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Preface 

This seminar report is about generating functions and some 

of their uses in discrete mathematics . It is a report 

prepared for the course Math 702 during an M. Sc. study at 

Addis Ababa University . Generating functions are a bridge 

between discrete mathematics on one hand and continuous 

analysis on the other hand . It is possible to study them 

solely as tools for solving discrete problems. In this 

report we will see how generating functions are useful to 

describe different sequences in a meaningful way. 

The report has two chapters. Chapter one is mainly about 

different versions of generating functions. We start the 

c hapter with definitions of polynomials over a ring and 

then g o thr ough formal power series , formal power series 

generating functions, exponential generating functions and 

Dirichelet generating functions with some useful properties 

and examples. We have tried to prove some propositions and 

list references where anyone could find the proofs for 

those unproved propositions. The second chapter is about 

applications of generating functions. Even though it is 

impossible to list all applications of generating 

functions, due to the vast application it has, we have 

tried to show how it is useful to describe a sequence 

analytically. We can apply them to find terms of a sequence 

having a certain property . As a result, the chapter has 

four sections: Linear Recurrence , Fibonacci Numbers, 

Partition and The Hilbert Function. 



Finally we have tried to list some important notes in t he 

Glossary to help understand how some operations are applied 

throughout the material. Moreover, we have tried t o list 

possible Mathematica Functions with illustrations that 

could be applied in finding the problem in question into 

Discrete Math package. 
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Chapter One 

Generating Functions 

1 . 1 Rings of Polynomials 

De f ini tion 1 . 1.1 

Let R be a ring. A poly nomial I in indetermi nate x with 

coefficients in R is an infinite formal sum 

where a, E R and a, = 0 for all but a 
i=O 

finite number of va l ues of l. 

The a, ' s a re called the c oefficient of x' in I. If for some 

it is true that a, * 0, 
o 

the largest such value of io is 

the degree of I and the coefficient a is called the leading 
, 0 

coe f f i c i e n t of I. If no such i > 0 exists then I is called a 

polynomial of degree zero. 

Ex amp l e 1.1.2 

The function l(x) = 3x' +2Xl -5x+ 4 is a polynomial with 

coefficients in the ring Z of integer . It is a polynomial of 

degree four with leading coefficient 3. 

Example 1.1 . 3 

The function I(x) = Xl + ix' - (2 + 3i)x + (5 -7i) is a third-degree 

polynomial in the ring Z+~ of Gaussian Integers . 

Polynomial Operations 

To say that two polynomials are equal is to say that the 

coefficients of the same power of x are equal . Addition and 

Multiplication of polynomials in a ring R is defined in a 

formal way; if 

1 
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~ 

f(x) = La"x" = ao + a,x + a, x' + a,x' + ... and 
11 :00 

~ 

g(x) = Lb"x" = bo + b,x + b, x ' + b, x' + ... are polynomial s, 
1/ :0 

then for polynomial addition we have 

00 

(f+g)(x) = LC"x" = Co +c,x+c,x' +C,X' + ... , where c" = a" +b" 
"",0 

and for polynomial multiplication we have 

~ 

(fg)(x) = Ld"x" = do + d,x + d,x' + d,x' + ... where 
,, =0 

" 
dll = Lajbll _ i 

i=O 

It is clear that again ci and d i are 0 for all but a finite 

number of values of i, so the definition makes sense . 

Proposition 1.1.4 

The set R[x] of all polynomials in an indeterminate x with 

coefficients in a ring R is a ring under polynomial addition 

and multiplication. If R is commutat ive [respectively an 

integral domain], then so is R[x]. If 1 is unity in R, then 1 

is also unity for R[x]. 
Proof: [8] page 121-124 

1.2 Formal Power Series 

Definition 1.2.1 

Let R be a ring and {a" !;.o be a sequence in R. A formal power 

series for the sequence {a}~ is an expression of the form n I/ :CO 

ao +a,x+a,x ' +a,x' + .... The sequence {a,,!;.o is called the sequence 

of coefficients. 

2 
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Example 1.2 .2 

The formal power series for the sequence {n}:=o in the ring Z 

of integers is O+lx +2x' +3x' + .... 

Example 1.2.3 

The formal power series for the constant sequence {l}:=o is 

I + Ix + lx ' + lx' + .... 

Exampl e 1.2.4 

The formal power series for t he finite sequence {1,3,S,7} is the 

polynomial 1 +3x+Sx' +7x' . 

~ 

We usually denote the formal power series La"x" for the 
11=0 

sequence {an to by letters f, g, It etc. 

To say that two formal power series are equal is to say that 

their sequences of coefficient are the same. 

Formal Power Series Operations 

We can do certain kinds of operations with formal power 

~ ~ 

series. Let f(x) = Lanx" and g(x) = Lb"x" be two formal power 
1/=0 11 =0 

series, then 

i. we can add them by usual addition rule of polynomials 

~ 

i. e. (f + g)(x) = L C"x" = Co +c,x+ c,x' + c, x ' + .. . where c" = a" +b" 
11=0 

and 

ii. we can multiply them by usual multiplication rule of 

polynomials 

~ " 
i.e. (jg)(x) = Ld"x" =do +d,x+ci,x' +d,x' + ... where d ll :;:: LQjbll - i 

11 =0 ;=0 

3 
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This product r ule accounts for the wide applicability of 

series methods in combinatorial problems. This is because 

frequently we can construct all a" of the object of type n in 

some family by choosing an object of type k and an object of 

type n - k and stitching them together to make the object of 

type 11. The number of ways doing that will be ak G I1 _ k ' and if 

we sum over k we find that the product of two formal power 

series is directly related to the problem that we are 

studying. 

Proposition 1.2 . 5 

Let R be a ring and denoted by R[xll , the set of all formal 

power series with sequence of coefficients in R . 

i. R[xll is a ring with addition and multiplication 

defined. 

ii . Rand R[x] are both subrings of R[xll. 

iii . If R is commutative [respectively a ring with unity or 

an integral domain], then so is R[xll. 
Proof: [9] page 123 or [4] page 154 

Proposition 1.2.6 

ro 

Let R be a unitary ring and f(x) = La"x" E R[xll. 
11=0 

i. f is a unit if and only if its constant term aD is a 

unit in R. 

ii. If aD is irreducible in R, then f is irreducible in 

R[xll· 
Proof: [4] page 155 

4 
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If R is a division ring, then units in R[xll are precise ly 

those power series with non-zero constant term. The principal 

ideal (x) consists of the non-units in R[xll and is the unique 

maximal ideal of R[xll. Thus, if R is a field, R[xll is local 

ring . 

Proof : [4 ] page 155 or [3] page 420 

So far we have introduced s ome important notions and 

properties of a formal power series with coefficients in any 

general ring. From here onwards and through out this report 

we consider only a sequence of numbers as we want to apply 

the concept to combinatorial problems. Thus by a sequence we 

mean a sequence of numbers. 

We may define the composition of two formal power series 

~ 00 ~ 

J(x) = La,,x" and g(x) = Lb"x" by J(g(x)) = La,,[g(x))" 
11=0 1/=0 

If the series g (x) has a non-zero constant term bo ' then every 

~ 

term of the series J(g(x)) = La,,[g(x) )" may contribute to the 
11=0 

coefficient of each power of x. On the other hand, if ~=O , 

then we wi ll be able to compute t he coefficien t of Xk for 

some k from the first k+J terms of the series s hown . 

Notice that every single term a,,[g(x) )" = a"[t.b,,x" J with n>k 

will contain only powers of x greater that k , and therefore 

we won't need to look at those terms to find the coefficient 

of X k . Thus if bo = 0 then the computation of each one of the 

coeffici ents of the series J(g(x)) is a finite process, and 

5 
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therefore all those coefficients are well defined, and so is 

the series. If bo ~ 0, the computation is infinite process 

unless I is a polynomial . Thus the composition I(g(x» of two 

formal series I & g is defined if and only if bo = 0 or I is 

a polynomial . 

Definition 1.2.8 

The inverse of a series I , if it exists, is a series g such 

that I(g(x» = g(f(x» = x. 

Proposition 1.2 . 9 

00 

The inverse of a formal power series I(x) = La"x" exists if 
11=0 

and only if the constant term ao is zero and the coefficient 

a, of x is non-zero. 

00 

Proof : Assume that the formal power series I(x) = La"x" has 
lI =r 

00 

inverse g(x) = Lb"x" where r,s;:: O. The constant terms ao and bo 
11=5 

are zero as the composition I(g(x}} = g(f(x}} is defined. Now 

I(g(x» = x = a,b; x" + .... , where rs = 1 . Thus r = 1, s = 1, which means ao 

is zero and the coefficient a, of x is non-ze ro. 

00 

The deri vati ve of a formal power series I(x) = La"x" is the 
11=0 

00 

series f(x} = Lna"x"-J =aJ +2a1 x+3a, x 1 +4a,x' + .... Differentiation 
11=0 

follows usual rule of calculus, such as the sum, product, and 

quotient rules. 

6 
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Proposition 1.2.10 

If /'= 0, then f is a constant. 

00 

Proof : Let f(x) = Ia"x" . 
11=0 

Then, f '= 0 means that /' is identical to the formal power 

series O. 

~ a, + 2a2x + 3a3 x2 + 4a4 x 3 + ... = 0 . 

~ For all II EN, we have Ila" = 0 

~ For all 11 EN, we have a" = 0 

~ f =a o is a constant . 

Proposition 1.2.11 

If /' = f then f = ce', c is a constant. 

00 

Proof: Let f(x) = 2:>"x" Now, /'= I 
11=0 

00 00 

=> Ia"x"::::: Inanx'r-l 
1/ .. 0 11 =0 

~ For all Il~O, we have (11 +1)0,,+, =a". 

a" => a/HI::::: --1 11+ 

I1~O. 

whence by induction on II, 

I() ~ " ~ ao " ~ x" x => x::::: ~anx ::::: ~-x =ao~-=aoe . 
'1'=0 11=0 n! 11 =0 n! 

7 
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1.3 Generating Functions. 

Definition 1.3.1 

Given a sequence of numbers (finite or 

infinite) ao ,apa"a""" we define the formal power series 

G(x}=ao +a,x+a,x2 +a,x' + .. , 

to be the generating function of the sequence ao,a"a" a" .. , 

and we wri te G ( ops ) {an };=o 

Example 1.3 , 2 

The generating function for the finite sequence {(~Jr.o ,where 

n is a positive integer is 

Thus, we write (l+x)" ( OP' {~){;J .. ,{:). 
Example 1 . 3 . 3 

The generating function for the infinite sequence {I} , - lS 

11 1 ,,~o 

\\ 1 2 1 ' \ 4 x 
G(x} = - +-x+-x +-x +-x + .. ,=e . 

O! If 2! 3! 4! 

Thus, we write 
\ \ \ 

) 1,1,-,-,-, ... 
2 3! 4! 

Example 1 . 3.4 

The generating function for the sequence with recurrence 

r e l ation all = 5a ,,_1 -6a,,_2 I Go = 0 I 

, x 
(II = 1 l S G(x)= 2 

1- 5x + 6x 

Thus, we write x ( ops ){OJ,5 .. "Qn = 5a n_,- 6a ,,_2 }:=2 
1- 5x+6x' 

8 
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Example 1.3.5 

The formal power series generating function for the constant 

2 3 4 1 sequence G(x)=1+x+x +x +x + ... =--. 
1- x 

Thus, 

The symbol G ( OP' ) {an to means that the series G is the formal 

(ordinary) power series generating function for the sequence 

~ 

{an to. Thus G(x) = La"x
n 

11",0 

Proposition 1.3.6 

i. 

ii. 

iii. 

Proof : 

G(x) + H(x) ( OP' ){an +b,to 

cG(x)( OP' ){canl:=o, where c is a fixed number. 

n 

G(x)H(x) ( OP' ){dnto, where d n = LaA,-, 
k ",Q 

Immediate consequence of rules of formal power 

series operation. 

Proposition 1.3.7 

If G(x) ( OP' ) {an t o' then 

ii. x'G(x)( 01" )O,O, ... ,O,aO,a"a 2 ,a
J

, • • • (k-zerosjirst) , kEN. 

Proof: 

~ 

i) Let G(x) ( OP' ) {an to. That is G(x) = Lanxn 

11 :0 

~ ~ 

=> xG(x)=xLanx'l = Lanx ll
+

1 
=O+G]X+G 2 X

2
+G 3X

3 + ... 
11=0 1I'~1 

=> xG(x) ( OP' ) 0 , G O, G 1,Q2,Q 3' ''' 

ii) Follows by induction on k. 

9 



A Graduat e Seminar Repor t Gener ating Functions and some of t heir Appli cot lons 
Addis Aboba Univer si t y 

Proposition 1.3.8 

I f G(x) ( op, { }oo ) a" 1/:0 I then 

i. 

ii . 

Proof : 

G(x) - ao ( OP' { }oo 
-'--'----"- ~=-~) a //+ 1 11 =0 

X 

00 

i) Let G(x)( OP' ){a"to ' That is G(x)=La"x" 
11=0 

~ G(x)=ao+alx+a2x2+a3x3+ ... 

G(x)-ao " 
~ = a , + a, x + a,x + a4 x + ... 

x 

G(x) - ao OP' { }oo 
:::::::> () Q" + l 11 =0 

X 

(ii) Follows by induction on k. 

Proposition 1.3.9 

If G(x) ( OP' ){a" t o , then ~(G(x)) ( OP' ) aJ>2a" 3a,,4a,, ... 
dx 

Proof : Follows from the definition of derivative of formal 

power series. 

Proposition 1.3 .10 

If G(x)( OP' ) {a" to , and P is a ny polynomial in n, t hen 

P(x~)(G(x))( OP' ) {P(n)a" t o . 
dx 

00 

Proof: Let G(x) ( OP' ) {an to' that is G(x) = La"x" 
1/=0 

Then t he formal power series 

10 
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The formal power series 
d' 00 

x'-, (G(x)) = In'a"x" 
dx 1/ =0 

generates the 

sequence {n ' a" to. In general, for any (f ixed) posi ti ve integer 

k the formal power series 
d ' 00 

x' -, (G(x)) = In'a"x" 
dx 11=0 

generates the 

sequence {I1 ' a" t=o . Now let 
'" 

P/ t I '" k III 11/ -1 II1; = L...,p,11 = p",11 +P",_1 11 + ···+Pln+po 
111=0 

be the polynomial in n. Then we have 

( d) {( d)'" (d )"'-1 ( d) } P x dx G(x)= P'" x dx +P",-I X dx +···+PI x dx +Po G(x) 

(
d) ( d)'" ( d )"'-1 ( d) => P x dx G(x) = P'" x dx G(x) + P",- I X dx G(x) + ... + PI X dx G(x) + PoG(x) 

p( 
d)G() (",d"'G(X)J ( "' -I d"' - IG(X)J (dG(X)) G() 

=> x dx x =Pmlx d
x

ll1 +Pm-/lx dx lll I + " ,+PI X----;;;- +Po x 

( d) ~ "''' ~ ", -I " ~"~,, => P x- G(x} = PmL.Jn aI/x + PIII_J~n aI/x + ... + p'L.inal/ x + PoL.JQnx 
dx _ ,,~ ,,~,,~ 

p( d )G() { '" ", -I }~ , => x - x ::;; Pmn + Pm _In + ... + p,n+ Po ~allx 
dx 11=0 

=> p( x ! )G(X) = P(n)G(x) 

Therefore we have P(x !)(G(X))( OP' ){P(I1)a,,}~=o . 

Remark: We denote x' d~k '(G(x)) by (x!)' (G(x)) in the above 

proposition. 

11 
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Proposition 1.3.11 

If G(x) ( OP' { }
ro 

) an 11 =0 I then 
G(x) 

( 

I- x 
OP' ){Ia,}. 

k",O 

00 

Proof : Let G(x) = I a"x" 
11 =0 

Now G(x) 1 ( " X '' ) -- = G(x)~-= ao +a, x +a, x +a,x + ... l +x+x +x + ... 
I-x I -x 

(* ) 

For any integer n ~ 0, the coefficient of x" in the product 

series (* ) is obtained by taking the product of the 

coefficient of x' in the series of G(x) and the c oe ffi c ient 

of I/ - k 
X in the series of 

1 

I -x 
(O :<=; k:<=;n ). 

G(x) ( ) ( ) 2 ( ) , - - = aD + aD + a , x + aD + a, + a, x + aD + a, + a, + a, x + ... 
I -x 

Hence, G(x) ( OP' ){Ia,} . 
I- x hO 

Thus v e ry roug hly mu l t iplicat i o n of G(x) by 

Thus we obtain 

1 
a c t s a s an 

I - x 

operator taking a sequence ao,a" a"a" ... to the sequence of its 

More precisely G(x) ( OP' ) {a" t o' if and only i f 

Here is the modest example . 

G(x) 
-- ( 

I - x 

1,1,0,0,0,0'00'( OP' ) I +x so by Proposition 2 . 3 . 11, we have 

OP' ){Ia,} . 
k=O 

1,1 + 1,1 + 1 + 0,1 + 1 + ° + 0,1 + 1 + ° + ° + 0 ,00, = 1,2,2,2,2,2'00' <c- ."!'!...--t 1 + x . 
1 - x 

12 
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A second application of the Propos i tion yields that 

1,1 + 2,1 + 2 + 2,1 + 2 + 2 + 2,1 + 2 + 2 + 2 + 2, ... = 1,3,5,7,9,11, ... <c-."E'-~ 1 + x 2 
(1 - x) 

Thus we have chanced upon the generating function for odd 

numbers. One more application of the proposition g i ves 

1 + x 
1,1 + 3.1 + 3 + 5.1 + 3 + 5 + 7.1 + 3 + 5 + 7 + 9, ... = 1,4,,9,16,25, ... (-( --,"",P'--) ----=-3 

(I-x) 

It looks like we have found the generating function for the 

sequence of squares . To make this totally rigorous we would 

" 
need to show that I2k - l =n' and this is demonstrated by a 

k"' l 

straightforward proof using induction. 

~ 

Thus we have shown that 1,4,,9.16,25, ... = In'x" ( 
1/ =0 

1.4 Exponential Generating Functions 

Definition 1.4.1 

If is a sequence, then 

1 +x 
ops ) ~~--:-

(l-x)' 

the corresponding 

exponential generating function is the formal power series 

x 2 x 3 
00 x" 

G(x)=aO+a,x+a2 - +a3~ + ... =Ia,,- and we write G(x)( ,gf ){a"to ' 
2! 3! ,,=0 n! 

13 
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Example 1.4.2 

The exponential generating function for the constant sequence 

, 111 , 1 3 1 4 x 
lS G(X)=-+-X+ -X +-X +-X + .. ,=e . 

01 II 21 31 41 

Thus ex ( ,gf ) {I}oo 
11==0 • 

Example 1.4.3 

The exponential generating function for the sequence {n!t;o is 

G( ) - 012. II~ 212., 312. 3 412. 4 - I 2 3 __ I_ x - , + , x+ . x +, x + , x + .. ,- +x+x +x + ... - . 
O! I! 2! 3! 4! 1- x 

Thus _ 1_ ( ,gf ) {n!};;o . 
I -x 

Example 1.4.4 (Circular Permutations) 

If we want to arrange n distinct elements in a circle there 

are (n-l)! number of ways to arrange them. The exponential 

generating function for 

C(x) = I(n- I).~= I~ = In - . 
00 ,, '00 " ( I ) 

11=1 n! 11==1 n 1 - x 

\ 

Thus In(-I-) ( ,gf ) {en - I)!};=, 
1- x 

Remark : Note that 

G(x) ( 'I" 
{ }

OO 

a 
) -" 

n! 11 =0 

circular permutation is 

is equivalent to 

14 
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If G(x) ( ,g[ ){a" to and H(x) ( 'Ii db" to' then 

i. G(x) + H (x) ( 'Ii ){a" +b"to 

ii. cG(x) ( 'if ){ca,,}~=o ' where c is a fixed number. 

Pr oof : They are immediate consequences of definition 1.4.1 

and the above remark. 

Proposition 1.4.6 

If G(x) ( 'if ){aJ~=o' then 

i. 

ii. 

d ( ) g[ { }~ -GX(' )a dx () 11+1 11=0 

for any integer k ~ 0 d
l

: (G(x» )( 'if ) {a,,+, to. 
ex 

Proof : i. Let G(x) ( 'Ii ) {aJ~=o . 

=> G(x) = f ~x" 
11=0 n! 

=> - (G(x»( OP' ) a,,+, =>- (G(x»( ,g[ ) {a,,+,to . d {}~ d 
dx 11! ,,=0 dx 

ii . Follows by induction on k. 

Proposition 1.4.7 

If G(x) ( 'if ){aJ~=o and P is a given polynomial in 11, then 

Proof: Let G(x)( 'if ) {a" to and P(I1} be a given polynomial in II. 

15 
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That is G(x) = :i: ~X" • 
11 =0 n! 

Then the formal power series 

eI (G()) ~ na" " x - x = ~-x 

dx 11 =0 11! 
generates the s e quence {na" }~.o . The f orma l 

power series 
d 2 <Q 2 

X' -, (G(X) ) = L n ~" x" 
dx /1 =0 n. 

generates the 

sequence in ' a"to . I n gene r a l, for a ny (fixed) positive integer 

k the fo rmal power 
eI ' ~ n' a 

series x' -, (G( x )) = L--" x" 
dx 11=0 n! 

generates t h e 

sequen ce in' a"to . There f ore, fo r the given polynomia l P, 

P(x ! )(G(X))< ,g[ ){P(n)a"to follows from Proposition 1.4 . 1 and 

properties of differentiation. 

Proposition 1.4.8 

If G(x ) ( ,g[ ) {a" t o & H(x ) ( ,g[ ) {b" to' t hen 

G(x)H(x ) ( 'if ){t(:}"b,,_,}~ 
k 0 11=0 

Proof : Let A(x ) = G(x)H(x ) ( ,g[ ) {eI" to. 
Now observe that G(x ) , H(x) and A(x) are fo r mal power serie s 

g e nerat ing f u nct i ons for {a,:}, {b,:} and {~} re spe ct ively a n d 
n. n. n. 

" b ~:;;: La/( ,,-1 . 

11! '=0 k! (n -k)! 

"n
l 

" (11) :::;>c= " . ab =" ab " ~ ( _ k) I k' ,,,-, ~ k ,,,-, . 
k=O 11 .. 1=0 

:::;> A(x) = G(x)H( x ) ( 'Ii ) {I(n}" b,, _,}~ . 
1=0 k 

1/=0 
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1.5 Dirichlet Series Generating Function 

Defini tion 1 .5 .1 

Given a sequence we say that a formal series 

I
wa a a a 

F(s) = _"= a+ _ 2 +_3 + _ 4 + ... 
, I 2' 3' 4' 

is the Dirichlet Series Generating 
lI", l n 

Function of the sequence and we write F(s) ( Oi, ){a"t=l' 

Proposition 1.5.2 

If G(s) ( Oi, ) {a" t, and G(s) ( Oi, ) {b" t" then 

i. G(s)+H(s)( Oi, ) {a" +b"t, 

ii. cG(s) ( Oi, ) {ca"t" where c is a fixed number. 

Proof: They are immediate consequences of definition 1.5.1. 

Proposition 1.5.3 

If G(s) ( Oi, ) {a" t" then 

i. 
d 

- (G(s)) ( Oi, ) {- (In n)a" t, 
dx 

li. for any integer k?O ~kk (G(s)) ( Oi, ) k-Ij'(lnnj'a" t" 

Proof: i. Let G(s) ( Oi, ){a"t, . 
W a W 

i. e. G(s) = I --'; = Ia"n" 
11=/ n n=! 

=> !!....(G(s)) = f -(In n )a"n' = f -(In~) a" 
dx n=1 11=1 n 

=> ~ (G(s)) ( Oi, ) {- (In n)a" t, . 

i i i, Follows by induction on k . 

17 
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The importance of Dirichl et series stems di rectly from their 

multiplication rule. Suppose F(s)( OJ, da"t, and G(s) ( D" ){b"t, . 

The question is what sequence is generated by F(s)G(s)? 

Proposition 1.5 . 4 

If F (s) ( OJ, ) {a" t , and G(s) ( Dj, db"t, , then 

F(s)G(s) ( OJ, ) {~>db,,} ~ 
di" d 11=1 

Proof: Given and G(s) ( Dj, db"};.,, implies 

F(s) = f a; , 
11= 1 It 

~ b 
G(s) = L --':;-. Consider the product F(s)G(s). 

11", 1 11 

(
a, a, a4 J( b, b, b4 J F(s)G(s) = a, +-+-+-+ ... b, +-+-+-+ ... 
2' 3' 4' 2' 3' 4' 

In the product FG, the coefficient o f n-' is the sum of all 

products of a's & b's where the product o f their subscript is n 

it is La,b, . Now if rs=n then r&s are divisors of n, so the 
I'S= 11 

above sum c an also be written as La"b" 
lJ11I d 

Therefore we have the proposition. 

What happens to the sequence generated by t he kth power of a 

Dirichlet series? Le t 's work it out as fol l ows: 

~ a 
==> F(s) = L --':;-

11 =1 11 

18 
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This shows the following proposition 

Proposition 1.5.5 

If F(s) ( OJ, l{a,,}:=1 then F(s)' ( Dj'l a sequence, whose nth member 

is the sum, extended over all ordered factorization of n into 

k factors, of the products of the members of the sequence 

whose subscripts are the factors in that factorization. 

What series does F generates the sequence of alII' s: {1};=I? 

When we asked that question in the cases of the formal power 

series generating function or the exponential generating 

function, the answers turned out to be the functions 

ops and eX for eg[. 

I 

I - x 
for 

In the present case, the formal Dirichlet series whose 

coefficients are alII's is not related to any simple 

function of analysis, it is a new creature, and it gets a new 

name : the Reimman zeta function . 

That is the Dirichlet 
00 1 

series I;(s) = L-, 
n"'] n 

most important functions on analysis . 

and it is one of the 

Now from proposition 1.5.4, the coefficient of n 
-, in the 

product I;(s) ' is Ll.l = d(n) , where d(n) is the number of 
din 

divisors of the integer n. 

Likewise from proposition 1.5.5, I;(s)' generates the number 

of ordered factorization of n. 

19 
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Chapter 2 

Some Applications of Generating Functions 

Introduction 

Generating function is a bridge between discrete mathematics, 

on one hand , and continuous analysis (particularly complex 

variable theory) on the other. It is a close line on which we 

hang-up a sequence of numbers for display . Suppose we have a 

problem whose answer is a sequence of numbers ao, a i, a2, a3. , .... We 

want to know what the sequence is . Generating functions helps 

us to find the sequence . But this may not be as such simple 

to have, since some sequences are complicated. Al though 

giving a simple formula for the numbers of the sequence may 

be out of the question in some cases , we might be able to 

give a simple formula for the sum of a power series, whose 

coefficients are the sequence we are look ing for . 

We can apply generating functions to 

a. find an exac t formula for the sequence of numbers; 

b . find a recurrence formu l a; 

c. find averages and other statistical properties ; 

d . find a symp t o tic fo r mula for sequences; and 

e. prove different identities. 

20 
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2 . 1 Linear Recursion 

Definition 2 .1.1 
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A mathematical relationship expressing the nth term a, of a 

sequence {an t =o as some combination of a, with i < n, when 

formulated.as an equation to be solved recurrence relation is 

known as recurrence equation or a difference equation. 

A recurrence equation is the discrete analogy of a 

differential equation. It involves an integer function an in 

a form like an - a,,_, = p(n) , where p is some integer function . 

The above equation is the direct analogy of the first order 

differential equation a'(x) = p(x) . 

Example 2 . 1.2 

The equation a" = 2a"_,, ao = 1 , is a recurrence equation of a 

sequence {an to in which the nth term of the sequence is 

obtained by doubling the ( 11-1) th term. From this recurrence 

equation we can formulate a first order linear differential 

equation / '-2/ = 0 . 

Example 2.1.3 

The equation ao = 1 , a, = 2 is a recurrence 

equation of a sequence {a" to in which the nth term of the 

sequence is obtained by multiplying the (n-l) th term by 5 and 

then subtracting 4 mul tiple of the (n-2 ) th term From this 

recurrence equation we can formulate a second order linear 

differential e quation /"- 5/,+4/ = 0 . 

2 1 
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Definition 2. 1.4 
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A recurs i ve sequenc e {an };:I al so known as r ecurrence sequence , 

is a sequence of numbers indexed by non - negative integer s n 

and generated by solving a recurrence equation . The terms of 

the sequence can be denoted symbolically i n a number of 

different notations , such as a" , a(n), a[n} , where a is a symbol 

representing the sequence. 

Example 2. 1 .5 

The recurrence equation a" = 2a"_, , ao = 1 gener ates a recurrence 

2" sequence an = . 

Example 2 . 1 . 6 

The recurrence equation a" = 4a"_1 -3a,,_2' ao = 1 , a, = 2 generates 

the recurrence sequence a" = .!. (3" + 1) . 
2 

De finition 2.1.7 

A linear recurrence equation is a recurrence equation on a 

sequence of numbers {a"t:, e xpressing a" as a first - degree 

po l y nomi a l i n a, wi th i < n . 

For whe r e c. ' s , are 

cons t ant coeffic i ents is a linear recurrence equation. 

Our aim is to find <the generating function for the sequence 

with a given linear recurrence e quat i on . And from the 

generating function we will find an e xp l icit formula for 

terms of the sequence as a function of n only. 
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First Let ' s see the following examples . 

Example 2.1 . 8 

Find the explicit formula for the sequence (a., t o defined by 

the recurrence equation a" = Sa,,_, - 6a,, _2 ' with ao = 0, a, = 1 . 

Solution: 

Method I: Using Formal Power Series Generating Functions 

00 

Let G(x) = La"x" ( OP' ) {a" t o. 
11",0 

Multiply the given recurrence relation a,,=Sa,,_,-6a,,_2 by x" 

d h . > 2 h' "s "6 " an t en sum l t over n _ . T at lS a"x = a,,_,x - a,,_, x 

=> f aI/x'I = f (Sail_Ix" - 6an_ 2x l! ) 
11 =2 11=2 

00 00 00 

~ La"x" - (ao +a,x)= SXLa"x" -(Sxao)-6x' La"x" 

~ G(x) - x = SxG(x) - 6x' G(x) 

x 
~ G(x) = 2 

1- Sx +6x 

Thus 
x 

G(x) = 2 

1-Sx + 6x 
is the generating function for the 

sequence wi th r e currence a" = Sa,,_, - 6a,, _2 . 

To find the formula for a" we write G(x)as sum of simple 

partial fractions. [see the Glossary] 
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x 
G(x) = , 

1-5x+6x 1- 3x 1- 2x 

Each of these two fractions is the sum of an infinite 

geometric series. So we may write 

G(x) = (1 +3x+3'x' +3'x' + ... +3"x" + ... )- (1 +2x+2'x' + 2'x' + ... +2"x" + .. . ) 

G(x ) = 0+(3-2)x+ (3 ' -2')x' + ... +(3" -2'k + ... 

h 3" 2" T us ai, = - . 

Therefore 
x 

1-5x+6x' 
De' )13" -2"}~ . l n=O 

Method II: Using Exponential Generating Functions 

~ " 
G() - "a"x ,gf { }~ Let x - ~ f ( ) a/1 11 =0 • 

n=O n. 

We multiply the recurrence equation given by 
/1- 2 

X 

(n - 2) ! 

sum it over 2 ~ n < 00 as we have values of ao and a, . 

~ / / 1)d ,,-2 ~ / 1) , - 2 => I an!l1{n- IX =5Ia,,-/ ln- x 
n=2 11 1 ,, =2 (11-1)1 

and then 

=> G"(X) = 5G'(x) - 6G(x) Which is a second order ordinary 

linear differential equation subject to the initial 

conditions ao =0, a, = 1 . 
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At the corresponding stage in the solution for the formal 

power series version, we had an equation to solve for G that 

didn't involve any derivatives. We solved it and then had to 

deal with a partial fraction expansion in order to find an 

exact formula for the nth term of the sequence. In this 

version, we solve the differential equation through the 

method of solving such equations. 

We assume that a solution of this differential equation looks 

G(x)=e kx for some constant k. 

Thus G'(x) = ke h and G"(x) = k'eh . 

Substi tuting these in to G"(x) = 5G'(x) - 6G(x) we get 

k'eh - 5keh + 6e h = 0 ~ eh(k ' - 5k+6) = 0 ~ k'-5k+6=0 

~ k = 3, k = 2 

Thus the general solution is G(x)=C1e
3X +C,e" with the initial 

conditions aD = 0, a1 = 1 . 

Now G(x) = C e 3x + C e" = C ~ (3x)" + C ~ (2x)" 
! 2 I~ 1 2 ~ 1 

11 =0 n. 11=0 n. 

=> aD = C1 + C, ' a1 = 3C1 + 2C" and a" = 3" C1 + 2" C, . 

=> C1 =-C, =1, from aD =0, a1 = 1. 

=> all = 311 - 211 as required. 
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The Method 
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Given: a linear recurrence f ormula that is to be s olved by 

the method of generating function. 

1 . Make sure that the set of values of the free variables 

(say n) for which the recurrence equation is clearly 

delineated. 

2. Give a name to the generating function that you look for, 

and write out that function in terms of the unknown 

~ 

sequence (e . g . , call it G(x) , and define it to be L a"x" 
11 =0 

3. Multiply both sides of the recurrence equation by x" (or 

x" 

n! 
depending on the version of generating function you 

want to apply) and sum i t ov e r all values of n f or whi c h 

the recurrence holds. 

4 . Express both sides o f the r esul t ing equatio n e xplicitly 

in terms of your generating function G(x). 

5. Solve the resulting equation for the unknown generating 

function G(x)and its derivatives . 

6. If you want an exact formula for the sequence that is 

defined by the given recurrence equation, then attempt to 

get such a formula by expanding G(x) into a power series 

by any method you can think of . In particular, if G(x) is 

a rational function then success will result from 

expanding in partial fractions and then handling eac h o f 

t he resulting terms s e para t ely. 
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Example 2.1.9 

A certain sequence 

condition G n+1 =2al/ +11, 

of 
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numbers the 

(n ~ O;ao = 1) . Find the sequence. 

Solution : Let G(x)( 'P' ) {a,,}:.o . 

Multiplying the recurrence a"+i = 2a" +n by x" and sum it over 

O~n<oo . We have, 

=> G(x) - ao = 2G(x) + x 
x (I -x)' 

=> G(x) = 1-2x+2x' 
(1- x)2(1_ 2x) 

-1 2 
=> G(x) = ( )' +--

1- x 1- 2x 

~ ~ 

~ ~ 

= 2La,x" + L nx" 
" :0:0 II ",0 

(ao = 1) 

=> G(x) = - L(n + l)x" + 2L2" x" 
11=0 1/=0 

~ 

=> G(x)= L(2"+'-(n +l))x" 
/1 =0 

=> a = 2"+1 - 11- - 1 
" 

(n = 0,1,2,3, ... ) 
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Example 2 . 1 . 10 
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How many regions are formed in the plane by n lines if no two 

of the lines are parallel and no three of the lines meet in a 

common point? 

solution: A look at small cases yields that zero lines give 

one region, one line gives two regions, two lines give four 

regions, and three lines give seven regions. Let r" be the 

number of regions formed by n 1 ines so that ro = 1, rl = 2 , 

r, = 4, r)=7. 

Thus adding a new (n+l)'h line keeps the r" previous regions 

but also a new line is subdivided into n+) line segments by 

the first n lines. Each of these line segment form a new 

region and the recursion equation established as r,,+1 =r" +n+ l, 

n?>.O. 

Now let R(x) ( 01" ) {r" t=o ' and we multiply the recursion by x" to 

1/ 1/ ( 1) " get rl1 +1x = rl1 x + n+ x . Next sum starting from n=O to obtain 

ro ro ro 

Ir"+lx " = Ir"x" + I(n+l)x" 
11=0 /1 = 0 

R(x) - ro 
:::::> 

x 
R(x) + ( )" but ro=1 

I -x 

:::::> R(x) - 1 = xR(x) + ( )' 
I -x 

x 

1 x 
:::::> R(x)= --~--:­

I -x (I-x) 

x 
or R(x)(I - x) = 1 + , 

(I -x) 
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~ ~ (n + IJ => R(x) = ~l.x" + ~ 2 x" 

Generating Functions and some of their Applications 
Addis Ababa University 

and we now can dispense with 

generating functions since we have 

r = 1 + (n + IJ = 1 + (n + I)n 
" 2 2 

n' + n + 2 

2 

Ex ampl e 2.1. 11 

Show that the number of ways of selecting r elements 

from an n-set where order does not count and repetition 

is allowed is (
n+rr-IJ. 

Proof: 

Let f(n,r) denote the number of ways of select r things from 

the set of n distinct objects {x"x2 ,x3 , ... ,x,,} , where we allow 

repetition but order does not matter. 

Either x, is selected at least once or it is not. 

If it is selected then we must choose r-l things from the set 

{X1 ,X3""'x,,} , to fill out the sample and this can be done in 

f(n,r -I) ways. I f we never choose x, then we draw the whole 

sample from the n-l set {x2 ,x J ""'x,,} and this can be done in 

f(n-l,r) different ways. This demonstrates a double index 

recurrence relation . 

f(n,r) = f(n -l,r) + f(n,r -I) 

Now let G,,(x) = I + f(n,l)x + f(n,2)x 1 + f(n,3)x 3 +... be the ordinary power 

series generating function for the sequence V(n,r )}:o for a 

fixed number n. 
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Now we have 

xG"(x}+G,, Jx}=x+ f(n,l}x 2 + f(n,2}x 3 + ... +1+ f(n-l,l}x+ f(n-l,2}x ' + j(1I-1,3}x 3 + 

= 1+( f(n-l,l}+ I}x+( f(n ,l } + f(n- I,2}}x 2 +( f(n,2) + f(II- I,3}}x 3 + ... 

=1+ f(n,l}x+ f(n,2}x ' + f(n,3}x 3 + f(n,4}x' ... 

= G,,( x} 

I 
Thus we have G,,(x)= --G,,_'(x) 

I-x 

I 
This also applies to G,,_,(x) and we obtain G"_,(x) =--G,,jx}. 

I -x 

I 
And also G"_,(x}=-- G,,jx) 

I-x 

This process ends at G,(x}=l+ f(1,l)x + f(1,2}x 2 + f(1,3)x 3 + ... 

I 
Therefore G (x) = ---

" (I-x)" 

=I +x+x' +Xl +x' + ... 

I 

I -x 

By the Binomial theorem for negative expansion G,,(x) could be 

expanded as 

G ( ')-(1 ) -" - I ( )( ) ( - II)( - n - I)( 2} ( - II)(-n-I)( - n - 2)( 1) x - -x - + -n -x + -x + - x + ... 
" 2! 3! 

- I lI(n +l) , n(n+ l)(n +2) 1 n(n+l)(n + 2) ... (n + r - l ) , 
-+nx+ x+ x+ ... + x ... 

V 3! r! 

Thus f(n,r) = n(n+l)(n+2} ... (n+r- l ) = n(n-l)(n-2) ... (3)(2)(1) 
r! ((n+r- l )-r)!r l 

f(n,r) = (n+;- l ) . 
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Example 2.1.12 

Suppose that a telephone exchange has n subscribers and let 

1'" be the number of ways that the n subscribers can be 

connected up at any moment. At any time a subscriber can 

either be talking to another subscriber or not using the 

telephone. No conference calls are allowed and all calls are 

wi th in the exchange . Find the recurrence equation and the 

exponential generating function for the sequence {1',,}~=,. 

Solut ion : Let G(z) ( ,gf ){1'"t, 

It is easy to see that To = 0 ~ =1, T, =2, TJ = 4 , T4 =10. 

What is the effect of adding one more subscriber? If the 

new subscriber is not talking on the phone there are 1'" 

possibilities. If the new subscriber is on the phone it's 

to one of the n other subscribers, excluding these two the 

remaining (n-l) subscribers can be connected in 1',,-, ways. 

These give us the recursion 1',,+1 = 1'" + n1',,_1 . 

MUltiplying this recursion equation by 

n 2 0 we obtain s 
Zll Zll Zll 

T,I+I -, = 1'" -, + nT,,_l 
n. n. n! 

00 11-\ 

=> G' ( z ) = G( z ) + z L 1',,-1 Z I = G( z ) + zG( z ) 
,,=0 (n - 1). 

=> G'(z) = (1 - z)G(z) 

31 
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dG 
=> - = (1 - z }dz 

G 

z' 
=> InG(z) = z--

2 

2 . 2 Fibonacci Numbers 
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" ,--
G( z} = e 2 

Eight centuries ago Fibonacci introduced his famous sequence 

1 . 1 . 2 . 3.5 . 8.13.21 . 34.55 . 89 . 144 ... . Its original appearance 

dates back to 1202 with the publication of his book "Liber 

Abaci a " . This book has an important place in the history of 

ideas since it was the first book in Europe to use Arabic 

rather than Roman numerals . This change spread rather slowly 

bec a u se the p r i n t i ng p r ess ha d not yet c ome along and copies 

had to be done by hand . 

Here is the original problem usually called "The Rabbi t 

Problem" . Start with a pair of newborn rabbits that will. 

starting at two months and every month thereafter. beget a 

pair of bunnies . The same reproduction applies to all 

offspring and no rabbits are ever die . How many pairs of 

r abb its a re there a t t he nth month? 

We ca l l the number of rabbit alive at month n Fn. the 11th 

Fibonacci number. Fn is formed by starting with the Fn·J pairs 

of rabbits alive last month and adding the rabbits that can 

only come from the Fn·2 pairs alive two months ago. 

Fn = Fn·J + Fn-2 FJ= F2= 1. and by convention Fo=O . 

This is a linear recurrence equation and thus we may apply 

the above method to prove the following proposition. 
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Theorem 2.2.1 

F" = ~5 [[I +2
Fs] " _[ 1-

2
Fs]"] . The nth Fibonacci number is v;) 

Proof : 

Method I: Using formal power series generating functions 

~ 

Let G(x ) ( OP' ) {F" t o ' i. e. G(x ) = IF"x" 
11=0 

~ ~ 

then, xG(x) = xIF"x" = LF"xn
+

1 

1/=0 ,,=0 

~ ~ 

and x'G(x) = x'IF"x" = IF"x'<+' 
II~O 11 =0 

Subtracting the last two equations from the first two yields 

G(x) - xG(x) - x'G(x) = Fo + (Fo - 1';)x + (F, - 1'; - Fo )x' + (F, - F, - 1'; )x' + .. . 

= 0 + Ix + Ox ' + Ox' + ... 

=x since the coefficients o f all the other powers 

of x are O. 

Solving this equation for G(x) we find, 

x 
G(x) = , 

I-x-x 

Now by the method of partial fractions we can write G(x) as 
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1 1 
G(x) = ~ ( ~J 

-../5 1- ~ x 
2 

1 
1-(1-2J5} 

1+J5 Let us use the notations a:= ---
2 

I-J5 b:=-- , then 
2 

J5G(x) =(_ 1 _ _ _ 1_) 
I -ax I -bx 

J5G(x)=(I +ax+a'x' +a'x' + ... +a"x" + ... )-(I +bx+b'x' +b'x' + ... +b"x" + ... ) 

=(l - I)+(a - b)x+(a 2 - b' )x 2 + ... (a" - b")x" + ... 

Thus F = a" - b" =_1 [(I+J5J" _(I -J5J"] " J5 J5 2 2 
Method II: Using exponential generating function 

G() egf {F}~ . G( ) _ ~ F" " Let x ( ) II 11",,0 I l. e. x - ~-, X • 
n=O n. 

MUltiply the recurrence relation Fn = Fn-l + Fn-2 by 

add it over 2 S n < 00, we have 

11 - 2 1l - 2 11 - 2 
F x =F x +F _ x __ 

" (1/ - 2)! ,,- I (1/_ 2)! ,,-, (1/- 2)! 

co 11 - 2 OQ 11 -2 en 1/ - 2 

=> IF x - IF x + IF _ x __ 
,,=2 "(1/ - 2)! - ,,=, ,, - I (1/ - 2)! ,,=2 ,,-2 (11 - 2) ! 

34 
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00 n(n - I)x "-' = ~F (n - l)x,,-2 + ~ F X,, -2 
=> I F" ~-----'--- L., , L. , 

n! ,, =2 ,,- ( n - I)! ,,=, ,,- (n - 2) ! 11 =2 

=> G"(X) = G'(X)+ G(X), FJ = F2 = 1, and by convention Fo=O, which 

is a second order linear differential equation with 

initial conditions . We solve the differential equation, 

gett ing 

(a = I +-15 
2 ' 

where C, and C, can be de termine d by the initial conditions 

(which haven' t been used yet!) FJ = F2 = 1. After applying these 

two c onditions, we find that C, = Js and 
1 

C, = - -15 ' from which 

the exponential generating function of Fibonacci sequence is 

Probably the original point of this was to give some practice 

in addition. However an amazing amount of mathematics relates 

to these numbers including the number of ancestors of a male 

bee, the arrangements of rings on a pineapple, analysis of 

algorithms, electrical ci r cuit theory, the number of ways you 

can walk on a ladder if you take the rungs one or two at a 

time, and so on . 
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Ex ample 2 . 2.2 

How many ways can a man climb up a ladder of n rungs if at 

each step he can climb either one or two rungs? 

Solution: 

Let the numbers of ways he can climb the ladder be A". 

For his first step he can climb one rung or two rungs. If he 

climbs one rung the number of ways he can finish the step is 

A,,_,. If he climbs two rungs the number of ways he can finish 

the s t ep i s A,,_2 . By the rule of sum, A" = A,,_, + A,,_2 . Thi s 

sequence grows l ike Fibonacci sequence but it starts at 

di fferent point since A, = 1 and A2 = 2. Hence A" = F"+, 

We may also have the following immediate consequences of the 

recurrence equation that def i ne s the nIh Fibonacci numbers . 

How fast is the F" growing? Let's look at the ratios F,,+,~ 
IF" 

){.o = 1, ~ =2, FjF = 1. 5 , IF, 
F,I -
/ F3 = 1.66666 ... = 1.6 and so on . 

Assume that limF,,+, 1 = L, 
11-+00 / F,J 

if it exists . 

Rewri te F,l+l = FI/ + FI1 _ 1 as 

Now take the limit as n ~ 00 • 
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Solving yields L2 _ L-1 = 0 which implies L = 1 + -J5 ~ 1.61 803398875 , 
2 

which implies that this L is the famous "golden ratio" of art 

and geometry. 

Property 2.2.3 

The sum of the first n Fibonacci numbers is one less than the 

" 
(n +2)nd, i.e . LF,= F,"2-1. 

k=d 

Proof: We start by writing 

F, =F, -F2' 

F4 =F6 -F, ... 

Adding these gives the result. 

Property 2 . 2.4 

" 
1. LF,,_, = F,,, 

k=1 

" 
2. L F'k = F2,,+1 - 1 

k=1 

Proof: l . F, = F2 ' F, = F, -F2' 

F7 = F, - F6' ... 

Adding these gives the result. 

11 II 11 

2. L F" = L F, - L F" _I = F',, +2 - 1- F2" = F2,,+, - F,,, - 1 = F2"+1 - 1 
k=d k=l k=1 
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Property 2.2.5 

" I Fk 2 = FI1 F,,+] 
k ", ] 

Proof: It 

( l :O: k :O: n - l ) . 

2 . 3 Partition 

is immediate 

Generating Functions and some of their Applications 
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consequence 

The technique of generating functions was greatly extended by 

Euler in 1748 in his "Introductio in Analysin Infinitornum" , 

where he uses them to attack the problem of Partition. 

Definition 2.3.1 

P(n} sometimes also denoted p(n}, gives the number of ways of 

writing the integer n as a sum of positive integers, where 

order of addends is not considered significant. By convention 

partitions are usually ordered from largest to smal lest. 

For example 4 4 3 + 1= 2 + 2 

= 2 + 1 + 1= 1 + 1 + 1 + 1 

Thus P ( 4}=5. Note that P(1}= l, P(2}=2 , P( 3}= 3 . 

We want to apply Generating functions to approximate P( Il } . 
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Proposition 2 . 3 . 2 

The coefficient of XIII in the series expansion of 

I 
is the number of ways of writing nl as a sum 

(1 - x")(1- xb)(I_ x') ... 

of a's, b 's, C 's, ... 

Proof : We note that 

I (I " 2" 3" XI b 2b 3b XI ' 2, ) b = +x +x +x + ... +x +x +x + ... +x +x + ..... 
(l -x" )(1- x )(1- x' ) .. . 

I f x'" is formed, for instance, from the product x 3
" 

... then m = a + a + a + b + b + C + C + C + C + ... . 

The term x'" arises exactly as often as m can be written as 

the sum of a's, b's, c's, .... We have the proposition. 

Definition 2.3.3 

Let Pk(n) be the number of partitions of n into the integers 

1, 2, ... , k wi th repet i t ion allowed. 

Then we have the following immediate consequences of 

Proposition 2.3.2. 

Corollary 2 . 3.4 

The generating function for Pk(n) is 

I 
Pk(x) = 2 3 k 

(1 - x)(l - x )(1- x ) ... (1- x ) 
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Corollary 2 . 3 . 5 

The generating function for P(n) 
. I 
lSP(x) = 2 , 

(l -x)(l-x )(l-x ) ... 

Theorem 2.3.6 

For all n: P(n) < e3
j;; . 

Proof: Let G(x) ( OP' ){P(n)to 

By Corollary 2.3.5 , G(x) = IP(n)x" = \ , then 
,,=0 (l-x)(l-x )(l - x ) ... 

[ I ] 2' In G( x) = In " = -In(l - x) - In(l - x ) - In(l - x ) - ... 
(l- x)(l -x )(l -x ) ... 

Let us recall that the Taylor series for logarithms is 

ro " 

- In(l - Y) = L L . 
11=[ n 

So 

(
x) I ( x' ) I ( x' ) 

= I-x +2" I-x ' +3 I -x' + ... 

Now let's study the expression 
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If we restrict our attention to values of x between 0 and 1 

we know that x ll
-

1 < X
Il

-
2 < X Il

-
3 < ... < x 2 < X < 1 . 

The average of this set of numbers is bigger that the 

smallest of them. 

In other 

x" 
Now 

I -x" 

I 2 /1 - \ 

d 
,,- I + X + X + ... + x 

wor Sf x < 
n 

X X,,-I I ( x ) <- -­
I - x I + x + x 2 + ... + X,, -I n 1- x 

or 
x ll - J 

] 

----,,-------,- < -
1+x+x2 + ... +X Il

-
1 n 

So InG(X)<~+(~) 2(~)+(~) 2(~)+ ... +(~)2(_x )+ ... 
I - x 2 I - x 3 I - x n I-x 

=> In G(x) « - x-)(I+J,+J,+ .. +J,+ ... ) 
I -x 2 3 n 

Recall from calculus that 

Therefore 
2x 

InG(x) < - ­
I -x 

ro 

Now G(x) = IP(n)x" > P(n)x" for all n. 
11=0 

Thus 
2x 

InP(n) < In G(x) - n Inx < -- - n Inx 
I -x 

Now for y>l, Iny<y- I (look at t he graphs) 

I I 1- x 
So -In x = In - < - - I = -- . 

x x x 
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Our inequality now becomes InP(n) < 2C ~x)+ nC ~x) 

If we let we find In P(n) < 3.,Jn which is the desired 

result. 

More on Partition 

Definition 2.3.7 

1 Let Porn) be the number of partitions of n into odd 

integers with repetition allowed. 

2 Let ~/(n) be the number of partitions of n into distinct 

parts . 

3 Let p,(n) be the number of partitions of n into dist inct 

powers of 2, i.e. I, 2, 4, 8, 16, ... 

Property 2 . 3.8 

The generating function for Porn) is 
1 

(1-x)(l-x ' ((l-x' ). .. 

Proper t y 2.3.9 

The coefficient of x'" in the series expansion of 

(1 +x")(I+xb)(l +x') .. . is the number of ways of writing 111 as a 

sum of a's, b 's,c's e.t.c ... at most once each. 

Thus the generating function for Pd(n) is (1+x)( l +x' )(1+x'). .. 

And the generating function for p,(n) is 

(1 + x)(1 + x' )(1 + X4 )(1 + x 8 
). .. 

42 



A Graduate Seminar Report Generat ing Functions and some of their Applications 
Addis Ababa University 

Proposition 2 . 3 . 10 

For all n: Porn) = Pd(n). 

Proof: 

We start with the equation 
I 2k 

I ' __ -_x-,­+x = 
I -x' 

for all k=l, 2, 3, .. . 

Taking the product of the above equation over k gives 

I _x' I _x' l -x6 I -x' 
(1 + x)(1 + x' )(1 + x

3 
) ... = -I---x--I --x-' -1-_-x-3 -1_-x-4 ... = ... 

(1 + x)(1 + x 3 )(1 + x 5 
) 

2.4 The Hilbert Function 

2.4.1 Noetherian & Artinian Rings, Modules and 

Modules of finite lengths. 

Definition 2.4.1.1 

Assume R is a commutative unitary ring and M is an R -

Module . 

a . By ascending chain (ac) of submodules of M, we mean a 

sequence {Mn},,;:'J of submodules of M such that 

M
J 

c M 2c M 3 cM4 c ... 

b. By a descending chain (de) of submodules of M, we mean a 

sequence {Mn},,~ J of submodules of M such that 

c. A module M is said to satisfy ascending chain condition 

(ace) if every ac of submodules of M is stationary after 
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a fi n i t e s t ep s , i .e . i f M\ c M 2c M 3 c M4 c ... i s a ny ac 

of M, then there is a positive integer k such that 

d. A module M is said to sa t isfy descending chain condition 

(dec) if every dc of submodules of M is stationary after 

M, then there is a positive integer k such that 

Theorem 2.4 . 1 . 2 

The following three conditions are equivalent on an R-

module M. 

i) M satisfies acc for submodules. 

i i) Every non-empty set of submodules of M 

contains a maximal element under inclusion. 

iii) Every submodule of M is finitely generated. 

Proof: [1] page 74 and 75 . 

Definition 2.4.1.3 

An R-module M is said to be Noetherian if it satisfies 

anyone (and hence all) of the conditions of theorem 

2.4.1.2. 

Definition 2.4 . 1 . 4 

A ring R is said to be Noetherian if it is noetherian 

when it is regarded as an R-module over itself. 
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Any f ield K is noethe rian as the only ascending chain of 

ideals of K is (0) c K. 

Ex ample 2.4.1.6 

Any principal ideal domain is noetherian since every ideal is 

finitely generated. In particular the ring Z of integers is 

noetherian. 

Example 2.4.1 . 7 

The ring R = K [xu X2, X3 , •• • I ..• J is not noetherian 

is an ac which is not stationary. 

Properties of noetherian modules. 

P r opo s ition 2.4 . 1.8 

If O~N J )M g )L~O be a short exact sequence of 

R-· modules, then M is noetherian if and only if Nand L 

are. 

Proo f: [1] page 75 

Propos i t i on 2.4.1 . 9 

Every submodule of a noetherian module is noetherian . 

Proof : [1] page 75 

Proposition 2 . 4.1.10 

If N is a sub module of M, then M is noetherian if and only 

if N and MIN are. 

Proof : Follows from proposition 2.4.1.8 by considering the 

short exact sequence 0 --? N ~ M 7[) M / N --? 0 . 
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Proposition 2 . 4.1 . 11 (Generalized Hilbert Basis Theorem) 

If R i s noetherian ring, then R [XI, X2, X3, "', x,,] is also 

noetherian . 

Proof: [1] page 81 

Proposition 2 . 4.1 . 12 

If R is noetherian ring and I is an ideal in R, then R/I is 

also noetherian . 

Proof : R/I is finitely generated since both R and I are. 

Moreover, if the maximal set of linearly independent 

generators of R has cardinality n and that of generators 

of I is k (k:::; n) then the maximal set of linearly 

independent generators of R/I has cardinality n-k . 

Theorem 2.4.1.13 

The following statements are equivalent for an R-module AJ. 

i) AJ satisfies dcc for submodu1es. 

ii) Every non-empty collection of submodules of AJ has 

a minimal element under inclusion. 

Proof: [4 ] page 373 

Definition 2.4.1.14 

An R-module M is said to be Artinian if it satisfies 

anyone (and hence both) of the conditions of theorem 

2.4.1 .1 3 . 

Definition 2.4.1.15 

A ring R is said to be Artinian if it is arcinian when 

it is regarded as an R- module over itself. 
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Any field K is artinian since the only descending chain of 

ideals of K is K ::J (0). 

Example 2.4. 1 .17 

The ri ng Z of integers is not artinian for if a E Z, a ;r 0 , 

Definition 2 .4. 1.18 

Let N be a submodu le of an R -module M. A composi tion series 

from M to N is a chain M=Mo~MI ~M-pM3 ~ M4 ~ ... ~MI/=N. 

where the chain factors Mi~; have no proper submodule, 

i.e., each M;_I I is simple R- modules. 
1 M; 

A composition series from M to (0) is called a composition 

series of M . Given an R- module M, a composition series may 

not always exist. If it exists the inc lusion in the chain are 

all strict and moreover there is no submodule strictly 

between Mi -1 and Mi . The following theorem gives the 

conditions for the existence of a composition series for an 

R - module. 

Theorem 2 . 4.1 . 29 

An R-module M has a composition series if and only if 

it satisfies acc & dcc . 

Proof: [1) page 77 or [4) page 376 
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Let M be an R-module . We define the l.ength I(M) or 

composition series or M by 

o if M = (0) 

n if M -# (0) , and there is a composition 

M 

00 if M -# (0) and there is no composition series 

for M. 

Theorem 2 . 4 . 1 . 21 

Suppose an R-module M has a composition series of 

length n . Then every composition series of M has length 

n , and every chain in M can be extended to a 

composition series . 

Proof : [1] page 77 

Theorem 2 . 4 . 1 . 22 

If Ii ) M 
1 

/1 M M ) 3 ... s-I /, )M --*O is s an 

exact sequence of R-modules of finite length , and I(M;) 

is the length of M;, then ±(- IYI(M;)=O. 
;=0 

Proof: We s hall consider the following cases on s. 

Casel : If s 0, then the exact sequence is 

O --* Mo--* O and hence Mo= (O). Therefore the result 

holds. 
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Case 2: If s 1, then the exact sequence is 

O~Mo [, )M1 ~Oand hence Mo =M1. This implies 

I(Mo)=I(MI) ' Therefore the result holds. 

Case 3: If s 2, then the e x act sequence is 

By the first isomorphism theorem on 12' we have 

=> I(M2)=t(M~J=I(MI)- I(Mo). 

=>1(M2)-I(MJ +l(Mo)= 0 

Case 4: Now suppose that s > 2. We embed the given 

sequence in a sequence of homomorphism 

Then we have exact sequences 

O~Mo 10 )fi (Mo) ~O 

o ~ /; (Mi_1 )------; M i [,+1) /;+1 (Mi ) ~ 0 

Which gives the relation 

I(Mo)=/(fi(Mo)) 

I(MJ= I(/; (Mi_1 ))+ 1(/;+1 (MJ) 

I(Mi+l ) = 1(/;+1 (Mi ))+ 1(/;+2 (Mi+I)) 

I(Mi+2) = 1(/;+2 (Mi+2 ))+ 1(/;+3 (Mi+2)) ( 1 :0; i :0; s - 1 ) 
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If we take the alternating sum of those equations, we 

obtain the result. 

That is, ±(- IYl(MJ =O. 
i=O 

2.4.2 Graded Ring and Module 

Definition 2.4.2.1 

A graded ring is a ring R together with a family 

of subgroups of the additive group R such that 

'" 
a) R = E8 Ri and 

i=O 

b) RiRj C Ri+j for all i,} = 0,1,2,3, ... 

{R}'" 
I i=O 

By way of explanation , it needs to be stated t hat RiRj means 

the set of all elements which can be expanded in the form 

II 

Irkskwhere rkERi and SkERj k=i,2,3, ... ,n . Suppose that we have 
k=1 

a grading on R by {Ri t:o' Each element r of R has a unique 

'" representation in the form r = Irk where rk E Rk and the sum 
k=O 

contains only a finite number of non zero terms . The 

elements of Rk are said to be homogeneous elements of degree 

k and rk is called homogeneous component of r of degree k. 
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Thus 

a) 0 is homogeneous of degree k for any k ~ O. 

b) If x is homogeneous of degree k and y is 

homogeneous of degree m, then xy is homogeneous of 

degree k + m . 

c) We can consider any ring R graded by taking the 

sequence of subgroups 

R; = (0) , i = 1, 2, 3, ... 

Pr operties of graded rings 

Proposit i on 2.4 .2 .2 

where Ro = R ,and 

Let R be a graded ring. Then the unity element is a 

homogeneous element of degree zero 

Proof: [5) page 114 

Proposition 2.4.2.3 

Ro is a subring of R. 

Pr oof: [5 ) page 114 

Proposition 2 . 4 . 2 . 4 

Each Rn is an Ro-module . 

Proposition 2.4 . 2 . 5 

00 

R+ = EB R; is an ideal in R. 
i=! 

Proposition 2.4.2.6 

R is algebra over Ro. 
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Let R be a graded ring, by the subgroups {RJ: o ' A graded R -

module is an R-module M together with a family {Mi}: o of 

subgroups of the additive group M such that 

<Xl 

a) M = (f)Mi and 
i=O 

In this context RiM) means the set of all elements, which 

" can be expressed in the form L rkmk where rk E Ri and /Ilk EM) , 
k=1 

k = 1, 2, 3, ... , n. 

Let M be a graded R-module by {Mi }:o over a graded ring R by 

Each element m of M has unique representation in the 

<Xl 

m = Lmk 
form of k=O where and the sum contains only a 

finite number of non - zero terms . The elements of Mk are 

called homogeneous of degree k and mk is called homogeneous 

component of m of degree k . If x is homogeneous element of Rk 

and y is homogeneous element of Mn then xy is homogeneous 

element of Mk+". Moreover any R- module can be graded. 

Theorem 2.4 . 2.8 

Each Mi is an Ro-module. 
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00 

If N i s a submodule of the graded R-module M = EBMi' 
i=O 

then the following statements are equivalent. 

00 

i. N = EB(N nMJ 
i=O 

ii. If YEN, then all homogeneous components of y 

belong to N . 

iii. N can be generated as an R-module by homogeneous 

elements. 

Proof : [ 5 ] page 115 

Definition 2.4.2.10 

A submodule N of a graded module which satisfies 

anyone (and hence all) of the equivalent conditions of 

theorem 2 . 4.2.9 is called homogeneous submodule of M. 

If we put Ni = N nMi , then {Ni};::o is grading of N. Assuming 

that N is a homogeneous submodule of M, let ¢: M ~ MiN be a 

natural mapping. Now both M and MiN can be regarded as Ro­
modules and hence ¢ is Ro-homomorphism. 

Put ¢(Mi) = (%)i i = 0,1,2,3, ... 

Then tMiN)i to is grading of %. 
But (MiN)i = M /tvi = (Mi + NXr . 
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Theorem 2 . 4 . 2.11 

If R is a graded commutative ring, then the following 

statements are equivalent. 

i. R is noetherian ring. 

ii. Ro is noetherian and R is finitely generated as an 

R o-a lgebra. 

If the above conditions hold and M is finitely 

generated graded R - module, and then every Mt is finitely 

generated. 

Proof : (i) => (ii); Suppose R is noetherian . 

=> 

=> R = Ro + R+ and Ro (i R+ = (0) . 

=>Ro == ~+ 
Since R. is a submodule of a noetherian R-module R, it is 

noetherian and hence Ro is noetherian . 

Moreover, the ideal R . is finitely generated as an R-module 

by, say, XI,X2,X3, ... ,x,. Let 's replace each Xi by its homogeneous 

parts or without any loss of generality, let's assume that 

each Xi is homogeneous elements of R of degrees kl , k2, k3, ... ,k, 

(all >0) respectively. We want to claim that {XI, X2, X3, ... ,X, } 

generates R as an Ro-algebra. It suffices to show that each 

homogeneous element can be written as a polynomial in the Xi 

with coefficients in Ro . We proceed by induction on 

homogeneity. 

The result is clear if the degree is 0, 

homogeneous element of degree zero is in R o. 
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Now suppose that U is a homogeneous element of degree n>O.We 

, 
can write u = LUiXi 

i=l 

where ui E R, Equating homogeneous parts, 

we may assume that Ui is homogeneous of degree n - deg Xi < n , 

since Xi E R+, Then Ui is a polynomial in Xj with coefficients in 

, 
Ro and hence the same is true for U = LUiXi 

i=] 

Therefore R is finitely generated Ro-algebra. 

(<=:) Suppose Ro is noetherian and R is finitely generated as 

an Ro-algebra by , say , Y/ , Y2, Y3, .. " Y " . Then R= Ro [y/, Y2. Y3 • .. " y,,] . 

Hence the result follows by Hilbert General i zed Basis 

Theorem. 

Now suppose that R is noetherian and M is finitely generated 

as graded R-module. We may choose a set of generators {u/, U2, 

U3 ... ,u,.j for M that are homogeneous. If the X 's are chosen as 

before, then it is readily seen that every element of Mn is 

an Ro-linear combination of elements YiUi, where Yi is a 

monomial in X 's and deg Yi + deg Ui = n. Since the number of 

these elements is finite , Nfn is finitely generated, 

2 . 4.3 The Hilbert Function 

Let R be a graded noetherian ring and M be a graded R -

module . Sup pose 

i. Ro is artinian (and as well noetherian) 

ii . M is finitely generated as Ro- module and hence is 

both noetherian and artinian . 

55 



A Graduate Seminar Report Generating Functions and some of their Applications 
Addis Ababa University 

Hence every Mn has a composition series as an Ro - module and 

therefore we have a uniquely determined non -negative 

integer 1(A1n) , the length of the composition series of Mn. 

Let the generati n g function for the sequence {1(A1n )}~=o ' be 

denoted by P (M , t ) . 

Definition 2.4.3.1 

The generati ng function is called the 

Hilber t Funct i on for the graded module M. 

Our main objective is to characterize the behavior of 

P (M, t ) by applying the ordinary power s eries generating 

functions and the theory we developed so far. We state 

this as a theorem as follows . 

Theorem 2 . 4 . 3 . 2 

If R is generated by homogeneous elements XI, X2, X3, ... , X"" 

where degxj =e j >0, then P (M, t ) is a rational function 

of the form 

P(A1 ,t)= ( )' 11/ 

IT I _ t ei 

i=! 

J(t) 
where J (t) E Z [t] . 

Proof : We use induction on t h e number of homogeneous 

generators. 

If m = 0, then R = Ro and M is finitely generated as Ro­

module. Thus, M " = (0) only for sufficiently large n . 
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Assume that Mn (0) for all n>k . We then have I(Mn) = 0 

for all n>k. 

k 
Hence P(M,t)= II(Mn}nwhich is a rational function. 

11 =0 

Assume the resul t holds if R has m - 1 homogeneous 

generators. We define an R -module endomorphism 

¢n :Mn ~ Mn+e by ¢n(a)=xlI/a for each n=0,1,2,3,4, ... 
'" 

Hence Kn = Ker¢n and Cn+e = Co ker¢" , for each n = 0,1,2,3,4 , ... , 
'" 

are homogeneous submodules . 

00 00 

We have K = Ell K " 
11 =0 

and C = Ell C" 
11=0 

are graded modules by 

theorems 2.4 . 2.9 and 2.4.2.11. 

Moreover we have the exact sequence 

o ~ Kn -----+ Mn ¢" ) MI/+e -----+Cn+e ~ o . Hence by theorem 
III !II 

2.4.1 . 22, we have 

I(KJ - I(Mn)+ IlMn+e", )-llCn+e", )= 0 

=> I(Mn)-llMI/+e", )= I(Kn)-llc"+e,,, ) 

If we multiply this relation by t ll+e
", , rearrange it and 

then take the sum over n , we obtain 

I(M )t"+e,n -1(M LI1+e,,, = I(K )t"+em -1(C LIl+e,,, . n ntem , n l1+em , 

=> I(M )t"(m - 1(M LI1+e,,, =1(K )t"te,n -1(C LIl+em. 
n lHem , n n+em f 

I I(M )t"te,,, - I I(M LIl+e,,, = I I(K )t"te,,, - I I(C LIl+e,,, . => n n+em f n l1tem , 
I~ I~ I~ 11~ 

=> 
e,,,-l ( yk em-l ( yk co ( } dMt)(m+IIM. - IIM. - IIM l1+em= 1\, k k !Hem 
k~ k~ I~ 
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:=,F\M,tX1-telll )=F\C,t) -F\K,t)telll / lf 11(Mk )l_e,fl I(Ck )tk. 
kdJ kdJ 

F\M, tX1 -telll )=F\ C, t) -F\K,t)te,,, + g(t) (*) 

where g(t )= e'fII(Mk )t k _e'fl I(Ck)tkEZ[t] 
k~O k~O 

But we can see from the R - module homomorphism ¢: M ~ M, gi ven 

by ¢(a) = XIII a that xlIIK = (0 )and xlIIC = (0). 

Hence C and K are R/ R -modules. /xm Since R/ 
/xIIlR 

is a graded 

ring with m-l homogeneous generators of degree e], e2, e3, ... , em-] 

and since C and K are graded modules of this ring, by 

induction assumption we have 

P(K,t) = m- I( ) ' 
IT 1- te; 
i=1 

fi(t) 
where fi (t) E Z[t] 

and 

P(C,t ) = m-I ( ) ' where 12 (t ) E Z [t] , 
IT 1- te; 
i=! 

Finally by substituting the above two equations in (*) , we've 

F\M l1-te,,, ) h (t) h (t) te,,, +g(t) 
, A m-l() m-l( ) IT 1-t"; IT 1-t"; 

i=l i=l 
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Therefore, 

P(M,t) = m( )' 
IT I-t e

, 

i=! 

l(t) 
where. 

The most important case of the foregoing result is 
which the generators could be chosen in RJ, that 
ei=l. 

This is the case if R = Ro[x\,xZ,Xj, ... ,xml, where 

i. Ro is artinian 

ii. The Xi'S are indeterminate 

that in 
is each 

iii . The grading is usual (Rn is homogeneous elements of 
degree n ) 

Then, P(M t) = I(t} 
, (I-t)'" 
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GLOSSARY 
1. We may need to revise techniques of writing a rational 

function as a sum of simple partial fractions from 

calculus. Here are some suggested books 

a. Calculus with Analytic Geometry, Ellis 

b. Calculus with Analytic Geometry, Johnson 

c. Calculus with Analytic Geometry, Edwards 

2. Generating functions giving the first few powers of the 

non-negative integers are given in the following table. 

1 . . . . . . . . . . . . . . . . . 

I(x) 

x 

I- x 

x 

Series 

n ... . ........ .... . -,----,-;;- .............. . 
{l -x)' 

n 2 
............... . 

x(x + 1) 

(1 - x)' 

n3 
.... ...... .. . 

n 4 
••••••••••• • 

x(x ' + 4x+ 1) 

(1 - X)4 

x(x+ l)(x' +10x+l) 

(1 - x) ' 

00 

In 2 x" 
11 =1 

00 

In 4x'l 

11 = 1 

3 . The Mathematica 4.0 (Mathematica 5.0) Computer programs 

add on Package DiscreteMath-RSolve- (which can be 

loaded with the command «DiscreteMa th-Rsolve-) has the 

following lists of functions that could help us to find 

the problem in question. 

a. RSolve[equn,a[n] ,n] -solve the recurrence equation 

for a [n] 

Example: In[l] :=RSolve[a [n+1]=2a[n] ,a[n] ,n] 

Out [1] ={ {a [n] ~2nc [1] }} 
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The solution to this recurrence equation is an 

exponential. The initial value of the solution 

sequence is left unspecified. The constant c[l] may 

be specified using the option RSolveConstants. 

b. RSolve [equn , a,n]-solve the recurrence equation for 

the function a . 

c. RSol ve [ { equnl , equn2 , equn3 , ... } , {a 1, a2 , a3 , ... } , n] - solve 

list of recurrence equations. 

d . RSolve[equn,the initial conditions, a[n] , n ] - solve 

the recurrence equation for a [n] subjected to the 

initial conditions given. 

Examples: In[2] :=RSolve[a[n+l]=2a[n] ,a[0]=5,a[n] ,n] 

Out [2] ={ {a [n]-t5 (2 n
)}} 

This is a linear equation with variable 

coefficients. 

In[3] :=RSolve[{a[0 ] =a[I]=2, (n+l) (n+2)-

2 (n+l) a [n+l ] -3a [n] =0, a [n] ,n] 

Out [3] =a[n]-t {r-~r + ~;}} 

e. PowerSum[expr,{x,n}]-gives the formal power series 

generating function for the expr in terms of x, 

where expr is treated as a sequence in n and the 

sum runs from zero to infinity . 

Example : In [4] : =Powe r Sum [n A 2 , {x , n} ] 

Out [4] =_ x(1 +x) 
(- I +x) ' 

f . PowerSum [expr, {x,n,no ) ] - gives the formal power sum 

generating function for expr in terms of x , where 

expr is treated as a sequence in n and the sum runs 

from no . 
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g . CoefficientList [Normal [Series [expr, {x,k1,k2} ]] ,x]­

gives the coeff i c i ent of the series expansion of 

expr (a function in x) from k l to to k, inclusive . 

Example: Ln[5] : =Coeffic ientLis t [Normal [Series 

\ 
[ 2 ' {x, 3 , 1 0 } ] ] ,x] 

\ -x-x 

Out [5]= {2,3,5,8 ,1 3 ,21,34,5 5} 

h. ExponentialPowerSum[expr, {x,n} ] - gives the 

exponential generating function for expr, where the 

sum runs from zero to infinity . 

Example: In[6] :=ExponentiaLPowerSum [n A 2 , {x ,n}] 

Out [6 ] = eX x(1 + x) 

i. ExponentialPowerSum[expr, {x,n,no} ]- gives the 

exponential generating function f or expr, where the 

sum runs from no to infinity. 

j. GeneratingFunction[equn,a[n] ,n,x]-gives the 

ordinary generating functi on for the solutions a[n] 

to the recurrence equation in terms of x. 

Example: In[7] :=GeneratingFunction[a[n]=a[n-l] 

+a [n-2] ,a [0] =a [1] =1, a [n] ,n, x] 

Out [7] = {{ \ 2 }} 
- \+x+x 

k. GeneratingFunction [{ equnl, equn2, equn3, ... } , {a1 [n] ,a2 [ 

n ] ,a3[n] ,_},n,x]-give the ordinary generating 

function for the solutions of the system of 

equations given. 

1 . ExponentialGeneratingFunction [equn,a[n] ,n,x] -gives 

the exponential generating function for the 

solutions a[n ] to the recurrence equation in terms 

of x. 
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m. ExponentialGeneratingFunction [ { equnl, equn2, equn3, ... } 

, {al [nl ,a2 [nl ,a3 [nl , ... } ,n,xl - give the exponential 

generating function for the solutions of the system 

of equations given . 

n. SeriesTerm [expr, {x,xo,n}-gives the nth coefficient 

in the power series expression of expr about the 

point X=Xo. 

4 . Fibonacci numbers are implemented i n Mathematica as 

Fibonacci [nl . 

5 . Some useful power series 

a. _1_= 2:: x" 
l - x 11:2'.0 

( 1 ) x" b . In - =2::-
I -x n~O n 

" , 2:: x c. e· = -
I/~O n! 

" C) d. (l +x)" = 2:: x ' 
'=0 k 

1 ,,(n+k) " ~ x, k is fixed non-negative integer. 
II~O n 

e. 
(I -X)'+I 
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