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List of Graph theoretic symbols of the project

G - Graphs

1 - Trees

HE G -  Sub graph
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D(G) - Degree matrix of a graph
A(G) - Adjacency matrix of a graph
L(G) - Laplacian matrix of a graph
N(G) - Incidence matrix ofa graph

M (G)- Reduced incidence matrix of a graph



SUMMARY OF THE PROJECT

Counting the number of spanning trees of a graph is one of the fundamental
problems in enumerative combinatorics. Spanning trees have enormous interesting
applications in telecommunication, computer science, and so on.

In this project, we will see various approaches of counting spanning trees of a
graph by introducing some mathematical method like deletion-contraction method,
direct counting, conditioning, deletion, Inclusion-exclusion, recurrence relation,
cryptographic method, and we arrive at the conclusion that the number of spanning
trees of K,, is n2"~! and we have also counted some small graphs and in the
process we generalize the number of spanning trees of a cycle graph C,, is n.

Then the less illuminating, but the most efficient and a generalized ways of
counting spanning trees of a graph is matrix-tree theorem or Kirchhoff's matrix-
tree theorem.

In this paper, we are mainly interested to prove different versions of matrix- tree
theorem by involve matrix-theory and some combinatorial approaches of counting
spanning trees are introduced that helps as to prove matrix- tree theorem.

We arrive at a conclusion that the number of spanning trees of a graph K, is
n"~2 and Kp,, is m"'n™"' which are known as Cayley’s theorem and Scoin’s
theorem respectively. So in general we can say that matrix-tree theorem is a

fundamental tool of calculating the number of spanning trees of a graph G.
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INTRODUCTION

A graph G=(V,E) is can be defined informally as a non empty set of vertices or
nodes V, with or without edges or arcs E. Enumerating objects, graphs, sets are the
main concern of enumerative part of combinatorics.

A tree is a special type of graph in which there is no cycle in it. In this project, we
are Interested in analyzing various approaches for the enumeration of spanning
trees. Spanning tree of a graph is a sub graph of G which is a tree that contains all
vertices of the graph G.

It has many economical applications in the real world, for instance in
telecommunication, computer science, and so on. Therefore counting the number of
spanning trees is a basic problem in combinatorics.

In the first chapter of this paper, we start by doing introductions to some basic
concepts in graph theory such as graph, connectedness of a graph, spanning trees
and existence of spanning trees.

In the second chapter, we enumerate spanning trees of a complete bipartite
graph K, , by introducing some techniques of counting such as deletion-contraction
method, direct counting, conditioning, deletion, inclusion-exclusion, recursion
relation, and cryptographic approach and matrix algebra. Then we proceed to count
spanning trees of a graph G, Combinatoricaly and algebraically using the matrix-tree
theorem.

Finally, we will see the application of matrix-tree theorem by visiting a certain
application problem, cayley’s theorem and scions theorem which is the

generalization of any complete graph and complete bipartite graph G respectively.



CHAPTER ONE: PRELIMINARIES

1.1 Introductory concepts

1.1.1 Graphs and Some examples

A graph G is a triple (V(G), E(G), ¢;) consisting of a vertex set V(G) , an edge set
E(G), and a function ¢, that associates with each edge in E, unordered pair of vertices
(not necessary distinct) called its endpoint. We can represent a graph on a paper by placing
each vertex at a point and representing each edge by a curve joining the locations of its

endpoints.
Example let G = (V (G),E (G),9¢;) whereV(G) = {vy,v3,v3,04,s5} ,
E(G) = {e,, e €3,€4 €5 6€567,63} And @ is defined by
@c(e) = vvy, @cles) = vav,
@g(ez) = V3 Pc(es) = Vals

@cles) = v3v3  @g(e;) = Vavs

Vi

Vg V2

Vs S =" :

V3

Figure 1.1 pictorial representation of a graph G



DEFINITIONS:

» Aloop is an edge corresponding to pairs of the type (v,v) forallvinV.
» Multiple edges are edges having the same pair of end points.

» Asimple graph is a graph that has no loops or multiple edges.

» Empty graph is a graph with no edges.

A Graph G is finite if both its vertex set and edge sets are finite, Infinite,
otherwise. A finite graph with just one vertex is called trivial graph and all the other
graphs are termed as non-trivial graphs.

Order, size and degree of a graph: The order and the size of the graph G is denoted
by |G| and |[|G|| which is the cardinality of its vertex set and edge set respectively.
Where |G| = |V| and ||G|| =|E|. For instance in the figure 1.1 Order of G, |G| =5 ,
Size of G, ||G|]| =8 and The Degree of G; Deg(vi)=1 deg(v2)=5; deg(vs)=4 and
deg(vs)= deg(Vs)=3
1.1.2 REGULAR GRAPHS AND THEIR PROPERTIES

» A graph G is regular, if every vertex has the same degree. That is A graph G is said to be
regular of degree r (r-regular), if deg (v) = r for all vertices v in G.
» A complete graph (cliques): A complete graph on n vertices denoted as K, which is a

simple graph whose vertices are pair wise adjacent. For instance K, K, and K5 graph

Y

Figure 1.2 complete graphs K, for n=3,4,5

are shown in the fig 1.2

> Hypercube graph H, is n-dimensional generalization of a square (n=2) and

A cube (n=3).

REMARK: Empty graph O, , complete graph K, , and Cycle graph C, are all regular
graphs of order n. and Hypercube graph H, is regular graph of order 2%



» A complete bipartite graphs (bi cliques): A Graph is complete bipartite graph if the
vertices can be partitioned in to two sets X and Y such that every vertex in X joined

to every vertex in Y in such away that no vertex is adjacent in the same partite sets.

X

)

Figure 1.3 The complete bipartite graph K; 3.

» Complimentary graphs:
A graph G = (V.E) is called complimentary to a graph G = (v.E),if E=(3)—E.
in other word e is an edge of G if and only if e is not an edge of G. Here the

complementary graph 0, = K, and Ky + Ky = K -

To verify this fact, clearly 0, = K, ,but we need to show the second one. Consider for

intance K, and Kj. :

Ky + K; K, + K3= Ky3.

Therefore K, + Kn = Kmn




1.1.3. PATHS AND CONNECTEDNESS OF A GRAPH

» Apathinagraphisas isti I
p grap equence of distinct vertices Vi, V2,..., Yy such that v; v; in

E(G) for i=1.2,..n-1and j=1,2,.., n. The length of the path is the number of edges
on the path.

» A cycle in a graph is a sequence of vertices Vi, V2,..,Y, such that v,
V2, Vn-y isapath,v; = v, and v, v, in £(G). for example of a Path: abcdefg
and Cycle: abha.

f

Q

Figure1.4 path and cycle of graph

» Connectedness of a graph: A non empty graph G is said to be connected, if any two of
its vertices are linked by a path in G; otherwise it is disconnected.
» A maximal connected sub graph of G is said to be a component of G and we denote the

number of components of G by w(G). In the figure 1.5 note that number of

component of G w(G) = 1and thatof H w(H) =3

et

Figure 1.5 connectivity of graph

5



» Sub graphs: A Graph H is a sub graph of a graph G if V(H)S V(G) , E(H) € E(G) And ¢
is a restriction of ¢ to H .In this case we write HC G, and we say that G contains H.
for instance each component of H is a sub graph of G.

1.1.4. ADJACENCY MATRIX AND INCIDENCE MATRIX OF A GRAPH
i.  Adjacency matrix A(G)

Definition: Let G be a graph with verticesv; v, .. v,.The Adjacency matrix of G is

A(G) = (au)nm matrix Where

e {l, if v; and v; are adjacent.
Y710, otherwise

Example 1 Determine Adjacency matrix A (G) of the following graph G.

L)
O <
U Va2 V3 i
Figure 1.6 vy
010000
101000
0L 010 1
The Adjacency matrix A(G), A(G)=|, ¢ 1 0 1 1
000 01 04
p 6 1 3. 19



ii. Incidence matrix N(G)

Definition: Let G be a graph with n vertices (v,, vy, ... U,) and k edges (e,, e,,
The incidence matrix of Gis N(G) = ( Nij )nek  Matrix where

. ek).

ny = {1 if vi and ejare incident
0 otherwise

Example 2 Determine the incidence matrix N(G) of the following graph

Ve
€7
€1 €z .
0 o— i
v, v, V3 ’s
Figure 1.7 es =
Vs
1 080000 0
1100000
The incidence matrix N(G) = g ; 1 2 g 2 (1)
i S R s A i
0 0 60 11 1

REMARK: since every edge of G is incident with exactly two vertices of G, Each column of

N(G) contains two 1’s and n-2 zeros.



1.2. TREES

1.2.1 Definition and some properties of a tree.

Definition: A tree is a connected graph that has no cycle. A set of trees is

called a forest. In a tree a vertex of degree one is called a leaf. Examples of

trees are

(i (i) (iii)
Figure 1.8 examples of trees

Some properties of a tree

» Any two vertices of a tree are connected by a unique path.
» Any tree of order n has n-1 edges. That is |E| = [V]| =1

» Any tree of order n has at least two leaves, for n=> 2

1.2.2 SPANNING TREES

A Spanning tree T of a graph G is a spanning sub graph of G which is tree.

Figure 1.9. Graph G and one of its spanning trees.



1.2.3  Existence of spanning trees of a graph

Do all Graphs have spanning trees?

» Cut- edge: An edge e of a graph G is said to be a cut edge or bridge, if

w(G—e) > w(G) where w(G) is the number of components of G.

ST

Figure 1.9.1 cut edge of a graph

Lemma 1 an edge e of a connected graph G is a bridge if and only if e does not lie on any

cycle of a Graph G.
Proof (=) suppose e=uv is a bridge of G.
Suppose that e= uv lies on cycle of a graph G,
Then removing e= uv leaves u and v in the same component of G-e.
=w (G-e) =w (G)
=e is not a bridge.
(&) suppose e= uv does not lie on any of a cycle.
Suppose that e= uv is not a bridge
= (G-e) = (G)

There is a path P joining u and v and P+e is a cycle .This implies e lies on a cycle which is

contradiction. Thus e lies on a cycle. Hence the proof is complete, and therefore an edge is

a bridge if and only if it doesn’t lie on a cycle.



Theorem 2 A connected graphs G is a tree if and only if every edge e is a bridge.

Proof (=) let e be any edge of a tree G.

= e does not lie on a cycle. Therefore

= e is a bridge. By lemmal.

Theorem 3 Let G be a connected graph and T be a minimally connected spanning sub

graph of G, then T is a tree, in fact, a spanning tree of G.
Proof By Hypothesis (T) =1 and w(T-e) >1 for any edge e of T.

It follows that each edge of T is a bridge. Therefore by theorem 2 T is a tree. Hence the
theorem is proved. Now we have seen that spanning tree exists in connected graph G. so

how can we count all spanning trees for a given connected graph G.

Counting the number of spanning trees is an important problem in enumerative
combinatorics. In the next part, we develop a technique how to count the number of
spanning trees of a graph G and we drive a simple formula that helps us to count exact
number of spanning trees of some special graphs such as cycle graphs, complete graphs,

complete bipartite graphs, hypercube graphs and some other graph G.

10



CHAPTER TWO: ENUMRATION OF SPANNING TREES OF A GRAPH
2.1. DELETION-CONTRACTION FORMULA.

This is a simple and elegant recursive formula for the number of spanning trees of a graph.

It involves the operation of deletion and contraction of an edge. For instance

G.e

Figure 2.1 Deletion & contracting of an edge in agape G.

The contraction G.e is obtained from G-e by identifying u and v (“fusing” the two vertices

together).for contraction to make sense, we usually require that e not be a loop.

REMARK: If e is alink of G, then
> V(G.e)=V(G)-1
» E(G.e)= E(G)—1and K(G.e) = K(G)

Therefore, if T is a tree so to0 is T.e
Theorem 2.1 let 7(G) be the number of spanning trees in G. Ifeisalinkof G,

Then ©(G) = 1(G—e)+ 1(G.e)

11



proof: since every spanning tree of G that do not contain e is also spanning tree of G —e,
and conversely 7(G — e) is the number of spanning trees of G that do not contain e .Now to
each spanning tree T of G that contain e, there corresponds a spanning tree T.e of
G.e ,this correspondence is a bijection.Therefore 1(G.e) is precisely the number of

spanning trees of G that contain e. It follows that t(G) = ©(G —e) + t(G.e)

Example 1 Use Deletion- contraction theorem to calculate the number of Spanning trees

7(G) of the cycle graph C, for n=3, 4, 5 and generalizes 7(G) for G = C, .

» forn=3

<A A O
PN Wt

Therefore the number of spanning trees 7(G) = 3.

R LA

For n=1 8 : ﬁ + A
ﬁ A [P

Therefore the number of spanning trees 7(G) = 4.

kR M R




» Forn=5

i

ﬁ 1—[ A L

Then the number of spanning trees 7(G) = 5.

REMARK:

» The number of spanning trees of cycle graphs C, isn.Thatis7(G) = nfor G = C,,.
» A loop does not affect the number of spanning trees, so we can delete or ignore the

loops in a graph and determine the number of spanning trees.

Example 2 Use deletion contraction method calculate the number of spanning trees of the

following graphs, Gand K.

Figure 2.2 Ky

13



Solutions

» ForagraphG.

Ldecazal
dnghs
Sk
.
N

Therefore

A B




o
R
=}
17, ]
o
| -
)
=14]
£
b=
=
3]
a
w
e
£
bt
-
b=
4]
w0
]
o)
x|
p—

b Hieg &

+ +5
i . 1l " (1]
m =
A v
&
&
it
.m. ]
£
S
(311
.
= —
= A "
2



Therefore,

5 & + [ @ + |
Now the number of spanning trees of K4 is T(G) = 8 + [4 + 4] = 16. Thus are

Even though deletion-contraction theorem provides a method of calculating the
number of spanning trees of a graph, this method is not suitable for large graphs. There is
also a technique to count spanning trees of complete bipartite graph and a general way of
counting spanning trees of graph is the matrix-tree theorem or Kirchhoff's matrix- tree

theorem



2.2. SOME APPROACHS IN COUNTING SPANNING TREES OF K,

Problem. A telecommunication company has n ground stations to be linked with its two
orbiting satellites. In how many ways can we link the ground stations to the satellites so

that all parts of the resulting system can communicate with one another efficiently?

A B

1 2 o n-1 n

Figure 2.3 A possible configuration of two satellites and n ground station.

Figure 2.1 shows one possibility. Every pair of ground stations can communicate (via either
one or two intermediate satellite connections): the two satellites A and B can also
communicate with each other via a ground station. This is to be achieved, moreover, using

the smallest possible number of links.

To abstract this problem, we see that a candidate solution is undirected graph on n+2

vertices, such that all vertices are accessible (either directly or indirectly) from one

another using edges (proposed communication links).

It is a simple requirement that the candidate graph G be connected: every pair of distinct
vertices of G is joined by some path, and for the sake of efficiency; no unnecessary edges
should be present. That is G should be without cycles. A connected graph without cycles is
called a tree, and our problem requires a tree that includes all vertices - spanning tree. So

the original problem can now be restated as find the number 7,, of spanning trees in K ,,.

17



We know that K5, has n+2 vertices and 21 edges. So a Spanning tree T of K, ,, has n+2

vertices and n+ 1 edge.
Let us look for the simplest possible cases

» Forn=1, A B

C\/o

Figure 2.4 two satellites and one ground station
We have only one spanning tree .because K31 is itself a tree. Therefore t; =1

r Forn=2, A

Figure 2.5 two satellites and two ground station

We have four spanning trees. Because removing any one of the four edges of K;, , we get

spanning tree. Therefore t, = 4.

» Forn = 3, And above t, gets more complicated to find. There are other seven
different methods or ways to solve this problem for arbitrary n.
i. DIRECT COUNTING: We know that a complete bipartite graph K,, has n+2
vertices and 2n edges.
-Both satellites A and B can be connected by unique path to any one of the i ground
stations. Fori = 1,2, ... ,n. This can be done in n different ways.
-Either A or B must be connected to the remaining n-1 ground stations. This can be

done in 2 different ways for each ground stations. So there are 2.2.2..2 =21

n-1times

different ways. Then by multiplication rule, the number of spanning trees of K,

t; = n. 287

18



ii.  CONDITIONING METHOD : In this method » we condition on the number k of

edges in a tree T that emanate from A. then clearly n+1-k edges emanate from

B. because spanning tree of K2n has n+1 edges,

Figure 2.6 conditioning on the k edges from A

As we observed from the direct counting method, precisely one vertex i is joined directly to

both A and B. The number of ways of selecting k vertices that are joined to A is (},).Since for

each such selection there are k choices for special vertex i , then by multiplication rule.

There are t, = k(}}) ways to construct a spanning tree with k tree edges emanating from

A. Since the situations for different k are mutually exclusive, the number of spanning trees

constructed in this way by direct counting taking k vertices from A and the remaining .

Hence t, = Y}?_, k (’;) and it remains to show that t, =n2"""

Method 1 Using binomial identity. We know that  Ei_o() x* = (1 + )"

=1 n-1
By differentiating with respecttox, weget  Xi-; k() x* 7' =n(1+x)

Now set x=1, we have Yi_ok(}) =n2"™"

Therefore, t, =n2"""

19



Method 2 using snake oil method:
Given that t, = XR_ k()= X2_.k L
We want to show that ¢, = ¥2_ k (:) =pon-1
Let t(x) be the generating function of { th}
t(x) = Xazotnx"
Then t(x) = X2 [XR_, k (:)]xﬂ

= Yk=ok Eﬁ”:o({:)xn

k
= Y=ok ﬁ; Book keeper identity

= Theok (&) 5

1-x

= Thok(Z) s

1=X

k
d x
= n e
e Zk=0 dx (1—x)

d d

I i n X k_ d 1 o __(l-x = X
= t(x) = xdx2k=o (1_1) i ("T_ix )_ Y& l-?.x) (1-2x)?
= t(xX) = 30— = > Do n(2X)" = oo n2™'x™

5(1—2x)2 2

Hence, t, = [x"]t(x) =n2"?

20



iii. ~ DELETION METHOD: Instead of considering different ways to select the n+1

tree edges out of the 2n edges of K3, we can focus on the 2n — (n + 1)=n-1

edges to be deleted. The vital criterion is that no two deleted edges can be

incident with the same ground station. Because to avoid isolation of any ground
station of K, .

-The first deleted edge, incident with ground station i, can be chosen out of the 2n edges
of the complete bipartite graphK, , .

-The second deleted edge, incident with ground station i,, can be chosen out of the 2n-2

edges of K, , as it must avoid isolating vertex i,.

- The third deleted edge incident with ground station i3, can be chosen out of 2n-4 edge of

K, as it must avoid, isolating of either vertex iy, or i,.
-In general, the (j+1) s deleted edge chosen from any 2n-2j edges.

Then by multiplication rule, the total choice of possibilities of these deleted edges

from Ky, is (2n).(2n—2).2n—4).. @2n-2))=M}zf2n-2j,j=0,1,2,..,n - 2.

However we have seriously over counted, since selecting in order edges

e; €,..,e,_, gives the same end result as selecting those edges in different order.

Indeed every permutation of e, e;,...,e,-; gives the same result so the above product
needs to be divided by (n-1)!

Nj=s 2n-2j

Therefore the number of spanning trees obtained by deleting n-1 edges t, = (m-1)!

== fod o Eﬂ-Ll)-' (2n)(2n —2)(2n—4)(2n - 6), wn(2n=2(n-2))

n-1 terms

=t, = ——2"n(n - D -2)(n-3) ... ().

= (n-1)!

= t, = 2_n=ip| Sincen! = n(n — 1)! then
(n-1)!

=t =n2"2

21



ijv. INCLUSION-EXCLUSION METHOD: Let us count items by developing successive
overestimates and underestimates. Here we are interested in selecting n + 1
edge from 2n edges of K, to form spanning tree. So there are N = (-!n

n+l

selections in all, but some of them isolate aground station.

Let E; to be the set of selections of n+ 1 edge in which ground station i is isolated.
i =12, ..,n. Note that in any selections of n+ 1 edges, vertices A and B can not be
isolated. Clearly Ej is the set of selections of n+ 1 edge in which any ground station Lis not

isolated fori =1,2,...,n.

We are interested on the number of n+1 edge selections that do not isolate any ground
station. t, = |Ey N E, n ..n E,| And this quantity can be found by introducing inclusion-
exclusion principle. We know that from set theory, |E,nE;n...nEy| =N—-|E; VU E;U
..,UE,| and

|E;U E2 U ... U Ey]
=Y |E| — ZicjlEi 0 Ej| + Ticjek|Ei NE; 0 E| = Zicj<k<i|Ec 0 Ej 0 Ex 0 E| + -+
(-DME; n E;Nn .0 E,|
Then t, =|E;NE;N .0 Eyl
= N = S0, |Eil + DigjEi 0 E| -+ (-D"EL N E2 0.0 Exl. (1)

Since none of the n+ 1 selected edge can be incident with i. That is the vertex i is not

incident with all the n+1 selected edges.

=2 :
Sowe choosehere: [Bil =) foreachi

n+ 1 selected edges of Ky n-

So we choose |E; N Ej =(2n") foreachi and j.

22



gimilarly, that is since none of the n+ 1 selected edge can be incident with i, |, and k

vertices. We have IEi NEn Ek‘ = (2:+—16) for each i, j, k.

To calculate |Ey N Ez N ...N Ey|.In this case we have k isolated vertex or ground station

and these vertices has 2k edges that are not incident with them.

So we choose |E; N Ey N ...n Ey| = (*%7%) for each i, , ... k. soe

substitution of those equations stars to the equation (1) yields
= () — () + Ziei (55 -
= L)~ nlE b S
= ()= O PGS~ M)+

Therefore t, = Zl I( 1)k(k) 2n-2k

n+1
Now we need to show that t, = n2"™"
Let t(x) = Yo gta X" bethe generating function for {tn}n=o-

Then t,=[x"]t(x)  Then applysnake oil method
Now £() =E0 ZLE (DK (o2 x"

e T P G B

B T P X e L

_ZL 0]( l)k( )x-—anR ® 22+§k x2n= -2k

n-1 n+1

=YKo GI( 1)(2) 2" h—f—;)-;; (Book keeper’s identity)
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=(1 x)"ﬂ EII-: ol(k)(‘xz)k

fi (1_;“:-(1 =1 Binomial identity
This simplifies  t(x) = r (14 x)"
= Yn=o nX" -Z;}"ﬂ(:)x"
o o[Z n (", )k xn
Then t, = [x"]t(x) = ¥, n(k’_")xk—l
but T,n(," ekt = n(1 + 1)t

setx=1,  wehave t,=n2""!

v.  RECURRENCE RELATION METHOD: Many counting problems can be reduced to

similar problems of smaller size. This leads to recurrence relation that can be

solved to produce the general answer. Specifically a spanning tree involving

stations 2,3,...,n can be extended to include station 1 in two ways.

- First we add a single edge from 1 to either A or B, so the t,,_, spanning trees

for 2, ...n give rise to 2t,_, spanning trees for 1,2,...,n.

-Alternatively, there are 2"~ !spanning trees in which station 1 is joined to both

A and B. The following recurrence relation, with initial condition t,= 0, results.

ti =2ty + 2" forn 21

We need to show that t, = n2" *forn= 1
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proof: Using generating functions.

[nsert summation on both sides that runs from 1 up to o to the equation or (multiply x

power of the largest index in the equation, then insert summation that runs 1 to «).
Y Naitnd® = Xraa2tnzqgd 20 1) 2P
Y tax™ = X (2ty_1)x™ + T5-,(2"" 1) x™  Distribute the summation
T ta X™ = 2x Ty (g )X + x T4 (271) 2™ Make similar index.
YN=1tn X" = 2x Yo (s )x™ T (22)*
Y= tn X" =2x Vra (5 e b 9 R )

4 1 : .
Tt x™ = 2x Ty (ta-1)x" ' +x.;-  Geometric sum identity

Let t(X) =YmothX" = t, + taix + tyx? + tax> + -

X
1-2x

Then t(x) —t, =2x.t(x)+
2 1 2x
Since t, =0, we have t(x) = -{T—_Z.Jc_); and t(x) can be written as t(x) = 2 G20

This implies t(x) = -;—Z;":o n(2x)" Generating function identity.

Therefore t(x) = Laeon2" 'x".

Hence, the number of spanning tree of Kz n is th = [x"]t(x) = n2""" for n=1
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vi. CRYPTOGRAPHIC APPROACH METHOD: We can sometimes solve problem by

recognizing it as disguised (“cryptomorphic”) version of more familiar (or
smilingly more tractable) problem. In this case we set up a 1-1 correspondence
between a spanning trees T of K,,and edges of the hypercube H,. The
hypercube is an n- dimensional generalization of the square (n = 2) and the
cube (n = 3); H,, has 2" vertices, each of degree n. therefore the total degree of

Hy is Yvevn,)deg (vi) = n2".

To provide 1-1 correspondence between spanning trees T of K, and edges of
Hypercube Hy consider spanning tree T K, ,. We construct an n- vector ¥ = (x; X, ..., Xp,)

from T in the following way. For each ground station |,

0 if i isconnected only to A
weassign  x; =191 if i is connected onlytoB
* if i is conneted to both A and B

Since there is unique ground station i, that is connected to A and B. Therefore H,, contains

exactly one *.
Example consider A particular spanning tree Tof K, givingx=(0,1",0,1).

A

B

Figure 2.7 spanning tree T and its corresponding vector X



Now we observe that x "= (0, 1,%, 0, 1) corresponds to a unique edge of Hs; namely, the

edge connecting (0,1,0,0,1) and(0,1,1,0,1).

In general the constructed vector, and thus the Spanning tree of K, uniquely corresponds

to the edge of Hy,. Our equivalent problem now becomes to count the edge of the hypercube
Hy-we know from first theorem of Graph theory (handshaking lemma or degree sum

formula) that:

Zv,eH" d(vi) = 2|E].

e 1
This implies that |E| = >, e, d(v;) and we have seen the total degree sum of the hyper

cube H, is n2". Hencet, = ; n2t =n2n-1

vii.  Matrix algebra method

This method will be clear to the reader if we discuss matrix- tree theorem first. So we will
discuss matrix-tree theorem in the next section and we will solve soon. This can be taken as
one application of matrix- tree theorem or sometimes we call it Kirchhoff matrix-tree

theorem.

2.3  MATRIX-TREE THEOREM.

A less illuminating, but much more efficient way to calculate the number of
spanning trees 7(G) uses linear algebra. Assume for the moment that G has no loops.
Loops are edges that belong to no spanning trees of G, so deleting all the loops do
not change the value of 7(G). Now before we state the matrix-tree theorem, we need
to introduce some technical terms, such as degree matrix, laplacian matrix, and

reduced incidence matrix for a connected looples simple graph G.
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2.3.1. LAPLACIAN AND DEGREE MATRIX OF A GRAPH

Degree matrix D(G)
Definitiom: Let G be a graph with Vertices vy, v,, ..., v, . The Degree matrix of G is

D(G) = (dij Jnxn matrix ,Where

_ (deg(v;) ifi=j

d.. = i J

b {0 otherwise

Laplacian matrix L(G)

Definition: Let G be a graph of order n. Let D (G) and A (G) be and their corresponding
degree matrix and adjacency matrix of G. A Laplacian matrix of G, denoted by L(G) is a
matrix obtained by taking the difference of the adjacency matrix from the

corresponding degree matrix:L(G) = D(G) — A(G).
Example 1 Determine the Degree matrix D(G) and the laplacian matrix L(G) of the

following graph G.

Vs

Vs

Vg

Figure 2.8
SOLUTION: a degree matrix D(G) and an adjacency matrix A(G) corresponding to the

order vy, v,, ... vg of the graph G are
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3000 000,900:0 010000
02 0.9:0 ¢ e v a0
_{o 03000 2% 0 3 6 %
D(G) 00030 0 And A(G)=001011
000 0,2 0 00 0 1T 6 1
0 00 0 0 3 g8, % 10
Then the laplacian matrix is

} 0°6 0 & 8 010000
G20 0 00 101000
= ors i B L S DU S R .
- e R O S e
Q.0 0 0.2 9 0 0 0101
g 0 0 9 0 3 g0 1 1'% %

) i (N R | S

R R (o I S

Rl =R 13 WRE] R N0REREL

ey =1 g =1 3 =1 -1

g 0 0 ~1'2 =1

a0 =1 =t =1 8

REMARK: D —A=L= (ljjnn matrix of G where

deg(vi) ifi=]
Lij=1-1 if v; and v are adjacent
0 otherwise

ii. Reduced incidence matrix M(G)

Definition: A reduced incidence matrix M(G) of connected graph G is a matrix which

can be obtained by deleting the n‘" row of the incidence matrix N (G).
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Example 2 Determine the reduced incidence matrix M(G) of the following graph

Figure 2.9

SOLUTION: First we calculate the incidence matrix N(G), Then the reduced

incidence matrix M(G)

R

011 8.0 01 -8 0

N(G):0011010,M(G)=0110001

g 61 10 1.0

0 0.6 15E 00 S R i
0.0, 0,011 4

REMARK: Reduced incidence matrix M = (1) (n-1yxk matrix of N,
2.3.2 ALGEBRAIC APPROACH TO PROVE MATRIX- TREE THEOREM

» Some basic properties of determinants
l. LetM is nxk matrix ,wheren < k.Then
det (M.MT) = ¥ det (B.B)

Where the sum is over all (n — 1)X(n — 1)sub matrices B of M and BT of MT.

; T
Where B is made out of M in the same way as B” is made outof M".

That is the number of columns deleted from M to get B are the same as the number of rows

deleted from M T to get BT. This formula is called Cauchy- Binet formula.
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2. det (B.B") = det (B).det (BT)“PFOdUCtproperty of determinant
3.det (B") = det (B) -transpose property of determinant

¢ = ‘
4, Y det (B): = 2.8 invertabte det (B)* + 2B non-invertabte det (B)? -sum property of det.
The sum is over all (n — 1)x(n — 1) sub matrices of M.

5. B is non-invertible matrix if and only if det (B) = 0.

6. If Bisinvertible square sub matrix of M, then det (B) = + 1.

7. If B is a square sub matrix of order n — 1 of M, then B is invertible if and only if the
edges corresponding to the column of B determine spanning sub tree of G.

8. If the row sums and column sums of a matrix are all 0, then the cofactors all have the

same value.

THEOREM 2.2 (MATRIX-TREE THEOREM): If M is a reduced incidence matrix of a

connected graph G, then the number of spanning trees of G is 7(G) = det (M. MT)
Proof

det (M.M™) = Y.det (B.BT)- by cauchy binet formula

the sum is over all (n — 1)x(n — 1)sub matririces B of M.

= Y det (B).det (B)" - product property of detrminants

= Y det (B)*> ,since det (BT) = det (B)
= X invertable det (3)2 + Y8 non- invertable det (B)z by proerty 4

= Y invertabte d€t (B)? by property 5

= YBinvertable 1 by property 6

= the number of (n—1) x (n— 1) invertable sub matrices of Bof M.
= t(G) by property 7,

Hence t(G) = det (M.M").
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gxample 1 Use reduced incidence matrix M to find the number spanning trees of the graph

G. 5 2

<+ €y

Vs
G
Figure 2.9.1
SOLUTION:
The incidence matrix of Gis
1.4 8 & 0
BR[| 0
N(G) = ) o T N
b1 0 k3 A

Then the reduced incidence matrix of G is

11000
M(G)=(00110)
1,90 A 01

The number of spanning trees of G is given by the formula

1(G) = det(M.M")

5 0 i
= det (0 g1
T M) i |

9 . 4
=d€t(0 72 1]=8
.13

So the number of spanning tree of Gis 8.

o= o
- O
el = =
—_—o = O =

OO0 O
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Lemma 2.3 Let N be nxk incidence matrix of a connected 8raph G. Let M be the nxk matrix
that results from changing the topmost 1 in each column to -1, then My7

MT is the transpose of M.

= D - A where

Proof  First, notice that the (i, ) entry of D — 4 js

deg(v;) ift=}
[D - 4];; = =1 if i#j and viv; € E(G)
0 if i # j andvyv; € E(G)

Now from matrix multiplication, the (i, )) entry of MMT is the dot product of the i*" row of

Mand the j'™ column of MT. Thatis

[MMT];; = (M), M) .. (M]a). (M7, [MT],; . (M7]y)

=Ml M .. [Mly).(M];, (M), .. (M1 k)

= [M]aMljz+ Ml Ml +-+ [M]y [M]

=i[M]tr[M]jr

: ith
7 Ifi = j, then this sum counts one for every non zero row entry in the i" row.

That is it counts the degree of v;. h
. = N it
» Ifi #jand v;v; € E(G), the there is no column of M in which the i*" row and the j

row entries are non zero. Hence the value of the sum in this case is 0.

# Ifi # j and v;v; € E(G), then the only column in which both the i*" row and the j**
row entries are non zero is the column that represents the edge v,v;. Since one of
these entries is 1 and the other is -1. The value of the sum is -1.We have shown that

the (i, /) entry of MMT is the same as the (i, j) entry of D — A .Hence it is proved.
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Let H be a sub graph of G with n vertices and n-1 edges let p be an arbitrary integer

between 1 and, n, and let M be the (n - 1) x (n —1) sub matrix of M formed by all

rows of M except row p and columns that correspond to the edges in H.
Lemma 2.4 IfHis atree, then |det(M")| = 1.0therwise, |det(M")| = 0.

First suppose that H is not a tree since H has n vertices and n-1 edges, H must be

disconnected. LetH,, be a connected component of H that does not contain the vertex Ve

Let M" be the |V(H;) X (n — 1)|sub matrix of M’ formed by eliminate all rows other than
the ones corresponding to the vertices of H;. each column of M”contains exactly two non-
zero entries: 1 and -1. Therefore the sum of all of rows of vectors of M"is a zero vector, so
the rows of M"are linearly dependent. Since these rows are also rows of M’: we see that
det (M) =0.

Now suppose that H is a tree. Choose some leaf of H that is not in Vp calling it u; let us also
say that, e, is the edge of H that is incident with us. In a tree H-U;, choose uz to be some leaf
other than Vp. Let e2 be the edge of H-u; incident with uz. Keep removing leaves in this
fashion until Vp is the only vertex left. Having established the list of Vertices uy, uz, ..., Un-1.
We now create a new(n — 1) x (n — 1), matrix M* by rearranging the rows of M" in the
following way: the i*" row of M* will be the row of M’ that correspond to the vertex ui.
i=1,2,..,n-1. An important property of matrix M* is that it is lower triangular because for

each i, vertex u; is not incident with any of ei+1, €i+2,..., €n-1.

Thus the determinant of M* is equal to the product of the main diagonal entries, which are
either 1 or -1, since every u; is incident with e, Thus |det (M +)| = 1 and [det (M")| = 1.This

proves the lemma.
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Let M be nxn matrix. The (i, j) cofactor of M is defined to be (=1)"*/det (M(i/j)), Where
M(i/j) represents the (n — 1) X (n — 1) matrix obtained by deleting the i*" row and |*

column of M.

THEOREM 2.5 ( MATRIX-TREE THEOREM): If G is a connected labeled graph with Degree

matrix D and Adjacency matrix A, then the number of unique spanning trees of G is equal to

the absolute value of any cofactor of the Laplacian matrix D — A.

proof: We know that D — A = MMT by lemma 2.3 . now we are ready to investigate the
cofactor of D — A = MMT. Itis a fact from matrix theory that if the row sums and column
sums of a matrix are all 0, then the cofactors all have the same value. Since the matrix MM"
satisfies this condition, we need to consider only one of its cofactors. We might as well
choose i and j such that i+ is even. Let us choose i = 1 and j = 1 so the (1,1) cofactor of

D-Ais
= det (D — A) (1/1)) = det (MM"(1/1))

= det (M;M",) Where M, is a matrix obtained by deleting the first
rowof D — A At this point we make use of the Cauchy- Binet formula, which says that the
determinant above is equal to the sum of the determinants of (n—=1)x(n—=1) sub
matrices of Mj, by lemma 2.4. We have already seen that any (n—1)x (n—=1) sum
matrices that corresponds to a spanning tree of G will contribute 1 to the sum, while all
others contribute 0. This shows that the value of det((D — A)(1/1)) = det (MM™) (1/1)is

precisely the number of spanning trees of G by theorem 2.2, hence proved.

Example 1 Consider the Graph from figure 2.9.1, what s the number of spanning trees of G?

SOLUTION:
" V2

V3 Vs
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The degree matrix D(G) and the Adjacency matrix A(G) are

2000 00 11
2

@[3 38 8) maas(t 8}
R One= 1 110

2 0 -1 -1

~ro 2 -1 -1

Andso D—A= TRy

-1 -1 -1 3

The (3, 3) cofactor of D — A is

2 1.0 =1
T(G)=det(0 2 —1)=8.

It is true that G has 8 spanning trees;
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gxample 2 Find the spanning trees of the following graph

SOLUTION:

5

Figure 2.9.2

The degree matrix and the adjacency matrix of G are

D(G) =

cocooOoCoCcoN
co oo s O
oo o WwWwo o
ocooNO OO
cCwoooo

The laplacian matrix of G is

L(G) = D(G) — A(G) =

oocococoMN

L(G) =

oo o oo

oo O o s o

, A(G) =

OO0 O WwWoo

oo OoO o O

SR oo RO
[ - =

owo ooo
o O o oo
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0 0 1
1 0 1
010
1 00
q <0 0
i 1.1
Oicl LN
1 0 1
010
09 2
s S |
8.4, 1
g =1
0 =]
-1 0

2 0

g= 3

=1 =1

O = = O

_—0 0O = OO

-0 O O =

el =]



Then 7(G) is the absolute value of any cofactor of L(G).We could find the cofactor could be
by removing the last row and column.

2 =10 g =1
1" 4 =1 ¢ '=g
0 0 -1 2 o
e U A R

THEOREM 2.6 (MATRIX-TREE-THEOREM) Let L be the laplacian matrix of a graph G. The
number of spanning tress of G is 7(G) = i&llz wAn-y for A, = 0,and where A2, ... A,_,

are non zero Eigen values of the laplacian matrix L(G).

Proof: Given undirected graph G, Let D be the directed graph with edges (i,j) and (d;;) for
every edge of G .We first observe that there is a bijection between the set of oriented
spanning trees of D rooted at r and the set of spanning trees of G .We can take any oriented
spanning tree of D rooted at r and get spanning tree of G by disregarding the root and the
orientation of the edges. For any spanning tree T of G, we get an oriented spanning tree of D
by oriented edges along the unique path from each vertex to r. such path exists because t is
connected and unique because T has no cycle. Then nt(G) = X7., t(D,7). Let L be the

laplacian matrix of D. then the characteristic polynomial of L
P(t) = det(tl — L). it is true that : X", detL, = (=1)""'[t]P(t)

Where [t]P(t) the coefficient of t in P(t), so we have that Where the A; ‘s are Eigen values
ofLand A, =0, nt(G) = X7 detlL, = (=)™ [t]P(t)

= (=" ‘[t]ﬂ 1(t
s (-1)“'1(—1)"“3132 S N

= AIAZ '"An—‘l

Therefore 1(G) = ~AiAz - Ans

38



233 COMBINATORAL APPROACH TO PROVE MATRX- TREE THEOREM.

In this approach we count spanning trees by formulating a generating function

polynomial and we try to relate the matrix-tree theorem.

» Enumeration of trees by degree of each vertex. Let us now try to count all tre

esona

vertex set [n] that have a given degree sequence. The degree sequences of a tree on a

vertex set [n] is the sequence (d, d, ...d,) where d; is the degree sequence of vertex .

fori=%2;;n

Now for n<3, we have the following table

For Diagram Degree sequence the | The # of | The # of |
natural spanning trees S degree : trees
number sequence |
[n] |
= T 1) 1 1
deg(1) =0
n= 2 1 (1,1) 1 1
I 2
deg(1)=deg(2)=1
' n=3 . ; 2.1,1),(1,21),(1,1,2) 3 3
;/\o
|_ 1 é { SN s NS

Table 2.1 Labeled tree with degree sequence S.
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For n = 4, the situation is more complicated while there are 16 trees on the
there are only 10 degree sequences.

vertex set (4],

Examplel: Indeed, all degree sequences must consist of either a 3 or three | s (four
possibilities), or two 2 s and two 1 s (six possibilities) .Different trees may have the same

degree sequence. For example in the following graphs show, both trees have the same
degree sequence (2,2,1,1,).

Figure 2.9.3 different trees of the same degree sequences

A more convenient way to count objects according to several parameters is by
introducing a generating function in several variables. It is natural to start with a
generating function n variables, the i*" of which is responsible for the degree d; of the
vertex labeled i in the tree under consideration of our trees into account. More precisely,

we can define the generating functionas Ty (X1, Xy, ..., Xp) = Ty e 44 2% o,

Where T'(n) the set of all trees on a vertex is set [n], and (d; .d;, ..., d,) is the degree
sequence of T in T'(n). The examples that we computed for small values of n in the above

table, show that T,(x;) = ETET(I‘I) Jf1d1 =xl0 =1

d dy — 1 RS
Ty (X1, X2) = Lrerm) X1“? X272 = X1 X2 = X1Xp

I W $-- 3.1 153 32
T3 (xy, X3, X3) =ZTeT(n}xld‘ X %2239 = 2,2 20,7030 + 2707 %37 + Xy X X3

= X3 X3%3(%; + Xz + X3)

2
dy x,d2x d3x, 4 = xx; X+ X3+ X
T4(x];x2,x3,x4) = Xq 1 Xa2X3 X4 xleX3X4(x1 2 3 ‘)

T €T(n)
The function T, (x;, X2, X3,X,) has 16 summands. In order to find some pattern in the

sequence of functions T,, we look atT, and T;and see that they are all divisible by
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- Tree type (1) can be labeled in 5 different ways, and they correspond to the 5

) : A _ ‘
monomials thatlook like x,*x,x;x,x5. That is monomial of degree 5 in which one

variable has exponent 4, and the rest have exponents 1.

- Tree type(2) can be labeled in 5.4.3 = 60 different ways , corresponding to the 60

monomials of degree 5 in which one variable is exponent 3, and one is exponent 2 .

-Finally tree type (3) can be labeled in % = 5.4.3 = 60 different ways, corresponding

to the 60 monomial of degree 5 in which there are three Variable of exponent 2. It is
a direct consequence of the multinomial theorem that these 125 monomial together
form xX,X3X4Xs(X; + X3 + X3 + X4 +x5)* Confirming our conjecture. Let us see the

following general theorem.

Theorem 2.7 Let n > 2, then the number of labeled trees on a vertex set [n] having degree

sequence (d; d, ... d,) is equal to the coefficient (d1 ’:‘;2 dﬂ) of x,%x,% ... x, in the

expansion of X3 X ... X, (g + X3 + +2,)"
’ wd
Or equivalently Ty (Xy, Xz o) Xn) = X1 Xz o Xn(Xa + X + 0 +2)" 7

Where T, (x1, Xz, s Xn) = Zrerm X1t %™ .. X . This interesting theorem

counts the number of labeled trees on n vertices. (The proof is found from bona book).
P . o n-2
Remark: The number of labeled trees on n vertices is equalto T, = (.:, ds d“)-

1. Enumeration of spanning trees: In this combinatorial approach, we will compute the
number 7(G) of spanning trees. We construct the polynomial fg for a graph G. Let
G = (V,E) be agraph on the set of vertices V with set ofedges E c (}) ={ecV:|el =
2}. We associate the variable x; with each vertex i in V. For each trees T on the set of

Vertices V, |V| = 2. we define a monomial of variable x;:

m(7) = Miev >
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Where dT'(i) denotes degree of the vertex i in the tree T. that is the number of edges of

T incident to the vertex i.

For a graph G, we construct the polynomial t. of variables %ite =57 m(T) where the
sum is over all spanning trees T in the graph G. The polynomial t; in case of the
complete graph Ky, first was considered by A .cayley, Who found the exact formula

t(K,) = n" % and the polynomial t,(G) for arbitrary graph was defined by A. Renyi.

Let 0 be not the member of V.andV = V U {0}, for a graph G on set V, we define the
extended graph G on the set V' be agraph obtained from G by adding edges {0, {} for all
vertices i in V. Let the variable x be associated with added vertex 0. For non empty

graph G, we construct another polynomial f; of variables x and x;, i in V.
fG = t(—; (2)

LetV = {1,2,..,n}and fg = fg(x;xy, ..., x,) the monomials of the polynomial fg, which do
not include x, correspond to spanning trees of a graph G such that the degree of the vertex
0 is equal to 1. Hence the vertex 0 is connected by an edge with certain vertex i of G.

to (g, e X0). (X + - +2x,) = f6(0; 21, ..., ) (3)
2. Reciprocity theorem for a polynomial fg
Theorem 2.8: Let G be a graph on the set of vertices, V = {12,...,n).
Then fz(x; Xy, ..., %) = ()" fo (=% = X3 = *** = Xp; X3, -, Xn) 4)

If x; = 1, this formula was found by S.D Bedrosian and Ak Kelmans.

3. Computation of spanning trees for certain graphs: Let G, , G, be two graphs on disjoint
sets of vertices .Let G, + G, denote disjoint union of the graphs. We associated
.,z to the vertices of G,.

Then, fGl*‘Gz (x; Niiiiones Vinr 217 ...,Z“) — 2% 31 fci(x; Y1) oo ,ym). sz(x: Zyy e ,Zn) (5)

Indeed, every spanning tree T in the graph Gy + G, splits in to two spanning trees

and G, respectively. And dT(0)—1= (dTy(0) - 1) +

variables y,,y,, .., ¥m to the vertices of G, and 2,2, .

Tyand T, in the graph G;
(dT,(0) - 1) + 1. Hence the factor x in the right part occurs.
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gxamplel let 0,, denote the empty graph on the set [n] = {1,2...n}. f;, = 1 Consequently
applying definition of equation (5), we get fo, = x""". For Ky on the set {1, 2..., n} By

recipI'OCity theorem: fKn = fﬁ“ = (_1)!‘!—1 (—x — Xy —— xn)“'l

i = (-—1)“'1(—1)“_1(x+x1+---+xn)““ = (x-[-xl +...+xn)n-i (6)
gxample 2 let Ky be the full bipartite graph, variables y,,y;, ..., ¥m correspond to m
vertices of the first part. And variables zy,2,, ..., z, correspond to be vertices of the second

part, frg+ky = ¥ iy (3 Y1 s Ym)- ficy (X 21, 1 Zn) Y definition of equation (5)
= x.(x+ Y+ +Y)™ L (x + 2+ +2,)""" By equation (6)
Now, Fx,,» = fkm+kn since ' Koo =K + Ky
Fri; (Xi Y1r o0 Ymo» ST A
= ()™ fe e [=X =Yg == Ym — 2 = T T Y Y B e ), By equation (4)
=(x+p+ - tymtut-t z,).(x+2z +-+ ) sl . % ot - G i )
We can find the corresponding formula for t¢ by equation (3)
O ST e (7)

th.n=(Y1+yz+---+Ym)“"(21+Zz+~-+znl"‘“‘ (®)

Then Let t(G) denote the number of spanning trees of a graph G.
Substituting X, = X = = Xn = 1, we have the following
t(K,) = 2 (9)

t(Kma) =m0 i
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4. Generalization to oriented nets:

An oriented net (or simply net) on the set of vertices V is defined by the set of

conductivities g;; is in R assigned to every ordered pair of vertices i, | in V. We

associate a net with each graph as g;; = g;; = {1 , ifijis an edge of the graph G
0, otherwise

We will consider only nets G = (g;;), i,j in V, without loops. That is g, = 0 for all i
inV. Let T be a tree on the set of vertices V = VU{0}.Let us orient the tree T from the
root in the vertex 0.The multiplicity of T in the net Gis K (T) =[], 9, , where
the product is over all ordered pairs (i, j) in V X V such that (i, j) is an edge of T. If T
consist only of edges (0,i) and does not contain any edge (i,j) inVxV, we assume
that Kg(T) = 1. If G is a net associated with a graph,
Then Kg(T) = {1, if T is a spanning tree of the graph G
0, otherwise
One can define a polynomial fg for a net G, fg(T) = Xy Kg(T).m(T) . The sum is over all

trees on the set of vertices V and m(T) is defined by equation (1)
Example Letv = {1,2},g1; = @, go1 = B-thenfg = x +ax, + Bx,.

Anet G = (g, ) on the same set V is called complimentary to the net G= (g;;) on the set V

1-"9” ,fora!!irﬁj

i 9""={gu=o , forj=j

It is clear that in the case when the net G corresponds to a graph the concepts
complementary net and complimentary graph coincide. The formula in equation (4)

remains true for nets.

Theorem 2.9 Let G be an oriented net on the set of vertices (1,2,..,n),then fa(x; Xy, w1 Xn) =

= i xample we get
(=1)""1f,(—x — X; — +* = Xp; X3, -, Xq)-For instance a net from the above examp g

Folts 1) = 24 (1 — @)y + (1= @)% = -D[(-% =2 —~2) + % + 2]

= (—1)2_:&;(—2’ -y - xzix:-x;!)
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Matrix -tree theorem: One can express the polynomial f; as determinant of a matrix. In the
beginning we formulate tutte’s generalization of matrix-tree theorem. Now let
2ij by j in V=V u{0} , be the collection of commutative variables, we assume that
z;=0for iin V.With any tree T on the set of vertices V , we associate a monomial M(T)
of variables zj. Let us orient the tree T from the root in vertex 0 and assume that
M(T) = [1qjyz;j Where the product is over all pairs (i, j) in VxV which are oriented

edges of T ,where the sum is over all trees on the set of vertices V.Without loss of generality

i,j < n. Let Kirchhoff's matrix be nxn matrix A= (a;),i,j in {1,2,...,n} where

Z?=0 Z\j ' "f i =j
a,-j={_z” : if i%] (11)
ij , L)
Theorem 2.9.1 F,, = det A .Let now G be a net on a set of vertices V with conductivities g;;.

Assume that z;; = x;g;j,L,j inV , Zi=X i inV. (12)

It is clear that, Kg(T).m(T) = M(T), where m(T) is defined as monomial of variables x
in equation (1) and Kg(T) is also defined as multiplicity of T in the net G in equation (2)
respectively. Substituting (12) into (1 1) we get the following Corollary.

Corollary 2.9.2  x. f(x; Xy, ..., Xn) = detB  where B=(b;;),1 < i,j <n,isnxn matrix.

x+2?=1xl.gi» £=j

S Counting spanning trees using this way anybody can

where b;; = {

deal further. Let us see some application of matrix tree theorem in the next.
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CHAPTER THREE: APPLICATION OF MATRIX-TREE THEOREM
3.1 COUNTING THE SPANNING TREES OF GRAPH

3.1.1 COMPLETE GRAPH K, : It seems difficult to count the spanning tree of
complete graph of any order n. but it is possible to calculate the exact number of spanning
tree of such graph using matrix- tree theorem. This provides a nice formula that helps us to

count the complete graph of any order, which is known as cayley’s formula. So let us state

and proof cayley’s theorem.

THEOREM 3.1 (CAYLEY’S THEOREM): The exact number of spanning trees of complete

graph of order n is equal to n"~2,

Proof We know that a complete graph of order n is denoted by K,, and each vertices of this

graph has degree n-1.so the degree matrix D and the adjacency matrix A is

n <oy 0 & e i
0 n—1 0 0
D(K,)=]| O R I ) And
0 0 0 n—1/ e
R 1
1 Ot 1
A )=]31 J =8 1
R 4 S 0/

n-1 0 0 0 0 1 1 1

0 f=Lanl 0 ; L | 1
LK)=| o 0 n-1 0 ~EAE 0 1

6 0 0 n—=1/ pen 1 11 0/ nan

n—1 =1 =1 =

=1 w=1 =1 =1
AT (B SRR Bl T P

= -1 -1 n—1/ pxn



Now by matrix- tree theorem, the number of spanning trees of K, is T(K,) which is the

absolute value of any cofactor of the laplacian matrix L(K,)so let us consider

the(1,1)cofactor of L(Ky).

n-1 -1 -1 =1
SO T TR PV |
K =det} =2 -1 n-1 . <1
=3 ¥ -1 . n=1 4 ma
Step1 Add all rows to the first row to get n-1+(-)n-2)=1
1 1 1 1
=] =1 el
t(K,) =det| -1 -1 n-1 .. -1
EIINGS s ROY E ¥ e

Step2 Now add the first row to all other rows to make lower triangular.

2 |8 [ 1

a0 o 10

Then we get 7(K,) =det| 0 0w 0
0 0 0 ans n {ﬂ—l)x(n_l)

Using the first column we can find the determinant of the above matrix as follows

=R AN
Aol L
0 0 .. TNln-2)x(n-2)

e R =T A
——

(n—2)times

Therefore T(Kp) = R
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31.2 COMPLETE BIPARTITE GRAPH K, ,

3.1.3 Application Problem. Let us solve one interesting problem that are stated and

verified on page 17 using matrix-tree theorem. Find the number spanning trees t,, of
n

acomplet bipartite graph in K,

Matrix tree theorem counts the number of spanning trees of any undirected graph G on n

vertices by evaluating the absolute value of any cofactor of the laplacian matrix of G

A B

Figure 3.2 A possible configuration of Kz p.

Let G = K, ,, and if we order the vertices as A, B, 1, 2,.., n. Then the degree matrix D and

WG DR .. O
0O n 0 0 0 w8
gl <2 Nl .. D
the adjacency matrixAare D(G)=|0 0 0 2 0 . 0 and
090 002 - B
0o 00 0O 2/ (n+2)x(n+2)
g 81> 1 I - 1
o 031k F ¢ 1
11 8 0@ - 0
A@=|1 100 0 » 0 , Then
1 10 00 0
3y | 0 0 0, == 0 (n+2)x(n+2)
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n 0 0 00
0 n 0 0 O
0 0 2 0 0
LG=10 0 0 2 0
0O 0 0 0 2
0O 0 0 0 O

n 0

0 n

-1 -1

LG)=]-1 -1

-1 -1

-1 -1

e O OO OO

2 (n+2)x(n+2)

=1
=1

2
0
0

0

=1

=
0
2
0

0

=i
=]

0

o

2

0

0101 v S
040 1 1951 -1
13 0-010 = @
=L T O 0B w8

1 3.0 040 X @
1 (| 0 0' 0 0 (n+2)x(n+2)

-1

-1

0

0

0

2/ (n42)x(n+2)

Now the number of spanning tree is any cofactor of the laplacian matrix of L(G). Consider

the (i,j) = (1,1) cofactor of the laplacian matrix L(G). the number of spanning trees of G is

1(G) = [(=1)"*'det [L(G)(L, D]

n -1

5 [

e -1 0
7(G) = det A B
-1 0

-1

0
2
0

0

o |

N OO

0

O OO

27 (n+1)x(n+1)

This matrix Obtained by deleting the first row and column of L(G). Now using first row,

we can evaluate the determinant of the above matrix

n -1
-1 2
-1 0
(6) = 1 0
-1 0

-1

0
2
0

0
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21030 0 =4 00, Qi
-1 20
0 2 0 0 -1 2 0 0 -1 0 0 g
7(G) = 0 0 2 0 +11—-1 0 2 0 -11-1 0 2 0
0 0 0 2Vm -1 0 0 4 o -1 00 2l
-1 2 0 0 =1 2 0 0
-1 0 2 0 -1 0 2 0
-1|-1 0 O 0 +e4]=-1 0 0 2
-1 0 0 PR =1 0 0 0 -ty
Then,
1(6) =
2.0 0 0 280 O 2 0 = O
020 0 02 -0 0 2 0
n2fo 0 2 0 i L S 1L
6 0 0 é(n_l)x(n_n 0 0 - 2(n—1}x(n—1) 0 0 2l(n-1)x(n-1)
7 0 s 0 2101 .0
D.2ntt B ka0 2:20
o P Ty ==y Tn 2
a O e 2 (n-1)x(n-1) P b ln-0x(n-1)
=2n2" ="t — gn-1gn-1— .. = 2"
nterms

7(G) = 22"t —n2" = n2™*2,
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3.1.4 SOINS THEOREM: This theorem gives us the generalized ways of counting spannin
8

tree problem for any complete bipartite graph of any order. So it is S iont aaths =
od o

calculating spanning trees of such graph.

THEOREM 3.2 the exact number of spanning trees of a complete bipartite graph K

n—1nm—1_

mn 15

equal to m

proof Let G=Kp,, beacomlet bipartite graph.

A B n

Figure 3.3

let us order the vertices as A,B,C,...m,1,2,3,...,n. then the degree matrix D and the adjacency

matrix A of G are

A/m 0 g 0 0 0
B/0O n 0 0F 0 0
- (R 0 & i :
_m{0 0 n 0 0 0
DG =5 1 0 0 0m 0 0 A
210 0 0 0 m 0
n 0 0 0 0 ® M’ (m+n)x(m+n)
A/ 0 0 0iid ™ 1
B/O 0 g =5 1 = 3
Con] (S i T o
_m|0 O 601 3 s« 1
A(G)_lli 1 0 0 - 0
A % [ | 1 9" 0 0
rll \1 1 SO | 0 0 0 (m+n)x(m+n)
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Then the laplacian matrix is L(G) = D(G) — A(G)

=
o

Wy =) 0\ /0 0 (AR ST (A
0 n 0 0 0 0 0 0 0 1 1
d 3 0 : : : 0 :
_|0 0 5 O | R 04 10.0 0 1 1 1
0 0 0 m O 0 1 0 1 00 0
0 0 0 0 m 0 Ay 100 0
D b oA e IR T
/n 0 0 -1 -1 -1
0 n 0 -1 -1 -1
. L0 n -1 -1 -1
Hence, L(G) = i R S0 W B 0
-1 -1 -1 0 m 0
\—1 -1 - -1 0 0 M* (m+n)x(m+n)
Now the number of spanning trees of G is any cofactor of L(G).
Consider the (1,1) cofactor of L(G).
TR S AR SR ¢
i Bt el ek e 5l
7(G)=det] -1 +» =1 m 0 =« 0
=3 we = 0  om == B
_'1 _-1 0 0 - M’ m+n-1)x(m+n-1)

In this matrix the first m rows look “similar”, then the last n-1 look “similar”. The same IS

true for columns. To compute this determinant,

Stepl Add all rows to the first one to get
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(G = get] ~4 e il DINEDRE S
= -1 0 m 0
=1 ey =1 ) 0 - M’ (m+n-1)x(m+n-1)

Then

Step2 Add the first row to each of the last n-1 rows, to get triangular matrix

1 ;YR R 0
0 TR (e -1
7(G) = det| 0 0 m O 0 = n™im" L,
0: 0 m 0
0y a0 0 -+ m’ (m+n-1)x(m+n-1)

Therefore the number of spanning trees t(Kmn) = nmimtl
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