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Abstract

Reinforced Concrete structures have been designed for long time using the Elastic and Plastic limit
state theories. However, real life experiences shows that these theories are not sufficient for having
the expected Failure Mode which is called Ductile Failure. In the Limit States theory, one of the
major drawback is, it assumes strength as a material property independent of size. But in reality,
the size effect is significant phenomena in controlling the failure mode. Limit States theory missed
the concept of Size Effect. The basic concept behind the Size Effect is, as the size of the material
increase, the volume of micro cracks and flaws also increase. This internal micro cracks and flaws
are points where stress concentrations occurs. Through time, these micro crack and flaws will
develop in to macro cracks. Therefore, the strength (Tensile and compressive) are dependent on
Material member length and cross section.

In this Thesis, crack propagation and section capacity for Reinforced Concrete structures are
analyzed using the size effect concept which is addressed using Fracture Mechanics



1 Introduction

1.1 Background

In order to properly determine the real response of a structure, it is reasonable to use parameters
which are totally independent of structure size. Till this days almost all building codes for
reinforced concrete structures use the limit state theory, basically the elastic and plastic limit
analysis. However in both limit states, the response of the structures are expressed interms of
parameters which are dependent of size. One of the most common parameters to be used for in
analysis and design is tensile strength of concrete. Experiences shows that there is a possibility of
a given reinforced concrete elements to fail before the load reaches to its peak value. As long as
the real structures are not tested in laboratory, it is quite easy to sense that there will be variations
between the predicted and actual response. When this variation is significant it is rational either to
change the parameters (tensile strength and compressive strength) which are used to express the
response of the structures or apply some modifications for limit state analysis output.

Therefore, to properly capture the real response of reinforced concrete elements, the response
should be expressed Interms of size independent parameters. Real life experience like those of
diagonal shear failure of beam, punching shear failure of slabs and pull out failures of
reinforcement bars are clear indications for the existence of size effect. The worst case scenario
which can happen at any time is, the failure mode caused by ignorance of size effect is brittle. This
failure can happen at any time without any prior sign. As much as possible it is advisable to

consider all the possible sources of brittle failure mode.

1.2 Objective and Scope of the study
The main objective of this research is to introduce and apply the Basic Fracture Mechanics
concepts for reinforced concrete structures for crack related issues and section capacity

calculations issues related with stress strain diagram.

Basic Fracture Mechanics concepts with some modifications will be used effectively for better
predictions of reinforced concrete elements response for Mode | (Flexural type) cracking type.
Special focus will be given to implementation of Fracture concepts for reinforced concrete

structures.



1.3 Thesis organization

The Thesis is organized it to Five Chapters. Chapter 1 deals with the General introduction and the
need for further study in the field of crack propagation and section capacity for Reinforced concrete

structures.

Chapter 2 covers literature Reviews on Fracture Mechanics. As this science was used mainly for
metals, General introductions are discussed using simple concepts. In additions, codes prescription
for crack propagations and section capacity is also elaborated. A critical concepts of stress and
strain in the vicinity of the crack tip have been also discussed with special finite elements

Chapter 3 provides information on the pre and post peak nature of Reinforced concrete structures.
The need for having stress-crack tip opening displacement diagram is also discussed. Ideas on

recent advances on concrete modeling for Fracture analysis are also provided.

Chapter 4 states about application of Fracture Mechanics for Reinforced concrete structures.
Basics Fracture Parameters like Stress intensity Factors is also discussed. Assumption for the two
proposed models with numerical examples is also included in this chapters. Comparisons of code
based formulas and proposed model results are also given in this chapter. Conclusion and

Recommendations are discussed in chapter 5.



2 Literature Review on Fracture Mechanics.

2.1 Introduction

When Reinforced concrete structures are subjected to general loading conditions, failure is
inevitable. Failure can be caused by uncertainties in loading, defects in materials, inadequate
design, and deficiencies in construction and maintenance and for some other reasons. In the
process of failure, structure changes its original shape and deformation is exhibited. In the
deformation process bodies of the material get separated and the load bearing capacity of the
structures abruptly decrease and it may approach to zero. This deformation process whereby
regions of body get separated is called Fracture. Fracture is defined when the applied loading of a

cracked body (crack driving force) exceeds the Material’s resistance to failure (fracture toughness).

Fracture Mechanics deals with mechanics of solids containing displacement discontinuities
(cracks) with special attention for crack growth. It is also defined as failure theory that determine
material failurity, possibly in conjunction with the strength (yield) criteria. In the plastic limit
analysis, failure is assumed to be simultaneous throughout the structures. However in the real case
failure is more propagating and redistribute in every direction rather than simultaneous and one

way.

Till this days almost in all building codes, concrete structures are designed and successfully built
using the concrete building codes which totally ignores the Fracture Mechanics. However, this
does not mean that the codes are okay but two simple understanding can be developed. One is the
load factors and material capacity reduction factors can possibly hide the effect. For instances the
deal load factor is 1.4, this means 40% of additional loads are assumed and for live load, 60% of
additional live loads are included. This assumptions are totally irrational but since the real failure
mechanisms are not known clearly, there is no other option than to use high load factors for safe

and uneconomic design.

Real life experiences shows that it is rational to consider the size effect. One way of considering
size effect is to use the basic concepts of Fracture Mechanics. There are different compelling
reasons for using Fracture Mechanics concepts for concrete structures. In the process of
deformations cracks will be created. The formation of this crack can be related with surface energy

which is used for creation of new surface, [1].



When crack occurs, new surface is created at the same time. This shows that crack formation is
related with energy one way or the other way. In Fracture Mechanics, Energy related with crack
formation has got great attentions. Besides the current strength based analysis and design results
show that some important material parameters are independent of size. In the limit analysis,
strength is expressed as material property which is independent of size. However experiments
shows that materials like reinforced concrete structures shows load deflection which is neither
similar to ductile materials nor like those of brittle material. From the load deflection diagram, it
is concluded that reinforced concrete structures are quasi brittle material. Therefore, better

prediction of response can be obtained if Fraction Mechanics with some modification is used.

In addition, it is rational at least to minimize the rate of occurrence of brittle mode of failure. One
way of making sure that the failure mode is ductile is to consider the amount of energy absorbed
and ductility nature of the material. The simplest principle is to make sure that the strain energy of
the given cross section is less than the amount of energy required for creation new surface. In the
Fracture Mechanics one of the most known size independent parameter is Fracture Energy.
Fracture Energy is defined as the specific energy required for crack growth in an infinite large
specimens. The main importance of this definition is to eliminate the effect of sizes, shapes and
type of loading on the fracture energy. This basic parameter needed for rational predictions of
brittle failure of concrete structures. Another very important parameter is the Fracture Process

Zone (FPZ). This is a zone where softening occurs. It is a place where Fracture initiates, [2].

Finally, it is observed that plastic limit analyses provide no information on the post peak load
deflection diagram and the amount of energy dissipated in the fracture process. However, using

Fracture Mechanics, information lost in plastic limit analysis can be captured, [2].



2.2 Types of Fracture and Basics of Fracture Mechanics

2.2.1 Types of Fracture

Once the crack is nucleated on the surface of the structure, its growth occurs in presence of a very
high gradient associated stress field. Three basic modes for crack growth are defined in many
literatures. These are Mode I, which is the “opening” or “tensile mode”, where the crack faces
separate symmetrically with respect to the X1 -x2 and X 1-x3 planes. In Mode II, the
“sliding” or in “plane shearing” mode, the crack faces slide each other symmetrically about
the x1-x2 plane but anti-symmetrically with respect to the Xxi-xz plane. In the “tearing” or
“anti-plane” mode, Mode 111, the crack faces also slide each other but anti symmetrically with
respect to the X 1-X 2 and x 1 -X 3 planes. In several practical cases, loads excite simultaneously
two modes and make the crack propagation depending on a so-called “mixed-mode fracture

mechanism” [4]. In this paper only Mode I type of crack is given attention, [18].

Figure 2. 1: Three basic modes for cracked body :('a) Mode I (b) Mode 11 (¢c) Mode I11l, [18].



2.2.2 Fracture Energy

For a system of constant temperatures, first law of thermodynamics states that the total amount of
energy that is supplied to a material volume per unit of time ( de ) must be transferred to the internal

energy(u, ) surface energy(u, ) dissipated energy(u, ) and kinetic energy(u, ).

The internal energy is the elastically stored energy, the surface energy comes in to effect when
crack propagates, the kinetic energy is function of material speed and finally the dissipated energy

is due to friction and plastic deformation.

In Fracture process, the surface of the crack varies so it can be taken as state variable. If the
thickness, b, is assumed to be constant, the only state variable will be the crack length, a. Since

Area=b*a.

When crack happens in material, the internally stored energy acts as source of energy. For the

figure below assume the width, b, to be constant,

Figure 2.2 : Plate with crack length a, [2].

Using first law of thermodynamics

Ue = Ui+ Ua+Us+ U [0S (2.1)

From simple calculus using Change of Variables

du, dAdu, ~du, - du,
= =ba =a
dt dt dA bda da

If the dissipated energy and Kinetic energy are neglected, the available external energy and

internal energy is transferred to surface energy.

du du. du

e 1 a

da da da



This equation is called Griffith energy balance.

Divide both side by b yields the Energy Release Rate (G)

_1
b

du, _ du,
da da

And the Crack Resistance Force (R)

R=1

b

du,
da

Griffith crack criteria G =R
For the case of fixed grips (u = 0)

du, _0 _du; _ du,

a

da HE da

Figure 2.3 : Plate with elliptic hole subjected to tension, [5].

The total surface energy for the above in through elliptical crack, where y; is surface energy and

K is some constant, can be calculated as shown below
_ *q
u, = K*a=4ab,

The total strain energy (internal energy)
0_2
u,=2ma’h—
2E
Using Griffith criteria, for crack to propagates G =R

2

ag
2mab— =4b
e T



From the above the critical crack length will be

_Z’YSE

cr 2
o

a

(2.2)

Where E

Amount of Energy

~|E forplanestress
E=| E :
—— for planestrain
l-wv

2
Energy available (source of energy) U; = —27ra2b;—E

Energy needed for new surface generation U, =4aby,

Energy available.Energy needed and Total Energy

— ~— - Energy available
06— Energy needed —

------- Total Energy
04— —

-t T e T B 7

02+ el —
04 Tl -
06 e~ —

08— : . _

0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
Crack length

Figure 2.4: Amount of Energy and corresponding crack length,

In Griffith energy balance, energy dissipated in the system is neglected .This cause discrepancy
between the experiment and analytic values. The discrepancy between the experiment and

analytically calculated values can be shown by both the stress and energy approach.

For materials which are very brittle, the amount of energy dissipated is very small, enough to be
ignored when crack growth. But for ductile materials, showing significant energy dissipation the

energy release rate can be 10° times the crack growth resistance force (R), [15].



For brittle material

27, E

7a

And For Ductile material

,2(%+7p)E
O, =\|———
ma

Where y; plastic work per unit area of surface created. For ductile material ~, >> ~, ,this shows

ignoring or neglecting the amount of energy dissipated can be a source of erroneous result. Energy
release rate (G) can be calculated using different techniques like those of fixed and constant loads.
In both techniques for energy release rate (G) determination, compliance, which is the ratio of
opening to force, approach will be used. G can also be calculated from the force displacement

curve, [4].

2.2.3 Stress Intensity Factor (SIF) (K1)
Stress Intensity Factor (SIF) (K)) is a measure of stress intensity in the vicinity of the crack tip.
Higher SIF means larger stress pattern at the tip of the line crack continuum. It is measured in

MPay/m.The subscript | shows that the SIF is for the mode I or open type cracking.

If the stress is applied perpendicular to crack width with sharp tip, the linear elastic solution shows
that stress concentration will appear at the tip such that the stress approaches to infinity. Close to

the crack tip the stress distribution is approximated by

KI
g =

y \/ﬁ (2.3)

Where, x is the distance from crack tip and K is Stress Intensity Factor, (SIF).
This factor can be calculated from K, = Ya\/a

Where a is crack width, o stress where crack length is zero and Y is dimensionless factor often

taken as 2.
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Figure 2. 5: Elastic stress distribution near crack tip, [5]

As the stress approaches infinity, the analysis of crack stability and crack propagation cannot be
based on the comparison with the strength of material. At this point it is rational to introduce new
criterion which dictates that crack will start propagating when the SIF reaches a critical values,

Kc, which is assumed to be material property, [5].

SIF is used in analysis and design by arguing that material can with stand crack tip stress up to a
critical value of stress intensity termed as Kic beyond which the crack propagate faster. This Kic

measures material toughness.

Failure stress then calculated to the crack length a and fracture toughness Kic by

KIC

anfma

Where « =1 for edge crack and different a can be found for different crack positions. Generally

Uf:

(2.4)

SIF can be expressed as K, = 3o+/ma where 3 depends on the location of pre-existing notch,

[24].

2.2.4 An Atomistic View of Fracture

The bond strength that exist between atoms plays a great role when the issues of Fracture arises.
This is mainly because failure occurs when only the stress developed between atoms is greater
than the bond stress that already exist. The stress developed is supplied by the external load while

the force of attraction between atoms is the main source of the bond stress.

10
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Figure 2.6: The energy curve (top) and force versus dislocation radius, [4]

From the figure at x = 0, the force between atoms is null. This distance is called equilibrium

spacing.

The area under the force versus dislocation radius of atoms gives the amount of energy needed to

displace the atoms and cause failures, and it is called Bond energy ( E; )

E, = ]de

Where, P is the applied force. By assuming of one half the period of sine wave for the

interatomic force displacement relationships
[T x—x
P=P,sin [—°]
A

With the origin defined at Xo.

For very small displacementSin X = X, using the same analogy

T X—X
LS
A

11



The above equations can be simplified as

F=KAX
Where Ax:x—xo,K:PC[g] and F=P

Therefore, the bond stiffness is

-

K*A=P *7

Since K:i
AX
L)\:Pc*w for P=P,
AX
A = Ax*7 , Dividing both side by X,

A : : : . ,
X— =e*7 Since ¢ = % and rearranging Where E is elastic Modulus and 0, is
0

cohesive strength.
Finally the cohesive strength can be expressed in simple form as:
_ E*A

*
T X,

J¢

For x, = 4, the theoretical cohesive strength can be simplified to the form

_E*A

*
™ X,

J¢

(2.5)

It is clear that there will be some energy requirements for the new surface to be created. Let the

energy required to create single surface is surface energy denoted by 7

12



This shows that the Fracture energy is about two times of the surface energy.

Finally after some simplifications

o — [E0 (2.6)
XO

The theoretical cohesive strength is approximated to be E . however, due to the presence of
v

flaws there will be discrepancy between the theoretically calculated and experimentally obtained
values. But the basic point here is Fracture can never occur unless the defects play role in
magnifying the stress around so that the magnified stress will be greater than the normal cohesive
strength, [6].

2.2.5 Types of Fracture Mechanics

Based on the size of the Fracture Process Zone (FPZ), there are two types of Fracture Mechanics.
These are Linear Elastic Fracture Mechanics (LEFM) and Nonlinear Fracture Mechanics also
called Elastic Plastic Fracture Mechanics (NLFM or EPFM).

I. Linear Elastic Fracture Mechanics

A large field of Fracture mechanics uses concepts and theories in which Linear Elastic material
behavior is an essential assumption. This is the case for Linear Elastic Fracture Mechanics
(LEFM).

The basic assumption of the Linear Elastic Fracture Mechanics (LEFM) is that the size of Fracture
Process Zone that is found beyond the crack tip is relatively small compared to the structure
dimensions. Sometimes it is also called Small Scale Yielding (SSY).

It is also identified in its sharp cracks. This type of failure mechanics works well for those material

where the crack initiation load and the failure load is almost similar like those of most metals. The

13



global stress strain response of the material is linear and elastic. The basic formulation is based on

energy balance.

Ductile-Brittle (Metals) /

LEFM
ek o) Linear-alastic

Localized yielding

at crack tip
Process Zone

/

S~ -

Figure 2. 7: crack tip variables for Sharp crack, [6]

In the above figures, the Fracture Process Zone is very small compared to the structure dimensions.
F means area of Fracture Process Zone, N means area of nonlinear zone and L means part of the
structure in the linear state. It is clear that most of the material cross-section is in the linear state

S0 it is best to implement the LEFM.

All LEFM applies to sharp cracks in Elastic bodies. It is rational to apply this Fracture Mechanics
for any material as long as the material is in the linear state and for the regions far away from the
sharp crack tips, Implementation of LEFM near sharp crack leads to the predictions of infinite
stress at crack tip. However, materials have finite stress capacity. The LEFM fails at molecular

level or around the crack tip.

Literatures proposed some analytical tools to predict the Fracture Mechanics, which are based on
the assumption of the linear elastic behavior of material. In the so called Linear Elastic Fracture
Mechanics (LEFM), prediction of crack growth is based on the energy balance. Griffith
states “crack growth will occur, when there is enough energy available to generate new crack
surface.” The “energy release rate” is an essential quantity in energy balance criteria. The
resulting crack growth criterion is referred to as being “global”, because a rather volume of
material is considered. The crack growth criterion can also be based on the stress state at the crack
tip. This stress field can be determined in several cases through an analytical approach.

14



It is characterized by the definition of the “stress intensity factor” (SIF). Stress intensity factor K:

characterizes the stresses, strains and displacement fields near the crack tip, it is local parameter.

The crack growth criterion can also be based on the stress state at the crack tip. This stress field
can be determined analytically. The resulting crack growth criterion is referred to as local, because
attention is focused at a small material volume at the crack tip.

Assumption of linear elastic material behavior leads to infinite stresses at the crack tip. In reality
this is obviously not possible: plastic deformation will occur in the crack tip region. Using yield
criteria (Von Mises, Tresca), the crack tip plastic zone can be determined. When this zone is small

enough (Small Scale Yielding, SSY), LEFM concepts can be used.

Tresca Stress von Mises Stress
3.892E+07 3.524E+07

- 3. 462E+07 - 3.124E+07
3.032E+07 2. 745E+07
2. 602E+07 2.35RE4+07
2. 172E+07 1.966E+07
1.741E+07 - 1.577E+07
1.311E+07 1.187E+07
g8.811E+0R 7.98E+06G
4.51E+06 - 4. 087E+06A
2. 081E+05 - 1.931E+05

Figure 2. 8: Response of three point bend specimens with initial crack length a,

When the global stress-strain response of the body is linear and elastic (LEFM), the elastic energy
release rate, G, and the stress intensity factor can be used for characterizing cracks in

structures.

Recall that the LEFM applies to sharp cracks, the assumption of sharp cracks, however, leads to
the prediction of infinite stresses at the crack tip. On the other hand, stresses in real materials are
finite because the crack tip radius is finite. In addition, inelastic deformation, e.g., plasticity in
metals or damage in concrete, results in further reduction of crack tip stresses. These reasons cause

modification of the LEFM to account for the crack tip yielding.
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plastic zone singularity
dominated zone

Figure 2. 9 : Crack tip stress conditions, [7]

If the plastic zone at the tip is sufficiently small (confined within the singularity dominated zone)

there are two simple approaches available that provide correction to LEFM

A). The Irwin approach

First order estimates of the plastic zone

K |

Oy =0y = ﬁ Solve forr
1 (K|
o (2.7)
21| 0

Analysis is based on elastic crack tip analysis
Second order estimates of plastic zones, when the yielding occurs the stress must be redistribute

ahead of crack tip to satisfy equilibrium

Ty Ty K
o *r :fa dr= | —=dr
ys 'p yy
0 0 N27r

2

! = 2r (2.8)

==
P 7T

KI

O'ys

This is twice as much as values of first order estimates.
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V Elastic

6=0

Elastic-plastic

r

Figure 2. 10 : Crack tip radius for elastic and plastic zone, [4]

B). The strip yield model (suitable for polymers)

The strip yield model was first proposed by Dugdale and Barenblatt. They assumed a long slender
plastic zone at the crack tip in non-hardening material in plane stress. This model is a classical
application of the principle of superposition as it approximates the elastic-plastic behavior by
superimposing two elastic solutions: a through crack under remote tension and a through crack

with closure stresses at the tip.

Figure 2. 11: Stress conditions causing opening and closing of crack tip, [2]

Since the stresses at the strip yield zone are finite, there cannot be a singularity at the crack tip (the
stress intensity factor at the tip of plastic zone must be equal to zero). Thus the plastic zone length
p is found from the condition that the stress intensity factors from the remote tension and closure

stress cancel one another.

To proceed, consider first a through crack in an infinite plate loaded by a normal force P applied
at a distance x from the center line of the crack. The stress intensities for the two crack tips are

then give by

< 1o P X K a_ P [rx
\/71’& a—X «/Wa a-+X

If the closure stress is g, acts through a distances dx, the force developed due the closure stress
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P:U (X

a+p+x atp-X X
atp-X a+p+X

Solving the integral

a+p ) a
Kclosure = _Z*Uys T cos™ [m]

The SIF for the remote stress is given by

K, :a«jw a-+p

For the crack tip stress to be finite K, =K

After simplifications

Using the Taylor series for cosine functions where

2 X4 XG X8

Cos X =1— B Ry
T2t 4 el gl T

Using the same analogy

2 4
[m] [m] [m
20 20 20
cos[m]—l— AV LR LA

2

KI

O'ys

(2.9)

20 T

Irwin plastic zone correction focused mainly on using effective crack length. However Dugdale

focused on the ideas that stress at the elastic plastic boundary is not singular.
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ii. Nonlinear Fracture Mechanics (Elastic-Plastic FM)

In many cases it is found that LEFM based criteria is either: too conservative and expensive as it
does not account for plastification at the crack tip, and/or invalid based on calculations of rp where
LEFM assumptions are checked. Thus, in those cases where LEFM is not applicable, an alternative

criteria for crack growth in Elasto Plastic Fracture Mechanics (EPFM) is sought.

LEFM is only valid as long as nonlinear material behavior is confined to a small region surrounding
the crack tip. There are many materials, however, for which the applicability of LEFM is

impossible or at least suspicious. Therefore, an alternative fracture mechanics model is required.

o
Plastic
Zone
Cisiok EPFM J-Zone
Elastic-plastic
Net section ylelding
Process Zone
o’

Figure 2. 12 : The fracture Process Zone developed beyond the crack is large enough to be
considered, [6]

Elastic-plastic fracture mechanics applies to materials that exhibit time-independent, nonlinear

behavior (plastic deformation).

The various stages of ductile fracture:

0,

¢ Blunting of an initially sharp crack: Under LEFM assumptions, the crack tip opening
displacement (CTOD) is zero, however in elasto-plastic material due to blunting it is

diff erent from zero.
% Crack initiation: Slow (stable) crack growth and Unstable crack growth
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Sharp Crack

Blunted Crack

Figure 2.13: Blunted crack beyond the sharp crack, [5]

There are two parameters characterizing the nonlinear behavior at the crack tip:
a. CTOD - crack tip opening displacement
b. J counter integral

Critical values of CTOD and J give nearly size-independent measures of fracture toughness, even
for relatively large amount of crack tip plasticity. But there are still limits to the applicability of J

and CTOD, but these limit are much less restrictive than the validity requirements of LEFM, [5].
a. Crack-tip opening displacement (CTOD)

In LEFM the displacement of material points in the region around the crack tip can be calculated.

With the crack along the x-axis, the displacement uy in y-direction is known as a function of r

(distance) and 0 (angle), both for plane stress and for plane strain.

45° /\ ~

Actual Crack Tp
(Stationary and Moving)

s

Figure 2. 14: Shows crack tip opening displacement [5]

The displacement of points at the upper crack surface results for 6 = and can be expressed in the
coordinate x, by taking r = a — x, where, a is the half crack length. The origin of this xy-coordinate
system is at the crack center. The crack opening displacement (COD) 6 is two times this

displacement.
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It is obvious that the opening at the crack tip (CTOD), 6, , is zero.

K G 2 4
Vo= g 2r 5 % |[k+1-2cos® 4 |

For crack plane =7 and '=a—X

1+ 1+k i
vy:Ta/Za a—x %

COD = Crack Opening Displacement = 6,

1 1+k
§,=2v, :%*J*Q/Za(a—x) (2.10)

Irwin and Dugdale both proposed different theories in the determinations of CTOD.

b. J-CONTOUR INTEGRAL

Rice presented a path-independent contour integral of analysis of cracks and showed that the value
of this integral, called J, is equal to the energy release rate in a nonlinear elastic body that contains
crack. Hutchinson and also Rice and Rosengren further showed that J uniquely characterizes crack
tip stresses and strains in nonlinear material. Thus, the J integral can be viewed as both an energy

parameter and a stress intensity parameter.
*Comparisons of Linear and Nonlinear Fracture Mechanics

Linear Elastic Fracture Mechanics assumes that the material behaves in brittle manner and local
parameter, stress intensity factor, can be used as valid fracture index. In this Fracture Mechanics,
the plastic zone in the vicinity of the crack is about one-tenth of the initial crack length. However,
if there is large scale yielding in the vicinity of the crack tip, another form of Fracture Mechanics
called Non Linear Fracture Mechanics which is also called Elastic Plastic Fracture Mechanics
should be used. In the Elastic Plastic Fracture Mechanics, There are two important Fracture
parameters: The J-integral and Crack Tip Opening Displacement for handling the problem of large

scale yielding.

21



Table 2. 1: Applicability of EPFM and LEFM

Elastic Plastic Fracture Mechanics Linear Elastic Fracture Mechanics
Beyond small-scale yielding Small-scale yielding applies
Lower strength materials High strength materials
Tough, ductile materials Brittle materials
Small thickness Large thickness
Plane stress Plane strain
High temperatures Low temperatures
Slow loading rates High loading rates

2.3 Cracks in Reinforced Concrete Structures

Members such as beams and slabs which are subjected to bending moment will develop flexural
cracks when the stress in the tension zones exceeds the bending strength of plain concrete. From
experience, crack extends commonly from tension face to the location of neutral axis of the cross

section.

Cracking occurs in concrete member when the stress in concrete reaches the tensile strength, ft.
The value of fc: depends on several parameters. Choice of the appropriate values of fc is the first
difficulty in the analysis of cracks. It was believed that the most important factor for controlling

flexural crack is the magnitude of the strain in the reinforcing steel.

Control of strain in the reinforcing steel is believed to be the most effective means to limit the
crack width. Other factors which have influence on the crack width are concrete cover, size of the
reinforcing steel and distribution of reinforcing steel in tension zone. However it is difficult to
predict the number and width of flexural cracks because of the complex process those are involved.
As a result there is no uniform approach for estimating these quantities and various design codes

use different techniques.

Cracks in Reinforced Concrete elements can be caused by force induced and displacement induced
cracking. Provision of bonded reinforcement of sufficient magnitude and appropriate detailing can
effectively limit the crack width. However size effect should come in to consideration before any
conclusion is made. Some of the parameters which are used in crack width calculation are mean
crack spacing (Srm) and coefficient used to account for the additional stiffness which concrete in

tension provide.

22



2.3.1 Variation of Tensile Strength of Concrete

The tensile strength of concrete may be subjected to large variation due to many reasons. One of
the most common reason for the variation in strength is environmental effect. However, the

variation caused by size effect is not captured well.

In most Reinforced Concrete structures analysis and design Hand Books, Upper (f,¢x max) and

lower values (f.x min) Of characteristic axial tensile strength with f,., =10Mpa.

3

f

ctk,min

20,95[Lk

1:ctk,O

£FR
And fctk,max :185[i] (211)

ctk,0

Note that the tensile strength is independent of size. This means size effect is not yet considered.

2.3.2 Code Provision of Cracks

EBCS2, 1995.

Our building code discuss the issue of cracks under the serviceability states by different
mechanisms. The code states that there are different source for cracks and there are some
limitations regarding the limit state of crack formation and the limit states of crack width. But there

is nothing which states about crack propagation.

The code states that creep and ambient conditions can cause cracks in concrete structures and the
cracks are related with the characteristic compressive strength. The code states that when the issues
of cracks needs to be considered, there are some issues which should be discussed along with
crack. One of the most common is the amount of reinforcement bars in concrete. Another issue is

the nature of stress distribution in the section.
Limit states of crack formation

According to our code, crack will be formed as long as the tensile stress caused by load exceeds
the prescribed values in code. For flexure type of loading, the cracking tensile strength is about

1.7 and for direct tension it will be about fc.
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Limit States of crack width

Cracks due to flexure

w, =1.7w
Wm :Srmgsm
S,, =50+ 0.25kk, L2 (2.12)

Pr

Where

wi =characteristic crack width  wm=mean crack width  sym =average distance between cracks

€,m =mean strain of the reinforcement considering the contribution of concrete in tension

¢ = bar diameter, ki=bond parameter, 0.8 for deformed bars and 1 for plain bars

€a T €

ko= accounts for stress diagram, 0.5 for bending, 1 for pure tension and for bending

with tension
€4 And €, larger and smaller concrete strains, below the neutral axis of the cracked section

A

S

Ac.eff

pr=

As area of reinforcement bars and Acer effective embedment zone

Eurocode 2/ EN 1992

Eurocode 2 states that cracks can be caused by direct loading or restraining of imposed
deformation. Crack can also be caused by plastic shrinkage or expansive chemical reactions within
the hardened concrete. Like Our building EBCS2, 1995 Eurocode states that the amount of
reinforcement in concrete can play great role when the issue of cracks comes in to consideration.
In addition, only the limit states of crack formation and crack width are discussed but the idea of

crack propagation is still out of consideration.
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According to Eurocode 2, if the depth is less than 200mm, effect crack can be neglected and no

need to control.

Limit States if crack width
Wk :Sr.max (gsm _gcm) (2-13)

Where S, .« IS maximum crack spacing

s, =3.4c+0.425k kK, AA—S

c,eff
Where

C = concrete cover

fct,eff

o, +k,

1: [0.8 for deformed bar 1+ 0, o

1 forplain bar
(gsm _€cm) =
_[ 0.5 forbending E,
, =

pp,eﬁ

1 fortension

Where o; is tensile stress in tension reinforcement assuming cracked section

E A
Q, = and P e :A—S

cm c,eff

ACI

ACI 2009 manuals for concrete structures dictates that cracks are function of the bond stress that

develop between the concrete and reinforcement bars. Real life experiences shows that crack can
exist even before the first loading due to shrinkage. In well-designed beam, the cracks are hairline
types with very small width and large in numbers. Most equations used for crack width
determinations have been used to predict the maximum crack width. Usually 90% of the crack
width in members are below the calculated values. However, isolated cracks exceeding twice the

computed width can occur sometimes.

ACI also states that stress in the reinforcement bars, concrete cover, distributions of reinforcement

bars in the tension zone and diameter of the bars have significant effect on crack width.
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By considering the major factors which can possibly affect the crack width, ACI committee 224
recommends the following flexural crack-width formula, which is based on the Gergely-Lutz

equation:
w = 55.8803¢, ,3/dCA (2.14)
Where

w = most probable crack width [mm]

(3 = ratio of distance between neutral axis and tension face to distance between neutral

axis and centroid of reinforcing steel
€, = strain in the reinforcement due to applied load

dc = concrete cover from tension face to center of reinforcing bars.[mm]

Ac = area of concrete symmetric with reinforcing bars divided by the number of bars

[mm?]

The ACI Code (ACI 318-89) does not include a formula to compute explicitly crack width under

the service load. However, it uses Z-value to control cracks indirectly:

Z =1 3fd_A (2.15)

The ACI code places limits on the Z-value as a means to control crack width. This emphasis that
the strain in the reinforcing bars plays critical role in crack width and it is rational to use this rather
than the direct prediction of crack width which is very susceptible to uncertainty.However,usng

the Z-value in crack width control, spacing of the cracks cannot be captured.
CEB/FIP Approach

The CEB/FIP Model Code 1990 (CEB 1990) for concrete structures uses an approach for
crack control that differs from the ACI approach. The CEB/FIP technique considers the
mechanism  of stress transfer between the concrete and reinforcement to estimate crack

width and spacing.
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Prior to cracking, tensile load applied to the beam causes equal strains in the concrete and steel.
The strains increase with increasing load until the strain capacity of the concrete is reached, at
which cracks develop in the concrete. At the crack locations, the applied tensile load is resisted
entirely by the steel. Adjacent to the cracks, there is slip between the concrete and steel, and

this slip isthe fundamental factor controlling the crack width.

The slip causes transfer of some of the force in the steel to the concrete by means of interracial
stress (called bond stress) acting on the perimeter of the bar. Therefore, the concrete between the
cracks participates in carrying the tensile force. The bond-slip mechanism causes the strains in
the concrete and steel to have a periodic variation along the length of the member, At a crack,
the steel strain is maximum and the concrete strain is zero. In between cracks, the steel
strain is minimum and the concrete strain is maximum. If, under increasing load, the concrete
strain reaches the limiting tensile strain, an intermediate crack forms between two previously

formed cracks.

Crack width is rated to the distance over which slip occurs and to the difference between the
rebar and concrete strains in the slip zones on either sides of the crack.

Wk = Is,max (5sm —Eem _5cs) (2-16)

Where, wyg characteristic crack width

Ismax =mMaximum distance over which slip between concrete and rebar occurs

€m = Average rebar strain within Is, max
€.m = Average concrete strain within Ismax

€, = Concrete shrinkage strain

Approximately

S 3'6105,eff
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Where ¢ = bar diameter p = area of rebars divided by effective area of concrete in

tension

In the CEB/FIP approach, the bond stress is assumed to be uniform over the slip distance
and equal to 1.8 times the concrete tensile strength. According to this bond-slip model,
intermediate cracks can occur only when the spacing between cracks exceeds lsmax . Thus

crack spacing will range from lsmaxto 0.5 Ismax.

To evaluate crack width, it is necessary to evaluate the difference between the average steel
and average concrete strains within the slip zone. This difference is approximated by the
following (CEB 1990):

€sm ~Em = Es2 _ﬁgsrz
Where
€, = steel strain at location of crack under service load

€go =sSteel strain at location of crack under load that causes cracking of the
effective concrete area

(3 =empirical factor to assess average strain within lsmax (3 =0.6 for short-

term loading and 3 =0.38 for long-term loading).

2.3.3 Finite Element Analysis of Cracks

Finite Element Analysis is one of the numerical methods to obtain approximate solutions to many
of the Fracture Mechanics problems. To briefly explain the methodology consider 2D stress

analysis. The displacement variable @¢(x, y) in each elemnt domain can be defined as
P° XYy = a; +a,X +a3y+a4xy+a5x2 +a6y2 +——
Interms of nodal values

¢5C X,y :Nl X,y ¢1+N2 X,y ¢2+N3 X,y ¢3+N4 X,y ¢4+___
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For triangular elements with nodes (i, j, k) at the three vertices, the displacements (U, V) within

the elements

U X,y = Nl(x,y)ul+N2(x,y)u2 +N3(X’y)u3
V Xy =N (X YV Ny (X YV, + Ny (X, y)vy

Strain components

v
ox oy

ou
= g, =— &

8 e —
*Ox y

The above relation can be expressed in matrix form as shown below

No g ON N,
- OX OX OX
X . ON
ol=l o Mg BN o N
%% ay ay
T ON, ON, ON; ON, 0N, 0N,
gy Ox Ox Ox  OX oX
In compact form e = B|U]

The stress strain relation, also known as constitutive relation, for linear isotropic plane stress

o, 1 v 0 [ e
E
o :1_1/2 v 1 0 |le,
Ty 0 0 1—-v Vry
2
Or in compact Form c=Dc¢

By using minimization of the total potential energy, the element stiffness matrix will be

k)= [ B' D B hdA
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Where,
h is thickness of the material.

The element stiffness matrix can be assembled to form the global stiffness matrix [K].Thus

finally FE equation can be written as
KU=P

Where,
[ P ] =applied nodal loads
[ U] = Nodal displacement and [ K ] = element Stiffness matrix

There are some direct methods to determine Fracture Mechanics parameters for crack analysis.
The stress-strain fields in 2D crack problems can be determined in general by using 3-node, 6-
node triangular elements, 4-noded quadrilateral or 8- node isoperimetric elements.

Making use of expressions for the displacements and stress near the crack tip

KI
g.. —

! \27r

For mode I cracking

g, 0 (2.17)

.8 . 30
1—-sin—sin—
2 2

ag
0 .0 . 30
o, |= coS—|14sin—sin —
2 2

.0 30
sin —cos —
2 2
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And the displacement field for plane strain condition

0059[1—21/+sin2Q]
U K, |r 2 2
viT2 Y BN e 0

" sin—[2—2u—c0525J

K, can be calculated from the stress field

K, — , 27r
g; 0
Or from the known displacements
N2
KI =0
f. 0

In crack growth criteria of LEFM and NLFM, a crack growth parameter has to be calculated and
compared to the critical value. Crack parameters G, K, CTOD and J integral can be calculated

analytically but this is only possible with great deal of mathematical effort.
Special elements

Refinements at the crack tip mesh to get better result may result the solution to be divergent. One
possible solution for such type of problem is to change the interpolation function of the element.
This element is called enriched elements which is used for crack tip analysis. Another method is

to use hybrid elements where stress are unknown nodal variables.

In 1976, Barsoum used quarter point elements to determine the stress singularity at the crack tip.
They are 8-noded quadrilateral and 6-noded triangular elements where two mid side points are

positioned towards one corner node such that they divide the sides in then ratio 1:3.
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Some examples of quarter point elements

4 7 3
3 3
40 5 ¥
84 6 7
1.5 2 1 2 2 4_ _2
|| |

P 3p P 3p

i
Crack f\\ ] & 5 4 )
T — ;:l
8 | 7
Triangular elemeant .f;'gﬂ

1 2 1

= O s

Rectangular element Cruadrilateral element

collapsad o a trniangle

Figure 2. 15: Quarter points and collapsed elements, [5]

2.3.4 Crack tip stress and strain

Even though the actual stress-strain state near the crack tip is in triaxiall state, many researchers in
the area including Irwin and Dugdale assumed that the stress-strain state near the crack tip is

uniaxial in the determination of the plastic zone.

By adopting 2D basic concepts, cracked structures subjected to external loads can be properly
analyzed and closed form solution can be obtained. Researchers such as Westergaard, Irwin,

Sneddon and Williams are among the first to publish the closed form solutions.

These researchers shows that once the polar coordinates at the crack tip is defined, the stress-strain

state at any radius and angle can be expressed as shown below

K I my
oi=|—F|fi ¢ +) A.r’%g;" 0
Where,

o;j is a stress tensor , Kisa constant (SIF), and

fij is dimensionless function of 6
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a) b)
Figure 2. 16: a) Plate corner with included angle; b) Special case of sharp Crack, [5]

Stress-strain state at the crack tip can be analyzed by variety of methods. Two of the most common
are Williams and Westergaard Approaches. The basic idea of Williams approach is considering
the local stress fields under generalized in plane loading while Westergaard consider the

connection of local fields to global boundary condition in certain configuration.
Williams Approaches:

Williams actually began by considering the stress-strain state at the corner of the plate with various
boundary condition and included angles. From Williams works, crack is defined as special case of

plate with corner angle of 2 and where the surface are traction free.

Williams postulated the following stress function

D=r""*p 07,
®=r"" C;sin A+1 6 +C,cos A+1 6 +C,sin A—1 6 +C,cos A—1 6"

Where

C;,C,,Cs; and C, are non zero constants, and 8* are defined as shown in the figure below.

Figure 2. 17: Orientation of the crack plane, [5]
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After simplification
o =1 F 0+ A+1F 0|
a(,ﬁzr*—l[ A+LAF O ]
=T A F 0|
If the surface is traction free
04 0 =0, 27 =7, 0 =71, 2r =0
This implies that
FO=F2r =F 0 =F 2r =0
Assuming the constants to be nonzero where C,,C,,C;and C,=0 to satisfy the boundary

condition and solve for\

sin 27\ =0

=2
2

There are infinite number of ) which can satisfy the boundary conditions. In most general form

N Dh
_ 2 *n
) _;[r F o0 ]
And the stresses are expressed as:

_ FO—}/ +Z

2FQm

Q

(2.18)

Where, I Function depends on F and its derivatives.

For crack tip, as r goes to zero, this shows the first term to be infinity while for the second term if
m=0, it will be finite however if m>0, it will be zero. This shows that higher order terms are

negligible around the crack tip.

The crack tip stress field for mode | loading can be expressed as follows by ignoring the higher

order terms.
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5 0 [30]
~cos|—|—=cos|—
2 2
UI’T
0., |= K, Ecos Q +—cos[%]
I orr |42 2
-
' 1sin Q 4+ =sin %
4 2 2

For mode Il loading, the stress field around the crack

UI‘I‘
K, | 3. (6) 3. (30
Oy | = ——=sin|=|——=sin|—
2nr| 4 2 2

~
" 1 9 3 (30
—COS|—|+—CoS|—
4 12) 4 2

Where K, and K are stress intensity factors for Mode | and Mode Il loading conditions. This
parameters defines the amplitude of the stress singularity around the crack tip. As long as the crack

is stationary, the stress and strain state increase in proportion to the stress intensity factor (K) (SIF).
Previous work by researcher’s shows that SIF (K) can be expressed Interms of the VGE

expressions, where G is the fracture energy (Energy release rate) and E is modulus of elasticity.

Westergaard Approaches:

Westergaard shows that complex stress function Z (z) can be used to solve certain limited problems

where Z z =X+1y where | =+/-1.

Westergaard stress function

®=ReZ+ylmZ

z-9%  and Z:d—z
dz dz

o

35



This shows that

o,=ReZ—yImZ (2.19)
o, =ReZ+ylmZ (2.20)
0y =-yImZ (2.21)

— |
EEEEEREEREE

Figure 2. 18: Biaxial loading for Westergaard solution, [14]

From the above it is clear that the shear stress vanishes when y = 0, implying that the crack plane
is principal plane. The original form of the Westergaard approaches is limited to certain types of
Mode I crack problems. In the Westergaard approaches the local stress is related to the global
stress and crack size.

2.3.5 Plastic crack- tip zone

Near the crack tip, the elastic stress intensity factors reaches to infinity which is impossible due to
finite capacity of the material. In reality, the material yield before the stress reaches to infinity
value and the elastic solution will no longer valid. Stress at crack tip is finite and some corrections

regarding with this are already done by many researchers.

The zone where the singularity occurs is called Fracture Process Zone. And the size of the material
has noticeable effect on the crack behavior. Occurrence of yielding can be tested by yielding
criteria. From the different methods which are used for checking whether the material yields or

not, two of the most familiars are VVon Mises and Tresca Yield criteria are discussed below.

36



Both theories are formulated in terms of the principal stress o, , 0, and a5 where g; and o, are in
plane principal stress while a5 is out of plane stress. For the plane stress problems a; = 0 and for

plane strain problems, o; = v(0;+40,) Where v Poisson’s ratio of the material.

According to Von Mises, a specific criteria for yield is mainly depends on the amount of
distortional elastic energy. But in Tresca, yielding occurs when the shear stress reaches at some

maximum value.

For Von Mises W =w¢

2 2 2__2 2
o,—0, + o0;—0, + 0,—0, =20,

For plane stress where, o; = 0, the plastic zone (r,,) after simplification

2

K 3.
r =—-='_|1+cosf+-=sin’4
P 4wa§[ 2 ]

For plane strain where 0; = 0, the plastic zone I', , after simplification

2
r= Ki -l 1-2v ? 14 cos6 +§sin29
4W0y 2
For Tresca Toax — T maxc
Omax ~ Omin = Uy

For plane stress problems 0, —0, =0, sinceo; =0, After simplification, plastic zone size

y

o

2

r = Ki cosg-l-
P 27?05 2

0 . 0
cos—sin—
2 2

] (2.22)
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For plane strain condition

Condition 1 whereo; >0, > 0,4

K2 0 0 . o0\
r =—"—|(1—2v)cos—+|cos—sin— 2.23
P 27?05 [( ) 2 2 2] (2.23)
Condition 2 where 0, >0, >0,

KZ .,
r,=——5sin"0 (2.24)

27r0y

Stable and unstable crack propagation

Crack tip speed and its propagation mainly depends on the general energy balance. When crack is
subjected to mode | load with &, resulting from external load applied at the edges far away from

the crack, the external work done will be zero when crack length changes.
Using energy balance

du, _du; du, i du, n du, (2.25)

da da da da da

If the dissipated energy is assumed to be very small and enough to be ignored, all the available

energy is going to be transformed in to surface energy and kinetic energy

du, =0 and %:0
da da

For central crack in large plate with unloaded Elliptical area

| P = radius

Figure 2. 19: Plate subjected to far field stress, [2]
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Surface energy U, =4abry,

du,
da

= 4b~,

2
Internal energy U, = 2ra?b—
gy oE

2
%:27raba—
da 2E
R 1 du ) du. )
Total kinetic ener KE=Zp*V* x —_y
¥ 2" [ dt ] +[ dt ]

du,

Where, p is material density, V is material volume and "

] and [%] are the material

velocity components. For constant thickness, b, V=bdxdy

1 du,}* (du,)’
KE==p*b* [||Sx| +|=2| [ixd
2" f[[dt]+[dt]]dy

duy B duy B duy da duy
dt

du,
dt

For material velocity, [ ] <

T dt da dt  da
da
Where,S:a , crack speed.

For plane stress of U, of crack face witht/ =7

2
du, 1 _, d [du,
—==pSb || —|—=| dxd
da 2" ffda[da d

For the given crack shape u, = 2\/5%\/# —ax
du 1 ?
Substitute the U, in to the above integral r < ZEpSZb[%] akK a
a
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2mac”
Back to energy balance

Solve for crack speed S, S= 2—”[1——2755 ] E
K waoc” ) p
For aCZZ’Y_'f and c= ’E
o 1Y

Finally, s will be

1

szo.ssc[l—i]2
a

For a>> a,

S =0.38c

2.4 Section Capacity of Reinforced Concrete Elements

2.4.1 Stress and strain diagram

The subject of mechanics of materials involves analytical methods for determinations of the
strength, stiffness and stability of the various members in structural system. The behavior of
members depends on not only on the fundamental law that govern the equilibrium of force but also

on mechanical characteristics of the material.

This mechanical characteristics comes from laboratory, where materials are tested under

accurately known forces and their behavior is carefully observed and measured.

Reinforced Concrete Mechanical Characteristics

Stress: it is the intensity of Force acting on infitisimal area of section. Mathematically this can be

expressed as

Figure 2. 20: Section body, [14]
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For the sake of simplicity theses stress can be resolved in to two components, one is parallel the
cross section and is called shear stress (S) and the other is perpendicular to the section and is called

normal stress (N).

Figure 2. 21: Tractions decomposition, [14]

The state of the stress at any point can be described by using three components of stress on each

three mutually perpendicular direction. This term is called stress tensor.

Matrix representation of the stress tensor

XX 7—xy Ty
yx OW TyZ

zX sz Ozz
To satisfy equilibrium of moment stress tensor is symmetric i.e. 7; = T

When the out of plane stress, stresses in the directions of o,, = 7,, = 74, = 0 or when all

Y
elements in the 3™ column and 3™ rows are zeros, the 2D state is called plane stress problems.

However, if €,, = vy, = ¥y, = 0, itis called plane strain problems.

For plane stress problems if ,, = 0, Biaxial state of stress and if further o,,,=0, it is called

uniaxial state of stress.

When the stress are calculated in the original area of the member, they are referred as conventional
or engineering stress. However, if the member cross sections are assumed to be the actual, the

stress calculated is called true stress.
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Strain

Any physical body responds to the loads in different mechanisms. When a member is subjected
to a loading, P, extensions of member length will be inevitable as long as the load P increase. If
the initial gage length is Lo and final gage length after load increment is L, the elongation per
unit gage length is

< is called normal strain.

However, if < is very large compared to other case of small strains, Natural or True strain, &

better expressed the response.

Evaluate from L, to L
e=In(l+¢) (2.28)
Stress — Strain relation o—¢

Stress —Strain relation shows how the material responds to loading under different scenario. Each
material has its own Stress —Strain relation. However the Stress —Strain relation is very sensitive
to different factors like those of size effect, internal Flaws and temperature changes. For the sake
of simplicity most materials are assumed to be homogenous and isotropic. Materials with large
strains without any significant stress increment are called Ductile Materials while those with
inverse behaviors are called Brittle Materials. Anther Types of Materials which exhibits
intermediate behaviors are called quasi brittle Materials.
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2.4.2 Code provisions on stress strain diagram

According to EBCS 2, 1995, the stress-strain diagram is expressed as follows

_ 0.85f

=

f, =1000*¢ * 250*¢, —1 *f, for ¢, <0.002
f,=f, fore, >0.002

fcd

E .
- b fe fea fore. = 0.002
stress e f_,a-”# For
S adl o 0.85f.
.-": - i frr! -
A ; ¥e
/ O.002 0.003
strain

L P f.=1000%g.+ (250 % e, — 1) * f.4 fore. = 0.002
Figure 2. 22: EBCS 2, 1995 provision for stress-strain diagram for concrete under compression,
[18]

Where

f_ = characteristic compressive strength

e_ = strain in the concrete

[

f_, = design compressive strength

Note that the stress-strain diagram is independent of size.
Eurocode 2, 1994(EU 2, 1994)

Similar to EBCS 2, 1995, the Euro code 2, 1994 provide stress-strain diagram which is independent
of size. However, Eurocode 2, 1994 provide two diagram for the analysis and design of concrete
sections. One of the most common is the parabolic-rectangular diagram which is very similar to
the EBCS 2, 1995.The second one is simplified one for the sake analysis and it is called Bi-linear

stress-strain relation.
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e S o2

Figure 2. 23: EU 2, 1994, provision for Parabolic-rectangular stress-strain diagram for concrete
under compression, [17]

>

For Parabolic-rectangular stress-strain distribution

Where <, — 2 %o and <, —3.5 %00

i,

Figure 2. 24: EU 2, 1994, provision for bilinear stress-strain diagram for concrete under
compression, [17]

For Bi-linear stress-strain relation.

Where <, —1.75 %00 and <, = 3.5 %00

ACI 1999

The compressive strength of concrete (fc”) is determined by testing to failure 28-day-old 150mm
by 300mm concrete cylinder at specified rate of loading. Although concrete are available with the
28-day ultimate strength from 15 MPa (2.5 ksi) up to 70 MPa (10 ksi) to 140 MPa (20ksi), most
of the concrete used fall in to 20MPa (3ksi) to 48 MPa (7ksi).

ACI code for stress-strain curves show that the curves are roughly straight line while the load is

increased from zero to one-third to one-half of the concrete ultimate strength.

Beyond this range, the behavior of the concrete becomes nonlinear. The lack of linearity of

concrete stress-strain curves at higher stress causes some problems in the structural analysis.
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The stress—strain curves from ACI code also shows that regardless of compressive strength, all
concrete reaches their ultimate strength at strain of 0.002 (2%00). From the graph it is clear that
concrete does not have definite yield strength.

£r= 40 NIpa
Ll £5= 39 Mpa
35 /
W = r:qpa\'\
30 —
// £= 2 N
/ _____‘-‘-*___-
15 // i ILHIZe S 32 S il
7 e =
o 0001 0.002 0.003 0,00

strain

7]

stress Mpa
l‘\.:.l

Figure 2. 25: Typical Concrete stress-strain curve according to ACI provision, [10]

2.4.3 Effect of size on the stress strain diagram

The performance of concrete was assumed to be dependent on the concrete quality. However, real
life experiences shows that it is not only the concrete quality but also the size of the structure which
can control the failure mechanism. The behavior and strength of reinforced concrete member is

controlled by size and shape of the member and by the stress-strain properties of concrete and
reinforcement.

130 — fo—=120 Nipa -

115

1 Oeh
Fo—00 Dvllpra

sress Mpa

Fo—60 InvIpa

Figure 2. 26: Typical concrete stress-strain diagram under compression with different
compressive strength, [10]

45



This stress-strain diagram has ascending and descending branches. The ascending branch is almost
easy to handle due to even strain distribution. But in the descending branch there is uneven strain
distribution with more or less pronounced strain localization. Therefore, the stress-strain relation

should be well understood and interpreted.

Due to strain localization, stress-strain relations for post peak region shall not be used rather the
stress-displacement relation can be used For sake of analysis, it is rational to use both stress-strain

relation for pre peak region and stress-displacement relation for post peak region.

a ] g
i A

T fe fe

wil

€ Vi w Em=E+wiL
Figure 2. 27: Stress-strain and stress-displacement diagram for concrete section, [10]

The mean strain g, is given as:

€ —€+ﬂ
" L

Where, ¢ = the unloading part of the stress strain curve

L= certain length containing one localized zone
Tensile and compression failure of concrete structures can be handled by some modifications of
the stress-strain curve. For normal tensile failure of concrete, the above description can fit well.

But when the issue of compression failure comes in to effect, triaxiall state of stress become

significant and this effect has to be incorporated in to the stress-strain diagram.

In concrete structure localization can occur both on the tension and compression zone of the
sections. Using the Euler beam theory which dictates that plane sections remain plane, the mean
strain over the length in the stress direction can be taken as the formal concrete strain which is

approximately proportional to the depth of the localized zone or the depth of the compression zone.

Based on the proportionality assumption, the ultimate strain (&) can be expressed as

w :
—L Assumption |
c

w :
50+TZ Assumption I
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Where w; and w, are material properties while c is depth of the compression zone, [10].

o
fc

fi2

- E

Ep wy/c (1)
Eu= 1 e+ w,rc (11)

Figure 2. 28: Dependency of the stress-strain diagram in the depth of compression zone, c, [10]
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3 Fracture Mechanics of Concrete

In applying Fracture Mechanics to concrete, much was initially borrowed from the wealth of
information and research previously undertaken in conjunction with metals by metallurgists or
mechanical engineers. However, it quickly became evident that by its very heterogeneous nature,
concrete has some unique fracture characteristics, which required the alteration of existing models,
[28].

By now Fracture Mechanics is universally acknowledged as a viable tool of analysis for
investigation of concrete cracking. And after many years of development on numerous (plasticity
based) constitutive models for concrete, tensile cracking is not yet addressed well. For the most
part, even the simplest constitutive models appear to perform reasonably well under compressive
regimes, however their capabilities are seriously challenged under tensile stresses. This apparent
inability to properly model tensile cracking is of minor importance in reinforced concrete
structures in which the steel “takes over” the tensile stresses. However, for crack related failures,
the tensile strength should be properly determined for best approximation of response due to

different loadings.

3.1 Pre/Post-Peak Material Response of Steel and Concrete

As an introduction to concrete Fracture, the pre- and post-peak response of Rebar’s and concrete,

both obtained in a strain-controlled test of an un-cracked or un-notched specimen is shown below

ol

¥ E
1% 2% 25% Ol%

Steel Concrete

Figure 3. 1: Stress-Strain Curves of reinforcement bars and Concrete, [28]
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1. Pre-peak:

(a) Reinforcement exhibits a linear elastic response up to the yield stress oy, and an approximate
strain of 0.1%. Subsequently, due to internal dislocation and plastic deformation with strain up to

2.5% may result to be followed by strain hardening.

(b) Concrete under compression load exhibits a linear response while the load is increased from
zero to about one-third to one-half of the concrete ultimate strength and with strain of
approximately 0.2%. However, if the direction of the load is changed, when the load is Tensile,
the concrete responds in linear manner up to approximately 0.6f;’ subsequently internal micro
cracking induces a nonlinear response up to a peak stress f” and a corresponding strain of

approximately 0.01%. Under load control, only the pre-peak response can be measured.
2. Post-peak:

(a) Reinforcement response in the post-peak zone is not yet well understood. Not only it is not of
practical usefulness, but also it is largely overshadowed by necking.

(b) Concrete response in the post-peak zone is most interesting, as it can exhibit additional strains.
The descending branch of the concrete response is an idealization of the average material response.
A more accurate description should account for the localization of the induced cracks. Thus away
from the localized crack there is an elastic unloading, and at the crack, since a strain cannot be

properly defined, a stress-crack opening displacement is a more appropriate model.

3.2 Stress versus crack opening displacement Diagram

It is clear that concrete softening is characterized by a stress-crack opening width curve (and not
stress-strain). The exact characterization of the softening response should ideally be obtained from
a uniaxial test of an un-cracked specimen. However, it has been found that not only those tests are
extremely sensitive, but drastically different results can be obtained from diff erent geometries,
sizes, and testing machines. Hence, the softening curve is often indirectly determined by testing

notched specimens.
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3.3 Concrete Models for Fracture Analysis

3.3.1 Fictitious crack model (Cohesive Crack Model)

The most referenced work in the nonlinear fracture of concrete literature, is Hillerborg Simple
and elegant model which has been used for long time till the initiation the Fracture concepts. Both
the experimental and theoretical Fracture concepts have been used to predict the nature of concrete
near to failure stage. As mentioned in the above one of the most well-known model is the Fictitious

crack model (FCM) developed by Hillerborg and co-workers. °
According to the FCM, any point on the material is in one of the three possible cases

Case 1: Undisturbed elastic state,
A point in this region is in elastic state and condition of compatibility satisfied.
Case 2: Fracture state (Fracture Zone),

The material in this region is softened by micro-cracking (Fictious Cracks) but stress can
transfer.

Case 3: No stress transformation state,
The material in this region lacks stress transfer and these are traction free surface.

All points outside the fracture zone can be handled by using the linear elastic theory. However, the
points in the fracture zone is handled by special constitutive relation, the so-called stress-crack
opening displacement relation, (o — w).

Since the traction free surface is with known boundary condition that is o9 = 7,9 = 0 and the
fracture zone is with o — w relation, it is rational to neglect the undisturbed elastic zone in

modeling. Therefore in this model, the crack is composed of two parts, these are

1. True or physical crack across which no stresses can be transmitted. Along this zone, there is

both displacement and stress discontinuities.
2. Fictitious crack, or Fracture Process Zone (FPZ) ahead of the previous one, characterized by:

a) Peak stress at its tip equal to the tensile strength of concrete
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b) Decreasing stress distribution from f; at the tip of the fictitious crack to zero at the
tip of the physical crack. It should be noted that along the FPZ, there is displacement discontinuity

and stress continuity, [28].
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Figure 3. 2: Hillerborg Fictitious Crack Model, [28]

3.3.2 Crack Band Model (CBM)

The crack band model has been the most widely used in practice for analyzing the distributed
cracking and fracture of concrete. Its main advantage over the FCM is it takes in to account tri-
axial stress in the Fracture process zone (FPZ), particularly the normal and shear stress acting in

the directions normal to crack plane.

The basic idea of CBM which was proposed by Bazant (1976)

0,

% Characterize material behavior in the FPZ in Smeared manner through strain softening

constitute relation
% Impose fixed width of, we, of the strain softening zone (crack band) representing material

properties.

The imposition of constant opening width, we, is required in order to avoid spurious mesh
sensitivity and achieve objectivity, assuring that the energy dissipation due to the fracture per unit

length(and per width) is constant and equal to Fracture energy of the material.
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Softening is cause by fracture strain (ef) which is superimposed to the elastic strain. Assuming all
the cracks to be parallel and smeared (continuously distributed) and choosing y to be normal to the

cracks(x-y plane)

6X)( CXXXX Cxxyy 0 OXX 0
En|=[Cxpy Cyy O |l|oyw ||+ €
Exy 0 0 Coyxy ||| Ty 0

Where C matrix is the compliance matrix
f—-——0<p<1 Shear retention factor

For isotropic material

1 v 21+
Cxxxx = nyyy = E nyxx = C><xyy = E and CXYXY = EI
E
E'l (E' . El |1—v : -
Where ,| |=| ,| Forplane stress condition and | |= For plane strain condition
v v v v
1-v

Damage (w) is function of the strain normal to the crack, &,,,. For no damage scenario, w = 0 and

for complete collapse damage, w = 1. Therefore, w is always between 0 and 1. The fracture

energy is obtained as follows
G =w,_ | 0,,de,
/

The fracture strain, er, can be incorporated Interms of damage (w)

WCyyy

e =
1—-w

Tyy

New function ®(¢,,,) can be defined as

w
©€yy :m

52



The function ®(¢,,,) characterizes the uniaxial stress-strain softening. There are different options

in assuming ®(,,, ). One of the most common is

Where a and ¢, are empirical constants.

The width of the crack band front can be assumed to be approximately wc = 3da. Where da is the
size of the maximum aggregate size. For CBM only two parameters are required and these are fi’
and Gr. The effect of wc is very small, enough to be ignored. However, the effect of wc will be

pronounced when there are tension reinforcement (parallel cracks).

53



4 Application of Fracture Mechanics

4.1 Numerical Approach of Fracture Mechanics

In Fracture Mechanics only some problems have closed form solutions. This makes numerical
modeling to be indispensable tool in fracture analysis. This days advanced numerical techniques
are applied to study special problems like those of fracture at interface, dynamics of fracture and
ductile crack growth.

The stress and strain distribution in the body caused by external and internal load can be
determined in different ways. Only some of the problems have only closed form solution due to
the complex stress and strain distribution. In elastic problems, Westergaard and Williams used

different approaches to find stress caused by plane stress and plane strain loading.

Finite difference, Finite element and Boundary Integral Equations are well known in solid
mechanics. Finite elements are also known in Fracture Mechanics and with limited cases boundary

integral method can be used in Fracture analysis.

Numerical analysis are very important since they are the source of Fracture Mechanics parameters.
Two way of most common approach are point matching and energy method. In point matching,
stress or displacement fields are used to determine stress intensity factor (SIF). However in energy

method, Energy release rate is calculated and related to stress intensity factor.

Stress and displacement matching

For Mode | fracture type and at angle 8 = 0
K, = |in3[022\/27rr] (4.1)
Where, 5, is the stress acting perpendicular to the crack plane

r is the distance from the crack tip.

On the crack plane 6 =0, K, can be obtained by plotting the quantity in the square brackets against

from the crack tip and extrapolate to the point r=20.
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4.2 SIF and propagation criteria
In LEFM, analysis of cracked bodies depends on the SIF, for mode | type SIF (K;) can be expressed

as

K, :&722\% (4.2)

Where, a is initial crack length, o is remote tensile stress and 3 is factor considering crack

geometry. For the case of central crack with length of 2a in infinite plate where g =1

K, =oma (4.3)

Since the K, describes the nature of the stress distribution at local level, better determinations of
K will leads to more accurate determinations of the response.

Series of Hand books are available which are used for determination of SIF. Some of which are
Hand Books of SIF (Sih 1973), the stress analysis of crack Hand Book (Tada, 1971) and comparing
of SIF (Rook and Carting 1976).

As long as the local material is in a linear state, principle of superposition can be used. As long as
the location of the crack is fixed, SIF due to different loading can be super imposed while the

material is in the linear state.

Generally there are two solution techniques which are used to solve any 2D structural geometry or
loading situations. The first methods involves the generations of the stress for the un cracked body
part along the expected path of crack propagation. In the second method, generations of SIF via
integral calculation that employs the stress obtained from the un cracked body analysis. The Green

functions and the weight functions techniques can be used for integral calculation
Crack propagation

Mode | failure predominates for homogenous isotropic material. For conservative Fracture based
design, one needs to characterize the crack under mixed mode loading. In mixed mode type of
crack propagation, K; and Ky, attains material independent critical value in space and this space is

called Fracture Surface. The fracture surface can be expressed as
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f1 K|’K||1K|C’K||c’ =0 (4.4)

The function describing the failure surface can be expressed either by using polynomial or power

law and is expressed in non-dimensional form as follows

] o[ -

Where a and b are obtained from material type.

However, if the energy principle is used for fracture surface function, the failure surface can be

expressed as follows

a11K|2 + 2"’112K| K||+azzK|2| =a

Where, a,, a,, and a,are material dependent constants and a is real number constant.

Experimental evidences shows that most failure surface follow ellipse like distribution where a =
b=2.

The most common crack propagation criteria are
% Modified Griffith criteria

The concept of energy balance is extended to include energy release rates associated with all
mixed mode.

G=G,+G,

Crack extends when
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% Maximum Tangential stress criteria

When a cracked body is subjected to Mode | and Mode Il loading, stress will develop in the
vicinity of the crack tip. According to this criteria, crack develops in the direction of maximum

tangential stress.

o

" f, f, f

o.l=K, K, u Ta Ty
fo, T 1y

Tro

Where f;, 6 =f 1,0

Crack extends in a direction of 8 where,

2
Ao, O gy
%  —0 and —=<0
) 00

++ Strain energy density criteria

*

According to this criteria, stress will follow a direction of minimum strain energy density.

Energy density function, W

du

W= —
dv

Where, U is total elastic energy and V is total volume.
For linear 2D elasticity problems

1+U k+1 2 2
:E T 0y t0, —2 0,0y,
3—4v for plane strain

Where,k =1 3y
for plane stress
1+v

Crack propagates in a direction of minimum strain energy density
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2
dw d-w
2 _opand ——>0
do 0 d26

4.3 Proposed crack propagation model

From the first law of thermodynamics which states about conservation of energy

Ue = Ui+ Ua+Us+Ux  [ISY]

For the case of static loading Uk =0

Using variable change methods 9% — 9X 9A
dt  dA dt

du, du,  du,  du

€ i _|_ a + d

dA  dA  dA ' dA

N.B: This equation is different from Griffith energy balance, since in this equation, energy lost in

the plastic zone is considered.
After some simplification

du du du du

e i d

dA dA dA dA

For a very small incremental area, & A, which is created due to External Loading can be

calculated using differential element. Then
SA = S(ab)
Where, oa is small increment in crack length and Sb is small increment in thickness
A =bdoa+adb
For constant thickness b =0, anddA=dA, bda = bda
OA = dA =bda =bda

After rearranging and simplifying, finally the first Law of Thermodynamics will take the

following format
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Where, G’ is modified Griffith energy release rate which consider the energy dissipated by
plastic deformation.

For the case of fixed grips where displacement is zero...... (;L: =0
This implies
1|du, du
Gr= 1|, du, (4.5)
blda da
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Typical example
Given

¢ In through elliptic hole
%+ Major and minor axis are 2a and 2b respectively

¢ Tensile stress at far distance from the hole (flaws)

—

| o —
K
= — | — — - - '; =1
R 8
—

b

Figure 4. 1: Plate subjected to far field tensile stress with central hole,

u, =4aby, Surface energy dissipated to create new surface

U

i veeeen internal strain energy

1= 2 2 2
v 0 2 2E E

For thin plate \ — g

U= nabo’
E

Ud ...... energy dissipated by plastic deformation

U, :f[] aij—aijb deij]dv

v\o0

During collapse, strains are purely plastic and the section has two parts
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The most outer part will be in plane stress mode with plastic zone of

2
e—l[ﬁ

3
= 1+ cosf +=cos’ 6
y Vil ft 2

While the most inner part will be in the plane strain mode with plastic zone of

2
1K 3.
r 6 =—|—1| |(1—2v)%(L+cosd) +=sin6
y 47r[ft] l( ’/) ( ) 2

Plane Stress
Mode 1

Plane Strain
Mode 1

Figure 4. 2: The plane stress and plane strain plastic zone, [5]

The area of the plastic zone is assumed as the area of special curve which is shown below

Figure 4. 3: Area of special curve called Lemnsicate,

One problem with this type of special curve is the energy lost in the shaded region is not

captured.

shadedfegion
ignored in calculation

Figure 4. 4: Approximate process zone beyond crack tip
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Ignoring the shaded region is conservative in the design process and it will not cause any

overestimation of the maximum load to be carried by the structure.

The area of the lemnsicate is about

1.,
A== 4.9
5@ (4.9)

1K
Where, For plane stress condition a= —[f—']
ﬂ— t

. o 1 K| i 2
For plane strain condition a=-—|—| 1-2v
47 | 1,

For the sake of simplicity, take linear variation of the Plane stress and Plane strain area

V — [Apss —;APSN ]*b

Where, Apss= plane stress area ,Apsn = plane strain area , b = width of specimens and Vi is total

volume plastic deformation considering the effect of poisons ratio.

Therefore,the energy dissipated by plastic deformation is

ft2
Uj=—*V
2E

And, finally

1

b

Y
da da

4 (4.10)

This shows that the energy release will get higher value when plastic deformation is considered

and the issue of plastic stress and plastic strain is avoided.
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Crack Initiation Load

Design codes give prescription on how to calculate the cracking load using the cracking Moment.
But the problem using the code prescription is that, crack can occur even below the expected
cracking load due to Size Effect. Therefore, there should be away to consider the Size Effect in
calculating the cracking load. For this reason, Fracture Mechanics concept will be used for

cracking load calculation.

From the first law of thermodynamics under constant temperature, amount of energy required for

a unit crack extension is
U, =G, xbxda
Where, Ua is surface energy
Gr = energy release rate
b = thickness of specimens

da = unit crack extensions

Given cross section

m
]
[
ol

)
r—

Figure 4. 5: Transverse and longitudinal section of three point bend beam
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Required: The cracking Load which consider Size Effect

For the crack to nucleate, the following equilibrium condition should be satisfied

¢

T

W
Where c is length of plastic zone, w is crack width and a is initial crack depth.

< —
g _ - O
< — %l
< —

Energy dissipated by plastic deformation

Ud :E*Vzi*[APSS—i_APSN ]*b (411)
2E 2E 2

Internal strain energy

2

" f
U, :[[[UCEPV:E* W * ¢+ 2mac
(4.12)
At the initial stage of cracking, m = 0 and volume of plastic zone will be
V=Db*c*w

Therefore the first law of thermodynamics will take the following form

b* i*w*c_'_i*[APSS_'_APSN] :G *Aa*h
2E 2E 2 F

(4.13)

After some simplification

et
F 8E

ftg*C*L + ft2 [APSS +APSN

8EZ  2F 2

Rearranging the terms and after some simplification
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e T
f24+f*— —— =0 4.14
e (414)

Where e and T are material constants obtained from Experiments.

From the above equation it is clear that tensile strength is a function of plastic zone. But it is

possible to express the plastic zone size as a function of member depth as
c=a*D

Therefore, Equation 4.14 can be expressed as follows

frafe— T _g (4.15)
a*D*L  a*D

Equation 4.15 shows that tensile strength of a material is a function of both member and cross
section. Qualitatively Equation 4.15 shows that both depth and member length have effect on the

tensile strength of the material. Therefore, Fracture is both section and member property.
Check the sensitivity of the Fracture to section and member length variation

Let,blzi and bz:i

aDL aD

Equation 4.15 can be reduced to the following form
f2 +f, b, —b, =0 (4.16)
To check the sensitivity of member effect

Take D to be constant and check for

U
dL

e T

_ -0
a*D*L  a*D

Where 72 +f *

Take the derivatives and after rearranging the terms
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df, f.*e
dL  2f.aDL® +eL

To check the sensitivity cross section effect
Take L to be constant and check for

df,
dD

=0

e B T
a*D*L  «o*D

Where, 2 +f * =0

Take the derivatives and after rearranging the terms

df,  f*e—LT
dD  2f.aD?’L+eD

Since 2ftozD2L +eD << 2ftaDL2 +eL, this shows that

df, __ df,

dD dL
The physical interpretation of the above inequality is that the tensile strength is more sensitive to
the cross section than that of member length. Therefore crack nucleates whenever the applied

load cause f; amounts of tensile stress.
From the Elastic analysis for the three point bend beam

6M  3PL
g = = —
bD*  bD?

(4.17)

Where, M is the actual design moment
b is width of the cross section
D is depth of the cross section

L is half of the member length
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Using Bazant size effect Law

1

NG

Where, B and 3 are parameters mainly depends on the geometry.

o =Bf

c t

Equating Equation 4.17 and Bazant Size effect Law

FL el 1
bD? N
And solve for P
b_p BfbD*| 1
cr 3L Fl_'_ﬁ

Where,

P=Pcr is the cracking load which consider the Size Effect
ft is tensile strength of the material
b is width of the cross section
D is depth of the cross section
L is half length of the specimen
B is empirical constant obtained from experiment data analysis

B is brittleness number obtained from experiment data analysis
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Crack Propagation P

|

Figure 4. 6: Beam subjected to central loading

Crack follows a path where tensile strength at each element is greater than frand it will follow

the direction of minimum tensile strength.

] A

Figure 4. 7 : Beam part near the crack

At P=Pq, crack nucleates and starts to propagate. There are two important situations occurring at

this point. These are

e The existing Crack propagates

e New crack surface will start to emerges at some distance from the existing Cracks

Closure look at the crack tip

T W

Figure 4. 8: Magnified view in the vicinity of the crack
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Crack tip condition is subjected to Mode | and Mode Il loading type. Take infitisimal element at
the crack tip and assume the entire shear load is carried by the concrete and neglecting the dowel

action of rebar.

In the un-cracked part of the concrete

3 A
-

Oy

Figure 4. 9: Stress carried by rebars and concrete, [29]

Force equilibrium shows

O—X - fCX _'_pSXfSX (419)

o, =f, +p.f, (4.20)
Where

o, and o, are applied normal stresses in the x and y directions, respectively.

f, and f_, are average concrete stresses in the x and y directions, respectively.
f, and f, are the reinforcement stresses in the x and y directions, respectively.
ps and p are the reinforcement ratios in the x and y directions, respectively.

When the concrete section cracks, the total amount of energy entered in to the system will be

dissipated by the reinforcement bars and around the crack tip by plastic deformation.

The basic assumption in the derivation of the crack propagation is that crack follows a direction of

minimum resistance and to the point where the tensile strength diminishes.
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Therefore, once the crack nucleates then it will follow the direction of softening tensile stress. In
the post peak case, there are two sources for the tensile strength, these are tensile strength due to
Tension softening and Tension Stiffening. To be on the safe side and conservatives in the design,

the tensile strength due to tension softening is considered as the post cracking tensile stress.

On the way to crack propagation, some requirements should be satisfied and one of the basic
parameter in cracking process is Fracture Energy. In this Thesis the fracture Energy of the
concrete is taken as 75 N/M (This value is the default VValue Of concrete Fracture Energy in

Most Fracture Analysis Finite Element Software).

Due to simplicity and ease of application, Linear Tension Softening Model is used.
S

wy resiaual

Figure 4. 10: Simple linear softening Model, [28]

From the linear Tension Softening Model

f,=f

ts cr

(4. 21)

Where, fis is Tension softened tensile strength, fer is tensile cracking stress, &, is principal
tensile stress and &, Tensile cracking stress, €., is characteristic strains of the tension softening

Curve.

Therefore the crack follows the directions where the maximum tensile stress reaches a value of

fis. The Tangential stress and shear stress in the polar coordinate
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2

g, = —

“o N27r

2

T = —

i N27r

K, 1+cos6 cosg+3K,, sin@cosg

K, sin@cos%JrK,|(3c050—1)cosg

Crack occurs in a direction of ¢, ,where o,, 0. =T,

2
27r

€a &

K, 14-cos® cosg+3K,, sinecosg =f, |1—

Ech — Eer

In addition, when the crack starts in a direction of ¢, , then 7, . =0, this means Shear stress

diminishes in the crack plane. For the sake of simplicity, consider only Mode I loading in which
Kiu=0.

=f

— 'ts

N 27

K, 1+cosf cos%

For crack to Propagate, Ki = Kic, solving for 0,

cosf, =1—3 27t
KIC

Therefore, as long as Kic, r and fis are known then the direction of the propagation can be
calculated.

4.4 Proposed section capacity model

Assumption

v' Water lost by evaporation from concrete structures cause additional flaws(internal micro
cracks)

v Most of the fracture energy is lost in the post peak region

v Some portion of the compression zone will not carry any compressive stress due to

localization
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Basic points

For concrete under compression due to axial load, the ultimate strain is restricted to 0.002.
However, this value is obtained from uniaxial compressive test results which needs modifications
when there is general states of stress and confinements effects comes in to effect. When the loading
condition is Flexure type, the ultimate strain can reach to a value of 0.0035.[4]

From the 150x150x150 concrete cube test with an approximate compression depth of 150mm,

strain at ultimate is about 0.002.

From the strain distribution due to Flexure type Loading,

Eci

1

Figure 4. 11: Linear strain distribution for flexure type loading

At some concrete strain, €, is given as:

fd Ci 4,22
d g, +e, 4. 22)

As the total amount of energy that is going to be stored in a material and which can be used as

source of energy for feature use is assumed to be constants

U=G.xCxb (4. 23)

Where U is the total energy stored, Gr is the compressive fracture energy, C is depth of

compression zone and b is thickness of the material.
For constant U,

Gp x> (4. 24)
C
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Since the Compressive Fracture energy is directly proportional to the ultimate strain, then

- (4. 25)

. (4. 26)
C

Where, n is some constant.

For initial guess of n value, take the test result from the common compressive laboratory test

results where C=150mm and ¢; = 0.002. Solve for n

n=cCxe,; =150%0.002=0.3

Therefore, the strain is expressed interms of compressive zone depth

Finally

. =03 4. 27)

e
From force equilibriums

Ag#fy =fxbxc (4.28)

From strain distribution due to flexure type loading

&_ e
d e,;+¢
0.3
G__c
d 03,
C
¢ 03
d 0.3+cCxe,

Where, € is the strain in the reinforcement and Solve for ¢
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—0.3+,/0.09+1.25d e,
C=

4.29
2¢ ( )
The moment capacity for the given cross section is about
M=A xf x d-04xc (4. 30)

Where, M is design moment capacity which consider the Size Effect
fya yield strength of reinforcement bars
As amount of reinforcement in the tension zone
d depth from most compression zone to the center of tension reinforcement bars

C depth of compression zone

4.5 Fracture Mechanics using Finite element software

Any experimental test requires lots of money, time and effort. In addition, handling of the
equipment’s and data recording is another critical issues. Therefore, simulations and modeling are
indispensable tools for response determination of structures subjected to different loading. These
simulations can be 2D or 3D. This days there are a lots of Finite Element (FE) software like those
of ANSYS, NASTRAN, ADINA, COSMOS and ABAQUS which have the ability of solving very
complex differential equation.

Due to the capability of predicting and displaying the pattern of crack propagation and crushing of
material, and material like that of concrete can be properly represented, for this reasons FE
software packages called ANSYS is selected for this study.

In ANSYS rebar’s can be modeled as bar or beam elements connected to concrete mesh nodes.
The concrete is modeled as SOLID 65 elements which has eight integration points. SOLID 65
elements has 3 Degree of Freedom (DOF): translation in X, Y and Z. Cracking, crushing and
plastic deformation can be represented by this elements.

Fracture Analysis is a combination of stress analysis and Fracture Mechanics parameters

calculation. Linear elastic or Non-linear elastic plastic methods can be used for stress analysis near
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the crack tip. However, due to the high gradients of stress near the crack tips, Finite Element

modeling requires special attention.

In ANSYS modeling PLANE183, 8 node quadratic element is used for 2D fracture problems and
SOLID 65, 20 node brick elements is used for 3D fracture problems. In FE analysis of fracture
problems, there are some important parameters which plays important role in controlling the

response.

Some of the basic parameters in Fracture mechanics are

°

Stress Intensity Factor(SIF)

X4

J integral

*,

X4

C* integral

*,

X4

T-stress

L)

X4

Material force

L)

From the above Fracture mechanics parameters, SIF is selected due to its ability to express the
other parameters once it is accurately determined. In order for accurate calculation of SIF, there

are two methods at hands; the interaction integral method and displacement extrapolation methods.
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4.6 Numerical Examples

Example 1: P P
Given Beam cross sections i i
b a | X | a J

Figure 4. 12: Beam subjected to two point Loading

Dimensional information (all in mm)

Table 4. 1: Geometric parameters of the test specimens

case D b a X L g
1 300 200 1800 750 4235 50
2 400 200 1800 750 4235 50 & A & 3010
3 500 200 1800 750 4235 50 ¥ d
4 600 200 1800 750 4235 50

Reinforcement

Table 4. 2 : Reinforcement Design Data

Beam Bars | Asb(mmz2) | stirrups
AA 016 600mm2 | ------
For all cases, C-25 concrete is used.

Stress and strain diagram for the reinforcement

stress(WPA)

300

|
|
|
|
|
|
|
5003 ons strain(mm. mm})

Figure 4. 13: Stress-strain diagram for reinforcement
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Required

1. Calculate Cracking Load using EBCS 2, EU 2, ACI and Proposed Model

2. Calculate the maximum moments to be carried using EBCS 2, EU 2, ACI and Proposed Model
3. Use ANSYS to simulate the response

Solutions

1. Using EBCS 2

For C-25

fa=20 MPa f4=11.33 MPa

Just before cracking, the transformed section

Where n is modular ratio expressed as shown below

S

E  25GPa

c

E, _200GPa _

The gross moment of inertia, the effective neutral axis depth from the most tensile zone:

_300*200*150 4 4200*38
B 300*200 + 4200

3 * 8
N % +) Ad®= —20012300 -+300*200* (150 —142.67)* +4200* (142.67 —38)°

=142.67mm

Ig

I, = 4.992*10°mm?
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Cracking Moments
R A P
y

cr

Where f_, —0.21f/3 = 0.21*20°% =1.5MPa

For fcx=1.5 Mpa ,lg= 4.992 * 108mm? and y=142.67 mm

Therefore, the cracking moment:

S PR
cr y
_ 1.7*%1.5%4.992*10°
. 142.67
M., =8.922kN.m

Since

M =P=xa Solving for P

p_M_8922_ ,ocnn
a 18

The critical Load is two times P for Four point Bend Test. Therefore, the critical Load will be
P, =2*P=2%4.957 =9.914kN

In the same way for the other case

Table 4. 3: EBCS 2, 1995 Critical Load

Case D(mm) Pa(KN)
2 400 18.60
3 500 29.42
4 600 42.79

Using ACI

The Rupture Modulus
f, =0.7/f, =0.7*y20 =3.13MPa

The cracking moments will be
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f*1,  3.13%4.992*10°

M, = ! =10.88kN.m
Y, 142.67
* *
P, = 2" M, = 2710.88 =12.09kN.m
a 1.8

In the same way for the other case

Table 4. 4: ACl critical Load

Case D(mm) | Pa(KN)
2 400 22.10
3 500 35.00
4 600 50.90

Using EU 2

According to EU 2, the tensile strength is expressed as follows
fctm = max [1 6 h ]*fctm

For h =300 mm and fem= 1.3*2.2 =2.86 MPa

The cracking moments will be

\ _ fan ™1y _ 2.86%4.992*10°

; =10.007kN.m
Y, 142.67

The cracking load will be

_ 2*M, _ 2*10.007
a

P =11.1kN

cr

In the same way for the other case

Table 4. 5: EC 2, 2004 Critical Load

Case D(mm) | Pa(KN)
2 400 24.24
3 500 35.19
4 600 46.50
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Using the Proposed Model

The critical Load according to the proposed model is

P=P Bf,oD" | 1 For three Point Bend Test with length of 2L
— Fo = or three Folin en est witn span len (0} .
3L | (Tt pan fend

Simplify the equation

Bf bD*| 1 bD*, B 1
P=P, = = *k—xf, 0| —=
3L «/14—5 3 L J1+
bd®*  bd? ) _ . . :
| = 1 = T*Z Multiply both sides by 2 where I is the gross moment of inertia and Yy is

the distance to most tension side from the Neutral axis.

3 2
2*|:£*2:£*9*2
12 3 4
Solve for ﬁ and use the a roximationsb—dz ~ b—D2 and d_D
3 PP 3 3 T

Finally use the approximations and rearrange, solve for P

P —E*E*f % 1
or y, a t /=1+ﬁ

Given Values
D=300 mm 1=4.992 *108 mm*  Yp=142.67 mm

According to Koeing ,[27]

n:zumﬁ+%-

o
N————
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Where 1"t is tensile strength and fc IS compressive strength

f,=2.12In 145 | = 210m[1+ 2 —2.33N/mm?
10 10

This tensile strength, T, , is proposed by Koeing from experimental test results using Rumenian

Shear Test where crack initiation and growth is due to other than pure tension .[ 27 ]
Assumed Value

Normally B value is obtained from experimental Data. However, the value of B obtained from
statical analysis of experimental Data is itself subjected to Bias due to limited number of samples.

Therefore a value B is taken to be 2 as observed from different experiments available at literatures.
The brittleness number is expressed as

D D
B= D = Da Where Da is the maximum aggregate size and A is some constants to be fixed
0

from experiments. However, experts on the area recommend a value of A =0.use the maximum
aggregate size to be 20 mm.

For the depth of D = 300 mm

D_ D _300

D, ADa 3*20

KX
|
|
|

Put the values in the Equation

8
p, =21, B | L[240 2 oag 1 _730kN
y, a | (JI+p) 14267 1800 J1+5
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Using the same procedure

Table 4. 6: Proposed Model Critical Load

b(mm) | D(mm) | Yu(mm) I(mm?) a=L(mm) B 3 fi(Mpa) | Pcr(KN)

200 300 | 142.67 | 499238130.8 1800 2 5 2.33 6.35
200 400 | 191.91| 1072537022 | 1800 2 6.666 2.33 10.20
200 500 | 241.45| 2091489727 1800 2 8.333 2.33 14.65
200 600 | 291.14 | 3610482935 1800 2 10 2.33 19.61

Flexural Section Capacity

|

ACI Design method

Nominal moment Strength calculation

For b=200mm D=300mm d’=40mm 3016

4 d o

d=D-d’=300-40=260 mm
From force equilibrium
T=C

Where T is force carried by tension rebars while C is force carried by concrete under

compression. This shows that
A, «f, =0.85f, xbxa
Solving for a

Af,  600%300

a= , = =42.4mm
0.85*f, xb  0.85%25%200

The nominal moment strength will be

M, = T*[d —%] —Af, *[d —%] - 600*300*[260—%4] — 42.988kN.m
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According ACI design code the strength reduction factor for flexure is about 0.9, therefore the

ultimate strength of the section will be

M, =0.9*M, =0.9*%42.988kN.m = 38.69kN.m

Using the same principle, for the other cases

Table 4. 7: ACI moment capacity

Case D(mm) | My(KN.M)
2 400 54.89
3 500 71.09
4 600 87.29

Using EU 2

According to Eurocode 2, the ultimate design moment to be carried by the given cross section is

expressed as follows

M, :fcdbdz[l—i]i*z
d)d

After simplifications

M_edzz [1_5]5*2 —K
f_bd d/d

From moment equilibrium

My, =Af,*z

This implies that ~ Vles
Z

= Af,, = 600*260 =156000N

Using the following Equation

M, , d [ z]
e — 1%
fbd> 2%z d

Solve for z, z=225.6mm
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Therefore, the moment capacity is

M, =Af ,*z=156000*225.6N.m

s’ yd

M., = 35.194kN.m

Similarly for the other cases

Table 4. 8: EU 2, 2004 Moment capacity

Case D(mm) | My(KN.M)

2 400 52.55

3 500 68.11

4 600 83.11
Using EBCS 2, 1995
For concrete Grades of C-25...... Case 1
Reinforcement ratio p = A _ 600 _ 0.00115

bd 200*260

The ultimate moment will be

2
1—[1— pfy"] ]
fcd

Put fee=11.33 MPa ,b=200 mm d=260 mm fyd=260 MPa

f_bd?

Med =

The ultimate moment will be
M,_, = 35.09kN.m

For the other cases

Table 4. 9: EBCS 2, 1995 Moment capacity

Case D(mm) | My(kN.M)
2 400 50.79
3 500 66.39
4 600 81.99
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Using the proposed model

The moment capacity of a given reinforced cross section is

M, =Af,, d—0.4*c

For As=600 mm?, fy4=260 MPa and d=260 mm

Calculate ¢, compression depth

. —03+009+12d,

2¢e,
. —0.34++/0.09+1.2*260*0.002
B 2*0.002
¢ =136.25mm

Calculating the Flexural section capacity

M, =Af, d—0.4*c

M, =600*260* 260 —0.4*136.25
M, =32.058kN.m

For the other cases

Table 4. 10: Proposed Model moment capacity

Case D (mm) My (KN.m)
2 400 45.60
3 500 59.39
4 600 73.35
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Example 2:

Given: Reinforced Concrete section with depth of 300mm and width of 200mm.

G =75N/M E=30GPa a=50mm f;=2.55Mpa ¢ =16 mm As=600 mm?
Req: Direction of the crack propagation using Proposed Model Crack propagation
Solution

For crack to propagate, the following criteria should be satisfied.

K, 14cosé cosg =T,

2
N 27

For crack to Propagate, K=K, solving for 6

cosf, =1— 3,%
IC

The critical stress intensity factor at the onset of crack propagation is, Kic

K,.=+/GE
K, =/75*30000

K, =1500MPa«/mm

The post peak tensile strength is obtained from the linear tension softening model as shown

below.
£ S
fts = fcr 1-—= <
€ch ~ Eor
Where, - — 0.0008 maximum cracking strain, =, — 0.0008 characteristic tensile strain
4G
Een =
Sfcr

For cracking stress, f, =2.55MPa, the cracking strain , €.,
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fcr
Eh =
E
2.55
€ = SAmnn
30000
¢, = 0.000085

According to EBCS 2, 1995, for humid environment, the characteristic crack width, wy, is

0.2mm. The average distance between the cracks, Srm, can be obtained from the equation shown
below.

s, —50+0.25kk, <

Pr

ki=0.8 , k2=0.5, ¢ = 16 mm , p,.=0.030, put all values and obtain s__

5, —50-+0.25%0.8%0.5%— 0
0.03

S, =103.33mm

The characteristic strain, -,

_ 4G

S,

B 4*75
"~ 0,103%255000
e =0.00114

Een

Finally, put all values in the equation and solve for f_

fts = fcr 1- "o
€eh ~Eqr
f—2.55[1— 0.0008 — 0.000085
0.00114 —0.000085
f_=2.55MPa
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For notched beam with pre-existing initial crack length, a = 50mm, and with the radius of 2mm

can propagate in the direction of 6, from the crack plane. This angle of crack propagation can

cosf, =1—3 2t
I<IC

* * *
Coseczl_i/z 0.8218*3.14*2

be obtained from

1500
cosd, =0.81
§=cos ' 0.81
6 =35.9°

For the above condition, the crack propagates in the direction of 35.9° from the crack plane.
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Example 3:
Extraction of Stress intensity Factors and Energy release rate from notched specimens
Crack length=10mm,25mm,50mm,75mm,100mm,125mm,150mm and 175 mm

Table 4. 11: initial crack length, width and length of the specimens

Crack Length a=
Width of Beam b= |100 mm
Length of Beam L= [1000 mm

d=200mm

b=100mm b)

115.99
0.15928 Min

Fig: a) Notched specimen with known dimensions b) Meshing near in the vicinity of the crack

c) Stress distribution near the cracks d) Area of plastic zone near the crack
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Table 4. 12: Stress intensity factors and energy release rate for plane stress and plane strain

conditions
PSS PSN
a
K | K Il J K | K Il J
mm
a/d MPao\/mm MPa«/mm N.mm MPao\/mm MPa«/mm N.mm
0.05 10 | 26.413 0.18577 0.023954 25.819 0.18751 0.023589
0.125 25 | 13.072 17.695 -6.1311E-08 | 13.072 17.698 2.475E-08
0.25 50 | 88.89 0.060035 0.27471 88.919 0.05794 0.26603
0.375 75 | 144.86 0.52992 0.72677 144.9 0.50838 0.7035
0.5 100 | 246.69 -0.27691 2.0391 246.73 -0.2768 1.9735
0.625 125 | 178.77 -1.2867 1.0397 179.51 -1.3145 1.015
0.75 150 | 209 -203.99 0.068824 208.89 -205.1 0.06805
0.875 175 | 636.91 -291.27 -0.23108 638.42 -294.61 -0.21803

%+ PSS refers to plane stress condition while PSN represents plane strain conditions
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4.7 Comparisons and Discussions

Comparisons of Cracking Load

Table 4. 13: Cracking for different building codes under different cross section

Cracking Load in KN

Depth EBCS ACI EU PROPOSED
300 9.91 12.09 11.12 6.35
400 18.58 21.09 24.24 10.20
500 29.42 32.41 35.19 14.65
600 42.76 46.04 46.50 19.61

CRACKING LOAD (KN)

CRACKING LOAD VERSUS SECTION

—4—EBCS —i—ACI

50.00

40.00

30.00

20.00

10.00

0.00

400
SECION DEPTH (MM)

DEPTH

EU ==¢=PROPOSED

500

600

Figure 4. 14: Cracking loads versus size using different building codes and Proposed model

Discussions

From the table and the graph, it can be seen that the cracking load is proportional to the depth of
the beam. As the beam depth increase, the stiffness for bending also increase. The ACI code gives
relatively higher Cracking Load. One important point to be noticed here is that, almost all the
building codes neglect the size effect which can be the great source of brittle failure. In the codes,
the tensile strength is expressed independent of material size, this can cause an overestimation of
the strength which is the main reasons why many reinforced concrete structures fail before the

stress reaches to its peak value.
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Comparisons of Section Moment Capacity

Table 4. 14: Moment capacity of a cross section under different building design codes and

Propose model

Section Moment Capacity (KN.M)
Depth(mm) EBCS ACI EU PROPOSED MODEL
300 35.189 38.9 35.194 30.64
400 50.79 54.89 52.5 43.68
500 66.39 71.09 68.11 57
600 81.99 87.29 83.71 70.54

Beam Depth Versus Moment Capacity

=——EBCS = ACI EU ———PROPOSED

100
80
60
40

20

Sectiom Moment Capacity (KN.M)

0 100 200 300 400

Beam Depth (mm)

500 600 700

Figure 4. 15: Section capacity varies with beam size using different building codes and Proposed
Model

Discussions

From the above data, it is clear that the moment capacity of a given beam is proportional to the
depth. As in the above case, ACI code predicts the highest section moment capacity. However, the
EBCS 2, 2013 and the EU 2, 2004 predicts almost the same moment capacity. But the problem
with the moment capacity determined by codes is that there is no any mechanisms which consider
the size effect. In the proposed model the size effect is included and the lowest section capacity is
determined.
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Discussion of crack propagations

When initially notched specimen is subjected to Mode | type loading, the stress intensity factor for
Mode | type of fracture will increase. The increment of the stress intensity Factor with the crack
length is limited to some values of crack length. When the crack length is beyond this particular
crack depth, the Mode | stress intensity factor will start to decrease and finally the specimen will

collapse.

If the given specimen is subjected to Mode 1l type of loading, which can cause sliding, the Mode
Il stress intensity factor will not be effective quickly as the load is applied. However, as the effect
of the Mode | stress intensity factor diminished, the Mode 11 stress intensity factor will become
more pronounced with negative value. The negative value shows that crack occurs in the opposite

direction of the loading.

In the new proposed model, crack follows certain criteria to propagate. Once this criteria is
satisfied, Crack propagates otherwise it will not. The idea of crack propagation is not yet included
in many building codes. However, Using the Fracture Mechanics, it is possible to capture crack

propagation.

93



SIF(Ki) versus Relative crack SIF (Ku) versus relative crack
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Figure 4. 16: a) Variations of stress intensity for mode | with proportion crack growth

b) Variations of stress intensity for mode Il with crack growth  c) Variations of Energy release

rate for mode | and mode Il with crack growth
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5 Conclusion and Recommendations

5.1 Conclusions

Due to different reasons, the empirical formulas provided by Building codes do not include an
important phenomena called Size Effect. This days there are huge number of construction using
concrete structures in which some of them are already built and some are under constructions. As
long as the need for this huge number of construction using concrete structures increases, the
design principle should consider the size effect in order to have safe structure. Ignoring of size
effect in this huge construction using concrete can definitely cause brittle failure which can occur

at any time without any prior sign.

Real life experiences shows that as the size of the material increase, the amount of flaws and
internal micro cracks also increase. What happen in the region around these flaws and micro cracks
is, there will be high stress concentration, where this stress concentration around the flaws cause
the development of the micro cracks in to Macro cracks. In EBCS 2, EC2 AND ACI all the
empirical formulas given are independent of size which contradicts with the reality. Therefore, the
effect of size on material response should be included properly to have better prediction of the
response due subjected loads.

In this study, it has been also shown that Tensile Strength of reinforced concrete structure is
property of member length and section. In addition the stress-strain diagram under the

compressions loading is dependent on member length and section depth.

In this Thesis, there are two proposed model for Crack Propagation and Section Capacity
calculation. What makes this two model differ from what has been found in the building design
codes is that, the Size Effect is included in the both proposed model.

Finally, whenever the codes provisions are used, it is reasonable to assume that the codes

provisions overestimate the strength, and this is mainly due to ignoring of the size effect.
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5.2 Recommendations

In this thesis, it has been shown that there are some material properties, particularly tensile and

compressive strength of concrete, which are assumed to be size independent. However,

experiences shows that these properties are rather size dependent and some modification is

mandatory when bigger section of these material is used. As long as the idea of fail-safe design is

critical issues, it is better to consider the size effect on the response of a material. And from results

the following recommendations are put forwarded by the Author

R/
A X4

Codes prescription for crack propagations and section capacity is independent of size, this
will result brittle failure mode. Therefore, it is better to consider size whenever strength is
critical

Effect of size on strength and ductility of quasi brittle materials needs further study
Structure size and geometry should be included in factor of safety to be used for reliability
assessment for the design of reinforced concrete structures

Size independent Fracture Energy should be used for Analysis and Design purpose.
Pre-peak Fracture Energy contributions for new surface formations should be studied

For unreinforced concrete structures which are subjected to tensile cracking, plasticity
based model should be used with modification and if possible, Fracture Mechanics based

model is better.
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Appendix

Appendix A: Matlab code for plane strain and plane stress plastic zone

t = 0:.01:2*pi;nu=0.15%%%%%

rpl=1+cos(t)+1.5*sin(t).*sin(t); %%%%%PLANE STRESS PLASTIC ZONE%%%%%
rp2=(1-2*nu)"2.*(1+cos(t))+1.5*sin(t).*sin(t);%%PLANE STRAIN PLASTIC ZONE%%%%%
polar(t,rpl);

hold on

polar(t,rp2);

The internal curved Area shows the plastic plane strain zone while the outside curved zone
shows zone of plastic plane stress
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Appendix B: static structural simulations for two point bending

Code for concrete material

ET,MATID,SOLID65 ! Matarial definition for concrete
R,MATID,0,0,0,0,0,0

RMORE,0,0,0,0,0

MP,EX,MATID,30000 'young Modulus for concrete
MP,PRXY,MATID,0.15 ! poisson ratio for concrete
MPTEMP,MATID,22 !

TB,CONCR,MATID,1,10

TBTEMP,22

TBDATA,,0.3,0.5,2,20,0,0

TBDATA,,0,0,0.3,,,

TB,MISO,MATID,1,10,0

TBTEMP,22

TBPT,,0.0001,3

TBPT,,0.0002,6

TBPT,,0.0003,9

TBPT,,0.0004,12

TBPT,,0.0015,16

TBPT,,0.0022,28

TBPT,,0.0035,20

TBPT,,0.0038,17

TBPT,,0.0042,10

TBPT,,0.0045,0

Code for Reinforcement material

ET,MATID,LINK180 ! Matarial definition for rebars
MPDATA,EX,MATID,,2e5 ! young Modulus for rebars
MPDATA,PRXY,MATID,,0.3!

TB,BISO,MATID,1,2

TBDATA,,280,0 lyield strength of rebars
R,MATID,8,,0!radius of rebars

Code for bonding between concrete and rebar (Reinforcement) elements

/PREP7

ESEL,S,ENAME,,65 !this ansys function connects all the rebars elements with the concrete
ESEL,A,ENAME,,180! Elements

ALLSEL,BELOW,ELEM !

CEINTF,0.001, !

ALLSEL,ALL!

/SOLU

OUTRES,ALL,ALL
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Fig a) modeling of the two point loading using ansys design model b) modeling using
mechanical moduler c)impactor and rebars in the concrete d)deformed shape
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Appendix C: Explicit Dynamics simulations for Four point bending

Reinforced Concrete beam with the same dimension with the static structural beam.




Fig R1 A) modeling for Explicit Dynamics B) Deformed shape of the beams with maximum

deflections C), D) and E) shows failure steps
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