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Preface

This seminar report is about generating functions and some
of their uses in discrete mathematics. It is a report
prepared for the course Math 702 during an M. Sc. study at
Addis Ababa University. Generating functions are a bridge
between discrete mathematics on one hand and continuous
analysis on the other hand. It is possible to study them
solely as tools for solving discrete problems. In this
report we will see how generating functions are useful to

describe different sequences in a meaningful way.

The report has two chapters. Chapter one is mainly about
different versions of generating functions. We start the
chapter with definitions of polynomials over a ring and
then go through formal power series, formal power series
generating functions, exponential generating functions and
Dirichelet generating functions with some useful properties
and examples. We have tried to prove some propositions and
list references where any one could find the proofs for
those unproved propositions. The second chapter is about
applications of generating functions. Even though it 1is
impossible to list all applications of generating
functions, due to the wvast application it has, we have
tried to show how it is useful to describe a sequence
analytically. We can apply them to find terms of a sequence
having a certain property. As a result, the chapter has
four sections: Linear Recurrence, Fibonacci Numbers,

Partition and The Hilbert Function.



Finally we have tried to list some important notes in the
Glossary to help understand how some operations are applied
throughout the material. Moreover, we have tried to list
possible Mathematica Functions with illustrations that
could be applied in finding the problem in question into

Discrete Math package.

It is pleasure to make many acknowledges. First, I would
like to express my appreciation to my advisor Dr. Demissu
Gemeda for helping me to locate the necessary literatures,
critically reading the material and giving constructive
suggestions. I am gratefully thankful to Dr Adinew
Alemayehu for his invaluable support and fatherly advice. I
am also giving my thanks to my colleague Tilahun Abebaw for
his support and comments about this report. I want to thank
Ato Abate Tibebu and Ato Binyam for letting me to use the
computer lab with out any restrictions and also for letting
me to print this report. Without them this report would not
be to where it is now.

I would also like to thank all my family and my uncle Ato
Getu Moges and his family for their commitments to be
accessible in my everyday life activities. I have been very
fortunate indeed to enjoy such a pleasant informal
relations with the academic stuff of AAU, Dep’'t of
Mathematics, my best friends in and out campus. To all

those and others who have helped me, I thank you all.
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Chapter One

Generating Functions

1.1 Rings of Polynomials
Definition 1.1.1
Let R be a ring. A polynomial f in indeterminate x with

coefficients in R is an infinite formal sum

EZaﬁi:a0+ag4ng2+ayH4nu, where @, €eR and a,=0 for all but a
i=0

finite number of values of 1.

The a;,’s are called the coefficient of ¥ in f. If for some

i,>0 it is true that a; #0, the largest such value of i, is
the degree of f and the coefficient a;, ig called the leading

coefficient of f. If no such i>0 exists then f is called a

polynomial of degree zero.

Example 1.1.2

The function  f(x)=3x"+2x’-5x+4 is a polynomial with
coefficients in the ring Z of integer. It is a polynomial of
degree four with leading coefficient 3.

Example 1.1.3

The function [f(x)=x’+ix’?-(2+3)x+(5-7)) is a third-degree

polynomial in the ring Z+iZ of Gaussian Integers.

Polynomial Operations

To say that two polynomials are egual is to gay that the
coefficients of the same power of x are equal. Addition and
Multiplication of polynomials in a ring R 1is defined in a

formal way; if
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S(x) = Za,,x" =a, +a,x+a,x’ +a,x’ +... and
n=0

g(x)= Zb,,x" =b, +bx+b,x* +b,x’ +...are polynomials,

n=0

then for polynomial addition we have

(f+8)x) =D c,x" =c, +ox+c,x° +¢;x° +..., where ¢, =a, +b,

n=0

and for polynomial multiplication we have

(B)(x) =D d,x" =dy +dx +d,x* +d,x* +... where d, =) ab,, .
i=0

n=0

It is clear that again ¢ and d, are 0 for all but a finite

number of values of i, so the definition makes sense.

Proposition 1.1.4

The set .Rh] of all polynomials in an indeterminate x with

coefficients in a ring R is a ring under polynomial addition
and multiplication. If R is commutative [respectively an

integral domain], then so is Rh]. If 1 is unity in R, then 1

is also unity for R[x].

Proof: [8] page 121-124
1.2 Formal Power Series

Definition 1.2.1

Let R be a ring and {q}lo be a sequence in R. A formal power
series for the sequence {leo is an expression of the form

ay +a,x+a,x’ +a,x’ +.... The sequence {a,}", is called the sequence

of coefficients.
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Example 1.2.2

The formal power series for the sequence {nj”, in the ring Z

of integers is O0+1x+2x> +3x° +....

Example 1.2.3

The formal power series for the constant sequence {I}°, is

1+le+Te® £l 4. .

Example 1.2.4

The formal power series for the finite sequence {Lli?} is the

polynomial 1+3x+5x>+7x.

We usually denote the formal power series E:anx" for the

n=0
sequence %%}10 by letters f,g hetc.

To say that two formal power series are equal is to say that

their sequences of coefficient are the same.

Formal Power Series Operations

We can do certain kinds of operations with formal power

series. Let f(x)= Za"x” and g(x)= Zbﬂx" be two formal power

n=0 =0
series, then
1s we can add them by usual addition rule of polynomials
i.e. (f+8)x) =) c,x" =c,+cx+c,x" +¢,x° +... where ¢, =a, +b,
n=0

and

ii. we can multiply them by usual multiplication rule of
polynomials

i.e. (R)X)=Ddx"=d,+dx+d,x’ +d,x’ +.. where d, =) apb,, .
i=0

n=0
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This product rule accounts for the wide applicability of

series methods in combinatorial problems. This is because
frequently we can construct all a, of the object of type n in
some family by choosing an object of type k& and an object of
type n -k and stitching them together to make the object of
type n. The number of ways doing that will be aga,,, and if
we sum over k we find that the product of two formal power
series 1s directly related to the problem that we are

studying.

Proposition 1.2.5
Let R be a ring and denoted by Rﬂxﬂ, the set of all formal
power series with sequence of coefficients in R.

i. R[x]] is a =ring with addition and multiplication

defined.

ii. R andkllh] are both subrings of Rﬂxﬂ.
u i e Y If R is commutative [respectively a ring with unity or
an integral domain], then so is R[x]].

Proof: [9] page 123 or [4] page 154

Proposition 1.2.6

Let R be a unitary ring and jIx):Eaawf’eRﬂxﬂ.

n=0

1 f is a unit if and only if its constant term @, is a

unit in R.

ii. If a, is irreducible in R, then f is irreducible in

Rﬂxﬂ.

Proof: [4] page 155
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Proposition 1.2.7
If R is a division ring, then units in R[[x]] are precisely
those power series with non-zero constant term. The principal

ideal <x) consists of the non-units in R[x]] and is the unique

maximal ideal of R[x]]. Thus, if R is a field, R[x]] is local
ring.

Proof: [4] page 155 or [3] page 420

So far we have introduced some important notions and
properties of a formal power series with coefficients in any
general ring. From here onwards and through out this report
we consider only a sequence of numbers as we want to apply
the concept to combinatorial problems. Thus by a sequence we

mean a sequence of numbers.

We may define the composition of two formal power series

@)=Y ax" and g)=3bx" by f(g(x)= a,[e@]" .

n=0 n=0 n=0
If the series g(x)has a non-zero constant term b,, then every
term of the series f(g(x)):Za,,[g(x)]" may contribute to the

n=0

coefficient of each power of x. On the other hand, if 5,=0,

then we will be able to compute the coefficient of x* for
some k from the first i+l terms of the series shown.
= n
Notice that every single term anhﬂxﬂ":c%{zzbwfi with n>k
n=0
will contain only powers of x greater that k&, and therefore

we won’t need to look at those terms to find the coefficient
of x'. Thus if b,=0 then the computation of each one of the

coefficients of the series f(g(x)) is a finite process, and
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therefore all those coefficients are well defined, and so is

the series. If b,#0, the computation is infinite process
unless f 1is a polynomial. Thus the composition f(g(x)) of two
formal series f & gis defined if and only if b,=0 or f is

a polynomial.

Definition 1.2.8

The inverse of a series f, if it exists, is a series g such

that f(g(x))=g(f(x))=x.

Proposition 1.2.9
The inverse of a formal power series f(x)=2a”x" exists if
n=0

and only if the constant term @, is zero and the coefficient

a, of x is non-zero.

n

Proof: Assume that the formal power series f(x)fZa"x has

n=r

inverse g(x):Zb"x" where r,§20. The constant terms a, and b,

n=s

are =zero as the composition flg(x))=g(f(x)) is defined. Now
flg(x))=x=a,b]x” +..., where rs=1. Thus r=1,s=1, which means a,

ig zero and the coefficient @ of x is non-zero.

The derivative of a formal power series f(x)=2a"x" is the
n=0

oD

series  f'(x)=) na,x""' =a,+2a,x+3a,x’ +4a,x’ +... Differentiation
n=0

follows usual rule of calculus, such as the sum, product, and

quotient rules.
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Proposition 1.2.10
If f'=0, then f is a constant.
Proof: Let f(x)::Za”x”
n=0

Then, f'=0 means that f' is identical to the formal power
geries 0.

= a, +2a,x+3a,x" +4a,x> +..=0 .

= For all neN, we have na,=0

= For all neN, we have q,=0

= f=a, is a constant.

Proposition 1.2.11

If f'=f then f=ee*, ¢ i’ a congtant,

Proof: Let f(x)=Za,,x”. Now, f'=f

n=0

o o0
no__ n-1
= Yax"=) nax

n=0 n=0

= For all n>0, we have (n+l)a,, =a

n*

a , a
= a =—1, whence by induction on n, a =JT' for all
n+ n!

@0 n

= fEj=Ya5 =) tz'=g — =ame” .
=0 n! n=0 1

n=0



A Graduate Seminar Report Generating Functions and some of their Applications
Addis Ababa University

1.3 Generating Functions.
Definition 1.3.1

Given a sequence of numbers (finite or

infinite) a4,,a,,a,,..., we define the formal power sgeries
_ 2 3
Gl x)=a; +ax+a,x" +a,x" +...

to be the generating function of the sequence a,aq,,a,,a,,..

o

and we write G#JE—%QJMO

Example 1.3.2

n

n
The generating function for the finite sequence {(k]} ,where
k=0

n is a positive integer is

G(x) = (OJ[I]@ (3) [] (4]

n)(n n
Thus, we write (1+x)"+—£ié[0}(l]w”[ ].

n

Example 1.3.3

The generating function for the infinite sequence {—7} is
n. nz0

GUU:luhlx+iw2+lw3+lw4+m=€
o 2t Tyt T

X

1 1
Thus, we write e'«Z—l1], ST

M| =

Example 1.3.4

The generating function for the sequence with recurrence

X
relation a,=5a,,-6a,,,a,=0, a,=1 is G(x)=—-.
n n—1 n—2 [ ! 1 1_5x+6x2
x . o
Thus, we write ————«* {01 5..,a, =5a, ,—6a, ,|",

1-5x+6x’
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Example 1.3.5

The formal power series generating function for the constant

o 1
sequence {1},.=o is Gx)=1+x+x*+x" +x° +...:1— .
—=%

Thus, L<L>{1}”:0
1—x

The symbol G«2-{a }” means that the series G is the formal

n=0

(ordinary) power series generating function for the sequence

{a,}”,. Thus G(x) :ia”x" .

n=0
n=0

Proposition 1.3.6

If G(x)«2>{a,|’, and H(x)«2Z-{,}",, then
L. G+ HE)«Z>a, 0,7,
ii. cG(x)%{can}::D, where ¢ is a fixed number.

iii.  G)H@x)«2=->{d }* , where d, = iakb,,_k

n=0 7

k=0
Proof: Immediate consequence of rules of formal
series operation.
Proposition 1.3.7
If G(x)«2>{a,}’, , then
i. xG(x)«=>0,a,,a,,a,,0,...
ii. x"G(x)(Lw,O,...,O,aO,a],az,a3,... (k-zeros first) , ke N .

Proof:

i) Let G(x)«%2-{a,}” . That is G(x)=ianx"

n=0
n=0

[+4] o
= xG(x)= xZanx" = Za”x"” =0+ax+a,x’ +ax’ +..
n=0 n=1

= xG(x)¢E>0,a;,8,,8,:8; 5

ii) Follows by induction on k.

power



A Graduate Seminar Report Generating Functions and some of their Applications
Addis Ababa University

Proposition 1.3.8

LE CKA)é———»{ N then

n=0 ¥

G(x) —a, ops {a }"3
n+l

x n=0
G(x)—a, —a,x—a,x* —..—a, x*" 3
ii. ( ) : : k2 = ‘&){anh’( }M:O
X
Proof:
i)  Let G()«%2-a, | ,. That is G(x)=) a,x"

n=0
_ 2 :
= G(x)=ay+ax+ax" +ax +...

G(x)—a
=5 —Ll——1=af+%x+qﬂ2+mgj+m

X
G(x) -4, y
=7 x — {ﬂ n+l }r;=0

(ii) Follows by induction on k.

Proposition 1.3.9
d
If G(x)«2-{a,}”,, then E(G(x))<&>a],2az,3af3,4a4,...

Proof: Follows from the definition of derivative of formal

power series.

Proposition 1.3.10

IE CKx)«—w—é{ } and P is any polynomial in =n, then

n=0 '

P(x—)(G(x))<——>{P(n)a Py

Proof: Let G(x)«Z g, }"0, that is G(x):ia"x"

n=0

Then the formal power series .x——(Kx) §:mzx generates the
n=0

sequence {na,}” .

10
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The formal power series Znax generates the

n=0

o

sequence{nza”}nza. In general, for any (fixed) positive integer

k

d
k the formal power series x* = G(x) Zn a,x" generates the
X n=0

m

seguence {n a }" - Now let P(n)zZpknk =p,n" +p, " +..+pn+p,

m=0

be the polynomial in n. Then we have

d d m d m—1 d
A gefow {‘”(EJ {55 *'"*Pf(%}”“}%)

d ~ d)" a\" a
= P xEJG(x)—Pm[xdx] G(x)+P,,,_,(x dx] G(x)+---+P;[xdeG(x)+PoG(x)

W m—1
o sl ) . (szpm(x,,, dG(x)]+ p(x MJ+___+ pf(x dcix)]+ P/
N x‘ )

dxm Cixm-—.’

d m m—{ n = n e n
= xd— G(x)= men a,x"+p,_ ,Zn a,x +...+p,2nanx +p02a"x

X n=0 n=0 n=0

d " m—1 c n
— P xdi G(x):{pmn +pm~.’n +“'+pin+p{)}zarrx

X n=0

d
= P x— |66 = PG

29

Therefore we have P(x—)(G(x))<—>{P(n)a }" -

k k
Remark: We denote x di (G(x)) by [x%) (G(x)) in the above
%

proposition.

13
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Proposition 1.3.11

0

n=0 f

If G(x)«2Z{a,} .
—%

then i %{Zak}.
k=0

Proof: Let G(x)=2a"x".

n=0

6 _ Gepy !

Now =G(x)—= (au +ax+a,x’ +a,x° + Xl +x+x’+x° +) (*)
—-x

l—x

For any integer n20, the coefficient of x" in the product

series (*) 1s obtained by taking the product of the

coefficient of x* in the series of G(x) and the coefficient

ko . 1 :
of x"* in the series of = (0<k<n). Thus we obtain
- X
G(x
1( ) —ay (a0, e+ (o, 40, +0, ) +(a, +a, +a, +a, )5 +...
—X

- X =

Hence, 1G(x) ‘_OE"’{Z“&} )
k=0

1
Thus very roughly multiplication of G(x) by I-x acts as an
-X

operator taking a sequence a,a,,a,,4,,.to the sequence of its
partial sums a,a; +a;8; +a +a;,0; ¥+, 8. -

More precisely G(x)«%—{a, |’ , if and only if G1h) &){ ak}.
—X k=0

Here is the modest example.

1,1,0,0,0,0,..«%>1+x so by Proposition 2.3.11, we have

11+11+1+01+1+0+4+0,14+14+04+0+0,...=1,2,2222,... « X : iid
- X

. (‘\ﬂ) \

I 4 4 i ;\‘:

12



A Graduate Seminar Report Generating Functions and some of their Applications
Addis Ababa University

A second application of the Proposition yields that

1+ x

11+21+24+21+2+2+214+24+2+2+2,..=13579]11,.. <& ﬁ .
=X
Thus we have chanced upon the generating function for odd

numbers. One more application cof the proposition gives

1+x

Ll #31 £34 81 +34 5471 #3534 54+ 74 9,2 14,916.25,..4F >(1 7
- X

It looks like we have found the generating function for the

sequence of squares. To make this totally rigorous we would

need to show that ZQk—I:nz and thise is demonstrated by a
k=1

straightforward proof using induction.

: 1+x
Thus we have shown that 14,916,25,... Egn' Ty —
0 (I—X)
1.4 Exponential Generating Functions
Definition 1.4.1
If @885 18 & Bseguencs; then the corresponding

exponential generating function is the formal power series

2 3
x o0
G(x)=a, +a,x+a, — 5 +a34f4- E a” and we write G(x)«%{g, Lwo'

13
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Example 1.4.2

The exponential generating function for the constant sequence

I 1 1 1 1 x
{l}no is G(x)—a+ux+§x ;x +Ex i

Thus e +—§¥+ﬂ}0.

Example 1.4.3
The exponential generating function for the sequence {nﬁig is

11
GO =0t Tl x+ 2?4 3L vl 4 mldxtx? bt =
ot T Ty T -

Thus —— g 5nl}” .
1-x

Example 1.4.4 (Circular Permutations)

If we want to arrange n distinct elements in a circle there

are (n-1)/ number of ways to arrange them. The exponential
generating function for clrcialar permutation is

C(x) = Z ~1)l— = Z—I = ln(—l—] ,

n=1 n. n=1 1 1~3

Thus ln(ij——Jéiﬂ;+kn‘4)§11-
—-x

o0

Remark: Note that GL0<—§L+&%}FO is equivalent to

o

G(x) s {“—}
n!

n=0

14
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Proposition 1.4.5
If G(x)«<%5{a, }"0 and H(x)«<%{p, }"0, then

i, G +H@x) <=L >{a, +b,}"

n=0

ii.  eG(x)«Z>{ca,}’ , where ¢ is a fixed number.

Proof: They are immediate consequences of definition 1.4.1

and the above remark.

Proposition 1.4.6

If Gx)«*>{a |” , then

n=0 1

i. immkﬂq@J“
dx

n=0

k
135 for any integer k=0 é;rﬁﬂxnéig—%aﬁkr
X

Proof: i. Let G(x)«%—{a,|”, . Then (Hx)e———+{ '} .
)0

o

= Gx)=) 2"

n=0

o

n=0 n! n=1 (f’l 1)'

jfﬂmm—%ﬁﬂ 2%@m@£¢ﬁ”

1 n=0 "
h: n=0

ii. Follows by induction on k.

Proposition 1.4.7
If G(x)«<¥>{a |

.o and P is a given polynomial in n, then
mrawm) L {P(n)a, §, -

Proof: Let G(x)«%—>{a,|”, and P(m) be a given polynomial in n.

15
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=]

a
That is G(x) = —%x". Then the formal power series
n=0
d 3 }2all M
xE;«Hx»= — %" generates the sequence {mz}no. The formal
n=0

. d2 S n,
power series zdx z: ' generates the

n=0 1

sequence%ﬁaﬁlo. In general, for any (fixed) positive integer

k ™ k
n

k the formal power series x’(i (G(x))=zn D x generates the
dx* n!

n=0

sequence %ﬁanﬁﬁ. Therefore, for the given polynomial P,

Plx— )(G(x))eﬁ—»{P(n)a ¥

.o follows from Proposition 1.4.1 and

properties of differentiation.

Proposition 1.4.8

If Gx)e«<Eola,|”, & H(x)«Z>{,}”,, then

n=0

G(x)H (%) %{ b3 {:} b, }

n=0
Proof: Let A(x)= G(x)H(x)%{d },,o

Now observe that G(x), H(x) and A(x) are formal power series

a b c
generating functions for {4%},{%} and {—%} respectively and
n: n. H.:

' n—k
n! z:k‘(n )’
n A n(n
= c¢,=)———ab, = ; B
Cy e (n _ k)'k' Oy ;[k}ak n-k

= Aly)= Gﬁﬂﬁﬂx)e———a{

e -
g =
v R
= =

=

1
H—J
z 8
(=]

16
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1.5 Dirichlet Series Generating Function

Definition 1.5.1

Given a sequence ﬂ%}il; we say that a formal series
= a, a, . . , ;
F(s)=) —= +5?+EF-+Z:+"' is the Dirichlet Series Generating

n=1

L]

Function of the sequence and we write F(ﬂé—gl+&%}

n=l °

Proposition 1.5.2

If Gﬁve———+{ } and Gﬁde———%% L,, then

n=/

i GE)+HE) <2 5a, +b,}7,

id . cGﬂUé———%%ﬂ h,, where ¢ is a fixed number.

Proof: They are immediate consegquences of definition 1.5.1.

Proposition 1.5.3

1f G(s)«2>a,}”,, then
i. ﬁ?ﬁy) { (Inn)a, h ;
ii. for any integer £20 ;: &H@) kl}ﬂhn}auhj.

o

. a i
Proof: i. Let G()«2Z>a,}”, . i.e. Gi)=) L= an’
n=/ n n=1

- ﬁ(G(S)) S (nn Jayn’® :Zﬂf;ﬂ

n=1 n=1

= —(G(s))<—>{ (nna,}”

n=1"

iii. Follows by induction on k.

17
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The importance of Dirichlet series stems directly from their

multiplication rule. Suppose F(S)(—"")i"—>{a"}m and G(S)(—){b}

n=1 n=] *

The question is what sequence is generated by F(5)G(s)?

Proposition 1.5.4

If F(s)«2{a,}” and G(s)«2>{ " , then

n=I n=11

F(S)G(S)(————){Zad }

dln il

o

Proof: Given Fﬁﬂ+—@;+&h} and (3@)+———+ﬂ:hl, implies

n=l

F(s)=Y%, G(s)= Z b consider the product F(s)G(s).

n=l| n=l1

b, b, b,
F(s)G(s a +——+— e b+ —>+—=+—"+..
(s)G(s)= [ FlgE Tt g J( 22 3 & J

= F(s)G(s)=(ab)+(ab, +a,b 27 +(a,b, +ab 3™ +(ab, +a,b, +ab ™ +...
In the product FG, the coefficient of n” is the sum of all

products of a’s & b’s where the product of their subscript is n

it is Zarbs. Now if rs=n then r & s are divisors of n, so the

rs=n

above sum can also be written as E;ad
d|n T

Therefore we have the proposition.

What happens to the sequence generated by the kth power of a

Dirichlet series? Let’s work it out as follows:

F(s)«25{a 1 ::Fm=i%

n=l1

»
k - -5
= F(S) = (Zaﬂn ' J Zanl "y n, ank (nannB‘“nk )

n=l nzl

18
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-5
= Z . { Za"La”za”} '"a”k }

nz1 Nylyhy .y

This shows the following proposition

Proposition 1.5.5
If F(ﬂe—ﬁiaﬁg}ll then F(s)'«2“» a sequence, whose nth member

is the sum, extended over all ordered factorization of m into

k factors, of the products of the members of the sequence

whose subscripts are the factors in that factorization.

o

What series does F generates the sequence of all 1's: {ﬂ

=l 3
When we asked that question in the cases of the formal power

series generating function or the exponential generating

; X 1
function, the answers turned out to be the functions i___ for
—X

ops and e’ for egf.

In the present case, the formal Dirichlet geries whose
coefficients are all 1’s 1is not related to any simple
function of analysis, it is a new creature, and it gets a new

name: the Reimman zeta function.

o0

1
That is the Dirichlet series ;TS):EZ-: and it is one of the

n=1

most important functions on analysis.

5

Now from proposition 1.5.4, the coefficient of »° in the

product (¢(s)® is Ezlizzd(n), where d(n) 1is the number of
d|n

divisors of the integer n.
Likewise from proposition 1.5.5, ¢(s)* generates the number

of ordered factorization of n.

19
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Chapter 2

Some Applications of Generating Functions

Introduction
Generating function is a bridge between discrete mathematics,
on one hand, and continuous analysis (particularly complex
variable theory) on the other. It is a close line on which we
hang-up a sequence of numbers for display. Suppose we have a
problem whose answer is a sequence of numbers ag aj, dz dz,... We
want to know what the sequence ig. Generating functions helps
us to find the sequence. But this may not be as such simple
to have, since gome seguences are complicated. Although
giving a simple formula for the numbers of the sequence may
be out of the question in some cases, we might be able to
give a simple formula for the sum of a power series, whose

coefficients are the sequence we are looking for.

We can apply generating functions to

find an exact formula for the sequence of numbers;

a.
b. find a recurrence formula;
c. find averages and other statistical properties;

d. find asymptotic formula for sequences; and

e. prove different identities.
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2.1 Linear Recursion
Definition 2.1.1

A mathematical relationship expressing the nth term ¢, of a

sequence{qjm as some combination of a4; with i<n, when

n=o
formulated .as an equation to be solved recurrence relation is

known ag recurrence equation or a difference equation.

A recurrence equation 1is the discrete analogy of a

differential equation. It involves an integer function a, in

a form like a,-a,,=p(n), where p is some integer function.
The above equation is the direct analogy of the first order
differential equation a'(x)=p(x).

Example 2.1.2

The equation a, =2a a,=1, 1is a recurrence equation of a

n-1 1
sequence &%}io in which the nth term of the sequence is
obtained by doubling the (n-I)th term. From this recurrence
equation we can formulate a first order linear differential
equation f'-2f=0.

Example 2.1.3

The equation a,=5a,,-4a,,, a,=1,a, =2 1is a recurrence

equation of a sequence {q}la in which the nth term of the
sequence is obtained by multiplying the (n-/)th term by 5 and
then subtracting 4 multiple of the (n-2)th term . From this
recurrence equation we can formulate a second order linear

differential equation f'"-5f/+4f=0.
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Definition 2.1.4

A recursive sequence {jSﬂ also known as recurrence sequence,

is a sequence of numbers indexed by non-negative integers n
and generated by solving a recurrence equation. The terms of

the sequence can be denoted symbolically in a number of
different notations, such as a,, a(n),afn/, where a 1is a symbol

representing the sequence.

Example 2.1.5

The recurrence equation «,=2a,,, a,=1 generates a recurrence

sequence a, =2".
Example 2.1.6

The recurrence equation a,=4a,,-3a,,, a,=1, a =2 generates

1
the recurrence sequence a, = —(3" +l) ;

Definition 2.1.7

A linear recurrence equation 1s a recurrence equation on a
sequence of numbers %%}Zﬂ expressing a, as a first-degree

polynomial in g; with i<n.

For example,x,=Cx,  +Cx, ,+Cx, ;+..+C,x, where C,'s are

n—1 n-3

constant coefficients is a linear recurrence equation.

Our aim is to find ‘the generating function for the sequence
with a given 1linear recurrence equation. And from the

generating function we will find an explicit formula for

terms of the sequence as a function of » only.
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First Let’s see the following examples.

Example 2.1.8

Find the explicit formula for the sequence {an}::o defined by
0,

the recurrence equation ¢, =35¢,,~6a,,, with g, = a; =1.

Solution:

Method I: Using Formal Power Series Generating Functions

o

Let G(X) = ia”x" <i>{a'n }n:U :

n=0

Multiply the given recurrence relation a,=5a,,-6a,, by

n

and then sum it over m2=2. That is a,x" =5a,,x" —6a, ,x"

n—1

o0 o
no_ "o n
=> Za”x —Z(Sa"_lx 6a,. ,x )
n=2

h=2

= iiaﬂx”—(a0+wyx)=5x5ia"x"—(Sxao}—éxziia”x"

n=0 n=0 n=0

= G(¥)—x=5xG(x)-6x"G(x)

X
= Gx)=—
) ] —5%4 6%

Thus G(x)=;2 is the generating function for
1-5x+6x

-1 _6an—2 &

h

sequence with recurrence a,=>5a

the

To find the formula for a, we write G(x)as sum of simple

n

partial fractions. [see the Glosgsary]
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X 1 |

G(x) = = - :
() 1=8x+6x° 1=3x 1=2x

Each of these two fractions 1s the sum of an infinite

geometric series. So we may write
G(x) =(1+3)C+32)c2 +3% + .. +3"x" +,,,)_(1+2x+22x2 DLIE NN +)
G(x) =0+(B-2)x+(3* =222 +..+(3" 2" )" +..

Thus g, =3"-2".

Therefore ———41——7+JE—+b"—2”Eﬂ.
1-5x+6x

Method II: Using Exponential Generating Functions

H
o

=5 ° .

Let Gx)= z:

oy L

n=2

and then

We multiply the recurrence equation given by (1=2)!
n_.

sum it over 2<m<w as we have values of g, and gq,.

a,x B ( S5a,, —6a,_, w2 _ d
- ,,,Z(n—z)l'z( n—2)! Jx SZ(n _2)! Z {n— 2)'

n=2 =2

w© = n-2 w _ n=2 W n-2
Z a, (n(n ]))x — 52 2, (n ])x _ 62 a, X
n=2 n! n=2 (n = ]) ! n=2 (n = 2)’

= G"(x)=5G'(x)-6G(x) Which is a second order ordinary
linear differential equation subject to the initial

conditions a,=0, a =1.
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At the corresponding stage in the solution for the formal
power series version, we had an equation to solve for G that
didn’t involve any derivatives. We golved it and then had to
deal with a partial fraction expansion in order to find an

exact formula for the nth term of the sgequence. In this
vergion, we solve the differential equation through the

method of solving such equations.

We assume that a solution of this differential equation looks

G(x)=e™ for some constant k.

Thus G'(x)=ke™ and G'"(x)=ke" .

Substituting these in to G"(x)=5G'(x)-6G(x) we get

k*e™ —5Ske™ + 6™ =0 & e® (kP -5k+6)=0 & kP -5k+6=0
& (k=3)k-2)=0 o k=3, k=2

Thus the general solution is G(x)=C,e™ +C,e® with the initial

conditions a,=0, q, =1.

Kl G()C) = Clelv B Czez,\' = C[ i (3)6) 4 C2 i (2)()

r S

=(C, +C,)+(3C, +2C2)x+%(32q +22C, I +...+%(3”CI +2"C, I

= a,=C,+C;, a9, =3C +2C,;, and a,=3"C, +2"C, .
= C,=-C,=1, from q,=0, a, =1.

n

= a,=3"-2" as required. 7 o>
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The Method

Given: a linear recurrence formula that is to be solved by

the method of generating function.

1. Make sure that the set of wvalues of the free wvariables
(say n) for which the recurrence equation is clearly

delineated.

2. Give a name to the generating function that you look for,

and write out that function in terms of the unknown

sequence (e.g., call it G(x), and define it to be EZaPW )
n=0

3. Multiply both sides of the recurrence equation by x" (or

n
— depending on the version of generating function you
n:
want to apply) and sum it over all wvalues of n for which

the recurrence holds.

4. Express both sides of the resulting equation explicitly

in terms of your generating function G(x).

5. Solve the resulting equation for the unknown generating

function G(x)and its derivatives.

6. If you want an exact formula for the sequence that is
defined by the given recurrence equation, then attempt to
get such a formula by expanding G(x) into a power series
by any method you can think of. In particular, if G(x) is
a rational function then success will result from
expanding in partial fractions and then handling each of

the resulting terms separately.
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Example 2.1.9

A certain sequence of numbers a,,4,,4,,..8satisfies the

condition a,, =2a,+n, (n>0,a,=1). Find the sequence.

n+l

o

Solution: Let G(x)&é{a”}”:o.

Multiplying the recurrence a,,=2a,+n by x" and sum it over

n+l

o0 -] @
0<n<ow. We have, Za“,x" =2Zanx" + an"
n=0

n=0 n=0

o BB oy E (a, =1)
x (1-x)
=222
(; =
= = o)
1 2
= 6= 5wt

= O(x) =—i(n+])x" +2§:2"x"
n=0

n=0

= Gfx)= i(z"” -(n+1))x"

= a,=2""-n-1 (n=0,,2,3,..)

27
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Example 2.1.10

How many regions are formed in the plane by n lines if no two
of the lines are parallel and no three of the lines meet in a

common point?

Solution: A look at small cases yields that zero lines give

one region, one line gives two regions, two lines give four

n

regions, and three lines give seven regions. Let r» be the
number of regions formed by » lines so that 7 =1, r=2,

=4, n="7.

“ line keeps the r, previous regions

Thus adding a new (r+1) ;
but also a new line is subdivided into mnt/ line segments by
the first »n lines. Each of these line segment form a new

region and the recursion equation established as r,, =r +n+l,

n=z0.

o0
n=0 7

Now let R(x)«2{r} and we multiply the recursion by x" to

get rx" =rx"+(n+1)x". Next sum starting from n=0 to obtain

ow w o
rogX =) rx" + n+1)x"
0
—

n=0 n=0

= RO _ s
X

but 7, =1

!
(-2

= R(x)—1=xR(x)+(I_Lx)2 or R(x)(l—x)=1+-(l_x—x)2

1 i
= RO =T
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ool
= R(x)= le”-!—Z( J and we now can dispense with

n=0 n=0

generating functions since we have

4] 2
m=1e]® _y (ntn _n tn+2
2 2 2

Example 2.1.11

Show that the number of ways of gelecting r elements

from an n-set where order does not count and repetition

n+r—1
is allowed 1is i
r

Proof:

Let f(nr) denote the number of ways of select r things from
the set of m distinct objects {xpxpxpuuxm}, where we allow
repetition but order does not matter.

Either x, is selected at least once or it is not.

If it is selected then we must choose r-I things from the set

{x,,x;,...,x,}, to £ill out the sample and this can be done in
fin,r-1) ways. If we never choose x then we draw the whole
sample from the n-/ set ({x,,x,,.x,} and this can be done in
fin-1,r) different ways. This demonstrates a double index

recurrence relation.
finr) = fin-10)+ finr-1)
Now let G, (x)=1+ fin)x+ f(n,2)x’ + f(n,3)x’ +.. be the ordinary power

series generating function for the sequence{f(mr)ﬁ% for a

fixed number n.
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Now we hawve

xG,(x)+ G, ,(x)=x+ f(n)x* + fin2)x" +..+1+ fin-1,D)x+ fin-1,2)x" + fin-1,3)x" +...

= 1+(f(n=-1)+)x+(f(n1)+ f(n=12)x" +(f(n2)+ f(n-13))x" +...
=1+ f(n)x+ f(n2)x* + f(n3)x’ + f(n4)x"*...
=ity (X

Thus we have GJ,(x)=1LG"_I(x)

1
This also applies to G,,(x) and we obtain G"_i(x)=1—G"_2(x).
-x

And also G,,(x)= %Gm(x)
¥

This process ends at G,(x)=1+ f{1,D)x+ f{1,2)x* + f(1,3)x’ +...

=l+x+x>+x +x" +...

1

=1—x

1
(1=x)"

By the Binomial theorem for negative expansion G,(x) could be

Therefore G,(x)=

expanded as

(—n)(-n-1)(-n-2)

G,(x)=(1-x)" =1+(—n)(—x)+%(—xz)+ = (—x* )+ ...
=l+nx+n(n+1)x2+n(n+1)(n+2)x3 +m+n(n+1)(n+2)...(n+r—1)xrm
2! 3/ r!
ThuE  Finr)e n(n+1)(n+2)...(n+r—1)= n(n—=1)(n—-2)...(3)(2)(1)
r! ((n+r=1)—r)!r!

f(n,r):(n+r—1] .
¥
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Example 2.1.12

Suppose that a telephone exchange has » subscribers and let
T, be the number of ways that the n subscribers can be

connected up at any moment. At any time a subscriber can
either be talking to another subscriber or not using the
telephone. No conference calls are allowed and all calls are

with in the exchange. Find the recurrence equation and the

o

exponential generating function for the sequence {Tn}

n=l *

Solution: Let G(z)&){ﬂ}:;l
It is easy to see that7 ;=0 7,=1, 7,=2, T,=4, T,=10.

What is the effect of adding one more subscriber? If the

new subscriber is not talking on the phone there are T

h

possibilities. If the new subscriber is on the phone it’s
to one of the n other subscribers, excluding these two the

remaining (n-/) subscribers can be connected in 7, ways.

These give us the recursion T, =T, +nT

- o M

n

p i i ; ; z ;
Multiplying this recursion equation by — and sum it over
n!

n n n

nz20 we cobtains T ,—=T —+nT

n+l ] — *n / n-1 al f

n

= ZM,——Z[T +nTn,]n[ Z —I+ZnT—l

n=0 ' n=0 > n=0

— G G(z)+zz r :),~G(z)+zG(z)

= G'(z)=(1-2)G(z)
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dG
= —=(1-z)d
G (1-z)dz

2

= lnG(z):z—% = G(z):ez_2

N

2.2 Fibonacci Numbers

Eight centuries ago Fibonacci introduced his famous sequence
1,1,2,3,5,8,13,21,34,55,89,144... Its original appearance
dates back to 1202 with the publication of his book “Liber
Abacia”. This book has an important place in the history of
ideas since it was the first book in Europe to use Arabic
rather than Roman numerals. This change spread rather slowly
because the printing press had not yet come along and copies

had to be done by hand.

Here 1s the original problem usually called “The Rabbit
Problem” . Start with a pair of newborn rabbits that will,
starting at two months and every month thereafter, beget a
pair of Dbunnies. The same reproduction applies to all

offspring and no rabbits are ever die. How many pairs of

rabbits are there at the nth month?

We call the number of rabbit alive at month n Fn, the nth
Fibonacci number. F, is formed by starting with the Fn; pairs
of rabbits alive last month and adding the rabbits that can

only come from the Fn2 pairs alive two months ago.

F= Py + Fag Fi=F2=1, and by convention Fp=0.

This is a linear recurrence equation and thus we may apply

the above method to prove the following proposition.
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Theorem 2.2.1

The nth Fibonacci number is F;:-l— 1445 = 1-+5
NG 2 2

Proof:

Method I: Using formal power series generating functions

Let G(x)«2Z{F ", i.e. G(x):iF"x".

n=0

then, XG(x)=x) Fx" =Y Fx™
n=0 n=0
and sz(x) = XZZF”xn =ZFvnxrr+2
n=0 n=0

Subtracting the last two equations from the first two yields
G(x) - xG(x) - x*G(x) = F, +(F, = F, Jx+(F, - F, - F,) )x* + (F, = F, - F, )x* +...

=0+1x+0x2 +0x° +...

=x since the coefficients of all the other powers

of x are 0.

Solving this equation for G(x) we find,

Gl =

=
l—-x—x

Now by the method of partial fractions we can write G(x) as
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G(x) = —=

Let us use the notations a:=

1++/5 .1—x/§
R R

J5G(x) = ( . j

1—ax 1—bx

\/gG(x) = (1+ax+azx2 S T L +...)— (1+bx+bzx2 +b6%% +..+b"x" )

=(1-D+(@a-b)x+(a>-b>)x* +..(a" =b")x" +...

SN

2 2

1+«/§J" _[l—x/gJ"

Method II: Using exponential generating function

o

Let Gx)«Z{F}" , i.e. G(x):ZE%x”
n=0 112

Multiply the recurrence relation Fn = Fni + Fp2 by

add it over 2<n<w, we have
n-2 n-2 n-2
Er xj = ‘pn—] xj-l- EJ—Z l—-
(n—2)! (n—=2)! (n—2)!

) n-2 L n=2 w n-2

X X
Z (n 2)! ZE‘“‘(n—z)!JrZR”(n—z)!

n=2 n=2
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f

n(n i—2 (n _ l)xth @ xrr72
= Z - Z =l / 3 ZF‘N—?_ /
n=2 n=2 (f’l—l). n=2 (f’l—2).
= G"(x)=G'(x)+G(x), Fi1=F2=1, and by convention Fp=0, which
is a second order linear differential equation with
initial conditions. We solve the differential equation,

getting

L+J§

2

b=

1—\/5)
2

G(x)=Ce™ +Cze"’" 7 (a=

where (, and (, can be determined by the initial conditions

(which haven’t been used yet!) F;=Fz= 1. After applying these

1 1
two conditions, we find that (C,=— and C,=-—, from which
NG 5

the exponential generating function of Fibonacci sequence is

1 ,
G(x)=Ce™ +C,e™ =~——@“-em). And we found that

Vs

b1 [nﬁ}"_{ﬂ}"
s 5| 2 2

Probably the original point of this was to give some practice
in addition. However an amazing amount of mathematics relates
to these numbers including the number of ancestors of a male
bee, the arrangements of rings on a pineapple, analysis of
algorithms, electrical circuit theory, the number of ways you
can walk on a ladder if you take the rungs one or two at a

time, and so on.
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Example 2.2.2

How many ways can a man climb up a ladder of n rungs 1if at

each step he can climb either one or two rungs?
Solution:

Let the numbers of ways he can climb the ladder be 4,.

For his first step he can climb one rung or two rungs. If he

climbs one rung the number of ways he can finish the step is

A,,. If he climbs two rungs the number of ways he can finish

o=
the step is 4,,. By the rule of sum, 4 =4 _,+4, _,. This
sequence grows like Fibonacci sequence but it starts at

different point since 4,=1 and 4,=2. Hence 4, =F,,.

We may also have the following immediate consequences of the

th

recurrence equation that defines the »" Fibonacci numbers.

n

N B0 F. _ F = ATE
)4%-—1, }4;—-2, ;4%*ﬁL5, ;é%-L66666“»«L6 and so on.

Assume that ﬁmfijﬁézzL, if it exists.

H—>0

How fast is the F, growing? Let’s look at the ratios Fﬁyé .

: EH F_I
Rewrite F‘:HI :Er +F'nfl as ;:14_ = =1+
F, F 7

n n n

Now take the limit as n— w.
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1++/5

- S ~1.61803398875 ,

which implies that this L is the famous “golden ratio” of art

Solving yields I[’-L-1=0 which implies L=

and geometry.

Property 2.2.3

The sum of the first m Fibonacci numbers is one less than the

(n+2)nd, i.e. > F,=F,, 1.
k=1

Proof: We start by writing

Adding these gives the result.

Property 2.2.4

1 ZFZk—I = FZH 2. ZFZk F2n+] 1
k=1 k=1
Proof:1. F =F,, F. =g ~F , F. =F, —F,
By =0—Fg B = g — g

Adding these gives the result.

2. Zsz =ZFk _ZFMH = Mot —L—lly & P — i =12 Fo g1
k=1 k=1 k=1
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Property 2.2.5

Zsz = E1E1+]

k=1

Proof : It is immediate  consequence B =B B =8 )
(12kxn-1).

2.3 Partition

The technique of generating functions was greatly extended by
Euler in 1748 in his “Introductio in Analysin Infinitornum”,

where he uses them to attack the problem of Partition.
Definition 2.3.1

P(n) sometimes also denoted p(n), gives the number of ways of

writing the integer n as a sum of positive integers, where
order of addends is not considered significant. By convention

partitions are usually ordered from largest to smallest.

For example 4 = 4 =3 + 1= 2 + 2

Il

2+ 1+ 1=1 + 1 4+ 1 + 1
Thug P{d)=5. Note that P(l=l; P(2)=2, P3)=3,

We want to apply Generating functions to approximate P(n).
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Proposition 2.3.2

The coefficient of i in the series expansion of

1
(1 —%* WL~ 2" W= 2w

is the number of ways of writing m as a sum

of a’s,b’s c’s,

Proof: We note that

1

; = (1+x“ fx® pge +...X1+xb $x® g x? +...Xl+x” +x +)
(1= x)(1—x")(1= x)...

i ' 3 2 4
If x" is formed, for instance, from the product x*, x*, x*,

. then m=a+a+a+b+b+c+c+c+c+...

The term x" arises exactly as often as m can be written as

the sum of a'’s,b’s,c’s, ... We have the proposition.

Definition 2.3.3

Let P, (n) be the number of partitions of m into the integers

1,2, ...,k with repetition allowed.

Then we have the following immediate conseguences of

Proposition 2.3.2.

Corollary 2.3.4

The genetating function for F(n) is

1

Pff(x): 2 3 k
1-x)0-x")1-x")..0-x")
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Corollary 2.3.5

1
(1-x)1-x)1-x")... "

The generating function for P(n) isP(x)=

Theorem 2.3.6
For all nm: f%n)<e&m.
Proof: Let G(x)«2Z—{P(n)}",

= 1
By Corollary 2.3.5, Gx)=)» Pn)x" = then
Y y . Zﬂ G (1 -2 -z )Y1—~2%)...

1
1=x)1=x*)1=%>)...

InG(x) = ln{ } =-In(l-x)-In(l-x*)-In(1 - x*)—...

Let wus recall that the Taylor series for logarithms

2 3 4 6 6 9
So MG =| x+2i- 2 g |4l + i e e s
2 3 2 3 2 3

Now let’s study the expression

n

1-x
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If we restrict our attention to values of x between 0 and 1
we know that x"'<x"?<x<..<x'<x<l.

The average of this set of numbers 1is bigger that the

smallest of them.

wer . 1Earda? 4. ! 2 1
In other words, x" < or P

R T bk dodx™ =

n n-1
X

x"x
=% 1=%l+xta’ .42

R [RO

= 1nG(x)<(li][1+—+;2+...+—2+...]

1
Now - < —
n

=1
Recall from calculus that 1+2L2—3i2+__.<1+ —zdx=2

x

1

Therefore InG(x)< 12_x

Now G(x)=) P(n)x" >P(n)x" for all n.

n=0

Thus InP(n)<InG(x)—nlnx < lz—x—nlnx

Now for y>1, Iny<y-1 (look at the graphs)

So —lnx=lnl<l—1:1——x.
X x X
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Our inequality now becomes m}%n)<2(yf—j+n(L:£J
5 &

Jn
1++/n

If we let x=

we find ]n}%n)<3J;- which is the desired

result.
More on Partition

Definition 2.3.7
1 Let P(n) be the number of partitions of » into odd
integers with repetition allowed.
2 Let P,(n) be the number of partitions of » into distinect
parts.
3 Let P(n) be the number of partitions of n into distinct

powers of 2, i.e. 1, 2, 4, 8, 16,

Property 2.3.8

1
e

The generating function for P (n) is

Property 2.3.9

The coefficient of x" in the series expansion of

(1+x* )(1+x" )(1+x°)... is the number of ways of writing m as a
sum of a's,b’s,c¢’s e.t.c.. at most once each.

Thus the generating function for P,(n) is (1+x)(1+x°)(1+x° ).

And the generating function for P(n) is

(1+x)(1+x7 )(1+x* )(1+x°)...
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Proposition 2.32.10

For all n: PBy(n)=P,(n).

Proof:

1— 2

1-x*

We start with the equation 1+x* = for all k=1, 2 3, ...

Taking the product of the above equation over k gives

1=%? T=x"T=a" 1 =" 1

(14+x)(1+x" )1+ x )...= 1z I—2 I 11 ---=(1+x)(1+x3)(1+x5)'"

Thus PFy(n)=PF,(n).

2.4 The Hilbert Function

2.4.1 Noetherian & Artinian Rings, Modules and
Modules of finite lengths.
Definition 2.4.1.1
Assume R is a commutative unitary ring and M is an R-
Module.

a. By ascending chain (ac) of submodules of M, we mean a
sequence {1'1/[”}n21 of submodules of M such that
McMcM;cM, c..
b. By a descending chain (dc) of submodules of M, we mean a
sequence {Mn}”Z]of submodules of M such that
M oM oM, >M,>..
c. A module M is said to satisfy ascending chain condition

(acc) if every ac of submodules of M is stationary after
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a finite steps, 1.e. 1if M,cMycMycM,c.. is any ac
of M, then there is a positive integer k such that

M, =M, n>k

d. A module M is said to satisfy descending chain condition
(dec) if every dc of submodules of M is stationary after
a finite steps i.e. if AJEDAJ§DA43:3A44:L” is any dc of
M, then there is a positive integer &k such that

M” :Mk,vrle

Theorem 2.4.1.2
The following three conditions are equivalent on an R-
module M.
i) M satisfies acc for submodules.

ii) Every non-empty set of submodules of M
containg a maximal element under inclusion.
iii) Every submodule of M is finitely generated.

Proof: [1] page 74 and 75.

Definition 2.4.1.3
An R-module M is said to be Noetherian if it satisfies

any one (and hence all) of the conditions of theorem
2:.4..1.2.
Definition 2.4.1.4

A ring R is said to be Noetherian if it is noetherian

when it is regarded as an R-module over itself.
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Example 2.4.1.5
Any field K is noetherian as the only ascending chain of

ideals of K is (0) < K.
Example 2.4.1.6

Any principal ideal domain is noetherian since every ideal is
finitely generated. In particular the ring Z of integers is

noetherian.

Example 2.4.1.7
The ring R = K[x;, X, X3, ., Xp, -] 18 not noetherian
since the sequence (ﬁ)C{xhxz)C(ﬁ,xbx3%:_., of ideals of R

ig an ac which is not stationary.

Properties of noetherian modules.

Proposition 2.4.1.8

If O5>N—L5M—£5L 50 be a short exact sequence of
R-modules, then M is nocetherian if and only if N and L

are.

Proof: [1] page 75

Proposition 2.4.1.9
Every submodule of a noetherian module is noetherian.

Proof: [1] page 75

Proposition 2.4.1.10

If N is a sub module of M, then M is noetherian if and only

if N and M/N are.

Proof: Follows from proposition 2.4.1.8 by considering the

short exact sequence( — Nty M —Z S M| N30 .
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Propogition 2.4.1.11 (Generalized Hilbert Basis Theorem)

If R is noetherian ring, then RI[x;, x; X3 .., XJ] 1s also
noetherian.

Proof: [1] page 81

Proposition 2.4.1.12

If R is noetherian ring and I is an ideal in R, then R/I is

also noetherian.

Proof: R/I is finitely generated since both R and I are.
Moreover, 1f the maximal set of linearly independent
generators of R has cardinality » and that of generators

of I is &k @:Srﬂ then the maximal set of linearly

independent generators of R/I has cardinality n-k.

Theorem 2.4.1.13
The following statements are equivalent for an R-module M.
i) M satisfies dcc for submodules.
ii) Every non-empty collection of submodules of M has
a minimal element under inclusion.

Proof: [4] page 373

Definition 2.4.1.14
An R-module M is said to be Artinian if it satisfies
any one (and hence both) of the conditions of theorem

2.4.1.13.

Definition 2.4.1.15

A ring R is said to be Artinian if it is artinian when

it is regarded as an R- module over itself.
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Example 2.4.1.16
Any field K is artinian since the only descending chain of

ideals of K is K o> (0).

Example 2.4.1.17

The ring Z of integers is not artinian for if ae€eZ, a # 0,

(a)D(az)D(a3):) (04):)... does not satisfy dcc.

Definition 2.4.1.18

Let N be a submodule of an R-module M. A composition series

from M to N is a chain M=MyoM, oM >o>M;oM,>..oM,=N,

(]

where the chain factors Altyﬁ; have no proper submodule,

{1.8.; sach Ajtyﬁ; is simple R-modules.
i

A composition series from M to (0) is called a composition
series of M. Given an R- module M, a composition series may

not always exist. If it exists the inclusion in the chain are

all strict and moreover there 1is no submodule strictly
between M;; and M;. The following theorem gives the
conditions for the existence of a composition series for an
R-module.
Theorem 2.4.1.29

An R-module M has a composition series if and only if

it satisfies acc & dcc.

Proof: [1] page 77 or [4] page 376
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Definition 2.4.1.20
Let M be an R-module. We define the length KﬂJ) of

composition series of M by

(b if M= (0)

n if M # (0), and there 1is a composition
4 seriesM=My,>M, oM > M;5M,;>..oM,=(0) of
M
00 if M=# (0) and there is no composition series
for M.
\,

Theorem 2.4.1.21
Suppose an R-module M has a composition series of
length n. Then every composition series of M has length
n, and every chain in M can be extended to a
composition series.

Proof: [l1] page 77

Theorem 2.4.1.22

If O—->M, A > M, L2 > M, A >M3...M3ﬁ1—f-‘1—>Ms—>Ois an
exact sequence of R-modules of finite length, and lUWJ

is the length of M,;, then i(—l)il(M,-)=0.
=0

Proof: We shall consider the following cases on s.
Casel: If s = 0, then the exact sequence is

O—>My;—>0 and hence ﬂ40=(0). Therefore the result

holds.
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Case 2: Tt s = 1, then the exact sequence is
C)—%AJO——ﬁ—+A41—+()and hence My;=M,. This implies
I(M,)=1(M,). Therefore the result holds.

Case 3: I£f &5 = 2, then the exact sequence is

O->My—LsM —L5M, 0.

By the first isomorphism theorem on f,, we have

MZEM%/IO.
= I(M,)= (MA{j (M) .

= 1(M,)-1(M,)+1(My)=0
Case 4: Now suppose that s > 2. We embed the given
sequence in a sequence of homomorphism
#)Mi—l _ﬁﬂfr‘(Mz—l )— M, _ﬁ‘ﬂﬁfm (M,)> M,
(s =13,

Then we have exact seguences

0—My—Ls fi(My)—0

O — fi(Miy)——M, = f,(M;) > O
0— fi+1( )'"—>M1+1 L)f;lﬁ (Mi+1 ) -0

O_>fi+2(Mi+l} >]V[i+2 = >fi+3(]l/[i+2)_7'0 Cl=ige—]]

00— f.(M, ) —>M, >0

Which gives the relation

1(My)=1(£,(M,))
1(M;) = 1(f; (M )+ (£, (M)
UMy )= 1F (M) + U2 (M )

I(MH-Z): l(fi+2 (Mi+2))+ [( i+3 (Mz‘+2)) ( l<i<s-1 )
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(M, )=1(f, (M)

If we take the alternating sum of those equations, we

obtain the result.

That is, 3(-1)1(M,)=0.
i=0

2.4.2 Graded Ring and Module

Definition 2.4.2.1

o0

A graded ring is a ring R together with a family {Ri}i:()

of subgroups of the additive group R such that

a) R=@R, and
i=0

b) Rl-Rj gRHJ- fear gll &= 0Ld.3%:

By way of explanation, it needs to be stated that R,-RJ,- means

the set of all elements which can be expanded in the form

n
>.1s, where r, €R;, and s; ERJ- k=12 3 ..,n. Suppose that we have
k=1

a grading on R by {Ri}io. Each element r of R has a unique

ee]

representation in the form r= }Yr, where r,e€R, and the sum
k=0

contains only a finite number of non - zero terms. The

elements of Ry are said to be homogeneous elements of degree

k and r, is called homogeneous component of r of degree k.
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Thus
a) 0 is homogeneous of degree k for any k=0.
b) If x is homogeneous of degree k and y is
homogeneous of degree m, then xy is homogeneous of
degree k+m.

c) We can consider any ring R graded by taking the

sequence of subgroups {RJiﬂ, where R, =R,and

R=(0), i =1, 2, 3,

Properties of graded rings

Proposition 2.4.2.2
Let R be a graded ring. Then the unity element is a
homogeneous element of degree zero

Proof: [5] page 114

Proposition 2.4.2.3
Ry, is a subring of R.

Proof: [5] page 114

Proposition 2.4.2.4
Each R, is an Ry-module.
Proposition 2.4.2.5
©
R+:i(-3Riis an ideal in R.
Proposition 2.4.2.6

R is algebra over Ry.
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Definition 2.4.2.7

Let R be a graded ring, by the subgroups {R,-}:.ZO. A graded R-

module is an R-module M together with a family {M,-}:io of

subgroups of the additive group M such that
o0
a) M=@M,; and
i=0

b) RiMJ- gMHJ- for all i,j=0123..

In this context R,-Mj means the set of all elements, which
n

can be expressed in the form Xrm,where r, €R, and m eM,,
k=1

k=12 3, H

o0

Let M be a graded R-module by {M"}"=0 over a graded ring R by

a0
{R"}f=0. Each element m of M has unique representation in the

0]
m= 3y m .
form of k=0 where 'k k and the sum contains only a
finite number of non - zero terms. The elements of M; are

called homogeneous of degree k and m; is called homogeneous
component of m of degree k. If x is homogeneous element of R
and y 1s homogeneous element of M, then xy is homogeneous

element of M;+,. Moreover any R- module can be graded.

Theorem 2.4.2.8

Each M; is an Ry-module.
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Theorem 2.4.2.9

If N is a submodule of the graded R-module M=@M,,
i=0

then the following statements are equivalent.
0
i N=§90(NmM,.)
T LE yeN, then all homogeneous components of y
belong to N.
iii. N can be generated as an R-module by homogeneous

elements.

Proof: [5] page 115

Definition 2.4.2.10

e o]
M=®M,
A submodule N of a graded module =0 which satisfies
any one (and hence all) of the equivalent conditions of
theorem 2.4.2.9 is called homogeneous submodule of M.
o0

If we put N;,=NnM,;, then {Ni}.

018 grading of N. Assuming

that N is a homogeneous submodule of M, let ¢: M %MA\/ be a

natural mapping. Now both M and % can be regarded as Ro-

modules and hence ¢ is Rp-homomorphism.

puc g(M)=(M4,) i=0123...
Then K%)i}io is grading of %

But (%)1 ;M%ﬂ_ ":*(Mf+N)/N.
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Theorem 2.4.2.11
If R is a graded commutative ring, then the following

statements are equivalent.

i. R is noetherian ring.
idl, Ry is noetherian and R is finitely generated as an
Ryo-algebra.

If the above conditions hold and M is finitely

generated graded R-module, and then every M, is finitely
generated.

Proof: (i)=(ii); Suppose R is noetherian.

_ (Ry+R.)/ _ Ry
R=R, @R, = %ﬁ AMR

= R=R,+R, and R,NR, =(0).

=R, :—:A{F .

Since R, is a submodule of a noetherian R-module R, it 1is
noetherian and hence Ry is noetherian,

Moreover, the ideal R, is finitely generated as an R-module
by, say, Xxj X3 X3 ...,X;. Let’s replace each x; by its homogeneous
parts or without any loss of generality, let’s assume that
each x; is homogeneous elements of R of degrees ky;, ki k3 ..k
(all >0)respectively. We want to claim that {x, x3 X3 ..X
generates R as an Ry-algebra. It suffices to show that each

homogeneous element can be written as a polynomial in the x;

with coefficients in Rp. We ©proceed by induction on
homogeneity.
The result 1is clear if the degree 1s 0, since every

homogeneous element of degree zero is in Rp.
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Now suppose that # is a homogeneous element of degree n>0.We

5
can write z;=25ug}, where u, e R Equating homogeneous parts,

i=1
we may assume that u; is homogeneous of degree n — deg x; < n,

since x;€R, .Then u; is a polynomial in xj with coefficients in

5
R, and hence the same is true for uzzﬁzugg.

i=1
Therefore R is finitely generated Ry-algebra.
(<) Suppose R, is noetherian and R is finitely generated as
an Ry-algebra by, say, VY., V2 ¥3 - Yn- Then R= Roly, Y2 V3 - Vul-
Hence the result follows by Hilbert Generalized Basis
Theorem.

Now suppose that R is noetherian and M is finitely generated
as graded R-module. We may choose a set of generators {ubuz
uz ..u,} for M that are homogeneous. If the x ’'s are chosen as
before, then it is readily seen that every element of M, is
an Rp-linear combination of elements yu;, where y; 1is a

monomial in x ‘s and deg y; + deg w; = n. Since the number of

these elements is finite, M, is finitely generated.

2.4.3 The Hilbert Function

Let R be a graded noetherian ring and M be a graded R-
module. Suppose

i. Ry is artinian (and as well noetherian)

1 . M is finitely generated as Ry-module and hence 1is

both noetherian and artinian.
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Hence every M, has a composition series as an Ry-module and
therefore we have a uniquely determined non-negative

integer /(M,), the length of the composition series of M,.

Let the generating function for the sequence {Kﬁdn»iﬂ, be

denoted by P(M, t).

Definition 2.4.3.1

00
_ n
The generating function IS(M’t)_nlel(Mn)t is called the
Hilbert Function for the graded module M.

Our main objective 1s to characterize the behavior of
P(M, t) by applying the ordinary power series generating
functions and the theory we developed so far. We state

this as a theorem as follows.

Theorem 2.4.3.2
If R is generated by homogeneous elements Xxj; X2 X3 ..., Xm,
where deg x; =e; >0, then P(M, t) is a rational function

of the form

PM,n=—T8  here Ft)ezi].

i=1
Proof: We wuse induction on the number of homogeneous
generators.

If m=0, then R=Rp and M is finitely generated as Ro-

module. Thus, M,=(0) only for sufficiently large n.
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then

Assume that M, = (0) for all »>k. We then have IUME):O

for all n>k.

k
Hence f{ﬂlﬁ)z Zl@%g}ﬁwhich is a rational function.
n=0

Assume the result holds if R has m - [ homogeneous
generators. We define an R-module endomorphism

$ M, —>M,, by $(a)=x,a for each n=01234,..
Hence K, =Kerg, and C,,, =Cokerg,, for each n=0,1,234,..,

are homogeneous submodules.
e8] (e e]

We have K=@ K, and C=@®C, are graded modules by
n=0 n=0

theorems 2.4.2.9 and 2.4.2.11.

Moreover we have the exact sequence

0—>K, >M, b oM, —3C

n+e,, n+e,

l—%(). Hence by theorem
2.4.1.22, we have
J(Kn)_ Z(Mn )+ J(M;Hem )_ I(Cn-i-em ): 0

= Z(Mn ) B [(Mn+e,,, ) B l(K” )_ [(Cn+e,,, )

n+e,
’

If we multiply this relation by f¢ rearrange it and

take the sum over n, we obtain

o IM M, Je =i —1(C, f .

h

S (M=l e =K e 1[G, Y
LS UM -3 M, fe =3 UK -3 (G, .
n=0 n=0 n=0 n=0
O~ o Y -
n=0 n=0

n_1 em“l v}
L AMA S MY S (MY -5 J(an}"% !
k=0 k=0 n=0
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Em“l em*:l X
“PKe+ UG - X (G Y - I(Cwm}’m
k=0 k=0 n=()

_ (M1 —P(M, r)+ 2 I(M,)* = K1) —P(C, t) l(Ck)

k:O
- AM, t)(l—t"m)zP(C, t)-P(K,t) +igl(Mk)t" —eg 1(C, )"

AM, 1~ )= P(Cyt) - (K, 1) + 1) ()

where g()="S - (e, ) e 2]

But we can see from the R-module homomorphism ¢: M — M,given

by ¢(a)=x,a that x,K=(0)and x,C=(0).
Hence C and K are X -modules. Since & is a graded
x, R x,,R

ring with m-1 homogeneous generators of degree ej ez €3 ..., €m-1
and sgince C and K are graded modules of this ring, by

induction assumption we have

PLE )= _h@ , where f(¢)e€ Z[t]
Tri-r)

i=1

and

P(C 1) = m_lth) , where f,(t)eZ[t],
f1-r)

i=1

Finally by substituting the above two equations in (*), we’'ve

i) A0 e
fili-r) frli-ee)

i=l i=l
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Therefore,
A=Al + ) Tl1-4)
AM) = —
fi-¢)
=l

o0 . SO=HO-SY* el Tl
_1;[] 1—¢% =

The most important case of the foregoing result is that in
which the generators could be chosen in R;, that is each
e;=1.

This is the case if R=Ry[x;,%,,%s,...,X, ], where

i. Rp is artinian
dd The x; 's are indeterminate
139 The grading is usual (R, is homogeneous elements of

degree n)

Then, P(M,f)=-L )

(1-1)"
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GLOSSARY

1. We may need to revise techniques of writing a rational
function as a sum of simple partial fractions £from
calculus. Here are some suggested books

a. Calculus with Analytic Geometry, Ellis
b. Calculus with Analytic Geometry, Johnson
c. Calculus with Analytic Geometry, Edwards
2. Generating functions giving the first few powers of the

non-negative integers are given in the following table.

2 x(x + 1) - 2._.n

o U ... L RO n°x
i) =
2 4 4x+1) @

| x(x+— ............. A
) -

x(x+1)(x* +10x+1) i

1 R el Zn“x
n=l1

3. The Mathematica 4.0 (Mathematica 5.0) Computer programs
add on Package DiscreteMath™RSolve~ (which can be
loaded with the command <<DiscreteMath Rsolve~) has the
following lists of functions that could help us to find
the problem in question.

a. RSolve[equn,a[n] ,n] -solve the recurrence equation
for aln].

Example: In([1l] :=RSolvel[a[n+1l]=2aln],aln],n]

out [1]={{a[n]—>2"c[1]}}
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The solution to this recurrence eguation is an
exponential. The initial wvalue of the solution
sequence is left unspecified. The constant c[l] may
be specified using the option RSolveConstants.

b. RSolve [equn, a,n] -solve the recurrence equation for
the function a.

c. RSolve [{equnl, equn2,equn3,..}, {al,a2,a3,..},n] - solve
list of recurrence equations.

d. RSolve [equn,the initial conditions, aln],n]-solve
the recurrence equation for a[n] subjected to the
initial conditions given.

Examples: In[2] :=RSolvela[n+1l]=2a[n],a[0]=5,aln],n]
out [2] ={{a[n]—>5(2") }}
This is a linear equation with variable
coefficients.
In[3] :=RSolve[{a[0]=a[l]=2, (n+l) (n+2) -

2 (n+l)a[n+1]-3a[n]=0,aln],n]
out [3] =a[n] > Hﬂ + 3—}}
n! n!

e. PowerSum[expr, {x,n}] -gives the formal power series
generating function for the expr in terms of x,
where expr is treated as a sequence in n and the
sum runs from zero to infinity.

Example: In[4]:=PowerSum[n”2, {x,n}]

x(1+x)

out 4] =————
al (-1+x)°

f.PowerSum[expr,{x,n,nﬂ]-gives the formal power sum
generating function for expr in terms of x, where

expr is treated as a sequence in n and the sum runs

from ng.
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g. CoefficientList [Normal [Series [expr, {x,k1,k2}]],x]-
gives the coefficient of the series expansion of
expr (a function in x) from k; to to k; inclusive.

Example: Ln[5]:=CoefficientList [Normal [Series

[;21 {XIBIIO}]]IX]
IS 28 ¢

out [5]= {2,3,5,8,13,21,34,55)}

h. ExponentialPowerSum[expr, {x,n}] - gives the
exponential generating function for expr, where the
sum runs from zero to infinity.

Example: In[6]:=ExponentiaLPowerSum[n”2,{x,n}]
Out [6] =e*x(1 + x)

i. ExponentialPowerSum[expr, {x,n,no}] - gives the
exponential generating function for expr, where the
sum runs from n, to infinity.

j. GeneratingFunction[equn,a[n],n,x] -gives the
ordinary generating function for the solutions aln]
to the recurrence equation in terms of x.

Example: In[7]:=GeneratingFunction[a[n]=a[n-1]

+a[n-2],al[0]l=a[l]l=1,a[n],n,x]

out [7] - {___1_}
- ik gedg?

k. GeneratingFunction[{equnl, equn2,equn3,..}, {alln], a2(
n] ,a3[n],..},n,x]-give the ordinary generating
function for the solutions of the system of
equations given.

1. ExponentialGeneratingFunction[equn,a[n],n,x] -gives
the exponential generating function for the
solutions a[n] to the recurrence equation in terms

of .
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m. ExponentialGeneratingFunction [ {equnl ,equn2, equns, }
,{alln],a2[n],a3[n],..},n,x]-give the exponential
generating function for the solutions of the system
of equations given.

n. SeriesTerm[expr, {x,%,,n}-gives the nth coefficient
in the power series expression of expr about the
point x=xg.

4., Fibonacci numbers are implemented in Mathematica as
Fibonacci [n] .

5. Some useful power series

a. 1 _:an

l_x nz0
1 xﬂ
b. Inf —— |=F %
1"x nz0 n
5 xn
c. e = —'
nz0 n.

d. (I1+x)" = E(ZJxk

k=0

1 n+ky , , , ,
e. ————‘—-=:Z x" , k is fixed non-negative integer.
(1 —x)’H—] nz0 n
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