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Abstract
This project provides a practical overview of numerical solutions to the wave equation
of finite string using the finite difference method. The second order central differences
for time and space is applied to a problems involving the one-dimensional wave equa-
tion of finite string which lead to an explicit numerical scheme. It also allows the
reader to show with the consistency, stability and convergence of explicit finite dif-
ference scheme for finite string and an example with working Matlab code for the

scheme is presented.



0.1 Notations

R - The set of all real numbers.

O(h™) - Discretization error or Truncation error.

Ax - The local distance between adjacent points in space.
At - The local distance between adjacent time steps.

u™ - The n** derivative of u

¢ - Velocity



0.2 Introduction

The finite difference approximations for derivatives are one of the common and of
the oldest methods to solve differential equations numerically. The advent of finite
difference techniques in numerical applications began in the early 1950’s and their
development was stimulated by the emergence of computers that offered a convenient
framework for dealing with complex problems of science and technology.

The finite difference method consists of replacing each derivative by a difference quo-
tient in the classic formulation. In a sense, a finite difference method formulation
offers a more direct approach to the numerical solution of partial differential equa-
tions.

Wave equation, which is a partial differential equation, is a very important equation
in Applied mathematics. It has analytical solution but it is time consuming. It has
analytical solution but it is time consuming. Therefore one needs to use numerical
methods for solving this equation. For this we investigate finite difference method for
one dimensional wave equation. We implement the numerical scheme by computer
programming for initial-boundary value problem and verify the qualitative behavior

of the numerical solution of the wave equation.
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Chapter 1
Preliminaries

In this section we will consider basic definitions, methodologies and practices that are

important in this project.

1.1 Definition and example of Wave equation

The wave equation is a Hyperbolic partial differential equation. It typically concerns
a time variable ¢ with a spatial variable z, and a scalar function u = u(x,t) whose
values could model, for example, the mechanical displacement of a wave. The wave
equation for wu is , ,

% = CQ% (1.1)
where, ¢ is a constant. Solutions of this equation describe propagation of disturbances
out from the region at a fixed speed in one or in all spatial directions, as do physical
waves from plane or localized sources, the constant c is identified with the propagation
speed of the wave. A unique solution for the above equation is usually obtained by

setting a problem with further conditions such as initial and boundary conditions.



1.2 Finite difference method

The finite difference method is one of the premier mathematical tool to solve partial
differential equations. It is a means of obtaining numerical solutions to partial differ-
ential equations.

The application of finite difference method to a particular differential equation prob-

lem includes the following steps:
1. Construction of a discrete finite-difference model of the problem:

e Create a coverage of the computational domain by a space-time grid.

e Approximations to derivatives, functions, initial and/or boundary condi-

tion all at the grid point.

e Construction of a system of the finite-difference (i.e., algebraic) equations.
2. Analysis of the finite-difference model:

e Consistency and order of the approximation
e Stability

e Convergence

3. Numerical computation using Matlab.

1.2.1 Grid(Mesh) point

One way to numerically solve Wave equation is to approximate all the derivatives
by finite differences. These methods are derived from the truncated Taylor’s series
where a given PDE and boundary and initial conditions are replaced by set of al-
gebraic equations that are then solved by varies well known numerical techniques.
We partition the domain in space using a mesh xg,...,z;, and in time using a mesh
to, ....,tar. The discretization of the given differential equation is obtained by dividing
the given domain into a finite number of elements. The points at which those finite
elements with functional values are called nodes. We assume a uniform partition
both in space and in time, so the difference between two consecutive space points will

be h and between two consecutive time points will be k. The domain is partitioned



in space and in time and approximations of the solution are computed at the space
or time points. In addition, there are some practically useful schemes that can fail to
yield a solution for bad combinations of Ax and At. We will compute the solution
of the wave equation problem for 0 < x < L, 0 < t < T using a uniform grid. The
usual formulas are used, namely,

tj =ty + gk, for 7 =0,1,2,..., M,

x; = w9 + th, for i =0,1,2,..., N, where k =T /M and h = L/N.

Here, Ax is usually called grid spacing and At is called time step since ¢ usually
represents time. At the grid points a function u(x,t) is to be approximated by a grid

function w(x;,t;). A value of u(x;,t;) can be denoted by w;;.

1.2.2 Truncation error

Accuracy of a finite difference formula is a fundamental issue when discretizing differ-
ential equations. Truncation (or discretization) Error is caused when approximations
are used to estimate some quantity. The error between the numerical solution and the
exact solution is determined by the error that is commited by going from a differential
operator to a difference operator.

As (Az , At) — (0,0) the numerical solution obtained with any useful scheme will
approach the exact solution to the original differential equation. However, the rate at

which the numerical solution approaches the exact solution varies with the scheme.

1.2.3 Derivation of finite difference method approximation

The principle of finite difference methods is close to the numerical schemes used to
solve ordinary and partial differential equations. It consists in approximating the
differential operator by replacing the derivatives in the equation using differential
quotients. The domain is partitioned in space and in time and approximations of the
solution are computed at the space or time points. Now, using the derivative of a

function u(x,t) at h:
vonulr +ht) —u(x,t)
w(z) = Jim h
If h is sufficiently small then the derivative of u(z) becomes:

ooy (@t hit) —u(r,t)
u'(x) ~ h (1.2)




Now consider the Taylor series, a way to approximate the value of a function by
taking the sum of its derivatives at a given point, expansion of a function around a
point x = x.

The Taylor series expansion of a function u(x) at @ = x¢ is given by the formula:

n

= u™ (zg
(o) = 3 S (0 gy (1)

where, ul™(zg) = % at x = o and u’(zo) = u(wy).

If we let x = g + h, then © — x¢ = h, and the series can be written as follows:

n!

n=0
u'(x9),  u"(xo)
TR

where, O(h?) is the remaining terms of the series with leading term of order the er-

= u(xo) + h* + O(h%)

ror O(h?) incurred in neglecting this part of the series expansion when calculating
u(xo + h).

Because h is a small quantity, we can write 0 < h < 1, and h > h%2 > h3 > h* > ...

Therefore, the remaining of the series represented by O(h?) provides the order of the

error.
Now, we will replace the first order Z—Z at x = g, with the expression that
u'(xg) ~ w, u'(x) = fl%;, etc selecting an appropriate value for h, and indi-

cating that the error introduced in the calculation is of order O(h™).

Now, from the above equation and using Taylor series expansion for first order

derivatives for h > 0:

(o)

u(zo+h) = u(xg)+ — bt O(h?*) = u(wp) + u'(z0)h + O(h?)
u(rg+h) = u(ze) +u' (zo)h + %hﬂ + O(h%)

and for A < 0, the Taylor series expansion becomes:

u(zg —h) = u(xg) — u'(zo)h + O(h?)
,U///<:L.0)

o= O(h?)

u(zg —h) = u(xy) —u'(xg)h +

4



Now, rearranging the above equations for solving first order and second order

derivative with Taylor series for h > 0 gives:

u(zo + h) — u(xg)
h

- Oh)

u'(zo) =
and for h < 0 we get:

u(zg) — u(zg — h)
h

—O(h)

U (xg) =
For small space size h, (h > 0), then O(h) — 0, then the above equations become:

u(xg + h) — u(xg)
h

Equation (1.4) is called a first order forward finite difference approximation to u’(x).

(1.4)

U (zg) &

This approximation is called a forward finite difference approximation since we start

at xo and step forwards to the point xq + h, h is called the step size small and

u(zog) — u(zo — h)

u' (o) ~ h

(1.5)

Equation (1.5) is called the backward difference formula because it involves the values
of u at xg and xo—h. The order of magnitude of the truncation error for the backward

difference approximation is the same as that of the forward difference approximation.

1.2.4 First order central difference method

Now, in order to obtain first order central difference method adding equation (1.4)

and equation (1.5) and we get:

u(zo + h) — u(zg — h) = 2hu/ (x0) + O(h?) (1.6)

To get good approximations to the continuous problem small A is chosen. When
0 < h < 1; the truncation error for the first order central difference method goes to

zero and solving for u/(z) gives:

u(xo+ h) —u(zg — h)

u(20) oh

(1.7)
This is the central difference approximation to u/(zg).
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1.2.5 Second order central difference method

Approximation of the second derivative u” () can be obtained in a similar manner to
the first order method. Finite difference approximations to higher order derivatives
can be obtained in the same way and only with the additional manipulations of the

Taylor Series expansion about u(x).

u”(:L’o)

w(xo +h) = wu(zg) + v (zo)h + ThQ + O(h%) (1.8)
w(zog—h) = u(xg) —u'(zo)h + u”g!xo) h* — O(h?) (1.9)

Now, adding the two equations, (1.8) and (1.9), and solving for small h then u"(z)
becomes:
u(zg + h) — 2u(xo) + u(zo — h)
U (zo) = 72 (1.10)
This is called the central difference method to the second derivative of u at xy and.

In general, when 0 < h < 1, the above methods we discussed can be summarized

simply as follows.

methods formula
First Order Forward Difference u (o) =~ w
First Order Backward Difference U (zo) &~ w
First Order Central Difference U (zg) & %h“(m“_h)

Second Order Central Difference u”(z¢) =~ “(‘7”"%)_2"}5:2”0)”(“_h)

Using the second order central difference method with time and space derivatives

we derived a difference equation equivalent to the wave equation up to an error of

order O(h3), which lead to an explicit numerical scheme.

1.2.6 Properties of the Finite Difference Equation

The most important properties of the finite difference equation are consistency, sta-
bility and convergence. These notions cover different aspects of the relation between
the partial differential equation and finite difference equation, and the exact and

numerical solutions of the partial differential equation.



e Consistency: A finite difference method of a partial differential equation is
consistent if the difference between the exact solution of partial differential
equation and the approximated solution using finite difference method vanishes
as the space and time step size approach zero. Consistency deals with how well
the solution of finite difference solution approximates to the partial differential

equation and it is the necessary condition for convergence.

e Stability: For a stable numerical scheme, the errors will not grow unboundedly

with time.

e Convergence: A finite difference method of a partial differential equation is
convergence when the solution of a finite difference equation approaches to the
exact solution of the partial differential equation as both grid interval and time
step sizes are reduced. The necessary and sufficient conditions for convergence

are consistency and stability.



Chapter 2
Explicit Finite difference method

Our aim is to determine the vertical displacement wu(z,t) of a point x at time ¢.
We assume that the horizontal displacement is so small relative to the vertical
displacement as to be negligible and the maximum displacement of each point
on the string is small in comparison with the length L of the string. Both the
time and space derivatives are replaced by finite differences.

We assume that the region R = {(z,t) | 0 < 2 < L,0 <t < T} to be
subdivided into rectangles. To derive a difference equation for the solution we
start by replacing the space derivative by the second order center difference
formula.

Consider the following initial-boundary value problem for the Wave equation:
Ut = C2Uyy (2.1)
B.C :u(0,t) = 0,u(L,t) =0
I.C:u(x,0) = f(x),u(z,0) = g(x).

Step 1:- Define a discretization in space( h) and time(¢) with uniform grid. The

usual formula we used are namely,
tj - to + ]k’



where, k =T/M and h = L/(N + 1).

Ste 2 - Discretize the PDE. Use a second order central difference scheme for
both space and time derivatives. In preparation for introducing finite difference
approximations we evaluate the differential equation at the grid point (z,t) =
(z4,t;) to obtain uy(w;, t;) = Pz, (z;,t;).

Now, using second order central difference to approximate the derivatives and

gives us:

U(%i,tjurl) — 2U<£L’Z,tj) + u(xi,tj,l) —O(/{,‘Q) _ CQu('xiJrlatj) — 2U<£C2,tj) + U(l’i,bt]’)

k? B2
Now, rearranging the equation and can be rewritten as:
U(fﬂi, tj+1) = )\ZU(!EZ‘Jrl, t]) + 2(1 — )\2)U(Z’Z’, tj> -+ )\QU(JZ'Z',l, tj) — u(xl-, tjfl) + szija

where, 7;; = O(k*) — O(h?) is the truncation error and A = <.

Dropping the truncation error for O(h?) — 0 and O(k?) — 0 gives us the

following finite difference approximation to the wave equation:
)2 2 2
ui7j+1 =)\ Ui+1’j —+ 2(1 — A )Uij + A uifl,j — ui,jfl
and rearranging terms led to the iterative system:
Uigrr = N Uiy + tim1g) + 201 = M)y — g (2.2)

which is called the explicit finite difference scheme and it can be expressed in
the form of tridiagonal N x N matrix form v = Ku® — v~ + b.
where
2(1 — \?) A2
2 2(1 — \?)

2(1— X% ]
Us 1 /\2% 0
. U; 2 0
ut = ) and b =
U n >\2uz n

~O(h*



This is the finite difference approximation to the wave equation. The value at the
(i 4 1)™" time step is computed from the values at the i and the (i — 1) time steps.
Now, from discretizing the Boundary and Initial Conditions we get:
Up; = un+1,; = 0, and the first initial condition translates into u;o = f; and this
can be determined using the second initial condition. It is important to preserve
the quadratic truncation error, and possibilities include introducing a ghost point(or
boundary point) or to use a higher-order one-sided difference. However, for this
particular problem there is a more direct approach using Taylor’s theorem. Keeping

in mind that wy = c*u,, then, for small k,

u(zi, t) = ul(x, k)

1

= u(x;,0) + kug(z;,0) + §k2utt(af;i, 0) + O(k?)
1

= u(wz;,0) + kug(z,0) + §k202uw(xi, 0) + O(k?)

1
= flx;) + kg(z;) + §k262f"(cci) + O(k*)
With this, we have that,

2
w1 = fi + kg + %(fi-i-l —2fi + fic1) (2.3)

fori=1,.... L.

This is the derivation of the finite difference approximation for Wave equation.
Example 1. Solve uy = 4u,, , with boundary conditions u(0,t) = 0, u(4,t) = 0,
t > 0 and the initial conditions.

u(z,0) = z(4 — ) and u(z,0) =0,
solution 1. We have ¢ = 4. Let us assume that we use an explicit method with

h =1 and k = 0.5. Let the number of time steps up to which the computations are to

2(0.5)
T =1

Now, using an explicit formula given in and (2.2) we get:

be performed be 4. Then,we have A = % =

ui,j+1 = ui+17]~ + ui_w — ui,j—l s 1= 1, 2, 3 CLTLd] - 0, 1, 2, 3.
The boundary conditions give the values u(0,j) = 0 = u(4, j), for all j and the initial

conditions give the following values.

u(z,0) = z(4—1x),u00=0,u10=3

U200 = 'LL(Z, O) = 4, Uz, = 3, Ug,0 = 0

10



Now, using first order central difference method to u;(x,0) = 0 which gives

u;—1 = u;1. We have the following results:

For j = 1: calculate u; 9 = Ujp11 + Uim11 — Uip-
(4 izl2U1,2:U2’1+U0’1—U170:3+0—3:0,
(4 i:2:u272:u3’1+u1’1—u270:2+2—4:0,

L4 Z':?)iUg’Q:U4’1+U2’1—U370:0+3—3:0.

These are the values at the interior points on the time level t = 1.0.

For j =2 calculate u; 3 = wiy12 + Uim12 — U1 -
e i=1:u3=1u2+up2—u,1 =0+0—-2=-2,
e i =2: U3 =1U32+U2— Uy =0+0—-3=-3,
e i =3:uU33=1Uso + Uz —u31 =0+0—-2=-2.

These are the values at the interior points on the time level t = 1.5

For j =3 calculate u; 4 = wiy13 + Uim13 — Ui .
o | = 1IU174:U273+U073—U172: —3+0-0= —3,
o z':2:u274:u373+u173—u23:—2—2—0:—4,
o i:3IU3,4:U473+U273—U372:0—3—0:—3.

These are the values at the interior points on the required fourth time level t = 2.0.

2.1 Consistency, Stability, Convergence, Disper-

sion and Dissipation

When choosing a method for solving a differential equation problem it is necessary to
have some knowledge about how to analyze the result if the method with respect to
these concepts. The solution method should have certain properties. In most cases, it
not possible to analyze the complete solution method. The most important properties

are summarized below.
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2.1.1 Consistency

A numerical scheme is consistent if the discrete numerical equation tends to the exact
solution of a differential equation as the mesh size (represented by Az and At) tends
to zero. Consistency is used to indicate the accuracy of the method. Consider the
expression of equation (2.3) to follow the consistency condition that is satisfied by
Ti; —+0as h — 0 and k — 0.

Since finite difference method of a partial differential equation is consistent, if the
difference between the solution of partial differential equation and finite difference
method vanishes as the space and time step size approach zero. Consistency deals with
how well the finite difference equation approximates the partial differential equation

and it is the necessary condition for convergence.

2.1.2 Stability

A numerical solution is said to be stable if it does not magnify the errors that appear
in the course of numerical solution process. Stability guarantees that the method
produces a bounded solution whenever the exact solution of a differential equation is
bounded. For iterative methods, a stable method is one that does not diverge.
Solutions of partial differential equations using explicit numerical methods need a
means of limiting the timestep so that the solution is stable. A criterion that is
usually used to constrain the step size is called the Courant—Friedrichs—Lewy (or
CFL) condition. The CFL condition for stability requires that the characteristics
emanating from a mesh point (z;,t;) must, for 0 < ¢ < ¢, remain in its numerical
domain of dependence on the region: R = {(z,t): x; —ct; <z < z;+ct;,0 <t <t}
Consider the following finite difference approximation to the wave equation equa-
tion(2.2),

2 2 2
ui7j+1 =\ ui+1’j + 2(1 — A )Uij + A ui,l,j — um,l

Now, to analyze the stability conditions of wave equation use the analytic solution of

wave equation substitute ul = w;e™ into (2.2) and we get:

inrh 2 inrh 2 2 jinrh inrh inrh
einr Wit = (/\ elnr +2(1 A2 \2einr ))6277,7’ w; — einr wj_1

12



Cancelling terms and using the double angle formulae we get:
wiv1 = 2(1+ X*(coshr — 1w, — w; 1
h
= 21— 22 Sin2(%))wj — W

Assume that w; has the following exponential form w; = G then the above equation
reduces to the following quadratic equation:

G? — 279G 4+ 1 =0, where, v = (1 — 2X?sin(2))

The solutions of this quadratic equation are given by G = v & \/ﬁ .

Now, let G; and G5 be the roots of this quadratic we may conclude that,
(G -GG —Gy) =G~ (G1+G2)G + GGy =0

Now, from the above two quadratic solution we see that GG = 1.

However, for stability of solutions for the form w; = G’, we require that | G5 |< 1 and
| G5 |< 1. If the solutions are to be stable, that is | Gy |=| Ga |= 1, which implies
that | v [< 1.

Thus, | 1 — 2A%sin? % |< 1. We conclude that the condition for stability of the

solution is A2 sin® % < 1.

2 rh

Since the maximum value that sin® %* can achieve is A = (ck/h) < 1, which imposes

an upper bound on the time step.

2.1.3 Convergence

Definition 1. A finite difference scheme approximating a partial differential equation
is a convergent scheme if for any solution to the partial differential equation, u(x,t),
and solutions to the finite difference scheme, v , such that v? converges to ug(x) as
iAx converges to x, then v converges to u(x,t) as (iAx,nAt) converges to (z,t) as
Ax, At converge to 0.

A numerical method is said to converge if the solution of the discretized equations
tends to the exact solution of the differential equation as the grid spacing tends to
zero. The solution of the corresponding partial differential equation and that the
approximation improves as the grid spacings, h and k, tend to zero.

Remark. A finite difference method solution u; converges to the exact solution of a
partial differential equation U; on 0 < t < T in a particular vector norm if |U; —

wil| — 0 Wheni — oo , Ax — 0,At — 0 and nAt < T

13



2.1.4 Dispersion and Dissipation property

Plane wave solutions are effective in determining the wave properties of the solution

of the wave equation. Consider the form of plane wave solution of the form:
u(z,t) = ethe=e) (2.4)

where, © = v/—1 and k is the wave number such that 0 < £ < co. Now, substitute

this equation in equation (2.1)and gives:

Uy = CUyy = 0° = K2

= w0 = +ck
Now, with the above result we have the following properties:
1. An equation is stable if w; < 0, Vw; ; otherwise it is unstable.

2. An equation it propagates with the speed v,;, = ¥ = #¢, which is called phase

Bt

velocity.
3. An equation is dispersive if v,, depends on k; otherwise, it is non-dispersive.
4. An equation is dissipative if w; is not identically zero; otherwise it is non-
dissipative.
5. For non-dispersion wave equation there is a second derivative velocity that de-

dw

dk*
For the wave equation we found that v,, = +c. Because v, does not depend

rived from the dispersion relation called v, and v, =

on k, it follows that the equation is non-dispersive.
The plane waves introduced earlier provide an effective tool in determining the
wave properties of the solution of the wave equation. Now consider the solution

of the form:
u(a:,t) _ ei(kx—ajt)
Substituting this discrete plane wave into (2.3), one finds that
e~k — )\2ez‘hE + 2(1 . )\2) + )\2677;% — otk
Combining the exponentials, and using the identity in which,

2sin®(%) =1 — cos(f), yields

sin(%k) = £\ Sin(];—h) (2.5)

14



This is the numerical dispersion relation for the explicit method that differs from
the actual dispersion relation for the wave equation which described above that
w = *ck

For a given k there are an infinite number of solutions of above (2.5) for w.
We are primarily interested in the case where A is small, and so it is assumed
in what follows that 0 < kh < w. Also, we confine our attention to the case
—nm < wk < . With this the above equation can be written as:

= i% sin”' [\ sin(%)] (2.6)

IS

This is a numerical plane wave dispersion properties and now we have the fol-

lowing numerical plane wave properties:

e For A > 11in (2.6) then there are values of k for which /\sin(%h) > 1, and in
such cases w is complex-valued, w is real-valued if A <1 and for A = 1 then

w = +ck, exact dispersion for the wave equation.

e The numerical method is non-dissipative for w is real-valued for all £ only
if A < 1, which is the stability region the numerical method has the same

non-dissipative property as the wave equation.

e For numerical phase velocity, vy, which can be evaluated as:

Unph =
kh
sin~t(\ sin(7))
e Now, using the Taylor series expansion of the above equation for small h
and k and \ we get:
Upph = (1 — 5 (1 — A?)(kh)?
Thu, the numerical method non-dispersive, independent on k, if and only if

A = 1 otherwise it is dispersive.

Example 2. Consider the problem u; +au, = 0, where a is a positive constant. Show
the dispersion, dissipation, phase velocity properties for the given problem.

In order to check the above properties consider that the problem has the solution of

15



the form u(x,t) = e/ke=o0)

Then substituting in the given problem we get:
up + au, = 0 = (—iw)u(x,t) + a(—ik)u(z,t) =0
(—iw) + a(—ik) =0

w0 = ak

Since w s real-valued and non-zero, the given problem is non-dissipative and also,

Uph =

|

I
S]

w‘| I~ ?T‘ll €l

Since vy, doesn’t depend on k then the problem is non-dispersive.

16



Chapter 3

Matlab implementation program

Now, we see Matlab for the explicit finite difference scheme of wave equation to

compare the exact solution of the following wave problem:

3.1 Test problem 1

Consider the initial and boundary problem of (1.1):

Uy = gy, 0 < x < L,t>0
u(0,t) = u(L,t) =0
u(x,0) = f(x),u(x,0) = g(x),0 <2 < L.

To solve the analytic solution use method of separation of variables.

analytical solution of the above wave equation is:

u(z,t) = Z sin %x(an cos A\t + by, sin A, t)

n=1

where

o L
a, = Z/o f(x)sin%xdx
o L

nm

b, = — in —uxd
| g(x)sin 7 vde
nm

A = =12, ..
e
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and use the explicit finite difference scheme (2.3) using the following data to simulate

the following example.

c=1=L, f(z) =sin %% and g(z) =0
Using the above data and by (3.1) the exact solution of the wave equation is:

= u(z,t) = sin 27x cos 27t.

Implementation

The explicit finite difference scheme (2.4) is implemented in the Matlab function wave

as follows:

Matlab Code

1 function [x0,t0,u0]=wave(nt,nx,alpha L, tmax)

2 %wave solve 1D wave equation with finite difference scheme
s Y%wave (nt)

+ Ywave(nx,nt)

s %wave(nx,nt ,alpha L)

s %input: nt=number of steps;

7 Y%mx=number of mesh(Grid) pointsin x—direction:

s %alpha=speed

o %l=length of the domain

10 %tmax = maximum time for the simulation

1 %output: x=location of the finite difference nodes

12 t=value of time at which solution is obtained (time nodes)
13 YU=matrix of the solution: U(i,j) is U(xi) at t=t(j)

1w if nargin <1,nt=101;end

15 if nargin <2,nx=101;end

16 if mnargin <3,alpha=1;end

17 if nargin <4,L=1;end

18 if nargin <5,tmax =0.5;end
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35
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38

39

40

41

42

43

44

45

% Compute mesh spacing and time step

dx=L/(nx—1);

dt=tmax/(nt—1);

r=alpha "2xdt"2/dx "2;

r2=2—2x%r;

%Create arrays to save data for export

x=linspace (0,L,nx) ';

t=linspace (0,tmax,nt);

%Set 1.C and B.C

U(:,1)=sin(2xpixx/L);

U(:,2)=sin (2xpi*xx/L)—2x(pi/L) " 2xdt " 2xsin (2*xpixx/L);%implies

u0=0;uL.=0;

u0=0;uL.=0;

%Apply B.C inside time step loop

%Loop over time steps

for m=3:nt
for i=2:nx—1

U(i,m)=r2%U(i ,m—1)+r+«U(i+1m—1)+r*U(i—-1,m—1)-U(i ,m—2);
end

end

Y%Compare the exact solution at end of simulation

ue=sin (2xpi*x/L)*cos(2*xalpha*pixt/L);

plot (x,ue(:,15),"'r—"' x,U(:,15),". ", "LineWidth' 1);

title ('Example of numerical wave equation solution','FontSize

L 14)
xlabel (X", "FontSize ' 14);
ylabel ('U(x,t)", ' FontSize' 14);
Legend ( "exact ', "approximate ') ;

grid

Running wave function with the above parameters gives:

Case 1. For A\ = % < 1. Let A = i, then the exact and approximate solutions are

shown below
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Case 2. For A\ = % > 1. Let A\ = 4, then the exact and approximate solutions are

shown below

Example of numerical wave equation solution
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We can see from the two Figures that the numerical solution is more stable when

A < 1 and is unstable when A > 1 . The explicit scheme (2.4) is conditional stable.

3.2 Test problem 2

Consider the wave equation where ¢ = 4. The string at rest has length L = 1.

Assume that the initial condition is:
e u(x,0) = f(x) = sin(mx) + sin(27z)
o u(x,0)=g(x)=0.

Use the finite difference method to solve the wave equation over the rectangle
R={(z,t):0<2<1,0<t<1}. To solve the analytic solution use method of

separation of variables. The exact analytical solution of the above wave equation is:

e nm
t) = 1, COS A\t + d,, sin A\, t) sin — 3.2
u(z,t) ;(c coS + d,, sin A\, t) sin L:z: (3.2)
where

9 L

Cn = z/o f(x)sin%:cdx
2 L nmw

d, = — in —axd
], g(x)sin 7 wde

solution 2. Compare the solution with the exact solution:
u(z,t) = sin(mwx) cos(wt) + sin(2wx) cos(4nt). Using ¢=2,h=0.1,k = 0.05. This be-

comes)\:%zl
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h = H
c = 2.0;
L = 11:
m= 21;
F[x 1= Sin[x x] + Sin[2x x]:
G[x 1= 0.0;
a
h= ——:
n-1
b
k= —:
m-1

f[i ] =F[h{i-1})]:
g[3_1 =6[k{3-1}]:

Now set up the table of solutions, then numerical Solution graph becomes:
ck

r = :
h

Fhgrid[n, m]:

Fhsolve[n, m];
ListPlotiD[u, AxesLabel — {"t{3)}", "x{i}", "u" }, ViewPoint — {4, 2, 3}, ColorFunction — Hue]:
Print["The numerical solution to the P.D.E."];
Print["w..{x,t) = 4 u {x,t}"]:
Print[" u(x,0) = £{x) = ", F[x]]:
Print["uw.{0,x} = g{x) =", G[x]]:
Print["c = ", c]:
Print["h = ", h]:;
Print["k = ", k]:
ck

Print["% = e = 1:

The numerical solution to the P.D.E. was computed on a "grid” in a matrix.
Hence, we have "lost” the connection between the "z” and ”t” variables when plotting

the solution.

Print["The numerical solution to the P.D.E."]:
Print ["we{x,t) = 3 wy {x,t)}", "\n"];
Print [HumberForm[TahleForm[Transpose [Chop[u]ll]l, 31]1:
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Summary

Using an explicit finite difference numerical scheme for the second order time and
space derivatives we derived a difference equation equivalent to the wave equation up
to an error of order (Az?), which lead to. Analyzing the stability of this scheme we
arrived at the condition cAt < Ax, where c is the wave speed. This condition means
that the wave speed of the numeric scheme must be at least as large as the wave speed
of the exact equation. We also observed that the derived scheme uses two previous
time steps to compute the values of the numerical solution at a particular grid point,
thus one needs the values of two initial times steps to run the scheme. These, we were
able to find from the initial-boundary conditions by explicit finite difference method,

which does not add smaller order errors to the numerical scheme.
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