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Abstract

In this dissertation we have studied the quantum properties of the cavity light pro-

duced by a coherently pumped three-level laser in an open cavity and coupled to

a vacuum reservoir via a single-port mirror. We have carried out our analysis by

putting the noise operators associated with the vacuum reservoir in normal order

and by taking into consideration the interaction of the three-level atoms with the

vacuum reservoir outside the cavity. Employing the pertinent master equation for a

coherently pumped degenerate three-level atom, we have obtained coupled equa-

tions of evolution for the expectation values of the atomic operators. Then apply-

ing the large-time approximation scheme to the quantum Langevin equations for

the cavity mode operators, we have managed to decouple the equations of evolu-

tion for the expectation values of the atomic operators. Applying the solutions of

the pertinent equations of evolution, we have calculated the local and global mean

photon number, the local and global variance of the photon number, and the local

and global quadrature squeezing of the degenerate three-level laser.

We have established that a large part of the total mean photon number and the

total variance of the photon number are confined in relatively small frequency in-

tervals. Moreover, we have observed that the cavity light is in a squeezed state and

the squeezing occurs in the minus qudrature. In addition, we have found that the

maximum global quadrature squeezing of the cavity light is 43.42% ( and occurs at

Ω = 0.1717 for γ = 0 ). We have also seen that the cavity light produced by the laser

operating under the conditions Ω � γc and Ω � γ is in a chaotic state. In addi-

tion, we have shown that the presence of the spontaneous emission process leads

to a decrease in the mean photon number, the variance of the photon number, and

the maximum quadrature squeezing. Furthermore, we have established that the
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maximum local quadrature squeezing of the cavity light is 78.48% ( and occurs at

λ = 0.0606 for γ = 0 ).

We have also analyzed the squeezing and statistical properties of a pair of su-

perposed degenerate three-level laser light beams. We have found that the global

mean photon number of the superposed two-mode laser light beams is the sum of

the global mean photon numbers of the constituent two-mode laser light beams.

Furthermore, we have noted that unlike the mean photon number, the variance of

the photon number for the superposed two-mode laser light beams is not the sum

of the photon-number variances of the constituent two-mode laser light beams.

However, it turns out to be four times that of a two-mode laser light beam, for the

case in which the separate two-mode laser light beams are identical. Finally, we

have found that the superposition of the two-mode laser light beams does not af-

fect the local and global quadrature squeezing, but it increases the global (local)

mean photon number and the global (local) variance of the photon number. Thus,

we note that the superposition of the two-mode laser light beams leads to a more

bright squeezed light.
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Introduction

Over the years, a considerable attention has been paid to squeezed states of light.

Squeezing is one of the nonclassical features of light that has been predicted the-

oretically [1-11] and subsequently experimentally observed [12,13]. In a squeezed

state the quantum noise in one quadrature is below the vacuum level at the expense

of enhanced fluctuations in the conjugate quadrature, with the product of the un-

certainties in the two quadratures satisfying the uncertainty relation [1,3,12,14]. Be-

cause of the quantum noise reduction achievable below the vacuum level, squeezed

light has potential applications in the detection of week signals and in low-noise

communications [1,2,4,12,14]. Squeezed light can be generated by various quan-

tum optical processes such as subharmonic generations [1-4,12,14,15,16], reso-

nance fluorescence [1,17,18], second harmonic generation [1,18,19], and four-wave

mixing [5,10,20]. Recently, it has been predicted theoretically that a three-level laser

under certain conditions can generate squeezed light [1,2,4,21-31].

A three-level laser is a quantum optical device in which light is generated by

three-level atoms in a cavity usually coupled to a vacuum reservoir via a single-port

mirror. When a three-level atom in a cascade configuration makes a transition from

the top to the bottom level via the intermediate level, two photons are generated. If

the photons have the same frequency, then the three-level atom is called degenerate

otherwise it is called nondegenerate. In one model of a three-level laser, three-level

atoms initially prepared in a coherent superposition of the top and bottom levels

1
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are injected into a cavity and then removed from the cavity after they have decayed

due to spontaneous emission [21-27]. In another model of a three-level laser, the

top and bottom levels of the three-level atoms injected into a cavity are coupled by

coherent light [28-31]. It is found that a three-level laser in either model generates

squeezed light under certain conditions. The coupling of the top and bottom lev-

els is responsible for the squeezing of the generated light. It appears to be quite

difficult to prepare the atoms in a coherent superposition of the top and bottom

levels before they are injected into the laser cavity [1]. In addition, it should cer-

tainly be hard to find out that the atoms have decayed spontaneously before they

are removed from the cavity [33].

In order to avoid the aforementioned problems, Fesseha [33] has studied the

squeezing and the statistical properties of the light produced by a three-level laser

with the atoms in a closed cavity and pumped by electron bombardment. He has

shown that the maximum quadrature squeezing of the light generated by the laser,

operating far below threshold, is 50% below the vacuum-state level. Alternatively,

the three-level atoms available in a closed cavity and pumped by coherent light can

also generate squeezed light under certain conditions, with the maximum quadra-

ture squeezing being 43% below the vacuum-state level [1]. It appears to be practi-

cally more convienent to pump the atoms by coherent light than electrobombard-

ment [1].

In this dissertation, we seek to study the quantum properties of the light pro-

duced by a three-level laser pumped by coherent light coupled to a vacuum reser-

voir via a single-port mirror. We carry out our analysis by putting the noise oper-

ators associated with the vacuum reservoir in the normal order and by taking into

consideration the interaction of the three-level atoms with the vacuum reservoir
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outside the cavity. We first obtain the quantum Langevin equations for the cavity

mode operators and the pertinent master equation for a coherently pumped degen-

erate three-level atom. We next determine, employing the master equation, equa-

tions of evolution for the expectation values of the atomic operators.

Applying the solutions of the pertinent equations of evolution, we calculate the

local and global mean photon number, the local and global variance of the pho-

ton number, and the local and global quadrature squeezing of the two-mode cavity

light. Moreover, using the input-output relation and by considering the cavity to be

coupled to a two-mode vacuum reservoir with the input mode operator put in nor-

mal order, we obtain the local and global mean photon number, the local and global

variance of the photon number, and the local and global quadrature squeezing of

the two-mode output laser light beam.

We aslo wish to analyze the squeezing and statistical properties of a pair of su-

perposed two-mode laser light beams. To this end, we first determine the Q func-

tion for a single two-mode laser light beam. We then obtain the density operator for

the superposed two-mode laser light beams. Employing the resulting density oper-

ator, we calculate the local and global mean photon number, the local and global

variance of the photon number, and the local and global quadrature squeezing. Fi-

nally, we determine the local and global mean photon number, the local and global

variance of the photon number, and the local and global quadrature squeezing of

the superposed two-mode output laser light beams.
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Operator Dynamics

In this chapter we wish to obtain the equations of evolution of the atomic and cavity

mode operators for a degenerate three-level laser with an open cavity. Here we con-

sider the case in which N three-level atoms available in an open cavity are pumped

by coherent light. We assume that the laser cavity is coupled to a two-mode vacuum

reservoir via a single-port mirror as depicted in Fig. 2.1. To this end, we first seek

to obtain the quantum Langevin equations for the cavity mode operators and the

pertinent master equation for a coherently pumped degenerate three-level atom.

In addition, employing the master equation, we determine equations of evolution

for the expectation values of the atomic operators. Finally, we find the solutions of

the equations of evolution for the expectation values of the atomic operators and

the cavity mode operators, respectively.

2.1 The Master equation

A light mode confined in a cavity usually formed by two mirrors is called a cavity

mode. A commonly used cavity has a single-port mirror. One side of such a cavity is

a mirror through which light can enter or leave the cavity, with the other side being

a mirror through which light may enter but can not leave the cavity [1]. We consider

here the case in whichN degenerate three-level atoms in cascade configuration are

available in an open cavity. The top and bottom levels of the three-level atoms are

coupled by coherent light. When a three-level atom decays from the top level to the

bottom levels via the middle level, two photons of the same frequency are emitted.

4
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ωa

|a>k

 |b>k

|c>k

ωa

N atoms

ε K

Figure 2.1: Schematic representation of coherently pumped three-level laser cou-
pled to a vacuum reservoir

We denote the top, middle, and bottom levels of these atoms by | a〉k, | b〉k, and | c〉k,

respectively. We wish to represent the light emitted from the top level by â1 and

the light emitted from the middle by â2. In addition, we assume that the two cavity

modes a1 and a2 to be at resonance with the two transitions | a〉k → | b〉k and | b〉k

→ | c〉k, with direct transitions between levels | a〉k and | c〉k to be dipole forbidden.

Moreover, we assume that levels | a〉k and | b〉k have the same spontaneous emission

decay constant γ.

Now we seek to obtain the equation of evolution of the reduced density operator

for a degenerate three-level atom. The interaction of one of the three-level atoms

with light modes a1 and a2 can be described at resonance by the Hamiltonian

Ĥ = ig
[
σ̂†k1 â1 − â

†
1σ̂

k
1 + σ̂†k2 â2 − â

†
2σ̂

k
2

]
, (2.1)
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where

σ̂k1 =| b〉kk〈a | (2.2)

and

σ̂k2 =| c〉kk〈b | (2.3)

are lowering atomic operators, â1 and â2 are the annihilation operators for light

modes a1 and a2, and g is the coupling constant between the atom and light mode

a1 or light mode a2. And the interaction of the three-level atom with the driving

coherent light can be described at resonance by the Hamiltonian

Ĥ ′ =
iΩ

2

[
σ̂†k3 − σ̂k3

]
, (2.4)

in which

σ̂k3 =| c〉kk〈a | (2.5)

and

Ω = 2g′ε. (2.6)

Here ε is the amplitude of the driving coherent light and g′ is the coupling constant

between the atom and coherent light. Thus upon combining Eqs. (2.1) and (2.4),

the interaction of the three-level atom with the driving coherent light and cavity

light modes a1 and a2 is described at resonance by the Hamiltonian

Ĥsys = ig
[
σ̂†k1 â1 − â

†
1σ̂

k
1 + σ̂†k2 â2 − â

†
2σ̂

k
2

]
+
iΩ

2

[
σ̂†k3 − σ̂k3

]
. (2.7)

On the other hand, the degenerate three-level atoms available in an open cavity

are coupled to the two-mode vacuum reservoir. The master equation for the three-

level atom interacting with a two-mode vacuum reservoir has the form [1,4]

d

dt
ρ̂(t) = −i

[
Ĥsys, ρ̂(t)

]
+
γ

2

[
2σ̂k1 ρ̂σ̂

†k
1 − σ̂

†k
1 σ̂

k
1 ρ̂− ρ̂σ̂

†k
1 σ̂

k
1

]
+
γ

2

[
2σ̂k2 ρ̂σ̂

†k
2 − σ̂

†k
2 σ̂

k
2 ρ̂− ρ̂σ̂

†k
2 σ̂

k
2

]
, (2.8)
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where γ is the spontaneous emission decay constant. Now with the aid of Eq. (2.7),

one can put Eq. (2.8) in the form

d

dt
ρ̂(t) = g

[
σ̂†k1 â1ρ̂− â

†
1σ̂

k
1 ρ̂− ρ̂σ̂

†k
1 â1 + ρ̂â†1σ̂

k
1 + σ̂†k2 â2ρ̂− â

†
2σ̂

k
2 ρ̂− ρ̂σ̂

†k
2 â2 + ρ̂â†2σ̂

k
2

]
+
γ

2

[
2σ̂k1 ρ̂σ̂

†k
1 − σ̂

†k
1 σ̂

k
1 ρ̂− ρ̂σ̂

†k
2 σ̂

k
1

]
+
γ

2

[
2σ̂k2 ρ̂σ̂

†k
2 − σ̂

†k
2 σ̂

k
2 ρ̂− ρ̂σ̂

†k
2 σ̂

k
2

]
+

Ω

2

[
σ̂†k3 ρ̂− σ̂k3 ρ̂+ ρ̂σ̂k3 − ρ̂σ̂

†k
3

]
(2.9)

This represents the master equation for a coherently pumped degenerate three-

level atom.

2.2 The Quantum Langevin equations

We recall that the laser cavity is coupled to a two-mode vacuum reservoir via a

single-port mirror. In addition, we carry out our analysis by putting the noise opera-

tors associated with the vacuum reservoir in normal order. Thus the noise operators

will not have any effect on the dynamics of the cavity mode operators [1,32]. In view

of this, we can drop the noise operators and write the quantum Langevin equation

for the operators â1 and â2 as

d

dt
â1(t) = −i

[
â1, Ĥsys

]
− k

2
â1, (2.10)

d

dt
â2(t) = −i

[
â2, Ĥsys

]
− k

2
â2, (2.11)

where k is the cavity damping constant. Then with the aid of Eq. (2.7), we easily find

d

dt
â1 = −k

2
â1 − gσ̂k1 (2.12)

and

d

dt
â2 = −k

2
â2 − gσ̂k2 . (2.13)

The procedure of normal ordering the noise opertators renders the vacuum reser-

voir to be a noiseless physical entity [33].
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2.3 Expectation values of atomic operators

We next wish to obtain, using the pertinent master equation, the equations of evo-

lution of the expectation values of atomic operators. Applying the relation

d

dt
〈Â〉 = Tr

(
dρ̂(t)

dt
Â

)
(2.14)

along with Eq. (2.9), one can readily establish that

d

dt
〈σ̂k1〉 = g

[
〈η̂kb â1〉 − 〈η̂ka â1〉+ 〈â†2σ̂k3〉

]
+

Ω

2
〈σ̂†k2 〉 − γ〈σ̂k1〉, (2.15)

d

dt
〈σ̂k2〉 = g

[
〈η̂kc â2〉 − 〈η̂kb â2〉 − 〈â

†
1σ̂

k
3〉
]
− Ω

2
〈σ̂†k1 〉 −

γ

2
〈σ̂k2〉, (2.16)

d

dt
〈σ̂k3〉 = g

[
〈σ̂k2 â1〉 − 〈σ̂k1 â2〉

]
+

Ω

2

[
〈η̂kc 〉 − 〈η̂ka〉

]
− γ

2
〈σ̂k3〉, (2.17)

d

dt
〈η̂ka〉 = g

[
〈σ̂†k1 â1〉+ 〈â†1σ̂k1〉

]
+

Ω

2

[
〈σ̂†k3 〉+ 〈σ̂k3〉

]
− γ〈η̂ka〉, (2.18)

d

dt
〈η̂kb 〉 = g

[
〈σ̂†k2 â2〉+ 〈â†2σ̂k2〉 − 〈σ̂

†k
1 â1〉 − 〈â

†
1σ̂

k
1〉
]

+ γ
[
〈η̂ka〉 − 〈η̂kb 〉

]
, (2.19)

d

dt
〈η̂kc 〉 = −g

[
〈σ̂†k2 â2〉+ 〈â†2σ̂k2〉

]
− Ω

2

[
〈σ̂†k3 〉+ 〈σ̂k3〉

]
+ γ〈η̂kb 〉, (2.20)

where

σ̂k3 =| c〉kk〈a |, (2.21)

η̂ka =| a〉kk〈a |, (2.22)

η̂kb =| b〉kk〈b |, (2.23)

η̂kc =| c〉kk〈c | . (2.24)

We see that Eqs. (2.15)-(2.20) are nonlinear and coupled differential equations.

Therefore, it is not possible to obtain the exact time-dependent solutions. We in-

tend to overcome this problem by applying the large-time approximation [1,32].

Then using this approximation scheme, we get from Eqs. (2.12) and (2.13) the ap-

proximately valid relations

â1 = −2g

k
σ̂k1 (2.25)
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and

â2 = −2g

k
σ̂k2 . (2.26)

Evidently, these turn out to be exact relations at steady state. Now introducing Eqs.

(2.25) and (2.26) into Eqs. (2.15)-(2.20), we get

d

dt
〈σ̂k1〉 = −

[
γc + γ

]
〈σ̂k1〉+

Ω

2
〈σ̂†k2 〉, (2.27)

d

dt
〈σ̂k2〉 = −1

2

[
γc + γ

]
〈σ̂k2〉 −

Ω

2
〈σ̂†k1 〉, (2.28)

d

dt
〈σ̂k3〉 = −1

2

[
γc + γ

]
〈σ̂k3〉+

Ω

2

[
〈η̂kc 〉 − 〈η̂ka〉

]
, (2.29)

d

dt
〈η̂ka〉 = −

[
γc + γ

]
〈η̂ka〉+

Ω

2

[
〈σ̂†k3 〉+ 〈σ̂k3〉

]
, (2.30)

d

dt
〈η̂kb 〉 = −

[
γc + γ

]
〈η̂kb 〉+

[
γc + γ

]
〈η̂ka〉, (2.31)

d

dt
〈η̂kc 〉 =

[
γc + γ

]
〈η̂kb 〉 −

Ω

2

[
〈σ̂†k3 〉+ 〈σ̂k3〉

]
, (2.32)

where

γc =
4g2

k
(2.33)

is the stimulated emission decay constant. We next sum Eqs. (2.27)-(2.32) over the

N three-level atoms. We then obtain

d

dt
〈m̂1〉 = −

[
γc + γ

]
〈m̂1〉+

Ω

2
〈m̂†2〉, (2.34)

d

dt
〈m̂2〉 = −1

2

[
γc + γ

]
〈m̂2〉 −

Ω

2
〈m̂†1〉, (2.35)

d

dt
〈m̂3〉 = −1

2

[
γc + γ

]
〈m̂3〉+

Ω

2

[
〈N̂c〉 − 〈N̂a〉

]
, (2.36)

d

dt
〈N̂a〉 = −

[
γc + γ

]
〈N̂a〉+

Ω

2

[
〈m̂†3〉+ 〈m̂3〉

]
, (2.37)

d

dt
〈N̂b〉 = −

[
γc + γ

]
〈N̂b〉+

[
γc + γ

]
〈N̂a〉, (2.38)

d

dt
〈N̂c〉 =

[
γc + γ

]
〈N̂b〉 −

Ω

2

[
〈m̂†3〉+ 〈m̂3〉

]
, (2.39)
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in which

m̂1 =
N∑
k=1

σ̂k1 , (2.40)

m̂2 =
N∑
k=1

σ̂k2 , (2.41)

m̂3 =
N∑
k=1

σ̂k3 , (2.42)

N̂a =
N∑
k=1

η̂ka , (2.43)

N̂b =
N∑
k=1

η̂kb , (2.44)

N̂c =
N∑
k=1

η̂kc , (2.45)

with the operators N̂a, N̂b, and N̂c representing the number of atoms in the top,

middle, and bottom levels. In addition, employing the completeness relation

η̂ka + η̂kb + η̂kc = Î , (2.46)

we easily arrive at

〈N̂a〉+ 〈N̂b〉+ 〈N̂c〉 = N. (2.47)

Furthermore, applying the definition given by Eq. (2.2) and setting for any k

σ̂k1 =| b〉〈a |, (2.48)

we have

m̂1 = N | b〉〈a | . (2.49)

Following the same procedure, one can easily find

m̂2 = N | c〉〈b |, (2.50)

m̂3 = N | c〉〈a |, (2.51)

N̂a = N | a〉〈a |, (2.52)
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N̂b = N | b〉〈b |, (2.53)

N̂c = N | c〉〈c | . (2.54)

Moreover, using the definition [1]

m̂a = m̂1 + m̂2 (2.55)

and taking into account Eqs. (2.49)-(2.54), it can be readily established that

m̂†am̂a = N(N̂a + N̂b), (2.56)

m̂am̂
†
a = N(N̂b + N̂c), (2.57)

m̂2
a = Nm̂3. (2.58)

Upon Adding Eqs. (2.12) and (2.13), we have

d

dt
â = −k

2
â− g

(
σ̂k1 + σ̂k2

)
, (2.59)

where

â = â1 + â2. (2.60)

In the presence of N three-level atoms, we rewrite Eq. (2.59) as [1]

d

dt
â = −k

2
â+ λm̂a, (2.61)

in which λ is a constant whose value remains to be fixed. The steady-state solution

of Eq. (2.59) is

â = −2g

k

(
σ̂ka + σ̂kb

)
. (2.62)

Taking into account of (2.62) and its complex conjugate, the commutation relation

for the cavity mode operator is found to be

[
â, â†

]
k

=
γc
k

(
η̂kc − η̂ka

)
, (2.63)
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and on summing over all atoms, we have

[
â, â†

]
=
γc
k

(
N̂c − N̂a

)
, (2.64)

where [
â, â†

]
=

N∑
k=1

[
â, â†

]
k
, (2.65)

stands for the commutator of (â, â†) when the cavity light mode a is interacting with

all the N three-level atoms. On the other hand, using the steady-state solution of

Eq. (2.61), one can verify

[
â, â†

]
= N

[
2λ

k

]2 (
N̂c − N̂a

)
. (2.66)

Comparison of Eqs. (2.64) and (2.66) shows that

λ = ± g√
N
. (2.67)

With the help of this result, Eq. (2.61) takes the form [1]

d

dt
â = −k

2
â+

g√
N
m̂a. (2.68)

We note that the expectation value of the solution of Eq. (2.68) can be expressed

as

〈â(t)〉 = 〈â(0)〉e−kt/2 +
g√
N
e−kt/2

∫ t

0

ekt
′/2〈m̂a(t

′)〉dt′. (2.69)

We next obtain the expectation value of the solution of m̂a(t) that appear in Eq.

(2.69). Thus applying the large-time approximation scheme to Eq. (2.35), we get

〈m̂2(t)〉 = −
{

Ω

γc + γ

}
〈m̂†1(t)〉, (2.70)

and the adjoint of this expression is

〈m̂†2(t)〉 = −
{

Ω

γc + γ

}
〈m̂1(t)〉. (2.71)
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Hence in view of this result, Eq. (2.34) takes the form

d

dt
〈m̂1(t)〉 = −ν〈m̂1(t)〉, (2.72)

where

ν =
(
γc + γ

)
+

1

2

{
Ω2

(γc + γ)

}
. (2.73)

The solution of Eq. (2.72) is given by

〈m̂1(t)〉 = 〈m̂1(0)〉e−νt. (2.74)

Similarly, applying the large-time approximation scheme to Eq. (2.34), we find

〈m̂1(t)〉 =
1

2

{
Ω

γc + γ

}
〈m̂†2(t)〉, (2.75)

and the complex conjugate of this result yields

〈m̂†1(t)〉 =
1

2

{
Ω

γc + γ

}
〈m̂2(t)〉. (2.76)

Now on substituting Eq. (2.76) into Eq. (2.35), we readily get

d

dt
〈m̂2(t)〉 = −1

2
ν〈m̂2(t)〉, (2.77)

in which ν is given by Eq. (2.73). Upon adding Eqs. (2.72) and (2.77), we arrive at

d

dt
〈m̂a(t)〉 = −1

2
ν〈m̂a(t)〉 −

1

2
ν〈m̂1(t)〉. (2.78)

We note that the solution of Eq. (2.78) is expressible as

〈m̂a(t)〉 = 〈m̂a(0)〉e−νt/2 + e−νt/2
∫ t

0

dt′eνt
′/2

{
−1

2
ν〈m̂1(t

′)〉
}
. (2.79)

Thus upon substituting Eq. (2.74) into Eq. (2.79) and carrying out the integration,

we arrive at

〈m̂a(t)〉 = 〈m̂a(0)〉e−νt/2 + 〈m̂1(0)〉
{
e−νt − e−νt/2

}
. (2.80)
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On account of Eq. (2.55), Eq. (2.80) takes the form

〈m̂a(t)〉 = 〈m̂1(0)〉e−νt + 〈m̂2(0)〉 e−νt/2, (2.81)

so that on introducing this result into Eq. (2.69), there emerges

〈â(t)〉 = 〈â(0)〉e−kt/2 +
g√
N
e−kt/2

{
〈m̂1(0)〉

∫ t

0

e(k−2ν)t
′/2dt′

+〈m̂2(0)〉
∫ t

0

e(k−ν)t
′/2dt′

}
, (2.82)

and on carrying out the integration over t′, we readily find

〈â(t)〉 = 〈â(0)〉e−kt/2 +
2g√

N(k − 2ν)
〈m̂1(0)〉

{
e−νt − e−kt/2

}
+

2g√
N(k − ν)

〈m̂2(0)〉
{
e−νt/2 − e−kt/2

}
. (2.83)

Assuming that cavity mode a is initially in a vacuum state and with the three-level

atoms considered to be initially at the bottom level, we have

〈â(t)〉 = 0. (2.84)

We observe from Eqs. (2.68) and (2.84) that the operator â(t) is a Gaussian variable

with zero mean.

We finally wish to determine the expectation values of the atomic operators at

steady state. We note that the steady-state solution of Eqs. (2.34) and (2.35) are

given by

〈m̂1〉 =
1

2

{
Ω

γc + γ

}
〈m̂†2〉 (2.85)

and

〈m̂2〉 = −
{

Ω

γc + γ

}
〈m̂†1〉. (2.86)

The adjoint of these equations are

〈m̂†1〉 =
1

2

{
Ω

γc + γ

}
〈m̂2〉 (2.87)
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and

〈m̂†2〉 = −
{

Ω

γc + γ

}
〈m̂1〉. (2.88)

Upon substituting Eq. (2.88) into (2.85), we get

〈m̂1〉 = 0. (2.89)

Similarly, on account of Eq. (2.87) along with (2.86), one easily finds

〈m̂2〉 = 0. (2.90)

Moreover, the steady-state solution of Eqs. (2.36), (2.37), and (2.38) are found to be

〈m̂3〉 =

{
Ω

γc + γ

}{
〈N̂c〉 − 〈N̂a〉

}
, (2.91)

〈N̂a〉 =
1

2

{
Ω

γc + γ

}{
〈m̂†3〉+ 〈m̂3〉

}
, (2.92)

〈N̂b〉 = 〈N̂a〉. (2.93)

Furthermore, with the aid of Eq. (2.47), we obtain

〈N̂c〉 = N − 〈N̂a〉 − 〈N̂b〉. (2.94)

Now employing the relation described by Eq. (2.93), one can put (2.94) in the form

〈N̂c〉 = N − 2〈N̂a〉. (2.95)

On account of Eq. (2.95) , Eq. (2.91) can be expressed as

〈m̂3〉 =

{
Ω

γc + γ

}{
N − 3〈N̂a〉

}
, (2.96)

Then in view of Eq. (2.96), we see that

〈m̂†3〉 = 〈m̂3〉. (2.97)

On account of this result, one can put Eq. (2.92) in the form

〈N̂a〉 =

{
Ω

γc + γ

}
〈m̂3〉. (2.98)
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Hence, on substituting Eq. (2.96) into (2.98), we get

〈N̂a〉 =

{
Ω2

(γc + γ)2 + 3Ω2

}
N. (2.99)

In view of this result, one can write (2.93) in the form

〈N̂b〉 =

{
Ω2

(γc + γ)2 + 3Ω2

}
N. (2.100)

Upon substituting (2.99) into Eq. (2.95), we get

〈N̂c〉 =

{
(γc + γ)2 + Ω2

(γc + γ)2 + 3Ω2

}
N. (2.101)

Finally, on account of (2.99), Eq. (2.96) takes the form

〈m̂3〉 =

{
Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N. (2.102)

Upon setting γ = 0 (i.e., in the absence of spontaneous emission) into Eqs. (2.99)-

(2.102), we have

〈N̂a〉 =

{
Ω2

γ2c + 3Ω2

}
N, (2.103)

〈N̂b〉 =

{
Ω2

γ2c + 3Ω2

}
N, (2.104)

〈N̂c〉 =

{
γ2c + Ω2

γ2c + 3Ω2

}
N, (2.105)

〈m̂3〉 =

{
Ωγc

γ2c + 3Ω2

}
N. (2.106)

These results are exactly the same as the one which has been obtained in [1]. More-

over, for Ω = 0, we obtain

〈N̂a〉 = 0, (2.107)

〈N̂b〉 = 0, (2.108)

〈N̂c〉 = N, (2.109)

〈m̂3〉 = 0. (2.110)
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On the basis of this, all atoms are found initially in the bottom level. Furthermore,

for γc = γ = 0, we can put Eqs. (2.99)-(2.102) in the form

〈N̂a〉 =
1

3
N, (2.111)

〈N̂a〉 =
1

3
N, (2.112)

〈N̂a〉 =
1

3
N (2.113)

and

〈m̂3〉 = 0. (2.114)

In line of this, we observe that equal number of atoms are available in the top, mid-

dle, and bottom levels, respectively.



3

Two-Mode Laser Light Beam

In this chapter we seek to study the statistical properties of the light produced by

a coherently pumped degenerate three-level laser. Employing the solutions of the

quantum Langevin equations for the cavity modes and the pertinent equations of

evolution, we calculate the global mean photon number and the global variance of

the photon number for the two-mode cavity (output) light. We also determine the

local mean photon number and the local variance of the photon number for this

light mode.

3.1 Photon statistics

In this section we seek to obtain the statistical properties of the two-mode cavity

(output) light produced by the degenerate three-level laser pumped by coherent

light and coupled to a two-mode vacuum reservoir.

3.1.1 The global mean photon number

Here we wish to calculate the mean photon number of the two-mode cavity light

in the entire frequency interval. The mean photon number of the two-mode cavity

light is defined by

n̄ = 〈â†â〉. (3.1)

We note that the steady-state solution of Eq. (2.68) is

â =
2g

k
√
N
m̂a. (3.2)

18
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Then with the help of this result and Eq. (2.56), we get

n̄ =
γc
k

{
〈N̂a〉+ 〈N̂b〉

}
. (3.3)

We see that the mean photon number of the two-mode cavity light is the sum of the

mean photon numbers of the separate single-mode cavity light beams. With the aid

of (2.93), one can put Eq. (3.3) in the form

n̄ = 2
γc
k
〈N̂a〉. (3.4)

Thus on account of (2.99), the mean photon number of the two-mode cavity light

turns out to be

n̄ =
γc
k
N

{
2Ω2

(γc + γ)2 + 3Ω2

}
. (3.5)

Finally, we note that the global mean photon number of the two-mode cavity light

beam takes for Ω� γc and Ω� γ the form

n̄ =
2

3

γc
k
N. (3.6)

We immediately observe from this result that the global mean photon number of

the two-mode cavity light beam is independent of the spontaneous and stimulated

emissions.

In addition, for γ = 0, Eq. (3.5) reduces to

n̄ =
γc
k
N

{
2Ω2

γ2c + 3Ω2

}
. (3.7)

We see from this result that the global mean photon number of the two-mode cavity

light beam is just twice of the mean photon number of one of the single-mode cavity

light beams. We observe from the plots in Fig. 3.1 that the presence of spontaneous

emission leads to a decrease in the global mean photon number of the two-mode

cavity light beam. We also note that the global mean photon number increases with
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Figure 3.1: Plots of the global mean photon number [ Eq. (3.5)] versus Ω at steady
state for γc = 0.4, k = 0.8, N = 50, and different values of γ.

increasing Ω.

On the other hand, the laser cavity is coupled to a two-mode vacuum reservoir

and we carry out our analysis by putting the input mode operators in normal order.

Therefore, one can write

âout(t) =
√
kâ(t). (3.8)

Then substituting Eq. (3.8) into (3.1), the mean photon number for the two-mode

output light is expressible as

〈â†outâout〉 = k〈â†â〉, (3.9)

which indicates that the global mean photon number of the two-mode output light

is just k times that of the two-mode cavity light.

3.1.2 Local mean photon number

We seek to obtain the mean photon number in a given frequency interval, employ-

ing the power spectrum for the two-mode cavity light. The power spectrum of a
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two-mode cavity light with central common frequency ω0 is defined as

P (ω) =
1

π
Re

∫ ∞
0

dτei(ω−ω0)τ 〈â†(t)â(t+ τ)〉ss. (3.10)

We now proceed to determine the two-time correlation function that appear in Eq.

(3.10) for the two-mode cavity light. To this end, we realize that the solution of Eq.

(2.68) can be written as

â(t+ τ) = â(t)e−kτ/2 +
g√
N
e−kτ/2

∫ τ

0

ekτ
′/2m̂a(t+ τ ′)dτ ′. (3.11)

On the other hand, one can put Eq. (2.78) in the form

d

dt
m̂a(t) = −1

2
νm̂a(t)−

1

2
νm̂1(t) + F̂a(t), (3.12)

in which F̂a(t) is a noise operator with vanishing mean. The solution of Eq. (3.12)

can be put in the form

m̂a(t+ τ) = m̂a(t)e
−ντ/2 + e−ντ/2

∫ τ

0

eντ
′/2

{
−1

2
νm̂1(t+ τ ′) + F̂a(t+ τ ′)

}
dτ ′. (3.13)

In addition, one can write Eq. (2.72) in the form

d

dt
m̂1(t) = −νm̂1(t) + F̂1(t), (3.14)

in which F̂1(t) is a noise operator with zero mean. Now applying the large-time

approximation scheme to Eq. (3.14), we get

m̂1(t+ τ) =
1

ν
F̂1(t+ τ), (3.15)

so that on introducing this result into Eq. (3.13), there follows

m̂a(t+ τ) = m̂a(t)e
−ντ/2 + e−ντ/2

∫ τ

0

eντ
′/2

{
−1

2
F̂1(t+ τ ′) + F̂a(t+ τ ′)

}
dτ ′. (3.16)

Now combination of Eqs. (3.16) and (3.11) yields

â(t+ τ) = â(t)e−kτ/2 +
g√
N
e−kτ/2

{
m̂a(t)

∫ τ

0

dτ ′e(k−ν)τ
′/2
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+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2
F̂1(t+ τ ′′) + F̂a(t+ τ ′′)

]}
. (3.17)

On multiplying both sides on the left by â†(t) and taking the expectation value of the

resulting equation, we get

〈â†(t)â(t+ τ)〉 = 〈â†(t)â(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
〈â†(t)m̂a(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2
〈â†(t)F̂1(t+ τ ′′)〉

+ 〈â†(t)F̂a(t+ τ ′′)〉
]}
. (3.18)

Moreover, applying the large-time approximation scheme to Eq. (2.68), we find

m̂a(t) =
k
√
N

2g
â(t). (3.19)

With this substituted into Eq. (3.18), there emerges

〈â†(t)â(t+ τ)〉 = 〈â†(t)â(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
k
√
N

2g
〈â†(t)â(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2
〈â†(t)F̂1(t+ τ ′′)〉

+ 〈â†(t)F̂a(t+ τ ′′)〉
]}
. (3.20)

Since the cavity mode operator and the noise operator of the atomic are not corre-

lated, we see that

〈â†(t)F̂1(t+ τ ′′)〉 = 〈â†(t)〉〈F̂1(t+ τ ′′)〉 = 0, (3.21)

〈â†(t)F̂a(t+ τ ′′)〉 = 〈â†(t)〉〈F̂a(t+ τ ′′)〉 = 0, (3.22)

we have

〈â†(t)â(t+ τ)〉 = 〈â†(t)â(t)〉e−kτ/2 +
k

2
〈â†(t)â(t)〉e−kτ/2

∫ τ

0

dτ ′e(k−ν)τ
′/2. (3.23)

On carrying out the integration over τ ′, we readily get

〈â†(t)â(t+ τ)〉 = 〈â†(t)â(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (3.24)
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Finally, on substituting (3.24) into Eq. (3.10), we have

P (ω) = 〈â†(t)â(t)〉 1
π
Re

{[
k

k − ν

] ∫ ∞
0

dτe
−
(
ν/2−i[ω−ω0]

)
τ

−
[

ν

k − ν

] ∫ ∞
0

dτe
−
(
k/2−i[ω−ω0]

)
τ
}

(3.25)

and then carrying out the integration over τ , the power spectrum of the two-mode

cavity light is found to be

P (ω) = n̄

[{
k

k − ν

}{
ν/2π

(ω − ω0)2 + (ν/2)2

}
−
{

ν

k − ν

}

×
{

k/2π

(ω − ω0)2 + (k/2)2

}]
. (3.26)

We next wish to calculate the mean photon number in a given frequency inter-

val. Upon integrating both sides of (3.26) over ω, we readily get

∫ +∞

−∞
P (ω)dω = n̄, (3.27)

in which n̄ is the steady-state mean photon number. On the basis of Eq. (3.27),

we observe that P (ω)dω represents the steady-state mean photon number in the

interval between ω and ω+ dω [1]. We thus realize that the mean photon number in

the interval between ω′ = −λ and ω′ = +λ is expressible as [1]

n̄±λ =

∫ +λ

−λ
P (ω′)dω′, (3.28)

in which ω′ = ω − ω0. Thus on introducing (3.26) into Eq. (3.28), we find

n̄±λ =

[
kn̄

k − ν

] ∫ +λ

−λ

[
ν/2π

ω′2 + (ν/2)2

]
dω′

−
[
νn̄

k − ν

] ∫ +λ

−λ

[
k/2π

ω′2 + (k/2)2

]
dω′, (3.29)

and on carrying out the integration over ω′, applying the relation

∫ +λ

−λ

dx

x2 + a2
=

2

a
tan−1

(
λ

a

)
, (3.30)
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Figure 3.2: Plots of Eq. (3.32) versus λ for γc = 0.4, k = 0.8, Ω = 3, and different
values of γ.

we arrive at

n̄±λ = n̄z(λ), (3.31)

where

z(λ) =

[
2k/π

k − ν

]
tan−1

(
2λ

ν

)
−
[

2ν/π

k − ν

]
tan−1

(
2λ

k

)
. (3.32)

One can readily get from Fig. 3.2 that z(0.5) = 0.7671, z(1) = 0.9362, z(1.5) =

0.9761, and z(2) = 0.9889 for γ = 0. And for γ = 0.2, we find z(0.5) = 0.7102, z(1) =

0.9015, z(1.5) = 0.958, and z(2) = 0.979. Then combination of these results with Eq.

(3.31) yields n̄±0.5 = 0.7671n̄, n̄±1 = 0.9362n̄, n̄±1.5 = 0.9761n̄, and n̄±2 = 0.9889n̄ for

γ = 0. And for γ = 0.2, we have n̄±0.5 = 0.7102n̄, n̄±1 = 0.9015n̄, n̄±1.5 = 0.958n̄,

and n̄±2 = 0.979n̄. We therefore observe that a large part of the total mean photon

number is confined in a relatively small frequency interval. Moreover, we have

n̄out±λ = kn̄±λ. (3.33)

Now on account of Eqs. (3.9) and (3.31), we easily see that

kn̄±λ = n̄outz(λ). (3.34)
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Finally, in view of (3.33) and (3.34), the local mean photon number of the two-mode

output laser light turns out to be

n̄out±λ = n̄outz(λ). (3.35)

We see that the local mean photon number of the two-mode output laser light is

z(λ) times the global mean photon number of the two-mode output light.

3.1.3 The global variance of the photon number

We now seek to calculate the variance of the photon number for the two-mode cav-

ity light in the entire frequency interval produced by the system under considera-

tion. The variance of the photon number for the two-mode cavity light is defined

as

(∆n)2 = 〈
(
â†â
)2〉 − 〈â†â〉2 (3.36)

and using the fact that â is a Gaussian variable with zero mean, we arrive at

(∆n)2 = 〈â†â〉〈ââ†〉+ 〈â†2〉〈â2〉. (3.37)

Furthermore, with the aid of (3.2) along with (2.57), we obtain

〈ââ†〉 =
γc
k

{
〈N̂b〉+ 〈N̂c〉

}
. (3.38)

On account of the identity given by 2.47, Eq. (3.38) can be put in the form

〈ââ†〉 =
γc
k

{
N − 〈N̂a〉

}
. (3.39)

With the aid of (3.4), one can rewrite Eq. (3.39) as

〈ââ†〉 =
γc
k
N − 1

2
n̄. (3.40)

On the other hand, using (3.2) along with (2.58), we easily get

〈â2〉 =
γc
k
〈m̂3〉, (3.41)
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so that in view of (2.102) and (3.5), there follows

〈â2〉 =
1

2

{
(γc + γ)

Ω

}
n̄. (3.42)

Now on account of (3.1), (3.40), and (3.42), we readily find Eq. (3.37) to be

(∆n)2 = n̄

{
γc
k
N − 1

2
n̄

}
+

1

4

{
(γc + γ)2

Ω2

}
n̄2. (3.43)

This can be rewritten as

(∆n)2 =

{
γc
k
N − 1

2

[
2Ω2 − (γc + γ)2

2Ω2

]
n̄

}
n̄. (3.44)

On account of (3.5), we arrive at

(∆n)2 =
(γc
k
N
)2{ 3Ω2(γc + γ)2

[(γc + γ)2 + 3Ω2]2
+

4Ω4

[(γc + γ)2 + 3Ω2]2

}
. (3.45)

Finally, we note that the variance of the photon number takes for Ω� γc and Ω� γ

the form

(∆n)2 =

(
2

3

γc
k
N

)2

= n̄2. (3.46)

This represents the normally-ordered variance of the photon number for a chaotic

light. Moreover, we consider the case in which the spontaneous emission is absent

(i.e., γ = 0). We then see that Eq. (3.45) reduces to

(∆n)2 =

(
γc
k
N

[
2Ω2

γ2c + 3Ω2

])2

+
(γc
k
N
)2 [ 3Ω2γ2c

(γ2c + 3Ω2)2

]
. (3.47)

We clearly observe from the plots in Fig. 3.3 that the presence of spontaneous

emission leads to a decrease in the global variance of the photon number for the

two-mode cavity light. We also note that the global variance of the photon number

for the two-mode cavity light increases with increasing Ω.
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Figure 3.3: Plots of the global variance of the photon number [ Eq. (3.45)] versus Ω
at steady-state for γc = 0.4, k = 0.8, N = 50, and different values of γ.

On the other hand, the global variance of the photon number for the two-mode

output laser light can be defined as

(∆n)2out =
〈(
â†out(t)âout(t)

)2〉− 〈â†out(t)âout(t)〉2 . (3.48)

Employing Eq. (3.8) along with (3.48), the global variance of the photon number for

the two-mode output laser light can be written as

(∆n)2out = k2 (∆n)2 . (3.49)

We clearly see that the global variance of the photon number for the two-mode out-

put laser light is k2 times that of the two-mode cavity light.

3.1.4 Local variance of the photon number

Here we wish to obtain the variance of the photon number in a given frequency

interval, employing the spectrum of the photon number fluctuations for the super-

position of light modes a1 and a2. We denote the central common frequency of these

modes by ω0. The spectrum of the photon number fluctuations for the superposed
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light modes can be expressed as

R(ω) =
1

π
Re

∫ +∞

0

dτei(ω−ω0)τ 〈n̂(t), n̂(t+ τ)〉ss, (3.50)

where

n̂(t) = â†(t)â(t) (3.51)

and

n̂(t+ τ) = â†(t+ τ)â(t+ τ), (3.52)

in which â(t) is given by Eq. (2.60) and we have used the notation 〈A,B〉 = 〈AB〉 −

〈A〉〈B〉. We next proceed to calculate 〈n̂(t), n̂(t + τ)〉 that appears in Eq. (3.50). To

this end, on account of Eqs. (3.51) and (3.52), we readily obtain

〈n̂(t), n̂(t+ τ)〉 = 〈â†(t)â(t)â†(t+ τ)â(t+ τ)〉

−〈â†(t)â(t)〉〈â†(t+ τ)â(t+ τ)〉. (3.53)

In view of the fact that â(t) is a Gaussian variable with zero mean, we obtain

〈â†(t)â(t)â†(t+ τ)â(t+ τ)〉 = 〈â†(t)â(t+ τ)〉〈â(t)â†(t+ τ)〉

+〈â†(t)â†(t+ τ)〉〈â(t)â(t+ τ)〉

+〈â†(t)â(t)〉〈â†(t+ τ)â(t+ τ)〉. (3.54)

With the aid of this result, we can put (3.53) in the form

〈n̂(t), n̂(t+ τ)〉 = 〈â†(t)â(t+ τ)〉〈â(t)â†(t+ τ)〉

+〈â†(t)â†(t+ τ)〉〈â(t)â(t+ τ)〉. (3.55)

We now proceed to determine the two-time correlation functions that appear in

Eq. (3.55) for the two-mode cavity light. To this end, we observe that the adjoint of

Eq. (3.11) has the form

â†(t+ τ) = â†(t)e−kτ/2 +
g√
N
e−kτ/2

∫ τ

0

ekτ
′/2m̂†a(t+ τ ′)dτ ′. (3.56)
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Using the adjoint of (3.16), one can put Eq. (3.56) in the form

â†(t+ τ) = â†(t)e−kτ/2 +
g√
N
e−kτ/2

{
m̂†a(t)

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2
F̂ †1 (t+ τ ′′) + F̂ †a (t+ τ ′′)

]}
. (3.57)

On multiplying both sides on the left by â(t) and taking the expectation value of the

resulting equation, we get

〈â(t)â†(t+ τ)〉 = 〈â(t)â†(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
〈â(t)m̂†a(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2
〈â(t)F̂ †1 (t+ τ ′′)〉+ 〈â(t)F̂ †a (t+ τ ′′)〉

]}
. (3.58)

Moreover, one can put the adjoint of Eq. (3.19) as

m̂†a(t) =
k
√
N

2g
â†(t). (3.59)

With this substituted into Eq. (3.58), there follows

〈â(t)â†(t+ τ)〉 = 〈â(t)â†(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
k
√
N

2g
〈â(t)â†(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2
〈â(t)F̂ †1 (t+ τ ′′)〉

+ 〈â(t)F̂ †a (t+ τ ′′)〉
]}
, (3.60)

Since the cavity mode operator and the noise operator of the atomic are not corre-

lated, we see that

〈â(t)F̂ †1 (t+ τ ′′)〉 = 〈â(t)〉〈F̂ †1 (t+ τ ′′)〉 = 0, (3.61)

〈â(t)F̂ †a (t+ τ ′′)〉 = 〈â(t)〉〈F̂ †a (t+ τ ′′)〉 = 0, (3.62)

so that Eq. (3.60) become

〈â(t)â†(t+ τ)〉 = 〈â(t)â†(t)〉e−kτ/2 +
k

2
〈â(t)â†(t)〉e−kτ/2

∫ τ

0

dτ ′e(k−ν)τ
′/2. (3.63)
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Then on carrying out the integration over τ ′, we readily find

〈â(t)â†(t+ τ)〉 = 〈â(t)â†(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (3.64)

In can be established in a similar manner that

〈â(t)â(t+ τ)〉 = 〈â2(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
(3.65)

and

〈â†(t)â†(t+ τ)〉 = 〈â†2(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (3.66)

On account of Eqs. (3.24), and (3.64)-(3.66), one can write (3.55) as

〈n̂(t), n̂(t+ τ)〉 =
[
〈â†(t)â(t)〉〈â(t)â†(t)〉+ 〈â†2(t)〉〈â2(t)〉

]
×
(

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

)2

= (∆n)2
{

k2

(k − ν)2
e−ντ +

ν2

(k − ν)2
e−kτ − 2kν

(k − ν)2
e−(k+ν)τ/2

}
. (3.67)

Thus on substituting this result into (3.50), we have

R(ω) = (∆n)2
1

π
Re

{[
k2

(k − ν)2

] ∫ +∞

0

dτe
−
(
ν−i[ω−ω0]

)
τ

+

[
ν2

(k − ν)2

] ∫ +∞

0

dτe
−
(
k−i[ω−ω0]

)
τ

−
[

2kν

(k − ν)2

] ∫ +∞

0

dτe
−
(
[k+ν]/2−i[ω−ω0]

)
τ
}

(3.68)

and on carrying out the integration over τ , the spectrum of the photon number

fluctuations for the two-mode cavity light is found to be

R(ω) = (∆n)2
{[

k2

(k − ν)2

] [
ν/π

(ω − ω0)2 + ν2

]

+

[
ν2

(k − ν)2

] [
k/π

(ω − ω0)2 + k2

]
−
[

2kν

(k − ν)2

] [
(k + ν)/2π

(ω − ω0)2 + (k + ν)2/4

]}
. (3.69)
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We next seek to calculate the variance of the photon number in a given frequency

interval. Upon integrating both sides of (3.69) over ω, one easily finds

∫ +∞

−∞
R(ω)dω = (∆n)2, (3.70)

in which (∆n)2 is the steady-state global variance of the photon number for the

two-mode cavity light. On the basis of (3.70), we observe that R(ω)dω represents

the steady-state variance of the photon number for the two-mode cavity light in the

interval between ω and ω+dω [1]. We thus realize that the photon-number variance

in the interval between ω′ = −λ and ω′ = +λ can be written as [1]

(∆n)2±λ =

∫ +λ

−λ
R(ω′)dω′, (3.71)

in which ω′ = ω − ω0. Thus upon substituting (3.69) into Eq. (3.71), we have

(∆n)2±λ = (∆n)2ss

{[
k2

(k − ν)2

] ∫ +λ

−λ

[
ν/π

ω′2 + ν2

]
dω′

+

[
ν2

(k − ν)2

] ∫ +λ

−λ

[
k/π

ω′2 + k2

]
dω′

−
[

2kν

(k − ν)2

] ∫ +λ

−λ

[
(k + ν)/2π

ω′2 + (k + ν)2/4

]
dω′
}
, (3.72)

on carrying out the integration over ω′, applying the relation described by Eq. (3.30),

we readily get

(∆n)2±λ = (∆n)2z′(λ), (3.73)

where z′(λ) is given by

z′(λ) =

[
2k2/π

(k − ν)2

]
tan−1

(
λ

ν

)
+

[
2ν2/π

(k − ν)2

]
tan−1

(
λ

k

)
−
[

4kν/π

(k − ν)2

]
tan−1

(
2λ

k + ν

)
. (3.74)

From the plots in Fig. 3.4, z′(0.5) = 0.7625, z′(1) = 0.9483, z′(1.5) = 0.984, and z′(2) =

0.9934 for γ = 0. And for γ = 0.2, we find z′(0.5) = 0.5204, z′(1) = 0.7893, z′(1.5) =
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Figure 3.4: Plots of Eq. (3.74) versus λ for γc = 0.4, k = 0.8, Ω = 2, and different
values of γ.

0.9015, and z′(2) = 0.9496. Then combination of these results with Eq. (3.73) yields

(∆n)2±0.5 = 0.7625(∆n)2, (∆n)2±1 = 0.9483(∆n)2, (∆n)2±1.5 = 0.984(∆n)2, and (∆n)2±2 =

0.9934(∆n)2 for γ = 0. And for γ = 0.2, we have (∆n)2±0.5 = 0.5204(∆n)2, (∆n)2±1 =

0.7893(∆n)2, (∆n)2±1.5 = 0.9015(∆n)2, and (∆n)2±2 = 0.9496(∆n)2. In light of this, we

immediately observe that a large part of the total variance of the photon number is

confined in a relatively small frequency interval.

On the other hand, the local variance of the photon number for the two-mode

output laser light is given by

(∆n±λ)
2
out = k2(∆n)2±λ. (3.75)

On account of Eqs. (3.49) and (3.73), one easily finds

k2(∆n)2±λ = (∆n)2outz
′(λ), (3.76)

in which z′(λ) is given by Eq. (3.74). Now in view of (3.75) and (3.76), the local

variance of the photon number for the two-mode output light turns out to be

(∆n±λ)
2
out = (∆n)2outz

′(λ). (3.77)
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3.2 Quadrature Squeezing

In this chapter we wish to analyze the squeezing properties of the two-mode cavity

light produced by the degenerate three-level laser pumped by coherent light and

coupled to a vacuum reservoir.

3.2.1 The global quadrature squeezing

We now seek to calculate the global quadrature squeezing of the two-mode cavity

(output) light at steady state. The squeezing properties of the two-mode cavity light

are described by two quadrature operators defined as

â+(t) = â†(t) + â(t) (3.78)

and

â−(t) = i(â†(t)− â(t)), (3.79)

where â+ and â− are Hermitian operators representing physical quantities called the

plus and minus quadratures, respectively, while â†(â) is the creation (annihilation)

operator for the superposition of light modes a1 and a2. It can be readily established

that

[â−, â+] = 2i
γc
k

(
N̂a − N̂c

)
. (3.80)

It then follows that

∆a+∆a− >
γc
k

∣∣∣〈N̂a〉 − 〈N̂c〉
∣∣∣ . (3.81)

With the aid of (2.99) and (2.101), Eq. (3.81) can be put in the form

∆a+∆a− >
γc
k

∣∣∣∣ (γc + γ)2N

(γc + γ)2 + 3Ω2

∣∣∣∣ . (3.82)

Now upon replacing the atomic operators that appear in Eq. (2.64) by their ex-

pectation values, the commutation relation for the two-mode cavity light produced
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by the three-level laser can be written as

[â, â†] = λ, (3.83)

in which

λ =
γc
k

(
〈N̂c〉 − 〈N̂a〉

)
. (3.84)

We define the quadrature variance of the two-mode cavity light by

(∆a±)2 = 〈â±(t), â±(t)〉 . (3.85)

On account of (3.83), we rewrite Eq. (3.85) as

(∆a±)2 = λ+ 〈: â±(t), â±(t) :〉 , (3.86)

where :: stands for normal ordering. Then on account of (3.78) and (3.79), Eq. (3.86)

takes the form

(∆a±)2 = λ+2〈â†(t)â(t)〉±〈â†2(t)〉±〈â2(t)〉∓〈â†(t)〉2∓〈â(t)〉2−2〈â†(t)〉〈â(t)〉. (3.87)

In view of (2.84), Eq. (3.87) reduces to

(∆a±)2 = λ+ 2〈â†(t)â(t)〉 ± 〈â†2(t)〉 ± 〈â2(t)〉. (3.88)

Thus on substituting (3.3) and (3.39) into Eq. (3.88), we get

(∆a±)2 = λ+
γc
k

{
2〈N̂b〉+ 2〈N̂a〉 ± 〈m̂†3〉 ± 〈m̂3〉

}
. (3.89)

On account of (3.84), one can write Eq. (3.89) as

(∆a±)2 =
γc
k

{
2〈N̂b〉+ 〈N̂a〉+ 〈N̂c〉 ± 〈m̂†3〉 ± 〈m̂3〉

}
, (3.90)

so that in view of the identity given by (2.47), Eq. (3.90) can be put in the form

(∆a±)2 =
γc
k

{
N + 〈N̂b〉 ± 〈m̂†3〉 ± 〈m̂3〉

}
. (3.91)
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Finally, on account of (2.100) and (2.102), the global quadrature variance of the two-

mode cavity light turns out at steady state to be

(∆a+)2 =
γc
k

{
1 +

Ω2 + 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N, (3.92)

(∆a−)2 =
γc
k

{
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N. (3.93)

We observe that the two-mode cavity light is in a squeezed state and the squeezing

occurs in the minus quadrature. In addition, we note that the global quadrature

variance of the two-mode cavity light takes for Ω� γc and Ω� γ the form

(∆a+)2 = 2n̄ (3.94)

and

(∆a−)2 = 2n̄, (3.95)

where n̄ is given by Eq. (3.6). These results represent the normally-ordered quadra-

ture variance for a chaotic light. On the basis of these results, we assert that the light

produced by the coherently pumped degenerate three-level laser operating under

the conditions Ω � γc and Ω � γ is in a chaotic state. In addition, for Ω = 0, Eqs.

(3.92) and (3.93) reduce to

(∆a+)2v = (∆a−)2v =
γc
k
N. (3.96)

This represents the quadrature variance of a two-mode vacuum state.

We next calculate the quadrature squeezing of the two-mode cavity light rela-

tive to the quadrature variance of the two-mode vacuum state. We thus define the

quadrature squeezing of the two-mode cavity light by [1]

S =
(∆a−)2v − (∆a−)2

(∆a−)2v
. (3.97)
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Figure 3.5: Plots of the global quadrature squeezing [ Eq. (3.98)] versus Ω at steady
state for γc = 0.4 and different value of γ.

Hence on account of (3.93) and (3.96), we arrive at

S =

{
2Ω(γc + γ)

(γc + γ)2 + 3Ω2
− Ω2

(γc + γ)2 + 3Ω2

}
. (3.98)

We note that, unlike the mean photon number and the variance of the photon num-

ber, the quadrature squeezing does not depend on the number of atoms. This im-

plies that the quadrature squeezing of the two-mode cavity light is independent of

the number of photons [1].

We clearly see from the plots in Fig. 3.5 that the presence of the spontaneous

emission process leads to a decrease in the maximum global quadrature squeezing

of the two-mode cavity light beam. In addition, we note that the maximum global

quadrature squeezing for γ = 0 is 43.42% ( and occurs at Ω = 0.1717 ) and for γ = 0.1

is 43.41% ( and occurs at Ω = 0.2222 ). And for γ = 0.2, the maximum global quadra-

ture squeezing is observed to be 43.4% (and occurs at Ω = 0.2525).

On the other hand, the quadrature variance of the two-mode output laser light



3.2 Quadrature Squeezing 37

is defined by (
∆aout±

)2
= kλ+

〈
: âout± , âout± :

〉
, (3.99)

where

âout+ = â†out + âout (3.100)

and

âout− = i(â†out − âout) (3.101)

are the plus and minus quadrature operators for the two-mode output light. Now

we define the quadrature squeezing of the two-mode output laser light by [1]

Sout =

(
∆aout−

)2
v
−
(
∆aout−

)2
(∆aout− )2v

, (3.102)

where
(
∆aout−

)2
v

is the quadrature variance of the two-mode output vacuum state.

On account of (3.8), we easily see that

(
∆aout−

)2
v

= k (∆a−)2v , (3.103)

(
∆aout−

)2
= k (∆a−)2 . (3.104)

Thus in view of (3.103) and (3.104) along with (3.97), we arrive at

Sout = S, (3.105)

which indicates that the global quadrature squeezing of the two-mode output laser

light is exactly the same as that of the two-mode cavity light.

3.2.2 Local quadrature squeezing

We next seek to determine the quadrature squeezing of the two-mode cavity (out-

put) light in a given frequency interval. To this end, we first obtain the spectrum of

quadrature fluctuations for the two-mode cavity light. This spectrum for the two-

mode cavity light is defined by

S±(ω) =
1

π
Re

∫ ∞
0

dτei(ω−ω0)τ 〈â±(t), â±(t+ τ)〉ss , (3.106)
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in which

â+(t+ τ) = â†(t+ τ) + â(t+ τ), (3.107)

â−(t+ τ) = i
(
â†(t+ τ)− â(t+ τ)

)
(3.108)

and ω0 is the central common frequency of light mode a1 and light mode a2. On

account of Eq. (2.84), we see that

〈â±(t), â±(t+ τ)〉 = 〈â±(t)â±(t+ τ)〉 . (3.109)

Then with the aid of (3.78), (3.79), (3.107), and (3.108), one can rewrite Eq. (3.109)

as

〈â±(t), â±(t+ τ)〉 = 〈â†(t)â(t+ τ)〉+ 〈â(t)â†(t+ τ)〉

±〈â†(t)â†(t+ τ)〉 ± 〈â(t)â(t+ τ)〉. (3.110)

Upon substituting (3.24) and (3.64)-(3.66) into Eq. (3.110), we arrive at

〈â±(t), â±(t+ τ)〉 =

{
〈â†(t)â(t)〉+ 〈â(t)â†(t)〉 ± 〈â†2(t)〉 ± 〈â2(t)〉

}

×
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (3.111)

This can be rewritten as

〈â+(t), â+(t+ τ)〉 = (∆a+)2
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
(3.112)

and

〈â−(t), â−(t+ τ)〉 = (∆a−)2
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (3.113)

Now on introducing (3.113) into Eq. (3.106), we find

S−(ω) = (∆a−)2ss
1

π
Re

{[
k

k − ν

] ∫ +∞

0

dτe
−
(
ν/2−i[ω−ω0]

)
τ

−
[

ν

k − ν

] ∫ +∞

0

dτe
−
(
k/2−i[ω−ω0]

)
τ
}

(3.114)
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and on carrying out the integration over τ , the spectrum of the minus quadrature

fluctuations for the two-mode cavity light is found to be

S−(ω) = (∆a−)2ss

{[
k

k − ν

] [
ν/2π

(ω − ω0)2 + (ν/2)2

]
−
[

ν

k − ν

] [
k/2π

(ω − ω0)2 + (k/2)2

]}
, (3.115)

where (∆a−)2 is given by Eq. (3.93).

Upon integrating both sides of Eq. (3.115) over ω, we get∫ +∞

−∞
S−(ω)dω = (∆a−)2 , (3.116)

in which

(∆a−)2 = 〈â−(t), â−(t)〉ss (3.117)

is the global variance of the minus quadrature for the two-mode cavity light at

steady state. On the basis of Eq. (3.116), we observe that S−(ω)dω is the steady-

state variance of the minus quadrature in the interval between ω and ω + dω [1].

We thus realize that the variance of the minus quadrature in the interval between

ω′ = −λ and ω′ = +λ is expressible as [1]

(∆a−)2±λ =

∫ +λ

−λ
S−(ω′)dω′, (3.118)

in which ω′ = ω − ω0. Now on introducing (3.115) into Eq. (3.118), we find

(∆a−)2±λ = (∆a−)2
{[

k

k − ν

] ∫ +λ

−λ

[
ν/2π

ω′2 + (ν/2)2

]
dω′

−
[

ν

k − ν

] ∫ +λ

−λ

[
k/2π

ω′2 + (k/2)2

]
dω′
}

(3.119)

and on carrying out the integration over ω′, employing (3.30), we readily obtain

(∆a−)2±λ = (∆a−)2 z(λ), (3.120)

where

z(λ) =

[
2k/π

k − ν

]
tan−1

(
2λ

ν

)
−
[

2ν/π

k − ν

]
tan−1

(
2λ

k

)
. (3.121)
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Upon setting Ω = 0 in Eq. (3.120), we easily get

(∆a−)2v±λ = (∆a−)2v zv(λ), (3.122)

in which

(∆a−)2v =
γc
k
N (3.123)

and

zv(λ) =

[
2k/π

k − (γc + γ)

]
tan−1

(
2λ

γc + γ

)
−
[

2(γc + γ)/π

k − (γc + γ)

]
tan−1

(
2λ

k

)
. (3.124)

We see that Eq. (3.122) is the local quadrature variance of the two-mode vacuum

state.

We next proceed to calculate the local quadrature squeezing of the two-mode

cavity light relative to the local quadrature variance of the two-mode vacuum state.

We define the quadrature squeezing of the two-mode cavity light in the λ± fre-

quency interval by [1]

S±λ =
(∆a−)2v±λ − (∆a−)2±λ

(∆a−)2v±λ
. (3.125)

Then on account of Eqs. (3.93), (3.120), and (3.122)-(3.124), we readily get

S±λ =
1

zv(λ)

{
zv(λ)− z(λ)

[
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

]}
. (3.126)

We readily see from the plots in Fig. 3.6 that the maximum local quadrature

squeezing for γ = 0 is 78.48% ( and occurs at λ = 0.0606 ) and for γ = 0.1 is 77.42% (

and occurs at λ = 0.0606). And for γ = 0.2, the maximum local quadrature squeezing

is observed to be 71.02% ( and occurs at λ = 0.0606 ). In line of this, the presence

of the spontaneous emission process leads to a decrease in the local quadrature

squeezing of the two-mode cavity light beam with increasing λ.

Finally, we define the local quadrature squeezing of the two-mode output laser
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Figure 3.6: Plots of the local quadrature squeezing [ Eq. (3.126)] versus λ at steady
state for γ = 0, γc = 0.4, k = 0.8, and Ω = 0.1717 [red, dashed line], for γ = 0.1,
γc = 0.4, k = 0.8 , and Ω = 0.2222 [black, solid line], and for γ = 0.2, γc = 0.4, k = 0.8
, and Ω = 0.2525 [blue, dashed dot line].

light in the aforementioned frequency interval [1]

Sout±λ =

(
∆aout−

)2
v±λ −

(
∆aout−

)2
±λ

(∆aout− )2v±λ
, (3.127)

and taking into account the fact that

(
∆aout−

)2
v±λ = zv(λ)

(
∆aout−

)2
v

(3.128)

and (
∆aout−

)2
±λ = z(λ)

(
∆aout−

)2
, (3.129)

along with (3.97), we arrive at

Sout±λ = S±λ. (3.130)

We note that the quadrature squeezing of the two-mode output laser light in a given

frequency interval is equal to the local quadrature squeezing of the two-mode cavity

light.



4

Superposed Two-Mode Laser Light Beams

In this chapter we seek to investigate the squeezing and statistical properties of a

pair of superposed two-mode laser light beams produced by coherently pumped

degenerate three-level lasers with open cavities coupled to two-mode vacuum

reservoirs via single-port mirrors. We arrange our system in such a way that the

light beam (LB1) from one of the laser is incident on a side of perfectly transmitting

mirror, while the light beam (LB2) from the other laser is incident on a side of per-

fectly reflecting mirror as depicted in the Fig. 4.1.

We wish to calculate, applying the density operator, the global (local) mean

photon number, the global (local) variance of the photon number, and the global

(local) quadrature squeezing of a pair of superposed two-mode cavity light beams.

We then obtain the corresponding output photon statistics and quadrature squeez-

ing.

4.1 The Q function

Here we seek to determine the Q function for the light generated by a coherently

pumped degenerate three-level laser with an open cavity coupled to a two-mode

vacuum reservoir. The Q function can be expressed as

Q(α∗, α, t) =
λ

π2

∫
d2zφa(z, t)e

z∗α−zα∗ , (4.1)

where φa(z, t) is the antinormally ordered characteristic function defined by

φa(z, t) = Tr
(
ρ̂e−z

∗â(t)ezâ
†(t)
)
. (4.2)

42
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Figure 4.1: Schematic representation of a pair of superposed two-mode laser light
beams, with κ = 1 and κ = 0 for the upper (lower) surface of the mirror, respectively.

Employing the Baker-Hausdorff identity

eÂeB̂ = eÂ+B̂+ 1
2
[Â,B̂], (4.3)

one can be put Eq. (4.2) in the form

φa(z, t) = e−
1
2
λz∗zTr

(
ρ̂ezâ

†(t)−z∗â(t)
)
. (4.4)

This can be rewritten as

φa(z, t) = e−
1
2
λz∗z

〈
exp

(
zâ†(t)− z∗â(t)

)〉
. (4.5)

Using the fact that the operator â(t) is a Gaussian variable with zero mean, one can

show that [1]

φa(z, t) = e−
1
2
λz∗z exp

[〈1

2

(
zâ†(t)− z∗â(t)

)2〉]
. (4.6)

It then follows that

φa(z, t) = exp

[
1

2
z2〈â†2(t)〉+

1

2
z∗2〈â2(t)〉 − 1

2
z∗z
(
λ+ 〈â†(t)â(t)〉+ 〈â(t)â†(t)〉

)]
. (4.7)

On account of (3.3), (3.38), and (3.41), the antinormally ordered characteristic func-

tion can put in the form

φa(z, t) = exp

[
1

2
z2
{γc
k
〈m̂†3〉

}
+

1

2
z∗2
{γc
k
〈m̂3〉

}
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− z∗z

2

{
λ+

γc
k

(
〈N̂a〉+ 〈N̂c〉+ 2〈N̂b〉

)}]
, (4.8)

so that with aid of Eqs. (2.97) and (3.84), we readily find

φa(z, t) = exp

[
− pz∗z +

q

2
(z2 + z∗2)

]
, (4.9)

in which

p =
γc
k

{
〈N̂c〉+ 〈N̂b〉

}
(4.10)

and

q =
γc
k
〈m̂3〉. (4.11)

Finally, upon introducing (4.9) into Eq. (4.1), we get

Q(α∗, α) =
λ

π2

∫
d2z exp

[
− pz∗z + z∗α− zα∗ +

q

2
(z2 + z∗2)

]
, (4.12)

so that on carrying out the integration over z, employing the relation [1]

∫
d2z

π
exp

[
− az∗z + bz + cz∗ + A′z2 +B′z∗2

]
=
[ 1

a2 − 4A′B′

]1/2
× exp

[abc+ A′c2 +B′b2

a2 − 4A′B′

]
, a > 0 (4.13)

we readily find

Q(α∗, α) =
λ

π

[
u2 − v2

]1/2
exp

[
−uα∗α +

v

2
(α2 + α∗2)

]
, (4.14)

in which

u =
p

p2 − q2
, (4.15)

v =
q

p2 − q2
. (4.16)

Furthermore, employing Eq. (4.14), we have

∫
d2αQ(α∗, α) = λ

[
u2 − v2

]1/2 ∫ d2α

π
exp

[
−uα∗α +

v

2
(α2 + α∗2)

]
(4.17)
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and on carrying out the integration using Eq. (4.13), we arrive at

∫
d2αQ(α∗, α) = λ. (4.18)

This shows that the Q function is normalized to λ.

Now we use convenient notations for the Q functions of the constituent two-

mode light beams. Thus with the aid of Eq. (4.14), the Q function of the first two-

mode light beam can be written as

Q(γ∗0 , γ0) =
λa
π

[
u2a − v2a

]1/2
exp

[
− uaγ∗0γ0 +

va
2

(
γ20 + γ∗20

) ]
, (4.19)

where

λa =
γc
k

{
〈N̂c〉a − 〈N̂a〉a

}
, (4.20)

ua =
pa

p2a − q2a
, (4.21)

va =
qa

p2a − q2a
, (4.22)

with

pa =
γc
k

{
〈N̂c〉a + 〈N̂b〉a

}
(4.23)

and

qa =
γc
k
〈m̂3〉a. (4.24)

Now on the basis of Eqs. (2.99)-(2.102), we have

〈N̂a〉a =

{
Ω2

(γc + γ)2 + 3Ω2

}
N1, (4.25)

〈N̂b〉a =

{
Ω2

(γc + γ)2 + 3Ω2

}
N1, (4.26)

〈N̂c〉a =

{
(γc + γ)2 + Ω2

(γc + γ)2 + 3Ω2

}
N1, (4.27)

〈m̂3〉a =

{
Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N1. (4.28)
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And the Q function for the second two-mode light beam can be expressed as

Q(η∗, η) =
λb
π

[
u2b − v2b

]1/2
exp

[
− ubη∗η +

vb
2

(
η2 + η∗2

) ]
, (4.29)

in which

λb =
γc
k

{
〈N̂c〉b − 〈N̂a〉b

}
, (4.30)

ub =
pb

p2b − q2b
, (4.31)

vb =
qb

p2b − q2b
, (4.32)

with

pb =
γc
k

{
〈N̂c〉b + 〈N̂b〉b

}
, (4.33)

qb =
γc
k
〈m̂3〉b (4.34)

and

〈N̂a〉b =

{
Ω2

(γc + γ)2 + 3Ω2

}
N2, (4.35)

〈N̂b〉b =

{
Ω2

(γc + γ)2 + 3Ω2

}
N2, (4.36)

〈N̂c〉b =

{
(γc + γ)2 + Ω2

(γc + γ)2 + 3Ω2

}
N2, (4.37)

〈m̂3〉b =

{
Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N2. (4.38)

4.2 The density operator

Here we want to express the expectation value of a given operator Â(â†, â) in terms of

the Q-function and the c-number function corresponding to Â(â†, â) in the normal

order. Suppose ρ̂(â†, â, t) is the density operator for a two-mode laser light beam.

Then upon expanding this density operator in the normal order

ρ̂(t) =
∑
lm

Clm(t)â†lâm (4.39)

and employing the completeness relation for coherent states [1]

λ

π

∫
d2γ0 | γ0〉〈γ0 |= Î , (4.40)
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one easily finds

ρ̂(t) =
λ

π

∫
d2γ0

∑
lm

Clm(t)
(
λγ∗0
)l | γ0〉〈γ0 | âm. (4.41)

Then on account of the relation

| γ0〉〈γ0 | âm =
(
λγ0 +

∂

∂γ∗0

)m
| γ0〉〈γ0 |, (4.42)

we have

ρ̂(t) = λ

∫
d2γ0Q

(
λγ∗0 , λγ0 +

∂

∂γ∗0
, t
)
| γ0〉〈γ0 |, (4.43)

where

Q
(
λγ∗0 , λγ0 +

∂

∂γ∗0
, t
)

=
1

π

∑
lm

Clm
(
λγ∗0
)l(

λγ0 +
∂

∂γ∗0

)m
. (4.44)

We recall that the expectation value of a given operator Â
(
â†, â, t

)
can be expressed

as

〈Â
(
â†, â, t

)
〉 = Tr

[
ρ̂(t)Â

(
â†, â

)]
. (4.45)

Upon substituting (4.43) into Eq. (4.45), we readily find

〈Â
(
â†, â, t

)
〉 = λ

∫
d2γ0Q

(
λγ∗0 , λγ0 +

∂

∂γ∗0
, t
)
An
(
λγ∗0 , λγ0

)
, (4.46)

where An
(
λγ∗0 , λγ0

)
is the c-number function corresponding to Â

(
â†, â

)
in the nor-

mal order. Now on introducing new variables α = λγ0, we find

〈Â
(
â†, â, t

)
〉 =

∫
d2α

λ
Q
(
α∗, α + λ

∂

∂α∗
, t
)
An
(
α∗, α

)
. (4.47)

This represents the expectation value of an operator representing a two-mode light

beam.

Furthermore, we seek to derive an alternative expression for the expectation

value of a given operator for a one-mode as well as a two-mode light beam. To

this end, applying the completeness relation given by Eq. (4.40) twice, we obtain

ρ̂
(
â†, â, t

)
= λ2

∫
d2η

π

d2γ0
π
| η〉〈η | ρ̂

(
â†, â, t

)
| γ0〉〈γ0 | . (4.48)
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This can be rewritten as

ρ̂
(
â†, â, t

)
=
λ2

π

∫
d2ηd2γ0Q

(
λη∗, λγ0, t

)
| η〉〈γ0 |, (4.49)

in which

Q
(
λη∗, λγ0, t

)
=

1

π
〈η | ρ̂(â†, â, t) | γ0〉. (4.50)

With the aid of (4.49), one can write Eq. (4.45) as

〈Â
(
â†, â, t

)
〉 =

λ2

π

∫
d2ηd2γ0Q

(
λη∗, λγ0, t

)
〈η | γ0〉〈γ0 | Â | η〉

=
λ2

π

∫
d2ηd2γ0Q

(
λη∗, λγ0, t

)
| 〈η | γ0〉 |2 An

(
λγ∗0 , λη

)
. (4.51)

The expansion of the coherent states | η〉 and | γ0〉 in terms of the number state is

given by [1]

| η〉 = e−
λ
2
|η|2

∞∑
n=0

ηn
√
λn√
n!
| λn〉, (4.52)

| γ0〉 = e−
λ
2
|γ0|2

∞∑
m=0

γm0
√
λm√
m!

| λm〉, (4.53)

so that with the aid of (4.52) and (4.53), we easily get

〈η | γ0〉 = exp

[
−λ

2
| η |2 −λ

2
| γ0 |2 +λη∗γ0

]
. (4.54)

On account of this result, one can be put Eq. (4.51) in the form

〈Â
(
â†, â, t

)
〉 =

λ2

π

∫
d2ηd2γ0Q

(
λη∗, λγ0, t

)
× exp

[
− λη∗η − λγ∗0γ0 + λη∗γ0 + ληγ∗0

]
An (λγ∗0 , λη) , (4.55)

where An
(
λγ∗0 , λη

)
is the c-number function corresponding to the operator Â

(
â†, â

)
in the normal order. Now on introducing new variables ξ1 = λγ0 and ξ2 = λη, we

have

〈Â
(
â†, â, t

)
〉 =

1

π

∫
d2ξ1d

2ξ2
λ2

Q (ξ∗2 , ξ1, t)

× exp

[
−1

λ
ξ∗1ξ1 −

1

λ
ξ∗2ξ2 +

1

λ
ξ∗1ξ2 +

1

λ
ξ1ξ
∗
2

]
An
(
ξ∗1 , ξ2

)
. (4.56)
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We now wish to derive the density operator for a pair of superposed two-mode

laser light beams. In view of (4.43), the density operator for the first two-mode laser

light beam can be written as

ρ̂′(t) = λa

∫
d2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
| γ0〉〈γ0 | . (4.57)

This expression for the density operator can be put in the form

ρ̂′(t) = λa

∫
d2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
D̂(γ0)ρ̂0D̂(−γ0), (4.58)

where D̂(γ0) is the displacement operator and

ρ̂0 =| 0〉〈0 | (4.59)

represents the density operator for the cavity light at the initial time. We now realize

that the density operator for the superposition of the first two-mode light beam and

the second one can be expressed as

ρ̂(t) = λb

∫
d2ηQ

(
λbη

∗, λbη +
∂

∂η∗

)
D̂(η)ρ̂′(t)D̂(−η), (4.60)

so that on account of (4.58), we readily get

ρ̂(t) = λaλb

∫
d2ηd2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
Q
(
λbη

∗, λbη +
∂

∂η∗

)
× D̂(η) | γ0〉〈γ0 | D̂(−η), (4.61)

where

Q
(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
=

1

π

∑
kl

Ckl

(
λaγ0

∗
)k(

λaγ0 +
∂

∂γ∗0

)l
, (4.62)

Q
(
λbη

∗, λbη +
∂

∂η∗

)
=

1

π

∑
mn

Cmn

(
λbη

∗
)m(

λbη +
∂

∂η∗

)n
(4.63)

are the Q functions associated with the constituent two-mode light beams. On ac-

count of the fact that

D̂(η) | γ0〉 = exp
[(λa + λb)

2

(
ηγ∗0 − η∗γ0

)]
| γ0 + η〉, (4.64)
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the density operator for the superposed two-mode light beams has the form

ρ̂(t) = λaλb

∫
d2ηd2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
Q
(
λbη

∗, λbη +
∂

∂η∗

)
× | γ0 + η〉〈η + γ0 | . (4.65)

4.3 Photon statistics

In this section we wish to analyze the statistical properties of a pair of superposed

two-mode laser light beams produced by the system under consideration.

4.3.1 The global mean photon number

We now seek to obtain the mean photon number for the superposed two-mode cav-

ity (output) light beams in the entire frequency interval, using the density operator.

The mean photon number can be expressed in terms of the density operator as

n̄s = Tr
[
ρ̂(t)ĉ†ĉ

]
, (4.66)

where ĉ represents the annihilation operator for the superposed two-mode laser

light beams. Now we want to express in terms of â(t) and b̂(t), the annihilation

operator ĉ(t) for the superposed two-mode laser light beams using the quantum

Langevin equation. On account of Eq. (2.68), the equation of evolution of the sec-

ond two-mode light beam can be written as

d

dt
b̂(t) = −k

2
b̂(t) +

g√
N
m̂b, (4.67)

where

m̂b = m̂′1 + m̂′2. (4.68)

Upon adding Eqs. (2.68) and (4.67), the equation of evolution for the superposed

two-mode cavity light beams has the form

d

dt
ĉ(t) = −k

2
ĉ(t) +

g√
N
m̂, (4.69)
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where

m̂ = m̂a + m̂b (4.70)

and

ĉ(t) = â(t) + b̂(t). (4.71)

We next wish to determine the global mean photon number for the superposed

two-mode laser light beams. Applying the density operator given by (4.65) in (4.66)

with the value of (4.71), the global mean photon number for the superposed two-

mode laser light beams can be put in the form

n̄s = λaλb

∫
d2ηd2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
Q
(
λbη

∗, λbη +
∂

∂η∗

)
×
[
λ2aγ

∗
0γ0 + λ2bη

∗η + λaλbγ
∗
0η + λaλbγ0η

∗
]
. (4.72)

Now on introducing the variables α = λaγ0 and β = λbη, Eq. (4.72) can be rewritten

as

n̄s =

∫
d2α

λa

d2β

λb
Q
(
α∗, α + λa

∂

∂α∗

)
Q
(
β∗, β + λb

∂

∂β∗

)
×
[
α∗α + β∗β + α∗β + αβ∗

]
, (4.73)

from which follows

n̄s =

∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗α

+

∫
d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗β

+

∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗

×
∫
d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β

+

∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α

×
∫
d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗. (4.74)
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On account of Eq. (4.47), we see that

n̄ = 〈â†â〉+ 〈b̂†b̂〉+ 〈â†〉〈b̂〉+ 〈â〉〈b̂†〉, (4.75)

in which

[â, â†] = λa, (4.76)

[b̂, b̂†] = λb, (4.77)

where λa and λb are given by Eqs. (4.20) and (4.30), respectively.

We next proceed to calculate the expectation values that appear in Eq. (4.75).

Thus employing Eq. (4.56), the global mean photon number of the first two-mode

laser light beam can be expressed as

〈â†â〉 =
1

π

∫
d2ξ1d

2ξ2
λ2a

Q (ξ∗2 , ξ1, t)

× exp

[
− 1

λa
ξ∗1ξ1 −

1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2 +

1

λa
ξ1ξ
∗
2

]
ξ∗1ξ2. (4.78)

With the aid of Eq. (4.19), we have

Q(ξ∗2 , ξ1) =
λa
π

[
u2a − v2a

]1/2
exp

[
− uaξ∗2ξ1 +

va
2

(
ξ21 + ξ∗22

) ]
. (4.79)

Using this Q function, one can put Eq. (4.78) in the form

〈â†â〉 =
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ1
π

d2ξ2
π

exp

[
− 1

λa
ξ∗1ξ1 −

1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2

+ ξ1

([ 1

λa
− ua

]
ξ∗2

)
+
va
2
ξ21 +

va
2
ξ∗22

]
ξ∗1ξ2. (4.80)

This can be rewritten as

〈â†â〉 =
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ2
π

exp

[
− 1

λa
ξ∗2ξ2 +

va
2
ξ∗22

]

× d

da

∫
d2ξ1
π

exp

[
− 1

λa
ξ∗1ξ1 + ξ1

([ 1

λa
− ua

]
ξ∗2

)
+ ξ∗1

([ 1

λa
+ a
]
ξ2

)
+
va
2
ξ21

]
|a=0

, (4.81)
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so that on carrying out the integration over ξ1, employing the relation given by Eq.

(4.13), we readily obtain

〈â†â〉 =
[
u2a − v2a

]1/2 ∫ d2ξ2
π

exp

[
− 1

λa
ξ∗2ξ2 +

va
2
ξ∗22

]
× d

da
exp

[
ξ∗2ξ2

( 1

λa
− auaλa + a− ua

)
+
va
2

(
ξ22 + ξ22a

2λ2a + 2aλaξ
2
2

) ]
|a=0

. (4.82)

Upon performing the differentiation and applying the condition a = 0, we get

〈â†â〉 =
[
u2a − v2a

]1/2 ∫ d2ξ2
π

exp
[
−uaξ∗2ξ2 +

va
2

(
ξ∗22 + ξ22

)]
×
[(

1− uaλa
)
ξ∗2ξ2 + vaλaξ

2
2

]
. (4.83)

This can be put in the form

〈â†â〉 =
[
u2a − v2a

]1/2{(
1− uaλa

)∫ d2β2
π

exp
[
−uaξ∗2ξ2 +

va
2

(
ξ∗22 + ξ22

)]
ξ∗2ξ2

+ vaλa

∫
d2ξ2
π

exp
[
−uaξ∗2ξ2 +

va
2

(
ξ∗22 + ξ22

)]
ξ22

}
. (4.84)

In order to carry out the integration, one can rewrite Eq. (4.84) as

〈â†â〉 =
[
u2a − v2a

]1/2{(
1− uaλa

) d2

dadb

∫
d2ξ2
π

exp

[
− uaξ∗2ξ2 + aξ2

+bξ∗2 +
va
2

(
ξ∗22 + ξ22

) ]
|a=b=0

+ vaλa
d2

dc2

∫
d2ξ2
π

exp
[
−uaξ∗2ξ2 + cξ2 +

va
2

(
ξ∗22 + ξ22

)]
|c=0

}
, (4.85)

so on carrying out the integration over ξ2, we find

〈â†â〉 =
[
1− uaλa

] d2

dadb
exp

[
ua

u2a − v2a
ab+

va
2 (u2a − v2a)

(
a2 + b2

)]
|a=b=0

+ vaλa
d2

dc2
exp

[
va

2 (u2a − v2a)
c2
]
|c=0

. (4.86)

Upon performing the differentiation and applying the condition a = b = c = 0, we

have

〈â†â〉 =
{

1− uaλa
}{ ua

u2a − v2a

}
+ vaλa

{ va
u2a − v2a

}
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=
ua

u2a − v2a
− λa. (4.87)

On account of Eqs. (4.21) and (4.22), we obtain

〈â†â〉 = pa − λa. (4.88)

With the aid of Eqs. (4.20) and (4.23), one can easily find

〈â†â〉 =
γc
k

{
〈N̂a〉a + 〈N̂b〉a

}
. (4.89)

Following a similar procedure, it is not difficult to verify that

〈b̂†b̂〉 =
ub

u2b − v2b
− λb

= pb − λb. (4.90)

In view of Eqs. (4.30) and (4.33), one can write the global mean photon number of

the other two-mode laser light beam as

〈b̂†b̂〉 =
γc
k

{
〈N̂a〉b + 〈N̂b〉b

}
. (4.91)

In addition, in view of Eq. (4.56) one can write

〈â〉 =
1

π

∫
d2ξ1d

2ξ2
λ2a

Q (ξ∗2 , ξ1, t)

× exp

[
− 1

λa
ξ∗1ξ1 −

1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2 +

1

λa
ξ1ξ
∗
2

]
ξ2. (4.92)

On account of Eq. (4.79), we have

〈â〉 =
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ1
π

d2ξ2
π

exp

[
− 1

λa
ξ∗1ξ1 −

1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2

+ ξ1

([ 1

λa
− ua

]
ξ∗2

)
+
va
2
ξ21 +

va
2
ξ∗22

]
ξ2. (4.93)

This can be rewritten as

〈â〉 =
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp

[
− 1

λa
ξ∗1ξ1 +

va
2
ξ21

]
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× d

db

∫
d2ξ2
π

exp

[
− 1

λa
ξ∗2ξ2 + ξ2

(
ξ∗1
λa

+ b

)
+ ξ∗2

([ 1

λa
− ua

]
ξ1

)
+
va
2
ξ∗22

]
|b=0

, (4.94)

so that on carrying out the integration over ξ2, employing the relation given by Eq.

(4.13), we readily get

〈â〉 =
[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp

[
− 1

λa
ξ∗1ξ1 +

va
2
ξ21

]
× d

db
exp

[
ξ∗1ξ1

( 1

λa
− ua

)
+ bξ1

(
1− uaλa

)
+
v1
2

(
ξ∗21 + b2λ2a + 2bλaξ

∗
1

)]
|b=0

. (4.95)

Upon performing the differentiation and applying the condition b = 0, we obtain

〈â〉 =
[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp
[
−uaξ∗1ξ1 +

va
2

(
ξ∗21 + ξ21

)]
×
[(

1− uaλa
)
ξ1 + v1λaξ

∗
1

]
. (4.96)

This can be put in the form

〈â〉 =
[
u2a − v2a

]1/2{(
1− uaλa

) d

dm

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 +mξ1 +

va
2

(
ξ∗21 + ξ21

)]
|m=0

+ vaλa
d2

dc2

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 + cξ1 +

va
2

(
ξ∗21 + ξ21

)]
|c=0

}
, (4.97)

so on carrying out the integration over ξ1, we get

〈â〉 =
[
1− uaλa

] d

dm
exp

[
va

2 (u2a − v2a)
m2

]
|m=0

+ vaλa
d

dc
exp

[
va

2 (u2a − v2a)
c2
]
|c=0

. (4.98)

Hence performing the differentiation and applying the condition m = c = 0, we

arrive at

〈â〉 = 0. (4.99)

We also find

〈b̂〉 = 0. (4.100)
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Thus upon substituting Eqs. (4.89), (4.91), (4.99), and (4.100) into Eq. (4.75), the

global mean photon number for the superposed two-mode light beams turns out

to be

n̄s =
γc
k

{
〈N̂a〉a + 〈N̂b〉a

}
+
γc
k

{
〈N̂a〉b + 〈N̂b〉b

}
. (4.101)

We see that the global mean photon number of the superposed two-mode laser light

beams is the sum of the global mean photon numbers of the constituent two-mode

laser light beams. With the aid of Eqs. (4.25),(4.26), (4.35), and (4.36), one can put

(4.101) in the form

n̄s =
γc
k

{
N1 +N2

}{
2Ω2

(γc + γ)2 + 3Ω2

}
. (4.102)

Finally, we note that the global mean photon number of the superposed two-mode

laser light beams takes for Ω� γc and Ω� γ the form

n̄s =
2

3

γc
k

{
N1 +N2

}
. (4.103)

We observe from the plots in Fig. 4.2 that the presence of the spontaneous emission

process leads to a decrease in the global mean photon number of the superposed

two-mode cavity light beams. Moreover, for N1 = N2 = N , we see that

n̄s =
4

3

γc
k
N, (4.104)

which indicates that the global mean photon number of the superposed two-mode

laser light beams is twice that of one of the two-mode laser light beams described

by Eq. (3.6). In addition, for γ = 0, Eq. (4.102) reduces to

n̄s =
γc
k

{
N1 +N2

}{
2Ω2

γ2c + 3Ω2

}
. (4.105)

We next wish to determine the global mean photon number of the superposed

two-mode output laser light beam. On account of Eq. (3.8), the output annihilation
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Figure 4.2: Plots of the global mean photon number [ Eq. (4.102)] versus Ω at steady
state for γc = 0.4, k = 0.8, N1 = 50, N2 = 60, and different values of γ.

operator b̂out(t) for the second two-mode light can be written as

b̂out(t) =
√
kb̂(t). (4.106)

Now in view of Eqs. (3.8), (4.99), (4.100) and (4.106) along with (4.75), the global

mean photon number of the superposed two-mode output laser light beams can

be expressed at steady state as

n̄out = k
{
〈â†â〉+ 〈b̂†b̂〉

}
,

= k

{
γc
k

[
N1 +N2

] [
2Ω2

(γc + γ)2 + 3Ω2

]}
, (4.107)

which indicates that the global mean photon number of the superposed two-mode

output laser light beams is just k times that of the superposed two-mode cavity light

beams.

4.3.2 Local mean photon number

Here we wish to calculate the mean photon number for the superposed two-mode

laser light beams in a given frequency interval. To this end, we recall that the
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power spectrum for the superposed two-mode cavity light with central common

frequency ω0 is defined by

Ps(ω) =
1

π
Re

∫ +∞

0

dτei(ω−ω0)τ 〈ĉ†(t)ĉ(t+ τ)〉ss. (4.108)

We now seek to obtain the two-time correlation function that appear in Eq.

(4.108). The solution of Eq. (4.69) can be written as

ĉ(t+ τ) = ĉ(t)e−kτ/2 +
g√
N
e−kτ/2

∫ τ

0

dτ ′ekτ
′/2m̂(t+ τ ′). (4.109)

We next proceed to determine the explicit form of m̂(t + τ ′) that appear in Eq.

(4.109). In view of Eq. (3.12), one can write the equation of evolution of operator

m̂b(t) for the second two-mode laser light beam as

d

dt
m̂b(t) = −1

2
νm̂b(t)−

1

2
νm̂′1(t) + F̂b(t), (4.110)

in which F̂b(t) is a noise operator with zero mean. Adding Eqs. (3.12) and (4.110),

we have

d

dt
m̂(t) = −1

2
νm̂(t)− 1

2
ν
(
m̂1(t) + m̂′1(t)

)
+
(
F̂a(t) + F̂b(t)

)
. (4.111)

The solution of Eq. (4.111) can be expressed as

m̂(t+ τ) = m̂(t)e−ντ/2 + e−ντ/2
∫ τ

0

eντ
′/2

{
− 1

2
ν
(
m̂1(t+ τ ′) + m̂′1(t+ τ ′)

)
(
F̂a(t+ τ ′) + F̂b(t+ τ ′)

)}
dτ ′. (4.112)

With the aid of Eq. (3.14), we find

d

dt
m̂′1(t) = −νm̂′1(t) + F̂ ′1(t), (4.113)

in which F̂ ′1(t) is a noise operator with vanishing mean. Upon adding Eqs. (3.14)

and (4.113), we get

d

dt

(
m̂1(t) + m̂′1(t)

)
= −ν

(
m̂1(t) + m̂′1(t)

)
+
(
F̂1(t) + F̂ ′1(t)

)
. (4.114)
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Now applying the large-time approximation scheme to Eq. (4.114), we easily obtain

(
m̂1(t) + m̂′1(t)

)
=

1

ν

(
F̂1(t) + F̂ ′1(t)

)
. (4.115)

With the aid of this result, one can put Eq. (4.112) in the form

m̂(t+ τ) = m̂(t)e−ντ/2 + e−ντ/2
∫ τ

0

eντ
′/2

{
− 1

2

(
F̂1(t+ τ ′) + F̂ ′1(t+ τ ′)

)
+
(
F̂a(t+ τ ′) + F̂b(t+ τ ′)

)}
dτ ′. (4.116)

Now combination of Eqs. (4.109) and (4.116) yields

ĉ(t+ τ) = ĉ(t)e−kτ/2 +
g√
N
e−kτ/2

{
m̂(t)

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2

(
F̂1(t+ τ ′′) + F̂ ′1(t+ τ ′′)

)
+
(
F̂a(t+ τ ′′) + F̂b(t+ τ ′′)

)]}
. (4.117)

On multiplying both sides of Eq. (4.117) on the left by ĉ†(t) and taking the expecta-

tion value of the resulting equation, one can readily get

〈ĉ†(t)ĉ(t+ τ)〉 = 〈ĉ†(t)ĉ(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
〈ĉ†(t)m̂(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2

(
〈ĉ†(t)F̂1(t+ τ ′′)〉+ 〈ĉ†(t)F̂ ′1(t+ τ ′′)〉

)
+
(
〈ĉ†(t)F̂a(t+ τ ′′)〉+ 〈ĉ†(t)F̂b(t+ τ ′′)〉

)]}
. (4.118)

Since the cavity mode operator and the noise operator of the atomic are not corre-

lated, we see that

〈ĉ†(t)F̂1(t+ τ ′′)〉 = 〈ĉ†(t)F̂ ′1(t+ τ ′′)〉 = 0, (4.119)

〈ĉ†(t)F̂a(t+ τ ′′)〉 = 〈ĉ†(t)F̂b(t+ τ ′′)〉 = 0. (4.120)

It then follows that

〈ĉ†(t)ĉ(t+ τ)〉 = 〈ĉ†(t)ĉ(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
〈ĉ†(t)m̂(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

}
. (4.121)
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Moreover, applying the large-time approximation scheme to Eq. (4.69), we have

m̂(t) =
k
√
N

2g
ĉ(t). (4.122)

With the aid of this result, we can rewrite Eq. (4.121) in the form

〈ĉ†(t)ĉ(t+ τ)〉 = 〈ĉ†(t)ĉ(t)〉
{
e−kτ/2 +

1

2
ke−kτ/2

∫ τ

0

dτ ′e(k−ν)τ
′/2

}
, (4.123)

so on carrying out the integration over τ ′, we easily obtain

〈ĉ†(t)ĉ(t+ τ)〉 = 〈ĉ†(t)ĉ(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (4.124)

Now upon substituting (4.124) into Eq. (4.108), the power spectrum of the cavity

light mode takes the form

Ps(ω) = 〈ĉ†(t)ĉ(t)〉 1
π
Re

{[
k

k − ν

∫ ∞
0

dτe
−
(
ν/2−i(ω−ω0)

)
τ

− ν

k − ν

∫ ∞
0

dτe
−
(
k/2−i(ω−ω0)

)
τ
]}

. (4.125)

So on carrying out the integration over τ , the power spectrum of the superposed

two-mode laser light beams turns out to be

Ps(ω) = n̄s

{[
k

k − ν

] [
ν/2π

(ω − ω0)2 + (ν/2)2

]
−
[

ν

k − ν

] [
k/2π

(ω − ω0)2 + (k/2)2

]}
(4.126)

Furthermore, we seek to calculate the mean photon number in a given fre-

quency interval. Upon integrating both sides of Eq. (4.126) over ω, we readily get

∫ +∞

−∞
Ps(ω)dω = n̄s, (4.127)

in which n̄s is the global mean photon number for the superposed two-mode laser

light beams at steady state. On the basis of Eq. (4.127), we observe that Ps(ω)dω rep-

resents the steady-state mean photon number of the superposed two-mode laser

light beams in the interval between ω and ω + dω [1]. We then realize that the mean
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Figure 4.3: Plots of the local mean photon number [Eq. (4.131)] versus λ for γc = 0.4,
k = 0.8, Ω = 3, N1 = 50, N2 = 60, and different values of γ.

photon number in the interval between ω′ = −λ and ω′ = +λ can be expressed as

[1]

n̄s±λ =

∫ +λ

−λ
Ps(ω

′)dω′, (4.128)

in which ω′ = ω − ω0. Thus on introducing (4.126) into Eq. (4.128), we find

n̄s±λ = n̄s

{[
k

k − ν

] ∫ +λ

−λ

[
ν/2π

ω′2 + (ν/2)2

]
dω′

−
[

ν

k − ν

] ∫ +λ

−λ

[
k/2π

ω′2 + (k/2)2

]
dω′
}
, (4.129)

so on carrying out the integration over ω′, applying the relation described by Eq.

(3.30), we arrive at

n̄s±λ = n̄s

{[
2k/π

k − ν

]
tan−1

(
2λ

ν

)
−
[

2ν/π

k − ν

]
tan−1

(
2λ

k

)}
. (4.130)

in which ν is given by (2.73). Moreover, with the aid of Eqs. (4.94), one can put Eq.

(4.130) in the form

n̄s±λ =
γc
k

{
N1 +N2

}{
2Ω2

(γc + γ)2 + 3Ω2

}{[
2k/π

k − ν

]
tan−1

(
2λ

ν

)
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−
[

2ν/π

k − ν

]
tan−1

(
2λ

k

)}
. (4.131)

One can readily observe from the plots in Fig. 4.3 that the local mean photon num-

ber of the superposed two-mode laser light beams increases with increasing λ. We

also see that the local mean photon number approaches the global mean photon

number as λ increases.

4.3.3 The global variance of the photon number

We seek to calculate the global variance of the photon number for the superposed

two-mode laser light beams. The variance of the photon number for the superposed

two-mode laser light beams is defined by

(∆n)2s = 〈
(
ĉ†ĉ
)2〉 − 〈ĉ†ĉ〉2. (4.132)

We can put an arbitrary function of ĉ and ĉ† in the normal order by making use of

the commutation relation [1]

[
ĉ, ĉ†

]
= λa + λb, (4.133)

which holds for the superposed two-mode laser light beams. Applying (4.133), the

global variance of the photon number can be expressed as

(∆n)2s = 〈ĉ†2ĉ2〉+ (λa + λb) 〈ĉ†ĉ〉 − 〈ĉ†ĉ〉2. (4.134)

Now the expectation value of ĉ†2ĉ2 is expressible using the density operator as

〈ĉ†2ĉ2〉 = Tr
[
ρ̂(t)ĉ†2ĉ2

]
. (4.135)

Thus employing the density operator described by (4.65), we readily get

〈ĉ†2ĉ2〉 = λaλb

∫
d2γ0d

2ηQ
(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
Q
(
λbη

∗, λbη +
∂

∂η∗

)
×
[
λ4aγ

∗2
0 γ

2
0 + λ2aλ

2
bγ
∗2
0 η

2 + λ2aλ
2
bγ

2
0η
∗2 + 2λ3aλbγ

∗2
0 γ0η + 2λaλ

3
2γ0η

∗2η
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+ 2λ3aλbγ
∗
0γ

2
0η
∗ + 2λaλ

3
bγ
∗
0η
∗η2 + 4λ2aλ

2
bγ
∗
0γ0η

∗γ0 + λ4bη
∗2η2

]
. (4.136)

On introducing the variables α = λaγ0 and β = λbη, one can put Eq. (4.136) in the

form

〈ĉ†2ĉ2〉 =

∫
d2α

λa

d2β

λb
Q
(
α∗, α + λa

∂

∂α∗

)
Q
(
β∗, β + λb

∂

∂β∗

)
×
[
α∗2α2 + α∗2β2 + α2β∗2 + 2α∗2αβ + 2αβ∗2β

+ 2α∗α2β∗ + 2α∗β∗β2 + 4α∗αβ∗β + β∗2β2
]
. (4.137)

This can be expressed as

〈ĉ†2ĉ2〉 =

∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗2α2

+

∫
d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗2β2

+

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗2
}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β2

}
+

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α2

}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗2
}

+2

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗2α

}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β

}
+2

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α

}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗2β

}
+2

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗α2

}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗
}

+2

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗
}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗β2

}
+ 4

{∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α∗α

}
×
{∫

d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β∗β

}
. (4.138)

Now on the basis of (4.47), we can write Eq. (4.138) as

〈ĉ†2ĉ2〉 = 〈â†2â2〉+ 〈b̂†2b̂2〉+ 〈â†2〉〈b̂2〉+ 〈â2〉〈b̂†2〉+ 2〈â†2â〉〈b̂〉

+2〈â〉〈b̂†2b̂〉+ 2〈â†â2〉〈b̂†〉+ 2〈â†〉〈b̂†b̂2〉+ 4〈â†â〉〈b̂†b̂〉. (4.139)
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On account of Eqs. (4.99) and (4.100), we can put Eq. (4.139) in the form

〈ĉ†2ĉ2〉 = 〈â†2â2〉+ 〈â2〉〈b̂†2〉+ 〈â†2〉〈b̂2〉+ 4〈â†â〉〈b̂†b̂〉+ 〈b̂†2b̂2〉. (4.140)

In view of Eqs. (4.75) and (4.140) together with (4.134), we arrive at

(∆n)2s = 〈â†2â2〉+ λa〈â†â〉 − 〈â†â〉2 + 〈b̂†2b̂2〉+ λb〈b̂†b̂〉 − 〈b̂†b̂〉2

+〈â†2〉〈b̂2〉+ 〈â2〉〈b̂†2〉+ 2〈â†â〉〈b̂†b̂〉+ λa〈b̂†b̂〉+ λb〈â†â〉. (4.141)

Furthermore, in view of the fact that â and b̂ are Gaussian variables with zero

mean, we see that

〈â†2â2〉 = 2〈â†â〉2 + 〈â†2〉〈â2〉 (4.142)

and

〈b̂†2b̂2〉 = 2〈b̂†b̂〉2 + 〈b̂†2〉〈b̂2〉. (4.143)

On account of Eqs. (4.142) and (4.143), one can write Eq. (4.141) as

(∆n)2s = 〈â†â〉2 + λa〈â†â〉+ 〈â†2〉〈â2〉+ 〈b̂†b̂〉2 + λb〈b̂†b̂〉+ 〈b̂†2〉〈b̂2〉

+〈â2〉〈b̂†2〉+ 〈â†2〉〈b̂2〉+ 2〈â†â〉〈b̂†b̂〉+ λa〈b̂†b̂〉+ λb〈â†â〉. (4.144)

With the aid of Eq. (4.56), the expectation value of â2 can express as

〈â2〉 =
1

π

∫
d2ξ1d

2ξ2
λ2a

Q(ξ∗2 , ξ1) exp
[
− 1

λa
ξ∗1ξ1 −

1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2 +

1

λa
ξ1ξ
∗
2

]
ξ22 . (4.145)

In view of (4.79), one can be put Eq. (4.145) in the form

〈â2〉 =
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ1
π

d2ξ2
π

exp
[
− 1

λa
ξ∗1ξ1 −

1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2

+
1

λa
ξ1ξ
∗
2 − uaξ∗2ξ1 +

va
2

(
ξ21 + ξ∗22

)]
ξ22

=
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp
[
− 1

λa
ξ∗1ξ1 +

va
2
ξ21

]
×
∫
d2ξ2
π

exp
[
− 1

λa
ξ∗2ξ2 +

1

λa
ξ∗1ξ2 +

1

λa
ξ1ξ
∗
2
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− uaξ∗2ξ1 +
va
2
ξ∗22 + bξ2

]
|b=0

ξ22 . (4.146)

This can be rewritten as

〈â2〉 =
1

λa

[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp
[
− 1

λa
ξ∗1ξ1 +

va
2
ξ21

]
× d2

db2

∫
d2ξ2
π

exp
[
− 1

λa
ξ∗2ξ2 + ξ2

( ξ∗1
λa

+ b
)

+ ξ∗2

(
ξ1

[ 1

λa
− ua

])
+
v1
2
ξ∗22

]
|b=0

, (4.147)

so that on carrying out the integration over ξ2, using the relation given by Eq. (4.13),

we get

〈â2〉 =
[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp
[
− 1

λa
ξ∗1ξ1 +

va
2
ξ21

]
× d2

db2
exp

[
ξ∗1ξ1

( 1

λa
− ua

)
+ bξ1 − buaλaξ1

+
va
2

(
ξ∗21 + λ2ab

2 + 2bλaξ
∗
1

)]
|b=0

. (4.148)

Hence performing the differentiation and applying the condition b = 0, we find

〈â2〉 =
[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp
[
− 1

λa
ξ∗1ξ1 +

va
2
ξ21 +

1

λa
ξ∗1ξ1 − uaξ∗1ξ1 +

va
2
ξ∗21

]
×
[
vaλ

2
a +

(
ξ1

[
1− λaua

]
+ λavaξ

∗
1

)2]
. (4.149)

This can be rewritten as

〈â2〉 =
[
u2a − v2a

]1/2 ∫ d2ξ1
π

exp
[
−uaξ∗1ξ1 +

va
2

(
ξ21 + ξ∗21

)]
×
[
vaλ

2
a +

(
1− λaua

)2
ξ21 + λ2av

2
aξ
∗2
1 + 2λava

(
1− λaua

)
ξ∗1ξ1

]
. (4.150)

We can now put this equation in the form

〈â2〉 =
[
u2a − v2a

]1/2{
vaλ

2
a

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 +

va
2

(
ξ21 + ξ∗21

)]
+
(

1− λaua
)2 ∫ d2ξ1

π
exp

[
−uaξ∗1ξ1 +

va
2

(
ξ21 + ξ∗21

)]
ξ21

+v2aλ
2
a

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 +

va
2

(
ξ21 + ξ∗21

)]
ξ∗21
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+ 2λava

(
1− λaua

)∫ d2ξ1
π

exp
[
−uaξ∗1ξ1 +

va
2

(
ξ21 + ξ∗21

)]
ξ∗1ξ1

}
. (4.151)

In order to carry out the integration, one can rewrite Eq. (4.151) as

〈â2〉 =
[
u2a − v2a

]1/2{
vaλ

2
a

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 +

va
2

(
ξ21 + ξ∗21

)]
+
(

1− λaua
)2 d2
da2

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 + aξ1 +

va
2

(
ξ21 + ξ∗21

)]
|a=0

+v2aλ
2
a

d2

db2

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 + bξ∗1 +

va
2

(
ξ21 + ξ∗21

)]
|b=0

+ 2λava

(
1− λaua

) d2

dcdb

∫
d2ξ1
π

exp
[
−uaξ∗1ξ1 + bξ1 + cξ∗1 +

va
2

(
ξ21 + ξ∗21

)]
|b=c=0

}
,

(4.152)

so on carrying out the integration over ξ1, one readily obtains

〈â2〉 = vaλ
2
a +

(
1− uaλa

)2 d2
da2

exp

[
a2va

2(u2a − v2a)

]
|a=0

+v2aλ
2
a

d2

db2
exp

[
vab

2

2(u2a − v2a)

]
|b=0

+ 2vaλa

(
1− uaλa

) d2

dcdb
exp

[
bcua + va(b

2 + c)/2

u2a − v2a

]
|b=c=0

. (4.153)

Hence performing the differentiation and applying the condition a = b = c = 0, we

easily get

〈â2〉 = vaλ
2
a +

va
u2a − v2a

×
[
1− uaλa

]2
+

v3aλ
2
a

u2a − v2a
+

2uavaλa
u2a − v2a

×
[
1− uaλa

]
= vaλ

2
a +

va
u2a − v2a

− u2avaλ
2
a

u2a − v2a
+

v3aλ
2
a

u2a − v2a

=
va

u2a − v2a
. (4.154)

We also see that

〈â†2〉 =
va

u2a − v2a
. (4.155)

And thus on account of Eqs. (4.21) and (4.22) along with (4.154) and (4.155), one

readily finds

〈â2〉 = 〈â†2〉 = qa
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=
γc
k
〈m̂3〉a. (4.156)

Following a similar procedure, one can also verify that

〈b̂2〉 = 〈b̂†2〉 =
vb

u2b − v2b
. (4.157)

On account of (4.31) and (4.32) along with Eq. (4.157), we find

〈b̂2〉 = 〈b̂†2〉 = qb

=
γc
k
〈m̂3〉b. (4.158)

Finally, with aid of Eqs. (4.89), (4.91), (4.156), (4.158) and Eq. (4.144), the global

variance of the photon number for the superposed two-mode laser light beams can

be expressed as

(∆n)2s =

[
γc
k

(
〈N̂a〉a + 〈N̂b〉a

)]2
+ λa

[
γc
k

(
〈N̂a〉a + 〈N̂b〉a

)]
+

[
γc
k
〈m̂3〉a

]2

+

[
γc
k

(
〈N̂a〉b + 〈N̂b〉b

)]2
+ λb

[
γc
k

(
〈N̂a〉b + 〈N̂b〉b

)]
+

[
γc
k
〈m̂3〉b

]2
+2

[
γc
k

(
〈N̂a〉a + 〈N̂b〉a

)][γc
k

(
〈N̂a〉b + 〈N̂b〉b

)]
+ 2

[
γc
k
〈m̂3〉a

][
γc
k
〈m̂3〉b

]
+ λa

[
γc
k

(
〈N̂a〉b + 〈N̂b〉b

)]
+ λb

[
γc
k

(
〈N̂a〉a + 〈N̂b〉a

)]
. (4.159)

With the help of Eqs. (4.89) and (4.91), we can write Eq. (4.159) in the form

(∆n)2s = n̄2
a + λan̄a +

[
γc
k
〈m̂3〉a

]2

+n̄2
b + λbn̄b +

[
γc
k
〈m̂3〉b

]2
+ 2n̄an̄b + 2

[
γc
k
〈m̂3〉a

][
γc
k
〈m̂3〉b

]
+ λan̄b + λbn̄a. (4.160)

We note that, unlike the mean photon number, the global variance of the photon

number for the superposed two-mode laser light beams is not the sum of the pho-

ton number variances of the constituent two-mode laser light beams. Moreover, for
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the case in which the separate two-mode laser light beams are identical, one easily

finds

(∆n)2s = 4
[γc
k

(
〈N̂a〉a + 〈N̂b〉a

)]2
+ 4λa

[γc
k

(
〈N̂a〉a + 〈N̂b〉a

)]
+ 4

[γc
k
〈m̂3〉a

]2
= 4

{
n̄2
a + λan̄a +

(γc
k
〈m̂3〉a

)2}
. (4.161)

We immediately observe that the global variance of the photon number for the su-

perposed identical two-mode laser light beams is four times that of one of a two-

mode laser light beam. On the other hand, upon adding Eqs. (3.8) and (4.106) to-

gether with (4.71), the output annihilation operator ĉout(t) for the superposed two-

mode light beam can be expressed as

ĉout(t) =
√
kĉ(t). (4.162)

With the aid of this expression together with (4.132), the global variance of the pho-

ton number for the superposed two-mode output laser light beams have the form

(∆n)2out = k2 (∆n)2s . (4.163)

We see that the global variance of the photon number for the superposed two-mode

output laser light beams is just k2 times that of the superposed two-mode cavity

light beams.

4.3.4 Local variance of the photon number

We wish to obtain the variance of the photon number for the superposed two-mode

light beams in a given frequency interval, employing the spectrum of the photon

number fluctuations for the superposed two-mode laser light beams. The spectrum

of the photon number fluctuations for the superposed two-mode cavity light with

central common frequency ω0 is expressible as

R(ω) =
1

π
Re

∫ ∞
0

dτei(ω−ω0)τ 〈n̂(t), n̂(t+ τ)〉ss, (4.164)
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in which

n̂(t) = ĉ†(t)ĉ(t), (4.165)

n̂(t+ τ) = ĉ†(t+ τ)ĉ(t+ τ) (4.166)

and we have used the notation 〈A,B〉 = 〈AB〉−〈A〉〈B〉. We now proceed to calculate

〈n̂(t), n̂(t + τ)〉 that appears in Eq. (4.164). On account of Eqs. (4.165) and (4.166),

we readily obtain

〈n̂(t), n̂(t+ τ)〉 = 〈ĉ†(t)ĉ(t)ĉ†(t+ τ)ĉ(t+ τ)〉

−〈ĉ†(t)ĉ(t)〉〈ĉ†(t+ τ)ĉ(t+ τ)〉. (4.167)

On account of Eqs. (4.99) and (4.100), one can put the expectation value of Eq. (4.71)

in the form

〈ĉ(t)〉 = 0. (4.168)

In view of Eqs. (4.69) and (4.168) the annihilation operator ĉ(t) is a Gaussian variable

with zero mean. we find

〈ĉ†(t)ĉ(t)ĉ†(t+ τ)ĉ(t+ τ)〉 = 〈ĉ†(t)ĉ(t+ τ)〉〈ĉ(t)ĉ†(t+ τ)〉

+〈ĉ†(t)ĉ†(t+ τ)〉〈ĉ(t)ĉ(t+ τ)〉

+〈ĉ†(t)ĉ(t)〉〈ĉ†(t+ τ)ĉ(t+ τ)〉. (4.169)

With the aid of this result, we can put (4.167) in the form

〈n̂(t), n̂(t+ τ)〉 = 〈ĉ†(t)ĉ(t+ τ)〉〈ĉ(t)ĉ†(t+ τ)〉

+〈ĉ†(t)ĉ†(t+ τ)〉〈ĉ(t)ĉ(t+ τ)〉. (4.170)

We next seek to determine the two-time correlation functions that appear in Eq.

(4.170) for the superposed two-mode cavity light beams. To this end, we observe

that the adjoint of Eq. (4.117) has the form

ĉ†(t+ τ) = ĉ†(t)e−kτ/2 +
g√
N
e−kτ/2

{
m̂†(t)

∫ τ

0

dτ ′e(k−ν)τ
′/2
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+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2

(
F̂ †1 (t+ τ ′′) + F̂ ′†1 (t+ τ ′′)

)
+
(
F̂ †a (t+ τ ′′) + F̂ †b (t+ τ ′′)

)]}
. (4.171)

On multiplying both sides of Eq. (4.171) on the left by ĉ(t) and taking the expectation

value of the resulting equation, one can readily get

〈ĉ(t)ĉ†(t+ τ)〉 = 〈ĉ(t)ĉ†(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
〈ĉ(t)m̂†(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

+

∫ τ

0

dτ ′e(k−ν)τ
′/2

∫ τ ′

0

dτ ′′eντ
′′/2
[
− 1

2

(
〈ĉ(t)F̂ †1 (t+ τ ′′)〉+ 〈ĉ(t)F̂ ′†1 (t+ τ ′′)〉

)
+
(
〈ĉ(t)F̂ †a (t+ τ ′′)〉+ 〈ĉ(t)F̂ †b (t+ τ ′′)〉

)]}
. (4.172)

Since the cavity mode operator and the noise operator of the atomic are not corre-

lated, we see that

〈ĉ(t)F̂ †1 (t+ τ ′′)〉 = 〈ĉ(t)F̂ ′†1 (t+ τ ′′)〉 = 0, (4.173)

〈ĉ(t)F̂ †a (t+ τ ′′)〉 = 〈ĉ(t)F̂ †b (t+ τ ′′)〉 = 0. (4.174)

It then follows that

〈ĉ(t)ĉ†(t+ τ)〉 = 〈ĉ(t)ĉ†(t)〉e−kτ/2 +
g√
N
e−kτ/2

{
〈ĉ(t)m̂†(t)〉

∫ τ

0

dτ ′e(k−ν)τ
′/2

}
. (4.175)

Introducing the adjoint of Eq. (4.122) into Eq. (4.175), we find

〈ĉ(t)ĉ†(t+ τ)〉 = 〈ĉ(t)ĉ†(t)〉
{
e−kτ/2 +

1

2
ke−kτ/2

∫ τ

0

dτ ′e(k−ν)τ
′/2

}
, (4.176)

so that on carrying out the integration over τ ′, we readily get

〈ĉ(t)ĉ†(t+ τ)〉 = 〈ĉ(t)ĉ†(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (4.177)

It can be established in a similar manner that

〈ĉ(t)ĉ(t+ τ)〉 = 〈ĉ2(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
, (4.178)

〈ĉ†(t)ĉ†(t+ τ)〉 = 〈ĉ†2(t)〉
{

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

}
. (4.179)
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On account of Eq. (4.124) and Eqs. (4.177)-(4.179), one can write Eq. (4.170) as

〈n̂(t), n̂(t+ τ)〉 =

(
〈ĉ†(t)ĉ(t)〉〈ĉ(t)ĉ†(t)〉+ 〈ĉ†2(t)〉〈ĉ2(t)〉

)

×
(

k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

)2

= (∆n)2s

{
k2

(k − ν)2
e−ντ +

ν2

(k − ν)2
e−kτ − 2kν

(k − ν)2
e−(k+ν)τ/2

}
, (4.180)

Thus upon substituting this result into (4.164), we have

R(ω) = (∆n)2s
1

π
Re

{[
k2

(k − ν)2

] ∫ +∞

0

dτe
−
(
ν−i[ω−ω0]

)
τ

+

[
ν2

(k − ν)2

] ∫ +∞

0

dτe
−
(
k−i[ω−ω0]

)
τ

−
[

2kν

(k − ν)2

] ∫ +∞

0

dτe
−
(
[k+ν]/2−i[ω−ω0]

)
τ
}
, (4.181)

so on carrying out the integration over τ , we easily obtain

R(ω) = (∆n)2s

{[
k2

(k − ν)2

] [
ν/π

(ω − ω0)2 + ν2

]
+

[
ν2

(k − ν)2

] [
k/π

(ω − ω0)2 + k2

]

−
[

2kν

(k − ν)2

] [
(k + ν)/2π

(ω − ω0)2 + (k + ν)2/4

]}
. (4.182)

Upon integrating both sides of (4.182) over ω, one find

∫ +∞

−∞
R(ω)dω = (∆n)2s, (4.183)

in which (∆n)2s is the steady-state global variance of the photon number for the

superposed two-mode laser light beams given by Eq. (4.160). On the basis of (4.183),

we observe that R(ω)dω represents the steady-state variance of the photon number

for the superposed two-mode cavity light beams in the interval between ω and ω +

dω [1]. We thus realize that the photon-number variance in the interval between

ω′ = −λ and ω′ = +λ is expressible as [1]

(∆n)2±λ =

∫ +λ

−λ
R(ω′)dω′ (4.184)
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Figure 4.4: Plots of z′(λ) [Eq. (4.187)] versus λ for γc = 0.4, k = 0.8, Ω = 2, and
different values of γ.

in which ω′ = ω − ω0. Now on introducing (4.182) into Eq. (4.184), we have

(∆n)2s±λ = (∆n)2s

{[
k2

(k − ν)2

] ∫ +λ

−λ

[
ν/π

ω′2 + ν2

]
dω′

+

[
ν2

(k − ν)2

] ∫ +λ

−λ

[
k/π

ω′2 + k2

]
dω′

−
[

2kν

(k − ν)2

] ∫ +λ

−λ

[
(k + ν)/2π

ω′2 + (k + ν)2/4

]
dω′
}
, (4.185)

so that on carrying out the integration over ω′, applying the relation given by Eq.

(3.30), we arrive at

(∆n)2s±λ = (∆n)2s z
′(λ), (4.186)

in which

z′(λ) =

[
2k2/π

(k − ν)2

]
tan−1

(
λ

ν

)
+

[
2ν2/π

(k − ν)2

]
tan−1

(
λ

k

)
−
[

4kν/π

(k − ν)2

]
tan−1

(
2λ

k + ν

)
. (4.187)

We see from Eq. (4.186) along with the plots z′(λ) that (∆n)2s±λ increases with λ until

it reaches the global variance of the photon number. In addition, we observe from
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the plots in Fig. 4.4 that z′(λ) in the absence of spontaneous emission (γ = 0) is

greater than in the presence of spontaneous emission (γ = 2). Moreover, we note

that a large part of the total variance of the photon number for the superposed two-

mode laser light beams is confined in a relatively small frequency interval.

4.4 Quadrature Squeezing

In this section we seek to investigate the squeezing properties of the superposed

two-mode laser light beams.

4.4.1 The global quadrature squeezing

Here we wish to calculate the quadrature squeezing of the superposed two-mode

cavity (output) light beams in the entire frequency interval at steady state. The

squeezing properties of the superposed two-mode laser light beams are described

by two quadrature operators defined as

ĉ+ = ĉ† + ĉ (4.188)

and

ĉ− = i(ĉ† − ĉ), (4.189)

where ĉ+ and ĉ− are Hermitian operators representing physical quantities called the

plus and minus quadratures. Using Eqs. (4.188), (4.189), and (4.71) together with

(2.56) and (2.57), one can readily verify that

[ĉ−, ĉ+] = 4i
γc
k

(
N̂a − N̂c

)
. (4.190)

It then follows that

∆c+∆c− > 2
γc
k

∣∣∣〈N̂a〉 − 〈N̂c〉
∣∣∣ . (4.191)

Employing the commutation relation given by Eq. (4.133), the global quadrature

variance of the superposed two-mode laser light beams can be expressed as

(∆c±)2 = λa + λb + 〈: ĉ±(t), ĉ±(t) :〉 , (4.192)
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where :: stands for normal ordering. Then with the aid of (4.188) and (4.189), one

can put Eq. (4.192) in the form

(∆c±)2 = λa + λb + 2〈ĉ†ĉ〉 ± 〈ĉ†2〉 ± 〈ĉ2〉 ∓ 〈ĉ†〉2 ∓ 〈ĉ〉2 − 2〈ĉ†〉〈ĉ〉. (4.193)

Moreover, with the aid of (4.45) and (4.65), the expectation value of ĉ2(t) can

express as

〈ĉ2(t)〉 = λaλb

∫
d2γ0d

2ηQ
(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
Q
(
λbη

∗, λbη +
∂

∂η∗

)
×
[
λ2aβ

2 + λ2bγ
2
0 + 2λaλbβγ0

]

= λ2a

∫
d2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
γ20

+λ2b

∫
d2ηQ

(
λ2η

∗, λbη +
∂

∂η∗

)
η2

+2λ2a

∫
d2γ0Q

(
λaγ

∗
0 , λaγ0 +

∂

∂γ∗0

)
γ0

×λ2b
∫
d2ηQ

(
λbη

∗, λbη +
∂

∂η∗

)
η. (4.194)

Now on introducing the variables α = λaγ0 and β = λbη, we arrive at

〈ĉ2(t)〉 =

∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α2

+

∫
d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β2

+2

∫
d2α

λa
Q
(
α∗, α + λa

∂

∂α∗

)
α

×
∫
d2β

λb
Q
(
β∗, β + λb

∂

∂β∗

)
β. (4.195)

Then on account of (4.47), we can express Eq. (4.195) as

〈ĉ2(t)〉 = 〈â2〉+ 〈b̂2〉+ 2〈â〉〈b̂〉. (4.196)

On can also easily check that

〈ĉ†2(t)〉 = 〈â†2〉+ 〈b̂†2〉+ 2〈â†〉〈b̂†〉. (4.197)
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Thus upon substituting Eqs. (4.168), (4.196), and (4.197) into Eq. (4.193), we readily

get

(∆c±)2 = λa + λb + 2〈â†â〉+ 2〈b̂†b̂〉 ±
(
〈â†2〉+ 〈â2〉+ 〈b̂†2〉+ 〈b̂2〉

)
. (4.198)

This can be rewritten as

(∆c±)2 =

{
λa + 2〈â†â〉 ± 〈â†2〉 ± 〈â2〉

}
+

{
λb + 2〈b̂†b̂〉 ± 〈b̂†2〉 ± 〈b̂2〉〉

}

= (∆a±)2 + (∆b±)2 . (4.199)

In view of (3.91), the global quadrature variances of the constituent two-mode laser

light beams are given by

(∆a±)2 =
γc
k

{
N1 + 〈N̂b〉a ± 2〈m̂3〉a

}
(4.200)

and

(∆b±)2 =
γc
k

{
N2 + 〈N̂b〉b ± 2〈m̂3〉b

}
. (4.201)

Thus on account of (4.200) and (4.201), one can put Eq. (4.199) in the form

(∆c±)2 =
γc
k

{
N1 +N2 + 〈N̂b〉a + 〈N̂b〉b ± 2

(
〈m̂3〉a + 〈m̂3〉b

)}
. (4.202)

Finally, with the aid of Eqs. (4.26), (4.28), (4.36), and (4.38), we readily get

(∆c+)2 =
γc
k

{
1 +

Ω2 + 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N1

+
γc
k

{
1 +

Ω2 + 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N2

=
γc
k

{
N1 +N2

}{
1 +

Ω2 + 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
(4.203)

and

(∆c−)2 =
γc
k

{
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N1

+
γc
k

{
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
N2
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=
γc
k

{
N1 +N2

}{
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
. (4.204)

We observe that the superposed two-mode laser light beams is in a squeezed state

and the squeezing occurs in the minus quadrature. Moreover, we see that the global

quadrature variance of the superposed two-mode laser light beams is the sum of the

global quadrature variances of the constituent two-mode laser light beams.

Furthermore, for N1 = N2 = N , one can easily get

(∆c+)2 = 2
γc
k
N

{
1 +

Ω2 + 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
(4.205)

and

(∆c−)2 = 2
γc
k
N

{
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

}
. (4.206)

Comparison of Eqs. (3.93) and (4.206) shows that the global quadrature variance of

the superposed two-mode laser light beams is twice that of a single two-mode laser

light beam. In addition, for Ω = 0, we easily see from Eqs. (4.203) and (4.204) that

the quadrature variance of the superposed two-mode vacuum states takes the form

(∆c+)2v = (∆c−)2v =
γc
k

{
N1 +N2

}
. (4.207)

Next we proceed to calculate the quadrature squeezing of the superposed two-

mode laser light beams relative to the quadrature variance of the superposed two-

mode vacuum states. Now we define the quadrature squeezing of the superposed

two-mode cavity light beams by [1]

S− =
(∆c−)2v − (∆c−)2

(∆c−)2v
. (4.208)

Hence with the aid of Eqs. (4.204) and (4.207), we arrive at

S− =

{
2Ω(γc + γ)

(γc + γ)2 + 3Ω2
− Ω2

(γc + γ)2 + 3Ω2

}
. (4.209)

This shows that the global quadrature squeezing of the superposed two-mode laser

light beams is equal to that of the single two-mode laser light beam given by Eq.
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(3.98). In other words, we note that superposing the two-mode laser light beams

does not affect the quadrature squeezing in the entire frequency interval. Moreover,

upon setting γ = 0 in Eq. (4.209), we see that

S− =
2χ− χ2

1 + 3χ2
, (4.210)

where χ = Ω/γc. Eq. (4.210) is the quadrature squeezing of the light produced

by a three-level laser with the N three-level atoms available in a closed cavity and

pumped by electron bombardment which has been reported by Fesseha [1].

On the other hand, the global quadrature variance of the superposed two-mode

output laser light beams is given by

(
∆cout±

)2
= k (λa + λb) +

〈
: ĉout± (t), ĉout± (t) :

〉
, (4.211)

where

ĉout+ = ĉ†out + ĉout (4.212)

and

ĉout− = i
(
ĉ†out − ĉout

)
(4.213)

are the output plus and minus quadrature operators. With the aid of (4.212) and

(4.213), one can put Eq. (4.211) in the form

(
∆cout±

)2
= k (λa + λb) + 2〈ĉ†outĉout〉 ± 〈ĉ

†2
out〉 ± 〈ĉ2out〉

∓ 〈ĉ†out〉2 ∓ 〈ĉout〉2 − 2〈ĉ†out〉〈ĉout〉. (4.214)

On account of Eqs. (4.168), (4.196), and (4.197), we obtain

〈ĉout〉 = 0, (4.215)

〈ĉ2out〉 =
{
〈â2out〉+ 〈b̂2out〉

}
(4.216)
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and

〈ĉ†2out〉 =
{
〈â†2out〉+ 〈b̂†2out〉

}
. (4.217)

With the aid of Eqs. (3.8), (4.71),(4.106) and (4.215)-(4.217) together with (4.198),

one can express Eq. (4.214) as

(
∆cout±

)2
= k (∆c±)2 . (4.218)

Now in view of Eqs. (4.203) and (4.204), we see that

(
∆cout+

)2
= k

{
γc
k

[
N1 +N2

] [
1 +

Ω2 + 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

]}
, (4.219)

(
∆cout−

)2
= k

{
γc
k

[
N1 +N2

] [
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

]}
. (4.220)

Upon setting Ω = 0 in Eqs. (4.219) and (4.220), we easily obtain

(
∆cout+

)2
v

=
(
∆cout−

)2
v

= k

{
γc
k

[
N1 +N2

]}
, (4.221)

which represents the quadrature variance of the superposed two-mode output vac-

uum state. The global quadrature squeezing of the superposed two-mode output

laser light beams is defined by [1]

Sout− =

(
∆cout−

)2
v
−
(
∆cout−

)2
(∆cout− )2v

, (4.222)

so that with the aid of Eqs. (4.220) and (4.221) along with (4.208), we readily find

Sout− = S−, (4.223)

which shows that the quadrature squeezing of the superposed two-mode output

laser light beams is exactly the same as that of the superposed two-mode cavity

light beams.
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4.4.2 Local quadrature squeezing

Here we seek to determine the quadrature squeezing for the superposed two-mode

laser light beams in a given frequency interval. To this end, we first obtain the

spectrum of the quadrature fluctuations for the superposed two-mode cavity light

beams. We define the spectrum of quadrature fluctuations for the superposed two-

mode laser light beams with central common frequency ω0 by

S±(ω) =
1

π
Re

∫ ∞
0

dτei(ω−ω0)τ 〈ĉ±(t), ĉ±(t+ τ)〉ss , (4.224)

in which

ĉ+(t+ τ) = ĉ†(t+ τ) + ĉ(t+ τ), (4.225)

ĉ−(t+ τ) = i
(
ĉ†(t+ τ)− ĉ(t+ τ)

)
. (4.226)

On account of Eqs. (4.168), (4.225) and (4.226), one can put Eq. (4.224) in the form

S±(ω) =
1

π
Re

∫ ∞
0

dτei(ω−ω0)τ

[
〈ĉ†(t)ĉ(t+ τ)〉 ± 〈ĉ†(t)ĉ†(t+ τ)〉

+ 〈ĉ(t)ĉ†(t+ τ)〉 ± 〈ĉ(t)ĉ(t+ τ)〉
]
. (4.227)

Thus upon substituting Eq. (4.124) and Eqs. (4.177)-(4.179) into Eq. (4.227), we

have

S±(ω) =
1

π
Re

∫ ∞
0

dτei(ω−ω0)τ

{[
〈ĉ†ĉ〉+ 〈ĉĉ†〉 ± 〈ĉ†2〉 ± 〈ĉ2〉

]
×
[ k

k − ν
e−ντ/2 − ν

k − ν
e−kτ/2

]}
. (4.228)

This can be put in the form

S±(ω) = (∆c±)2
1

π
Re

{[
k

k − ν

] ∫ +∞

0

dτe
−
(
ν/2−i[ω−ω0]

)
τ

−
[

ν

k − ν

] ∫ +∞

0

dτe
−
(
k/2−i[ω−ω0]

)
τ
}
, (4.229)



4.4 Quadrature Squeezing 80

so that on carrying out the integration over τ , the spectrum of the quadrature fluc-

tuations for the superposed two-mode cavity light beams is found to be

S±(ω) = (∆c±)2
{[

k

k − ν

] [
ν/2π

(ω − ω0)2 + (ν/2)2

]

−
[

ν

k − ν

] [
k/2π

(ω − ω0)2 + (k/2)2

]}
. (4.230)

Upon integrating (4.230) over ω, we find

∫ ∞
−∞

S±(ω)dω = (∆c±)2 , (4.231)

in which (∆c±)2 is the steady-state global quadrature variance for the superposed

two-mode laser light beams given by Eq. (4.198). On the basis of Eq. (4.231), we

observe thatS±(ω)dω is the global quadrature variance of the superposed two-mode

cavity light beams in the interval between ω and ω + dω [1]. We then realize that the

quadrature variance of the superposed two-mode cavity light beams in the interval

ω′ = −λ and ω′ = +λ can be written as [1]

(∆c±)2±λ =

∫ +λ

−λ
S±(ω′)dω′, (4.232)

in which ω′ = ω − ω0. Thus upon substituting (4.230) into Eq. (4.232), we have

(∆c±)2±λ = (∆c±)2
{[

k

k − ν

] ∫ +λ

−λ

[ ν/2π

ω′2 + (ν/2)2

]
dω′

−
[

ν

k − ν

] ∫ +λ

−λ

[
k/2π

ω′2 + (k/2)2

]
dω′
}
, (4.233)

so on carrying out the integration over ω′, applying the relation described by Eq.

(3.30), we readily get

(∆c±)2±λ = (∆c±)2 z(λ), (4.234)

in which

z(λ) =

[
2k/π

k − ν

]
tan−1

(
2λ

ν

)
−
[

2ν/π

k − ν

]
tan−1

(
2λ

k

)
, (4.235)
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where ν is given by Eq. (2.73).

Moreover, upon setting Ω = 0 in Eq. (4.234), we find

(∆c±)2v±λ = (∆c±)2v zv(λ), (4.236)

with

(∆c±)2v =
γc
k

[
N1 +N2

]
(4.237)

and

zv(λ) =

[
2k/π

k − (γc + γ)

]
tan−1

(
2λ

γc + γ

)
−
[

2(γc + γ)/π

k − (γc + γ)

]
tan−1

(
2λ

k

)
. (4.238)

We immediately see that Eq. (4.236) is the local quadrature variance of the super-

posed two-mode vacuum state.

We next proceed to calculate the local quadrature squeezing of the superposed

two-mode laser light beams relative to the local quadrature squeezing of the super-

posed two-mode vacuum state. According to Ref. [1], we define the local quadra-

ture squeezing of the superposed two-mode cavity light beams in the λ± frequency

interval by

S±λ =
(∆c−)2v±λ − (∆c−)2±λ

(∆c−)2v±λ
. (4.239)

Then with the aid of Eqs. (4.204), (4.234), and (4.236)-(4.238), we easily get

S±λ =
1

zv(λ)

{
zv(λ)− z(λ)

[
1 +

Ω2 − 2Ω(γc + γ)

(γc + γ)2 + 3Ω2

]}
. (4.240)

We immediately observe that the local quadrature squeezing of the superposed

two-mode laser light beams is exactly the same as that of the single two-mode laser

light beams described by Eq. (3.126). In other words, we note that superposing the

two-mode laser light beams does not affect the quadrature squeezing in a given fre-

quency interval.
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On the other hand, the quadrature squeezing of the superposed two-mode out-

put laser light beam in the aforementioned frequency interval is defined by [1]

Sout±λ =

(
∆cout±

)2
v±λ −

(
∆cout±

)2
±λ

(∆cout± )2v±λ
, (4.241)

and taking into account the fact that

(
∆cout±

)2
v±λ = zv(λ)

(
∆cout±

)2
v

(4.242)

and (
∆cout±

)2
±λ = z(λ)

(
∆cout±

)2
, (4.243)

we arrive at

Sout±λ = 1−
(∆c±)2±λ

(∆c±)2v±λ

= S±λ. (4.244)

We see that the quadrature squeezing of the superposed two-mode output laser

light beams in a given frequency interval is equal to that of the superposed two-

mode cavity light beams.
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Conclusion

In this dissertation we have studied the quantum properties of the light produced

by a degenerate three-level laser pumped by coherent light and in the presence of

spontaneous emission. We have carried out our analysis by putting the noise oper-

ators associated with the vacuum reservoir in normal order and by taking into con-

sideration the interaction of the three-level atoms with the vacuum reservoir out-

side the cavity. Employing the pertinent master equation for a coherently pumped

degenerate three-level atom, we have obtained coupled equations of evolution for

the expectation values of the atomic operators. Then applying the large-time ap-

proximation scheme to the quantum Langevin equations for the cavity mode oper-

ators, we have managed to decouple the equations of evolution for the expectation

values of the atomic operators. Applying the solutions of the pertinent equations

of evolution, we have calculated the local and global mean photon number, the lo-

cal and global variance of the photon number, and the local and global quadrature

squeezing of the two-mode cavity light.

We have found that a large part of the total mean photon number and the total

variance of the photon number are confined in a relatively small frequency inter-

val. Moreover, we have observed that the cavity light is in a squeezed state and

the squeezing occurs in the minus qudrature. In addition, we have seen that the

maximum global quadrature squeezing of the cavity light is 43.42% ( and occurs at

Ω = 0.1717 for γ = 0 ). We have also observed that the cavity light produced by
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the laser operating under the conditions Ω � γc and Ω � γ is in a chaotic state.

In addition, we have shown that the presence of the spontaneous emission process

leads to a decrease in the mean photon number, the variance of the photon num-

ber, and the maximum quadrature squeezing. Furthermore, we would like to point

out that, unlike the mean photon number, the variance of the photon number and

the quadrature variance, the quadrature squeezing does not depend on the number

of atoms. This implies that the quadrature squeezing of the two-mode cavity light

is independent of the number of photons. On the other hand, we have found that

the maximum local quadrature squeezing of the cavity light is 78.48% ( and occurs

at λ = 0.0606 for γ = 0 ).

We have also analyzed the squeezing and statistical properties of the superposed

two-mode laser light beams. We have found that the global mean photon number

of the superposed two-mode laser light beams is the sum of the global mean pho-

ton numbers of the constituent two-mode laser light beams. Furthermore, we have

noted that unlike the mean photon number, the variance of the photon number for

the superposed two-mode laser light beams is not the sum of the photon-number

variances of the constituent two-mode laser light beams. However, it turns out to

be four times that of a two-mode laser light beam, for the case in which the sepa-

rate two-mode laser light beams are identical. Moreover, we have shown that the

quadrature variance of the superposed two-mode cavity light beams is the sum of

the quadrature variances of the constituent two-mode laser light beams. Finally,

we have found that the superposition of the two-mode laser light beams does not

affect the local and global quadrature squeezing, but it increases the global (local)

mean photon number and the global (local) variance of the photon number. Thus,

we note that the superposition of the two-mode laser light beams leads to a more
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bright squeezed light.
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