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Abstract

In this paper we give sufficient conditions ensuring that the periodic solutions for a class of
second order differential Equations and positive periodic solutions of second-order differential
equations ; system of periodic solutions for autonomous and nonlinear differential equations,
each of which has at least one periodic solution. This paper consists three parts. In the first part
of this paper, we study periodic solutions for second order differential equations are provided.
The method of proof relies on the Schauder’s fixed point theorem. In the second part, we have
obtained existence results for single and multiple positive periodic solutions of second order
differential equation. The results are based on a fixed Point theorem for cones. In the third
part, periodic solutions for nonlinear differential equations and autonomous systems are
considered.

Finally, in each part of the paper, prototypical examples are provided to illustrate the main

results of the paper and conclusion is drawn as well.
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Chapter one

1. Introduction and Preliminaries

1.1 Introduction

The study of periodic solutions for second order differential Equations and periodic solutions of
ordinary differential Equations has been a significant part of mathematics for several centuries.
The earliest motivation for the study was classical mechanics, especially celestial mechanics. For
example, the Equations arising in Celestial mechanics are autonomous. The existence and
multiplicity of periodic solutions are important aspect in differential equations qualitative
analysis. The existence problems for periodic solutions and periodic boundary value problems
for first-order and second-order ordinary differential equations have attracted the attention of
many authors. Many theorems and methods of nonlinear functional analysis, as one can see
[1,3,4,5,6,8,9,16,17,18], have been applied to these problems. These theorems and methods are
mainly the upper and lower solution methods and the monotone iterative technique see [20, 26,
30], the continuation method of topological degree (see [21, 27, 28, 31]), fixed point theorem and
the variational method and critical point theory (see [22, 24, 25, 29]).
In the first part of this paper, we investigate the existence of periodic solutions of the following
differential equation

x"(1) + a()x'(t) = g(t, x(1)) — f{t, x(1), X'(1)) (1.1)
Where a(t) is a continuous ® — periodic function, g(z, u), f(t, u, v) are @ — periodic in # and ® > 0.

Eq. (1.1) includes many important models, for example,

x"(t)+ w sin x(t) = h(t) (1.2)
X"+ (1) +g(x(t) = e(t) (1.3)
x"(t)+cx'(t) + psin x(t) = h(t) (1.4)
x"(1) + flx(®) X'(1) + g(x(1) = e() (1.5)
x")=—X"*D 1> 0 (1.6)

where /is constant.
The above equations arise in many fields, such as, physics, mechanics and engineering. (See [2,

10, 11, 13, 14, 15))



One of the main purposes of this paper is to discuss the existence of periodic solutions of
equation (1.1) by means of Schauder’s fixed point theorem. The method of proof is in a simple
idea and is composed of two steps: the first step is to transform the original equation in to a first
order integro-differential equation through a linear integral operator and the second step is an
application of the Schauder’s fixed point theorem. The existence of single periodic solution for
(1.1) has been established under suitable behavior of g and f on some closed sets. So some
information on the location of periodic solution is also obtained, leading to multiplicity results.
The results are new for (1.2) — (1.5). See (Corollary 2.2, corollary 2.3, theorem 2.3).
In the second part of this work, we consider the existence of positive periodic solutions of
second-order differential equation
x"()+ax'@Q)+/(t, x1) =0 (1.7)
where a(t) € C(R, R), f(t, u) € C(RX R, R), a(ttw) = a(t), f(t+w,u) = f{t, u).
Li[29] has discussed the existence of positive periodic solutions of differential equation.
x"(1)+g(t, x(1)) =0 (1.8)
where g(t, u) € C (RX R, R), g(tt+w, u) = g(t, u). By using the theory of the fixed point index for
cones, we have obtained the optimal conditions for the non-linear term g so that equation
(1.8) has a positive periodic solution. But this method is not valid for equation (1.7) with the

term x'. By using a new fixed point theorem for cones, we obtain existence results for single and

multiple positive periodic solutions of Equation (1.7) which extend the results given in [29].

In this work, in the third part, we consider the periodic solutions for autonomous system of the
form.

x'=flx)
Where the domain of f; is an open set D in R" and f; satisfies a local Lipschitz condition and
periodic solutions for nonlinear differential equations of the form

x'=f(t,x)
where f'has domain R x R" and f'has continuous first derivative in all variables at each point of

RxR".



1.2 PRELIMINARIES

1.2.1. DEFINITIONS AND CONCEPTS

Definition: Let { f, } be a sequence of functions defined on a set E. { £, } is said to be uniformly
bounded on F if there exists a number M such that

|fn(x) | <Mforallxe E,n=1,23,...
Example: Let f,(x) = sinnx, 0 <x<2x,n=1,2,3...
Consider that for each x ¢ £ = [0, 2z] and n € N,

|f,,(x) |= |sinnx|§1
Therefore, { 1, } are uniformly bounded sequence of continuous functions on compact set [0, 27x].
Definition: A family F of real - valued functions f defined on a set E of real numbers is said to
be equicontinuous on E if for every € > 0 there exists > 0 such that
feF,x,ycEand |x-y|< d => |fv- )| < &
Theorem: 1f { f, } is a sequence of continuous functions on [a, b], and suppose { f, } converges
uniformly on [a, b], then { f, } is equicontinuous on [a, b].
Proof: Assume that f, — funiformly on [a, b]. Let ¢ > 0 be given. Then there is an N € N such
that

| £,0) —fv@) | < &3 forall x € [a, b] and for all n > N
Since continuous functions are uniformly continuous on [a, b], thereisa 6 >0 such that 1 <i<N
and
|x—y | <8 = |/ —fi) | <er3
Now if n >N and | xX—y | <9, it follows that
| i) =) | < | o) = ) | +| %) = ()| +| ) —fu(3)| < e/3+ e/3+e/3 = .
Therefore, { f, } is equicontinuous on /a, b]. The proof is complete
Definition: (Cauchy Sequence)
A sequence { x, }nen 1s a Cauchy sequence if for all € > 0, there exists n(g) such that for all
m, n >n(g) we have
s =26 | <2
Theorem: Let X be a real vector space. A norm on X is a map || . || : X — [0, o] satisfying the
following requirements
(i) || x| =0ifandonlyifx=0

(i1) ||ax||§|a|||x|| for all o € R and for all x €



Gy Nxew D=l oyl orsyex
The pair (X, || ||) is called a normed vector space.

Definition: An ordered field F is said to be complete (or to have the completeness property) if
and only if every non-empty subset of F that has an upper bound has a least upper bound in F.
Definition: A normed Space is complete if every Cauchy sequence {x,}.. converges, i.e. there
exists x € X with

| x,—x || = 0,asn—
We write x,, — x as n — oo.
Definition: (Banach Space): A Banach space is a vector space X over the field R of real
numbers, or over the field C of complex numbers, which is equipped with a norm and which is
complete with respect to that norm, that is to say, for every Cauchy sequence {x,} in X, there
exists an element x in X such that

limy_,.x, = x or equivalently: limy_, || Xn - X || =0
Definition: (Convex Set)
A convex set is a region such that, for every pair of points within the region, every point on the
straight line segment that joins the pair of points is also within the region.
Theorem: (Fixed point theorem)
A fixed point of a mapping K: C ¢ X — C is an element x € C such that

K(x) =x.
Theorem (ASCOLI- ARZELA THEOREM): Let { f, } be an equicontinous sequence of functions
on [a, b], and suppose there exists M > O such that for all » and for all x € [q, b],

) | <M
Then { f, } contains a subsequence which is uniformly convergent on [a, b]
Definition (The concept of convergence):
(1) Given a normed vector space X, we say that a sequence of vectors { f, } converges to a vector
fif

lim [l fn— f [l —0

n -

(2) A mapping F: X— Y between two normed spaces is called continuous if

limfn = f = limF(fn) = F(f(x))

n- n-



Brouwer Fixed point Theorem: If X = [a, b] C R and 1 X — X is continuous then f has a fixed
point. i.e. a fixed point exists provided X is a compact and convex subset of R™.

Schauder Fixed point theorem: If D is a non-empty, convex and compact subset of Banach
space B and T: D — D a continuous function, then T has a fixed point in D, that is, there exists
an x € D such that T(x) = x.

Remark: Schauder’s Fixed point Theorem is the infinite-dimensional analog of the Brouwer
fixed point Theorem.

I.e. Shauder Fixed point Theorem is the extension of Brouwer fixed point Theorem.

Definition (The Lpischitz condition): Let f be a function defined for (x, y) in a set S. We say f
satisfies a Lipschitz condition on S in y if there exists a constant K such that

|f(x, yi) = fx, y2) | <K |y1 -2 |
For all (x, y;), (x, y2) in S.The constant K is called a Lipschitz constant.



1.2.2 PERIODIC SOLUTIONS FOR SECOND ORDER DIFFERENTIAL

EQUATIONS

The main purpose of this section is to discuss the existence of periodic solutions of equation
(1.1) by means of Schauder’s fixed point theorem. There are two steps to be considered. The first
step is to transform the original equation in to a first order integro-differential equation through a
linear integral operator and the second step is an application of the Schauder’s fixed point

theorem.
Let X = {x € C (R, R): x(t + w) = x(¢) for all # € R} with the norm ||x|| = max,e[g,e)| X(?) |

lim max

Clearly, X is a Banach space. 3%, te[o, n()—x(®)| = 0

Proof: To show X is a Banach space, we have to show that {x,(#)} converges to x(¢), {x,} is a
Cauchy sequence and x is continuous.

A sequence of functions {x,(¢)} converges to x(¢) if and only if

lim, o, [l xn — x ||= lim,_. max | an(t) —x(t) |, te [0 w]

That is, in the language of real analysis x, converges uniformly to x.

For any fixed ¢ € [0, w], x,(¢) is a Cauchy sequence of real numbers. By completeness of R,
there is a limit x(¢) for each ¢. Thus, we get a limiting function x(¢). Moreover, letting
m— o in

|x,(£) — xu(f)| < € foralln, m> N¢, t€ [0, w]
we see,
|x,(f) — x(£)] < € foralln >N, t€ [0, w],
That is, x,(¢) converges uniformly to x(¢).
From real analysis the uniform limit of continuous functions is again continuous.
Fixt€[0, w]and € >0
We need to find a § such that
|t —s|<8=>|x(t) -x(s)| <€
Pick n so that
[x— x| < €/3

And so that



[t = 5] <& =>[xa(t) - xu(s)| < €/3
Then
[t — s1< 6 =>[x(D)- x(s)| < [x()= x,(O) |+ |x(2) = x,(5)+ | x,(5) = x(5)| < §+ § + § =€,
as required.
Hence x(t) € X and thus, every Cauchy sequence in X converges.
That is, X is a Banach space. The proof is complete.
Let p, ¢ € X and consider the following two differential equations
X'(1) == p@)x) +q(), (1.9)
xX'(1) = p)x(t) — q(1), (1.10)

Lemmal.l: Assume thatfow p(t)dt # 0,then eq.(1.2.21)has a unique w — periodic solution

Loy (t+e  exp(f] p(r)dr)
(OB exp(fy’ p(r)dr)-1

q(s)ds

and (1.2.22) has a unique w-periodic solution

oo trw exp (U5 par)
X = J; exp(fy p(r)dr)-1

q(s)ds

Proof: Obviously, the periodic solution of (1.9) is unique if [ Ow p(t)dt # 0, and we show that
x(t) is the periodic solution of (1.9). Differentiating X(t), we obtain that

exp (ftHw p(r)dr)

- 1
t)= ) +w) — ) t
x(t) exp(/, p(r)dr)—lq( ®) exp(J, p(r)dr)—lq()
t+w p(®) exp (J; p(r)dr)
b exp(Cpman-1 IV
=q(t) - p(1) x(t)
And
- _ t+20 exp(J;,, p(dr)
¥t w)= ft+w exp(fy” p(r)dr)—lq(s) ds
 t+w exp (o p(r)dr)
e e rman At @)t w)
_ t+w  exp ([ p(r)dr) o
=4, e ([ pran 14 (W = X(0)
Hence, X(t) is unique w-peroidic solution of (1.9). The proof is complete



Proof of Equation (1.10): Assume that | Ow p(t)dt # 0 by lemmal.l. Then equation (1.10) has a
unique w-period solution

t+w exp (T pr)dr)

O =L im0
And we show that X(t) is the periodic solution of Equation (1.10). Diffirentiating X(t) , we
obtain that
_ 1 exp (J, " p(r)dr)
= o) t+ - ) 1)+
*() exp(J, p(r)dr)—lq( @) exp(J, P(r)dr)—lq()
J-t+a) p(t+w) exz( fSHw p(r)dr)q(t)
t exp (f, p(rdr)-1
=—q(t) + p(t) x(1)
=p) x(t)—q(1)
And
_ _ t+20 exp(f; 2 p(rdr)
e+ 0=, e pryar—1 4748
_ (t+o exp(f; Y p(rdr)
=), e pryan—1 4%
_ trw exp(fin p(r)dr)
e e pman - 1@ ()
_ t+w exp (7 p(rar)
e exp(fowp(r)dr)—l q(wds
=x(t)
Hence, x(t) is a unique w-periodic solution of Equation (1.10) The proof is complete

The following well-known Schauder’s fixed point theorem is crucial in our arguments.
Lemmal.2. Let X be a Banach space with D C X closed and convex. Assume that
T: D — D is a completely continuous operator, then 7 has a fixed point in D.

Define an operator J on X by

t+ (s-tp
(Ju)(t) = ft w Z,,w—1u(s)ds’ u€X,
where p > 0 is a constant which is determined later. For any u € X, Ju € X n C'(R) and
(Ju)'(t) = —p(Ju) () + u(). (1.1T)

If ueXnC (R),thenJu€Xn C(R)and



(Ju)"(1) = =p(w)'(@) + u'(®) = P*(Ju) () — pu(t) + u'(2). (1.12)
We transform (1.1) to
P*(Ju)(t) — pu(t) + u'(t)- a(t) (—p(Ju) (1) + u(t) = f{t, (Jw)(®), w®)—pw)(®) — g(t, () (1)),
that is,
u'(t) = (pra@)u(t) — [p°Ju + pa(®)Ju + gt Ju) — fit, Ju, u —pJu)]. (1.13)
By lemma 1.1, we obtain that if u is a periodic solution of (1.13), u satisfies

_ [tto exp fst+w(P+a(r))dr
u(®) = ft exp(f(;‘)(P+a(r))dr—1

(Hu)(s)ds

If fow(p + a(r))dr # 0,where
(Hw)(s) = P’(Ju)(s)+Pa(s)(Ju)(s)+&(s, (Ju)(s)~f1t, (Ju)(s), u(s) —p(Ju)(s)).
Proof: To show u is a periodic solution of equation (1.13), we have the following:

If [ Ow(p + a(r))dr # 0, Equation (1.13) has a unique solution u.

u(t) = ft+w exp f5t+w(P+a(r))dr
T e exp(fow(P+a(r))dr—1

(Hu)(s)ds

Differentiating we have,

exp fst“" (p+a(r))dr t+w ft+w (p+a(®) fst+w(P+a(r))dr

- / /
u(t) exp(fow(p+a(r))dr)—1(Hu(s)ft + t exp (f(:"(P+a(r))dr)—1 (Hu)(s)ds
_ exp ftt:ww (p+a(r))dr _exp ftt+w (p+a(r))dr/
(P wramydn—1 W (70) = i aratnan 1 WO * (pra®)ul)
t+w
. 1 p exp [, (p+a()dr
= @ Hu)(t)— ) ( + (p+
exp(/, (p+a(r)dr)—1' W) exp(/, (p+a(r))dr)—1\Hu)(t) (pa(®)u()
t+w
_ exp Je (p+a(r))dr—1/
() ) St e ) )+ () )
= —(Hu)(1) + (p+a(1)u(t)
= (pra@®)u(t) — (Hu)(1)
Thus, u is a periodic solution of equation (1.13) the proof is complete

In order to put more emphasis on the above facts, we summarize them in the following lemma.
Lemmal.3: Define an operator 7on X by

_ [tto exp (fst+w(P+a(r))dr
(Tw)(®) = ft exp(f; (P+a(r))dr—1

(Hu)(s)ds (1.14)

Here | Ow(p + a(r))dr # 0. Then the fixed point u of T on X is the periodic solution of (1.13)

and Ju is the periodic solution of (1.1).



Proof: Since Tu = u and

exp " (pra(r)dr
+
exp(/,’ wramyin-1 W0

t+w

. exp [ o (p+a()dr
= Hu)(t+w)—
(Tu) (t) exp(f(;‘)(p+a(r))dr—1 ( u)(t )

(P+a(m)dr

t+w (pt+a(t))exp fs
ft exp(f;’ (P+a(r))dr—1 (Hu)(s)ds
1 exp [FF(p+a(m)ar
= 0 e " )
(Hu)(t) exp(f, (p+a(r)dr)-1  exp(f, (p+a(r))dr)-1

t+w exp fst+w(P+a(r))dr

(p+a(t))u(t)ff exp(f; (P+a(r)) -1
= —(Hw) @)+ (p+a(®)(Tu)(?)
= (pra@®)(Tw)(t) — (Hu)(1)

(Tw)'(t) = (p+a@)(Tw() - [p°Ju + pa()Ju + g(t, Ju) - fit, Ju, u - PJu)]
Where (Hu)(f) = p°Ju + pa(t)Ju + g(t, Ju) — f{t, Ju, u — PJu).

(Hu)(s)ds

Thus, we obtain that u is the periodic solution of (1.13) The proof is complete
In order to prove that Ju is the periodic solution of (1.1), we only show that Ju satisfies

(1.1). From (1.11) — (1. 13), this result follows immediately.
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1.2.3 SOME PREPARETIONS FOR POSITIVE PERIODIC

SOLUTIONS
The main purpose of this section is to obtain the existence results for single and multiple
positive periodic solutions of Eq. (1.7) by using a fixed point theorem for cones. By using the
theory of the fixed point index for cones we have obtained the optimal conditions for the
nonlinear term g so that Eq. (1.8) has a positive periodic solution.
Let
C,={u€CRR):ut+w)=u®)}, Cr={ueC'RR): ult+w)=ul)
Mi={u € Ch: [Pu(®) >0}, Ma={u € C,: [’ u(®) > 0}, M3= {u € C,: u(t)> 0}.
C,, is a Banach space, equipped with the norm [|u||= maxX <, <w | u(t) |
For convenience, we list the following assumptions: let o. € M, f € M, 1;€ M3 v >0 and ¢ € [0, w]
(Hya=ot+f,rnn=xfB+«',Fi=(xf+x)v-£tv)=0.
(H)a=x —=f,, n=xf—x',F;=(x =) v+f(t,v) =0
(H3)a=—x —B,13=& f—', F3= (¢ f—c') v — f(t,v) = 0
(H)a=—X+f,1u=x f+o’, Fy=(x f+o) v+ ft,v) =0
Let p, g € C,, and consider the following two differential equations:
u'(t) = = p(u(t)+q(1). (1.15)
u'(t) = pu(t) — q(1). (1.16)
Lemmal. 4: Assume that p € M,, then eq.(1.15) has a unique w-periodic solution

~ .\ _ (ttw exp f: p(r)dr
w=J " o U prydn -1

q(s)ds

and eq. (1.16) has a unique w-periodic solution

_ o ct+w exp [T prydr
u(t) - ff exp (f;)p(r)dr)—l

q(s)ds

Proof: To prove Equation (1.15). Assume that [ Ow(t)dt # 0, then the periodic solution of

(1.15) is unique and we show that #i(t) is the periodic solution of (1.15). Differentiating #i(t), we
obtain that

t+w pDexp [ p(r)dr

exp 5 p(r)dr ~
9() =, exp (J© p(rydr)—1

exp (f;" p(r)dr)-1

=q(t) = P(1) u(t)

1
exp (f," p(r)dr)-1

u(t) = q(t + w) q(s)ds

11



And

N _ ct+2w exp [}, p(dr
wro)=J, o 0@ prar 194

L [tre o [tve P(r)dr

b oxp O piryan-1d (W@t @)

J-t+w exp [, p(r)dr
t exp(fy par-1

q(u)du
= ()
Hence, ii(t) is a unique w-periodic solution of Equation (1.15). The proof is complete
In similar way we can show that Eq. (1.16) has a unique w-periodic solution
Consider Eq. (1.16). The periodic solution of (1.16) is unique if [ Ow P(t)dt # 0, and we show

that #i(t) is the periodic solution of (1.16). Differentiating #i(t), we obtain that

— [ (t+w exp f;m p(r)dr
u(®)= (ft exp (/" p()ar)-1

q(s)ds) '

1 exp(J, " p(r)dr) t+w pWexp(f; " p(r)dr)
ST S L ) PO )
exp (f, p(rdr)-1  exp (J, p(r)dr)-1 exp (J, p(rdr)-1
==q(t) + P(t) u(y)
= P@) ut)— g1
And
_ _ ct+20 exp(JET p(ryar)
U o) =firo e pman-1d%
_ (t+w exp (fli:(:o p(r)dr)
-k e UC pryan -1 40+ @)du + @)
_ ct+w exp(f, T p(r)dr)
- ft exp (f(;“p(r)dr)—lq(u)du
= u(t)
Hence, U(t) is a unique w-periodic solution of Equation (1.16). The proof is complete
Put
exp fs n(r)dr —~ exp ft+w n(r)dr
An(t = (ut ) = =
n(t, 5) exp (f, n(rdr)-1 Nees) exp (J, n(r)dr)-1
G (1, 5) = G& (1, 5) = Ax(t, 9), G (1, ) = Gt (t, 8) = Ax(t, 5),
G (&, 5) = Gg (t,5) = Ag(t, 5), G§ (t.5) = Gj (t.5) = Ag(t, 5),

12



1 _exp f;" x(r)dr
exp (f;)“(r)dr)—l ’ exp (fo‘"m(r)dr)—1

Next, we define a mapping 7" C,, = C, by

t+w

(T’ 00 = J; Gut.9)

N

Stw

Gp(s, u) Fiu, x(w)duds, i= 1,234, (1.17)
And a cone K in C,, by

K={u€ Cy:u(t) = §|lull, vt € R}
Where § =m/M € (0, 1).
Lemmal.15: Assume that (H;) (1= 1, 2, 3, 4) is satisfied, then the fixed point of F'is a solution
of Eq. (1.7).
Lemmal.16. Assume that (H;) (I1=1, 2, 3, 4) is satisfied, then T (K) C K and T: K-> Kis
completely continuous.

Proof: Let us consider the (H;) case is satisfied. If (H;) holds and x € K, then F(u, x(u)) € C,. It

follows from f € M> and Lemmal. 4 that f St

N

Gé (s, u) Fi(u, x(u))du € C,. Further we have
(T'x)(t) € C,.
On the other hand, we have

b t+w
ITx[l <M [,

[77° G (s,u) F1(u, x(w))duds,
(T'x)®) > mf ™ [T G} (s,u) F1(u, x(w))duds,
Hence
(T'0® = 2T,
Which implies 7’'x € K. Thus T/(K) CK.
Obviously, T’ K = K is continuous. Let D C K be a bounded set. For every x € D, it is easy to

see that there exists a constant d > 0 such that || 77 x|| < d. And

(T9%)'(8) = -oc(t)(T)(t) + [T

. G&(t, u) Fiu, x(u))du.

It follows that {(F'x)' | x € D} is a bounded set. Consequently, T'(D) is an equicontinuous and

bounded family of functions.

Thus, by the Arzela-Ascoli theorem, T': K = K is completely continuous. — The proaf is complete
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To conclude this section, we state a new fixed point theorem for cones which will be needed in this work.

Lemmal.7: Let X be a Banach space and K be a cone in X. Suppose (2, and (2, are open subsets
of X such that 0 € £2; C Q; C £2; and suppose that

B: KN\ 2)-K
is a completely continuous operator such that
(i) |9, u]| < Tulforu € KnaQ, and there exists ¥ € K\ {0} such that x # Tx + A
for
XEKNJIQ,and >0, or
(i1) 1@, ul < lulforu € KN AQ,and there exists ¥ € K\ {0} such that x # Tx + AY for
XxXEKNOAQ,and A> 0.

Then @ has a fixed point in K N (Q, \ Q)
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CHAPTER TWO

2. RESULTS

2.1 PERIODIC SOLUTIONS FOR A CLASS OF SECOND ORDER

DIFFERENTIAL EQUATIONS
The following theorems are the main results of this section.
Theorem 2.1: Assume that there exist constants m < M, p > 0 such that
(H;)) g € C(Rx [m, M], R) and p(p + a(t))u + g(t, u) is non-decreasing in u € [m, M], t € R
(H) fit, u, v) € C(R X [m, M] x [p(m — M), p(M —m)], R) and
gt M) < fit, u,v) < g(t, m)
forany (¢, u, v) € R x [m, M] X [p(m — M), p(M — m)].

Then (1.1) has at least one w-periodic solution x with m <x < M.

Proof: Let 2={x€X:- mp < x(t) < pMfort€ [0, w]}, then £2is a closed and convex set in X.

For any u € (2, we compute to obtain that m < Ju < M and pm — pM < u—pJu < pM —pm.

Moreover, according to (H;), we have

(0 +pa)m + gt, m) < (p°+pa)Ju + g(t, Ju) < (p°+pa@)M + g(t, M) foru € Q2. (2.1)
Using (H;), we obtain that for any u € Q,
(Hw)(t) = p’(w)(®) + pa@)(Jwt) + g(t, (Jw)(®) - ft, (Ju)(®), w(®) — p(Ju)(1)
< (p'+pa®)M + g(t, M) - g(t, M)
= "+ pam)M,
(Hw)(t) =p’ (Jw)@)+ pa@(Juwp)+ g(t, (Jw)(®) - fit, (Ju) @), w(®) - p(Ju) (1)
> (p*+ pa()m+g(t, m) - g(t, m)
= (p’+ pa(®)m,
Which imply that p+a(?) = 0 for all ¢ € R. If p+a(t) = 0, according to (H;) and (H,), we easily to
check that g(z, u) = (¢, u, v) for any (¢, u, v) € R x [m M] x [p(m — M), p(M — m)]. Thus any

constant C € [m, M] is the periodic solution of (1.1). We assume that

P+a(t) = 0 and p+a(t)# 0. The operator T is well defined. Now we show that 7 satisfies all

conditions of Lemmal. 2. Noting that
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ttw €Xp szw(P"'a(T))dr/
+ =
J exp [ (Pra(r)ar—17 afs))ds = 1,

exp fst+w(P+a(r))dr

exp f(;‘)(P+a(r))dr—1

>0, fort<s < ttw,

we obtain that for any u € (2,

_ ttw  exp S (P+a())ar
(Tu)(t) = ff exp [;"(P+a(r))dr—1

(Hu)(s)ds

t+w exp ft+w(P+a(r))dr 5
< s p _
= ft expj‘:)(P+a(r))dr—1(p *pa(t)Mds = pM,

_ t+w exp fst+w(P+a(r))dr
(Tu)(t) - ft expf:o(P+a(T))d7'_1

(Hu)(s)ds

> J.1:+a) exp fst+w(P+a(r))dr
—Jt expf(;u(P+a(r))dr—1

(p”’+pa(t)mds = pm,
which imply that 7((2) C 2
Next, we show that T: £2 — (2 is completely continuous. Obviously 7({2) is a uniformly

bounded set and 7 is continuous on (2, so it suffices to show 7({2) is equicontinuous by Ascoli-

Arzela theorem. For any u € (2, we have
(Tw)'(t) = (p+a(®)(Tw)(¥) — [p°Ju + pa@®)Ju + g(t, Ju) — ft, Ju, u— pJu)]

Since T(£2) is bounded and £, g, a are continuous, there exists @ > 0 such that
|(Tw)'(H)] <S,ue 2
Which implies that 7((2) is equicontinuous. So T is a completely continuous operator

On (2. By lemma 1.2, there exists u € £2with Tu = u. Moreover, Ju € [m, M] is the periodic
solution of (1.1). The proof is complete
Theorem 2.2: Assume that there exist constants m < M, p > 0 such that
(H;) g € C(Rx [m, M], R), and p(p+a(t))u + g(t, u) is non-increasing in u € [m, M].
(Hy) f1t, u, v) € C(R X [m, M] X [p(m — M), p(M —m)]) and

g(t,m) < fit,u,v) < g(t, M)
forany (¢, u, v) € Rx [m, M] x [p(m — M), p(M —m)].Then (1.1) has at least one w-periodic

solution x with m < x < M.
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Proof: Let f = {x € X: mp < x(t) < Mp fort € [ 0, w]}, then B is a closed and convex set in X.
For any u € 8, we compute to obtain that m < Ju < M and pm - pM < U - pJu < pM - pm.
Moreover, according to (Hsz), we have
(P +pa(®)M + g(t, M) < (p*+pa(v)Ju + g(t, Ju) < (p+pa(t))m~+g(t, m)
Using (H4), we obtain that for any u €
(Hu)(1) = p’ (Ju)(©)+pa(®)(Ju)@)+g(t, (Ju)(®) — fit, (Jw@), u(t) - p(Ju)(1)).
< (p*+pa(t)m-+g(t, m) — g(t, m)
= (" +pa(t)m
(Hu)(1) = p’ (Jw)(0)+pa®)(Ju)@)+2(, (Ju)®) -1t (Ju)(©), u()) -p(lw)(1)).
> (p’+pa()M +g(t, M) — g(t, M)
= (p’+pa()M
Which imply that p+a(t) <0 for all # € R. If p+a(f) = 0, according to (H;) and (H,). We easily to
check that g(¢, u) = f(t, u, v) for any (¢, u, v) € (R x [m, M] X p(m —m), p(M — m)].
Thus, any constant C € [m, M] is the periodic solution of (1. 1).We assume that p+a(f) < 0 and
P+a(t) # 0. The operator T is well defined. Now we show that T satisfies all conditions of
lemmal. 2. By theorem?2.1 we obtain that for anyu € 5,

_ cttw exp [T “(P+a()dr
(Tu)(t) = ft exp f(;"(P+a(r))dr—1

(Hu)(s)ds

t+o exp [[(P+a()dr ,
> p _
N ft exp [’ (Pra()ar—1? +pa(t))mds = pm,

_ t+o _exp [J(P+a())dr
(Tu)(t) - ft expf:)(P+a(T))d7"_1

(Hu) (s) ds

t+w exp fts(P+a(r))dr 5
< p _
< U et PaO)Mds = pM,

Which imply that T(8) C S
Next, we show that T: B — f is completely continuous. Clearly, 7' (f) is a uniformly bounded
set and 7 is continuous on S. So it suffices to show that 7 (f) is equicontinuous by Ascoli —

Arzela theorem. For any u € 8, we have
(Tw)'(t) = (p+a@)(Tw)(t) — [ p°Ju + pa(®)Ju+g(t, Ju)— ft, Ju, u - pJu)]

Since T(p) is bounded and f; g, a are continuous, there exists > 0 such that

| (Tw)'t) | <, uep
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Which implies that T(B) is equicontinous. So T is completely continuous operator on £2. By

Lemmal.2, there exists u € 8 with Tu = u. Moreover, Ju € [m, M] is the periodic solution of
(1.1). The proof is complete

In Theorem 2.2, if g,(¢, u) is continuous on [0, w] x [m, M], (H;) and (H,) are fulfilled for any
sufficiently large p > 0.
Corollary 2.1: Let f{t, u, v) = f(t, u) . Assume that there exist constants m < M such that g,(z, u),
ftt, u) € C((Rx [m, M], R) and

gt M) < fit, w) < g(t, m)
for any (¢, u) € R x [m, M]. Then (1.1) has at least one w-periodic solution x with m < x < M.

Remark 2.1: Let c, u> 0 and /& be w-periodic continuous function. In [12], by using critical
point theorem we have proved that (1.3) has at least two periodic solutions if | |h|| < u and one
periodic solutions if | [h|| = p.

Corollary 2.2: Assume that c, u are constants and / is w-periodic continuous function with

[l h{I <1 I Then

i. Eq. (1.2) has at least one w-periodic solution

ii. Further suppose that ¢ > 2\/m and A # tu , then Eq. (1.3) has at least two

w —periodic solutions.
Proof of (1): To Show Eq. (1.2) has at least one w — periodic solution.
Suppose that c =0 and # %= +u if u = 0, then h = 0. Then any constant K is the periodic
solution of (1.2). Now we assume that u # 0. Let a(?) = 0, g(u) = pusinu and f(¢, u, v) = h(t). Put
pr=| u| +1. Thenp;(p;—0) u + g(u) = p,/°u + g(u) is increasing in R and (H,) is fulfilled. If
u >0, choosing m; = 0.5m , M; = 1.5m; if u <0, choosing m; = 1.5m, M;,= 2.5, we obtain that

gM;) < h@t) <g(m), VtE€R
that is, for p>0
usin(1.5m) < h(t) < usin(0.5m)
-u<ht)<u
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And, for p <0
psin (2.57) < h(t) < sin(1.5m)
‘(H<h) < (-1
U <h)<-u
Thus, (Hy) is fulfilled.

Hence, (1.2) has at least one periodic solution x; with m; < x;< M.

Further suppose that c = 0 and 7 Z+u. Put p, = ﬁ + 1. Then p,(p2 — 0)u + g(u) which is

po u + g(u) is non-increasing in R and (H;) is fulfilled. If u > 0, choosing m, = -0.51, M> = 0.57;
if u <0, choosing m, =0.5m, M, = 1.5m we obtain that,
g(my) < h(t) < g(M>), Vt€R.
that is, forp > 0
usin (1.5m) < h(t) < p sin (0.5
(-HD<h®) < (1)
—u<ht)<p
And, for n<0
usin (0.5m) < h(t) < psin(1.5m)
A(1) <h(t) <A (-1)
U<h(t)<-u
Thus, (Hy) is fulfilled.

Hence, (1.2) has at least one w-periodic solution x; with my; < x; < M.

Since h Zxp, x;Z mj, x; ZM;(i, j = 1.2), x; Zx>. The proof is complete

Proof of (ii): Suppose that ¢ > 2 / | U | and h # tu, Then Eq. (1.3) has at least two w- periodic

solutions. If u =0, then 2 = 0 and any constant K is the periodic solution of (1.3). Now, we

assume that u # 0. Let a(?) = - ¢, g(u) =usinu and f{t, u, v) = h(t). Put p; = (|c|+1) (|u[+1) then
pi(pi— c)u + g(u) is increasing in R and (H);) is fulfilled. If u > 0, choosing m,= 0.5, M; = 1.5m;
if u <0, choosing m; = 1.5m, M; = 2.5m. By (H,) we obtain that.

gM;) < ht) < g(my), Vt ER.
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Thatis, forp>0
psin (1.5m) < h(t) < p sin (0.5m)
(-D<h@®= (1)

-u<h@t)<u
And, for <0
usin (2.5m) < h(t) < w sin (1.5m)
u.l<h()<wp(-1)
<h(t) <-
Hence, (1.3) has at least one periodic solution x; with m; < x; < M. The proof is complete

Further suppose that ¢ > 2,/| u | and h #+u. Put p, = c/2, then p,(p, — c)u + g(u) is non-

increasing in R and (H;) is fulfilled. If 4 > 0, choosing m, =-0.5m, M, = 0.5m; if u <0, choosing

my=0.5m, M, =1.5m. By (H,) we obtain that.
g(my) < h(t) < g(M>), Vt € R.

That is, for p> 0

usin (-0.5m) < h(t) < p sin (0.57)
(-D<h®) < (1)
-u<ht)<u
and, forp < 0
usin (0.5m) < h(f) < p sin (1.5m)
w. (1) <h() <. (-1)
u<ht)<-—pu
Hence, (1.3) has at least one periodic solution x; with m; < x; < M.
Assume that e is w-periodic continuous function, for (1.5), we have the following result.
Theorem?2.3: Assume that there exist constants m < M such that g, f'€ C'(/m, M], R) and
gM) < e(t) < g(m)
V't € [0, w],then (1.5) has at least one w-periodic solution x with m < x < M.

Proof: Define the function

gw)—e(®)
[(tv)=pv+ ) tER VvE [m M],

Where p > 0 is sufficiently large which is determined later. By computation, we have
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'(v) fw)(gw)—e(t)
v =p+-LI =+
CV) =P+ e T T ot

Let
=meuenl f(W) | +mducul ' T+l (W) 1x Greuml ') | + "eerl e(®) 1) +2
Then ry (¢, v) > 0 fort € R, v € [m, M], and I is non-decreasing in v €/m, M] for any fixed ¢ € R.
Hence,
(M)—e(t)

g(m)—e(t) g
+ L < < + )
Pm o <rv)< pM v L tER, vE [m M]

Similar to Eq. (1.13), using the operator Ju, we transform (1.5) to the equation
W) = (p—fIw)u(t) — [p* Ju + g(Ju) — e(t) — p(Ju)fiIu)] . (2.2)
Define an operator K on the closed, convex set {2 by

t+w
) = S T Ly s,

exp [3(p-fw)dr-1"
Lw)(t) = p’Ju(t) + g(Ju(t) — e(t) — pJu()f Ju(t),
2={xeX mp<x(t) <pMforte€[0,w]}.

Hence, the fact that A has fixed point on £ implies that Eq. (1.5) has the periodic
solution.
Foranyu € 2 m < Ju < M, p > f(Ju) and

t+w exp [L(p-fOw)ar p

Ku) = [ e S o~ ) s, ()

t+w  exp [LT(p-fUw)dr gM)—e(t)
< 2 (- M + Z80-cB)
<1 o orgman® fu())(pM + s )ds

t+o exp [ °(p-fUu))dr

< —
<Ml o5 GCt—rGyan P ~/us)ds
=pM,
K = [0 2L OO ) (pm + L)
Tt exp () (p-fUw)an-1 p~f(m)
t+o  exp [ (p-fUw)ar
=P, (e rwyan - SO)ds

= pm.
Hence, K(Q) C Q
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That is,
Forany u € 2 m < Ju < M, p >f{(Ju) and

t+o exp [T (p-rOw)dr
exp (fy (p—fUw)dr)-1

(Ku)(1) = |, (b —f(Ju(s)) (s, Ju(s))ds

t+w exp [ C(p-fUw)dr g(M)—e(t)
< S
=l = G8G-rGuwan P ~/uE) (pM T )ds

t+w exp [LT(p-fUw)dr
< S
=pMJ, exp (fy (p—fUw)dr)-1

ttw exp [ “(p-fUw)ar g(M)—e(t)
ft exp (f, (p-fUw)dr)- 1( - f(]u(s)))( p—f (M) )ds

(p —f{Ju(s)))ds +

t+w exp J; “(p=fUw)dr
exp (fy (p—fUw)dr)-1

t+w

(0 —fIu(s) (pm + L) 4

Ku)(@) = [, p—f(m)

(p-fyw)ar

[ (0 —fiJu(s))pmds +

-t exp (Jy (p—fUw)dr)-1

tto exp [F(p- fyw)ar gm)—e(t)
L e GCo—rguan—? ~/H ()))( p—f(m) )ds

(p —fJu(s)))pmds

- wa exp [ (p—fUw)ar
= t exp (fo (p—rUw)dr)- 1

For p > 0 is sufficiently large.
Hence, K(Q) C Q

Next we show that K: (2 — (2 is completely continuous. Since {2 is closed and convex set in a
Banach space, (2 is a uniformly bounded set. Since K({2) C 2, K({2) is also a uniformly
bounded set and so K is continuous on (2. So it suffices to show K({2) is equicontinuous by

Ascoli-Arzela theorem. For any u € (2, we have

t+w expf (p—f(]u))dr (Lu)(s)ds

Ku)(t) = f exp [ (p-fJw)dr)-1'

And hence,
(Ku)'(t) = (p — flIu)ut) — [p°Ju + g(Ju) — e(t) — p(Ju) f(Ju)]
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Where
(Lu)(s) = p’(Ju)(s)+g((Tue(s)) — e(s) — p(Ju)(s) f((Tu)(s))

exp [51 (o-fUw)ar exp [, (p—f(Ju))dr

! — £ + B - )
e exp(fy (p-FUw)dr)-1 (L)t + w) exp(f, (p—f(]u))dr)—l‘L”)(f)-l‘
t+w (p—f(t)exp f5t+m(p—f(]u))dr/
ft exp [’ (p—fw)dr)-1 (Lu)(s)ds
! exp [T (p-fUw)ar
L)~ oy o~ [ O)Ku))

" exp(UC (o Gw)dr)-1 exp([2(—F uw))dr)—1

=-(Lw) (1) + (p —f())(Ku)(t)
And hence

(k)'(1) = (p — flIw)u(t) - [p"Ju + g(Ju) — e(t) — p(Ju) fiIu)]
Since K({£2) is bounded and f, g, e are continuous, there exist @ > 0 such that
| (Kuw)'(t) | <Q,ue.

Which implies that K(Q) is equicontinuous. So K is a completely continuous operator on . By
lemmal.2, There exists u € Q with Ku=u. Moreover, Ju €[m, M] is the periodic solution of (1. 5).

Since h # iﬂ, Xi Z mj, X; fjwj(l,j = 12), X]EE X2. The proof is complete
Corollary 2.3: Let e be w-periodic continuous function and f'a bounded continuous function on
R. Further suppose that there exist constants m < M such that g € C'([m, M], R) and

gM) +a <e(t)< g(m)+pB,1€/0, w],
where a = sup,cg f(1) and = inf,cg f(u). Then (1.4) has at least one w- periodic solutions x
withm <x<M
Remark 2.2: Using the same idea, for the following differential equation
X' St x()X'¥) + g(t, x(2) = e(1), (2.3)
we have the following result;

Corollary 2.4: Assume that e is w-periodic continuous function and there exist constants

m < M such that g,(t, u), f.(t, u) € C(R x [m, M], R),
gt, M) < e(t) < g(t, m) for V¢t € [0, w],

Then Eq. (2.3) has at least one w-periodic solution x withm <x <M
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2.1.1 Prototypical examples
In this section, three examples are provided to high light our results obtained in “periodic
solution for second order differential equations”

Example2.1: Consider the differential equation with singularity

ey G HQ@)
X (t) - xﬂ(t) - x,{(t) + F(t)’ (2'4)

where G, H, F are w-periodic continuous functions, y, A > 0.

In recent paper [7], R. Hakl and P J. Torres discussed the existence of positive periodic solution
of Eq.(2.4) when G, H € L" and F € L, where L is the Banach space of w-periodic Lebesgue
integrable function and

L"={p€L:p=>0forae.t€[0, w]}. By using method of upper and lower functions, we have
established several existence results. By corollary2.1, we obtain the following new result.

Proposition2.1: Assume that there exist 0 < m < M such that for V¢ € [0, w],
A £
mirGT () + % G-(t)+m'F@t) < Ht) < MSHFG (1) + % G~(t)+MF@), (2.5
Here, G' (1) = max {G(t), 0} and G~ (t) = min {G(2), 0}. Then Eq.(2.4) has at least one positive

w-periodic solutions.

Proof: By the condition Eq. (2.5), we have

G a
mH

On the other hand, for any u € [m, M],

H(t) H(t) G"’(t) G (1)
1{ ’MK - MU mb +F(t)

— —tF() <

¢ty T 6B O L B
MH mik T ub T omh MH

Hence for any u € [m, M], the inequality

H(t)
M4

G (t) H(t)

< +Ft) < —=

holds. By Corollary 2.1, Eq. (2.4) has at least one positive w-periodic solution.

The condition Eq. (2.5) admits that G changes sign, which is different with those of [7]. For

example, using Eq. (2.5), one can check that the differential equation

n )= 1+Zsmt 2
X0 = X08(t)  x(t)

—+15 (2.6)

has one 2m-periodic solution x with 0.1 < x < 10.
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Check: Given,m=0.1,M =10, p=0.8, A,=1
H(t) =2, F(t) = 15, G(t) =1 + 2sin t
Let t=m/2 € [0, 27]

H(t) G() H(t)

Substituting the given information in the inequality =5t Fit)< —

E = Yo
Gives 0.2 <17 <20, holds true.
When G = 0, Eq. (2.1,12) reduces to
mAF(t) < H(t) < MAF(t) for ¢ € [0, w], (2.7)
which guarantee that the equation
)= -2 1 p 2.8)

xA(t)
has at least one positive w-periodic solution. The new condition Eq. (2.7) in which H is possibly
zero on the set of a positive measure gives partial answer to the open problem Eq. (2.5) in [7].

Example2.2: Consider the differential equation
X0+ (KO — X (@) =sin 1 1. (2.9)

We claim that Eq. (2.9) has at least two 2m-periodic solutions. In fact,
g(u) = -, fit, u, v) = sint — 1 /8.
Put p=2,m = 0, M = 2, then for (¢, u, v) € [0, 2r] x [0, 2] x [-4, 4],
g(M)=-4 <fit, u, v) < 0 = g(m)
By Theorem 2.1, Eq. (2.9) has at least one 2m-periodic solution x; with 0 < x; < 2.
Similarly, one can easily check that Eq.(2.9) has one 2m-periodic solution x, with -2 < x, < 0.
Proof: To show, Eq. (2.9) has at least one 2w — periodic solution x, with -2 < x, < 0, we have
gm)=-4< fit,u,v) < 0 =gM)
Hence, Bly theorem (2.1), Eq. (2.9) has at least one 2m- periodic solution x; with -2 < x, < 0.

Example 2.3: Consider the differential equation

-x"'(¢) +a(t)x'(t) = x*(t) sin x(2) — f(t, x(?)), (2.10)
Where o> 0, a is a continuous w-periodic function, f(t, #): R x R — R is continuous and
w-periodic in ¢.
We claim that Eq. (2.10) has infinitely many periodic solutions if the following condition is

fulfilled:

fim, o L2 < @.11)
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uniformly with respect to ¢ € R.

In fact, there exist constant €> 0 such that
AL, wl <u*, u=8.

Choose integer n such that 2mn > 8. Let m = 2ntn + 0.5m and M = 2mtn + 1.57, then
g(u)=u*sinu € C1(/m, MJ, R)

and
gM)=-M* < fit, u) < m> = g(m)

for (t, u) € Rx [m, M].

By Corollary 2.1, Eq. (2.10) has at least one w-periodic solution x with m < x < M. Since 7 is

arbitrary sufficiently large integer, Eq. (2.10) has infinitely many periodic solution.
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2.2 Positive Periodic Solutions of Second Order Differential Equations
The following are the main results of this section.

Put
Fi(tw)

O tE[Ow]uE[(Sss]}

Bi(s) = min {22

Fi(tu)

<p(s)—max{rl() ,t €[0,w],u € [8s, S]}

0] = 15+ Bi(s),  OF = JI0:(s),
li
(,0? = sfg#l’l(s), (pi _sh—I>noo(pl(S)a
Theorem2.4. Assume that (H;) holds, and there exist two positive constants a, b: a # b such
that @i(a) < 1 and @i(b) = 1; then Eq. (1.7) has at least a positive periodic solution x € K with
min{a, b} < || x ||< max{a, b}.
Proof: Without loss of generality, we assume that a <b. Let £2, = {x €K, || x || <a} and
Q,={x€eK, || x|| <b} by @i(a) <1 and @;(b) = 1, we have
Fi(t,x) <ri(tHx, V0 < t< w,6a<x<a,
Fit,x) Zri(tHx, V0 <t< w,b<x< b,

Next, we show that:

()  ITxI<Ixlforx € KnaQ,.
(i)  There exists ¥ € K\ {0} such that x # Tx + A¥ forx e KN 92, and A >0,
To justify (i): Let x € KN 92, then I x | = a, §a < x(¢) < a. So we have that

(T =" Gkt s) [,
< [T 6Lt s) [T Gh(s,w) ri(u) x(w))duds,

t+w s+w

Gp(s,u) Fi(u, x(u))duds

< Ixll 77 Gt s) [77° Gl(s,w) ri(w)duds,
= ||l
And this implies 17" xl < Ixl, x € K N 0Q;. The justification is completed
Next, to justify (ii): Let ¥ = 1. Assume that there exists x € K N dQ,, and A > 0 such that
x =Tx+A¥. By ¢i(a) < | and @i(b) > 1, we have b < x < b.

Let X = min{x(¢), ¢ € [0, ®]}, then we have
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X =x(¢) for some 7 € [0, ®]. Thus it follows that
x(t) = (T'x)(t) + A
= [T 6L ) [T Gh(s, wFiu, x(w)duds +A
> [ 6L 97T G 5, wiri(wx(wduds + A

t+w

>X [T GLt 9) [T Ghs, wriwduds +A

=X+ A
And this implies X > X, a contradiction.

By Lemma 1.15, it follows that F' has a fixed point x € K N (Q,\ £2;). Furthermore,

a < ||x|| < b and x(¢) = &b > 0, which means that x(¢) is an w-periodice positive solution of (1.7).
Corollary2.5. Assume that (H;) holds. If one of the following conditions holds:

i) ei<Ler>1,

(i) @) > LeP<1,

Then Eq. (1.7) has at least a positive w-periodic solution

Remark: Put x = § = c(c is a positive constant) and i = 2 or i = 4; Corollary 2.5 is Theorem 1.1

in[11].

Theorem?2.5. Assume that (H,) is satisfied, and there exist N +1 positive constants
Pi<Py<...<Py<Py+1

such that one of the following conditions is satisfied:

() Qi) <L k=12, [N+2)2], ®ip) > 1,k=1,2, ... [(N+ 1)/2],
() Oipus)>1,k=1,2, ... [N+2)2], oi(pop) <1, k=1,2, ... [(N+ 1)12],

where [d] denotes the integer part of d. then, Eq. (1.7) has at least N positive periodic solutions
Xj € K,J = 1,2, NWlthp1< ||X1|| <Pj +1.
Proof of the case (i): Since ¢, @: (0, ) = (0, 00) are continuous, it follows

that there exist ay,, br: pr< ar< br<pr+1,k= 1,2, ... N such that
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@i(axn-1) <1, Qi(by-r) 21, k=1,2, ... [(N+1)/2],
Di(azx) =1, @ilbo) < 1, k=1,2, ... [(N+ 1)/2].

It follows from Theorem 2.4 that Eq. (1.7) has at least a periodic solution x; € K with a; < ||x;]| <

b; for the pairs (a;, b),j=1,2, ...,N. The proof is complete

Proof of the case (ii). Since (H,) is satisfied by assumption and

@i: (0, 00) = (0, 00) and ¢;: (0, 00) = (0, 00) are continuous, it follows that, there exist,
ap, b pr<ar<by<pp.k=1,2, ... [(k+1)/2] such that

Gi(bor1) = 1, @ilan) < 1,k=1,2,...[(N+1)/2].
0ilb) < 1, Oar) =1,k=1,2, ... [(N+1)12],

It follows from Theorem 2.21 that Equation (1.7) has at least a periodic solution
Xj € K with
for the pair (a;, b)),j = 1,2, ... N. The proof is complete
Corollary2.6. Assume that (H;) is satisfied, and
0 o4}
Pi < 1’ Pi <l

Further there is a positive constant b such that @i(b) > 1. Then Eq. (1.7) has at least two positive

w-periodic solutions x; and x; such that

0<[lxll <b <llxll.
Corollary2.7. Assume that (H,) is satisfied, and

o) >1, 97> 1.
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Further there is a positive constant a such that ¢;(a) < 1. Then Eq. (1.7) has at least two positive

w-periodic solutions x; and x, such that
0< [lx:]l < a <]

2.2.1 Prototypical Examples

In this section, we apply the main results obtained in previous sections to several examples.
Example2.4.Consider the differential Equation

x"(@) +x'(¢) sin t + ™V — 2+sint)x(t) = 0 (2.12)
Let a(f) = sin t. By (Hy), Sint = -« + 3 which implies that «(¢) =2 and S(¢) = 2 + sint. Then

Fy(t, u)=¢"+ (2 + sinf)u and r, = 2(2 + sin¢) > 0.

Since
@3 =lim,_,,, max {F‘*(t'u), t € [0,w],u € 85, S]},
ra(Hu
— lim max {e‘”+(2+sint)u}
u—+0 2(2+sint)u
i o ()
U—+0 2uel(2+sint)
= 00
And
_ F4_(t u) }
@7 =lim,_,, min {m(t)u w],u € [ds,s]t,
s _”+(2+smt)u}
hmu_)oo { 2(2+sint)u

)

= lim,,_, min {

N |-

1

2

Thus, from corollary2.21, Eq. (2.12.) has at least a positive 2 — periodic solution
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Example2.5. Consider the differential equation
x%fﬁfm—3w0+§ﬁf4nr+l=0 (2.13)

Eq. (2.13) has at least two positive periodic solutions.

-1

Proof: Let x(t) = f(t) =1, then 6 2 by lemmal. 4, and by (H,) .we have the following

ry=o f— o'
=1x1+0
=1
And
Fit, u) = (< B—o Yu+ f(t, u)
=(1x1-0)u+ft u
=u+f{t, u)

=u+u’+1-3u+ isinz 4rct from eq. (2.13)
=u’+1-2u +§sin2 4mct

Since

Dy(s) = min{m, t € [0,w],u €[5, s]},

T2 (t)u

o (uP+ 1—2u+§sin24nt
= min
lu

sin24nt}
5u

=min{u+ %—2+

Thus,

sin24nt}

0 . : 1
@7 = limy_ ¢ mln{u + - 2+ -

= 00
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And

sin24nt}

©__ i ; 1_
Qz—hmu_)oomm{uﬁLu 2+ -

= 00

Thus,

QOZZ oo and ®02: (0.0)
5
Leta =5,thenf0r5aSuSa,
2 1 .7
Fytu)=u +1—2u+gsm 4t < u.

By corollary 2.3, Equation (2.13) has at least two positive periodic solutions.

Example?2.6. Consider the differential equation

X)) + 26 (1) + sin x(1) - ﬁu +sin200mt) =0  (2.14)
Putoc=pf=1,then§ = e%o. By(H;), we have

Faft, ) = (o< B+ o< —f{t, w)

= (1x1+0)u — (sinu — Flo (1 + sin 200mt))
= u— sinu + — (1 + sin 200mt)
100
Let
ng_1=2kn+2?n,p2k=2(k+ l)n—%n,kz 1,2,3,....

If 6pows < u < popp,then @ (por) < 1
If 6por < u < px, then @,(px) > 1.

By theorem?2.5, Equation (2.14) has infinite positive periodic solutions.
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2.3 PERIODIC SOLUTIONS OF NONLINEAR DIFFERENTIAL

EQUATIONS

In this section we give sufficient conditions ensuring that the system of nonlinear differential
equations has at least one periodic solution.
Let f'(z, x) be a continuous on [0, T] x R" with its range contained in R". We give sufficient

conditions in order that the system of differential equations

x'=f(t x) (2.15)
has at least one periodic solution x(¢), i.e a solution x(t) such that x(0) = x(7). We say that
f(t. x) is of type K(after Kamke [32]) ina set D € R" if forall x, y € D,
X =5 ,Xn), ¥ =1 -, o), Withx < y and x; = y;, it holds that fi(z, x) < fi(t, y) where
f=( -fn) 1i=1,..,n
The main results of this section is as follows:
Theorem?2. 6:- Let a, B: [0,T] —» R”" be continuous functions such that
a(t) <B@, 0<t<T o) < «T), B(0) = B(T) and D_o(t) < fiL,0(1))
D BM)=f(t,pwR) 0<t<T (2.16)
Let f'be of type k on the set {x: a(?) <x < [(t), 0 <t < T }. Then there exists a periodic solution
x(t) of Eq. (2.31) with
at) <xt)<p),0<t<T.
By D_ and D™ we denote the lower left and upper left differential operators, respectively.
In proving theorem2.6, we proceed as follows:
We first establish a special case where f'is assumed to be Lipschitz continuous with respect to x
and the inequalities in (2.16) are assumed to be strict. Then we use approximation arguments to
obtain the more general result from the special one. Before proving theorem (2.6), we consider
the following special case.

Theorem 2.7: Let f- [0.T] x R"— R" be continuous and satisfy a lipschitz condition with respect
to x on compact subsets of [0, T] x R". Further, let <, B: [0,T] = R" be continuous functions such
that

@) <B®, a(0) = «(TH0) = B(T)

and

D_a(t) < fit,a() D " B(t) = f(t,B(t), 0<t< T (2.17)
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If, in addition, fis a type of K on {x: a(t) <x < B(2), 0 <t < T}, Then there exists a periodic
solution x(?) of (2.15) such that
at) <x@®) < p),0<t<T (2.18)

Proof: Let [«<,B] = {(t, x):a(t) <x@) < B(t), 0<t<T}, Then[a,f ]isacompact subset of
[0, T] x R". Since f'satisfies a Lipschitz condition with respect to x on this set, the initial value
problem.

x'=f(t,x), x(0)=x, (2.19)
has a unique solution x(z, x,) for every x, with «(0)<x,< £(0). If follows from [31] that f (¢, x,)
exists on [0, T] and that

a(t) <x(t,x,) < B(),0<t<T (2.20)

Define mapping
S=&a(0) <x,2L0)! > {z:a(T)<zZ[L(T)} C{x,: x(0) < x,<p(0)} (2.21)

By S(x,) = X(T, x,).Then S is continuous. It follows from Brouwer’s fixed point theorem that S
has a fixed point.

With the help of theorem 2.32 we will prove now theorem?2. 31.
Proof of theorem2.6: Let o and f as in theorem 2.31. Define the function F(z, x) in the

following way. Foreacht € [0, T]and 1= 1, ..., n, let

filt,®) = SBO ey S Bi(e)

1+/xi/
Ftx)=4 fit,X) ifai(t) < x; < Bi(t) (2.22)
| file,®) =m0 if x < d(®)

Where X = (%, ...,, %, and

Bi(6), if x; > Bi(¢)
x; =1 X, lfO(l(t) < x; < ﬁl’(t) (223)
ai(t),if x; < ai(t)

The function F(, x), so defined, is continuous and bounded on [0, T] x R” and furthermore is of
type K everywhere. Also a function x(z)
a(t) <x@®)<Pp(),0<t<T

is a solution of Eq. (2.15) if and only if it is a solution of

x'=Ftx) (2.24)
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Let € = (€, ...€y) be a constant vector with €,>0, i=1,..,n

Let A(t) = a(t)—€, B(t) = B(t) + €, then

by Fi(t, %) = ) — “7 we have

A — A; (O)-
Fit, x) = fi(t, x) — Ti/s
€
Fi(t, A1) = fit, a(t)) + 1+/4;(t)/ > St o<t

and hence.
D_A() = D_a(t) < fit, at) < F(t, A(t)).
which implies that
D_A(t) <F(t, A(t))

snnﬂaﬂy,bylﬁa,x)zjxnx)--fﬁiﬁ%?,\wehave

_ i (B (t)—¢€)
Fi(t, BO) =f(tB(0)) — 2755
Fi(t, ) = .86 ) —

€

o S B

And hence

D™B(t) = D™B(t) = f(t, B(1) > Fi(t, B()
This implies that

D™B(t) > F(t, B(t)).
Consider now the function F{(t, x) on the set

A={tx):At) <x<B(t),0<t<T}
and let 6 > 0 be such that

D_ A;(t)—F(t, A(t) <-6 <0<8 <D B;(t)— F(t, B(t)),i=1,..,n.

Using an approximation argument [31], we may find a function G(#, x) which satisfies a
Lipschitz condition with respect to x, is of type K and is such that
|Gi (1, x) —Fi(t, x)| < 6/2,
1=1, .., nforall (z,x) € &. This in turn implies that
D_A(¢) < G(t, A(t)), D"B(t) > G(¢, B(t)),
Hence by Theorem?2.7, the equation x' = G(t, x) has a periodic solution x(z) such that

A(t) < x(t) < B()
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Using the Ascoli—Arzela Theorem (i.e. pick a monotone decreasing sequence of §’s converging
to 0, etc.)
We conclude that Equation (2.40) has a periodic solution x(t) such that
At) < x(t) < B(t).

This in turn is true for every positive vector €. Using Ascoli-Arzela theorem once more,

We conclude that there exists a periodic solution x(t) of equation (2.24) such that

at) < x(t) < B(b).
By the remark at the beginning of the proof we conclude that x(t) is a periodic solution of
Eq.(2.15). The proof is complete
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2.4 PERIODIC SOLUTION FOR NONLINEAR SECOND ORDER

AUTONOMOUS DIFFERENTIAL EQUATION

In this section, we shall consider the second-order scalar differential equation of the form

x"+ flx, x') =0
where, f is continuous and smooth enough to ensure the existence and uniqueness of solution
with any set of initial data. It will be shown if some conditions are satisfied, then there exists at

least one nontrivial periodic solution.

Let us consider the following second-order differential equation.

x"+ftx, x) =0 (2.25)
where f'is a continuous real-valued function with domain R* and is smooth enough to ensure the
existence and uniqueness of solution with any set of initial data. Under the above assumptions,

we shall establish the following theorem.

Theorem?2.8 Let us assume that there exist constants o, 5, @ > 0 and ¢,> 0 such that
1) a<pf
i1) f(a,0) <0< £(B,0)
i)  c;>d=max {|a|, |B |}

1v) where3M < a (c; —d)

M = Max { | ax —fix, x') | : (x, x)€ A}

And
A={(x x') € R’: |x|< 2¢,, |x'| < 2cv/a }
Then there exists at least one w € (% ,%)such that (2.25) has a nontrivial solution satisfying
the following boundary conditions
x(0) = x(w). (2.26)
x'(0) =x"(w). (2.26a)

Proof: For each ¢; « < ¢; < f3, let us define the function x(?) = x(t, ¢;) as the solution of the

following integral equation.

x(1) =cicos a” t + ¢, 'sina” t + F(t, x(1), x\(t)) (2.27)
where
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F(t, x(1), x'(t) = a” fot sina” (t-s) {ax(s) — f(x(s), X'(s))}ds

and

c' = C2.sign ¢
One can easily verify that x(z) satisfies equation(2.25), and furthermore x(#) is not identically

constant, since the velocity at the time ¢ = 0 is equal to ¢,"Va which is not zero.

Now, let
= {x(t) e Ct [o,%] N x(8) 1< 20,1 X'() 1< ZCZ\/E}

And define the operator U on B by

Ux(?) = cjcos a” t + casin a” t + flt.x(1), x'(t))
Then we have the following estimations

lux(t)] < ley| + |ca| +3Ma™.
And

l(Ux)' (7)] < a”(lci] + |ca| +3Ma™).
Hence, by virtue of (iv), U maps B continuously in to itself and it follows from Schauder’s fixed
point theorem that Equation (2.26) has a solution in B. Now, since for any x € B,

aM .
|F(t, x, x' )| < =—, one obtains.

[Cl F(Z\/—’ (2\155)’96,(£E))]X[C1 +ep - F(Z\/_’ (23\/7%)’9(,(;77%))]< 0
Which leads to the existence of an w € (2 NAE \/_) such that

ci(1 —cos a” w)—cy sina” w = F(w, x (0 ), x'(w))
or equation (2.26).
Now, for each ¢;, x < ¢ < f, using Arzela — Ascoli theorem, one can easily verify that this
solution is a C'- function on [0, w] x [, B]. Furthermore we claim that

x(t, )= Bandx(t, x) < xfor0 << w (2.28)
In fact, let € > 0 be given and define

n e x) if x>p
FE(x’x)_{f(B,x')—e - if x<p

Taking M, c;, ¢; and a > 0 as above, we repeat the first part of the proof for the modified

equation.
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x"+Fe(x, x) =0 (2.29)

It follows that there exists w, € ( such that equation (2.29) possesses a nontrivial

I 3_")
2va’ 2v/a
solution, say xc(t; ¢1) such that

xe(0; 1) = xe(we; €1) = ¢
Now, we would like to show that

xe(t, )= L for0 <t < w, (2.30)
Suppose equation (2.30) is not true, i.e. There exists #; € [0, w.] such that

xe(ti; B) -p <0
Since,
xe(0; B) = xe(we; B) = B,
it follows that x¢(t; §) - f must have a negative minimum at t.€ [0, w.], and hence

X'e(to, ) =0
But

X"e(to, B) = =1 (B, 0) + € (xe(to, ) -B) <0
Which contradicts the fact that the solution has a minimum at t,. Hence Equation (2.30) is true.
With a similar argument we can prove that there exists x¢(t, o) solution of the other modified
equation

x"'+ Ge(x, x') =0,
such that

xe(t,0) < a
Now, from the definition of Fc(x, x'), we observe that € may be chosen such that
we = w as € = 0 and that x(t; B ) and x (t; a) may be obtained as the limits of these solutions
satisfying Equation (2.28).
Finally, define the continuous function g on [a, ] by

g(c)=x'(0, ¢) —x'(w , ©)
we conclude by Equation (2.44) that

g(@) = 0 =< g(B).
Hence there must be a constant C, C € [« ] such that

g(0)=0.
This completes the proof of the theorem, by remarking that the solution x(t: C) satisfies the
periodic boundary conditions(2.26) and (2.26a).
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2.5 Conclusions
» The conclusion of theorem 2.1 and theorem 2.2 for finding the existence of

periodic solutions of (1.1) and theorem2.3 for finding the existence of periodic
solutions of (1.5) implies that a solution of the differential equation has a motion
that starts and ends on the boundary of the compact set(closed and bounded set),

which shows that there exists a periodic solution.

» The upper and lower solutions method and the monotone iterative technique, the
continuation method of topological degree, fixed point theorems, the variational
method and critical point theory are established for finding the existence problems
for periodic solutions and periodic boundary value problem for second order
differential equations, a set of easily verifiable sufficient conditions are obtained

for the existence of at least one positive @ — periodic solutions.

» Some new sufficient conditions are established ensuring existence and uniqueness

of periodic solution for a general class of autonomous systems are obtained.

» In proving theorem 2.6, theorem 2.7 has been established as a special case where
the given function f is assumed to be Lipschitz continues with respect to x and the
inequalities in (2.16) are assumed to be strict to obtain the more general result
from the special one so that sufficient conditions are given ensuring that the

system of nonlinear differential equations has at least one periodic solution.
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