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Abstract

In this project, we propose a trust region dogleg method algorithms to
solve a trust region subproblems arising form unconstrained optimization.
The method can deal with by constricting a dogleg paths. The case when
the Hessian B of quadratic models is positive definite. The philosophy and
fundamental ideas of trust region algorithms are discussed and proved that
the method is globally convergent and has a supper linear convergence rate.
And then the final algorithm is programmed in MATLAB and implemented
by taking appropriate test problem.
Key-words:- Trust region, dogleg path, dogleg method, convergence.



Introduction

Consider an unconstrained minimization problem the mathematical for-
mulation is

min
x
f(x) (1)

where x ∈ <n is a real vector with components n ≥ 1 and f : <n → < is a
smooth function.

Most numerical methods for optimization are iterative. That is, starting
from an initial guess x1 construct a sequence of points x1, x2, ..., xk, ... which
converges to a desired solution.
In order to solve any optimization problem numerically, nowadays there are
two general iterative methods those are line search methods and Trust-region
methods. Line search algorithms are one of the basic methods for solving
optimization problems. These algorithms employ first determine descent
directions pk (called step direction) and then decide how far to move along
pk to find a number αk ≥ 0 (called step length) such that f attains the least
possible value at xk + αkpk i.e, f(xk + αkpk) sufficiently smaller than f(xk).
The step length αk may be obtained by solving (exactly or approximating)
the one dimensional problem

min
α>0

f(xk + αkpk)

If α∗ is the solution of this one dimensional problem, then set αk = α∗ so
that xk+1 = xk + αkpk. [1] Examples of such methods are: The steepest
(gradient) Descent, Newton and Quasi Newton Methods. [1] In this paper
an alternative method of solving unconstrained optimization problems will
be examined, namely the Trust region method.

Trust-region method is one of the most important numerical optimiza-
tion methods in solving non linear programming (NLP) problems. It is worth
noting that trust region methods have a wide range of applications within
the fields of science, engineering and even the social sciences. It works in
a way that first determine an approximation of f around the xk denoted by
mk (called model of f at xk) and use a minimizer of mk(xk + p) to con-
struct xk+1 usually, mk is a quadratic (second order Taylor) approximation
of f around xk, mk(xk + p) ≈ f(xk + p) where ‖p‖ is sufficiently small i.e,
mk(xk + p) = f(xk) +∇fT (xk)p+ 1/2pTBp where Bk is the Hessian matrix
of f (or its approximation ) at xk and then find an (approximate) minimizer
of the model on the region to locate xk+1. Unlike the line search methods,
Trust-region method usually determines the step size before the improving
direction.
Note that The most prevalent of line search algorithms are the Newton and
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Quasi-Newton methods, which is widely used within the field of optimiza-
tion due to their fast (quadratic) convergence properties, given that certain
conditions are satisfied. The trust region algorithm is in fact a modification
of such methods, in that it restricts the Newton step within the bounds of
the trust region. [3] The major drawback to the trust region method is that
in order to obtain in the step pk a minimization problem subject to one con-
straint (known as the Trust region sub-problem) must be solved. This is not
trivial computationally, especially if there are large number of variables.

There are different methods are available to find an approximate so-
lution of the given trust region subproblem. Thus are dogleg method, sub
space minimization method and Steihaugs method. But, in this paper we
are going to discuss, the simple, low cost and an efficient implementation to
solve the trust-region subproblem is the so-called dogleg method which was
presented by Powell [5]. To find an approximate solution of the trust sub-
problem Powell used a path consisting of two line segments to approximate p.
The first line segment runs from the origin to the Cauchy point (a minimizer

generated by the steepest descent method) i.e; pC = − gT g
gTBg

g; the second line

segment runs from the Cauchy point to the Newton point i.e, pB = −B−1g.
The main objective of this paper is to find an approximate solution

of the given trust region sub problem when the Hessian matrix of the model
function Bk is positive definite. First to find a trial step pk called (dog-
leg steps) and then by substituting the dogleg steps in to the trust region
algorithm to find a solution of the given unconstrained optimization prob-
lems, develop an algorithm for both single dogleg methods and double dogleg
methods and programmed in MATLAB implemented on a test problem .

The paper is organized as follows chapter 1 some important theorems
and line search methods are presented. The philosophy of trust region sub
problems and algorithms, methods used to solve trust region sub problems
such as single and double dogleg methods and the prove of algorithms are
globally convergent and that the supper linear convergence rate is discussed
in chapter 2. Numerical results and its implementation is discussed in chapter
3. And the conclusion of this paper presented in chapter 4.

2



Chapter 1

Preliminaries

Consider an unconstrained minimization problem the mathematical for-
mulation is

min
x
f(x) (1.1)

where x ∈ <n is a real vector with components n ≥ 1 and f : <n → < is
twice continuously differentiable function.

1.1 Optimal Solution and Optimal Value:

� Let f(x)be objective function and S ⊆ <n be its feasible set

• x∗ is called optimal solution for a minimization problem

min
s.t x∈S

f(x)

If x∗ ∈ S and f(x∗) ≤ f(x) for all x ∈ S. Such x∗ is also called
global minimizer of f on S.

• x∗ is called a local minimizer of f on S if there is ε > 0 such that
f(x∗) ≤ f(x) for all x ∈ Nε(x

∗)
⋂
S, where, Nε(x0) = x ∈ v |x− x0‖ < ε,

ε nbh of x0.

� Optimal value if x∗ ∈ S is an optimal solution, then f(x∗) is called the
optimal (objective) value.

1.1.1 Convex function

Definition 1. A function f: <n → < is said to be convex if for any x1, x2

∈ <n and any λ ∈ [0, 1], f(λx1 + (1− λ)x2) ≤ λf(x1) + (1− λ)f(x2).

3



Theorem 1. Let f: <n → < be a convex function.
If x0 is local minimizer of f, then it is global minimizer of f.

Theorem 2. Let f: <n → < be differentiable.

1. f(y) ≥ f(x)+ < ∇f(x), y − x > for every x, y ∈ S iff f is convex.

2. Let f be twice continuously differentiable. The Hessian matrix of f is
positive semi definite at each x ∈ S iff f is convex on S.

Remark: An n × n matrix A is said to be positive definite means
xTAx > 0 for all non zero x ∈ <n.
The mathematical tool used to study minimizers of smooth functions is Tay-
lors theorem. Because this theorem is central to our analysis throughout the
paper

Theorem 3. (Taylors Theorem).
Suppose that f: <n → < is continuously differentiable and that p ∈ <. Then
we have that

f(x+ p) = f(x) +∇f(x+ tp)Tp

for some t ∈ (0, 1). Moreover, if f is twice continuously differentiable, we
have that

∇f(x+ p) = ∇f(x) +

∫ 1

0

∇2f(x+ tp)pdt

and that

f(x+ p) = f(x) +∇f(x)Tp+
1

2
pT∇2f(x+ tp)p

for some t ∈ (0, 1). [1]

1.1.2 Basic optimality conditions:

Optimality conditions are used to check whether a point x∗ is a local / global
optimal solution for optimization problems.

Theorem 4. (First-Order Necessary Conditions).
If x∗ is a local minimizer and f is continuously differentiable in an open
neighborhood of x∗, then ∇f(x∗) = 0. [1]

Theorem 5. (Second-Order Necessary Conditions).
If x∗ is a local minimizer of f and ∇2f exists and is continuous in an open
neighborhood of x∗, then ∇f(x∗) = 0 and ∇2f(x∗) is positive semi definite.
[1]
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Theorem 6. (Second-Order Sufficient Conditions).
Suppose that ∇2f is continuous in an open neighborhood of x∗ and that
∇f(x∗) = 0 and ∇2f(x∗) is positive definite. Then x∗ is a strict local mini-
mizer of f. [1]

Theorem 7. When f is convex, any local minimizer x∗ is a global minimizer
of f. If in addition f is differentiable, then any stationary point x∗ is a global
minimizer of f. [1]

1.2 Overview of iterative solution Approach

�Most numerical methods for optimization are iterative. That is, starting
from an initial guess x1 construct a sequence of points x1, x2, ..., xk, ... which
converges to a desired solution.

Definition 2. Consider a function f: <n → < and a point xk ∈ dom(f).
A nonzero vector pk ∈ <n is called a descent direction of f at xk iff there is
δ > 0 such that f(xk + αpk) < f(xk) for all α ∈ (0, δ).

• If a descent direction pk is found at iterate xk, then xk+1 = xk + αkpk,
for some suitable αk ≥ 0.

• If so, pk is called step direction and αk is called step length at xk.

• The difference in iterative solution methods for NLP mainly lies on the
way they identify step direction pk and step length αk.

Theorem 8. If ∇f(xk)
Tpk < 0, then pk is a descent direction of f at xk.

( The angle between pk and −∇f(xk) must be acute angle).

1.2.1 Convergence and Rate of convergence

�Convergence ensure that the sequence of iterates xk converges to a desired
solution x∗ ( x∗ is optimal solution, at least locally).

Theorem 9. If there is some r ∈ (0, 1) and some k0 ≥ 0 such that ‖xk+1 −
x∗‖ ≤ r‖xk − x∗‖ for all k ≥ k0, then xk → x∗.

Definition 3. (Rate of Convergence)
Let xk be a sequence in <n that converges to x∗. The rate of convergence is
said be

1. linear :- if there is a constant r ∈ (0, 1) and k0 ≥ 0 such that ‖xk+1−x∗‖
‖xk−x∗‖

≤
r for all k ≥ k0.
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2. supper linear:- if limk→∞
‖xk+1−x∗‖
‖xk−x∗‖

= 0.

3. quadratic :- if there is a constant M > 0 and k0 ≥ 0 such that ‖xk+1−x∗‖
‖xk−x∗‖2

≤
M for all k ≥ k0.

1.2.2 Line search Methods

Idea:At each iterate point xk,

• determine a descent direction pk (called step direction)

• Decide how far to move along pk: Find a number αk ≥ 0 (called step
length) such that f attains the least possible value at xk + αkpk; i.e,
f(xk + αkpk) sufficiently smaller than f(xk).

• The step length pk may obtained by solving (exactly or approximately)
the one-dimensional problem min f(xk + αpk), s.t α > 0.

There are various line search methods based on the way of deter-
mining pk
From those we will discuss some of which is important with my project works.

The Steepest descent method

Most of the line search algorithms are implemented so that they have a
monotone decrease of objective function. This means that the direction pk
needs to be a descending direction. Therefore the most logical direction to
move along would be the steepest descent direction.
The steepest descent method is a line search method in which the search
direction at xk is given by

pk = −∇f(xk)

One advantage of the steepest descent direction is that it requires calculation
of the gradient ∇fk but not of second derivatives.
Properties of Steepest Descent Method:

• It is convergent (if the function has a minima) starting from any x1.

• However, the convergence is slow (linear rate) due to its zigagging na-
ture: ∇f(xk+1)⊥pk at every consecutive iterate points.

In general, any descent direction one that makes an angle of strictly less than
Π/2 radians with ∇fk is guaranteed to produce a decrease in f, provided that
the step length αk > 0.

6



Newton’s Method

Another important search direction-perhaps the most important one of all- is
the Newton direction. This direction is derived from the second-order Taylor
series approximation to f(xk + p), which is

f(xk + p) ≈ fk +∇fTk p+
1

2
pT∇2fkp = mk(p).

Assuming for the moment that ∇2fk is positive definite, we obtain the New-
ton direction by finding the vector p that minimizes mk(p). By simply setting
the derivative of mk(p) to zero, we obtain the following explicit formula:

pNk = −(∇2fk)
−1∇fk

The Newton direction can be used in a line search method when ∇fk is
positive definite, for in this case we have

∇fTk pNk = −(pN)T∇2fkp
N
k ≤ −αk‖pk‖2

for some αk > 0. We have that ∇fTk pNk < 0, so the Newton direction is
a descent direction. Newtons Method is fast (if it is applicable); but it has
global convergence property typically quadratic. Only if the Hessian∇2f(xk)
is positive definite (PD) at each iterate.

Modified Newtons method

Newtons method may not be descent method.
When ∇2fk is not positive definite, the Newton direction may not even be
defined, since (∇2fk)

−1 may not exist. Even when it is defined, it may not
satisfy the descent property ∇fTk pNk < 0, in which case it is unsuitable as a
search direction. In these situations, line search methods modify the defini-
tion of pk to make it satisfy the descent condition in order to mitigate the
drawbacks of the Newtons Method, we may make the following modifications
in Newtons method:

1. Modify the Hessian matrix ∇2f(xk) (approximate it by n×n symmet-
ric PD matrix Bk), if needed, so that pk = −B−1

k ∇f(xk) is descent
direction (called Newtons descent direction).

2. Make a line search (exactly or inexactly) along pk to avoid overshot,
i.e, to have f(xk+1) ≤ f(xk).

7



The major issue is Hessian modification to get a sufficiently (PD) Bk. We
will consider two types of Hessian modifications:
I Eigenvalue modfication

• Choose a sufficiently small δ > 0 (say, δ= 0.01 ) (for measure of +ve
definiteness).

• Let ∇2fk be the Hessian of f at xk; performing the spectral decomposi-
tion of ∇2fk, let ∇2fk = QTΛQ where QTQ = I, and Λ is the diagonal
matrix of eigenvalues of ∇2fk.

• If λi ≥ δ for all eigenvalues (diagonal elements of Λ, then ∇2fk is
sufficiently positive definite). So, Bk = ∇2fk = QTΛQ.

• If λi < δ for some diagonal elements (eigenvalues) of Λ, then replace
each of such diagonal elements by δ; and let Bk = QTΛQ (where Λ is
with modified positive diagonals) So, Bk is positive definite. Use this
factorized form of Bk to compute pk at step 3; i.e, pk = −(QTΛ−1Q)∇fk

II Modified Choleskey factorization

• If ∇2fk is PD, then we can obtain its Cholesky factorization: ∇2fk =
LTL (L lower triangular ) matrix with +ve diagonal elements). This is
possible if and only if ∇2fk is PD. So, apply the Cholesky factorization
procedure on ∇2fk to get LTL.

- If succeed, Bk = ∇2fk = LTL is PD.
- If not succeed, modify (increase) some diagonal elements of ∇2fk to
make the factorization possible. This can be accomplished by the fol-
lowing procedure:
Modified Choleskey Factorization Procedure: Input: Hessian
∇2fk = (aij) at iterate xk (Step 2 in Modified Newton) Choose a suffi-
ciently small δ > 0 (say, δ = 0.01 ).

8



for j =1 : n

Let djj =max{ajj −
j−1∑
k=1

L2
jk, δ}

Ljj =
√
djj

for i =j + 1 : n

Lij = (aij −
j−1∑
k=1

LjkLik)/Ljj

end

Lemma 1. (Kantorovich :) Let A ∈ Rn×n be a Symmetric and Positive
definite matrix with eigenvalues λ1 ≥ λ2 ≥ ... ≥ λn Then for any x ∈ <n the
following inequality holds

1 ≤ (xTAx)(xTA−1x)

(xTx)2
≤ (λ1 + λn)2

4λ1λn
[2]

Lemma 2. We denote by pC = −g ‖g‖
2

gTBg
; pB = −B−1g; γ∗ = ‖pC‖2

(pB)T pC
then

γ∗ ≤ 1, moreover if pB is not parallel to pC then γ∗ < 1.

Proof. By using Kantorovich lemma 1 we can prove:

(pB)TPC = ‖g‖2 gTB−1g
gTBg

, (pC)2 = ‖g‖6
(gTBg)2

we have

γ∗ =
‖pC‖2

(pB)TpC

=
‖g‖4

[(gTBg)(gTB−1g)]
and using Kantorovich lemma1

≤1

inequality the lemma in proved.
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Chapter 2

Trust-region Newton with
Dogleg Method

2.1 Important concepts

In most cases, the trust-region is defined as a spherical area of radius ∆k in
which the trust-region subproblem lies but it is worth noting that shape of
the trust region can differ depending on the type of norm used, however for
simplicity this paper will only consider the Euclidean norm.

2.2 Trust region sub problem

We will assume that the model mk that is used at each iterate xk is quadratic.
Moreover, mk is based on the Taylor-series expansion of f around xk, which
is

f(xk + p) = fk + gTk p+
1

2
pT∇2f(xk + tp)p (2.1)

where fk = f(xk) and gk = ∇f(xk), and t is some scalar in the interval
(0, 1). By using an approximation Bk to the Hessian in the second-order
term, mk is defined as follows:

mk(p) = fk + gTk p+
1

2
pTBkp (2.2)

where Bk is some symmetric matrix. The difference between mk(p) and
f(xk + p) is O(‖p‖)2, which is small when p is small. When Bk is equal to
the true Hessian ∇2fk, the approximation error in the model function mk is
O(‖p‖)3, so this model is especially accurate when ‖p‖ is small. This choice
Bk = ∇2f(xk) leads to the trust-region Newton method.
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If the problem dimension is not too large, the choice Bk = ∇2f(xk) is rea-
sonable and leads to second order Taylor models (2.2), the method based on
this choice of model function are called Trust region Newton methods.
N Trust region Newton methods are not simply the Newton method with an
additional size restriction.
NTrust region Newton is a descent method, where as this is not guaranteed
for Newton.

If we are using the quadratic model to approximate the original objective
function, then our optimization problem is essentially reduced to solving a
sequence of trust-region sub problems.

Min mk(p) = fk + gTk p+ 1
2
pTBkp

S.t ‖p‖ ≤ ∆k
(2.3)

where ∆k > 0 is the trust-region radius. gk is the gradient at current point
and Bk is the Hessian (or a Hessian approximation). In most of our dis-
cussions, we define ‖.‖ to be the Euclidean norm, so that the solution p∗k of
(2.3) is the minimizer of mk in the ball of radius ∆k. Thus, the trust-region
approach requires us to solve a sequence of subproblems (2.3) in which the
objective function and constraint (which can be written as pTp ≤ ∆2

k) are
both quadratic. When Bk is positive definite and ‖B−1

k gk‖ ≤ ∆k, the so-
lution of (2.3) is easy to identify it is simply the unconstrained minimum
pBk = −B−1

k gk of the quadratic mk(p). In this case, we call pBk is the Newton
full step. Then, choosing a trust-region radius ∆k>0, minimizing (approxi-
mately) mk(p) over the trust-region.

{p ∈ Rn | ‖p‖ ≤ ∆k}

So, if pk is acceptable approximate solution of the sub problem (2.3) then
xk+1 = xk + pk
Major issues,

1. How do we choose ∆k ?

2. How do we get suitable solution pk of (2.3) ?

2.2.1 Choice of trust radius ∆k:

Choosing initially at x1 a sufficiently small ∆1 we update ∆k at each sub-
sequent iterations depending on whether or not there is a good argument
between mk(p) and f(xk + p) within the trust region at previous step.
Note that: If ∆k is sufficiently small, then mk(p) and f(xk + p) are agree
over the trust region but this may hinder the progress of iterates (this calls

11



for largeing trust radius at the next iterate).
If ∆k is large then mk(p) and f(xk + p) may not agree and a minimizer of
mk(p) over the trust-region can fail to produce acceptable next iterate (this
calls for shrinking trust radius at the next iterate).

2.2.2 Actual and predicted reduction

The most critical issue underlying the trust-region method is to update the
size of the trust-region at every iteration. If the current iteration makes a
satisfactory reduction, we may exploits our model more in the next iteration,
by setting a larger ∆k. If we only achieved a limited improvement after the
current iteration, the radius of the trust-region by adjusting the radius to
a smaller value to check the model’s validity. To measure the argument
between mk(p) and f(xk+p) we define the ratio.

ρk =
f(xk)− f(xk + p∗k)

mk(0)−mk(p∗k)
(2.4)

The numerator is called actual reduction, and the denominator is the pre-
dicted reduction. Where to take a more ambitious step or a more conservative
one is defend on the ratio between the actual reduction gained by true reduc-
tion in the optional objective function and the predicted reduction expected
in the model function.
Note that since the step pk is obtained by minimizing the model mk over a re-
gion that includes p = 0, the predicted reduction will always be nonnegative.
Hence, if ρk is negative, the new objective value f(xk + pk) is greater than
the current value f(xk), so the step must be rejected. Empirical threshold
values of the ratio pk will guide us in determining the size of the trust-region.

• ρk near 1, say ρk ∈ [3
4
, 1], indicated mk(p) agrees well with f(xk + p).

(If this a case when ∆k restricted p∗k, then enlarge the current trust
radius at the next iterate say, ∆k+1 = 2∆k).

• ρk negative or very close to 0 indicates mk does not agree with f.
(In this case we shrink the trust region by reducing ∆k at the next
iteration )

• If ρk is positive but significantly smaller than 1, we do not alter the
trust region.

12



2.2.3 Trust-region Algorithm

Before implementing the trust-region algorithm, we should first determine
several parameters.
∆k is the upper bound of the size of the trust region. η1, η2 and η3, t1, t2 are
the threshold values for evaluating the goodness of the Quadratic model thus
for determining the trust-region’s size in the next iteration. A typical set for
those values are 0 ≤ η1 ≤ η2, η2 = 0.25 and η3 = 0.75, t1 = 0.25, t2 = 2.0
The following procedure summarizes the process (Given iterate xk, to gener-
ate xk+1)
Intial: Choose sufficiently small ∆0 and η ∈ [0, 1

4
)

For k=1, 2, 3, . . . ,
Get p∗k by solving (Approximately) (2.3)
Evaluate ρk using (2.4)

if ρk <
1

4
∆k+1 = 0.25∆k

else if pk ≥
3

4
and ‖p∗k‖ = ∆k

∆k+1 = 2∆k

else

∆k+1 = ∆k

end % if

if ρk>η

xk+1 = xk + p∗k (% p∗k is accepted)

else

xk+1 = xk (% p∗k is rejected)

end %for

Here ∆̂ is an overall bound on the step lengths. Note that the radius is
increased only if ‖pk‖ actually reaches the boundary of the trust region. If
the step stays strictly inside the region, we infer that the current value of
∆k is not interfering with the progress of the algorithm, so we leave its value
unchanged for the next iteration.
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2.3 Methods of solving the trust-region sub-

problem

We need to focus on solving the trust-region subproblem (2.3). In discussing
this matter, we sometimes drop the iteration subscript k and restate the
problem (2.3) as follows:

Min m(p) = f + gTp+ 1
2
pTBp

S.t ‖p‖ ≤ ∆
(2.5)

2.3.1 The exact solution

Trust region subproblem can be solved exactly or approximately. Newton-
like method is an exact solution. This method is meant to be applied to very
small dimensional problems due to its computational complexity.

Lemma 3. The vector p∗ is the solution of the subproblem (2.5) if and only
if there is a scalar λ ≥ 0 such that

(B + λI)p∗ =− g (2.6)

(B + λI) ≥0 (2.7)

‖p∗‖ ≤4 (2.8)

λ(∆− ‖p∗‖) =0 (2.9)

and (B + λI) is positive semidefinite.

Proof. (⇒) Let p∗ be a solution of sub problem (2.5). From the optimality
condition of constrained optimization, there exist a multiplier λ ≥ 0 such
that (2.6)-(2.9) hold. We now need to prove that the matrix (B + λI) is
positive semidefinite.
case1 if ‖p∗‖ < ∆ then λ = 0 and p∗ is unconstrained minimizer of m, and
thus B is positive semidefinite
case2 if ‖p∗‖ = ∆, it follows from the second order necessarily condition
that

pT (B + λI)p ≥ 0 (2.10)

for all p satisfying pTp∗ = 0. If pTp∗ 6= 0 take t = −2pTp∗/‖p‖2 then
‖p∗ + tp‖ = ∆.
By definition of p∗,

m(p∗ + tp) +
1

2
λ‖p∗ + tp‖2 ≥ m(p∗) +

1

2
λ‖p∗‖2 (2.11)
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Developing m(.)yields

1

2
t2pT (B + λI)p ≥ −t(pT [g + (B + λI)p∗]) (2.12)

By using (2.6) we get the right hand side of (2.12)

1

2
t2pT (B + λI)p ≥ −t(pT [g − g])

⇒ 1
2
t2pT (B + λI)p ≥ 0

⇒ pT (B + λI)p ≥ 0 for all p with. Therefore, B + λI is positive definite
(⇐) Assume that there is, λ ≥ 0 such that p∗ satisfies (2.6)-(2.9) and that
B + λI is positive semidefinate. Then,for all p satisfying ‖p‖ ≤ ∆ we have

m(p) =f(x) + gTp+
1

2
pT (B + λI)p− 1

2
λ‖p‖2

≥f(x) + gTp∗ +
1

2
(p∗)T (B + λI)p∗ − 1

2
‖p‖2

=m(p∗) +
1

2
λ[‖p∗‖2 − ‖p‖2]

By use of (2.9), we have that λ(∆2 − (p∗)Tp∗) = 0 so, the above inequality
become

m(p) ≥m(p∗) +
1

2
λ[(‖p∗‖2 −∆2) + (∆2 − ‖p‖2)]

=m(p∗) +
1

2
λ[∆2 − ‖p‖2]

Thus, from λ ≥ and ‖p‖ ≤ ∆, we immediately have

m(p) ≥ m(p∗)

which implies p∗ is a solution of (2.5)

2.3.2 The approximate solution

When the dimension is large, factorization to solve (2.6)-(2.9) can be diffi-
cult. Exact solution works when Bk + λI is positive definite and the process
is complicated to calculate all eigenvectors and eigenvalues of Bk to find the
optimal trajectory. Therefore we consider approximate solutions for a hard
trust-region problem. There are two main approaches: Cauchy point, Dog-
leg method. we describe strategies for finding approximate solutions of the
subproblem (2.3), which achieve at least as much reduction in mk as the
reduction achieved by the so-called Cauchy point. This point is simply the
minimizer of mk along the steepest descent direction gk. Subject to the trust-
region bound. The first approximate strategy is the dogleg method, which is
appropriate when the model Hessian Bk is positive definite.
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2.3.3 Cauchy point calculation

In line search methods, we may find an implementing direction from the
gradient information, that is, by taking the steepest descent direction with
regard to the maximum range we could make, we can solve the trust re-
gion subproblem in an inexpensive way. This method is also denoted as the
Cauchy point calculation. we can also express the improving step explicitly
by the following closed form equation.
Let the Cauchy point, denoted by pc, is the minimizer of mk(p) s.t ‖p‖ ≤ ∆k

in the direction of −∇fTk . So, if psk is the point on the boundary of the trust
region in the direction of −∇fTk , then

Figure 2.1: cauchy point

pc = τkp
s
k some τk ∈ (0, 1]

Find the vector psk that solves a linear version of (2.3),

Min m(p) = f + gTp
S.t ‖p‖ ≤ ∆

(2.13)

we get, psk = −∆kgk
‖gk‖

⇒ pc = τkp
s
k = −τk∆k

gk
‖gk‖

, 0<τk ≤ 1

where, τk ∈ (0, 1] is the minimizer of φ(τ) = mk(τp
s
k) S.t τ ∈ (0, 1]

⇒ φ(τ) = mk(τp
s
k) = fk + gTk (τpsk) + 1

2
(τpsk)

TBk(τp
s
k)

=fk + τgTk p
s
k + 1

2
τ 2(psk)

TBkP
s
k

⇒ φ′(τ) = gTk p
s
k + τ(psk)

TBkp
s
k

= gTk (−∆k

‖gk‖
gk) + τ(−∆k

‖gk‖
gk)

TBk(
−∆k

‖gk‖
gk)
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=−∆k‖gk‖+ τ( ∆k

‖gk‖
)2gTkBkgk

⇒ φ′(τ) = −∆k‖gk‖+ τ(
∆k)

‖gk‖
)2gTkBkgk

To obtain τk explicitly, we consider the cases of gTkBkgk ≤ 0 and gTkBkgk > 0
separately

• If gTkBkgk ≤ 0 the function mk(τp
S
k ) decreases monotonically with

τ whenever gk 6= 0, so τk is simply the largest value that satisfies the
trust-region bound, namely, τk = 1. (i.e φ′(τ)<0 ∀τ this implies that
τk = 1)
Then pc = −∆k

‖gk‖
gk when gTkBkgk ≤ 0

• If gTkBkgk>0, mk(τp
S
k ) is a convex and quadratic in τ , then the above

equation φ′(τ) = 0

⇒ −∆k‖gk‖+ τk(
∆2

k

‖gk‖2
)gTkBkgk = 0

⇒ τk(
∆2

k

‖gk‖2
)gTkBkgk = ∆k‖gk‖

⇒ τk = ∆k‖gk‖3
∆2

kg
T
k Bkgk

⇒ τk = ‖gk‖3
∆kg

T
k Bkgk

τk = min{ ‖gk‖3
∆kg

T
k Bkgk

, 1} when gTkBkgk > 0

Summary: The Cauchy point is pc = −τk∆kgk
‖gk‖

Where,

τk =

{
1 if gTkBkgk ≤ 0

min { ‖gk‖3
∆kg

T
k Bkgk

, 1} otherwise
(2.14)

Note:

• If τ = 1 i.e, ‖pc‖ = ∆k, then we take p∗k = pc since the cauchy point pro-
vides sufficient reduction in model function and the iterate can progress
at most up to boundary of the trust region.

• If τk < 1 i.e, ‖pC‖ ≤ ∆k then we consider improving the cauchy point
by allowing Bk to play role in determining step direction (in order to
improve the rate of convergence) such improvement is possible only if
Bk is positive definite.
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• So, If Bk is not positive definite, then we take p∗k = pc and terminate
the search for p∗k

• How ever, If τk < 1 and Bk is positive definite, then we can improve
the cauchy point using the so called dogleg method.

2.3.4 Limitations and Improvements on the Cauchy
point

Since the Cauchy point pCk provides sufficient reduction in the model function
mk to yield global convergence, and since the cost of calculating it is so small,
why should we look any further for a better approximate solution
of (2.3)? The reason is that:

• By always taking the Cauchy point as our step, we are simply imple-
menting the steepest descent method with a particular choice of step
length so it has only linear rate of convergence.

• The problem with using the Cauchy-point at each iteration is that it is
always in the steepest descent direction and therefore, performs poorly
in terms of speed.

• The Cauchy point does not depend very strongly on the matrix Bk,
which is used only in the calculation of the step length. Rapid con-
vergence can be expected only if Bk plays a role in determining the
direction of the step as well as its length, and if Bk contains valid
curvature information about the function.

A number of trust-region algorithms compute the Cauchy point and then try
to improve on it. The improvement strategy is often designed so that the full
step pBk = −B−1

k gk is chosen whenever Bk is positive definite and ‖pBk ‖ ≤ ∆k.
WhenBk is the exact Hessian∇2f(xk) or a quasi-Newton approximation, this
strategy can be expected to yield super linear convergence. A method that is
currently being used as an improvement to the Cauchy point approach is the
dogleg method. Throughout this section we will be focusing on the internal
workings of a single iteration, so we simplify the notation by dropping the
subscript k from the quantities ∆k, pk, mk, and gk and refer to the formulation
(2.5) of the subproblem. In this section, we denote the solution of (2.5) by
p∗(∆), to emphasize the dependence on ∆.
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2.4 Dogleg method

An efficient implementation to solve the trust-region subproblem is the so-
called dogleg method which was presented by Powell [6]. This method finds
an approximate solution of the subproblem (2.5), i.e, to find xk+1 = xk + pk
such that ‖pk‖ = ∆k, Dogleg method is a combination of cauchy point (or
steepest descent) and Newton point. When B is positive definite. To incor-
porate fast quadratic convergence rate offered by full Newton step and global
convergence feature of steepest descent into a single trust region Algorithm
an approach say a dogleg method is an efficient for solving the sub-problem.
This method finds a compromise between steepest descent step and Newtons
step based on the size of the trust region.
Note that

• If τk < 1 i.e ‖pC‖ ≤ ∆k then we consider improving the cauchy point
by allowing Bk to play role in determining step direction (in order to
improve the rate of convergence) such improvement is possible only if
Bk is positive definite.

• So, If Bk is not positive definite, then we take p∗k = pc and terminate
the search for p∗k.

• However, If τk < 1 and Bk is positive definite, then we can improve the
cauchy point using the so called dogleg method.

Remark: Dogleg method is an efficient and cheap to compute but it works
only Bk is positive definite. Otherwise, we can define pB choosing B to be
one of the positive definite modified Hessian described in the preliminaries
section.
To motivate this method, we start by examining the effect of the trust-region
radius ∆ on the solution p∗(∆) of the subproblem (2.5). When B is positive
definite, we have that the unconstrained minimizer of m is pB = −B−1g. Is
determine by

m(p) =fk + gTP +
1

2
pTBp

⇒∇m(p) = 0 since B is positive definate

⇒g + pB = 0

⇒PB = −B−1g is Newton step

pB = −B−1g (2.15)

� When this point is ‖pB‖ ≤ ∆, it is obviously a solution, so we have
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p∗(∆) = pB, (2.16)

� When Cauchy point pC is outside the trust region or at the boundary, i.e.
‖pC‖ ≥ ∆ the approximate solution is located at the truncated Cauchy point
pCk where τk is 1. Is writing

p∗(∆) = −∆g

‖g‖
, (2.17)

� When ‖pC‖ < ∆ and ‖pB‖ > ∆, the dogleg method finds an ap-
proximate solution by replacing the curved trajectory for p(∆) with a path
consisting of two line segments. The first line segment runs from the origin
to the Cauchy point (a minimizer cauchy point generated by the steepest
descent method);

pC = − gTg

gTBg
g (2.18)

while the second line segment runs from the Cauchy point pC to the Newton

point pB. Formally, we denote this trajectory by p̃(τ) for τ ∈ [0, 2], where

p̃(τ) =

{
τpC 0 ≤ τ ≤ 1

pC + (τ − 1)(pB − pC) 1 ≤ τ ≤ 2.
(2.19)

The dogleg method chooses p to minimize the model m along this path,
subject to the trust-region bound. Because the path p̃(τ) intersects the
trust- region boundary ‖p‖ = ∆ at exactly one point if ‖pB‖ ≥ ∆, and no
where otherwise. Since m(p) is decreasing along the path, the chosen value
of p will be at pB of ‖pB‖ ≤ ∆, otherwise at the point of intersection of the
dogleg and trust-region boundary.
The single dogleg curve is from the central point xk along the steepest
descent to the Cauchy Point pCk and continues along a straight line segment
to the Newton point pB(see Figure 2.2). This curve looks like a dogleg
and approximates the curved optimal trajectory (shown dashed). Then the
method chooses xk+1 to be the point on this polygonal arc such that ‖pk‖ =
‖xk+1 − xk‖ = ∆k, unless ‖pB‖ = ‖B−1gk‖ ≤ ∆k, in which case xk+1 is the
Newton point. If the curve is chosen in such a way that the distance from
the origin xk to pC increases monotonically as one moves along the piecewise
linear curve, then for any ‖PB‖ ≥ ∆k, there is a unique point xk+1 on the
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Figure 2.2: Single Dogleg path

curve such that ‖xk+1 − xk‖ = ∆k. [9] This makes the process well defined.
The following lemma shows the reason for finding the minimizer of the model
along the dogleg curve.

Lemma 4. let B be positive definite. Then

1. ‖p̃(τ)‖ is an increasing function of τ .

2. m(p̃(τ)) is decreasing function of τ .

Proof. First to show it holds true for τ ∈ [0, 1] from the piece wise path:

φ(τ) = ‖ ˜p(τ)‖ =‖τpC‖

=‖ − τ ggT

gTBg
g‖

=‖ − τ ‖g‖
2

gTBg
g‖

=τ‖g‖2 ‖g‖
‖gTBg‖

φ′(τ) =‖g‖2 ‖g‖
‖gTBg‖

≥ 0∀τ

Next our attention to the case of τ ∈ [1, 2], for (1), define h(α) by
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h(α) =
1

2
‖p̃(1 + α)‖2

=
1

2
‖pC + α(pB − pC)‖2

=
1

2
‖pC‖2 + α(pC)T (pB − pC) +

1

2
α2‖pB − pC‖2

Our result is proved if we can show that h′(α) ≥ 0 for α ∈ (0, 1). Now,

h′(α) =− (pC)T (pC − pB) + α‖pC − pB‖2

≥− (pC)T (pC − pB)

=
gTg

gTBg
gT (
−gTg
gTBg

g +B−1g)

=
gTg

gTBg
(
−gTg
gTBg

gTg + gTB−1g)

=gTg
gTB−1g

gTBg
[1− (gTg)2

(gTBg)(gTB−1g)
]

since by using Kantorovich lemma :

γ∗ =
(gTg)2

(gTBg)(gTB−1g)
then γ∗ ≤ 1

=gTg
gTB−1g

gTBg
[1− γ∗]

≥0

Proof. First to show it holds true for τ ∈ [0, 1]

22



φ(τ) =m(p̃(τ)) = fk + gT (p̃(τ)) +
1

2
(p̃(τ))TB(p̃(τ))

=fk + gT (τpC) +
1

2
(τpC)TB(τpC)

=fk − τgT (
‖g‖2

gTBg
g) +

1

2
τ 2 (‖g‖2)

gTBg
gTB

(‖g‖2)

gTBg
g

φ′(τ) =− gT (
‖g‖4

gTBg
g) + 2τ

1

2

(‖g‖2)

gTBg
gTB

(‖g‖2)

gTBg
g

=− ‖g‖
4

gTBg
+ τ
‖g‖4

gTBg
since τ ≤ 1

≤0

Next case restrict our attention to the case of τ ∈ [1, 2] we define ĥ(α) =
m(p̃(1 + α)) and show that ĥ(α) ≤ 0 for α ∈ (0, 1). Substitution of (2.19) in
to (2.5) and differentiation with respect to the argument leads to

ĥ′(α) =(pB − pC)T (g +BpC) + α(pB − pC)TB(pB − pC)

=(pB − pC)T ((g +BpC) + αB(pB − pC)) since α < 1

≤(pB − pC)T (g +BpC +B(pB − pC))

=(pB − pC)T (g +BpB)

=(pB − pC)T (g +B(−B−1g))

=(pB − pC)T (0)

=0

giving the result.

It follows from this lemma that the path p̃(τ) intersects the trust- region
boundary ‖p‖ = ∆ at exactly one point if ‖pB‖ ≥ ∆, and no where other-
wise. Since m(p) is decreasing along the path, the chosen value of p will be
at pB of ‖pB‖ ≤ ∆, otherwise at the point of intersection of the dogleg and
trust-region boundary. In the latter case, we compute the approximate value
of α by solving the following quadratic equation:
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∆ =‖pC + α(pB − pC)‖
⇒‖pC + α(pB − pC)‖2 = ∆2

⇒ < pC + α(pB − pC), pC + α(pB − pC) >= ∆2

Let c = pc; b = pB

⇒ < c+ α(b− c), c+ α(b− c) >= ∆2

⇒α2‖b− c‖2 + 2αcT (b− c) + ‖c‖2 −∆2 = 0

⇒α2‖c− b‖2 + 2αcT (b− c)− (∆2 − ‖c‖2) = 0

α =
−2cT (b− c)±

√
4(cT (b− c))2 + 4‖c− b‖2(∆2 − ‖c‖2)

2‖c− b‖2

α =
cT (c− b)±

√
(cT (c− b))2 + ‖c− b‖2(∆2 − ‖c‖2)

‖c− b‖2

Take α only the positive roots because α ∈ (0, 1)
Summery: if Bk is positive definite, ‖c‖ < ∆ and ‖b‖ > ∆ then p∗ =
c+ α(b− c),
where α is given by above

2.4.1 Single dogleg method Algorithm

The approximate solution of the constrained minimization can be obtained
by this simple and interesting algorithm

Step 1compute ‖pCk ‖ by (2.18);

if ‖pCk ‖ ≥ ∆k,

pk = −∆kgk
‖gk‖

;

elseif

steep 2 :compute ‖pBk ‖ by (2.15)

if ‖pBk ‖ ≤ ∆k

pk = pBk ;

else

steep 3 :compute α satisifying ‖pC + α(pB − pC)‖ = ∆;

pk =pC + α(pB − pC);

end
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Where α is computed above.
Summery: Combining the above steps yields

xk+1 =


xk − ∆k

‖g‖gk, when ‖pck‖ ≥ ∆k

xk −B−1gk, when ‖pck‖ < ∆k and ‖pBk ‖ ≤ ∆k

xk + pC + α(pB − pC) , when ‖pck‖ < ∆k and ‖pBk ‖ > ∆k

General trust region method with single dogleg steps
steep 1 Given ∆̄ > 0,∆0 ∈ (0, ∆̄)Initial guess x0, and η ∈ [0, 1/4)
For k=1,2,3,. . . , and tolerance are given
steep 2 Evaluate pk approximately by dogleg method

Consider sg = − gT g
gTBg

g = − ‖g‖
2

gTBg
g

sn = −B−1g
if ‖sg‖ ≥ ∆k,
pk = −∆kgk

‖gk‖
else if ‖sn‖ ≤ ∆k

pk = sn
else
b = sgT (sg − sn)
c = ‖sg − sn‖2

d = ∆2 − ‖sg‖2

α = (b+
√
b2 + cd)/c

pk = sg + α(sn− sg)
end
xk+1 = xk + pk
steep 3 ρk = (f(xk)− f(xk+1)/mk(0)−mk(p)

25



if ρk <
1

4
∆k+1 = 0.25∆k

else if pk ≥
3

4
and ‖p∗k‖ = ∆k

∆k+1 = 2∆k

else

∆k+1 = ∆k

end %if

if ρk>η

xk+1 = xk + p∗k (% p∗k is accepted)

else

xk+1 = xk (% p∗k is rejected)

end %for

2.4.2 Double dogleg method

Double dogleg method is proposed by Dennis and Mei [6] and is a modified
single dogleg algorithm. A new step pBk new is selected in the Newton direc-
tion and replaces the Newton step PB

k by pBk new. This new point can be
found by solving 

pBk new = ηpBk
η = 0.8γ + 0.2,

γ = ‖g‖4
(gTBg)(gTB−1g)

(2.20)

Dennis and Mei [2] found that if the point generated by trust-region iter-
ation is biased towards the Newton direction, the behavior of the algorithm
will be further improved. Then we choose a new point Ñ on the Newton
direction, and connect the Cauchy point pC to Ñ . The intersection point of
the connection line and the trust-region boundary is taken as the new iterate
x̄k+1 (seex̄k+1 in Figure 2.3).

We say xk → pC → Newton point as single dogleg, and xk → pC → Ñ→
Newton point as double dogleg.
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Figure 2.3: Double Dogleg path

In the Double dogleg approach we observe that the piecewise line connect-
ing the Cauchy point pC and the Newton point PB can leave the trust region
through two points instead of one point as shown in the diagram above. The
points xk+1 and x̄k+1 are the points through which the path could leave the
trust region, and if they are such that the model of the objective function
decreases as we move along the path from xk to pB, then each of the points
is a candidate for the next iterate whenever the constrained optimum lies
outside the trust region, that is whenever ‖pB‖ ≥ ∆.
Our proposal takes these two paths into consideration. One path involves
two points, the points pC and pB while the other paths involves three points,
the points [pC , Ñ = (ηpB) and pB].
We can then approximate the curve either by two straight line segments or
three line segments with the same end point. When B is positive definite,
the double-dogleg method constructs a path with three line segments from
the origin to the full step. The four points that define the path are

• the origin;

• the unconstrained Cauchy step pC = − gT g
gTBg

g;

• a fraction of the full step ηpB = −ηB−1g, for some η ∈ (γ, 1] ,γ =
‖g‖4

[(gTBg)(gTB−1g)]
,

• the full step pB = B−1g.
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described in the following form

p̃(τ) =


τpC , 0 ≤ τ ≤ 1

pC + (τ − 1(ηpB − pC)), 1 ≤ τ ≤ 2

(η + (τ − 2)(1− η))pB, 2 ≤ τ ≤ 3.

Show that p̃(τ) increases monotonically along this path.
solution: The proof of this is the same procedure as the proof of the above
lemma 3.
So p(τ̃) is increases monotonically along this path. which is easy to proof.

Theorem 10. In the double dogleg method, the distance from xk to pC, to
Ñ , is increasing monotonically.

Proof. since

‖pC‖ =‖ − ‖g‖
2

gTBg
g‖

=
‖g‖3

(gTBg)

=
‖g‖3

(gTBg)

(gTB−1g)

(gTB−1g)

≤ ‖g‖
3

(gTBg)

‖g‖‖B−1g‖
gTB−1g

=
‖g‖4

(gTBg)(gTB−1g)
‖pB‖

it follows from Kantorovich in equality

γ =
‖g‖4

(gTBg)(gTB−1g)
≤ 1

≤γ‖pB‖
Then ‖pC‖ ≤ γ‖pB‖ ≤ ‖pB‖
Take Ñ being xN = xk − ηB−1

k gk = xk + ηpBk where γ ≤ η ≤ 1

Thus ‖xC − xk‖ ≤ ‖xN − xk‖ ≤ ‖xNk+1 − xk‖

⇒ which shows the property holds

Note: To develop the Algorithm of double dogleg method simply substi-
tute (2.20) in to the dogleg algorithm above.
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The approximate solution of the constrained minimization can be obtained
by this simple algorithm.

Step 1Compute‖pCk ‖ by (2.18);

if ‖pCk ‖ ≥ ∆k,

pk = −∆kgk
‖gk‖

;

elseif

steep 2Compute ‖pBk ‖ by (2.15)

if ‖pBk ‖ ≤ ∆k

pk = pBk ;

elseif ‖ηpB‖ ≤ ∆k

where γ =
‖g‖4

(gTBg)(gTB−1g)
, η = 0.8γ + 0.2,

pk = ∆ksn/‖sn‖
else

steep 3Compute α satisifying ‖pC + α(ηpB − pC)‖ = ∆;

pk =pC + α(ηpB − pC);

end

Where α is computed above.
In summary: the double dogleg method choose the pointÑ which is
defined by

xk+1 = xk + ηpBk , η ∈ [γ, 1] (2.21)

When η = 1, the point Ñ is just the Newton point xNk+1 and the double
dogleg step is just the dogleg step. Generally, we take η = 0.8γ + 0.2. After
generating the points C.P. and Ñ , we find xk+1(α) = xk + pCk + α(ηpBk −
pCk ), 0 ≤ α ≤ 1. Such that

‖pCk + α(ηpBk − pCk )‖2 = ∆2 (2.22)
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Now the value of α can be determined in the following way

∆ =‖pC + α(ηpB − pC)‖
⇒‖pC + α(ηpB − pC)‖2 = ∆2

⇒ < pC + α(ηpB − pC), pC + α(ηpB − pC) >= ∆2

Let c = pc; b = pB

⇒ < c+ α(ηb− c), c+ α(ηb− c) >= ∆2

⇒α2‖ηb− c‖2 + 2αcT (ηb− c) + ‖c‖2 −∆2 = 0

⇒α2‖c− ηb‖2 + 2αcT (ηb− c)− (∆2 − ‖c‖2) = 0

α =
−2cT (ηb− c)±

√
4(cT (ηb− c))2 + 4‖c− ηb‖2(∆2 − ‖c‖2)

2‖c− ηb‖2

α =
cT (c− ηb)±

√
(cT (c− ηb))2 + ‖c− ηb‖2(∆2 − ‖c‖2)

‖c− ηb‖2

Thus double dogleg method could improve the convergence characteristics of
the dog-leg method.
Consider now the case in which the exact Hessian ∇2f(xk) is available for use
in the model problem (2.5. When ∇2f(xk) is positive definite, we can simply
set B = ∇2f(xk) (that is,pB = (∇f(xk))

−1gk) and apply the procedure above
to find the Newton-dogleg step. Otherwise, we can define pB choosing B to
be one of the positive definite modified Hessian described in the preliminaries
section, then proceed as above to find the dogleg step. The use of a modified
Hessian in the Newton-dogleg method is not completely satisfying from an
intuitive viewpoint however, a modified factorization perturbs the diagonals
of ∇2f(xk) in a somewhat arbitrary manner, and the benefits of the trust-
region approach may not be realized. In fact, the modification introduced
during the factorization of the Hessian is redundant in some sense because
the trust-region strategy introduces its own modification. As we observe in
the exact solution of the trust-region problem (2.3) with Bk = ∇2f(xk) is
(∇2f(xk) + λI)−1gk, where λ is chosen large enough to make (∇2f(xk) +
λI) positive definite, and its value depends on the trust-region radius ∆k.
We conclude that the Newton-dogleg method is most appropriate when the
objective function is convex (that is,∇2f(xk) is always positive semi definite).

2.5 Convergence of Trust-Region Methods

In the convergence analysis is important to obtain estimation of the reduction
of the function to be minimized. A first step in this direction is the estimation
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of the reduction of the model quadratic function.
In order to discuss the convergence of trust-region methods, we first give
some assumptions and technical lemmas.
Assumptions listed below say (A0)

• We assume that the approximate Hessian Bk are uniformly bounded in
norm, and that f is bounded below on the level set

S = {x|f(x) ≤ f(x0)} (2.23)

is bounded, on which the function f: Rn → R is continuously differen-
tiable. For later reference, we define an open neighborhood of this set
by
S(R0) = {x|‖x− y‖ < R0 for some y ∈ S},

• ∇2f(x) is Lipschitz continuous over S.

• we also allow the length of the approximate solution pk of the sub-
problem (2.3) to exceed the trust-region bound, provided that it stays
within a fixed multiple of the bound, that is

‖pk‖ ≤ γ∆k (2.24)

where γ is a positive constant

For trust-region algorithm, in general, we do not seek an accurate solution
of subproblem (2.3) but we are content with a nearly optimal solution of
(2.3). Our first main result is that the dogleg algorithm produce approximate
solutions pk of the subproblem (2.3) that satisfy the following estimate of
decrease in the model function:

mk(0)−mk(pk) ≥ c1‖gk‖min{∆k,
‖gk‖
‖Bk‖

} (2.25)

where cl ∈ (0, 1]. Below, we show that:

• The Cauchy point pck satisfies (2.25) with c1 = 1
2

• The exact solution pk of the subproblem (2.3) satisfies (2.25) with c1 =
1
2

• If pk is an approximate solution of the subproblem (2.3) with
mk(0)−mk(pk) ≥ c2(mk(0)−mk(p

c
k)), then it satisfies (2.25)with c1 =

c2
2

.
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Lemma 5. The Cauchy point pCk satisfies

mk(0)−mk(p
C
k ) ≥ 1

2
‖gk‖min(∆k,

‖gk‖
‖Bk‖

) (2.26)

Proof. Consider first the case of gTkBkgk ≤ 0. In this case, it follows from
(2.14) that τk = 1,
and we have

mk(0)−mk(p
C
k ) =fk − [fk + gTk (pCk ) +

1

2
(pCk )TBkp

C
K ]

=− gTk (−∆kgk
‖gk‖

)− 1

2
(−∆kgk
‖gk‖

)TBk(−
∆kgk
‖gk‖

)

=∆k‖gk‖ −
1

2

∆2
kg

T
kBkgk
‖gk‖2

≥∆k‖gk‖

≥‖gk‖min{∆k,
‖gk‖
‖Bk

}

Consider the case of gTkBkgk > 0 and

‖gk‖3

(∆kgTkBkgk)
≤ 1 (2.27)

In this case τk = ‖gk‖3
(∆kg

T
k Bkgk)

, and we have

mk(0)−mk(p
C
k ) =

‖gk‖4

gTkBkgk
− 1

2
gTkBkgk

‖gk‖4

(gTkBkgk)2

=
1

2

‖gk‖4

gTkBkgk

≥1

2

‖gk‖4

‖gk‖2‖BK‖
By Cauchy schewartz inequailty

=
1

2

‖gk‖2

‖Bk‖

≥1

2
‖gk‖min{∆k,

‖gk‖
‖Bk‖

}

Consider the case of gTkBkgk > 0 and

‖gk‖3

(∆kgTkBkgk)
> 1 (2.28)
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In this case τk = 1, and by use of (2.28) we have

mk(0)−mk(p
C
k ) =∆k‖gk‖ −

1

2
∆2
k

gTkBkgk
‖gk‖2

≥∆k‖gk‖ −
1

2

∆2
k

‖gk‖2

‖gk‖3

∆k

=
1

2
∆k‖gk‖

≥1

2
‖gk‖min{∆k,

‖gk‖
‖Bk‖

}

The above discussion of three cases gives the result(2.25).

Usually, we assume that pk is an approximate solution of the subproblem
(2.3) and satisfies

mk(0)−mk(pk) ≥ c2(m(0)−m(p
e
k)) (2.29)

where pek is an exact solution of subproblem (2.3) and c2 ∈ (0, 1] is a constant.
Since mk(p

e
k) ≤ mk(p

C
k ), we immediately have,

mk(0)−m(pk) ≥ c2(mk(0)−mk(p
C
k )) (2.30)

wherepCk = −τk ∆k

‖gk‖
gk with 0 ≤ τk ≤ 1 is a Cauchy point. So, we immediately

have

Lemma 6. Let pk be an approximate solution of (2.3) and satisfy (2.29)or
(2.30). Then

predk = mk(0)−m(pk) ≥
1

2
c2‖gk‖min{∆k,

‖gk‖
‖Bk‖

} (2.31)

where c2 ∈ (0, 1].

Proof. To proof this use (2.29),

mk(0)−m(pk) ≥c2(mk(0)−mk(p
C
k ))

≥c2(
1

2
‖gk‖min(∆k,

‖gk‖
‖Bk‖

)) ByLemma 3

=
c2

2
(‖gk‖min(∆k,

‖gk‖
‖Bk‖

))

The proof is completed
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Next, in order to prove the global convergence theorem, we give some
technical lemmas.

Lemma 7. Let Assumption (A0) hold. We have

|f(xk + pk)−mk(pk)| ≤
1

2
M‖Pk‖2 + c(‖pk‖)‖pk‖ (2.32)

where C(‖pk‖) is arbitrarily small by restricting the size ofpk.

Proof. By Taylor’s theorem,
f(xk + pk) = f(xk) + gTk p+

∫ 1

0
[∇f(xk + tpk)−∇f(xk)]

Tpkdt
mk(pk) = f(xk) + gTk pk + 1

2
pTkBkpk

Then |f(xk + pk)−mk(pk)| =|
1

2
pTkBkpk −

∫ 1

0

[∇f(xk + tpk)−∇f(xk)pkdt]|

≤|1
2
pTkBkpk|+

∫ 1

0

|∇f(xk + tpk)−∇f(xk)|pkdt By Lipschitz continity

≤|1
2
pTkBkpk|+

∫ 1

0

(xk + tpk − xk)pkdt

=|1
2
pTkBkpk|+

∫ 1

0

(tpk)pkdt

≤1

2
M‖Pk‖2 + c(‖pk‖2)

Theorem 11. Let η = 0 in Algorithm 2.2.3 Suppose that ‖Bk‖ ≤ β for
some constant β, that f is bounded below on the level set S defined by(2.23)
and Lipschitz continuously differentiable in the neighborhood S(R0) for some
R0 > 0, and that all approximate solutions of (2.3) satisfy the inequalities
(2.25) and (2.24), for some positive constants c1 and γ. We then have

lim inf
k→∞

‖gk‖ = 0 (2.33)

Proof. By performing some technical manipulation with the ratio ρk from
(2.4), we obtain

|ρk − 1| =|f(xk)− f(xk + pk)

mk(0)−mk(pk)
− 1|

=|f(xk)− f(xk + pk)− [mk(0)−mk(pk)]

mk(0)−mk(pk)
|

=|mk(pk)− f(xk + pk)

mk(0)−mk(pk)
|

34



since from taylor’s theorem we have that
f(xk +pk) = f(xk)+gTk +

∫ 1

0
[∇f(xk + tpk)−∇f(xk)]

Tpkdt for some t ∈ (0, 1)
and
mk(pk) = f(xk) + gTk pk + 1

2
pTkBkpk ’it follows from the definition (2.2)

Then |mk(pk)− f(xk + pk)| =|
1

2
pTkBkpk −

∫ 1

0

[∇f(xk + tpk)−∇f(xk)]
Tpkdt|

≤|1
2
pTkBkpk|+

∫ 1

0

[|∇f(xk + tpk)−∇f(xk)]
Tpkdt|

≤β
2
‖Pk‖2 + β1‖pk‖2 (2.34)

where we have used β1 to denote the Lipschitz constant for g on the set
S(R0), and assumed that ‖pk‖ ≤ R0 to ensure that xk and xk + tpk both lie
in the set S(R0).
Suppose for contradiction that there is ε > 0 and a positive index K such
that

‖gk‖ ≥ ε, for all k ≥ K (2.35)

From (2.25),we have for k ≥ K that

mk(0)−mk(pk) ≥c1‖gk‖min{∆k,
‖gk‖
‖Bk‖

}

≥c1εmin{∆k,
ε

β
} (2.36)

using (2.36),(2.34) and the bound (2.24) we have

|ρk − 1| =
γ2∆2

k(
β
2

+ β1)

c1εmin(∆k,
ε
β
)

(2.37)

We now derive a bound on the right hand side that holds for all sufficiently
small values of ∆k , that is, for all ∆k ≤ ∆̄k, where ∆̄k is defined as follows:

∆̄ = min(
1

2

c1ε

γ2(β
2

+ β1)
,
Ro

γ
) (2.38)

The Ro
γ

term in this definition ensures that the bound (2.34) is valid (because

‖pk‖ ≤ γ∆k ≤ γ∆̄k ≤ R0). Note that since c1 ≤ 1and γ ≥ 1, we have ∆̄k ≤ ε
β

The latter condition implies that for all ∆kε[0, ∆̄], we have min(∆k,
ε
β
) = ∆k,
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so from(2.37) and (2.38), we have

|ρk − 1| ≤
γ2∆2

k(
β
2

+ β1)

c1ε∆k

=
γ2∆k(

β
2

+ β1)

c1ε

≤
γ2∆̄(β

2
+ β1)

c1ε

=
γ2(β

2
+ β1)

c1ε
× 1

2

c1ε

γ2(β
2

+ β1)

≤1

2

Therefore, ρk ≥ 1/2 > 1
4

, and so by the workings of Algorithm (2.36), we
have ∆k+1 ≥ ∆k whenever ∆k falls below the threshold ∆̄. It follows that
reduction of ∆k(by a factor of1

4
) can occur in our algorithm only if

∆k ≥ ∆̄

and therefore we conclude that

∆k ≥ min(∆k, ∆̄/4)for ∀ k ≥ K (2.39)

Suppose now that there is an infinite subsequence K such that ρk ≥ 1/4 for
k ∈ K.
For k ∈ K and k ≥ K, we have from (2.36)

f(xk)− f(xk + 1) =f(xk)− f(xk + pk)

≥1

4
[mk(0)−mk(pk)]

≥1

4
c1εmin(∆k, ε/β)

Since f is bounded below, it follows from this inequality that

lim
k∈K,k→∞

∆k = 0

contradicting (2.39). Hence no such infinite subsequence K can exist, and we
must have ρk < 1/4 for all k sufficiently large. In this case, ∆k will eventually
be multiplied by 1/4 at every iteration,
and we have limk→∞∆k = 0, which again contradicts (2.39). Hence, our
original assertion (2.35) must be false, giving (2.33).
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for the case η > 0, borrows much of the analysis from the proof above. .

Theorem 12. Let η ∈ (0, 1
4
) in Algorithm 2.3.3 Suppose that ‖Bk‖ ≤ β

for some constant β, that f is bounded below on the level set S defined by
and (2.23) Lipschitz continuously differentiable in the neighborhood S(R0)
for some R0 > 0, and that all approximate solutions of (2.3) satisfy the
inequalities (2.25) and (2.24), for some positive constants c1 and γ. We
then have

lim
k→∞
‖gk‖ = 0 (2.40)

Proof. We consider a particular positive index m with g(xm) 6= 0. Using β1

again to denote the Lipschitz constant for g on the set S(R0), we have

‖g(x)− g(xm)‖ ≤ β1‖x− xm‖

for all x ∈ S(R0). We now define the scalars and R to satisfy

ε =
1

2
‖gm‖, R = min(ε/β1, R0)

Note that the ball

B(xm, R) = {x|‖x− xm‖ ≤ R}

is contained in S(R0), so Lipschitz continuity of g holds inside B(xm, R).We
have

x ∈ B(xm, R)⇒ ‖g(x)‖ = |gm + g(x)− gm‖
≥‖gm‖ − ‖g(x)− gm‖
≥2ε− β1‖x− xm‖
≥2ε− β1min(ε/β1, R0)

=2ε− β1(ε/β1)

=ε

If the entire sequence {xk}k ≥ m stays inside the ball B(xm, R), we would
have ‖gk‖ ≥ ε > 0 for all k ≥ m. The reasoning in the proof of Theorem
11 can be used to show that this scenario does not occur. Therefore, the
sequence {xk}k ≥ m eventually leaves B(xm, R).
Let the index l ≥ m be such that xl + 1 is the first iterate after xm outside
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B(xm, R). Since ‖gk‖ ≥ ε for k = m,m+ 1, ..., l, we can use (2.36) to write

f(xm)− f(xl + 1) =
l∑

k=m

f(xk)− f(xk + 1)

≥
l∑

k=m,xk 6=xk+1

η[mk(0)−mk(pk)]

≥
l∑

k=m,xk 6=xk+1

ηc1εmin(∆k,
ε

β
)

where we have limited the sum to the iterations k for which xk = xk+1, that
is, those iterations on which a step was actually taken. If ∆k ≤ ε/β for all
k = m,m+ 1, ..., l, we have

f(xm)− f(xl + 1) ≥ηc1ε
l∑

k=m,xk 6=xk+1

∆k ≥ ηc1εR = ηc1εmin(
ε

β1

, R0) (2.41)

Otherwise, we have ∆k > ε/β for some k = m,m+ 1, ..., l, and so

f(xm)− f(xl + 1) ≥ηc1ε
ε

β
(2.42)

Since the sequence {f(xk)}∞k=0 is decreasing and bounded below, we have
that

f(xk) ↓ f ∗ (2.43)

for some f ∗ > −∞ Therefore, using (2.42) and (2.43), we can write

f(xm)− f ∗ ≥f(xm)− f(xl+1)

≥ηc1εmin(
ε

β

ε

β1

, R0)

=
1

2
ηC1‖gm‖min(

‖gm‖
2β

,
‖gm‖
2β1

, R0)

>0

Since f(xm)− f ∗ ↓ 0, we must have gm → 0 giving the result.

Theorem 13. Let f be twice Lipschitz continuously differentiable in a neigh-
borhhod of a point x∗ at which second-order sufficient conditions (Theorem 5)
are satisfied. Suppose the sequence {xk} converges to x∗ and that for all k suf-
ficiently large, the trust-region algorithm based on (2.3) with Bk = ∇2f(xk)
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chooses steps pk that satisfy the Cauchy-point-based model reduction crite-
rion (2.25) and are asymptotically similar to Newton steps pBk whenever
‖pBk ‖ ≤ 1/2∆k, that is

‖pk − pBk ‖ = o(‖pBk ‖) (2.44)

Then the trust-region bound ∆k becomes inactive for all k sufficiently large
and the sequence {xk} converges super linearly to x∗.

Proof. We show that ‖pBk ‖ ≤ 1/2∆k and ‖pk‖ ≤ ∆k, for all sufficiently large
k, so the near-optimal step pk in (2.44) will eventually always be taken
We first seek a lower bound on the predicted reduction mk(0) −mk(pk) for
all sufficiently large k. We assume that k is large enough that the o(‖pBk ‖
term in (2.44) is less than ‖pBk ‖.
When ‖pBk ‖ ≤ 1/2∆k then we have that

‖pk‖ ≤ ‖pBk ‖+ o(‖pBk ‖) ≤ 2‖pBk ‖

while if ‖pBk ‖ > 1/2∆k, we have

‖pk‖ ≤ ∆k < 2‖pBk ‖

In both cases then we have

‖pk‖ ≤2‖pBk ‖
=2‖∇2f−1

k gk‖
≤2‖∇2f−1

k ‖‖gk‖

⇒ ‖gk‖ ≥
1

2

‖pk‖
‖∇2f−1

k ‖

we have from (2.25) that

mk(0)−mk(pk) ≥c1‖gk‖min(∆k,
‖gk‖

‖∇2f(xk)‖
)

≥c1
‖pk‖

2‖∇2f−1
k ‖

min(‖pk‖,
‖pk‖

2‖∇2fk‖‖∇2f−1
k ‖

)

=c1
‖pk‖2

4‖∇2fk‖‖∇2f−1
k ‖2

)

Because xk → x∗, we use continuity of ∇2f(x) and positive definite ness of
∇2f(x∗) deduce that the following bound holds for all k sufficiently large:

c1

4‖∇2f−1(xk)‖2‖∇2f(xk)‖
≥ c1

8‖∇2f−1(x∗)‖2‖∇2f(x∗)‖
= c3
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where c3 > 0, hence, we have

mk(0)−mk(pk) ≥c3‖pk‖2 (2.45)

for all sufficiently large k, by lipschiz continuity of ∇2f(x) near x∗, and using
Taylors theorem, we have

|(f(xk)− f(xk + pk))− (mk(0)−mk(pk))| =|mk(pk)− f(xk + pk)|

|1
2
pTk∇2f(xk)pk −

1

2

∫ 1

0

pTk∇2f(xk + tpk)pkdt|

≤L
4
‖pk‖3

where L > 0 is the Lipschitz constant for ∇2f(x). Hence, by definition (2.4)
of ρk, we have for sufficiently large k that

|ρk − 1| =|f(xk)− f(xk + pk)

mk(0)−mk(pk)
− 1|

=|mk(pk)− f(xk + pk
mk(0)−mk(pk)

|

≤
L
4
‖pk‖3

c3‖pk‖2

=
L

4c3

‖pk‖

≤ L

4c3

∆k (2.46)

Now, the trust-region radius can be reduced only if ρk < 1/4 (or some other
fixed number less than 1), so it is clear from (2.46) that the sequence {∆k}
is bounded away from zero. Since xk → x∗, we have ‖pBk ‖ → 0 and therefore
‖pk‖ → 0 from (2.44). Hence, the trust-region bound is inactive for all k
sufficiently large, and the bound ‖pBk ‖ ≤ 1

2
∆k is eventually always satisfied

To prove super linear convergence,from the definition of the Newton step and
the optimality condition ∇f(x∗)=0
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we have that

xk + pNk − x∗ =xk −∇2f−1
k ∇fk

=∇2f−1
k (xk − x∗)− (∇fk −∇f(x∗)

since Taylor′s theorem(Thm5) tells us that

∇fk −∇f(x∗) =

∫ 1

0

∇2f(xk + t(x∗ − xk))(xk − x∗)dt

‖∇2fk(xk − x∗)− (∇fk −∇f(x∗))‖ =‖
∫ 1

0

[∇2f(xk)−∇2f(xk + t(x∗ − xk))](xk − x∗)dt‖

≤
∫ 1

0

‖[∇2f(xk)−∇2f(xk + t(x∗ − xk))‖‖(xk − x∗)‖dt

≤
∫ 1

0

L‖xk − x∗‖2dt

= 1/2L‖xk − x∗‖2.

Where L is lipschitz constant now by using this result we obtain

‖xk + pBk − x∗‖ = o(‖xk − x∗‖)

which ⇒ that ‖pBk ‖ = o(‖xk − x∗‖) therefore using (2.44), we have

‖xk + pk − x∗‖ ≤ ‖xk + pBk − x∗‖+ ‖pBk − pk‖
=o(‖xk − x∗‖2) + o(‖pBk ‖)
=o(‖xk − x∗‖)

Thus proving the supper linear.
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Chapter 3

Numerical Implementation

In this section, we present the numerical results for the dogleg algorithm and
the double dogleg algorithm. As we presented in chapter 2, approximate so-
lutions are widely used for trust region problem to find the step pk are dogleg
algorithm and double dogleg method because those are simple and cheap to
compute. Here, we applied both methods for optimization step and compare
their corresponding results.
Rosenbrock function is a popular test problem for optimization algo-
rithms. It is also referred as Rosenbrocks valley or Rosenbrocks banana
function because of its curved contours. The two-dimensional Rosenbrock
function is widely used for numerical optimization problems. It has a global
minimum at(1,1), where f(x1;x2) is 0. The definition of the function is

f(x1;x2) = 100(x2 − x2
1)2 + (1− x1)2 (3.1)

Now consider this function we develop matlab code for both methods. We
are taking the same initial point and tolerance for both methods.

Example 1. Consider this f(x) = 100(x2 − x2
1)2 + (1− x1)2 at x0 = [1.2, 1]

and ∆0 = 1.5, tol = 10−5 δ = 0.2.
To find approximate solution this function by developing MATLAB code for
single dogleg method and double dogleg method, Newton method and steepest
descent method
The first search begins by choosing a start point very close to the mini-
mum point of function. Take the initial point x=[1.2,1]. Then we look
at the optimization results (see Table 3.1) when dogleg algorithm is used.

Solution
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Iteration 1
The algorithm start from the initial point x0 = (1.2, 1), fk = 19.4. The trust
region is defined as the area inside the circle, which is centred at the starting
point and has radius 1.5.

sg = − ‖g‖
2

gTBg
g = [−0.1407, 0.0585]T , ‖sg‖ = 0.1524, sn = −B−1g =

[−0.0022, 0.4346]T , ‖sn‖ = 0.4346. Now compare the value of ‖sg‖ and ‖sn‖
to ∆0 then by using the above step to find pk
‖sn‖ < ∆0 p0 = [−0.0022, 0.4346]T and ‖sn‖ = 0.1524 ρ0 = 1, ‖p0‖ =
0.1524. This shows that the quadratic model is a good relation to the objec-
tive function. From the algorithm. ρ0 => 3/4 but ‖p0‖ 6= ∆0. The trust
region radius is the same for the next iteration i.e,∆1 = ∆0 and observe that
ρ0 > 0.2. Which gives x1 = x0 + p0 = [1.1978, 1.4346]T

Iteration 2
Start with x1 = [1.1978, 1.4346]T ∆1 = 1.5, sg = [−0.0003797, 0.0000208]T ,
‖sg‖ = 0.00003802, sn = [−0.1930,−0.4622]T , ‖sn‖ = 0.5009. Now com-
pare the value of ‖sg‖ and ‖sn‖ to ∆1 then we select ‖sn‖ < ∆1 ⇒ p1 = sn
‖sn‖ = 0.5009. The ratio ρ1 = −2.8978. This shows that the quadratic model
and the objective function is not related so the new point is not accepted. we
need to reduced the trust region radius ∆2 = 0.25∆1 = 0.375 and observe that
ρ1 < 0.2. Which gives x2 = x1 = [1.1978, 1.4346]T at this situation x1 and
x2 are the same but the value of ∆ is different so go next iteration
Iteration 3
Start with x2 = [1.1978, 1.4346]T and ∆2 = 0.375 sg = [−0.0003797, 0.0000208]T ,
‖sg‖ = 0.00003802, sn = [−0.1930,−0.4622]T , ‖sn‖ = 0.5009
now compare the value of ‖sg‖ and ‖sn‖ to ∆2 then observe that ‖sg‖ < ∆4

‖sn‖ > ∆4 ⇒ first find α by using the formula states on the above algorithm.
then we get sk and the ratio ρk=-0.1781 this shows that the actual and pre-
dicted reduction is not related and so the new point is not accepted we need
to reduced the trust region radius and construct a new predicted model there-
fore, the starting point is x3 = x2 = (1.1978, 1.4346) and the trust region is
reduced to ∆3 = 0.25∆2 = 0.09375

Iteration 4
Start with x3 = (1.1978, 1.4346) ∆3 = 0.09375, sg = [−0.0003797, 0.0000208]T ,
‖sg‖ = 0.00003802, sn = [−0.1930,−0.4622]T , ‖sn‖ = 0.5009
now compare the value of ‖sg‖ and ‖sn‖ to ∆3 then observe that
then observe that ‖sg‖ < ∆3 and ‖sn‖ > ∆3 we get s3 = [−0.0936, 0.0051]T

and ‖p3‖ = 0.0937
The ratio ρ3 = 1.0003.It follows ρ3 > 3/4 and ‖p3‖ 6= ∆3 therefore ∆4 = ∆3

and ρ3 > 0.2 which gives x4 = x3 + p3=[1.1614, 1.3482]T

The following table is a summery for the improving process
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k norm(g) x1 x2 r obj

1 229.16928 1.19775 1.43461 1.50000 19.40000
2 0.39793 1.19775 1.43461 0.37500 0.03911
3 0.39793 1.19775 1.43461 0.09375 0.03911
4 0.39793 1.16140 1.34819 0.09375 0.03911
5 0.63759 1.12392 1.26226 0.09375 0.02609
6 0.69343 1.08535 1.17681 0.09375 0.01544
7 0.72179 1.04562 1.09189 0.18750 0.00742
8 0.74827 1.01017 1.01919 0.18750 0.00229
9 0.58501 1.00204 1.00402 0.18750 0.00026
10 0.03329 1.00003 1.00005 0.18750 0.00000
11 0.00187 1.00000 1.00000 0.18750 0.00000
12 0.00000 1.00000 1.00000 0.18750 0.00000

Table 3.1: Results of single dogleg algorithm

The minimizer is [1.0000,1.0000] and the min value is: 5.1845e-016.

Note that: After 12 iteration we get the minimum result f(x∗1, x
∗
2) is near 0

at (x∗1, x
∗
2) = (1, 1).

Again by considering the same initial point and condition we look at the
optimization results (see Table 3.2) when double dogleg algorithm is used.
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The minimizer is: x = [1.0000; 1.0000]T , the min value: is 1.8961e-015.
After only 11 iteration we get the minimum result f(x∗1, x

∗
2) is near to zero at

(x∗1, x
∗
2) = (1, 1). Comparing results from the table(3.1) and (3.2) the double

dogleg method is faster convergence than dogleg method. At the starting
points [1.2,1] which is closed to the minimum point of the function .
Again by considering same condition for both Newton and steepest descent
method see table (3.3) and (3.4) from table(3.3) the Newton method takes

k norm(g) x1 x2 obj

1 1506.36698 1.19775 1.43461 19.40000
2 1349.39472 1.00020 0.96137 0.03911
3 1014.45820 1.00018 1.00035 0.15231
4 1001.88376 1.00000 1.00000 0.00000
5 1001.60065 1.00000 1.00000 0.00000
6 1001.60064 1.00000 1.00000 0.00000

Table 3.2: Results of Newton method algorithm

to converge only 6 iterations.
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k norm(g) x1 x2 obj

1 12 1 1 0.9836052598082
2 23 1 1 0.0013541700525
3 34 1 1 0.0010591698436
4 43 1 1 0.0010581875594
5 53 1 1 0.0010569161569
6 64 1 1 0.0010534444273
7 67 1 1 0.0010283313350
8 78 1 1 0.0008623496692
9 87 1 1 0.0008606904813
10 97 1 1 0.0008595125969
11 107 1 1 0.0008583464013
12 117 1 1 0.0008571934154
13 127 1 1 0.0008560540807
14 137 1 1 0.0008549303048
. . . . .
. . . . .
. . . . .

8252 82175 1 1 0.0000000000665
8253 82185 1 1 0.0000000000664
8254 82195 1 1 0.0000000000663

Table 3.3: Results of steepest descent method algorithm

From table (3.4) the steepest descent method takes to converge 8254 iter-
ations. To the minimizer: [1.0000; 1.0000]T and the objective value 6.6284e-
011.
search 2 we are taking the initial point which is far from the global mini-
mum of the function (1,1). Take any point let say [100;100] the single dogleg
algorithm converges after 103 iteration but the double dogleg algorithm con-
verges after 100 iteration, so this shows that the double dogleg method is
faster convergence than the dogleg methods for both cases. And the Newton
method takes 5 iteration in this function Newton method is most fastest than
single, double and the steepest descent method for any point, because the
Hessian matrix of the given function is positive definite for each iteration.
Generally double dogleg method is faster convergence rate than the single
dogleg by considering the same initial point and conditions(tolerance).

Example 2. Consider the function

f = −10x2
1 + 10x2

2 + 4sin(x1.x2)− 2x1 + x4
1. (3.2)
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Now to find an approximation solution of this function by using single dogleg,
double dogleg method and Newton method?
Search 1: The first search begins by choosing a start point very close to
the minimum. Let take the point [2,-1], in this search the Newton method is
more efficient since it reaches the local minimum in only 5 iterations whilst
the Trust-region single Dogleg and double dogleg takes 6 iterations. This is
to be expected since the major advantage of Newton’s method is fast conver-
gence when near the minimum, whilst the Trust region method usually begins
by taking steps the cauchy point.
Search 2: In the second search the start the start point is moved only slightly
further away from the minimum. let take [3,-2] but even this is enough to
cause Newton’s method to diverge. The Trust region (dogleg) performance as
predicted by the theory converges and reaches one of the minimum in 23 iter-
ation. The reason Newton’s method failed is in most likely due to the fact the
hessian was not positive definite at a particular iteration, this will certainly
have caused divergence.
Search 3: It is not surprising the Newton method again fails when the
starting so far from the minimum in the search, however what is even more
surprising is the fast convergence of the trust region method the single dogleg
needed 892 iteration and double dogleg method need 810 iteration to converge.
when starting at [500,-560] which is a long distance away from the local min-
imum [2,-0.3].
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Conclusion

This report has explored the underlying theory(philosophy) of the trust re-
gion algorithm and its operations. The convergence properties of the algo-
rithm when taking steps to the cauchy point has been examined and it has
been shown that the double dogleg method is effective and robust in terms
of speed or convergence rate than single dogleg method we observed in table
(3.1 and 3.2). Newton method is fastest than the dogleg method and steepest
method we observed table (3.1 ,3.2, 3.3 and 3.4) and search 1 of Example 2
but this method diverges when the initial point is far from the optimal point
and hessian matrix is not positive definite at each iteration we observe in
search 2 and 3 of Example 2. So the dogleg method mitigates the drawbacks
of Newton method by using the cauchy point when the hessian is not positive
definite. Due to this the dogleg method is an effective strategy since both
the Cauchy point (guarantying the global convergence) and the full Newton
step (ensuring the possibility to have faster rate of convergence) are incorpo-
rated into the possible step. In summary the trust region (dogleg) method is
a modification of Newton’s method with the aim of safe-guarding Newton’s
method from diverging by restricting the step size within the bounds of the
trust region.
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Annex

For Eg_1 use the following for all methods

*********************************************************

function T= fs(x)

T=100*(x(2)-x(1)^2)^2+(1-x(1))^2;

**********************************************************

function T=gs(x)

T(1)=-400*x(1)*(x(2)-x(1)^2)-2*(1-x(1));

T(2)=200*(x(2)-x(1)^2);

T=T’;

********************************************************

function T=hs(x)

T=[-400*x(2)+1200*x(1)^2+2, -400*x(1);-400*x(1), 200];

*********************************************************

*********************************************************

disp(’ABAYE YESHITLA’)

disp(’Newton method’)

x=input(’Enter the column vector x’);

n=2;

obj=fs(x)

g=gs(x);

H=hs(x);

k=1;

tol=0.00001;

disp(’_____________________________________________’)

disp(’k norm(H) x1 x2 obj’)

disp(’_____________________________________________’)

% fprintf(’%3 %5.5f %5.5f\n’,k,norm(H),obj)

while norm(g)>tol

obj=fs(x);

g=gs(x);

H=hs(x);

X=-inv(H)*g;
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x=x+X;

k=k+1;

fprintf(’%3.0f %5.5f %5.5f %5.5f %5.5f\n’,k-1,norm(H),x(1),x(2),obj)

end

disp(’The minimizer is:’), x

disp(’The min value: is’), obj

*************************************************************************

*************************************************************************

function steep

disp(’Steepest Descent method’)

x=input(’enter x’);

n=length(x);

a= 0.1;

b = 0.5;

obj=fs(x)

g=gs(x);

k=0;

nf=1;

disp(’_____________________________________________’)

disp(’k nf x1 x2 obj’)

disp(’_____________________________________________’)

while norm(g) > 10^(-5)

d = -g;

t = 1;

newobj = fs(x + t*d);

nf = nf+1;

while (newobj-obj)/t > a*g’*d

t = t*b;

newobj = fs(x + t*d);

nf = nf+1;

end

x = x + t*d;

obj=newobj;
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g=gs(x);

k = k + 1;

fprintf(’%5.0f %5.0f %5.0f %5.0f %12.13f \n’,k,nf,x(1),x(2),obj);

end

x

fs(x)

*************************************************************************

*************************************************************************

disp(’Single dogleg method’)

x=input(’Enter the column vector x’);

n=2;

obj=fs(x);

g=gs(x);

H=hs(x);

k=1;

tol=0.000001;

r=1.5;

q=0.2;

eig(H);

disp(’__________________________________________________________’)

disp(’k norm(g) x1 x2 r obj’)

disp(’____________________________________________________________’)

% fprintf(’%3.0f %5.5f %5.4f %5.5f\n’,k,norm(g),r,obj)

while norm(g)>tol

obj=fs(x);

g=gs(x);

H=hs(x);

gg=det(H);

if g’*H*g<=0

tau=1;

else

tau=min(norm(g)^3/(r*g’*H*g),1);

end
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sg=-tau*r*g/norm(g);

if (eig(H))<=0

sg=-tau*r*g/norm(g);

sk=sg

else

sn=-inv(H)*g ;

norm(sn);

end

if norm(sg)>=r

sk=-r*g/norm(g);

elseif norm(sn)<=r

sk=sn;

else

b=sg’*(sg-sn);

c= norm(sg-sn)^2;

d=r^2-norm(sg)^2;

p1=(b+sqrt(b^2+c*d))/c;

p2=(b-sqrt(b^2+c*d))/c;

if p1 >=0

p= p1;

elseif p2>=0

p=p2;

else

break

end

sk=sg+p*(sn-sg);

end

sk;

m=fs(x)+g’*sk+0.5*sk’*H*sk;

R=(fs(x)- fs(x+sk))/(-g’*sk-0.5*sk’*H*sk);

norm(sk);

if R<0.25

r=0.25*r;

elseif R>=0.75 & norm(sk)==r

r=2*r;

else
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r=r;

end

if R>q

x=x+sk;

else

x=x;

end

k=k+1;

fprintf(’%3.0f %5.5f%5.5f %5.5f %5.5f %5.5f\n’,k-1,norm(g),x(1),x(2),r,obj)

end

disp(’The minimizer is:’), x

disp(’The min value: is’), obj

****************************************************************************

****************************************************************************

disp(’Double dogleg method’)

x=input(’Enter the column vector x’);

n=2;

obj=fs(x);

g=gs(x);

H=hs(x);

k=1;

tol=0.000001;

r=1.5;

q=0.2;

disp(’_________________________________________________’)

disp(’k norm(g)x1 x2 r obj’)

disp(’_____________________________________________________’)

% fprintf(’%3.0f %5.5f %5.4f %5.5f\n’,k,norm(g),r,obj)

while norm(g)>tol

obj=fs(x);

g=gs(x);

H=hs(x);
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if g’*H*g<=0

tau=1;

else

tau=min(norm(g)^3/(r*g’*H*g),1);

end

sg=-tau*r*g/norm(g);

eig(H);

if (eig(H))<=0

sg=-tau*r*g/norm(g);

sk=sg

else

sn=-inv(H)*g;

norm(sg);

norm(sn);

end

N=norm(g)^4/((g’*H*g)*(g’*inv(H)*g));

T=0.8*N+0.2;

if norm(sn)<=r

sk=sn;

elseif norm(sg)>=r

sk=(-r*g)/norm(g);

elseif norm(T*sn)<=r

sk=r/norm(sn)*sn;

else

w=T*sn-sg;

a=r^2-norm(sg)^2;

b=sg’*w;

alpha=a/(b+sqrt(b^2+norm(w)^2*a));

sk=sg+alpha*w;

end

sk;

m=fs(x)+g’*sk+0.5*sk’*H*sk;

R=(fs(x)- fs(x+sk))/(-g’*sk-0.5*sk’*H*sk);

% if norm(fsss(x)-m)==0

% disp(’no’)
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% break

% end

norm(sk);

if R<0.25

r=0.25*r;

elseif R>=0.75 && norm(sk)==r

r=2*r;

else

r=r;

end

r;

if R>q

x=x+sk;

else

x=x;

end

k=k+1;

fprintf(’%3.0f %5.5f %5.5f %5.5f %5.5f %5.5f\n’,k-1,norm(g),x(1),x(2),r,obj)

end,

disp(’The minimizer is:’), x

disp(’The min value: is’), obj

**************************************************************************

**************************************************************************

For Eg_2 we use the following

***********************************************************

function r=fsss(x)

r=-10*x(1)^2+10*x(2)^2+4*sin(x(1)*x(2))-2*x(1)+x(1)^4;

***********************************************************

function r=gsss(x)

r(1)=-20*x(1)+4*cos(x(1)*x(2))*x(2)-2+4*x(1)^3;

r(2)=20*x(2)+4*cos(x(1)*x(2))*x(1);

********************************************************

function r= hsss(x)

r=[-20-4*sin(x(1)*x(2))*x(2)^2+12*x(1)^2,
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-4*sin(x(1)*x(2))*x(1)*x(2)+4*cos(x(1)*x(2));

-4*sin(x(1)*x(2))*x(1)*x(2)+4*cos(x(1)*x(2)),20-4*sin(x(1)*x(2))*x(1)^2];

**************************************************************************
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