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List of Graph theoretic symbols of the project 

G Graphs 

T Trees 

H<;; C Sub graph 

,(G) s panning tree of a graph 

V(G) Vertex set of a graph 

£(G) Edge set of a graph 

G-e Deletion of edge e 

G.e Contraction of an edge e 

w(G) Numbe r of components of G 

0, Empty grap h 

C, Cycle grap h 

K, Com plete graph 

Km.n Complete bipartite graph 

H, Hyper cube graphs 

deg (v) - Degree ofv in G 

G] + G2 - The disjoint union of graphs G] and G2 

D(G) Degree matrix ofa graph 

A(G) Adjacency matrix of a graph 

L(G) Laplacia n ma trix of a graph 

N(G) Incidence matrix of a graph 

M (G) - Red uced incidence matrix ofa grap h 



SUMMARY OF THE PROJECT 

Counting the nu mber of spanning trees of a graph is one of the fundamental 

problems in e numerative combinatorics. Spanni ng trees have enormous interesting 

app lica tions in telecommunication, computer science. and so on. 

In th is project, we will see various approaches of counting spanning t rees of a 

graph by introducing some mathematical method like deletion-contraction method, 

di rect coun ti ng, cond itioning. deletion, Inclusion-exclusion, recurrence re lation, 

cryptogra phic method, and we arrive at the conclusion that the number of spanning 

trees of K2,n is n2n- 1 and we have also counted some small graphs and in the 

process we general ize the number of spanning trees or a cycle graph en is n. 

Then the less illuminating, but the most efficient a nd a gene rali zed ways of 

count ing spanning trees of a graph is matrix-tree theorem or Kirchhoff's matr ix­

tree theorem. 

In thi s paper, we are mainly interested to prove di fferent ve rsions of matrix- tree 

theore m by involve matrix-theory and some combinatori al approaches of count ing 

spanning trees are introduced that helps as to prove matr ix- tree theorem. 

We arrive at a conclusion that the number of spanning trees of a gra ph Kn is 

nn-z and K is mn- 1nm- 1 which are known as Cayley's theore m a nd 5co in 's m,n 

theorem respectively. So in general we ca n say that matri x-tree theorem is a 

fundame ntal tool of calcu lati ng the number of spanning t rees of a gra ph C. 
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INTRODUCTION 

A graph G== (V, E) is can be defined informally as a non empty set of vertices or 

nodes V , with or without edges or arcs E. Enumerating objects, graphs, sets are the 

main concern of enumerative part of combinatorics. 

A tree is a special type of graph in which there is no cyete in it. In this project, we 

a re inte rested in analyzing various approaches for the enumeration of spanning 

trees. Spanning tree of a graph is a sub graph of G which is a tree that contains all 

vertices of the graph G. 

It has many economical applications in the real wo rld, for instance in 

tel ecommunication, computer science, and so on. Therefore counting the number of 

spanning trees is a bas ic problem in combinatorics. 

In the first chapter of this paper, we sta rt by doing introductions to some basic 

concepts in graph theory such as graph, connectedness of a graph, span ning trees 

and ex istence of spanning trees. 

In the second chapter, we enumerate spanning trees of a complete bipartite 

graph K2 n by introducing some techniques of counting such as deletion·contraction 

method , direct counting. conditioning. deletion, inclusion-excl usion, recursion 

re lation, and cryptographic approach and matrix algebra. Then we proceed to count 

spanning trees of a graph G, Combinatorica ly and algebraica lly using the matri x-tree 

theorem. 

Fina lly, we will see the app lication of matrix-tree theorem by vis iting a certai n 

application problem, cayley's theorem and scions theorem wh ich is the 

generalization of any complete graph and complete bipart ite graph G res pectively. 

1 



CHAPTER ONE: PRELIMI NARI ES 

1.1 Introductory concepts 

1.1.1 Graphs and Some examples 

A graph G is a triple (V (G), £(G), <Pc) consisting of a vertex set V(G) ,a n edge set 

E(G), and a function rpG that assOciates with each edge in E, unordered pair of vertices 

(not necessary distinct) ca lled its endpoint. We can represent a graph on a paper by placing 

each vertex at a point and representing each edge by a curve joining the loca tions of its 

endpoints. 

Example let G ; (V (G),£(G),<PG) whereV(G) ; (V ,'V" V', v"v, ) 

v, 

v, 

Figure 1.1 pictorial representation of a graph G 
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DEFINITIONS: 

:;. A loop is an edge cor responding to pairs of the type (v,v) for all v in V. 

?- Multiple edges are edges havi ng the same pair of end points. 

>- A simple graph is a graph tha t has no loops or multip le edges. 

>- Empty graph is a grap h with no edges. 

A Graph G is fin ite if both its vertex set and edge sets are finite. Infinite. 

otherwise. A fin ite graph with just one ve rtex is called t r ivial graph and all the other 

gra phs are te rmed as non-trivial graphs. 

Order, s ize a nd degree of a graph: The order and the s ize of the graph G is denoted 

by IGI a nd IIGII which is the ca rd inality of its vertex set and edge se t respectively. 

Where IGI = IVI and IIGII = IEI. For instance in the figure 1.1 Order of G , IGI =5 , 

Size of G , IIG II =8 and The Degree of G; Deg(vI)= l deg(v,)=5; deg(v, )=4 and 

deg(v.)= deg(Vs)= 3 

1.1.2 REGULAR GRAPHS AND THEIR PROPERTIES 

>- A g ra ph G is regular, if every ve rtex has the same degree. Thal is A gra ph G is said to be 

regu la r of degree r (r-reguta r), if deg (v):;;; r for all ve rti ces v in G. 

};> A complete graph (cliques): A complete graph on n vertices de noted as Kn which is a 

s imple gra ph whose vertices a re pa ir wise ad jace nt. For instance K3, K4 and Ks graph 

Figu re 1.2 complete graphs Kn , for n= 3, 4, 5 

};> Hypercube graph Hn is n-dimensional gene ralization of a sq uare (n:;;;2) a nd 

A cube (n=3) . 

REMARK: Empty gra ph On' complete graph Kn , and Cycle gra ph Cn are all regula r 

gra phs of o rde r n. a nd Hypercube gra ph Hn is regular gra ph of order 211. 
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;. A complete bipartite graphs (hi cliques): A Graph is com pl ete bipartite grilph If the 

vertices can be pa rtitioned in to two sets X and Y such that every vertex in X joined 

to every vertex in Y in such away thal no vertex is adjacent in the same partite sets. 

x 

y 

Figure 1.3 The complete bipartite graph Kl,3 . 

):> Complimentary graphs: 

A graph G = (V. E) is called complimentary to a graph G = (V, E) , if E = (~) - E. 

in other word e is an edge of G if and only if e is not an edge of G. Here the 

complementary graph On = Kn and Km + Kn = Km.n • 

I 0- = K but we need to show the second one. Consider for To verify this fact , clear y n n' 

intance K2 and K3 • 

bA 
Therefore Km + Kn = Km,n 

4 
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1.1.3. PATHS AND CONNECTEDNESS OF A GRAPH 

>- A path in a graph is a sequence of distinct ve rti ces VI' 1.1
2 

• ...• Vn such that v. v
J 

In 

E(G) for i.= 1.2 ..... n·l.and ;=1.2 ..... n. The length of the path is the number of edges 
on the path. 

>- A cycle in a gra ph is a sequence of vertices VI. 1.12 • ...• Vn such that VI' 

1.12 , ••• ,vn- 1 is a path, 1.11 Vn and v n _\ lin in ECC). for example or a Palh : abcdefg 
and Cycle: abha. 

f 

g 

e 
d c...-- -r-- --;:f 

• c 

h 

Figu re1.4 path and cycle of graph 

>- Connectedness of a graph: A non empty graph G is said to be connected, if any two of 

its vertices are linked by a path in G; otherwise it is disconnected. 

};> A maximal con nected sub graph ofG is said to be a component ofG and we denote the 

number of components of G by w(G). In the figu re 1.5 note that number of 

componentofG w(G) = 1 and thatofH w(lf ) = 3 

H 

G 

Figure 1.5 connectivity of graph 
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~ Sub graphs: A Graph H is a sub graph of a graph G if V(II)\; V(G) , E( II) \; E(G) And <PH 

is a restriction of 'PG to H .In this case we write H ~ G, and we say lhat G contains 1-1 . 

for instance each component of H is a sub gra ph orG. 

1.1.4. ADJACEN CY MATRIX AND INCIDENCE MATRIX OF A GRAPH 

i. Adjacency matrix A(G) 

Definition: Let G be a graph with vertices Vi V2 .. . l1n . The Adjacency matrix or G is 

A (G) = (a ,,· ) matrix Whe re 
nxn 

if Vi anci Vi are adjacent. 
otherwise 

Example 1 Determine Adjacency matrix A (G) of the following graph G. 

v, v, 

Figu re 1.6 v, 

0 1 0 0 0 0 

1 0 1 0 0 0 

0 1 0 1 0 1 
The Adjacency matrix A (G), A(G) = 0 0 1 0 1 

0 0 0 1 0 I 

0 0 1 1 I 0 
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ii. Incidence matrix NeG) 

Definition: Let G be a graph with n vertices (Vt' vz, ... vn) and kedges (el, ez, ... ... elr)' 

The incidence matrix ofG is N(G) = ( nij )nxk matrix where 

if VI and e, are incident 
otherwise 

Example 2 Determine the incidence matrix N(G) of the foll owi ng graph 

v, ., ., ., ., 
., 

V, V, v, 

Figure 1.7 ., •• 
v. 

1 0 0 0 0 0 0 
1 1 0 0 0 0 0 
0 1 1 0 0 0 1 

The inc idence matrix N(G) = 0 0 1 1 0 1 0 
0 0 0 1 1 0 0 
0 0 0 0 1 1 1 

REMARK: since every edge of G is incident with exactly two vertices of G, Each column of 

N(G) contains two l 's and n-2 ze ros. 
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1.2. TREES 

1.2.1 Definition and some properties of a tree. 

Definition: A tree is a connected graph that has no cycle. A set of trees is 

called a forest. In a tree a vertex of degree one is called a leaf. Examples of 

trees are 

(i) (ii) 

Figure 1.8 examples of trees 

Some properties of a tree 

>- Any two vertices ora tree are connected by a unique path. 

> Any tree of order n has n-1 edges. That is lEI = IVI - 1 

>- Any tree of order n has at least two leaves, for n;?: 2 

1.2.2 SPANNING TREES 

A Spann ing tree T of a graph G is a spanning sub graph orG which is tree. 

G T 

Figure 1.9. Graph G and one or its spanning trees. 
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1.2.3 Existence of spanning trees of a graph 

Do a ll Graphs have spanning trees? 

~ Cut- edge: An edge e of a graph G is said to be a cut edge or bridge, ir 
W (G - e) > w(G ) where w(G) isthe number of com ponents ofG. 

H 

Figure 1.9.1 cut edge ofa graph 

Lemma 1 an edge e of a connected graph G is a bridge if and only if e does not li e on any 

cycle of a Graph G. 

Proof (~) suppose e=uv is a bridge ofG. 

Suppose that e= uv lies on cycle of a graph G, 

Then removing e= uv leaves u and v in the same component ofG·e. 

=>w (G-e) =w (G) 

=>e is not a bridge. 

(<:=) suppose e= uv does not li e on any of a cycle. 

Suppose that e= uv is not a bridge 

=>w (G-e) =w (G) 

There is a path P joi ning u and v and P+e is a cycle .This implies e lies on a cycle which is 

contradiction. Th us e li es on a cycle. Hence the proof is complete, and there fore an edge is 

a bridge if and only if it doesn't lie on a cycle. 
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Theorem 2 A connected graphs G is t ·f d . a ree r an only If every edge e IS a bndge. 

Proof (=» let e be any edge of a tree G. 

=> e does not lie on a cycle. Therefore 

:::) e is a bridge. By lemmal. 

Theorem 3 Let G be a connected graph and T be a minimally connected spanning sub 

graph of G, then T is a tree, in fact, a spanning tree orG. 

Proof By Hypothesis weT) ~1 and weT-e) >1 for any edge e ofT. 

It follows that each edge ofT is a bridge. Therefore by theorem 2 T is a tree. Hence the 

theorem is proved. Now we have seen that spanning tree exists in connected graph G. so 

how can we count all spann ing trees for a given connected graph C. 

Counting the number of spanni ng t rees is an important problem in enumerative 

combinatorics. In the next part, we develop a technique how to count the number of 

spanning trees of a graph G and we drive a simple formula that helps us to count exact 

number of s pan ning trees of some special graphs such as cycle graphs, complete graphs, 

comple te bipartite graphs, hype rcube grap hs and some other graph G. 

10 



CHAPTER TWO: ENUMRATION OF SPANNING TREES OF A GRAPH 

2.1. DELETION-CONTRACTION FORMULA. 

This is a simple and elegant recursive formula for the number of spanning trees of a graph. 

It involves the operation of deletion and contraction of an edge. For instance 

u 

o 

G v 

G.o 

Figure 2.1 Deletion & contracting or an edge in agape G. 

The contraction G.e is obtained from G-e by identifyi ng u and v (" fusing" the two ve rtices 

together).fo r contraction to make sense, we usually require that e not be a loop. 

REMARK: If e is a link ofG, thon 

> V(G.e) = V(G) - 1 

> E(G.e) = E(G) -1 and K(G.e) = K(G) 

Therefore, ifT is a tree so too is T.c 

Theorem Z.llet TeG) be the number of spanning trees in C. lf e is a link orG, 

Then reG) = r(G - e) + r(G.e) 

11 



Proof: si nce every s panni ng t ree of G that do not contain e is also spanning tree of G - e, 

and conversely r CG - e) is the number of spanning trees of G that do not contain e .Now to 

each spa nning tree T of G that contain e, there corresponds a spanning tree T. e of 

G. e ,this correspondence is a bij ection.Therefore rCG. e) is precisely the number of 

spanning t rees of G that conta in e. It follows that T(G) ::; reG - e) + T(G. e) 

Example 1 Use Deletion· contraction theorem to ca lculate the number of Spanning trees 

r (G) of the cycle graph Cn fo r n=3, 4, 5 and generalizes r(G) for G = Cn . 

~ for n= 3 

Therefore the number of spanning trees T(G) ::; 3. 

Th us are }\o 

TIG) = 

L 
D=n + A 

=n + lib + I(+P II 
Therefore the number of span ning trees r(G)::; 4 . 

Thus a re 

nr: U:J 
12 



} For n=5 

r I GJ~ 

Then the nu mber of spanning trees reG) = S. 

REMARK: 

~ The number of spanning trees of cycle graphs en is n. That is T(G) ;:: n for C = en" 
>- A loop does not affect the number of spanni ng trees, so we can delete or ignore the 

loops in a graph and determine the nu mber of span ni ng t rees. 

Example 2 Use deletion contractio n method ca lcula te the num ber of spanning trees of the 

following gra phs, G and K4 . 

G 
Figure 2.2 K. 

13 



Solutions 

y For a graph G. 

+ 

Therefore 

+ 
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Then rCG) ::; 8, and the spanning trees of G are 

>- For a complete graph K4 

T(K, I= 

15 



Therefore. 

= + 
G 

= +l rfJ+ 
Now the number of spanning trees of K, is T(G ) = 8 + [4 + 4] = 16. Th us are 

Even though deletion-contraction theorem provides a method of calcu lating the 

nu mber of spa nning trees of a gra ph. this method is not suitable fo r large graphs. There is 

also a technique to count spanning trees of complete bipartite graph and a general way of 

counting spanning trees of graph is the matrix-tree theorem or Kirchhoff's matrix- tree 

theorem 

16 



2.2. SOME APPROACHS IN COUNTING SPANNING TREES OF K 
2." 

Problem. A telecomm unica tion company has n ground stations to be linked wuh Its two 

orbiting sate ll ites. In how many ways can we link the ground stations to the satellites so 

that all parts of the res ulting system can communicate with one another efficiclllly? 

A B 

1 2 ·th ... I .... n-1 n 

Figure 2.3 A possible configu ra tion of two sate ll ites and n ground station. 

Figure 2. 1 shows one possibility. Every pair of ground sta tions can communicate (via e ither 

one or two intermediate satellite connections): the two satelli tes A and B can al so 

communicate wi th each other via a ground station. This is to be achieved, moreover, using 

the smalles t possible number of links. 

To abstract this problem, we see that a candidate solu tion is undirected graph on n+2 

vertices, such that a ll ve rti ces are access ible (ei ther d irectly or indirectly) from one 

another us ing edges (proposed communication links). 

It is a sim ple req uirement that the candidate graph G be connected: every pa ir of d istinct 

verti ces of G is joined by some path, and for the sake of effi ciency; no unnecessa ry edges 

should be present. That is G should be without cycles. A connected graph without cycles is 

called a tree, and our problem requires a tree that includes all vertices· spanning tree. So 

the original problem can now be restated as find the number Tn of spa nn ing trees in K2,1I' 

17 



We know that K2,n has n+2 vertices and 2n ed S . 
ges. 0 a spannmg tree T of K2_n has n+2 

vertices a nd n+ 1 edge. 

Let us look for the simplest possible cases 

>- For n = 1, A B 

v 
Figure 2.4 two satellites and one ground station 

We have only one span ning tree .because K2•1 is itself a tree. Therefore t
1

::; 1 

"Y Forn= 2, A B 

1><1 
Figure 2.5 two satellites and two ground sta tion 

We have fou r span ning t rees. Because removing anyone of the four edges of K2.2 ,we get 

spanning tree. Therefore tn ::; 4. 

>- FOT n = 3, And above tn gets more complica ted to fi nd . There are other seven 

different methods or ways to solve this problem for arbitra ry n. 

i. DIRECT COUNTING: We know that a complete bipartite graph K, " has n+ 2 

vertices and 2n edges. 

· Both sa te llites A and B can be connected by unique path to anyone of the i ground 

stations. For i = 1, 2, ... , n. Th is can be done in /J different ways. 

-Either A or B must be connected to the remaining n- 1 ground stations. This can be 

done in 2 different ways for each ground Stc1tiol1s. So there are 2.2.2 ... 2 =2n-1 

n- I times 

diffe ren t ways. Then by multiplication rule, the number of spanning trees of K2 n 

18 



ii. CONDITIONING METHOD , In th' I 
. IS met lOd , we condition on the number k of 

edges in a tree T that emanate from A th I I . en c ear y n+ l -k edges emanate from 
8. because spanning tree of K2,n has n+ 1 edges. 

A 

1 2 

, 
"h ... I . -1 

B 

" , 
• 

Figure 2.6 conditioning on the k edges from A 

As we observed fro m the direct counting method, precisely one ve rtex i is joined directly to 

both A and B. The number of ways of selecti ng k vertices that are joined to A is G).Si nce for 

each such selection there are k choices for special vertex i. then by multiplication rule. 

There are tk :; k(~) ways to construct a spanning tree with k tree edges emanating from 

A. Si nce the situations for different k are mutual ly exclusive. the number of spanning trees 

constructed in this way by direct counting tak ing k vertices from A and the remaining . 

Hence tn = L~: l k (~) and it remains to show that tn = n2
11

-
1 

U th d IU. ' b '- ' 'd tJ'ty. W k th t " "'=0(",) x' ; (1 + x)" me 0 smg inomJdJ J en . e now a L. 

"','=, k(", )X k
-

1 = 11 (1 + x)"- ' By differentiating wi th respect to x, we get L. 

Now set x= l , we have L~ ::o kG) = 112"- 1 

Therefore, tn = n2 /1-1 

19 



Method 2 using snake oil method: 

We want to show that tn ::;: L~=o k (~) ::;: nzn- l 

Let t(x) be the generati ng fu nction of (t,) 

Book keeper identity 

( , )k-I , ::;: n k _ _ _ 
L/( :::o I- x ( I-X)2 

d ( , )k ::;:x n __ 
L k =OdX I-x 

=> t (x) = x~"n (_,)k = x~ (,--'r) = X ~ (_I -_') = ,..--0-' ..,,-
dx t... k :::O I - x dx 1-- dx 1- 2x (l-2x)l ,-, 

() 
1 X I ,,~ (2) n ,, ~ 2n- 1 n 

~ t x ::;: - --::;: - t... n::O n X ::;: Lo n::O n X . 
2 (t - 2xP 2 

Hence, tn = [xn )t(x) = n2n- 1 

20 



iii. DELETION METHOD: Instead of considering different ways to select the n+ 1 

t ree edges out of the 2n edges of K1 .1! • we can focu s on the 2n _ (n + I) ::: n _ 1 

edges to be deleted. The vital criterion is that no two deleted edges C41n be 

incident with the same ground station. Because to avoid isolation of any ground 

station of K 2.1! . 

-The first deleted edge, incident with ground station il • can be chosen out of the 20 edges 

of the complete bipartite graphK1•n . 

-The second deleted edge, incident with ground station i1• can be chosen out of the 211 -2 

edges ofK2•n as it must avo id isolating ve rtex i l . 

- The third deleted edge incide nt with ground station i3• can be chosen out of 2n-4 edge of 

Kl n as it must avoid, iso lating of ei ther ve rtex ill or i1 . 

. [n genera l, the 0+ 1) sty deleted edge chosen from any 2n-2j edges. 

Then by mu ltipl ication rule, the tota l choice of possibilities of these deleted edges 

from K," is (2n). (2n - 2). (2n - 4) ... (2n - 2j) = n;~~ 2n - 2j , j = 0, 1,2, ... , n - 2. 

However we have seriously over counted, since selecting in o rder edges 

el e2. " . . en _
1 

gives the same end res ult as selecti ng those edges in diffe ren t order. 

Indeed every pe rmu tation of e l e2 J ". J en _1 gives the same result so the above product 

needs to be d ivided by (n-l )! 

Therefo re the number of spanning t rees obtained by deleting n-1 edges 
n"-' , , . l = ,-0 n - J 

II (n - I )! 

~ t = -"- (20) ( 211 - 2)(211- 4)(211 - 6), .... , (211 - 2(n - 2)l 
n (n-l)! 

n-l [ erms 

~ t = -'- 2"-'n(0 - 1)(n - 2)(11 - 3), .... , (2). 
n (n - I )! 

;:::) t = -'- Zn - In! 
n (n - I)! 

;:::) t = n2 n - 1. 

" 

Since /1! = n(l1 - 1)1 then 
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iv. INCLUSION-EXCLUSION METHOD; Let us count items by developing succesSIve 

overesti mates and underestimates. Here we are interested in selecting n + 1 

edge from 2n edges of KZ,n to form spanning tree. So there are N ;:: (;:. ) 

se lections in all, but some of them isolate aground station. 

Let Ei to be the set of se lections of n + 1 edge in which ground stat ion I is Isolated. 

i:::; 1,2, , .. . n. Note that in any selections of n + 1 edges, vertices A and B ca n not be 

iso lated. Clearly E j is the set of selections of n+ 1 edge in which any ground station I is not 

isolated fo r i ;;: 1,2, .. . J n. 

We are inte rested on the number of n+ 1 edge selections that do not isolate any ground 

statio n. tn :;:: 1£\ n £2 n ... n Enl And this quantity can be fo und by introducing inclusion­

exclusion principle. We know that from set theory, \£\ n E2 n ... n Enl = N - ICI U C2 U 

, ...• u E" I and 

= LI=lIEd - Li<j\Ej n Ej\ + Li<j<k \Ei n Ej n Ek\- Li<j<k<,!Ej n E} n £ k n E,\ + ... + 

(_I )nIE, n E, n ... n Enl 

Then tn = IE\ n E, n ... n Enl 

= N _ L?, IE;I + L,<i [E, n Ei[- ... + (_ I )n IE, n E, n ... n Enl. (1) 

Since none of the n+ 1 se lected edge can be incident with i. That is the vertex i is not 

incident with a ll the n+ 1 se lected edges. 

IE I (2n-2) for each i. 
So we choose here i :;: n+l 

. . d ' . are not in cident with all of the 
Then let us fin d lEi n Ej l. Since the ve rti ces I an J verti ces 

n+ 1 selected edges of K2,n' 

So we choose IEj n Ej l =CZ::14) for each i and j. 
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Simila rly, that is si nce none of the n+ 1 selected edge can be incident with I, j. and k 

verti ces. We have lEI n Ej n Ekl = e
O

O;)6) for each i, j, k. 

To calcu late lEI n £2 n ... n Ekl.ln this case we have k isolated vertex or ground station 

and these vertices has 2k edges that are not incident with them. 

$0 we choose lEI n E2 n ... n Ekl = e~:~k) for each i,j , ... k. 

Substitution of those equations stars to the equation (1) yields 

( 'n ) "n ('n-') " (' n-') to:= 0+) - ""; =1 0+1 + £.. i<j 0+1 - ... 

= 1 ( 'n ) _ ('n-' ) + ' C' -I ) ("-') + ... . n+1 n . n+1 2 n+1 

= (')(") _ (,)('n-') + (')("-') _ .. . +(-1)'(' )(" -") + ... o n+1 1 0+1 2 n+1 k n+l 

1'-'1 ,, -, ( )k(') ("-") Therefore tn:= ""k=O - 1 k n+1 

Now we need to show that to = n2n
-
1 

L ( ) ,,00 t n be the g enerating {unction for ( [ n}~=O ' et t x = ""n=O n X 

Then t, = [x" jt(x) Then apply snake oil method 

Now 1'-'1 ,, 00 ,, -, ( 1)k(') ("-") x' t(x) :=""n=O ""k=O - k n+1 

_ " I';'I(_1)k(n) "00_ ("-") x' 
- ""k=O k ""n _O n+1 

l~l k(') - n+2k ~QO (2n-2k) xn Xn- 2k 
=Lk:O (-1) k X £" 0=0 0+1 

(Book keeper's identity) 
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This simplifies 

x ,,\"; '1(") ( 2)k • L..k:::O k -x 

t(x) = ~.(l +x)" 
(1- X) 2 

- ,,~ n ,,~ (") k - .',,"=onx - £..1( : 1 It X 

Binomial identity 

set X:;;; 1, we have tn = n2 n- 1 

v. RECURRENCE RELATION METHOD: Many counting problems can be reduced to 

s imi la r problems of small er size. Thi s leads to recurrence rela tion that can be 

solved to produce the gene ral answer. SpeCifically a spanning tree involving 

sta tions 2,3, ... , n can be extended to include station I in two ways . 

. First we add a si ngle edge from 1 to ei ther A or 0, so the 1n_1 spann ing trees 

fo r 2, ... n give rise to 2tn_1 spanning trees for 1,2 •.. . ,n. 

-Al te rnatively, there are 2n- l spanning trees in which station I is joined to both 

A and 8. The foll owing recurrence relation, with initial cond it ion to= 0, results. 

t n = 2tn_1 + 20 -
1 , fo r n 2:: 1 

We need to show that t n ;:: n2 n- 1 for n~ 1 
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Proof: Using generating functions. 

Insert summation on both sides that runs from 1 up to co to the equation or (multiply x 

power of the largest index in the equation, then insert summation that runs 1 to (0). 

L::::: l tn xn :;::: L~=l (2 tn_1)x
n + L~=1 (2n- 1

) xn Distribute the summation 

,,~ " 2"~ (t ) n-l + X 1 Geometric su m identity 
L..n: l tn x :;::: X L..n=1 n-l X '1 -2x 

, 
Then t (x) - to = 2x . t(x) + 1-2, 

1 2, 

Since to :;::: 0 , we have t(x) := (l_~X)l and t(x ) can be written as l eX) :;::: '2' ( 1_2X)Z 

Th" I' t() - 1 ,," 00 n(2x) n Generating function identity. 
IS Imp les x - '2 L..n::::O 

Therefore t(x) ::::; L~=o n2n- 1 xn . 

. t - [x"1t(x) = >12"- 1 fo r n" 1 Hence. the number of spanning tree of K'Z,n IS n-
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VI. CRYPTOGRAPHIC APPROACH METHOD: We can sometimes solve problem by 

recognizing it as di sguised ("cryptomorphic") ve rsion of more familiar (or 

sm ilingly more tractable) problem. In this case we se t up a 1· 1 correspondence 

between a spanning t rees T of KZ,n and edges of the hypercube li n. The 

hype rcube is an n· d imens ional generalization of the square (n :: 2) and the 

cube en = 3); Hn has 2n ve rti ces. each of degree n. therefore the total degree of 

Hn is L VEV(Hn)deg (vi ) = n2", 

To provide 1-1 correspondence between spanning trees T of K2•n and edges of 

Hypercube Hn .cons ider spanning tree T Kz.n. We construct an n· vector i = (XI X2 •. ,., xn) 

from T in the fo llowing way. For each ground station L 

we assign Xi ; {.~ 
if i is connected only to A 
if i is connected only to B 

if i is conneted to both A and B 

Since there is unique ground station i, that is connected to A and B. Therefore !-I n contains 

exactly one *. 

Example consider A particular spanning tree T of Kz,s giving x= (0, 1,' ,0, 1). 

A 

1 2 
3 4 5 

B 

. T d its co rresponding vector x 
Figure 2.7 span mng tree an 
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Now we observe that x"'::; (0, 1,", 0, 1) corresponds to a unique edge of Its; namely, the 

edge con necting (0,1, 0,0,1) and(O,U,Q, I ). 

In general the constructed vector, and thus the span ning tree of K . I d 
2,n' unique y correspon s 

to the edge of Hn. Our equivalent problem now becomes to count the edge of the hypercube 

Hn .we know from first theorem of Graph theory (handshaking lemma or degree sum 

formula) that: 

This implies that 1£1 = ~ L ViEHn d(vj) and we have seen the total degree sum of the hyper 

cube Hn is n2" . Hence tn = i n 2" :::: n2n- 1. 

vii. Matrix algebra method 

This method w ill be clea r to the reader if we discuss ma trix- tree theorem first. So we will 

discuss matrix-tree theo rem in the next section and we will solve soon. This can be taken as 

one application of matrix- t ree theorem or sometimes we ca ll it Kirchhoff matrix-tree 

theo rem. 

2.3 MATRIX-TREE THEOREM. 

A less ill uminati ng, but much more efficient way to calculate the number of 

spanning trees T(G) uses linear algebra. Assume for the moment that G has no loops. 

Loops are edges that belong to no spanning trees of G, so deleting all the loops do 

not change the va lue Of T(G). Now before we state the matrix-tree theorem, we need 

to introduce some technical terms, such as degree matrix, laplacian matri x, and 

reduced incidence matrix fo r a connected looples simple graph G. 
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2.3.1. LAPLACIAN AND DEGREE MATRIX OF A GRAPH 

i. Degree matrix D(G) 

Definition. Let G be a graph with Vertices VI. Vz • .. " Un . The Degree matrix orG is 

D(C ) = (dij )nxn matrix , Where 

d .. - (deg(v,) 
'I - o 

ii. Laplacian matrix L(G) 

if i = j 
otherwise 

Definition: Let G be a graph of order n. Let D (G) and A (G) be and their corresponding 

degree matrix and adjacency matrix or G. A Laplacian matrix ofG, denoted by L(G) is a 

matrix obtained by taking the difference of the adjacency matrix from the 

corresponding degree matrix:L(C) = D(C) - A(C). 

Example 1 Determi ne the Degree matrix D(G) and the laplacian matrix L(G) of the 

following graph G. v, 

", ", v, Vs 

v, 

Figure 2.8 

S (G) d an adJ·acency matrix A(G) corresponding to the OLUTJON : a degree matrix D an 

order VI. vZ • ... V6 of the graph G are 
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1 0 0 0 0 0 0 1 0 0 0 
0 2 0 0 0 0 1 0 1 0 0 0 
0 0 3 0 0 0 

D(G) ; 
0 a 0 

And A(G) = a 1 a 1 0 1 

3 0 0 a 0 1 0 1 1 

a a a 0 2 a a 0 a 0 1 

a a a 0 0 3 a 0 0 

Then the laplacian matrix is 

1 0 0 a 0 a a 1 a a a 0 

0 2 0 a 0 0 1 a 1 0 a 0 

L(G) ; D(G) - A(G) = 
0 a 3 0 0 0 0 1 a 1 a 
0 0 0 3 0 0 0 0 1 0 1 1 

0 0 0 0 2 0 0 0 0 1 a 1 

0 0 0 0 0 3 a a 1 1 1 0 

1 -1 0 0 0 0 
- 1 2 - 1 0 0 0 

L(G) 
0 -1 3 -1 0 -1 

= 0 a - 1 3 -1 - 1 

0 0 0 -1 2 - 1 

a 0 -1 -1 -1 3 

REMARK: D - A ; L; (I 'i)nxn matrix of G where 

l 
deg(v,) if i = j 

Iij;:: -1 if Vi and Vj are adjacent 
o otherwise 

iii. Reduced incidence matrix M(G) 
Definition: A reduced incidence matrix MeG) of a connected graph G is a matrix which 

can be obtained by deleting the n th roW of the incidence matrix (G). 
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Example 2 Determine the reduced incidence m t ' M(G) 
a nx of the following graph 

v. 

" 
e, e, Cs 

", ", e, 
", ·s 

" '. 
v. 

Figure 2.9 

SOLUTION: First we calculate the incidence matr ix N(G), Then the reduced 

incidence matrix MeG) 

1 0 0 0 0 0 0 
1 1 0 0 0 0 0 1 0 0 0 0 0 0 

0 1 1 0 0 0 1 1 1 0 0 0 0 0 
N(G ) = 

0 0 1 1 0 1 0 
, M(G) = 0 1 1 0 0 0 1 

0 0 0 1 1 0 0 0 0 1 1 0 1 0 

0 0 0 0 1 1 1 
0 0 0 1 1 0 0 

REMARK Reduced incidence matrix M = (njj) (n- l )Xf( matrixofN. 

2.3.2 ALGEBRAIC APPROACH TO PROVE MATRlX- TREE THEOREM 

>- Some basic properties of determinants 

1. Let M is nxk matrix J where n :5 k.Then 

det (M. MT) = L det (8. BT) 

Where the sum is over all (n - l )X(n - l )sub matrices B of M and 8T of MT
, 

Where B is made out of M in the same way as 8T is made ou t of M
T

, 

That is the number of colum ns deleted from M to get B are the sallle as th e number of rows 

deleted fro m M T to get S T, This formul a is called Cauchy- Billet formula. 
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2. ded8. BT) = det (B). det (BT)-product property of determinant 

3. det (BT) = det (B ) - transpose pro perty of determinan t 

4. 1: det (8 )2 := L B invertable det ( 8 )2 + LB non-irlller(able det (8)2 -sum property of del. 

The sum is over all (n -1)x(n -1) sub matrices ofM. 

5. B is non-invertible matrix if and only if det (8) := O. 

6. If B is invertible square sub matrix of M, then det (8) = ± 1. 

7. If B is a sq uare sub matrix of order n - 1 of M, th en B is invertible if and only if the 

edges corresponding to the column of B determine spanning sub tree ofG. 

8. If the row sums and column sums of a matrix are all 0, then the cofactors all have the 

same value. 

THEOREM 2.2 (MATRIX-TREE THEOREM): if M is a reduced incidence ma trix of a 

connected graph G, then the number of spanning trees of G is r (G) = det (M. MT) 

Proof 

det (M. MT) = L.det (B. BT)_ by cauchy binet formu la 

the sum is over all (n - l )x(n -l )sub matririces 8 of M. 

= L. det (B). det (B)T - product property of deer", i"a" ts 

= L. det (B)2 ,since det (BT) = det (8 ) 

= LB invercable det (8)2 + LB non- invertable det (8 )2 by proerty 4 

by property 5 

= LB invertable 1 
by property 6 

h b f ( 1) X (n -1 ) i"vertable sub matrices of 8 of M. 
= t e num er 0 n -

= t (G) by property 7, 

Hence t(G) = det (M. MT
) . 
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Example 1 Use reduced incidence matrix M to find the number spanning trees of the graph 

G. v, 

v, / + e, 

G 

Figure 2.9.1 

SOLUTION : 

The incidence matrix of G is 

N(G ) = (t 1 0 
0 1 
0 1 
1 0 

Then the reduced incidence matrix orG is 

(

1 1 
M(G) = 0 0 

1 0 

0 
1 
0 
1 

v, 

!} 
o 0 0) 
1 1 0 
1 0 1 

The number of spanning trees of G is given by the fo rmula 

reG) = de t (M.M
T

) 

= detl G 

1 

1 0 0 

D 
1 

0 1 1 0 

0 1 0 0 
0 

C 0 i) =s = det 0 2 
1 I 

So the number of spanning tree of G is 8. 
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Lemma 2.3 Let N be nxk incidence matrix of 
a connected graph G. Let M be th 

that results from changing the topmost 1 i h e nxk matnx 
n eae co lumn to -1, then MMT = 0 _ A. where 

MT is the tra nspose ofM . 

Proof First, noti ce tha t the ( i,j) entry of D _ A is 

if i = j 

if i '" j and V,Vj E f (G) 
if i '" j andv, v} e f (G) 

Now fro m matri x multiplica tion the (i j) entry of MM T · h d 
" IS t e ot product of the itll ro w of 

M and the j th colu mn of MT. That is 

" 
= L [M] ,,[Mh, 

r= l 

~ If i == j, then this sum counts one for every non ze ro row en try in the ith row. 

That is it counts the degree of Vi' 

~ If i -:f:: j and VjVj e E(G), the there is no column of M in which the jth row and the jlh 

row ent ries are non zero. Hence the value of the sum in th is case is O. 

> If i -:f:: j and l1 j Vj E E(G), then the only column in which both the ilh row and the jth 

row ent ri es a re non zero is the co lumn that represents the edge v,vr Since one of 

these entries is 1 and the other is -1. The va lue of the sum is -1. We have shown that 

the (i .j) entry of MMT is the same as the (i ,i) entry of 0 - A .Uence it is proved. 
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Let H be a sub graph of G with n vertices and n-1 edges let p be an arbi trary Integer 

between 1 and, n, and let M be the (n - 1) X (n - 1) sub matrix of M formed by all 

roWS of M except row p and columns that correspond to the edges in Ii. 

Lemma 2.4 If H is a tree, then Idet(M')1 = l.Otherwise, Idet(W)1 = O. 

First suppose that H is not a tree since H has n vertices and n-1 edges, 11 must be 

disconnected. LetH1, be a connected component of Ii that does not contain the vertex Vp 

Let Moo be the !V(Ht ) x (n -l)lsub matrix of M' formed by eliminate all rolVS other than 

the oncs correspond ing to the vertices of HI' each column of M"contains exactly two non­

zero entries: 1 and -1. Therefore the sum of all of rows of vectors of M"is a zero vecto r, so 

the rows of M"are linea rly dependent. Since these rows are also rows ofM': we see that 

det (M') = o. 

Now suppose that H is a tree. Choose some leaf of H tha t is not in Vp call ing it ll! let us also 

say that, e1 is the edge of H that is incident with ul . ln a tree H-U I, choose U2 to be some leaf 

other than Vp . Let e2 be the edge of H-u l incident with U2. Keep removing leaves in this 

fashio n until Vp is the only ve rtex left. Having established the Jist of Vertices UI, U2, ... , Uri-I.· 

We now create a new(n - 1) x (n - 1), matrix Mit by rearranging the rows of M' in the 

following way: the ilh row of M* will be the row of M' that correspond to the vertex u,. 

i;1,2, ... ,n-1. An important property of matrix M* is that it is lower triangular because for 

each i, vertex Uj is not incident with any of ei+l, ej+2,._., erl-I. 

Thus the determinant of M* is equal to the product of the main diagonal entries, which are 

either 1 or -1, si nce every Uj is incident with e,.Thus Idet (M ' )1 = 1 and Idet (M')I = l.This 

proves the lemma. 
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Let M be nxn matr ix. The (i, j) cofactor of M is defined to be (- I)"J der (M(IIJ)), Where 

M(i/j) represen ts the en - 1) x (n - 1) matrix obtained by deleting the Ilh row and ,lh 

column of M. 

THEOREM 2.5 ( MATRIX-TREE THEOREM): If G is a connected labeled graph with Degree 

matrix 0 and Adjacency matrix A, then the number of unique spanning trees orG is equal to 

the absolute value of any cofactor of the Laplacian matrix 0 - A. 

Proo f: We know that D - A;:: MMT by lemma 2.3. now we are ready to investigate the 

cofactor of D - A ::;: M MT. It is a fact from matrix theory that if the row sums and column 

sums of a matrix are all 0, then the cofactors all have the same value. Since the matrix M MT 

satisfies this condi t ion, we need to consider only one of its cofactors. We might as well 

choose i and j such that i+j is even. Let us choose i = 1 and j = 1 so the (1,1) cofactor of 

D -A is 

= det ((D - A) (1/1)) = det (MMT( I / I )) 

det (MIMT 1) Where Ml is a matrix obtained by deleting the first 

row of D - A At this point we make use of the Cauchy- Binet formu la, which says that the 

determinant above is equal to the sum of the determinants of (11 - 1) x (n - 1) sub 

matrices of MI, by lemma 2.4. We have already seen that any (11 - 1) x (n -1) sum 

matrices that corresponds to a spanni ng tree of G will contribute 1 to the sum, while all 

others contribute O. This shows tha t the value of det((D - A)( I/ I)) = de< (MM T) (1/ 1) is 

precisely the nu mber of span ning trees of G by theorem 2.2, hence proved. 

Example 1 Consider the Graph from figure 2.9.1. what is the number of spanning trees orG? 

SOLUTION : 
v, v, 
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The degree matrix D(G) and the Ad jacency matrix A(G) are 

(

2 0 

D(G) = 0 2 o 0 
o 0 

~ ~) ,and A = (11 i 1) 

And so D - A = ( ~ 1 
0 - 1 

-1) 2 -1 - 1 
- 1 3 -1 ' 

- 1 -1 -1 3 

The (3, 3) cofactor of D - A is 

reG) = det( ~ 
0 -1) 2 -31 = 8. 

-1 -1 

It is true that G has 8 spanning trees; 
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Example 2 Find the spanning trees of the following graph 

5 

3 

Figure 2.9.2 

SOLUTION: 

The degree matrix and the adjacency matrix of G are 

2 0 0 0 0 0 0 1 0 0 

0 4 0 0 0 0 1 0 1 0 

O(C) 
0 0 3 0 0 0 , A(C) = 0 1 0 1 

= 
0 0 0 2 0 0 0 0 1 0 

0 0 0 0 3 0 1 1 0 0 

0 0 0 0 0 4 0 1 1 1 

The laplacia n matrix of Gis 

2 0 0 0 0 0 0 1 

0 4 0 0 0 0 1 0 

0 0 3 0 0 0 0 1 
L(C) = O(C) - A(C) = 0 0 0 2 0 0 0 0 

0 0 0 0 3 0 1 1 

0 0 0 0 0 4 0 1 

2 -1 0 0 

-1 4 -1 0 

0 -1 3 -1 
t(C) = 0 0 -1 2 

- 1 -1 0 0 

0 - 1 - 1 - I 
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4 

1 0 
1 1 
0 1 
0 1 
0 1 
1 0 

0 0 1 0 
1 0 1 1 

0 1 0 1 
1 0 0 
0 0 0 I 
1 1 1 0 

- 1 0 
- 1 - 1 
0 - 1 

0 - I 
3 - 1 

- 1 4 



Then r(G) is the absolute value of any cofactor of L(G) We co Id fi d h r 
. U In t e co actor could be 

by removing the last fOW and colu mn. 

2 -1 0 0 - 1 
-1 4 -1 0 - 1 

r(G) = det 0 - 1 3 - 1 0 = 55. 
0 0 -1 2 0 

- 1 - 1 0 0 3 

THEOREM 2.6 (MATRIX-TREE-THEOREM) Let L be the laplacian matrix of a graph G. The 

number of spanning tress of G is T(G) = ;Alil2 ··.A.n_! for An = O,and where )"IA2 ... An_t 

are non zero Eigen values of the laplacian matrix LeG). 

Proof: Given undi rected graph G, Let D be the directed graph with edges (i,j) and (d ,l) for 

every edge of G .We first observe that there is a bijection between the set of oriented 

spanning trees of 0 rooted at r and the set of spanning trees of G .We can take any oriented 

spanning tree of 0 rooted at r and get spanning tree of G by disregarding the root and the 

orientation of the edges. For any spanning tree T of G, we get an oriented spanning tree of D 

by oriented edges along the unique path from each vertex to r. such path exists because t is 

connected and unique because T has no cycle. Then meG) = L~= 1 r(D, r). Let L be the 

laplacian matrix of D. then the characteristic polynomial of L 

P(t) = det(tJ - L). it is true that , L~=I detL, = (_ l )H [tJP (t) 

Where [t]P(t) the coefficient of t in pet), so we have that Where the Af 's are Eigen values 

of L and An = 0, n r(G) = L~= I detL, = (_ l )n-1 [tJP (t) 

Therefore rCG) = ~A1A2 ... An - 1 
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2.3.3 COMBINATORAL APPROACH TO PROVE MATRX- TREE THEOREM. 

In th is approach we count spanning trees by formulating a generating fu nction 

poly nomia l a nd we try to relate the matrix-tree theorem. 

~ Enumeration of trees by degree of each vertex. Let us now try to Count all tfees on a 

ve rtex set [n] tha t have a given degree sequence. The degree sequences of a trce on a 

vertex set [nJ is the sequence (d t dz ... dn) where dj is the degree sequence of vertex i. 

for i= 1.2, .. ,n. 

Now for n<3, we have the following table 

For Diagram Degree sequence the The # of The # of 

natural spanning trees S degree trees 

number sequence 

[nJ 

n- 1 (1) 1 1 
0 1 

deg ( l ) = 0 

n = 2 (1.1) 1 1 

r ~ 
deg(1)- deg(2)- 1 

(2.1.1 ).(1,2.1 ).(1.1.2) 3 3 n= 3 j\l f\ 2 3 3 
1 

1 
A 2 

Table 2.1 Labeled t rec wi th degree seque nce S. 
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For n == 4, the situation is more complicated wh ',le the 16 re are trees on the vertex set (4). 
there a re o nly 10 degree sequences. 

Example! : Indeed, all degree sequences must consist of ei ther a 3 or three 1 s (four 

possibilities). or two 2 s and two 1 s (s ix possibilities) .Different trees may have the same 

degree sequence. For example in the following graphs show, both trees have the same 

degree sequence ( 2, 2, 1, 1,), 

1 2 

3 4 
3 4 

Figu re 2.9.3 differentt rees of the same degree sequences 

A more convenient way to count objects according to several parameters is by 

introduci ng a generating function in severa l va ri ables. It is natural to sta rt wi th a 

gene rating function n variables, the jth of which is responsible for the degree d i of the 

ve rtex la beled i in the tree under considera tion of our trees into account. More precisely. 

wecan de fin e the gene rating function as Tn(x1.xz, ...• xn) :::; L T£T(n) X1"1 XZ"l ... Xn"" 

Where T(n) the set of a ll t rees on a ve rtex is set [n1. and (d 1 .dz ..... dn) is the degree 

sequence of T in T(n ). The examples that we computed for small va lues of n in the above 

tabte. show that Tl(x t ) = L T ET(n) X1"1 = x t
o :::; 1 

The function T
4
(x

t
,XZ.X3. X4) has 16 su mmands. In order to find some pattern In the 

sequence of fun ctions Tn. we look at Tz and 13 and see that they are all divisible by 
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Tree type (1) can be labeled in 5 different ways, and they correspond to the 5 

monomia ls that look like Xt4X2X3X4XS. That is monomial of degree 5 in which one 

variable has exponent 4, and the rest have exponents 1. 

Tree type(2) can be labeled in 5.4.3 ;:: 60 different ways, corresponding to the 60 

monomials of degree 5 in which one va riable is exponent 3, and one is exponent 2 . 

·Finally tree type (3) can be labeled in i;:: 5.4.3 ;:: 60 different ways, corresponding 

to the 60 monomial of degree 5 in which there are three Variable of exponent 2. 1t is 

a direct consequence of the multinomial theorem that these 125 monomic7. together 

form XtX2X3X4XS(Xl + X2 + X3 + X4+ X S)3 Confirming our conjecture. Let us see the 

followi ng genera l theorem. 

Theorem 2.7 Let n ~ 2, then the number of labeled trees on a vertex set [n] having degree 

sequence (d} d2 ... dn ) is equal to the coefficient (a
1 
~~2 aJ of X1d1X/'z ... xn all in the 

_ ( )' -2 expanSion of X t X2 ... Xn Xl + X2 + ... +Xn 

Where Tn(x
l

, X2 , ... , xn) = LT €T(n) Xl a l X 2d2 ... Xn d ll • This interesting theorem 

counts the number of labeled trees on n verti ces. (The proofis found from bona book). 

Remark: The num ber of labeled trees on n vertices is equal to Tn;:: (d 1 ~~2 dJ· 

1. Enumeration of spanning trees: In this combinatoria l approach, we will compute the 

number T(G) of span ning trees. We construct the polynomia l fG for a graph G. Let 

- f d £ (V) -- (e c V- lei = C = (V, £) be a graph on the se t of vertices V wi th set 0 e ges C Ie .- • 

2}. We associate the variable Xi with each ve rtex i in V. 

Vertices V, IVI 2: 2. we define a monomial of variable Xj: 

(1') - n XdT(I)-1 
m - leV 1 
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Where dT(i) denotes degree of the vertex i in the tree '1', that is the number of edges of 

T incident to the vertex i. 

For a gra ph G, we construct the polynomia l tG of variables Xj: tc:= LT m(T) where the 

sum is over all spanning trees T in the graph G. The polynomial tc in case of the 

complete graph Kn first was considered by A .cayley, Who found the exact formula 

r (Kn} = nn - 2 and the polynomial tn(G) for arbitrary graph was defined by A. Renyi. 

Let 0 be not the member of V and V = V u {OJ. for a graph C on set V, we define the 

extended graph G on the set j7 be agraph obtained Iro m G by add ing edges (O.I) lor.1I 

vertices i in V. Let the variable x be associated with added vertex O. For non empty 

graph G, we construct another polynomial Fe of variables x and Xi. i in V. 

(2) 

Let V;; {l,Z, .. . , n}and fG = fdx; Xl' ... , xn ) the monomials of the polynomial fe, which do 

not include x, correspond to spanning trees of a gra ph G such tha t the degree of the ve rtex 

o is equal to 1. Hence the vertex 0 is connected by an edge with certai n vertex i of G. 

tG(x, •.. .• xn) . (x, + ··· +xn) = IG(O;x, •...• xn) (3) 

2. Reciprocity theorem for a polynomial fe 

Theorem 2.8: Let G be a graph on the set of ve rtices, V = (1,2, "., It ). 

If Xi = 1. this formul a was found by S.D Bedrosian and A.k Kel mans. 

3. Computation of spanning trees for certain graphs: Let G1 , Gz be twO graphs on disjoint 

sets of vertices .Let G
1 
+ Gz denote disjoin t union of the graphs. We associated 

variables y y y to the ve rtices of Gt and 21, zZ,···,zn to the vertices of G2 · 
l ' 2, ... , m 

Then IG (x ' y y Z, zn) = x. IG,(x;y, •... . ym)· IG,(x;Z, ....• zn) (5) 
, I+G2 ' I """ m' ,"" 

Indeed, every spanning tree T in the graph G1 + Gz splits in to two spanning trees 

T, and T, in the graph G; and G, respectively. And dT(o) - 1 = (tlT,(O) - I) + 

(dT2(O ) - 1) + 1. Hence the factor X in the righ t part occurs. 
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Example1 1et On denote the em pty graph on the set [II] = (1,2 .... 11). fo, = 1 Consequently 

applying defi nit ion of equation (5), we get fOn = xn-t. For Kn on the set ( 1, 2 ....• n) By 

reciprocity theorem: fKn = fOn ::; (_l )n-l( -x - Xl - ... - xn)n-t 

= (_1)n-l( _ 1)n- l(x + X, + ... + xn)n- 1 = (X + X, + ... + x,)o-1 (6) 

Example 2 let Km,n be the fu ll bipartite graph, variables y\,Yz. ···.Ym correspond to m 

vertices of the fi rst part. And variables 2 1,Z2 • ...• zn correspond to be vertices of lhe second 

part. fKm+Kn;::' X . fKm ex; Yt •...• Ym)· fKn(x; ZI. " . ,Zn) by definition of equa tion (5) 

:;;: x. ex + Yt + ... + Ym)m- l. (x + ZI + ... + zn)"- 1 By equation (6) 

N F - f=-:-rr- since ow, 'Km.n - 1I.111+l\n 

F=+ (X;Yl,···, Ym. ll'···.ln) m , 

= (x + Yt + ... + Ym + ZI + ... + zn)· (x + ZI + ... + In)m- l( X + Yt + ... + Ym)n- t 

We can find the corresponding fo rmula fo r tG by equation (3) 

(7) 

(8) 

Then Let t eG) denote the number of spanning trees of a graph G. 

Substi tuting Xl = Xz = ... = xn = 1 , we have the fo llowing 

(9) 

( 10) 
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4. Generalization to oriented nets: 

An oriented net (or simply net) on the set of vertices V is defined by the set of 

conductivities gij is in IR ass igned to every ordered pa ir of vertices I, J In V We 

associate a net w ith each graph as g ij := 9 jf :;: (1 . if ij is an edge orthe graph l: 
o , othenvise 

We will consider only nets G = (gi j) . i,j in V, without loops. That is g'l = 0 for alii 

inV. Let T be a tree on the set of vertices V = VU{O}. Let us orient the tree T from the 

root in the ve rtex O.The mult ipli ci ty ofT in the nct G is Kc;(T) = n (f.n Y'/' where 

the product is over all ordered pairs (i, j) in V x V such that (I, j) is an edge ofT. 1fT 

consist only of edges (0, i) and does not contain any edge (i, j) in VxV, we assume 

that KG(T) = 1 . If G is a net associated with a graph. 

Then Ke(T) = (1. ifT is a spanning tree of the graph G 
0, otherwise 

One can define a polynomial fe for a net G. fd1') = ~T KG(T). meT) . The sum is over all 

trees on the set of vertices ii and meT) is defined by equation (1) 

Example Let v = (1.2}. 9 12 = a.921 = fl · thenfG = x + aXI + flx,. 

A net G = (9,} ) on the same set V is called compl imenta ry to the net G:;:: (Bi/ ) on the set V 

. _ _ (1 - 9'1 .tOT all i * j 
If 9'1 - 9'1 = 0 . JOT j = j 

It is clear that in the case when the net G corresponds to a gra ph the concepts 

complementary net and complimentary graph coincide. The formula in equation (4) 

remai ns true for nets. 

Theorem 2.9 Let G be an oriented net on the set of ve rti ces (I , 2, ... ,n),then f c(x;Xt • ...• xn) :;:: 

(- 1)"- 1 fcC _ x _ Xl _ .,' _ Xn; Xl' ... , xn).For instance a net from the above example we gel 

hex; XI. x,) = x + (1 - a)xI + (1 - fl)x, = (-1)[( -x - XI - x,) + aXI + flx, j 

= (_1)' - lfo(- X-XI-X,;XI'X,) 
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Matrix -tree theorem: One can express the polynomial fc as determinant of a matnx. In the 

beginn ing we formulate tutte's generalization of ma trix-tree theo rem. ow let 

I ij' (,j in V == V u {OJ , be the collection of commutative va riables, we assume tha t 

Iij == 0 f or ( in V.With any t ree T on the set of vertices V ,we associate a monomial M(T) 

of va riables Zij' Let us orient the tree T from the root in vertex 0 and ass ume that 

M(T):= n (i.nZii Where the product is over all pai rs (i, j) in VxV which are oriented 

edges ofT ,where the sum is over all t rees on the set of ve rt ices V.Without loss of generality 

we can assume that V == (1,2 ... n}. In th is case Fn :== F{l .z, .. ~n } is a polynomial of l. ii ' 0 $ 

( ,j $ n. Let Kirchhoff s matrix be nxn matrix A= (a ii )' i,j in {1,2, ... , n} where 

.. _{L f=O lli ,if i= j 
a'l - 'f ' ~ ' -z·· I I T- J 

'I ' 

( 11) 

Theorem 2,9.1 Fn == detA .Let now G be a net on a set of vertices V with conductivities gil' 

Assume that lii = Xj9ii ' i,j in V , lOi == x i in V. (12) 

It is clea r tha t, Kc(T). meT) = M(T) , where meT) is defined as monomial of variables x, 
in equation (1) and Kd T) is al so defined as multiplicity of T in the net G in equation (2) 

respectively. Substituting (12) into (11) we get the foll owing Coroll ary. 

Corollary 2.9.2 x. fc(x; x" ... , xn) = detB where B==(bij ), 1 $ (, j S n ,is n x 11 matr ix. 

h Ix + L:f:l X19 j , i == j 
were bil· == . .... .. 

- Xi9i j , L T- ) 

Counting spanning t rees using this way anybody can 

dea l furthe r. Let us see some application of matrix t ree theorem in the next. 
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CHAPTER THREE: APPLICATION OF MATRIX-TREE THEOREM 

3.1 COUNTING THE SPANNING TREES OF GRAPH 

3.1.1 COMPLETE GRAPH KII : It seems difficult to count the spanning tree of 

complete graph of any order n. but it is possible to calculate the exact number of spannmg 

tree of such graph using matrix- tree theorem. This provides a nice formula that helps us to 

cou nt the com plete graph of any order, which is known as cayley's formula. So let us state 

and proof cayley's theorem. 

THEOREM 3.1 (CAYLEY'S THEOREM) : The exact number of spanning trees of complete 

graph of order n is equal to nn-2, 

Proof We know that a complete graph of order n is denoted by Kn and each vertices of this 

graph has degree n-1.so the degree matrix 0 and the adjacency matrix A is 

n- 1 0 0 0 
0 n - 1 0 0 

D(Kn) = 0 0 n- 1 0 And 

0 0 0 ... n- 1 nxn 

0 1 1 1 
1 0 1 1 

A(Kn) = 1 1 0 1 

1 1 1 0 nxn 

Then the laplacian matrix L(Kn) = D(Kn) - A(Kn) 

0 0 0 0 1 1 1 n-1 
0 0 1 0 1 I 

0 n - 1 
L(Kn) = n- 1 0 1 1 0 ... 1 

0 0 

0 n- 1 1 1 0 ~ 0 0 nxn 

n- 1 -1 - 1 -1 

- 1 n- 1 - 1 - 1 

L(Kn) = - 1 - 1 n- 1 - 1 

- 1 -1 -1 n- 1 nxn 
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No\" by matrix- tree theorem, the number of spanning trees of Kn is T(Kn) which is the 

n . us conSI er absolute value of any cofactor of the laplacian matrix L(K ) so let d 

the(I ,I )cofactor of L(Kn )· 

n-l 
- 1 

T(Kn) ; det - 1 

-1 

-1 -1 
n -1 -1 

- 1 n-l 

-1 -1 

-1 
-1 
-1 

n-l n-lxn- l 

Step! Add all rowS to the first row to get (n -l + (-I)(n -2); 1 

1 1 1 1 

- 1 n- 1 -1 - 1 

T(Kn) ; det - 1 - 1 n- 1 -1 

- 1 -1 - 1 n-l n-lX'n-l 

Step2 Now add the first row to all other rows to make lower triangular. 

1 1 1 1 

0 n 0 0 

Then we get T(Kn); det 0 0 n 0 

0 0 0 n (n- l )x(n-l) 

Using the first column we can find the determinant of the above 

n 0 
o n 

T(K,) ; 1. , 

o 0 

o 
o 

n (n- 2) II. (n-2) 

n-2 
= n.n.n ... n:;:. n . 

. "" 
(n_2)times 

Therefore T(Kn); nn-2 . 
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3.1 .2 COMPLETE BIPARTITE GRAPH Km." 

3.1.3 Application Problem. Let us solve one interesting problem that are stated and 

verified on page 17 usi ng matrix- tree theorem. Find the number spanning trees Tn of 

acomplet bi partite graph in K2,n 

Matrix tree theorem counts the number of spanning trees of any undirected graph G on n 

vertices by evaluating the absolute value of any cofactor of the laplacian matrix of G. 

B 

1 Z i1h "-, " 

Figure 3.2 A possible configuration of K2.n · 

LetC=K2 n 
and if we order the vertices as A, B, 1. 2, .... n. Then the degree matrix 0 and 

n 0 0 0 0 0 
0 n 0 0 0 0 
0 0 2 0 0 0 

the adjacency matrix A are DCC) = 0 0 0 2 0 0 and 

0 0 0 0 2 0 

0 0 0 0 0 2 ( n+2).(n+2) 

0 0 1 1 1 1 

0 0 1 1 1 1 

1 1 0 0 0 0 

ACC) = 1 1 0 0 0 0 . Then 

1 1 0 0 0 0 

1 1 0 0 0 0 (n+2)%(n+2) 
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n 0 0 0 0 .. . 0 0 0 I I I I 
0 n 0 0 0 '" 0 0 0 I I I 1 
0 0 2 0 0 ... 0 I I 0 0 0 0 

L(G) = 0 0 0 2 0 ... 0 - 1 1 0 0 0 0 
0 0 0 0 2 0 1 1 0 0 0 0 

0 0 0 0 0 2 (n+2 )x(n+2 ) 1 1 0 0 0 0 (n tZ)x(nH) 

n 0 -1 -1 - 1 - 1 
0 n -I -I -I - 1 

- 1 - I 2 0 0 0 
L(G) = - 1 -1 0 2 0 0 

- I -\ 0 0 2 0 

-I -I 0 0 0 2 (n+2)x (n+2 ) 

Now the number of spanning tree is any co fa ctor of the laplacian matrix of L(G). Consider 

the eLj) ;:;: (1,1) cofactor of the laplacian matrix L(G). the number of spanning trees or G is 

reG) = I( - I ) l+l det [L(G) (I, I ) ]I 

n - \ -\ -\ - I 
-\ 2 0 0 0 

r eG) = det 
-\ 0 2 0 0 
-I 0 0 2 0 

- \ 0 0 0 2 (n+l )x(n+ l ) 

This matrix Obtained by deleting the fi rst row and column of L(G ). Now usi ng fi rst row, 

we can evaluate the determinant of the above matrix 

n - \ - I - \ -\ 

- I 2 0 0 0 
- \ 0 2 0 0 

r eG) = 
- \ 0 0 2 0 

- \ 0 0 0 2 ("+ 1)1'(11+1 ) 
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2 0 0 0 - 1 0 0 0 - \ 2 0 0 
0 2 0 0 -1 2 0 0 - \ 0 0 0 

reG) ~ n 0 0 2 0 + 1 - 1 0 2 0 - \ - \ 0 2 0 

0 0 0 2 nXll -1 0 0 2 nxn - \ 0 0 2~ 

- 1 2 0 0 - \ 2 0 0 
-1 0 2 0 - \ 0 2 0 

-1 - 1 0 0 0 + ... + - \ 0 0 2 

-1 0 0 2 nxn - 1 0 0 0 "X. 

Then, 

reG) ~ 

2 0 0 0 2 0 0 2 0 0 
0 2 0 0 0 2 0 0 2 0 

112 0 0 2 0 - 1 

0 0 2 (n- l )X(11 -1) 0 0 2 (n-l )x(n- l ) 

0 0 0 2 (n - l )x{n-l ) 

2 0 0 2 0 0 

0 2 0 + ... - \ 0 2 0 
0 0 2 

0 0 2 (n- l )x(11 - 1) '. (n-l)x(n-l) 

I "I 20-1 ;:: 2nZn-1, 2"- 1 - 2"- -2 - _ ... - , 
n terms 

rCG) :::: 2nZn- 1 - n2"- 1 :;:: n2n- 1. 
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3.1.4 SOI NS THEOREM: Th is theorem gives us the generalized ways of counting spanmng 

tree problem for any complete bipartite graph of any order. So it is efficient method of 

calculating spanning trees of such graph. 

TH EOREM 3.2 the exact number of spanning trees ora complete bipartite graph K
m

.
n 

IS 

n - 1 m - l equal to m n . 

Proof Let G=Km.n be a comlet biparti te graph. 

A B m 

1 
2 n 

Figure 3.3 

1 2 3 then the degree matrix D and the adjacency let us order the vertices as A,B,C, ... ,m, , , , ... ,n. 

matrix A of G are 

A n 0 0 0 0 0 
B 0 n 0 0 0 0 

0 
0 0 ... n 0 0 0 And 

D(G) = ~ 
0 0 0 m 0 0 

2 0 0 0 0 m 0 

n 0 0 0 0 0 m (m+ n)x(m+n) 

A 0 0 0 1 1 1 

B 0 0 0 1 1 1 
0 

0 0 0 1 1 1 
A(G) = ~ 1 1 1 0 0 0 

2 1 1 1 0 0 0 

n 1 1 1 0 0 0 ( m+ n)x(llI+ n) 
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Then the laplacian matri x is L(G) = D(G) - A(G) 

n 0 0 0 0 0 0 0 0 1 1 1 
0 n 0 0 0 0 0 0 0 1 1 1 

0 0 
0 0 ... n 0 0 0 0 0 0 1 1 = I 
0 0 0 m 0 0 1 1 1 0 0 0 
0 0 0 0 m 0 1 1 1 0 0 0 

0 0 0 0 0 m 1 1 1 0 0 0 

n 0 0 -1 - 1 -1 
0 n 0 - 1 -1 -1 

Hence. L(G) = 0 0 n -1 -1 -1 
- 1 -1 -1 m 0 0 
-1 - 1 - 1 0 m 0 

-1 - 1 -1 0 0 m (m+n)x(m+n) 

Now the number of spanning trees of G is any cofactor of LeG). 

Consider the (1,1) cofactor of L(G). 

n 0 - 1 - 1 -1 

0 n - 1 - 1 .. . -1 

reG) = det -1 -1 m 0 0 

-1 -1 0 m 0 

-1 -1 0 0 m (m+ n- I)x(m+n - I) 

In this matrix the first m rows look "similar", then the last n·l1ook "similar". The same is 

true for columns. To com pute th is determinant. 

Stepl Add all rows to th e first one to get 
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1 1 0 0 0 

0 n -1 -1 -1 

r eG) = det -1 - 1 m 0 0 

-1 -1 0 m 0 
.. 

-1 -1 0 0 m (m+n - l )x(m+n - l ) 

Then 

StepZ Add the first row to each of the last n-1 rows, to get triangular matrix 

1 1 0 0 0 
.. 

0 n -1 -1 -1 

reG) = det 0 0 m 0 0 
;::: nm- 1mn- t . 

0 0 0 m 0 
.. 

0 0 0 0 m (m+n - l )x(m+ Tl - l ) 

Therefore the number of spanning trees r( Km,n) ;:: n
m

-
1 

m
n
-

1

. 
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