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Abstract

In this dissertation, two related but distinct problems are studied. The first one is a fully non-

parametric rank-based method for comparing samples with partially paired data. Partially-paired

(correlated) data naturally arise, for example, as a result of missing values, in incomplete block

designs or meta analysis. In the nonparametric setup, treatment effects are characterized in terms

of functionals of distribution functions and the only assumption needed is that the marginal dis-

tributions to be non-degenerate. The setup accommodates binary, ordered categorical, discrete

and continuous data in a seamless fashion. The use of nonparametric effects also addresses the

Behrens-Fisher problem from the nonparametric point of view and allows construction of confi-

dence intervals. Although, the nonparametric methods are mainly asymptotic, methods for small

sample approximations are also proposed. The second problem studied is also a fully nonpara-

metric rank-based method but for partially repeated measures data. Here a vector of nonpara-

metric relative effect measures are defined and linear hypotheses on these effects are considered.

A multitude of tests are available for hypothesis related to a vector of relative effects. We focus

on asymptotic results and finite sample performance for Wald-type statistic (WTS), ANOVA-type

statistic (ATS) and Multiple Comparison Test Procedure (MCTP). Notwithstanding the limitation

that the theory is thoroughly investigated for the three time point case, the results can formally be

extended to the more general set up but the involved expressions will be much more complicated.

The finite sample behavior of the tests are investigated via simulation studies. The results provide

numerical evidence of favorable performance of the nonparametric method. The new methods
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have overwhelming power advantage when treatment effects are reflected in the shape of the dis-

tribution while they perform comparably better with parametric methods for location-type alter-

natives. Data from a therapeutic-drug clinical trial and a randomized controlled epidemiological

study are used to illustrate the application of the methods.
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Chapter 1

Introduction

In this chapter, we provide an overview of repeated measures in general. The primary focus will

be nonparametric methods for data from repeated measures designs. Later in the chapter we

describe missing data methodology in general and specialized nonparametric approaches with

missing data analysis in particular. We close this chapter with a discussion of the objectives of this

dissertation. In particular, we identify the gap in methodological development that this research

fills.

1.1 Repeated Measures

A repeated measures model refers to a model where randomly chosen subjects are observed repeat-

edly under the same or different treatments. They include growth curves, longitudinal data and

others. Many other scenarios can result in repeated measures, like spatial observations, not just in

time (Diggle et al., 2013). The important feature is that multiple measurements are being made on

the same experimental unit. Reasons for performing repeated measurement experiments/studies

are intent to reduce the between-subject variation of the measurements, decrease the number of

subjects needed to be recruited/trained for the study and the need to studying changes over time

(Diggle et al., 2013).

There are various methods for analyzing repeated measures data in a parametric setup. Although

our interest rests on the development of nonparametric methods for repeated measures data with

missing observations, we highlight one of the existing standard tools, namely the linear mixed-

effects model. Let Y i denote the ni-dimensional vector of measurements available for subject

i = 1, ..., n. A General Linear Mixed Model (GLMM) for the ith subject is commonly expressed by
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the model

Y i = Xiβ +Zibi + εi, (1.1)

where Xi and Zi are (ni × p) and (ni × q) matrices of known covariates, β is a p × 1 column

vector of the fixed-effects regression coefficients. The random effects bi and residual components

εi are assumed to be independent with distributions N(0,Σbi), and N(0,Σεi), respectively. The

linear mixed-effects model in equation (1.1) is a commonly used tool for, among others, variance

component models and for analyzing repeated measures like longitudinal data (Diggle et al., 2013).

Longitudinal Data Analysis is statistical data analysis where measurements on each subject/unit

are taken repeatedly over time. Designs in longitudinal studies, are one of the most widely used

repeated measures designs. The primary merit of a longitudinal study is its effectiveness for study-

ing change over time. Longitudinal data analysis requires special statistical methods because the

set of observations on one subject tends to be intercorrelated, hence the assumption of indepen-

dence is no longer tenable and the correlation must be taken into account to come up with valid

scientific inference. Generally data collected from different experimental units will be assumed to

be independent whereas from the same unit may be, to some degree, dependent (Brunner et al.,

2002). Longitudinal study areas include clinical trials, observational studies in humans, animals;

studies of growth and decay in chemistry and so on (Diggle et al., 2013).

Longitudinal data often arise in different factorial settings, for instance, when one homogeneous

group of subjects is observed repeatedly at t time points, where each subject is observed several

times at each time point; one homogeneous group of subjects is observed repeatedly under differ-

ent conditions, where each subject is observed under each condition at t time points or more than

one homogeneous group of subjects are observed repeatedly at t time points. In the latter case, a

common objective in the analysis of longitudinal data is to assess whether the way in which the

response changes over time is different across treatment groups. In the repeated measurements,

the test for group by time interaction is sometimes called the test for parallelism. Our discussion in

Chapter 3, which is limited to two groups and two time points, focuses on a group-time interaction

effect in repeated measures design. Basically downsides of using GLMM or other parametric or

semi parametric methods for analysis of repeated measures is that when the underlying assump-

tions for the models are grossly violated their usability becomes questionable. In addition, they

suffer from presence of outlier observations in the dataset. So the need for other models which

averts this problem arises. The methods we are developing are fully nonparametric and robust to

the issues mentioned above.
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1.2 Nonparametric Methods for Repeated Measures

Nonparametric methods for dependent data have been developed in a body of literature spanning

over four decades. One of the earlier attempts was rank-based methods for repeated measures by

Brunner and Neumann (1982), which was later generalized by Thompson (1990) and Thompson

(1991) under a continuity assumption. A nonparametric marginal model arises when marginal dis-

tributions are used to describe treatment effects and to formulate hypotheses. The idea to formulate

nonparametric hypotheses for the marginal models in terms of the distribution functions, where

marginal distributions are used to describe treatment effects and to formulate hypotheses, was

introduced by Akritas and Arnold (1994), and further developed in the mixed effects model con-

text by Akritas and Brunner (1997). These ideas were elaborated for repeated measures design

by Brunner et al. (1999). Motivated by the difficulty to interpreting alternatives when hypotheses

are formulated in terms of distribution functions, Konietschke et al. (2012a) developed methods

for repeated measures in one group for hypotheses formulated in terms of nonparmetric relative

effects. These methods allow construction of confidence intervals and address the nonparametric

Behrens-Fisher problem (Brunner and Munzel, 2000) in the sense that the distribution of the data

in the various groups could still be different under the null hypothesis.

Methods in which the distribution functions governing the data are used to describe effects and to

formulate hypotheses have several merits. For instance, they may be utilized for any data types

(including non-numeric data), they are robust with respect to outliers and the results are invariant

under strictly monotone transformations of the data (Brunner et al., 2002). Brunner and Puri (1996)

introduce nonparametric ranking methods for testing the null hypothesis HF
o : F1 = F2 in terms

of marginal distribution functions. The parametric models of ANOVA were extended to a general

framework by Brunner and Puri (2001), which includes arbitrary data types and also does not

require the distribution functions to be continuous.

In nonparametric marginal models, the independence structure of the observations from the de-

sign is used to determine which marginal distributions of the observed random vectors are identi-

cal. They can also be used to see change over time (Brunner et al., 2002). Nonparametric hypothe-

sis testing based on marginal distributions is not limited to measurements repeated over time, but

can also be applied to spatial observations (simultaneous measurements on variables of interest at

different locations).

Quite generally, in parametric or semi-parametric marginal models expectations or shift parame-

ters of the marginal distributions are used to define effects. In fact, an effect may not be captured
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solely by a shift parameter. Thus a function which yields a summary of effect is needed. This is

one of the strategies indicated by Diggle et al. (2013) to analyze longitudinal data. Consequently,

sometimes it might be of interest to see “total differences" over time rather than differences be-

tween two time points only. In such a situation a function of repeated measurements at t time

points (Xk1, ..., Xkt), for instance, functionals of the distribution function of the variables can be

considered to quantify the total difference. As an option for evalutating longitudinal data with

multiple time points, Brunner et al. (2002) suggest defining reasonable summary variables – either

for a range of some time points or for the total time.

When data are collected over a period of time on subjects, effective analysis can be performed

in a couple of steps: first summarizing the data for each subject into a single number like the

mean, slope, Area Under Curve (AUC), etc. and then analyzing the summary scores (Matthews,

1993). It is not uncommon to see summary variables for quantitative data. For instance, the use

of a summary statistic called AUC or linear combinations of observations as summary variables

is limited to metric data only. There is an excellent discussion of summary variables by Brunner

et al. (2002) which can work for any data type. Summary variables are widely applicable in the

analysis of repeated measures. In medical research, sometimes the use of summary variables is

the only applicable tool for the analysis of repeated measurements (Vossoughi et al., 2012). The

simulation study by Vossoughi et al. (2012) shows that the summary measure approach dominated

the traditional unstructured multivariate approach and its performance was close to the best-fitting

linear mixed model in testing all the effects.

Modern nonparametric methods forego the parametric or semi-parametric assumptions by formu-

lating hypotheses in terms of distribution functions or some suitable functionals of the distribution

functions. These functionals, referred to as nonparametric relative (summary) effects, are also used to

quantify the magnitude of the effects of interest (Brunner et al., 2002). The use of empirical distri-

bution functions to estimate these functionals leads to rank-based methods in a natural way.

In this study we make use of the normalized distribution function introduced below as a summary

statistic to define what we call relative summary effects of a treatment at different time points.

The usual nonparametric approaches assume that the data are continuous and the distributions

are of the same shape. The assumption of continuous distribution functions can be dropped by

using the so-called normalized version of the distribution function (Brunner et al., 2002). Suppose

X is a random variable. Then, we define the left and right continuous distribution functions as
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F−(x) := P (X < x) (left continuous),

F+(x) := P (X ≤ x) (right continuous).

The normalized distribution function that combines these two versions is given by

F (x) :=
1

2
{F−(x) + F+(x)}. (1.2)

This way of defining a distribution function allows a unified treatment of ties. The approach also

enables the analysis of discrete data and in particular of ordered categorical data.

1.3 Missing Data Analysis

In the real world, missing data are ubiquitous. No matter how well our experiments are planned

there will often be times when something goes wrong, resulting in missing data. Some statistical

procedures will not work as well, or at all, with some data missing. The best recourse is always

to repeat the experiment to generate the complete data set. Sometimes, however, this is not fea-

sible, particularly where readings are taken at set times or the cost of repeating the experiment is

prohibitive. Hence, alternative ways of addressing this problem are needed. Different procedures

to handle missing data situations in a variety of ways like, using Expectation-Maximization (EM),

Multiple Imputation (MI), last observation carried forward (LOCF), case-wise deletion, pairwise

deletion, and so on are available. The simplest approach in dealing with missing data is known as

complete-case analysis, in which any subject with one or more observations missing is excluded

from the analysis. That is, only data from subjects who have no missing data are included in the

analysis. Using this method with informative missing data will result in noticeably biased results.

In other words, analyzing only complete observations alone may give rise to biased results, es-

pecially if the reason for dropout is related to outcome. Apart from EM, LOCF and MI most of

these procedures are not preferred since they throw away information contained in the incomplete

subjects.

The relation of the missingness mechanism to the underlying values of the variables in the data set

is the primary issue in handling missing data, since the properties of statistical methods for missing

data depend immensely on the nature of the dependencies in these mechanisms (Little and Rubin,

2002). Moreover, all available imputation methods make use of all observed data, but estimation

of variance of imputed values is an additional issue that needs to be handled (Konietschke et al.,
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2012a). For brevity, in this study we are discussing missing responses. This doesn’t include missing

covariates. For instance, a response vector is available, but group membership is missing.

If missingness does not depend on the values of the data, missing, observed or the covariates,

then it is called Missing Completely at Random (MCAR) and it is Missing at Random (MAR) if the

missingness depends only on the components of data that are observed.

Methods that analyze all observed data without imputing the missing values or excluding subjects

with missing data have been developed. One of the methods which uses all available informa-

tion includes the use of Generalized Estimating Equations (GEE), known also as marginal mod-

els, which extends Generalized Linear Model (GLM) theory to correlated data (Diggle et al., 2013).

These methods do not require any distributional assumptions be made about the outcome variable

but rely on quasi-likelihood methods in order to estimate parameters and test hypotheses. Instead

of making assumptions about the distribution of the outcome variable, a correlation structure must

be specified.

Rank-based procedures such as the Mann-Whitney-Wilcoxon rank sum test, the signed rank test,

and the Kruskal-Wallis test are very common methods to analyze complete datasets when there

is a gross violation of assumptions of their parametric counterparts. A lot of research has been

conducted for complete data analysis. For instance, Konietschke et al. (2010) developed a fully

nonparametric repeated measures model, where non-metric data are covered by this model in a

unified way. Furthermore, their study covers the so-called nonparametric Behrens-Fisher problem

in any type, not limited to longitudinal data, of repeated measures designs. Akritas et al. (2002)

extended the rank-based nonparametric procedure for matched-pairs by Conover and Iman (1981)

to data with missing observations.

Paired samples t-test typically deal with a sample of matched pairs of similar subjects or one group

of units that have been measured twice and thus considered as the simplest case of repeated mea-

sures. When measurements before and after treatment are of the same size, i.e., subjects are mea-

sured at both instances, the parametric paired t-test is the most appropriate procedure for ana-

lyzing the data. Different means of handling dataset with missing values have been developed.

For example, Xu and Harrar (2012) developed a parametric procedure, which uses all available

information, for comparison of means in partially paired data under the assumption of MCAR. A

parametric statistical procedure based on permuting incomplete paired data by Amro and Pauly

(2017) is shown to be asymptotically correct and also finitely exact when the distribution of the

data is invariant with respect to the randomization group under consideration.
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Repeated measures methods can be biased due to missing observations, especially if missing ob-

servation are related to treatment being studied. Modeling the dropout process requires assump-

tions and sophisticated modeling methods. The traditional repeated measures ANOVA encounter

a problem when there are missing data on the response variable. If one measurement is missing,

the entire case gets dropped as it uses listwise deletion. In the presence of missing observations in

a dataset, it might be appealing to apply complete pairs analysis under the assumption of MCAR,

but this approach fails to use all available information.

Although several test procedures are developed as solutions to the problem of missing data, most

of them are designed under parametric setup. For instance, the test procedure by Xu and Harrar

(2012) for mean comparison in partially matched pairs is valid in parametric setup only. Among

several studies conducted on the development of nonparametric test procedure, those by Brunner

and Puri (1996), Gao (2007) and Konietschke et al. (2012a) work under the MCAR missing mecha-

nism. The test procedures developed by Akritas et al. (2002) work under MAR missing mechanism.

In this study the missing mechanism MCAR in nonparametric setup is considered. For details of

missing data analysis in general the reader can refer to Little and Rubin (2002). In the next section

we discuss some of the nonparametric methods for handling missing data in repeated measures

design.

1.4 Objective and Organization of the Study

In order to describe data, it is common to assume a specific probability model. Unfortunately, in

many practical applications, it is not possible to identify a specific structure for the data. Nonpara-

metric methods provide statistical tools for making inference under less stringent assumptions

than the classical parametric procedures. Obviously, the parametric test procedures are powerful

when the underlying distributional assumptions are met. This research was motivated by a re-

peated measures study in which measurements were collected on the same subject over a period

of time. Measurements on the same subject are correlated and therefore any subject effect must be

accounted for even though differences between subjects are not of interest. We are interested in

developing rank-based procedures in determining if the outcome changed over time when some

subjects have incomplete data.

Konietschke et al. (2012a) developed a fully nonparametric test procedure, under MCAR frame

work, for testing significance of treatment effects when the matched pairs are only partially com-

plete. This piece of work is very useful in a sense that it can be applied to any data type and
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also use all available information. However, the method is limited to one group. In the current

study we have two main objectives. First, we extend the work of Konietschke et al. (2012a) to the

two-group case and focus on developing a test procedure for testing the significance of group-time

interaction effect and also develop a confidence interval for the interaction effect size.

A fully nonparametric rank-based test procedure is developed by Konietschke et al. (2010) to study

a significance of change in effects over time. The study is also important in a sense that it handles

any data type and is also robust to the so-called nonparametric Behrens-Fisher problem, in re-

peated measures designs. This method goes off the track when there is a missing observation. The

second objective of this research work is extension of the result by Konietschke et al. (2010), to data

with missing observations. We develop a fully nonparametric rank-based test procedure for test-

ing the effect of time/treatment. The new test procedures work under the MCAR framework and

are also robust to the Behrens-Fisher problem. The first method is limited to two-time points and

two groups whereas the second method is limited to three-time points as covariance estimation in

this method is a bit complex.

The dissertation is organized as follows. Literature review covering nonparametric methods for

repeated measures and missing data is detailed in Chapter 2, specifically the rank-based methods;

a general model for nonparametric repeated measures design is outlined in Section 2.1. For specific

designs of this general model, namely one group two-time points, one group repeated measures

and two-time points with two-groups; the model, effect size measure, interpretation of the effect

size, estimation of the effect size vector and asymptotic properties are described in detail in Sec-

tions 2.1.1, 2.1.2, 2.1.3, respectively. In Section 2.2 we discuss nonparametric repeated measures

designs with missing data. As an example, a discussion of a design with one group two-time

points with missing data is presented in detail. To accomplish the aforementioned objectives the

way forward is outlined in Section 2.3 of the chapter.

The discussion in Chapter 3 pertains to the analysis of partially matched pairs. This includes the

statistical model for the nonparametric interaction effect size, rank-based expression of the esti-

mator for the nonparametric interaction effect, the asymptotic behavior of the proposed estimator

including hypothesis testing and confidence interval construction for the interaction effect size.

An overview of the model and interaction-effect size measure are described in Sections 3.1 and 3.2.

The asymptotic theory for the nonparametric method, which constitutes the main contribution of

the chapter, is presented in Section 3.3. The application of the theory for carrying out significance

test and constructing a confidence interval needs derivation of consistent estimator for the asymp-

totic variance. This is done in Section 3.4. The applications of the asymptotic theory for tests and
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confidence intervals on nonparametric effect are outlined in Section 3.5. More importantly, Section

3.5 proposes a small sample test and a confidence interval based on the nonparametric theory de-

veloped. Simulation studies are carried out in Section 3.6 to evaluate the numerical accuracy of

the asymptotic results and finite sample approximations. Another aim of Section 3.6 is to numeri-

cally compare the performance of the new nonparametric test and its finite sample approximation

with competing parametric methods in terms of size and power of tests. We close Section 3.6 by

analyzing a real dataset from public health to illustrate the application of the methods.

The discussion in Chapter 4 pertains to the analysis of repeated measures designs with missing

observations in the nonparametric setup. The setup of statistical model and effect size measure are

described in Section 4.2. The definition of effect sizes, their rank-based estimators and asymptotic

properties of the estimated vector of relative effects are detailed in Section 4.3. Estimation of co-

variance matrix based on the the idea of asymptotic rank transform is explained in Section 4.4. Test

procedures based on WTS and ATS, MCTP statistics and confidence intervals for relative effects

are discussed in Section 4.5. In order to study the numerical accuracy of the new test procedure, a

size simulation is carried out and results detailed in Section 4.6. Power simulation was conducted

to study the performance of the proposed test statistic and the results are presented in Subsection

4.6.2. Section 4.7 discusses the results of real data analysis in detail. Lastly, discussion, conclusions

from both Chapters 3 and 4 and future directions are presented in Chapter 5.
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Chapter 2

Nonparametric Methods for Repeated

Measures and Missing Data

In this chapter we review recent nonparametric methods for the analysis of repeated measures

data. Later in the chapter, we give an account of extensions to accommodate missing data. These

methods form the basis for the research undertaken in this dissertation. In particular, this research

seeks to develop methods for handling missing data in repeated measures studies when the miss-

ingness is MCAR. That is, the focus of this research will be on developing methods that preserve

a preset type-I error rate while retaining all available observations and, thus, minimizing the loss

of power due to missing data. Asymptotic theoretical results will be derived and the finite sample

performance of these results will be investigated using simulated data.

2.1 General Nonparametric Analysis of Repeated Measures

In this section relevant literature on repeated measures in the nonparametric setup will be re-

viewed. Most of the materials presented are largely adapted from Konietschke et al. (2018) and

Brunner et al. (2017).

First, we present a general nonparametric model in repeated measures factorial design and then

consider specific designs (special cases of the general repeated measures design) in the following

subsections. A general model that covers higher way layouts with repeated measures or longitu-

dinal data is represented by the following model. Suppose thatXgk denotes independent random

vectors containing l repeated measurements observed on kth subject in gth group. Then,

Xgk = (Xgtk)
l
t=1 = (Xg1k, ..., Xglk)

′, (2.1)
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where g = 1, ..., d, t = 1, ..., l, and k = 1, ..., ng. All of the test procedures discussed in this and

subsequent chapters are confined to those developed in terms of relative effects. Thus we first give

a definition of relative effects.

Let Fgt denote the marginal distribution of Xgtk, i.e., Xgtk ∼ Fgt. We define the marginal normal-

ized distribution function, Fgt(x), of Xgtk as defined in Ruymgaart (1980). For an observation in

group g at occasion t, Fgt(x) is defined as

Fgt(x) :=
1

2

{
F+
gt(x) + F−gt(x)

}
, (2.2)

where F−gt(x) = P (Xgtk < x) and F+
gt(x) = P (Xgtk ≤ x) are, respectively, the left and right

continuous versions of the unknown distribution function.

The relative summary effect, pgt, is defined as

pgt =

∫
GdFgt = P (Xgtk > Z), (2.3)

where Z ∼ G, G is unweighted pooled distribution function given by

G =
1

dl

d∑
g=1

l∑
t=1

Fgt. (2.4)

This definition of G is independent of sample size allocation. The unweighted average distribution

function, G, is preferred because the relative effects obtained via this definition of G depend only

on the underlying distribution function (Brunner et al. (1999), Brunner et al. (2002), Gao and Alvo

(2008), and Konietschke et al. (2018)).

Moreover, the relative summary effect, pgt, can be rewritten as a function of relative marginal effect

(relative effect), wrsgt, where

wrsgt =

∫
FrsdFgt, (2.5)

for 1 ≤ g, r ≤ d, 1 ≤ s, t ≤ l. It is easy to see that the relative effect can be rewritten as

pgt = w̄..gt =
1

dl

d∑
r=1

l∑
s=1

wrsgt,

where

wrsgt =

∫
FrsdFgt = P (Xrs < Xgt) +

1

2
P (Xrs = Xgt). (2.6)
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Herewrsgt is the probability that a randomly chosen observation from Frs is less than or equal to an

observation from Fgt. This way of defining the relative effect, wrsgt, allows a unified treatment of

ties which stemmed from the definition of distribution function, Fgt, in equation (2.2) (Fligner and

Policello (1981), Brunner and Puri (1996), Munzel (1999), and Brunner and Munzel (2000)). The

relative effect pgt quantifies the tendency of the marginal distribution Fgt with respect to the mean

distribution G. For instance, pgt < pg′t′ means observations from Fgt have a tendency to be smaller

than those from Fg′t′ with respect to G. Similarly, a relative effect pgt < 1
2 means that randomly

selected observation in the group g at time t tend to be smaller as compared to those of all groups

at all times (Brunner et al., 2002).

Analogous to normalized distribution functions, the normalized empirical distribution function

can be defined as

F̂gt(x) :=
1

2
[F̂−gt(x) + F̂+

gt(x)],

where

F̂−gt(x) :=
1

ng

ng∑
k=1

c−(x−Xgtk) (left continuous),

and

F̂+
gt(x) :=

1

ng

ng∑
k=1

c+(x−Xgtk) (right continuous).

The function c(x) used in the above definitions is the normalized count function defined as

c(x) =
1

2
[c−(x) + c+(x)], (2.7)

where c−(x) and c+(x) given by

c−(x) =


0, if x ≤ 0

1, if x > 0
and c+(x) =


0, if x < 0

1, if x ≥ 0

.

Let us assemble the relative effects in the d groups and l time points into a vector as

p = (p11, ..., pdl)
′.

An estimator of this vector is given as

p̂ = (p̂11, ..., p̂dl)
′,
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and the components are defined as follows

p̂gt =

∫
ĜdF̂gt,

where t = 1, ..., l and g = 1, ..., d, F̂gt and Ĝ are empirical counterparts of distribution functions in

equation 2.2.

Konietschke et al. (2018) show that the quantity
√
n(p̂− p) has an asymptotic multivariate normal

distribution with mean 0 and an unknown covariance matrix Σ. The expression of the covariance

matrix Σ and its consistent estimator, Σ̂, are complicated and we refer the interested reader to

Konietschke et al. (2018) for details.

The use of marginal means for the purpose of comparison may be questionable when the distribu-

tion of data is far from normality. To illustrate this phenomenon, consider four repeated measures

(l = 4) and one group (d = 1). In Figure 2.1 below we illustrate the benefits of using relative sum-

mary effects instead of the marginal means when the assumption of normality is grossly violated.

A sample of size n = 100 is used to generate data from multivariate distribution of dimension four

from both Normal (N4((3, 3, 3, 3)′,Σ)) and Non-normal distributions (Normal distribution 5% con-

taminated by Cauchy, Cauchy((3, 3, 3, 3)′,Σ)), where Σ contains unity on the diagonal and 0.5 on

off-diagonal. Error bars for relative summary effect and the marginal means are computed for

both distributions using 10,000 simulations. The error bars on the profile plot for the relative sum-

mary effects appear to be similar for both distributions whereas that of the marginal means are

fluctuating. Therefore, consideration of summary relative effects for comparison effects seems to

be appropriate.
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FIGURE 2.1: Profile plot for relative effects and marginal means from normal and
non-normal (normal data 5% contaminated by Cauchy) multivariate data of dimen-
sion four. Sample sizes of 100 and simulation of size 10,000 is used for calculation of

the error bars.

The null hypothesis of interest can be formulated in terms of either distribution functions or rela-

tive effects, by choosing the appropriate contrast matrix, C, as follows

HF
o : CF = 0 vs. HF

1 : CF 6= 0, (2.8)

or

Hp
o : Cp = 0 vs. Hp

1 : Cp 6= 0, (2.9)

where p = (p11, ..., pdl)
′. Specification of null hypothesis through relative effects is less stricter

than the one specified in terms of the distribution functions (Brunner et al., 2002). In the above

hypotheses the null hypothesis (HF
o ) in the former (2.8) implies the the null hypothesis (Hp

o ) in the

later (2.9). In fact, the converse is not always true.

Test procedures for testing the hypothesis HF
o are not consistent with respect to HF

1 . For instance,
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ranking procedures by Ryu and Agresti (2008), Ryu (2009), and Browne (2010) for testing HF
o are

not consistent with respect to alternatives of the form HF
1 (Konietschke et al., 2012a). They are not

good to be used to construct confidence intervals for the effect size measure. Consequently, the

test procedures which test the hypothesis, Hp
o , in terms of the treatment relative effect are more

meaningful, and more importantly, easier to interpret (Brunner et al., 2002; Konietschke et al.,

2012a; Brunner et al., 2017).

The Wald-Type Statistic (WTS) can be used to test the null hypothesis in equation (2.9) and is given

by

WTS = Np̂′C′(CΣ̂C′)+Cp̂, (2.10)

where N is all available observations and (A)+ denotes More-Penrose inverse of matrix A. The

above test statistic follows χ2
(r(C)) asymptotically, provided that C is of full row rank r(C). There-

fore, the above null hypothesis in equation (2.9) is rejected if the calculated WTS is greater than the

(1− α)th quantile of χ2
(r(C)) distribution.

Alternatively, the same null hypothesis in equation (2.9) can also be tested by ANOVA-Type statis-

tic given as

ATS =
N

tr(MΣ̂)
p̂

′
Mp̂, (2.11)

where M = C′(CC′)+C denote the orthogonal projection onto the range of C ′. Under the null

hypothesis, ATS has approximately χ2
ν/ν distribution with approximated degrees of freedom ν̂ =

[tr(MΣ̂)]2

tr(MΣ̂MΣ̂)
(Brunner et al., 1997).

In order to accommodate higher way layouts with repeated measures or longitudinal data by the

general model defined in equation (2.1), a factorial structure on the groups or repeated measures

is easily obtained from the general setup by splitting the indices g or t into subindices g′, g
′′
, ..., or

t′, t
′′
, ... respectively.

For example, consider a two-way layout with two crossed factors A and B, with levels g = 1, 2, ..., a

and t = 1, 2, ..., b, respectively. Let Fgt denote the marginal distribution of Xgtk, i.e., Xgtk ∼ Fgt for

k = 1, ..., ngt. Then using the unweighted average distribution function in equation (2.4), we have

the nonparametric relative effects, pgt, collected in the vector p = (p11, p12, p21, ..., pab)
′. Note that

if pgt ≤ prs the observations under factor combination (g, t) tend to result in smaller values than

the observations under factor combination (r, s). The hypothesis of no effect of factor A, no effect

of factor B and no interaction effect in terms of relative effects, can be formulated as

Hp
o : Cp = 0,



2.1. General Nonparametric Analysis of Repeated Measures 17

where the contrast matrices for the three hypotheses are C = P a ⊗ 1
aJa, C = 1

2J b ⊗ P b and

C = P a ⊗ P b, respectively. In the above notations P a = Ia − 1
aJa is a centering matrix, Ia is a-

dimensional identity matrix, and Ja is an a-dimensional square matrix where all entries are unity.

The test statistics, WTS and ATS, mentioned above can be used to test the above three hypotheses.

In the next subsections specific designs of the aforementioned general setup which are the basis

for the subsequent chapters are presented. For the sake of brevity, we limit our discussion to the

designs: two time points in one group (d = 1, l = 2), two-time point in two-groups (d = 2, l = 2)

and one group with l time points (d = 1). Our aim is to extend the latter two to missing data

situation.

2.1.1 One group two-time points

When we consider one group with two time points the general model discussed in Section 2.3

reduces to the simplest design, which is commonly known as matched pairs design. The general

model for repeated measures in equation (2.1) reduces to

Xtk = (X1k, X2k)
′,

where k = 1, ..., n. The random vectors Xk are assumed to be independent and the Xtk have the

marginal distribution Ft, for t = 1, 2. Using this marginal distribution function the relative summary

effect defined in equation (2.3) simplifies to

pt =

∫
GdFt,

where G = 1
2

2∑
t=1

Ft.

The idea of hypothesis formulation in terms of relative summary effects for the specific design

under consideration ( the case of two-time points, l = 2) is explained as follows. Define p, as

p :=

∫
F1dF2.

Now,

p1 =

∫
GdF1 =

∫
1

2
(F1 + F2)dF1 =

1

4
+

1

2

∫
F2dF1 =

1

4
+

1

2
(1−

∫
F1dF2) =

1

4
+

1

2
− 1

2
p.
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Similarly, for the relative summary effect at the second time point , p2, we have

p2 =

∫
GdF2 =

1

2

∫
F1dF2 +

1

2

∫
F2dF2 =

1

4
+

1

2
p.

So, taking the difference of the above two quantities, p2 and p1, yields

p2 − p1 = p− 1

2
. (2.12)

Notice that if F1 = F2 = G , then p2 = p1, implying that p− 1
2 = 0. The converse is not necessarily

true.

In the subsequent discussion, we will utilize relative treatment effects to perform tests. For this

purpose we introduce the notion of tendentiously smaller (larger) variables. Suppose the two

random variables with respective marginal distribution function, say, X1 ∼ F1 and X2 ∼ F2. It can

be seen that

p =

∫
F1dF2 = P (X1 < X2) +

1

2
P (X1 = X2), (2.13)

that is, the quantity p is the probability that X1 is less than X2.

If p < 1
2 , then we say that X2 is tendentiously smaller than X1, and if p > 1

2 , then we say that X2 is

tendentiously larger than X1. If p = 1
2 , no tendency exists for the values of X2 to be either larger or

smaller than those of X1.

For the choice of an appropriate contrast matrix, inthis case say C = (1, -1)’, the general hypothesis

of no treatment effect in terms of relative effects in equation (2.9) simplifies to

Hp
o : p1 − p2 = 0

and is equivalent to

Hp
o : p =

1

2
.
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Estimators for Relative Effects

The relative effect pt is estimated by replacing the distribution functions G(x) and F (x) with their

respective empirical distribution functions. Once the empirical distribution functions are esti-

mated, G(x) can be estimated as

Ĝ(x) =
1

2

2∑
t=1

F̂t(x) =
1

N

2∑
t=1

n∑
k=1

c(x−Xtk),

where N = 2n.

Consequently, the relative effect, pt is estimated by

p̂t =

∫
ĜdF̂t(x) =

1

n

n∑
k=1

Ĝ(Xtk).

The relationship between Ĝ(Xtk) and the rank of Xtk, which is called Rank Transform (RT), makes

computation of estimated relative effects very easy (Conover and Iman, 1981). In particular, the

two-time point special case allows expression of relative effects and their estimated variances in

terms of ranks. Based on the three versions of empirical distribution function it is possible to estab-

lish the following relationship between Ĝ(Xtk) and the rank ofXtk among allN = 2n observations

(Brunner et al., 2002). In the following Ĝ− and Ĝ+ are averages of empirical versions of left and

right continuous distribution functions respectively.

R−tk = 1 +NĜ−(Xtk), (minimum rank),

R+
tk = NĜ+(Xtk), (maximum rank),

and

Rtk =
1

2
+NĜ(Xtk) (mid-rank).

This relationship may not hold in general for d > 1. From the relationship between Ĝ(Xtk) and the

rank of Xtk, one can obtain the following result

p̂t =

∫
ĜdF̂t =

1

n

n∑
k=1

Ĝ(Xtk) =
1

N
(R̄t. −

1

2
).

So, the empirical estimator of pt in terms of ranks is given by

p̂t =
1

N
(R̄t. −

1

2
).
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Brunner et al. (2002) show that p̂t is a consistent and asymptotically unbiased estimator of pt. Since

the relative effects are expressed in terms of ranks, it is computationally easy to obtain estimates for

pt and construct a confidence interval for the same. For two-time points the vector p is estimated

by p̂ = (p̂1, p̂2). Choosing the contrast matrix C = (−1, 1), the quantity
√
nCp̂ is simplified as

√
nCp̂ =

√
nC(p̂1, p̂2) =

√
nC

1

2n
(R̄1. −

1

2
, R̄2. −

1

2
) =

1

2
√
n

(R̄2. − R̄1.).

Under the null hypothesis, Hp
o , the WTS statistic in equation (2.10) for large sample size reduces to

T =
√
n

(R̄2. − R̄1.)

2Sn
.

Under Hp
o , T converges in distribution to N(0,1). In the above case R̄t. is average of overall rank of

Xtk and

S2
n =

1

n− 1

n∑
k=1

(
[R2k −R

(2)
2k ]− [R1k −R

(1)
1k ]− [R̄2. − R̄1.]

)2
.

For small sample sizes (n ≤ 15), T can be approximated by the t(n-1)-distribution (Brunner et al.,

2002). Since C is of full row rank, the distribution of T 2 can also be approximated by χ2
(1).

2.1.2 One group repeated measures

Again we consider the general model for repeated measures in equation (2.1), which for one group

and multiple time points, reduces to the following independent and identically distributed random

vectors

Xk = (X1k, ..., Xlk)
′, (2.14)

where k = 1, ..., n. Note that Xtk has the marginal distribution function Ft. The model above in

equation (2.14) has been studied in detail by Konietschke et al. (2010). Therefore, here we highlight

the results from that paper.

Consider the relative effect given in equation (2.1.1) which can be rewritten as

pt =

∫
GdFt =

1

l

l∑
j=1

∫
FjdFt,

where G = 1
l

l∑
t=1

Ft.
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Now collecting pt s in a vector p = (p1, ..., pl)
′, its estimator is p̂ = (p̂1, ..., p̂l)

′, where p̂t are esti-

mated by

p̂t =
1

l

l∑
j=1

p̂jt,

with

p̂jt =

∫
F̂jdF̂t =

1

N

(
R̄

(jt)
t − (n+ 1)

2

)
.

and R̄(jt)
t is the average of overall rank of Xtk for time points {j, t}.

Konietschke et al. (2010) show that p̂ is asymptotically unbiased and is a consistent estimator of p.

They also show that
√
n(p̂− p) has asymptotically a multivariate normal distribution with mean

0 and covariance matrix Σ, and also obtained a consistent rank-based estimator for this covariance

matrix.

The nonparametric null hypotheses of no treatment effect, in terms of relative effects, pt, can then

be stated as

Hp
o : Cp = 0,

where p = (p1, ..., pl)
′. For example, for l = 3, the following contrast matrix, C, can be considered

C =

−1 1 0

0 −1 1

 ,
to test the null hypothesis Ho : p1 = p2 = p3.

The two common test statistics WTS and ATS can be used to test the above overall null hypothesis.

Moreover, Konietschke et al. (2010) introduced the MCTP approach to test pairwise hypotheses

simultaneously. The inferential procedures discussed in that paper are developed for complete

data. They are not appropriate to use when the data set contains missing values. Consequently,

the need for a test procedure which accommodates missing value situation arises. It is our objective

to develop this type of test procedure and is the subject of Chapter 4 of the dissertation.

2.1.3 Two-time points with two-groups

The general model for repeated measures in equation (2.1), for two-groups and two-time points,

reduces to a 2 × 2 experimental design type for longitudinal data, with the following random

vectors

Xgk = (Xg1k, Xg2k)
′, (2.15)
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where the observations Xgtk have the marginal distributions Fgt, for g = 1, 2, t = 1, 2. Here also

the relative summary effects can be described using the relative marginal effects as

pgt =

∫
GdFgt,

where t, g = 1, 2 and G = 1
4

2∑
t=1

2∑
g=1

Fgt. The estimator of pgt can easily be obtained by replacing Fgt

by their empirical counterparts. Consequently,

p̂gt =

∫
ĜdF̂gt.

The asymptotically unbiased and a consistent estimator for the relative summary effect, pgt, in

terms of rank is give by

p̂gt =
1

N
(R̄gt. −

1

2
),

where R̄gt. is the average of overall ranks of Xgtk among N observations.

The null hypothesis for testing group-time interaction effect in terms of marginal distribution func-

tion is formulated from the general hypotheses in equation (2.9) as Hp
o : Cp = 0, for the choice

of contrast matrix C = (-1, 1, 1, -1)’, where p = (p11, p12, p21, p22)
′ and this null hypothesis can be

tested by test statistic, expressed in terms of rank as

T =
(R̄12. − R̄11. + R̄21. − R̄22.)√

2∑
k=1

Ŝg
2
/ng

,

where

Ŝ2
g =

1

ng − 1

ng∑
k=1

(Rg2k −Rg1k + R̄g1. − R̄g2.)2,

for g = 1, 2.

Under the null hypothesis, Hp
o , the statistic T has, asymptotically, a standard normal distribution.

For small sample sizes t(ν̂)-distribution is used for the same testing purpose, where ν̂ is approxi-

mated by Satterthwaite approach (Brunner et al., 2002). The above inferential procedure discussed

in detail in (Brunner et al., 2002) is developed for complete data. Complete case analyses are

common for analyzing data with missingness, especially under MCAR mechanism. They are ap-

propriate in the sense that they maintain the level of the test. However, they may be less powerful.

Hence, it is not appropriate to use it when the data set contains missing values. Consequently, the
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need for a test procedure which accommodates missing values in this setup arises. We are inter-

ested to develop this type of test procedure and that is the discussion point of Chapter 3 of the

dissertation.

2.2 Nonparametric Repeated Measures with Missing Data

When the compulsory assumption for the t-test is not met, nonparametric counterparts, like the

sign-test and Wilcoxon signed-rank test, are used provided that the non-stringent assumptions are

satisfied (Hollander et al., 2015). However, the aforementioned procedures are limited to complete

cases. When the subjects are partially paired, i.e., when both paired observations and independent

observations are present in the two sample design, assuming data are missing completely at ran-

dom (MCAR), the paired observations or independent observations may be discarded in order to

proceed with the standard tests above (Derrick et al., 2017). But discarding information is not a

good idea; rather making use of all available data is recommended.

In fact, there are some methodological developments in the direction of accommodating subjects

with missing observations in data analysis. For instance, a fully nonparametric method for analysis

of factorial designs developed by Akritas et al. (2006) works under MAR. Brunner et al. (1999)

developed procedures which work in the absence of the continuity assumption, under scenarios

of MCAR and singular covariance matrices. In their paper, Brunner et al., the null hypothesis is

formulated in terms of distribution functions. The methods developed by Xu and Harrar (2012)

are a viable tool for handling partially paired data but requires the existence of the eighth moment

of the sampling population. Akritas et al. (2002) propose a ranking approach for HF
o : F1 = F2

which is an extension of the matched pairs test procedure by Conover and Iman (1981) to data

with missing observations, under the assumption of missing at random (MAR). A nonparametric

approach for testing Hp
o under MCAR data, applicable to arbitrary distributions was derived by

Brunner and Puri (1996). But the procedure does not maintain the pre-assigned Type I Error level

for small sample sizes or in unbalanced sample size allocations.

Konietschke et al. (2012a) extended the idea of weighted rank estimators for relative effects in fac-

torial diagnostic trials with clustered data by Konietschke and Brunner (2009) to MCAR data. They

also derived asymptotic test procedures forHp
0 and constructed asymptotic confidence interval for

p. The asymptotic framework considered is either for the complete cases or when both the in-

complete and complete cases are large. Their approach is purely nonparametric and allows one
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to formulate hypotheses in terms of the effect size measure p. Moreover, the marginal distribu-

tion functions are not required to have the same shape. Hence, this enables to cover the so-called

nonparametric Behrens–Fisher problem for matched pairs with missing values. Below we provide

some details from that paper.

One group two-time points with missing data

Consider paired observations from n subjects; n = nc + n1 + n2, where nc, n1 and n2 are the

number of complete cases, incomplete data in time 1, and incomplete data in time 2, respectively.

The complete data vector is

X
(c)
k = (X

(c)
1k , X

(c)
2k ), k = 1, . . . , nc,

with marginal distributions

X
(c)
tk ∼ Ft,

t = 1, 2 and k = 1, . . . , nc. Here Ft is the normalized distribution function defined in equation (1.2).

Let Xk be a random vector defined as

Xk = (∆1kX1k,∆2kX2k), (2.16)

where k=1,. . . , n – paired observations. Define ∆ik, a missing indicator, as

∆ik =


1, if Xik is observed;

0, otherwise.

Consequently,

nc =
n∑
k=1

∆1k∆2k

and

nt =
n∑
k=1

∆tk(1−∆jk),

for j 6= t, are the number of complete and incomplete cases in sample t; j, t = 1, 2, respectively.

Under the MCAR assumption, the incomplete cases,

X
(i)
tk ∼ Ft,
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k = 1, . . . , nt , where nt denotes the number of incomplete data in sample t; t = 1, 2.

Most of the test procedures, for partially paired design, mentioned before assume one or more

combination of the following sufficient conditions.

1. nc →∞, n1, n2 ≤M <∞, or

2. nc →∞, n1 →∞, n2 ≤M <∞, or

3. nc →∞, n1 →∞, n2 →∞, or

4. nc ≤ Nc, n1 →∞, n2 →∞

5. min{nc, nt} → ∞

6. min{nc + n1, nc + n2} → ∞.

It is not realistic to assume that the number of incomplete cases or missing values goes to infinity.

The procedure developed by Konietschke et al. (2012a) works under a more realistic assumption

in a sense that it assumes that the sum of number of complete and incomplete cases at both time

points is large, i.e. nc + nt → ∞, such that n
nc+nt

≤ No < ∞, t = 1, 2. Under this assumption, they

show that an asymptotically unbiased and consistent estimator of the relative effect size, p, defined

in equation (2.13) is given by

p̂θ =

∫
F̂1,θ1dF̂2,θ2 =

1

N

(
θ2R̄

(c)
2. − θ1R̄

(c)
1. + (1− θ2)R̄(i)

2. − (1− θ1)R̄(i)
1.

)
+

1

2
, (2.17)

where N = 2nc+n1+n2 all non-missing data,Rtk are the rank ofXtk among N observations, R̄(c)
t. are

the average of overall ranks of complete cases, R̄(i)
t. are the average of overall ranks of incomplete

cases, and θt = nc
nc+nt

, for t = 1, 2. In the current study we will make use of this estimator for the

method discussed in Chapter 4.

Konietschke et al. (2012a) show that the quantity
√
n(p̂θ − p) is has asymptotically normal distri-

bution with mean 0 and variance σ2. When σ2c and σ2g are the variances of rank transforms in the

complete and incomplete subjects, respectively

σ2 = n(
σ2c
nc

+ (1− θ2)2
σ22
n2
− (1− θ1)2

σ21
n1

). (2.18)

To test the null hypothesis

Hp
o : p =

1

2
,
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Konietschke et al. (2012a) propose the tests statistic T pθ which follows standard normal distribution

asymptotically and is given by

Tθ =
√
n

(p̂θ − 1/2)

σ̂θ
,

where σ̂2θ is a consistent estimator of σ2 in equation (2.18). Extension of this test procedure to

two-groups case is developed in Chapter 3 of this research work.

For small sample sizes, the distribution of the test statistic, Tθ can be approximated by t(ν̂)-distribution.

Konietschke et al. (2012a) give asymptotic (1− α) confidence intervals for the relative effect.

Konietschke et al. (2018) developed a test procedure called Multiplication-Combination Test (MCT)

for the same setup (one group and two time points). This procedure is applicable in semi-parametric

and nonparametric setup to test hypotheses formulated in terms of various effect sizes and it works

under the MCAR framework. Moreover, they show that their method is more accurate in main-

taining the nominal level of significance than the existing competing procedures like Konietschke

et al. (2012a).

2.3 The Way Forward

The nonparametric test procedure for data with missing values by Konietschke et al. (2012a) dis-

cussed in the previous section details the way for handling partially matched pairs but its use is

limited to the case where there are repeated measures in one group only. Consequently, the need

for a test procedure which can handle repeated measures from two or more groups arises. It is

one of the objective of this research work to extend this test procedure to two-group and two-time

points setup and derive a test procedure for testing significance of group-time interaction effect. In

response to the first objective, the model in equation (2.14) is modified as

Xk = (∆1kX1k,∆2kX2k)
′, (2.19)

where g = 1, 2, and k = 1, ..., ng. In this model measurements at both time points can contain

missing values, where ∆1k is a missing value indicator which assumes the value 1 when a datum

is observed and 0 otherwise.

Under the model in equation (2.19) above, we define a measure of interaction (group-time) effect

size, propose an estimator for it and then study the asymptotic behavior of the proposed estimator.
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We also develop procedures for hypothesis testing and build a confidence interval for the interac-

tion effect size. Next, we investigate the performance of the procedures via simulation. Lastly,

we apply the test procedure to a real dataset example. All of that is detailed in Chapter 3 of the

dissertation.

Regarding the second objective we extend the test procedure developed by Konietschke et al.

(2010) to missing data situation. We specify the model measurements as follows

Xk = (∆1kX1k,∆2kX2k,∆3kX3k)
′, (2.20)

where k = 1, ..., nl. In this model measurements are missing at least at one time point. The ∆lks

defined above are not going to be directly used in the derivation of theoretical results. We will

make use of them when the simulation is carried out. It comes in handy when defining the various

counts of observations involved in the theoretical derivations.

The consideration in 2.20 refers to a situation where we have repeated measures in one group.

Here the test procedure developed is limited to three time points as the derivation of the theoretical

results becomes laborious, specifically that of the covariance matrix. We propose an estimator for

a vector of relative effects (l = 3) and derive the asymptotic theoretical results. We then setup a

test procedure for testing the significance of time effect. The properties of the test procedures are

studied via size and power simulation. Finally, all the steps followed in the derivation of this test

procedure and the application to real data will be presented in Chapter 4.
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Chapter 3

Partially Matched-Pairs Design

3.1 Introduction

In typical two-arm randomized controlled trials or observational studies, the efficacy of the active

treatment is validated by comparing it with a control. In such trials, outcomes are typically as-

sessed at baseline, before treatments are applied, and at follow-up, after the treatments are applied.

Due to the baseline measurement, each subject serves as its own control, thereby allowing a precise

comparison of the two treatments. The primary question of interest is whether the changes in the

outcome in the active treatment group from baseline to followup is different from the change in

the control group. The two assessments of the outcome can be viewed as levels of a within-subject

factor and the two groups as levels of a between-subject factor. Therefore, in the terminology of

of repeated measures analysis, the primary question of interest becomes investigation of time-by-

treatment interaction (Davis, 2002).

Under the assumption of normality, the data analysis for the above inferential problem can be car-

ried out by a t-test with equal or unequal variances as appropriate. In the absence of normality,

Generalized Estimating Equations (GEE) or Generalized Linear Mixed Model (GLMM) can be ap-

plied if the data fit certain parametric models (Diggle et al., 2013). When data are not measured in a

metric scale (such as ordered categorical data) or when data have heavy tails or are skewed for any

parametric model to be appropriate, nonparametric methods are the preferred analytic methods.

The seemingly elementary data analysis problem discussed above could quickly turn into a chal-

lenge if the data are subject to missing values and the assumption of normality is grossly violated.

In today’s data collection methods and procedures, unavailability of data from study units due to,

for example, failure of devices or progression of disease is the norm rather than exception. Data
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could be missing completely at random (MCAR ) for a reason unrelated to the study variables or miss-

ing at random (MAR) for a reason unrelated to the actual value missed but may be related to other

study variables. In this chapter we focus on the former type. Albeit simple, sometimes this missing

type can be motivated from a design and survey perspectives, for example, see the discussion at

the end of Section 3.2. See also Fong et al. (2017), Fuchs et al. (2017), Samawi and Vogel (2014) and

Samawi and Vogel (2015) and Xu and Harrar (2012) for examples in medicine and public health.

Under the assumptions of parametric models, Expectation-Maximization (EM) or Multiple Impu-

tation (MI) algorithms (Dempster et al., 1977) can be applied in conjunction with the assumed

models for the complete data. Recent semi-parametric approaches that use all available informa-

tion, but at least require existence of the first few moments, include Xu and Harrar (2012), Samawi

and Vogel (2014) and Samawi and Vogel (2015), Amro and Pauly (2017) and the references therein.

The methods of Samawi and Vogel (2014) and Samawi and Vogel (2015) are in the context of par-

tially paired data and work by combining paired and independent sample tests for the paired and

unpaired, respectively, portion of the data. Apart from using permutations to determine the null

distribution, Amro and Pauly (2017) also combine t statistics calculated from the complete and

incomplete data separately.

Nonparametric methods for incomplete paired data received the attention of researchers fairly

recently (Akritas et al., 2002; Akritas et al., 2006; Konietschke et al., 2012a; Samawi and Vogel,

2014; Samawi and Vogel, 2015; Fong et al., 2017). The papers by Akritas et al. (2002) and Akritas

et al. (2006) introduce nonparametric tests for one and multiple-group, respectively, paired data

under MAR-type missing values. However, the hypotheses of interest are formulated in terms

of marginal distributions and the asymptotic variances are estimated under the null hypotheses.

Therefore, the tests cannot be used to construct confidence intervals. The methods of Fong et al.

(2017) and Samawi and Vogel (2014) and Samawi and Vogel (2015), which are constructed by com-

bining the Wilcoxon-Signed-Rank and Wilcoxon-Mann-Whitney tests, also suffer from this prob-

lem. Further, they are intended for partially paired data in one group. Konietschke et al. (2012a)

consider a nonparametric method for partially paired data. Its strengths are that the hypothesis are

formulated in terms of nonparametric relative effect and the asymptotic variance of the test statis-

tic is derived under general conditions. Therefore, the asymptotic results can be used to construct

confidence intervals. However, the method mentioned above is designed for one group situation

and is not applicable for treatment comparisons in a two-arms and two-assessments studies which

is the focus of this study. Therefore, it is an aim of this research work to derive nonparametric tests

for two-arm trials where the outcome, assessed at two time points, is subject to missing values.
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The nonparametric method will accommodate binary, ordered categorical, discrete and continu-

ous data in a unified manner. The within-pair dependence can be different in the two groups.

The approach can also be used to construct a confidence interval for the primary effect of interest,

which is the interaction effect. Unlike some of the other methods (e.g. Samawi and Vogel (2014),

Samawi and Vogel (2015), Xu and Harrar (2012), and Amro and Pauly (2017)), the new nonpara-

metric method explicitly compares the complete and incomplete pieces of the data to perform a

test and construct a confidence interval. Table 3.1 shows schematic layout of data of this chapter.

Treatment 1 Treatment 2

Subject Time = 1 Time = 2 Subject Time = 1 Time = 2

1 x x 1 x x
...

...
...

...
...

...
nc1 x x nc2 x x
1 x ? 1 x ?
...

...
...

...
...

...
n11 x ? n21 x ?
1 ? x 1 ? x
...

...
...

...
...

...
n12 ? x n22 ? x

TABLE 3.1: Schematic display of the dataset in paired design in two groups. In the
table “x" indicates available observation and “?" indicates missing observation.

3.2 Model and Interaction-Effect Size Measure

Suppose there are n subjects in two groups measured at two time points, containing ncg complete

cases and ng1 + ng2 incomplete cases in group g, where ng1 is the number of incomplete cases at

the first time point and ng2 is the number of incomplete cases at the second time point in group g

for g = 1, 2. Denote the paired observations from the complete cases by (X
(c)
g1k, X

(c)
g2k) for g = 1, 2,

and k = 1, 2, . . . , ncg, with marginal distributions given as

X
(c)
gtk ∼ Fgt,

for g, t = 1, 2. Under the assumption of MCAR the incomplete cases, denoted by X(i)
gtk, follow the

same marginal distribution as the complete cases, i.e.

X
(i)
gtk ∼ Fgt,
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for k = 1, . . . , ngt . There are in total N observations from n subjects. For the sake of later use, we

also define mgt as the total number of available observations in group g at occasion t for g, t = 1, 2.

Here,

N =
2∑
g=1

(2ncg + ng1 + ng2) =
2∑

g,t=1

mgt and n =
2∑
g=1

(ncg + ng1 + ng2),

where mgt = ncg + ngt.

When defining non-parametric treatment effects and their estimators, the normalized version of

the distribution function of a random variable in equation (3.1) below will be used in place of the

usual (right continuous) distribution function ( Ruymgaart (1980) and Brunner et al. (2002)).

The normalized distribution function for an observation in group g at occasion t is defined as

Fgt(x) :=
1

2

{
F+
gt(x) + F−gt(x)

}
, (3.1)

where F−gt(x) = P (Xgtk < x) and F+
gt(x) = P (Xgtk ≤ x) are, respectively, the left and right

continuous versions of the unknown distribution function. The use of normalized distribution

function allows the treatment of binary, ordinal, discrete and continuous data in a unified manner.

Nonparametric treatment effects are defined by comparing each marginal distribution function

with the average distribution function. Let G denote the average of the distribution functions in

the two groups at the two time points. That is,

G :=
1

4
(F11 + F12 + F21 + F22).

Using this average distribution function, define

pgt :=

∫
GdFgt

for g, t = 1, 2 which is known as the relative summary effect at time point t in group g, with respect to

the average of the marginal distributions, G. The use of unweighted rather than weighted average

of the distribution function removes the dependence of test results on sample size allocation ( see

for example, Gao and Alvo, 2005). The magnitude of pgt has interpretation in terms of the corre-

sponding marginal distribution having a tendency to generate larger or smaller values compared

to the overall sample. For example, p12 < p22 means observations from F12 have a tendency to

be larger than those from F22 (Brunner et al., 2002). Using the nonparametric relative summary
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effects, the interaction effect is defined by

pI := (p12 − p11)− (p22 − p21). (3.2)

Our aims are to find an estimator for summary interaction effects size and to develop methods

for confidence intervals and significance test. The null hypothesis of interest is that there is no

interaction effect, i.e. H0 : pI = 0, versus the alternative that there is an interaction effect. Figure

3.1 below is the graphical display of null and alternative hypothesis in terms of relative effects.

Time points

p
g
t

1 2

0.0

0.2

0.4

0.6

0.8

1.0

p11

p22

p21

p12

Time points

p
g

t

1 2

0.0

0.2

0.4

0.6

0.8

1.0

p11

p12

p21
p22

FIGURE 3.1: Null hypothesis (Left) and Alternative hypothesis (Right).

To facilitate the development of these inferential procedures, Proposition 1 below gives a more

elaborate form of this interaction effect. To prove Proposition 1 we need the following Lemma.

Lemma 1. For given normalized distribution functions F1 and F2,
∞∫
−∞

F1dF2 = 1−
∞∫
−∞

F2dF1.
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Proof. The result follows immediately by applying integration by parts formula on the Riemann–

Stieltjes integrals (Hewitt, 1960).

∞∫
−∞

F1dF2 +

∞∫
−∞

F2dF1 = F1(∞)F2(∞)− F1(−∞)F2(−∞)

= (1)(1)− (0)(0)

= 1

⇒
∞∫
−∞

F1dF2 = 1−
∞∫
−∞

F2dF1

Next Proposition 1 is stated as follows.

Proposition 1. Consider the interaction effect defined in equation (3.2), then

pI =

∫
1

2
(F11 + F22)d(F12 + F21)− 1. (3.3)

Proof. By definition

pI =

∫
Gd(F12 + F21)−

∫
Gd(F11 + F22)

=

∫
1

4
(F11 + F22)d(F12 + F21) +

∫
1

4
(F12 + F21)d(F12 + F21)−

∫
1

4
(F11 + F22)d(F11 + F22)

−
∫

1

4
(F12 + F21)d(F11 + F22)

=

∫
1

4
(F11 + F22)d(F12 + F21) +

1

2
− 1

2
− (1− 1

4

∫
(F11 + F22)d(F12 + F21))

=
1

2

∫
(F11 + F22)d(F12 + F21)− 1.

It is easy to show (Brunner et al., 2002) that 1/8 ≤ pgt ≤ 7/8 which occurs as an artifact of the

definition of pgt. As can clearly be seen from (3.3), that the interaction effect pI does not suffer from

this constraint on pgt. Moreover, the integral expression for pI illuminates its interpretation as an

interaction effect. Notice that

∫
1

2
(F11 + F22)d{

1

2
(F12 + F21)} = P (X < Y ) +

1

2
P (X = Y )
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whereX and Y are independently distributed as (1/2)(F11+F22) and (1/2)(F12+F21), respectively.

Therefore, pI < 0 means the combined observations in group 1 at times 1 and group 2 at time 2

have a tendency to be larger than the combined observations in group 2 at times 1 and group 1 at

time 2, which is an indication of time-by-group interaction effect.

Apart from constants, the interaction effect can equivalently and, yet, more conveniently be ex-

pressed as

qI :=
1

2

∫
(F11 + F22)d(F12 + F21). (3.4)

More specifically, it should be noted that qI ∈ [0, 2] and pI = 0 if and only if qI = 1.

The nonparametric interaction effect size measure, qI, can be estimated by replacing the distribu-

tion functions Fgt with their corresponding empirical counterparts. However, the contribution of

the complete and incomplete cases to the empirical distribution must be weighted based on their

sizes. To that end, we define the weights

θgt :=
ncg

ncg + ngt
,

which are the relative sample sizes of the complete and incomplete observations in group g, and

at occasion t, for g, t = 1, 2. The weighted empirical distribution functions are defined by

F̂gt,θgt(x) := θgtF̂
(c)
gt (x) + (1− θgt)F̂ (i)

gt (x); (3.5)

for g, t = 1, 2, where

F̂
(c)
gt (x) =

1

ncg

ncg∑
k=1

c(x−X(c)
gtk) and F̂

(i)
gt (x) =

1

ngt

ngt∑
k=1

c(x−X(i)
gtk),

and c(·) is the (normalized) counting function defined by

c(x) =
1

2
[c−(x) + c+(x)], c−(x) =


0, if x ≤ 0

1, if x > 0
, and c+(x) =


0, if x < 0

1, if x ≥ 0

.

According to the definition of c(x), it is clear that c(x) = 0, 12 , 1 according as x < 0, x = 0 and

x > 0. The use of normalized count function provides a normalized version of empirical distribu-

tion function (analogous to the normalized distribution function) that permits seamless handling

of ties in the data. In the above expressions, c and i are written in the superscripts of distributions
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functions to indicate reference to the complete and incomplete cases, respectively. A natural esti-

mator for qI arises by replacing the distribution functions in (3.4) with their empirical counterparts

given in (3.5),

q̂I,θ =
1

2

∫
(F̂11,θ11 + F̂22,θ22)d(F̂12,θ12 + F̂21,θ21). (3.6)

An alternative but more intuitive form of this estimator is the expression give in terms of ranks.

Proposition 2. A rank-based expression for the point estimator q̂I,θ is

q̂I,θ =
1

2

(
θ12
m11

(
R̄

(c)
11.12 − R̄

(c,12)
12

)
+

(1− θ12)
m11

(
R̄

(i)
11.12 − R̄

(i,12)
12

))
+

1

2

(
θ21
m11

(
R̄

(c)
11.21 − R̄

(c,21)
21

)
+

(1− θ21)
m11

(
R̄

(i)
11.21 − R̄

(i,21)
21

))
+

1

2

(
θ12
m22

(
R̄

(c)
22.12 − R̄

(c,12)
12

)
+

(1− θ12)
m22

(
R̄

(i)
22.12 − R̄

(i,12)
12

))
+

1

2

(
θ21
m22

(
R̄

(c)
22.21 − R̄

(c,21)
21

)
+

(1− θ21)
m11

(
R̄

(i)
22.21 − R̄

(i,21)
21

))

where for l 6= g or s 6= t, R(w)
ls.gtk is the mid-rank of X(w)

gtk among all ncl +nls +ncg +ngt observations

available in group l at time s and group g at time t; and R
(w,gt)
gtk is the mid-rank of X(w)

gtk among all

ncg + ngt observations available in group g at time t for w ∈ {c, i}.

Proof. Observe that,

q̂I,θ =
1

2

(∫
F̂11,θ11dF̂12,θ12 +

∫
F̂11,θ11dF̂21,θ21 +

∫
F̂22,θ22dF̂12,θ12 +

∫
F̂22,θ22dF̂21,θ21

)
. (3.7)

Now any of the terms inside the parenthesis of equation (3.7) can be written as

∫
F̂ls,θlsdF̂gt,θgt = θgt

1

ncg

ncg∑
k=1

F̂ls,θls(X
(c)
gtk) + (1− θgt)

1

ngt

ngt∑
k=1

F̂ls,θls(X
(i)
gtk),

where l 6= g or s 6= t. It can be seen that

F̂ls,θls(X
(w)
gtk ) =

1

mls

(
R

(w)
ls.gtk −R

(w,gt)
gtk

)
for w ∈ {c, i}.

Therefore,

∫
F̂ls,θlsdF̂gt,θgt =

θgt
mls

(
R̄

(c)
ls.gt − R̄

(c,gt)
gt

)
+

(1− θgt)
mls

(
R̄

(i)
ls.gt − R̄

(i,gt)
gt

)
.

So, plugging the above into equation (3.7) gives the desired result.
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In view of the definition of pI (see equation (1)) and using results from Proposition 1, the interaction

effect pI, is estimated by

p̂I,θ = q̂I,θ − 1. (3.8)

Due to the simple relationship between p̂I,θ and q̂I,θ, the theory derived for q̂I,θ extends to that of p̂I,θ

in a straightforward manner. For the derivation of theoretical results for q̂I,θ, we will need the fol-

lowing assumptions. Besides, the existence of the required moments is assumed in all forthcoming

sections.

Assumption 1. ncg + ngt →∞ such that n
ncg+ngt

≤ No <∞ for g, t = 1, 2.

Assumption 2. Missing is completely at random.

Assumption 1 is satisfied if the number of available observation at each time point is large in both

groups. This can happen, for example, if either the complete cases or both of the incomplete cases

are large in each group. More precisely, either ncg → ∞ or min(ng1, ng2) → ∞ for each g = 1, 2.

For instance, nc1 → ∞ and min(n21, n22) → ∞ but n11, n12 ≤ M0 < ∞ is a scenario covered by

the asymptotic framework. Assumption 2, appears somewhat restrictive but the theory developed

in this study uses all available data from the complete as well as incomplete cases to make valid

inference. This type of missingness can be motivated from partially-paired data points of view.

For example, in surveys complete data are collected only from some of the study participants that

are randomly drawn from the collection of all participants (Rubin, 1987). This leads to paired

data where some of the observations are correlated and others are independent. In a design of

experiment context, incomplete block design also leads to partially correlated data. For example,

consider a design where the two treatments are randomized within twins (matched-pairs) when

available in the pool of experimental units. Otherwise, the two treatments are assigned to inde-

pendent units. For additional examples of partially-paired data see Fong et al. (2017), Fuchs et al.

(2017), Samawi and Vogel (2014) and Samawi and Vogel (2015) and Xu and Harrar (2012).
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FIGURE 3.2: Convergence of interaction effect estimator (q̂I,θ) based on the simula-
tion size of 1,000. Sample of size 30 is generated from Cauchy distribution and 5%

missing percentage is considered in estimating the interaction effect.

Figure 3.2 shows the property of the interaction effect estimator as the sample size gets large. The

theoretical value of the interaction effect size equals 1, and the estimator converges quickly as the

sample size increases.

3.3 Asymptotic Theory

Under the asymptotic framework of Assumption 1 and 2, the estimator q̂I,θ is asymptotically unbi-

ased and strongly consistent. These facts are stated and proved in Proposition 3.

Proposition 3. Under assumption 1 and 2,

(i) q̂I,θ is an asymptotically unbiased estimator of qI .

(ii) q̂I,θ is a strongly consistent estimator of qI , i.e. |q̂I,θ − qI |
a.s−−→ 0.
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Proof. (i) Unbiasedness: To show that q̂I,θ is an asymptotically unbiased estimator of qI , we first

apply the linearity property of expectation to equation (3.7) to get

E (q̂I,θ) =
1

2

[
E

(∫
F̂11,θ11dF̂12,θ12

)
+ E

(∫
F̂11,θ11dF̂21,θ21

)]
+

1

2

[
E

(∫
F̂22,θ22dF̂12,θ12

)
+ E

(∫
F̂22,θ22dF̂21,θ21

)]
.

(3.9)

Taking the first term inside the square brackets of equation (3.9); i.e E
(∫

F̂11,θ11dF̂12,θ12

)
, we

will show that
∫
F̂11,θ11dF̂12,θ12 is asymptotically an unbiased estimator of

∫
F11dF12. Define

p :=
∫
F11dF12 and its estimator by p̂θ :=

∫
F̂11,θ11dF̂12,θ12 ,

p̂(cc) :=

∫
F̂

(c)
11 dF̂

(c)
12 , p̂(ci) :=

∫
F̂

(c)
11 dF̂

(i)
12 , p̂(ic) :=

∫
F̂

(i)
11 dF̂

(c)
12 and p̂(ii) :=

∫
F̂

(i)
11 dF̂

(i)
12 .

Since X(c)
11k and X(i)

12k are independent, it follows that

E(θ11θ12p̂
(cc)) =

1

m11m12

nc1∑
s=1

nc1∑
k=1

E(c(X
(c)
12s −X

(c)
11k))

=
1

m11m12

nc1∑
s 6=k

E(c(X
(c)
12s −X

(c)
11k)) +

1

m11m12

nc1∑
k=1

E(c(X
(c)
12k −X

(c)
11k))

=
nc1(nc1 − 1)

m11m12
p+

nc1
m11m12

∆,

where ∆ = E(c(X
(c)
12k −X

(c)
11k)).

Similarly,

E(θ11(1− θ12)p̂(ci)) =
1

m11m12

n12∑
s=1

nc1∑
k=1

E(c(X
(i)
12s −X

(c)
11k))

=
n12nc1
m11m12

p,

E((1− θ11)θ12p̂(ic)) =
1

m11m12

nc1∑
s=1

n11∑
k=1

E(c(X
(c)
12s −X

(i)
11k))

=
n11nc1
m11m12

p and

E((1− θ11)(1− θ12)p̂(ii)) =
1

m11m12

n12∑
s=1

n11∑
k=1

E(c(X
(i)
12s −X

(i)
11k))

=
n11n12
m11m12

p.
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Pulling together the expectations, we have

E(p̂θ) = E(θ11θ12p̂
(cc) + θ11(1− θ12)p̂(ci) + (1− θ11)θ12p̂(ic) + (1− θ11)(1− θ12)p̂(ii))

=
nc1(nc1 − 1)

m11m12
p+

nc1
m11m12

∆ +
n11nc1
m11m12

p+
n12nc1
m11m12

p+
n11n12
m11m12

p

= p+
nc1

m11m12
(∆− p)

=

∫
F11dF12 +O(

1

n
),

where the order O(1/n) follows by Assumption 1 and 2. Applying similar arguments for the

remaining three components in equation (3.9),

E

(∫
F̂ls,θlsdF̂gt,θgt

)
=

∫
FlsdFgt +O(

1

n
),

where l 6= g or s 6= t. Collecting these expectations together,

E (q̂I,θ) =
1

2

[∫
F11dF12 +

∫
F11dF21 +

∫
F22dF12 +

∫
F22dF21

]
+O(

1

n
)

=
1

2

∫
(F11 + F22)d(F12 + F21) +O(

1

n
)

= qI + O(
1

n
).

(ii) Strong consistency:

Recall that ||f ||∞ := supx |f(x)|, then,

|q̂I,θ − qI| = |
1

2

∫
(F̂11,θ11 + F̂22,θ22)d(F̂12,θ12 + F̂21,θ21)− 1

2

∫
(F11 + F22)d(F12 + F21)|

= |1
2

∫
(F̂11,θ11 + F̂22,θ22)d(F̂12,θ12 + F̂21,θ21) +

1

2

∫
(F11 + F22)d(F̂12,θ12 + F̂21,θ21)

− 1

2

∫
(F11 + F22)d(F̂12,θ12 + F̂21,θ21)− 1

2

∫
(F11 + F22)d(F12 + F21)|

= |1
2

∫ [
(F̂11,θ11 + F̂22,θ22)− (F11 + F22)

]
d(F̂12,θ12 + F̂21,θ21)

+
1

2

∫
(F11 + F22)d

[
(F̂12,θ12 + F̂21,θ21)− (F12 + F21)

]
|

= |1
2

∫ [
(F̂11,θ11 + F̂22,θ22)− (F11 + F22)

]
d(F̂12,θ12 + F̂21,θ21)

+
1

2

∫ [
(F12 + F21)− (F̂12,θ12 + F̂21,θ21)

]
d(F11 + F22)|

≤ |1
2

∫ [
(F̂11,θ11 + F̂22,θ22)− (F11 + F22)

]
d(F̂12,θ12 + F̂21,θ21)|

+ |1
2

∫ [
(F12 + F21)− (F̂12,θ12 + F̂21,θ21)

]
d(F11 + F22)|, by triangular inequality
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≤ 1

2

∫
|(F̂11,θ11 + F̂22,θ22)− (F11 + F22)|d(F̂12,θ12 + F̂21,θ21)

+
1

2

∫
|(F12 + F21)− (F̂12,θ12 + F̂21,θ21)|d(F11 + F22)

=‖ (F̂11,θ11 + F̂22,θ22)− (F11 + F22) ‖∞ + ‖ (F12 + F21)− (F̂12,θ12 + F̂21,θ21) ‖∞ .

Now,

‖ (F̂11,θ11 + F̂22,θ22)− (F11 + F22) ‖∞ =‖ (F̂11,θ11 − F11) + (F̂22,θ22 − F22) ‖∞

≤‖ (F̂11,θ11 − F11) ‖∞ + ‖ F̂22,θ22 − F22 ‖∞
a.s−−→ 0

since by the Glivenko-Cantelli theorem, eg. (van der Vaart, 1998);

‖ (F̂11,θ11 − F11) ‖∞ and ‖ F̂22,θ22 − F22 ‖∞
a.s−−→ 0,

it follows that

‖ (F̂11,θ11 + F̂22,θ22)− (F11 +F22) ‖∞
a.s.−−→ 0 and ‖ (F12 +F21)− (F̂12,θ12 + F̂21,θ21) ‖∞

a.s−−→ 0.

Hence, |q̂I,θ − qI |
a.s−−→ 0 ; as ncg + ngt →∞.

Next, we study the asymptotic distribution of q̂I,θ. Our method of derivation involves obtaining an

asymptotic equivalent version of
√
n(q̂I,θ − qI) which can be expressed as the sum of independent

random variables. The asymptotic distribution of the latter, under the asymptotic framework of

Assumption 1, can be established by applying the standard central limit theorem for independent

random variables. To that end, define

Mθ =
1

2

∫
(F11 + F22)d(F̂12,θ12 + F̂21,θ21)− 1

2

∫
(F12 + F21)d(F̂11,θ11 + F̂22,θ22) + 2− 2qI. (3.10)

Proposition 4. Under Assumption 2, the quantity, Mθ, given in equation 3.10 can be expressed as sum of

independent random variables as

a) Mθ = 1
nc1

nc1∑
k=1

Z
(c)
1k + 1

nc2

nc2∑
k=1

Z
(c)
2k + 1

n12

n12∑
k=1

Y
(i)
12k + 1

n21

n21∑
k=1

Y
(i)
21k−

1
n11

n11∑
k=1

Y
(i)
11k−

1
n22

n22∑
k=1

Y
(i)
22k + 2− 2qI.

and

b) E(Mθ) = 0,
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where

Z
(c)
1k :=

1

2

(
θ12

[
F11(X

(c)
12k) + F22(X

(c)
12k)

]
− θ11

[
F12(X

(c)
11k) + F21(X

(c)
11k)

])
, for k = 1, ..., nc1

Z
(c)
2k :=

1

2

(
θ21

[
F11(X

(c)
21k) + F22(X

(c)
21k)

]
− θ22

[
F12(X

(c)
22k) + F21(X

(c)
22k)

])
, for k = 1, ..., nc2,

and, for k = 1, . . . , ngt;

Y
(i)
11k :=

(1− θ11)
2

(
F12(X

(i)
11k) + F21(X

(i)
11k)

)
, Y

(i)
12k :=

(1− θ12)
2

(
F11(X

(i)
12k) + F22(X

(i)
12k)

)
,

Y
(i)
21k :=

(1− θ21)
2

(
F11(X

(i)
21k) + F22(X

(i)
21k)

)
and Y

(i)
22k :=

(1− θ22)
2

(
F12(X

(i)
22k) + F21(X

(i)
22k)

)
.

Proof. Part a) Consider

∫
(F11+F22)d[(F̂12,θ12 + F̂21,θ21)−

∫
(F12 + F21)d(F̂11,θ11 + F̂22,θ22)]

=

∫
(F11 + F22)dF̂12,θ12 +

∫
(F11 + F22)dF̂21,θ21 −

∫
(F12 + F21)dF̂11,θ11 +

∫
(F12 + F21)F̂22,θ22

=
1

nc1

nc1∑
k=1

(
θ12

[
F11(X

(c)
12k) + F22(X

(c)
12k)

]
− θ11

[
F12(X

(c)
11k) + F21(X

(c)
11k)

])
+

1

nc2

nc2∑
k=1

(
θ21

[
F11(X

(c)
21k) + F22(X

(c)
21k)

]
− θ22

[
F12(X

(c)
22k) + F21(X

(c)
22k)

])
+

1

n12

n12∑
k=1

(1− θ12)
(
F11(X

(i)
12k) + F22(X

(i)
12k)

)
+

1

n21

n21∑
k=1

(1− θ21)
(
F11(X

(i)
21k) + F22(X

(i)
21k)

)
− 1

n11

n11∑
k=1

(1− θ11)
(
F12(X

(i)
11k) + F21(X

(i)
11k)

)
− 1

n22

n22∑
k=1

(1− θ22)
(
F12(X

(i)
22k) + F21(X

(i)
22k)

)

The desired result follows immediately.

Part b)

E(Mθ) =
1

nc1

nc1∑
k=1

E(Z
(c)
1k ) +

1

nc2

nc2∑
k=1

E(Z
(c)
2k ) +

1

n12

n12∑
k=1

E(Y
(i)
12k) +

1

n21

n21∑
k=1

E(Y
(i)
21k)−

1

n11

n11∑
k=1

E(Y
(i)
11k)

− 1

n22

n22∑
k=1

E(Y
(i)
22k) + E(2− 2qI)

=
1

nc1

nc1∑
k=1

E(Z
(c)
11 ) +

1

nc2

nc2∑
k=1

E(Z
(c)
21 ) +

1

n12

n12∑
k=1

E(Y
(i)
121) +

1

n21

n21∑
k=1

E(Y
(i)
211)−

1

n11

n11∑
k=1

E(Y
(i)
111)

− 1

n22

n22∑
k=1

E(Y
(i)
221) + 2− 2qI

= E(Z
(c)
11 ) + E(Z

(c)
21 ) + E(Y

(i)
121) + E(Y

(i)
211)− E(Y

(i)
111)− E(Y

(i)
221) + 2− 2qI .
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Replacing quantities in the bracket by their respective expression

2E(Mθ) = θ12E
[
F11(X

(c)
121) + F22(X

(c)
121)

]
− θ11E

[
F12(X

(c)
111) + F21(X

(c)
111)

]
+ θ21E

[
F11(X

(c)
211) + F22(X

(c)
211)

]
− θ22E

[
F12(X

(c)
221) + F21(X

(c)
221)

]
+ (1− θ12)E

(
F11(X

(i)
121) + F22(X

(i)
121)

)
+ (1− θ21)E

(
F11(X

(i)
211) + F22(X

(i)
211)

)
− (1− θ11)E

(
F12(X

(i)
111) + F21(X

(i)
111)

)
− (1− θ22)E

(
F12(X

(i)
221) + F21(X

(i)
221)

)
+ 2(2− 2qI)

2E(Mθ) = θ12

[∫
F11dF12 +

∫
F22dF12

]
− θ11

[∫
F12dF11 +

∫
F21dF11

]
+ θ21

[∫
F11dF21 +

∫
F22dF21

]
− θ22

[∫
F12dF22 +

∫
F21dF22

]
+ (1− θ12)

(∫
F11dF12 +

∫
F22dF12

)
+ (1− θ21)

(∫
F11dF21 +

∫
F22dF21

)
− (1− θ11)

(∫
F12dF11 +

∫
F21dF11

)
− (1− θ22)

(∫
F12dF22 +

∫
F21dF22

)
+ 2(2− 2qI)

=

∫
(F11 + F22)d(F12 + F12)−

(
4−

∫
(F11 + F22)d(F12 + F12)

)
+ 2(2− 2qI)

So,

E(Mθ) =
1

2

∫
(F11 + F22)d(F12 + F12) − 2 +

1

2

∫
(F11 + F22)d(F12 + F12) + 2 − 2qI = 0.

Now, we are ready to establish the asymptotic equivalence of
√
n(q̂I,θ − qI) and

√
nMθ.

Theorem 1. Let Mθ be as given in (3.10). Under Assumption 1 and 2,

E
[√
n(q̂I,θ − qI)−

√
nMθ

]2
= O(

1

n
).

Proof. Consider the quantity

(q̂I,θ − qI)−Mθ

= (q̂I,θ−qI)−
[
2− 2qI −

1

2

∫
(F12 + F21)d(F̂11,θ11 + F̂22,θ22)] +

1

2

∫
(F11 + F22)d[(F̂12,θ12 + F̂21,θ21)

]
= q̂I,θ − [2− 1

2

∫
(F12 + F21)d(F̂11,θ11 + F̂22,θ22)]− 1

2

∫
(F11 + F22)d[(F̂12,θ12 + F̂21,θ21) + qI
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=
1

2

∫
(F̂11,θ11 + F̂22,θ22)d[(F̂12,θ12 + F̂21,θ21)− 1

2

∫
(F̂11,θ11 + F̂22,θ22)d(F12 + F21)

− 1

2

∫
(F11 + F22)d[(F̂12,θ12 + F̂21,θ21) +

1

2

∫
(F11 + F22)d(F12 + F21)

=
1

2

∫ [
(F̂11,θ11 + F̂22,θ22)− (F11 + F22)

]
d[(F̂12,θ12 + F̂21,θ21)− (F12 + F21)].

(3.11)

Now,∫ [
(F̂11,θ11 + F̂22,θ22)− (F11 + F22)

]
d[(F̂12,θ12 + F̂21,θ21)− (F12 + F21)]

=

∫ [
(F̂11,θ11 − F11) + (F̂22,θ22 − F22)

]
d[(F̂12,θ12 + F̂21,θ21)− (F12 + F21)]

=

∫
(F̂11,θ11 − F11)dF̂12,θ12 −

∫
(F̂11,θ11 − F11)dF12︸ ︷︷ ︸

A1

+

∫
(F̂11,θ11 − F11)dF̂21,θ21 −

∫
(F̂11,θ11 − F11)dF21︸ ︷︷ ︸

A2

+

∫
(F̂22,θ22 − F22)dF̂12,θ12 −

∫
(F̂22,θ22 − F22)dF12︸ ︷︷ ︸

A3

+

∫
(F̂22,θ22 − F22)dF̂21,θ21 −

∫
(F̂22,θ22 − F22)dF21︸ ︷︷ ︸

A4

.

To arrive at the desired result, it suffices to show that

nE(Ai)
2 = O(

1

n
), for i = 1, 2, 3, 4.

Now,

nE(A1)
2 = nE

[∫
(F̂11,θ11 − F11)dF̂12,θ12 −

∫
(F̂11,θ11 − F11)dF12

]2
.

Notice that,

F̂11,θ11(x)− F11(x) =

nc1∑
s=1

c(x−X(c)
11s) +

n11∑
s′=1

c(x−X(i)
11s′)

nc1 + n11
− F11(x)

=

nc1∑
s=1

[c(x−X(c)
11s)− F11(x)] +

n11∑
s′=1

[c(x−X(i)
11s′)− F11(x)]

nc1 + n11
.
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Therefore,

∫
(F̂11,θ11 − F11)dF̂12,θ12 =

∫
(F̂11,θ11 − F11)d


nc1∑
k=1

c(x−X(c)
12k) +

n12∑
k′=1

c(x−X(i)
12k′)

nc1 + n12



=

nc1∑
k=1

[F̂11,θ11(X
(c)
12k)− F11(X

(c)
12k)]

nc1 + n12
+

n12∑
k′=1

[F̂11,θ11(X
(i)
12k′)− F11(X

(i)
12k′)]

nc1 + n12

=

nc1∑
k=1

nc1∑
s=1

[c(X
(c)
12k −X

(c)
11s)− F11(X

(c)
12k)]

(nc1 + n11)(nc1 + n12)
+

nc1∑
k=1

n11∑
s′=1

[c(X
(c)
12k −X

(i)
11s′)− F11(X

(c)
12k)]

(nc1 + n11)(nc1 + n12)

+

n12∑
k′=1

nc1∑
s=1

[c(X
(i)
12k′ −X

(c)
11s)− F11(X

(i)
12k′)]

(nc1 + n11)(nc1 + n12)
+

n12∑
k′=1

n11∑
s′=1

[c(X
(i)
12k′ −X

(i)
11s′)− F11(X

(i)
12k′)]

(nc1 + n11)(nc1 + n12)

and

∫
(F̂11,θ11 − F11)dF12(x) =

1

nc1 + n11

∫ nc1∑
k=1

(
nc1∑
s=1

c(x−X(c)
11s)− F11(x) +

n11∑
s′=1

c(x−X(i)
12s′)− F11(x)

)

=

nc1∑
k=1

nc1∑
s=1

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)

(nc1 + n11)(nc1 + n12)
+

nc1∑
k=1

n11∑
s′=1

∫
[c(x−X(i)

11s′)− F11(x)]dF12(x)

(nc1 + n11)(nc1 + n12)

+

n12∑
k′=1

nc1∑
s=1

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)

(nc1 + n11)(nc1 + n12)
+

n12∑
k′=1

n11∑
s′=1

∫
[c(x−X(i)

11s′)− F11(x)]dF12(x)

(nc1 + n11)(nc1 + n12)
.

Now A1 can be rewritten as:

A1 =
1

(nc1 + n11)(nc1 + n12)

nc1∑
k=1

nc1∑
s=1

(
c(X

(c)
12k −X

(c)
11s)− F11(X

(c)
12k)−

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)

)
︸ ︷︷ ︸

A11

+
1

(nc1 + n11)(nc1 + n12)

nc1∑
k=1

n11∑
s′=1

(
c(X

(c)
12k −X

(i)
11s′)− F11(X

(c)
12k)−

∫
[c(x−X(i)

11s′)− F11(x)]dF12(x)

)
︸ ︷︷ ︸

A12

+
1

(nc1 + n11)(nc1 + n12)

n12∑
k′=1

nc1∑
s=1

(
c(X

(i)
12k′ −X

(c)
11s)− F11(X

(i)
12k′)−

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)

)
︸ ︷︷ ︸

A13

+
1

(nc1 + n11)(nc1 + n12)

n12∑
k′=1

n11∑
s′=1

(
c(X

(i)
12k′ −X

(i)
11s′)− F11(X

(i)
12k′)−

∫
[c(x−X(i)

11s′)− F11(x)]dF12(x)

)
︸ ︷︷ ︸

A14

.
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Again by Cr-inequality,

nE(A2
1) ≤ n4[E(A11)

2 + E(A12)
2 + E(A13)

2 + E(A14)
2].

Now,

nE(A2
11) =

n

(nc1 + n11)2(nc1 + n12)2

nc1∑
k=1

nc1∑
s=1

nc1∑
l=1

nc1∑
t=1

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)
)

=
n

(nc1 + n11)2(nc1 + n12)2
[
∑∑∑∑

(
two indices are equal

and the other two equal

)E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)
)

+
n

(nc1 + n11)2(nc1 + n12)2

∑∑∑∑
(

one index is
different from the other three

)E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)
)

],

where

φ(X,Y ) = c(X − Y )− F11(X)−
∫

(c(x− Y )− F11(x))dF12(x).

Since the summand in the first sum is the expectation of a uniformly bounded term, its order is

O(n2c1). For the second sum, if any one of the indices is different from the other three, for example

k 6= (l, s, t), then

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)
)

= E
[
E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)|X

(c)
11s, X

(c)
12l, X

(c)
11t

)]
.

Consider the inner expectation,

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)|X

(c)
11s, X

(c)
12l, X

(c)
11t

)
= φ(X

(c)
12l, X

(c)
11t)E

(
φ(X

(c)
12k, X

(c)
11s)|X

(c)
11s

)
.

It then follows that

E(φ(X
(c)
12k, X

(c)
11s)|X

(c)
11s) = E(c(X

(c)
12k −X

(c)
11s)− F11(X

(c)
12k)|X

(c)
11s)− E(

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)|X(c)
11s)

=

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)−
∫

[c(x−X(c)
11s)− F11(x)]dF12(x) = 0.

Similarly, for s 6= (k, l, t),

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)
)

= E
[
E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)|X

(c)
121k, X

(c)
12l, X

(c)
11t

)]
.
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But,

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)|X

(c)
12k, X

(c)
12l, X

(c)
11t

)
= φ(X

(c)
12l, X

(c)
11t)E

(
φ(X

(c)
12k, X

(c)
11s)|X

(c)
12k

)
Now,

E(φ(X
(c)
12k, X

(c)
11s)|X

(c)
12k) = E

{
c(X

(c)
12k −X

(c)
11s)− F11(X

(c)
12k)|X

(c)
12k

}
− E(

∫
[c(x−X(c)

11s)− F11(x)]dF12(x)|X(c)
12k).

(3.12)

Here the term inside the braces is equal to 0 because

E(c(X
(c)
12k −X

(c)
11s)|X

(c)
12k) = P (X

(c)
12k > X

(c)
11s|X

(c)
12k) +

1

2
P (X

(c)
12k = X

(c)
11s|X

(c)
12k) = F11(X

(c)
12k).

By applying Fubini’s theorem to the second term in equation (3.12)

E

(∫
[c(x−X(c)

11s)− F11(x)]dF12(x)

)
=

∫ (∫
[c(x−X(c)

11s)− F11(x)]dF12(x)

)
dF11(x)

=

∫ (∫
[c(x−X(c)

11s)− F11(x)]dF11(x)

)
dF12(x)

=

∫
(F11(x)− F11(x)) dF12(x) = 0.

For another example, if k = l 6= (s, t),

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12l, X

(c)
11t)
)

= E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12k, X

(c)
11t)
)

= E[E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12kX

(c)
11t)|X

(c)
12k, X

(c)
11t

)
]

Analogous to the previous case,

E
(
φ(X

(c)
12k, X

(c)
11s) · φ(X

(c)
12k, X

(c)
11t)|X

(c)
12k, X

(c)
11t

)
= φ(X

(c)
12k, X

(c)
11t)E

(
φ(X

(c)
12k, X

(c)
11s)|X

(c)
12k

)
.

Now,

E(φ(X
(c)
12k, X

(c)
11s)|X

(c)
12k) = E(c(X

(c)
12k −X

(c)
11s)− F11(X

(c)
12k)|X

(c)
12k)− E

(∫
[c(x−X(c)

11s)− F11(x)]dF12(x)|X(c)
12k

)
.
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Here also the first term is 0 sinceE(c(X
(c)
12k−X

(c)
11s)) = F11(X

(c)
12k) and, by applying Fubini’s theorem,

the second term reduces to

E

[∫
[c(x−X(c)

11s)− F11(x)]dF12

]
=

∫ [∫
(c(x−X(c)

11s)− F11(x)dF12)

]
dF11

=

∫ [∫
(c(x−X(c)

11s)− F11(x)dF11)

]
dF12

=

∫
(F11(x)− F11(x))dF12 = 0.

The other cases of the second term in the equation can similarly be shown to be zero. Thus, putting

these pieces together and using Assumption 1 and 2,

nE(A2
11) =

n

(nc1 + n11)2(nc1 + n12)2
O(n21c) = O(

1

n
).

That nE(A2)
2, nE(A3)

2 and nE(A4)
2 are of order O(n−1) can be shown along the same lines, and

the proof is complete.

Together with Chebychev’s inequality, Theorem 1 says that

√
n(q̂I,θ − qI)−

√
nMθ

p→ 0, (3.13)

which essentially means the asymptotic distribution of
√
n(q̂I,θ − qI) and

√
nMθ is the same.

Theorem 2. Assume that σ2cg = V ar(Z
(c)
g1 ) > 0 and σ2gt = V ar(Y

(i)
gt1) > 0 for g, t = 1, 2. Under

Assumption 1 and 2, the statistic
√
n(q̂I,θ − qI) has, asymptotically, a normal distribution with expectation

0 and variance:

σ2θ = n

(
σ2c1
nc1

+
σ2c2
nc2

+
σ212
n12

+
σ221
n21

+
σ211
n11

+
σ222
n22

)
.

Proof. In view of (3.13), the desired result in Theorem 2 follows from Slutsky’s theorem if we es-

tablish that
√
nMθ has asymptotic distribution with mean 0 and variance σ2θ . But Mθ is the sum

of independent and, by Assumptions 1 and 2, uniformly bounded random variables. Therefore a

direct application of the Liapunov’s Central Limit Theorem (Billingsley, 1995) leads to the desired

result.

Attention needs to be called to the fact that the asymptotic variance is composed of terms corre-

sponding to the three pieces (one complete and two incomplete) of data in each of the two groups.

It is pointed out at the end of Section 3.2 that the asymptotic framework Assumptions 1 and 2

covers includes scenarios where some sample sizes diverge while others remain bounded. In such
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scenarios, the terms in the asymptotic variance corresponding to the bounded sample sizes falls

off and the asymptotic variance estimator in Section 3.4 needs to be adjusted accordingly.

3.4 Estimation of the Asymptotic Variance

In order to be able to use the asymptotic distribution result for statistical inference, we need a

consistent estimator of σ2θ . From the Weak Law of Large Numbers, we know that

σ̃2cg
p−→ σ2cg and σ̃2gt

p−→ σ2gt

for g, t = 1, 2 where

σ̃2cg :=
1

ncg − 1

ncg∑
k=1

(Z
(c)
gk − Z̄

(c)
g. )2 and σ̃2gt :=

1

ngt − 1

ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. )

2.

However, σ̃2cg and σ̃2gt cannot directly be used to construct a consistent estimator of σ2θ because they

are defined in terms of unobservable random variables Z(c)
gk and Y

(i)
gtk. In the following, we will

show that it is possible to obtain a consistent estimator by replacing these random variables with

their analogs defined in terms of the empirical distribution functions. To that end, first define

σ̃2θ := n

(
σ̃2c1
nc1

+
σ̃2c2
nc2

+
σ̃212
n12

+
σ̃221
n21

+
σ̃211
n11

+
σ̃222
n22

)
, (3.14)

where for g, t = 1, 2. Obviously, under Assumptions 1 and 2, σ̃2θ
p−→ σ2θ . Let Ẑ(c)

1k , Ẑ
(c)
2k , Ŷ

(i)
11k, Ŷ

(i)
12k, Ŷ

(i)
21k

and Ŷ
(i)
22k be defined analogous to Z(c)

1k , Z
(c)
2k , Y

(i)
11k, Y

(i)
12k, Y

(i)
21k and Y

(i)
22k, respectively, by replacing Fgt

by F̂gt,θ for all g, t = 1, 2. Further, define

σ̂2cg :=
1

ncg − 1

ncg∑
k=1

(Ẑ
(c)
gk −

¯̂
Z(c)
g. )2 and σ̂2gt :=

1

ngt − 1

ngt∑
k=1

(Ŷ
(i)
gtk −

¯̂
Y

(i)
gt. )

2. (3.15)

It is clear that the proof of σ̂2θ being a consistent estimator for σ2θ will be complete if we show

σ̂2θ − σ̃2θ
p−→ 0. This is claimed and proved in Theorem 3. Essentially, Theorem 3 shows that σ̂2θ is a

consistent estimator of σ2θ under the null as well as alternative hypotheses.

Theorem 3. Define σ̂2θ := n
(
σ̂2
c1
nc1

+
σ̂2
c2
nc2

+
σ̂2
12
n12

+
σ̂2
21
n21

+
σ̂2
11
n11

+
σ̂2
22
n22

)
. Then under Assumptions 1 and 2 and

σ2θ > 0,
σ̃2
θ

σ̂2
θ

L2−→ 1.
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Proof. In order to show that contribution of the variance from the complete cases are asymptotically

unbiased, it suffices to show thatE[σ̃2gt− σ̂2gt]2 goes to 0 as n→∞. Using the definition of variances

in equation (3.15)

E[σ̃2gt − σ̂2gt]2 = E

[
1

ngt − 1

ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. )

2 − 1

ngt − 1

ngt∑
k=1

(Ŷ
(i)
gtk −

¯̂
Y

(i)
gt. )

2

]2

=
1

(ngt − 1)2
E

[ ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. )

2 − (Ŷ
(i)
gtk −

¯̂
Y

(i)
gt. )

2

]2

=
1

(ngt − 1)2
E

[ ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. − Ŷ

(i)
gtk +

¯̂
Y

(i)
gt. )(Y

(i)
gtk − Ȳ

(i)
gt. + Ŷ

(i)
gtk −

¯̂
Y

(i)
gt. )

]2

≤ 1

(ngt − 1)2
E

 ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. − Ŷ

(i)
gtk +

¯̂
Y

(i)
gt. )

2

ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. + Ŷ

(i)
gtk −

¯̂
Y

(i)
gt. )

2︸ ︷︷ ︸
≤ 4


≤ 4ngt

(ngt − 1)2
E

[ ngt∑
k=1

(Y
(i)
gtk − Ȳ

(i)
gt. − Ŷ

(i)
gtk +

¯̂
Y

(i)
gt. )

2

]

≤ 4ngt
(ngt − 1)2

E

[ ngt∑
k=1

[(Y
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(i)
gtk)

2

= 4

(
ngt

ngt − 1

)2

E(Y
(i)
gt1 − Ŷ
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gt1)− F̂ls,θls(Y
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};

l 6= g or s 6= t

≤ 2

(
ngt

ngt − 1

ngt
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[
Fls(Y

(i)
gt1)− F̂ls,θls(Y

(i)
gt1)
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+ E
[
Fsl(Y
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gt1)− F̂sl,θsl(Y

(i)
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}

= O(
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1
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).

The estimator σ̂2θ can be calculated in terms of ranks. To show that, it can easily be verified that

F̂ls,θls(X
(w)
gtk ) =

1

mls

(
R

(w)
ls.gtk −R

(w,gt)
gtk

)
,
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where one of (g, s, t, l) is different from the other three and w ∈ {c, i}. Here, R(w)
gtk and R(w,gt)

gtk are as

defined in Proposition 2. Using these in (3.15), the rank expression for σ̂2θ follows immediately.

3.5 Test Procedures and Confidence Intervals

Recall that in equation (3.2), the quantity pI := (p12 − p11) − (p22 − p21) is defined as interaction

effect. So, pI = 0 means that there is no interaction effect, which in turn is equivalent to saying

qI = 1. Therefore, testing the hypothesis of no interaction effect can be formulated as

H0 : qI = 1 versus H1 : qI 6= 1.

The statistic TM,θ (given below) and its limit distribution, under Assumptions 1 and 2,

TM,θ =
√
n

(q̂I,θ − qI)
σ̂θ

D−→ N(0, 1) (3.16)

can be used to test this hypothesis. The asymptotic (1 − α)100% confidence interval for qI is ob-

tained from

P

(
q̂I,θ −

zα/2σ̂θ√
n
≤ qI ≤ q̂I,θ +

zα/2σ̂θ√
n

)
→ 1− α, (3.17)

which also holds under Assumptions 1 and 2. In practical applications, small sample sizes may

arise for which use of the asymptotic results may not control the sizes of the tests and coverage

probability of the confidence intervals at the desired level. We apply a Box-Type approximation of

degrees of freedom as was done in Brunner et al. (1997) for nonparametric factorial designs. These

approximations are obtained by matching the first two moments of a chi-square distribution with

that of the estimated asymptotic variance (see also Konietschke et al., 2012a). Consequently, the

distribution of our test statistic, TM,θ, for small sample sizes can be approximated by a central t(ν)

– distribution, where the degree of freedom ν is given by

ν =

(
σ̂2
c1
nc1

+
σ̂2
11
n11

+
σ̂2
21
n21

+
σ̂2
c2
nc2

+
σ̂2
12
n12

+
σ̂2
22
n22

)2(
[σ̂2
c1/nc1]

2

nc1−1 +
[σ̂2

11/n11]2

n11−1 +
[σ̂2

21/n21]2

n21−1 +
[σ̂2
c2/nc2]

2

nc2−1 +
[σ̂2

12/n12]2

n12−1 +
[σ̂2

22/n22]2

n22−1

) . (3.18)

A small sample version of the confidence interval in (3.17) can be obtained from

P

q̂I,θ − t
(ν)
α/2σ̂θ√
n
≤ qI ≤ q̂I,θ +

t
(ν)
α/2σ̂θ√
n

 ≈ 1− α. (3.19)
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Although both intervals in (3.17) and (3.19) might not preserve the range of the interval, a suitable

transformation discussed by Brunner et al. (2002) could be applied.

The density plot in Figure 3.3 depicts the empirical distribution of our test statistic in equation

3.16. As it can be seen from the figure the density plot of TM,θ approximately overlaps with that of

standard normal curve, and this is in agreement with the theoretical derivation of the test statistic.
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FIGURE 3.3: Empirical distribution of the test statistic (TM,θ) based on the simulation
of size 10,000. The theoretical value of interaction effect, qI=1 is used.
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3.6 Numerical Examples

3.6.1 Simulation Study

In this subsection we investigate the numerical accuracy of the asymptotic results in Sections 3.3

and 3.4 via a simulation study. We also use simulation studies to perform numerical comparisons

of the nonparametric test proposed in this study with parametric tests for the same problem de-

veloped elsewhere. We carry out comparisons in terms of size and power of the tests. In all the

simulation studies, the run size is 10, 000. The methods compared are:

TM,θ: The new test statistic TM,θ with the asymptotic distribution as shown in (3.16).

T sM,θ: The new test statistic TM,θ where the null distribution is approximated by a t-distribution

with degrees of freedom given by (3.18).

TXH: The parametric test in Xu and Harrar (2012) where the null distribution is approximated by

second order approximation derived in their paper.

T sXH: The parametric test in Xu and Harrar (2012) where the null distribution is approximated by

a t-distribution with degrees of freedom obtained in a way similar to (3.18).

T : The parametric paired sample t-test applied to the complete cases only.

These methods will be compared with respect to their actual sizes and powers by setting the nom-

inal size to α = 0.05.

Size Simulation

We numerically compare achieved sizes of the tests under various settings for missing percentage

(MP), the distribution of data, sample size allocations (n1 and n2) and within-pair dependence.

The effect of missing percentage is evaluated by varying MP in {0%, 5%, 10%, 25%}. Data will

be generated from Normal, Cauchy and Lognormal distributions which represent light-tailed,

heavy-tailed and skewed, distributions, respectively. For the paired data, we use a scale ma-

trix with unity on the diagonals and ρg on the off diagonals for group g = 1, 2 . For the un-

paired cases, we set the scales to 1. For the lognormal distribution, the the scale matrix is the

covariance of the variables in logarithmic scale. Therefore, for both normal and lognormal, the

off diagonal elements of the scale matrix are essentially correlations and a value of zero implies
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independence. In order to investigate the effect of sample size allocation as the degrees of within-

pair dependence varies, we allow equal and unequal values for the dependence parameter with

ρ1, ρ2 ∈ {−0.5, 0, 0.85} and pairing them positively as well as negatively with the sample size

allocations (n1, n2) ∈ {(10, 10), (5, 15), (20, 20), (15, 25), (30, 30), (25, 35)}.

(n1, n2) % TM,θ T sM,θ TXH T sXH T

ρ1 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85

ρ2 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85

(10,10) 0 7.7 6.7 3.8 6.1 5.3 2.7 6.8 6.8 6.7 5.0 5.2 4.9 4.9 5.1 4.9

5 8.2 7.7 4.8 6.3 5.7 3.0 7.4 7.5 8.6 5.3 5.4 6.4 5.1 5.2 5.3

10 8.6 8.0 5.8 6.8 6.1 3.6 7.6 7.9 9.8 5.8 5.9 7.3 5.4 5.4 5.5

25 8.9 8.1 7.1 7.1 5.9 4.5 7.9 7.9 11 5.9 5.8 8.3 5.0 4.9 5.0

(5,15) 0 11.3 9.5 5.6 7.9 4.4 4.5 8.8 8.7 8.9 8.0 7.8 7.9 5.4 5.6 5.6

5 11.8 10.1 6.5 7.9 5.4 3.7 9.2 9.1 10.5 8.5 8.4 9.6 5.7 5.5 5.1

10 12.2 10.6 7.7 8.4 5.9 4.3 9.6 9.5 11.8 8.9 8.6 10.9 5.9 5.6 5.3

25 13.7 12.0 9.8 10.0 7.1 6.3 10.6 10.5 14.0 9.7 9.6 13.0 5.9 5.9 5.8

(20,20) 0 6.5 5.9 4.0 5.6 5.2 3.3 5.9 5.6 5.7 5.0 5.0 5.0 5.0 5.1 5.0

5 6.5 6.3 5.9 5.5 5.4 4. 5.9 5.1 6.8 4.9 4.9 6.0 4.8 4.9 4.9

10 6.5 6.5 5.6 5.5 5.4 4.7 6.0 6.0 7.4 5.0 5.0 6.3 5.0 4.9 4.5

25 6.6 6.3 5.5 5.7 5.3 4.7 6.1 6.0 6.5 5.2 4.9 5.4 5.1 4.9 4.8

N
or

m
al

(15,25) 0 6.6 5.9 4.2 5.7 5.1 3.6 6.2 6.1 6.1 5.6 5.8 5.6 5.2 5.3 5.1

5 6.7 6.1 4.9 5.9 5.3 4.2 6.2 6.0 7.1 5.7 5.5 6.6 5.0 5.0 5.1

10 6.8 6.3 5.3 5.9 5.4 4.0 6.2 6.1 7.3 5.6 5.4 5.9 5.1 5.1 5.0

25 6.7 6.3 5.9 6.0 5.4 4.2 6.2 6.3 7.5 5.5 5.6 5.3 4.8 5.0 4.8

(30,30) 0 5.8 5.6 4.4 5.4 5.0 3.9 5.6 5.4 5.5 5.2 5.1 5.0 5.2 5.1 5.0

5 6.0 5.7 5.2 5.5 5.2 4.8 5.5 5.6 6.4 5.0 5.1 6.0 5.0 5.1 5.0

10 6.1 5.8 5.5 5.5 5.2 4.3 5.7 5.6 6.7 5.2 5.2 4.9 5.0 5.2 4.9

25 6.2 6.0 5.4 5.6 5.4 4.6 5.8 5.5 6.0 5.2 5.1 4.6 5.0 4.9 4.9

(25,35) 0 5.6 5.6 4.2 5.2 4.9 3.8 5.2 5.5 5.4 5.0 5.3 5.1 4.8 5.1 4.9

5 6.1 5.6 5.1 5.5 5.0 4.6 5.7 5.6 6.6 5.4 5.2 6.0 5.1 5.1 4.5

10 6.1 5.6 5.5 5.5 5.0 4.8 5.8 5.7 6.8 5.4 5.3 6.2 5.1 5.0 4.8

25 6.0 5.7 5.8 5.3 5.1 4.9 5.7 5.6 6.4 5.0 4.9 5.3 5.2 4.9 5.0

TABLE 3.2: Achieved size I at α = 0.05 by the new method (TM,θ), the new method with t approximation
(T sM,θ), the method of Xu and Harrar (2012) (TXH ), the method of Xu and Harrar (2012) with t approxima-
tion (T sXH ) and complete-case t test (T ). Data in the two groups are generated from normal distribution
with equal correlation. The simulation size is 10, 000. .

In Tables 3.2 – 3.7, the simulation results for the size of the test are shown. From Tables 3.2 and

3.3, under normality, we see complete-case analysis based on paired t-test controls the size of the
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test most accurately. The other parametric methods also perform reasonably well for medium and

larger sample sizes whence the new nonparametric method catches up as the sample sizes increase.

The effect of increasing missing percentage (MP) appears to be pronounced when the amount of

the dependence in the two groups is different and the sample sizes are smaller.

(n1, n2) % TM,θ T sM,θ TXH T sXH T

ρ1 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0

ρ2 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85

(5,15) 0 11.9 13.6 10.8 7.3 7.8 5.5 9.2 11.7 10.6 8.8 10.9 10.0 5.7 5.4 5.7

5 12.7 14.7 12.1 8.4 10.6 7.3 10.1 12.5 12.0 9.1 11.6 11.0 5.8 5.7 5.7

10 13.1 15.2 13.0 8.8 11.1 8.0 10.4 13.0 12.6 9.5 12.1 11.5 6.1 5.8 5.9

25 14.7 17.3 14.6 10.2 13.4 9.8 11.6 14.4 13.7 10.7 13.3 12.6 6.2 6.2 6.3

(15,5) 0 9.2 5.7 5.1 4.7 4.0 3.1 8.4 7.3 7.1 3.3 0.6 1.2 5.6 5.5 5.2

5 9.6 6.1 5.8 4.6 4.8 4.5 8.8 7.3 7.7 3.7 0.1 0.3 5.7 5.0 5.1

10 10.1 6.6 6.5 5.1 5.1 5.0 9.3 7.8 8.3 4.0 0.1 0.3 5.6 5.1 5.1

25 11.9 8.1 8.2 6.2 6.5 6.6 10.2 9.2 9.6 4.8 0.2 0.7 5.8 4.7 4.6

N
or

m
al

(15,25) 0 6.5 7.5 6.6 5.1 5.7 4.9 6.2 6.9 6.7 5.5 6.2 6.1 5.1 5.1 5.1

5 6.7 7.8 6.9 5.8 6.2 5.3 6.4 7.2 6.2 5.9 6.5 5.6 5.0 5.2 5.0

10 7.0 8.0 6.8 6.0 6.5 5.6 6.3 7.3 6.9 5.7 6.3 6.0 5.1 5.2 5.2

25 6.9 7.9 6.8 5.9 6.3 5.5 6.5 7.1 6.8 5.8 6.2 5.6 4.9 5.1 5.1

(25,15) 0 6.0 5.5 5.2 5.3 4.6 4.2 5.7 5.8 5.8 4.3 3.4 3.5 4.9 4.8 4.9

5 6.1 5.9 5.5 5.4 5.0 4.6 5.7 6.0 6.2 4.6 3.8 3.8 4.8 4.7 4.6

10 6.2 6.0 5.8 5.5 5.1 4.8 5.9 6.1 6.2 4.7 4.0 4.2 4.7 4.8 4.6

25 6.4 6.5 6.0 5.4 5.6 5.1 6.0 6.2 6.1 4.0 2.9 3.3 4.8 4.9 4.8

(25,35) 0 5.8 6.3 5.6 5.1 5.3 4.7 5.2 5.9 5.6 4.9 5.4 5.1 4.7 4.9 4.7

5 6.2 6.7 6.2 5.4 5.8 5.3 5.7 6.5 6.2 5.2 5.8 5.6 5.0 5.0 5.0

10 6.1 6.7 6.2 5.4 5.4 5.3 5.6 6.3 6.2 5.3 5.7 5.8 4.9 4.9 4.8

25 6.2 6.5 6.1 5.4 5.4 5.2 5.7 6.1 6.1 5.2 5.5 5.4 5.0 5.0 5.0

(35,25) 0 5.4 5.4 5.1 5.0 4.8 4.6 5.3 5.4 5.5 4.6 4.5 4.6 4.8 5.0 4.9

5 5.9 6.0 5.7 5.3 5.5 5.1 5.6 6.0 6.0 4.8 4.5 4.6 5.2 5.0 5.1

10 5.9 5.8 5.8 5.4 5.2 5.1 5.6 5.8 5.8 4.9 4.6 4.6 5.3 5.1 5.2

25 6.0 6.1 5.8 5.4 5.5 5.4 5.8 6.0 6.0 4.9 4.8 4.9 5.1 5.5 5.4

TABLE 3.3: Achieved size I at α = 0.05 by the new method (TM,θ), the new method with t approximation
(T sM,θ), the method of Xu and Harrar (2012) (TXH ), the method of Xu and Harrar (2012) with t approximation
(T sXH ) and complete-case t test (T ). Data in the two groups are generated from normal distribution with
unequal correlation. The simulation size is 10, 000. .
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When data are generated from a Cauchy (heavy-tailed) distribution (Tables 3.4 and 3.5), the para-

metric methods have unacceptably conservative behavior, more so when the amount of depen-

dence in the two groups is different and when larger samples are drawn from the group in which

the dependence is negative.

(n1, n2) % TM,θ T sM,θ TXH T sXH T

ρ1 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85

ρ2 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85

(10,10) 0 7.4 7.2 3.5 5.9 5.4 2.1 3.0 3.3 3.4 1.8 1.8 1.7 1.7 1.9 2.0

5 8.1 7.4 4.9 6.2 6.1 3.3 4.6 4.6 6.7 3.0 2.6 4.0 1.9 1.7 1.8

10 8.3 7.9 5.9 6.5 6.2 4.2 5.5 5.5 8.4 3.8 3.5 5.7 1.9 1.8 1.7

25 8.6 8.2 8.5 6.1 6.2 4.9 6.1 6.3 9.4 3.9 3.7 6.9 1.8 1.8 1.6

(5,15) 0 10.2 8.5 4.2 6.7 4.0 1.4 3.2 3.2 3.1 2.7 2.5 2.6 1.6 1.5 1.6

5 10.9 9.7 6.2 6.2 2.9 2.4 4.3 5.0 7.2 2.3 4.3 5.2 1.6 1.6 1.8

10 11.1 7.9 5.9 6.4 6.2 4.2 5.2 5.5 8.4 3.1 3.5 5.7 1.6 1.8 1.7

25 12.9 8.2 7.5 7.7 6.2 4.9 6.8 6.3 9.4 4.5 3.7 6.9 1.6 1.8 1.6

(20,20 0 6.0 5.8 4.1 5.3 5.1 3.3 2.5 2.5 2.7 2.0 1.9 2.1 2.0 1.9 2.1

5 6.7 6.4 5.3 5.8 5.5 4.4 3.5 3.7 5.2 2.8 3.0 4.6 1.9 2.1 2.0

C
au

ch
y 10 6.6 6.4 5.8 5.7 5.4 4.7 3.7 4.0 5.7 1.2 0.9 0.7 1.9 2.0 2.0

25 6.8 6.3 6.3 5.8 5.3 4.3 3.3 3.4 4.5 1.3 1.0 1.0 1.8 1.8 1.8

(15,25) 0 6.4 6.2 3.9 5.5 5.1 2.9 2.7 2.8 2.6 2.3 2.4 2.1 2.0 2.2 1.8

5 6.3 6.2 5.4 5.5 5.4 4.5 3.4 3.5 5.0 2.6 2.7 4.3 1.8 1.7 1.9

10 6.6 6.4 5.8 5.7 5.4 4.7 3.7 4.0 5.7 1.2 0.9 0.7 1.9 2.0 2.0

25 6.8 6.3 6.3 5.8 5.3 4.3 3.3 3.4 4.5 4.5 1.3 1.0 1.8 1.8 1.8

(30,30) 0 5.4 5.3 4.3 4.9 4.8 3.7 2.3 2.3 2.3 2.0 1.8 2.0 2.0 1.8 1.9

5 5.8 5.7 5.3 5.2 5.3 4.7 2.9 3.0 4.0 2.5 2.6 3.5 1.7 1.8 1.9

10 5.8 5.7 5.6 5.1 5.2 5.0 3.1 3.0 4.2 2.6 2.6 3.6 1.8 1.9 2.0

25 5.8 5.8 5.1 5.1 5.1 4.4 2.5 2.4 2.9 0.3 0.3 0.3 1.7 1.7 1.9

(25,35) 0 5.6 5.7 4.7 5.1 5.2 4.1 2.4 2.3 2.5 2.1 2.0 2.0 1.9 1.9 2.0

5 5.9 5.7 5.2 5.3 5.3 3.3 3.1 3.2 4.5 2.0 2.5 1.0 1.8 2.1 2.1

10 5.8 5.7 5.6 5.1 5.2 5.0 3.1 3.0 4.2 2.6 2.6 3.6 1.9 1.8 2.0

25 5.8 5.8 5.1 5.1 5.1 4.4 2.5 2.4 2.9 0.3 0.3 0.3 1.7 1.7 1.9

TABLE 3.4: Achieved size I at α = 0.05 by the new method (TM,θ), the new method with t approximation
(T sM,θ), the method of Xu and Harrar (2012) (TXH ), the method of Xu and Harrar (2012) with t approxima-
tion (T sXH ) and complete-case t test (T ). Data in the two groups are generated from Cauchy distribution
with equal correlation. The simulation size is 10, 000. .

The new method shows a clear edge in performance for the heavy-tailed distribution where the
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quality of approximation progressively improves as sample sizes increase. Even for smaller sam-

ples, this method attain the desired level (α = 0.05) when larger sample are from the group that

has negatively correlated pairs.

(n1, n2) % TM,θ T sM,θ TXH T sXH T

ρ1 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0

ρ2 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85

(5,15) 0 11.1 13.0 10.0 6.4 6.6 5.1 3.5 4.6 4.3 2.9 4.0 1.8 1.8 2.0 1.8

5 11.8 14.4 11.2 6.4 7.3 4.8 4.7 6.6 6.4 2.2 2.3 2.4 1.5 2.0 1.9

10 12.3 14.8 11.8 6.8 7.9 5.4 5.5 7.5 7.8 3.1 3.1 3.2 1.7 2.0 1.9

25 14.0 16.8 13.7 8.6 9.9 7.2 7.0 9.2 9.5 4.4 4.5 4.7 1.7 2.4 2.3

(15,5) 0 8.0 5.0 4.5 6.7 3.4 2.0 3.4 2.8 3.0 1.9 1.8 1.6 1.6 1.8 1.6

5 8.7 5.8 5.4 5.6 4.1 3.9 4.8 4.5 4.8 3.3 3.1 3.4 1.7 1.7 1.8

10 9.2 6.3 6.1 4.3 4.0 3.8 5.5 5.5 5.8 4.0 3.9 4.2 1.7 1.7 1.7

25 10.6 8.0 8.1 3.7 2.8 2.9 6.9 7.3 7.6 5.3 5.6 5.9 1.6 1.5 1.5

C
au

ch
y (15,25) 0 6.7 7.4 6.8 5.5 5.8 5.3 2.8 3.0 2.6 2.3 2.4 2.4 2.1 2.1 2.0

5 6.2 7.4 6.7 5.5 5.8 5.4 3.4 4.0 4.2 2.5 3.4 3.6 1.6 1.8 1.8

10 6.4 7.4 7.0 5.6 6.0 5.5 3.6 4.5 4.5 2.8 3.8 3.8 1.7 1.8 1.8

25 6.3 7.4 6.8 5.4 6.0 5.4 3.5 4.1 4.2 1.5 1.5 1.5 1.6 2.1 1.9

(25,15) 0 6.0 5.5 5.5 5.3 4.6 4.8 5.7 5.8 2.9 4.3 3.4 1.7 4.9 4.8 2.2

5 6.1 5.9 5.9 5.4 5.0 5.1 5.7 6.0 4.0 4.6 3.8 2.2 4.8 4.7 1.8

10 6.2 6.0 6.1 5.5 5.1 5.1 5.9 6.1 4.6 4.7 4.0 2.9 4.7 4.8 1.8

25 6.4 6.5 6.0 5.4 5.6 4.6 6.0 6.2 3.7 4.0 2.9 2.5 4.8 4.9 1.8

(25,35) 0 6.0 6.4 6.3 5.3 5.4 5.3 2.4 2.5 2.6 2.2 2.2 2.4 1.9 2.0 2.1

5 6.0 6.4 6.0 5.3 5.3 5.1 3.1 3.5 3.7 2.0 2.0 2.3 2.0 2.0 2.0

10 6.3 6.3 6.0 5.6 5.3 5.2 3.1 3.4 3.6 2.3 2.4 2.7 2.1 1.9 1.9

25 6.4 6.4 6.0 5.6 5.2 4.9 2.9 3.0 2.8 1.9 1.5 1.7 2.0 2.1 2.1

(35,25) 0 5.4 5.4 5.1 5.0 4.8 4.5 5.3 5.4 2.5 4.6 4.5 1.8 4.8 5.0 2.0

5 5.9 6.0 5.5 5.3 5.5 4.9 5.6 6.0 3.7 4.8 4.5 2.9 5.2 5.0 2.1

10 5.9 5.8 5.7 5.4 5.2 5.1 5.6 5.8 3.6 4.9 4.6 3.0 5.3 5.1 1.9

25 6.0 6.1 5.7 5.4 5.5 5.0 5.8 6.0 3.0 4.9 4.8 2.5 5.1 5.5 1.9

TABLE 3.5: Achieved size I at α = 0.05 by the new method (TM,θ), the new method with t approximation
(T sM,θ), the method of Xu and Harrar (2012) (TXH ), the method of Xu and Harrar (2012) with t approxima-
tion (T sXH ) and complete-case t test (T ). Data in the two groups are generated from Cauchy distribution
with unequal correlation. The simulation size is 10, 000. .

Looking at Tables 3.6 and 3.7, although the performance of the complete-case paired t-test is not as

bad as it is for the heavy-tailed distribution, it is still far too low to be considered acceptable.
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On the contrary, the second-order asymptotic method of Xu and Harrar (2012) performs well . This

is expected because the second-order asymptotic explicitly corrects for the skewness in the data.

On the other hand, the new nonparametric method has very good performance under skewness

as well. We also note that the performance of the new method under skewness (Tables 3.6 and 3.7)

and heavy tail (Tables 3.4 and 3.5) is somewhat similar.

(n1, n2) % TM,θ T sM,θ TXH T sXH T

ρ1 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85

ρ2 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85 -0.5 0 0.85

(10,10) 0 7.4 6.7 3.9 5.9 5.1 2.6 5.3 5.1 5.2 3.6 3.0 3.3 3.3 3.3 3.1

5 7.5 6.9 5.0 5.7 5.3 3.6 5.7 5.6 7.1 3.6 3.9 4.3 3.6 3.1 3.0

10 7.7 6.9 5.8 5.8 4.7 4.1 6.1 6.0 8.8 4.5 2.4 6.6 3.5 3.3 3.3

25 13.7 12.0 9.8 10.0 7.1 6.3 9.0 8.5 10.9 8.0 7.7 10. 3.5 3.2 2.8

(5,15) 0 10.8 9.6 5.3 6.3 5.7 3.5 6.3 6.0 5.5 5.1 5.3 3.5 3.5 3.3 2.7

5 11.8 10.1 6.5 7.9 5.4 3.7 7.6 7.2 7.8 6.7 6.3 6.9 3.7 3.4 2.8

10 12.2 10.6 7.7 8.4 5.9 4.3 8.2 7.7 9.2 7.3 6.8 8.2 3.6 3.2 2.9

25 13.7 12.0 9.8 10.0 7.1 6.3 9.0 8.5 10.9 8.0 7.7 10.0 3.5 3.2 2.8

(20,20 0 6.2 5.9 3.8 5.5 5.2 3.2 5.4 4.9 4.6 4.6 4.0 3.6 4.5 3.9 3.6

5 6.5 6.0 5.4 5.6 5.1 4.6 5.4 5.0 6.1 4.3 3.9 5.1 4.2 3.8 3.7

Lo
gn

or
m

al 10 6.0 5.8 5.8 5.2 4.9 5.0 5.4 5.3 6.1 3.8 4.5 5.2 4.2 4.1 3.8

25 6.6 6.3 5.2 5.8 5.5 3.9 5.2 5.2 5.7 4.4 4.0 4.3 3.9 3.8 3.4

(15,25) 0 6.6 5.9 4.0 5.8 5.0 5.3 5.5 4.6 4.5 5.1 4.2 4.0 4.5 3.7 3.6

5 6.5 6.3 5.0 5.5 5.4 4.3 5.1 5.4 6.3 4.6 4.9 5.7 4.1 4.2 3.7

10 6.5 7.0 5.9 5.1 5.3 4.8 5.7 6.1 6.8 5.0 5.5 5.9 4.2 4.3 3.6

25 6.7 6.3 5.9 6.0 5.4 4.2 5.5 5.3 6.0 4.6 4.6 1.2 4.0 3.8 3.3

(30,30) 0 5.7 5.7 4.5 5.2 5.2 4.0 5.1 4.8 4.3 4.5 4.2 3.9 4.6 4.2 3.8

5 5.8 5.6 5.3 5.3 5.2 4.8 5.0 4.8 5.6 4.1 4.2 4.9 4.2 4.0 3.8

10 6.2 5.8 5.4 5.7 5.3 4.8 5.3 5.2 5.4 4.5 4.5 4.7 4.6 4.4 4.0

25 6.0 5.4 5.6 5.4 4.9 4.5 5.4 5.1 4.9 4.3 4.4 4.0 4.6 4.5 4.1

(25,35) 0 6.0 5.5 4.0 5.4 4.9 3.7 5.1 5.0 5.0 4.6 4.7 4.6 4.5 4.4 4.4

5 5.5 6.0 5.2 5.0 5.5 4.7 4.9 5.0 5.9 4.5 4.6 4.9 4.2 4.2 3.8

10 6.0 5.8 5.6 5.4 5.2 2.7 5.2 5.0 4.9 4.7 4.6 1.6 4.4 4.2 4.1

25 6.0 5.7 5.8 5.3 5.1 4.9 5.3 4.9 5.1 4.8 4.3 4.3 4.3 4.3 4.0

TABLE 3.6: Achieved size I at α = 0.05 by the new method (TM,θ), the new method with t approximation
(T sM,θ), the method of Xu and Harrar (2012) (TXH ), the method of Xu and Harrar (2012) with t approxima-
tion (T sXH ) and complete-case t test (T ). Data in the two groups are generated from Log-Normal distribution
with equal correlation. The simulation size is 10, 000. .

Despite lack of rigorous theory to justify its favorable performance in small samples, the t-approximation
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with degrees of freedom in (3.18) continues to perform well in our simulation study as well. There-

fore, we recommend its use for smaller sample sizes, in particular, when the dependence in the two

groups are about the same and when it is not too strong.

(n1, n2) % TM,θ T sM,θ TXH T sXH T

ρ1 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0 -0.5 -0.5 0

ρ2 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85 0 0.85 0.85

(5,15) 0 11.9 13.6 10.8 7.3 7.8 5.5 7.0 8.4 7.2 6.3 7.4 6.4 3.9 3.5 3.1

5 12.7 14.7 12.1 8.4 10.6 7.3 7.8 9.2 8.7 7.0 8.2 7.7 3.6 3.4 3.0

10 13.1 15.2 13.0 8.8 11.1 8.0 8.3 9.9 9.3 7.4 8.9 8.4 3.6 3.5 3.1

25 14.7 17.3 14.6 10.2 13.4 9.8 9.0 11.3 10.8 8.1 10.3 9.7 3.7 3.5 3.4

(15,5) 0 9.2 5.7 5.1 4.7 4.0 3.1 6.3 5.3 5.2 1.8 0.0 0.0 3.6 3.6 3.5

5 9.6 6.1 5.8 4.6 4.8 4.5 6.8 6.4 6.5 1.6 0.7 1.0 3.5 3.5 3.4

10 10.1 6.6 6.5 5.1 5.1 5.0 7.2 7.0 7.4 1.8 1.0 1.5 3.4 3.6 3.5

25 11.9 8.1 8.2 6.2 6.5 6.6 8.5 8.5 8.5 2.7 1.8 2.4 3.4 3.2 3.1

Lo
gn

or
m

al (15,25) 0 6.5 7.5 6.6 5.1 5.7 4.9 5.0 5.4 5.0 4.4 4.7 4.4 4.0 4.0 3.6

5 6.7 7.8 6.9 5.8 6.2 5.5 5.6 6.0 5.7 4.9 5.4 5.1 4.2 4.2 3.8

10 7.0 8.0 6.8 6.0 6.5 5.6 5.5 6.1 5.9 4.8 4.8 3.8 4.2 4.1 4.0

25 6.9 7.9 6.8 5.9 6.3 5.5 5.6 6.2 5.7 4.8 3.9 2.5 4.2 4.1 3.8

(25,15) 0 6.0 5.5 5.2 5.3 4.6 4.2 5.1 5.1 4.8 3.4 2.5 2.1 4.1 4.0 3.8

5 6.1 5.9 5.5 5.4 5.0 4.6 5.2 5.5 5.5 4.1 4.0 4.2 4.0 3.8 3.6

10 6.2 6.0 5.8 5.5 5.1 4.8 5.4 5.8 5.6 4.0 4.2 4.3 3.9 3.7 3.5

25 6.4 6.5 6.0 5.4 5.6 5.1 5.2 5.7 5.1 2.7 1.9 1.2 3.8 3.7 3.5

(25,35) 0 5.8 6.3 5.6 5.1 5.3 4.7 5.1 4.9 4.7 4.7 4.5 4.3 4.4 4.0 3.9

5 6.2 6.7 6.2 5.4 5.8 5.3 5.2 5.4 5.2 4.9 4.8 4.8 4.5 4.2 4.0

10 6.1 6.7 6.2 5.4 5.4 5.3 5.4 5.4 5.2 5.0 4.8 4.8 4.5 4.3 3.9

25 6.2 6.5 6.1 5.4 5.4 5.2 5.2 5.2 5.1 4.7 4.7 4.7 4.2 4.0 3.9

(35,25) 0 5.4 5.4 5.1 5.0 4.8 4.6 4.7 4.7 4.8 3.8 3.6 3.8 4.0 4.0 4.2

5 5.9 6.0 5.7 5.3 5.5 5.1 5.2 5.3 5.4 4.3 3.7 3.6 4.5 4.2 4.4

10 5.9 5.8 5.8 5.4 5.2 5.1 5.2 5.5 5.2 4.2 3.9 3.8 4.4 4.4 4.2

25 6.0 6.1 5.8 5.4 5.1 5.4 5.0 5.2 5.2 4.2 3.8 3.6 4.3 4.5 4.4

TABLE 3.7: Achieved size I at α = 0.05 by the new method (TM,θ), the new method with t approximation
(T sM,θ), the method of Xu and Harrar (2012) (TXH ), the method of Xu and Harrar (2012) with t approxima-
tion (T sXH ) and complete-case t test (T ). Data in the two groups are generated from Log-Normal distribution
with unequal correlation. The simulation size is 10, 000. .
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Power Simulation

To show an example of the power advantage of the new method, we set the sample size allocation

to n1 = 15 and n2 = 25, and the missing percentage to MP = 20%.
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FIGURE 3.4: Power curves for the new method (New), the new method with t approximation (New Adj),
the method of Xu and Harrar (2012) (XH), the method of Xu and Harrar (2012) with t approximation (XH
Adj. ) and complete-case t test (t). The inset plots show the pdf of the normal distribution from which
the data are generated. The alternatives considered are F11 = F12 = F21 the pdf marked as H0 (ξ = 0) in
the inset plot whereas F22 varies with respect to location and/or shape. The (A), (B) and (C) panels are for
location, shape and location-shape, respectively, alternatives. For all plots the sample sizes n1 and n2 are
15 and 25, respectively, the missing percentage is 20% and the simulation of size is 10, 000. .
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Here also the size of the test is set at α = 0.05. For the alternative hypothesis, we take three of

the distributions to be the same but add location, shape or both to the fourth one. We choose the

fourth distribution in such a way that when the location and/or shape parameters are zeros, it will

be the same as the other three distributions.
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FIGURE 3.5: Power curves for the new method (New), the new method with t approximation (New Adj),
the method of Xu and Harrar (2012) (XH), the method of Xu and Harrar (2012) with t approximation (XH
Adj. ) and complete-case t test (t). The inset plots show the pdf of the cauchy distribution from which
the data are generated. The alternatives considered are F11 = F12 = F21 the pdf marked as H0 (ξ = 0) in
the inset plot whereas F22 varies with respect to location and/or shape. The (A), (B) and (C) panels are for
location, shape and location-shape, respectively, alternatives. For all plots the sample sizes n1 and n2 are
are 15 and 25, respectively, the missing percentage is 20% and the simulation of size is 10, 000. .
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This scenario constitutes the null case and a desirable value of power would be 0.05 or less. The

values of the scale parameter in all the four distributions is set to unity. In order to induce a mea-

sured amount of dependence within the paired observations, we generate data from the respective

marginal distributions and glue them together with Clayton’s copula (Nelsen, 2006) setting the

parameter value at 1.5.
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FIGURE 3.6: Power curves for the new method (New), the new method with t approximation (New Adj),
the method of Xu and Harrar (2012) (XH), the method of Xu and Harrar (2012) with t approximation (XH
Adj. ) and complete-case t test (t). The inset plots show the pdf of the generalized extereme value distribu-
tion from which the data are generated. The alternatives considered are F11 = F12 = F21 the pdf marked as
H0 (ξ = 0) in the inset plot whereas F22 varies with respect to location and/or shape. The (A), (B) and (C)
panels are for location, shape and location-shape, respectively, alternatives. For all plots the sample sizes
n1 and n2 are are 15 and 25, respectively, the missing percentage is 20% and the simulation of size is 10, 000.



3.6. Numerical Examples 63

This value of the parameter induces a dependence of Kendal’s τ = 0.4286, and Spearman’s ρ =

0.5987. The marginal distributions we consider are skew-normal (SN) of Azzalini (1985), skew-t

(ST) of Azzalini and Capitanio (2003) and generalized extreme value (GEV) of McFadden (1978).

For the purpose of power simulation we consider three distributions namely, Normal, Cauchy as

an example of heavy tailed distribution and generalized extreme value distribution as an exam-

ple of skewed distribution. For these distributions, the power curves are shown in the following

Figures 3.4, 3.5 and 3.6, respectively.

The results from the power simulations shown in Figures 3.4, 3.5 and 3.6 are rather unequivocal.

For location alternatives (panel (A) in Figures 3.4, 3.5 and 3.6), the new nonparametric method has

a clear advantage when data come from heavy tailed distributions. Otherwise, all the five methods

perform comparably well. On the other hand, the performance of the new nonparametric method

excels that of the other three parametric methods for shape-alone alternatives(panel (B) in Figures

3.4, 3.5 and 3.6), in particular, for heavy-tailed case. In Figure 3.6 we should point out that that GEV

does not have any of its moments when the shape parameter exceeds one (indicated by the vertical

lines in panels (B) and (C)) which means the tails of this distribution get heavier as the shape

parameter increases. Another point that needs to be stressed is that for the shape-only alternatives

(panel (B)), and location and shape alternative (panel (C))as the shape parameter increases the

distributions approach a limit and, therefore, the power levels off at a value below 1. Finally, for the

location and shape alternatives the parametric methods exhibit a surprisingly-poor performance

that deteriorates with increasing shape and location in the cases of Cauchy and GEV distributions.

The method of Xu and Harrar (2012) gains accuracy by correcting skewness and kurtosis effects

on the asymptotic distribution. When these moments do not exist (= ∞) the corrections cannot

be effective. This explains the unpleasant behavior especially under GEV because existence of

moments depends on the value the shape parameter ξ. The undesirable behavior of the other two

parametric methods can also be explained similarly.

3.6.2 Real Data Examples

In this subsection we illustrate the application of the new method using two real data examples.

The first one involves a dataset from the Asthma Randomized Trial of Indoor Wood Smoke (ARTIS)

Noonan and Ward (2012) which evaluated the changes in household air pollution within wood-

burning homes, and the second dataset comes from Greek Health Project (GHP), a clinical trial

to assess the efficacy of a particular form of counseling known as motivational interviewing (MI)
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for motivating college students to change their smoking behavior (Harris et al., 2010). Albeit both

datasets are from public health, both feature different levels of missing values and outcome types.

ARTIS Dataset

Briefly, ARTIS was a three-arm randomized placebo-controlled intervention trial with two inter-

vention strategies for reducing in-home woodsmoke particulate matter (PM). Eligible participants

included children with asthma, age 6–18 years, residing in a non-tobacco-smoking household that

used an older-model woodstove as their primary source of heating. Each household participated

in two consecutive winter periods with household interventions occurring between the two winter

periods. Homes were randomly assigned to one of three treatments: the woodstove-intervention

group receiving improved-technology wood-burning appliances (i.e., EPA-certified woodstoves),

the air-filter group receiving functioning air-filtration devices, and the placebo group receiving

sham air-filtration devices. The aim was to test the hypothesis that household-level interventions,

specifically improved-technology wood-burning appliances or air-filtration devices, would im-

prove health outcomes measure. The primary health outcome of interest was Pediatric Asthma

Quality of Life Questionnaire (PAQLQ). Prior to enrollment of the final cohort of homes, wood-

stove changeouts intervention arm was discontinued as an interim analysis indicated that the new

stoves were not efficacious in reducing indoor PM2.5. Therefore, we disregard this arm in our

analysis. More details on the ARTIS trial and the dataset can be found in Noonan and Ward (2012)

and Noonan et al. (2017). In order to avoid the complications of the home clustering effect, only

the primary child (the child with more severe asthma based on screening questions) is included if

a household had more than one eligible child with asthma.

A total of 39 and 42 homes were recruited and visited in the pre-treatment winters in the sham

filter and air filter groups, respectively. These numbers reduced, respectively, to 36 and 35 in the

post-treatment winters. In the way the study was designed, there was no possibility for missing

values to occur in the pre-treatment winters. The plots of the mean and relative summary effects

profiles are displayed in Figure 3.7. The outcome PAQLQ is a measure with an arbitrary scale and,

thus, a nonparametric analysis would be an appropriate choice.

The results in Figure 3.7 and Table 3.8 indicate the difference in the change associated with the

two treatment, if any, is insignificant. The conclusions from all the five methods are the same.

The complete case analysis gives a wider confidence interval than the other two semi-parametric
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FIGURE 3.7: Profile plots of the means and relative summary effects of the Pediatric Asthma Quality of Life
Questionnaire (PAQLQ) health outcome measure. .

methods. The conclusion from the two nonparametric methods are also the same. The confidence

intervals for their nonparametric effects are about the same.

GHP Dataset

The subjects for the study were students at University of Missouri–Columbia who were members

of Greek letter organizations (fraternities and sororities). To be able to assess the efficacy of MI for

smoking, the study employed MI based on fruit and vegetable consumption as a passive control.

The study aimed to compare differences in smoking behavior outcomes between the treatment

and control groups in which the treatment and control were matched on the number of counseling

sessions, mode of delivery and counseling method. The treatments were administered in four one-

on-one sessions lasting from 30 to 45 minutes with intersession period of about two weeks. Among

the main outcomes of the study were number of days smoked in the past 30 days assessed at three

time points; baseline, end of treatment (EOT), and six-month follow-up (FU). Unlike the ARTIS,

the dataset in this example is subject to missing values at either of the two assessment occasions.
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TM,θ T sM,θ TXH T sXH T

Statistic 1.016 1.016 -0.034 -0.034 -0.069
p-value 0.856 0.856 0.922 0.922 0.399
95% CI (0.847, 1.184) (0.845, 1.187) (-0.109, 0.041) (-0.110, 0.043) (-0.786, 0.648)

TABLE 3.8: The values of the test statistics, p-values and confidence intervals for the effect measure of the
nonparametric methods proposed in the study (TM,θ: the new method and T sM,θ: the new method with t
approximation), as well as existing parametric and semi-parametric methods (TXH : the method of Xu and
Harrar (2012), T sXH : the method of Xu and Harrar (2012) with t approximation) and (T : complete-case t
test). .

Of the 452 participants recruited for the study, 306 were available at both EOT and FU whereas 49

and 25 participants did not show up at EOT and FU, respectively. The remaining 72 participants

did not show up both at EOT and FU. The main objective of the study was to assess the differential

effect of the treatment in causing change in smoking behavior at the EOT and whether that effect

was maintained for a longer term. With that in mind, from here on we will only be concerned with

analyzing the change from baseline in 30 days smoking rate at EOT and six-month FU. For more

details for the GHP trial and the dataset we refer to Harris et al. (2010) and Xu and Harrar (2012).

The parametric method Xu and Harrar (2012) rejected the hypothesis of changes in the smoking

reduction are the same in the two treatment groups: T = −2.90, p-value = 0.001 and 95% CI

(−3.91,−0.79). Likewise, the new nonparametric method rejected the null hypothesis of no ten-

dency of the change in reduction in one group to be smaller or larger than that in the other group

difference in the change: TM,θ = −3.615, p-value = 0.0003 and 95% CI = (−0.173,−0.051). The

results are coherent and complementary, and are also consistent with those of the other methods

reported in Xu and Harrar (2012).
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Chapter 4

Repeated Measures Design for Partially

Complete Data: Three-Time Points

4.1 Introduction

The general repeated measure design model described in Chapter 2, equation (2.1), for one group

situation, i.e., fixing g = 1, is the subject of this chapter. A nonparametric rank-based test procedure

using relative effects for complete dataset is developed for this type of design by Konietschke et

al. (2010). Here, we focus on developing a similar fully nonparametric procedure which can also

handle missing data situation. This procedure is also robust to the Behrens-Fisher problem.

4.2 Statistical Model and Effects Size Measure

The current study extends the work of Konietschke et al. (2012a) to the case of three time points by

developing a procedure for testing significance of effects over time and constructing a confidence

interval for effects size.

Let

Xk = (∆1kX1k,∆2kX2k,∆3kX3k)
′,

k = 1, . . . , n, be a triplet of observations, where

Xtk ∼ Ft,
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for t = 1, 2, 3, and ∆tk is an indicator defined as

∆tk =


1, if Xtk is observed;

0, otherwise.

As a consequence of the definition of ∆tk there are

Nc =
n∑
k=1

3∏
t=1

∆tk

complete cases,

Njt =

n∑
k=1

∆jk∆tk(1−∆sk), for s 6= {j, t},

subjects observed at j and t time points only, and

Nt =
n∑
k=1

∆tk(1−∆jk)(1−∆sk), for j 6= t, s < j,

subjects observed at time point t only.

For j < t = 1, 2, 3, s ∈ {j, t} let n(jt)c denote the number of complete cases at time point s, when

only time points j and t are considered. Similarly, n(jt)s denotes the number of incomplete cases at

time point s, when only time points j and t are considered. Then, for fixed j and t

n(jt)c =
n∑
k=1

∆jk∆tk,

and

n(jt)s =
n∑
k=1

∆sk(1−∆rk),

for r 6= s ∈ {j, t}. Incomplete cases refer to subjects where there are observations missing at least

at one time point.

Furthermore,

n(jt) = Nc + n
(jt)
t + n

(jt)
j

denotes the number of subjects observed at either of the time points j or t.

Notice that there are in total

n = Nc +
∑∑
1≤j<t≤3

Njt +
3∑
t=1

Nt,
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subjects and

N = 3Nc + 2
∑∑
1≤j<t≤3

Njt +

3∑
t=1

Nt,

observations for j, t = 1, 2, 3. The total number of subjects observed at time t with missing obser-

vation at least at one of the remaining time points is denoted as nt and is given by

nt =

n∑
k=1

∆tk(1−∆jk∆sk),

for t 6= s and j < s.

The complete data are represented by

X
(c)
k = (X

(c)
1k , X

(c)
2k , X

(c)
3k )′,

with marginal distributions

X
(c)
tk ∼ Ft,

for k = 1, 2, ..., Nc subjects, and t = 1, 2, 3 time points. The incomplete cases are X(i)
tk are distributed

as

X
(i)
tk ∼ Ft,

for k = 1, 2, ..., nt subjects, and t = 1, 2, 3 time points.

Note that we are assumingX(c)
tk andX(i)

tk have the same distribution. This assumption holds under

MCAR.
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The setup of the missing data problem we are addressing is illustrated in the Table 4.1 below.

TABLE 4.1: Schematic display of the dataset: "x" stands for available observation, "?"
represents missing observation.

Subjects Time 1 Time 2 Time 3

1 x x x
...

...
...

...

Nc x x x

1 x ? ?
...

...
...

...

N1 x ? ?

1 x x ?
...

...
...

...

N12 x x ?

1 ? x ?
...

...
...

...

N2 ? x ?

1 ? x x
...

...
...

...

N23 ? x x

1 x ? x
...

...
...

...

N13 x ? x

1 ? ? x
...

...
...

...

N3 ? ? x

Our aim in this section is to develop a nonparametric test procedure for data with missing obser-

vations, specifically for the setup displayed in the above figure. For this purpose, we use marginal

models to define relative effects. In nonparametric marginal models the underlying idea is to

make use of the independence structure of the observations and marginal distributions in order

to address questions of interest. Moreover, in order to account for ties and non-metric data, we



4.3. Estimation of Relative Effects and their Properties 71

will use the normalized version of the distribution function of a random variable in equation (1.2)

in place of the usual (right continuous version) distribution function (Brunner et al., 2002). The

same distribution function will be used for the purpose of defining time effects and constructing

estimators.

Define the average distribution function, G, as

G =
1

3

3∑
t=1

Ft.

Then the relative summary effect in equation (2.3) becomes

pt =

∫
GdFt =

1

3

3∑
j=1

pjt, (4.1)

for t = 1, 2, 3. Accordingly, this summary effect, pt, can be recognized as the average of all possible

two-time points, say {j, t}, relative marginal effects (pjt) with respect to Ft, where pjt is defined as

in equation (2.3).

This chapter has two objectives namely, (1) find an estimator for the time effects in terms of relative

effects, and (2) develop test procedures for testing their significance. In the next section estimation

procedures will be discussed.

4.3 Estimation of Relative Effects and their Properties

In this subsection, we propose a consistent and asymptotically unbiased estimator for the vector of

nonparametric relative effect size measures, p. Estimators are derived by replacing the marginal

distribution function in equation (1.2) by its empirical counterpart. For this purpose we consider

the following definitions and notations.

Let

θ(jt)s :=
n
(jt)
c

n
(jt)
c + n

(jt)
s

,

for j < t = 1, 2, 3, s ∈ {j, t}be the relative sample sizes of the complete and incomplete dataset at

each time point t; t = 1, 2, 3, in considering tth and jth time points. Define a weighted empirical

distribution function F̂ (jt)
s,θ (x) for the tth and jth time points as:

F̂
(jt)
s,θ (x) := θ(jt)s F̂ (jt)(c)

s (x) + (1− θ(jt)s )F̂ (jt)(i)
s (x), (4.2)
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where

F̂ (jt)(c)
s (x) =

1

n
(jt)
c

n
(jt)
c∑
k=1

c(x−X(c)
tk ) F̂ (jt)(i)

s (x) =
1

n
(jt)
s

n
(jt)
s∑
k=1

c(x−X(i)
tk ),

c(·) is as defined in equation (2.7). Consistent estimators, F̂s
(jt)(c)

and F̂s
(jt)(i)

, of the distribution

functions are analogous to those in Konietschke et al. (2012a).

Using the weighted distribution function in equation (4.2), the relative effect, pjt, in equation (4.1)

can be estimated by its empirical counterpart p̂θjt

p̂θjt =

∫
F̂j,θdF̂t,θ. (4.3)

Konietschke et al. (2012a) show that p̂θjt is a consistent and asymptotically unbiased estimator of

pjt. Notice that, if pjt = 1
2 , the observations in neither one of the two samples tend to be smaller

or larger than in the other sample. On the other hand, if pjt < 1
2 , the observations with the

distribution Ft tend to be smaller than the observations with the distribution Fj and vice versa for

pjt >
1
2 . For two time points, say j and t, p̂θjt can be computed in terms of ranks as

p̂θjt =
1

N
[θ

(jt)
t R̄

(c)
t. − θ

(jt)
j R̄

(c)
j. + (1− θ(jt)t )R̄

(i)
t. + (1− θ(jt)j )R̄

(i)
j. ]− 1

2
, (4.4)

where R̄(c)
t. and R̄(i)

t. are averages of ranks of Xtk among njt observations in a sample for complete

and incomplete cases respectively at j and t time points. An estimator of pt can be obtained by

averaging p̂θjt over j as

p̂θt =
1

3

3∑
j=1

∫
F̂j,θdF̂t,θ. (4.5)

Collecting these estimators, p̂θt , in a vector yields the estimator p̂θ = (p̂θ1, p̂
θ
2, p̂

θ
3)

′
of the vector of

relative effects p = (p1, p2, p3)
′
.

In Proposition 5 below we show consistency and asymptotic unbiasedness of p̂θ. For that we need

the following assumption.

Assumption 3. n(jt)c + n
(jt)
s →∞ such that n(jt)

n
(jt)
c +n

(jt)
s

≤ No <∞, g, t = 1, 2, 3, s ∈ {j, t}.

Assumptions 2 and 3 are satisfied if the number of available observation at each time point is large.

This in fact, can happen, for instance, if either the complete cases or both of the incomplete cases

are large at each time point. Specifically, for fixed j and t, either n(jt)c →∞ or min(n
(jt)
j , n

(jt)
t )→∞

for each j, t = 1, 2, 3. In order to derive asymptotic results, in addition to the above Assumption 3,

we will further assume that the observations are missing completely at random (MCAR).

Proposition 5. Under Assumption 2 and 3, given earlier,
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1) p̂θ is an asymptotically unbiased estimator of p.

2) p̂θ is a strongly consistent estimator of p, i.e., ||p̂θ − p|| a.s−−→ 0.

Proof. For part 1, taking the expectation of p̂θt in equation (4.5), we have

E(p̂θt ) =
1

3

3∑
j=1

E(p̂θjt)

=
1

3

3∑
j=1

{pjt +O(
1

n(jt)
)}, (from Proposition 3 in Chapter 3 and by the Assumption 3 above)

= pt +O(
1

n
).

Hence,

E(p̂θ) = p+O(
1

n
).

For the second part, the quantity p̂θt is given as

p̂θt =
1

3

3∑
j=1

∫
F̂j,θdF̂t,θ.

Using equation (4.5) we have,

|p̂θt − pt| = |
1

3

3∑
j=1

∫
F̂j,θdF̂t,θ −

1

3

3∑
j=1

∫
FjdFt|

≤ 1

3

3∑
j=1

|
∫
F̂j,θdF̂t,θ −

∫
FjdFt|, (triangle inequality)

=
1

3

3∑
j=1

|
∫
F̂j,θdF̂t,θ −

∫
FjdFt −

∫
FjdF̂t,θ +

∫
FjdF̂t,θ|

=
1

3

3∑
j=1

|
∫

(F̂j,θ − Fj)dF̂t,θ +

∫
Fjd(F̂t,θ − Ft)|

≤ 1

3

3∑
j=1

(
|
∫

(F̂j,θ − Fj)dF̂t,θ|+ |
∫
Fjd(F̂t,θ − Ft)|

)
, (triangle inequality)

=
1

3

3∑
j=1

(
|
∫

(F̂j,θ − Fj)dF̂t,θ|+ |
∫

(F̂t,θ − Ft)dFj |
)

≤ 1

3

3∑
j=1

(
||F̂j,θ − Fj ||∞ + ||F̂t,θ − Ft||∞

)
.

By the Glivenko-Cantelli theorem, ||F̂t,θ − Ft||∞
a.s−−→ 0 for t = 1, 2, 3.
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So,
1

3

3∑
j=1

(
||F̂j,θ − Fj ||∞ − ||F̂t,θ − Ft||∞

)
a.s−−→ 0

implying that

|p̂θt − pt|
a.s−−→ 0,

for t= 1, 2, 3.

Therefore,

||p̂θt − pt||
a.s−−→ 0.

To derive the asymptotic distribution of
√
n(p̂θ − p), we first consider

√
nM θ =

√
n(Mθ,1,Mθ,2,Mθ,3)

′
,

where

√
nMθ,t =

√
n

1

3

3∑
j=1

Z̄jt. and Z̄jt. =

∫
FjdF̂θ,t −

∫
FtdF̂θ,j + 1− 2

∫
FjdFt, (4.6)

and show the asymptotic equivalence of the two quantities, for t=1, 2, 3. That is

√
n(p̂θ − p)−

√
nM θ = Op(

1

n
).

To that end we prove the following theorem.

Theorem 4. Under Assumption 2 and 3,

||
√
n(p̂θ − p)−

√
nM θ||2 = O(

1

n
).

Proof. To prove the theorem it suffices to show that

E[
√
n(p̂θt − pt)−

√
nMθ,t]

2 = O(
1

n
),
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for t = 1, 2, 3. Now,

E[
√
n(p̂θt − pt)−

√
nMθ,t]

2

= E

√n1

3

3∑
j=1

(p̂θjt − pjt)−
√
n

1

3

3∑
j=1

Z̄jt.

2

= E

1

3

3∑
j=1

(
√
n(p̂θjt − pjt)−

√
nZ̄jt.)

2

≤ 1

9

3∑
j=1

E(
√
n(p̂θjt − pjt)−

√
nZ̄jt.)

2

= O(
1

n
),

since E(
√
n(p̂θjt − pjt) −

√
n(jt)Z̄jt.)

2 = O( 1
n), which follows by a similar method in the proof of

Theorem 4.1 in Konietschke et al. (2012a).

In the next theorem, we derive the asymptotic distribution of
√
n(p̂θ−p). For this purpose Theorem

4 plays a crucial role as it expresses the statistic of interest,
√
n(p̂θ − p), as the sum of independent

random variables. Application of the standard central limit theorem to these independent random

variables together with Assumptions 2 and 3 helps to derive the asymptotic distribution.

Theorem 5. Under Assumptions 2 and 3,
√
n(p̂θ − p) has, asymptotically, a multivariate normal distri-

bution with expectation 0 and covariance matrix Σ = Cov(
√
nM θ).

Proof. Here we first express M θ as a linear combination of random variables, which can be ex-

pressed as sum of independent random variables, so that we can use Cramer-Wold’s device and

Lypanov’s conditon to arrive at the desired result. Let a = (a1, a2, a3)
′ be a vector with arbitrary

constants.

√
nMθ,t =

√
n1
3

3∑
j=1

Z̄jt., where

Z̄jt. =

∫
FjdF̂θ,t −

∫
FtdF̂θ,j + 1− 2

∫
FjdFt

=
θ
(jt)
2

n
(jt)
c

n
(jt)
c∑
k=1

Fj(X
(c)
tk ) +

(1− θ(jt)2 )

n
(jt)
2

n
(jt)
2∑
k=1

Fj(X
(i)
tk )− θ

(jt)
1

n
(jt)
c

n
(jt)
c∑
k=1

Ft(X
(c)
jk )− (1− θ(jt)1 )

n
(jt)
1

n
(jt)
1∑
k=1

Ft(X
(i)
jk )

+ 1− 2

∫
FjdFt

=
1

n
(jt)
c

n
(jt)
c∑
k=1

Sjtk +
(1− θ(jt)2 )

n
(jt)
2

n
(jt)
2∑
k=1

Yjt.2k −
(1− θ(jt)1 )

n
(jt)
1

n
(jt)
1∑
k=1

Yjt.1k + 1− 2

∫
FjdFt.
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In the above,

Sjtk := θ
(jt)
2 Fj(X

(c)
tk )− θ(jt)1 Ft(X

(c)
jk ) Yjt.1k := Ft(X

(i)
jk ) and Yjt.2k := Fj(X

(i)
tk ).

Now,

√
na′Mθ =

√
n(a1Mθ,1 + a2Mθ,2 + a3Mθ,3)

=

√
n

3

3∑
j=1

[
a1Z̄j1. + a2Z̄j2. + a3Z̄j3.

]

=

√
n

3

3∑
j=1

[a1

 1

n
(j1)
c

n
(j1)
c∑
k=1

S
(c)
j1k +

(1− θ(j1)2 )

n
(j1)
2

n
(j1)
2∑
k=1

Y
(i)
j1.2k −

(1− θ(j1)1 )

n
(j1)
1

n
(j1)
1∑
k=1

Y
(i)
j1.1k + 1− 2

∫
FjdF1


+ a2

 1

n
(j2)
c

n
(j2)
c∑
k=1

S
(c)
j2k +

(1− θ(j2)2 )

n
(j2)
2

n
(j2)
2∑
k=1

Y
(i)
j2.2k −

(1− θ(j2)1 )

n
(j2)
1

n
(j2)
1∑
k=1

Y
(i)
j2.1k + 1− 2

∫
FjdF2


+ a3

 1

n
(j3)
c

n
(j3)
c∑
k=1

S
(c)
j3k +

(1− θ(j3)2 )

n
(j3)
2

n
(j3)
2∑
k=1

Y
(i)
j3.2k −

(1− θ(j3)1 )

n
(j3)
1

n
(j3)
1∑
k=1

Y
(i)
j3.1k + 1− 2

∫
FjdF3

].

Since Zjtk = 0 for j = t and sample {j, t} and {t, j} are symmetric,

√
na′Mθ =

2
√
n

3
A,

where

A = [a1

 1

n
(12)
c

n
(12)
c∑
k=1

S
(c)
12k +

(1− θ(12)2 )

n
(12)
2

n
(12)
2∑
k=1

Y
(i)
12.2k −

(1− θ(12)1 )

n
(12)
1

n
(12)
1∑
k=1

Y
(i)
12.1k + 1− 2

∫
F1dF2


+ a2

 1

n
(23)
c

n
(23)
c∑
k=1

S
(c)
23k +

(1− θ(23)2 )

n
(23)
2

n
(23)
2∑
k=1

Y
(i)
23.2k −

(1− θ(23)1 )

n
(23)
1

n
(23)
1∑
k=1

Y
(i)
23.1k + 1− 2

∫
F2dF3


+ a3

 1

n
(13)
c

n
(13)
c∑
k=1

S
(c)
13k +

(1− θ(13)2 )

n
(13)
2

n
(13)
2∑
k=1

Y
(i)
13.2k −

(1− θ(13)1 )

n
(13)
1

n
(13)
1∑
k=1

Y
(i)
13.1k + 1− 2

∫
F1dF3

].
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The terms on the right-hand side of the above equation in the square brackets, ignoring the con-

stant terms, can be expressed as

a1

 1

n
(12)
c

n
(12)
c∑
k=1

{S1(c)
12k + S

2(c)
12k }+

(1− θ(12)2 )

n
(12)
2

n
(12)
2∑
k=1

{Y 1(i)
12.2k + Y

2(i)
12.2k} −

(1− θ(12)1 )

n
(12)
1

n
(12)
1∑
k=1

{Y 1(i)
12.1k + Y

2(i)
12.1k}


+ a2

 1

n
(23)
c

n
(23)
c∑
k=1

{S1(c)
23k + S

2(c)
23k }+

(1− θ(23)2 )

n
(23)
2

n
(23)
2∑
k=1

{Y 1(i)
23.2k + Y

2(i)
23.2k} −

(1− θ(23)1 )

n
(23)
1

n
(23)
1∑
k=1

{Y 1(i)
23.1k + Y

2(i)
23.1k}


+ a3

 1

n
(13)
c

n
(13)
c∑
k=1

{S1(c)
13k + S

2(c)
13k }+

(1− θ(13)2 )

n
(13)
2

n
(13)
2∑
k=1

{Y 1(i)
13.2k + Y

2(i)
13.2k} −

(1− θ(13)1 )

n
(13)
1

n
(13)
1∑
k=1

{Y 1(i)
13.1k + Y

2(i)
13.1k}


.

In the above, for instance,

S
(c)
12k = S

1(c)
12k + S

2(c)
12k ,

where S1(c)
12k represents observations from 1, ..., Nc and S2(c)

12k represents observations from Nc +1, ...,

Nc +N12. Here the variable splits into two to rearrange them into independent groups.

Collecting the missing pattern, we can form the sum of independent random variables as,

√
na′Mθ =

 1

Nc

Nc∑
k=1

2

3
{a1S1(c)

12k + a2S
1(c)
23k + a3S

1(c)
13k }︸ ︷︷ ︸

Hck



+

 1

N12

N12∑
k=1

2

3
{a1S2(c)

12k + a2(1− θ(23)2 )Y
1(i)
23.1k − a3(1− θ

(13)
1 )Y

1(i)
13.1k}︸ ︷︷ ︸

H12k



+

 1

N2

N2∑
k=1

2

3
{a1(1− θ(12)2 )Y

1(i)
12.2k − a2(1− θ

(23)
1 )Y

2(i)
23.1k}︸ ︷︷ ︸

H2k



+

 1

N23

N23∑
k=1

2

3
{a1(1− θ(12)2 )Y

2(i)
12.2k + a2S

2(c)
23k + a3(1− θ(13)2 )Y

1(i)
13.2k}︸ ︷︷ ︸

H23k



−

 1

N13

N13∑
k=1

2

3
{a1(1− θ(12)1 )Y

1(i)
12.1k − a2(1− θ

(23)
2 )Y

1(i)
23.2k − a3S

2(c)
13k }︸ ︷︷ ︸

H13k



−

 1

N1

N(1)∑
k=1

2

3
{a1(1− θ(12)1 )Y

2(i)
12.1k + a3(1− θ(13)1 )Y

2(i)
13.1k}︸ ︷︷ ︸

H1k


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+

 1

N3

N3∑
k=1

2

3
{a2(1− θ(23)2 )Y

2(i)
23.2k + a3(1− θ(13)2 )Y

2(i)
13.2k}︸ ︷︷ ︸

H3k


=
√
n

(
Nc∑
k=1

Hck

Nc
+

N12∑
k=1

H12k

N12
+

N13∑
k=1

H13k

N13
+

N23∑
k=1

H23k

N23
+

N1∑
k=1

H1k

N1
+

N2∑
k=1

H2k

N2
+

N3∑
k=1

H3k

N3

)
(4.7)

Hence, the desired result can be obtained by verifying Lypanov’s conditon in the same way as

used in Theorem 2 on each term and applying the Cramer-Wold’s theorem.

The covariance matrix Σ, can be expressed in terms of the covariance of the seven independent

groups in equation (4.7).

Σ = Cov(
√
nMθ), (4.8)

which can be written as

Σ = nCov


Mθ,1

Mθ,2

Mθ,3

 = n


σ2θ,1 σθ,12 σθ,13

σθ,21 σ2θ,2 σθ,23

σθ,31 σθ,32 σ2θ,3


.

Notice that the vectorM θ can be expressed as:

M θ =



1

n
(12)
c

n
(12)
c∑
k=1

2
3{S

1(c)
12k + S

2(c)
12k }+

(1−θ(12)2 )

n
(12)
2

n
(12)
2∑
k=1

2
3{Y

1(i)
12.2k + Y

2(i)
12.2k} −

(1−θ(12)1 )

n
(12)
1

n
(12)
1∑
k=1

2
3{Y

1(i)
12.1k + Y

2(i)
12.1k}

1

n
(23)
c

n
(23)
c∑
k=1

2
3{S

1(c)
23k + S

2(c)
23k }+

(1−θ(23)2 )

n
(23)
2

n
(23)
2∑
k=1

2
3{Y

1(i)
23.2k + Y

2(i)
23.2k} −

(1−θ(23)1 )

n
(23)
1

n
(23)
1∑
k=1

2
3{Y

1(i)
23.1k + Y

2(i)
23.1k}

1

n
(13)
c

n
(13)
c∑
k=1

2
3{S

1(c)
13k + S

2(c)
13k }+

(1−θ(13)2 )

n
(13)
2

n
(13)
2∑
k=1

2
3{Y

1(i)
13.2k + Y

2(i)
13.2k} −

(1−θ(13)1 )

n
(13)
1

n
(13)
1∑
k=1

2
3{Y

1(i)
13.1k + Y

2(i)
13.1k}


.

Rearranging the terms in the square brackets we can split the vector, M θ, into seven independent

pieces as given below

M θ =
1

Nc

2

3

Nc∑
k=1


S
1(c)
12k

S
1(c)
23k

S
1(c)
13k


︸ ︷︷ ︸

A1k

+
1

N12

2

3

N12∑
k=1


S
2(c)
12k

−(1− θ(23)1 )Y
1(i)
23.1k

−(1− θ(13)1 )Y
1(i)
13.1k


︸ ︷︷ ︸

A2k

+
1

N23

2

3

N23∑
k=1


(1− θ(12)2 )Y

2(i)
12.2k

S
2(c)
23k

(1− θ(13)2 )Y
1(i)
13.2k


︸ ︷︷ ︸

A3k
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+
1

N13

2

3

N13∑
k=1


−(1− θ(12)1 )Y

1(i)
12.1k

(1− θ(23)2 )Y
1(i)
23.2k

S
2(c)
13k


︸ ︷︷ ︸

A4k

+
1

N1

2

3

N1∑
k=1


−(1− θ(12)1 )Y

2(i)
12.1k

0

−(1− θ(13)1 )Y
2(i)
13.1k


︸ ︷︷ ︸

A5k

+
1

N2

2

3

N2∑
k=1


(1− θ(12)2 )Y

1(i)
12.2k

−(1− θ(23)1 )Y
2(i)
23.1k

0


︸ ︷︷ ︸

A6k

+
1

N3

2

3

N3∑
k=1


0

(1− θ(23)2 )Y
2(i)
23.2k

(1− θ(13)2 )Y
2(i)
13.2k


︸ ︷︷ ︸

A7k

=
2

3
{ 1

Nc

Nc∑
k=1

A1k +
1

N12

N12∑
k=1

A2k +
1

N23

N23∑
k=1

A3k +
1

N13

N13∑
k=1

A4k +
1

N1

N1∑
k=1

A5k +
1

N2

N2∑
k=1

A6k

+
1

N3

N3∑
k=1

A7k}.

Since Amks are independent, the covariance matrix Σ becomes

Σ = Cov(
√
nM θ) = n

2

3
{ 1

N2
c

Nc∑
k=1

Cov(A1k) +
1

N2
12

N12∑
k=1

Cov(A2k) +
1

N2
23

N23∑
k=1

Cov(A3k)

+
1

N2
13

N13∑
k=1

Cov(A4k) +
1

N2
1

N1∑
k=1

Cov(A5k) +
1

N2
2

N2∑
k=1

Cov(A6k) +
1

N2
3

N3∑
k=1

Cov(A7k)}.

Consider the elements on the diagonal of the covariance matrix in equation (4.8), i.e., σ2θ,t, corre-

sponding to time j < t = 1, 2, 3.

σ2θ,t =
4

9
nV ar

 Nc∑
k=1

S
1(c)
jtk

Nc
+

N12∑
k=1

S
2(c)
jtk

N12
+ (1− θ(jt)2 ){

N23∑
k=1

Y
1(i)
jt.2k

N23
+

N13∑
k=1

Y
2(i)
jt.2k

N13
}


− 4

9
nV ar

(1− θ(jt)1 ){
N1∑
k=1

Y
1(i)
jt.1k

N1
+

N2∑
k=1

Y
2(i)
jt.1k

N2
}


=

4

9
n

(
σ2jt.c1
Nc

+
σ2jt.c2
N12

+ (1− θ(jt)2 )2(
σ2jt.21
N23

+
σ2jt.22
N13

)− (1− θ(jt)1 )2(
σ2jt.11
N1

+
σ2jt.12
N2

)

)
, (4.9)
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for j < t = 1, 2, 3. Next consider σθ,12,

σθ,12 =
4

9
n{

Nc∑
k=1

Cov(S
1(c)
12k , S

1(c)
23k )

N2
c

+(1−θ(23)2 )

N12∑
k=1

Cov(S
2(c)
12k , Y

1(i)
23.1k)

N2
12

+(1−θ(12)2 )

N23∑
k=1

Cov(S
1(c)
23k , Y

2(i)
12.2k)

N2
23

− (1− θ(12)1 )(1− θ(23)2 )

N13∑
k=1

Cov(Y
1(i)
12.1k, Y

1(i)
23.2k)

N2
13

− (1− θ(12)2 )(1− θ(23)1 )

N2∑
k=1

Cov(Y
1(i)
12.2k, Y

2(i)
23.1k)

N2
2

},

which can be rewritten as

σθ,12 =
4

9
n

(
σ12.1
Nc

+ (1− θ(23)2 )
σ12.2
N12

+ (1− θ(12)2 )
σ12.3
N23

− (1− θ(12)1 )(1− θ(23)2 )
σ12.4
N13

)

)
−4

9
n

(
(1− θ(12)2 )(1− θ(23)1 )

σ12.5
N2

)
.

(4.10)

In the above equation, for example, σ12.1 in the first component is given by σ12.1 = E(S
1(c)
121 −

E(S
1(c)
121 ))(S

1(c)
231 − E(S

1(c)
231 )).

4.4 Estimation of Covariance Matrix

In this section, we derive a consistent estimator of the asymptotic covariance matrix Σ. Note that

it is sufficient to derive consistent estimators of elements of Σ. If the random variables Sjtk and

Yjt.sk were observable then, a natural estimator for the variance σ2θ,1, will be

σ̃2θ,1 =
4

9
n

(
σ̃212.c1
Nc

+
σ̃212.c2
N12

+ (1− θ(12)2 )2(
σ̃212.21
N23

+
σ̃212.22
N13

) + (1− θ(12)1 )2(
σ̃212.11
N1

+
σ̃212.12
N2

)

)
,

(4.11)

For example, the first term in the parentheses is given by

σ̃212.c1 =
1

Nc − 1

Nc∑
k=1

(S
1(c)
12k − S̄

1(c)
12. )2.

The random variables Sjtk and Yjt.sk, however, are not observable. For the computation of an esti-

mator they must be replaced by observable values of random variables, which could be obtained

by replacing distribution functions with their empirical counterparts. That is,

Ŝjtk := θ
(jt)
2 F̂j(X

(c)
tk )− θ(jt)1 F̂t(X

(c)
jk ), Ŷ

(i)
jt.jk := F̂t(X

(i)
jk ) and Ŷ

(i)
jt.tk := F̂j(X

(i)
tk ).

The variance in equation (4.11) can be estimated by
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σ̂2θ,1 =
4

9
n

(
σ̂212.c1
Nc

+
σ̂212.c2
N12

+ (1− θ(12)2 )2(
σ̂212.21
N23

+
σ̂212.22
N13

) + (1− θ(12)1 )2(
σ̂212.11
N1

+
σ̂212.12
N2

)

)
.

(4.12)

For example,

σ̂212.c1 =
1

Nc − 1

Nc∑
k=1

(Ŝ
1(c)
12k −

¯̂
S
1(c)
12. )2.

In a similar way, the first term of covariance, σθ,12, in equation (4.10), σθ,12.1 can be estimated by

σ̃θ,12.1, where

σ̃θ,12.1 =
1

Nc − 1

Nc∑
k=1

(S12k − S̄12.)(S23k − S̄23.). (4.13)

Since, S12k and S23k are unobservable, replacing them by their empirical counterparts results in

the following estimator

σ̂θ,12.1 =
1

Nc − 1

Nc∑
k=1

(Ŝ12k − ¯̂
S12.)(Ŝ23k − ¯̂

S23.). (4.14)

Estimation for the remaining terms in equations (4.10) and (4.11) can be defined in the same way.

Theorem 6. Under Assumptions 2 and 3, Σ̂ is a consistent estimator of Σ, i.e., Σ̂
p−→ Σ.

Proof. Consider the first element in the covariance matrix in equation (4.16). Note that from Theo-

rem 3, σ̂2θ,1 in equation (4.12) is a consistent estimator of σ̃2θ,1.

Now, we show that σ̂θ,12.1 in equation (4.13) is a consistent estimator of σ̃θ,12.1 in equation (4.14).

E[σ̃θ,12.1 − σ̂θ,12.1]2

= E

[
1

Nc − 1

Nc∑
k=1

(S12k − S̄12.)(S23k − S̄23.)−
1

Nc − 1

Nc∑
k=1

(Ŝ12k − ¯̂
S12.)(Ŝ23k − ¯̂

S23.)

]2

=

(
1

Nc − 1

)2

E

[
Nc∑
k=1

{(S12k − S̄12.)(S23k − S̄23.)− (Ŝ12k − ¯̂
S12.)(Ŝ23k − ¯̂

S23.)}

]2

≤
(

1

Nc − 1

)2 Nc∑
k=1

E
[
(S12k − S̄12.)(S23k − S̄23.)− (Ŝ12k − ¯̂

S12.)(Ŝ23k − ¯̂
S23.)

]2
≤ 2Nc

(
1

Nc − 1

)2

(E[(S121 − S̄12.)(S231 − S̄23.)]2 + E[(Ŝ121 − ¯̂
S12.)(Ŝ231 − ¯̂

S23.)]
2)

≤ 4Nc

(
1

Nc − 1

)2

[E(S121 − S̄12.)2 + E(S231 − S̄23.)2 + E(Ŝ121 − ¯̂
S12.)

2 + E(Ŝ231 − ¯̂
S23.)

2]

= O(
1

N2
c

),
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since all terms in the square brackets are of orderO(N−1c ). We can apply the same procedure to the

remaining terms in equation (4.10).

To facilitate the computation of the covariance matrix we employ a rank-transform based proce-

dure. The empirical distributions are replaced by ranks as follows:

Ŷ
(w)
jt.k = F̂j(X

(w)
tk ) =

1

Njt − n(jt)c − n(jt)t

(R
(w)
tk −R

(w,t)
tk ), (4.15)

for j 6= t and w ∈ {c, i}.

Using the relationship between empirical distribution and ranks in equation (4.15), therefore, a

consistent estimator of the covariance matrix Σ is given by Σ̂,

Σ̂ =


σ̂2θ,1 σ̂θ,12 σ̂θ,13

σ̂θ,21 σ̂2θ,2 σ̂θ,23

σ̂θ,31 σ̂θ,32 σ̂2θ,3


,

(4.16)

where the elements are obtained in the way discussed in Section 4.4.

4.5 Test Procedures and Confidence Intervals

The null hypothesis of interest is that there is no statistically significant time effect versus the

alternative that there is significant effect. Formally, we express this by

Ho : p1 = p2 = p3 vs. H1 : at least one pt is different,

for t = 1, 2, 3. The above hypothesis can be rewritten as

Ho : Cp = 0 vs. Ho : Cp 6= 0, (4.17)

where C is the contrast matrix

C =

1 −1 0

1 0 −1


and p is a vector of average relative effects, p = (p1, p2, p3)

′
.
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Recall that in equation (4.17) for testing the hypothesis of no time effect, i.e., (Hp
o : Cp = 0), the

following two test statistics can be considered. Under the null hypothesis and Assumption 3, the

Wald-type statistic (WTS)

WTS = np̂θ
′
C′[CΣ̂C′]+Cp̂

θ
,

has asymptotically a χ2
ν distribution with ν = rank(C) degrees of freedom, and [A]+ denotes the

Moore-Penrose generalized inverse of a matrix A (Brunner et al. (1999) and Brunner et al. (2002)).

Also, under the null hypothesis, the ANOVA-type statistic (ATS)

ATS = n
tr(MΣ̂)

tr(MΣ̂MΣ̂)
p̂θ

′
Mp̂θ,

has approximately a χ2
ν distribution with approximated degrees of freedom

ν̂ =
[tr(MΣ̂)]2

tr(MΣ̂MΣ̂)

andM = C′(CC′)−C, where (CC′)− is a generalized inverse ofCC′ (Brunner et al. (1999) and

Brunner et al. (2002)).

It is known that the ATS and WTS are only useful in determining the validity of an overall hy-

pothesis of no time effect; they do not provide more detailed information. Therefore, we derive a

multiple contrast test procedure (MCTP) that allows explicit inference for arbitrary pairwise com-

parisons between samples.

4.5.1 Multiple Contrast Test Procedure

Since recent times there have been considerable work ( Gao and Alvo (2008), Munzel and Hothorn

(2001), Munzel and Tamhane (2002), Konietschke et al. (2010), and Konietschke et al. (2012b), Koni-

etschke et al. (2018)) on the use of multiple comparison test procedures in a variety of designs. For

instance, a nonparametric multiple comparison procedure based on the unweighted version of rel-

ative effects was developed by Gao and Alvo (2008). Munzel and Tamhane (2002) utilize a unified

asymptotic theory of rank tests to derive large sample multiple comparison procedures (MCPs)

for data with ties, particularly for at least ordinal data, whereas our procedure can handle non-

metric data as well. Munzel and Hothorn (2001) develop a multiple test procedure that is robust to

the Behrens-Fisher problem. But their test procedure is slightly liberal in the many-to-one design

which may be tolerated from a practical point of view. Based on the ideas discussed by Bretz et al.
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(2001), regarding the numerical availability of multiple comparison procedures, Konietschke et al.

(2012b) derived a multiple contrast test procedure for testing a general hypothesis Hp
0 .

In what follows we take the following into consideration. Let Σ = (σjt)jt for j, t = 1, 2, 3 be the

asymptotic covariance matrix of
√
n(p̂θ − p) and let Σ̂ = (σ̂θ,jt)jt for j, t = 1, 2, 3 be its estimator.

Under the null hypothesis, Hp
o : ∩3t=1{pt = 1

2}, and Assumption 3, the vector

Jn =

(
√
n(
p̂θ1 − p1√
σ̂θ,11

),
√
n(
p̂θ2 − p2√
σ̂θ,22

),
√
n(
p̂θ3 − p3√
σ̂θ,33

)

)′
(4.18)

of the studentized effects p̂θt , has, asymptotically, as n → ∞, a trivariate normal distribution with

expectation 0 and correlation matrix R, where elements of R are rjt =
σjt√
σjjσtt

. Further, let z1−α/2,2,R

denote the two-sided equicoordinate quantile of the trivariate normal distribution with expectation

0 and correlation matrix R (Bretz et al., 2001). In the subsequent consideration, the unknown

correlation matrix R is replaced with a consistent estimator R̂ of R. Here, we use

R̂ = (r̂θ,jt)jt; where r̂θ,jt =
σ̂θ,jt√
σ̂θ,jj σ̂θ,tt

.

For large sample sizes, the null hypothesis Hp
0 : Cp = 0 will be rejected at α level of significance,

if

max{|Jn|} ≥ z1−α/2,2,R̂.

4.5.2 Simultaneous Confidence Intervals

Konietschke et al. (2012b) give a rank-based multiple contrast test procedure which is purely non-

parametric that leads to a simultaneous confidence interval by taking the correlation between the

test statistics. Besides, the test is robust in the presence of the Behrens-Fisher problem. In their

previous work, Konietschke et al. (2010) came up with a procedure for testing the hypothesis of

no time effect, Hp
o : Cp = 0, and estimation of purely nonparametric effects in repeated measures

designs in general.

Simultaneous confidence intervals for the effects pt are obtained from

P

(
3⋂
t=1

{
pt ∈

[
p̂θt ∓

zα/2,R̂n ×
√
σ̂θ,tt

√
n

]})
→ 1− α, as n→∞. (4.19)
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Also based on Theorems 5 and 6 , one can derive simultaneous confidence intervals for linear

combinations of the effects pt. Let Cm be a contrast matrix with row vectors C ′l , and let Σ(C) =

(σθl,h)l,h l, h = 1,..., m be the asymptotic covariance matrix of
√
nC(p̂θ − p). Furthermore, let Σ̂(C) =

(σ̂θl,h)l,h l, h = 1,..., m be a consistent estimator of Σ(C) = CΣC ′ and, let R̂
(C)

= (r̂θ,lh)lh l, h = 1,..., m

denote the empirical correlation matrix. We obtain simultaneous confidence intervals for the linear

combinations C′lp from

P

(
m⋂
l=1

{
C′lp ∈

[
C′lp̂

θ ∓
z
α/2,R̂

(C)
n
×
√
σ̂θ,tt

√
n

]})
→ 1− α, as n →∞. (4.20)
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4.6 Simulation Results

In this section we study the empirical properties of our asymptotic test procedures discussed in

Section 4.5 via a simulation study. We make comparisons in terms of the size and power of tests.

In the simulation study, the number of subjects and the degree of correlation between measure-

ments will be allowed to vary. In addition, when testing the methods that are developed to work

with missing data, we will vary the percentage of the missing data. By varying MP, sample size

and within-pair correlation, we aim to identify the test procedure that works better in terms of

maintaining the pre-determined level and having high power.

4.6.1 Size Simulation Results

To test the hypothesis of no time effect (Ho : Cp = 0), various settings for missing percentage

(MP), the distribution of data, sample sizes (10, 20, 30) and within-pair dependence were consid-

ered. The effect of missing percentage is evaluated by varying MP in {0%, 5%, 10%, 25%}. The

covariance matrix was generated putting unity on the diagonal with different values on the off di-

agonal, i.e. (ρ = 0, 0.5 and 0.85). Furthermore, together with multivariate normal (MVN), both mul-

tivariate lognormal (MVLN) (as an example of a skewed distribution), and multivariate Cauchy

(MVC) (as an example of a heavy-tailed distribution), are used for generating data. In all simula-

tions, the run size is 10, 000. The proposed methods are compared, with respect to the pre-defined

probability of type I error (0.05), are:

WTS: The Wald-Type statistic, as discussed in Brunner et al. (2002).

ATS: The ANOVA-Type statistic, the way discussed in Brunner et al. (2002).

MCTP : The Multiple Comparison Test Procedure as discussed in Konietschke et al. (2010).

MCTPAdj.: This is similar to MCTP where the MCTP is approximated by a t-distribution with

approximated degrees of freedom ν̂.

As discussed in Section 4.5 the degrees of freedom for WTS is two which is the rank of contrast

matrix C defined in equation (4.17). For the ATS method the degrees of freedom for Chisquare

distribution is computed in the way discussed in Section 4.5. For the two methods, MCTP and

MCTPAdj., the critical values to which the calculated values of test statistics are compared using

equicoordinated quantiles, z1−α/2,2,R, as discussed in Bretz et al. (2001), where R is estimated by

sample correlation matrix R̂. The results of the size simulation for the tests are shown in Tables

4.2, 4.3 and 4.4 corresponding to the three distributions namely, Normal, Cauchy and Lognormal.
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In Table 4.2, under normality, we see that WTS shows improvement with increase in the sample

size when the missing percentages are up to 10% and then decline as the missing percent increases.

This behavior of WTS is similar for both Cauchy and Lognormal distributions.

n % WTS ATS MCTP MCTP Adj.

ρ 0 0.5 0.85 0 0.5 0.85 0 0.5 0.85 0 0.5 0.85

0 10.12 6.23 3.2 3.75 2.63 0.96 2.35 2.34 2.78 2.35 2.34 2.8

5 11.46 8.16 5.06 4.83 3.28 1.72 2.26 2.44 2.66 2.27 2.45 2.67

10 10 13 9.05 6.05 4.97 3.31 1.98 2.26 2.46 2.69 2.26 2.47 2.71

25 13.61 11.46 9.86 4.8 3.68 3.2 2.75 2.69 2.5 2.77 2.72 2.5

0 5.29 4.28 1.82 2.92 2.29 1.14 2.42 2.51 3.14 2.42 2.52 3.14

5 7.17 5.51 3.39 3.63 3.29 1.85 2.26 2.3 2.69 2.27 2.3 2.69

N
or

m
al

20 10 6.93 5.63 4.22 3.27 2.8 2.08 2.87 2.95 2.65 2.87 2.97 2.65

25 4.91 4.27 5.09 1.79 1.57 2.1 4.1 3.94 3.94 4.11 3.96 3.96

0 4.57 3.33 1.84 3.11 2.29 1.39 2.39 2.76 2.65 2.39 2.76 2.65

5 5.69 4.35 3.6 3.46 2.68 2.38 2.97 2.49 2.93 2.99 2.49 2.93

30 10 4.81 3.98 3.24 2.66 2.5 1.88 4.18 4.08 3.54 4.18 4.1 3.55

25 2.29 1.82 2.9 0.79 0.77 1.04 5.76 6.26 5.14 5.79 6.29 5.15

TABLE 4.2: Achieved size (×100) at α = 0.05 by WTS, ATS, MCTP and MCTP Adj..
Trivariate data are generated from Normal distribution with unstructured covari-
ance. The simulation size is 10, 000. .

Looking at Table 4.2, when data are from normal distribution, the simulation results show that

the WTS method is liberal for small sample sizes while the ATS method preserved the pre-defined

type-I error almost accurately when within-pair dependence is weak. On the other hand, for small

sample sizes both MCTP and MCTP Adj. are conservative.
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n % WTS ATS MCTP MCTP Adj.

ρ 0 0.5 0.85 0 0.5 0.85 0 0.5 0.85 0 0.5 0.85

0 10.98 5.96 2.58 4.4 2.38 0.70 2.38 2.48 2.36 2.38 2.50 2.36

5 12.08 8.04 4.34 5.08 2.78 1.66 2.12 2.22 2.44 2.12 2.22 2.44

10 10 12.72 8.54 5.54 5.38 2.90 1.84 2.92 1.90 2.02 2.92 1.90 2.02

25 14.02 11.2 9.48 5.54 3.58 2.98 2.44 2.44 2.08 2.44 2.44 2.10

0 6.18 4.36 1.26 3.04 2.44 0.80 2.52 2.26 2.44 2.54 2.26 2.44

5 7.64 5.64 3.66 3.72 3.04 2.20 2.72 1.92 2.38 2.72 1.94 2.38

C
au

ch
y 20 10 8.04 6.06 4.12 3.72 3.64 2.38 2.88 2.72 2.32 2.90 2.74 2.32

25 6.16 4.72 4.74 2.52 1.70 2.12 3.88 3.62 3.20 3.90 3.62 3.22

0 5.54 3.48 1.48 3.02 2.38 1.28 2.76 2.28 2.82 2.76 2.28 2.82

5 6.36 5.16 3.66 3.26 2.82 2.22 2.54 3.00 2.94 2.56 3.00 2.94

30 10 5.00 4.60 4.06 2.60 2.28 2.14 3.92 3.42 3.56 3.92 3.42 3.56

25 2.16 1.88 3.36 0.68 0.68 1.40 5.92 6.48 4.58 5.94 6.52 4.58

TABLE 4.3: Achieved size (×100) at α = 0.05 by WTS, ATS, MCTP and MCTP Adj..
Trivariate data are generated from Cauchy distribution with unstructured covari-
ance. The simulation size is 10, 000. .

In Table 4.3, for data generated from Cauchy distribution, we see that WTS shows improvement

with increase in the sample size when the missing percentages are up to 10% and then decline

as the missing percent increases. This behavior of WTS is similar to that of data from normal

distribution. ATS performed better than WTS for small sample size and when within-pair depen-

dence is weak while both MCTP and MCTPAdj. are conservative. Furthermore, we note that WTS

performs better in the presence of medium (size of correlation) within-pair dependence. On the

other hand, the ATS performs better than WTS in maintaining the predefined type-I error for small

sample sizes. The two statistics MCTP and MCTPAdj., show an unusual behavior with increasing

rejection rate as the missing percentage increases. However, the improvement in performance has

been achieved in maintaining the pre-defined size when the missing percentage is large. This is

also true for the lognormal distribution.
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n % WTS ATS MCTP MCTP Adj.

ρ 0 0.5 0.85 0 0.5 0.85 0 0.5 0.85 0 0.5 0.85

0 5.05 5.05 5.05 1.98 1.98 1.98 2.44 2.44 2.44 2.45 2.45 2.45

5 6.80 6.80 6.80 2.70 2.70 2.70 2.41 2.41 2.41 2.41 2.41 2.41

10 10 8.17 8.17 8.17 2.91 2.91 2.91 2.22 2.22 2.22 2.22 2.22 2.22

25 10.40 10.40 10.40 3.61 3.61 3.61 2.25 2.25 2.25 2.26 2.26 2.26

0 3.23 3.23 3.23 1.97 1.97 1.97 2.50 2.50 2.50 2.51 2.51 2.51

5 4.51 4.51 4.51 2.60 2.60 2.60 2.13 2.13 2.13 2.13 2.13 2.13

Lo
gn

or
m

al 20 10 5.20 5.20 5.20 2.82 2.82 2.82 2.75 2.75 2.75 2.76 2.76 2.76

25 4.18 4.18 4.18 1.48 1.48 1.48 4.28 4.28 4.28 4.31 4.31 4.31

0 2.74 2.74 2.74 1.97 1.97 1.97 2.56 2.56 2.56 2.56 2.56 2.56

5 4.53 4.53 4.53 2.67 2.67 2.67 2.62 2.62 2.62 2.62 2.62 2.62

30 10 3.88 3.88 3.88 2.01 2.01 2.01 3.95 3.95 3.95 3.96 3.96 3.96

25 2.01 2.01 2.01 0.84 0.84 0.84 6.03 6.03 6.03 6.04 6.04 6.04

TABLE 4.4: Achieved size (×100) at α = 0.05 by WTS, ATS, MCTP and MCTP Adj..
Trivariate data are generated from Lognormal distribution with unstructured covari-
ance. The simulation size is 10, 000. .

As can be seen in Table 4.4, for data generated from a lognormal distribution, WTS becomes more

liberal as percentage of missingness increases for small sample sizes. MCTP and MCTPAdj. are

conservative except when the sample size is large.
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4.6.2 Power Simulation Results

In Figures 4.1, 4.2 and 4.3 below power simulation for the new method is displayed for the three

distributions namely, Normal, Cauchy and Generalized extreme value. To show an example of

the power advantage of the new method, we set the sample size allocation to n = 25, missing

percentage to MP = 20% and α = 0.05.
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FIGURE 4.1: Power curves for the WTS and ATS. The alternatives considered are F1 = F2 whereas F3 varies
with respect to location and/or shape. The data is generated from skew-normal (SN) distribution and the
panels (A), (B) and (C) are for location, shape and location-shape, respectively, alternatives. For all plots
the sample size n = 25, the missing percentage is 20% and the simulation of size is 10, 000. .
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For the alternative hypothesis, we take two of the distributions to be the same but change the loca-

tion, shape or both to the third one. We choose the third distribution in such a way that when the

location and/or shape parameters are zeros, the power will be the same as the other two distribu-

tions. This scenario reduces to the null case and a desirable value of power would be 0.05 or less.

The values of the scale parameter in all the three distributions is set to unity.
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FIGURE 4.2: Power curves for the WTS and ATS. The alternatives considered are F1 = F2 whereas F3 varies
with respect to location and/or shape. The data is generated from skew-Cauchy (SC) distribution and the
panels (A), (B) and (C) are for location, shape and location-shape, respectively, alternatives. For all plots
the sample size n = 25, the missing percentage is 20% and the simulation of size is 10, 000. .
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In order to induce a measured amount of dependence within the paired observations, we generate

data from the respective marginal distributions and couple them with Clayton’s copula (Nelsen,

2006) setting the parameter value at 8. This value of the parameter induces a dependence of

Kendal’s τ = 0.8000, and Spearman’s ρ = 0.9408.
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FIGURE 4.3: Power curves for the WTS and ATS. The alternatives considered are F1 = F2 whereas F3 varies
with respect to location and/or shape. The data is generated from generalized extreme value (GEV) distri-
bution and the panels (A), (B) and (C) are for location, shape and location-shape, respectively, alternatives.
For all plots the sample size n = 25, the missing percentage is 20% and the simulation of size is 10, 000. .
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The marginal distributions we consider are skew-normal (SN) of Azzalini (1985), (skew-t (ST) of

Azzalini and Capitanio (2003), which is equivalent to Skew Cauchy (SC) when the degrees of

freedom equals to 1), and generalized extreme value (GEV) of McFadden (1978).

Regarding the power simulation we limit our discussion to only two situations namely, WTS and

ATS methods. The other two are dropped from our discussion as they displayed extremely poor

performance in power. The results from the power simulations shown in Figures 4.1, 4.2 and 4.3

tell a similar story regarding the two test statistics (WTS and ATS). For location alternatives (panel

(A) in Figures 4.1, 4.2 and 4.3), the new nonparametric method namely, WTS has a clear advantage

over ATS when data come from heavy tailed distributions. The power curve for WTS starts at

0.05 and stays above that of ATS for panel (A) in Figures 4.2 and 4.3. For panels (A), (B) and

(C) in Figure 4.3, although the power curve for WTS starts at value very close to 0.05, it attains a

slightly higher power than ATS after a while. Overall, in the settings of these panels (panel (A)

in Figures 4.1, 4.2 and 4.3), ATS performs comparably well but not as good as WTS. On the other

hand, WTS performs better than ATS for shape-alone alternatives (panel (B) Figures 4.1 and 4.2). In

panel (B) of Figure 4.3 the performances of the two are about the same. For data from heavy tailed

distributions both methods (WTS and ATS) are inefficient for shape-alone alternatives. The results

with data from GEV distribution ( because the existence of moments depends on the value the

shape parameter ξ), lead to poor power performance. In the case of shape and location alternatives

both WTS and ATS perform almost similarly. Except the case in panel (C) of Figures 4.2, WTS

has more power than ATS. Apart from GEV distribution (panels (A), (B) and (C) in Figures 4.3)

in all the other cases ATS starts at power below the threshold value 0.05, showing that ATS is

conservative in those settings. Finally, except for data from GEV distribution (panels (A), (B) and

(C) in Figures 4.3), in all others the WTS method starts at values above and very close to 0.05.

Hence ATS is liberal for data from this type of distribution. Overall, in the scenarios considered in

the current simulation study WTS performs better than ATS.
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4.7 Real Data Example: The Fluvoxamine Study

In this section we demonstrate the application of the new method using a real dataset. The Flu-

voxamine study data are from a Multicentre Psychiatric Study (MPS) which includes a total of 315

patients. The patients were treated with a fluvoxamine for psychiatric symptoms that are believed

possibly to result from abnormality of serotonin in the brain. These patients were treated at three

subsequent visits to the clinic and at each visit the intensity of both therapeutic-effect and side-

effects were recorded, each on a four-category ordinal scale. Side-effect is coded as: 1≡ no; 2≡ not

interfering with functionality of patient; 3 ≡ interfering significantly with functionality of patient;

4 ≡ side-effect surpasses therapeutic effect. Likewise, the effect of therapy is recorded on a four-

point ordinal scale: 1 ≡ no improvement or worsening; 2 ≡ minimal improvement, not changing

functionality; 3 ≡moderate improvement, partial disappearance of symptoms; and 4 ≡ important

improvement, almost disappearance of symptoms. Thus, a side-effect occurs if new symptoms oc-

cur, whereas there is therapeutic effect if old symptoms disappear. The dataset is a good example

of partially repeated measures as there was a considerable dropout at each visit. From a total of 315

subjects, 14 were not observed at all after the start, 31 were observed on the first time only, 44 pa-

tients showed up at first and second occasions, and 224 had complete observations. Two patients

were dropped out from the analyses as the missing pattern is non-monotone. Consequently, 299

subjects remained for analyses. These data were previously used, among others, by Molenberghs

and Lesaffre (1994), Molenberghs et al. (1997), Lapp et al. (1998), and Molenberghs and Verbeke

(2004). For a detailed description of these data one can refer to Molenberghs et al. (1997). A non-

parametric analysis would be an appropriate choice as the two outcomes therapeutic-effect and

side-effect are a measure with an ordinal scale.

In Table 4.5 and Figure 4.4 results for therapeutic effect are shown. Table 4.5 shows a summary

of the four test statistics (Wald-Type Statistic (WTS), Anova-Type Statistic (ATS), Multiple Com-

parison Test Procedure (MCTP) and Multiple Comparison Test Procedure approximated by t-

distribution (MCTP Adj.) with adjustment for degrees of freedom. Figure 4.4 shows profile plots

for the therapeutic-effect outcome variable in the Fluvoxamine study.

WTS ATS MCTP MCTP Adj.
Statistic 361.183 304.457 9.6667 9.6667
Critical-value 7.378 7.214 2.397 2.411

TABLE 4.5: The values of the test statistics and critical-values for WTS, ATS, MCTP
and MCTP Adj.(the new method with approximated degrees of freedom (ν̂)) for the
outcome variable ’therapeutic-effect’. .
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FIGURE 4.4: Profile plots for therapeutic-effect outcome variable.

In the analysis of Fluvoxamine data Table 4.6 below contains a summary of the results for four test

statistics. All lead to the same conclusion: significant change over time. Figure 4.5 below shows

the profile plots of the marginal means and relative effects for the side-effect outcome variable.

They also confirm change over time.

WTS ATS MCTP MCTP Adj.
Statistic 41.876 19.738 3.215 3.215
Critical-value 7.378 6.324 2.344 2.363

TABLE 4.6: The values of the test statistics and critical-values for WTS, ATS, MCTP
and MCTP Adj.(the new method with approximated degrees of freedom (ν̂)) for the
outcome variable ’side-effect’. .
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FIGURE 4.5: Profile plots of marginal means and relative effects for side-effect out-
come. .

As shown in Table 4.6 above, all the four test statistics lead to the same conclusion unequivocally.

The results imply that there is a statistically significant change in the side-effect over time. More-

over, the profile plots in Figure 4.5 depict that there is a decline in the side-effects over time. This

result is in agreement with that in Molenberghs and Verbeke (2004).
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Chapter 5

Discussion , Conclusion and Future

Directions

5.1 Discussion and Conclusion

We developed nonparametric methods for partially paired (correlated) data for two groups and

multiple time situations in repeated measures design setup. Chapter 3 discussed inference proce-

dures for the nonparametric relative effect for partially paired data in two groups. The method

is particularly suited to the situation where two treatments are compared by assessing outcomes

on two occasions. The main contribution is accommodation of data that are incomplete at either

one of the occasions and in either of the two groups. In this connection, the procedures proposed

are geared towards testing significance and constructing a confidence interval for the difference in

the change induced by two treatments. The method can also be used in a 2 × 2 factorial design

where one factor is a within-subject factor and the other factor is a between-subject factor. In this

context, the design covered by the methods is an instance of incomplete block design. The method

is appropriate for outcome variables that are binary, ordinal, discrete and continuous. When none

of the subjects are assessed at both time points, the design reduces to a 2×2 cross-classified design.

On the other hand, when all the subjects are assessed at both time points, the new method reduces

to the repeated measures design discussed in Chapter 2. In both special cases the theoretical as

well as numerical results firmly coincide and corroborate that of Brunner et al. (2017). Although

our theory focuses on testing the interaction effect, the tests for the main effect follow along the

same lines by considering the appropriate contrast (linear combination) of the relative effects.

Other recent methods for analyzing similar type of data compute the values of test statistics for the

complete and incomplete cases separately and combine the two by taking a weighted average. This
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approach fails to compare directly, for example, when the observations at occasion 1 with complete

cases do not match with those of the incomplete cases at occasion 2 and vice versa. Proposition

2 makes it clear that the methods in this study compares the complete and incomplete groups

directly at individual level to make a more intuitive and powerful inference.

The estimator and test developed enjoy desirable asymptotic properties, such as asymptotic unbi-

asedness and consistency. The asymptotic variance is consistent whether or not the null hypothesis

is true. This allows for the construction of a confidence interval. However, the test and confidence

interval derived are asymptotic. The quality of approximation of the asymptotic result may not

be adequate for small sample sizes. In such a cases, a t approximation with estimated degrees of

freedom is proposed for the studentized version of the nonparametric measure of effect. Several

authors have demonestrated the favorable utility of this approach for nonparametric methods.

In practical applications, we recommend carrying out group-wise marginal descriptive analysis to

get a rough feel for the nature of the marginal distributions. When the descriptive statistics suggest

mild or no departure from normality and the missing percentage is small, not much will be lost

in terms of inferential efficiency by using the simple complete case analysis. On the other hand, if

the departures from normality are moderate to severe but the tails of the distribution are not too

heavy to violate the moment assumptions, the use of the semi-parametric methods may be appro-

priate, in particular, if only a location-type alternative is expected. However, when the marginal

distributions are suspected to be different or are heavy tailed, the new nonparametric method

should be used in the case of both small and larger sample sizes, when there is strong within-pair

dependence. For smaller to moderate sample sizes, the t-based approximation should be consid-

ered when there is either negative or weak within-pair dependence. We should caution that one

needs to stay away from the semi-parametric methods if shape-type alternative are indicated or

suspected.

The second contribution of this dissertation is the theory developed in Chapter 4. We proposed

and theoretically investigated a fully nonparametric test procedure for partially complete repeated

measured data. Likewise in Chapter 3, the proposed method is not limited to metric data. In addi-

tion, it does not require the assumption of continuity or symmetry for the underlying distribution

functions. The theory accommodates ties in the data in a seamless fashion. Unlike several other

marginal models for repeated measures, the use of nonparametric effects effectively addresses the

Behrens-Fisher problem in the sense that hypotheses are in terms of a nonparametric quantity such

that the marginal distributions can still be different even under the null hypothesis. The proposed

estimators for the relative effects are asymptotically unbiased and consistent. The technique used
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in developing the test and deriving the associated theory makes a nontrivial application of existing

results for paired samples with missing data and repeated measures for complete data. This for-

mulation allows visualizing a formal extension beyond three time points. The asymptotic theory

of vector of relative effects is utilized to construct a Wald-Type Statistics (WTS), an ANOVA-Type

Statistic and Multiple Comparison Test Procedure (MCTP) for testing purpose. An approximate

degrees of freedom test was also proposed based on MCTP (MCTPAdj).

The empirical results, albeit limited, show that WTS performs better compared to the other three

for all distributions and settings considered. ATS performs fairly as good as WTS in many of the

cases. The two statistics, MCTP and MCTPAdj exhibited unexpectedly strange behavior in the

size simulations. To make things worse, their performance in terms of power was unacceptably

poor. In summary, considering the excelling performance of WTS observed in the simulation,

we recommend its use with caution until more comprehensive empirical or theoretical evidence

become available.

5.2 Future Directions

Finally, we close this chapter by providing an itemized list of future directions.

1. All the test procedures developed in this research assumed that incompleteness (missing

data) happens completely at random. Although this assumption can be justified in many

cases, it could be unrealistic in some applications. In particular, the reason data are missing

may depend on observed variables or, even on the missed values themselves. These trans-

late into the possibility of having different marginal distributions at a time point depending

on whether observations are available at other time points. A possible avenue to tackle the

former mechanism of missing data could potentially involve nonparametric estimation of

the conditional distribution at a time point given that other time points are observed. Ex-

istence of additional information on the missing mechanism outside of the data is needed.

Incorporating this information in the nonparametric inference is not yet clear at this point.

2. It would be of interest from practical stand point to extend the procedures developed for test-

ing group-time interaction for two-group and two-time point to multiple groups and multi-

ple time points. This extension amounts to extending the methods in Chapter 4 to multiple

groups and multiple time points. The vector of relative effects may be defined in a similar

way. The techniques employed in that chapter could be formally adapted. However, the

calculation of the estimator, the estimated asymptotic covariance matrix and investigation
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of their theoretical properties will be prohibitive. A matrix-based approach where the miss-

ing data are technically avoided by using some missing incidence matrix could be a viable

approach.

3. Data arising in randomized trials and survey designs could have a more complex layout than

the crossed-factor design this dissertation focused on. In some home-based interventions,

for example, houses (possibly with multiple inhabitants) are randomly assigned to interven-

tions. This group randomization induces cluster correlation which needs to be accounted for

in statistical analysis. One of the challenges is that the group sizes will typically be unequal,

which leads to cluster correlation matrices whose dimensions vary from cluster to cluster.

Practically, the techniques employed in Chapter 4 could be applied in this complex situation

as well but the resulting calculations will be a far too involved.
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Appendix A

Appendix

Riemann-Stieltjes and Integration by Parts

In the evaluation of relative summary effects which is expressed in terms integrals with respect to

distribution function, we use the result given below by Hewitt (1960) on Riemann-Stieltjes integra-

tion by parts.

Let f and g be finite real-valued functions defined on the closed interval [a, b] of the real number

system R. Let
∫ b
a f(x)dg(x) denote the Riemann-Stieltjes integral of f with respect to g over [a, b].

Then, if
∫ b
a g(x)df(x) exists, the integral

∫ b
a g(x)df(x) also exists, and

∫ b

a
g(x)df(x) +

∫ b

a
f(x)dg(x) = f(b)g(b)− f(a)g(a).

We use this result for derivation of interaction effect size, relative effects and relative summary

effects.
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