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Acknowledgment. 

This seminar report deals with a specific topic of Operation Research: Proje;:t 

Network. Basically it has two parts : The first part deals with more general 

feature of Project Network; such as Basic terms, t heir representation ,Labeling 

etc. while the Second part deals with techniques for determining the critical path 

of a Project Network model. For clarity illustrative examples are incorporated 

~\~th each concept. 

A Project may range from simple day to day acth~ties such as making household 

item to complicated projects that I·equire considerable amount of resource, such 

as launching space shuttle. 

Given a Project, it can be breakdown into different (but interdependent) activitit s 

each requiring some amount of time for completion. 

The relationship (interdependence) between activities of the project can be 

represented using a Network Model. 

It is natural that an activity may not be started or completed according to the 

plan for so many reasons. In such cases, the earliest time that we can start an 

activity or latest time to start the a cti\~ty can be calculated. 

It is interesting to know which acti,·ities really determine the completion of a 

project. i.e. Activities the delay of which can affect the total project completion. 

This report presents ways of solvi ng such ki nd of questions that may arise in any 

project management. 
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2. Historical backgrollnd of Operations Research. 

Operations resea rch, sometimes abb reviated O.R. or often ca ll ed management science, 

means a sc ientific approach to dec ision making, wh ich seeks to determ ine what the be:,; t 

design is and how to operate a systcm. Operations resea rch formally began in the earl y 

1940's in the United States at around the same time it developed in Great Britain. O.R. 

grew up around military probl ems . 

During the 1940's there were no Illat hematica l methods of operations research. The only 

methods that were ava il abl e were those belongi ng to individual scienti sts. One of the first 

operations research teams was th e Blackett's C ircus. This group was concerned with the 

study of mil itary problems. 

During World War II the Briti sh Illi litary leaders asked scien ti sts and engmeers to 

ana lyze the military's problems. These problems were the deployment of radar and the 

Illanagement of convoy, bombing, anti submarine, and min ing operations (Winston I). 

The role of the Blackett's team was to prov ide sc ientifi c ass istance in tli e cuon.li natioll of 

British radar eq uipment at gun sites .This is the earli est operations resea rch study. Most 

of these early s tudies included tcams of civilian scientists working on mil itary probl ems. 

Once the war had ended, interest in operat ions research outside of military use began to 

grow. 

This increase led to the development of educati onal program s. "The Massachusetts 

Institute of Techno logy, Case Institut e of Technology, and John Hopkins Uni versity were 

earl y leaders in developing seminars, short courses, and conferences in operations 

research. 

Operations resea rch is concerned with dec ision problems. There are eight areas of 

decision problems that can be spec ifi ed in operations research. They are inventory, 

allocation , wai ting lines, schedu ling, sequencing, competition, replacement, and search. 

There are four scheduling techniques and three applications of scheduling. They are time, 

resource, production, and genera l schedu ling. Of the techniques, the single most 
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important dimension is time. "The til11e sc hed uling techniques are princ ipall y based upon 

network logical p lans. The time sc heduling tec hniques Criti ca l Path Method (CPM), 

Program Eva luation and Rev iew Tec hniques (PERT), and Precedence Diagrams all 

utili ze logic nets." Over th e years these techniq ues have become si mil ar and have th e 

same amo unt of effectiveness. The tec hnique used is up to the person's preference. Other 

time-based sched uling techn iques inc lude close-order, time-motion, and short-interva l 

scheduling. 
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3. Introduction 

Networks arise in numerous settings and variety of gui ses . Transportation , e lectrical and 

communication networks pervade o ur dail y li ves. Network represen tati on are a lso widely 

used for problems in such di verse areas as production , d istributi on, project planning, 

fac iliti es location, resource allocation management and financia l planning - to name jt;,! 

few exampl es. 

In fact , a network representatio n provides such a powerful visual and conceptual aid for 

portraying the relationship between th e components of systems that is used in virtuall y 

every field of sc ientific, soc ial and economic endeavo r. 

One of the most exc iting deve lopment s in Operations Research (OR) in recent years has 

been the unusuall y rapid adva nce in both the methodology and appli cation of network 

optimi zation methods. 

Network optimization is a spec ia l type of linear programming mode l. Network models 

have three main advantages over lincar programming. 

They can be solvcd very quickly. 

They have naturall y int eger solutions 

They are intu iti ve. ( i.e. Nctwork Models provide a language for talking 

abo ut problems that is much morc intuiti ve than the " variables, objectives and 

constraints" language of linea r and integer programming. 

Some of the most important kinds ol·Network Problem are:-

Shortest Path Problem . 

Minimum Spanning Tree Prob lem. 

Maximum Flow Problem. 

Minimum Cost Flow Problem. 
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An important economi c application lor Network system is the description of proj ects, 

where projects are set of finite scquenccs of activi ties. 

Network model ranges from simpl c to compli cated models that can be anal yzed by 

div id ing the original network into sub- graph . 

The first part of this sem inar report wi ll scratch the surface of th e current state of art of 

network methodo logy, while th e second part deal s wi th techniques tor ti nding the criti cal 

path of network problem. 
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4. Basic Concepts, Terminologies and Definition. 

A Network consists ofa set of points and lines connecting certa in pa irs of points. 

The points are call ed nodes (vertices). 

The lines are called a rcs (links/branches), 

OR, 

A Network is a flow of diagral11 cons isting of activities and events connected logicall y 

and sequentiall y. 

A n Activ ity is the actual perforl11ance o fa g iven task. 

( It is task or item of work to be do ne th at consume time, money, effort or other 

resources.) 

An Event IS the conunencement of wo rk to be done that does not consume time or 

reso urce. 

Dummy activity is an acti v ity. whi ch on ly determines the dependency of one activity 

over the other but does not consu l11e any til11 e. It is represented by dotted line. 

Notation :-

For Sil11plicity, 

Nodes are represented by sl11all ci rcles labeled with letters/nu mbers. 

A rcs are represented by stra ight lines ( through the actual s ituation rep resented may not 

be straight.) 

The notation for describin g a netwo rk is (N,A) where N is the set of nodes and A is the 

set of arcs. 
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As an il lustrat ion , the Network. 

3 5 

2 }-___ -\ 4 

is descri bed as 

N = { I ,2,3,4,5} 

A = {( I ,3),( I ,2) .(2 ,3 W .4 ).(3 ,4),(3 ,5),( 4,5)} 

The arcs may have a flow of some type through them. In a road Network , for example, 

we have automobi le traffic fl ow. in pipeline networks the flow may be of oil products or 

fluids , and in airways we have a now of air crafts. 

The direction of fl ow through an arc in a network model may be only in the direction or 

either direction. 

If the fl ow th rough an arc is in one direction, the arc is used to be directed arc. The 

direction is indicated by adding an arrowhead at the end of the line representi ng the arc. 

I ft he flow through an arc is in either direct ion , the arc is sa id to be undirected arc. 
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A lthough the flow tlU"ough an undirccted arc is all owed to be in ei ther di rection, we do 

ass ume that the flo w will be o ne way in th e di recti on of choice rather than having 

simultaneous flow in opposite directions. 

However, in the process of making the dec ision o n th e flow through an undirected arc, it 

is poss ible to make a sequence o f ass ignmcnt of flows in opposite di rectio ns, but with the 

understanding th at the actua l flow will be the net flow . 

A Network that has onl y d irectcd arcs is ca ll ed directed Network, and if all arcs are 

un directed, the Network is said to be undirected Network. 

A Network w ith a mixture o f directed and undi rected arcs ( or even all undirected arcs) 

can be converted to directed Network. i r des ired by rep lacing each undirected arc by a 

pai r of directed arcs in opposite di rect ions. 

A path between two nodes is a sequence of d is tinct arcs connecting these nodes. 

A directed path from node i to node j is a sequence o f co nnecting arcs whose d irect ions 

( if any) is toward node j so that flo w node i to node j along this path is feas ible. 

An undirected path fro m node i to node j, is a sequ ence of connecting arcs whose 

direction ( ifany) can be toward o r away from any node j. ( It is obvious that a directed 

path satis fi es the definit ion of undirec ted path , but not vice-versa.) Surpri singly, 

undirected paths playa major rolc in the analysis of directed networks. 
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A path that begins and ends at th c same node is ca lled a cycle. 

In a directed network, a cyc le is e ither a directed or undirected cycl e, depending on 

whether the path in volved is directed or undirected. 

Since a directed path is al so undi rec tcd path . a d irected cycle is undirec ted cycle, but not 

vice versa in general. 

Two nodes are sa id to be connected i I' the network contains at least one undirected path 

between th em. 

A connected Network is a network where every pair of nodes is connected. 

The maximum amount of fl ow ( poss ibly in fi ni te) that can be carried on directed arc is 

refelTed to as the arc capacity. 

For nodes, a d istinction is made among those that are net generators of fl ow, net 

absorbers of fl ow or neither. 

A suppl y node ( 01' source nodel Source) has th e property that the flow out of the node 

exceeds the flow into the node. The reverse case is a demand node (sink node/sink) , 

where the flow into the node exceeds the now out of th e node. A transshipment node 

( 01' intermediate node) sati s fi es conservati on of fl ow, so flow in equals the flow out. 

A network without an y direc ted cyc le is call ed acycl ic network whil e a network 

consisting of directed cyc le is callcd cyclic network . 
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5. Network Model. 

A Model in ope rations resea rch is defined as idea li zed representation of the real life 

s ituation. The obj ect ive of the mode l is to provide a means fo r analyzing the behavior of 

the system fo r th e purpose of improving perlormance. 

Network Mode ls are appli cab le in cnormous va ri ety of decision problems that can be 

modeled as Netwo rk Optimi za tion prob lem and so lved efficientl y and effectively. 

Some of these decis ion problems are rea ll y ph ys ica l problems such as transportation of 

flow of commodities. However many problems are more of an abstract representat ion of 

processes or act ivi ti es such as th e cri tica l path activity network management. 

Network model s have three important characteristics. Fi rst, many real worl d problems 

can be modeled by us ing networks. Problems relati ng to transportation and distribution 

are so lved using network mode ls. Other types of network model s such as CPM (Critical 

Path Method) and PERT (Projec t Eval uation and Review Techniques) can be used to 

find the shortest or longest path in a network. 

The second featu re is that th e mode l c reated of the network has a v isual inte rpretation in 

addi ti on to the mathematical fo rmu lat ion. The visual representation of a network reduces 

the prob lem of communication between th e analys is and the orga ni zation. This is the 

most important fea ture of network models. 

The last characteri stic of the netwo rk is that the co rresponding mathemat ica l fonnu lati ,,:l 

has a special structure that allows extremely la rge prob lems to be so lved very quickly. 
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Network scheduling models are used to plan, sched ul e, control , and eva luate complex 

proj ects and tasks. The basic idea is to analyze a project, identify the ta sks and relate 

them in a network. 

6. Rules for Network Construction of Project Network. 

There are a number of ground lines in connection with the hand li ng of events and 

activities of a project network that should be followed. 

1- Each activity must be represented by one and only one arrow. 

Such representations are not allowed in Project Network. 
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ll- No two activities should be reprcsented by same end events. 

B D 

Here it is difficult to determine the re lation ship of A with C and D; and that of B with C 

and D. 

lll- No event should occur uutil every activity preceding it has been completed. 

IV- An activity succeeding another cannot be started until that event has 

occurred. 

V- An event can not occur twice. i.e. path of activities cannot form a loop that 

returns to any event previously accomplished. Thus no event can depend for 

its completion of succeeding event. 

VI- Each activity must start from and terminate in an event. 

VII- OUlllmy activities shou ld only be inserted if absolutely necessary. 
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SUGGESTIONS :-

The fo ll owing suggesti ons in Network Drawing to construct simple and easy to foll ow 

Network :-

o A vo id arrows, which cross each othe r. ( I f possibl e). 

o Do not attempt to represent duration of an act ivity by its arrow length . 

o Time nows from left to right. 

o Netwo rk should ha ve only one entry po int ( ca ll ed Start Node ) and one point of 

emergency (ca ll ed E nd event). 

7. Common Errors in Networl, Drawing. 

There are three types of errors. which are 1110st COl11m on in Netwo rk Drawing. 

1- Dangling:- To disconnect an activ ity before the cOl11p let ion of all acti vities \n a 

network diagram is known as dangli ng. No activity should end without being joined to 

end event. 

Dangling 

o ~o--· ~o ~o 

Dangling o 
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11- Looping ( Cycli ng) :- Loopi ng error is known as cycling in a network diagram. 

Drawi ng an endless loop in a network is known as an error of looping as shown in the 

fo llowing figure. 

0-.·( /~ 0--0--0 
/ --- Looping/cyc l ing. 

111 - Redundancy:- Unnecessarily insertin g the dummy activity in a network log ic is 

known as the error of redundancy as shown in the diagram. If the dummy act iv ity is the 

only activ ity emanat ing from an event. it can be eliminated. 

t Unnecessaril y inserted Dumm y Activity. 
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8. Fulkerson's" 1- J " Rule For Labeling (Numbering) Events. 

After the network is drawn in logica l sequence, every event is assigned a number, which 

is p laced inside the node circle . 

The nu mber seq uence should be so as to re fl ec t the flow of the network . 

A standard procedure ca ll ed " I - J " rul e deve loped by D.R. Fulkerson, is most 

commonly used for this purpose. 

The following steps are used to label a project network. 

Step 1 :- A start event is the one whi ch has arro ws emerging from it but none entering 

into it. Label it as 1. 

Step 2:- Delete all arrows from all numbered events. 

This wil l create at least one new sta rt event out of preced ing events. 

Step 3:- Number all new start eve nt s 2,3 and so on. ( Preferab ly I'rom top to bottom 

when th ere are more than one new start events,) Repea t Step 2 and 3 until all 

events are labeled. 
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Exam p Ie :-

Consider the following Network diagram far I"abe li ng Fu rkerson's Ru le. 

L 0 ·0 ·0 ·0 

~ 
I 

~ 
• 

It is obvious to labe l the start event as I. 

Then by deleting all arrows from thi s event we will get th ree new start evellls. 

We can labe l them as 2,3 and 4 starling ('rom top to bottom. 

Continu ing the process the comp lete labeled Network di agram becomes :-
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9. Time Estimates and Critical Path in Network Analysis. 

9.1 Critical Path Method (CI)M). 

Let us co nsider a project represent ed by a Netwo rk . Once a Network represents the 

project , the lime analys is of thc network becomes essen tia l for various activiti es of the 

project. 

An activity time is a forecast of th e time an ac ti vity is expected to take from starti ng 

point to its completion , under normal cond itions. 

The main objective of time anal ys is is to prepare a plannin g schedul e of the proj ect. 

The planning schedule shou ld include the fOllow ing factors: -

- Total completion time of the project. 

11 - Earliest time when an acti vity can start . 

III - Latest time when each acti vity call be started without delaying th e tota l project. 

IV - Float for each activity. i.e. Amount oftillle by which the completion of an acti vity 

can be delayed without de laying the total project completion. 

V - Identification of Critica l Acti vities and Critical paths. 
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9.1.1 Terms and Notations. 

Notati on: - We sha ll use the foll ow ing Notations for basic Scheduli ng Computation. 

(i,j ) Activity (i,j) 

Ei Ea rl iest Occ urrence time of event i. 

Lj Latest Occurrence ti me 0 f event j . 

DU Estimated Compl etion time (ti me d urat ion) of acti vity (i,j ) 

(Es)ij Earli est st art ing lime of activity (i,j) 

(Er)u Earli est Fini shin g time of acti vity (i,j ) 

(Ls) ij Latest Sta rt ing lime 01· activity (i,j ) 

(LI}iJ Latest Fini shin g li ;11e orac tivity (i,j ) 

Float - it is the amount of ti me by which the completion of an acti vit y can be delayed 

w ithout de laying the total proj ect completi o n. 

i.e . the diffe rence bin Latest start ing time and Earli est sta rting time of an activity. 

S lack - is the d ifference between th c lat est event and earl iest event t imes . 

C ri tical Even t - an event with zero s lack times are call ed criti cal events. [n other words, 

event i is said to be cri tica l if Ei= LJ 
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C ritical Activity - since the dirlerence bin the latest sta rt lime and ea rli est start time of 

an activity is called a total flo at, th e activities with zero total float are 

known as criti ca l activities. 

In other words, an activity is said to be critica l if a delay in its start wil l cause a further 

delay in the completion date of the enti re project. 

Critical Path - the seq uence of critica l activities in a network is ca ll ed Critica l Path. 

The critica l path is the longest path in the network from the sta rting event to ending 

event and defines the minimum time required to complete the project. 

9.1.2 Main Features of Critical path: -

The criti cal Path has two mai n fea tures: -

I - If the proj ect has to be shorten ed , then so me of th e activ iti es on that path must be 

Shortened. The application of add itional resource on th e other activities w ill not give the 

desi red result unless that criti cal path is shorten ed first. 

11 - The variation in actual perfo rmance from the expected activity duration time will 

be completely reflected in o ne- to-on e fash ion in the anti cipated comp letion of the whc!~ 

project. 
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Now, lets consider a method to determine critica l path of a network (and hence the 

minim um time required to complete th e project) and jobs (acti viti es) that are crit ical to 

the completion orthe project in time. 

Examp le: -

Consider a project represented by the l'a ll owing network, where nodes are numbered 

according to Ful kerson 's Rul e. Numbers along various activities represent the normal 

time ( Dij ) req uired to fini sh that act ivity. ( in days) 

4 ~G 

For thi s project, we are interested to lind a lit 

i) the time required to co mp lete the project. 

ii) Crit ica l activiti es ( jobs) and Criti ca l Path . 

Solut ion :- First it is necessary to fin d Ollt the ea rliest and the latest comp letion ti me for 

each activity in the network. 
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This can be done by the mel hods ca ll ed " Forward Pass" and " Backward Pass" 

Computation respecti vely. 

To begin with th e procedure, we define 

9.1.3 

E; = the earliest expected occu rrence time o f event i 

Lj = the latest allowable evenl occurrence time of event j 

D;j = th e ex pected duration (lime) 10 complete activity (ij) 

Determination of Earliest Time ( E j). 

(Forward Pass Computation.) 

Now, let's start the solution by fo rwa rd pass computation. 

Step) :- Determination of Earliest Time (Ej). (Forward Pass C omputation.) 

The purpose of the forward pass compulation is to find out earl iest start times for all 

activit ies . For thi s, it is necessary 10 ass ign some initi a l value for the starling node 1. 

Usua lly thi s value is taken 10 be zero so Ihat Ihe subsequent ea rli est time cou ld be 

interp reted as the project du ration up to that point in question . 

Rule fo r Computation : -

Rule I : - Initia l event is supposed to occur al time cqual to O. 

I. e. EI = 0 
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Ru le 2: - Any act ivity can start immedia tely when all preceding acti viti es are completed. 

I. e. The earliest time Ej for node j is given by 

EJ = Max {Ei + D iJ } 

Rule 3:- Repeat Step 2, for the nex t eli gible activity un ti l end node is reached. 

Thus, using the rul e we can have numerical ca lcu lation. 

EI = 0 

E2=Max {Ei+Di2} = Max{ EI + DI 2}=EI+DI2= 0+2=2 

Es=Max { Ei+DiS} = Max { E,+D15 }=E,+D25= 2+4=6 

Es=Max{ Ei+DiS}=Max{Es+Dsg, E"+ D,,s}=Max{8,11 }= l l 
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EJO= This implies that the earliest time for the occurrence oflast event of the project is on 
the 19 th days. 

Conlusion: - The project will take minimum 19 days to complete. 

9.1.4 Determination of Latest time (Li). 
(Backward Pass Computation) 

Step 2: - Determination of Latest time (Lj). (Backward Pass Computation) 

In forward computation, the earliest time when a particular activity will be considered is 

known. It is also seen that some activities are not critical to the completion of the project. 

A question may arise: " Can their starting time be delayed so that total completion time is 

not affected?" 

Such a question may arise while scheduling the resources such as manpower, equipment, 

finance and so on. 

If delay is allowable, then what can be the maximum delay? 

For this is the latest time for various activities which is desired. 
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Backward Pass Computation can be done by reversing the method of calculation used for 

earliest event times. 

In forward pass computation, assignment of E1= 0. , was arbitrarily. Likewise for the 

backward pass computation, it is possible to assign the project terminal event the date on 

which the proj ect should be over (latest allowable time determined in Forward pass 

computation.) 

Rule 1:- Set L; = E; or Ts 

Where Ts is the schedule date for completion and E; is the earliest terminal time. 

Rule 2:- L; = Min { L; - D;j} 

i.e. the latest time for activities is minimum of the latest time for all succeeding activities 

reducing their activity time. 

Rule 3:- Repeat Rule 2 until starting activity is reached. 

Latest time for activities of the network are calculated below: 

By Rule I, set LI9 =19. Applying Rule 2, until starting activity is reached. 

~ = Min { 1; - D9j }= 19 - 4 = 15 for j = 10 

J 
1& = Min {1; - DSj }= L9-Ds.9=15-3=12 (j contain only node 9) 

J 
L7= Min {L;-D7J}= ~-D7.9= 15-5=10 (j contain only node 9) 

J 
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Now consider node 6, for this node, there are two succeeding activities, namely 6-8 and 

6-7, 

Similarly, 

L5= L8-05,8= 12-2 =10 

L3= Min IL6-0 3,61 

ILr 0 3,71 = 

Min 18-5 =3 

110-8=2 *1 

L2 = L5- 0 25 = 10-4 = 6 

LI = Min {Lj-Olj} = Min 17-5= 2 1 

E1""O,L] =O 

j=(2,3,4) 12-2=0* 1 0 

16-2= 4 1 

2 4 5 

A El=2,L]=2 

2 

2 Q cb ~ 

4 EFlO,L,~ I O, 

2 

Min 112-4=8 *1 = 8 

110-0=10 1 

E,~ 1 5,L,~ 1 5 E1o=19,L IO=19 

The minimum value of LI = 0 is not surprising result. Since, started with Lj=Ej, it is 

always possible to set L1= 0, If this is not so, it means that some error is made in 

calculations of forward pass or backward pass values, 
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O ne can easi ly observe that Ear licst time ( E,) and Latest time (Li) for activities 1-3,3-7, 

7-9, and 9-10 are eq ual. Along this path , the fact that the latest and earl iest ti mes are the 

same impli es that any activ ity alon g thi s path cannot be de layed witho ut afl ecting the 

du ration of the proj ect. 

9.1.5 Computation of Floats 

Step 3 . Computat ion of Floats. 

By defi niti on, for th e activity 8-9 . the float is one day ( Ls-E, = 12- 11 = 1). Thi s fl oat 

represents the amount by which this part icular activity can be delayed without 

infl uencing the duration of the project. 

A lso, by defin ition , free float il' any. will ex ist only on the acti viti es merge points. To 

illustrate the concept of free float , consider path 1-2-5-R-9, tota l fl oa t on activity R-9 is 

one day and sine this is the las t ac tiv ity prior to merging two acti vities, thi s float is free 

float also. Similarly, consider th e activity 8-9,. If th e activity 5-8, is de layed up to three 

days , the early start ti me of no activity in the network wi ll be affected. Therefore, the 

concept of free float clea rly states that th e use of free float time will not infl uence any 

succeed ing acti vity fl oat time. 

If free fl oat of any activity comes out to negative, it is taken zero. For example, 

independent fl oat of ( \ ,2) = li'ee float of (1.2) - (L,-E, )=0-(0-0)=0. 

In a simil ar manner, (tota l) floa t of each activity can be ca lcul ated by taki ng the 

d iffe rence of latest and earli est and latest start of each activity. The fl oat of each ac ti vity 

is given on Tab le 9. 1. 
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9.1.6. Identifying the Critical path. 

Step 4. To Identify the Critical Path. 

The earlier calculation shows that the path or paths, which have zero floats , are called 

critical ones. If this logic is extended little further, it would provide a guide rule 

determine the next critical path, and so on. Such information will be useful for managers 

in the control of projects. In this example, path 1-3-8-9-10 happens to next to critical; 

path because it has float of one many of its activities. 

Duration Start Finish Float 

Activity (Dij) 

(i-j) Earliest Latest Earliest Latest Total Free Independent 

(I) (2) (J)Ei (4)-(6)·(2) (5)-(J)+(2) (6)- Lj (7F(4)-(J) (8)=Ej-Ei-Dij (9)=(8)-(Li-Ei) 

1-2 2 0 4 2 6 4 0 0 

1-3 2 0 0 2 2 0* 0 0 

1-4 2 0 4 2 6 4 0 0 

2-5 4 2 6 6 10 4 0 0 

3-6 5 2 3 7 8 1 0 0 

3-7 8 2 2 10 10 0* 0 0 

4-7 4 2 6 6 10 4 4 0 

5-8 2 6 10 8 12 4 3 0 

6-8 4 7 8 11 12 1 0 0 

7-9 5 10 10 15 15 0* 0 0 

8-9 3 11 12 14 15 1 1 0 

9-10 4 15 15 19 19 0* 0 0 

Table 9.1 ( * - activities with zero total float. i.e. critical activities.) 

Thus, we can see that the critical activities are 1-3, 3-7, 7-9 and 9-10. Hence the critical 

path of the given project network is 1-3-7-9-10. This path is indicated by dark double 

headed arrow.( • ). 
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9.2 Project Evaluation And Review Technique (PERT). 

9.2.1 Terms and Definitions. 

The Network method discussed previo usly (i.e Critica l Path Method - CPM) has dealt 

with determini sti c models since estimated activity times are assumed to be th e expected 

values. 

CPM (Critical Path Method) is an effecti ve lor the project, p lanning and control when 

activity times are known w ith certai nty, However certa in projects like research and 

development work, it seems unreali stic to assume that we can know wit h certainty the 

time duration in which the activities can be compl eted. 

Deterministic Network methods assume that the expected time is the actual t ime taken. 

Probab ilistic on the other hand , ass ull1e the reverse, more realistic s ituation , where 

acti v ity times are represented by probability distribution. 

PERT is a technique that stati stica ll y presents knowledge about activity uncertainties. 

There are two approaches that are used for th e assessll1ent of duration for activity 

complet io n. 

[ - C PM - deterministic approach in which we may ass ume th at we know enough about 

each job or operation; so that a singlc estill1ate of their duration is suffici ently accurate to 

g ive reasonable results. 
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II - PERT - non - determi nist ic or probabil isti c app roach in which one may onl y be able 

to state limits with in which it is virt ua ll y ce rt ai n that activity durati on will li e. 

PERT was deve loped and has been useci mos t frequently in research and development 

type projects, sllch as industry, ac rospace industry, defense products industry etc. 

PERT system is best suited for projects lha t involve a work that is never done before, or 

there is a litt le past history on which to basc network constructi on and time estimates. 

The ma1l1 objective in the analysis throllgh PERT is to fi nd out the completion of a 

particul ar event with spec ifi ed date. Th is approva l takes in to acco un t the uncerta in ties. 

Time is the most essential and basic va riab lc in PERT system of planning and control. 

In PERT exact estimati on of timcs of' cOl11pletion for various acti vities is difficul t. 

Esti l11ate is l11 ade of not onl y the 1110st probable til11e required to complete the acti vity, but 

SO l11e l11easure of uncerta inty is incorporated in thi s estimate to consider two l110re til11e 

esti mates . 

In thi s approach, three time va lues arc assoc iated with each activity: the optimisti c value, 

the pessimistic time and the most likely time. Thus three time va lues provide a measure 

of uncerta inty assoc iated with that acti vity. 
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The Optimistic time: - is the shortcst possible time in which an activity can be finished. 

It assumes that everythin g goes wcll. Thi" is denoted by to. 

The Most likely time: - is the estimat e of the norma l time the acti vit y wou ld take. Thi s 

assumes normal delays. If a graph is plolted in the time of complet ion in that time period , 

then the most li kely time will rcprcscnt the hi ghest frequency of occurrence. T his is 

denoted by tm• 

The pessimistic time: - represents th e longest time the activity co uld take if everything 

goes wrong. As in optimi sti c est imate. thi s value may be such that onl y one in hundred or 

one in twenty wil l take time longer than tili s val ue. This is denoted by t". 

These three time val ues are shown below. 

/ 

/ 
/: 

Optimistic Most likely Pessimistic 

If a curve is pl olted between th e ·timc· of co mpletion and the number of jobs completed 

in that ' time ', a frequency di st ri but ion curve will be obtai ned. 

From the cu rve, it is clea r th at th erc are large number of cases of th e acti v ity that are 

co mpl eted in the most likel y rime . 
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In PERT calculation, all values are used to obtain the percent expected value. 

Expected Time: - is the average time an activity will take if there were repeated on large 

number of times and is based on the assumption that an activity time follows beta 

distribution. * 

Beta distribution - the Beta distribution is typical type of probability distribution, which 

fits well for PERT analysis. A beta distribution is not symmetrical about its apex. It may 

skew to left (optimistic estimator) or the right ( pessimistic estimator). 

Beta Distribution is chosen in PERT analysis because:-

I. The distribution should have small probability of reaching the most optimistic 

time ( shortest time). 

2. The distribution should have a small probability of reaching the most 

pessimistic time ( longest time). 
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3 . The d istr ibution shou ld h" ve one and only one most likely time 

(i.e . Uni modal) which wo uld be free to move between the two extremes 

mentioned in I and 2 abo ve. 

4. The di stributio n should be such that the amou nt of uncertai nty in the 

estimating can be measured eas il y. 

T he Stan da rd deviation fo r th e ac tivi ty is th en given by (5 = (t,,-to)/6. 

As, as Variance for the activity is then given by th e fo rmu la (5' = [(t,,-to)/6]' 

However, one must combine th e three time esti mates ( to, t" til ) into a single time, the 

average time for the computation of the acti vity of job. 

This average time is the so ca ll ed expected time . (te). 

If thc cxact shape of probability distribution curve is known, the average time expected 

cOltid be accurately cal cu lated. However s ince the precise curves are never available, we 

must use approx imation. This is clo nc by algebraically usi ng weighed average derived hy 

static ians. 

In computing the expected time. a weigh tage of I is given to optimistic time to, weightage 

of 4 to the most li kely ti me tl and weightage of I to the pess imistic time tl,. 

Thus the expected time is given by the l'ormula:-

te = (to + 4tm + tp )/6 

where to - optimistic ti me 

til - pess imistic time 

tm - most li ke ly time 

te - expected ti me 
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The ex pected time (t,), represents avcrage value whil e the most likel y time (tl) represents 

mode of the B - d istribution. The expec ted time represents a parti cular time on the 

probability curve, that has a 50-50 chance of bei ng met or excdeed. There is same chance 

th e actua l time taken w il l be greater th an te as there is it is less than teo Naturall y the 

vertica l line through te will di vide th c probab ility curve in to two equal areas. 

The difference between PERT and C PM is that instead of activity duration, expected 

ti me, te for the activity is considered with each node, va ri ance is assoc iated. Th us, the 

duration of the project is the mean expected time with vari ance. 

9.2.2 Calculating the Earliest Time. 

As in the case o f C PM , first we ha ve to I-ind earl iest expected times E; and latest 

expec ted times L; for each activit y. 

Calculating the Earliest Expected Time:- The earl iest expected ti me E;, for each 

node can be obtained by takin g the sum of expected times fo r all the activiti es lead ing to 

node i, when more than one activity leads to a node i, the maximum of E; is selected . 

9.2.3 Calculating Latest Time 

Calculat ing the latest expected ti me: - To find th e latest expected times we start wi th the 

latest time T L fo r the last node as cq ual to E;. (Earli est expected ti me for last node or 

schedule completion time of the project ( ifavailab le). 
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Then moving backwards for each path, subtracting the expected time, te, fo r each activity 

link. If more than one succeeding act iviti es occur, we take minimum of all possible 

values. 

9.2.~ Calculating Slacks and Floats 

Calculating Slacks and Floats:- As Slack of an event is the difference between the 

latest and earli est event ti me and Float is the amount of the by wh ich completi on an 

activity co ul d be delayed beyond the expected completion time, without affecting the 

overa ll proj ect durat ion time; 

Slack of an Event Latest Event time - Earliest Event time. 

Float for an Activity Latest start of Acti vity - Ea rliest Start of an Activity. 

9.2.5 Determination of Critical of Path. 

Since Criti ca l Path is defined as sequence of criti ca l activities (acti viti es with zero Total 

Float), the crit ica l path can be traced along zero total fl oat acti v ities . 
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Illustrative Examples on PERT 

Example: - For the Project represented by the fo llowing Network 

i) Find the expected time for each event. 

ii) Compute Earliest and Latest expected times. 

iii) Find the Critical Path. 

5 

)---~ 2 )--~ 3 )---.{ 

(to,tm,tp for each activity is given on Table 9.2 ) 
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Solution:-

a) The Expec ted Ii me 

6 

Activity to 1m t l' T c = !o:t$n±!" 
6 

1-2 3 II 13 10 

2-3 I 2 3 2 

2-5 4 5 12 6 

3-4 5 10 27 12 

3-7 6 8 16 9 
4-5 4 7 16 S 
4-6 3 .j II 5 

4-8 4 II 12 10 

5-8 2 , 10 4 -' 

6-7 0 0 0 0 
7-9 4 5 18 7 
8- 10 3 4 II 5 

9- 11 6 7 14 8 
10-1 1 7 8 21 10 
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b) The Earl iest and lates t Time lor Each evcnt can be calcu lated as : 

E,=O, E2 = 0+ 10 = 10, E, = 10 +2 = 12 , E4= 10 + 2 + 1 2 = 24, 

Es = Max{ 10+6, 24+ 8} = 32, Eo = 24 +5 = 29, E7 = Max {29, 12+9} = 29 

Es = Max {32+4, 24+ 10} =36, Eo = 29 + 7 = 36, E,o = 36 +5 = 4 1 

E" = Max { 41 + 1 0, 36+8) = 51 

and, 

L,,=E II =5 1, L, o= 51-10 = 41 , Lo=51 - 8=43, Ls=41 - 5 = 36, 

L7 = 43-7=36, Lo = 36 - 0 = 36, L, = G3-4 = 32 , L4 = Min{36-10,32-8} = 24, 

LJ = Min { 36-9, 24-12 } = 12, 

L, = 10-10 = 0 

L, = Mi n {12-2, 32-6) = 10 
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c) The Critica l Path . 

i) Computation of Tota l Float. 

Start Finish 

Acti vity Duration Earl iest Lates t Earli est Latest Total Float 

1-2 10 0 0 10 10 0 * 

2-3 2 10 10 12 12 0 * 

2-5 6 10 26 16 32 16 

3-4 12 12 12 24 24 0 * 

3-7 9 12 27 2 1 36 15 

4-5 8 24 24 32 32 0 * 

4-6 5 24 3 1 29 36 7 

4-8 10 24 26 34 36 2 , 

5-8 4 32 32 36 36 0 * 

6-7 0 29 36 29 36 7 

7-9 7 29 36 36 43 7 

8- 10 5 36 36 4 1 4 1 0 * 

9-1 I 8 36 43 44 5 1 7 

10-1 1 10 41 4 1 5 1 5 1 0 * 

( * - activiti es with zero Total Fl oa t. i. e. criti cal activi ti es) 
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ii) Thus by tracing the Critical activities on the Network Diagram, we can see the critical 

path to be: 

The Critical path is shown by Double Lines on the below network. 

5 

" Q .8 I 3 4 R (0 

/ cp 
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to. Differences between PERT and CPM 

Wh il e PERT is mainl y for planning and sc hed ulin g resea rch programs, CPM is used for 

co nstruction and business probl ems takin g Crom space programs to marriage proposa ls to 

horse-shows. 

PERT Network is a probabi lis ti c mode l wi th uncerta inty is act ivi ty duration , CPM is 

determ ini stic model with well known activit y times based on past experience. It assumes 

that the expected time is actuall y the timc taken. 

PERT is an event ori ented approach whi lc CPM is an acti vity ori ented system. Event 

represents a sig nificant po int on the til11c whi le the ac ti vity is a time co nsuming element. 

The concept of crash ing is applied l11ainl y to CPM 1110dels. CPM dcal s w ith costs of 

project schedules and their minimi zation. 

T he above differences between the two techni ques are onl y hi stori ca l importance and 

today PERT and CPM are used as one technique of project schedu lin g. 
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II. Advantages of Network Techniques. 

The twin techniques of PERT and CPM find wide ran ge of engineering non-engi neerin g 

app l ications. 

The main advantages of these techniqu cs as too ls o fl11ana gel11ent are :-

I . Teclll1 iques of PERT and C I'M help the management in planning, scheduling and 

contro l. At the planning stagc of va rious tasks to be perforl11ed and resources 

req uirel11ent for accol11pli shin g these tasks are laid out. Network ana lys is helps at 

this stage, when alternative progral11mes are being considered. At the scheduling 

stage network calcul ates thc time and reso urces needed at each stage of 

production or activity. Finally in thc operationa l phase, the network is use ful as a 

control device fo r measuring the actual against the planned pertormance. 

2. Network shows in sil11ple way, thc inter-relationship of various activities 

co nstituting a project or a programme. This helps in bringing out clearly the 

technologica l interdependencc of various activities and so in integrating the 

project planning. 

3. Network points to the sl11a ll est criti cal areas and the exceptional problems so tl,~t 

corrective action l11ay be taken in til11e. 

4. C PM dcals with til11e-cost tradc ofT and determine the optimum sched ul e for a 

project. Crashing programmes ass is t in avoiding reso urce bottlenecks. 

5. Cost control can be exerc ised on project basis. Fo r this purpose, activity or work 

package is treated as a cost ccntcr. 

6. A pplication of network techniques has resu lted in better managerial contro l, 

improved utili zation of resources, improved coml11unication and progress 

reportin g and better deci s ion making. 
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12. Limitations Of Network Techniques. 

Apart h'o m the ir adva ntages, Netwo rk Techn iques have so me li mitat ions associated to it. 

Some of th ese are:-

I. In Netwo rk Techni q ues. timc estimates are often guess work. Therefo re there is 

difficulty in securin g the rea li stic estimates. 

II. It has natural tendency to oppose cbanges. (i.e it lacks fl ex ib ili ty.) 

111. It requires trained personnel in the network methodology. 

IV. Developing a clear logical network is troubleso me. 

v. Determinat ion of level of netwo rk detail is also tro ublesome - as it vari es from 

planner to plaIUler. 
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