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Notation

0 = Partial derivative

V2= Laplacian operator

@ = Flow rate of heat energy
¢ = Specific heat capacity

p = Mass density

dQ = Boundary of Q

l|. || = Norm

x = Directly proportional

e = Heat energy density

c® = k times differentiable function
k, = Thermal conductivity

71 = Unit normal vector

V= Gradient operator



Abstract

In this paper, heat equation is derived using Fourier’s law of heat conduction and
conservation of energy. In addition to this two laws Greens and divergence Theorem are used
to change or transform line integral in to surface integral and volume integral in to surface
integral respectively while deriving heat equation. The solution of heat equation is also
investigated using separation of variables by considering homogenous Dirchelt boundary
condition. The application of heat equation is also included.



Introduction

The heat equation is an important partial differential equation which describes the distribution
of heat or Variation in temperature in a given region over time. The heat equation has the
general form

ou 0%u

— = fk—
ot 0x?

For a function u(x, y, z, t) of three spatial variables x, y, z and the time variable t, the heat

equation is

ou 0°u d%*u 0%*u

ErR (6x2 + dy? + 622)

Or equivalently

R v
PR kV-eu

Where k is a constant

The heat equation predicts that if a hot body is placed in a box of cold water, the temperature
of the body will decrease, and eventually (after infinite time, and subject to no external heat
sources) the temperature in the box will equalize.

The heat equation is derived from Fourier’s law and conservation of energy. By Fourier’s law,
the flow rate of heat energy through a surface is proportional to the negative temperature
gradient across the surface,

@d=—-—kVu
Where, k is the thermal conductivity and u is the temperature.

In the absence of work done, a change in internal energy per unit volume in the material AQ is
proportional to the change in temperature. That is,

AQ = cpAu

Where c is the specific heat capacity and p is the mass density of the material. Choosing zero
energy at temperature zero, this can be rewritten as



Q = cpu

One of the methods used to solve heat equation is using separation of variables. To solve heat
equation by separation of variables boundary and initial conditions are needed.

Vi



Unit one

Preliminaries

1.1 Greens Theorem in a plane
Let R be a closed bounded region in the X-Y plane whose boundary C is a smooth curve. Let

. . . . o d
M(X, Y) and N(X, Y) be functions that are continuous and have continuous partial derivatives %

and z—: everywhere in some domain containing R. Then
JdN 6‘M
jf _——— dxdy = f(de+Ndy)
C

Or in vector form

ff curFdxdy = ng. ndr
R c

Where F(x,y) = M(x,y)i + N(x,y)j and n is a unit normal vector to C

Proof: Consider special regions below

Y, Y
v d|
R R aly)
| | P(y)
: ux) —=>"C | c| —>
|
d b x X
a<x<bandu(x) <Y < v(x) csY<dandp(y) <X <q()
b v(x)
a]\/Id dy = aMd d
|55 ”—f[()ﬁ Y



b
= f[M(x,v(x)) — M(x,u(x))]dx

b b
= fM(x,v(x))dx—fM(x,u(x)) dx

a b
- —fM(x,v(x))dx—fM(x,u(x)) dx
b a

=— fM(x,y)dx—le-M(x,Y) dx

cn

= —j)-M(x,y)dx

Therefore,

aMd dy=¢ M d
_ lf W xdy = 25 (62 I

oN _ (% ca 0N
Next, fRdedy = /. [fp(y) de]dy

d
- [ (NGO - V@) Iy
C

N@®),y)dy

N(q(y),y)dy —

ﬁ\’&
Q\:Q

N(®),y)dy

ae—

d
= fN(q(y),y)der
C

= fN(x,y)dy

c

ﬂ g—l;]dxdy = 7€N(x, VIAY v i it e et e et e e e e e e e
R c

(1)

(2)



Adding equation (1) and (2) we get

aN aM
ff o dxdy M(xy)dx+fN(xy)dy

c

aN 6M
ﬂ ——— dxdy= (Mdx + Ndy)
C

= ff curFdxdy = ng.ndr
R c

1.2 Divergence Theorem of Gauss
Let Q C R3 be a region bounded by a closed surface dQ and let n the unit outward normal
vector to dQ. If F is a vector function that has continuous partial derivative in Q, then

[[ o= [ e

Where,
F(x,y,z) =M(x,y,2)i+ N(x,y,2)j + P(x,y,2)k
Proof:
F.nds = M(x,y,z)i.nds + || N(x,y,z)j.nds + || P(x,y,z)k.nds ....(3)
And [[[ Vde—ffo dv +ffo dv +ffo SRR ) |

Equating (3) and (4) we get

ﬂM(x y,z)i.nds + ﬂN(x y,z)j.nds + ﬂP(x y,z)k.nds

[ [ e ] 2

Thus the Theorem will be proved if we can show

af!M(x,y,z)i.nds =JQH%—I\:dv



é[QfN(x,y,z)j.nds = gfg—l;dv
égP(x,y,z)k.nds = gfg—zdv

Since all the proofs are similar we will focus on only

égP(x,y,z)k.nds = gfg—zdv

Suppose the region Q can be described as
Q= {{(x, Yy, z)}|g(x, y) <Z < h(x,y),for (x,y) ER } where R is a region in the xy-plane
Think of Q as being bounded by three surfaces s, (top), s,(bottom), and s5(side)

Zz

Si: z=h(x, y)

X

S2: z=g(x, y)
On s3 the unit outward normalis parallel to the xy-plane and thus

ffp(x,y,z)k.nds = ﬂ 0ds =0
2Q aQ

Now we can calculate the surface integral over s;

s1 = {(x,y,2)|z = h(x,y) = 0for (x,y) € R}

The unit outward normal n is given by

— V(Z_h(x'J’)) _ _hx(x'y)L_hy(x'y)J-I_k
IV(z = hCyDIl [[=he G, ]2+ [—hy, G )2 + 1

And



1
VI G612 + [hy (6, 2 + 1

ﬂ p(x,y,z)k.nds = ff\/ s y)p(x }[]’Zh)y(x,y)]z = 1als = ffP(x,y,h(x,)/))dA

Similarly, the surface integral over s; is

k.n=

ffp(x,y,z)k.nds = —ff P(x,y,9(x,y))dA
s R

Finally,

ff p(x,y,z)k.nds = ff p(x,y,z)k.nds +ff p(x,y,z)k.nds+ff p(x,y,z)k.nds
aQ S1 S2 S3
= || Peuy.neeynaa - [[ Py, gt yas

= ﬂ [P(x,y,h(x,¥)) — P(x,y,9(x,))]dA
R

h(x, y)

ﬂ J —dzd Jojjg—idv

gxy)

Hence,

[ [ e

1.3 Fourier series representation of function
A Fourier series representation of a function f(x) over the interval —a < x < aisan
expression of the form

2 nmx nmx
FG) = g+ ) [ay cos(=—)b, sin(~-)



Where,

a

a, = %ff(x)dx

0

n = gff(x) cos(?)dx

_ Sff(x) sin(") dx

If the Fourier series representation of f(x) contains only sine Fourier series on the interval
—a<x<al(ief(x)=Yn1bn sin(%), then the Fourier coefficient b,, is given by

= [ reosin=) dx
0

For two dimensional case, a function f (x, y) containing only double sine Fourier series for
—a<x<aand —b<y<b(i.e.f(%,y) = Ym=12me1 bmn sin(%) sin(?)) the

coefficient b,,,, is given by

ab
4
bun == | [ £03sin(" sin 2
00

For three dimensional case, a f (x, y, z) containing only triple sine Fourier series for

—a<x<a,-b<y<b,and —c<z<c

(i.e.f(x%,9,2) = Yim=12in=1 2121 bmnt sin(%) sin(%) sin(lnTZ)) . The coefficient b,y;is
given by

ab

abc
8
o = == [ [ [ £y, 22 sin(ED) sin D) sin( 25
0 0O



Unit Two

Derivation of heat equation

To derive heat equation two concepts are needed:

1. Conservation of energy
2. Fourier’s law of heat conduction

. Conservation of energy

It states that the rate of change of heat energy between two ends is equal to the sum of rate of
heat energy flowing through ends plus rate of heat energy generated inside the segment of the
rod.

. Fourier’s law of heat conduction

It states that the flow rate of heat energy through a surface is proportional to the negative
temperature gradient across the surface. If the temperature is constant at different positions,
then no heat energy flows (i.e.@ = 0). If there are temperature differences at different
positions then heat energy flows from hot to cold. The greater the difference in temperature,

the greater the flux or heat energy flow (i.e. @ « — Z—Z).
Heat flow also depends on the type of material
dx,t) = —k, %u(x, t) , where k, is thermal conductivity of the material

2.1 One dimensional heat equation derivation
Consider a rod of length L and cross sectional area A

\
AN

To understand the distribution of heat energy in the rod consider the heat energy density

e = e(x,t), i.e. the heat energy per unit length at position x and time t. Assume that e depends
only on x and t .This means the rod is insulated (except possibly at the ends). The heat flux or



the amount of heat energy per unit flowing through a unit cross sectional area at x is denoted
by @ (, t).

B (a, ) N g,
A > / S
\
| | \ N
X=0 X=a X=b X=L

Consider possible heat source Q(x, t), i.e. The amount of heat energy per unit volume
generated per unit time.

Using conservation of energy:

Rate of change heat energy between x=a and x=b

Rate of heat energy flowing throughends | ... (5)

+

Rate of heat energy generated inside segment of the rod

Total heat energy between x=a and x=bis: A f: e(x,t)dx sothat the change of heat energy

between x=a and x=b is: % [A f: e(x, t)dx] et et eee e e e en een eae e e e een een eae e e sen een eee (O)
The rate of heat energy flowing through endsis: A @ (a,t)-A @ (b,t) e e v vv vev cev e e (7)
And the rate of heat generated inside the rod is: A f: QU6 )AX cv v e e et et e e e (8)

Substituting 6, 7, 8 in to (1) we get:

d

L1f e(xt)dx] =B (a0 -0 (b0 + [, Q(x t)dx

dt

Provided that e is continuous and a, b are constants with respect to t, then

d b b a
—J, e(x,)dx = J, — e(x, t)dx



And by the Fundamental Theorem of Calculus provided that @ & C!
ad b o
g (a!t) - g (b!t) = fb ag(x) t)dx = - fa ag(xl t)dx

So conservation of energy becomes

b 0 b d b
f —e(x, t)dx = —f —@(x, t)dx+f Q(x,t)dx
q Ot q 0x a

Or

fb[ie(x t) + i B(x,t) —Q(x,t)]dx =0 9
lgee e , , N |

Since, f:[%e(x, t) + aa_x B(x,t) — Q(x,t)]dx = 0 holds for arbitrary a and b we have the

following
0 0
T e(x,t) +a B(x,t) —Q(x,t) =0
0 __9 ] 10
T e(x,t) = o (X, 8) F QX E) ces e et e et et e e e et e e e e e s (10)

Energy density e(x, t) is given by the formula:

e(x,t) = c(x).p(x).u(x,t) , where c(x) = specific heat
u(x, t) = temperature
p(x) = mass density and

Substituting the value of e(x, t) in equation (10) we get

0

0
o7 [€00.p(0uk O] = === B(x,0) +Q(x,0)

c(®).p() = u(xt) = == B(x, 1) + Q(x, 1), but B(x,t) = — ko () = u(x,1)
c(0).p() 2 uCx,t) = 2= [ko (9 3= ux O] + Q. H

a 0?
C. pa LI(X, t) = ko ﬁu(xt t) + Q(x; t)



2
% u(x, t) = ka(%u(x, t) + q(x,t), wherek = IZ—: (k is called thermal diffusivity) and

aCx0) =422

cp

If no source of heat is present, then the one dimensional heat equation becomes

) a2
m u(x, t) = kﬁu(x, t) Oru; = kuy,

2.2 Two dimensional heat equation derivation
/ ) o
@

n / 1)

Considering only the normal component of the heat flux, i.e. taking the component of @ along

A~

n

S>

S) SN

3.7
Proj,gj = ||@||cos©® and cosO =

~

il il

hence, projection of @ along 71 is equal to @. i

The vector form of Greens Theorem that uses divergence is given by:

o g - v F = 08
§F.7.ds = [[,divFdA, wheredivF = _>+ %

The total heat energy on the surface is equal to:

Il e(x,y,6)dA = [[, c(x,y)p(x, y).u(x,y,t)dA and the rate of change of heat energy is
a
— I, (e »)p(x yulxy, )dA

Similarly, the rate of heat energy generated inside the region is: ffD Q(x,y,t)dA

Using only the normal component of the heat flux we get the rate of heat energy flowing
through the boundary line: — ¢ @(x,y, t). A(x, y)ds

10



Substituting the quantities in the conservation of heat energy equation (1) we get the following

%fchpu(x, y,t)dA = ffDQ(x,y, t)dA — jg B(x,y,t).1(x,y)ds ... ... ... ... (11)

In order to get the heat equation in PDE form we need to convert the line integral in to area
integral using Greens Theorem
350 Ads = ff 7.0 dA
c D
Equation (11) becomes
d
ff cp—u(xy,t)dA = ff Q(x,y,t)dA — ﬂ V.0 dA
p Ot D D

]ch(%u(x,y,t)dA—HDQ(x,y,t)dA+ﬂD|7_g dA = 0

ff [Cpiu(x,y,t)—Q(x,y,t)+|7.(Zi]dA=O
T

Since the above equation holds for arbitrary D, then we get

9]
cpau(x, V) = Q0 t) = V@ et et et e e e e e (12)
Using Fourier’s law of heat conduction in 2D, the heat flux @ is proportional to the temperature
- T
gradient Vu = (ax '3y

B, y,t) = —k,Vu(x,y,t)

Jdu Jdu

Q(X, Yy t) = _ko (a'@)

Hence equation (12) becomes

d ( 0 = 0( t)+(au au)k ou ou
P uxy D) =0y, 9x ' 9y "(ax'ay)

2

0 0%u  9%u
Cpa—tu(x,y,t) =Q(x,y,t) + ko(ﬁ-l'a_yz)

9 0 k,
a—tu(x, Y, t) = 5 + 5 (uxx + uyy)

11



k
U =q+ k(uxx +uyy);Where q= CQ_p and k = i
If no source of heat is present, then the two dimensional heat equation becomes
U = k(Ux +Uyy)

2.3 Three dimensional heat equation derivation
e

oR -

S

S>

S
)

%) l

Considering only the normal component the flux, i.e. taking the component of @ along 7

@
e 7
@.1n
Proj,%j = ||@]| cos©® and cosO = ||@Q:|i|r;|| . Hence, projection of @ along 71 is equal to @. 71

The total heat energy on the region R is equal to:

e, y,z,)dv = [[f, c(x,y, 2)p(x y, 2)u(x y,z t)dv

And the rate of change heat energy is %fffR c(x,y,2)pxy,2)u(xy,z t)dv
Similarly, the rate of heat energy generated inside the regionis: [ff, Q(x,y,t )dv

Using only the normal component of the heat flux, we get the rate of heat energy flowing
through boundary surface: — [[, @ (x,y,z,t).7 (x,y,z)ds

Substituting the quantities in the conservation of heat energy equation (1) we get the following

%fchpudv = fffRde - faRﬂ.ﬁ o (USRS @ 1))

12



In order to get the heat equation in PDE form we need to convert the surface integral in to
volume integral using the divergence theorem i.e.

f @.ﬁdsszfV.ﬂdv
OR R
Hence, equation (13) becomes

J[] cogzuae = [[f aav— [[f 7-0as
lﬂ‘m—u—Q+V¢] (PPN 2.3

Since equation 10 holds for arbitrary R we get

)
P u=Q+V.0=0

)
CP U= Q= V. ettt (1)

Now using Fourier’s law of heat conduction in its 3D form, the flux @ is proportional to the

ou du @
temperature gradient Vu = (—u Ju ou

"oy ’ oz
o( 0= —k (au Ju 6u> 16
X,y,Z,t) = —k, B’y "Bz e .(16)
Substituting equation 16 in to equation 15 we get
d
cpu= Q+V.(k,Vu
O u= +koVZu
Pou=¢
d k
0,=8 +—V2
ot cp  cp
0
ot L I |V VRN & 7))

ot

k
Where, qu—p,kzj and V2 u = uyy +uyy + Uy,

If there is no heat source heat equation (17) becomes u; = k(uxx + Uy + Uy,

13



Unit Three

Solution of heat equation using separation of variables
To solve heat equation by separation of variables boundary conditions and initial conditions are
needed and the following steps are followed

Step 1: In the first step, we need to find all solutions u(x, t),u(x,y,t) and u(x,y,zt) thatare
of the special form

u(x,t) = X(x)T (t), for one dimensional heat equation.
u(x,y,t) = XX)Y[)T (t), for two dimensional heat equation and

u(x,y,zt) = XX)Y()Z (z)T (1), for three dimensional heat equation such that X(x) depends
only on X, Y(y) depends only on y, Z(z) depends only on z and T(t) depends only on t. If we
find a bunch of solutions X;(x)Y;(y)Z;(z)T;(t) of this form, then since heat equation is a

linear equation }}; a; X;(X)Y;(y)Z;(2)T;(t) is also a solution for any choice of the constant a; .

Step 2: we impose the boundary conditions in to the solution form

Step 3: we impose the initial condition to get the general solution of heat equation

3.1 solution of one dimensional heat equation for homogeneous
Dirichelt boundary condition

9 u(x, t) = ka—zu(x t)
ot i 0x2 !

u(x,t) Denotes the temperature at a position x and time t in a long, thin rod of length [ that
runs from x=0 to x=[

! !
U(O, t) U(l, t)

Suppose the temperature at the ends of the rod is held fixed at 0 (boundary condition)
u(0,t) =0 forall t=0
u(,t) =0forall t =0

Assume that we know the temperature throughout the rod at time t = 0. So there is some
given function f(x) such that the initial condition

14



u(x,0) = f(x) forall 0 < x < lis satisfied

The problem is to determine u(x, t) for all x and t. u(x, t) can be solved using method of
separation.

We seek a separated solution of the form u(x,t) = X(x)T (t). In this case

a !
T u(x,t) = XT

a? "
ﬁu(x, t) =X'T

XT' = kX'"'T
XII 3 TI
X kT

The left hand side is independent of t and the right hand side is independent of x. The two sides
are equal, so both sides must be independent of both x and t and hence equal to some

constant, say -1 . So we have

Xn Tr
=—A and —=-1
X kT

Together with the boundary conditions we obtain the system
X'"+2AX =0 andT' + kAT =0,forX(0) =X(l) =0
Casel:For A =0,
X"=0

> X(x)=Cx+D
X(0)=0=X(0)=C0) +D=0=D=0 and
XHO=0=>C() =0=C=0
= X(x)=0

= u(x,t) = X.T = 0 This is a trivial solution

Case2:For 1 > 0,1 = p?

15



X"+p*X=0
= X = C cosfx + D sin fx
= X(0) = Ccos0+ Dsin0
=C=0
AndX(l) = DsinpBl =0
=pl=nn=p =$,forn= 1,2,3.....
Therefore, A, = (nTn)Zand X, (x) =D, sin(nTn)x
Case3:For 1<0,1=—-B%L+0
X"—B*Xx=0
= X(x) = C,eP* + C,e P~
X(0)=0= 0=_C.e’+ Ce°
= C+C=0
= (; = —C,
XD =0= 0=—CeP + Ce™P!
= Cy(—ePl+eP) =0
Since, B # 0, —ePf' + e Pt £ 0,hence C, = 0and C; = 0
Therefore, (x) = 0. This is a trivial solution.

The solution of the above equation is given by

. nm
X,(x) =D, sm(T)x Mm=1,2,3,

And
T'+ kAT =0
= T' = —kAT
= T—’ = —kA
T

16



= (InT)' = —kAdt
- f (InT)'dt = f (—k)Adt

= InT = —kAT + InC
=T =Ce
T, = Ce~ "

Therefore, the general solution of one dimensional heat equation for homogeneous Dirichelt
boundary condition is

Upn (x,t) = Xn(x)- T.(®)

nr T
=D, sin(T)x. Cpe K%

nm _phT
=A, sin(T)x.e K

nm T
u(x,t) = Z A, sin(T)x.e K
n=1

Using the initial condition, u(x,0) = f(x) and expressing f(x) in Fourier sine series,

FG) =) Ay sin(Tx
n=1

From Fourier series of f(x) and f is a C! function, we have

A =2 [l sin(Dx f@dx n=1,23..

Hence, u(x,t) = Yo 4y sin(nl—n)x e kD , Where 4,, = %fol sin(?)x f(x)dxandn =1,2 ...

17



3.2 solution of two dimensional heat equation for homogeneous
Dirichelt boundary condition

a X

U =k(uxx +uyy)for0<x<a,and0<y<b
u(0,y,t) =u(a,y,t) =0,for0 <y <b,andt >0
u(x,0,t) =ulx,b,t) =0,for0<x<a,andt >0

Physically, the above boundary conditions correspond to holding the temperature along the
edges of the plate to be 0.

The way the plate is heated initially is given by the initial condition
u(x,y,0) = f(x,y),(x,y) € R,where R = [0,a] X [0, b]
So, we seek a separated solution of the form
uxy,t) = X(x) Y(y) T(H)
Uy = XYT', Uy, = X"YT and u,, = XY''T
Inserting the above value in two dimensional heat equation we get
XYT' = k(X"YT + XY"'T)

Xyr' - X"YT XY'T

N
XYT k(XYT + XYT
T' lel+kYn

- —_— = —_ -
T X Y

n

The left hand side TF is independent of x and y and the right hand side XT is independent

n

of y and t. The second part of the right hand side YT is independent of x and t.Hence,
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k—=k = -—=—=08B, k, is constant.

= X"—BX=0

And
kY—sz2 :>Y—”=E=C, k, is constant
Y Y k
=Y'-CY=0
And

!

=T -k(B+C)T=0

The solution for X" — BX = 0, for B < 0 and B = —f3?
X" = (=X =0
= X" +B2X =0

The ODE has solution of the form X = e?* and substituting in to the above equation, we get the
characteristic equation 2% + 2 = 0 and A = +fi. Hence,

X,(x) =e¥* = cospfx +isinfx and
X,(x) = e ¥ = cos Bx —isin fx

X1+X;

— _ Xj+X - .
let X; = % = cosfx and X, = = sin fx

X(x) = C, cos fx + C, sin Bx is the general solution of X" + %X =0

X(0)=0=>C=0andX(a) =0 = C,sinfa=0
nm
Cysinffa=0= fa=nn :>,8=7forn=1,2,3...

Therefore, B,, = —(%)2 and the general solution of X" + ?X =0 is
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nm
X,(x) =C, sin(;x) forn=1,2,3,..
Similarly, the solution forY' —CY =0 and C = —y?is
mm
Y (y) = Dy, sin(Ty) form=1,23......

The solution for T' — k(B + C)T =0
T'—k(-B*—yH)T =0

>T +k(B2+y3)T =0

TI
> 5= k(B )
= (InT) = —k(B* +y?)

= T(t) = e kB*+r)t

—22 .t n? m?2
= T (t) = e’ where Ay, = vk S+

Assembling these results, we find that for any pair m,n = 1, we have

Umn (X, Y, 1) = X ()Y, () T (£)

U (X, 7, 1) = Cpy sm(—x)D sm( y)e ~Ainnt

U (X, Y, 1) = Ay, sm( x) sm(—y)e ~Amnt  where Cp Dy = Ay

For any choice of constants A,,,,, by the Principle of Superposition, we have the general
solution

u(x }’» t) = Z Z Amn sm(—x) S]n(—y)e Amnt

m=1n=

The coefficients A,,,,, can be determined using the initial condition

u(x,y,0) = f(x,5)

ﬂw%ﬂw@—zzAwaMM30

m=1n=1
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This is just the double Fourier series for f(x,y) and f is a C? function then we have
a b
A_4j‘j‘()_nn_mndd
mn = | | fCuy)sin(—x) sin(——y)dydx
00

Therefore, the solution to heat equation in two dimensions with homogeneous Dirichlet
boundary condition and initial condition is given by

SRR ,NT  OMT o
u(x,y,t) = z z Amn sm(;x) sm(Ty)e mn

m=1n=1
Where,

mZ
b2

4 a b
A == | [ £Gu)sinC2) sin(osy)dydx and oy = R
00

3.3 solution of three dimensional heat equation for homogeneous
Dirichelt boundary condition

a X
utzk(uxx +uyy+uzz)for0<x<a,0<y<band0<z<c
u(0,y,z,t) =u(a,y,zt)=0,for0<y<b0<z<c,and t >0
u(x,0,z,t) =u(x,b,z,t) =0, for0<x<a0<z<candt =0

u(x,y0,t) =ulx,y,c,t) =0,for0<x<a0<y<bandt=>0
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Physically, the above boundary condition corresponds to holding the temperature along the
boundary of the region R to be 0.

The way the region is heated initially is given by the initial condition
u(x,v,2,0) = f(x,y,z) ,where (x,y,z) €ER
So, we seek a separated solution of the form
uxy,zt = X&) Y{Z(2) T (1)
u, = XYZT', Uy = X"YZT, Uy, = XY"ZT and u,, = XYZ"T
Inserting the above value in three dimensional heat equation, we get

XYZT' = k(X"YZT + XY"ZT + XYZ''T )

XYZT'  X"YZT XY"ZT XYZ'T
= = k( + +
XYZT XYZT © XYZT = XYZT

! 144 143 ZII
>—==k—+k—+k—
T X + Y + Z
The left hand side T? is independent of x,y and z .
And the right hand side:
is independent of y, z and t.
YT is independent of x,z and t.
27 is independent of x,y and t.
Hence,
an k XII kl
—_—— ) — = — =
X 1 Xk
= X"—-BX=0
And
YII YII kz
k—=k, > —=—=
Y z Yk
=YY" -CY =



And

kZII k ZII k3 D
—_— ) — = — =
A 3 Z k

=7"-DZ=0

And

!

T

=T -k(B+C+D)T=0

The solution for X" — BX =0, for B < 0 and B = —f32
X" = (=pHX =0
=X"+p*X=0

The ODE has solution of the form X = e?* and substituting in to the above equation we get the
characteristic equation 12 + 32 = 0 and 1 = +i. Hence,

X, (x) = e'P* = cosBx +isinfx and
X,(x) = e %% = cos fx — i sin Bx

X1+X,

— _ X;+X - :
PutX, = % = cosfxand X, = = sin fx

X(x) = C;, cos fx + C, sin Bx is the general solution of X" + %X =0

X(0)=0=>C=0and X(a) =0 = C,sinfa=0
nm
C,sinfa=0=PBa=nn = f = forn=1,2,3,..
Therefore, B,, = —(nTZT)2 and the general solution of X" + B2X =0 is
nm
X,(x) =C, sin(?x) forn=1,2,3,..
Similarly, the solution forY' —CY =0 and C = —y?is

mn
Y (¥) = Dy sin(Ty) form=1,23..,
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And the solution for Z”’ — DZ = 0,D = —a?is

I
Z(z) = E; sin(?z) forl=1,23,..

The solution forT'— k(B+ C +D)T =0
T'—k(=p?—y?2—a?)T=0

=>T' +k(B2+y>+a?)T=0
TI

= == —k(B*+y*+a®)

= (InT) = —k(B* +y? + a?)

= T(t) — e—k(ﬁz+y2+a2 )t

lz
42
= T () = e~ *mnit, where Ay, = vk |— .|. F +

Assembling these results, we find that for any pair m,n,l > 1, we have
Umni (x, Yz, t) = Xn(x)Ym(y)Zl (Z)Tmnl(t)

umnl(x,y,z,t)zCnsin( x)D sm( y)Elsm(—z)e Anmit

. nm omm Cdm
U (X, Y, 2, ) = A sm(; x) sm(T y) sm(? z)e~"mn

where, C,, Dy, E; = At
For any choice of constants A,,,;, by the Principle of Superposition, we have the general

solution

—AZnt

ulx,y, zt) = Z

m=1n

Amni sm(— X) sm(— y) sm(— z)e~

© oo
=11=1

The coefficients A,,,,; can be determined using the initial condition

u(x,y,z,0) = f(x,y,2)
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flx,v,2) =ulx,y,20) = Z Z Z mnl sm(—x) sm(—ny) sm(—z)

m=1n=11=1
This is just the triple Fourier series for f(x,y, z) and f is a C? function then we have

a b c

A—8”f( ysin(Z x) sin(2Z ) sin(T
mnl = f(x,y,2) sin( a x) sin( b Y) Sln(c z)
0 00

Therefore, the solution to heat equation in three dimensions with homogeneous Dirichlet
boundary condition and initial condition is given by

SR . nm . omn L P
u(x,y,zt) = Z Z Z mnl 51n(7x) sm(Ty) sm(?z)e mnt

=1n=11l=1
Where,
3 a b c
Apnt = ;J‘ fff(x Y, Z) sm(—x) sm( y) sm(—z)
000
And

3.4 Application of heat equation
A 2x2 square plate with k = % is heated in such a way that the temperature in the lower half is

50°C, while the temperature in the upper half is 0°C. After that, it is insulated laterally and the
temperature at its edges is held at 0°C. Find an expression that gives the temperature in the
plate fort > 0.

_(50,ify<1
fen =1, Ao
0°C
2
T=0C
0 0
0°Cl 1 _soc 0°C
0°c 2
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The coefficients in the solution is determined by

4 a b
Amn =Jfff(x y) sm(—x) sm(—y)dydx

4
X 2

N

2 2
f J. flx,y) sin(% x) sin(? y)dydx
00

2 2

f flx,y) sin(n; X) sin(g y)dydx + f f f(x,y) sin(n; X) sin(% y)dydx
0

01

Il
o

2 1

nm mn
ffSO sin(7x) sin(Ty)dydx
00

1

2
nm min
= fSO sin(7x)dxjsin(7y)dy
0

0

= 50 = (~eos(5) |5 = (~cos( 5]

0 mm

100 2 mn
= ——[— cosnm + cos 0].—[— cos— + cos 0
nm mmn 2
mm
200 (1 — cosnm) (1 —cos—-)

2 n m

mn
200 (1 4 (—1)™*1) (1 — cos—-)
T2 n m

The temperature throughout the plate at any time t is given by

u(x,y,t) = Z Z Amn sm( x) sm(— y)e-lmnt

m=1n=

2

n% m2
—(T[\/E ﬁ+b_2) t

N NC200(1+ (- 1)”+1)(1—c05"§)
-2 .

.onm . omm
sin( " x) sin( 5 y)e

71-2
m=1n=1
© mn
_ 200 A+ DA —cosn) nm o omn | o
=— - — sm(2 x) sin( > y)e
m=1n=1
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3.5 Fundamental solution of heat equation
A fundamental solution, also called a heat kernel, is a solution of the heat equation
corresponding to the initial condition of an initial point source of heat ata known
position. These can be used to find a general solution of the heat equation over certain
domains; in one variable, the Green's function is a solution of the initial value problem

{ut(x, t) = ki, (x, 1), —0o<x<0,0<t<oo
u(x,0) = 6(x)

Where § is the Dirac delta function. The solution to this problem is the fundamental solution.

1 ( x?
exp(—-—
Varkt 4kt

One can obtain the general solution of the one variable heat equation with initial

d(x,t) =

condition

u(x,0) = g(x) for —o < x < w0 and 0 <t < o by applying a convolution:

u(x,t) = f o(x —y,t)g(y)dy

In several spatial variables, the fundamental solution solves the analogous problem

n

u(x,t) = kZuxixi (x,t), —o<x;<,i=1,..,nand 0 <t < o
i=1

u(x,0) = 6(x)

The n-variable fundamental solution is the product of the fundamental solutions in each
variable; i.e.

xZ

1
J@mkt)™ P Tkt

The general solution of the heat equation on R" is then obtained by a convolution, so that

DX, t) = DP(xq, ) DP(x5,t) .. P(xp, t) = )

to solve the initial value problem with u(x,0) = g(x), one has

u(x,t) = J O(x —y,t)g(y)dty

RN

The general problem on a domain Qin R" is
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u(X,t) = kZuxixi X,t), XeQ0<t<o
i=1

u(X,0) = 56(X)

With Dirichlet boundary data. A Green’s function always exists, but unless the domain Q can
be readily decomposed into one-variable problems , it may not be possible to write it
down explicitly. The method of images provides one additional technique for obtaining
Green’s functions for non-trivial domains. Some Green's function solutions in 1D. A variety of
elementary Green’s function solutions in one-dimension are recorded here. In some of these,
the spatial domain is the entire real line(—oo, ). In others, it is the semi-infinite interval

(0, o0) with Dirichlet boundary conditions.

Initial value problem on (—o0, ).

{ut(x, t) = ki, (x, 1), —o<x<0,0<t< oo
u(x,0) = g(x)
M%ﬂ_f——f S 5653y

Initial value problem on (0, ) with homogeneous Dirichlet boundary conditions

u,(x,t) = ku,,(x,t), 0<x<ow,0<t<oo
u(x,0) = g(x)
u(0,t) =0

1 (x — y)? (x + )’
zmxx)-J@ﬂglkkxp(——faas—>—exp(———Z;;—)gOOdy>
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