Let E1 = {z: d(z, E) ≤ 1
2
𝑅𝑅}; then E1 is compact and 

E ⊂  int E1 ⊂ E1 ⊂ G. Since ℱ is equicontinuous at each point of G it is equicontinuous 

on K1 by Lemma 4 So choose δ, 0 < δ < 1
2
𝑅𝑅, such that 

(13)                                       𝑑𝑑�𝑓𝑓(𝑧𝑧), 𝑓𝑓(𝑧𝑧′)� <  𝜖𝜖  
3

                                                 

for all f in ℱ whenever z and z' are in E1 with  |𝑧𝑧 − 𝑧𝑧′| < δ. Now let D be the collection 

of points in {𝑧𝑧𝑛𝑛} which are also points in E1; that is 

                                                          𝐷𝐷 =  {𝑧𝑧𝑛𝑛 : 𝑧𝑧𝑛𝑛  𝜖𝜖 𝐸𝐸1} 

If z 𝜖𝜖 E then there is a 𝑧𝑧𝑛𝑛with |𝑧𝑧 − 𝑧𝑧𝑛𝑛 | < δ; but  δ < 1
2
R gives that d(𝑧𝑧𝑛𝑛 , E) < 1

2
R, or that 

𝑧𝑧𝑛𝑛  𝜖𝜖 E1. Hence { B(w; δ): w 𝜖𝜖 D} i s a n o pen c over o f E. Le t w1,…, 𝑤𝑤𝑛𝑛𝜖𝜖  D such t hat                                          

𝐸𝐸 ⊂  �𝐵𝐵(𝑤𝑤𝑖𝑖 ; δ)
𝑛𝑛

𝑖𝑖=1

 

. 

Since lim𝑘𝑘→∞ 𝑓𝑓𝑘𝑘(𝑤𝑤𝑖𝑖) exists for 1 ≤ i ≤n (by (11) there is an integer J such that j, k≥ J 

(14)                                                      𝑑𝑑 �𝑓𝑓𝑘𝑘(𝑤𝑤𝑖𝑖),𝑓𝑓𝑗𝑗 (𝑤𝑤𝑖𝑖)� <  
𝜖𝜖 
3
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for  i = 1,…, n.  

Let z be an arbitrary point in E and let 𝑤𝑤𝑖𝑖be such that |𝑤𝑤𝑖𝑖 − 𝑧𝑧| < δ. If k and i are larger 

than J then (13) and (14) give                                              

𝑑𝑑(𝑓𝑓𝑘𝑘(𝑧𝑧), 𝑓𝑓𝑗𝑗 (𝑧𝑧)) ≤  𝑑𝑑(𝑓𝑓𝑘𝑘(𝑧𝑧), 𝑓𝑓𝑘𝑘(𝑤𝑤𝑖𝑖))  +  𝑑𝑑(𝑓𝑓𝑘𝑘(𝑤𝑤𝑖𝑖),𝑓𝑓𝑗𝑗 (𝑤𝑤𝑖𝑖))  +  𝑑𝑑(𝑓𝑓𝑗𝑗 (𝑤𝑤𝑖𝑖),𝑓𝑓𝑗𝑗 (𝑧𝑧)) 

                                               

                                               <
𝜖𝜖 
3

+
𝜖𝜖 
3

+
𝜖𝜖 
3

= 𝜖𝜖. 

 Since z was arbitrary this establishes (13).∎  

 

2.2. SPACES OF ANALYTIC FUNCTIONS 

 

The class of analytic functions in G will be denoted by H (G) where G is an open subset 

of ℂ. In the following theorem we will prove that H (G) is closed in C (G,ℂ). 

Theorem 8. Let {𝑓𝑓𝑛𝑛} be a sequence in H (G). Suppose that f belongs to C (G,ℂ) such that 

𝑓𝑓𝑛𝑛 → f. Then f is analytic and  

 𝑓𝑓𝑛𝑛
(𝑘𝑘) → 𝑓𝑓(𝑘𝑘) for each integer 𝑘𝑘 ≥ 1. 

Proof: - We w ill s how t hat f  i s a nalytic by a pplying M orera’s T heorem ( IV, 5.1 0)[1]. 

Consider a disk D ⊂ G and take a triangle T inside D. Since T is compact, {𝑓𝑓𝑛𝑛} converges 

to f uniformly over T.  

Hence 

lim� 𝑓𝑓𝑛𝑛
𝑇𝑇

=  � 𝑓𝑓
𝑇𝑇

 

But, Since each 𝑓𝑓𝑛𝑛 is analytic, we have 

lim� 𝑓𝑓𝑛𝑛
𝑇𝑇

=  � 𝑓𝑓
𝑇𝑇

= 0 

Thus f must be analytic in every disk D ⊂ G and this gives that f is analytic in G.  
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To prove that 𝑓𝑓𝑛𝑛
(𝑘𝑘) → 𝑓𝑓(𝑘𝑘), consider D = 𝐵𝐵�(a; r) ⊂ G. Then there is a number R > r such 

that 𝐵𝐵�(a; R) ⊂ G. Let 𝛾𝛾 is the circle |𝑧𝑧 − 𝑎𝑎| = 𝑅𝑅 then Cauchy's Integral Formula we have 

for 𝑧𝑧 ∈ 𝐷𝐷,                                    

𝑓𝑓𝑛𝑛
(𝑘𝑘)(𝑧𝑧)  −  𝑓𝑓(𝑘𝑘)(𝑧𝑧)   =  

𝑘𝑘!
2𝜋𝜋𝜋𝜋

�
𝑓𝑓𝑛𝑛(𝑤𝑤) − 𝑓𝑓(𝑤𝑤)

(𝑤𝑤 − 𝑧𝑧)𝑘𝑘+1 𝑑𝑑𝑑𝑑
𝛾𝛾

 

Hence, using Cauchy's Estimate,                 

(15)                                 |𝑓𝑓𝑛𝑛
(𝑘𝑘)(𝑧𝑧) − 𝑓𝑓(𝑘𝑘)(𝑧𝑧)| ≤

𝑘𝑘!𝑀𝑀𝑛𝑛𝑅𝑅
(𝑅𝑅 − 𝑟𝑟)𝑘𝑘+1 ,                                                       

where  𝑀𝑀𝑛𝑛 =  sup {|𝑓𝑓𝑛𝑛(𝑤𝑤) − 𝑓𝑓(𝑤𝑤)|: |𝑤𝑤 − 𝑎𝑎| =  𝑅𝑅}𝑎𝑎𝑎𝑎𝑎𝑎 |𝑧𝑧 − 𝑎𝑎| ≤ 𝑟𝑟.  Since 𝑓𝑓𝑛𝑛 → 𝑓𝑓 , 

lim 𝑀𝑀𝑛𝑛 =  0. Hence, it follows from (15) that 

 𝑓𝑓𝑛𝑛
(𝑘𝑘) → 𝑓𝑓(𝑘𝑘)uniformly on 𝐵𝐵�(𝑎𝑎; 𝑟𝑟). 

Now let E be an arbitrary compact subset of G and let 0 <  𝑟𝑟 <  𝑑𝑑(𝐸𝐸, 𝜕𝜕𝜕𝜕). Then there 

are 𝑎𝑎1, … , 𝑎𝑎𝑛𝑛 in E such t hat E ⊂ ⋃ 𝐵𝐵(𝑎𝑎𝑗𝑗 ; 𝑟𝑟)𝑛𝑛
𝑗𝑗=1 . S ince  𝑓𝑓𝑛𝑛

(𝑘𝑘) → 𝑓𝑓(𝑘𝑘)  uniformly on e ach 

𝐵𝐵(𝑎𝑎𝑗𝑗 ; 𝑟𝑟), the convergence is uniform on E. Hence the theorem is proved.∎ 

Observe that we have considered H (G) as a subset of C (G,ℂ) and the metric on H (G) is 

the metric which it inherits from C (G,ℂ). 

Since C (G,ℂ) is complete metric space we have the following results. 

Corollary 2. H (G) is a complete metric space. 

 

Corollary 3. Let 𝑓𝑓𝑛𝑛 : 𝐺𝐺 → 𝐶𝐶  is analytic. If  ∑ 𝑓𝑓𝑛𝑛(𝑧𝑧)∞
𝑛𝑛=1  converges uniformly on compact 

sets to f (z) then for a positive integer k,                                                

𝑓𝑓(𝑘𝑘)(𝑧𝑧) =  �𝑓𝑓𝑛𝑛
(𝑘𝑘)(𝑧𝑧)

∞

𝑛𝑛=1

. 
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Note that the above result has no analogue in the theory of functions of real variable. For 

example, Let 𝑓𝑓𝑛𝑛(𝑥𝑥)  =  1
𝑛𝑛
𝑥𝑥𝑛𝑛  for 0 ≤  𝑥𝑥 ≤ 1 . T hen 0 =  𝑢𝑢 −  lim 𝑓𝑓𝑛𝑛 ; how ever t he 

sequence of derivatives {𝑓𝑓𝑛𝑛′} does not converge uniformly on [0, 1].  

Theorem 9 [Hurwitz's Theorem] Let G be a region and suppose the sequence {𝑓𝑓𝑛𝑛} in   

H (G) converges to f. If f ≢ 0, 𝐵𝐵�(𝑎𝑎;  𝑅𝑅)  ⊂  𝐺𝐺, and f(z) ≠ 0 for |𝑧𝑧 − 𝑎𝑎| = 𝑅𝑅 then there is 

an integer N such that for n ≥ N,  f and fn have the same number of zeros in B(a; R).  

Proof: - Since f (z) ≠ 0 for |z − a| = R,  

                                     𝛿𝛿 = inf{|𝑓𝑓(𝑧𝑧)|: |𝑧𝑧 − 𝑎𝑎|  = 𝑅𝑅} > 0.  

But 𝑓𝑓𝑛𝑛 → f uniformly on {𝑧𝑧 ∶ |𝑧𝑧 − 𝑎𝑎| = 𝑅𝑅 } so there is an integer N such that if n ≥ N and  

|𝑧𝑧 −  𝑎𝑎|  =  𝑅𝑅 then                                 

 |𝑓𝑓(𝑧𝑧) −  𝑓𝑓𝑛𝑛(𝑧𝑧)| <  
1
2
δ <  |𝑓𝑓(𝑧𝑧)|  ≤  |𝑓𝑓(𝑧𝑧)|  + |𝑓𝑓𝑛𝑛(𝑧𝑧)|.     

Hence Rouché’s Theorem (V.3.8)[1] implies that f and fn have the same number of zeros 

in B(a; R). ∎ 

Corollary 4. If { 𝑓𝑓𝑛𝑛} ⊂ H (G) converges to f in H (G) and each 𝑓𝑓𝑛𝑛never vanishes on G 

then either f ≡ 0 or f never vanishes. 

Proof: - Assume that there i s a w 𝜖𝜖 G with f (w) =  0 a nd that f is not identically zero. 

Then there exists a circle 𝛾𝛾 with center w such that closure of interior of the circle 𝛾𝛾 (cl 

int (𝛾𝛾)) is subset of G and f(z) ≠ 0 for all z 𝜖𝜖 cl int(𝛾𝛾) - {w}. 

Therefore the numbers N of zeros of f in int(𝛾𝛾) satisfies                                     

                                   

𝑁𝑁 =
1

2𝜋𝜋𝜋𝜋
�
𝑓𝑓′(𝑧𝑧)
𝑓𝑓(𝑧𝑧)

𝑑𝑑𝑑𝑑
𝛾𝛾

≥ 1 

But, since  𝑓𝑓𝑛𝑛(𝑧𝑧) ≠ 0 for all z in G   𝑓𝑓𝑛𝑛
′ (𝑧𝑧)

𝑓𝑓𝑛𝑛 (𝑧𝑧)
  is analytic in G                           
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�
𝑓𝑓′(𝑧𝑧)
𝑓𝑓(𝑧𝑧)

𝑑𝑑𝑑𝑑
𝛾𝛾

= lim
𝑛𝑛→∞

�
𝑓𝑓𝑛𝑛′(𝑧𝑧)
𝑓𝑓𝑛𝑛(𝑧𝑧)

𝛾𝛾

=  0. 

Hence it contradicts our assumption. Therefore the required is satisfied.∎  

A set  ℱ ⊂ H(G) is uniformly bounded on a set  E if there exists a r eal number M such 

that  

|𝑓𝑓(𝑧𝑧)| ≤ 𝑀𝑀    for all 𝑓𝑓 ∈ ℱ  and all 𝑧𝑧 ∈ 𝐸𝐸. 

Remarks:- Certainly the uniform boundedness of a family implies that each member of 

the f amily i s bounde d. On t he ot her ha nd, e ach m ember of  t he s equence {𝑓𝑓𝑛𝑛(𝑧𝑧)}  of 

functions 𝑓𝑓𝑛𝑛(𝑧𝑧) = 𝑛𝑛𝑛𝑛 is bounded in the disk |𝑧𝑧| ≤ 𝑅𝑅, but there is no bound that works for 

every member of the family. 

A set ℱ ⊂ H(G) is locally bounded if for each point a in G there are constants M and       

r > 0 such that for all f in ℱ,                                      

|𝑓𝑓(𝑧𝑧)| ≤ 𝑀𝑀, for |𝑧𝑧 − 𝑎𝑎| < 𝑟𝑟.  

Alternately, ℱ is locally bounded if there is an r > 0 such that                               

sup{|𝑓𝑓(𝑧𝑧)|: |𝑧𝑧 − 𝑎𝑎| < 𝑟𝑟,𝑓𝑓 𝜖𝜖 ℱ} < ∞. 

Remarks:- The sequence 𝑓𝑓𝑛𝑛(𝑧𝑧) = 1
1−𝑧𝑧𝑛𝑛

 is locally bounded, but not uniformly bounded in 

the disk |𝑧𝑧| < 1. 

Lemma 5. A set ℱ in H (G) is locally bounded if and only if ℱis uniformly bounded on 

each compact subset G. 

Proof:- Let ℱ be locally bounded and suppose E is a compact subset of G. For each point 

in E , choose a  ne ighborhood in which, ℱ is uni formly bounded. This provides an open 

cover for E. According to the Heine - Borel Theorem, there exists a finite sub cover of E. 

That is, there are finitely many 𝑧𝑧𝑖𝑖 ∈ 𝐸𝐸 and 𝜖𝜖𝑖𝑖 > 0 such that  

𝐸𝐸 ⊂�𝐵𝐵(𝑧𝑧𝑖𝑖 , 𝜖𝜖𝑖𝑖),
𝑛𝑛

𝑖𝑖=1

     where |𝑓𝑓(𝑧𝑧)| ≤ 𝑀𝑀𝑖𝑖  for all 𝑓𝑓 ∈ ℱ and all 𝑧𝑧 ∈ 𝐵𝐵(𝑧𝑧𝑖𝑖 ; 𝜖𝜖𝑖𝑖). 
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Then ℱ is uniformly bounded on E, having for a bound 𝑀𝑀 = max{𝑀𝑀1,𝑀𝑀2, … ,𝑀𝑀𝑛𝑛}. 

The converse is immediate from the fact that the closure of a neighborhood of a point is a 

compact set. .∎ 

Theorem 10[Montel's Theorem] A fa mily ℱ  in H (G) is nor mal if and onl y i f ℱ  is 

locally bounded. 

 Proof:- Suppose ℱ is normal but fails to be locally bounded; then there is a compact set  

E ⊂ G such that sup {|𝑓𝑓(𝑧𝑧)|: 𝑧𝑧 𝜖𝜖 𝐸𝐸, 𝑓𝑓 𝜖𝜖 ℱ}  =  ∞. That i s, there i s a sequence {  fn} in ℱ 

such that for a positive integer n, sup {|𝑓𝑓𝑛𝑛(𝑧𝑧)|: 𝑧𝑧 𝜖𝜖 𝐸𝐸}  ≥  𝑛𝑛. Since ℱ is normal there is a 

function f in H(G) and a subsequence {𝑓𝑓𝑛𝑛𝑘𝑘} such that 𝑓𝑓𝑛𝑛𝑘𝑘 → 𝑓𝑓.  

But this gives that  

sup��𝑓𝑓𝑛𝑛𝑘𝑘(𝑧𝑧) − 𝑓𝑓(𝑧𝑧)�: 𝑧𝑧 𝜖𝜖 𝐸𝐸� →  0    𝑎𝑎𝑎𝑎  𝑘𝑘 → ∞. 

If |𝑓𝑓(𝑧𝑧)|  ≤  𝑀𝑀 for z in E,                                     

𝑛𝑛𝑘𝑘 ≤  sup{|𝑓𝑓𝑛𝑛𝑘𝑘(z) − 𝑓𝑓(𝑧𝑧)|: 𝑧𝑧 𝜖𝜖 𝐸𝐸} +  𝑀𝑀 ;  

since the right hand side converges to M, this is a contradiction.  

Now suppose ℱ is l ocally bounded; t he Arzela - Ascoli Theorem will be  used to show 

that ℱ is normal. Since condition (a) of Theorem 7 is clearly satisfied, we must show that 

ℱ in equicontinuous at each point of G. Fix a point a in G and 𝜖𝜖 > 0; from the hypothesis 

there is an r > 0 and M > 0 such that 𝐵𝐵�(a; r) ⊂ G and |𝑓𝑓(𝑧𝑧)|  ≤  𝑀𝑀 for all z in 𝐵𝐵�(a; r) and 

for a ll f in ℱ . Let |z  −𝑎𝑎 | <  1
2
𝑟𝑟  and f ∈ ℱ ; then us ing C auchy's F ormula w ith                    

𝛾𝛾(t) = a + 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 ,    0 ≤ t ≤ 2𝜋𝜋,  

   |𝑓𝑓(𝑎𝑎) − 𝑓𝑓(𝑧𝑧)| =
1

2𝜋𝜋
��

𝑓𝑓(𝑤𝑤)(𝑎𝑎 − 𝑧𝑧)
(𝑤𝑤 − 𝑎𝑎)(𝑤𝑤 − 𝑧𝑧)

𝑑𝑑𝑑𝑑
𝛾𝛾

� 

≤
4𝑀𝑀
𝑟𝑟

|𝑎𝑎 − 𝑧𝑧| 



 

36 
 

Letting δ < min { 1
2
𝑟𝑟, 𝑟𝑟

4𝑀𝑀
𝜖𝜖} it follows that |𝑎𝑎 −  𝑧𝑧| < 𝛿𝛿 gives |𝑓𝑓 (𝑎𝑎) –𝑓𝑓(𝑧𝑧)| < 𝜖𝜖 for a ll f 

in ℱ.∎ 

Some Applications of Normal Families 

One can use Montel’s Theorem to prove many useful results. I present two of these here.                    

1. A set ℱ ⊂ H (G) is compact if and only if it is closed and locally bounded.  

Proof:- If ℱ is c ompact, then ℱ is c losed ( a ge neral pr operty t hat hol ds i n a ny metric 

space).  In order to show that ℱ is locally bounded, we will use the following device. Let 

E be any compact subset of G. Then 𝑓𝑓 →  sup {|𝑓𝑓 (𝑧𝑧)|: 𝑧𝑧 𝜖𝜖 𝐸𝐸} is a continuous map from 

H (G) into ℝ.  Thus, sup{ |𝑓𝑓(𝑧𝑧)|: 𝑧𝑧 𝜖𝜖 𝐸𝐸} for each f ∈ ℱ is a compact subset of ℝ .Then f 

is bounded for each z in E. Hence, by lemma 5, ℱ is locally bounded. Conversely, if ℱ is 

closed an d locally bounded, t hen ℱ  is cl osed an d, b y Montel’s theorem, normal. 

Therefore, by Lemma 3, ℱ is compact. 

Example:- Let G be open and E =𝐵𝐵�  (a, R) ⊆ G.  Define ℱ to be the set of all f ∈ C (G) 

such that  |𝑓𝑓(𝑧𝑧)|  ≤  1 for all z ∈ G and f (z) = 0 for z ∈ 𝐺𝐺 −  𝐸𝐸. Show that ℱ is a closed 

and bounded subset of C (G), but ℱ is not compact. 

Solution:- Let f → T (f) b e the suggested map. S ince |𝑓𝑓 |  ≤  1 on G and f = 0 on t he 

boundary of E, the integral over E is greater than 0 and T is well defined. If fn  ∈ ℱ and   

fn  → f, that is,     d(𝑓𝑓𝑛𝑛 , f) → 0, then  f → f uniformly on E, hence T(fn ) → T(f), so that T 

is c ontinuous.  I f ℱ  were co mpact, t hen T (ℱ) w ould be  a  c ompact, he nce bounde d, 

subset of the reals.  

If 0 < r < R, let f be a continuous function from G to [0, 1] such that f = 1 on 𝐷𝐷� = 𝐵𝐵�  (a, r) 

and f = 0 off E (Urysohn’s lemma).[4] Then  

� �|𝑓𝑓(𝑥𝑥 + 𝑖𝑖𝑖𝑖)|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≥
𝐸𝐸

� �1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 → � �1𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 
𝐸𝐸𝐷𝐷�

 

as r → R. Thus T (ℱ) is unbounded, a contradiction. 
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2. Vitali’s Theorem  If G is a region and {fn} ⊂ H(G) is locally bounded and  f  ∈ H(G) 

that has t he property t hat 𝐴𝐴 = {𝑧𝑧 ∈  𝐺𝐺 ∶  𝑙𝑙𝑙𝑙𝑙𝑙𝑓𝑓𝑛𝑛(𝑧𝑧) = 𝑓𝑓 (𝑧𝑧)} has a li mit point in  G 

then  fn → f .  

Proof:- The seq uence { fn} is a  locally bound ed s equence i n H(G) a nd by M ontel’s 

Theorem then {fn} is normal, so there is a subsequence {𝑓𝑓𝑛𝑛𝑘𝑘} ⊂ {fn} that converges to  f  

in H(G).  

Suppose that fn  ↛  f  in H(G) then there must be a compact set E ⊂ G the convergence is 

not uni form on E. In other words t here must be a n ε > 0  so  t hat f or al l n ∈ ℕ there is     

𝑧𝑧𝑛𝑛∈ E with |𝑓𝑓𝑛𝑛(𝑧𝑧𝑛𝑛)  −  𝑓𝑓(𝑧𝑧𝑛𝑛)|  ≥   𝜖𝜖. By compactness of E extract a subsequence of {𝑧𝑧𝑛𝑛}, 

say {𝑧𝑧𝑛𝑛𝑚𝑚 } that converges to a point z0 ∈ E.  

 The seq uence { fn} i s l ocally boun ded, s o i n pa rticular t he s ubsequence { 𝑓𝑓𝑛𝑛𝑚𝑚 } w ith 

indices corresponding to {𝑧𝑧𝑛𝑛𝑚𝑚 } i s, and again by Montel’s Theorem now applied to the 

subsequence and again the completeness of H(G) there is an analytic function g such that  

𝑓𝑓𝑛𝑛𝑚𝑚 → g in H(G). O n t he s et A of p oints of  poi ntwise convergence 𝑓𝑓𝑛𝑛 (z) → f  and            

𝑓𝑓𝑛𝑛 (z) → g.  

Now G is a  region and A has a  limit point in G so by t he Identity Theorem (Corollary 

IV.3.8)[1] already f = g on G which gives a  contradiction on the set E and the point z0 

because                                        

|𝑓𝑓𝑛𝑛𝑚𝑚 (𝑧𝑧𝑛𝑛𝑚𝑚 ) − 𝑓𝑓(𝑧𝑧𝑛𝑛𝑚𝑚 )|  →  |𝑔𝑔(𝑧𝑧0) − 𝑓𝑓(𝑧𝑧0)| ≥ ε.  

Hence we can conclude that fn→ f in H (G). 

Example:- Let f  be a locally bounded analytic function on D(0, 1) with the property that 

for so me θ, 𝑓𝑓(𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 ) approaches a  limit L as r → 1−.   F ix α ∈ (0, 𝜋𝜋
2
) a nd c onsider t he 

region S(θ, α) in Figure. Prove that if z ∈ S (θ, α) and z → 𝑒𝑒𝑖𝑖𝑖𝑖  , then f(z) → L.   

Solution:-  If z is a point on the open radial line S from 0 to 𝑒𝑒𝑖𝑖𝑖𝑖 , then 

 𝑒𝑒𝑖𝑖𝑖𝑖 + (
1
𝑛𝑛

) (𝑧𝑧 −  𝑒𝑒𝑖𝑖𝑖𝑖 )  =  (1 −  
1
𝑛𝑛

) 𝑒𝑒𝑖𝑖𝑖𝑖 +  (
1
𝑛𝑛

)𝑧𝑧  
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also lies on S, and approaches 𝑒𝑒𝑖𝑖𝑖𝑖 as n → ∞.   

By hypot hesis, 𝑓𝑓𝑛𝑛 converges poi nt w ise on S.  Since S certainly h as a  limit p oint in            

S (θ, α), Vitali’s theorem implies that 𝑓𝑓𝑛𝑛converges uniformly on compact subsets.  Given 

𝜖𝜖 > 0 there exists δ > 0 such that if z ∈ S (θ, α) and |z − 𝑒𝑒𝑖𝑖𝑖𝑖 | < δ,  then |z − w| < 𝜖𝜖 for some 

w ∈ S. It follows that by choosing z sufficiently close to 𝑒𝑒𝑖𝑖𝑖𝑖 , we can make f(z) as close as 

we wish to L, as desired. 

                                                                                   𝑒𝑒𝑖𝑖𝑖𝑖  

                                                                          ∝   ∝                                          

                                                                        0 

                                                                   S (𝜃𝜃,𝛼𝛼) 

 

Figure 

3.   Prove that in any region G  the family of analytic functions with positive real part is  

normal. Under what conditions is it locally bounded?   

Proof:-  Take 𝑒𝑒−𝑓𝑓  and if Re𝑓𝑓 >  0 

�𝑒𝑒−𝑓𝑓� = 𝑒𝑒−Re𝑓𝑓 ≤ 1. 

Then the family is locally bounded. 

Hence, by Montel’s Theorem the family is normal. 

4. If ℱis a family of analytic functions, which is not normal in G, show  that  there  is  a  

point  𝑧𝑧0∈  G  such  that  ℱis  not  normal  in  any neighborhood of 𝑧𝑧0.  

Proof:- Applying contra positive of Lemma 5 and Montel’s Theorem. 
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