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Abstract

During the past decade two-dimensional electron systems at low temperatuer and high
magnetic field have repeatedly surprised with exotic electron correlation phenomena. The
quantum liquids of the fractional quantum Hall effect (FQHE), the still enigmatic elec-
tron crystal at very low filling factors, and vanishing and reappearance of certain quantum
Hall states in double layer electron systems all reflect the dominance of electron-electron
interaction at very high magnetic fields. Recently the nature of the electronic interaction
at the half-filled Landau levels has received much attention. The magnetization of two-
dimensional electron gases at low temperatures and in a strong magnetic field B oriented
normal to the plane of the electron motion was calculated along the same lines as in the
work of Landau. With in two-dimensional electron system new surprises arise year af-
ter year, exotic states of electronic matter, new materials with fascinating quantum Hall
properties keep triggering an intense activity in the field. Two-dimensional electron gases
with crossing energy levels can be realized in a variety of systems with different relative
sizes of orbital and spin effects, Coulomb energy, and different coupling between the com-
ponents. Their study has lead to the discovery of many correlated Quantum Hall states
and much effort is put into unravelling the energy-level structure of these systems. In this
work we have four parts. The first part contens Two-Dimensional Electron gas, Quantum
Confinement and Density of States, Potential wells in Semiconductors, Confinement of
Electrons, Effect of Quantum Confinement on Electrons, Semiconductors Nanostructures
with Confined Electrons and Properties and Applications of Confined Electron Gases.
The second part includes Landau Levels and Landau Level degeneracy. The third part
is about Classical and Quantum Hall effect. Finally the forth part presents two charged
particles in a magnetic field and Parabolic confinement in strong magnetic field. Here we

see charged particle in weak magnetic field and how the particle is confined.

1X



INTRODUCTION

Confinement is important as it raises the energies of the surface state electrons, resulting
in a depopulation of the surface state band and a concomitant modification of surface
properties associated with the surface state electrons [1]. Historically, 1960s was a decade
of intense research efforts to confine electrons to thin layers primarily in metals, supercon-
ductors, and metal-oxide-semiconductor devices [2, 3]. Relevant to this work are the 2D
electron systems confined to the interface of a semiconductor-semiconductor heterojunc-
tion discovered in the early 1970s. Other much studied examples are electrons confined
to move along the surface of a material (e.g. the first studied 2DEG on liquid Helium)
or in a single sheet of graphene, the two-dimensional honeycomb crystal lattice of carbon
atoms that has gained much attention in recent years [4]. After the discovery of the
Integer Quantum Hall Effect (IQHE, 1980)[5], and the fractional one (FQHE, 1983)[6],
two-dimensional electron systems submitted to a perpendicular magnetic field remain a
very active field of research, be it experimentally or on the theory level [7]. The discovery
of the quantum Hall Effects, in particular that of the FQHE, has taken a large part in a
qualitative advance of condensed matter physics regarding electronic fluids in conducting
materials. In large band metallic systems, the role of interactions was successfully taken
into account until the sixties by the Landau liquid theory [8], which is a perturbation
approach: interactions between electrons alter adiabatically the properties of the free
electron model, so that the Drude-Sommerfeld model keeps its validity with renormalized
coefficients. The theoretical tools corresponding to this physics have involved sophisti-

cated diagrammatic techniques such as Feynman diagrams, which are all based on the



existence of a well controlled limit of zero interaction Greens function. If the dimensions
of semiconductor structures shrink to only a few tenths of nanometers, very interesting
phenomena in the electron transport can be observed. Most of these phenomena rely
on the wave nature of the electrons and the quantization of energy levels. This implies
that mostly low temperatures are required for their observation [9]. A two-dimensional
electron gas can be realized at the surface of a semiconductor like silicon or gallium

arsenide where the surface is usually in contact with a material which acts as an insu-
lator (SiO, for silicon field effect transistors and, e.g. Al,Ga,_,As for heterostructures).
Electrons are confined close to the surface of the semiconductor by an electrostatic field
F, normal to the interface, originating from positive charges, which causes a drop in the
electron potential towards the surface [10]. Since the discovery of the quantum Hall ef-
fect the properties of a disordered two-dimensional electron gas (2DEG) subjected to a
perpendicular magnetic field have been extensively studied. The nature of the density
of states (DOS) of the 2DEG is a problem of vital importance for the understanding
of many quantum phenomena observed in the system, e.g., cyclotron resonance, specific
heat, magnetization, magnetocapacitance and magnetotransport. The problem has at-
tracted a lot of attention from both experimentalists and theorists. Nevertheless, over
the years of research the common conclusion has seemed to be only that the DOS in
question is composed of disorder-broadened Landau levels with a significant number of
electronic states in between. To date, there has been little or no consensus regarding the
exact form of the Landau level DOS of the 2DEG and the magnetic-field dependence of
the linewidth. This conclusion belongs not only to the calculated DOS but the measured
DOS as well. Indeed, some experimentalists have reported a Gaussian lineshape while
others claim that it is Lorentzian. Some report a broadening which is independent of the
applied magnetic field while others report a broadening which is a square root or oscil-
lating function of the magnetic field. In addition, in order to explain their experimental

results several authors have invoked a constant background DOS whose origin is unclear.



The first calculation of the Landau level DOS was performed within a self-consistent Born
approximation (SCBA) [11]. Magnetization measurements on a two dimensional electron
system (2DES) subjected to strong perpendicular magnetic fields have revealed exciting
new physics recently. Equilibrium magnetization measurements, manifested by the well
known de Haas van Alphen effect (dHvA) have uncovered information on the broadening
of Landau levels, the functional form of the density of states and gaps in the energy spec-
trum. This effect has been extensively studied in many 2DES’s [12, 13, 14]. Compared to
other 2D electronic system, this 2DEG offers a larger Fermi wavelength that is compara-
ble to the smallest device size achievable and a much higher mobility. These advantages
facilitate the studies of quantum transports in nanostructures. The goal of this work
was to characterize the electron-electron interaction in comparatively low-magnetic field.

Additionally, the effect of crossed magnetic fields on the 2DEG properties were studied.



Chapter 1

TWO-DIMENSIONAL ELECTRON
GASES AND CONFINEMENT

1.1 Two-dimensional electron gases

An important system where quantum effects were observed is two-dimensional electron
gas (2DEG). There are two basic systems where 2DEG has been studied. One of them
is Si MOSFETSs (metal-oxide-semiconductor field-effect transistors). A typical device is
shown in (Fig. 1.1) A (100)Si surface serves as a substrate while SiO, layer behaves as
an insulator. 2DEG is induced electrostatically by application a positive voltage V. The

sheet density of 2DEG can be described as

EOI
Ns = (Vg — Vo)

edos

where V; is the threshold voltage for the barriers creation.

Another important systems with 2DEG involve modulation-doped GaAs-AlGaAs het-
erostructures. The bandgap in AlGaAs is wider than in GaAs. By variation of doping
it is possible to move the Fermi level inside the forbidden gap. When the materials are
put together, a unified level of chemical potential is established, and an inversion layer is
formed at the interface. The 2DEG created by a modulation doping can be squeezed into

narrow channels by selective depletion in spatially separated regions [15].
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Figure 1.1: Band diagram showing conductance band E¢, valence band Fy and quasi-
Fermi level Er. A 2DEG is formed at the interface between the oxide (Si0,) and p-type
silicon substrate as a consequence of the gate voltage V [16].

Figure 1.2: Band structure of the interface between n-AlGa As and intrinsic GaAs,
(a)before and (b) after the charge transfer[15].



1.2 Quantum Confinement and Density of States

“Confinement “ and “quantization® are two closely interrelated definitions: if a particle is
“Confined “ then its energy is “Quantized “, and vice versa. According to the dictionary,
to “Confine* means to“restrict within limits“, “forced to stay in a closed space”, and
even to "imprison”. A typical example, illustrating the relation between confinement and
quantization, is the restriction of the motion of a particle by an infinite potential well of
size L 4. Due to the presence of an infinite potential U(x) for x < 0 and x > L4 , the wave
function ¢ (x) describing the particle is zero outside the well:¢) = 0 for x < 0 and = > L4

and, in the region with U(x) = 0(0 < « < Ly) [17]: Every physics student is familiar with

Figure 1.3: Confinement and quantization of the motion of a particle by an infinite po-
tential well size L4 for n=1,2 and 3 [17]

the particle in a-box example from quantum dynamics. In it, a single particle is confined

to a certain area by an external potential. So one-dimensional Schrodinger equation is:
Hy,(z) = By, (z) (1.2.1)

where H is Hamiltonian operator is given by

n*  d?

H=—
2m* dx?

Ul(x) (1.2.2)



Where

E,- is the (eigen) Energy of the system
h- is Plank’s constant

m*-is the mass of the particle

U(x)- An infinite external potential

¥, is the electron wave function

R? d?
{ - 2 @ + U(:L‘)}@/Jn(x) = En@Dn(:E) (1.2.3)
From the boundary value problem U(x) is zero.
R d*, ()
T dg2 (o)
d*, () 2m*
N R
d*,(z)  2m*
de + h2 En¢n(x) - O
d? 9
{@ + kzn}%(ﬂi) = 0. (1.2.4)
Where k2, =22 E,
so the solution of this equation is
n(z) = Aexpli(knx — wt)] (1.2.5)

Thus the solutions of the one-dimensional Schrodinger equation correspond to standing
waves with an integer number n of half wavelengths A\ along this increase in energy is
referred to as the confinement energy of the particle. It is a consequence of the uncertainty
principle in quantum mechanics. When the particle is confined within a distance L4
in space (along the z direction in this case) the uncertainty in the z component of its
momentum increases by an amount of the order of %. Ly : n%" = L,4. This simple

constraint results in the well-known quantized energy spectrum

L

E, —
2m* 2m*L* "

(1.2.6)



where n=1,23,............
n%h?

S 1.2.7
8m*L? ( )

for n=1,2 and 3 the confinment, where n— is Quantum number

h2m?
- 2m*L?
h2m?
Eo=4—— =4F
2 2m*L? !
R
- Tomrld

1

Here k., is the wavevector and m* is the free electron mass. This simple one-dimensional
picture can be extended to three dimensions quite easily, but in this thesis the focus
is on two-dimensional layers which are confined in only one direction. In such layers
the particles are confined perpendicular to the layer, but are free to move within the
layer. In that case, any additional quantum properties are well described by the one-
dimensional case. To have an idea about the characterstics energy scales involved and
their dependence upon the confinement length L. We have calculate (see table below)
the energies F; for electrons confined by an infinite potential well the size, 1/1, Inm and
lpm. The corresponding increase in the particles kinetic energy is then given by (1.1.6).

Table 1.1: Confinement by the infinite potential well
Confinement length L, FEnergyFE; Temperature T

1A 40 eV 4 % 10°k
Inm 0.4 eV 4 % 103k
1pm 0.4 peV 4 mk

Hence this effect is known also as quantum confinement. In addition to increasing the
minimum energy of the particle, confinement also causes its excited state energies to
become quantized. In addition to changing the energies of excitations, confinement also
modifies their density of states (DOS). In general, reducing the dimensionality enhances
the singularity in the DOS at a critical point. For instance, on reducing the dimension

from three in bulk samples to two in a QW, the electronic DOS at the band gap FE,



changes from a threshold depending on photon energy as \/hw — E, to a step function
[18].

1.3 Potential wells in Semiconductors

So far quantum theory has shown that a single particle in a potential well has distinct,
numbered energy levels. To realize such a 2DEG system in an experimental device, three
conditions need to be met:

(i). There has to be a potential well;

(ii). There have to be particles, here electrons, within the potential well;

(iii). The electrons within the well should not interact significantly.
Again, the interplay between theory and experiments forged the way to such devices.
The application of quantum mechanics to solid state science gave rise to band structure
theory. There, the (electrical) properties of materials are defined by the appearance of
collections of electron levels named bands.If the Fermi level, the maximum energy level
electrons can reach. If the Fermi levels lie within a band, then the small perturbations
(e.g. an electric field) can cause an imbalance between the velocities and electrons may
then contribute to conduction and the system is in its ground state. This is known as

a metal (Conductor)(See Figure 1.24(c). If the Fermi level is within a gap between two

Figure 1.4: The simple band picture of insulators (a), semiconductors (b) and conductors
(c). Figure taken from [19].
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bands and Fermi energy within a small band gap (small compared with a few times kgT'),
thermal fluctuations do not excite some electrons to the upper, conducting band, the
material is an insulator (See Figure 1.4)(a). However, if some electrons are excited to the
conduction band and both bands may contribute to conductions, it is a semiconductor
(Figure 1.4(b)). The band gap is unique for each semiconductor material. Table 1.2 shows

some band gaps for representative semiconductors and oxides.

Table 1.2: Important parameters for some representative semiconductors and oxides at
room temperature[20—24].

material band gapE,(eV) effective mass m*(—) electron mobility M(C;”SQ) electron density
Si 1.12 1.08 1300 2 x 1016
GaAs 1.42 0.067 6000 3 x 10%°
AlAs 2.168 0.146 200 2 x 1017
Nb:SrTiO3 1.8 6 3.2 1.4 x 107
LaAlO; 5.6 — - -

From Table 1.2 it can be seen that the band gap varies substantially. By layering different
semiconductors a potential well can be created. An example of such a potential well is

shown in (Figure 1.5). The next question is how to get electrons into the potential well.

GaAs AlAs GaAs AlAs GaAs
cap buffer
r e—
11H 11L

100A 200A S0A 200A 4000A

Figure 1.5: Band diagram of a simple semiconductor potential well [25].

The standard technique is to dope the semiconductor with atoms of an element that is

more valent. Silicium is four-valent. Doping with phosphorus, which is five-valent would
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result in an excess of electrons after covalent bonding. These excess electrons are now
doped into the conduction band and can freely move throughout the potential well. Such
doped atoms, however, also form scattering centers which inhibit the electron mobility. As
the electrons should be disturbed as little as possible within the potential well, the active
layer (the central GaAs layer in Figure 1.5) should not be doped. Here an additional bonus
of the potential well appears. If the layers to the side of the actual well are doped, the free
electrons will search out the energy minimum within the well as their ground state. This
way the number of electrons within the well can be controlled, without disturbing the
crystal perfection of the well itself. This control also gives the opportunity to make sure
the electrons are independent from one another. As long as the mean free path is much
smaller than the average distance between electrons, the electron-electron interaction will
be negligible. Thus, by controlling the density of electrons within the potential well the

independent electron regime can be maintained [25].

1.4 Confinement of Electrons

The most basic effect of such confinement would be the splitting of the energy bands
into distinct states with energies as approximated by Equation (1.1.7). However, if the
potential well is so large that the energy levels are very close together, thermal fluctuations
blend the transitions and the energy levels are not distinct. If all levels are to be resolved,
it can be stated that:

FEy — FE; > KgT (141)

where K is the Boltzmann constant and T the absolute temperature. After inserting
Equation (1.1.6) this gives an upper limit to the potential well size:

3h2
Linermal < {] ——— 1.4.2
thermal sSm KT (14.2)

This is an upper limit to the size of the potential well to have distinct energy levels, or,

to be a quantum well. Another important criterium is whether the electronic state of



12

the electron is larger than the potential well. Only in that case the external potential
well forms the true potential well controlling the electron properties instead of the atomic

potential well. This length scale is conveniently described by the Bohr radius:

4meh
m*e?

(1.4.3)

T'Bohr =

If, however, these conditions are met and a quantum well is created, the density of states
splits up. The lower the dimensions of the quantum well, the sharper the density of states
is (see Figure 1.6). Note that even though for a 2D quantum well the density of states is
a step function, (Figure 1.6) only gives the ground states. The transitions between levels
is still well defined. Even if the electrons are confined within a potential well, but not
to the quantum limit, the two-dimensional nature of the electron layer can influence its
properties. Under both an applied magnetic and electric field, the Lorentz force will force
the electrons in a material to undergo a cyclotron oscillation[27, 28] with a fundamental

frequency of:
eB

We =
m*

(1.4.4)

where B is the applied magnetic field. w. can be written as w, = “* where vy is the Fermi
velocity of the electron and r. the radius of the cyclotron oscillation. Basic solid state

physics gives then for the cyclotron radius:

m*vF . hKF

eB eB

re = (1.4.5)

where K is the Fermi wave vector. This is a basic quantity in solid state physics and can,
in approximation, easily be derived from the electron density. Depending on whether the
system is two- or three-dimensional either Kp3p = /2m2nsp or K F2p = V2mnsp is used
respectively. For interface and thin layer samples it is often the electron sheet density
nep that can be measured instead of the full electron volume density nzp. Under the
assumption that ngp = "2 where L is the average thickness of the electron layer two

criteria for a two-dimensional electron layer can be derived. The first is whether the
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Figure 1.6: Density of states for different dimensionalities of quantum wells, taken from
[26].

Fermi wavelength is larger than the electron layer thickness. This indicates that no Bloch
waves can develop perpendicular to the layer, so the properties of the electron gas are

two-dimensional. Combining the equations for the 3D Fermi wave vector Kr3p and the

| 8L
Ap =4 1.4.6
F 3n2D ( )

From Equation (1.3.6) it follows that \p > L if L < 32;. For an electron sheet

3D electron density nzp yields:

density of nap = 2 x 103em ™2 this criterion can be evaluated to be L < 6.5nm. The
second is whether the cyclotron radius is larger than the electron layer thickness. If the
electron layer has a thickness less than the cyclotron radius no full cyclotron movement
can be carried out by the electrons in that direction. As the cyclotron movement is always
perpendicular to the magnetic field, this would be most pronounced if the magnetic field

is parallel to the electron layer. Related electrical properties such as the Hall effect and
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magnetoresistance would disappear for such magnetic field orientations. Indeed, this has
been observed in STO field-effect transistor (FET) structures[29]. In a magnetic field
of 3 T and with the same electron sheet density as above r. > L would be fulfilled for
L < 89nm. For such systems the Fermi wavelength respectively the cyclotron radius form
an upper bound to the electron layer thickness. These systems are not quantum confined,

but do still exhibit a clear two-dimensional nature [25].

1.5 Effect of Quantum Confinement on Electrons

The effect of quantum confinement on electrons became important in the semiconductor
area after the development of sophisticated growth techniques such as molecular beam
epitaxy (MBE) and metal-organic chemical vapor deposition (MOCVD), since they allow
to grow low-dimensional structures. The confinement effect should be taken into account
when any dimension of a system is comparable to the particle or quasi-particle wavelength,
defined by de Broglie as:

A=— = — (1.5.1)

where h is Planck’s constant, m is the particle mass, v is the particle velocity, and c is
the speed of light in vacuum. Typical examples of structures showing quantum confine-
ment are two-dimensional structures referred as quantum wells (QWs), one-dimensional
as nanowires, and zero- dimensional as quantum dots (QDs). A typical and very useful
example of confinement is given by a particle with effective mass m confined in a one-
dimensional system by infinite potential barriers in the z direction. The allowed wave
vectors and energy of the Bloch wave functions are given by equation K, = 27” = % and
energy in eqn.(1.1.6):where n = 1, 2, 3, ... are the indexes of each energy level and L4 is
the thickness of the potential well (see Fig. 1.5) . Thinking of a real quantum well sample,

in general the thickness L, is subjected to fluctuations due to intrinsic inaccuracies of

the growth mechanism, leading to the inhomogeneous broadening of the confined levels
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(see Fig. 1.7). The energy dispersion JF as a function of the potential well thickness

Fluctuations 6 L4 can be calculated from Eq.(1.1.6) as:

Figure 1.7: Scheme of a one-dimensional potential well with a barrier V . Four levels
are shown denoted as n=0,1,2,3. The horizontal band around each level corresponds to

changes in the energy of each level due to fluctuations in the thickness (L) of the potential
well [30].

h*m?n?

*x T2
m* L%

5L
§La =2E,—2 (1.5.2)
Ly

0E =

This result shows that this broadening increases quadratically with the level number. In
addition, if we consider a fixed value for the level number n this broadening increase as
the well thickness decreases. This is a purely quantum effect and should not be confused
with the inhomogeneous broadening observed, for example, in a distribution of QDs (or

QWs) of different size [30].

1.6 Semiconductors Nanostructures with Confined Elec-

trons

As mentioned above a 2DEG is a gas of electrons with typical densities of 10'em =2

that are free to move in two dimensions, but tightly confined in the third. This tight
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confinement leads to quantized energy levels for motion in that direction. Thus the
electrons appear to be a 2D sheet embedded in a 3D world. Such a system is currently
realized in artificial (man-made) semiconductor structures based on different types of
materials. The best material in terms of the mobility properties of the electrons is based
on gallium arsenide GaAs and aluminum gallium arsenide AlGaAs. The diagram in
(Fig.1.8) left panel shows a cross-section through a wafer consisting of layers of GaAs and
AlGaAs. The wafer is grown by Molecular Beam Epitaxy (MBE) [31], which produces
near-perfect crystalline layers of extreme purity, with nearly atomically sharp transitions
between layers. To the left is shown the corresponding band diagram, i.e. the energy of the
conduction band (the lowest kinetic energy that mobile electrons can have). The dashed
line is the Fermi energy (roughly defined as the highest energy that electrons have in
equilibrium). The conduction bands of GaAs and AlGaAs are offset from each other, and
this allows electron to collect in the GaAs but not in the AlGaAs. To provide the electrons,
silicon doping is included in the middle of the AlGaAs region. These donors become
positively ionized and provide electrons, which collect in the neighboring GaAs, though
they cannot go too far away because they are attracted back to the positive ions. Thus
the resulting electric field created between the positive ions and the negative electrons
distort the conduction band into the shape shown, where there is a triangular ”well” at the
interface, and this goes slightly below the Fermi energy so that electrons can collect there.
This well is so narrow that all the electrons there behave as quantum-mechanical waves,
with the same wavefunction in the vertical direction. Thus the only degrees of freedom
for the electrons are in the plane of the interface, and so they are effectively in a two-
dimensional world. It must be stressed that mobile electrons in the crystal environment
are characterized by a charge e and by an effective mass which is only a fraction of the
electron mass in vacuum. The effective mass is an elegant way to incorporate the complex
pattern of interactions of the electrons with the crystal into a single parameter. When this

is possible, our gas of electrons moving in the complex environment of a semiconductor
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crystal can be mapped into a gas of virtually free electrons with the effective mass and

a renormalized Coulomb interaction. Si donor atoms (+ sign in the figure (1.8)) are

Figure 1.8: Left: Sequence of semiconductor layers along the growth direction in a typical
semiconductor heterostructure, Right: schematics of the MBE growth process of GaAs
[31].

inserted in the AlGaAs layers and provide electrons to the semiconductor. Electrons fall
in the minimum of the energy profile (with triangular shape) and remain trapped in this
minimum. They are free to move in the perpendicular plane. Further confinement in
the plane can be achieved by modern techniques of e-beam nanolithograpy and chemical
etching (the so-called top-down nanotechnology approaches) that are able to manipulate

the matter up to a resolution of 10 — 20 nm [31].

1.7 Properties and Applications of Confined Electron
Gases

Probably the most common application of a confined electron gas is as the active layer
in semiconductor transistors. Because of the confined nature in (at least) one direction,
the absolute number of electrons that have to be manipulated at similar electron den-
sities is small compared to bulk channels. In addition, because the electron donors are
outside the actual conduction layer, very high mobilities can be achieved. Together this
leads to high speed devices[32]. When the potential well is small enough to achieve quan-

tum confinement, the distinct energy levels lead to interesting new possibilities. One of
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the most obvious properties is the appearance of new optical features due to transitions
between these levels. A familiar example is shown in (Figure 1.9). These flasks all con-
tain cadmium selenide quantum dots, the zero-dimensional variety of a quantum well.
The only difference between them is their respective size. But the light they give off by

fluorescence is markedly different. Such dots (0D quantum wells) have a very distinctive

Figure 1.9: Cadmium selenide quantum dots fluorescence at different wavelengths, taken
from [33].

spectrum, making them excellent choices for tracers in biological systems, their brightness
and chemical stability making them superior to organic dies [33, 35]. This same sensi-
tivity to light also makes them interesting for applications in photovoltaic cells. At the
right (tunable) wavelength, the transition of electrons to higher states is easily facilitated.
Again the reverse is also interesting: because the light emission of the quantum dots can
be tuned, better blue, or even white, light emitting diodes may be created. Aside from
active channels in semiconductors transistors, 2D quantum wells are commonly used as
the active layer in diode lasers. Either the quantum well is the lasing medium itself or,
as in a cascade quantum well laser, the lasing transitions are between levels in different
quantum wells [36]. In the first case, the advantage is that the step in the density of
states (see Figure 1.6) concentrates the electrons at that energy. This concentration of
electrons at a specific energy increases the efficiency of the whole structure, but the tran-
sition energies themselves are still mostly determined by the material. The advantage

of the second type of quantum well laser is that the lasing transition are between the
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different levels in different quantum wells. Because these levels can be determined during
the growth of the laser structure, the transition and thus the wavelength of the cascade
laser can be tuned from device to device. One final, possible application of quantum wells
that has to be mentioned is their use in quantum computing. Because quantum wells,
especially quantum dots, are host to well-defined artificial (as in, non-atomic) electron
levels they can be used to store quantum information. Coupled quantum dots, together
with a method to read and manipulate those states, could form the basis for a quantum

computer [37].



Chapter 2

LANDAU LEVELS AND LANDAU
LEVEL DEGENERACY

2.1 Landau Levels

Landau quantization in quantum mechanics is the quantization of the cyclotron orbits of
charged particles in magnetic fields. As a result, the charged particles can only occupy
orbits with discrete energy values, called Landau levels. The Landau levels are degenerate,
with the number of electrons per level directly proportional to the strength of the applied
magnetic field. Landau quantization is directly responsible for oscillations in electronic
properties of materials as a function of the applied magnetic field. The electron is in a
stationary magnetic field in the direction of Z axis. The canonical momentum is, as a

consequence:

p=miv—eA=p—ecA (2.1.1)
Due to the fact that the electron has a negative charge whose value is e =~ —1.6 X
10~1C . The Hamiltonian of a nonrelativistic electron in an external magnetic field is:

A 1 L, € 2
H= -(p—-A (2.1.2)

c

Where e is positive, (i.e. the charge of the electron is —e). We consider a uniform exter-
nal magnetic field H, B=H u,, pointing along the z-axis. So we can use the equation

B =V x A in order to obtain the expression for A:

20
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dy 0z
— AN — | 94z _ 94,
0| =Vvxd=|F=-F
0Ay OA,
H o oy
Then choose the vectore potential A, = —Hy
A, =A4,=0
That is to say,
—Hy
A= o (2.1.3)
0
This is called “Landau gauge.”
We can now continue with our Hamiltonian:
et (poca) = s lm] e .14
“om \P T ¢ “ome | |Pr T MY RRE o
So the Schrodinger equation is:
Hy = By
1 - € ? 9| A2
P+ -Hy| +p, +p; | ¥ =E¢ (2.1.5)
2m* c

We solve the Schrédinger equation by assuming a wave function of the form:

(., 2) = B2 g(y) (2.1.6)

Then ¢(y) satisfies the equation for harmonic oscillator:

PR T DY _
S Py T 5 o (Y — o) }Qﬁ(y) = E'¢(y)
e he
=——H == )k 2.1.
=S w2k 2.17)

Where £/ = F— % The natural frequency of the harmonic oscillator w, is the “Cyclotron

frequancy,” that of a classical charge moving in a circular orbit normal to a uniform

magnetic field. the energy eigenvalues are thus:

2 1
B, = 21:;* +mo(n+§) (n=0,1,2,3,...) (2.1.8)
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Where p, = hik,. The above equation (2.0.8) are called Landau Energy Levels. Since they
are independant of k,, they have a degneracy equal to the number of allowed values of k,,
such that y, lies within the container of the system. and the corresponding eigne state is:

Mele

2h

MW,

(v = 0 (V2 (y = ) (2:1.9)

1/4 .
mwe 1
¢npzpz = ( Wh ) (eXp ﬁ(pxx +pZZ))(eXp

2.2 Landau Level Degneracy

We have seen in the previous section that the Landau levels are degenerated, which means
that different states can have the same energy eigenvalue. This raises the question how
many states per unit area can be occupied in a certain Landau level at a particular
magnetic field. The question can be answered if we start from a two-dimensional electron
gas at zero magnetic field. If we apply a magnetic field we immediately see that the
electrons in an energy interval [hw.n, hw.(n+ 1)], withn = 0, 1, 2, ..., have to condensate
into the n'"* Landau level energetically located at the center of this interval hw.(n + 1/2).
Let us put the system in a large cube of size L, and impose periodic boundary conditions.
The allowed values of k, are of the form 272 where n, = 0,+1,+2,£3, ... For y, to lie

L

between 0 and L , the values of n, must be positive and bounded by

g= (%)LQ (2.2.1)

which is the degeneracy of a Landau Level. The proportionality to L? reflects the fact
that the projection of the electron orbit onto the xy plane can be centered anywhere in the
plane without changing the energy. Thus, when the external field is turned on, the energy
spectrum associated with the motion in the xy plane changes from a continuous spectrum
to a discrete one, and the level spacing and degeneracy increases with the external field.
Obviously, the degeneracy of a Landau level increases proportional to the magnetic field.
For a given area L? the total number of states in a Landau level gy, is given by

HS ¢
— 22 2.2.2
bo Po ( )

gL:nLS:2



23

H=0 H>0

i=2
b o] i=1
me H

j=0

Figure 2.1: Comparison of energy spectra of a charged particle with and without magnetic
field [39].

where, ¢ = HS is the magnetic flux penetrating the area L? = S. Thus, the number of
states for a particular spin orientation, up or down, is simply given by the total flux ¢
divided by the flux quantum ¢,. In other words each electron state in a particular Landau
level is connected to a magnetic flux equal to a flux quantum. In a classical picture, at a

given magnetic field each of these states occupy an area

h
S, =
2eH

(2.2.3)

If we assume a circular area of S, = 7r? for each single electron, we directly obtain a
radius corresponding to the magnetic length r = /,,,.The filling factor, which is defined

as the number of Landau levels occupied with electrons can be derived, which relates the

number of electron in an area S, gap = mepS, to the number of flux quanta g, = f
penetrating the same area. The relevance of flux quantization to the Landau levels lies
in the fact that the degeneracy (2.1.1) is just the total magnetic flux measured in units

of the flux quantum:

9= (2.2.4)

where ® is the maximum magnetic flux, ¢g = hc/e is the quanta of elementary magnetic

flux. Filling ratio, v is the number of filled Landau Levels

v =ns/(eB/hc) (2.2.5)



Chapter 3

CLASSICAL AND QUANTUM
HALL EFFECT

3.1 Classical Hall Effect

The Hall effect has been important for many reasons. For example, in semiconductors
it can be used for determining the sign and the concentration of charge carriers. The
fractional quantum Hall effect, in terms of basic physics ideas, may be the most important
discovery in solid-state physics in the last quarter of a century. To start, we first reconsider
the classical quantum Hall effect for electrons only.

Let electrons move in the (x,y)-plane with a magnetic field in the z direction and an

electric field also in the (x,y)-plane. In MKS units and standard notation (e > 0)

F, = —eE, —ev,B — mez (3.1.1)
T

F,=—eE, +ev,B — m2y (3.1.2)
T

where the term involving the relaxation time 7 is due to scattering. The current density

is given by

Jz = —Nevy, (3.1.3)

Jy = —nevy, (3.1.4)
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where n-is the number of electrons per unit volume. Letting the dc conductivity be

Op=—T (3.1.5)

we can write (in the steady state when F,, F,, = 0)

E, _ i 1 WeT Jz (3.1.6)
Ey Oo —WeT 1 jy

where w. = <2 is the cyclotron frequency and we can show (by (3.1.5))

B c
i (3.1.7)

ne Oy

The inverse to (3.1.6) can be written

Je | Oo 1 —W,T
Jy L+ (wer)? | wer 1

We will use the geometry as shown in Fig. 3.1. We rederive the Hall coefficient. Setting

Eac
E] (3.1.8)

Y

Jy = 0, then

WeT | B .
e = ——Ju (3.1.9)
o ne

(]

E,=|vxB|l=-

where v = v, = 2 from (3.1.3). The Hall coefficient is defined as

ne

E, 1
= = —— a1
R =5 = e (3.1.10)

as usual. The Hall voltage over the length w would then be

Vy = —Eyw = B2~ (3.1.11)
ne
The current through the segment of area tw is
I, = j.tw (3.1.12)
So
BI,
Vg = (3.1.13)

nte
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Figure 3.1: Schematic diagram of classical Hall effect [44].

Define n, as the number of electrons per unit area (projected into the (x,y)-plane) so the

Hall voltage can be written
I.B

Vi = 3.1.14
" Nge ( )
The Hall conductance Rlzy is
1 I Ng€
=_r -4 3.1.15
R,y Vu B ( )
Longitudinally over a length L, the voltage change is
L I, L
V, = E,L =" = (3.1.16)
O, two,

which we find to be independent of B. This is the usual Drude result. However, this
result is based on the assumption that all electrons are moving with the same velocity. If
we allow the electrons to have a distribution of velocities by doing a proper Boltzmann
equation calculation, we find there is a magnetoresistance effect [44].

Oo
1 + (JORH)2 —‘jXBP

Fik

g =

(3.1.17)

In addition, when band-structure effects are taken into account one finds there also may
be a magnetoresistance even when j x B = (0. Classically then we predict behavior for

the Hall effect (with I, =constant) as shown schematically in Fig. 3.2.
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Figure 3.2: Schematic diagram of classical Hall effect behavior. See (3.1.14) for Vg and
(3.1.16) for V7, [44].

3.2 Quantum Hall Effect

If an electric current flows along the x direction and a magnetic field is applied in the z
direction, then an electric field is produced in the y direction. This phenomenon is called
the Hall effect. More than one century ago, Hall showed that when the electron gas in a
metal is placed in a magnetic field H, an electrical (transverse) resistivity develops for the
electron motion in the direction perpendicular to the applied voltage (or electric field, see
Fig.3.3). The essence of this effect is due to the fact that electrons while moving along the
applied electric field start making circular orbits perpendicular to the magnetic field (the
reason is the existence of the Lorentz force that is directed perpendicular to both the mag-
netic field and electron velocity). This produces a displacement of electrons perpendicular
to the direction of the applied electric field. This transverse or Hall resistance displays

a linear behavior in the values of H with a proportionality constant given by the inverse

The

of the electron charge times the density n and the velocity of light c: Ry = .
Hall effect is nowadays used to measure the electron density in metals and semiconductors
with great accuracy. Also the Hall effect refers to the measurable voltage that appears
across a conductive material, for example silicon (Si), when an electric current flowing
through the conductor is influenced by a magnetic field (Fig. 3.3). Under these condi-

tions a transverse voltage is generated perpendicular to the applied current due to the

balancing of the Lorentz and Electromagnetic forces [42]. Crossed magnetic and electric
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Figure 3.3: The classical Hall effect.Left:when the electrons moved in one direction under
the action of an applied electric field, an electric field in the perpendicular direction (the
Hall voltage) develops in the presence of a magnetic field. This effect is due to the circular
motion of the electrons in the plane perpendicular to the magnetic field induced by the
Lorentz force (right panel) [43].

fields, denoted by H and E respectively, as velocity filters to free charges letting through

only whose those velocity v is such that

F—E+YxH=0
C

E+ H=0
C
v K
v~ 3.2.1
il (3.2.1)

For free charge carriers in a metal, the current density is:

J = qnu (3.2.2)

where g-is the charge, and n-is the density. The hall resistivity p,, is defined as the ratio

of the electric field(in the y-direction) to the Hall current density(in the x-direction):

E E
jo= =% = qno, = =2
Pzy Pzy
E E
gn—c = —
H Pay
H
oy = —— 3.2.3
Py qnc ( )

Measurements of the Hall resistivity in various metals has yielded charge carrier densities
and provided the first demonstrations that there are not only negative carriers(electrons),

but also positive ones(holes). In the transistor technology the two-dimensional electron
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Figure 3.4: The Hall effect.A current I flows in a direction orthogonal to crossed electric
and magnetic fields. The Hall resistivity is defined as p,, = % The conventional resistiv-
ity p.. can be obtained by measuring the voltage drop along the direction of the current
[39].

system used as a model. It can be made by injecting electrons into the interface of
an alloy sandwich, which confines the electrons in a thin film about 5004 thick. The
Hall experiment has been performed on such two-dimensional electron systems at every
low temperatures, and the direct resistivities p,, and the Hall resistivities p,, have been
measured, as indicated in Fig. 3.4. The expermental results are quite dramatic, as shown
in Fig. 3.5. As the magnetic field H increases the degeneracy of the Landau levels

increases. Since the electron density does not depend on the field, the filling fraction v of

the lowest Landau level decreases:

hen
v=— 3.24
I (3.2.4)
The Hall resistivity exhibits plateaus at v = 1, %, %, with values to %, in units of e% At the

same time, the conventional resistivity p,, drops to very low values. This indicates that in
the neighborhood of these special filling fractions the two-dimensional electron fluid flows
with almost no resistance. The value at v = 1, called the Integer Quantized Hall effect.
It was first observed in MOSFIT (metal-oxide semiconductor Filed-effect transistor) at
T=1.5k. The Hall resistivity was found to be quantized with a precision of one part in
10°. The fractional values were found soon after [39]. The quantum Hall effect (or integer
quantum Hall effect) is a quantum-mechanical version of the Hall effect, observed in two-

dimensional electron systems subjected to low temperatures and strong magnetic fields,
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Figure 3.5: Quantized Hall effect: Schematic representation of expermental data. The
filling fraction v is the fraction of degenerate states in the lowest Landau levels occupied
by electrons. The Hall resistivity exhibits plateau of value I%, at v =1, %, %(mumtso f 6%)
The conventional resistivity becomes very small at these values. The quantization is
accurate to at least one part in 10% [39]

in which the Hall conductivity o takes on the quantized values . The Hall conductance,

which is a measure of the conductance across the sample is :

.jac Nep€Uy €
— E — " B — neZE (325)
y e

Oy

Where n., is the number density. Therefore, classically, we would expect the Hall con-
ductance to vary linearly with ne 5. where e is the elementary charge. The prefactor v
is known as the “filling factor“, and can take on either integer (v = 1,2, 3, ...) or rational
fraction (v = %, %, %, %, %, %, %, %, g, %, ...) values. The quantum Hall effect is referred to
as the integer or fractional quantum Hall effect depending on whether is an integer or
fraction respectively. The integer quantum Hall effect is very well understood, and can
be simply explained in terms of single particle orbitals of an electron in a magnetic field.

The fractional quantum Hall effect, is more complicated, as its existence relies fundamen-

tally on electron-electron interactions. Interestingly, it is also very well understood as
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an integer quantum Hall effect, not of electrons but of charge-flux composites known as

composite fermions [43].

3.2.1 Integer Quantum Hall Effect (IQHE)

The IQHE was discovered by Klaus von Klitzing in 1980 and for this he was awarded the
Nobel prize in 1985. About two years later, Stormer and Tsui discovered the FQHE and
they along with Laughlin (for theory) were awarded the 1998 Nobel prize for this effect.
Qualitatively, the IQHE can be fairly simply explained. As each Landau level is filled there
is a gap to the next Landau level. The gap is filled by localized nonconducting states,
and as the Fermi level moves through this gap, no change in current is observed. The
Landau levels themselves are conducting. For the IQHE the electron-electron interactions
effects are really not important, but the disorder that causes the localized states in the
gap is crucial. The fractional quantum Hall effect occurs for partially filled Landau levels
and electron-electron interaction effects are crucial. Potential fluctuations cause localized
states and plateau formation. We give an elementary picture of the IQHE. We start with

four results.

e The Landau degeneracy per spin is %. (This follows because the number of states

per unit area in k-space (A A) and in real space is ((QA;;% Then, (& A) = (2m)*(<2).

— eB).

Thus, the number of states per unit area in real space is np = 5>

e The drift velocity perpendicular to E and H field is v = %c.

e Flux quanta have the value ¢, = 2

e The number of filled Landau levels v = N%, where N is the number of electrons and
N N

eBLw/h — ($/$a)"

Ny is the number of flux quanta. This follows from v =

Then

I, = jywt = nevwt (3.2.6)
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where n- the number of electrons per unit volume
e-charge of an electron
v-velocity of an electron.
t-thikness of the sample.

w- width of the sample.

N eB 1 eB
— —v—(Lw)— = y— 3.2.7
n= T P T (3:2.7)
So since v = %c,
B E E V
I, = ViL_teﬁwt = Ve2Tw = V€27H (3.2.8)
or
L heHallconduct ¢ (3.2.9)
— = = theHallconductance = v— 2.
Vi Ray h

If B changes, as long as the Fermi level stays in the gap, the Landau levels are filled or
empty and the current over the voltage remains on a plateau of fixed n. (It can be shown
that the total current carried by a full Landau level remains constant even as the number
1 e

V=

of electrons that fill it varies with the Landau degeneracy.) Incidentally, when Ry = VT

then RLM = VLL — o0 or R,, — 0. This is because the electrons in conducting states have
no available energy states into which they can scatter[44].

Experiments have produced many surprises since the discovery of the Integer Quantized
Hall Effect, in 1980. Understanding has required concepts and mathematical techniques
from all corners of theoretical physics, including some completely new ideas. The goal
of this talk is to review a few aspects of the quantized Hall effects, and show how our
understanding of these phenomena stems from the work of L. D. Landau [46]. In two
dimensions, when classical electrons are subjected to a magnetic field they follow circular

cyclotron orbits. When the system is treated quantum mechanically, these orbits are
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Figure 3.6: Integer Quantum Hall effect [46].

quantized. The energy levels of these quantized orbitals take on discrete values:

1
E, = hw,. (n + 5), n>0 (3.2.10)

Where w, = ZLB; — is the cyclotron frequency. These orbitals are known as Landau levels,
and at weak magnetic fields, their existence gives rise to many interesting “quantum
oscillations* such as the Shubnikov-de Haas oscillations and the de Haas-van Alphen
effect (which is often used to map the Fermi surface of metals) (Fig. 3.6). For strong
magnetic fields, each Landau level is highly degenerate (i.e. there are many single particle
states which have the same energy E,,). Specifically, for a sample of area A, in magnetic
field B, the degeneracy of each Landau level is N = gs% (where g, represents a factor
of 2 for spin degeneracy, and ¢, is the magnetic flux quantum). For sufficiently strong
B-fields, each Landau level may have so many states that all of the free electrons in the
system sit in only a few Landau levels; it is in this regime where one observes the quantum

Hall effect [46].

3.2.2 Fractional Quantum Hall Effect (FQHE)

One needs to think about the FQHE both by thinking about the Laughlin wave functions

and by thinking of their physical interpretation. For example, for the v = % case with

m=3, the wave function is

N
1
o) = Iy — e | = 12 3l (32.11)

Boj=1
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where z; = z; +4y;, ; and y; cordinates of electron in 2D. Positive and negative exci-

tations at z = z,, where z, = z, + iy,and it can be given by:

1
¢+ = exp [ - E Z |Zj|2] H;V(Z] — ZO)H;\;]C(Z]’ — Zk)m (3212)
Hoj=1
+ 1 a 2 N 2 9 * N m
77/} =exp| — E Z |Zj| Hj 26#% — 2, Hj<k(zj - Zk) (3213)
J

For m=3, these excitations have effective charges of magnitude £. The ground state of the
FQHE is considered to be like an incompressible fluid as the density is determined by the
magnetic field and is fairly rigidly locked. The papers by Laughlin should be consulted
for full details. These wave functions have led to the idea of composite particles (CPs).
Rather than considering electrons in 2D in a large magnetic field, it turns out to be possi-
ble to consider an equivalent system of electrons plus attached field vortices. The attached
vortices account for most of the magnetic field and the new particles can be viewed as
weakly interacting because the vortices minimize the electronelectron interactions.

That the composite particles may behave as either bosons or fermions according to the
number of attached flux quanta. Electrons plus an odd number of surrounding flux quanta
are Bose CPs and electrons with an even number of attached quanta are Fermi CPs. The

v = z,m = 3 case involves electrons with three attached quanta and hence these CPs

W=

are bosons that can undergo a Bose Einstein-like condensation, produce an energy gap,
and have a FQHE with plateaus. For the v = % case, there are two attached quanta, the
systems behaves as a collection of fermions, there is no BoseEinstein condensation and no
FQHE. In general, when the magnetic field increases, electrons can “absorb* some field
and become ”anyons.” These can be shown to obey fractional statistics and seem to be
intermediate between fermions and bosons [44].

In samples of very high quality, in very strong magnetic fields, one finds additional

plateaus, where

i (3.2.14)



But v is a simple rational fraction, usually with odd denominator.
Originally v = 3, 2. More recently include

_ 4512 3 3 4435
V—§,§,g,g,g,?,7,§,§,others [46]
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Chapter 4

TWO CHARGED PARTICLES IN
A MAGNETIC FIELD

The energy spectrum of a pure two-dimensional electron gas in a strong perpendicu-
lar magnetic field is completely determined by the Coulomb interactions, making it the
paradigm for all “strongly interacting” systems, (for which standard many body perturba-
tion theory is inapplicable). A two particle system is the simplest system that can be used
to understand the physics of introducing the Chern-Simons(CS) flux. The two particles
have masses m; and my and charges ¢; and ¢» and they are moving in the x-y plane. A
dc uniform magnetic field B = B%is applied perpendicular to the plane. We work in the
symmetric gauge where the vector potential is A= %Bm@, where ngS is the unit vector in
the direction of increasing the angular coordinate ¢. The Hamiltonian contains the kinetic
terms and the Coulomb term [47]. Solving schrodinger equation for two electrons in a
uniform magnetic field. This studies appeared important because they led to discovery
of a new state, the incompressible electron liquid. The principal aim of this work is by
using a variational approach to obtain the ground state energy of a two-electron system.
The Hamiltonian of two electrons in an interaction potential is given by:
] L - 27 [T NP
2mq c 2mso c |7 — 7]
Now, we want to reduce the two-body problem into a single-body one. Further we consider

the case, my = Mg = M, 1 =@q=¢€
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Where m. and e are the mass and charge of electron.
1 — T5- relative coordinate

R= $(71 + )~ center of mass coordinate
p = %= reduced mass

q = 5- reduced charge

And the vector potentials are

):'}+%AT (4.0.2)
) %T (4.0.3)

where ER:%(/_L—FEQ):B‘XR) and XT:Al_AQZ%B)XF’.

After appropriate substitution:

- 1 1 e? B2 r? eB - = e?
H= P? E T —| - Rx P+7x — 4.0.4
4m, + 2(me/2)p * 4m.c? { 41 . [ ]+ r ( )
where P = p1 + pp  and P = %(ﬁl — Pa)- are the center of mass and relative

momentum of the electrons respectively. Schrodinger equation for the two electrons in

the new coordinates is given by:

A

HU(R,7) = E,U(R, 1) (4.0.5)

For the case of interest here where the mass and charge of the two particles are equal, the
center-of-mass and relative motion separate. The wave function depends on the on the
center of mass position and relative position of the two electrons.

Our Hamiltonian takes the form:
H= I:IRCM + I:]T (4.0.6)

To decouple the Schrodinger equation (4.0.5), we use the variable separation method,

the Hamiltonian can be separated into motion of center of mass (Rcas) and relative (r)
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motion.
N 1 Muw? We »
Hpoy = =P+ —<R*— L, 4.0.7
fles = oM 8 2 (4.0.0)
1 W 2 Wer, €2
H, =— “rf— —0,+ — 4.0.8
2up TR TRkt (408)
Where L,=RxP and {,=Fx P are the operators of angular momentum of

center of mass and relative position respectively.
To decouple the Schrodinger equation, we use the variable technique separation method.

To do this, we assume that the wave function can be separated, i.e.
U(R,r) =p(R)(r, ¢) (4.0.9)
Using equation (4.0.7) the Schrodinger equation of center of mass (Rcpy) is

Hpe\¥(R) = Ert)(R)

1 Muw?
{QMP2+ < RQ_—L }%R( ) = Eppthnn(R) (4.0.10)

One particle Hamiltonian or the Landau Hamiltonian is given by:

A 1 mw? We ~
H=—p> cp? 250, 4.0.11
T T ( )

Its energy levels and wave functions are known. So equation (4.0.10) is one particle

system, energy levels are then given by:

1
By = hwe {nR + - (\My + M) + 2] (4.0.12)
Where M = 0,£1,4+2,£3,+4, ...... and nrp =0,1,2,3,....... One can see that
these levels degenerated for negative M. Finally, we have:
1
E,, = hw, (nR + 5) (4.0.13)

Where np=0,1,2,3,.........

The ground state energy ng = 0 is:

E, - %m} (4.0.14)
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In view of the importance of the physics of the two-dimensional (2D) electron gas, the
purpose of the present paper is to compute the effects of the coulomb interaction between
electrons. We shall, moreover, go beyond the zero-field limit considered by Aslamazov
and Larkin and compute the magnetization for arbitrary classically weak magnetic fields.
We find that the interaction-induced magnetization generally dominates over the Landau
and Pauli contributions at sufficiently low temperatures.

The relevant length scales of the problem are:

2 et

62 (&
)\ = = =
hwer/h pwe — /B3we/ hw.

Vo et h
ht e,

2
a a
— _g _2H (4.0.15)
where ayg = MZ = f—g -magnetic length for the relative motion.
ag = MZ—;— is Bohr radius.

We = Z—f—Cyclotron frequency. and

A- which characterizes the intensity of magnetic force and coulomb
force.
The problem can be divided in three cases.
Case I: At high magnetic field regimes means ay << ag and A << 1 “Quantum Hall
Effect”. In this case the Coulomb interaction is small and can be taken into account by
the perturbation theory [47].
Case II: At Low magnetic field regime means ay >> ag and A\ >> 1.
In this case the Coulomb interacion dominates and this is the usual 2DE gas.

Case III In this work we consider ay ~ ag and A ~ 1, when the perturbation theory
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cannot be used.

Consider the relative motion, Schrodinger equation of the relative motion part (r) is:

oy, (1, 0) = ey, (1, ) (4.0.16)

where 9, (1, p) defin as:
Un, (1,0) = ™ ¢(r) (4.0.17)

Substituting equation (4.0.8) and (4.0.17) in to (4.0.16) we get:

1 2 . 2 ) ]
{4 1 = 5004 © emagtr) —cemeor)

{_h_Qz weh 0 chz e’

2MV 2 90 + —= 3 ?] e p(r) = e p(r) (4.0.18)

where V2 = 68:2 +1 - 8T + Tizaa—;, thus our Hamiltonian become:
o 10 107 pw? o we, 0 €*) 4
_ - . c _Ch 1my — me
{ {8r2 * ror * r? 8@2} + g 2 Op T r }e o(r) = ec™o(r)

82 1o _m We pwp 5 € ime imeg
{__(8r2+FE_7~_2) - mt =t }e é(r) = ee™P(r)(4.0.19)

Further, we will be convenient to use dimensionless variable:

p= “;_L”C r (4.0.20)

One express the Hamiltonian corresponding to the Schrédinger equation (4.0.20):
A 1(d*> 1d m? proA
H =——q=-+-———— —+ = 4.0.21
2{dp2+pdp p2}+m+ i ( )
Where A= ¢&

The Lowest energy corresponds to m=0.

. (& 1d) 2 A
H=--14 -2t r, A 4.0.22
2{d02+pdp}+8+p ( )
For the case of A = 1 and at m=0 the potential energy U(p) = % + % are shown in Fig.
(4.1).

But in this case the problem can be solved numerically or with the help of variational
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Figure 4.1: The potential energy, U(p) = % + %, of the relative motion at m=0 and A = 1.

method. To find the ground state of the Hamiltonian (4.0.22) we use the variational

method. Let us take the normalized trial wave function in the form:

Po(p) = \/56xp< - QTPQ) (4.0.23)

where a- is a variational parameter. Usually, it is convenient to introduce parameters in
the trial wave function in order to perform more efficiently the minimization of the energy.

The Schrodinger equation with Hamiltonian (4.0.22) and wave function (4.0.23) is:

B = [ o] - H{ D L £ 2 gy

> [ 1(d® 1d AP 2
E,(a) = AN [ QR QR A P
(@) a/o ‘ I 2{d02+pdp}+ 8 +p}e e

0 To1(d 1d) 2 A .
Eo _ —ap2/4 I - L A —apc/4 d
(@) a/o ‘ { Q{dp2+pdp}+8+p}e e

oo B 1 2.2 2 )\
E(a) = a/ emort/4| _ 2 (O‘ F_2_ 9) + 5+ ;]e_Q'OQ/A‘de
0 L

this integral gives

Eya)=a B + %“2 + A\/%} (4.0.24)

This is the ground state energy of the system.

Where E,(a) = %aj, that equation (4.0.24) gives:

() = hw, E (a + é) + )\\/?} (4.0.25)

To find the varetional parameters « , we minimize the function F,(«),
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dE,(a)

7 = 0, we obtain:
(6%

this are

Amin

dE,(a)

dOK Amin

1 1 ml 1
1= = N =
4{ a2]+ \/gz\/a 0
o142

- =0
2V 2o
o?+ MW2ma?? —1=0 (4.0.26)

=0

This equation is solved by using of Mathematica method, this gives us, for different values

of A\, we get different value of @ and FE,()), so this shown as in the table below. From

Table 4.1: The relation of different vales of A and FE,()\) value.

A o E,(\)

0 1 :

0.25 0.763075 0.792096
0.5 0.621376 1.05165
0.75 0.52798 1.28851
1 0.461832 1.50851
1.25 0.412431 1.71538
1.5 0.374034 1.91166
1.75 0.343256 2.09915
2 0.317974 2.27919
2.25 0.296793 2.45281
2.5 0.278757 2.62082
2.75 0.263189 2.78387
3 0.249595 2.94247

this table we draw tha graph of E,()\) versus A are as shown below:
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Figure 4.2: The graph of E,()) value at different given values of A.

The corresponding results for the ground state energy F, of the system in the presence
of magnetic field are obtained and presented in figure 4.2.
To estimate the accuracy of variational method, we compare our results in the absence of

Coulomb interaction with the exact solution.
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4.1 Parabolic Confinement in Strong Magnetic Field

Confinement of the motion into two dimensions helps to strengthen many-body inter-
actions as well. Since its first experimental observation on the surface of liquid helium
two-dimensional electron gas (2DEG) has profited interest in wide variety of materials
and types of quantum confinement. Especially its confinement into a semiconductor het-
erojunction in silicon inversion layer [2] has attracted attention at the beginning of its
discovery and later on many investigations have been performed in such devices like Field
Effect Transistors (FET) and Metal Oxide Semiconductor FET (MOSFET). Let’s con-
sider confinement of the electron motion in the z-direction described by the confinement
potential veons. Electron motion is usually described here in the envelope function approx-
imation (EFA), neglecting the part of the Bloch wave function periodic with the lattice

constant of host material. Hamiltonian in EFA and effective mass approximation:

. 1 e N\°  mw?
H=—(p—-A 2 4.1.1
2m (p c ) * 2 " ( )

mw2

5 x2- is external field which removes the Landau degeneracy

where Veonf =

And the Landau gauge is given by:

A=|-Bx (4.1.2)

. 1 1 eB \° 1 mw?
H=—p +—(p — —p? 2 4.1.3
om?’ * 2m (py * c x) * om! N 2 " ( )
1 2B B\’ 2
H=—|p>+p*+p2+ Py (2] 2| 4 2 (4.1.4)
2m | Y c c 2

The Schrodinger equation is:

Hy = Ey

1 1 eB \? 1 mw?
— Pt — P+ —x) +—p+ 22 Yp = Ei (4.1.5)
2m 2m c m
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We solve the Schrédinger equation by assuming a wave function of the form:

Y(x,y, 2) ~ expli(kyy + k.2)]¢(z) (4.1.6)
Where p, and p, are now constant numbers (these are eigenvalues). Substitution of (4.1.4)
and (4.1.6)we get the schrodinger equation:
- 1 2¢B B\? 1
= o |5+ 2+ et (2 ) @) 4 gmee? (e, ) = Bi(y, 2)
2m | Y c c 2
(4.1.7)

Note that in (4.1.7), p, and p, are constant numbers and only p, and x are operators.

Let us denote 5-(p2 + p;) = a; then (4.1.7) can be written as:
B 2,1
ottt (ot g () 2 gm0t = (- (o)

L)
[t (2ot L (B ot et wte) = B (419)

Where £/ = E — a and p, = hk,, w, = %— is cyclotrone frequency.

Substituting equation (4.1.6) in to the above equation we obtain:

e (“(i)2>{<x1+<Zo/wc>2)2+1+21>2(Hmi >H“”

(4.1.9)
Where z, = ZZ/
we can rewrite equation (4.1.9) as follows:
2m [ m? z2w?
" s E/ - o ~O 2 o _ O
Rl o (R e i
2m [ m? r2w?
Vi s EI - ~o 2 o — 0
+ 2 _ 5 {[x ] +w2(w2+w§)2ﬁ}]¢
2m [ m? r2ww?
7 / ~ 12 _
2 +ﬁ_E — 5 {[ib‘—ﬂﬁo] +T}}Q@—O (4110)
Here Q2 = w? + w?
i~ Zo x()wz
Lo = 14+ (w/we)? -0z
The solution of equation (4.1.10) reads:
1 S
E, = o, . b4 = 4.1.11
ke ky V1+ (w/we) (n+ ) o T o ( )
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hk

where x, = — and
c

2 2 2 . .
m* =mL =m% (1 + %) is the new effective mass.
(&

Case I: For weak confinement w << w,

1 nk; h2k?
B, = hw, -] - L ? z 4.1.12
keky (n—l— 2) Qmwfw * 2m ( )
m* = m‘;j—é is very large and the velocity along the y-axis is small, v, = Z’;f . At

w — 0, v, — 0 and we have the Landau case.

Case II: For Strong Confinement w > w,:

h2k2 thQ
E, = hw.V?2 1/2) — !4+ = 4.1.1
ok, V2(n +1/2) o (4.1.13)
The term with k, gives considerable contribution to the current:
hk,
jy = €— 4.1.14
Jy € 2m n ( )

Where n-is the number of charge carriers.



Chapter 5
CONCLUSION

In this work we consider 2D electron gas in strong and weak magnetic field. When charged

particles move in a non uniform magnetic field, the motion is complex.

e In strong magnetic field ay << ap and A << 1, it shows Quantum Hall Effect. This
Hall effect arises from the deflection of charge carriers to one side of the conductor

as a result of the magnetic force they experience.

e Hall Effect gives us an information regarding the sign of the charge carriers and

their density; it can also be used to measure the magnitude of magnetic fields.

e In the case of A << 1, Coulomb interaction is small and to consider the contribution

of coulomb on the system, we can taken into account by the perturbation theory.

e For ay ~ apg, particle get minimum potential energy from sketch (4.1), it shows

Harmonic Oscillator. So particle is confined on some region of r.

e For higher values of the confinement energy the effect of the magnetic field is even

smaller.

e Variational method has better accuracy when the system is far from the critical

point.

e The type of Variational wave functions used involved an anharmonicity parameter.

47
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e The presence of the magnetic field leads to the additional increase of the correlation

energy of the system.

e Finally variational method was developed for the investigation of Coulomb correla-
tion between two equally charged particles in systems with radial confinement in an

external homogeneous magnetic field.
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