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Prefa ce 

IVlainly th is paper considers three nonlinear problems; which are solving systems of non Ii 
ncar equations, unconstrained minimization of nonl inea r funct ional and nonlinear constr. 
ai ned Minimizat ion. In order to solve such prob lems many numerical methods have been 
developed. BUI in Ih is paper we consider only the so ca lled Newton's method. 

The structure of a system of nonlincar eq uations problem is o f the following Conn and is 
cons idered in chapler two. Given F : R" ---,) R '" be continuously differentiable, then find 
x· E R" such that F( x") = O. 

The unconstrained minimization problem of nonl inear functional is given in the 
fOllow ing way. And it is conta ined in chapter three. Given r: R" --') R , be twice continuo. 
usly di ffcrcnt iab le, then lind x· E R II such that f( x·).:5 f( x) for every x E R" . 

Another optimiziJ tion problem which we consider in thi s paper is nonlinear constrained 
min imization, which is treated in chapter four. This problem is of the following typc. 
Given f : R" --t R , be twice continuously different iab le nonlinear funct ional, and 

g : R" --t R, i = 1, 2,3, ... , 111 , h J : R" --t R, j = I, 2,3, ... ,k are all twice continuously difT. 

erent iable nonlinear func tionals. And S is a subset of Rh which conta ins all points salis. 
lying thc constraint s. Then the problem is 

f( x)--t min , X ES 

The li rst chapter di scusses about somc <llgorithms for non linear problems in one variable. 
Evcn though it is notthc hcart of thi s paper, it helps us to observe easi ly basic philosophy 
of the tllul ti variable nonlinear algo rithms whieh we consider in th ree subsequcnt chapters. 

The last chapter discllsses about constrained minimization problems. In thi s chapter we 
consider only the Karush Kuhn Tucker conditions as a necessary condition for a 
cons trained minimization problem and we will not di scll ss abollt further propert ies of the 
constraints, for instance constrain t qualili cation and so 011. We are only going to apply the 
Newton's method and to produce the candidate for the so lut ion . 

Finally it is very importan t in this paper to understand the followin g remarks when we arc 
so lving the problems llsing the announced Newton method . 

I) The question of existence and un iqueness does a given problem have a so lu tion 
and is it unique? Is beyond the capabilities one can expect of algorithms that so lve 
nonlinear problem. The methods that we develop can on ly find one approximate 
root of a nonlinear system of equations and olle approx imate loca l minim um of a 
nonl inear functional. 

2) Fini te precis ion ari thmetic has effect on the algorithms to solve our problems. To 
sec the detail s of thi s fact refer [4]. 

" 
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Newton's Method for Solving Optimization Problems 

Introduct ion 

In al most all fields of anal ysis and al so in other field s of mathematics in particul ar in 
applied malhcmali cs we have the situation to solve the system of equations o f !Heal 
variables. To have ,I so lution or all solutions of a system of equations belongs to the 
important queslions orthe mathemat ics. 

This is so, because a lot of prob lems can be reduced to solving a system of equations. 
An important example for Ihi s si tuation can be found in optimization theory, where we 
can transfer an optimization problem by means of Karush-Kuhn-Tucker conditions in a 
problem 10 solve a system of equations. In Ihe case of a linear system of equations there 
arc some algorithms (ror instance the Gauss algorithm or other iteration algorithms) to 
solve it. Also in th is case irthe number or vari ables is large, then Stich systems can al so 
be difficullto solve. 

In the case or the system nonlinear equations the si tuation becomes very complicated 
and in some cases it can be hop less to so lve it , irwe don ' t suppose anything. There ror 
in the case or nonline"rity we wilt at least assume in this paper that the involved 
functions are part ially continuously diITerentiable on an open set D e Roo. But even 
then, il remains a complicate problem to find a solution. For some spec;,,] classes or ru ­
nctions the announced Newton 's method is working in a reasonable way. 

Newton's method is one o r the most power ful and we ll known numeri cal methods ror 
solving a rool finding problem. The method is to approximate roots or runctions. I. e. s­
olutions oflhe rorm rex) = O. NOl only is the method easy to comprehend; il is a very 
efficient way to find the so lution oflhe equation. 

The idea is that: one starts with an initial guess which reasonably close to the true root , 
then Ihe runction is approximated by it s tangent line (which can be computed by lI sing 
the tools of calculus) and one computes the x-intercept or this tangen t line. This x­
intercept will typically be a beller approximation to the runction's root than the original 
guess . 
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I. Newton's method for a Nonlinear Equations and Unco nstrained 
Minimization in One Variable 

1.1. So lving Nonlin ea r Equ ations in one Va riable 

Finding the zeros ofa gi ven function r , that is the argument c for which f(c) = 0, is a 

classical problem. To so lve stich a problem we have different nUlllerical methods. From 
these methods we are going to sec the one which is considered in thi s paper, which is 
call ed the Newton 's method. The Newton method is an iterative method of solv ing 

non linear equations. 

1.1.1. Newton 'S Method 

Let R denotes the set orall real numbers anda,b E R . Supposef :[a ,b] -)- R be a real 

valued function, which is differentiable on the interval [(I ,b] ~ R . The formula ror 

converging on the root can be e<lsil y derived. Suppose we have a current approximation 

xo' th en we can deri ve th e rormu la ror a better approximation X~'l as rollows. Ir our 

initial or current estimate orthe answer isxo' we get a better approximation or estimate 

XI ' by drawing a tangent line to rex) at (xo. l\xo)) and finding the point XI' where thi s 

line crosses Ihe x-axis. The rollowing fi gure clari li es this procedure. 

Y 

x 

Figure ( I 1.1) 

Since X I = Xo - tlx and 
"Y f(x ) . 

r'( xo) = - = - "-. From this we get 
Ilx ax 

2 
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"

'() fIx, ) I ' I ' Xo = , \V 11C 1 gIves u s 
Xo - XI 

f(xo) 
XI) - X I = --, where f '(xo) ~ O. Final1y we have 

f '(x, ) 

, _, fIx, ) 
'\ 1 - '\ \l ---' 

f '( x, ) 

From the graph above also we call see th at Xl is better approximation than xo' And if 

1his is not close enough to the rea l solution, use the method agai n on x1 to get a better 

approxinHltiollx1 . 

fIx,) I f' 0 "I I ' b' Xl ::::; XI - - , - ,W lcre (XI) '# .And SinH <lr Ylor <lr Ilrary II, 
f (x ,) 

f(x ) 
x =x ---"-, 

".1 n [t(.-) 
\ " 

(\.1.1) 

Iterate the method until lhe requ ired accuracy is ob tained. The method j ust we have 
developed is ca lled N ewtoll Rflpllsoll method or simply ewton's method. What we 
have done is al each iterati on we have constructed a local model (which is a rline) ofollr 
funct ion f and so lved for the rool of the mode l. Let 

M, (x):= i( x, J+ f'(x, lex-x, J, (112) 

The model (1.1.2) is a unique line with function value f{x .. ) and slope f '(x .. ) at the 

point x~ . And we wi II re fcr to the above model (1.1.2) as an affine modcl. 

Generalized Newton's Method 

If t: is a root of f( x ) = 0 wi th multip licity p , thenthc iteration fo rmula corrcsponds 10 

(1.1 .1) bccomcs, 

1(, ) 
x =X - ,, -'-" - , ,,-I ~ f'(x

n
} 

(\.1.3) 

This mcans that 1/ pf'(x) is the slope o f th e straighlline passing through (xn,yJ and 

intersecting the x-axis at (x,,_ p 0). Eq uation (1.1 .3) is call ed the generali zcd Newton 's 

lormula and reduces to (1. 1.1) fo r p = 1. Since E is also a root o f [(x) = 0 with 

multip licity p. It fo llows that t: is also a root of f '(x) = 0 wit h multip licity p - I , of 

f ~(x) = 0 with multiplicity p - 2, and so 0 11 . Hence cxpress ions 

3 
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. _ . 1( .. , ) . _ . I'(x, ) _ 1"( .. , ) 
·\ u - ,\ o - p-- · '\o - -' o- (p - l ) , xo -xo -(p - 2)-'-:...-""-'-

1'( .. , ) 1"( .. , ) 1"( .. , ) 

must have the same va lue i f there is a root with muhiplicity p , provided that the initial 

approximation Xo is chosen surri ciciltl y close \0 the real root. 

Unlike the presem case, the geometric deri vation of such models becomes less 
manageable in tllultivariable problems. Thus we require other type of derivations. From 
basic calculus theorem, we have 

, 
r(x) ~ r(x, ) + Jr '(z)dz (\,\,4) 

And il seems reasonable to approximate the inde finite integral in (1.1.3) by 
, 
Jr\z)dz ~ r'(x, )("-x, J. hence 

r(x) ~ r(x.J + r '(x, )(x - x, ) ~: M , (x). ( \.\.5) 

OcnOI ~lliou : 

I. In Ihis paper the local model atx. , for find ing an approximate root OrllOn linea r 

equations and an approximate local minimum of a non linear functiona l are 
denoted by M ~ and III,. respectivel y. 

2. R and R ~ represents the set of all rc,1I numbers and all nonnegati ve real 

numbers. respecti vc ly. 
3. R" and R ." reprcsen ts the set of all n-tu plcs o f real numbers and nonnegat iverea l 

numbers. respecti vely. Whcre as N denotes the set of all natural numbers. 

Remark: For a lot of functions thi s iterative mcthod works well, but not for all func tio­
ns. For instance it doesn't work for an y function that doesn't have a root. Even 
for those functions does work for, you might choose a bad initial pointx!) . 

for instance f'(xo) might be zero . 

Dclin ition 1.1.1: Let Xu E R , 1/ = 0, I. 2, 3 •...• and also X E R . Then the sequence (x~ ~ 

is said to be 
a. Convergence and converges to x E R . if given any c > 0, there exi ts a number 

110 E N sllch that Ix~ -xl < c . VII ~ I/o' Equivalently, we can write it as x~ ~ x 

aSIl~ oo . 

b. Converges li nearl y to x E R , ifand onl y ifxn ~ x as II ~ CI) and there exists a 

constant C E [0,1] and an integer III) :?; ° such that VII ~ 110 , IXu _ 1 - xl .::;; clxn - xl· 

4 
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C. If for some sequence le, f, which converges to zero, x" --t x and 

lxt • , - .\i :5 c. Ix, - xl ,then lx, } is said to converge super linearl y to x. 

d. I r there is a constant (' ;::: 0 and an integer kl) 2: 0 sllch that lx, } converges to x and 

lor all k 2: ko' IXhl - xl :5 ,Ix, -xl1 
, then {x,} is said to converge quadmtically to x . 

EX :lmple I : Show thai 
(a) The sequence 11 +2 " converges linearly to I, 

(b) The sequence {l + 2,2' I converges quadraticall y \0 I. 

For (a) x, = I + r ' <mel X'.I = I + r,,1 . From Ihis w e get 

IX" I -11 = II + z-t ' l -II = ~2 j = ~ I z-' -11 = ~ Ix* - II. Thus we have 

I X"I - xl s~ lx, - xl, wi th the constant c=~. 
There fo r the given sequence converges linearl y to I . 

_,I _,"' . 
(b) x, = 1 + 2 - and X' .I = 1+2 ' . From thIS we gel 

I I I ,'" I "" " , ," I I' x", - I = 1 + 2 - - I = (2 -, ) = (2- ) = (I + 2- - I) = x, - I ' 

i.e. Ix,.] - xl.'5 1IXt --\f, with theconstalll c = I. 

There lor the given sequence converges quadrat ically to I . 

Definition 1.1.2: LeI 1': 0 --t R be rea l va lued function from an open interval 0 c R , 
then. 
(a) f is said to sati sfy a Lipchitz condition at a E 0 ifand only if there 

(b) 

arc consl<lnt s 15 and Y sllch that xED and Ix- al <0 impliesjf(x) - 1'(0)1 < Ylx- al· 
f is said to sa ti sfy a Lipschitz condition on 0 if and only if there is a constant 

r such that for every x,y E D, II(x) - I(y)1 < rlx - yi·The constant r is ca lled a L· 

ipchitz constant. I I' I' sat isli es a Lipchitz condition at (lor on 0 , then f is sa id to be 

Lipchitz cont inuoll s al (/ or on 0 .This can be is written as f E Lip, (D) . 

L l' IlIIl1:1 1.1. 1: For <In open interval 0 c R . let f : 0 --t R be a function and 

r E Lip, ( D) . Then for any X,Y E D , 

Ir(l-) - ~x) - r'(x)( y - x)1 s ~Iy-xl'· (1.16) 

5 
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Proo f: From basic calculus we have 
, 

I(y)-f(x) = f f'( =)d= or equivalen tly 

, 
fe y) - f(x) - f '(x)(y- x) = f rf'(=) - f'(x)l'/,. ( 1.1.7) 

Making change ofvariablcs, : = x + /( Y - x). d: = (y- x)dl for 0 $ 1 $ 1, then (1 .1.7) 

becomes, 
, 

f( y ) - f(x) = f rf'(x+I(y-x))- f'(x))(y -x)dl or 

" , 
If(y ) - f\x) - f'( x )(y - x)1 = f [f'(x + I(Y - x » - f '(x)](y - x)dl 

o , , 
$ W'(x + I(y - x» - f '(x )(y -4/1 < W '(.\' + I(Y- X)) - f'(x)lb, - xldl , o 

, 
::; flf(Y - x)~y - .\idl (By Lipschi tz cont inu ity) 

o 

rly - xl' 
$ 2 .II 

Ih llmrk: The lemma says thai iff E Lipy(D) . Then we can obtain a bound on how 

close to f(y) is the value a1 y of the local modeL See the fo llowing figure. Look 

at the following figure 10 understand the above Icmll1 geolllciricaly. 

y- axis 

f M .. f(y) ------------------

M,(y) ----------------

x y x -axis 

Figure (1.1.2) 

6 
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The Figure above shows Ihat how close 11 y ) to M , (y) at the poi11l y . 

Theorem 1.1.2: Lei r : 0 -t R be di [fercnti able on an open interval D c R and 

r E Llj)r (D) . Assume that for some II > 0, If '(x)I ;?1I for every xED. If 

f(x) = 0 has a solu tion x· E D , then there is some '7 > 0 such that the 

fo llowing is true. If Ixo -x' i < '7, then the sequence (x* ), generated by 

re x ) 
xA• 1 = xA - - - '-, for k = 0,1,2, ... ex ists and converges 10 x . Further more 

r'(x, ) 

( 1 1 8) 

Proof: Let r E (0,1) and 'I be the radius of Ihe largest open interval aroundx ', that is 

con tained in D , and delinc IJ:= rnin{", 2
p

f}. We will show by induction 1hal (\ 1.6) 
Y 

hotds for k =0,1,2 .... , and lx, -x'15 rlxo - x' i <IJ. 

III th e proo[wc will show that , at each itcration thc new error lx~ -x'i is bounded by a 

constant times the CITor the arrinc model makes in approximating Xo tax' , which is by 

rlx, -xT 
lemma (1 . 1. 1) 

2 
Now fork ::::0, 

, r(x" ), , «x, ) - I(x') 
XI-X ::::xu--, --x ::::Xo- X - " 

r (x" ) I (x, ) 

= _ 1_[Itx') - I(x, ) - (x' - x" ) r'(x' )]. 
r'(x, ) 

BUI the terlll in bracket is equal tOltx ' )- Mo(x'), which is the error at x in the loca l 

affinc model at Xu :::: x" .Thus from lemma (1 . 1. 1), 

I 'I I , , , 1 [", , J x, -x = --[«x )-I(x, ) - (.< - x, )r'(x) = -- .,x )-M, (x) 
r'(~ ) r'(~) 

Yix' -·,1' 
< --'-;,.,---+ 
- *'(x" ~ . 

BUI we have also by assumption , 1('(x)1 ~ JI 

(1.1.6) ror k = O. 

thus we get IXI -X' I$..Llxo -x'r· This is 
211 

Also from the given, we have th a l l (l(x)l~ JI.This impl ies 

7 
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[(xo) . c 
x, = .1:11 - - .-, - IS WCl1dCLl1lCd. 

I (xo) 

More over, 

I'- "I< YI' "I' -Y I' '11 'I Y 2/1 1 "1 -1 'I ,\ , .r --'\ u-'\ --,xo- x xu-x :::;;- (- )xo-'\ - xu- x < '7. 
2Jl 2p 2p r 

Thi s completes the proof for k = O. 

Assume that the theorem al so holds for k = 0,1,2, .... 11 I.C • 

. -' [( x, ) I. "1< Y I' "1' '\ A.I - ,\ , - - , - ,\ ,. , -.\ - ,- ,' 0 -.\ al so 
[ ( x, ) _/I 

Ix,., - x.1 < '7 . Then we want 10 show that it is also truc for k = II + 1 . Now 

. :_ [ [(x .. ,, ) , 
,\ ".2 -.\ - X".I - f'( , )]-X. 

·\',.1 
But by induction assumption, we have that x •• , ex ists as r '(x~,, ) '# 0, thus 

XII.' = [X"'I 
r(x"., ) ] _ \' = \ _ \' _ rex", L) is well defined. 

r'(n + I ) . . .". ['(x .. , ) 

I-lenec we have, 

Xffd - x = r '( I, ) [rex ' ) - I\x, .. , ) - f '(X"., lex' - X~.I )] • And frorn this we get 
.\,,, I 

1 I' ' I r I 'I' = I ' I rex )-M .. ,, (x) ~- x." -x . I.e. 
[ (x ... ,) 2/1 

Ix .. ,, -x'I ~-2Y Ix .. ,,-x'l'-
/I 

Agalll from induc tion assumption we have. 

)x"., - x') :51::..-)xo _x'12 . Also fromlhe first part we have, 
2)1 

1 'I YI 'I' r' l '1'1 'I' Y'I 'I (2)1 , X" ~l- X $- X". I-X $(-) xo- x xo-x 5 (- ) xo-x (r-)) < II 
2p 2JI 2p r 

. I 'I 2)1 . .. I 'I' , (2)1 , , s1t1ce .\"0 - x 5 r(-) . Th iS unpiles Xo - x :5 r -) an(, 
Y Y 

also r E (0,1). There for 

we havc I X~d -x" I:5 ". This completes thc proof. /I 

Rema rk: 
I. The cond ition in theo rem (1 .1.2) is th at f'(.\") has a nO ll e zero lower botlnd in 

D is simply means Ihat f '(x) must be nonzero for Newton' s method to C01we· 

rges quadratically. 

8 
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2. From the praofal each iteration, we have 1hal 

IX" I -x'l:5 Llx, - .l'I2. 'Vk = 0, 1,2, ... , . 
2p 

This impl ies 1hat the Newlon method converges q uad rati cally fo r a good 
start ing poinl. 

Exa mple: In thi s example we wanl \0 app ly the Newton 's method to the funct ions f 

and g defi ned by f(x) = x~ - J,x E R and g(x ) = x 2 
- 2x + I, x E R with the 

same starting pointxo = 2 .The following table is calculated by means of 

(Program I) for the firsl fi ve iterations. 

It erations for I(x)=x'- I Iterations for g(x) = Xl - 2x + I 

k x. k x,\ 

0 2 0 2 

I 1.25 I 1.5 

2 1.025 2 1.25 

3 1.0003048780388 3 1.125 

4 1.00000046411 4 1.065 

5 1.0 5 1.03125 

T.,ble (1.1.1) 

From Ihe table above we can sc thai the solution is obtained by 5th iteration step. This is 
due 10 the sta rting pom! is good enough. 

Remarks: 
1. AI each it eration x. the Newton 's method needs that the val ue ('(Xl ) 

must be dirrerent from zero. 
2. The method converges for only a good starti ng point and may not converge at 

all if' Ixo -x'l is large. 

3. In some cases f' atxo ' may not exisl. In thi s case it is better to rep lace this mo· 

del by the secant line that goes through the points (x .. ' f(x .. » and 

(x, + h, ftx,_ + II)) , for some nearby point x .. + II .. of xc' The slope of thi s line is 

I(x + II ) - ~x ) f(x + II ) I I d I . . 
(f = ,,, c ,=.... ,11 "* a an( so that t le 1110 e we obtm n IS, 

' x+II-\' II " 
, ..' r r 

M , (x ) := f( x .. ) + (t .. (x - x .. ) . I f II, is chosen to be small number, (Ie is called a fin· 

ite difference approximation to f '(x, ) .To see the deta il s refer [7]. 

4. If the starting point is not good, the method ma y not converge at all. Such iterat· 
ivc methods are called loca lly convergcnt methods. On the other hand those it er· 
ative that guarantee convergence from an y starting point are called globa ll y con· 
vergent methods or global methods. And Newton 's method , finite 

9 



• 

• 

• 

, 

\ 

• 
• 

Newton's Method for Solving Optimizati on Prob lems 

difference method, secant methods e lC arc local 111Clhod5 and back tracking met· 
hod , bisection method CIC are all g]obalmcthods. 

5 If our st<Jrting po int is close to the true solution, then the method converges very 

f~lsl to Ihe real rool. 

1.2. Minimizatio n ora No nlinear Functional orOne Variable 

Or finili oll 1.2. 1: 
a) A funct ion r is said to have a local minimum al xo' if there is an open interval 

S(xu,c) of x" sllch th at ('(xo) $ I(r), 'ltx E S(xo'c ), S imilarly r is said to have 

i.l local maximum at xu ' if there is an open interval S(xo'&) of Xo such 

that IlxlJ ) ;;::: rex) , Vx E 5(.\"0,[') .We say thai f has a local extrelllum a1 Xo ,if f has 

either IOC~ll minimum or local maximum alxo' 
b) Lei [ be an in terval in which r is defined. Then we say 1ilal r has an absolulC ma­

ximum at the po int xo in I . if flx) :::; f(xu)' Vx in I. And we say that f has an a­

bsolule minimulll al xu' if flxo) :::; f(x) Vx in I .We say that fhas an absolute 

ex tremUIll atxo ' if f has either an absolute maxilllum or absolute min imum at 

The following IWO theorems give Ihc nccessary and surricicnt cond itions for some point 
to be the mininlllm of tile function f of one vari able on some open interval. 

Theorem 1.2 .1: Let D be an open interval in R , f E CIl( D) and zE D . iff'( z) * ° .Then 

for any s with f'( z)s < 0 . there is a constant }, > ° for which f{z + (s) < fe z) 

for every' E (0,.1). 

Remark: Theorem (1.2.1) says Ihat iff '(z)*O, then z can no I be a local 1111111ll1Um 

poinl of r or cqui va lentl y local minimum point of a continuousl y different iabl 
c fll1lction Illust be obtained at the poin t where f'(:) = O. ThaI is solv ing 

f'( : ) = 0 is necessary for finding a minimulll point of tile function r, but nOI 

surricielll . 

Theorelll 1.2.2: lei D be an open interval in R and f e(
2
)( D) and let x' e D for 

which f '(x') = 0 and fft(x') > O. Then th ere is some open subinterval D' of 

o for which x' e D' and f(x') < f(x). 'rix e D. 

Rt'mark: Theorem (1.2.2) gives the second order suffi cient condition for a poinu' e D 
to be a local minimum point o f a function r o f one variable. 

10 
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1.2.1 . Newton's method 

When we are in need o f so lving the problem min f(x), XE D the necessary condition is 

f'(x) = 0. for a continuollsly diffe rentiable functi on r on D ,Thus the Newlon step 

becomes. 
r '( \ ) 

X = X - --"- for f"(x ) ~O. 
\ < f"(x, ) ' C 

(1.2 .1) 

Now lei the model, 

"', (xl := r(x, 1 + f '(x, )(x - x, ) + ~ r "(x, )(x - x, )' (1.2 .2) 

(l quadrati c model, and (1.2 .1) is deri ved by making affine model of f'(x) arou nd xC' 

II is equ iva lcnllo hav ing made a quadrat ic model o f f(x ) around xr and setting X N to 

the criti cal point of thi s model. The critical poin1 o f the quadrati c model is found by 

solv ing Ihe prob lem III, ' (x ) = 0 for x. Where. 

III , (x) = [(xc) + r t(x,.)(x - xc) +..!. r "(xJ(x - X,, )l , and we have 
2 

III, '(x) = f '(x, ) + fTr, )(x - X,. ) . From th is we have, 

III , '( X) = O implies f '(x)+ f "(x,. )(x - xr ) = 0 . 

The last equation can be rewritten as 
f "(X,. )(x - xc) = - f '(X,. ) .This gives LIS 

r '(x 1 x - x = --'- , hence we have the Newton step becomes, 
, r"(x,.) 

f ,(, ) 
\' = x --'- '-. 

\ C f "(x,. > 

Rema r ks: 

(1. 2.3 ) 

I. Formula ( 1.2. 1) shows we use the Newton method for minimization onl y if the 
deri vati ves f '(x) and ["(x) ex ists. But sometimes those derivatives may not be 
:lnalytie<ll ly available. ln sllch cases we can use fini te difference approximations 
to the deri vati ves . To see the detail s refer [7]. 

2. Newton's method doesn' t spec ify whether the given solution maximizes or mi­
nimizes the problem, i.e. the so lution may approach toward a maximizer or a 
minimizer or a saddle point of[ . Equivalently each step simply goes to the criti­
e'll poin t of the currell tlocal quadrati c model and one can be Sllre by looking at 
the value to sati sfy f " > O. 

The detai ls o f minimization using Newton's method wi ll be di scllssed in chapter three. 
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2. Newton's Met hod for ;1 System of No nlin ea r Equ at ions 

This chaptcr di sc lisses the local al gorithm ( lc\\'10 n 's method) for a system of nonlinear 
equations. In the first section we summarize S0111 e topics in Line;;!f Algebra and 
Illuhivariable c<l1cu ius which are needed to implement and anal yze Newton' s method 
for a system of nonlinear equations. In the second section we describe the Newton's 
method for a system of non linear equati ons. Finally we will try to see 50111e examples 
of the method applied to system of nonlinear equations using computer programs. 

2.1. Introdllction 

2.1.1. Vector and Mat rix No rms 

Oellot •• lions: 
1. In thi s paper we denole the SCI of all (nx m)-matrices by R""" . And for 

A E R"' I1I, A=(a ij)' i= I,2,3 .... ,n,j= I,2,3 .... ,111 and we denote the identity 
matri x by I . 

2. 'V /( x) be the gradient vec tor of a real valued fun ction of severa l variables. 

3. a f( x) be the partial derivative of a real valued fUllction of several variables 
a.l", 

with respec t to the component x,. 

Dcl1n itioll 2.1. 1.1: Let X be arbitrary vecto r space. A nonnegative rea l va lued function 

11.11 : X - ) R , is ca lled a norm iftllc followin g holds. 

a) IIxII~O and IJxII =Oo x = O [oranyveclor x . 

b) Ila xll = lalllxli. For a is a scalar and x is a veclo r. 

c) Il x + J' llsll xlHb'll [or all veclors x. J' . 

The most commonly lIsed vector nOnll S in R" arc the foll owing . 
" 

1. Abso lute value norm, ' 1(11) norm, Il xll l = :Llx,1 .. , 
.. 

2. Euclidean norlll. i , (u) nonn. ll xll, = (2: lx,I)' , ,., 
3. Maximulll norm, ' .. (II) norm, Il xll.. = m'~x lx, 1 .. , 

Now using one of these norms we can defi ne a notion of convergence ofa sequence as 

follows. 
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Dl' finil io n 2.1.1.2 : A sequence. {xu} ofelcll1cnls in R" . is said to be convergent sequ· 

ence and converges to an element x in R n with rega rd to Ihe norm, 11 .11 if 

and only if Ilx" - xii -t 0 , as /I -t 00. 

Whether a particul ar algorithm converges, in practice migh t depend on what norm its 
Slopping criteria. Fortunately in R" we have no sllch problems. Sec (Theorem 2. 1.1). 

Ocl1nitioll 2.1.1.3: Two 1101"ln 511.111 and II.IL arc saicllQ be equivalent in a normcd 

space X irand onl y there exist real numbers a 1 and a ~ slich that 

a, 11.11, 5 11 11, 5 a , 11.11" where 0 5 a , 5 a , 

The fo llowing theorem is very important in Ihi s section which is given without proof, 

and the proor. The proof is given in [3]. 

T heor em 2.1 . 1. 1: A ll norms on a fi ni te dimcnsional normed spacc arc cqui valcnt. 

Coro lla ry 2.1. 1.2: All norms in a nOOllcd space R" are cquivalent. 

Proof: Since the space R" togethcr wi th one of the nOOllS defined above, is a normed 
space and also it is of finite di mension, by (Theorem 2.1.1), all of the norms 

defined in R" are equiva lent. 

The following are the most commonly used matrix norms. 

I. Frobenius norm, which is j ust the /2(1/) norm oran (nxm)-matrix , 

A = (a'J) is given " fo ll ows. IIAII, := [i:i:laJ)' ,where A E R""" . 
,.1 /_1 . " 

2. Colullln SUIll II All, := lllax<L ia'Ji)· 
I- I , .. I 

3. Row sum or ma xi mum norm 11AIL. := 1ll:lx(~:la ijl)· 
, - I /_ 1 

4. Let A e R"""' and let f)'I. 1..2. )..3" . ),m} be the eigen values of the (nxn)-matrix 
ATA, Then the Hilbert or spectral nOOll is de fined as, 

IHI, = n;;x \lA, II . ,.1 

Now consider the matrix A as a linear operator .Let A: R" ~ R" be a linear map that 
maps x ~ Ax .This is a continuous linear map. Then we define the norm of this 

operator as follows. 

13 
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11 " 11 = sup II"xll, x E R" . 
,,' Ilxll 

This is call ed operator norm induced by the vector norm. Practicall y il is not necessary 
at a ll 10 usc the same norms 011 Ax and x , but we have 110 need o r st/ch generalit y. 

Exa mple: le\ 

-I OJ ° I . 
2 I 

Theil lLsing the given fo rmula above we can easily check that the Frobcnius noml is 3, 
absolute row sum or maximum norm is 3 and al so the absolute column sum is 3. 

T heorem 2. 1.1.4: Lei 11.11 be any norm on R"'" and 11 111 = I . Lei E E Il ",,' . 

a) If IIEII < I Ihen, (1-Er ' ex isIS and 11 (1 -Er '115 '-:IEII· (2. 1.1.1 ) 

b) If II is nonsingular and !IA ~ '( B - A)II < I , then B is al so nonsingul ar and 

(2.1.1.2) 

I)roof: (:1) considers the following homogeneous system of linear equations the given 

facl, IIEII < I 
(1_ E)( x) = )x - Ex = x - Ex = O, lhcn \Ve have, 

11(1 _ E)(x)11 = Ilx - Ex ~ ~ 11xll- ll l:x ll ~ IIxIHEllllxl1 = IIxII (I -IIEII) . 

A nd usi ng the fact II EiI < 1, 

We gCI I-\IEII > 0 This impl ies Ilx - EXII "# 0 , "Ix '* 0 .From thi s we gct 

(1 _ E)x = 0 , has onl y the trivial solution x = O. 

This implies 1- E is l1onsingular. 
I-k nee we ha ve (1- Er 1 exi sts. Let us sct K := (1- Er ' , then we have 

1= 11111 = 11(1- 1:)(1-Ef' ll = 11(1 -E)KII = 11K -EKII ~ IIKII-IIEIIIIKII = IIKII (I -IIEII) 
i.e. I ~ IIKII (I -IIEII) This gi ves liS 

II K I15~ i.e. Ilu-Ef '115 + 11· This is (2.1.1.1 ). 
I -~E~ I-U l: 

14 
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To prove (b) let A be nonsinglllar matrix . Then we can write 

B=A-(A -8)=A(I-A-'(A-B» . 
This is a product O(IWO invertible matrices and so il is also invertible. More over we 
have 

B ' = {I - A~ ' (A - B» -I A-I . From thi s we get 

IIB-' ll=l1(1 -A -, (A -B)f' A -, II s 11(1 -A -, (A -Il)f' liliA' II BUI by(a), we have 

1I(I -A-'(A-B)f'A-'lls II _,I II a"dalso IIA '(A - ll )ll=lIA - '( Il - A )~ 
1- A (A-Il) 

These things together give liS 

IIB-'llsll(l -A-'(A-B)f'IIIIA-'lls IIA-'II . I.e. I-IIA-'(A-B)II 

liB-'ll < IIA-'II 
- I-IIA '(A-B>II 

This is completes the proor. /I 

Remnrk : Theorem (2.IA) says that, matrix inversion is continuolls in norm. Further 
more it gives LIS a relation between Ihe norms of tile inverses of nearby matrices. 

2.1 .2. Solving System of Linear Equa tions-Matrix FaclOrization 

Defi nition 2.1.2.1 : LeI A E R"''' be a matrix , then the cigcl1 values and cigcll vectors of 
matrix A are real or complex scalar)' and an n-dimensional veclor " , 
(which is a nonzero), respectivcly such that A v = A v . 

Definition 2.1.2 .2: Let A E R""" be a real and symmetri c matrix, then A is said to be 

positive delinitc if xT Ax > 0, 'r::/ x E R
n 

\ IO}. 

The details of cigen values and positivc deliniteness will be discussed in section 3. 1.2 

of Chapter 3. 

Even though a systcm of linear cquations is not the objective of this paper, multidimens 
ional nonlinear algorithms almost always requires thc simul taneous solution of at least 

one of lI·equations with IHltlknowns, 

Ax = b, A E R"''' . x,b E R" 
(2.1.2.1) 

at each iteration usually to lind the Newton point by solving model problem or some 

modilic,ltion of it. 
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Matrix Fac torizat ion 

It is a COl11mon practice to wri te A - 'b for economy of notion in mathematical form ula. 

For example X'. I = xk - A k -I F( xk ) in the Newton 's iteration for the equation F(x) = O. 

But il does not mean that we actually compule A -I and ils product wi th b .1I is morc 
effective to calculate A -'b by solving the linear system by matrix factorization method 
s. 
Matrix factorization techniques are based on decomposing the (!lxll)-matrix , A into 
A = A 1;.\ 2A 3, .. A ", ,where each A i is also the (nxn)-matrix orille fOfm (2 .1.2.1). This is 

easy to compu te. If A is nearly singular then the problem (2.1.2.1) is 110 \ numeri call y 
posed. Thus it is important to know this before we decide to proceed with the solut ion 
of Ax = b, then we peel offthc factors to so lve in order: 

A,b, = b , Azb2 = b l , AJb} = hz "'" Amb", = bm_1 and x = bm is the desired 

solu tion. 

To verify this note that each 
h, = A,A'.I A,.Z ... Alb so, x = Am .IA",.I-I A,,,.1 I ... AI-

I = A -Ib , 

There are di fferenl methods of decomposing a symmetrical positive definite matrix , A . 
The most efficient algorithm is the Cholesky decomposi tion. Let A be a 
(nxn)-symmetrica l and positi ve definite matrix. Then the Cholesky decomposition is 
A = LL", where L is (nxn)-Lower trianglli ar matrix. Such a matrix L is simply found 

from the equation A = LLT. 

For the ex istence or such lower triangular mat rix and the details crthe decomposition 

refer [6]. 

Example I: Solve the given system orlinear equations using Choiesky decomposition. 

2x + y = 3 

x+ 2)' = 3 

It is clear that the given mat rix is nonsingu lar and also it IS positive definite. Thus we 
Cil11 apply the Cholesky decomposition, To do this we have 

0 ) and A = LLT. Thus ew have 
I" 
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o )( L" 
Ln 0 

L,,) (2 ,_I) 
Ln = I 

Solving forL" ,L2IandLn ' we getL'1 = 12 , L ~, =12/2 and L22 = .J3/J2 .And 

the required Cholesky decomposition is A = Le. Now Ax = b .This can be 
rewritten as (LL1 )X = b or L(e x) = b . From th is we get 

b = (3.3)' , b , = (.fix + J3/2 y, J3/,fi y )T, and b , = (I , I)' . Now by selling 

AI := L and A2 ;= LT, we have the following system of lincar equations. 

Alb l = b , A1b1 = bl . And finall y we get as a so lution (:e ,y)"1 = ( I, \)T . 

Ex ample 2: Solve the following system lIsing matrix decomposition. 

[ ~ ~ :2)[:)=[ ~ ) 
3 22 82 = - 10 

The given coefficient matrix is no nsingular and hellce we can proceed the process of 
decomposi tion. Moreover it is sYlmnclrica i and positive defi nite mat rix . There for by 

Cholesky decomposion, we get A = LL' where 

L = 2 2 0 and the req ui red solution is, x = (5,_ 2._3)1 . [
I 0 0) 
3 8 3 

2.1.3. Errors in Solving Linear Equations 

An iteration or a nonlinear algorithm wi ll use the solution sora lincar system 
A,S = _ F( x,.. ) to determine the step or direction to the next approximate solu tion x .. Th­

ere ror it is important to know how much the computed step may be affected by the 
finite precision arithmctic. Also since A,.. and F(x) arc somet imes approximations to 

the quantities one really wants to lise, one is interested in how sensiti ve the computed 
step is to changes in the data A r and F(x(). To see th is consider the rollowing two 

systems or linear equations 
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[8 -5)[ -') [3) [ .66 3.24 )[X) [4) A jx = 4 10 = b, = and A~ x = = h 2 = . 
y 14 • 1.99 10.0 1 Y 12 

Fo r these IWO systems of linear equations we C<ln check 1hal bOlh have the so lution 

x = (I , I)T. If we change b
l 
~ b

l 
- (O.04,O.06)T, Ihe new solution to the lirs\ system 

becomes (0.993, 0.9968) r . And i fwe change b 2 -)- b2 - (0.04, 0 .06)' , by the same quan­

tit y. The new so lution of the second system bccomcs(6, O) T. 

From this fact we can observe that, small change in the dala of the fi rst system makes 
vary small change in its solution and small change in Ihe data of the second system 
makes va ry large change in ils so lution, i.e. the second system is very sensi ti ve \0 

changes in ils data. 

Li nc<lf systems whose solut ions arc very sensi ti ve to changes in their data are called ill 
cond it ioned. And sim ilarl y nonlinear systems whose solutions are sens iti ve to small 
changes in their data arc culled ill conditioned. 

Lelllma 2.1.3.1: Let A is nonsingu lar (nxn) - matrix .Then the relative change !nthe 
solution of the system of linear equations, Ax = b is bounded by the relative 

change in the data multiplied by II Atlll A - I ~ . More precisely, 

tI) lfwe change b byD.b , then the new so llilion can be written as x' +D.X, where 

x' is the soilition or Ax = b, and we have the ineqllality III~~III $IIAIIIIA · 'II I~b~"· 
b) Simi larly, ifwc change A by D.A , then the new solut ion can be written as 

. . 116xll < II A~II A ·'11 IIMII 
x + D.X and we have the l1l cq ualJl y Il x' ll - I- II A 'D.AIIIIAII 

I'roof: (:1) Consider a system of linear equati ons with A is nonsi ngular, Ax = b and let 
x· be the solution of the system. If we change b by D.b then the new so lut ion can be 

wrillen as x' + D. x . Where 
A(x' +D.x) = b + D. b i.e. AX ' + Abox = b + D.b . From thi s we get 

A6x=6bor6x=A·'6b. (2.1.3.1) 

Then for any vector norm 11.lt and induced matri x nonn 11·lt ' we have 

IIA ·'11 = s,':f 11 ~~;lx ll This gives liS IIA·' II )~~;I II . "' ''' 0 Ie 

11.4 ·'111IxI1 ~ 11.4·' xii· Now letting x to be 6b , we get 
IIA·' liII6bli ~ IIA·' 6bll (2.1.3.2) 
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We have also, II AxlHbl1 and by (21.3.2), II Axll ~IIA III!xII. But from (2 .1.3. 1) and 
(2 .1.3 .2) we get, 

II"xll ~ IIA "lllllIbll · 
From IIAllllx '11 ~ Ilbll ' we get 

I IIAII. 
Ilxt libif "b * ° 

(2.1.3.3) 

(2.1.3.4) 

Now lllultiplying the len hand side of(2. 1.3.4) by 116xll <Ind the ri ght hand side by 

II A " IIII"bll, we get the inequality 
Illlxll < II" IIII A ~ _ II" 1IIIllbii . Ilx'll- A Illlbll libif -IIAII A M Wlueh eompletes (a). 

Now 10 prove (b), let A is changed by L\A , and we have the original system Ax = b , 

wilh A is nonsingular. Then the new solution can be written as x' + Ll X, where x' is 
the so lution of tile original system Ax = b .This can be written as, 

(A + 6 A)(X' + .6.x) = b . This implies x' + box = ( A + llAr ' b .From this we get 

IIx = (A + llAr 'b -x' = (A + llAr'b -A"b or 
IIx =(A+llAr' -A"]b. 

BUI also (A + 6 Ar 1 
- A· 1 = [(1 + A -16Ar l - I ]A _ I. I-Icnce 

Ll x = [(I + A -'llAr ' - I ]A -lb . From this we have 

Illlxll=II( ' +A"Mr'- ']A" bll ~II( I -( I + A 'M) ']IIIIA"bll 
= 11(1 + A "Mr'(1 + A "M) - I]IIIIA "bll 
= 11(1 + A"Mr' (A "M)IIIIA "bll 
4 1 + A "Mr'IIIIA "MIIIIA "bll 

~ I-II AI., MIIIIA" MIIIIA "bll . 
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Note: The teml IIAIIIIA -III in the inequali1ics is called the condition number Jnd it may 

be denoted by K ,,( A ) when using the corresponding induced Ip(l1) nann. For the 

condition number IIAIIIIA -III , 

<l. irilAllllA -III is small then, small relative changes in the Jaw A or b produces 

onl y small change in the solution. 

b. If IIAIIIIA-111 is large, then the small relative changes in the data A or b produc­

es large relative change in the solution, and the system of equations becomes ill ­
cond itioned. 

c. If the condition number is nearl y unity, then the system is well condi tioned. 

Lei { /'I. /<2. )'3 . . , All } be the cigen values of the {nxn)-matri x, AT A . And 

• I • A := max {A., I} and,u ;= min fjA,I}. Then the spectral nonn is given as follows. 
,·1 ,-I 

K" (A) = II AI1211 A -I II? = J AI JI . If A is rea l and symmetrical we have 

K,,(A ) = IIAUA -'II, =AI II · 

Exa mple: Find the condition number of the followi ng system and di stinguish whether 
1he system is ill conditioned or not. 

(2.1 ~ 8 )( X)=( 2.1 ) 
6.2 ).3 Y 6.2 

Using the spectral norm the eigen va lues of AT A are )'1 = 74.179987787 and 

?-2 = .00001 21 32 . There fo r the condi tion number is 

K ,, (A ) = II AII? ~A -t = JAI ,u = 2472 .73 . Here we can see th aI the condition 

number is very large and hence the given system is highly ill conditioned and vcry sensi 

li ve to round-off errors. 

We will look out for ill condi ti oned linear systems in extracti ng in fomlation from our 
local model, because however simple and accurate our model is , the solution of a local 
1l10del that is sens itive to small changes is of limited uses as an approximation to the 

Solulion of the nonli near system. 
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2.1 .4. First Order Derivatives of F: R" --> R" : G radient a lld J aco bealls 

Oefi n il ion 2.1.4.1 

1. Lei r: R" ~ R be a continuoliS fUllclionailhcn 
a) f is said 10 be continuouSly partially differentiable at x E I~ " • if the partial 

d . . a ~x ) . 
envatlves --a;:-, I = 1,2,3, ... ,11 exists and arc con tinuous for all i . 

b) The n-vector 17 f( x) = (a f( x) , a ~x ) , a ~x ) ,., a f( X») ' 
ax, Clx1 ox} aXn (2 . 1.4.1 ) 

is ca ll ed the gradient ortbe fu nctional r at x . 

c) The functional f is said to be continuollsly partially differentiable in an 
open region, D c R" denoted by f E ell (D) ifi! is con tinuollsly 

differentiab le a1 each point of D. 
2. Let f : R" ----» R be continuously difTerentiab le in an open region 0 c R", then 

for each x E D and any p such Ihal 0 ,," p e R" .Then the directional derivati ve 

of f at x in the direction of J> is defined by 

1
. f{X+ I) ) - f (x) 
1111 (2 . 1.4.2) 

' ..... 0 I 

Using the inner product and the gradient vector the direc tional derivative can be written 
as, 

df(X+IP)1 = af{x) =:17f( xf p . 
dT ,.0 ap 

(2.1.4.3) 

It is also useful to observe a slight extension to (2.IA.3), replac ing tbe point x with the 
point x +lp .Where f: R" --) R and f has continuous first order pa rt ial derivatives al 

x with D is an open subset of R" conta ining x . It follows that 

d~X+lp ) 17IT )' - .\x +(1) J> , 
dr 

o ~ t ~ I , provided thai the segment betwecn 

x joining X+/P lies inD . 

NOll': If the gradien t of f is a constant vector, then f is sa id to be linear function ofx. 
in this case f is of the form f{ x) = cT X + a where c is a fi xed vector and 

17 f( x) = c . 
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Defin ition 2.1.4.2: Let F: R" --+ It '" be eO"I" 1 0 C • I TI I 1I us lunctlona . len 
a) F is said to be continuously partially di fferentiable a l x E I"C , if each componen t 

function F: Ra 
-) R . - 123 '. . . , , I - , , •... , 111 IS continuously dI fferen tiable at x , where 

F(x) = (F,(x), F, (x), ... , F. (x))' . 

b) TI . (O F (X)) 
1C matnx ---..l....- '- [ ') . 12 ' . oX , I - , - , ... , 11/ ) = , , "' J II IS ca lled the Jacobwll of F at x 

, " 

which is an (mxn) - matrix. And the coml11on notations for Jacobians of F al 

, are J( x), F '(x), 17 F(x)' . 

c) F is said 10 be con tinuously differentiab le in an open SCI J) c R", denoted by 

F E (1 1) (0) , if F is continuously differentiab le at each point in f) . 

Example: LeI F : R2 -) R2 be defin ed by 

F(z) = l where z = (X,y )T 
(

X + 2)' ) then, obviolLsly, J is a function defined on 
X - Y 

R " with va lues in R""" i.e. J : Rn ~ R""" which is J(z) =( ~ 2X) . 
- I 

Defin itio n 2. 1.4.3 :Let m,1I > 0 and G : R" ~ R·"", X E Rn. Let 11.111 be a noml on n ~ and 

lit be a norm on R '''''' . Then G is said to be Lipchitz conti nuous at x . if 

there ex ists an open set D c R" , x E D and a constant r such th at 

IIG(y) -G(x)11 ~ Ylly -,II, 'iy e D (2.1 A.4) 

The constant r is called Lipchitz constant for G at x . For any spec ific D 

contain ing x fo r which (2. 1.4.4) holds, G is said to be Lipchitz co nt in uous 
at x in the neighborhood D . I r (2.1.4.4) holds for cvery x E D , wc havc thcll 

IIG(y) -G(x)11 ~ rlly- xll, '<:I x,), E D and we say that G is Li pch itz contin u­

ous on D , and is denoted byG E Lip, (D) . 

Note: The va lue r depends on the norms in (2.1.4.4) but the existence of r doesn' t. 

T hcorcm 2.1 .4. I(Direct iona l Deri vative) 
Let D c R" be an open set and suppose that f : D ~ R is con ti nuously 

d iffe rentable. Then for each x E D . and each nonzero point I> E R", the function 

f: D ~ R has a directional derivative.ll a point x in the direct ion of I> that is 

. M(x) ~ (O f .) _ . , 
gI ven by the formula -- = ~ p, a(x) - V f( x) p . 

Oil ,.1 X, 

(2. IA.5) 
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I{clllark : Theorem 2. 1 4 I says II,al . f ' . f · .. . . .' . I a lunctJon . 0 --+ R IS conllnuously partJall y 
(~lfTerentl~bl e, then for each x E D and each nonzero point P E n.n , Ihe direc t· 
lonal deri vative at x in the direction ofp exists. 

LCIIlIII:1 2.1.4.2: Let 0 be an open subset of It " , that contains the poin1 x and 
suppose that the function r : 0 --+ R be conti nuously differentiabl e. 

Choose a pos it ive numbe r such Ihal the opcn ba ll /J (x) is cOllwincd in D . , 
Then for llhll < r and, III < I 

df(x+lh) f\ ' 
= '\1 x +lh) h . 

dl 
(2 .1.4 .6) 

Proof: Let I be an open interval of real numbers containing the points 0 and 1, sLlch 
th at x + /h E 0 if f E I . Now defi ne ¢: I ---+ Il by ¢(J) = [(x + fh) .since f is 

differentiable ¢ is also di fferent iable and more over from the Iheorem of di rectional 

deri vative we get, 
d f\ X+ lh) 

¢ '(r)~ ~"f\x + l h )' h .ll 
dl 

Now observe that in Ihe theorem (2.1.4 .1 labove, for each I E I such Ihal x + III E D , 
f : D _) R be continuously differentiable implies r/J is also conlinuoLisly dilTcrcntiable 

on I . We have for each 

d f{ x + /h) T . 
l e / , x +rh eB,(x) , ¢'(I ) = I =V f{ x + /h) h .lf lhe llucrval I conlaitl~ 

(/ 

thc poin t 0 and \.In tcgrate both sides of lhe last equation wilh respect to I fro lll 0 to I. 
, 

¢(l) - ¢(O) = JV' f( x +lh )Thdl . This is similar wilh 
, , 

f( x +lh ) - f( x ) ~ I"f\x +lh)' hdl. , 
Now forma ll y if we set z := x +/h, dz := hdl for I = I implies z = x + h , and I = 0 

impl ies z = x . Then (2.1 .4.6) may be rewritten as 
I , . ~ 

~ X+ l h ) - f( x) ~ I" ~x + I h )' hdl~: I" ~z )rlz . (2.1.4.7) 
, 

T heorem 2.1.4.3 :( Mean Va lue Theorem) 
LeI D be an open subset of Rn and suppose thaI the functi on .f : ~ -t R is con tim.lolls­
Iy eli ffcrenliable. If the segment joining the point x and x + It li es III D , Ihen Ihere IS a n 

umber e,o < B < 1 sllch that 

~ x + h) - f(x) ~" ~x +Oh)' h . 
(2. 1.-1 .8) 
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Theorem 2.1.4.3 is a mean value theore 1 f' 1 . . I '. [1 lor a rca valued functIon and the theorem 
fo r genera mapplIlg has dIfferent structure, which is given below. ' 

Th eorem 2.1.4.4 :( Mean Value Theorem for general mapping) 

~et 0 ,be an ope~ subse~ of n.- and suppose that Ihe mapping F: D -) R" 
IS contllluous!y dIfferentIable. Suppose Ihal the points x and x + h arc in 0 
and that the segment joining the points also lies in D.Then there arc real 
numbers 8. ,82 ,0) •... ,°'" in the open interval (0.1) such Iba1 

~( x + h)- ~(x) = 'V ~( x +~h )r h , for each [ S i:5 1/1. I.e. 

F( x + h) - Fex) = Ah , where A is (mxn) - matrix with j lh row 'V' F,(x + o, h). 

A natural question is whether in (2.1.4.9) we can choose all DiS' equal. [n general it is 

not possible. 

Lemma 2. 1.4.5: let f: R" -7 R be continllollsly differentiab le in an open convex set 

D S; R". 
a) ThenFor x E D and any 0 -:t p e R" , the directional derivative of r at x in the d 

irect ion of p exists and equals 'V ft x{ p . 

b) Forany x, x + p e D , 
I '"I' 

f(x+ p)-f( x)= I Vf( x+/ p)' pdl=: I Vf(z)dz . (2.1.4 .9) . 

• 
c) For any x, x + p e 0 there exists z e (x. x + p) such that 

f(x+ p)=f( x)+ V f(z)' p . (2 . 1.4.10) 

Rema rk: In the lemma 2.1.4.5(a) is the theorem of directional derivative, (b) comes 
from directly from lemma 2.1.4.2 and (c) is the mean value theo rem. The 
detail of tile proofofthis lemma is given in [I]. 

1.('lIlm:l 2.1.4.6: Let F: Rn ---I' R"' , be continuously differentiable in an open convex 

sct 0 c R" .Forany x, x + p e D, 
I "1' 

F(x+ p)-F( x)= IJ(x+/ p)pdl=: IF'(z)dz . (2.1.4.11) 

• 
Relliark : Unlike the case of real va lued functions, in general there may not exist z e R­

such that F( X+ I})= F( x)+J(z)p .The proof of the above Lemma is given in 

[ I]. 

In solving affine model (\ocal) fo r a function F: R" ---I' R"' the Taylor series approach is 
quit unsatisfactory, because the mean value theorem cannot be applicd in such a way 
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thai we wish. It was in anticipation of II ' , . li S lact we used another approach in chapter one 
10 dnve our affine model. 

LCllIma 2. 1.4.7: Let 0 c R- , be an open and convex sel 0 I'" D I , 1: p E " , X E an< 

x + P E 0 LeI G ' 0 ~ R R,n. b ' bl . .. e Integra e on the closed segment [x, x + II J 
then for any arbi trary noml, it is truc that , , 

I G(X+lp)pdl S nIG(X+lp)plldl. (2 .1.4.12) 
o 0 

2.2. Newton ' S Method for Solving Nonlinear System of Equalions 

Illlhis section we try to see one of the methods to so lve the following problem. For 
arbitrary but fixed given II E N , let F: Rn ~ R" is conti nuousl y differenti able function. 

Then find x E R n such that, 
F(x)= O . (2 .2. 1) 

Derivation of Newton 's Algorithm 

Newton's method for problem (2 .2. 1) is deri ved by find ing the root of an affine 
approxi mat ion to F at the current iterat ion x~ .This approximation is c reat ed by lIsi ng 

the same tec hniques as for the one variab le problem. 

Lei x, E R" be a fixed vector to be a first approximation (estimation) for the solution of 

(2 .2.1) and let p E R " be a variab le vector wit h "sl11<1I1" llp ll then by the lelllma (2.1.4.5) 

we have, , 
F(x, + p)=F(x")+ I F'(X, +lp)pdl 

o 
, .. 

= F(x, ) + 'I F'(z)dz . 
(2.2.2) 

We approximate the in tegral in (2.2 .2) by the linear tenn J{ x~ ) p 10 get the affine 

approx imation to F at a perturbation 1> ofxr • If the perturbation P is "small" then 

\ . p I I F'(z)dz = I F'(x, +lp)pdl ~ F'(x, ) . There for 

" " 
F(x, + p) ~ F(xo) + F'( x, )p . 
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The approxi mating tenn is obvious ly affine 'or I' add . b I I n we enote II y 

(2.2.3) 

Now we consider the following two systems of eq uations: 

(2.2 .4) 

(2.2.5) 

Eq l,Jali?1l (2.2~4) is a nonlinear system and (2.2.5) is a linear system of equations. By c­
ontin uity of I, and J(x), the solution of (2.2.5) can be expected to be 'close ' to the 

so lution of(2.2.4) for a '·sma lJ" p . 

Next we solve the step SN that makes, Mr(xr +sN)= O, giving the Newton itera tion 

for (2.2.1) i.c. to find 
(2.2.6) 

The new point' x· , can be considered as an approximated vector for the so lution of 

(2 . 2.~). 

An equivalent way to view this procedure is that we arc finding a simultaneous zero of 
the a ffine mode ls ern-functions of F given by, 
(M )( x c + s \ ) =f,( x~ ) +V' f, ( x ~ )sN .i= 1 , 2,3, ... , II. All these things are genera li zed in 
the followi ng well-known Algorithm, the so ca lled Newton's Algorithm for a system of 
nonlinear equations. 

T heo rem 2.2. 1: (Newton's Algorithm fo r a sys tem of nonlinea r equations) Lei 
F: R" -;) R" be continuolls ly differentiable and Xo E It " , be a fixed vector. 

Then the sequence {x
k

} is generated , where for each iteration 

kE No = {o} u N, J( Xt )Si = - F(xk ) and x k*1 := Xi + Sf ' 

Exa ll1l) lc: Let 

_ ( x+ )'-3 ) , I-(z) = , , , x, = (1,5) 
X- + y-9 

For this system we can immediately calculate all solutions of the equations F(x) = O. 

namely (O,3 y and (3,OY . Now we want to apply Newton's method here. We have the 

Jacobian is J(z ) = and the lIul1al P OUlt given LSXo =, . 
( 

1 I ) .. . . . . (1 5)' 

2x 2y 
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The first two iteration o r the Newton's method are 

J( xo)so = - F(xo)' Solving this equation we get 

s = (-13 / 8 - 11/ 8)' and - , o ' XI - Xo + 50 = (-0.625,3.625) . We have again 

J ( X1)SI = -F(xl)· Then we get and we gel 

SI = (1 45/ 272 , - 145 / 272)T , then we have the nex l iteration is 

x, = x, H , = (- 0.92,3.092)' . 

The roots of F are (0, 3)T and (3,0)T .From the abovecalclilation x2 is quite close to 

the solution (0, 3) T . The following table is ca lculated by means of (program! ) for the 

first seven steps. 

k S, Xk 

I (· 1.625, -1.375 I. , 5) 

Z (0.533088, -0.533088) ·0.625, 3.625) 

3 (0.0892584, -0.0892584) ·0.09 19118, 3.09191 ) 

~ (0.002651, -0.00265 I) 0.00265334 , 3.00265) 

5 (2.3426x I 0 , ·2.3426x I O~) ·2.3426x Ii?'; 3.1 

6 ( 1.82965x I O' , ·1.82965x I 0" ") · 1.82953x I O' , 3.) 

, 7 (0. ,0. ) 1(0,,3.) 

T,.ble (2.2.la) 

For the above example the NeWlon's method seems to be working well. Thi s is the 
main advantage of Newtun's method when Xo is close enough to the solu tion x' and 

J( x' ) is non singular. 

Example 2: Let 

F(Z) = ( e ' - I) and x, =(- I,- I)' 
eJ - 1 

Here x' = (O,O)T is the so lution of the system. Now for this problem, we can easil y sec 
Ihal. the fi rst five Newton's iterations, the 5Ih.iteration, which is very close to Ihc real 
so lut ion.The table is calculated by means of (program 1). 

K s, x, 

0 (1.7 1828, 1.7 1828) · 1, -I) 

I (-0.512411, -0.51241 1 0.7 18282,0.718282) 

2 I (.0.186062, -0. 186062 0.205871 , 0.205871) 

3 (-0.0196 142, -0.0196 142) 0.0198091 ,0.0 1980911 

4 
(_0 .000194892, .0.000194892) 1(0.000194911, 0.000 194911) 

5 
(.1.89939x I 0" , . 1.89939x 10" ) (1.89939x I 0", 1.89939x I 0" ) 

Table (2.2 .1 b) 
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\n Ihis example at the fifth iteration we have a 501'ltl'011 I ' h . I h I r '. T W llC IS vcry C osc to t c rca 
rool (0, 0) for the slanmg pomt (-I, - I) . Next Ict us see tl at 'h '111 ' 'r . ... T I \\ at WI lappen I we 
change the 1I110al P0ll11 to (-\ 0, -\ 0) . See the following table. 

\n the rol,lowing. ta,b le the firs t .fi~: itera,lions for the given initial point is rar from the 
real so luoon. This IS due to the IIl ltlal pomt is far from the real solution. 

x, 
o 22025.5,22025.5) ·10, ·10 

(.1.00000000000, · 1.00000000000 22015.5, 2201 5.5 
2 ·1.00000000000, ·1.00000000000 22015.5,22015.5 
J ·1.00000000000, ·1.00000000000 22015.5,22015.5 
4 (·1.00000000000, · 1.00000000000 220 15.5,22015.5 
5 (.1.00000000000, ·1.00000000000 22015.5,22015.5 

Table (2.2.1 c) 

From these examples, we can see that when the init ial poinl Xo is close enough \0 the 

real roo\. then the Newlon method converges quadratically to the tmlh so lution and if 
the initial point xo is not good, and then the sequence {x. } doesn't converge to the 

so lution. That is the choice of initial point in the Newton method plays an important 
role. The major advantages and disadvantages of the Newton 's method arc the 

follo\\ ing. 

Ad V~III t :lges 
I. I f the starting point Xo is good enough and the Jacobean is nonsi ngular. 

then the sequence {x
k

} converges quadraticn lly to x' . 

2. Gives exact solution in one iteration if the function, F is amne. 

Dis'HI va II t ages 
I. Not globally convergent for many problems. 
2. Requires J(x) at each iteration. 
3. Each iteration requires the solution of a system of linear equations Ihat Jllay be 

si ngu lar or ill conditioned . 

We will always wanl to use Newton's method at each fina l iteraliOl~ of .any nonlinear 
al go rithm 10 take the advantage of its fasl local convergence, but It will have to be 

modified in order to converge globally. 

Local Co nvergence of Newton' s Method 

h t the sequence {x } generated by Ihe 
There arc di fferent approaches to prove I a . t 

d . II t " In this paper we consider one 
algorithm (2.2. 1) converges qua rallca y 0 x . . , 
. . ' to prove the followlI1g lemJlla. 
Illlportant approach. FIrst we are gomg 
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Lelllllla 2.2.2.1: Let 0 c R" be an open cony d . _. ex setan x E D be fixed F' R· ~ R· 
be a Llpclll lZ conttlluous at x with respect to D. Then 

II F(x + p) - F(x) - J(x)pll $ ~llp II ' ,'<I p E R' such thatx + p E D 

Proof: By lemma 2.1.4.6, , 
F(B p) - F(, ) - J(x)p = jJ(x +tp )pdl - J(x)p , 

, 
= j[J(X+lp)p -J(' )p}ll . , 

From this we get, II F(x+ p) F(x) - J(x)pll= I[J ( x + IP)P - J( ') P ldl~ 
, , 

(2 .2.7) 

$ ~IJ ( X+lp)P - J(,)p ll dl $ JrilX+lp - xlllh>ll dl , , 
, , 

= H lplillpil dl = j rllpll ' dl =2::.111> 11 ' · 
, , 2 

This :,:o lllplctcs the proof. II 

Rcmade lemma (2.2.1) provides a useful upper bound of the errors of affine model 
(2.2.3) wilh respect \0 the equation F( x) = O. Now we arc rcady to prove Ihe 

followi ng theorem, which is the core of Newlon method. 

Theorem 2.2.2.2: Let 0 e Rn be an open and convex sel, F : RH --) n.n be continuously 

di ffcrcJ1Iiable on 0 .Suppose that there is x· E D such that 

I. F(x) = O and J(xr' exists 

2. There is fJ > 0 sllch that llJ(x'rts p, 
3. There are r. y> O such that JELip, (B(x' ,r») whereB(x ' , r)~ D isanopen 

ball. Thcn there exists c > a such that for each initial point Xo E B(x' ,1'), 

a) The sequence { x ~ I generated by Xk+ 1 = xk - J(xkr
l F( x ~ ) where k = 0,1.2,3 •.. 

t.:xists 
b) Converges to x· 
c) Satis fies the inequalit y!!xh, - x' ll S Prl\Xt - xT, 'r:Ik = 0,1,2, ... 

Proof: Let x· E D! choose c:= min {I', 2~rl and we wi ll show that this number is the 

. . L . 8(x" ) then llx' - x II<c<~ . Now first 
ConVC1l1cnt number I1l the theorem. et xo E ., 1 , · · 0 - 2fJr 

\\c sho\\ that J(XO)-I exists. To see thi s, we have that J is Lipchi lz continuous 
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function at x ' with constant r . Thus we have 

IIJ( x')"' (J(x,) - J(x '))11 $ ~ J ( x 'r' 1IIIJ(x,) - J(x' )11 

$ flrllxo - x ii $ fire $ /Ir-I
- =! < l. 

2f1r 2 

That is lVe have II J( x )" '(J(x,)- J(x'» II< 1 By the (21 14) . orem.. we get thaI the 

inverse of J( xo) exists. More over we have the '0110' I ' I' wing re allan 

IIJ(x r 'll < IIJ(x)" '11 
. , - I- IIJ(x )"'(J(x,)- J(x'» II' 

There for we have that , XI = Xo - J(XOf i F(xo) ' Hence XI exists and well dclincd This 

is (a) fo r k=O.We have wi th F(x') = 0 , 

XI - x· = Xo - x ' - J(XOf' F(xo) = Xo - x ' - J(XOf'(F( xo) - Fex') 

= J(x,)"' (F(X, ) - F(x) - J(x,)(x - x,»). There ror, 
Ilx, - x ii $IIJ ( x, )"'II~ F(x , ) - F(x) - J(x,)(x' - x,)11 

$ 2f1[ ~ ll x - x,II' 1 = flr llx - x,II' , 

Hence we have that Ilxl -x'il S; .lIrll x' -xolr . This is (c) for k=O. More ovt:r wt: have 

that Ilx, - xii $ flrh - x'll' = flrllxo - xll llx, - x ~ s ~ < e 
This is (b) . And the proof is completed for k=O. Now assume that Ihe theorem is also 

true for k=O, 1, 2, J ... 11, .i .c. IX. I generated by the rule exists, 

h" -xii $ flrllx, - xiI', 'Vk = 0,1,2, ... 11 - 1 and also Ilx", - xii $ ~ ll x, - xii 
'ilk = 0.1,2 .... 11 - 1. And we are going to show that the theorem also holds for k = 1/ + I . 

We have that , 

IIJ(X r' (J(x,) _ J( x') )11 $11)(X,r 'IIIIJ(x,) - J(x)11 $ Pr Ilx, - xii $ ~ < I , using the 

induct iOIl assumption and the fact that J is Li pchitz continllolls fUllction at x· with 
Constant r .This implies J(x,, ) is nonsingular and its inverse exists. Also the 

following estimation holds. 
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IIJ(x"r'II " IIJ(i r 'll 
'- IIJ(ir'[J( x,)- J(i)lll Now x" ' = x, - J(x,r' F(x,). 

I. e. X". I is ex ists and well defined i.e. (a) holds for k=n. 

Moreover, 

x"" - i = x" - x' - J(x"r' F(x,, ) = x, - i - J(' ,r' (F(x,)- F( i )) 
= J(x, J" (F(x,) - F(i) - J(x,)(i - x,)) . 

From th is we get, 

Il x", - x *11 " IIJ(x,r ' 1IIIF(x,) - F(i ) - J(x, )( ' , - i )11 " flr llx, - i ll' , 
by the lct1l 1l1a2 .2.1.So (c) holds. Moreover from induction assumption it fo llows Ihal, 

Ilx,., - x' il " flrll" - i ll' = flrix, - x ' ll~x , - x' ll" fir ~ ll x . - i ll~ x , - xl Since 

\\ e ha\'c 11x" - x·ll :5 ~n Il xo - x'll , we gel 

Ilx".1 - x'il $ ~ ll x " -x'115 2'~ . 1 Ilxo -x'll · This implies x" ~ x· ,II -) 00. 

This completes the proof of the theorem by induction.!1 

Remark: From the theorem above we have seen that, for each /I e N, 

Il x". I- x·II ::; ,Br II Xn - x'112 , this shows that the local error in the affine model 

used to produce each iteration of the Newlon method is almost a constant 
times .,This shows that the sequence converges quadrat ically. 

In the previolL s section we have seen Ihat the Jacobian is useful in fonnulat ing models 
of Inul livariable nonlinear functions for finding rootS. In Illany applications, however 
this deri vative is not analytically available. In thi s case we approximate the Jacobi<ln by 
fi nite differences, i.e . il is reasonable 10 approximate the Jacob ian by finite diffe rences. 

To gel delails refer 171· 
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3. Newton 's Method for Unconstrained "1' . '. ' . . " . t.S I n 1n1l11lZataon 01 a No nllll ea r 
I' unctlon 0 evera Variables 

This chapter considers the local algori thm (Newto I d) r . . . . . S .. n mel 10 lor unconstr,ll l1cd mllll llll-
Z;.l110n. eWoll 3.1 considers some facts from Linea AI b d I ' . b I ' . . . . . r ge fa an TllU (Ivana Ie ca culll-
s WIHCh at e relevant to minImization Section 3 2 co 'd N ' Ide . . . . . " ns! ers cWlon s mel 10 lor unco-
nstra ined minImization of twice continuously differentiable functions. 

3. 1. Introduction 

3.1.1. Eigen Values and I'ositive Definiteness 

Definiti on 3.1.1.1.: Let A E Rn,u be a matrix, then the Eigcn val ues and Eigcn vectors 
of matrix A are real or complex scalar A and ,Ill n-dimensional vector v , 
(which is a nonzero), respectively such that Al' = AV. 

Ex ample I: 

Then we can easily solve that the eigen values of th is matrix are 4 and I and the corrcs· 
pOl1ct;ng eigen vectors are t(l, - 2)T and 1(1, 3)T for a non zero constant , I respectively. 
In this example one of the eigen values is positive and the other is m:gati"e. But there 
arc cases where all of the Eigen values of a matrix A arc positive. 

Exam ple 2: Let 

A =( ~ ~) 
Which is rea l and symmetric matrix and its eigen values are 3 and I. In thi s example all 

eigcn va lues of the matrix A are posit ive. 

Reca ll that the characteristic polynomial of a matrix, A is pe A) = A ~ + CO;., ... · I + ... +IAI· 
Wherel A! is the detemlinant of(nxn)·l1latrix A . Ifall eigen val ues ofa matrix A arc 

positive then IAI '# O. Hence A is notlsingular. 
Definiti on 3.1.1.2 : Let A e R"'" a real symmetric matrix. Then A is sa id to be 

a) Positi ve definite ifand only if " T Av > 0 for every nonzero vector \' e Rn. 

b) Posi ti ve semi defin ite if and only if VI A v ~ 0 , V,! e n, ft . 
c) Negat ive definite if and only if - A posi ti ve ~~finite . . . 
d) Negative scmi definite if and only if - ,1\ Posill ve semi defimte. 
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We have the faCll hat a real symmetrical matr,·x ,·s po ·t· d fi · .[ d 1 ·[ II [ . ' . . . '" . 51 Ive c mite I an on y I a 0 
Its c lgcn va lues are posItive. And II IS positIve sem,· d fi ·t . [ I 1 ·[ ·· I . . e IIlI e I an< on y I I\S cigell va u-
~s a~'e n.onneg~l1ve. With the help of these properties we have the fo llowinglhcorcm \~!l ­
leh IS given withou t proor. To see some properties and necessary and sufficicntconditio­
ns of posi tive de fi niteness refer [2]. 

T heorem 3. 1.1.1: If A is any positi ve definite matrix. Then its inverse exists and also 
posi tive defini te. 

Example: Let 

Be a given matrix. We can easily see that the given mat rix is real and symmetrical wilh 
cigcn values land 4, which are all positive and hence the given matri x is positive 
defini te, and consequently the matrix A has an inverse. 

Defin ition 3. 1.1.3: A set U c R" is said to be convex if for any x,y E U , and A E (0,1). 

Ax + (1 - A,)y E U . Equivalentl y, a sct U c R· is said to be convex if for any 
two points in U, the line segment joining those two points must be enti rely 
contained in U. 

Defini tion 3. 1.1.4: Let U c R- is convex set and f: U ~ R be a function. Then 
a) f is said to be convex if fo r an y x, Y E U and A E (0,1), 

f(). x + (1- ,! )y) 5 ). [(x) + (1 -,1 ) [(y). And similarly 
b) f is said 10 be strictly convex if fo r an y x,Y E U and ), E (0,1) , 

[(Ax + (1 - ,!)y) d [( x) +(I - ).) [( y). 

c) f is said to be concave if - f is convex . 
d) f is said to be st ri ctly concave if -f is strictly convex. 

3. 1.2 . Second Order Derivatives of [: R" -> R : The Ikssian of [ 

Dcfi ni tioIl 3. 1.2.1: 
I. Let f: R" ~ R be continuously differentiable then 

. . a' [(x) 
a) f is said 10 be twice continuously differentiable at x E R", 1f -a x,x 

and is continuous for 1 ~ i ,j ~ " . 
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b) The Hessian of f at x is II d' d len cli ne as the (nxn)-matrix whose if" element 

. n ' c 0' f( x) 
15 V- I(X)ij=-a--' 15. /, j$ lI . 

X, X i 

c) Th~ function "f is said to be twice continuously differentiable in an open 
r~gJOn D.c R , denoted byf e ( 1)(0 ), ifi l is Iwicccontinllollsiy 
d ifferen tiab le every poilll in D . 

2. LeI f: R" ---t R be continuously differentiable in an open convex SCI D c n. a 
. 

Then for any x E D and any nonzero perturbation p E l:t " the second partial 
derivative of f at x in the direction of Jl is defined by 

o f( xH p) o f( x) 

0' I( x) _I. 01' -ap-
, - lin 0 

ap ' c-+ c 

L{'lIlm:t 3. 1.2.1: Let f: R" -+ R be twice continuously di fferentiable in an open 

region 0 c R· then, 
a) For any x E D and any nonzero perturbation I} e n. " the second directional deri 

v<ltive of f at x in the direction of p exists and equals pTY' 2 f( x)p . (3. 1.2 .1) 

b) For any x, x + p e D,thereexists z e(x, x+ ll) SlLchthat 

f( x + 1') = f( x) + 'V f( x)' 1>+ -'- 1" "1 ' [(z)p . (3. 1.2.2) 
2 

Remark: lemma (3 .1.2.1) suggests that we might model the functional 

nl \ _, by the quadratic model, 

r I T 2f( 
m,rx, + p) :=f(x)+'Vf(x) 1' +2" 1> 'V x)" . 

Unconstrained Minimization 

f arou nd a poi. 

(3. 1.2 .3) 

Oefinition 3. 1.2.2: The unconstra ined Optimization problem is a problem to min imi7c 
or maximize an objecti ve function withou t rest riction on the variab· 
Ie over thedomain of interest. Thai is, il is thc problem (for minimi· 

zalion) of the fOOll, f( x) ~ min, x e Rft, where f : n" ~ R is 1-

wice continuollsly differentiable. 

Definition 3.1.2.3: 
<I) A poinl x· is said to be a local minimizer of f. if there is a neighborhood 

Se x' ,E ) of x' such Ihat f( x') ~ [( x) forall x e S(x' ,E). 
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b) A point x' is a minimizcr of(globa\ .. . . ' mmlll1lZer) of f If f(x ) .$ f( x) for all 
x , where x ranges over all x e R" ( I modeler). . or at east over the domain of interest to the 

c) A point x' is said to be strictlocai ( I bal) .. . . . . , I' go mmllTIl zcr, 11 the Inequal ity is siri ct 
lIlcqU3 Ity. ' 

If a fun ction is twice continuously differentiable we ",ay b bl II I " , I . ' . . .. ' cae to Ie 1131 x IS a 
loc,1 11lllllmlZCI (and pOSSibly Sl n et local minim'ze ) b . .. . • I r y eX31ll1l1lng JUSI the g rad icill 

\I f(x ) and the HessianV1 ITx' ) The th ' I ' , ' .' ,\. rna emallca 100\ used to study 11lIllImr7..Cr of 

smooth [unclion IS Taylor's theorem. 

The Necessa ry and Suflicient Conditions 

Theorem 3. 1.2.2 : Suppose that f: R n --t R is continuously differentiable and that 
p E R" . Then we have f( x + p) = f( x}+ V' f(X+lp)T I) , for some I e (0,1) . And 

if f is twice continuously differentiable, we have , 
V f(x+ 1' ) = V f( x) + IV' ~x + Ip)pdl.Thal 

o 

f(x + p) = f(x) + V ~x )r I' + -'- I"v' f(>+ 11' )1' fOISOllle I E (0,1), 
2 

The necessary condition for optimality are derived by assuming that x" is a local minim 

il.cr and then proving facts about 'iJf( x") andV
l 

f( x" ). 

Thcorcm 3.I .Z.3 :(First order necessary condi tions) 
Suppose that f: R n --+ R is continuously differentiable in an open convex 

set O c R" .Ifx· e D isa 
local minimizer of f , then V' f( x')= O. 

Ill'ma r": The theorem above says that a continuously differentiable function attains it s 
local minimum at the point where the gradient is zero, to see thc proof refer 

[2] , 

Thco rcm 3.1 .2 .4 : (Second order necessary conditions) 
Let f: R" --+ R be twice continuously differentiable in an open 
regionD C R" .If x" E 0 and x' is a local minimize of f. Then V'f( x" ) = O 

and V~ f(x ') is positive semi definite. 

RC llmrk:The theorem above says that a tw ice continuously dif:cren.tiable funcliol; f " 
aHains its local minimizer at the point where the grad ient IS zero and V' f( x ) 

is posit ive semi definite. 
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Theorem J. I. 2.S: (Second order sufficient conditiol1s)Lcl f : R· --+ R and f E ("11(0) 

in an open region O c R" If x'eD "I(x" ) 0 d " ' 1(.) . .. " • v = an v X IS pOSiti ve 

delinite then, x' is a stricl local minimizer. 

The [ol,lowing corollary is di rectl y comes from (theorem 3.1.3.3) and (lhcorem 3.1.3 .4), 
which IS most relevant 10 the conditions for Newton's method to lind a local minimizer 
by finding the zero of 'V r. 

Corollary 3. t .2.6: Let f: Rn --+ R be twice continuously di (ferentiable in an open 
convex set D c R" . If x· E D , 'Vf(x')= O and 'il2 f isa Lipchi lz 

continuolls at x' wilb ,\/2 f(x') nonsingular. Then x' is a local minimize of 

r ifandonlyif \i' 2f(x') is positive definilc. 

The suffi cient condition for minimizations partially explains our interest in symmetri c 
and positive semi definite matrices. They are very important, becausc our minimization 
al gorithms commonly model f at perturbations pof xr by a quadratic function 

It is also important to understand the shapes of multi variable quadratic functions. They 

are said to be; 
a) Strictly convex if H is positive definitc. 
b) Convex if H is positive semi defini te. 
c) Concave if - H is positive semi definite. 
eI) Strictly concave if - H is positive definite. 
c) Saddle shaped if H is indefinite. 

IVI . C . f· vex any local minimizer and global minimizer arc simple to 
len ,I IUllctlon IS con , ' ' I bl . [2] . I·', d ,I roof IS 'tVai a e III characterize. The follow ing theorem gives t liS lac an lC p " . 

T IH.'on'lII 3. 1.2.7: When thc function Cis convcx, any local minimizer is also 

lobalminimizer. 

3.2. Newton's Method 

, II od fro the following problem . 
IHtllis section we discuss the Newton s me 1 . . . 

. . I d·rcerent iablc fUllctlon. Then find thc mmlllllllll 
Let f: R" --t R be tWice C0l1tJl1110US y I I' , 

o/" 11 x) fo r x e R", i.e. solving the problem, (3.2. 1 ) 
fl. x)--tmin , x e R" . 
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The <li m is now to formulate an iteration method I ' I . . .. . . '. w lie 1 gi ves liS the POSSibili ty to find a 
local 11111ll lllUm pOl1lt of <l gi ven function f No I lI n .. .. . . . ' w et Xo E be any arbitrary Inillal 
poml. Then we consider the qU<ldratlc function , 

III (x + p) := IT , )+VN.)T I Tn ' IT . . . o 0 , ~ O l\ XO P+ "2 P v l ~ XO )P and we consider II as an 

approximat ion of f{ xo + p) .i.e. 

III, (X, + p) ~ I'( x, + p) .(3.2.2) 

I f the func tion f has a local minimum at Xo + p . Then it bas to be, 

VIII, ( X, + p) = V I'( x, )+ V' I'( , , )p = 0 , 

V' f(x, )p = -V 1'( , , ). (3.2 .3) 

The last is a system of linear equations and there for possible to solve with the aid of 
linear al gebra. Now to solve (3.2.3) the new poi nt x· (it may be a local mi nimum 
Oflllo) can be considered as an approximated vector for a local minimum poi nt of f . 

So we are ready to formulate an iteration to approximate a local minimum poi nt of f . 
What we have to do is that in each iteration step, we use a quadratic model , 

T I T 2 ) 
III, ( X, + p):= 1'( ' , )+171'( ' , ) p +- p 17 1'(, , )p .(3.2 .4 

2 
We have the fo llowing Theorem which generalizes all things above. 

Th corcm 3.2.1 : (Newton 's Algorithm for Unconstrained Minimization) 
Let f: R" --)0 R be twice continuously differentiable fu ncti on and 

a fixed vector. Then a sequence {xk } is generated by 

'i] ! fi(x )s :: - 'V IT ); ) X := x, H , ' where k = 0,1,2,3, ... , . 
. k k ' \ k ' h i 

X E n " be , 

If the generated sequence is convergent, then we check by theorem 3. 1.2.4 whether the 

limit is a locall11inimum point of f . 

Note tha t the theorem (3.2.1) is simply the application of Newton 's mcthod 
theorem (2.2.1) to the system nonlinear equations, 'V f(x):: O. 

EX;IIlll}lc: Let f: R 2 --)0 R be given by 

" (1)' I(x, )' ) = (x - 2)' + (x- 2)"y + y+ 
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Which has its minimulll at x' = (2 - 1)' B . . .. ' . y the application of II (' . 
from

1
he Inltml point x = (l I)T Th ~ II . leorem J.2. 1) startlllg 

o ' . e 10 oWing seque f ' (program 2) . nee 0 pOllllS is calculated by 

k Xi I(x, ) 
0 Xo (1 ,1)' 6 

I Xl (1,-0.5) ' 1.5 
) x , - (1.J913043, 0.6956217)' 4.09.<10"' 
, , .\"3 (1.7459441 , 0.94879809) ' 6.49xlO"' 

4 x~ (1.9862783, 1.048208 1)' 2.53,,10"' 

; x, - (1.9987342, 1.0001700)' 1.63x 1 O~ 

6 xI> (1.9999996, 1.0000016)' 2.75x10-12 

Table 3.2 .1 

From the ,Ibove example we can se 11 N ' I' . 

I

. . la1 ewton s a gonlhm gives the solution ' 1\ stcp 6 
\\ 11Ch IS vcry close to the real solution. • 

Tl~e ~.I ajor adv.antages and di sadvantages of Newton's method fo r unconstrained l11 ini­

llll zatlon are gIven below. 

Adva n tages 
I. If Xo is suffic iently close to the solution x' of r, with V2 f( x') nOllsinguiar 

then the sequence { x ~ } generated by Theorem3.2.l converges quadratic;.tll y 

to x . 
2. I f I' is strictl y convex and quadrati c, then 'Vf is affine and so Xl wil l be the 

un ique minimizer of f. 

Disad vailiages 
1. The algorithm is not globally convergen!. 
2. In each iteration step the algorithm requires to solve a system of linear 

equations, some systems may be ill conditioned in some iteration steps. 
3. In each iteration step one has to calculate the derivatives yo f( xt )and yo 2 f(xt

)· 

.t . The method is not specifica lly geared to a minimization problem; theorem 3.2.1 
may also proceed toward a maximizer or a sadd le point of f, where yo r is zero. 
That is each step simpl y goes to the cri tical point of the current local quadratic 
model. This is onl y consistent with trying to minimize f( x) if oy! f( xr ) is posit i-

ve defin ite. 
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Lemma 3.2.1: LeI f : R"~ R be twice cont' I d'f" ' muous Y I Icrenllablc func tion in an 

open convex set D c R· L t 'iJ l f'( ) b " , . . e ,\x e LlpchilZ contmUQUS at x in the 
neighborhood 0, llsing the vector norm and the induced matrix noml and 
a constant y . Then for any x + P ED, 

(3 ,2.5) 

Proo f: We have 

f(x+ p) ; f( x) + V f( X)T P +~ pT I" f( x +Ip)p , forsome 0 515 1, by extended Mean 

va lue theorem. And from Ihis we have, 

f( x - I} ) - f( x) - V f( X)T P = ..!. pT\72 f(x + (p)p . And integrating both sides of thi s 
2 

equation \\ jlh respect to ( from 0 to 1, provided that there is an interva l , I in It 

containing 1he poi nts 0 and I such that 'ift E 1 ,x E 0 ,0 :;t p E R", X + l p E D. We gel 
, 

. T j l Tn' ~ f(x+ p)- I(x)-I' f( x) p = - p v·,(Hlp)pd!. 
, 2 

No\\ \\ e ha\ c. , 
f(x + p ) -I( x) -I' f( X)T p - -'- pTV' ~x)p = j-'-[pTV' f(x + Ip)p - pTV' f( X)p)'l1 , 

2 , 2 

From this we get 

\\ f( h p) - f (x) - V f( x)T P -~ pTV' I"(X)p\\ = 
J -'-[pTV' f( X +lp)p - pTV' f( x)p til 
, 2 

5 J-'- llplliiv' f(X+lp)-V' ~x)iillp ll dl 
, 2 

5 J-'- llpll' ldl = ~llp ll' , using then fac t that 
, 2 

'V ~ f( x) is Lipchitz continuoliS at x in the neighborhood 0 .11 

(3,2,6) 

, 1 b und on the error in the quadratic model 
Rema rk: lemma (3.2.1) provides a usefu 0 

(3.2.2), as an approximation to thef(x + p). 
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4. Newlon 's Melhod for Conslrained Minimizalion 

4.1. Inlroduclion 

COllstrained Minimization 
An optimizat ion problem begins with a sel of independent variables or paramclcrs and 
often includes conditions or restrict ions that define the acceptable values or lhe 
vari ables. Such restrictions are called the constraints of the problem. 

Delinilio ll 4.1.1: And any optimization problems containing constraints arc called the 
constrained optimization problems or equivalently a constrained 
opti mizati on problem is a maximization or minimizat ion problem 
subject \0 some constraints. 

Examp le 1: 

It x ) ~mi n . xeS. 

Where S is a collection of points satisfying all the constraints.The problem is minimizi· 
ng a func tion f subject to (s.l.) some constraints. 

An y nonlinea r constrained opt imization problem can be one of the fo llowing; equality 
constrained. inequali ty constrained, or mixed constrained. 

example 2: min (x+ y ) 
S. 1. x-3y=5 

Example 3: min (x" + / ) 
S. 1. x +y:::;4 

Example 4: min(x -I)' +(y- 2)2 

S. t. x+y=4,x-2y:::;1 

. . . ' I lutions are sim ple extensions of the correspond-
Deli l1ltlons of different types of.loca so th I we restrict consideralion 10 the f· 
ing defini tions for the uncollstrailled ca~e. except a 

easiblc poinls in the neighborhood of x . 

4.1.1. The Lagrange Melhod 

. , '0 transfoml a nonliTlcar constrained - d . . ortant IIlslrumen bl rhe Lugrangc melho IS an Imp < • ed oplimization problem (or a pro . 
. . . 'valent unconslrmn . . bl opt lllllZatlon problem to an eq lll . I " of the constramed pro em can . I I the optimal so U Ion . . 

em with casy conslra lllls) so t la TI ' 's based on tbe followmg Idea. 
. . h 'omled foml. liS I be characterized Ll Slllg t e trans I' 
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Let R" where II E I be conside ed . , r as an IIlner product space and let U ~ nil be an 
open scI. And f: U --)0 R be differentiable and S .... U (S . ·1 ) . . . ::.. IS not nccessnn yopen . 
Now consIder the follOWing constramed nonlinear optimization problem, 

( P) f( x) ---tmin , x eS. (4 .1.1) 

NOle: Through .the who le ~hapter the set U is considered to be an open. 
To convert (P) mto an equivalent unconstra ined problem we try 10 find a functional J\ 

on U wi th the following properties . Let 

i\ : U --)0 R be differentiable and i\( x) = 0, '<:I x E S. 

Then we consider the auxiliary functional L such that L: U -~ R be given by 

L(x) = f( x) + I\(x) , XE U . 

Such L is ca lled the Lagrange funct ional or Lagrangian fo r (P) . And we consider Ihe 

Lagrange problem, 

L(x)-t min X E U. (4 .1.2) 

In th is case it is clear that the func tional L is differentiable, as both f and 1\ arc 
di ffe ren tiable. Now the relation between (P) and (PI.) is given below in the following 

thcore m. 

Th eorem 4. t.J: (Lagrange Lemma) 
(a) If x· is an optimal solution (global minimizer) of (PJ and x· E S, then x· is 

al so a global minimizer ofCP) . 

(b) If x' is an optimal solution (local minimizer) of (PJ and x' ES, Ihen 

also a local minimizer of(P) . 

Proof :(a) given that x· is a global minimizer of Land al so we have 

No\\. 

L( x) = f(x) + I\(x) and I\(x) = 0, \lxe S . 

L(x);? L( x'), \;;fx E U . Also we have x· E S . This implies 

f\ x) + A( x) 2: f{ x ' ) + I\(x ' ) . \;;fx E U .From this we get 

f( x) + J\(x) 2: f( x ') + I\(x' ), 'rI x E S in particular. 

There for we have thai, 
f( x) ~ f(xl , \I x E S as I\( x) = 0 , \Ix E S. 
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There for x' is also a global minimizer of (P) . 

(b) Gi\ ell that x· is an optimal solution (local minimizer) f(P ) Tho . . . . ' 0 l' IS Impli es there IS 

II neighborhood B. ( x ) ~ U . such that 

L(x) :?: L(x' ), \ix e B, (x ') (1 U . In particular also we have 

L( x) ~ L(x' ), \1 x E B, (x' ),;S .From this we get 

I\ x)+ I\ (x) ~ f( x' ) + I\(x') , \1x E 8, (i ),; S. l.e, 

'( x ) ~ f( x ' ) ,\1x E8,(i),;S as A(x)=O, ~X E S . 

There for x' is also a local minimi zer of (P) . II 

, 

In genera! gi ven any nonlinear constrained problem, to detennine ils Lagrangian 
depends on the types of constraints. 

4.1.1.1. La grange Method for Equality Constraints 

Consider the fo llowing optimization problem. Lei 
f. ~ : U ~ R . i = 1, 2,3, ... 111 are twice continuously differenti ab le. Then we have 

the follo\\ ing equality constrained problem. 

(p ) rex) ~ min , x eS 

S:= {XE U:g,(x) =O, ~j= , , 2 , ... ,m} 

lh\ e lake for II = (f./l ' J.lp ,." Pm)T the functional A is defined as follows. 

I\( X)= L:> g,( x) , ~ E R '" and A( x ) = O, ~X E S, 
, 

Then \\ c define the Lagrangian L as follows. 

L( x. ,,) = f( x)+ til, g,(x) , (X" ,) E UxR
m

, ,., 
And the correspondi ng unconstrained problem is 

( 1' ) L(x" ,) ---+ min , x eU . 
" 

From the Lagrange Lemma we have the fo llowing result. 

• . . f (P ) for some ~'E R" and x' e S , 
Thcor l' 1Il 4. 1.2: I f x is an optimal solution 0 J' . 

. . . I Julian of (PJ. (The statement IS also 
Ihen x IS also an optima so 
holds fo r local optimum solution). 
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As U is open and x' is an optimal solution of ( P~) for some),' e Rill .This implies 

II L,( X , I" )=O andalso x'e S impliesg(x' )=O 'V'= 1 23 , • I " , ...• ", . 

Thus we have the following necessary co"d,'!,'on 'or L' x \0 be the optimal solution 
of( P. ) . 

Th e Karush-Kuhn-Tliker (KKT) Condit ions 

I r x' is an optimal so lution of(PJ , then for some ), ' en'" , the fo llowing holds, 
m 

IIf( x')+ L> ; lIg.(x· ) = O .. , 
g,(X') = 0, Vi = 1,2,3, ... 111. 

If x' together with some ),' E R'" satisfy the KKT conditions then x is ca ll ed the 

KKT point for( P. ). 

Note: The KKT condit ions are only the necessary cond it ions. However, under the 
convex ity assumption the KKT conditions arc also suffi cient. 

Theorem 4. 1.3: Let x' be a KKT point for (PJ with the Lagrange Illultiplieq ,", and 

L(. , ~l') be a convex runctional over a convex set U , then x' is an optimal 

solution or (PJ . 

4. 1.1.2. Lagrange Method for Inequality Constraint s 

Consider the rollowing constrained problem. Let 
r,g, : U ~ R ,i == 1,2, 3, .. .111 are all twice continuously di rrerentiable ru nctions. 

Then we have the rollowing constrained problem. 

(PJ f( x) --> min , xeS, 

S:= I x e U: g,(x) $ 0, 'V; = 1,2, ...• m} 

And we define the Lagrangian ror (PJ as rollows. For any '- = (J., ,~ •... . },.\ )T e R. k 

• 
L( x,l.) = f( x) + L 2, g,(x) , 

• (x, l.) e u,n .. .. , 
Thus the corresponding unconstrained problem is given as rollows. 

(I)) L( x, ).)~min, x eU . , 
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The following theorem is the correspondin L g agrange lemma relating (PJ and (PJ . 

Thro rr Ill4. IA : Let ):=(),:,A.,', ... A')' R " • , • 'k E ., X eS and LA, g,( x· )= O.lf x' 

. . W 
IS an optimal of (P ) and x· E S Ih . . . l. , en x IS an optimal so lution of(PJ. 

Ir for SOllie ).' = V; ,),' , ... ,A;)' E R ' and~ ,!' g (i )- 0 Th ' . . • t.... i I -. en x 15 an optimal 
j_L 

solulionof( P,) over U implies'l L (x' , ')- 0 And'S ' I' o • " -. X E Implcs 

g( x· )'5: 0.Vi=L2.3. ... ,k . We have the following necessary condition x' to be the 

optimal sol ution of(PJ . 

K:lrush - Kuhn -Tuker (KKT) conditions 

If x' is an opti mtll solut ion of(P<), then for some 1.. .' E n.m
• the fo llowing holds, 

m 

\' Iii ) + I (\7 g,( i ) = 0 ,., 
i,' ~ O,'Vi= I , 2 •...• m 

g ( x ·)~ O. Vi=1,2 .... ,m 

/ g,(X')= O,Vi= l, 2, ... , m 

Under the convexi ty assumption, the KKT points are also sufficient. 

Theorelll .t . I.5 : Let x' be a KKT point for (p(), with a corresponding Lagrange 

multiplied:.If f and g, are all convex functions over a convex 

sel U ,then x· is an optimal so lution of(PJ. 

4.1 .1.3. Lagrange Method for Mixed Constraints 

Consider the foJ1owing constrained problem. Let 
f.g.h : U ~ R ,i= I,2,3, ... m,j=I,2,3, ... ,k 

are all twice continuously di fferent iable functions. Then we consider the minimization 

problem, 

(p) f( x) ...-tmin , XES 
s:= {x E U: g,(X) $ 0, IIi = 1,2,3, ... ", ,h,(X) = 0, II} = I, 2,3, ... ,kl 
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And we define the Lagrangian for (P~ ) as follows. For any ). En:' and ~I e R ~ . 

• • 
L(x , ),' II ) = r(x) + 2>. g;C x) + 2>, h, (x) • (X,I., .,) E ux n ."' x R ~. ,., j.' 

Thus the corresponding auxiliary problem is, 

(p •. ~) L(X ,I.,JI)-tmin , x eU. 

, . 
Theorem 4.1.6: Let l. E R. m , 11' E nk , x' E Sand L{ g/(x') = O. If x' is an optimal ,., 

solu ti on or( p ... ~), then x' is also an optimal so lution or( Ps) ' 

The necessary condition fo r x' to be an optimal so lution of (Ps) is given below. 

I 

)(arush -Kuhn -Tuker (KKT) conditions 

If x' is an optimal solution of CPs)' then fo r some ): E R,m and II ' E R~, the following 

holds. 
• • 

l7f( x') + 2: A.''' g,(i) + 2: I',' '''', (x') = 0 ,., ,., 
,1.,' 2: 0, 'Vi = 1,2, .. . , 111 

gj(x' ) ::; 0, Vi = 1,2, ... , 111 

h/ x') = 0, 'Vj = 1,2, ... ,k 

).,' g, (x ') = 0, Vi = 1,2, .. , 111 

Under the convexity assumption the KKT points are optimal so lutions. 

4.2. Newton's Method for Constrained Minimization 

Consider the general nonlinear constraincd optimization problcm. Let , 
r" h ·U~ R for i= 1,2,3, .. . mand j= I,2,3, ... k 

, :0 I ' I · 

are all twice cont inuously differentiable. We have the optimization problem, 

(p) rr x)~lllin x eS, , .< 
S:= {x E U: g,(x) ~ 0, 'Vi · 1,2, 3, ... ", , h ,( x) = 0, 'Vj = 1,2,3, ... ,k l 

And the corresponding unconstrained problem is as follows. For I. E R. '" " I E R \. , 
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Newton's Method ~ S I . . or 0 vlng Optimization Problems 
• 

• L(x,J, , ~) --+ min , X E U. 

Our aim is to solve (Pl ) llsing the Newton' I d . . .,. s met 10 and to find the correspondmg 
solution for e?,, ) .We have the Lagrangian L ' . b IS given y, 

• • 
L( x, l'. I, ) =f(x)+ L ,l, g,(X) +"I', h, (x) , ( l ) U R ' , L. X, ., 1' ex. xl! . 

,·1 J .. I 

The necessa ry condition [or the point (x· j ' I" ) to b ' . 1 I ' f ' .• ' , e an optima so lIllQn 0 ( P ) IS 

\l J (x' , j: " I') = O. And the KKT condition is ) ~ , , 
• • 

'V f(x')+ L {'Vg,(x') + L l'i'VhJ(x' ) = 0 ,., 
,t' > 0 '/'- 12 , _ , /- , , ... , 111 

g,(x ') $ 0 , \Ii = 1,2, ... , III 

h, (x') = 0, \lj = 1,2, ... ,k 
,l' , , g;(x ) =O,'rii=i, 2, .. , 111 

Now let LIS discuss the Newton 's method for all cases. 

4.2. 1. Newton 'S Method for Equality Constrained Minimization 
• 

The given optimization problem with equality constra ints is of tile fo llowing rOml . 

(P) f( x)--+min , xe S 

S:= {xe U: g,(x) = 0, \Ii = 1,2, .. . ,1111 

And the corresponding IransfonllCd unconstrained optimization problem is 

(P,,) L ( x , fl)~min , xeU. 
The necessary condition for x' to be an optimal solution of (PJ is the KKT 

conciitlon which is, 
m 

'V f(x')+ L!I: 'Vg,(x')= O .. , 
g,( x' ) = 0, \Ii = 1,2,3,,,.111, 

From the KKT conditions we get a system of nonlinear equations, which has (n + Jl1). 

equat ions and (n + 111) -unnowns given as fo llows. 
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m 

\7[( x") + 2:> : Vg,(x')= O ,., 
g, (X') = 0, Vi = 1,2,3, ... 111 

No\\ set 

(

V f( x') + i:,u;v g(x')] 
F(y):= i.l I =0. 

g,(x'), Vi = 1,2,3, .. .111 

(4 .2.1.1 ) 

Clearly (4.2.1.1) is solvable by Newton's methods. And for a given ini tial point Yr , we 

have by Ihe (Newton's Algorithm 2.2. 1) , J(y.l )s* = - F(y,t ) and Y tol := Y k + Sk ! where 

J.: E N u = {o} U N generates a sequence {Y.t }. And if our ini ti al point Y r is good enough 

we gel the solution y' =(x' ,I:) of(4.2.1.1), Which is the KKT point of ( p. ) . 

Moreover. if x· E S for some ): E Ron. Then x' is a candidate for the solution of (1'. ) . 

Additionally if L is assumed to be convex., then x' is also an optimal solution of ( PJ. 

4.2 .2 . Newton 'S Method for Inequality Co nstrained Minimization 

The given optimization problem with inequa lity constraints is given as 

(P ) f( x)--tmin , XES, 

S:= (x E U: g,(x) $ 0, 'Vi = 1,2, ... , 111) 

And the correspond ing unconstrained problem is, for J. E R. In 

(p,,) L( x, ).) -> min, x E U . 

" .. r • b " ".1 solution of (P ) is the KKT condition. 
I he necessary condition lor x to e an op II < 

Whic h is, 
• 

V f(x')+ 2> :V g,(i )= 0 ,., 
A,' ~O,'Vi= I ,2, ... , m 

g,(x') $ O. 'Vi = 1,2, ... , III 

)', g, ( x') = 0, 'Vi = 1,2, ...• 111 

. k' bl . KKT condition we get the following system of nonlinear 
intJ"oduclllg slac' van a es 111 • 

eq uations, 
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• 
\1[(x' ) + L ,,: Vg,(x')= O .. , 

" . - A, +11, =O,'VI=I,2, .. . ,m 

g (x')+v/ = O,\1'i = 1,2, ... , /11 

)'1 g, (x') = 0, "d j = 1,2, ... , 111 . 

The above system of nonlinear equations, which has (n + 401) -equati ons and 
(n + 4111) -llnkowns. This is solvable by the Newton's method. 

Now set 
m 

V~x')+ L ,,: Vg,(x') 

F(y) = 
, , 

-A, + 111-, '<:I i = 1,2, ... ,111 = 0 . 

gi ( X' ) + v/ ' 'Vi = 1,2, ... ,11/ 

A,' g,(x').'Vi= 1,2, .. , 111 

(4.2.2.1 ) 

Where II = ( 1I1' 1/ 2 •.. • ,II"' ) T and \' = {vI' v!"", v .. f. And for a given initial point y ~ , we 

ha\'c by Newton (Algorithm 2.2.1), J(y t )5* = - F(y. ) and Y t . 1 := Y l + Sic ! where 

kE Nt) = {o} v N generales a sequence h ' t }' Finally if our initial point y ( is good 

enough we get the solution y' = (x' , ,: , u', v') or(4.2. I. I ). Then (x' , ):) is the KKT 

pOll" or (PJ. 

If x· E S, for some ): E R.m. then x' is a candidate ror the so lution of (PJ. Moreover, 

i f L is assumed to be convex, then x' is also an optimal solution of(P<). 

4.2.3, Newton ' s Method for Mixed Constrained Minimization 

The optimization problem is, 

(P1) f( x)..-+min , xeS 
S:= Ix E U: g,(x) ~ O. \;Ii = 1.2.3 •... '" . h, (x) = o. \;Ij = I. 2,3, ...• k} 

And the corresponding unconstrained problem is, for ). E Il , m , ,I E R k 

(p) L(x,l., '1 )"-+ min , x e U. ",. 
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The necessary condit ion for x' to be an opf I I . 

I 

. I . . una so utlon of (Ils) is the KKT condition 

\V l lellS. ' 

{ 2:0, Vi= 1,2 •... ,m 

gj(x') ~ 0, 'Vi = 1,2, ... ,m 

h ,( i )= O \lJ· = 12 k , ' , , .. " 

l ntro~tlc ing slack variables in KKT condition, the following system of nonlinear 

equations. 
"' , 

" [( i) + L )';"g,(i) + L l'i "iI/ i )= 0 
,_I )-1 

' l . -1, +11/ =O,VI=1, 2, ... ,m 

g,(X')+V,2 = 0,\1 i= I,2, ... ,11I 

h , (" ) = 0, \lj = 1,2, ... ,k 

A,' g,(x ') = 0, 'V i = 1,2, .. , 11/ . 

This is a system of nonlinear equations with (n + 3m + k) -cquations and 
(n + 3m + k) _unknowns. This is so lvable by Newton's numcricallllcthods. Now scI 

"' ' 
,, [( , ' ) + L A;' g,(i ) + L I',"" h/ i) ,., j- I 

_~. + II / ,'<Ii = 1,2, ... , 111 (4 .2.1. 1 ) 

I'(y) := g,(x") + v/ , Vi = 1,2, ... ,111 

h,(, '),\lj = 1,2, ... ,k 

A,' g,(x'), Vi = 1,2, .. , 111 

Where tI = (/1
1

,11

2

' .... II .. )T and v = (vp "2"'" vof . And for a given initial point Y r ' we 

have by Newton's Algorithm (2.2. 1), J(y, )s, = - F(y, ) and y" , := y, +s" where 

k E No = {O} v N generates a sequence {y ~ } . 

Finally if our initial point y, is good enough, we get the so lution y' = (x' ,i: ,I' , u' , v') 

o[ (4.2.1.2). Then (, ' ,1:, II ' ) isthe KKT point [or(P, ). 1[,' E S , [or some l: E R."' . 
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'I' E Rl, then x' is a candidate farthe so lut ion of (Ps)' Moreover, if L is assumed to 

be convex, then x' is also an optimal solution of( P~ ) . 

Example 1: 

The real solution for Ihis problem is x' = (1/ 2,1/ 2)T and the Lagrange multipl ier is 

A = - \ .Now lei us test the method by this problem. Take the initial point (\, 1.5, - I.sf 

The Lagrange functional is given by, 

L(xl' x" A) == f( x) + 19(x) = ;\/ +x/ + ,1.(.\"1 + Xl - I). And 

(
2X'+ '\ ) 

\I , L(x"x,,'\ ) = \I ((x) +,\\1 g(x) = ,where 
- 2X2 + A 

[( X) = XI
2 +x/ ,g( X)= XI +x2 - 1 

and ), E R .The KKT condition is 

And our functional , F is given by 

[ 

2x, +,\ J 
F( x):= 2x,+'\ = 0 . 

XI +,t 2 - \ 

This is a system of equations with three variables and three cq.uat ions. Then 
the so lution for F(x) == 0 lLsing the Newlon mcthod is given by thc followm g table, 

which is calculated by (program I ) for thc first fi vc itcnltions. 

k s, 
y, 

0 
1 (-0.5 , -I. ,0.5) 1(1,15 , -15) 

I 1 (0.,0., ° 1 (0.5 ,0.5, -I) 

2 
1 (0.,0., O. 

0.5 ,0.5, -1) 

3 
1 (0. ,0., 0. 

(0.5 ,0.5, -I) 

1 (0.,0. , ° 1 (0.5 ,0.5 , -I ) 

4 (0.5,05, -I) 

5 
(0., 0., O. 

Table (4 .2.2a) 
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Therefore the KKT poil11 is x' = (l/ 2 , 1/2, _ I)T , with XI = 0.5 , Xl = 0.5 and ). = - I . 

Since we have (xl'x2 ) = (0.5 , 0.5) E S. Moreover the functional L is convex. There for 

the point (0.5 , 0.5)T is optimal solution of the given constrained problem. 

We are very lucky in thi s case, si nce the solution is obtained in the second iteration. 
This is due to the initial point is close enough to the so lution and the Jacobean is 
nOllsingular. 

Example 2: 

(XI 2 _X2) ~ 1111n ,(xl,x1)eS 

S = { (X " X,) E R ' :x ,+x,5 1} 

This is a constrained optimization with only inequality constraint. And Ict us apply the 
Newton's method to solve this problem. The true solution for this problem is 

x· = (-0.5,1.5)' , forA = 1. 

The Llgrangian of the problem is, 

L(x" x" A) = f(x) + A g(x) = xi - x, + A(x, +x, - 1). And 

(
2X' +.1) V L(r , A) = 'V f( x)+ .1'Vg(x) = where, 

\ ' 1>"2'" - I +A 

!tX)=)'/ -X, ,g(x) =xl+x1- 1 and A.e R,. TheKKTcond itionis 

[ ~';:; t[~l 
A(r, +x, - 1)) 0) 

XI + x, - I :::; 0, p ;?: 0 " The functional F is given by 

2xI +A 

- 1+.1 

F(y)= .1(x,+x,- I ) , 
XI +X2 -1+0 

= 0 . This is a system of nonlinear equations contain ing 

-} .. +/ 

TI b Newton' s method following table is 
five equations and fi ve unknowns" len y. . Where' 
c<.l1c ul ated by (program 1) for the first five .lt ~r.atlOn~. 

, )' _ (2 2 2 2 2)T is the Illlual pOint. Ylt = (-'"I , X2'/\., II , V - , , , • 
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k s. Y. 
0 I (-2.5 , I, -I, - 1.375, -0.75) 2, 2, 2, 2, if 
I (0. , -1.5, O. , -0.3 125 , -0.225) -0.5, 3, 1, 0.625, 1.25) 
2 (0. , 0. , 0. , -0.15625 , -0.0246951) -0.5 , 1.5, 1,0.3 125 , 1.025) 
3 (0., 0., 0., -0.078125, -0000304832) -0.5 , 1.5, 1, 0.15625 , 1.0003) 
4 I CO., 0 ., 0., -0.0390625, -4.6461I xI0·' ) -0.5,1.5 , 1, 0.078125, I.) 

5 (0., 0., 0., -0.01953 13, -1.11 022x I O' ' ) -0.5, 1. 5, 1, 0.0390625, I.) 
, T"ole (4.2.2b) 

From the fifth row we have y" = (xp't2 )., II ,vf = (- 0.5 , 1. 5, I, 0.0390625, 1)T is the 

so lution for F( x) = 0 .And (x' I' x' 2' A') = (-0.5,1.5, I ) is the KKT point for the given 

constrained optimization problem. Since L is convex the so lution 
(x ', . .\"' 2) = (-0.5, 1.5 ) is also the optimal solution or the given constrained problem. 

The minimum value orthe objecti ve function is - 5/4 . 

Exa mple 3: 

min (x, + x2) , (xp x2}eS , 

S:= {( x" x, )e R2 :X, -X2 = 1, x2 ~ O} 

The true solution of this problem is x' =(I,O)T and the Lagrangc multipliers are 
;'1 = 2 . )~ = - I . Solve this problem using the Newton's mt;:thud. Take the initial point 

(0.5. · 1. I, -0.5, 1,0.5). 

The Lagrange runctional is given by, 

L(x" x" A" A,) = f( x) + A, g(x) + A, hex) = x, + x, + A, (-x, ) + A, (x, - x, - I), where 

f( x) = x, +x2, g(X)=-x1, h(x)=x,- X1- 1 and ~ e R , ~ e R . . 

( 
1 +A, ) d" . 

. . )='Vf(x)+ J 'Vg(x) + J 'V h(x) = .The KKT coll " 'OIlIS 
'V, L(.l".l " A,)I " " I -A, - ';' 

1 +A, 

I -A, -,;, = 0 , x, -x, 5 1,A, ~ O . 
x, -x2 - 1 

), (- x, ) 

. k' bl . the KKT condi ti on our runctional F becomcs 
No \\ addl11g slac ' vana es 111 ' 
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F(y) := 

I +A, 
I--<,-A, 

, 
-x~ + u' 

--<, + v' 

=0. 

This is a system of nonlinear equations with six unknowns and six equations. Where /I 

and varc real numbers. Taking the initial point (0.5,-1,1, - 0.5, \,O.S)T. Fina ll y we 
have the fol lowing tab le calculated by (program 1) for the first six iterations. 

k s , y, 

0 (1.5,2, I, -0.5, 0.,1.75) 0.5, - I, I, -0.5, I, 0.5) 

I (-I, -1,0.,0., -0.5 , -0.680556 2,1,2,- 1, 1,2.25) 

2 I (0. ,0. ,0. ,0., -0.25, -0. 147554 I, 0., 2, -1,0.5, 1.56944) 
, I (0., 0., 0., 0., -0. 125, -0.007656608) 1,0., 2, -1,0.25, 1.42189) 
> 
4 (0., 0., 0., 0., -0.0625, -0.00002072341 1,0.,2,-1,0. 125,1.4 1423) 

5 (0., 0., O. ,0., -0.03 125, -1.5 1837x I 0-'") ( I ,0., 2., -I , 0.0625, 1.41421) 

-rable (4.2.2c) 

From the last row af he table above we get the solution of F(x) = 0 is 

y" = (x" x" -<" A" ", v) = (I, 0., 2, - 1,0.0625, 1.41421) and 

(xl '.\"2' A" ~) = (1, O. , 2, -1) is the KKT point of the given mixed constrained problem. 

Moreover, since L is convex functional (li ncar) we have sec thallhe point 
(.\'" .\"2)1" = (1, O)T is the optimal solut ion oC the problem. And the minimal value of the 

objective function is I. 
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Conclusion 

As we have already seen, in this seminar repan the Newton method is depends on Ihe 
initial point (approximations), that is if OUf initial approximation is nOl good enough, t­
\len the algorithm may not convergent all to the real solution. That is precisely to mean 
hat the ewton method is locally convergent. In order to converge for any initial point 
the method has to be modified. This is not contained in his paper. This is one limitation 
o rlhis seminar report . 

In Ihi5 paper we need the analytic Jacobeans, Hessians and Gradients to implement OUf 

algo rithm. But sometimes these derivatives arc not available . In this C<lSC we may need 
finite difference approximations to these derivatives and which is not considered in thi s 
paper. This is another limitation of the paper. 

Finally if we have reasonably good starling point, wc can so lve a system or nonlincar 
equations, nonlinear unconstrained minimization and nonlinear constrained minimizati · 

on under some suppositions. 
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P L-og l' arnming 1 

1'le Nt On ' s t-Iethos f o r solving the function F' ( x ) = 0 

Remo v e[ " Gl o ba l * " ] 

( , Input * ) 

( , 1 ) Input o f numbeL' o f va ri ables , i .e. dime-n ss i a n o f the space Jo ) 

n = 1 .-
( , 2 ) Inputf o L- n:: 2 * ) 

If[ n:: 2 , xO = { - 2.5 , 2.S}: fF'= {x2 , el(1 _1 , K12 +X 2'2- 2 }]: 
( Jo. 3 ) I n put f Ol- n =1 * ) 

I f[n==I . xO=2: f[x_ l = x "' 3+x " 2-2*x-tO.5] : 

( , 4 ) numbe l' o f desired i tet'ations * ) 

q = 1 0 : 
( , 5) pL"i nting the i nput * ) 

If[n ~2 . 

exO [11 = Seq uence [ " (tI , :-:0[[1] ) , OJ," ] : 
cxO [In_l:= Sequ e nce[cxO[m-l] , xO[(m]] , "," 1 : 
PL' i n t[ " lnitia l point xO =", Sequence ( cxO [ n-l] . xO[(n]] , ")" ]] ; 

PL-int( " Th e given Vl!c t o r functi o n is r ( x)= ". t1<!1tri x F'o rm [ fF11] : 

( , 6 ) Assignments * ) 

T.=t ble[u[ i] , {L 0 , oj ) : 

Tab le-(s[i] , { i , O . n}] : 

:-: 0 = :-:0 II 1'1 .' 

If n ~ 2 l\ n == Leng th[xO] /\ n == Length(f F') , 

Of r=T.ble[D [fr[[i]] . xl] ' { i. 1. n) . {j . 1. nil ; 
PL-iI1t( " The Jacobian is cal culated as J(x)= ", l1atL-ixfo rm( 6 ff ]] .' 

6f[= ] ; = 6 fr / . T.ble [ xi~Z[[i] ] . {i. 1. nil ; 
f[z _ ]; = fr / . T .b l '[Xi~Z[ [ i]] . {i. 1. ni l ; 
( ~ 1 ) I te L-a ti o n f o r ni!:2 * ) 

v = xO .' 

k = 0: 
','Ihile k sq , 

.... ' = Linea L-Sol ve [ 6 f[ v ] , - f[ v ]] .' 

u[k)=v : 

s[k] = '"' 
u{q +1]= u {q) ; 
Hn(k] = Li ne [ {u [ k] , u [ k + 1] } ] .' 

c ull . k] = {u [kJ[[1]] . "." ); 
c u(m_ , k] : =.tl.ppend[Append [ cu [m-1 , k ] , u[k][[m]]] , 

cs [1 . k ] = {s [kJ[[1J] . "." ) ; 
d[ [ 1 k] . s [k][[mll] · 

cs [m_ , k] :=.4ppend[Appen cs m- , 

v = v + w: 

k=k+l : 
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( J 9) Res u l ts i n ta b l e f o rm f o r n~ 2 . ) 

p rint[ " Re sult s o f ite r a ti o n s t eps i n t he t ab l e f o rm " ] ; 

Print [ 

Tab l e F'o l"m[ 

Prepe nd [ 

Pr epend [ 

Tab l e [ {k , t-la trixF'o L-m [ {Append (cs [n_l , k ] . s ( k ]( [n] ] ] }} . 

Ma tr ixF"o r m[{A p pend [ c u[ n- L k) . u ( k ][(n]] ] } ] } , { k , 0 , q} ] . 

{ " -- - " , " -- - --------- " , " -------- ------- " } ] , 

{ " k ", " s [ k ] " . " u [ k J " ) JJ J 

If (n :=:l :\ ( Le ng th[ xO ] V n*Le n g th( f f} ). Pl' i n t( " I np u t i s n o t c o n 'ec t " ] : 

Abo L"t[ l] " 

( ­ All Ca l c u l at i o ns f o r n=1 . ) 
If ( n ~: 1 /\ n =: L e ng t h ( { xO) ] , 

Pri n t( " a ) I n iti a l po int xO = ", xO] : 

pri n t [ " b ) Th e g i ven fu nc ti on i s f ( x ) = 

The de ·· ,· vat i ve i s C' ( K) = " PL"i n t ( " c ) .. 

( , Ite r a t i o n s * ) 

1J = x O' 

k = 0,' 

l,z h i l e [ k S g . 

'A = So I v e [f I [ v } * ~ == -f( v ) , { 1 : 

w = < I . ·N[ [ l JJ ' 

u [ k ] = v: 

s [k] = w: 
1 i n [ k J = Li n e [ { {u [ k J . 0) , {u [ k J . f [ u [k JJ » J , 

k=k +l : 

( ~ Res u l t s i n ta bl~ f Olom - ) 

f OLom : " ] : 

Ploint [] : 

P loi n t[ 

Tab l e f" o r m [ 

Pre p e nd[ 

The result s o f it e r a ti o n s s t~pS in the tab l e 

P r epen d ( { k 0 , q}] . 
T,bl e [{k . { { s[ k J) . { {u [ kJ))) . . 

" ,, - -- - - " ) J. { " -- - " . ,, - --- - - . 
{ " k " , " s [ k ] ", " 

u [ k J " )J JlJ J ' 
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Pl:og L-am 2 
!'Ie' .... t o n I s He thod f o r Unco n star ined Hinimiz a ti o n 
Remov e ( "Gl o bal * " ] 
( ~ I npu t * ) 

( to. 1 ) I n put o f n umbe l- o f va dables . 

i . e . d imenss i on o f the Space * ) 

n = 2; 
( . 2 ) In putf o r n~2 * ) 

If [r1 ?: 2 , xO = {2 , 3}: f = x/ + X22 
+ 8 ] : 

( ~ 3 ) Inp ut for n=1 * ) 
If[ r1==I , x O =2 ,' f[x_l =x .... 3-x " 2- 3 *:-:-11 : 

( to. 4 ) numbe l' o f desired iterati o ns * ) 

q = ' 0: 
( ~ ) Pr i nt ing the in pu t '* ) 

If ( n <! 2 . 
c xO [1} = Sequence[ " ( ", xO[[l}} , " " } . , . 
c xO[ITI_l: = Sequence[cxO[m-I] , xO[[m]] , "." ) : 
Pr int[ " I n itial po int xO = ", Seque nce [ cxO (n-l] . xO[[n]] . ")" ]] : 

Pl-ine.[ "1'he g i v en fu ncti o n is f ( x ) =". f]] ; 

( ~ 5 ) Assignmen ts * ) 

Table [ u[i} , Ii. 0 , n j } : 

Tab l . [ s [i} , Ii. 0 , nj} : 

xO = xO /1 N ; 

If n ~ 2 /\ n == L e ngth[xO] , 

o f=Tab l e[D [f. xd , {i.1. nj} : 
62 f=T.b le[D[f. Xi' X, } , {i.1. nJ , {j , 1. nj} : 
PL- int[ "Th e n the Gl-adient i s ca l c ulat ed as gradf (x ) = " 

H~ tr i x F' o rm[ 6 f] ] : 
the Hessian l.S ca l c ulated as oi l : PL-int [ "Th e n 

PL-i n t() : 

PL-i nt[ " 
H( x. ) = " . Na tL-ix.fo J:m( 62 f]] : 

PL' int[] ; 
6 g f[z } , =6f / . Tabl e [x,..;z[[i}} , {i.1. nj} : 

6 hf[z-} : = o 2f / . Table[x, ..;z[[i}} , Ii. 1. nJ} : 

ff[z J : = f /. Table[x,..; z [[i}} , {i. 1. n j } : 

( * 6) I teL'a ti o n f OJ: n 2:2 * ) 

v = x. O .. 
k = 0: 

toJ hile k:s q . 
'" I = Li nearSo lve[ 6 hf[ v ] . _ og f[v]] " 
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u[k] = v, 

s [k] = '-1: 

u [ q+l] = u [ q ] , 

li n[k ] = Li ne[{u [k] , u[k +l]}] , 

cu l l. k] = {u [ k J[[1]J , ","}, 
c u[on_ , k] ' = .'ppen d [ .'ppen d [ c u[ m- l . k] , u [k J[[m]J] , 

cs [1 , k] = {s[k J[[ l ]J , "," } , 
cs [on_ , k] ' = Append[Append[cs[m - l. k] , s [ k][[on]J] , 

V = V + W: 

k =k+l : 
( * 7) Re s ults in the t ab l e f OL"fn EOl- n~2 * ) 

" ,, ] . , . 

" ,, ] . . . 

Pl- int[ "Result s o f ite l-a t i o n s t eps i n t he tab l e f o rm "] : 

PL- in t [ Tab leFo rm[ 
Prepend [ 

PL-epend [ 
Table [ {k , t-latl-ixFo rm[ {.~ppend [ cs (n - l . k] . s [k) [(n)]]}] , 

",.trixF'o n n [ {.'ppend[cu [n- l. k] , u [kJ[[ n]J]}] , f£lu[ k]]} , 

{ k , Q , q} ] , 
{ " - -- ", ,, ------------ ", ,, - - -- -------- - -- ", "-- - -- - -- "} ] , 

{ "k ", " s [k] ". " u[ k] ", 

" f ( u ( k }}" }]]] 
If[n#l l\ n:#= Le ngth[xO] , Print[ tl In put i s no t corr ec t " ] : Abo l-t.{]] : 

( a All Ca l c ulati o n s f o r n= 1 * ) 

If n:::: 1 1\ n == Leng th[ {xO}) , 
PL- int[ "a ) I n itial point xO = " xO] ; 
Print[ "b ) The g i ven funct i on i s f ( x ) = " f[x1] : 
PL-i nt [ "c) The de l-i lla ti ve i s f ' (>:) = " f ' [x]] .. 
Pri nt { "d ) The second de l-i vative i s f " ( x ) : " , f ' I [ ;v,] ] : 

( .. Iterat i o ns f or n=1 . ) 

v = xO : 
k = 0 , 
Nhi l e k s q . 

w = so lve[f " [ v ] ., ==- f' [ v ] , ' ] , 

w = , I .w [[1]J ' 

u [ k ] ="' 
s[ k] = w, 
l in[k] = Line[{{u[k] , O} . { u[k] , £lu[k]]} }] ' 

V = V + W: 

k=k+l : 
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( * Re s ult s in th e t abl e f orm * ) 
Pr int[ "d ) The r esul ts o f iteL·ations s t eps 1 n th e 

tab l e f o rm : 11 ] ; 
Pc-int [) ; 

Pl-int[ 

Tabl e F o l'm[ 

Prepend [ 
Pl'epend [ 

Tab l e [ {k , ({s [k)) ) , (lu rk) ~) , f[u[k))) , ( k , 0 , g» ) , 
{ " - -- ", " -------- ", ,, -------- ", "- ------ "} ] , 

{ "k ", " s [k] "," u[k) ", " f ( u ( k » " ) Jl) 
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