ADDIS ABABA UNIVERSITY
COLLEGE OF NATURAL AND COMPUTATIONAL SCIENCES
DEPARTMENT OF MATHEMATICS

ON

IDEALS OF LATTICE ORDERED MONOID

Submitted in partial fulfillment of the requirements
for the Degree of Master of Science in Mathematics

Compiled by: Alemu Baye
Stream: Algebra

Advisor: Berhanu Bekele (PhD)
Addis Ababa, Ethiopia

August 2017



ADDIS ABABA UNVERSITY
COLLAGE OF NATURAL ANDCOMPUTATIONAL SCIENCES
DEPARMENT OFMATHEMATICS

The undersigned hereby certify that they have read and recommend to the
Faculty of Graduate Studies for acceptance a project entitled " IDEALS OF LATTICE

ORDERED MONOIDS"” by Alemu Baye in partial fulfillment of the requirements for
the degree of Master of Science in Mathematics ( Algebra).

Dated: August 2017

EXAMIN O oo

e 11 0110 1=] S

AAVISO . oo e e

NI M AN e



Acknowledgements

First of all, I would like to thanks to the Almighty GOD for helping me throughout
this paper and my life.

I would like to thank my thesis advisor Dr. Berhanu Bekele for his whole hearted
professional advice and guidance by giving constructive comments and useful
suggestions.

| have to express my sincere appreciation to my family; they form the backbone
and origin of my happiness. Their love and support without complain of regret has

enabled me to complete this MSc thesis.



Abstract

In this project the notion of an ideal of a lattice ordered monoid A is introduced.
The notion of congruence relations on a lattice ordered monoid (I-monoid) Ais also
introduced and its relation with ideals of Ais investigated. In addition, we will
introduce the notion of normal ideals of lattice ordered monoid and dually
residuated lattice ordered monoid (DRI-monoid) in order to study their connection
with congruence relations. The ideal induced by congruence relations on an I-
monoid need not be normal. By imposing additional conditions on the congruence

relations on a DRI-monoid, we will prove that the induced ideal will be normal.
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Chapter 1

Introduction

A Partial order on a non-empty set P is a relation “<*on P which is reflexive, anti-
symmetric and transitive. Lattice can be defined as an Algebraic lattice on a non-
empty set with binary operations join and meet, which are commutative,
associative and satisfy the absorption identities and equivalently an order lattice is
a partially ordered set in which every doubleton {x, y} has greatest lower bound or
inf{x, y} and least upper bound or sup{x, y}.

A lattice ordered monoid is a monoid which has also a lattice structure. Ideals of
lattice ordered groups were investigated in detail by Birkhoff. Dually residuated
lattice ordered semi-groups were studied by Swamy as a common abstraction of
Boolean rings and abelian lattice ordered groups. Ideals of dually residuated lattice
ordered semi-groups were investigated by Kovar, Hansen and Rachunek. Kuhr
studied ideals of dually-residuated lattice ordered monoid and extended results of
Birkhoff to DRI-monoids.

The aim of this project is to extend the concept of an ideal to any lattice ordered
monoid and study relations between ideals of an I-monoid A and congruence
relations on A. This project work contains five chapters. The second chapter deals
with the theory of lattices. In the third chapter the ideal of lattice order groups will
be discussed. In chapter four notions of ideals and normal ideals of lattice ordered
monoid and dually residuated lattice ordered monoid are introduced. Moreover,
connection of ideals and congruence relations are studied. In the last chapter

concluding remarks are given.



Chapter 2
Lattice Theory

In this chapter we will give definitions and some results on lattice theory and lattice ordered

groups. Some of these are partially ordered set, lattice, and lattice, distributive lattice, etc.

2.1 Partial Ordered Set (Poset)

Definition 2.1.1: A non empty set P together with a relation " <" on P is said to be a partially
ordered set (poset) if the following are satisfied: for all x ,y ,z € P

P1. x < x (reflexivity),

P..if x < yand y < x, then x = y (anti-symmetry),

Ps.if x <yand y < z, then x < z (transitivity).

Note: A partially ordered set which satisfies either x < yory < xforall x,y, z e P is called
chain.

Examples 2.1.1:

1. Let X be a non empty set. Then the power set of X is a poset ordered by set inclusion.

2. Let N be the set of natural numbers

Define on N by n < m < n divides m then (N, <) is a poset.

3. The set of real numbers, with the usual less or equal to, is a chain.

Definition 2.1.2: Let (P, <) be a partially ordered set and S be a non empty subset of P.
Then an element:

1. uof P is said to be an upper bound of S if x < u for all x € S. An upper bound

u of S is said to be a least upper bound or supremum (sup) or join of S if u <y for each
upper bound y of S.

2. L of P is said to be a lower bound of S if £ < s foreach s € S. £ is said to be greatest

lower bound or infmum (inf) or meet of S if z < £ for each lower bound z of S.

2



Remark 2.1.1: In any chain, for each non-empty finite subset the least upper bound and
the greatest lower bound exist.

Definition 2.1.3: Let P and Q be poset. Then a function f: P— Q is called order

preserving map or isotone, if X <y, then f(x) < f(y), Vx,y € P.

Definition 2.1.4: An isomorphism between two posets P and Q is a bijection which satisfies
f(a) < f(b) ifand only ifa < b.

Definition 2.1.5: A function f: P — Q is called antitone (order reversing) if and only if

a < b implies f(b) < f(a) for alla, b € P.

Definition 2.1.6: A dual isomorphism between two posets P and Q is a bijection which
Satisfies a < b if and only if f(b) <f(a) forall a, b € P.

Note: A dual isomorphism from poset P to itself is a dual automorphism.

2.2 Lattice

A Lattice can be defined in two different but equivalent ways as an algebraic lattice and order

lattice.

Definition 2.2.1: An upper semi lattice is a poset (P, <) in which every doubleton {x, y}

has a least upper bound in P (sup{x, y}) denoted by x V y and called join of x and y.

Definition 2.2.2: A lower semi-lattice is a poset (P, <) in which every doubleton {x, y}has

a greatest lower bound in P (inf{x, y}) denoted by x A y and called meet of x and y.

Definition 2.2.3: An ordered Lattice is a poset that is simultaneously an upper semi-lattice and
3



a lower semi-lattice.

Definition 2.2.4: Algebraic lattice is a non empty set L together with two binary operations
V and A on L which satisfies, for all a, b, c € L

(Ly).-aVb=bVaandaAb=Db A a(commutativity),
(Ly).aV(bVc)=(aVb)VcandaA (bAc)=(aAb) Ac (associativity),
(L3).aV(aAb)=aandaA (aV b) =a (absorption law).

Theorem 2.2.1: In any algebraic lattice (L, V, A) both operations are idempotent.

Thatis,aAa=aandaVa=a.

Proof: Foranya e L,takeb € Land letc=aV b. Then
aVa=aV[aA (aV b)] (byabsorption law).

=a V (a A c) (by supposition)

=a (again absorption law)

Similarly,aAa=a. ]

Definition 2.2.5: Given an algebraic lattice (L, V, A), define"<"onLbya<biffa A b=afor
alla, b e L.

Theorem 2.2.2: In an algebraic lattice (L, V, A), foralla,be L;aAb=aiffaVb=h.

Proof: (<) SupposeaVb="hb

aAb=aA (aV b)=a(byabsorption law)

(=) SupposeaAb=a
aVb=(aADb)Vb=Db(byabsorption law) ]

Remark 2.2.1: Thus in an algebraic lattice (L, V, A), for all 8, beL, a < b ifand only if
aAb=aandaVb=h.



Example 2.2.1: (1). The power set of a finite set form a lattice, where join and meet are
union and intersection, respectively.
(2). Positive integers form a lattice, where a < b if and only if b is a multiple of a. The join and

meet are the least common multiple and greatest common divisor, respectively.

Theorem 2.2.3: An algebraic lattice and an ordered lattice are equivalent.

Proof: (=) Suppose (L, V, A) is an algebraic lattice. We want to show that (L,<) is order
Lattice. We first show that (L, <) is a poset.
(). Forae L, leta=aA a. (by idempotent Law)

Then, a < a. Hence, "<" is reflexive.

(ii). Fora, belL,ifa<bandb<a,thena=aAbandb=bAa Thena=aAb=bAa=h.

Thus "<" is anti-symmetry.

(iii). Ifa<band b<c,thenaAb=aandb A c=Db. Thisimpliesthata=aAb=aA (bAc)=
(aAb)Ac=aAc. Thus, a<c. Hence "<" is transitive.

Therefore, (L, <) is a poset.

We then show that (L, <) is an ordered lattice that is (L, <) is upper and lower semi-lattices. Let
a, b € L. Now, from absorption law, we have a A (aV b) =a. Thus, a<aV b. Similarly,

b A (bVa)=h. Hence, b<bV a. Therefore, a V b is the upper bound of {a, b}.

Let u be any upper bound of {a, b}.Then a <u and b <u. This impliesthataVu=u& bV u=u.
Therefore (aVb) Vu=aV (b Vu) (by associativity)

=aVu

=u
Thus a V b <u. Therefore a V b = lub{a, b}.



Similarly we can show that inf{a, b} exists in L and inf{a, b} = a A b. Hence (L, <) is an order

lattice.

(<) Let (L, <) bean order Lattice. Then L is both upper and lower semi lattices.
i.e. for elements a, b in L, glb{a, b}and lub{a, b}both exist in L.
Define "A" and "V" on L by

a A b=inf{a, b} =glb{a, b} and a V b = sup{a, b} = lub{a, b}.

We first show that A and V are a binary operations on L.
(a). L is closed under A and V (by definition 2.2.1)
(b). Leta=a'and b=b" Then,a A b=inf{a, b} =inf{a’,b’} =a' A b". Similarly,aVb=aVb.

Hence A and V are binary operations on L.

Next we show that (L, A, V) is algebraic lattice.
(i). Leta,b e L. Thena A b=inf{a,b} =inf{b,a}=bAa&aVb=sup{a b}={b,a}=aVh.

Hence A and V are commutative.

(i) To show the associative property of A and V first, we shall prove that

(a). glb{a, b, ¢} = glb{a, gib{b, c}}, Va, b, ceL.

(b). lub{a, b, c} = lub{a, lub{b, c}}, ¥a, b, ceL.
Let d = glb{a, b, c} and e = glb{a, glb{b, c}}. Since d < b; d < c, we have d is a lower bound
of {b, c}. Hence d < glb{b, c}. Therefore, d is a lower bound of {a, glb{b, c}}. Thus d <e. (*)
Now, e <aand e < glb{b, c}. Then e is a lower bound of {a, b, c}.Thus e < glb{a, b, c}.
Thus, e < d. (**)
Hence, from (*) & (**), d = e and hence glb{a, b, ¢} = glb{a, glb{b, c}}.
Similarly, we can show that lub{a, b, c} = lub{a, lub{b, c}}.
Leta, b, ceL;thena A (b Ac)=aA inf{b,c}.



= inf{a, inf{b, c}}
=inf{a, b, c}
= inf{inf{a, b}, c}
= inf{aAb, c}
=(@aAb)Ac
Therefore A is associative. By the same argument, V is associative.
(iii). Let a, b L. Then, a A (a V b) = a A sup{a, b}
Let sup{a, b} = x. Then, a<x and b <x. Then, a A (a V b) = inf{a, sup{a, b}} = inf{a, x} = a.
Thus,aA (aVb)=a
aV(aAb)=aVinf{a b}
Let inf{a, b} = x. Then x <aand x<b. Now a V (a A b) = sup{a, inf{a, b}} = sup{a,x} = a.
Thus, a V (a A b) = a. Hence we have the absorption law.

Therefore, (L, A, V) is an algebraic lattice. ]

Definition 2.2.6: Two lattices (L; , A,V) and (L2, V, A) are said to be isomorphic if there is
bijection f : L1-L2 such that for every a, b eL1the following are true.

(i). f(a V b) = f(a) V f(b).

(ii). f(a A b) =f(a) A f(b).

Theorem 2.2.4: Two Lattices (L1, V, A) and (L2, V, A) are isomorphic if and only if there is a

bijection f: L1 =Lz such that both f and f~1 are order preserving.

Proof: (=) suppose f: L1 —Lzis an isomorphism. Leta, b eL; and a<h.

In any lattice a<b ifand only ifa A b=a. Then f(a) = f(a A b) = f(a) A f(b) (by definition
1.2.6(ii)). Thus f(a) = f(a) A f(b). Then f(a) < f(b). Hence, f is order preserving.

Clearly, f~1 is bijective since inverse of a bijective map is bijective.

Leta,b e L2. Thena<bifandonlyifaAb=a. Thenf~1(a) =f~1(a Ab) =f~1(a) A f~1(b)

Thus, f~1(a) < f~1(b). Hence f~1 is order preserving.



(<) Let f: L1 — L2be a bijective map, such that f and f ~*are order preserving
Fora,b e Li,wehavea<aVbandb<aVb. Then f(a) <f(aV b) and f(b) < f(a V b) because f
is order preserving. Hence f(a) V f(b) <f(a V b) since f(a) V f(b) = f(a) or f(a) V f(b) = f(b). (*)

Conversely f(a) < f(a) V f(b) and f(b) < f(a) V f(b). Thena <f~1(f(a) V f(b)) and
b<f~1(f(a) V(b)) because f~1 is order preserving and f is one to one, then f~*(f(a)) = a.
Thusa V b<f~1(f(a) V f(b)). Then f(a VV b) < f(a) V f(b) since f is order preserving.
Hence, f(a V b) <f(a) V f(b) . (**)

From (*) & (**), f(a V b) = f(a) V f(b). Similarly, one can shows that f(a A b) = f(a) A f(b).

Therefore f is an isomorphism. ]

Theorem 2.2.5: In any lattice L the two distributive laws are equivalent. That is,
for all a, b, ¢ € L, the following statements are equivalent:
(1).aA(bVc)=(aAb)V(aAc)
(2).aV(bAc=(aVb)A(@ave)

Proof: (1 = 2) Suppose 1 holds.

aV(bAc)=@V@Ac)V(bAc (by absorption law)
=aV((@aAc)V(bAc) (by association law)
=aV(cAa)V(cAD) (by commutative law)
=aV (cA(aVDh))(byl)
=aV(@aVb)Ac) (by commutative law)

=(@A(@Vhb)V((@aVvb)Ac) (byabsorptionlaw)
=((@avbAa)V((aVb)Ac) (bycommutative law)
=(@aVb)A(@Vc)(byl)

Thus (2) holds.

(2=1) Suppose 2 holds. Then

(@Ab)V(@Ac)=[(aAb)Va]A[@aAb)Vc] (by?2)

=aA[@Vc)A(bV)] (by 2 and absorption law)
8



=[an@VCc)]A(DbVc) (byassociation law)
=aA(bVco (by absorption law) ]

Definition 2.2.7: A distributive lattice is a lattice which satisfies either (and hence both) of the
distributive laws given in the above theorem.
Definition 2.2.8: A lattice is said to satisfy the cancellation law, if whenever,aVb=cV b

anda A b=c A b, then we have a =c.

Proposition 2.2.1: A lattice is distributive if and only if it satisfies the cancellation law.

Proof: (=) Suppose a lattice (L, V, A) is distributive. Suppose fora,b,c e L,aVb=cV band
aAb=cAb.Then,c=cV (cAb)
=cV(aAb)
=(cVa) A (cV b) distributive law
=(cvVaA@vb)
=aV (c A b) distributive law
=aV(aAb)
=a
(«<=) Suppose a lattice (L, V, A) satisfies the cancelation law.
Leta, b,c eLsuchthataVb=cVbandaAb=cAb Thena=c.

a=aV(@Ab) (by absorption law)
=aV(cAb)sinccaAb=cAb.
=aV(bAc) (by commutative law) *)

and(@aVb)A(avc)=(aVb)A(aVa)sincea=c.
=(aVb)Aa (byidempotent law)

=aA (aVb) (bycommutative law)

=a (by absorption law) (**)
From (*) and (**),aV(bAc)=(@Vb)A(aVec).
Therefore, the lattice (L, V, A) is distributive. ]



Definition 2.2.9: Let L be a lattice and S be a non-empty subset of L such that for every pair of
elementsaand b in S, bothav band aAb areinS, where v and A are the operations of L, then

we say that S with the same operations (restricted to S) is a sub-lattice of L.

Example 2.2.2:
1. L is a sub lattice of itself.
2.P={a, c,d, e} isaposetitisa lattice but P is not a sub-lattice of a lattice

{a, b, c, d, e} as shown in the diagram below.

a
b
C d
e
Figure 1

2.3 Group

Definition 2.3.1: A non-empty set G with a binary operation “+” is said to be a group if it
satisfies the following:

1. Closurety, i.e. foralla,b e G= (a+b) € G;

2. Associativity, i.e. foralla,b,c e G,(a+b)+c=a+ (b+c¢);

3. Existence of identity, i.e. 3e € Gsuchthata+e=a=e+aforallain G;

4. Existence of inverse, i.e. for every a € G, there existsb € Gsuchthata+b=e=Db +a.

Example 2.3.1:
a) The set of integers with addition is a group.
b) The set of real numbers with addition is a group.
c) (IN, +), where IN is the set of natural numbers, is not a group.
1o



Chapter 3
Lattice Ordered Groups

3.1 Homogeneity

Definition 3.1.1: A relation “<” on a Group G is called left homogeneous if x <y, then
a + x<a+yand right homogeneous if x <y, then x +b <y + b for all, a, beG. A relation which

is both left and right homogeneous is called homogeneous.

Example 3.1.1: (Z, +) is a group and "<" is the usual less than or equal to. Then "<" is

homogeneous on Z (the set of integers).
Proposition 3.1.1: Suppose the relation “<” on G is homogenous. If X <y, then -y < —x.

Proof: Given: x <y. We want to show -y <—x. Seta = —x and b = -y, we get

atx+b<a+y+b Then—x+x—-y<-x+y-y. Thus,—y <-X. [

Theorem 3.1.1: On an additive group (G, +, <), lattice homogeneity is equivalent to the assertion

that every group translation x — a + x + b is a lattice automorphism.

Proof: (=) Suppose < is homogeneous on G.
Define f: G #G such that f(x) =a+x + b fora, b € G.

(). Letx<y.Thena+x+b<a+y+h. Then f(x) <f(y).Thus, f preserves order (isotone).

(ii). Let f(x) = f(y). Thena+x+b=a+y+b. Thenx + b=y + b. (by left cancellation)
Thus x =y (by right cancellation).
Therefore fis 1-1.

11



(iii). Let yeG,; for a, beG, x = —a + y— beG. Then, by definition of f, f(x) = f(-a + y—b) =
a+(-a+y-Db)+b=y. Thus fis onto because the pri-image of y is—a + y — b.

Hence from (ii) & (iii), f is bijective. Thus, f~1 exists.

Define, f~1: G = G such that f~1(x) = -a + x - b.
Ifx<y, then-a+x+ (-b)<-a+y+(-b) (byhomogeneity)
Thus, f~1(x) <f~1(y).Then, f~1 is order preserving.

Therefore, by theorem 2.2.4, fand f~1 are order preserving. Hence f is automorphism.

(«<=) Suppose f: G—G defined by f(x) = a + x + b is lattice automorphism.
And suppose that x <y. Then f(x) < f(y) because f is order preserving.

This implies that a + x + b <a + y + b. Therefore "<" is homogenous. ]

Theorem 3.1.2: On a group G which is a lattice, homogeneity is equivalent to the assertion that

every group translation of the form x —a — x + b is a dual automorphism.

Proof: (=) suppose "<" is homogenous.

(). If x <, then by proposition 2.2.1, -y < —x and by homogeneity we have,
at(-y)tb<a+(—x)+bva beG.

Then, a—y + b <a— x + b. Therefore, f(y) < f(x).Thus, f is order reversing (antitone)

(ii). Let f(x) = f(y). Then a— x + b =a -y + b. By cancellation law, we have —x = -y.
Then, x =y. Therefore, f is one to one.

(iii). Lety e G. Then fora, b € G, we have f(x) =a-(a-y+b)+b=a-a+y-b+b=y
Hence, fis on to. Thus, f is bijective.

It remains to show that f~is order- reversing. We have f: G =G defined by f(x) = a— x + b.

12



Let X, y € G. Then, there exist s, t € G such that f(s) = x and f(t) = y.

Suppose x <y. Then, f(s) < f(t). This implies that a—s + b <a -t + b,va, b € G. By cancelation
law, we have —s < —t.

Then, —f~1(x) < —f~1(y). Thus f ~1(y) <f~1(x). Hence f~1 is order reversing.

Therefore f is a dual automorphism.
(«<=) Suppose f is a dual automorphism.
Let x <y. Then f(y) < f(x) since f is order reversing. This impliesthata—y + b <a— x +b.

Then—(a—-x+b)<—-(a—y+b).Thus —a+ x—b<-a+y-Db. Therefore, the relation "<" is

homogenous. |
3.2 Lattice Ordered Group (I-group)

Definition 3.2.1: A Lattice ordered group (I-group) is a system (G, +, V,A) such that
(1. (G, +) isa group;
(i1).The relation“< “is homogenous, i.e. if x<y,thena+x+b<a+y+b,va,b e Gand
(iii). (G, <) is Lattice.

Note: Condition Il asserts that the relation "<" satisfies the usual conditions,vx, y, z €P.

(p1). For all x, x <, (reflexive)
(P2). If x<yand y<x, thenx =y, (anti-symmetry)
(P3). If x<yandy<z, thenx <z, (transitive)

(L). For any two elements x and y of G the set {x, y}hasalubx v yandaglbx ay.

Example 3.2.1: Let (IR, +) be the group of real numbers with the usual addition™ + " and let "<"
be the usual less than or equal to relation. Then (R, +, <) is an |- Group.
13



Definition 3.2.2: An element a of an I-group G is called positive if a >0 and a is called negative
if a < 0.The set of all positive elements of G will be denoted by G* = {ae G: a = 0} which is
called the positive cone of G.
Theorem 3.2.1: In an I-group G, left homogeneity is equivalent to either of the left distributive
laws.

().a+(xVy)=(@+x)V(aty)

(i).at(xAy)=(@+x) A@+y)

Proof: (=) Suppose Left homogeneity holds (i.e. x <y impliesa+x<a+y forall a €G).

Then, (a+x)V(a+y)=a+y. ™
Moreover, x <y impliesxVy=y,and hencea+ (xVy)=a+y. (**)
Therefore, by (*) and (**),a+ (X Vy) =(a+ x) V (a +y). Hence (i) holds.

(«<=) Suppose (i) holds.

Let x<y. Then, x V y =y. By right homogeneity, a+ (xVy)=a+y. Then,(a+x)V(a+y)

=a+Yy. Hence, a+ x<a+y. Therefore, left homogeneity holds. ]

Remark 3.2.1: Right homogeneity is equivalent to either of the right distributive laws.
(). xVy)+a=(x+a)V(y+a),
(i). xAy)+ta=(x+a)A(y+a)

for every a in G.

Theorem 3.2.2: Homogeneity is equivalent to monotonicity Laws. That is, if x <x'and y <y’,

thenx +y<x' +vy'.

Proof: (=) Suppose Homogeneity holds.

Suppose x <x'andy < y’.Then, by right homogeneity, x + y’ <x’ +y’ and by left
14



homogeneity, x + y<x +Yy’'. Thus, X + y < x + y'<x’ + y'.Therefore, by transitivity,

X +y< x"+y’. Hence, monotonicity holds.

(<) Suppose monotonicity holds.

Suppose x < x'. Since y <y, by monotonicity, X + y <x’+ y.Therefore right homogeneity holds.
Moreover, x <xand y <y'imply x + y < x + y’, by monotonicity. Thus, left homogeneity holds.

Therefore, homogeneity holds. ]

Theorem 3.2.3: Homogeneity is equivalent to the following "dualization laws"
().a—(xAy)+b=(@a-x+b)V(a-y+h)
(i).a—(xVy)+b=(a—-x+b)A(a—y+Db)

(). x Ay =—(—x V-y)

Proof: (=) Suppose homogeneity holds.

Letx<y.Thena+x+b<a+y+bandXxA y=Xx. Bydual automorphism,a-y+b<a-x+bh.
Thusa—-(XAy)+b=a—-x+Db,sincexAy=xand (a—x+b)V(@a-y+h)=a—-x+b,sincea
—y+b<a-x+b. Thena—-(xAy)+b=(a-x+b)V(a-y+b)andalso (a—x+b)A(a-y
+b)=a-y+banda-(xVy)+b=a-y+bsincexVy=y. Therefore,a— (xVy)+b=(a—
X+b)A(@a-y+h).

(<) Supposea—-(XAy)+b=(@-x+b)V(a-y+Dh).

Letx<y.Thenx Ay=xand (a—x+b)V(a-y+b)=a-(xAy)+b=a—-x+b. Thena-y+

b <a- x + b. By dual automorphism, a + x + b <a + y + b. Hence, it is homogeneous.

Now let a = b = 0.From dual automorphism, X <y implies 0 —y + 0 <0 — x + 0. Thus,—y <—X.
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Then,—x V —y = —x implies -(-x V—y) = — (X). Thus — (-xV —y) =xand X A y = x since
X<y.HenceXxAy=—(—XxV-Yy). |

Definition 3.2.3: Let a be an element of an I-group. The positive part of a isa*=a V 0 and the
negative partofaisa” =aA 0.
Proposition 3.2.1: Using right homogeneity, we get

(i).aVb=(b—a)*+a=(a—b)*+b

(i).aAb=—(-a+(@a—b)*)=—(a—b)*+a

Proof: (b —a)*+a=((b-a)V0)+a
=(b-a+a)V(0+a) (by right distribute law)
=bVaand
(a—b)*+b=((a-b)V0)+h)
=(@a-b+b)V(O+b)y=aVh
Thus,aVb=bVa=(a-b)+b=(b—-a)'+a. n

3.3 Some Properties of I-group

Theorem 3.3.1: In any I-group G, we have V a, be G,
a—(@Ab)+b=bVa

Proof: From theorem 3.2.3, homogeneity is equivalent to
a—-(xXAy)+b=(@-x+b)v(a-y+Dh)
Then,a—(aAb)+b=(a—a+b)V(a-b+b)=bVa. |

Corollary3.2.1: (Dedekind) In any commutative I-group G, we have V a, b € G,
atb=(@Vb)y+(@Ab)

Proof: From the above theorem,
16



a—(anb)+b=a+b-(aAb)=aVhb Thena+tb=(aVhb)+(aAb). [

Proposition 3.3.1: For every element a of an |-group we have, a=a*+ a™.

Proof: Setb=0ina+b=(aVb)+(@Ab). Thena+0=(aV0)+(aAO0).
Therefore,a=a* +a". |

Theorem 3.3.2: Any I-group G is a distributive lattice.

Proof: SupposeaAx=aAyandaVx=aVy,Va X ye G. Then,
aAy=a-(aVy)+ybytheorem2.3.1
za—-(@VX)+x—-x+y
Z(@AX)—-Xx+y
Thus, 0 = —x + y. Therefore x = y. Hence, cancelation law holds. Therefore G is a distributive

lattice. u

Theorem 3.3.3: In any I-group G, We have
(. IfaAb=0andaAc=0,thenaA(b+c)=0.
(. 1favVb=0andaVc=0,thenaV(b+c)=0.

Proof: (i) Let G be an I-group and supposea Ab=0=aAc.
We want to show thata A (b + c¢) = 0.Sincea A b =0, we have
c=(@Ab)+c
=(@+c)A(b+c) (by theorem 3.3.2)
Thus,aAc=aA(@a+c)A(b+c)
=aA(b+c)sincea<a+c;aand c are positive.
Therefore,a A (b+c)=0sinceaA c=0.

The proof of (ii) is immediate. ]

Definition 3.3.1: Two positive elements a and b of an |-group G are said to be disjoint, in
17



symbols,a L bifaAb=0.

Lemma 3.3.1: Disjoint (positive) elements are permutable.
(). 1faAb=0,thena+b=Db+a.
(i). faAb=0,then(a—b)* =a& (a—b)~ =-h.

Proof: (i). Suppose a A b =0. Fromtheorem3.3.1,a—-0+b=bVa Thena+b=aVband

b+a=bVa. Hencea+b=b+asince V is commutative.

(ii) Suppose aA b=0.Then, (a—b)* =(a-b)VO=(a-b)VO+b-b.
(a-b)" =((@a-b)VO+b)—b
=(@-b+b)V(O+b)-b (byl)

=(@vbh-b
Fromtheorem2.3.1,aVb=a-(aAb)+b. Then(aVbh)-b=a-(aAb),but(aAb)=0.
Hence (a—b)* = a. |

Lemma 3.3.2: Inany I-group G, if 0 < na, then 0 <a.

Proof: From left distributive law, n(a A 0) =na A (n-1)a A (n—2)a A ...A a AO. Since na A 0 =0,
naAO)=(n-1aA(nh-2)aA...AaA0
=(n-1)@A0)
Thus,n(@A 0)=(n-1)(@aA0). Then, n(a A 0)=n(a A 0)-(aAQ0). By cancelation law,
(@A 0)=0.Hence0<a. [

Lemma 3.3.3: The positive part and the inverse of negative part of any elements are disjoint.
That is, foranya, @V 0) A (-aV0)=a*A (-a”) =0.

Proof: Clearly — (a A 0) =-a V 0 and by distributive law, (aV0) A (-aV0)=(aA-a)V0=0.
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Then0>a A —a. ™

This implies that 0 < - (a A —a) =—a V aand we know that a A —a < a V-a. By right
homogeneity, 0 <(aV-a) —(aA -a). Then0<(aV -a) — (—(a V —a)).

= 0<(aV-a)+(aV-a)

=0<2(aV-a)

Now use lemma 3,3.2 withn=2;0<aV-a

=—(aV-a=aA-a<0 (**)

From (*) and (**),0=aA -a.Hence0=(aA-a)VO0=(@VO0A(-aV0)=atA(-a’). m
Definition 3.3.2: The absolute value of an element a of an I-group G is a V (-a), that is,

l[a] =aV (-a).

Theorem 3.3.5: In any I-group G, we have the following properties of absolute value:
(). la] =0; |]a] =0ifand only ifa=0;
(ii). |nal = |n]|al for any integer n;
(iii). |a] = a*+ (-a7);
(iv). la—bl = (aVb)— (aAb).

Proof: (i) We have, —|a] =—[(-a) Va] =a A (-a)<aV (-a) = |al. Hence, 0 = —|a] + |a] < |a] +
|a]. This implies, by right homogeneity, that 0 < 2|a| and thus 0 < |a| by lemma 3.3.2.
By definition [0]=0V (-0) =0V 0=0.

(ii). at & —a~= (-a)*are disjoint, i.e.a*A(—a)*= 0. From lemma 3.3.1,a*and (—a)*are
permutable and na = n(a*) + n(a™). Thus, n(a*) A n(—a~) =0and (na)* = n(a*) and(na)~ =

n(a~). Therefore |na| = [n||a| for positive integer n since |—x| = |x] it is also true for negative n.

(iii).We have a*-a~ = (aV 0) - (aA 0)
=(@avo+(-aVvo
=[(av0)+-a]V[(aVO0)+0] (by distributive law)
=[0V-a]V[(aVO0)]
19



=[0VO]V[-aVa]

=—aVa=|q|

(iv). Setting a — b in place of a in (iii), we will obtain,
[a—bl=(@—-b)*-(a—b)"
=[a-b)VO]+b-b-[(a—b)AQ]
=[@a-b)VO+b]-[b+(a—b)AOQ]
Hence, |a — b| =(aV b) — (a A b).
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Chapter 4
Ideals of Lattice Ordered Monoid

4.1 Lattice ordered monoid

Definition 4.1.1: A non-empty set A with binary operation "+" is said to be a monoid if it
satisfies the following conditions:

1. Closurety, i.e.a,be A=a+b e A;

2. Associativity, i.e. a, b, ceA, (a+b)+c=a+(b+c);

3. Existence of identity, i.e. there existse eAsuchthata+e=a=e +a. forallacA.
Notation: We denote the identity element in a monoid by 0.

Definition 4.1.2: A lattice ordered monoid (I-monoid) is a system (A, +, 0, v, A) such that
1. (A, +, 0) is a monoid;
2. (A, Vv, A) is a lattice; and
d.a+(bvec)=(@+b)v(@a+c),(bvc)+a=(b+a)v(c+a),

at(bac)=(@+b)a(a+c),(bac)+a=(b+a)A(c+a) foreacha, b, ceA.

Remark 4.1.1: The partial order induced by lattice operations v and A is denoted by <. Clearly,
ifa<b, thenc+ta<c+b&a+d<b+d, Va b,c, deA.

Example 4.1.1: A = (No, +) is a monoid of non-negative integers with "+" the usual addition and

let the relation "<" be the usual less or equal to. Then (No, +, <) is an I-monoid.

Definition 4.1.3: A subset S of a monoid (A, +, 0) is called a submonoid of A if 0 € S and
a+beS, foreacha, b € S. A submonoid S of an I-monoid A is called an I-submonoid of A if

S is also a sub-lattice of A.
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Example 4.1.2: (No, +, <) is an I-submonoid of (Z, +, <). That is, the set of non-negative integers
with the usual addition "+" and the usual less or equal to relation "<" is an I-submonoid of the set

of integers with the usual addition "+" and less or equal to relation "<".

Note: - If for elements a and b of an I-monoid A there exist a least x € A such that b + x >a and

a least y e A such that y + b > a, then the element x is denoted by a<—b and the element y by a—b.

Definition 4.1.4: A system (B, +, 0, v, A, —, =) is called a dually residuated lattice ordered
monoid (notation DRI-monoid) if

1. (B, +,0, Vv, A)is an I-monoid;

2. for each a, b in B there exist elements a —b and a — b;

3.b+((a—b)v0)<avb (a@a—b)v0)+b<avhb,foreacha, b € B;

4, a~—a>0,a—a=>0foreacha e B.

Note that the condition in(2) is equivalent to the following system of identities:
X=y)+yzx,y+(x—y)2x,

X=y<(xVz)=y X—y<(xVz)«—y,

(X+y)=ysx (y+x)—ysx

Examples 4.1.3:

(1). LetG=(G, +,0,—, V,A) be an I-group. Set x=y=x-yand x—y=-y + x, VX, y € G.
Then (G, +,0,V, A, =, <) is a DRI-monoid.

(2). Let G be an I-group and G™ be its positive cone, i.e. G* = {xeG: 0 < x}. Setx =~y = (X - y)
VOoandx —y=(-y+x)VOforanyx, yeG". Then (G, +, 0, V,A, =, <) is a DRI-monoid.

Lemma 4.1.1: For elements X, y of any DRI-monoid, it holds
x=y)V—=x=xVy) = (xAy),
X=y)Vy=x)=KxVYy) = (xAy).

Proof: XxVy) = (XAy)=[x—=XAY)]VI[y—(xAYy)] (bydistributive law)
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=[(xX=X)VX=Y]VIy—=x)V(y—y)](bytheorem 2.2.3)
=0VX=yIVIly—=x V0]
=(x=y)V({—-xVo.
However, (x = y) V(y = x) 2 (x = (xVy) V(y = (xVy)=(xVy) = (xVy)=0.
Therefore X Vy) = XAy)=(X—=Yy) V (y = X).

The proof of the second statement is analogous. |

Lemma4.12:Ifx>y>z, then(Xx—=y)+(y—=2)=x—=zand (y~2) +(X—Yy) =X — Z

Proof: Ify>ztheny—=z>0andy=yVz=(y—~2)"+z=(y—=2) +z
Hencex = y=x—=((y—=2)+2)=X—=2) = (y— 2).
Similarly, x>yentailsx = z>y—=zwhichyieldsx —=z=((x—=2) = (y—=2)) + (y = 2).

Summarizing, x = z=(x—=Yy) + (y — 2). ]

Lemma 4.1.3: The following holds in any DRI-monoid:
1.0—- x=0+x,

2.(x=y)+t(y=2)=2x-1

3 (Yy—2)+(X—Yy)>X~—z

Proof: (1). From (x + (0 = x)) + x =x + ((0 = x) + Xx) > x + 0 = x it follows that x + (0 = x) >
X =X =0, thus 0 = x>0 « x. Similarly, 0 — x>0 — x. Therefore 0 = x = 0~—X.

(2). x=y)+(y—=2)+tz=z(X—=y)ty=x Thus, (X=y) +(y =~ 2) =x—~z.

(3). Similar to (2). |

Applying (2) and (3), we will obtain the following result:

Lemma 4.1.4: In every DRI-monoid we have
lLy—=x>(z-=-X)—(z—-Y),
2.y = X>(Zz—X) = (z+Y),
3y=xz(y—=2)—= (-2,
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4.y —X>(Y~—2) ~ (X~ 2).

4.2. Distance Functions

Definition 4.2.1: Let A be a DRI-monoid. We define the distance function by
di(x,y) = (x = y) V (y = x),
da(X, y) = (X —y) V(Y = X),

forany x,y € A.

For an element a in an I-monoid A, we define the positive part of a by a* = a V 0 and the
negative part of a by a" = aAQ. Moreover, a is called positive (negative) ifa = 0 (a < 0). The
set of all positive (negative) elements of A will be denoted by A" (A). If a is an invertible
element of A, then the inverse of a is denoted by —a. The set of all invertible elements of A is
denoted by In(A).
From this time on we shall use the following assertions without any reference:

(A1). For each element a of a I-monoid, a=a"+a =a +a’.

(A2). Each negative element of a DRI-monoid is invertible.

Proposition4.2.1: The distance functions have the following properties:
1. di(x, y) = da(y, ),
2. da(x, y) = da(y, ),
3. di(x, 0) = da(x, 0),
4. dix, y) = (x> y) +(y = x)",
5. do(X, Y) = (Y = X)" + (x =),
6. di(x, y) >0 with di(x, y) =0 ifand only if x =y,
7. da(x,y) >0 with dy(x, y) =0 ifand only if x =y,
8. di(x, y) <di(X, z) + di(z, y) + di(X, 2),
9. di(x,y) <di(z,y) + di(x, z) + di(z, y),
10. dao(X, y) < da(X, 2) + dao(z, y) + da(X, 2),
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11 da(x, y) < da(z, y) + d2(x, 2) + (2, ),

12, di(x, y) Vdi(s, ) >di(x Vs, y Vi), di(XxAs, yAt),
13. do(X, ) Vdao(s, ) > da(Xx Vs, y Vi), da(X As, yAt),
14. da(z = x, z = y) < di(X, y),

15. di(z — %,z < y) < do(X, Y),

16. di(x =z, y — 2) < di(X, y),

17. do(X — z, y — z) < da(X, Y).

Proof: Obviously, (1) and (2) hold; (3) follows by Lemma 4.1.3 (1). To check (4), and similarly
(5), we compute
dixX,y)=X=y)V{y—-xX)=xVy) = (XAy) by Lemma4.1.1
=[(xVy)—=y]l+[y—= (XAy)] by Lemma4.1.2
=[x=Vy-I+Iy—=x VY-Vl
=[x=y) VO] +[(y—=x) VO]
=(x=y) +y—=x"
Further, (6) follows from (4) and (7) from (5), respectively, since
di(x, y) = (x=y)"+(y—=x)"20.
It is clear that x =y entails di(X, y) = 0. Conversely, if di(x, y) = (X = y) "+ (y = x) " =0, then
x=y)"=(y—=x)"=0.Hencex—~y<0Oandy—x<0,andso x<yand y<Xx, thus x = y.
Now, we will prove (8) (similarly (9), (10) and (11)):
di(x,2) +du(z, y) + di(X, 2) =[x = )V (2= X)] + [z~ Y) VY= )] +[(x = 2) V (z = X)]
=[x=2)+@Z-=y+tx=2]VIx=2)+(z=Y)+(z—X)]
VIk=2)+(y=2)+(x=2]VIx=2)+(y—=2) +(Zz—X)]
VIZ=X)+@z=y)+X=2]VI[z=x)+(@z—=y)+(Z—=X)]
VIZ=X)+(y=2)+x=2]VI[z—=x)+{y—=2) +(@Z—X)]
>[x=2)+@Z-y)+Kx=2]VIx=2)+(Z—=Yy)+(z—=X)]
VIk=2)+(y=2)+z-=X]VIz=x)+(y—=2)+(@Z~X)]
di(x, z) + di(z \y) + di(x, 2) 2 [(X = 2) + (Z = Y)) + (X = 2) V (2 = X))]
VIIx=2)V(z—=x)+((y—=2)+(z—X)]
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(using (x—=2)V (z—=x) >0, by (4))
>[x=2)+@Z-=yYIVIly—2) +(z—Xx)]
>(X=Yy)V(y—=x) =di(xy).

Therefore di(X, z) + di(z, y) + di(X, 2) > di(X, y).

Let us verify (12):

dix, V) Vdi(s, ) =X =y)Vy=x) V(=) V(=5
=X=YVE=)V(-=-x)V(t—y)
>[X=(VHIV[s=(VOVy= V] V[t—=(xVs)]
=[xV = (yVOIVIyVH = (xVs)]=di(xVs yVi).

Therefore, di(X, y) V di(x, y) >di(x Vs, y V t).

The rest of (12) and (13) is analogous. Finally, (14)—(17) are consequences of Lemma 4.1.4. m

Proposition 4.2.2: Each negative element of a DRI-monoid is invertible.

Proof: Let x be a negative element of a DRI-monoid B. Then x < 0. By definition 4.1.4 (2), we
have 0 = X, 0 — xeB suchthat 0 = x+x=0and x+ 0 « x =0.
=0 —-x+x=0=x+0 < xsince by lemma4.1.3(1) 0 = x=0 « X =—X.

Hence every negative element of a DRI-monoid is invertible. ]

Theorem 4.2.1: The set of all invertible elements of an I-monid A (In(A)) is an I-group and
a sub lattice of A.
Proof: Clearly, In(A) is a group. Let a, beIn(A).Then we have
[aVDb]+[(-a) A(-b)] =[(@aVb)+(-a)] A(aVhb)+(-b)]
=[0v (b-a)] A [(a-b) V0] <0, and
[aVDb]+[(-a) A(-b)] =a+[(-a) A(-b)]Vb+[(-a)A(-b)]
=[0A (a-b)] V [(b-a) AO]>0
Hence [aV b] + [(-a) A (-b)] = 0.
By similar argument, we can obtain [(-a) A (-b)] + [a V b] =0.
Hence — (a V b) = (-a) A (=b). Similarly,— (a A b) = (-a) V (-b). Therefore aAb, a V be In(A).
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Hence In(A) is an I-group and a sub lattice of A. |
Definition 4.2.2: The absolute value of an element x of a DRI-monoid is defined by
(x =0) v (0 = x).That is, |x| = (x =0) v (0 = x) = d(x, 0).

Theorem 4.2.2: Let A be an I-monoid. Let In(A) be the set of all invertible elements of A, and
let P={y eA:y A |z| =0foreachz e In(A) }, where |z]| is the absolute value of z in In(A).
Then, (i). P < A*, 0 is the least element of P, In(A) n P = {0},

(ii). P is a convex subset of A,

(ii1). P is a sub lattice of A and an I-submonoid of A.

Proof:
i.0A|0]=0=0ecP.Andforaec PaA|z| =0, Vz € In(A). Then 0 <a. Thus, P = A*. Hence,
0 is the least element of P. Now if acIn(A) N P, thena =a A |a|]=0.Thus, In(A) n P = {0}.

ii.Leta,beP,xe Ajanda>x>b. Then,0=aA |z| >x Alz] >b A |z| = 0 for each z € In(A).

Thus x A |z] = 0 for each z € In(A)and hence x  P. Therefore, P is a convex subset of A.

iii. Let a, b € P. By theorem 3.3.3, a+b e P and by (i) 0 € P. Hence P is a sub monoid of A.
Sincea>0,b>0,wehavea+b>b,a+b>a. Thus,a+b>aVb>aAb>0. Fromthe

convexity of P, it follows that aVV b, a A b € P. Therefore P is a sub lattice of A. ]

Lemma 4.2.1: Let B be a DRI-monoid, x € B. Then [x] = x* + (—x7) = (- x7) +x*.

Proof: [x] =x* — x~and x* = x~. This implies that x* — x~ >x~ — x~,
Thenx* = x~ > 0and x*=x* vx = (x* = x7)" +x = (x* = x7) +x".

Therefore (—x7) + x*=x*+ (—x7) =x* = x~ = |x|. |

4.3 ldeals of Lattice ordered monoid

Definition4.3.1: Let B be a DRI-monoid. Then a non-empty subset I of B is said to be an ideal of
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B if it satisfies the following conditions:
(1I1)-0el
(I). Ifx,y eI, thenx+y e L.
(I;)IfxeB,yeland|x| <ly|, thenx e L.

Theorem 4.3.1: Let B be a DRI-monoid, | € B. Let0 e landu +v € |, for each u, v € I. Then
the following propositions are equivalent:

(). fxeB,yeland |x| <|y|,thenx e I.

(ii). fx e B,a,belandx* +a~ < x~ +b*, thenx e I.

(ii). fx e B,a,b e landa™ + x* < b* + x~,thenx e I.

Proof:
(i)=(ii): Letxt* +a~ < x~ +b*, forsome x € B, a, b € I. Since |[b*| <|b|, |-a~| < |a], we
have b*, —a~ e I. Hence, bt + (—a~) e I. Then, by lemma 4,2.1, [x] = —x~ + x* < b* +

(—a™).This implies that|x| < |b* + (—a™)|. Therefore, x el.

(ii) =(i): Let |x] <|y| for some x € B,y € I. Then (—=x~) + x* < y* + (—=y~). Hence, x* +

y~ <X~ +y*. Therefore, x € L.

Analogously we can prove that (i) < (iii). ]

Next we will give the definition of an ideal of an I-monoid.

Definition 4.3.2: Let B be an I-monoid. A Subset I of B is called a left (right) ideal of B, if the
conditions 1,1, and the following conditionsl, (15 respectively) are fulfilled:
(1)). IfxeB,a,belandx* +a~ <x~ +b*, thenx e I.
(15). IfxeB,a,belanda” +x* < b* +x7,thenx e I.
A subset I of an I-monoid B is an ideal of B if I is both a left and right ideals of B.
Example 4.3.1: {0} and B are ideals of an I-monoid B.
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Remark 4.3.1: If I is a submonoid of an I-monoid A with the least element u and the greatest
element v, then | is a left (right) ideal of A iff for each x € A\l from
X"+U <X +V (U+X <V +x,resp.) it follows that x € 1.

Theorem 4.3.2: Let A be an I-monoid, | an ideal of A.
(). Ifxe Aja,beTandxt +a <b*+x" ,thenx e l.

(ii). fxe Aja,belanda” +x* <x~ +b*, thenx e I.

Proof: (i). Letx e A,a,b eI, x* +a~ <b* +x~. Then, (x*)* +a~ =x* +a~ < b* +x~

IA

b*=(x*)" +b*.Thus, (x*)* +a~ < (x*)~ + b*. Then, x*el. Moreover,a” + (x7)* =a~ <
xt +a~ <b*+x~ =Db*+ (x7)".This implies that a™+ (x)" < b" + (x)". Then x"<l.
Therefore, x = x* + x~el.

The argument for (ii) is similar. ]

Theorem 4.3.3: Let A be an I-monoid, | a left ideal of A, x €A. Then
(). x e l'ifand only if x* € land x~ e I,
(). 1 is a convex subset of A,
(iii). 1'is an l-submonoid of A.

Proof: (i). (=) Letx e I. Then (x*)* +x~ < x* = (x*)~ + x*. Thus, (x*)* + x~ < (x*)™ +
x*and hence x*el. Since (x7)* +x~ =x~ < (x7)” +x*, wehave (x7)" +x~ < (x7)” +x*

Then x~ el. Therefore, x*, x~ el.

(<) Letx*,x"el. Thenx =x* + x~ €l

(i). Letx<z<y;x,yelandz eA Thenz* <y* x~ <z~7.By(i),y*,x el. Since (z*)* +
() =zt <yt=(@*") " +(y*)*,wehave zte |. Againsince (z7)* +(X7)" =x" <z” <
(z7)” +(x7)*, we have z~el. Hence, z=z* + z™ <l. Therefore | is a convex subset of A.
(iii) We need only to show that I is a sub lattice of A. Let x, y €l. By (i), x* +y*,x~ +y~el.
Then fromx~ +y~ < x"Ay~ < xAy<xVy<x*Vy* <x*+y*and by the convexity of
| we get X Ay, X Vy e |. Hence | is a sub-lattice of A. ]
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Remark 4.3.2: An analogous theorem is valid for a right ideal of an I-monoid A.

Corollary 4.3.1: If x is an element of a left ideal | of an I-monoid A, then the interval
[x—, x+] c L.

Proof: Let xel. Then, by theorem 4.3.3, x* el and x~ <l. Since | is convex and x~ < x*, we

have [x—, x+] < I. |

Lemma 4.3.1: Let A be an I-monoid, | a left ideal of A.
(). fxe A",yel'and0<x+y,thenx e I.
(ii). f x e Af,)ye lTand x + y <0, then x e I.

Proof: (i). Letx e A7,y e ITand 0 <x +y. Thenx* +y " =0<x+y=x" +y*, which intern
implies that x* +y~ < x~ + y*.Hence, by definition of left ideal, x € I.

The proof of (ii) can be obtained dually. ]

Lemma 4.3.2: Let A be an I-monoid, | a right ideal of A.
(). Ifxe A",yeltand0<y+x,thenx e I.
(ii). fx e Af,yel"andy + x <0, thenx € I.

Proof: The proof is similar to the proof of Lemma 4.3.1. [

Recall that the set In(A) of all invertible elements of an I-monoid A is an I-group and a sub-
lattice of Aand —(x Ay) = (—X) V (-y), ~(x Vy) = (-x) A (~y) for each x, y € In(A). Hence, if

X is an invertible element of an I-monoid A, then x*tand x ~are invertibleelements of A and

—(x)=(=20% - ) = (="

Lemma 4.3.3: Let A be an I-monoid, | a left ideal of A, x € 1. If x is invertible, then —x e I.
Proof: Let x be an invertible element of a left ideal I. Then,(—x)* + x =—(x~) + x"=0 and
-(x*) +x* = (—x)" +x* = 0. Thus, (—x)* +x~ = (—x)~ + x*. Therefore, -x € |.m
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4.4 Congruent Relations

If we are given an equivalence relation ¢ on a set S, then we will write a ¢ b instead of (a, b) € o.
In this section we show that the equivalence class containing 0 determined by congruence

relations on an I-monoid constitute an ideal.

Definition 4.4.1: An equivalence relation ¢ on an I-monoid A is called a congruence relation on
A if for each a, b, ¢, d €A the following condition is satisfied:
(C)) Ifapgbandcod,then(a Ac)o(b Ad), (a Vc)o (b Vd)and (a+c)o (b+d).

For a € A we denote the equivalence class containing a by [a],= {x € A; x ¢ a}.
Theorem 4.4.1: Let g be a congruence relation on an I-monoid A. Then [O],is an ideal of A.

Proof: Clearly, 0[0], and thus [O], is non-empty. We first show that is a convex sublattice of
A. Toseethis, let zeA, a, be[0],suchthata< z<b. Thena+0<z+0<b+0,aA0<zA0<
b+0,aV0<zVO0<bVO0and|al < |z|] < |alor |a]l = |z| = |b|

<|d(a 0)| < 1d(z,0)| < |d(b,0)] or |d(a,0)| = |d(z,0)| = |d(b,0)|.

=200.

Hence, z € [0], and thus [0], is a convex subset of A.

Let a, b €[0],. Thena g 0 and b g 0. Since @ is a congruence relation we have
(@+b)o(0+0),(aAb)po(0A0)and (aVb)o (0VO0).
=(@+b)p0,(aAb)p0and(aVDh)eO.
=a+b,aAb aVbe[0],

Therefore, [0], is a convex sub-lattice of A. From our observation above we have, [0], is

submonoid of A.

Now letz € A a b € [0],, suchthatz* +a~ <z~ +b*. Thenfroma~ <z*+a <z~ +

b* < b*and the convexity of [0],it follows that (z* +a~)e 0 and (z~ +b™) @ 0. From

(@)e0and (b*)o0,weget (zt +a~) o (z") and (z— + b*) o (z7). Hence (z*) 00, (z7)oO.
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Thus (z" + 27) @ 0 which implies that z e [0], sincez=z" + Z".
Therefore, [0],is a left ideal of A. Using a similar argument we can show that [0],is also a right
ideal of A.

Therefore [0], is an ideal of A. |

4.5 Normal Ideals of Lattice Ordered Monoid

In this section we will consider normal ideals of an I-monoid and their characterizations.

Definition 4.5.1: An ideal | of an I-monoid A is normal iff x + | = | + x for each x € A.
Lemma 4.5.1: An ideal | of an I-monoid A is normal iff x + IT= 1"+ xand x + 7= |7+ X,
VX eA.

Proof: (=) Let | be a normal ideal of A. Letx e A,a e I*. Thenx+a=b+x
forsome b e | because x+aex+1=1+x. Thenx+a=(x+a)Vx=(b+x) Vx=(b V0) +x
=Db*+ x. Since b € |, by theorem 4.3.3, b* el and hence x +a € I + x.
Hence, x + I* S 17+ x. Analogously we can show that I* + x Sx + I*. Therefore x + I*= 17+ x,
Dually we can show that x + 7= 17+ x.
(<) Letx+ 1T =I*+xand x+ 1 =17+ x foreachx € A. Thenforz e Aand d e | we get
z+d=z+d*+d”
=@z+d)+de@z+d)+1"=1"+(z+d))
=h+(z+d"), forsomeh el
=h+(g+z)forsomeg e It becausez+d ez+ 1T =1" +z
=(h+g)+zel+z
Hence,z+1 €1 + z.
Similarly we can show that 1+z Sz + 1. Thus,z+ 1 =1+ zforall z € I. Therefore, I is normal
ideal of A. [
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Definition 4.5.2: An ideal | of a DRI-monoid B is said to be a normal ideal of B satisfying the
following condition for each x, yeB:

(x—=ytele (x —y)rel

Next we show that in the case of DRI-monoids our definition of a normal ideal of an I-monoid

coincides with the above definition.

Proposition 4.5.1: For any ideal | of a DRI-monoid A, the following conditions are equivalent:
I. 1 is a normal ideal of A,

iL(x—~y)tele (x—y)telforany x € A,

Proof: (i) = (ii). Letx e A,h e I"and sety=h + x e I + x. It is clear that y > x and,
consequently, y=xVy=(y—=x)"+x=x+(y—x)". From h + x >y it follows that
h>y— x>0, sincey>x. Hence (y = x) "=y —x e I". But | is normal in A, so that
(y—x)"el”. Thusy e x+ I". Hence I + x  x + I". Similarly, x + I'c I" + x.

Therefore, (x = y)tel < (x — y)*el.

(i)=> @) If(y=x)"elthenxVy=(y—=x)"+x=x+hforsomehel.
Therefore y < x + h, which yields (y = X) "< ((x +h) = x)"<hV0=he I'.
Thus, (y — X) “el. The converse is analogous. Hence (x—y) el < (y — x) "e I.

Therefore, | is a normal ideal of A. ]

Note:-We have already proved, in theorem 4.4.1, that the equivalence class [0], determined by a

congruence relation gives us an ideal of an I-monoid. The following example shows that [O],

need not be a normal ideal of for any congruence relation o.

Example 4.5.1: Let A = {0, a, b, c, d}. The binary operation + on A is defined by Table 1. The

partial order <on A is defined by the diagram in Figure 2. Then (A, +, <) is a non-commutative

I-monoid and the relation

0 ={(0, 0), (a, a), (b, b), (c, c), (d, d), (c, 0), (d, b), (a, b), (a, d), (0, ), (b, d), (b, a), (d, a)}isa
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congruence relation on the I-monoid A. The ideal [0], = {0, c} is not a normal ideal, since

d +[0], = {d, a} #{d} = [O],+ d.

+ | 0|a|b|c|d
0O |0 a|bj|c|d a
alala|ala]a
b |b|la|bla]a
clclal|d][c]|d b c
d|d|a|d|]a]|a
0
Table 1 Figure 2

Note: If we imposed, in addition to (C;), the condition
(Cy)ifapbandcod,then(a—=c)o(b—d),(a~c)o(b~—d)
on an equivalence relation ¢ on a DRI-monoid B to be a congruence relation on B, then [0],

becomes a normal ideal of B for each congruence relation ¢ on B.

Definition 4.5.3: Let A be an I-monoid, | a left ideal of A and J a right ideal of A. We define two
binary relations o; and QIZ on A by:

XQIly if and only if there exist elements g1, h; € I suchthat x<g; +yand y <h; + x,

XQIZy if and only if there exist elements g,, h, € Jsuch that x <y +g;and y<x + h,

for each x, y € A.

Definition 4.5.4: Let B be a DRI-monoid and | be an ideal of B. We define two binary relations
01(1) and 6,(1) on B by:

x01()y ifand only if (x = y) V(y = Xx) € |,
x0,()y ifand only if (x —y) V(y — x) e |, foreach x, y € B.
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Lemma 3.5.2: For any ideal I, 61(1) and 6,(1) are equivalence relations.

Proof: It is obvious that 064(1) is reflexive and symmetric. The transitivity follows from
Proposition 4.2.1. Indeed, if (X, y), (Y, 2) € 0:(1) then di(X, z) <di(x, y) + di(y, 2) + di(X, y) € I,
hence di(X, z) € I. (x, ) € 01(1).Similarly for 6,(1). Therefore 61(1) and 6,(l) are equivalent

relations. u

Theorem 4.5.1: For any ideal I of a DRI-monoid B, the relations 0:(1) and 6,(l) are congruence

relations on the lattice (B, V,A). Moreover, if I is normal, then [O]s, 1y = [Olo, 1y = I.

Proof: Let (x, y), (s,t) € 01(1), i.e., di(x, y), di(s, t) € I. Then, by Proposition 4.2.1,

di(x Vs, y Vi) <diy(x,y) Vdi(s, t) <di(x,y) +di(s, t) € I, and

di(X A s,y At)<di(x,y) V di(s, t) <di(X, y) +di(s, t) € I
Hence,(x Vs, y Vt), (XAs,yAt) e 0:(1).Similarly, for 6,(1). Therefore 6,(1) and 0,(1) are
congruent relations on the lattice (A, v, A).
For each xe A, xe[0]y, iff (x, 0) € 04(1) iff di(x, 0) = |x| el iff X l. Therefore

[Ole,1y = [Ole, 1y = I n

Proposition 4.5.2: Let A and B be DRI-monoids and ¢: A—B is a homomorphism.
Then ¢ *(0) = {x € A; ¢(x) = 0} is a normal ideal of A.

Proof: Since A and B are a DRI-monoids. Then, 0e A =¢(0) = 0eB.
=0 e ¢ }(0). Thus, ¢ *(0) is non-empty.

Let X, y €9 (0). Then, (x) = 0 and ¢(y) = 0. Thus, ¢(x + y) = ¢(x) + ¢(y) =0+ 0 = 0.

Hence, x +y €¢ *(0).

Suppose ¢(x) =0 and |y| < [x|. Then o(|x|) = e(X V (0 = X)) = o(X) V (0 —p(X)) =0 and,

consequently, o(ly]) = 0. Hence o(y V (0 = y)) = o(y) V (0 —=o¢(y)) = 0, which gives ¢(y) = 0.
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Thus y ep(0).Therefore ¢ *(0) is an ideal in A.

Finally, (x = y) "ee %(0) if and only if p((x = y) V 0) = (¢(xX) =¢(y)) V 0 =0.

Hence, 0 2¢(x) —¢(y) iff o(y) > ¢(x) iff 0 > ¢(X) — ¢(y).Thus, 0 = (¢(xX) — o(y)) V 0 =
o((x — y) V 0), thus (x — y)*e¢ *(0).Therefore ¢ *(0) is a normal ideal of A.  m

Proposition 4.5.3: If | is a normal ideal of a DRI-monoid A, then, for all x, y € A, di(X, y) € I if
and only if da(Xx, y) € I

Proof: Ifdi(x, ) = (x=y) "+ (y=Xx) el then(x=y)", (y=x)"e I.
Since | is a normal ideal, this implies (x — y)*, (y — X)e L.

Hence, da(X, y) =(X — y)" + (y — X)"el. n

Corollary 4.5.1: If I is a normal ideal then 61(1) = 62(1); it will be denoted by 6(1).

Proof: Let (X, y) €01(X, y). Then x0;()y iff (x = y) V (y = X).

=>X—Y,y — Xel.

=>x=y)" ="l

=(x —y)*, (y — x)Tel since | is a normal ideal.

> —yYt+y—x)tel

=X0(l)y, 1.e. (X, y) €62(y).

=01(1) < 02(1).

By the same argument, if (X, y) €02(l), then (X, y) €61(1).

Hence, 0,(1) <61(l).

Therefore, 61(1) = 02(1) = 6(1). ]

Lemma 4.5.3: Let | is a normal ideal of a DRI-monoid A. If (x, y)e6(l) then, for each z € A,
(Xx—=2z,y—=2)e0(l), X—2z,y~—12)eb(l),
(z—=x,z-=y)eo(l), (z~x,z<—Yy)eo(l).
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Proof: This follows from Proposition 4.2.1 (14)—(17). |

Theorem 4.5.2: If | is a normal ideal of a DRI-monoid A then 6(l) is a congruence relation on A.

In addition, [O]eq) = I.

Proof: Let (x, y)e0(l) and (s, t)e0(l). Then (x = y) ", (s~ 1) "e L.
Obviously, x<xVy=(x—=y) +yands<sVt=(s—t)" +t. Hence, it follows that
X+S<(X=2y) " +y+ (s +t=(x=y) F Y+ (s—1)7) +t

=(x=y) "+ (h+y)+t

=((x=y " +h)+(y+1)
forsome h e I suchthaty + (s ~t)" =h+y.
However, (X—=y) "+ h) +(y+t)>x+siff (x=y)"+h>(x+5) = (y +1).
Therefore, (X +s) = (Y+1) " <((x=y)"+h)"=(x—=y)"+hel.So, ((x+s) = (y+1) el
We can similarly show that ((y +t) = (x + 8)) "e 1.
Hence, we conclude that dy(x + s,y +t) = (X +s) = (y+ 1)) "+ ((y+t) = (x +s)) "e l and
(x+s,y+1t)eo(l).
By Lemma4.5.3, (x—=s,y—=5s)e0(l)and (y = s,y = t) €6(l).This yields
(x—=s,y—=t)eb(l). Similarly, (x — s,y — t)€06(l).
The rest follows by Theorem 4.5.1. |

Theorem 4.5.3: If 6 is a congruence on a DRI-monoid A, then [0]o = {x € A; (X, 0)eb} isa

normal ideal in A. Moreover, 6 = 6([0]o).

Proof: The first part follows by Proposition 3.5.2. Further, we claim that
©) (X, ) €0 < (di(x, y), 0)€0,
or equivalently,
(%, Y)€b < (da(x, y), 0) 6.
Indeed, if (X, y)€6 then (x = vy, 0)e6 and (y — X, 0)6, whence
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(di(%, ¥), 0) =((x = y) V (y = Xx), 0) €6. Conversely, (di(x, y), 0)€6 if and only if di(x, y) € [0]o
which implies (x = y) ", (y = X) "e [0]e. This givesx Vy=(x —=y)" +y =0 +y =y (0), and
XVy=(—=x"+x=0+x=x(0).

Thus, by the transitivity, (X, y) €6.Now, 6 = 6([0]e) is an immediate consequence of (C). m

We now show in the case that | is an ideal of a DRI-monoid B, Qll coincides with 64(1) and

o7 coincides with 6,(1).

Lemma 4.5.4: Let B be a DRI-monoid.
(). Ifx,yeB,then0 =~ (X=y)<y—=X0—X—Yy)<y—X
(i). If 1 is an ideal of B, then g; = 64(1) and o = 02(1).

Proof: (i). Let x,y € B.ByLemma 4.1.3, (y = x)+(x—=y) >y = y=0and
X—=yY)+(y~—Xx)>y—y=0.Thisyields0 = (X = y)<y—=X0—(X—y) <y~ X

(i) Let I be an ideal of B, x, y € B, xoy. Hence, x<g +y,y<h+Xx, forsomeg, h e I.
Thus, x = y<g, y = x<h. In view of Proposition 4.2.1(6) we have 0 < (x = y) V(y = X) <
g V h. From the convexity of | we obtain (x = y) V (y = x) e . Therefore x6,(1)y.

Letz,t € B, z0;(Nt. Thus (z = t) V(t— 2) € I. Inview of (i) we havelz = t|l=(z—=t) V(0 =(z
~t)<@z-t)Vt—=2)=|(z = t) v (t = 2)|. This yields z—t e I. Analogously, t = z < I.
Sincez<(z—1t) +t,t<(t—2) + z, we have zg;t.

Hence g; = 04(1).

Similarly we can show that o = 02(1). ]

Theorem 4.5.4: Let A be an I-monoid, | a left ideal of A and J a right ideal of A. Then Qll and

leare congruence relations on the lattice (A, V, A).
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Proof: It is clear relation that the QlliS reflexive and symmetric. Let a, b, ¢ € A, a o} b and
boi c. Hencea<g+b,b<h+ab<u+c,c<v+bh forsomeg, hu vel Thena<g+u+c,

c<v+h+a Sinceg+u,v+hel wehaveag c.

Letx,y,s,ze A xof yands g z. Thenx<g'+y,y<h'+x,s<u'+zz<V' +s, for some ¢,
h',u,v' el.

=@ VU)+(y V) =@ +y) V(@ +2) VU'+y) V(U+2) 2 (9" +y) V(U'+2) =X Vs,
=@ Vu)+(yVz)>x Vs.

Analogously, (h" VV') + (x Vs) >y V z. Further, we have

@ VW +YA)=[@+y) VWU +NI ALY +2) VU +2)]=(9' +y) AU +2) =X As.
Then (g’ VU) +(y Az)>x As. Similarly (" VV') + (x As)>y Az. Sinceg' Vu,h" VVv' e l.
Hence (x Vs) of (YV z)and (X As) g (YA 2).

Therefore, QlliS a congruence relation on the lattice (A, V, A).

Similarly we can show that QIZ is a congruence relation on the lattice (A, V, A). n

Let A be an I-monoid and let | be a left ideal of A. The (A, V, /\)/QI1 is a lattice and for the

partial order relation < of this factor lattice the following is valid.

Theorem 4.5.5: Let A be an I-monoid, | a left ideal of A, X, y € A. Then the following
conditions are equivalent:

(i). Koz < V1ot

(i)). x<g + (x Ay), forsomeg € I,

(ii)). xXVy<h+y, forsome h e I.

Proof: (i) =(ii). Let X,y € A, [X]e% < [y]Q%' Then [xAy]Qll = [X]Qll.
=X Ay) o] X.
Therefore, x<g + (X Ay) forsomeg e I.

(i) = (iii). Letx,y e Aand x<g + (x Ay), forsomeg e I. Leth=g". Thenh €l.
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Sincex<h+ (X Ay)<(h+x) A(h+y), wehave x<h+y. Clearly,y<h+y.
Therefore, x Vy<h+y.
(ii)) =>(i). Letx,y e A, x Vy<h+y, forsome h e I. Since y <0 + (x V), we conclude that
yeor (xVy).
Syl = KV Vg

Therefore, [X]Qll < [y]QIl. |
Note: Analogous theorem is valid for right ideal of an I-monoid.

Lemma 4.5.5: If ¢ is a congruence relation on an I-monoid A, then Q%O]Qg 0, Qfo]gg o.

Proof: Let X,y € A, X Q%O] y. Thenx<g+yandy<h +Xx, for some g, h € [0],.
Q

=0 00,hp0.Thenyo (g +Y), xo (h+x)and hence (x Ay) o (X A(g+Y)),
(YAX) o (y A(h+X)). Thus, (x Ay) e X, (X Ay) oy. This yields x g y.

Analogously we can show that Qfo] ce. n
Q

Unlike in a DRI-monoid, in an I-monoid A the relations Q%O] =g and Qfo] = g need
Q Q

not be valid for a congruence relation @ on A. For the congruence o from Example 4.5.1
we have 9[10]9 ={(, 0), (b, b), (c, ¢), (d, d), (a, &), (0, c), (c, 0), (b, d), (d, b)} # 0.

Lemma 4.5.6: If | is an ideal of A, then [O]Qll cl, [O]Q]z cl.

Proof: Let | be an ideal of A, p € [O]QII. By Theorems 3.4.1 and 3.5.4, [O]Qllis an idealof A and

hence (p") ! 0, (p) of 0. Then0<p*<gq,0<r+p <rforsomeq,r e I. From the convexity of
I, it follows that p* € 1. In view of Lemma 3.3.2 (i) from 0 <r +p we obtainp < I. Then

p=p +p el Thus, [0]y: < I. Similarly, we can show that [O]Q]z cl. u

For a normal ideal I of an I-monoid the relations [O]Qll =1, [O]le = | need not be valid. To see this
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let us consider the example below.

Example4.5.2: The set A = {0, a, b, c, d, e, f} with the binary operation "+” on A defined by
Table 2 and the partial order "<" on A defined by the diagram in Figure 3 is a commutative
I-monoid. The ideal I = {0, a, c, e} of the I-monoid A is normal, ¢; = QIZ ={(0, 0), (a, a), (b, b),

(c, ¢), (d, d), (e, e), (f, ), (0, e), (e, 0), (0, a), (& 0), (e, a), (a e), (d, ), (, d)},
[0]; = [0l ={0,a, €} = .

+|0ja|bjc|d|e|f f

0O|0ja|bjc|d|e|f a

dlala|b|c|f|a|f d

bi{b|b|b|b|b|b|b

dic|c|b|c|b|c|b e b

d{d|{f|b|b|d|d|f

e al|blcld|elf 0

f|f|f|b|b|f|f|f ¢
Table 2 Figure 3

Definition 4.5.4:An ideal | of an I-monoid A is called tall if for each x e | there exist b, ¢ € |

suchthat0<x+h,0<c+x.

Theorem 4.5.6: Let | be a tall ideal of an I-monoid A. Then [O]Qll = [O]Q]z = 1.
Proof: Let | be atall ideal of A, x e I. Then0<b + X, 0<x + ¢, for some b, ¢ € I. Since

X <X +0,x<0+x", we have x o} 0and x g7 0.

Hence | S [O]Qll and | [O]Q]z.Then Lemma 4.5.6 completes the proof. ]
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Chapter 5

Conclusion

In this project, we have studied lattices and properties of lattices and lattice ordered
group and its properties for the study of lattice ordered monoid (I-monoid) and
ideals of lattice ordered monoid. We have seen generalizations of results from
lattice ordered groups to ideals of I-monoid. In addition, we have studied properties
of ideals of dually residuated lattice ordered monoid (DRI-monoid). The
connection between normal ideals of DRI-monoid (I-monoid in general) and

congruence relations were also studied.

42



References

[1] M. Jasem, on ideals of lattice ordered monoids, Math. Bohomica,Vol.132 (2007), No.4,
369-387.

[2] G.Birkhoff, lattice theory, AMS volume xxv 1967.

[3] J. Kihr, Ideals of non-commutative DRI-monoids. Czech.Math. J. 55 (2005), 97-111.
[4] m. Jasem, On lattice-ordered monoids. Discuss. Math. Gen. Algebra Appl. 23 (2003),
101-114.

[5] G. Birkhoff, lattice-ordered group, AMS, VOL.43.NO.2[APR,1942].

[6] G. Gratzer: General Lattice Theory. Akademie-Verlag, Berlin, 1978.

43



