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Abstract

The linear time invariant discrete-continuous systems, studied in this work, contain the

two coupled subsystems: subsystem with continuous-time dynamics and subsystem with

discrete-time dynamics. Continuous dynamics is described by ordinary linear differential

equations, and a discrete one is described by difference equations for system’s state jumps

in prescribed time moments. For this class of models the reachability and the controllability

properties are investigated, concerned with the following questions: Is it possible to steer

the system , by suitable choice of the input function, from one particular state to another

particular state? How long does the transition take? Can we find a concrete formula for an

input function that force the system to go from one particular state to another particular

state? As well controls are found for such systems states transition. Those solutions were

applied for dynamical systems control design.
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Notations

R[s]p×q a polynomial matrix in the variable s with real coefficients.

Rn1×n2 set of real n1 × n2 matrices

Z+ set of positive integers

Z set of integers

Q set of rational numbers

R set of real numbers

C set of complex numbers

T model of time set.

W denote the set of signal value set

WT set of functions T→W

B ⊆WT called behaviour∑
denote the dynamic system

deg degree of polynomial

det determinant

σ, σt shift-operator

Ck(R) set of k times continuously differentiable functions

im image of linear map

ker kernel of linear map

χA characteristic polynomial of the square matrix A
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Chapter 1

Preliminaries

1.1 Quotient field of an integral domain

Definition 1.1.1. By a ring we mean a nonempty set R with two binary operations + and

· called addition and ,multiplication (also called product), respectively, such that

• (R.+) is an additive abelian group.

• (R, · ) is a multiplicative semigroup.

• Multiplication is distributive (on both sides) over addition;

Definition 1.1.2. A ring R whose nonzero elements form a group under multiplication is

called a division ring. If in addition, R is commutative, then R is called a field.

The rational numbers Q, the real numbers R, and the complex numbers C are examples

of fields.

Definition 1.1.3. A ring R is called an integral domain if xy = 0, x ∈ R, y ∈ R. implies

x = 0 or y = 0.

The ring of integers Z is an integral domain. Every field (therefore every division ring)

is an integral domain.

Linearity A system is considered linear if it satisfies the conditions of Additivity and

Homogeneity.

In short, a system is linear if the following is true: Take two arbitrary inputs, and produce

two arbitrary outputs:

y1 = f(x1)

y2 = f(x2)

Now, a linear combination of the inputs should produce a linear combination of the outputs:

(Ax+ By) = f(Ax) + f(By) = Af(x) + Bf(y)

Definition 1.1.4. A nonempty subset W of a vector space V is called a subspace of V if

W is a vector space under the operations addition and scalar multiplication defined in V.
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Theorem 1.1.1. Let V be a vector space and S = {v1, v2, . . . , vn} be a basis of V. Then

every set of vectors in V containing more than n vectors in V is linearly dependent.

Theorem 1.1.2. If one subspace is contained in another, S ⊆ T, then dim(S) ≤ dim(T).

If S ⊆ T and dim(S) = dim(T) , then S = T

Theorem 1.1.3 (Linearly independent set extends to a basis). Every linearly independent

list of vectors in a finite-dimensional vector space can be extended to a basis of the vector

space.

Proof. Suppose V is finite dimensional and {v1, . . . vm} is linearly independent in V . We

want to extend {v1, . . . vm} to a basis of V . We do this through the multistep process

described below. First we let {w1, . . . , wn} be any list of vectors in V that spans V .

• step 1: If w1 is in the span of (v1, . . . , vm), let B = (v1, . . . , vm). if w1 is not in the

span of (v1, . . . , vm), let B = (v1, . . . , vm, w1)

• step j: If wj is in the span of B, leave B unchanged. If wj is not in the span of B,

extend B by adjoining wj to it

After each step, B is still linearly independent because otherwise the linear depen-

dence (recall that (v1, . . . , vm) is linearly independent and any wj that is adjoined

to B is not in the span of the previous vectors in B). After step n, the span of B

includes all the wjs. Thus the B obtained after step n spans V and hence is a basis

of V .

1.2 Eigenvalues and eigenvectors

Suppose A is a complex n× n matrix. (The use of the word complex also includes real.)

Definition 1.2.1. A complex number λ is an eigenvalue of A if there is a nonzero vector

v such that

Av = λv

The nonzero vector v is called an eigenvector of A corresponding to λ.

So, an eigenvector of A is a nonzero complex n-vector with the property that there is

a complex number λ such that the above relationship holds or, equivalently,

(λI−A)v = 0

Since v is nonzero, λI−A must be singular; so,

det(λI−A) = 0

• det(λI−A) is a monic polynomial of degree n. We call this polynomial characteristic

polynomial of A, and denote it by χA(λ). Thus

χA(λ) = det(λI−A)

2



⇒ χA(λ) = det(λI−A) = a0 + a1λ+ . . .+ λn

• We conclude that a complex number λ is an eigenvalue of A if and only if it is a

root of the characteristic polynomial of A. Hence, A has at least one eigenvalue and

at most n distinct eigenvalues. Suppose A has l distinct eigenvalues, λ1, λ2, . . . , λl ;

since these are the distinct roots of the characteristic polynomial of A, we must have

det(sI−A) =
l∏

i=1

(s− λi)mi

• The integer mi is called the algebraic multiplicity of λi if(s − λi)
mi | χA(λ) but

(s− λi)mi+1 - χA(λ) .

• It should be clear that if v1 and v2 are any two eigenvectors corresponding to the

same eigenvalue λ and ξ1 and ξ2 are any two numbers then (provided it is nonzero)

ξ1v1 + ξ2v2 is also an eigenvector for λ. The set of eigenvectors corresponding to λ

along with the zero vector is called the eigenspace of A associated with λ. This is

simply the null space of λI−A

• The geometric multiplicity of λ is the nullity of λI −A, that is, it is the maximum

number of linearly independent eigenvectors associated with λ.

• It follows that A is invertible if and only if all its eigenvalues are nonzero.

1.3 Similar Matrices

A square matrix A is said to be similar to another square matrix A if there exists a

nonsingular matrix T such that A = T−1AT. If A and B are similar , then

• det(A) = det(B)

• χA = χB and, hence, A and B have the same eigenvalues with the same algebraic

multiplicities.

1.4 Cayley-Hamilton Theorem

The following result is a fundamental result in linear algebra and is very useful in systems

and control.

Theorem 1.4.1. If χA is the characteristic polynomial of a square matrix A, then

χA(A) = 0

Suppose the characteristic polynomial of A is

det(sI−A) = a0 + a1s+ . . .+ an−1s
n−1 + sn

3



Then the Cayley Hamilton theorem states that

a0I + a1A + . . .+ an−1A
n−1 + An = 0

hence,

An = −a0I− a1A− . . .− an−1An−1

From this one can readily show that for any m ≥ n,Am can be expressed as a linear

combination of I,A, . . . ,An−1 . Hence, any polynomial of A can be expressed as a linear

combination of I,A, . . . ,An−1 .

1.5 The state transition matrix: eAt

Consider a complex valued function f of a complex variable λ. Suppose f is analytic in some

open disk λ ∈ C : |λ| < ρ of radius ρ > 0. Then, provided |λ| < ρ, f(λ) can be expressed

as the sum of a convergent power series; specifically

f(λ) =
∞∑
0

akλ
k = a0 + a1λ1 + a2λ2 + . . .

where

ak =
1

k!
f (k)(0) =

1

k!

dkf

dλk
(0)

Suppose A is a square complex matrix P and |λi| < ρ for every eigenvalue λi of A. Then,

it can be shown that the power series
∑n

k=0 akA
k = a0I + a1A + a2A

2 + . . .

The matrix exponential: eA

Recall the exponential function:

f(λ) = eλ

This function is analytic in the whole complex plane (that is ρ =∞) and

dkeλ

dλk
= eλ

for k = 1, 2, . . . ; hence for any complex number λ,

eλ =
∞∑
k=0

1

k!
λk = 1 + λ+

1

2
λ2 +

1

3!
λ3 + . . .

Thus the exponential of any square matrix A is defined by:

eA =
∞∑
k=0

1

k!
Ak = I + A +

1

2!
A2 +

1

3!
A3 + . . .

and this power series converges for every square matrix A.
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The state transition matrix: eAt

Using the above definitions and abusing notation (eAt instead of etA ),

eAt :=
∞∑
k=0

1

k!
(tA)k = I + tA +

1

2!
(tA)2 +

1

3!
(tA)3 + . . . (1.1)
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Chapter 2

Introduction

2.1 What is a system?

The word “system” comes from the Greek word, which originally meant something like

to stand/put/place together.

Definition 2.1.1. A system is a collection of parts that interact with each other to function

as a whole.

We are interested in dynamical systems. The components of a dynamical system evolve in

time . Mathematically speaking, they are functions of time , they will be called “

Signals”

Definition 2.1.2. A dynamical system Σ is determined by the following data:

• a set T, called the time set;

• a set W, called the signal value set;

• a set B ⊆WT, called the behavior.

The set T is our mathematical model of time. We will deal exclusively with the following

cases:

• T = Z or a subinterval, especially N := {0, 1, 2, ...} (discrete time);

• T = R or a subinterval, especially R+ := [0,∞) (continuous time).

A signal w is a function of time, taking its values in the signal value set W . We write

w : T −→W, t 7→ w(t).

set WT is the set of all functions from T to W , therefore it is the set of all signals.

Typically, not all signals in WT can occur in our system (or at least, a system in which

anything can happen would not be very interesting from the mathematical point of view).

Usually, there will be a system law which is satisfied only by some signals.
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The subset B of WT formalizes this law which governs the system. The signals w ∈ B are

precisely those which are compatible with the system law, that is, they may occur in our

system. We also call them admissible, and we write

B = {w ∈WT|w satisfies the system law}

Typically, a signal has several, say q, components coming from the same set K (usually,

K = R). Then W = Kq , and a signal has the form

w : T −→ Kq, t 7→ w(t) =


w1(t)

...

wq(t)


In that case, we call w a signal vector, and WT is the set of all signal vectors. Each

component wi of w is again called a signal.

This leads to a slight modefication to definition 2.1.3

Definition 2.1.3. A dynamical system Σ is determined by the following data:

• a set T, called the time set.

• a set A, called the signal set;

• a positive integer q, called the number of signals;

• a set B ⊆ Aq, called the behavior

Define A := KT , This will be called a signal set.

Finally, we arrive at the following definition.

Definition 2.1.4. A dynamical system Σ is determined by the following data:

• a set A, called the signal set;

• a positive integer q, called the number of signals;

• a set B ⊆ Aq , called the behavior.

Here, A and q define the setting/mathematical framework for our description of the

system: A is the set of all signals, and Aq is the set of all signal vectors with q components.

The signal vectors w ∈ B are precisely those which are compatible with the system law,

that is,

B = {w ∈ Aq|w satisfies the system law}.

Remark 2.1. Prototypes of signal sets:

• the set of all functions from N to R,

A = RN

(such functions are usually called sequences);
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• the set of k times continuously differentiable functions from R to R (where 0 ≤ k ≤
∞)

A = Ck(R);

• the set of generalized functions or distributions

A = D′(R).

Example 2.1.1. Consider the linear constant-coefficients differential equation ẋ(t) = ax(t)+

b(t), where t ∈ R and 0 6= a ∈ R. show that, if b = h, the heaviside function, then there

exists no classical solution, that is , no x ∈ C1(R) that satisfies the equation ẋ = ax + b.

However, there exist classical solutions for t > 0 and for t < 0, separately. Compute the

general solutions in these intervals, and combine them into a global solution x ∈ C0(R).

Solution:-

Suppose that x is a classical solution, that is, continuously differentiable. Then , ẋ is a

continuous function, and so is ẋ− ax = h because h is not continuous at zero.

On (−∞, 0), we have to solve ẋ = ax. The general solution is

x(t) = eatc−

where c− is a constant. We have limt→0− x(t) = c−.

On (0,∞), we have to solve ẋ = ax+ 1. The general solution is

x(t) = eatc+ +
1

a
(eat − 1)

We have limx→0+ x(t) = c+ Therefore, to make the global solution continuous, we choose

c+ = c− =: c and obtain

x(t) =

{
eatc if t ≤ 0

eatc+ 1
a
(eat − 1) if t ≥ 0

Which we can write concisely as

x(t) = eatc+
1

a
(eat − 1)h(t).

Example 2.1.2. Suppose we have two signals x and b which are linked via

ẋ(t) = A(t)x(t) + b(t)

where A : R→ Rn×n , t 7→ A(t) is a smooth map. From the theory of ordinary differential

equations, we know that if b : R → Rn , t 7→ b(t) is continuous, then the initial value

problem (where t0 ∈ R and x0 ∈ Rn are arbitrary)

ẋ(t) = A(t)x(t) + b(t)

x(t0) = x0

8



has a unique solution x : R → Rn, t 7→ x(t) which is in (C1R)n . Therefore, we may

put T = R,W = R2n and

B =
{

(x, b) ∈WT | (x, b) ∈ C1(R)n × (C0R)n and ẋ(t) = A(t)x(t) + b(t)
}
.

This behavior has the remarkable property

∀b ∈ C0(R)n ∃x ∈ C1(R)n : (x, b) ∈ B. (2.1)

Later on, we will call signals b with this property inputs.

In order to avoid having to specify how many times a function is differentiable, it is con-

venient to work with distributions. We put A = D′(R), q = 2n, and

B = {(x, b) ∈ Aq | ẋ = A(t)x(t) + b(t)} .

This is more general because we may now have discontinuous b, such as, e.g., the Heav-

iside function. Again, we have (compare with (2.1))

∀b ∈ An ∃x ∈ An : (x, b) ∈ B.

Take the scalar example.

A(t)x(t) + b(t).

The classical solutions are

x(t) = etx0 +

∫ t

0

etτb(τ)dτ

where x0 ∈ R is arbitrary. If b is the Heaviside function

b(t) =

{
0 if t < 0

1 if t ≥

then we obtain

x(t) = etx0 +

{
0 if t < 0

et − 1 if t ≥

which is C0 , but not C1 , and hence not a classical solution.

2.2 System properties: LTID systems

For the definition of linearity, we need to fix an underlying number field K. We will focus

on K = R, and therefore we give the definition for that case only.

Definition 2.2.1. A dynamical system Σ = (A, q,B) is called linear if A is a real vector

space, and B is a subspace of Aq

9



The first requirement means that linear combinations of signals are again signals,

a1, a2 ∈ A, λ1, λ2 ∈ R⇒ λ1a1 + λ2a2 ∈ A

and the second requirement means that linear combinations of admissible signal vectors

are again admissible signal vectors,

w1, w2 ∈ B, λ1, λ2 ∈ R⇒ λ1w1 + λ2w2 ∈ B.

We call this condition the superposition principle.

Remark 2.2. All signal spaces in Remark 2.1 are real vector spaces.

Any A of the form A = RT is a real vector space. For a1, a2 ∈ A, λ1, λ2 ∈ R, we have

λ1a1 + λ2a2 : T −→ R, t 7→ λ1a1(t) + λ2a2(t).

More generally: If W is a real vector space, then so is WT .

Definition 2.2.2. A dynamical system Σ = (T,W,B) is called linear if W is a real

vector space and B is a subspace of WT.

Definition 2.2.3. Let T be such that

t1, t2 ∈ T⇒ t1 + t2 ∈ T. (2.2)

For τ ∈ T , we define the shift operator στ by

στ : WT −→WT, w 7−→ στw

where

(στw)(t) = w(t+ τ).

A dynamical system Σ = (T,W,B) is called shift-invariant (or: time-invariant) if for all

τ ∈ T

w ∈ B ⇒ στw ∈ B.

Definition 2.2.4. A dynamical system Σ = (T,W,B) is called a differential (dif-

ference) system if its time set is continuous (discrete) and its system law is given by

differential (difference) equations.

This is the class of systems we will mainly study: linear, time-invariant (LTI) differ-

ential (difference) systems. The system laws will have the following form:

10



Differential systems: Systems of linear differential equations with constant coefficients.

These can be put in the form

(Rd
dd

dtd
+ ...+ R1

d

dt
+ R0)w = 0 (2.3)

where Ri ∈ Rp×q are real matrices. We define

R := Rds
d + . . .+ R1s+ R0.

Then R is a polynomial p× q matrix, and we may rewrite 2.3 in the concise form

R(
d

dt
)w = 0

Remark 2.3. We have R[s]p×q = Rp×q[s] . To see this Consider the 2 × 3 matrix given

below;

R =

[
s3 −2 + s 3

−1 + s2 1 + s+ s2 s

]
∈ R[s]2×3

Then R can also be written as :

R =

[
1 0 0

0 0 0

]
︸ ︷︷ ︸

=:R3

s3 +

[
0 0 0

1 1 0

]
︸ ︷︷ ︸

=:R2

s2 +

[
0 1 0

0 1 1

]
︸ ︷︷ ︸

=:R1

s+

[
0 −2 3

−1 1 0

]
︸ ︷︷ ︸

=:R0

= R3s
3 + R2s

2 + R1s+ R0 ∈ R2×3[s]

thus,

R(
d

dt
)w = 0⇔ (R3

d3

dt3
+ R2

d2

dt2
+ R1

d

dt
+ R0)w = 0

The multivariable differential equation R( d
dt

)w = 0 is :

d3

dt3
w1 − 2w2 +

d

dt
w2 + 3w3 = 0

−w1 +
d2

dt2
w1 + w2 +

d

dt
w2 +

d2

dt2
w2 +

d

dt
w3 = 0

Difference systems: Systems of linear difference equations with constant coefficients.

These can be put in the form

Rdw(t+ d) + ...+ R1w(t+ 1) + R0w(t) = 0 for all t ∈ T (2.4)

where Ri ∈ Rp×q are real matrices. Using the shift operator στ , we may write

(Rdσd + ...+ R1σ1 + R0)w = 0.

11



We define σ := σ1, then σk = σk(k−fold application of σ). If we put again R := Rds
d +

...+ R1s+ R0 then we can write (2.4) in the concise form

R(σ)w = 0.

Example 2.2.1. Genetics/Gender-linked genes: An allele (a certain form of a gene) is

located on the X-chromosome. Females have two X-chromosomes, males have one X- and

one Y-chromosome. Let pf (i) be the frequency of the allele in the female gene pool of the

i− th generation and let pm(i) be the same for the male gene pool. Since a son inherits his

X-chromosome from the mother,

pm(i+ 1) = pf (i)

and since a daughter receives one X-chromosome from the father and one from the mother,

pf (i+ 1) =
2

1
(pf (i) + pm(i)).

The time set is discrete. Both T = Z and T = N are suitable choices. We have two signals

pm and pf , taking their values in R, hence W = R2 and

B =

{[
pm

pf

]
∈WT |

[
pm(i+ 1)

pf (i+ 1)

]
=

[
0 1
1
2

1
2

] [
pm(i)

pf (i)

]
for all i ∈ T

}
.

In the following, let R be a p× q polynomial matrix in the variable s, with real

coefficients. We write

R ∈ R[s]p×q.

From now on, we will restrict our discussion to the following standard

models:

• The continuous standard model is

B = {w ∈ Aq | R(
d

dt
)w = 0}

. where A = D′(T) with T = R or T = R+.

• The discrete standard model is

B = {w ∈ Aq | R(σ)w = 0}

where A = RT with T = N or T = Z.

12



2.3 Representations

The polynomial matrix R in the above two models is called a representation of B. Note

that once A and q are fixed, the behavior B is uniquely determined by R. Conversely, there

are many polynomial matrices which represent the same behavior. To see this we introduce

the concept of unimodular matrix.

Definition 2.3.1. A square polynomial matrix U is called unimodular if its determinant

is a non-zero constant, that is, det(U) ∈ R\{0}. This is equivalent to the existence of a

polynomial matrix V such that

UV = VU = I.

Clearly, V is the inverse of U, which exists because U is non-singular, i.e., det(U) 6= 0.

Unimodularity is much stronger than non-singularity, the crucial point is that U

possesses a polynomial (rather than a rational) inverse.

We observe that pre-multiplication by a unimodular matrix U does not change the

behavior represented by R. More precisely, R and R̂ = UR represent the same behavior,

because

R(
d

dt
)w = 0 =⇒ U(

d

dt
)R(

d

dt
)w = R̂(

d

dt
)w = 0

R̂(
d

dt
)w = 0 =⇒ V(

d

dt
)R̂(

d

dt
)w = R(

d

dt
)w = 0

where V is the polynomial inverse of U . The same holds if we replace d
dt

by σ

Definition 2.3.2. A polynomial matrix R is called a minimal representation of B if there

exists no polynomial matrix which represents the same behavior and has a smaller number

of rows.

In order to determine a minimal representation of B we need the following result, called

the Smith form of a polynomial matrix.

Theorem 2.3.1. (Smith form) For every polynomial matrix R ∈ R[s]p×q there exist uni-

modular matrices U ∈ R[s]p×p and V ∈ R[s]q×q such that

URV =

[
D 0

0 0

]

where D ∈ R[s]r×r is a non-singular diagonal matrix

D =


d1

. . .

dr


with d1|d2|...|dr. This notation means that for i = 1, . . . , r − 1, the polynomial di divides

di+1, that is,di+1 = diei for some polynomial ei. Clearly, the integer r is precisely the rank

of the matrix R (over the quotient field R(s) of R[s]).
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Corollary 2.1. For every polynomial matrix R ∈ R[s]p×q there exists a unimodular matrix

U ∈ R[s]p×p such that

UR =

[
R1

0

]
where R1 ∈ R[s]r×q has full row rank, that is, rank(R1) = r.

Proof. Let r = rank(R). Then , by theorem 2.3.1, there exist unimodular matrices U ∈
Rp×p and V ∈ Rq×q such that

URV =

[
D 0

0 0

]
where D = diag(d1, d2, . . . , dr)

Then,

UR =

[
D 0

0 0

]
V−1 =

[
D 0

0 0

]
W, where W = V−1

=

[
D 0

0 0

][
W1

W2

]

=

[
RW1

0

]

Since D is non-singular and W1 has full row rank (because W has ), DW1 has full row

rank. Set

R1 := DW1.

By the observations above, R and R1 represent the same behavior. Thus we have the

following result.

Lemma 2.3.1. Any B possesses a representation matrix with full row rank. If R is a

minimal representation of B, then R has full row rank.

Proof. The first statement follows directly from our considerations above. If R ∈ R[s]p×q

is a representation with rank(R) < p, then there exists a representation R1 rows with less

than p , according to Corollary 2.1 (noting that rank(R) = rank(R1)), and thus R cannot

be minimal.

2.4 The fundamental principle

There are three version of the fundamental principle. Namely the scalar version , the square

matrix version, and non-square matrix version. We will state the without proof.

Theorem 2.4.1 (Fundamental principle, square matrix version). Let

P ∈ R[s]p×p be a non-singular polynomial matrix. Then

P(
d

dt
)y = v or P(σ)y = v

14



possesses a solution y ∈ Ap for every choice of the right hand side signal v ∈ Ap .

Theorem 2.4.2 (Fundamental principle, non-square matrix version). Let R ∈ R[s]p×q be

a full row rank polynomial matrix, that is, rank(R) = p. Then

P(
d

dt
)w = v or P(σ)w = v

possesses a solution w ∈ Aq for every choice of the right hand side signal v ∈ Ap.

2.5 Elimination of latent variables

The most important consequence of the fundamental principel is given below. Often, the

components of a signal vector can be divided into two classes: a set of components we

are truly interested in (called manifest variables), and a set of components that were

introduced as auxiliary variables during the modelling process (called latent variables).

When we model the system the latent variables will be introduce but Finally these la-

tent variables may give us wrong information about the system. Therefore we develop a

mechanism to remove latent variables and use only manifest variables.

Consider the system with latent variable

B =

{[
w

l

]
∈ Aq+r|R(

d

dt
)w = M(

d

dt
)l

}

where R ∈ R[s]p×q and M ∈ R[s]p×r (we restrict to continuous time; the discrete case is

analogous). Lets say that the components of w are the manifest variables, and l

represents the latent variables. Then we are actually interested in the projection of B
onto the first q variables, that is, in the system with latent variables given by

Bl =

{
w ∈ Aq|∃l ∈ Ar : R(

d

dt
)w = M(

d

dt
)l

}
In other words, we do not care about the precise form of the latent variables l, only about

their existence. The question arises whether we can write Bl as a standard model, that is,

whether we can find a polynomial matrix R̂ such that

Bl = B̂ =

{
w ∈ Aq | R̂(

d

dt
)w = 0

}
The answer is yes, and moreover, there is an easy way to obtain the desired matrix R̂ from

the given matrices R and M .

We do this by computing, first, the left kernel of M , over the polynomial ring . That is

we solve, the linear system ξM = 0 where ξ ∈ R[s]p×p

Using the Smith form, one can show that there exist p − rank(M) linearly independent

15



solutions that span this kernel. Thus, let ξ1, . . . , ξp − rank(M) be a generating system for

the left kernel of M . Collecting these row vectors in a matrix X, we have constructed a

matrix X which satisfies the following three conditions

1. XM = 0;

2. any polynomial row vector ξ with ξM = 0 can be written as a polynomial linear

combination of the rows of X, that is,ξ = ηX for some polynomial row vector η;

3. X has full row rank.

Lemma 2.5.1. Let X1, X2 be two matrices with the three properties from above. Then we

must have X1 = UX2 for some unimodular matrix U .

Proof. Condition 1 implies

X1M = 0 and X2M = 0.

Thus by condition 2, there exist polynomial matrices U and V such that

X1 = UX2 and X2 = VX1.

because each row of X1 can be written as a polynomial linear combination of the rows of

X2 and vice versa.

⇒ X1 = UV1X2 and X2 = VUX2.

Then

⇒ (I−UV)X1 = 0 and (I−VU)X2 = 0.

Finally, condition 3 implies that UV = VU = I that is, U has a polynomial inverse,

namely V, and thus U is unimodular matrices.

Theorem 2.5.1. Let R, M be given polynomial matrices, with the same number of rows.

Let X be as described above, and define R̂ := XR. Then

∃l ∈ A : R(
d

dt
)w = M(

d

dt
)l⇔ R̂(

d

dt
)w = 0

Proof. Since M ∈ R[s]p×r, by Corollary 2.1, there exists a unimodular matrix V such that

VM =

[
M1

0

]
, M1 has full n row rank.

Thus,

∃l ∈ Ar : Rw = Ml ⇔ ∃l ∈ Ar : VRw = VMl

⇔ ∃l ∈ Ar :

[
R1

R2

]
w =

[
M1

0

]
l

⇒ R2w = 0.
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To prove the converse, Suppose R2w = 0. Since M1 has full row rank and w ∈ A2, by the

fundamental principle for non-square matrix, ∃l :

M1l = R1w︸︷︷︸
=:V

Thus, ∃l ∈ Ar : M1l = R1w

⇒ ∃l ∈ Ar : R1l = M1w & R2w = 0

⇒ ∃l ∈ Ar :

[
R1

R2

]
w =

[
M1

0

]
l

⇒ ∃l ∈ Ar : Rw = Ml

Hence, ∃l ∈ Ar : Rw = Ml⇔ R2w = 0.

To see the relation between R̂ and R2, let X̂ =
[

0 I
]

V. Then, X̂ satisfies all the three

properties listed above. Then, ∃U unimodular such that

X = UX̂

Therefore, R̂ = XR = UX̂R = U
[

0 I
]

VR = U
[

0 I
] [ R1

R2

]
= UR2 and hence

R̂ represent the same behavior. Thus,

R̂(
d

dt
)w = 0 ⇔ R2(

d

dt
)w = 0.

i.e, ∃l ∈ Ar : Rw = Ml ⇔ R̂w = 0.

Example 2.5.1. Consider Bl = {(I, u)T ∈ A2 | ∃(u1, u2, u3)T ∈ A3 : u1 + U2 + u3 + u =

0, u1 = rI, cu̇2 = I = u3, lİ = u3} where, r, l, c are positive real numbers. Rewrite Bl as a

standard model, i.e, eliminate the latent variables ui.

Solution :- The latent variable system is given by
0 −1

r 0

1 0

l d
dt

0


[

I

u

]
=


1 1 1

1 0 0

0 c d
dt

0

0 0 1


 u1

u2

u3



Thus, we need to compute the left kernel of

M =


1 1 1

1 0 0

0 cs 0

0 0 1

 ∈ R[s]4×3

17



This kernel is generated by x = [−cs cs 1 cs]. We obtain

R̂ = xR = [−cs cs 1 cs]


0 −1

r 0

1 0

ls 0

 =
[
rcs+ 1 + cls2 cs

]

Thus we have Bl =
{

(I, u) ∈ A2 | (cr d
dt

+ 1 + cl d
2

dt2
)I + c d

dt
u = 0

}
. In other words, the sys-

tem law relating the manifest variable I, u is

crİ + I + cl̈I + cu̇ = 0.

2.6 Input output Representation of LTID system

Definition 2.6.1. Let the signal vector w be partitioned as

w =

[
w1

w2

]
where wi ∈ Aqi , where q1 and q2 are positive integers with q1 + q2 = q. The subvector w1

is called a vector of free variables (or: inputs) of B if it is unconstrained by the system law,

that is,

∀w1 ∈ Aq1∃w2 ∈ Aq2 :

[
w1

w2

]
∈ B.

We can find Free variables from the system as follows:

We have,

Rw = 0,R ∈ R [s]p×q

The behavior is

B = {w ∈ Aq | Rw = 0} −→ Kernel Representations of the system

We call R representation of the system. since any system has a minimal representation

(i.e) a representation with full row runk, with out loss of generality we may assume that

R ∈ R[s]p×q has full row rank. That is, rank(R) = p ≤ q.

We can always permute the columns of R (this just corresponds to renumbering our

signal components) such that

R = [−Q P]

where,P ∈ R[s]p×p and, Q ∈ R[s]p×(q−p)

Moreover P is invertible since it is p× p non singular matrix. Writing

w =

[
u

y

]

18



Rw = 0 ⇔
[
−Q P

] [ u

y

]
⇔ Py = Qu

Therefore, our system law R( d
dt

)w = 0 takes the form

P(
d

dt
)y = Q(

d

dt
)u (2.5)

Definition 2.6.2. A system law in the form of equation (2.5), where P is square and

non-singular, is called an input-output representation of B. One calls p = rank(R)

the number of outputs (or output-dimension), and m = q − p the number of inputs (or

input-dimension). The signal subvector u is called input, and the signal subvector y is

called output.

Example 2.6.1. Determine all input output structure of

B =

{
w ∈ D′(R)3|

(
d
dt

+ 1 d2

dt2
− 1 1

d
dt

d2

dt2
− d

dt
d
dt

)
w = 0

}

Compute the transfer function for the partition forming an input-output structure

For a representation R =
[
−Q P

]
wit input output structure wT = (uT , yT ), the

rational matrix G = P−1Q is called transfer function.

solution Let

w =

 w1

w2

w3


Since R(s) =

[
s+ 1 s2 − 1 1

s s2 − 1 s

]
∈ R[s]2×3 has full row rank , we have three possiblities

for the choice of the input u ∈ D′(R)

1. y =

[
w1

w2

]
, u = w3

This can not be an input output stracture since,∣∣∣∣∣ d
dt

+ 1 d2

dt2
− 1

d
dt

d2

dt2
− d

dt

∣∣∣∣∣ = 0

2. y =

[
w1

w3

]
, u = w2

Is an input output structure since,

det(R(s)) =

∣∣∣∣∣ s+ 1 1

s s

∣∣∣∣∣ = s2 + s− s = s2 6= 0
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The transfer function is

H(s) =

(
s+ 1 1

s s

)−1(
s2 − 1

s2 − s

)

=
1

s2

(
s −1

−s s+ 1

)(
s2 − 1

s2 − s

)

=

(
s− 1

0

)

3. y =

[
w2

w3

]
, u = w1

Is an input output structure since,

det(R(s)) =

∣∣∣∣∣ s− 1 1

s2 − s s

∣∣∣∣∣ = s3 − s− s2 + s = s3 − s2 6= 0

The transfer function is

H(s) =

(
s+ 1 1

s s

)−1(
s2 − 1

s2 − s

)
=

(
1

0

)

2.7 Reduction to first order

In one of the previous section we have seen how to eliminate latent variables. We now see

how one can introduce latent variables. A polynomial matrix R ∈ R[s]p×q can be written

in the form

R = Rds
d + . . .+ R1s+ R0

where Ri ∈ Rp×q . We may assume that Rd is not the zero matrix. Our system law takes

the form

(Rd(
dd

dtd
) + . . .+ R1(

d

dt
) + R0)w = 0

or

(Rd(σ
d) + . . .+ R1(σ) + R0)w = 0

See (2.3) and (2.4). If we put

ξ =


w

( d
dt

)w
...

( d
d−1

dtd−1 )w

 or


w

(σ)w
...

(σd−1)w


in the continuous or discrete case, respectively, then we can rewrite the system law as

Kξ̇ = Lξ or Kσξ = Lξ
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where

K =


Iq

. . .

Iq

Rd

 and L =


0 Iq

0
. . .

... Iq

−R0 −R1 . . . −Rd−1


Putting n = dq and k = (d− 1)q + p, we have K,L ∈ Rk×n and

R(
d

dt
)w = 0 ⇔ ∃ξ ∈ An :

{
Kξ̇ = Lξ

w = [Iq, 0, . . . , 0, ]ξ

and similarly in the discrete case. This shows that reduction to first order is nothing but

a special way of introducing latent variables.

2.8 State space representation of LTID system

2.8.1 State Space

In a state space system, the internal state of the system is explicitly accounted for by an

equation known as the state equation. The system output is given in terms of a combination

of the current system state, and the current system input, through the output equation.

These two equations form a system of equations known collectively as state- space equa-

tions. The state-space is the vector space that consists of all the possible internal states of

the system.

State

A state of a system is the current value of internal elements of the system, that change

separately (but not completely unrelated) to the output of the system. In essence, the state

of a system is an explicit account of the values of the internal system components.

State Variables

When modeling a system using a state-space equation, we first need to define three vectors:

Input variables

A SISO (Single Input Single Output) system will only have a single input value, but a

MIMO system may have multiple inputs. We need to define all the inputs to the system,

and we need to arrange them into a vector.

Output Variables

This is the system output value, and in the case of MIMO systems, we may have several.

Output variables should be independent of one another, and only dependent on a linear

combination of the input vector and the state vector.
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State variable

The state variables represent values from inside the system, that can change over time.

In an electric circuit, for instance, the node voltages or the mesh currents can be state

variables. In a mechanical system, the forces applied by springs, gravity, and dashpots can

be state variables.

We denote the input variables with u, the output variables with y, and the state variables

with x. In essence, we have the following relationship:

y = f(x, u)

where f(x, u) is our system. Also, the state variables can change with respect to the current

state and the system input:

ẋ = g(x, u)

where ẋ is the rate of change of the state variables.

2.8.2 State-Space Equations

We have already seen the kernel and input output representation of a given system. How-

ever we have seen how one can obtain the input output representation from the kernel

representation. We now introduce how a state space representation is obtained from the

input output representation.

Lemma 2.8.1. Let R ∈ R[s]p×q. There exists matrices K ∈ Rn×n,L ∈ Rn×q,M ∈
Rp×n,N ∈ Rp×q such that

Rw = 0 ⇔ ∃x ∈ Rn :
ẋ = Kx+ Lw

0 = Mx+ Nw

Proof. Let R := Rds
d + . . .+ R1d+ R0

K =


0 . . . . . . 0

Ip
. . .

...
. . . . . .

...

Ip 0

 , L =


R0

...

Rd−1

 , M =
[

0 . . . 0 Ip

]
,N = Rd

Then, consider

ẋ = Kx+ Lw

0 = Mx+ Nw

⇒

[
d
dt
−K

−M

]
x =

[
L

N

]
w
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If we multiply by the unimodular matrix

U =


Ip sIp . . . sdIp

. . . . . .
...

. . . sIp

Ip


We set [

0

−In

]
x =

[
R

∗

]
(
d

dt
)w

Hence, ∃x such that (∗)⇔ Rw = 0.

Now consider the input-output representation

Py = Qu

Then, [
−Q P

]
︸ ︷︷ ︸

R

[
u

y

]
︸ ︷︷ ︸

w

= 0

∴ Py = Qu ⇔ ∃ : ẋ = Kx+
[

L1 L2

] [ u

y

]

0 = Mx+
[

N1 N2

] [ u

y

]

An interesting case is when N2 is invertible , we set

y = (−N−12 M︸ ︷︷ ︸
=:C

)x+ (−N−12 N1︸ ︷︷ ︸
=:D

)u

Upon substitution, we set

ẋ = Kx+ L1u+ L1(−N−12 M)x+ L2(−N−12 N1)u

= (K−N−12 M︸ ︷︷ ︸
=:A

)x+ (L1 − L2N
−1
2 N1︸ ︷︷ ︸

=:B

)u

∴ ẋ = A(t)x+ Bu

y(t) = Cx+ Du

Hence, Py = Qu ⇔ ∃x ∈ An : ẋ = A(t)x+ Bu

y(t) = Cx+ Du.
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State Equation

ẋ = Ax(t) + Bu(t)

Output Equation

y(t) = Cx(t) + Du(t)

This equations called State Space Representation.

2.8.3 Solution Of State Space Equations

continuous-time Equation

ẋ(t) = Ax(t) + Bu(t) (2.6)

y(t) = Cx(t) + Du(t) (2.7)

Where A,B,C and D are respectively, n× n, n× p, q × n and q × p constant matrices.

To find the solution we need the property

d

dt
eAt = AeAt = eAtA

to develop the solution. Premultipying e−At on both side of (2.6) yields

e−Atẋ(t)− e−AtAx(t) = e−AtBu(t)

which implies
d

dt
(e−Atx(t)) = e−AtBu(t)

Its integration from 0 to t yields

e−Aτx(τ)|tτ=0 =

∫ t

0

e−AτBu(τ)dτ

Thus we have

e−At − e0x(0) =

∫ t

0

e−AτBu(τ)dτ (2.8)

Because the inverse of e−At is eAt and e0 = I (2.8) implies

x(t) = eAtx(0) +

∫ t

0

e−AtBu(τ)dτ (2.9)

is the solution of (2.6).

It is instructive to verify that (2.9) is the solution of (2.6). to verify this, we must show

that (2.9) satisfies (2.6) and the intial condition x(t) = x(0) at t = 0,

(2.9) reduces to

x(0) = eA·0x(0) = e0x(0) = Ix(0) = x(0)
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Thus (2.9) satisfies the intial condition. We need the equation

∂

∂t

∫ t

t0

f(t, τ))dτ =

∫ t

t0

(
∂

∂t
f(t, τ))dτ + f(t, τ)|τ=t (2.10)

To sho that (2.9) satisfies (2.6) differentiating (2.9) and using (2.10). We obtain

ẋ(t) =
d

dt
[eAtx(0) +

∫ t

0

eA(t−τ)Bu(τ)dτ ]

= AeAtx(0) +

∫ t

0

AeA(t−τ)Bu(τ)dτ ] + eA(t−τ)Bu(τ)|τ=t

= A(eAtx(0) +

∫ t

0

AeA(t−τ)Bu(τ)dτ) + eA·0Bu(t)

Which becomes, after substituting (2.9),

ẋ(t) = Ax(t) + Bu(t)

Thus (2.9) meets (2.6) and the intial condtion x(0) and is the solution of (2.6).

y(t) = CeAtx(0) + C

∫ t

0

eA(t−τ)Bu(τ)dτ + Du(t) (2.11)

Solution Of Discrete-Time Equation

Consider the discrete-time state-space equation

x(k + 1) = Ax(k) + Bu(k)

y(k) = Cx(k) + Du(k)

x(1) = Ax(0) + Bu(0)

x(2) = Ax(1) + Bu(1)

= A2x(0) + ABu(0) + Bu(1)

x(3) = Ax(2) + Bu(2)

= A3x(0) + A2Bu(0) + ABu(1) + Bu(2)
...

proceeding forward, we can readily obtain for k ≥ 0,

x(k) = Akx(0) +
k−1∑
m=0

Ak−1−mBu(m)

y(k) = CAkx(0) +
k−1∑
m=0

Ak−1−mBu(m) + Du(k)
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2.9 Stability

2.9.1 Stability of Input output Representation

Definition 2.9.1. Let B be represented by P( d
dt

)y = Q( d
dt

)u or P(σ)y = Q(σ)u, respec-

tively. The input-output representation is called stable if any two outputs y1, y2 belonging

to the same input u satisfy

||y1(t)− y2(t)|| ≤M

for all t ∈ T+ for some constant M which is independent of t (but may depend on the

specific choice of y1, y2 ). It is called asymptotically stable if we have additionally

lim
t→∞
||y1(t)− y2(t)|| = 0.

Remark 2.4. For a square non-singular matrix p, py = 0 is any stable if the zeros det(P)

have a negative real part.

2.9.2 Stability of state space representations

Consider the state space equations

ẋ = Ax+ Bu or σx = Ax+ Bu

y = Cx+ Du y = Cx+ Du

We call them stable if two states x1, x2 belonging to the same input u satisfy

||x1(t)− x2(t)|| ≤M for all t ∈ T+

for some constant M . Then

||y1(t)− y2(t)|| = ||C(x1(t)− x2(t))|| ≤M1 for all t ∈ T+.

We call the state space equations asymptotically stable if additionally

lim
t→∞
||(x1(t)− x2(t))|| = 0

Then

lim
t→∞
||(y1(t)− y2(t))|| = 0

Note that here, ||.|| is used to denote both a norm on Rn and a norm on Rp. One may

think of the respective Euclidean norms, for instance.

Let A be a square real matrix.

The autonomous system represented by ẋ = Ax+ Bu or σx = Ax+ Bu respectively, is
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continuous-time asymptotically stable if and only if the eigenvalues of A have a

negative real part;

continuous-time stable if and only if the eigenvalues of A have a non-positive real part

and moreover, each eigenvalue λ with Re(λ) = 0 is semi-simple i.e, the algebraic

multiplicity of λ equals its geometric multiplicity.

discrete-time asymptotically stable if and only if the eigenvalues of A have modulus

less than one;

discrete-time stable if and only if the eigenvalues of A have modulus less than or equal

to one, and moreover, each eigenvalue λ with |λ| = 1 is semi-simple.

Example 2.9.1. Show that ẋ = Ax+ Bu where

A =

(
1 2

1 0

)
, B =

(
1

0

)

is not an asymptotically stable state space system, but the associated input output system

is asymptotically stable.

Solution:-

The eigenvalues of A are the zeros of λ2 − λ− 2, i.e λ1 = 2 and λ2 = −1

Due to the eigenvalue λ1 = 2, the state space system is not asymptotically stable.

If we only look the transition from u to y (elimination of the latent variable x, here, we do

this by straightforward manipulation of the system equations):

y =
(

1 −2
) ( x1

x2

)
= x1 − 2x2

=⇒ ẏ = ẋ1 − 2ẋ2

But

˙(
x1

x2

)
=

(
1 2

1 0

)(
x1

x2

)
+

(
1

0

)
u

Plugging in ẏ then we get

ẏ = x1 + 2x2 + u− 2x1 = u+ 2x2 − x1
= u− x1 + 2x2

= u(x1 − 2x2) = u− y

⇒ ẏ + y = u

⇒ (s+ 1)y = u

⇒ p(s)y = u

⇒ det(p(s)) = s+ 1

⇒ −1 is the only zero of det(p(s)).

Thus, the input-output system is asymptotically stable since real part −1 is is negative.
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Chapter 3

Reachability and controllability

3.1 Basic notions of state space systems

Consider the state space equations

ẋ = Ax+ Bu or σx = Ax+ Bu

y = Cx+ Du y = Cx+ Du

Where

A ∈ Rn×n,B ∈ Rn×m,C ∈ Rp×n, and D ∈ Rp×m.

Let U denote the space of admissible input functions( until now, we had U = D′(T)m

in the continuous and U = (RT)m in the discrete case, where T = R,R+ and T = N,Z are

our usual time sets). In this project, we restrict to piecewise continuous input functions

u in the continuous case, then the state function x is piecewise C1 (in particular, it is a

classical function ). One calls X = Rn the state space of these systems. Its elements

are called states. The state transition map

ϕ : {(t, t0) ∈ T2 | t ≥ t0} ×X× U → X, (t, t0, x0, u) 7→ ϕ(t, t0, x0, u)

yields the state at time t if the state at time t0 was x0, and the input function was u. More

concretely, we have

ϕ(t, t0, x0, u) = eA(t−t0)x0 +

∫ t

t0

eA(t−τ)Bu(τ)dτ

and

ϕ(t, t0, x0, u) = At−t0x0 +
t−1∑
i=t0

At−i−1Bu(i).

28



3.1.1 properties of state transition map

1. The state transition maps are consistent

At one time we have only one state, i.e.,

ϕ(t, t, x, u) = x for all t ∈ T, x ∈ X, u ∈ U (3.1)

2. They are strictly causal

That is, if u1(t) = u2(t) for all t0 ≤ t < t1 (note the strict inequality!), then

ϕ(t1, t0, x, u1) = ϕ(t1, t0, x, u2) for all x ∈ X. (3.2)

3. The semigroup property

ϕ(t2, t1, ϕ(t1, t0, x, u), u) = ϕ(t2, t0, x, u) (3.3)

As a consequence, we get the following concatenation property: Let t1 ∈ T , and let

u1, u2 ∈ U be two admissible inputs. Define their concatenation at time t1 by

u(t) =

{
u1(t) if t < t1,

u2(t) if t1 ≤ t

which is again an admissible input. Then,

ϕ(t2, t0, x, u) = ϕ(t2, t1, ϕ(t1, t0, x, u1), u2)

for all x ∈ X, and all t0 ≤ t1 ≤ t2 ∈ T .

4. Linearity property

ϕ(t, t0, λ1x1 + λ2x2, λ1u1 + λ2u2) = λ1ϕ(t, t0, x1, u1) + λ2ϕ(t, t0, x2, u2) (3.4)

for all t ≤ t0 ∈ T, λ1, λ2 ∈ R, x1, x2 ∈ X, u1, u2 ∈ U . As a consequence,

ϕ(t, t0, 0, 0) = 0

for all t ≥ t0 ∈ T . One says that the zero state is an equilibrium of the system

when the zero input function is applied.

5. Time− invariance

We have

ϕ(t, t0, x0, u) = ϕ(t− τ, t0 − τ, x0, στu) (3.5)

for all x0 ∈ X, u ∈ U , and all t ≥ t0 ∈ T and all τ ∈ T with the property that

t− τ, t0 − τ ∈ T . Here, στ is the shift operator defined by στu(s) = u(s+ τ) for all

s. In particular,

ϕ(t, t0, x0, u) = ϕ(t− t0, 0, x0, σt0u).
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Remark 3.1. If A,B,C, and D depend on t, we will lose this time-invariance property.

Reachability and controllability are concerned with the following questions: Is it possible

to steer the system, by a suitable choice of the input function, from one particular state

x0 (which is determined by the past of the system and may be thought of as unwanted)

to another particular state x1 (which is prescribed by us and thus desired)? How long

does the transition from x0 to x1 take? Can we find a concrete formula for an input

function that forces the system to go from x0 to x1 ? To formulate and answer these

questions, some new concepts need to be introduced.

Definition 3.1.1. Let t0 ∈ T be fixed. One says that the state x1 ∈ X

• can be reached from x0 ∈ X in time τ ∈ T(τ ≥ 0) if there exists u ∈ U such

that

ϕ(t0 + τ, t0, x0, u) = x1

Equivalently, we say that x0 can be controlled to x1 in time τ

• can be reached from x0 ∈ X if this holds for at least one τ ≥ 0. Equivalently,

x0 can be controlled to x1.

we say that the system is:-

• completely reachable from x0 ∈ X if any x1 ∈ X is reachable from x0.

• completely controllable to x1 ∈ X if any x0 ∈ X can be controlled to x1.

• completely reachable (controllable) if x1 can be reached from x0 (or: x0 can

be controlled to x1) for all x0, x1 ∈ X.

The choice of the starting time t0 plays no role since we are dealing with time invariant

systems: We have

ϕ(t0 + τ, t0, x0, u) = ϕ(τ, 0, x0, σt0u)

Therefore, if there exists a t0 ∈ T such that x1 is reachable from x0 (when starting at

time t0 ) then this is true for any other starting time, e.g., for t0 = 0. Thus we can often

choose t0 = 0 for simplicity.

Let τ ∈ T, τ ≥ 0, and x0, x1 ∈ X. Define the following sets;

• R(τ, x0) :={ x ∈ X : x is reachable from x0 in time τ}

• C(τ ,x1) :={x ∈ X : x is controllable to x1 in the time τ}
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Moreover, we let R(τ) := R(τ, 0) denote the set of states that are reachable from x0 = 0

in time τ , and C(τ) := C(τ, 0) is the set of states that are controllable to x1 = 0 in time

τ . Finally,

R :=
⋃
τ≥0

R(τ) and C :=
⋃
τ≥0

C(τ)

are the set of states that are reachable from zero, and the set of states that are

controllable to zero, respectively. The system is completely reachable from zero if and

only if R = X, and it is completely controllable to zero if and only if C = X.

Theorem 3.1.1. Let s, t ∈ T, 0 ≤ s ≤ t. We have

1. R(s) ⊆ R(t) and C(s) ⊆ C(t);

2. R(t), C(t),R, C are subspaces of X = Rn

3. There exists τ ∗ ∈ T, τ ∗ ≥ 0 such that

R = R(τ) and C = C(τ) for all τ ≥ τ ∗.

Proof. :

1. Let x ∈ R(s). Then there exists an input function u such that

ϕ(t, t− s, 0, u) = x.

because the starting time doesn’t affect. On the other hand ,

ϕ(t− s, 0, 0, 0) = 0.

because 0 is equilibrium when 0 imput is applied.

Now, let ũ be the input function defined by

ũ(τ) =

{
0 if τ < t− s,

u(τ) if τ ≥ t− s

Then ũ is an admissible input and we have

ϕ(t, 0, 0, ũ) = ϕ(t, t− s, ϕ(t− s, 0, 0, 0), u) = ϕ(t, t− s, 0, u) = x.

which shows that x ∈ R(t). The statement for C is analogous.

2. We show that R(t) is a vector space, the statement for R, C(t), C is analogous.

We have 0 ∈ R(t), because

ϕ(t, 0, 0, 0) = 0

.

Let x1, x2 ∈ R(t), and λ1, λ2 ∈ R. We need to show that λ1x1 + λ2x2 ∈ R(t). By

assumption, there exist input functions u1 and u2 such that
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ϕ(t, 0, 0, u1) = x1 and ϕ(t, 0, 0, u2) = x2

λ1x1 + λ2x2 = λ1ϕ(t, 0, 0, u1) + λ2ϕ(t, 0, 0, u2)

= ϕ(t, 0, 0, λ1u1) + ϕ(t, 0, 0, λ2u2)

= ϕ(t, 0, 0, λ1u1 + λ2u2)

⇒ λ1u1 + λ2u2 is an input function that steers the system from 0 to

λ1x1 + λ2x2 in time t.

Thus, λ1x1 + λ2x2 ∈ R(t) and hence R(t) is a vector space over R.

3. Consider a strictly increasing sequence

0 = τ0 < τ1 < τ2 < . . .

in T with limi→∞ τi =∞. By part 1 ,

R(τ0) ⊆ R(τ1) ⊆ R(τ2) ⊆ . . .

By part 2, this is a sequence of subspaces of X = Rn , with

dim(R(τ0)) ≤ dim(R(τ1)) ≤ dim(R(τ2)) ≤ . . . ≤ n

This is an increasing sequence of integers less than or equal to n. Such

a sequence must become stationary, that is, there exists i0 such that

dim(R(τi)) = dim(R(τi0)) for all i ≥ i0.

We use the following fact from linear algebra: If a vector space is

contained in another vector space of the same finite dimension, then

the two vector spaces must be the same. Thus

R(τi) = R(τi0) for all i ≥ i0.

For any τ ∈ T, τ ≥ τi0 , there exists j ≥ i0 such that τ ≤ τj. Then

R(τi0) ⊆ R(τ) ⊆ R(τj) = R(τi0). We conclude that

R(τ) = R(τi0) for all τ ≥ τi0.

and thus
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R =
⋃
τ≥0
R(τ) =

⋃
τ≥τi0

R(τ) = R(τi0).

Put τ ∗ := τi0 , then for τ ≥ τ ∗ , we have

R ⊇ R(τ) ⊇ R(τ ∗) = R(τi0) = R

and thus

R(τ) = R for all τ ≥ τ ∗.

Corollary 3.1. In discrete time,

R(n) = R and C(n) = C

where n is the dimension of the state space. In continuous time,

R(ε) = R and C(ε) = C

for every ε > 0.

Remark 3.2. In a discrete system, if x can be reached from x0 at all, then it can also be

reached in time n, where n is the dimension of the state space. In a continuous system, if

x can be reached from x0 at all, then it can also be reached in an arbitrarily small time ε.

This is counterintuitive at first sight: In a real world system, it certainly takes some time

to change from one state to another. The reason is that we admit arbitrarily large input

values here, i.e., we make the optimistic assumption that we can put as much energy as

we like into the system. In a real world system, there are constraints which limit the size

of the admissible inputs, and this has the consequence that the transition from one state to

another cannot be done arbitrarily fast in practice.

Proof. For discrete time, from the previous proof we know that

R(0) ⊆ R(1) ⊆ R(2) . . . (3.6)

becomes stationary, that is, there exists i0 such that R(i) = R(i0) for all i ≥ i0 and then

R(i0) = R. We have to show that this happens for some i0 ≤ n. Then we are finished,

because R = R(i0) ⊆ R(n) ⊆ R yields the desired result. Considering the dimensions

di := dimR(i) ≤ n, we have

0 = d0 ≤ d1 ≤ d2 ≤ . . . ≤ dn ≤ dn+1.

These inequalities cannot all be strict, i.e., we must have di = di+1 and hence

R(i) = R(i+ 1) (3.7)
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for some i ≤ n. The claim is that then we may put i0 = i, that is, the first equality in

(3.6) will already yield stationarity. Thus we have to show that (3.7) implies

R(i) = R(i+ 1) for all k ≥ 0.

We will proof this by using induction.

1. The statement is trivial for k = 0, i.e, R(i) = R(i+ 1) by (3.7).

2. Let us assume that the statement is true for k. R(i) = R(i+ k)

3. We need to show it for k + 1.

The inclusion R(i) ⊆ R(i+ k+ 1) is clear because i ≤ i+ k+ 1 For the converse, let

x ∈ R(i+ k + 1). This means that there exists an input function u such that

ϕ(i+ k + 1, 0, 0, u) = x

set

x1 := ϕ(i+ k, 0, 0, u)

Then

x = ϕ(i+ k + 1, i+ k, ϕ(i+ k, 0, 0, u), u)

= ϕ(i+ k + 1, i+ k, x1, u)

= ϕ(i+ 1, i, x1, σ
ku)

and x1 ∈ R(i+ k), which equals R(i) by the inductive assumption. Thus there

exists an input function u1 with

ϕ(i, 0, 0, u1) = x1

Let ũ be defined by

ũ(τ) =

{
u1(τ) if τ < i,

σku(τ) if τ ≥ i.

Then

ϕ(i+ 1, 0, 0, ũ) = ϕ(i+ 1, i, ϕ(i, 0, 0, u1), σ
ku) = ϕ(i+ 1, i, x1, σ

ku) = x

which shows that x ∈ R(i+ 1). Finally, (3.7) implies that x ∈ R(i) as desired.

For continuous time, let ε > 0 be given. Consider

R(0) ⊆ R(
ε

n
) ⊆ R(

2ε

n
) ⊆ . . .

and apply the same argument as the discrete time case.

Corollary 3.2. The following are equivalent: The system is
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1. completely reachable (controllable);

2. completely reachable from zero, that is, R = X .

Proof. (1) ⇒ (2) It is clear that if the system is comletely reachable, then

every states can be reached from zero. Therefore, the system is completely

reachable from zero.

(2) ⇒ (1)

Let x0, x1 ∈ X be given. We wish to show that x1 can be reached from

x0.

In continuous time, pick any τ ∗ = ε > 0. In discrete time, choose τ ∗ = n,

where n is the dimension of X. Define x := x1 − ϕ(τ ∗, 0, x0, 0). By

assumption, since the system is completely reachable from zero, we have,

x ∈ R = R(τ ∗), that is, there exists an input function u ∈ U with

x = ϕ(τ ∗, 0, 0, u).

This can be rewritten as

x1 = ϕ(τ ∗, 0, x0, 0) + ϕ(τ ∗, 0, 0, u) = ϕ(τ ∗, 0, x0, u)

showing that x1 can be reached from x0 .

Corollary 3.3. Consider ẋ = Ax+ Bu or σx = Ax+ Bu. In the discrete case,

assume that A is invertible. Then the following are equivalent: The system is

1. completely reachable (controllable);

2. completely reachable from zero, that is, R = X;

3. completely controllable to zero, that is, C = X.

Proof. We only need to prove (3) ⇒ (1) because from Corollary 3.2, we have

completely reachable from zero implies completely controlable which

inturn implies completely controllable to zero.

Let x0, x1 ∈ X be given. We wish to show that x1 can be reached from x0 .

In continuous time, pick ε > 0 and define x := x0− eAεx1 . By assumption,

x ∈ C = C(ε), that is, there exists an input function u ∈ U with

0 = ϕ(ε, 0, x, u) = eAεx+

∫ ε

0

eA(ε−τ)Bu(τ)dτ
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Plugging in for x, this can be rewritten as

0 = eAεx0 − x1 +

∫ ε

0

e−A(ε−τ)Bu(τ)dτ

x1 = eAεx0 +

∫ ε

0

eA(ε−τ)Bu(τ)dτ = ϕ(ε, 0, x0, u)

showing that x1 can be reached from x0 . In discrete time, let τ ∗ = n and

define x := x0 −A−nx1.

Since x ∈ C = C(n), there exists u ∈ U such that

0 = ϕ(n, 0, x, u) = Anx+
n−1∑
i=0

An−i−1Bu(i).

Upon substitution, we get

0 = An(x0 −A−nx1) +
n−i−1∑
i=0

Bu(i)

= Anx0 − x1 +
n−i−1∑
i=0

Bu(i)

⇒ x1 = Anx0 +
n−i−1∑
i=0

Bu(i)

Thus, x1 is reachable from x0.

Remark 3.3. Here we have another difference between continuous and discrete systems.

The reason is that eAt is always an invertible matrix, whereas its discrete counterpart At

is invertible if and only if A is. Therefore, we have to make this additional assumption in

the discrete case. Without it, complete controllability to zero may be strictly weaker than

complete controllability. Take for instance σx = Ax+ Bu with

A =

[
1 0

1 0

]
and B =

[
1

1

]

Let x0 = x(0) ∈ R2 be any given initial state. Put u(0) = −x1(0), then

x1(1) = x1(0) + u(0) = 0 and x2(1) = x1(0) + u(0) = 0, that is, x(1) = 0. This shows that

any x0 can be controlled to zero (in time 1). Hence the system is completely controllable

to zero, or C = C(1) = R2 . However, it is not completely controllable. If we start in

x0 = 0, we have (
x1(1)

x2(1)

)
=

(
1 0

1 0

) (
0

0

)
+

(
1

1

)
u
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which implies x1(1) = u and x2(1) = u, i.e, x1(1) = x2(1). If we continue this way, we

can see that every state x(t) will satisfy x1(t) = x2(t).

⇒ dimR = 1

⇒ R = R2.

Thus, the system is not completely reachable from zero, and thus it is not completely

reachable (controllable).

Example 3.1.1. Given the discrete time control system

x(t+ 1) =

(
1 −2

−3 6

)
x(t) +

(
−1

3

)
u(t).

Show that for the intial state x(0) =

(
0

0

)
, and any control u(t)t∈N the state x(t)

remains in the space

span

(
1

−3

)
$ R2.

Solution:- The state x(T ) is determined by

x(T ) =
i−1∑
t=0

AT−1−tBu(t)

Using the fact that

AB =

(
1 −2

−3 6

)(
−1

3

)
=

(
−7

21

)
= 7B,

we get

x(T ) =
i−1∑
t=0

7T−1−tBu(t) ∈ imB = span

(
−1

3

)
$ R2.

The next goal is to determine conditions for (complete) reachability/controllability in

terms of the matrices A,B. For this, we define

Definition 3.1.2. The Controllability Gramians (named after the Danish

mathematician J. P. Gram, 1850 - 1916) of the system ẋ = Ax+ Bu is

given

W(t) =

∫ τ

0

eAτBBTeA
T τ OR W(t) =

t−1∑
i=0

AiBBT (AT )i (3.8)

and the Kalman reachability/controllability matrix (named after the

Hungarian control scientist R. E. Kalman, 1930- 2016)of the system
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ẋ = Ax+ Bu is given

K =
[

B AB . . . An−1B
]

(3.9)

Remark 3.4. The definitions (3.8) and (3.9) are motivated by the following observations:

Consider σx = Ax+ Bu. We know that R = R(n). Moreover, x ∈ R if and only if there

exists u ∈ U , that is, a sequence of input vectors u(0), . . . , u(n− 1) ∈ Rm such that

x =
n−1∑
i=0

An−1−iBu(i) = An−1Bu(0) + An−2Bu(1) + . . .+ ABu(n− 2) + Bu(n− 1)

=
[

B AB . . . An−1B
]


u(n− 1)

u(n− 2)
...

u(1)

u(0)


=: Kv

Therefore, x is reachable from zero if and only if the equation x = Kv possesses a

solution v ∈ Rnm. This is the case if and only if x ∈ im(K). So we have R = im(K).

Moreover, note that W(n) = KKT . Since im(K) = im(KKT ) holds for any real matrix

K, we also have R = im(W(n)).

If x ∈ R, we therefore have x = W(n)z = KKT z for some z ∈ Rn . Then v∗ := KT z is a

special solution of Kv = x. This corresponds to
u(n− 1)

u(n− 2)
...

u(0)

 =


BT

BTAT

...

BT (AT )(n−1)

 z

In other words, u(t) = BT (AT )n−t−1z is a special input function that steers the system

from state 0 to state x in time n. The analogous statement for continuous system is given

in the next theorem.

Theorem 3.1.2. Consider ẋ = Ax+ Bu or σx = Ax+ Bu. In continuous time, let

τ ∗ = ε > 0 be arbitrary. In discrete time, let τ ∗ = n, where n is the dimension of the state

space. We have

R = R(τ ∗) = im(W(τ ∗)) = im(K).

Therefore the followings are equivalent

1. ẋ = Ax+ Bu or σx = Ax+ Bu is reachable/controllable.

2. W(τ ∗) is non-singular.

3. K has full row rank.
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Moreover in that case, an input function which steers the system from state 0 to state x

in time τ ∗ is given by

u(t) = BT eA
T (τ∗−t)W(τ ∗)−1x or BT (AT )τ

∗−t−1W(τ ∗)−1x

Note that this special input function is smooth in the continuous case (although only

piecewise continuity has been required at the beginning).

Remark 3.5. Before giving the proof of the theorem, we will have the following

observations:

1. Since W(τ ∗) is always positive semi-definite due to its form, condition 2 from above

is also equivalent to: W(τ ∗) is positive definite, i.e, xTW(τ ∗)x > 0 for all

0 6= x ∈ Rn. Then, we write W(τ ∗) > 0.

2. It is worth noting that we obtain the same, purely algebraic condition for

reachability/controllability both in continuous and in discrete time, namely,

rank(K) = n, where n is the dimension of the state space. In that case, it is not

ambiguous to simply say that the matrix pair (A,B) is reachable/controllable (this

notion is independent of the time set).

3. The well-known Hamilton-Cayley theorem, i.e.,

χA(A) = An + an−1A
n−1 + . . .+ a1A + a0I = 0.

implies the n− th power (and hence all higher powers) of an n× n matrix A is a

linear combination of the first n powers of A, that is, A0 = I,A1 = A, . . . ,An−1.

Therefore we have

im(K) = KRnm = span{Aibj|i = 0, . . . , n− 1, j = 1, . . . ,m}

= span{Aibj|i ∈ N,j = 1, . . . ,m}

where bj ∈ Rn are the columns of B, that is, B = [b1, . . . , bm].

4. The result

R = im(K) = im(B) + Aim(B) + . . .+ An−1im(B)

can also be formulated as follows: R is the smallest A− invariant
(that is, AR ⊆ R) subspace of the state space X that contains im(B).

Proof. : Due to Remark 3.4, we only need to proof for the continuous case:

Then, τ ∗ = ε > 0 is arbitrary.
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We start with showing that R(ε) ⊆ im(K): If x ∈ R(ε), then there exists u ∈ U such that

x = ϕ(ε, 0, 0, u) =

∫ ε

0

eA(ε−τ)Bu(τ)dτ

=

∫ 0

ε

−eAτ̃Bu(ε− τ̃)dτ̃

=

∫ ε

0

eAτ̃Bu(ε− τ̃)dτ̃ =

∫ ε

0

eAτBu(ε− τ)dτ

By equation (1.1) we have,

eAτ =
∞∑
i=0

τ i

i!
Ai

x =

∫ ε

0

eAτBu(ε− τ)dτ =

∫ ε

0

∞∑
i=0

τ i

i!
AiBu(ε− τ)dτ ∈ im(K)

Therefore, R(ε) ⊆ im(K)

Secondly, we wish to show that im(K) = im(W(ε)). From linear algebra,

we know that it is equivalent to prove that im(K)⊥ = im(W(ε))⊥

Let x ∈ im(K)⊥ , that is, < x, y >= 0 for all y ∈ im(K). Then xTKz = 0

for all z ∈ Rnm , which means that xTK = 0 and hence xTAiB = 0 for all i.

Then also

xTeAtB = xT
∞∑
i=0

τ i

i!
AiB = 0 and thus xW(ε) = 0.

This shows that x ∈ im(W(ε))⊥.

Conversely, let x ∈ im(W(ε))⊥ , then

xTW(ε) =

∫ ε

0

xTeAτBBTeAτdτ = 0.

Post-multiplying this by x, we obtain∫ ε

0

||BTeA
T τx||2dτ

We conclude that the smooth function f(τ) = BTeA
T τx is the constant

zero function because of the norm of a C∞ - function is zero, then the

function is zero. Then also all its derivatives are zero. Evaluating them at
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τ = 0, we obtain

BTx = 0, BTATx = 0, BT (AT )2x = 0, . . .

that is, xTK = 0 and hence x ∈ im(K)⊥.

Finally, we need to show that im(W(ε)) ⊆ R(ε). Let x ∈ im(W(ε)), then

there exists z ∈ Rn such that

x = W(ε)z.

Set u(t) = BTeA
T (ε−t)z. Then

ϕ(ε, 0, 0, u) =

∫ ε

0

eA(ε−τ)Bu(τ)dτ

=

∫ ε

0

eA(ε−τ)BBTeA
T (ε−τ)zdτ

=

∫ ε

0

eA(τ)BBTeA
T (τ)zdτ = W(ε)z = x

which shows that x ∈ R(ε).

Example 3.1.2 (An electric water katlle). Let x1, x2 be the temperature of the heater coil

and of the water, respectively. The change of x1 is proportional to the electrical power fed

into the system minus the coil’s heat loss to the water ; the electrical power is proportional

to v2; the heat loss is proportional to the temperature difference x1 − x2. The change of x2

is proportional to the heat loss of the coil. This leads to the model

ẋ1(t) = av(t)2 − b(x1(t)− x2(t))

ẋ2(t) = c(x1(t)− x2(t))

where a, b, c ∈ R. setting u := v2, this is a state space system. Discuss its stability and

controllability in terms a, b, c.

Solution:- We have(
ẋ1

x2

)
=

[
−b b

c −c

]
︸ ︷︷ ︸

=:A

(
x1

x2

)
+

(
ẋ1

x2

)
︸ ︷︷ ︸

=:B

u

Thus, spec(A) = {0,−b− c, }
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Stability:-

If b+ c < 0, the system is stable.

If b+ c = 0, the eigenvalue 0 has algebraic multiplicity 2.

c = −b ∴ A =

[
−b b

c −c

]
if b = 0, dim ker(λI−A)

= dim ker(0I− 0)

= dimR2 = 2

If b = 0, the geometric multiplicity is also 2, and the system is stable.

If b 6= 0, the geometric multiplicity is 1, and thus the system is unstable.

If b+ c > 0, the system is stable (but not asymptotically).

Controllability:- The Kalman matrix is

K =

[
a −ab
0 ac

]

and det(K) = a2c. Thus, the system is controllable if and only if a 6= 0 and c 6= 0.

Example 3.1.3. Let a scalar control system ẋ = x+ u be given. Compute a control u

which steering the state from x(0) = 0 to x(T ) = xf according to the formula in the proof

above. What happens if T → 0?

solution:-

We have

ẋ = (1)x+ (1)u⇒ A = (1), B = (1)

Therefore, W(T ) =

∫ T

0

et1· 1· etdt =

∫ T

0

e2tdt =
1

2
(e2T − 1)

and thus

u(t) = 1· e1(T−t)· 1
2

(e2T − 1)xf =
2eT−t

e2T − 1
·xf =

2eTxf
et(e2T − 1)

When, T→ 0

One can see that the control function gets “bigger” if T tends to zero. As

T → 0, e2T − 1→ 0 and thus u(t) gets biger.

Example 3.1.4. Consider the state space system given by ẋ1 = x2, ẋ2 = u. let

x0 = (0 0)T , xf = (1 3)T , and tf = 1 be given. Compute an input function u that

steers the system from x(0) = x0 to x(tf ) = xf .

Solution:- The formula above is

u(t) = BT eA
T (1−t)W−1

1 xf .

where

A =

(
0 1

0 0

)
, B =

(
0

1

)
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Thus,

eAt =

(
1 t

0 1

)
,

W1 =

∫ 1

0

eAtBBT eA
T tdt =

∫ 1

0

[
t2 t

t 1

]
dt =

[
1
3

1
2

1
2

1

]
.

Plugging this in, we obtain u(t) = 6t.

Example 3.1.5. Show that the minimal “energy” needed to steer a controllable system

ẋ = Ax+ Bu, from 0 to x̄ in time ε > 0 is given by

min {E(u)|u(ε, 0, 0, u(.)) = x̄} = x̄TW(ε)−1x̄,

where, E(u) =
∫ t
0
||u(t)||2dt and W(.) denotes the controllability Gramian

W(t) =

∫ t

0

eAτBBT eA
T τdτ

We prove this result step by step by proving the following sequence of results:

a) Show that Ẇ(t) = AW(t) + W(t)AT + BBT

Proof. : We have by the fundamental of calculus, Ẇ(t) = eAtBBT eA
T t and

AW(t) + W(t)AT =

∫ t

0

AeAτBBT eA
T τdτ +

∫ t

0

eAτBBT eA
T τATdτ

=

∫ t

0

(AeAτBBT eA
T τ + eAτBBT eA

T τAT )dτ

=

∫ t

0

d

dτ
(eAτBBT eA

T τ )

= eAτBBT eA
T τ |t0

= eAτBBT eA
T τ︸ ︷︷ ︸

Ẇ

−BBT

⇒ Ẇ(t) = AW(t) + W(t)AT + BBT

b) Show that d
dt

(x(t)−1) = −x(t)ẋ(t)x(t)−1 for every invertible matrix.

Proof. We have xx−1 = I and hence, by product rule,

ẋx−1 + x
d

dx
(x−1) = 0

⇒ d

dx
(x−1) = −x−1ẋx−1
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c) Consider v(t) := x(t)TW(t)x(t), where x(·) is a solution of ẋ = Ax+ Bu and

compute v̇(t).

Proof. Omitting the argument t,

v̇(t) = ẋTW−1x+ xT (
d

dt
W−1)x+ xTW−1ẋ

= (xTAT + uTBT )W−1x− xTW−1ẆW−1x+ xTW−1(Ax+ Bu)

= xT (AT )W−1 −W−1ẆW−1A)x+ uTBTW−1x

−(W−1A + ATW−1 + W−1BBTW−1)

= −xTW−1BBTW−1x+ uTBTW−1x+ xTW−1Bu

= −xTW−1BBTW−1x+ 2uTBTW−1x

where we have used that W and hence W−1 are symmetric.

d) Rewrite the result of (c) as (omitting the argument t)

v̇ = −||BTW−1x||2 + 2 < u,BTW−1x > .

Now use quadratic completion, integrate form 0 to ε, and conclude that for all u

with ϕ(ε, 0, 0, u(· )) = x̄, we must have

x̄TW(ε)−1x̄ ≤ E(u).

Proof. The result of (c) can be written as

v̇ = −||BTW−1x||2 + 2 < u,BTW−1x >

Using quadratic completion, we get

v̇ = −||BTW−1x||2 + 2 < u,BTW−1x > −||u||2 + ||u||2 (adding and subtracting||u||2)

= −||u−BTW−1x||2 + ||u||2

Integrating from 0 to ε yields

v(ε)− v(0) = −
∫ ε

0

||u(t)−BTW(t)−1x(t)||2dt+

∫ ε

0

||u(t)||2dt ≤
∫ ε

0

||u(t)||2dt

Plugging in x(0) = 0 and x(ε) = x̄, we have v(0) = 0, and hence

v(ε) = x̄TW(ε)−1x̄ ≤ E(u).

e) Finally, show that equality is achived for

u(t) = BT eA
T (ε−t)W(ε)−1x̄.
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Remark 3.6. :- This explains the trade off between the speed and the energy

consumption of control : the smaller ε is, the larger is x̄TW(ε)−1x̄.

Proof. Plugging the given u into the solution formula with x(0) = 0, we get

x(ε) =

∫ ε

0

eA
(ε−τ)

BBT eA
T (ε−τ)dτW−1x̄ = x̄

plugging u into the solution formula with x(0) = 0, we get ;

x(ε) =

∫ ε

0

eA(ε−t)BBT eA
T (ε−τ)W−1x̄dτ = x̄

Showing that u steers the system to x(ε) = x̄ as desired. finally,

E(u) =

∫ ε

0

x̄TW(t)eA
(ε−t)

BBT eA
T (ε−t)W−1x̄dt = x̄TW(ε)−1x̄.

As ε→ 0 , W(ε)→ 0

⇒ W(ε)→ +∞

⇒ x̄TW(ε)−1x̄→ +∞

i.e, the smaller ε is, the larger is x̄TW(ε)−1x̄.

Remark 3.7.

Corollary 3.4. Consider ẋ = Ax+ Bu or σx = Ax+ Bu. In the discrete case, assume

that A is invertible. Then C = R.

In general, we only have R ⊆ C, to see this consider the system

x(t+ 1) =

(
0 1

0 0

)
x(t) +

(
0

0

)
u. Then, R = {0} and C = R2 because every state is

controllable in 2 steps to zero because A2 =

(
0 0

0 0

)
,

Proof. Let τ ∗ be as usual. We have x ∈ C = C(τ ∗) if and only if there exists u ∈ U such

that

ϕ(τ ∗, 0, x, u) + ϕ(τ ∗, 0, x, 0) + ϕ(τ ∗, 0, 0, u) = 0,

that is, ϕ(τ ∗, 0, x, 0) + ϕ(τ ∗, 0, 0, u) = 0 and hence ϕ(τ ∗, 0, x, 0) = ϕ(τ ∗, 0, 0,−u). Thus

x ∈ C if and only if ϕ(τ ∗, 0, x, 0) ∈ R. In continuous time, this means

ϕ(τ ∗, 0, x, 0) = eAτ
∗−0x+

∫ τ∗

0

eAτ
∗−sBu(s)ds

= eAτ
∗
x

x ∈ C ⇔ eAτ
∗
x ∈ R. (3.10)
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Since eAτ is invertible, this shows that eAτC = R and hence dim(C) = dim(R). In

discrete time,

x ∈ C ⇔ Aτx ∈ R. (3.11)

If A is invertible, we can argue as in the continuous case to see that R and C have the

same dimension. Thus it suffices to show that R ⊆ C. If x ∈ R = R(τ ∗), then Aτ∗x and

eAτ
∗
x are also in R (this is due to the A− invariance of R). According to (3.10) and

(3.11), this implies x ∈ C. Therefore, C = R.

Example 3.1.6. a) With the notion introduced above, show that

R(t, x) = ϕ(t, 0, x, 0) +R(t), and

C(t, x) = Φ(t)−1(x+R(t))

where Φ(t)x = ϕ(t, 0, x, 0).

b) Consider that in discrete time, C = (An))−1R ⊇ R. Thus, a discrete state space

system is completely controllable to zero if and only if im(An) ⊆ im(K), where K is

the Kalman matrix.

Note: (.) denotes the inverse image in (a) and (b).

c) Consider P( d
dt

)y = u, where P is a scalar monic polynomial of degree n.

Transform this into a state space system of size n and show that the system is

controllable.

Solution:-

a) We have

. x1 ∈ R(t, x)⇔ ∃u : x1 = ϕ(t, 0, x, u) = ϕ(t, 0, x, 0) + ϕ(t, 0, 0, u)︸ ︷︷ ︸
R(t)

⇔ x1 ∈ ϕ(t, 0, x, 0) +R(t)

.

x0 ∈ C(t, x) ⇔ ∃u : x = ϕ(t, 0, x0, u) = ϕ(t, 0, x0, 0)︸ ︷︷ ︸
Φ(t)x0

+ϕ(t, 0, 0, u)

⇔ x ∈ Φ(t)x0 +R(t)

⇔ Φ(t)x0 ∈ x+R(t)

⇔ x0 ∈ Φ(t)−1(x+R(t))

b) We have

C(t) = Φ(t)−1R(t) = (At)−1R(t)

and thus C = C(n) = (An)−1R(n) = (An)−1R.

Due to A- invariance of R, we have R ⊆ (An)−1R.
Thus,C = Rn if and only if ∀x ∈ Rn : Anx ∈ R = im(K), i.e, im(K).
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c) Let P = sn + pn−1s
n−1 + . . .+ p1s+ p0.

set x =
[
y y2 . . . y(n−1)

]T
Then,

A =


0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

−p0 −p1 . . . −pn−1

 , B =


0
...

0

1


and hence the Kalman matrix has the shape

K =


0 1

. . .

1 ∗


which shows that K has rank n independently of the choice of the pi.

3.2 Controllable matrix pairs

Let

A ∈ Rn×n and B ∈ Rn×m.

We say that the matrix pair (A,B) is controllable if the associated Kalman controllability

matrix is

K =
[

B AB . . . An−1B
]

has full row rank, that is, rank(K) = n.

If a state space system

ẋ = Ax+ Bu or σz = Az + Bu

is subject to a coordinate transform x = T z, where T ∈ Rn×n is invertible, then we get

ż = T−1ATz + T−1Bu or σz = T−1ATz + T−1Bu

We say that the matrix pair (T−1AT,T−1B) is similar to the matrix pair (A,B).

A coordinate transform should not change structural system properties such as stability

and controllability. Indeed, similar matrices have the same eigenvalues, and the ranks of

the Kalman controllability matrices of similar matrix pairs coincide.

The following result is limited to the single-input case, that is, m = 1. Then B is a single

column vector. In that case, we simply write b instead of B. The associated Kalman

controllability matrix

K =
[

B AB . . . An−1B
]

If a system is completely controllable, there exist similarity transformations that convert

it into special standard forms, or canonical forms:
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• The controllability form

• The controller form

Theorem 3.2.1. Let A ∈ Rn×nand b ∈ Rn , and let (A,b) be a controllable matrix pair.

Then there exists an invertible matrix T ∈ Rn×n such that

Ã := T−1AT =


0 . . . 0 −a0
1 −a1

. . .
...

1 −an

 and b̃ := T−1b =


1

0
...

0


The numbers ai are precisely the coefficients of the characteristic polynomial, that is,

χA(s) = χT−1AT(s) = sn + an−1s
n−1 + . . .+ a1s+ a0.

This is called the controllability form of (A,b).

Moreover, there exists an invertible matrix P ∈ Rn×n such that

Ã := PAP−1 =


0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

−a0 −a1 . . . −an

 and b̃ := Pb =


0

0
...

1


This is called the controller form of (A,b).

Proof. : (The controllability form) According to the Hamilton-Cayley theorem,

An = −an−1An−1 − . . .− a1A− a0I.

Thus we have

AK =
[

Ab A2b . . . Anb
]

=
[

b Ab . . . An−1b
]


0 . . . 0 −a0
1 . . . 0 −a1
...

. . .
...

...

0 . . . 1 −an


And

b =
[

b Ab . . . An−1b
]


1

0
...

0

 = Kb̃

Since (A,b) is controllable, K is invertible

AK = KÃ ⇒ K−1AK = Ã
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b = Kb̃ ⇒ K−1b = b̃

Thus we simply put T = K

Example 3.2.1. Let ẋ = Ax+ bu be a controllable single-input system

(A ∈ Rn×n, b ∈ Rn) Let the characteristic polynomial of A be

χA = det(sI−A) = sn + an−1s
n−1 + . . .+ a1s+ a0.

Recurssively, define the following vectors:

v(n) := cb, and

v(i) := Avi+1 + aib for i = n− 1, . . . , 0

a) Show that {v(1), . . . , v(n)} is basis of Rn and v(0) = 0.

b) Prove that the matrix T =
[
v(1), . . . , v(n)

]
that has the vectors v(i) as columns, is a

transformation matrix that puts (A, b) in to controller form.

• Apply thisto A =

 1 1 1

1 0 1

1 1 0

 , B =

 0

1

0


Solution:-

a) We have

v(n) = b

v(n−1) = Ab+ an−1b = (A + an−1I)b

v(n−2) = Avn−1 + an−2b = (A2 + an−1A + an−2I)b
...

Thus,

v(i) = (An−i + an−1A
n−i−1 + . . .+ aiI)b =

n−i∑
j=0

ai+jA
jb,

where we set an := 1. Thus,

v(0) = (An + . . .+ a0I)b

By the Hamilton-Cayley Theorem, we have v(0) = 0. Then,

0 =
n∑
i=0

λv(i) =
n∑
i=1

n−i∑
j=0

λi+jA
jb =

n∑
j=0

(

n−j∑
i=1

λiai+j)A
jb

Since (A, b) is controllable, the vectors b,Ab, . . . ,An−1b are linearly independent

Thus, we must have :
n−j∑
i=1

λiai+j = 0
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for all j = 0, . . . , n− 1. This implies (forj = n− 1) that λ1an = 0 and thus λ1 = 0.

For j = n− 2, we get λ1an−1 + λ2an = 0, and thus λ2 = 0. Proceeding like this , we

see that all λi = 0 as desired.

Hence, {v(1), . . . , v(n)} is a basis of Rn.

b) We have , for i = 1, . . . , n− 1

Av(i+1) − aib and Av(1) = v(0) − a0b = −a0b.

writing this column-wise into a matrix equation we obtain

A
[
v(1), . . . , v(n)

]
=
[
v(1), . . . , v(n)

]


0 1 . . . 0
...

...
. . .

...

0 0 . . . 1

−a0 −a1 . . . −an−1


︸ ︷︷ ︸

Acontroller

and thus AT = TAcontroller or T−1AT = Acontroller. Finally,

[
v(1) . . . v(n)

]


0
...

0

1

 = v(n) = b

that is , Tbcontroller = b or bcontroller = T−1b as desired.

c) The characteristic polynomial is χA = s3 − s2 − 3s− 1. Thus,

v(3) =

 0

1

0

 , v(2) =

 1

−1

1

 , v(3) =

 1

−1

0


Thus, we set

T =

 1 1 0

−1 −1 1

0 1 0


and we obtain

T−1AT =

 0 1 0

0 0 1

1 3 1

 , T−1b =

 0

0

1

 .
The above theorem can be extended for the case m > 1, and systems which are not

necessarly controllable.

Theorem 3.2.2 (Kalman controllability decomposition). Let

A ∈ Rn×n and B ∈ Rn×m. Let K be the associated Kalman controllability matrix and let
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r := rank(K). Then there exists an invertible matrix T ∈ Rn×n such that

Ã := T−1AT =

[
A1 A2

0 A3

]
and B̃ :=

[
B1

0

]

where A1 ∈ Rr×r,B1 ∈ Rr×m is a controllable matrix pair.

Proof. Since R is a space of reachable states from zero and R = im(K), we have R
equals the span of columns of the Kalman matrix.

Thus, there exist vectors v1, ..., vr ∈ R that form a basis of R By theorem 1.1.3 Every

linearly independent list of vectors in a finite-dimensional vector space can be extended to

a basis of the vector space. Therefore, there exist w1, ..., wn−r ∈ Rn such that

v1, ..., vr, w1, ..., wn−r is a basis of Rn. Then

T := [V W] := [v1 . . . vr w1 . . .wn−r] ∈ Rn×n

is an invertible matrix.

Due to the A− invariance of R, the columns ofAV are again in R . Thus they can

be written as linear combinations of the vectors vi , that is,

AV = A
[
v1 v2 . . . vr

]
=

[
a11v1 + a21v2 + . . .+ ar1vr, a12v1 + . . .+ ar2vr, . . . , a1rv1 + . . . ,+arrvr

]

=
[
v1 v2 . . . vr

]

a11 a12 . . . a1r

a21 a22 . . . a2r
...

...
...

...

ar1 ar2 . . . arr


︸ ︷︷ ︸

=:A1

= VA1

for some matrix A1 ∈ Rr×r . On the other hand, the columns of AW are in Rn and

thus they can be written as linear combinations of vi, wj , that is,

AW = VA2 + WA3

for some matrices A2,A3 of appropriate sizes. Summing up, we have

AT = [AV AW] = [VA1 VA2 + WA3] = [V W]

[
A1 A2

0 A3

]
= TÃ

since R = im(K) = im(B) + Aim(B) + . . .+ An−1im(B)

= (I + A + . . .+ An−1)im(B), we have

im(B) ⊆ R
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Thus, the columns of B are linear combinations of the vectors vi, that is,

B = VB1 = [V W]

[
B1

0

]
= TB̃

some matrix B1 ∈ Rr×m. It remains to show that (A1,B1) is a controllable matrix pair.

The Kalman controllability matrix associated to (Ã, B̃) is

K̃ =
[

B̃ ÃB̃ . . . Ãn−1B̃
]

=

[
B1 A1B1 . . . An−1

1 B1

0 0 . . . 0

]

this has rank r, just like the Kalman controllability matrix of the original matrix pair.

Therefore,

r = rank
[

B1 A1B1 . . . An−1
1 B1

]
.

Due to the Hamilton-Cayley theorem, this implies that

r = rank
[

B1 A1B1 . . . Ar−1
1 B1

]
.

which shows that (A1,B1) is controllable.

Remark 3.8. Let χA and spec(A) denote the characterstic polynomial and the

spectrum of A, respectively.

In Kalman controllability decomposition we clearly have

χA = χA1 · χA3

and thus

spec(A) = specA1 ∪ specA3.

We call χA3 the uncontrollable part of the characterstic polynomial of A with respect to B,

and λ ∈ spec(A3) an uncontrollable mode of (A,B). Of course, it has to be verified that

these notions do not depend on the specific choice of the Kalman decomposition (which is

non-unique, in general, since its construction involves several choices): In fact, the matrix

A1 is the matrix representation of A|R : R → R with respect to the chosen basis of R.

Thus, A1 depends on the choice of the basis, but χA1 does not. Therefore, this holds also

for χA3 = χA \ χA1. The decomposition in the theorem is not unique but χA3 is unique.

Example 3.2.2. Consider the system ẋ = Ax+ Bu where, A =

(
1 0

1 0

)
, B =

(
1

1

)
.

The Kalman controllability matrix is

K =
[

B AB
]

=

[
1 1

1 1

]

which has rankr = 1. We choose the vector v1 := B =

(
1

1

)
as a basis of R = im(K).
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We can also choose w1 =

(
0

1

)
so that v1, w1 form a basis of R2. Thus, we set

T =

[
1 0

1 1

]
.

Then,

T−1AT =

[
1 0

0 0

]
and T−1b =

[
1

0

]
.

observe that χA and hence 0 is uncontrollable mode of (A,B).

Another way to characterize the uncontrollable modes of a matrix pair is given in the

next theorem:

Theorem 3.2.3. Let A ∈ Rn×n, B ∈ Rn×m, and λ ∈ C . The following are equivalent:

1. λ is an uncontrollable mode of (A,B);

2. rank
[
λI−A B

]
≤ n.

Proof. Let Ã = T−1AT and B̃ = T−1B. Since

[λI− Ã B̃] = T−1[λI−A B]

[
T 0

0 I

]

we have

rank [λI− Ã B̃] = rank [λI−A B]

Thus we may assume, without loss of generality, that a Kalman controllability

decomposition has already been performed, i.e,

A =

[
A1 A2

0 A3

]
and B =

[
B1

0

]

where (A1,B1) is controllable. Then we have

H(λ) := [λI−A B] =

[
λI−A1 −A2 B1

0 λI−A3 0

]

(⇒)

If λ is an uncontrollable mode, then it is an eigenvalue of A3. Thus it

makes determinant of λI−A3 zero and thus λI−A3 is singular. Therefore,

H(λ) can not have full row rank and hence rank [λI−A B] < n. (⇐)

Conversely, Assume that the rank of H(λ) is not full. Then there exists a

vector x 6= 0 such that xH(λ) = 0, that is,

x1(λI−A1) = 0
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−x1A2 + x2(λI−A3) = 0

x1B1 = 0

The first and third equations imply that

x1B1 = 0, x1A1B1 = 0, x1A
2
1B1 = 0, ...

To see this, we multiply the 1st equation by B1 from the right to gets

λx1B1︸ ︷︷ ︸
=:0

−x1A1B1 = 0

→ x1A1B1 = 0.

Thus, x1
[
B1 A1B1 . . . Ar−1

1 B1

]
= 0. The controllability of

(A1,B1) yields that x1 = 0.Then x2 6= 0 and

x2(λI−A3) = 0

which implies that λ is an eigenvalue of A3, that is, an uncontrollable

mode of (A,B).

Example 3.2.3. Consider once more

A =

[
1 0

1 0

]
and B =

[
1

1

]
.

Then,

H(λ) =

[
λ− 1 0 1

−1 λ 1

]
which has rank 2 for all λ 6= 0. But, rank(H(0)) = 1 < 2, showing that 0 is an

uncontrollable mode of the system.

As a consequence of the above theorem, we will have the following alternative criteria

controllability of a system.

Corollary 3.5 (Hautus test for controllability). The following are equivalent:

1. (A,B) is controllable.

2. The matrix H(λ) = [λI−A B] has full row rank for all λ ∈ C.

We call the polynomial matrix H = [sI−A B] ∈ Rn×(n+m) is called Hautus

controllability matrix.
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3.3 Asymptotic controllability

Sometimes, it is not required that a system should go from one state to another in finite

time τ . Instead, one is satisfied if this happens asymptotically as τ →∞.

Definition 3.3.1. We say that a state space system ẋ = Ax+ Bu or σx = Ax+ Bu is

asymptotically controllable (to zero) if for any x0 ∈ X = Rn , there exists an input

function u ∈ U such that

lim
t→∞

ϕ(t, 0, x0, u) = 0.

Remark 3.9. Controllability implies asymptotic controllability.

Theorem 3.3.1. A state space system is asymptotically controllable if and only if its

uncontrollable modes λ are asymptotically stable, that is, Re(λ) < 0 in continuous time,

and |λ| < 1 in discrete time.

Let us convince ourselves at least of the simple direction of the proof. We may assume,

without loss of generality, that

A =

[
A1 A2

0 A3

]
and B =

[
B1

0

]

Then x2(t) = eA3tx2(0) or x2(t) = At3x2(0), respectively. If the system is asymptotically

controllable, we must have limt→∞ x2(t) = 0 for all x2(0), which implies that A3 must be

asymptotically stable.

Example 3.3.1. Compute a Kalman controllability decomposition of

A =

 1 2 1

2 1 1

1 1 2

 , B =

 1

1

0


What are the uncontrollable modes of (A,B)? Is the system asymptotically controllable?

Consider both continuous and discrete time.

solution :-

The corresponding Kalman matrix is

K =

 1 3 11

1 3 11

0 2 10


which has rank r = 2. We may take the first 2 columns of K as a basis of R. We need to

find a third vector that completes the basis. A possible choice is

 1

0

0

 and so we put

T =

 1 3 1

1 3 0

0 2 0


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We obtain

T−1AT =

 0 −4 1
2

1 5 1
2

0 0 −1

 and T−1B =

 1

0

0


The only uncontrollable mode is -1. Thus, the system is asymptotically controllable in

continuous time, but not in discrete time.

3.4 Controllable behaviors

The Hautus test gives us an idea about how to generalize the notion of controllability

from state space systems ẋ = Ax+ Bu to general systems R( d
dt

)w = 0 where R ∈ R[s]p×q

, and w ∈ A . In a state space system

R = [sI−A −B] ∈ R[s]n(n+m) and w =

[
x

u

]

The polynomial matrix R is recognized as the Hautus controllability matrix (up to the

sign of B, which does not influence the rank).

In this section, we restrict to continuous systems, and we return to our original signal

spaces, that is, A = D′(T), where T = R,R+ .

Definition 3.4.1. Let t0 ∈ T be fixed. Let R ∈ R[s]p×q and

B = {w ∈ Aq|R(
d

dt
)w = 0}

where A is as described above. Let w(1), w(2) ∈ B be two trajectories. We say that w(2) is

reachable from w(1) in time τ ≥ 0 (or: w(1) is controllable to w(2) in time τ ) if there

exists a trajectory w ∈ B which coincides with w(1) on (−∞, t0) ∩T and with w(2) on

(t0 + τ,∞) ∩T . If there is any such τ ≥ 0, then we say that w(2) is reachable from w(1)

(or: w(1) is controllable to w(2) ). One says that B is controllable if any w(1) ∈ B can be

controlled to any w(2) ∈ B.

To say that two distributions coincide on an open set U ⊆ R means that they assign the

same value to each test function whose support lies in U . In the situation described

above, one calls w a connecting trajectory for w(1), w(2) . For classical functions, this

means

w(t) =

{
w(1) if t < t0

w(2) if t > t0 + τ

The choice of the starting time t0 makes no difference, because we consider only

time-invariant systems. Similarly as with state space systems, the transition time τ can

be made arbitrarily small, independently of the choice of the two trajectories to be

connected.
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Theorem 3.4.1 (Generalized Hautus test). Let A = D′(T) for T = R or R+ and let

R ∈ R[s]p×q . Without loss of generality, let R have full row rank. Then the behavior

B =

{
w ∈ Aq|R(

d

dt
)w = 0

}
is controllable if and only if rank(R(λ)) = p for all λ ∈ C.

Proof. Let R have full row rank and let

URV =
[

D 0
]

be the Smith form of R, with D = diag(d1, . . . , dp). Since U,V are unimodular, we have,

for all λ ∈ C,

rank(R(λ)) = rank(U(λ)R(λ)V(λ)) = rank(D(λ)).

Thus, rank(R(λ)) = p for all λ ∈ C if and only if det(D(λ)) 6= 0 for all λ ∈ C, that is, if

no di has a zero in C. This is true if and only if all di are constants. Since we may always

assume that the di are monic polynomials (i.e., their leading coefficients are equal to one),

we have

rank(R(λ)) = p for all λ ∈ C ⇔ D = I.

Consider as usual

B̃ =
{
w̃ ∈ Aq|

[
D 0

]
w̃ = 0

}
(w has no influence on the solution set but v has an influence.) which is related to B via

the isomorphism B̃ → B, w̃ 7→ w = V( d
dt

)w̃. because

Rw = 0 ⇒ uRw = 0

⇒ uRvv−1w = 0

⇒ [D 0] w̃ = 0

where w̃ = v−1w and thus w = vw̃.

Thus, B̃ is controllable if and only if B is controllable. However, if D = I, then

B̃ = {0} × Aq−p ⊆ Aq

which is clearly controllable. Conversely, suppose B̃ is controllable, we need to show that

D = I.

If D 6= I, there exists at least one di , say d1 , which is not constant. Then the equation

for the first component w̃1 of w̃ reads

d1(
d

dt
)w̃ = 0
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which has precisely the solutions

w̃1(t) =
∑
λ

aλ(t)e
λt (3.12)

where λ ∈ C are the zeros of d1 (since d1 is not a constant, there exists at least one such

λ). Now consider t0 ∈ T and two trajectories w̃(1) , w̃(2) in B̃, where the first component

of w̃(1) is not identically zero on (−∞, t0) ∩T , and w(2) is the zero trajectory. Then w̃(2)

is not reachable from w̃(1) : A connecting trajectory w̃ would have to satisfy w̃1 = 0 on

(t0 + τ,∞), which implies that w̃1 = 0 everywhere because (3.12) that w̃1 must be an

analytic function. Thus w̃ cannot coincide with w̃(1) on (−∞, t0) ∩T . This shows that

the system is not controllable, which is a contradiction to the assumption that B̃ is

controllable. Then, D = I and hence, rank(R(λ)) = p ∀λ ∈ C.

For instance, a scalar input-output representation

y(n) + an1y
(n−1) + . . .+ a1ẏ + a0y = u

is controllable, because putting

R =
[
−1 sn + an−1s

n−1 + . . .+ a1s+ a0
]

and w =

[
u

y

]

we see that rank(R(λ)) = 1 for all λ ∈ C.

Polynomial matrices that represent controllable behaviors are characterized by the

following theorem.

Theorem 3.4.2. Let R ∈ R[s]p×q be a polynomial matrix with full row rank. The

following are equivalent:

1. rank(R(λ)) = p for all λ ∈ C;

2. The Smith form of R is [ I 0 ] ;

3. There exists a matrix T ∈ R[s](q−p)×q such that

[
R

T

]
is unimodular;

4. There exists a matrix S ∈ R[s]q×p such that RS = I;

5. If R = UR1 for some U ∈ R[s]p×p,R1 ∈ R[s]p×q, then U must be unimodular.

If the equivalent conditions are satisfied, we say that R is left prime (or: left

irreducible).

Proof. : We have already seen in the previous proof that “1⇒ 2”. The converse is

obvious.

58



(2 =⇒ 3): Assume that

R = U
[

I 0
]

V = U
[

I 0
] [ V1

V2

]
= UV1

where U and V are unimodular. Define T := V2 , then[
R

T

]
=

[
UV1

V2

]
=

[
U 0

0 I

]
︸ ︷︷ ︸
unimodular

[
V1

V2

]
︸ ︷︷ ︸
unimodular

which shows that the matrix is unimodular.

For 3 =⇒ 4,

Let T be a matrix according to assertion 3. Then there exist matrices S1, S2 such that[
R

T

] [
S1 S2

]
=

[
I 0

0 I

]

In particular, RS1 = I.

For 4 =⇒ 5,

Let S be such that RS = I and R = UR1 . Then UR1S = I, which shows that U is

unimodular because RS is a polynomial and inverse of U.

Finally, we show 5 =⇒ 2 by negation.

Assume that the Smith form is
[

D 0
]

with D = diag(d1, . . . , dp) and at least one of

the di is not a constant, say d1 /∈ R. Then

R = U
[

D 0
]

V = U1R1

with

U1 =


d1

1
. . .

1

 and R1 =


1

d2
. . . 0

dp

V

We have det(U1) = det(U)d1 and thus we have found a factorization R = U1R1 in which

U1 is not unimodular.

A polynomial matrix R ∈ R[s]p×q with full row rank is left prime if and only if its p× p
subdeterminants have no common zeros in C (since we have rank(R(λ)) < p if and only if

λ ∈ C is a common zero of all p× p minors). By the fundamental theorem of algebra, it is

also equivalent to say that the p× p subdeterminants of R are devoid of common factors,

i.e., they are coprime polynomials in R[s]
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