w0\ Ry
S (&
o 2

ON ENTIRE SOLUTIONS OF
QUASILINEAR ELLIPTIC

EQUATIONS

By
Ataklti Araya Teklehaimanot

Adviser: Professor Ahmed Mohammed

A thesis submitted to
The Department of Mathematics
Presented in Fulfilment of the Requirements

for the Degree of Doctor of Philosophy(Mathematics)

Department of Mathematics
Addis Ababa University
June 28, 2017



Declaration

[, Ataklti Araya, with student number GSR/2787/05, hereby declare that this thesis is
my own work and that it has not been previously submitted for assessment or completion

of any post graduate qualification to another university or for another qualification.

Date

Ataklti Araya



Certificate

I hereby certify that I have read this dissertation prepared by Ataklti Araya under my
supervision and recommended that, it should be accepted as fulfilling the dissertation

requirement.

Date

Prof. Ahmed Mohammed

ii



Abstract

In this thesis, we investigate entire solutions of the quasilinear equation
(1) Ayu = h(z,u)

where Agu = div(¢(]Vu|)Vu). Under suitable assumptions on the right-hand side
we will show the existence of infinitely many positive solutions that are bounded and
bounded away from zero in RY. All these solutions converge to a positive constant at
infinity. The analysis that leads to these results is based on a fixed-point theorem at-
tributed to Shcauder-Tychonoff.

Under appropriate assumptions on h(z,t), we will also study ground state solutions of
(1) whose asymptotic behavior at infinity is the same as a fundamental solution of the
¢-Laplacian operator A,. Ground state solutions are positive solutions that decay to
zero at infinity.

An investigation of positive solutions of () that converge to prescribed positive con-
stants at infinity will be considered when the right-hand side in (f) assumes the form
h(z,t) = a(z)f(t). After establishing a general result on the construction of positive
solutions that converge to positive constants, we will present simple sufficient conditions
that apply to a wide class of continuous functions f : R — R so that the equation
Apu = a(z) f(u) admits positive solutions that converge to prescribed positive constants
at infinity.

We will also study Cauchy-Liuoville type problems associated with the equation Ayu =
f(u) in RY. More specifically, we will study sufficient conditions on f : R — R in order

that the equation
Agu = f(u)
admits only constant positive solution provided that f has at least one real root. Our

result in this direction can best be illustrated by taking ¢(t) = ptP~2 + qt?~2 for some
1 < p < ¢ which leads to the so called (p, ¢)-Laplacian, Ay, gu = Apu + Agu.
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Chapter 1

Introduction

1.1 The Problem

In this dissertation, we wish to study several aspects of solutions of the following quasi-

linear PDE.
(1.1.1) Agu= h(z,u), xR

where Agu := div(¢(|Vu|)Vu) which is called the ¢-Laplacian. If ¢(¢) := t*=2, ¢ > 0 for
p > 1, this reduces to the usual p-Laplacian.

Our specific purpose is to investigate the existence of solutions of , their asymp-
totic behavior at infinity and to study Cauchy-Liouville type properties of solutions of
. This requires various structure conditions on ¢ and the inhomogeneous term
h:RY x R — R which will be explicitly stated below. Our results extend many known
results in the literature and in many cases they provide substantial improvements over
known results.

To put our results in perspective, let us recall some early works in the special case of

¢ = 1 that are relevant to this investigation. More specifically, let us consider the PDE
(1.1.2) Au = a(x)f(u), z € RY.

It has long been known that if a is a non-negative and non-trivial function and f is a
non-negative function defined on the positive set of real numbers, then Problem (|1.1.2))
has no positive bounded solution if N = 2. In fact, this is due to the fact that there
are no bounded sub-harmonic functions in the plane. In contrast, when N > 3 and
f(t) = tP for p # 1, N. Kuwano [19], N. Kuwano showed that Equation admits
infinitely many positive bounded solutions in RY which are bounded away from zero,
provided that a(x), not necessarily non-negative, is a locally Holder continuous function
with |a(z)| < b(Jz|) in RY for some non-negative and non-trivial function b on [0, c0)

such that
(1.13) / (1) dt < o
0
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On a closely related topic, the existence of ground state solutions, that is, entire positive
solutions that vanish at infinity, has also been the subject of extensive investigations.
For instance, we refer to the works [21], 22] 31], 36]. In the paper [21], the authors study
ground state solutions of when f(t) =t77, 0 < v < 1. Subject to appropriate
conditions on a, which may change sign in RY | it is shown in [21] that a positive entire
solution u exists such that u(z) ~ |z|* for |x| > 1. This result was later extended to

solutions of other elliptic PDEs with different inhomogeneous terms.

Another interesting result on entire solutions of Equation was also obtained by
M. Naito in [34]. In [34], the author provides sufficient conditions on the possibly sign
changing weight a and on f in order that for a given constant ¢ > 0 of the interval I,
depending on a and f, the PDE (1.1.2) admits a positive solution u in RY such that
u(z) = L as |z| — oc.

Finally, the well-known result that there are no positive entire harmonic functions has
been extended to solutions of the other semilinear equations. While there are many
generalizations in the literature, we want to focus here on the work of J. A. McCoy
[29, B0] in which it was shown that the only positive solutions to —Au = —f(u) are
constants that are roots of f. For instance in [29], McCoy shows, among other results,
that the PDE Au = —u” has no non-trivial solution for v < % where N > 2. Results
of this kind hold for many elliptic PDEs and are commonly referred to as Liouville type

theorems. See [9] for a similar result when the Laplacian is replaced by the p-Laplacian.

In this dissertation, we wish to extend all the aforementioned results to solutions of
(1.1.1) provided suitable conditions hold for the nonlinearity h. In Chapter 2, we will
show that Problem admits infinitely many positive bounded solutions, each of
which is bounded away from zero. In some cases, we will show that such entire solutions
converge to positive constants at infinity. In Chapter 3, we will establish that under a

different set of conditions on h, Problem (1.1.1) admits positive ground state solutions
u(z)
()
mains. Here I' is the fundamental solution of the ¢-Laplacian. In Chapter 4, we will

such that is bounded and bounded away from zero in appropriate exterior do-
show that Problem (|1.1.1)) admits positive solutions that are asymptotic at infinity to
prescribed positive constants. This will require a suitable structure condition on A. In
Chapter 5, we will explore various Cauchy-Liouville type theorems. All our results will
generalize known results in the literature, and in some cases they provide improvements

to already known results. Finally, we have included an Appendix where we collect some



useful facts that are used to support our arguments in the corpus of dissertation. Of
course, the results stated in the Appendix are well-known and we cite appropriate ref-
erences. However, the proofs given in these references are usually either given in very
general context, rely on previously proved results or are completely left out altogether.
In such cases, we have decided to include shorter proofs for completeness and clarity. As
we conclude this introductory section, we list the assumptions needed on the function ¢

that appears in the definition of the ¢-Laplace operator Ayu = div(¢(|Vu|)Vu). Let
¢
ww:ﬁﬂwmm@@y:/\w@@,tzo
0

The following conditions will be used in parts of this work.
(¢-1): W is a strictly increasing C! function in R*: = (0, 00).
(¢-2) : lim ¥(s) =0, and lim ¥(s) = oco.

s—=07T 500
(¢-3) : There are constants 0 < o < p such that

" (1)t
< < Vit>0.
= ST
As a consequence of (¢-3), we notice that
(1.1.4) As)U(t) < U(st) < A(s)¥(t), Vs, teR) :=]0,00),

for some increasing functions A < A. In fact,

(1.1.5) A(s) :=min{s?, s’} and A(s):= max{s’,s"}.
This in turn implies the following.

(1.1.6) A o) H7) < U o) < A o)V (1), Vo, T €RY.

As the inequalities (|1.1.4) and (1.1.6) will be important in Chapter 2, 3, and 4, we
provide a proof below. Let s,t > 0. Consider the case s > 1 first so that ¢t < st. We

integrate both sides of the inequality in (¢-3) from ¢ to st to obtain

st 1 st (b” st 1
a/ —dr < / ﬂdT < p/ —dr
t T e @ (T) t T

®/
Ins <In ,(8t> < Ins”.
(1)

That is,

In other words,

(1.1.7) U(t)s” < U(st) < T(t)s”.



If 0 < s <1, then integrating from st to ¢ leads to
(1.1.8) U(t)s” < W(st) < W(t)s.

Combining (1.1.7) and (1.1.8)), we find that

min{s?, s’} ¥ (t) < U(st) < max{s?, s’} Vs,t>0,

which proves (1.1.4). One then obtains (1.1.6) from (1.1.4) as follows. In the left
inequality of (1.1.4]), replace s and t by A\™!(p) and ¥~!(7), respectively, to obtain

or < WA (@)WH(7)), thatis , U™ (1) < A7 (o)W (7).
Similarly, we obtain
A7 (o) T (1) < U7 (or),
and this proves . We remark that
AL (t) = max{ts,t7}, and A7'(¢) = min{ts, ¢7}.

On multiplying both sides of ([1.1.4) by s and then integrating on (0, ) for ¢t > 0, we find
that
t t t
s)\(s)/ U(r)dr < / U(sT)sdr < SA(S)/ U(7)dr.
0 0 0
That is,

(1.1.9) M) () < D(st) < A(s)D(t),

where

Then it follows that

(1.1.10) A (8)@7H(E) < D (st) < A TH(s)DT(1).

In the Appendix, we include a remark on comparing Condition (¢-3) with other condi-
tions used in the literature. It will be instructive to keep several examples in mind (see
37, 4]).

Example 1.1. (a) ¢(t) = pt?~2 for p > 1. In this case o =p=p— 1.

(b) ¢(t) =ptP~2+qt? 2 for 1l <p<q. Here co=p—1 and p=gq—1.

(c) ¢(t) =2p(1 +t*)P~* for p> L. Then o =min{1,2p — 1} and p = max{1,2p — 1}.
(d) ¢(t) = p(vVB+1—1)PL(t2+1) 2, p>1. Then c=p—1land p=2p—1

(e) p(t) = ptP~2og?(1+t) +qt* 1 (1 +1)"'log? ' (1 +1), for p > 1,¢ > 0. Here o0 =p—1
and p=p+q— 1.



When ¢ is as in Example (b) above, Problem (|1.1.1]) with ¢ appears in quantum physics
([5]) while Problem (1.1.1)) models nonlinear elasticity problems ([I7]) for the choice of
¢ as in Example (c). With ¢ as in Example (d), problem is also used to model
nonlinear elasticity (see [I0] for the case p = 1 and [16] when p > 1). Finally, Problem
appears in plasticity when ¢ is as in Example (e), and we refer the reader to [17].
Similar applications appear in the papers [7, 14}, [15], 39, [40} 42} 45].

1.2 On a Subsolution-Supersolution Theorem

In this section, we will develop the necessary framework for the study of the PDE (|1.1.1]).
Here we introduce the Orlicz and Orilcz-Sobolev spaces associated with the N-function
¢, study the energy functional associated to it, and establish existence of solutions to
Dirichlet problems related to the ¢-Laplacian on bounded domains. An important tool in
our investigation is the subsolution-supersolution method for entire solutions of .
Intuitively, given an entire sub-solution v and an entire super-solution w of such
that v < w, there is an entire solution u such that v < u < w. To establish such result,
we need to develop some background work on appropriate function spaces that will set
the stage for the necessary argument leading up to the results.
We refer the reader to the appendix for the basic notions necessary to define these
function spaces. For more details we suggest the monograph [I].
The assumptions (¢-1) and (¢-2) show that ® is an N-function and that Condition (¢-3)
allows us to conclude that ® satisfies the As-condition, namely there is a constant ¢ > 0
such that

O(2t) < cP(t), Vit>D0.

In fact this follows immediately from (1.1.9)). Therefore, for a given open set 2 C R¥,

the Orlicz space
L*(Q) := {u: Q — R : uis measuarble and/ P (|u(z)|) de < oo}.
Q
is a Banach space under the norm (Luxumberg norm)

lullg = inf{r > 0 - /ch (@) dr < 1},

Thus u € L?(Q) if and only if ®(Ju|) € L*(Q). The definition of ||u|l¢ shows for any

given u € L*(Q2) and for € > 0
/q)(&) dr > 1.
o \lulle +e



Therefore,

[ #llubae - L@(%)dw

> X(||U||¢+e)/®(‘ [ul )dx from(1.1.9)
Q

Julle +

> M||ulls +€).

Letting € — 0, we find that

(1.2.1) X(ulle) < / B (|u).

On the other hand, for any u € L*(2) with ||u|le # 0, we see that

/ B(lu)) = / (M) <At [ o (7)< Rdlalo)

We have used (| in the last inequality. This together with (1.2.1)) shows that

(1.2.2) X(||UII<1>) < /Q<I>(IUD < A(lulle), Vue L*(Q).

The convexity of ®, together with Jensen’s inequality, implies that L®(Q) C L*(Q) for
bounded Q C R¥. Moreover, L>=(Q2) C L*(Q) for bounded Q2 C R,

The Orlicz-Sobolev space W1®(Q) is defined as the set of all u € L?(€Q) such that the
weak derivatives of D%u belongs to L®(€) for all |a| < 1. Obviously, u € WH®(Q) if and
only if u € WH®(O) for every open subset O C Q. The spaces L® () and W, (Q) are
defined by

L2 Q) :={u:ue L*O), YO ccQ}and W (Q) :={u:uecW-0), YO ccQ}.

loc

We remark that if @ € RN is unbounded subset, then v € W) *(Q) if and only if
u € WH®(0O) for every open bounded subset O C (.
The space W1®(Q) is a Banach space under the norm

[ullwro@) = llulle + [[Vulle.

As in the case of the usual Sobolev space, the function space Wy*(Q) is defined as the
closure of C§°(€2) in the Banach space Wh®(€). The following is the analogous version

of the Poincaré inequality in the usual Sobolev spaces
(1.2.3) Julle < C||Vulle, YueWy*(Q).

We also note that the dual (L®(2))* is L&’(Q), where we recall, ® is the complement of
® as defined in ((7.2.3)), that is



Let us suppose that (¢-1) holds. Then

- W(t)
BU() = /0 T (s)ds
(1.2.4) < HU(t), Vi>0.

Moreover,

O(2t) = /2t\11(s)ds > /2t\IJ(s)ds
(1.2.5) > tU(t), ‘v’tZOif

Therefore, ((1.2.4)) and ((1.2.5]) imply the following holds for all ¢ > 0.

(1.2.6) B(T(t)) < B(28).

If, in addition to (¢-1), we also assume that (¢-3) holds, we find from (|1.1.9)) and (1.2.6))
the following.

(1.2.7) B(T(t)) < AQ2)D(t), V>0

The assumption (¢-3) shows that d satisfies a global Aj-condition. In fact, this can
be seen easily by integrating the right-hand side of the inequality in (|1.1.6]). Therefore,
according to Theorem [7.12) W1?(Q) is a reflexive Banach space and a sequence {u;} in
WH®(Q) converges weakly to u € WH®(Q) (we use the notation u; — u to denote weak
convergence) if and only if u; — u in L*(Q2) and Vu; — Vu in the (L*(Q))V.

Given k € L*(Q2 x R), we consider the equation
(1.2.8) div(o(|Vu|)Vu) = k(x,u) in .

With Equation (1.2.8)), we associate an energy functional J : W1®(Q) — R U {400} as

follows:

(1.2.9) J(u) = / O(|Vul) + / K(z,u)dx
Q Q
where
t
K(z,t) = / k(z,s)ds.
0
Let us first show that J is weakly lower semi-continuous. For this, let {v;} be a sequence

in Wh®(Q) such that v; — v for some v € WH*(Q). We need to show that

J(v) < liminf J(v;).
j—00

Let
8= liminf/ (| Vvy|)de.
Q

Jj—00



There is a subsequence of {v;} which we continue to denote by {v;} such that

(1.2.10) lim [ ®(|Vv,|)dz = B.

By Mazur’s Theorem (Theorem there is a function N : N — N and corresponding

to each n € N there are non-negative real numbers v;(n) for k = n,---, N(n) with

N(n)
Z ~k(n) = 1 and such that the sequence {w,} defined by
k=n

N(n)
Wy, = Z e (n) vy,
k=n

converges (strongly) to v in WH®(Q). In particular {w,} contains a subsequence, which
we still denote by {w,} such that |[Vw, — Vv| — 0 a.e. in  and hence |Vw,| — |V

a.e. in (2. Clearly, we have
N(n)
(V| <D w(n)[Vog.
k=n

Therefore, the convexity of ® together with Fatou’s lemma shows that

/g)@(\vm) < liminf/Q@(anD

n—oo
N(n)
(1.2.11) < mginfzyk(n)/@(mkpdm
n—o00 o Q

Let € > 0 be given. Then from (|1.2.10]) there is a positive integer Ny such that
(1.2.12) f—e< / O(|Vug|)de < f+€, VEk>N.
Q

Therefore, for n > Ny, after multiplying (1.2.12)) by vx(n) and
adding over k =n,--- , N(n), we find that

N(n)
Boe<Y i) [ @(Tulde <5+ e
k=n Q
This shows that
N(n)
tim 37 u0) | ®(19ulyde = 5.
k=n Q
Using this in (1.2.11)) we find that
(12.13) / B(|Vo|) < 8 = liminf/ (Vo).
0 n—oo 0
To proceed as in the above, let us set

c:= liminf/ K(z,v;)dz.
Q

j—00



In fact, let us pick a subsequence of {v;}, still denoted by {v;} such that

c=lim | K(z,v;)dz.

i=oe Jo
Since v; — v, we see that {v;} is bounded in W'®((2). By Remark (7.11]), we recall that
Wh®(Q) cc L'(). Therefore,{v;} has a subsequence, which we continue to denote by
{v;}, such that v; — v in L*(Q). Since k € L>®(Q xR), we note that |K (x,t)— K (x, s)| <
Bt — s| for all s,t € R. Therefore, by the Generalized Holder Inequality

LK@@—LK@@

< /Q|K(x,vj)—K(x,v)|d:v
< B/Q|vj—v|dx.

Thus, we conclude

K:vvdx—hm K(z,vj)dx = c.

Jj— Jq
Consequently,
(1.2.14) K (x,v)dx < hmmf/ K(z,v;)dz
j—o0

Therefore, from (|1.2.13]) and (1.2.14)), we conclude that

mo:‘éywm+LK@wm

< liminf/®(|ij|)+liminf/K(x,vj(x))dx
Q Iz Ja

J]—00

< liminf J(v;).

- j—o0
We now show that J is Gateaux differentiable on W1®(Q). Let v,w € W®(Q). Note
that for ¢ # 0 (in fact it is no loss of generality in supposing that 0 <t < 1).

J(v+tw) — J(v)
t

(1.2.15) = %/Q(QDOV(U +tw)]) — ®(|V|))dx + % /Q(K(:U,v + tw) — K(z,v))dz.

Recalling that k € L=(Q x R) and that w € L'(2), by Remark (7.10]), we invoke the

Lebesgue Dominated Convergence Theorem to conclude that

(1.2.16) lim1 (K(z,v+tw) — K(z,v))dx = /Qk(a:, v)wdx

t—0 t Q

Next, we focus on the limit involving the first integral in ([1.2.15]). Let us first observe

that
1

|Vv+tV |
_Kkmvw+mmyxmvmmx24%<ﬁ7 E@M%dw

t

9



Recalling 0 <t < 1, we easily estimate

1 [Vo+tVuw|
- / U(s)ds
|

< U(|Vo| + |[Vw|)|Vw|.
t Vo|

Moreover, recalling (|1.2.7)), we find that
(1.2.17) O(W(|Vo| + | Vul])) < AQ2)S(|Vo| + [Vuw)).

From this, we see that U(|Vv|+|Vw|) € L¥(Q). Since |[Vw| € L*(), by the Generalized
Holder Inequality, Theorem[7.9] we conclude that W(|Vv|+|Vw|)|Vw| belongs to L*(£).

Therefore by the Lebesgue Dominated Convergence Theorem we have

IVo+tVu|
lim ! (O(|V(v + tw)]) — &(|Vv|))de = lim i <l/| W(s)ds) dx

t—0+ t Q t—0+ t

V|
(1.2.18) = /¢(|Vv|)Vv-dex.
Q
The last limit is a consequence of
L[ (E+1¢) ¢
lim — U(s)ds = lim ¥ () —
Ay (s)ds = Him W(le+ e =z

= lim o(IE+C)(E+1¢) - ¢
= o(I€)g-¢ VECERY £#0.

Obviously the statement is true when ¢ = 0.

Therefore, from ([1.2.15)), (1.2.16]) and (|1.2.18)), we conclude that J is Gateaux differen-
tiable at v and that

(1.2.19) J'(v;w) :/¢(|Vv|)Vv-dex+/k(m,v)wdm, Yw e Wh(Q).
Q Q

The Hoélder Inequality shows that map w +— J'(v;w) is a continuous linear functional
on W1®(Q), denoted by J'(v).
Now let g € WH?(Q), and consider the set

A={ueW Q) :ueg+ W% Q).
We show that there is u € A such that
J(u) = min{J(w) : w € A}.

To see this, let
m := min{J(w) : w € A}.

Note that g € A and —co < J(g) < co. Therefore, —oco < m < oo. First we claim that

m > —oo. If not, we can find a sequence {u;} in A such that J(u;) = —oo. If {u;} is a

10



bounded sequence in W®(Q), then it has a subsequence, which we still denote by {u;},
such that u; — v for some v € WH*(Q). Since J is weakly lower semi-continuous we
have

J(v) < liminf J(u;) = —o0.

J—00

This is a contradiction. So {u;} must be unbounded in W*'*(£). Let us put w; := u; —g.
As a consequence of this, and Poincare inequality, we note that {||Vw,||s} is unbounded,

also. We observe that, since |K(z,t)] < Cy|t| on Q x R

Hw) = [ @9u)+ [ Kw) =3IVl = [ by @23
MIVuslle) — Colluyl|o

XUI¥wsle — 19gllel) — Callwslle — Callglla

> M[IVwslle — [ Vlls]) — Cs]|Vw;lle — C5]|Vglle, by Poincaré inequality..

v

v

Therefore, for sufficiently large j, we see that
J(ug) = [[Vwjlle = [IVglle|”™" = Csl|Vwylle — C5[Vglle

o+1
(1.2.20) Ve ”M HVqu>> ¢ Ve

IVws |« IVwillg  [IVew;lg"

Since o > 0, it follows that J(u;) — oo as j — oo. Contradicting the fact that J(u;) —
—o00. Therefore, we have m > —o0 as claimed.

Suppose again {u;} is a sequence in Wh®(Q) such that J(u;) — m, so that {J(u;)} is
bounded. We claim that {u;} is a bounded sequence in Wh*(§2). Otherwise, it contains
a subsequence, which for convenience we still denote by {u;} such that |lu;|[w1eq) —
oo. Then |wj||wre@q — oo. But, the inequality shows that J(u;) — oo, in
contradiction with the fact that J(u;) — m < oco. Therefore, indeed {u;} is bounded in
W1®(Q) and hence has a subsequence, still denoted by {u;} that converges weakly to
u € WH®(Q). We show that u € A. To see this, note that w; € W, ®(Q). Since W,"*(Q) is
a weakly closed linear subspace of W% (), by Mazur’s theorem (Theorem [7.2)), W,'* ()
is weakly closed subspace. Since w; — u — g, it follows that u — g € W, ®(€). Therefore

u € A, as claimed. Since J is weakly lower semi-continuous, we have

J(u) < liminf J(u;) = m.

J—00

Therefore u € A and J(u) =m.

By (1.2.7) and , respectively, we have
(1.2.21) /&)(xyqvuy))dx gK(z)/cpqvu\) < ARA(|Vulle) = 5 <
Q Q

11



for all u € WH®(Q). Therefore the convexity of o together (|1.2.21)) shows that
/213 o(VuDIVuly / (| Vul))dz < 1.
Q max{1l, K} max{l K}

|U(|Vu|)||z < max{l,x} < oo.

That is,

By the Generalized Holder Inequality, Theorem [7.9] it follows that

(1.2.22) (\Vu\)Vu-Vgo‘ < /¢(1w)|w|w=/\P(!Vu!)!w!
Q Q
< 20¥(IVulzlVelle
(1.2.23) < 2max{1, k}|¢|s.

We are now ready to introduce the notion of solution to the PDE
(1.2.24) Apu = g(z,u), z€f

where Q C RY is an open set and g : 2 x R — R is a continuous function. A weakly
differentiable function v : 2 — R is said to be a sub-solution of in Q if and only if
for any open and bounded subset O C ., we have v € W®(O) with g(x,v(x)) € L&’((’))
such that

(1.2.25) /OQS(|VU|)VU -V < —/Og(:v,v)gp, V0 <peW,*0).

A weakly differentiable function w : 2 — R is said to be a super-solution of in
Q if and only if for every open and bounded subset O C 2, we have w € W1®(0) with
g(z,w(x)) € L‘f)((’)) such that the reverse inequality holds in for all non-negative
© € Wy (O). A weakly differentiable function u : Q — R is said to be a solution of
in € if u is both a sub-solution and a super-solution of in €.

We follow common practice and write
Apv > g(z,v) inQ and Ayw <g(zr,w) in Q

to indicate the fact that v is a sub-solution and w is a super-solution of (|1.2.24)), respec-
tively in €.
Let Q C RY be a bounded domain and k € W®(Q). We consider the following boundary
value problem.

Apu = g(z,u) in Q

(1.2.26)
u==k on Of).

12



For the boundary value problem (1.2.26]), we say v € W'®(() is a sub-solution of
if (v—k)" e Wy®(Q) and v is a sub-solution of (L.2:24). We say w € Wh*(Q) is a
super-solution of if (w— k)~ € Wy ®(Q) and w is a super-solution of (1.2.24).
We say u € Wh®(Q) is a solution of if u is a sub-solution and a super-solution
of (1.2.26)).

Remark 1.2. Let Q € RY be a bounded open set, and suppose ¢ € Wy'*(22) and {¢;}
is a sequence in C§°(Q) such that ¢; — ¢ in WH®(Q). Then for any u € Wh®(Q)

lin | (0(Vu)Va Vo) = [ (oY) Vi Vi)

Jj—o0 Q

This follows from (|1.2.23)). If u is a measurable function in 2 such that h(z,t) € LE’(Q),

then we also have

lim [ h(z,u)p; :/h(x,u)go.
0

Jj— Jq
Again, this follows from the Generalized Holder inequality.
The following lemma will be useful in the sequel. Let us note that W/llo’coo(RN ) C
Wt (RY).

loc

Lemma 1.3. Let N > 1 and u € W,"°(R") be a sub-solution (resp., super-solution) of

loc

(1.2.24) in RV \ {0}. Then u is a sub-solution (resp.,super-solution) of (1.2.24]) in RV

Proof. Let ¢ € C=°(RY) be non-negative and ¥ € C>°(B(0,2)) such that 0 < < 1 with
¥ = 1on B(0,1). For each positive integer j, let 9;(x) := ¥(jz). Since u is a sub-solution
(resp., super-solution) of ((1.2.24)) in R\ {0} and (1—19)¢ € C(B(0,2))\ {0}) we have

[ouvavu-ve = [6(TuhVa- i@ =00+ [6(Tu)Vu: Ty
<(2) - [gw-0)e+ [6(Vu)Tu- Vi)

Since g(z,u)p € LE,(RY) and 1 —¥; — 1 a.e. in RV, it follows by the Dominated

loc

Convergence theorem that
E; — —/g(:v,u)go.
On the other hand,
Bl < [ w(Tavaliel+ [ wva)ive;
< ¢ [Ivale+c [ Ve,
Again, by the Dominated Convergence theorem, we see that F; — 0 as j — oo. O

13



For the next lemma, we suppose that ¢ : RT x R — R* be continuous.

Lemma 1.4. Suppose z € C*((0,00)) N W>°((0,00)) is a distributional solution of
(1227) (M 1g(2) )Y = (respo <, 2V Tg(r ), T 0,

Then u(z) = 2(|x|) satisfies Ayu = (resp., <,>)g(|z|,u) in RV,

Proof. 1t is clear that Vu(z) = z’(|x|)|£—| for  # 0. Therefore

T T

V(2 (|l = #0.

x|’

O(IVul)Vu = ¢(|2"(|z])])2(|=])

||
For an open set O C RY | let us note that if v,w € C'(O) with v harmonic on O, then

we have the identity
(1.2.28) Vo - Vw =div(wVv) in O.

Now, let ¢ € CHRY \ {0}) be non-negative. Then on RY \ {0}, we have

N L
STV Ve = w2 Ty
- _ N*l\p / i
Y01 ) i
_ / 1 _
= el )Y (5l ) v

_ . 1 _
= ()i (w(2 L N)) by (L225).

Since supp(y) is a compact subset of RV \ {0}, let © C RY \ {0} be an open subset with
C' boundary such that supp(¢) € O. Then

/ o(|Vu)Vu - Vodr = /¢(|Vu|)Vu'V<pdx
RN o

1

= —/O\x]Nl\If(\z’Ddiv (@V(mm?]\]))dx

N xX; xX;
= > [Pty s

Z/o o] Tol

1
_ N—-1
= e s
B 1

= (e 2.9 = [ 12 g(fal 2(Ja]) iy, from (223

— (esp. 2.9~ [ gllal.wpds,
RN

Therefore, u € W (RY) is a solution (resp., super-solution, sub-solution) of (1.2.27)

loc

in RV \ {0}. By Lemma , we conclude that u € WP (RY) is a solution (resp., super-

loc

solution, sub-solution) of (1.2.27) in RY as claimed. O
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Lemma 1.5. Assume that conditions (¢-1), (¢-2,)and (¢-3) hold. Suppose 2 C R¥ is
a bounded domain, k € W1®(Q) and g € C(Q x R). Let w,v € WH®(Q) N L>=() such
that v is a sub-solution and w is a super-solution of Problem ([1.2.26)). Then Problem
has a solution u € W1®(2) N L>(Q) such that v < u < w a.e. in Q. Moreover,
g isin L®(2 x R), then u € CH*(Q) for some 0 < a < 1.

This Lemma can be found in [37] when ¢ is a constant. The proof of the lemma for

general k follows along the same lines. For completeness we supply a proof.

Proof. Let us introduce a nonlinearity as follows.
g(xz,v(z)) ift <wv(x)
z(x,t) = q g(z, 1) if v(z) <t <w(x)
g(x,w(x)) ift > w(z)
We note that z € C(2 x R) N L>(Q x R). We use the energy functional
J(u) := /QCI)(|VU|) + /Q Z(z,u)dr, u € A,
where, for (z,t) € Q x R, Z(z,t) = [ z(x, s)ds. Let
A={ueWh®(Q):u—keW,*(Q)]}.

As we have seen already, J is weakly lower semicontinuous functional on W1®(€) that
attains a minimum at some u € A. Then wu is a critical point of the functional point,
and hence u satisfies the Euler-Lagrange equation div(¢(|Vu|)Vu) = z(z, u). It remains
to show that v < u < w in ).

Let us note that
0<(u—w)t=@Ww—-k+k—-—w)*"<(u—k"+(k-w)t.

Since u —k € Wy'*(Q), it follows from Lemma that (u—k)* € W, *(Q). Moreover,
by definition, we note that (k — w)t € Wy *(Q). Therefore, we invoke Lemma to
conclude that (u—w)t € W, (Q). See the Appendix for justification of these assertions.

We use (u — w)™ as test function and we get
/ o(|Vu|)Vu - V(u —w)™ = —/ 2(z,u)(u—w)"
Q Q
= —/ 2(z,w)(u —w)"
Q

< [ 69u)u- V)"
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Therefore, we have

[ tovun T — o) T V(= )
(1.2.29) < [ (69 Vu = o(Vul) Vo V(- w)*) <o
But, according to [35, Theorem 2.4.1], we have

(1.2:30) (SEDE — BCNE,E —¢) >0, VE#C m RV,

As a consequence of this and (1.2.29), we conclude that V(u—w)™ = 0 a.e. in Q.
Since (u — w)™ € Wy*(Q), it follows, Lemma that (v — w)™ = 0 a.e. in Q.
Consequently, u < w a.e. in 2. Similarly, one can show that u > v a.e. in ). Therefore
z(z,u) = g(x,u). Recalling that u is a solution of div(¢(|Vu|)Vu) = z(z,u), we obtain
the desired result. O

Finally we have the following theorem on sub-solution and super-solution method for
entire solutions.

Theorem 1.6. Assume that conditions (¢-1), (¢-2) and (¢-3) hold. Let g : R¥ xR — R
be continuous. Suppose that v, w € WH®(RY) N Lge

> (RY) are weak solutions of

Agv > g(z,v) and Azw < g(z,w)
in RY. If v < w a.e. in RY, there is an entire solution u € C*(RY) of
(1.2.31) Apu = g(z,u)
in RY such that v < u < w a.e. in RY.

Proof. For each positive integer j, let B; := B(0, j) be the ball centered at the origin
0 € RY and of radius j. Fix k € W,5*(RY) such that v < k < w a.e. in RY. For each

positive integer j, we invoke Lemma |1.5[ to find a solution z; € W*(B;) of

Ayu=g(z,u) in B;
(1.2.32) ot = 9l ) T
u==k on 0B;.

such that v < z; <w for a.e. on B;. Note that g;(z) := g(z, z;(z)) is in L>(B;) and
195l oe(5,) < Mj := max{|g(x,t)| : (w,t) € B; x [I;, 5]}
where

I = 1§fv, and S; :=supw.
J Bj
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Therefore, by [16, Lemma 3.3] we note that z; € C%%(B;) for some 0 < o < 1, depending
on o and p, and that

1Zillcram,) < M;.
Let u; € Cy®(RY) be the extension of z; € CY*(B;) such that
[l ll e @ay < ||zj\|01,a(gj).

We refer to [I8, Lemma 6.37] for the existence of such extensions. Given a positive

integer m, we note that for j > m,
wjllcromyy < My, ¥ >m.

We invoke the Arzeld-Ascoli’s theorem to draw a subsequence that converges in C'(RY).
The Dominated Convergence theorem shows that the limit is a solution of (|1.2.31]) in
B,. By a diagonal argument we find a subsequence {u,, } of {u;} that converges to some

u € CY(RY) such that v <u < w a.e. in R”, and is a solution of (1.2.31]) in RV, m

17



Chapter 2

Bounded Entire Solutions

2.1 Infinitely Many Positive Bounded Solutions

In this chapter, we study the existence of infinitely many bounded solutions to (|1.1.1]

under the assumption that h : RY x RT — R is continuous and satisfies
(h-1): |h(a,t)] <b(|2)) (1), ¥ (2,1) € RV x RY

for some continuous function b : Rf — R and monotone function f : R — R which
satisfy some appropriate conditions that will be described below. Condition (h-1) will
be assumed throughout Chapter 2 without further mention.

Moreover, we will require b is a radial function that decays at infinity at a rate dictated

by the following condition.

(b-1): B := /Oooxpl (th/Otleb(s)ds)dt<oo.

Let o > 0 be the parameter in Condition (¢-3). We remark that N > o + 1 is necessary
for the condition (b-1) to hold when b > 0 and b # 0. To see this, suppose 0 > N — 1
and that b(tg) > 0 for some ¢ty > 0. We show then that Condition (b-1) can not hold.
Indeed, let 7 > ¢y such that b(7) > 0, and set

0<c:= / s 1h(s)ds.
0

Then for t > max{1, 7} we have

¢ 1 [ c
N-1 N- _
N /0 s Tb(s)ds > P /0 sV 1b(c)ds = N

Therefore, for t > max{1, 7},

gt ! /tleb(s)ds > vyt c
N1, = N_-1

_ _ 1
> U (o)A l(tN_l)
_ \I/_l(C)t_(N_l)/a.

Recalling that (N —1)o~! < 1, we conclude that Condition (b-1) cannot hold. Therefore,

in any subsequent discussion where Condition (b-1) is needed, we will always assume
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that N > o + 1. For instance, N > 2 when ¢(t) = 1.
As an example, let us note that

1
b(s) = ————— >0
(s) i °2
satisfies Condition (b-1) for any m > 1. To see this it is enough to consider m = 1 only.

So assuming m = 1, and fix 0 < 0 < W Such a choice is possible since 0 > N — 1.

Then for sufficiently large t5 > 1 and t > ¢y, we have

[ 1 log(tY +1) toN
-1 N-1 -1 -1
U (t]v—_l/o S b(S)dS) = v (N]';N—_l S U tN—l

1
t(N=1-0N)/o "

On the other hand, since 0 < b(s) < 1 for s > 0, we have for 0 <t < ¢,

gt (tl—N /Ot sN_lb(s)ds) <yt (/Otb(s)ds) < U l(ty).

N—-1-0N
o

Therefore, since > 1, we have

o8] t
/ gt (tl_N/ sN_lb(s)ds) dt
0 0
to ¢ o0 ¢
:/ A (tl_N/ sN_lb(s)ds) dt+/ vt (tl_N/ SN_lb(s)ds) dt
0 0 to 0

< U Y(ty) +/ t~WN=1=0N)/o g o

to

Let us see how Condition ((1.1.3]) used in N. Kawano’s paper, [19], compares with Con-
dition (b-1) when the Principal part of Equation ((1.1.1]) is the Laplacian, that is when
¢ =11in (1.1.1)). In this case, we see that U(t) =t for ¢ > 0 and Condition (b-1) reduces

to

(2.1.1) /0 ' (th /0 t leb(s)ds> dt < o0

Furthermore o = 1 in (¢-3), and thus the necessary condition N > o 4 1 for (b-1)to

hold becomes N > 2, a condition that was required by N. Kawano for his work in [19].

We claim that when N > 2, the Conditions [1.1.3]and (2.1.1)) are equivalent. To see this

we assume N > 2 and proceed as follows. Using integration by parts and L’Hospital’s

Rule, we find that for all » > 0

T N t N1 7,2—N r N1 1 T
/0 (t /0 s b(s)ds) dt = 2—N/0 s b(s)ds—l—m i tb(t)dt.

Therefore, for all » > 0, we have

o /0 sV h(s)ds = /0 sbls)ds — (N — ) /0 ' (tl—N /0 t sN—lb(sms) it

19
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= P(r) = Q(r).

Since P and @ are increasing, we note that both P(cco) and Q(oc0) belong to [0, cc].
Obviously as can be seen from the relation (2.1.2)), the possibility P(co) < oo and
Q(c0) = oo can not hold. So, suppose P(0c0) = 00, and Q(o0) < oo. But then the

equation (2.1.2)) shows that

This implies that for some sufficiently large 7 > 0, we have

t
th/ s h(s)ds > =, Vi>T.
0

| =

This shows that r > 7

r t 1 r
1-N N-1 > [t Ay
/T t /0 s TUb(s)ds _/T tdt log <T>

However this contradicts the assumption that Q(co) < oo.
Therefore P(oc) and Q(00) are either both finite or both infinity, establishing our claim.
Remark 2.1. When N = 1, 2, the equivalence fails. In fact, let b be defined as

1
, §>0 when N=1
b(S) _ (S "‘11)(82 + 1)
m, S 2 0 when N =2.
S

Easy computation shows that (2.1.1)) holds while ([1.1.3]) fails.

Concerning the function f : R — R in (h-1), we will always assume that it is continuous

and satisfies at least one of the conditions listed below, where B is the constant in

Condition (b-1).

(f-1): f is non-decreasing and

(f-2): f is non-decreasing and
1
t—00 t E
(f-3): f is non-increasing,.

As a first step to study entire solutions of (|1.1.1)), we investigate radial solutions of the

following equations.
(2.1.3) div(o(|Vo]) Vo) = =b(|z]) f(v), (z € RY).
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(2.1.4) div(¢(|Vo) Vo) = b(jz]) f(v), (z € RY).

In view of the structure condition (h-1), solutions of (2.1.3) and (2.1.4) will provide

us with a super-solution (resp., sub-solution) of Problem (1.1.1)). To study solutions of

(2.1.3) and ([2.1.4)), we investigate the following two initial value problems for any o > 0.

() (r" () = £r¥=to(r) f(u(r)), r>0
u(0) =, u/(0)=0.

These problems are equivalent to solving the integral equations in X := C(R{).

(Iy) u(r) =a+ /07“ \Ifl(th/O s 710(s) f(u(s))ds)dt, r > 0.

It is clear that any solution u € X of (I1) is a solution of (Fy). To see that a solution
u of (E_) solves the integral equation (I_), we integrate both sides of (E_) on (0,7) to
find

r

sN1b(s) f(u(s))ds, that is

T

sV () fu(s))ds.

PN = —

o(Jul = =~

J
J

This shows that v < 0 and hence
o(—u)(—u') = Tl_N/ sV 710(s) f(u(s))ds, or equivalently
0

U(—u) =rN /07‘ s 710(s) f(u(s))ds

Rewriting this, we have

W) = 0 (Y [N () fu(s)ds ).
() )

We integrate this last expression on (0,7) to find that

u(r) = u(0) — /0 Ty (th /0 t sV 71h(s) f(u(s))ds) dt.

Similarly, the equation (£, ) leads to the integral equation (I, ).

We wish to solve Problem (I.) by using the Schauder-Tychonoff fixed point theorem
applied to appropriate integral operators defined on the locally convex space X :=
C([0,00)), equipped with its uniform convergence metric on every compact subinterval
of J = [0,00). We will use X to denote the cone of non-negative functions in X.
In subsequent proof, we will use the notation C to denote a convex subset of X whose
definition will depend on the condition on f and on whether we are considering Problems

(2.1.3) or (2.1.4). Let us recall the Schauder-Tychonoff fixed point theorem [32].
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Theorem 2.2. (Schauder-Tychonoff Fixed Point Theorem) Let X be a locally convex
linear topological space and let C C X be a convex subset. Let L : C — C be a continuous
mapping such that

L(C)CACC

for some compact subset A of C. Then L has at least one fixed point.

We now begin by considering Problem ([2.1.3]).
Lemma 2.3. Suppose that f satisfies any of the Conditions (f-1),(f-2) or (f-3). Then
Problem ([2.1.3) admits infinitely many positive bounded solutions each of which is

bounded away from zero in RY.

Proof. We will obtain a solution of (2.1.3) in the form u(x) = y(|z|) where y is a solution
of (E_). To find a solution of (E_), we look for fixed points of the integral operator
T : X,y — X defined by

(2.1.5) Tu(r) = o — /O Ty (th /0 " V1) f(u(s))ds) dt, >0,

We observe that Tu < « for any u € X . Let us first suppose that f satisfies (f-1).

In this case, we choose g > 0 sufficiently small that for all 0 < a < «y

V@) 1

(2.1.6) > 5
Moreover, let
(2.1.7) O(a) :=a—A"f(a))B > 0.

We consider the following closed convex subset of X.
(2.1.8) C:={uel(0,0)):0(a) <u(r) <a, Vr>0}.

On recalling that f is non-decreasing, we see that for u € C

Therefore, when f satisfies (f-1) we have T': C — C.

Suppose f satisfies (f-2). In this case we choose a., > 0 large enough such that
holds for all & > . Then with #(«) and C defined as in (2.1.7) and (2.1.8]), respectively
it follows that T'(C) C C also.

Let us now take up the case when f satisfies Condition (f-3). As a consequence of f

being non-increasing on RT, it is clear that

! ds o ds
(2.1.9) /0 —A_l(f(s)) < oo and /0 —A—l(f(s)) = 00.
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As a consequence of (2.1.9), we note that the following is well-defined function.

(2.1.10) g(t):/o %, t>0.

Let n: (0,00) — (0, 00) be the inverse function of {, that is

(2.1.11) /OW) % =1, t>0.

Note that n'(t) = A™1(f(n(¢))) for all ¢ > 0. We invoke (2.1.9)) to choose a,, > 0 large
enough such that

(2.1.12) ((a) =B >0, Va> ax.
Define the decreasing function
Elr) :=((a) — /T gt (tl_N /t sN_lb(s)ds) dat, r>0.
0 0
Note that, as a consequence of and the definition of £, we have
0<((a) —B=E&(0) <&(r) <((a), ¥Yr=>0.
Consequently
(2.1.13) 0<n(C(a)—B)<n&(r) <a, Vr>0.
Let us consider the following closed and convex subset of X.
C:={uel(0,00)):n&()) <u(r) <a, Vr >0}
Because of , we see that
C C{ueC([0,00)):0(a) <u(r) <a, Vr =0},

where () = n(¢(a)) — B). We should note that lim 0(a) = oo.

a—0o0

On recalling that f is non-increasing, we see that for any v € C and r» > 0

Tur) = a- /0 Ty <t1_N /0 "N Th(s) f(u(s))ds) dt
(2.1.14) > n(&(r)), for all r > 0.

To see inequality , let
r t
Pr) = a— / ! <t1‘N / SV Th(s) f(u(s))ds) dt —n(E(r), > 0.
0 0

Obviously, P(0) = a—n(£(0)) = a—n(¢(a)) = 0. Since £ and f are non-increasing and

7 is non-decreasing for any u € C, we have

flu(s)) < f(n(E(s)) < f((E(r)), 0<s <
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Using these facts, we see that for r > 0
Pl = o (rlN A leb<s>f<u<s>>ds) CEEDE )
>y (M A sN1b<s>f<n<e<s>>>ds) A FEM))

> e o (7 [ ) + )]
= 0.

Then P is non-decreasing and P(0) = 0 implies that P(r) > 0 for all » > 0. Thus, the
asserted inequality (|2.1.14)) holds.

Thus, in all three cases, we have shown that 7'(C) C C.
Let us show that 7" : C — C is continuous. Suppose {u;} is a sequence in C and u € C
such that u; — w uniformly on compact subset of [0, 00). We will show that T'u; — T'u

uniformly on [0, R] for any given R > 0. Now, for r € [0, R], we have

[T (r) — Tu(r)|

[l (2 [ estuonas ) a
_ /0 Ty (tl—N /0 "N () f(u(s))ds) dt'
< [l (] t 000 fus(syds ) — vt (6 t S I0(5) () s

0 0
Let € > 0 be given. Since f is uniformly continuous on [#(«), @] and u; — u uniformly

dt.

on [0, R], there is a positive integer J such that

€

max{1, fOR b(s)ds}’

[ (u;(t) = f(ult)] < Viel0, R, andVj > J.

Consequently, for j > J and for all ¢ € [0, R], we have

0o [N ) = Fe)is| < [ 6l us(s) = Sl <

Therefore, .
- / SV(f (uy(s)) — flu(s)))ds

converges uniformly on [0, R]. Since ¥~ is continuous on [0, ¢] for any ¢ > 0, we see that

w—l(ﬂ—N /O t sN=1p(s) f(uj(s))ds) ! (tl_N /O t sN=1p(s) f(u(s))ds)

uniformly on [0, R] as j — oo. Therefore, Tu; — T'u uniformly on [0, R]. Thus, we have

shown that {T'u;} converges to T'w uniformly on compact subsets of [0, c0).
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We also note from that
(Tw) (r) = —0-! (rlN / "Nty f(u(t))dt) |

0

and hence (T'w)" is continuous and non-positive on (0, 00). For any given R > 0, we see

that o
|(Tu) (r)] < 0! (c(a)/ b(s)ds) , V(u,r) € Cx[0,R]
0
where ¢(a) := max{f(0(«)), f(a)}. Therefore, given R > 0, by the Mean-Value Theorem

|Tu(r) — Tu(s)| < 621[(1)1)1] |(Tw) (er + (1 —€)s)||r — s

< g (c(a) /ORb(T)dT> r— sl r,s €0, R

This shows that {T'u : u € C} is equicontinuous on any compact subset of [0, 00). Thus
{Tu:u € C} is equicontinuous on [0, 00).

Note that, again from ({2.1.5)), we have

Tu(r)| < a+r"(ca)) /0 Ty (tl—N /O t sN—lb(s)ds) dt
— a4 A (e(@)B, ¥ (u,7) € C x [0, 00).

Therefore, {Tu(r) : u € C} is bounded in [0,00) for each r € [0,00) and hence has
compact closure in [0, 00) for each r € [0,00). Consequently, by Arzela-Ascoli Theorem
T'(C) is contained in a compact subspace A of C'([0,00)) and hence a compact subspace
of C. Therefore, the Schauder-Tychonoff Theorem applies to show that 7" has a fixed

point in C. If y is such a fixed point, we note that 0 < a < y(]z|) < b for some positive

1) /0 Ty (tl—N /0 t sN—1b<s)ds) dt

< AH(f(e)B,

constants a < b. Moreover,

ly'(r)]

IA

where ¢ = b if f is non-decreasing, and ¢ = a, when f is non-increasing. Therefore, we

see that y(|z|) belongs to WL(RY) and b(|z|) f(y(|z|)) € LE.(RY). Thus, by Lemma

loc loc

[L.4] we conclude that u(z) := y(|z]) is a solution of (2.1.3).

Let us now summarize our findings. There are positive constants oy and .., depending
on f and B such that for all 0 < o < ap in the case when f satisfies (f-1), and for all
oo < a < 00 in the case when f satisfies (f-2), the corresponding fixed point y, of T

satisfies
(2.1.15) O(a) < ya(r) < a, r €0,00).
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Here () := a—A"'(f(a))B. On the other hand, when f satisfies (f-3), there is a positive
constant a,., depending on f and B such that for all a,, < o < 0o the corresponding

fixed point y, of T" satisfies
(2.1.16) O(a) < yo(r) < a, r€0,00).

Here () := n(¢(a) — B) where ¢ and 7, defined in (2.1.10) and ([2.1.11)) respectively,

are inverses of each other.

We also recall that
lim, o+ (a — A1 (f())B) = 0 if f satisfies Condition (f-1)
limg yoo(@ — A7 f(a))B) = oo if f satisfies Condition (f-2)

limy 00 (1(¢(a) — B)) = o0 if f satisfies Condition (f-3).

Therefore, (2.1.15)), (2.1.16) and the above limits show that Equation (2.1.3) has in-

finitely many solutions. [

Next, we consider the existence of a solution to Problem (2.1.4). For this, we study
(E.), where we use u(0) = § in place of u(0) = «, under any of the assumptions (f-1),
(f-2) or (£-3).

Lemma 2.4. Suppose that f satisfies any of the Conditions (f-1), (£-2) or (£-3). Then
equation admits infinitely many bounded positive entire solutions each of which

is bounded away from zero in RY.

Proof. As in Lemma we find solutions of (2.1.4)) in the form v(x) = z(|x|), where

z is a solution of (E,). To solve Problem (E, ), we consider the integral operator T :

X, — X given by

(2.1.17) Tu(r) := B+ /O gt <t1N /Ot leb(s)f(v(s))ds) dt, r >0

We point out that Tv > ( for all v € X . Let us start by assuming f satisfies Condition
(f-1). Then, we note that

1
ds

2.1.18 ——— = 0.

(2115) | e

As a consequence of (2.1.18), we introduce two well-defined functions: a decreasing

function £ : (0,1) — (0, 00) and its inverse function v : (0,00) — (0, 1) as follows:

! ds ! ds
(2.1.19) £(t) = /t W, and /V(t) W =t t>0.
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As a consequence of (2.1.18)), let us fix 0 < Sy < 1 such that £(8) > B for 0 < 8 < fy,

F(r)=¢&(B) - /0’“ vt (tl_N /Ot SN_lb(s)ds) dt, r > 0.

Note that 0 < £(B8) — B < F(r) < &(B) for all r > 0 and hence

we define

(2.1.20) B <v(F(r)) <v((B)— B) for allr > 0.
Let us consider the following closed and convex subset of X.
(2.1.21) C={veX:pg<uv(r) <v(F(r)), r>0}
As a consequence of , the following inclusion holds:

CC{veX:f<u(r)<0(p), r=0},

where
(2.1.22) O(B) == v(&(B) — B).
We remark that
lim O(5) =
B—0t

With 7" as in (2.1.17)), we claim that for any v € C, the following holds:

To(r) = 5+/0r \If_l(tl_N/OtsN_lb(s)f(v(s))ds)dt
(2.1.23) < v(F(r),Vr>0.

This can be justified with a similar argument used in Lemma [2.3] More specifically, let

=—0- / (tl N/ N_lb(s)f(v(s))ds) dt +v(F(r)), r > 0.

Then, for v € C and for r > 0, we have

POy = (rlN [ s <s>>ds) A AFEE))F )

> A FEE)) T (N sN-lb<s>ds) A AEE))F )

= AU fW(F))) [xp—l (rlNO/O ' sN—1b<s)ds) +]—"’(r)]
— 0.

Thus, P'(r) > 0 and since P(0) = =0 + v(F(0)) = =8 + v(£(5)) = 0, we see that
P(r) > 0 for all » > 0 and this justifies the inequality (2.1.23). Therefore, when f
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satisfies (f-1), we see that T : C — C.
Let us now suppose that condition (f-2) holds. Then, we note that

I} e =

As before introduce two functions x and p that are inverses of each other, as follows:

t ds 1) ds
(2.1.24) k() .:/1 ) and /1 () =t Vt>0.

Given any 3 > [ =1, let
r t
2y i= (@) + [ 0 (0 [ egas ) ar, 2o
0 0
We note that x(8) < Z(r) < k(8) + B for all r € R. Consequently, we have

(2.1.25) B < u(Z(r

AN
=
£
=
+
=
<
=
V
o

Let C be defined as
(2.1.26) C:={veX:pB<u(r)<uZr), Vr>0}.
On recalling we see that

CC{veX:f<u(r)<0(f), Vr=0}
where
(2.1.27) O(8) = u(k(8) + B).

Let us also remark that Blim O(f) = oo.

—00
We let T': X, — X be as in (2.1.17)). Clearly, Tv(r) > 8 for all (v,r) € X, x Rj. To
show that Tw(r) < u(Z(r)) for all (v,r) € C x [0,00), we introduce

Pyt [0 (870 [0 elsas ) - ), v 20
Then P(0) = 8 — u(Z(0)) = B — p(k(B)) = 0 and for u € C, we have
Py = wt (7 [ s ) - AT
< ) (7 [ s ) A )T )

= ) ot ([ sas) - 7)
= 0.
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Consequently, P(r) < P(0) = 0 for all » > 0. Thus, indeed Tv(r) < u(Z(r)) on Ry
whenever v € C and hence T'v € C. Therefore, in case f satisfies (f-2), we have T': C — C.

Suppose now [ is non-increasing on R*. Given any positive constant 3, let

e

O(8) = B+ A (f(8))B = B (1 20

We note that

B—00 B—00

im ©(3) = fim 5 (14 M) ~ .

Let us set
(2.1.28) C={veX: :g<u(r)<0O(p), Yr >0}

Then with 7' : X, — X defined as in (2.1.17)) and recalling that f is non-increasing, we

have

Tu(r) = B+ /O g <th /0 L) f(u(s))ds) dt
< B+AH(B)B=0(8).

Therefore, in case f satisfies (f-3), we still have T'(C) C C, as desired.
Thus, in all cases we have shown that T": C — C, where C is the closed convex subspace

of X given by (2.1.21]), (2.1.26)) or (2.1.28)) when f satisfies condition (f-1), (f-2) or (-3),

respectively. As in the proof of Lemma [2.3] we can show that 7" is continuous and that
T(C) is relatively compact in X = C([0,00)). Therefore, an application of Schauder-
Tychonoff Theorem allows us to conclude that T" has a fixed point z in C. Therefore,
the initial value problem (E,) has a solution z such that 0 < a < z(|z|) < b for some
positive constants a < b. Moreover, as observed in the proof of Lemma [2.3, we have
12/(r)] < A7Y(f(c))B for some positive constant c. Therefore, we see that z(|z|) and
b(|z|)f(2(|z])) belong to W,:*(RY) and LY

loc loc

to conclude that u(x) = z(|z|) is a solution of (2.1.4)).

We recapture the above discussion as follows: When f satisfies (f-1), there is a positive

(RY), respectively. Again, we invoke Lemma

constant 3y depending on f and B such that for each 0 < 8 < o, the fixed point zz of
T satisfies

(2.1.29) B < 25(r) < w(€(B) — B), for r € [0, 00)

for all 0 < B < fy. Similarly, there is a positive constant (., such that 8 > [, the fixed
point zg of T" that satisfies

(2.1.30) B < zz(r) < O(S), for r € 0,00).
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Here ©(83) := u(x(B) + B) if f satisfies (f-2) and O(8) := 8 + A" Y(f(B8))B when f
satisfies (f-3). We also note that

limg o+ v(§(B) — B) = 0if f satisfies Condition (f-1)
(2.1.31) limg_,oo pu(k(B) + B) = oo if f satisfies Condition (f-2)

limg oo (B + A1 (f(B))B) = o if f satisfies Condition (f-3).

In conclusion, (2.1.29)), (2.1.30) and the limits in (2.1.31) show that Equation (2.1.4)) has

infinitely many bounded positive solutions, each bounded away from zero in R¥. m

We are now in a position to state existence theorems to Problem . We will consider
different cases, depending on the sign of the inhomogeneous term h(x,t).

Lemma leads to the following theorem.

Theorem 2.5. Suppose h(z,t) <0 on RY x (0,00). If f satisfies any of the conditions
(f-1), (£-2) or (£-3), then Equation has infinitely many positive bounded solutions,

each of which is bounded away from zero in RY and converges to a constant as |z| — cc.

Proof. Suppose f satisfies (f-1). The proof of Lemma shows that there is ay > 0
such that for each 0 < a < ag, Problem (E_) has a solution y, on J := [0,00) with
6(a) < yo(r) < a where (o) = a — A7 }(f(a))B. When [ satisfies (f-2) then again
according to Lemma [2.3] there is a constant o, > 0 such that for each o > .,
Problem (E_) has a solution y, with 0(«) < y,(r) < « on J, where 0(«) is as in the
above. Likewise, if f satisfies (f-3), there is a, > 0 such that for each o > v, Problem
(E_) admits a solution y, on J with 6(a) < y, < «a on J. Here 0(a) = n(¢(a)) — B)
where 1 and ( are as defined in and , respectively. We also recall that
6(a) — 0 as « — 07 when f satisfies (f-1), while f(a) — o0 as & — 0o when [ satisfies
(£-2) or (£-3). Lemmal[l.4shows that w,(z) = ya(|z|) is a super-solution of (L.1.1)). Since
Yo is decreasing, we have 74li_>1rro1o Ya () = ya(00) for some constant y,(c0) > 0(«). Using
the assumption that A < 0 on RY x RT, we see that v, (x) := ya(00) is a sub-solution of
(1.1.1). Thus we invoke Theorem to conclude that Problem admits a solution
g, such that v, < u, < w, in RY. Clearly u,(z) — yo(00) as |z| — oco. Taking the limit
behavior of #(«) noted above into account, we conclude that there are infinitely many

such solutions. O

A result analogous to theorem 2.5 holds when h is non-negative in RY. This is the essence

of the next theorem, which is a consequence of Lemma [2.4]
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Theorem 2.6. Suppose h(z,t) > 0 on RY x (0,00). If f satisfies any of the conditions
(f-1), (f-2) or (£-3), then Equation (1.1.1)) has infinitely many positive bounded solutions

which are bounded away from zero in RY and converges to a constant as |x| — oco.

Proof. Suppose f satisfies condition (f-1). According to the proof of Lemma there
is By > 0 such that for every 0 < < fy, Problem (£, ) has a solution 2z on J := [0, 00)
with 8 < zg(r) < ©(8) where O(5) := v(£(8) — B). Similarly, if f satisfies (£-2) or (£-3),
then the proof of Lemma [2.4] shows that there is S, > 0 such that for every § > [,
Problem (E,) has a solution zg on J with § < z5 < O(f), where ©(3) := u(x(8) + B)
when f satisfies (f-2) and ©(8) := 8+ A\"}(f(B))B when f satisfies (f-3). Here v and &
are as defined in (2.1.19)), while x and p are as defined in (2.1.24)). By Lemma (1.4, we
note that vg(x) = 23(|z|) is a sub-solution of in RY. Since 25 is increasing, we
note that Tli_}r(r}o 25(1) = z5(00) for some z5(c0) < O(B). Recalling that A > 0 on RY x R*,
we find that wg(x) = z5(00) is a super-solution of (L.1.1)). Therefore by Theorem [1.6]
we conclude that Problem admits a solution ug such that vg < ug < wg in RY
and ug(x) — wg(oo) as x| — oco. In view of the limit relations in (2.1.31)), we see that

Equation (|1.1.1) admits infinitely many solutions. O

Let us record the following remark that will prove useful in the proof of the next result
when h changes sign.

Remark 2.7. Suppose f is a non-decreasing function such that f satisfies Condition
(f-1). According to the proof of Lemma [2.3| we fix & > 0 such that Problem has a
solution y with y > 6(a) where 6(c) is as given in (2.1.7)). Similarly, the proof of Lemma
shows that, for sufficiently small g > 0, Problem admits a solution z with
z < ©(B) where ©(f) is given by (2.1.22)). Since ©(8) — 0 as 3 — 0T, we can choose
B sufficiently small that z < ©(8) < #(«) < y. Suppose now f satisfies Condition (f-2).
For fixed 5 > 1, the argument employed to prove Lemma allows us to get a solution
z of Problem such that z < ©(3), where this time ©(f) is given as in (2.1.17).
Let us consider 0(a) given by (2.1.7). In this case we recall that 6(a) — co as a — co.
Therefore, we can choose @ > 0 such that ©(f) < 6(«). The corresponding solution y of
Problem given by Lemma [2.3]satisfies = < () < #(a) < y. In conclusion, when
f satisfies (f-1) or (f-2), we can find a solution v(z) := z(|z|) of and a solution
w(z) = y(|x]) of such that v < w on RY. The above procedure shows that one

can choose such a pair v < w in an infinitely many ways.
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We now consider the case when h(z,t) changes sign in RY. We have the following
theorem.

Theorem 2.8. Suppose f satisfies any of the Conditions (f-1), (f-2) or (£-3). Then
Equation admits infinitely many positive bounded solutions that are bounded

away from zero in RY.

Proof. The hypotheses allow us to invoke Theorem to find an entire solution wqy of
Equation such that 0 < a < wy < ¢ on RY for some positive constants a and c.
Similarly, by Theorem , we take an entire solution vy of Equation such that
0 < d < vy < e for some constants d and e. Let us first suppose that f satisfies Condition
(f-3), that is f is non-increasing. Set w := wg+ e, and v := vg. Since f is non-increasing,
we have

Agw = =b(|z]) f(wo) < =b(|z])f(w) < h(z,w), z € RY.

Clearly,
Agv = b([])f(v) > h(z,v), 7 € RY.

Moreover v < w in RY, and therefore, we invoke Theorem to find a solution u of
Problem in RY such that v < u < w in RY. Let us now suppose that f is non-
decreasing and f satisfies either (f-1) or (f-2). By Remark we can find two positive
and bounded functions v and w, both bounded away from zero such that v is an entire
solution of Problem and w is an entire solution of Problem . Moreover
v < w. Then by Theorem , we conclude that there is a solution u of Problem
such that v < u < w in RV, m

2.2 Infinitely Many Sign-Changing Bounded Solutions

For our final result in this section, we consider nonlinearities f in Problem ({1.1.1]) which
do not satisfy any of the conditions (f-1) through (f-3). We find that Problem
admits infinitely many bounded solutions which are not necessarily positive. Since the
proofs follow along similar lines to those of the previous theorems, we will be brief in
our discussion.

Let us suppose that f: R — (0, 00) is non-decreasing function such that

o ds o ds
(f-4) : /t W<oo,VtER and /_wm—oo.

32



For instance given k € R the function f.(t) = (t2+x?)*expt, with ¢ € R is non-decreasing
on R and satisfies (f-4). However none of the conditions (f-1), (£-2), (f-3) holds for f;.
Theorem 2.9. Suppose f is a non-decreasing function that satisfies Condition (f-4).

Then Problem ([2.1.3) has infinitely many bounded solutions.

Proof. Given o € R, define T': X — X as

(2.2.1) Tu(r) = a— /7" vt <t1_N /t sN_lb(s)f(u(s))ds) dt, r > 0.
0 0
Since f is non-negative, it is clear that Tu(r) < a for all » > 0 and all v € X =
([0, 00)).
Let O(a) := a — A7 1(f(a))B, and set
C:={ueC(0,00)):0(a) <u(r) <a, Vr >0}
Since f is non-decreasing on R, we also see that for u € C,

Tu(r) > 0(a), r > 0.

Therefore T : C — C. As before, one can show that 7' is continuous and 7'(C) relatively
compact in X. Therefore by Schauder-Tychonoff Theorem, T" has a fixed point y € C, and
hence by Lemma [L.4] u(z) := y(|z|) gives the desired solutions of Problem ([2.1.3). O

Theorem 2.10. Suppose f is a non-decreasing function that satisfies (f-4). Then Prob-
lem (2.1.4) has infinitely many bounded solutions.

Proof. Let ¢ : R — (0,00) and ¥ : (0,00) — R be defined as follows:

> ds o0 ds
= i) /m e

We note that ¢ is a decreasing function such that ((co) =0 and ((—o0) = occ.
Fix # € R such that ((8) > B, where B is the constant in (b-1). Let us define

(2.2.2) Tu(r) =0+ /T gt (tl_N /t sN_lb(s)f(u(s))ds) dt, r>0.
0 0
Clearly, Tu(r) > f for all r > 0. Let

E(r) = ¢(B) — /0 Sy (tl—N /0 t sN—lb(s)ds) dt.

Notice that 0 < ((8) — B < £(r) < () and hence 5 < 9(E(r)) < I(((B) — B) for all
r > 0.

We consider the following convex subset of X.
C:={uelC(0,0)): 8 <u(r) <IHE(r)), Yr >0}
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We note that
(2.2.3) CC{ueC([0,00)): B <ulr) <7(B)¥r >0}
where 7(3) := 0(C(8) — B). We claim that for u € C,
(2.2.4) Tu(r) < 9(E(r)).
To see this, let
P(r) = —Tu(r) + 9(E(r)), r > 0.

Note that P(0) = -8+ J(€(0)) = =B+ I(¢(B)) = 0.

Now, for all » > 0, we have
Pl = o (r“v A leb<s>f<u<s>>ds) A WEE)EE)

> AN (FWEE)) [‘If‘l (TI_N /0 SN_Ib(S)dS) +5/(T)}
= 0.

Therefore, P(r) > P(0) = 0 for all » > 0 and this proves (2.2.4). Thus 7" : C — C.
Therefore, Schauder-Tychonoff Theorem shows that T has a fixed point z € C and
according to Lemma [1.4] w(z) = z(|z|) is a solution of (2.1.4). O

Theorem 2.11. Suppose h(z,t) does not change sign in RY x R, and (h-1) holds. If f
is a non-decreasing function that satisfies (f-4), then Problem ((1.1.1]) has infinitely many

bounded solutions that converge to constant.

Proof. Suppose h(x,t) < 0 in RY x R. Corresponding to a given a € R, let y, be the
solution of given in Theorem [2.9|such that §(a) < y, < a. Since y., < 0, we see
that 0(a) < ya(00) < ya(r) < aon RT. Let w(z) := yo(|z|) and v(x) := Yoo (00).

Then w is a super-solution of and v is a sub-solution of such that v < w in
RY. By Theorem Problem has a solution u such that v < u < w in RY, and
clearly u(z) — y4(00) as |z| — o0o. Obviously, there are infinitely many such solutions.
The case when h(x,t) > 0 in RY x R is proved similarly using Theorem , and is
therefore omitted. O

Finally, we have the following theorem whose proof proceeds along the same lines as
that of Theorem 2.8
Theorem 2.12. Suppose f satisfies (f-4). Then equation (|1.1.1)) admits infinitely many

positive bounded solutions.
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Chapter 3

Ground State Solutions

3.1 Some Preliminaries

In this chapter, we study positive solutions of that converge to zero at infinity.
Such solutions are called ground state solutions of . As a preliminary step towards
this goal, let us establish some results that will be useful for us later.

Let us remark that, for N > p + 1, we have in light of (L.1.6),

—1/41-N -1 —1/41-N -1

In this section, we assume that N > p 4 1. Consider the function
(3.1.1) G(r):= —/ Ut (s" N Jwn_y)ds, > 0.

where wy_; is the area of the unit sphere SV=! in RV,
Remark 3.1. As a side note we remark that G(|z|) is a fundamental solution of Ay in
RY. To see this, let us first note that

X

VG(lz|) = \Il_l(w;,l_lle_N)m, x #0.
Therefore,
1, _ 1, N T
(IVGIVG = (T (wyl,|o['=) T (wil =] N)m
1 =z |22~V )
= i v s — - VG ,
WN-1 |ZL‘|N (wN_1(2 — N) 0
On observing that
|22~
GQ e —
WN,1(2 — N)

is the fundamental solution for the Laplacian, we have

H(VG)VG- Vo= | VG -Vo=0p0), YeeC RY).
RN

RN
This shows that G is a fundamental solution of Ag.

In our subsequent discussion, it will be convenient to use the following variant of G.

I(r) ::/ U (N Nds, Vr>0.
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Since we assume N > p + 1, we remark that I'(r) — 0 as r — oo. For the purpose of

the next lemma, given a non-negative function 7 on (0, c0), we assume that

(3.1.2) X = / sN1r(s)ds < oo.
0

We note that if 7 > 0, then

/TOO gt (tl—N /Ot SN—lﬂ-(s)ds) dt < X7'()L(r), Yr>0.

As a straightforward applications of the inequality in (1.1.6)), we have the following.
Lemma 3.2. Let 7 be a non-negative function for which (3.1.2) holds. Then

00 t 00
(3.1.3) / gt (tl_N/ SN_lﬂ'(S)dS) dt < .A/ Uttt NMydt, vr>o.
T 0 T

00 00 t
(3.1.4) B/ U N)dt < / gt (tl_N/ SN_lw(S)ds) dt, Vr>1.
r r 0

where
0 1
A=) </ sN_lﬂ(s)ds> and B:=A" (/ sN_lw(s)ds> .
0 0
Let
T(1) if 0<t<1
(3.1.5) K(t) =

L) if t>1.
Remark 3.3. We remark that the following estimate holds for all ¢ > 1.

—C“ < k(t) < —C”
t(N=(o+1))/0 — R(t) < t(N=(p+1))/p’
where
U1(1)o
N—(oc+1)

U (1)p

Cp = —— P
N—(p+1)

and C,:=

3.2 Ground State Solutions and Their Asymptotic Behavior

Let us now consider h : RN x Rt — [0, 00) such that
h2): gl ) <h(et) < F(2ht), V(n1) € RN xR,

and for some continuous functions g, f : Ry x RT — [0,00). In this section, we study

entire solutions of
(3.2.1) Agu= —h(z,u), =RV,
under the following conditions on g and f.
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(f-5): For each s € Ry, the function ¢ + g(s,t) and t — f(s,t) are non-decreasing on R

and there is 0 < 0 < o, such that

g(s,0t) = o’g(s,t), and f(s,0t) = o"f(s,t) V(s,t,0) € Rf x RY x R".

(£6): [ sN71f(s,k(s))ds <oo and g(s,1) >0 forsome 0<s<1.

Let us first note that

/0°° v <t1_N /Ot SN_lf(S,H(S))ds) dt
_ /01 g1 (/Ot (;)le(s, /f(l))ds> dt + /loo N (tl—N /Ot SN_lf(s,/f(s))(Lg) "

(322) <o ( /0 1 £(s, /f(l))ds) + A7 ( /0 TN, H(s))ds) /1 T (N,

Theorem 3.4. Suppose h satisfies (h-2) where g and f satisfy (f-5) and (f-6). Then
Problem (B.2.1)) has a solution u € W,5* (RY) such that for some positive constant C' > 1

we have
(3.2.3) C(J2]) < ulx) < CT(Ja]) Yo > 1.

Proof. In the proof, we will use the following easily verifiable inequalities.

(3.2.4) A Hts) S AT A TH(s) and  ATM(st) > ATHH)ATH(s), Vs, t>0.
Let
(3.2.5) y(r) = /00 (e <t1N/0 lef(s,cm(s))ds) dt,

where ¢ > 1 is a constant to be determined. For 0 < r < 1, we use (3.2.2)) to get

e [ ([ ssontanas ) ot ([0 tsntsnas) )
< c7 {%1)@—1 (/Olf(s, 5(1))613) + A (/Ot sN_lf(s,K(s))ds)} K(1).

Now, we assume that r > 1. Then by (3.1.3) of Lemma [3.2] we see that

) < A < /0 TN f(s,cm(s))ds) k() = oA ( /0 TN f(s,m(s))ds) ()

¢ {ﬁxp—l (/01 f(s,&(s))ds) e (/OOO sN—lf(s,n(s))dsH k().

In conclusion, we have shown that for all » > 0

otr) < ot [ ([ stsumtsnas) ot ([T ntonas ) o)
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Now, we choose ¢ > 1 sufficiently big such that

> {ﬁxp—l (/Olf(s,/{(s))ds) ! (/OOO sN_lf(s,/{(s))ds)} "

Such a choice of ¢ leads to
(3.2.6) y(r) <ck(r), Vr>0
and as a consequence, we have
(T (ly D) = YT (ren(r) = N y(r), r > 0.

In other words, we have
(3.2.7) (F" oy DY) < =V (ry(r), > 0.
From , we see that

0<|y(r) = ot <7’1N /T sNTLE(, cm(s))ds)

(/fscm ) if 0<r<1

(/ (s, c&(s))ds) if r>1.
0
Therefore, for all » > 0,

ol < ma (o ([ ftscentnas ) wt ([T tssantonas) |

Recalling Condition (¢-2), we also note that y'(0+) = 0. This together with (f-6) shows

IN

that ¢’ is bounded on [0, 00).

2(r) = / Ty (tl_N /0 t sN_lg(s,a/f(s))d,s,‘) dt,

where 0 < a < 1 is a constant to be determined. If 0 < r < 1, then by Lemma

2(r) > /100\11—1 (tl_N/OtsN_lg(s,a/i(s))ds) dt
> A < /O 1 SN_lg(s,afi(s))d:;) /1 TNy

_ A <a9 /01 sN_lg(s,/i(l))ds) w(1)
TS (/01 sN_lg(s,/i(l))ds> (1),

Suppose now r > 1. Then

Ar) > / Ty (tl-N /0 SN Tg(s, an(s ))ds) dt
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v

A ( /0 1 leg(s,aK;(l))ds) / T (N gy
> aoA”! ( /0 1 leg(s,ﬁ(l))ds) K(r).

In any case, we have shown that

(1) > af A (/01 N1g(s. H(1)>ds) K(r), Vr>0.

Now, we choose 0 < a < min{1, ¢} small enough such that

0<a< [Al (/01 sV lg(s, n(l))ds)] ﬁ :

Such a choice of the constant a leads to the estimate
(3.2.8) z(r) > ak(r), Yr>0.
Consequently, we have
(M (2]) = gl an(r) < PV gl 2(r)), T > 0.
Thus
(3.2.9) (rNro(|2 )Y > —rN g, 2(r)), > 0.

Clearly, we have 2/(0+) = 0. The same argument used to show that 3’ is bounded shows
(

that 2’ is bounded on (0, c0). In fact, on recalling a < 1, we have

o 1< (s 5(1))(15) g (/Ooo leg(s,m(s))cLS)}
holds on [0, 00).

Now, let v(z) := z(|z|) and w(z) = y(|z|) for x € RY. Then v,w € VV;COO(RN) and
Lemma shows that w is a super-solution and v is a sub-solution of ( in RV,
Condition (h-2) shows that v < w in RY. By Theorem |1.6| there is u € W/ﬁf(RN ) such

that v < u < w in RY. But from and ( -, we conclude that
al'(|z]) < z(Jz]) = v(z) <ulz) <w(z) = y(lz]) < D(l2]), V][> 1.
This concludes the proof of Theorem O

Our next result shows that the above theorem remains true if g(s,t) and f(s,t) are both
non-increasing in ¢ > 0 and are homogeneous with negative degree of homogeneity in

the t variable. More precisely, let us replace (f-5) by the following conditions on f and
g.
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(f-5)* : For each s € R*, the function ¢ — g¢(s,t) and t — f(s,t) are non-increasing on

R* and a constant ¥ > 0 such that
g(s,0t) =0 "g(s,t), and f(s,0t) =0 "f(s,t), V(s,t,0) € R" x R* x RT.

Theorem 3.5. Suppose h satisfies (h-2) where g and f satisfy (f-5)* and (f-6). Then
Problem (3.2.1) has a solution u € W, (RY) such that for some positive constant C' we
have

C7'T(J2]) < u(w) < CT(|z]), Vla| > 1.
Proof. Let

(3.2.10) y(r) = /TOO gt (th /Ot lef(s,cm(s))ds> dt

where 0 < ¢ < 1 is a constant to be determined. For » > 1, we have
y(r) > A < /O s m(s))ds) ()
_ oA <c_79 /0 s fi(s))ds) ()
A~ (YA ( /0 s m(s))ds) ()

v

rAT! 1SN_1 s, k(s))ds | k(r).
> ([ stsntonas)
For 0 <r <1,
y(r) > /Oo gt (tl_N /t SN_lf(S,CK(S))dS> dt
1 0
> et ([ ntonas ) o
0

Therefore,

y(r) > ¢ A7 (/01 sNLE(s, /{(s))ds) K(r), >0

We choose ¢ > 0 small enough such that

0 < ¢ < min {1, [A—l (/01 sNTLE(, n(s))dsﬂ iﬂ} .

This choice shows that
y(r) > ck(r), r >0,

and as recalling that f(s,t) is non-increasing in t for each fixed s > 0, we have
My D) = VT en(r) 2 oM F(ry (), v > 0.
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In other words, we have

(3.2.11) (" olly D) < =" f(rny(r), >0,
Let

(3.2.12) z(r) == /OO gt (tl_N /Ot sNlg(s, dH(S))dS) dt,

where d > 1 will be chosen shortly.

Again, by of Lemma B2}, we have
() < A ( /0 h sN_lg(S,dli(s))ds> r(r)
< AN (/OOO sN1g(s, m(s))ds) I'(r)
= d A ( /0 h sN1g(s, m(s))ds) T(r).

Let us now choose d such that

d > max {1, [A—l (/Ooo sN1g(s, /i(S))dS)] W} .

Such a choice of d leads to the inequality

Then, we have
(FNHETH()) = eV g, dr(r)) < v g (r 2(r), >0,
That is,
(o (l ) > =g (r,2(r)), > 0.

Let v(z) := z(|z|) and w(x) := y(|z|) for z € RN. The choice of the positive constants
c and d shows that v < w in RY. Furthermore, v is a sub-solution while w is a super-

solution of Problem (3.2.1). Therefore, Problem (3.2.1)) admits a solution u for which
the stated estimates hold for |z| > 1. O

As an example, let us consider the problems

(3.2.13) Ayu=—b(|z|)u", = €RY and
(3.2.14) Agu = —b(|z))u™, =R,

where b : [0,00) — (0,00) is continuous.

Let us first consider Problem ({3.2.13]). Note that Condition (f-5) holds if 0 < v < a,

41



using Remark [3.3] we see that
sV (k(s)) = sV TR(s)Y < CPS((pfv)(Nfl)ﬂp)/p, s> 1.
Therefore, (f-6) holds if b satisfies
(3.2.15) /00 5PN =D+0)/Pp(5)ds < 0.
1

Theorem [3.4] guarantees a solution u of (3.2.13)) that satisfies (3.2.3)) if 0 <y < o and b

decays at infinity according (|3.2.15]).
On the other hand, Theorem shows that for any v > 0, Problem (3.2.14) has a

solution that satisfies the estimate provided b decays according to (3.2.15) with
~ replaced by —~ in Condition (3.2.15]).

For the special case of the Laplacian, that is, when ¢(¢) = 1, Theorem shows that
Problem admits a solution that satisfies if 0 <~ < 1 and b satisfies

(3.2.16) / sV (5)ds < oo,
1

On the other hand, for the Laplacian, Problem (3.2.14)) admits a solution that satisfies
(3.2.3) for any v > 0 and b satisfying (3.2.16|) with v replaced by —~.
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Chapter 4

Entire Solutions with Prescribed

Limits at Infinity

4.1 A General Result

In this chapter, we consider positive solutions u(z) of
(4.1.1) Agu=a(r)f(u), =RV

that converge to predetemined constants as |x| — oo. The case ¢ = 1 was discussed by
M. Naito [34]. Here, and throughout this section, f is a continuous and non-decreasing
function on (0, 00) such that f(¢) > 0 for ¢ > 0. We also assume that a is a continuous

function such that
(D) —a.(|z|) < a(z) < a*(|z]), zeRY,

for some continuous functions a,(t) and a*(t) on RJ that are non-negative for ¢ > 0 and

a.(t) a*(t) > 0 for some t > 0. We assume both of the following hold.

o) t
(a-1): A, = / gt <t1_N/ SN_la*(s)ds> dt < 0.
0 0

00 t
(a-2): A" := / vt (th/ lea*(s)ds> dt < 0.
0 0

As noted in Chapter 2, 0 < N — 1 is necessary for these to hold. It will be convenient

to introduce the following functions defined on [0, co).

E*(€) = /0 Ty (gth /0 t lea*(s)ds) dt, and

E,(&) = /0 Ty (5t1N /0 t lea*(s)ds) dt.

Note that A™1(€)A, < E.(§) < AN A, and A™HEA* < E*(€) < AN HEA* for all
£>0.
Following [34], we consider the following two sets of positive numbers in terms of which

we state the main result of this section.
E={{>0:(—-FE*(f(¢)) >0} and
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E.i={{>0:0=c—FE.f(c)) forsome c>0}.

Our main result of this section is the following theorem.
Theorem 4.1. If ¢ € =, N=*, then there is a positive solution u € WH®(RY) of ([4.1.1)
such that

(4.1.2) lim wu(z) =¢.

|z|—o00

Proof. Let £ € 2, NZ*. Then £ — E*(f(¢)) > 0, £ > 0 and there is ¢ > 0 such that
¢ =c— E.(f(c)). We consider the following two functions.

(4.1.3) y(r) = € — / Ty < £ /0 t sN—la*(s)ds> dt, v >0

(4.1.4) 2(r) i=c— /0 gt (f(c)tl_N /Ot sN_la*(s)ds) dt, r>0.

Since £ — E*(f(¢)) > 0 and ¢ — E,(f(c)) = € > 0, we see that y(r) > 0 and z(r) > 0 for

all » > 0. Moreover, we note that

y'(r) >0, Vr>0, limy(r)=¢—FE*(f({), and lim y(r)=~,.

r—0t r—00

Therefore y satisfies

|y () =" a () f(0, >0
0<{—E*(f(0)) <y(r)<t, ¥Yr>0.
Let us note that
(4.1.5) (M (ly' () = e () f(0) = 7Nt () f(y(r), > 0.
Similarly,
J( <0, ¥r>0, limz(r)=c, and lim 2(r) = c— E.(f(c))

Therefore, z satisfies

N ())) =" au(r) f(e), >0
0<c—E(f(c) <z(r)<e¢, Vr>0.

Here also we notice that

(4.1.6) (P2 () = vV au(r) f(e) > vV ran(r) f(2(r)), T > 0.
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Now, let v(z) := y(|z|) for z € R and w(z) := z(|z|) for all z € RY-. By the choice of
¢ in the definition (4.1.4) of z, we see that

(—E*(f(0) <v(z)<t, (=c—E(f(c)) <w)<c, (xzeRY).

From (4.1.5) and (4.1.6)), we see that, for r > 0,

oy y) = e () f(y(r) and (P e(1])2) < =t la(r) f(=(r).
It follows that w and v are both positive functions that belong to V[/llo’f(RN ), and on
recalling Lemma and Condition(A), we see the following hold.

Agv > a(z)f(v), (ze€RY), lim v(x) ="/

|z|—o00

Ayw < a(z)f(w), (zeRY), lim w(z) ="/

|z|—o00

Therefore, we invoke Theorem [1.6[to conclude the existence of a solution u € W,>*(RY)

loc

of (4.1.1)) such that v < u < w in RY, and hence u(z) — ¢ as |z| — cc. O

4.2 Some Sufficient Conditions and an Example

Let us now describe some sufficient conditions on f that would ensure the set =, N =* is

non-empty.
ATHf(t
7)) : t— # is non-increasing in (0, 00), and
ATH(f(t 11 ATt
tim 2Oy [ L gy 2200
t—00 t A, A* t—0+ t
At
(f-8): tw— # is non-decreasing in (0, c0), and
AT L f 1 11 AT
4 VA — —l< . 2 AT
LT mm{A*’A*} = maX{A*’A*} <

Theorem 4.2. Let f : RT — R* be a non-decreasing continuous function.

(1) If f satisfies (f-7), then there is 7 such that for each ¢ > 7, Problem has a
positive solution for which holds.

(2) f satisfies (f-8), then there is 7 such that for each 0 < ¢ < 7, Problem has a

positive solution satisfying (4.1.2)).

Proof. We start by remarking that, as a consequence of the dominated convergence

theorem, t — F,(f(t)) is a continuous function in R*,
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Let us assume first that condition (f-7) holds. Then, we note that the function g(t) :=
t — A7Y(f(t)) max{A., A*} is non-decreasing on R*, is negative near t = 0 and positive
at infinity. Therefore, there is 7 > 0 such that ¢g(7) = 0 and ¢(¢) > 0 for t > 7.

Moreover, we see that

lim [t — E.(f()] > lim (£ = A7 (f(1)As)

t—o00 t—o0

(4.2.1) > maX{A*,A*}tlLrglot (max{jl* yo A (;C(t))) = 0.

Let ¢ > 7 so that ¢ > 7 — E,(f(7)). From this and (4.2.1), we see that there is ¢ > 7
such that ¢ — E.(f(c)) = ¢. That is, ¢ € =,. Taking ¢ > 7/ > 7 and on using Condition
(f-7), we have

(—E*(f(0)) > £—Xf(¥))max{A,, A*} =¢ (1 —
> (1 B )\_l(f(T’))maX{A*,A*})

7—/

A~ (f(£)) max{A,, A*}>
14

> 0,

and hence ¢ € =*. An appeal to Theorem shows that holds in this case.
Suppose now Condition (f-8) holds. Note that f(0) = 0 in this case. Moreover g(t) :=
t — A1 f(¢)) max{A,, A*} is negative at infinity, positive in (0,d) for sufficiently small
d >0, and ¢(0) = 0. Therefore, let

(4.2.2) T = Sgg(t — A7H(f(t)) max{A,, A*}) > 0.
We pick v > 0 such that

(4.2.3) T =79—A"(f(y)) max{A,, A*}.
Given 0 < ¢ < 7 from (4.2.3]), we see that

0<l<y—E(f(7))

Thus, there is 0 < ¢ < 7 such that ¢ — F.(f(c)) = ¢ and hence ¢ € Z,. Since 0 < ¢ <
T < 7, it follows from Condition (f-8) that

(- B (f(0) > z(l_*“f“))j“{f“*”‘l*}) Ze(l_A‘l(fw))x:ax{A*,A*})
- T
-

Therefore ¢ € =*. We invoke Theorem to prove existence of positive solution that

satisfies (4.1.2)). O
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By way of illustrating the above theorem, let f(¢) = t* for k > 0 and let a(x) be a
continuous function that satisfies the assumptions described at the beginning of this
section. For simplicity, we assume that A := A, = A*. Suppose 0 < k < o. Then f
satisfies Condition (£-7). According to the proof of Theorem [£.2] we choose 7 > 0 such
that

0=7—A"Y(f(1)A =7 — max{7"/7 7/P} A.

ATTT=R) i A S
AP/ if A< T
Consequently, Theorem shows that for any ¢ > 7, Problem (4.1.1)) admits a positive

solution u that satisfies (4.1.2)).
Suppose k£ = o. If A < 1, then Condition (f-7) holds. In this case given any ¢ > 0,

Problem (4.1.1)) admits a solution that satisfies (4.1.2]).
Suppose now k > p. In this case Condition (f-8) holds. Following the proof of Theorem

(4.2), we find that

o/ (r=0)
(U) (1—3)if0<Agg
K

KA K
T = 1—A if 2<A<?
/(k—p)
(fqp p@—3>ifAzﬂ
KA K K

According to Theorem , given 0 < ¢ < 71, we see that Problem (4.1.1]) has a positive
solution u that satisfies (4.1.2)). To see this, note that

Gt)=t— A ft)A=t—-X1t")A
t—tPA if 0<t<1

t—t"7A if > 1
is continuous on R, is differentiable on R \ {1} and

1—5=nle g if 0<t<1
G'(t) = ’
1— £¢sm0)/e A if ¢ > 1

Suppose 0 < A < 7 5o that iA > 1. Note that G’ vanishes at
K K
< o )U/(HU)
kA '
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p \P/(5=p) o \7/(k—0) o o o \o/(k=0)
Note that (—) > (—) . Hence G is increasing in 0 < t < <—) ,
kA KA KA
o o \o/(k—0o) o ) o \o/(k=0)
and decreasing in (_A> < t < 00. Therefore, G attains its maximum at (_A>
K K

and this maximum is

(562

Now, suppose 7 «A<? Then Gis increasing on 0 < ¢ < 1 since g(t) =t — t*/P A is
K

K
_ . p \P/(=p) p \P/(r=p)
increasing in 0 < ¢ < <_A> and ( >

K

K

> 1
. o o \o/(k—0)
On the other hand, h(t) = t — t*/? A is decreasing in ¢t > (_A> and hence on
K
o/(k—0)
(1,00), since (i) <1

KA

Therefore, in this case G takes its maximum value of 1 — A at ¢t = 1. Finally, suppose

A> B In this case, note that
K
P

o
— < <1
KA = KA~

Therefore, both g(t) =t — t*/? A and h(t) =t

( P >P/(HP) <o
KA - &0

— t"/9 A are decreasing on

o ) . p \P/(r=p)
and G is increasing in 0 < t < <_A>
K

(H%>p/(ﬁp) <1 B g) ot (ﬁ)p/(np)-

Finally, suppose K = p and A < 1. If 0 < p, then Condition (f-8) holds. Even if
p = o, note that and the left-hand side of Condition (f-8) holds. As a result,
the argument used in the proof of Theorem under the assumption of Condition ({-8)
is still valid. Therefore, in this case given any ¢ > 0, Problem has a positive

solution that satisfies (4.1.2)).

. Therefore G takes its maximum value
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Chapter 5

Cauchy-Liouville Type Theorems

In this chapter, we focus on Cauchy-Liouville type results for solutions of the PDE
Agu = £ f(u)

where f is a continuous function.
The following comparison principle will be useful in our proof of Theorem below.
Lemma 5.1. Let Q C RY be a bounded domain, and suppose ¢ satisfies (¢-1) and (¢-2)

and g € L2 (2 x R) such that ¢t — g(x,t) is a non-decreasing function in R for each

loc

x € Q. Suppose u,v € Wh?(Q) N C(Q) satisfy
Agu > g(z,u), z€Q and Ay < g(z,v), v € Q.
If u <won 09, then u < v in Q.

Proof. Recall that by our definition of sub-solution and super-solution, we have g(z,u) €
L‘T’(Q) and g(x,v) € L‘T’(Q). We note that (u — v)t € Wy ®(Q) and hence using this as

a test function, we have
/qu(|Vu|)Vu V(u— )t < —/Qg(m,u)(u —v)* and
[ o19e)ve- V=)t = = [ gaou—o)"
Combining these two inequalities we find
| @V V=017 0) - (Vu— o)
= [@Tu)Tu = (19T - T o)
<~ [ (otau) = gler,o)) = o)
- [ o)~ gla)u =),

Since g(x, ) is non-decreasing for each x € €, we see that g(z,u(x)) > g(z,v(x)) on the

set {z € Q:u(x) > v(x)}. Therefore we conclude that

[ @(vu)Vu = a(19)Ve) - (Fu = o) <0
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On the other hand, the inequality (1.2.30) shows that on the set {z € Q : u(z) > v(z)}
(o(|Vu|)Vu — ¢(|Vo|) Vo) - (Vu — Vo) = 0.

But, in view of ([1.2.30)), this is impossible. Therefore we must have u < v on ). O

5.1 Absorption Terms of Keller-Osserman Type

We begin this section by making note of some consequence of (¢-3) that will be needed
for our investigation.

On multiplying both sides of by s and then integrating on (0,t¢) for ¢ > 0, we
find that

SA(s) /0 t\y(f)df < /0 tqf(ST)sdT < sA(s) /0 t\If(T)dT.
That is,

As)P(t) < D(st) < A(s)P(t), s,t>0,

where

Then, it follows that

(5.1.1) A (5)P7Ht) < D7 (st) < A ()P (1.
Since o < p, where o and p are the parameters in Condition (¢-3) for s > 1, we have
A7Y(s) = min{s"?, s/} = s¥* and A7(s) = max{s'/?, s¥/P} = 517,

Therefore, for s > o > 1, we have
QNflAfl(QNfl) B Q(Nfl)(erl)/p

gN—-1)—-1 (SN—1> T g(N=1)(o+1)/o”

(5.1.2)

Since (p+1)/p < (0 + 1)/0, we see that the right-hand side of (5.1.2) is less than one

whenever s > o > 1. Now, let us note that
A(s) = A(s)s = max{s"tt, s#*1}.

Therefore,

A7Y(s) = min{s"/ (D) M/ (DY

Consequently, for 0 < s < 1, we have

A—l (S) _ Sl/(a—l—l)‘
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Applying this to (5.1.2), we find that

e QN71A71(QN71) _ oD (p+1)/p(o+1)
SN=TA=T(sN-1) s(N=1)/c

If o > N — 1, then it is clear that

r N-1p-1(,N-1 .
) ~ (0" A o _ - ) —(N-1)
lim g AT (le)\l((le)>> ds = oW =D@HD/PEHD) Jim [ 575 ds = 00

r—00 r—00 0

p—o0 - 1
po(c+1) ~N-1

OOK—l QN_lA_l(QN_1> ds = Q(N—l)(p+1)/p(0+1) oosf(]ffmds
, sN-T\-1(sN-T)

e

On the other hand, suppose ¢ < N — 1. If, in addition, then we

have

_ o ol (N=1)(p=0)/polo+1) g

N—-1-o0

Consequently, in this case we find

0o N—1A—1( N—1
lim A_I(Q A (e ))ds:oo.

o0/, sN-1\-1(sN-T)

The above discussion leads us to consider the following condition on the parameter o

and p in Condition (¢-3).

. p—o0 1
(¢-4) po(o+1) SNoT

For easy reference, let us summarize the above discussion vis-a-vis Condition (¢-4) in
the following remark.
Remark 5.2. Let us suppose that Condition (¢-4) holds. Rewriting this condition as

p=o0 __o
plo+1) N-1

We consider two cases:

Case (I) >1 and Case (II) 7

1.
N_1 N_1°

Direct computation leads to the following conclusions.

(1) If (I) occurs, then for each o > 1

ro N—1A—-1/, N—1
lim Al(g A (e ))d3:oo.

roo J, sN=IA-1(sN-1)

(2) On the other hand, under Case (II)

oo N—1p—1(, N—1
lim A1 ('Q A (e ))ds = 0.
o

o300 sN-IA-1(sN-1)
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Let us now consider a non-decreasing function f : (0,00) — (0, 00) such that

619 [ i / 1

Condition (jb.1.3) is easily recognized as a generalization of the well-known
Keller-Osserman condition when ¢ = 1. We point out that Condition ({5.1.3]) is equivalent

to

*° ds
(5.1.4) /t T —F@) < VO

That (5.1.4) implies (5.1.3)) is obvious. Therefore, we only need to show that ((5.1.4)) is
implied by (5.1.3). For this, we first observe that

F(s)—F(t) > f(t)(s—t), and F(s)—F(t)>F(s—1t), Vs>t.

Let ¢t > 0 and fix 0 < # < 1. Using (5.1.1)), together with the above inequalities, we have

/OO ds _ /9” ds N /°° ds

¢ PTUE(s) — F(1)) ¢ PTHE(s) = F(t)  Jop THE(s) — F(1))
< 1 /9+t~ ds +/oo ds
T ONfW) e Ais—t)  Jon @TH(F(s — 1))

< 1 /9+t ds +/°° ds
—OTN(f() Sy (st @TI(E(s))
go/(o+1) ds

(5.1.5) S - +/ . —

OT(f(E) o THE(s))
Thus, Condition on f implies that the right-hand side of (5.1.5)) is finite for any
t > 0. Therefore ((5.1.4]) holds.

Let us now consider the following equation

(5.1.6) Agu = f(u).

Our first Liouville-type result in this section is provided by the following.
Theorem 5.3. Suppose (¢-4) holds and that f satisfies conditions (5.1.3). If u €
Wh(RN) N C(RY) is a non-negative sub-solution of (5.1.6) in RY, then v = 0 in RY.

loc

Proof. Let z € RY and € > 0 be arbitrary. Let v be a solution of

(5.1.7) (Yo ) =V (u(r), >0

Let (0, R) be the maximal interval of existence of v. We show that R < co. Note that
(5.1.8) PN Lo (! () () = / N f(u(s))ds, 0<r <R
0
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Therefore, v > 0 in (0, R). Moreover, according to (5.1.8)), we note that rV=1W(v/(r))
is a non-decreasing function in (0, R), and hence U= (r¥=1¥(v/(r))) is a non-decreasing
on (0, R). We now multiply both sides of by U (rN=1U(v/(r))) and for any
o0 <r < R, we have

TN ()T (v () = ‘I’I(TNI‘I'(U’(T)))/TSle(v(S))dS

0

> / LN (N (5))) f(o(s))ds

0

(5.1.9) > / SN AT (N f(w(s)) (5)ds
— N IA N 1 / f
(5.1.10) = oMIAT(Y — F(v(0))).

We have used ([1.1.6) in obtaining (5.1.9). The last inequality (5.1.10)), together with
the inequality (which is a consequence of (1.1.6))),

N @)Y @) < AT EN DY@ ()Y (r), o<r <R

shows that

On noting that ®(20v'(r)) > ¥(v'(r))v

v 2 o7 (S e (Pl = Flo(o))
> 8 (G e ) 7 (0) ~ Fu(@), 0<o<r

Integrating this last inequality on (g, ) shows that

/@() | ‘I“(F(s)dj F@) — % /@ b (iﬁﬁf ((fjvv_ll)) ) ds.

Consequently, we see that

(5.1.11) %/@ AT (il;_llﬁ_igfg_j))) ds < /:) cpl(F(s)dj F(v(0)))’

Note that

e ds e ¢
0= [ FmFm ), TR
is non-increasing function. Therefore, since € = v(0) < v(p), we have Q(e) > Q(v(p)).

Thus, we obtain the following from inequality ([5.1.11]):

T N—IA— (Q — ) 00 ds
5.1.12 At (2 d <2/ Vo<r<R
s[5 (S ) @ <2 [ e —ry o<t
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Thus, Condition (5.1.3) on f implies that the left hand side of is finite. Now
assume that R = oo. Then, we can take p > 1 in . If 0 > N —1, then taking the
limit as r — oo in leads to a contradiction, by Remark .

Now, let us suppose that o0 < N — 1. Taking the limit in as r — oo, and we find
that

o) N—1A—-17/ N-—1 00
o1 (oM TIATH (M) / ds
5.1.13 A ds <2 :
(o:1:49) [ (Smemy) <2 sy v
Then, we use Condition (¢-4), and Remark |5.2[ to see that Inequality (5.1.13)) leads to a

contradiction upon taking the limit as p — oo.

Therefore, we conclude that indeed R < 0o, and as a consequence v(r) — oo asr — R™.
Fix an arbitrary z € RY, and let w(z) := v(|z — 2|) for x € RY. Given a non-negative
sub-solution u of in RV, let 0 < § < 1 with 1 — ¢ is sufficiently small such that
u < w on 0B(z,dR). We also note that w is a solution of in the ball B(z,0R).
We invoke the comparison principle, Lemma [5.1] to conclude that

u(z) <w(z), x¢€ B(z,0R).

In particular, we have 0 < u(z) < e. Since € > 0 is arbitrary, we find that u(z) = 0, and
since z € RY is arbitrary, we conclude v = 0 in RV. O
Theorem 5.4. Suppose Condition (¢-4) holds. Let f : R — R such that f(¢) > 0 for
t >0 and f(0) =0, and that f satisfies (5.1.3).

(a) If u is a sub-solution of (5.1.6)), then v < 0 in RV,

(b) If f is an odd function and u satisfies (5.1.6]), then v = 0 in RY.

Proof. (a) Let u be any sub-solution of in RY. To show that u < 0 in RY,
it suffices to demonstrate that ' is a sub-solution of in RY. Once, this
is proven, then we can invoke Theorem to conclude that vt = 0, and hence
u=—u~ <0in RV, First, since u € W,oP(RN), let us notice that ut € WL (RY)

(see Lemma of the Appendix). To see that u™ is a sub-solution of (5.1.6)), let
Q= {x € RY :u(z) > 0}.

Of course, we suppose that €2 is non-empty for otherwise there is nothing to prove.

Let ¥ € CY(R) such that

J(t)>0 on (0,1), 9=1 on [l,o0) and 9=0 on (—o0,0].
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Let 9;(t) := 9(jt) for any positive integer j, and any ¢ € R. Given O CcC RY| let
© € W*(0) with ¢ > 0 in O, we have

/O (S(Vu*)Vut, Vi) = / {0(Vu) Vi, Vi) by Lemana [T

= lim 05 (w) {o(|VuT])Vut, V)

= Jono

= lim (o(IVul)Vu, 9;(u)Ve)

170 Jano

= 1im [ (6(]Vu))Va, 9, () Vi)

j—0o0 o

—lim [ (¢(Vu))Vu, V(9,(u)p)) — hm/ (V) Vu, V(9 (u)))

j—00 o

< —lim | 9;(u) — hm / o(|Vu|)Vu, V(9;(u))) .

j—>OO @)

To obtain the last inequality, we have used the assumption that u is a sub-solution

of (5.1.6) in RY.

Since ¢()t* > 0 for all ¢ > 0 and ¥’ > 0 on R, we have

/O o (S Vul)Vu, V(0 () = /O o) (6| Vu]) Vi, Vi) > 0.

Therefore, on recalling that f(0) = 0, the last two inequalities lead to the following.
[ (9uthut, Vo) < - lim [ a5 f )
o J7eoJo

= — lim 0 (u) f(u)p = — flu)e = /Of(u*)so

J= Jono QNoO
Therefore, u™ is a sub-solution of (5.1.6)), as desired.

(b) Suppose f is an odd function, and that u is a solution of (5.1.6) in RY. Therefore,
u < 0 in RY, by what was proved in (a). On the other hand, it is easily seen that
—u is a solution of (5.1.6) in RY. Therefore, —u < 0 in RY again. Thus, we have

shown that © = 0 in RY.

]

Let us illustrate the above results for the ¢-Laplacian with some of the functions ¢ from

Example 1.1.

5.2 Some Examples

(1) For ¢(t) = ptP~2 with p > 1. The ¢-Laplacian is essentially the standard p-
Laplacian. In this case, we see that Condition (¢-4) holds. Condition (5.1.3))
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reduces to the requirement that

/ ds T+ <oo, Vi>0.
t (F(s))r

Therefore, in this case both Theorem [5.3] and Theorem [5.4] hold for any p > 1.

Let us know consider ¢(t) = ptP=2 4 qt772 for 1 < p < ¢. Note that, in this case

T
O(t) = —+— <20, t>1.
p g

As a consequence of this, we see that

* ds > ds
/t <1>—1(F(s))§2/t (F(t)s o

Therefore, if the right-hand side integral in the above inequality is finite for some
t > 0, then Condition ([5.1.3) holds, and therefore Theorem and Theorem
both hold provided that (¢-4) is satisfied, that is,

Q=

- - 1
p—o q—p _

po(c+1) plp—1)(¢—1) N-1

Let ¢(t) = ptP~tlog?(1 + ) + qtP~1(1 + )t log? '(1 4+ ¢) for p > 1 and ¢ > 0. In
this case, ®(t) = t?log?(1 + t). Note that given € > 0, there is t., sufficiently large,
such that

O(t) < tte, Vi > t..

Therefore, if there is r > p such that

/too (Fi:))i =

for some ¢ > 0, then Condition (5.1.3) holds. Thus,if

p—0o q 1
(5.2.) oot D) pp-Dpiq-1 N_T

then Theorem and Theorem both apply. For instance, if ¢ is sufficiently

large that
N —1 <1
(¢—1)(2¢—-1)
then, for p > ¢, we have
Yol o<l
p-=Dp+q—1) q

and therefore, (5.2.1)) holds for such pair (p, q).
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5.3 Sign-changing Absorption Terms

This section is devoted to the study of some Liouville-type property of positive solutions

of the following equation for a given f : R — R.
(5.3.1) Ayu=—f(u) inRY.

Solutions of ([5.3.1)) are invariant under rotations. To see this, let A be any orthogonal

transformation of RY | and define v(z) := u(Ax) on RY. Computation shows that
Vu(z) = ATVu(Ax).

Given Q cC RV, and any ¢ € Wy'*(Q), let ¢(y) := ¢(ATy) for y € O := A(Q). Then
AT(O) = Q and it is easily noted that ¢ € W, (©). On using change of variables, and

using (, ) for the Euclidean inner product, we have
[ oeh (V0. ehde = [ o(Vel) (Ve V) da
Q AT(0)
— / o(|Vul) <ATVU, V<p> dx
AT(0)
= [ olIVul) (Vu, AV ds
AT(0)

= /(9¢(|vu|)<vu,w>dy:/Of(u)wdyz/A(mf(U)wdy

- / F(v)pdz.

To study Liouville-type properties of solutions to (5.3.1]), we start by making some suit-
able assumption on ¢. Specifically, we require that ¢ € C?(0, c0) and satisfies following.
(¢-5) < infw(t) < (t) < N 2 _3p+2

-5): — in — —
o< =) <) < {77y ) ot~ 32

where
. ¢”(t)t2
9

In main result of this section is the following Liouville-type theorem for solution of

5.3.1). This theorem extends the result in the [6] where the special case ¢(t) = tP=2,p >
p P

,t > 0.

1 was considered.
In the proof of the theorem, we will observe the Einstein summation convention over
repeated indices. That is, in any expression containing subscripted variables appearing

twice (and only twice) in any term, the subscripted variables are assumed to be summed
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over. If circumstances demand clarity, we will resort to usage of an explicit summation

N
notation. For instance z;;y; for j =1,--- , N stands for injyj.
j=1

Theorem 5.5. Suppose Conditions (¢-1), (¢-3), and (¢-5) hold, and that f € C7(R)

loc

for some 0 < v < 1. If f satisfies

(5.3.2) £t <o (%) %’5) VS0,

then any positive solution u € WL(RY) N C(RN) of in R is a constant in RY.
Remark 5.6. Suppose ¢ satisfies the assumptions of the theorem. If f(t) = t? — ¥ for
some 0 < 0 < o(N +1)/(N —1) <9, then f satisfies and therefore, the only
positive solution of in RV is u = 1. We should also note that if f is a non-negative
and non-increasing function on R, then f satisfies and therefore, in this case only
constants are the possible solutions of .

Proof. Let us first note that, as a consequence of the continuity of u and [16, Lemma 3.3],

we see that u € C}(;(?(RN ). Therefore, it follows that the equation (5.3.1]) is uniformly
elliptic on open sets that are compactly contained in O where O := {x € RY : |Vu(z)| >
0}. Consequently, it follows that v € C? in any open set that is compactly contained
in O (see [28, Corollary 2.2] where we take p = ¢ = 2). We refer the reader to the
Appendix for a detailed justification of the assertion.

Let 7o € RY be an arbitrary but fixed point. We wish to show Vu(zy) = 0. Given a > 0

let us set
2
J(x) := (a® — 1*)*0, where © = [Vl

u?

,and 7= |r — 20|

We note that J > 0 in B := B(x,a) and J|jz_gz = = 0. Therefore, J attains its
maximum value on B at some interior point z* € B. Suppose Vu(z*) = 0. Then © (and
hence .J) will be zero at z*. But then J (and therefore ©) will be zero on B. This would
imply |Vu| = 0 in B, and in particular Vu(xg) = 0. Therefore we assume that |Vu| > 0

at z*. We recall that u is C} (O), where O := {z € Q : [Vu(z)| > 0}. Now, at z* we

loc

have
(5.3.3) 0=J;, =—2(a®>—71°)(r*);0 + (a®* —r*)?0;, j=1,---,N and
(5.3.4) D?J <.

Let us first show that the N x N matrix

¢'(IVu])[Vu|

H: =1
NSVl

|Vu|2VuVu®
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is positive definite. Here Iy is the N x N identity matrix, and AT stands for the transpose

of matrix A. To see that H is positive definite, we first note that for any ¢ € RV \ {0}
¢'(IVul) [ Vul (€"Vu)®

THf 52
ST 2T T
¢'(IVu)) |Vl ¢'(IVu])[Vu|
rf ZUYUVIVEL S ) then €THE > |€]? > 0. If, on the other hand, —1 < 22 Y ULV
¢(|Vul) ¢(|Vul)
0, then on noting that [£7 Vu| < |¢]|Vu| and therefore,
(§"Vu)? 2
- <
|Vu|2 —_— |§| Y

we have (recalling Condition (¢-3))

¢'([Vul)|Vul o _ < cb’(IVUI)IVUI)
TH 2 2 — 2 )

Thus, in any case we have shown that H > 0.
Now recalling that D?J < 0 at x*, the product matrix HD?J < 0 at z*. Therefore, at
x* we have

¢'(IVul)[Vul

ovupy PtV

N

Z (HD*J)e; = AJ +
where e; is the unit vector in RY with 1 in the j” position. In the last equation, we
have used the simple fact that ef Bey, = by, where B = [b;;] is an N x N matrix. Thus,

at * we have

¢'([Vu))[Vul
¢(|Vul)

Recalling that (5.3.1)) is invariant under rotation, we choose coordinates so that at the

(5.3.5) AJ + Jijugug | Vul| 7 < 0.

point x*, we have
(5.3.6) \Vu| =uy, uj=0, j=2,---,N.

Through direct computation, we note that

AJ + ﬁz‘;);“ Ju = 2V(r?)Pe - 2(a® - r)AGP)O — 4(a® — )V (1%) - VO
_ ¢'(u1)u 72)1)2
Ha® =180 + ST R(())0

—4(a* —r*)0 — 4(a* — r*)(1*),0, + (a* — r*)?614].

This, together with Inequality (5.3.5]), implies

! 2 AN 4 2\ .
¢(u1)u1®11§_ 8r o4 o4 V(r) - Ve

A0 @ @) a
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¢ (un)uy [ 2((r*)1)* o 4 o+ 4(r*) o,

¢(u1) B (a2 _ 7“2)2 a2 — r2 a2 — r2

To obtain , we have used the easily verifiable identities

(5.3.7) +

(5.3.8) V()2 = 4%, A(r?) = 2N.

Moreover, from we obtain
2(7’2)1 20

_ _ 2
0, = e —7’2@ and VO = = _TZV(T )
Using these and (5.3.8)) in (5.3.7) we find
¢ (uy)uy 24r? AN & (ur)uy [ 6((r%)y)? 4
AO + ¢(u1) 0, <06 (a2 — T2)2 + 22 + ¢(u1) (a2 — 7“2)2 + ORI .
Therefore, at x*, we have
¢'(ur)uy
AB+ o(uy) On 2472 N AN n ¢ (up)uy 24r? N 4
=) = (@2 —r2)2 g2 g2 o(ur) (@—122 " @2—¢2)"
Since 72 < a? in B(xg,a), we have
¢'(u1)uy
AO + )
olu)
C)
24> 4N ¢ (uy) u1 240 4a?
5.3.9) < + + .
( =(a2—r2)2 ' (@2- ‘ (@2 — 122 ' (a2 —12)2
Let us now notice that for 7,7 =1,2,--- , N, we have
(5.3.10) 0; = 2ujjuu? — 2|VulPuu~
(5.3.11) ©; = 2uiijuju_2 + 2uijuiju — Sujuuu — 2|Vul?u 3wy + 6| Vul?utu?

Upon using ([5.3.6)), we obtain the following from (/5.3.11]).

—2 —2 2, -3 4, —4
@11 = 2u111u1u + 2u1ju1ju — 107,6111,61’11/ + 6U1U

AO = 2(Au)juiu~? + 2uijuiju_2 — Supuiu — 2utuT Au + 6ufut

From the above computation, we see that, at =*,

¢(u1) ¢(U1) ¢(u1)

A@ -+ ¢/(UI)UI @11 = 2u1u*2 |:(AUJ)1 -+ ¢/(UI)UI U111:| + 2U72 (uijuij —+ —gbI(UI)Ul uljulj)
(5.3.12) —2ulu~> [Au + (4 + 5"5;2‘;3;“) un] +6 (1 + %Ef;“) whu,
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Let us now proceed to find alternative forms for the expressions in the parentheses in

(5.3.12). We start by rewriting the equation (5 in any open set O that contains z*

where u is C?- smooth.

(5.3.13) o(|Vu|)Au + %uljuiw = —f(u).

On recalling ([5.3.6)), we obtain the following from (5.3.13) at z*

¢(ur)Au + ¢ (ur)unuy = — f(u).

That is,

¢ (uur _ f(w)
(5.3.14) Au+ o) Uy = o)

We now differentiate ((5.3.13|) with respect to the variable z;. On evaluating the resulting

expression at z*, we find
¢(ur)(Au)y + ¢/ (ur)unAu + ¢ (u)urudy — ¢ (un)ui; + ¢ (wr)urnw
£20/() Y"1, - ).
P
That is
(5.3.15)¢(u1) (Au)y + ¢ (u)wiwin = —2¢'(uy Zulj M) un Au — ¢ (uy Juyu?,
—¢/ (m)u?l — ur f'(u).

On dividing both sides of (5.3.15)) by ¢(u;), using (5.3.14)) to replace Aw in the resulting

expression, and rearranging we find

¢'(U1)
(u )

2 [

¢"( L2 u f'(u)
¢(u1) B ()

Let us observe the following.

(5.3.16)  (Au) +

(- ] e

"(u1)uy
uzjulj ‘I’ ¢<U/1) uljulj
1)U 2 ¢’ (u1)uy al 2
_22u1j+u11+2uﬂ+ Z u”—l— ) 1+ S(u) uy;
1,7>2,i#7 1 j=2
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(5.3.17) > (2 + ﬁ?;i;“) jéu%j + (1 + (bl(;z‘i?) uiy + gu;.

To proceed further, we need the following inequality.

Lemma 5.7.

¢ (u)uy - N ¢’ (u1)ur 2 1
(1 + () )uil—i-j;ugj > <N— 1 + on )ufl_mullAu‘i‘m(Au)Q.

Proof. Let us note that

N 2 N N
(Z uﬂ) - Z u?]’ +2 Z WUiiUjj
j=2 j=2 2<i<j
N N N N
D SRS SITRRTANS Nty i
j=2 2<i<j j=2 j=2

Therefore,

N 1 N 2 1
Zuiij_1<Zujj> = —N_l(Au—ull)z

1

to both sides of the last inequality above. O]

Using Lemma [5.7] in equality (5.3.17]), we obtain the following

&' (ur)us ¢ (uy)uy N
(5318) Ui U + Wuljulj > <2 + ¢(u1) ) ;Uﬁj

N ¢'(u)ur) 2 1 2
— ——up A —(Au)~.

We use ((5.3.16]) and (5.3.18)) in ((5.3.12)) to get

é(ur) P(u1)

L (T P - e, -

¢,(U1)U1 al N ¢/(U1)U1 2
(“ N )Z“@*(N—ﬁ o) )“?I‘N—W“A“

=2

/ / N
A(") + ¢ (UI>U1 @11 Z 2u1u_2 {—2(25 (U1>u1 ZU%]
j=2

420,72
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! - ¢ () ) o
+m(A“)2} — 2uju’ {Au + <4 + 5W) U11:| +6 <1 + 5 ) ufu~t

Rearranging the terms in the last inequality, we find

@' (1), w2y P\~ S f) S
BT oy =7 {(2 o) >Z V) o)™ o)

1 2 ¢uu\*  ¢"(w)d N |,
_—N_1<AU)U11+ N_1<AU) + [( gb(ul) ) — ¢(u1) + N-l]

¢/(U1)U1) ] 2, —1 ( ¢/(U1)Ul> 4 —2}

5.3.19) — Au+(4—|—5 up | uju + 31+ uu )

( ) [ ¢(u1) e P(u1) !

We recall from ([5.3.10)) that for j = 2,--- | N, we have ©; = 2u;;uju~2 and therefore
j j

the following holds.

2

N N
v 29 L8
4 P

_ = VO[?
92 2 2 _ Jj=2 — | )
B ;“lﬂ 2(@)? 20— 20
u
We use the above inequality and ([5.3.15) to estimate Inequality ([5.3.19)) as follows.
¢/ (ur)uy ¢ (u)ur | [VO[?
AO + O > 12—
olw) 7 o(ur) | 20
o ) ¢(u)ur  fu) frud (¢,(U1)U1)2 ¢" (u1)uj N 2
+2u~? . Uy — — + U
{ o(w)  Sw) T Plu) P(ur) $(ur) ~ N—1| 1

+

v (o )y (o + 455

[t

+3 (1 + ﬁ?;i;“) u;*u—Q} .

Rearranging the terms in the above inequality, we find

¢'(u1)ug ~ P(u)u | VO]
¢(ur) o(w) | 20
=y frud N (¢(u)ur)* 2 Yludur ¢ (u)ud
I { P(u1) " [N— 1 ( P(u1) ) " N—-1 ¢(u1) ¢(u1)

+L} ° N1 (f(u) )2 . {N2 <1 N ¢’(u1)u1) N ¢'(U1)ul} W,

AO + 2

O > —

N -1 —1 \o(u) —1 d(uy) d(u1) | d(ur)
¢’ (u1)wy fw) ] 5 P(u)ur\ 4 o
- [4 (1 o) ) e ¢<u1>} s (1 o) ) o } |
We recall from that ©; = 2ujuyu=? — 2udu~3. That is,
6w ul
= 2U1 E
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Inserting this in the last equality, we have

¢’ (u1)ur |y dw)un]| [VOP? 2 {_ frud
20T Ty M E T oy | e TR o)

N ¢’(u1)u1)2 2 lu)ur  ¢"(un)u? N (@1u )2
TN ( o(uq TN o(uy) o(uy) + N — 2uy i u

() [ ) ()
AN i Al ] (e RS
Further rearrangement leads to
¢ (ur)us ¢'(u)ui | [VO[?
¢(u1) ¢(ur) | 20

N (¢ (ul)ul)2 . 9 ¢/(u1)u1 - ¢//(ul)u% N N (2@1U1 n 2_U%>
N—-1\ o(u) N—-1 o¢(u) o(uy) N-1 u u?

it ) [ S ) ()

4 (1 L ¢/(U1)U1) O1u (1 n ¢'(U1)U1) iy
@1“2 2
(2uu1>

AO + @11_—’2—

+

¢(u1) U ¢(u1)
N (¢’(u1)u1)2 N 2 Ylu)u & (uy)u? N N
Conditions ([5.3.2)), together with Condltlon ) 1mphes that

(5.3.21) —f(u)+Ni< Mm)m) S S priuy + (M)ﬁzo

+2

N o(uq) N-1) u
To continue, it will be convenient to introduce the following notations.
¢'(t)t
Alt) = —1|2—
i ‘ a0
& (t)t (Ot 290" ()¢ 2
(ww) 1¢t 2 TN
2 o (1)t
PO=N ( w)*
L. SO\’ LELED ww a(N-2)
E(t) = ( o) o0 N1 and

B SO 2 wu Cywe . N
””’N>1<ww)+ N-To@) o) N-T

Using the Inequality (5.3.21)) last inequality, and then dividing both sides of ([5.3.22) by

O, and rearranging, we find

¢’ (u1)ua /
AG+ SO | Fum | VP
S} o ¢(U1) 202
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N [ 2N (gb’(ul)ul)Q 2N =3) ¢ (u)ur 29" (un)ud N 2 ] u?

N—-1\ o¢(u) N—-1 o)  o(w) N—1

et () [ (1 5) + ] (et

1)

|2y (¢'(u1)u1)2 AN =2) ¢ (u)ur  2¢"(u)ud  2(N —2)| 1wy

N (¢ (u)uy 2 lu)ur  ¢"(u)u? N | o2
N ( (u) ) TN ) e(m)  N—1|16?
-4t i + B2+ 0 (ZHE5) -+ plen (2505 )
+E(u1)@ézl + F(u1)4®—@12

s s s (L)

D) (@%L;((uw + Ew) @éil ‘

Note that we have used Condition (¢-5) and F' > B > 0 in the penultimate inequalityf]
Using Cauchy-Schwartz inequality, we estimate (5.3.21|) as follows. We will suppress the
dependence of A, B, D, and F on u;.

¢’ (u1)wy
2O o) M Iver

fw) \* D? [ e?
o A58 +B@+C <ul¢<u1>) _%(E)
(u) B2 (©2\ Bul
¢ (uquun) 2B (2—@2> “ow

Ve Bu 1/(D? E2 0?2
(5.3.23) = At 5 @ o5

We now combine inequalities ((5.3.9)) and ( m ) to get

VO B 1(0_2 Ez) o2
24a? n 4a?
(a® —r2)2 " (a2 — 12)?2 :

A

200 " 242 2\ C 202
¢'(u1)us

242 4Na?
¢(U1)

< (CL2 _ 7’2)2 + (CL2 _ 7’2)2 +

In other words, we have

O<u%< 2 [4a® (6+N gb u1 u1 28a? N 1 D2+E2 A Vo
~wu? T B (a®—1?)? (=722 |2\ C B 202 |
et w:= ‘Z;E:;t and w : ¢¢((i))t2 Then we see that
2N, 2(N-3) 2 [ N - B
B_N—lw N1 ¥ 2w+N_1—2|:N_ ) —3(14+w)+2 w},
and
:ﬂuﬂ—i— 1 w— 2w + 2N :2|:L(1+w)2—2(1+w)+2—w}
N -1 N-1 N -1 N -1
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From (5.3.3)), we recall that at x*, we have

ve Vv w0 that vepr &
[e) - (CLQ _ 7“2)2’ 20?2 - (CLQ _ 7“2)2'

Therefore, at z* we have the estimate

0 < |Vul? < Co(uy)a? |
=T S (a2 - r2)e

where

Col(uy) = % 64+N+7(p+1)+2 ’% (DQ((JUI) + %2&1))) — A(uy) }

Note that by Conditions (¢-3) and (¢-5), Cp(uy) is bounded by a positive constant M.

Moreover, we observe that

B |Vul?

u2

J(z*) (a® —1r?)? < Ma®.

Since J(zg) < J(z*), we conclude that at xy we have

[Vul?

u?

at = J(zo) < J(2*) < Ma?.

Thus, at zy we have the estimate
2
|Vul < M

u? T oa?’

Letting a — oo, we find that [Vu| = 0 at xy. Since xy was arbitrary, we conclude that

Vu =0 on RY, as desired. O

5.4 Some Examples

Let us illustrate the above theorem with some examples. The simplest case occurs when

é(t) = ptP~2 for some p > 1. In this case, ¢ = p = p — 1, and we note

(p—1)°
N1

2 2 = —2)(p—3).
N1 S+ +(—2)(p—3)

Therefore, we immediately see that Condition (¢-5) holds. This has been investigated
in [9].
Now, let us consider ¢(t) = ptP~2+qt972 for 1 < p < ¢. Recall that in this case 0 = p—1
and p = q — 1. Let us note thatf]
() = ¢"() _pp—2)(p - 3))751’_‘2 + q(fz_— 2)(q —3)t?
(1) ptP=? + gt

21f a,b € R. Since min{a, b} < a,b < max{a, b}, then we have
min{a, b} < 0Oa + (1 — 0)b < max{a,b} for all 0 <6 < 1.
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<max{(p—2)(p—3),(¢—2)(q—3)}.

N_102—3p+2—w

(5.4.1) > N

> =1 =3¢ 1D +2—max{(p—2)(p—3),(¢ = 2)(g = 3)}

Let us observe that

(¢—2)(¢=3) = (¢g—p+p—2)(¢g—p+p—3)

= (@-p*+(@—p)2p—5)+{p-2)(p—3)
(¢—p)a+p=5+{®-2)(p-3)
(g=p)(2p=5)+ (p—2)(p—3).

Therefore, we see that

-2)(p—3) if 5/2
max{(p —2)(p—3), (¢ —2)(¢g—3)} = (p )(p ) p<5/
(¢—2)(¢—3) ifp>5/2.

So let us first suppose that 1 < p < 5/2. Then Inequality (5.4.1)) reduces to

o’ =3p+2-w> (P=1°=3(g-1)+2—(p-2)(p-3).

N -1 N -1
Thus, if
p<a < gy 1P =D -3+
- 3| v e- )
= %:(I;V__lf—l—i%p},

then Condition (¢-5) holds.
Now suppose p > g Then Inequality (5.4.1) becomes

TN

> P =31 +2-(¢-2)(¢—3)
ZN]\_fl(p—l)2—q2+2q—1

- 1 (g1

Therefore, if
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the Condition (¢-5) holds.

Now, given p > 1, let us set p, as follows.

I

Nt

+ 3p] if p <
D« =

N
— )41 ifp>
=\ y—7T1 ip2

Nt

We remark that p < p, for p > 1. We now summarize the above discussion in the

following corollary.
Corollary 5.8. Given p > 1, suppose f satisfies Condition (5.3.2)) with o = p — 1. If

1 < p < q < ps, then any non-negative entire solution
Apu+ Aju = —f(u)

is a constant on RY.

As another example, let us look at ¢(t) = 2p(1 + ¢?)P~! for 1/2 < p < 2.
We recall that
oc=min{l,2p — 1} and p=max{l,2p—1}

Moreover, direct computation shows that

¢”(t)t2
=0 = o0
= =062 () 2V

Suppose first 1/2 < p < 1. Then

@) < [Ap-1p-2)+20p-1)] tztj_l
= 215

Then in this case, we have 2p — 1 = 0 < p = 1 and therefore,

o’ —3p+2—-w > 2p—12—1-2(>p—1)(2p—3)

N -1 N —1
N
= ﬁ(%—1)2—(2p—1)2+3(2p—1)—3
1

which is positive if and only if

1>p>

—3(N = 1)+ /(N —1)(9N + 3)
: .
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On the other hand, suppose 1 < p < 2. Then
@(t) <2(p—1)

and since

1<o<p=2p—-1,

we have

9 N

N -1

_ N g
- N-1 P

Therefore, for

1
lep<log—0r
Pttt N

N 102 —3p+ 2 — w is positive. Therefore, as a consequence of Theorem we have

the following

—3(N —1)+ /(N —1)(9N + 3) <p<ldt 1
2

(5.4.2) g

Corollary 5.9. Suppose [ satisfies Condition (5.3.2) with ¢ = min{1,2p — 1}. If p
satisfies ([5.4.2)), then any non-negative entire solution of

div((1 + |Vu[?)P~1Vu) = —%pf(u)

is a constant on RY.
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Chapter 6

Future Work

There are some interesting problems related to this dissertation that one can investigate.

Here, we cite a couple of problems.

(I) One can ask questions similar to those addressed in chapter 2, 3 and 4 of this
dissertation when the ¢-Laplacian is replaced by a non-divergence structure and

uniformly elliptic operator:

N
LUZZ% 8 &c] Zb Jua, + c(7)u.

j=1

We suppose that the coefficients of L are all continuous in R and that L is uni-

formly elliptic in RY, in the sense that there are constants 0 < § < © such that
ol¢)* < Z a;;(2)&& < OlEP, ¥ (2,6) € RY x RN,
,j=1
(IT) Another natural problem to consider would be to investigate if some or most of the
results extend to equations of the form
Apu = h(z,u, Vu)

where h : RY x Rt x RY — R is continuous and satisfy the structure condition

Ih(z,t,p)| < bl Ipl),  (2.t,p) € RY x RY X RY.

It is reasonable to expect that many of the results in Chapter 2 continue to hold under
the following assumptions.
b: RS — Ry is non-trivial continuous function that satisfies Condition (b-1) and f :

Ry x Ry — R satisfies any of the following conditions. The function f(t,r) is

AH(f(E )
t

Y(f(t 1
(f-2)* : non-decreasing in ¢, r and thm M <3 for each r > 0.
— 00

(f-3)* : non-increasing in ¢, non-decreasing in r.

1
(f-1)* : non-decreasing in ¢, 7 and lim <3 for eachr > 0.

t—0t

Moreover f(r,r) is non-increasing in r.
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For instance, f(t,7) = (1 +7)?(1 4 t)~7 satisfies conditions
(1) if (p,q) € R x (—0,00)
(£2)° if (p.g) € R x (—00,—0)

(f-3)* if 0<p<gq
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Chapter 7

Appendix

This appendix has two parts. In the first part, we recall some basic background material
used to develop the work in this dissertation. In the second part, we prove some results
that were used in proofs of some results in the thesis.

Let X be a real Banach space. As is standard, we denote by X* the Banach space of
all bounded linear functionals on X. A sequence {z,} in X is said to converge weakly

to some z € X, denoted by x, — z if and only if
flan) = flx) V[feX"

Note that if {z,} is a sequence in X such that z,, — = for x € X, then z,, — z. Fur-
thermore, it is well-known that any weakly convergent sequence is bounded.

Any bounded sequence in a reflexive Banach space contains a weakly convergent subse-
quence. We state this fact in the following theorem.

Theorem 7.1. (Weak Compactness) Let X be a reflexive Banach space and suppose
that {z,} is a bounded sequence. Then there exists a subsequence {wy,} and z € X

such that x;, — x.

To state another useful theorem, we start by developing the basic notions needed in its
statement. Let X be a Banach space, and ¢ € X*. It is easily seen that C' := {u €
X :l(u) < a} is a convex subset of X, and clearly is a weakly closed subset of X. We
refer to such a set as a closed half-space. Since / is continuous, it is clear that C' is a
closed subset of X as well. Since arbitrary intersections of convex sets are convex, and
arbitrary intersections of closed sets are closed. we see that for any Z C X* the set

(e X :lu) <o,

Lel

where o, are constants, is a weakly closed as well as a weakly convex subset of X.
Mazur’s Theorem states that every closed and convex subset of X arises in this way, see
[12, Corollary 1.4]. In other words

Theorem 7.2. (Mazur’s Theorem) Let X be a Banach space. Then every closed and
convex subset of X is the intersection of the closed half-spaces that contain it. In other

words, any closed and convex subset of X is weakly closed.
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Another useful reformation of the above theorem is the following.
Theorem 7.3. (Mazur’s Theorem) Let X be a Banach space, and suppose {u,} is a
sequence in X such that u, — u € X. Then there is N : N — N and for each n € N and

there are real numbers y;(n), k =n,---, N(n) such that the sequence
N(n)

(7.0.1) wo = Y ()
k=n

converges (strongly) to v in X.

To see the equivalence, let us first assume Theorem and prove Theorem [7.3] So
suppose {u,} is a sequence in X such that u, — u for some u € X. As a consequence,
it is clear that for each n € N, u belongs to the weak closure of H,,, where H, is the
convex hull of {uy, : k > n}. By Theorem [7.2] the weak closure of H,, is the same as the
closure H,, of H,. Thus, u € H,, for all n € H,. Now, for all n, we choose w,, € H,, such
that ||lu — w,]|| < % Thus w, — u strongly and each w, is of the desired form.

Now let us assume that Theorem holds, and let A C X be a closed and convex set.
Let S be the weak closure of A. Clearly, A C S. Let u € S. Then there is a sequence
{u,} in A that converges weakly to u. By Theorem [7.3] there is a sequence {w,} of
elements of X of the form such that w, — u. Since A is convex, we note that
w, € A for all n. Since A is closed, we see that u € A. Thus, we have shown that A = 5,
as claimed.

Let X and Y be Banach spaces with X C Y. We say

(a) X is continuously imbedded in Y, indicated, X < Y if there is a constant C' > 0
such that ||z|y < C||z||x for all z € X, and

(b) X is compactly imbedded in Y, indicated by X CC Y if
(i) X is continuously imbedded in Y and
(ii) Each bounded sequence in X has a subsequence that converges in Y.

This concept can best be illustrated by recalling the Rellich-Kondrachov Theorem (see
[T, Theorem 6.3, Part I]). Let 2 C R be a bounded open set that satisfies the cone

condition and suppose 1 < p < n. Then, for any ¢, 1 < ¢ < p* =n/(n — p), we have
WhP(Q) cc LYQ).

In particular,

WiP(Q) cc LP(Q), V1<p<n.
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A functional J : X — RU {+o00} is said to be weakly lower semicontinuous at x € X if

and only if for every sequence {z,} that converges weakly to z, we have

J(z) < lim inf J(x,).

n—o0

A functional J on a separable Banach space is called coercive if and only if

lim J(z) = oc.
llz[|—o00

7.1 The Schauder-Tychonoff Fixed-Point Theorem

Let X be a topological space and (Y, p) be metric space. By C(X,Y'), we denote the space
of continuous functions from X into Y. Let F C C(X,Y). We say F is equicontinuous
at o € X if and only if for each € > 0, there is a neighborhood U of xy in X such that

p(f(x), flzo)) <€, V(x,f)elUxF.

We say F is equicontinuous on X if F is equicontinuous at each point x € X.
One can introduce a topology on YX, the set of all functions from X into Y as follows.

Given f € YX, a compact set K C X and r > 0, let

Bi(fr) = {g € V¥ : sup p(f(x), g(x)) < } |

zeK
One can show that the sets By (f,r) form a basis for a topology on Y*. This is called the
topology of compact convergence. The use of “compact convergence” in this definition
is justified by the following theorem.
Theorem 7.4. A sequence f, : X — Y of functions converges to f : X — Y in the
topology of compact convergence of YX if and only if f, — f uniformly on K for each

compact subset K C X.

We are now ready to state a more general version of the Arzela-Ascoli theorem. See [33]
Theorem 47.1].

Theorem 7.5. Let X be a topological space and (Y, d) be a metric space, and suppose
C(X,Y) is given the topology of compact convergence. Let F C C(X,Y’) such that

(i) F is equicontinuous at each x € X and
(ii) F. ={f(2) : f € F} has compact closure for each z € X.

Then F is contained in a compact subspace of C(X,Y).
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The Schauder-Tychonoff Theorem is stated for locally convex linear topological
spaces X. We recall these notations below.

Definition 7.6. By a linear topological space X, we mean a linear space X over R
with a topology 7 with respect to which every singleton is closed and the linear space

operations +: X x X — X and - : R x X — X
(r,y)»z+y and (o,z)—>a-x

are continuous. A linear topological space X is said to be locally convex if it has a local

base whose elements are convex.

7.2 Orlicz and Orlicz-Sobolev Spaces

In this part of the appendix, we will recall some basic notions and results on Orlicz and
Orlicz-Sobolev spaces.
Definition 7.7. Let a : [0,00) — R be a function such that
(i) a(0) =0 and a(t) > 0 for ¢t > 0 and tlirn a(t) = oo;
—00
(i) a is non-decreasing;

(iii) a is right continuous on [0, co).

Then, the real-valued function

is called an N-function.

One can easily verify that if A is such an N-function, then the following properties hold.
(a) A is continuous on [0, 00);
(b) A is strictly increasing;

(c) A is convex;

(d) lim Al) =0 and lim Al) = 00;
t—0t 1 t—oo
A
(e) t — it> is strictly increasing on (0, c0).

It is noteworthy to see that if A : [0,00) — R is a function that satisfies properties

(a)-(d), then A is an N-function. To see this, suppose # < y < z and set

a::y—:c and 5::2’—3/

z—1x z—x

(0]



Note that 0 < «, 8 < 1 and o 4+ § = 1. Moreover, by convexity we have
A(y) = Alaz + Bx) < aA(z) + BA(z).
Thus, we obtain

A) =L+ A== < A== 4 4@ ==L

Z—x z—x Z—x Z—x

Rearranging, we find that

(Aly) — Ax)—Z < (A(2) — Ay)) L==.

Z—T Z—X

In other words, we find that

y—x 2=y
Given a < b, we see that by a repeated applications of (7.2.1)), forc <a <z <y < b < d,
we have
Ala) = Ale) _ Aly) — Alz) _ A(d) — A(b)
a—c —  y—x — d-=b

In other words, for given a < b, there is a constant M depending on a and b only such
that =,y € [a, ]
|A(z) = A(y)] < M|z —y|.

That is, A is locally Lipschits and hence for any ¢ > 0, A is absolutely continuous on

0, ¢] and hence is differentiable a.e. on [0, 00) and A’ is integrable on [0, ¢]. Moreover,

Ax) = / A'(t)dt.
0
Condition (d) shows that A’(0) = 0 and that A’(t) — oo as t — oo. To see the latter,
note that (7.2.1)) implies
Aly) — Az)

A
<a)§ , V0<a<z<uy.
a y—x

Given M > 0, we choose a > 0 large enough such that

A Aly) — A
M < (a)g ) (x), Vi<a<z<uy.
a y—x

This shows that A’(x) > M for x > a. The inequality (7.2.1) also shows that A’ is
increasing. The other conditions in Definition (7.7 for a(t) := A’(t) can also be shown
to hold, thus showing that A is indeed an N-function.

Let A be an N-function with the corresponding function a that satisfies conditions

(i)-(iii). Given s > 0, note that {t > 0: a(t) < s} is bounded. Let
a(s) :=sup{t: a(t) < s}.
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One can easily check that the function a satisfies all the properties (i)-(iii) in Definition

(7.7). Furthermore, we note that
(7.2.2) a(t) = sup{s : a(s) < t}.
If a is strictly increasing, then

a(a(t)) =sup{s:a(s) <a(t)} =t.

Therefore @ = a~!. Let
(7.2.3) A(s) = / a(o)do.
0

The N-functions A and A are called complementary. On the 7 — o axis, g(s) represents
the area of the region to the left of the graph o = a(7) (or more precisely 7 = a(0))
from ¢ = 0 to 0 = s while A(t) represents the area of the region below the graph of
o = a(r) from 7 = 0 to 7 = t. From these graphical considerations, it is easily noted

that the following inequality (usually called Young’s Inequality) holds.
(7.2.4) st < A(t) + A(s).

An analytic proof runs as follows.

On the other hand using (7.2.2)) and a(t) > s, we have
t
At) = / a(T)dr
0

a(t)
= / oda(c), here we used the change of variable o = a(7)
0

> /0 Codi(o) = o 303 - /O “a(o)do = si(s) — A(s) > a(t)a(s) — A(s).

Note that equality holds if and only if

/0 " (o) = /0 Cod (o),

which occurs if and only if s = a(t) (or equivalently ¢t = a(s)). Writing Inequality (7.2.4)

as

A(s) > st — A(t)

and noting that equality holds when ¢t = a(s), we have

A(s) = max(st — A(t)).

>0
This last relationship could have been used as the definition of the N-function comple-

mentary to A.
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Definition 7.8. An N-function A is said to satisfy a global As-condition if there exists

a positive constant £ such that
A(2t) < kKA(t), Vi>0.

It can be shown that an N-function A associated to a satisfies the global As-condition

if and only if there is a positive ¢ such that

Lta(t) < A() < talt), V120

We are now ready to introduce the Orlicz and Orlicz-Sobolev spaces. Let Q@ C RY be
a non-empty open set in RY, and let A be an N-function that satisfies the global A,-
condition. The Orlicz class L4(Q) is the set of all (equivalence classes modulo equality

a.e. in €.) of measurable functions u defined on ) that satisfy

/ A(|u(x)])dz < oo.
Q

Note that if u € LA(Q), then for k sufficiently large, the convexity of A shows that

/QA (ka>|) iz < %/QA(]u(:v)Ddx <1

One can use the Ay-condition to show that L4(£2) is a vector space, see [I, Chapter 8§].

In fact, it is a Banach space under the following norm, called the Luxemburg norm:

||u||A:inf{k>0:/QA<@)dx§1}.

The infimum is attained. In fact, if {k;} is a sequence of positive real numbers that

decreases to ||u|| 4, then
u@)] , Ju(2)]

, x e
kj i

Therefore, by the monotone convergence theorem, we have

() [ ()

Consequently, we have

(7.2.5) /QA (%) dz < 1.

For the rest of this section, we will assume that A is an N-function that satisfies a

global As-condition. We start with the following useful inequality which is an immediate

consequence of Young’s Inequality, ((7.2.4).
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Theorem 7.9. (Generalized Holder Inequality) Let A and A be complementary N-
functions. Then

< 2|lullallv]l 5

/Qu(gc)v(yc)dx

Proof. Clearly, the inequality holds if either v or v is zero. So, let us suppose that both

|ul|4a and [Jv]| ; are non-zero. Let

R T VR P
Then
(@) o@)]| (@] |~ (o)
mmnwggA(mm>+A(mm)'

Integrating both sides on €2 and utilizing (7.2.5]), we find that

B < [a(52)ar 5(52)

IN

This leads to the claimed inequality. O]

Remark 7.10. If u € L#(Q) and Q C R¥ is a bounded open set, then by the Generalized

Holder Inequality, we have
| tu@lde < 21l glulla < oc.

This shows that LA(Q) < LY(2), with [lul|,: < 21| 5llul|a for all u € LA().

A sequence {u;} in LA(Q) is said to converge in mean to u € L4(Q) if and only if
lim [ A(Juj(z) — u(z)|)dx = 0.
j—=oe Jo

Since A is convex and A(0) = 0, we note that, for each 0 < e < 1, we have

/QA(]uj(x) —u(z)))dr = /QA (‘g'“j(‘”)e_ “(“">|> dx
) o [a(lal

Suppose |[u; — ulla — 0 as j — oo, and let 0 < € < 1 be given. Then there is J € N

such that ||u; — u|l4 < e for all j > J. Note that if

[a(e=e) g,y
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for some ¢ > J, then for all 0 < § < e, we have

[ () gy [ g (=00 g,y

||ue—u||A:inf{k>0:/QA(M)dx§1}Ze,

contrary to assumption. Therefore, we must have

[RICEET) P

Using this in (7.2.6)) we find that

and hence

/QA(]uJ(:z:) —u(x)|)de <e Vj>J.

For the converse, suppose € > 0 is given. We fix a positive integer k such that 28 > %

Then,
(7.2.7) Ale™t) < A(2Ft) < FA(t), vit>o.
By assumption, there is .J, large enough such that

/QA(]uj(x) —u(a))dr < K, V>

Now on using (7.2.7)), for j > J,
/A(M) dr < ck/A(]uj(x)—u($)|)d$
Q € Q

< 1.
Hence, by definition, we have
|lu; —ulla<e, Vj>J

For a positive integer k, we define the Orlicz-Sobolev space W*4() to be the set of all
u € LA(Q) such that the weak derivatives D% belong to L4(Q) for all multi-induces

|a| < k. This is a Banach space under the norm

[ullka =" [ID"ul|4.

|la|<k

We denote by W"® () the closure of C(Q) in W*®(Q).
The space W14(Q) share many properties with the standard Sobolev spaces W?(Q).

We first make the following useful remark.
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Remark 7.11. Let Q C R" be a bounded open subset. By Remark [7.10, W®(Q) C
WhH(Q). In fact, WH?(Q) — WH(Q). By Rellich-Kondachov Compactness Theorem,
we have WH(Q) cc LY(Q). Therefore for any bounded set  C RY we have

(7.2.8) Wwh®(Q) cc LY(Q).

Below, we highlight these properties as they are useful in this thesis.

We start with the following theorem which gives some basic properties of Orlicz-Sobolev
spaces. The proofs are straightforward generalizations of the proofs of the analogous
properties for the standard Sobolev spaces. See [I].

Theorem 7.12. Let O C RY be a non-empty bounded open set, and let A be an

N-function that satisfies a global As-condition.
(a) If A satisfies a global Ay-condition, then WhA(€) is reflexive.

(b) Each element F of the dual space (W54(Q))* is given by
F(u) = /(Vu -V 4 uv)
Q

. N -
for some v € (LA(Q)> and v € L4(Q).
(c) C=(Q) N WHA(Q) is dense in WH4(Q).

The following Poincaré inequality is useful (see [I5] Lemma 2.4]).
Theorem 7.13. Let Q2 C RY be a bounded open subset with diameter d, and suppose
A is an N-function that satisfies the global As-condition. Then

(7.2.9) lulla < d|Vulla, Yue WgH(Q).

Proof. Suppose Q C [a,a + d| where d = diam(2). Then, for ¢ € C>() we have

TN
o(x', xN) :/ Quy (2, 1)dL.

Therefore, for arbitrary constant o > 0, we have

|90(J}/, xN>| 1 /IN / 1 /aer |VQO(ZE’,ZL'N)|
AR LD g e (@ )|t < = IS AVEEIY
Qd — Qd u ’(p N(:U )| d u Q SEN

By Jensen’s Inequality, we have

()< (P

We now integrate both sides with respect to 2’ over [a,a + d]¥ ! to find

/
[a,a+d]N—1 Qd d la,a+d)N 0
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Finally, we integrate both sides on [a, a + d]| with respect z. We get

[ a(E e [ (s,
[a,a+d|N Qd la,a+d)N 0

We now take ¢ = [|[Vpl||a to get

Jor G ) = A (i) o=

By definition of the norm ||¢l|4, we see that

(7.2.10) lella < dl[Vella.

If u € W (Q), then we pick a sequence {¢,} in C>(Q) such that ¢, — u in WH4(Q)
and we apply (7.2.10)) to the ¢/ s and then take the limits as n — oo to get Inequality
(7.2.9). [

The next lemma is a consequence of the above Poincaré inequality.

Lemma 7.14. Suppose A is an N-function that satisfies the global As-condition, and
let © C RY be a domain (i.e. connected open set) and u € Wy (). If Vu = 0 in €,
then u = 0.

Proof. Let {¢;} be a sequence in C>(2) such that ¢; — u in WH4(Q). In particular,
lp; —ulla — 0 and [|[Vy,|la = [[Ve — Vul]la — 0 as j — oo. Consequently, using
Poincaré Inequality, we have

(7.2.11) Julla < llg; — ulla+1l@illa < llp; —ulla+dl[Veilla, V5.

Taking the limit in (7.2.11) as j — oo, we conclude that ||u||4 = 0 which gives the

desired result. O

Lemma 7.15. Let u € WH4(Q) (resp., Wy (Q)). Then ut € WhA(Q) (resp., Wi (Q)).

Moreover, we have

(7.2.12) Vut = Ve fu=0

0 if ©w <0.

Proof. The validity of (7.2.12) follows from [I8 Lemma 7.6]. Since 0 < ut < |u| and
|Vu™| < |Vul, the assertion that ut € WhH®(Q) is evident. O
Corollary 7.16. Let u,v € W'4(Q). Then max{u,v} € W'4(Q) and

Vu(z) if u(x) > v(x)

(7.2.13) Vmax{u,v}(z) =
Vo(z) if u(x) < o(x).
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Proof. The assertion follows from Lemma and the relation
max{u,v} = (u —v)* +v.

]

Lemma 7.17. Suppose {u;} is a sequence in WH4(Q) such that u; — u in WHA(Q).

Then UZ] — ut in WH4(Q) for some subsequence {uy, }.

Proof. Using the fact that |f* — g*| < |f — g| for any functionsﬂ f and ¢, we see that
A(lu) —u'|) < A(Juj —ul) for all j, from which it follows that u} — u* in L4(Q). Next,
we proceed to show that Vu,;_ — Vu* for some subsequence {uy,} such that u,, — u
a.e. in . For convenience, we continue to denote {uy,} simply as {u;}. Let x be the

characteristic function of R := (0, 00). Then
Vu; = x(u;)Vuy, and Vu' = x(u)Vu.
Therefore,

[Vul = Vut||a = |Ix(u;)Vu; — x(u)Vul 4

IN

() Vg = x(ug) Ve + x () Vu = x(u) Vul| 4
< IIx(w)(Vu; = V) fla + [ (x(uy) = x(u)Vulla = [; + 11;.

It is clear that [; — 0 as u; — u in W4(Q). Moreover, II; — 0 by dominated

convergence theorem. 0

ITo see this let « € Q. Suppose first f(z) < 0 and g(x) < 0. Then |fT(z) — gt (z)] =0 < |f(z) — g(z)|.
Suppose f(z) > 0 or g(z) > 0. Then

[ft (@) —gt (@) - f (z) + 9 ()
[/t (@) —gt (@) -9~ (z)+ f ()

|f(z) — g(@)]

IfF (@) = g% (@) = (f (@) g~ (@) 2 {

@ gt @+ g (@) if f(2) 20
If*(z) =gt @)+ () ifg(z)>0
IfF (@) = g7 ().

\Y
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Lemma 7.18. Let v € WH4(Q).
(i) If v has compact support, then v € Wi (Q).
(it) If 0 < v < u for some u € Wy (Q), then v e Wy (Q).
Proof. (i) Let ¢ € C°(Q2) such that ¢ = 1 on the support of v. According to Theorem

7.12] we can pick a sequence {¢;} in C*°(Q)NW14(Q) such that p; — v in WH4(Q).
Then pp; € C=(Q) and pp; — v =v in WH(Q) and ¢ € WeA(9).

(ii) Let {p;} be a sequence in C>=(2) such that ¢; — u in W4(Q). Then according
to Corollary [7.16] we have min{y;,v} € W'4(Q). Since min{yp;, v} has compact
support in €2, it follows from part (i) that min{e;, v} € Wy*(Q) for all j. Moreover,
by the above lemma there is a subsequence, still denoted by {min{¢;,v}} such that
min{p;,v} = min{u, v} = v in WH4(Q). Therefore v = min{u, v} € Wy *(Q).

7.3 On Regularity of Solutions to Ayu = f(u)

In the paper [25], Gary M. Lieberman discusses the regularity of solutions to the quasi-

linear PDE
(7.3.1) div(A(z,u, Vu)) + B(z,u, Vu) =0
in an open subset of 2 C RY, under the following structure conditions.
(A-1): a(z, 2, p)&&; = o(|pl) €[
(A-2): aY(z, z,p)| < Ko(|p|)
(A-3): [A(z, z,p) — Ay, w,p)| < Ka(L+¥(|p]))[lz —y|* + |z — w|?]
(A-4): |B(z,z,p)) < Ki(1+ ¢(|p]))
Here
a’(x,z,p) = ————=(x,z,p).
(#2) =
The following regularity result, in the context of Orlicz-Sobolev spaces, is due to Gary
M. Lieberman.
Theorem 7.19. Let Q C RY be open, and assume that ¢ satisfies Conditions (¢-1)

and (¢-3). Moreover, assume that conditions (A-1), (A-2), (A-3) and (A-4) all hold for
some positive constants a, K, K, for all (z, z,p), (y, w,p) € Q x [-M, M| x RY for some
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positive constant M > 0, then any solution u € W®(Q) of (7.3.1)) with |u| < M in Q
belongs to CH#(Q).

As a corollary we have the following.

Corollary 7.20. Assume that ¢ satisfies Conditions (¢-1) and (¢-3). If u € W2 (RN)N
C(RM) is a solution of (5.3.1), then given @ CcC RY, we have u € C"*(Q) for some
0<pB<1.

Proof. Since u € C(Q), let M = sup, |u|. To prove the corollary we need to show that
A(z, z,p):= ¢(|p|)p satisfies Conditions (A-1), (A-2), (A-3) and (A-4) for some positive
constants a, K, K for all (z, z, p), (y,w,p) € Q x [-M, M] x RY.

Now, then
i _ 0AY(w,z,p)  O(o(|pl)ps)
a’(z,z,p) = o, = s
(7.3.2) - ¢'<|p!>ﬁﬁj+¢<1p\>6ij
Thus, for p # 0 we have
Wz, p)EE; = ¢'<|p|>f%+¢<|p|>mfj
_ ¢'<rp|><pl'pf> T o(pDle?
o [ (¢ (IpD)lpl (- €2 _ (p-8)?
= el K o) “) (|p||€|)2+<1 (|p||§|)2>}
> oll)leP [<a S 1]

> min{o, 1}¢(|p|)|¢]*.
Rewriting (7.3.2), we have

’aij(x 5 p)| ¢/(|p|>|p|pipj

“o(lpl)  IpP?

|4’ (Ip])|p]
< 20(0) 1) #llr)

< 53+ 20l

Since A(z, z,p) = ¢(|p|)p does not depend on z or z, we note that (A-3) is obviously true.
Obviously, (A-4) is also true if we define B(z, z,p) := f(z)xr(z) where E = [—M, M].

+ 6ij| &(|pl)

To establish the desired regularity result that is appropriate for our work, it would
be easier to rely on the following result due to Paolo Marcellini |28, Corollary 2.2] for

solutions of
(7.3.3) divA(z, Vu) = g(z).
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]

The following conditions of [28] (with p = ¢ = 2) are needed (see also [27]). Suppose
Q) C RY is bounded. We assume that there are positive constants m, M and K such

that the following hold for all z € Q and all p, & € R,
(a-1): a” (2, p)&i&; = mlg|?

(a-2): |a¥(z,p)| < M for all 1 <i,j < N.

(a-3): |a"(z,p) — a’*(z,p)] < M for all 1 <i,j < N.
(a-4): |ai, (z,p)| < K(1+[p*)z forall 1 <i,j < N
We restate [28, Corollary 2.2] in the following theorem.

Theorem 7.21. Suppose Conditions (a-1) to (a-4) all hold. Let us also suppose that
al € CPYQxRY) and g € CF "*(Q) N L®(Q) for all i = 1,--- N, some k > 1 and

loc loc

some 0 < a < 1. If u € W2*(Q) is a solution to (7-3.3)), then u € C-M(Q).

loc

Suppose now u € W,u*(RY) N C(RY) is a solution of (5.3.1) and let Q := {z € RV :

loc

|Vu(x)| > 0}, and suppose O CC Q.

Fix 0 <a < a < f < bwhere
a:=inf |Vu|, and S :=sup|Vul.
o 0
Let n € CYY(R) such that
(i) n(t) =tfora<t<p
(ii) n = constant on (—o0,0) and on (b, o)
(iii) 0 <7n'(t) < @ for all ¢>0.

Such function can be easily constructed. First, we define 1 on [a, b] as follows

( 1 )
t+ﬂgj5@—af ifa<t<a
n(t) == 4t ifa<t<p
f‘afég@‘ﬁf if 3<t<b.

We extend 7 to R by defining  on (—o0,a] and [b,00) to be the constants n(a) and
n(b), respectively. One can easily check that n € C%1(R) and that 7 has the properties

(i)-(iii).
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Now, let a(z,p) := ¢(n(|p|))p. Then

i(z,p) = 3(¢(778(Z|))pi)
_ / / pipj
= Sl oD EE + ool
Therefore, for any p, & € RY, we have
et = & mllp)ns) 'f]'{f'ﬂ'j" (p| f} T dn(p)leP
) D))\ 7(Dlpl (- €7
- W”"”K S0n(lo]) ) IR +'5'}
> d(n(lp)) [( ) (‘(f’ﬂ'f’(,p,ﬁ +|€|2]
> min{L o}o(n(lp)eP.

In the case, 0 < 0 < 1, we have used the inequality

' ([pD)lp| (p - €)*

(o) Ipf?
Therefore, Conditions (a-1) holds. It is easy to show that Conditions (a-2)-(a-4) hold
as well. Now suppose u € WEP(RV) N C(RN) is a solution of (5.3.1). Then, as noted

loc

in Corollary [7.19] we see that u € C'7(Q) for some 0 < v < 1. Since |Vu/| is bounded

< ¢

in O, it is obvious that u € wkh

loc

*(Q). Recalling the assumption made just before the
statement of Condition (¢-5), we have ¢ is C? in (0, 00) and therefore, we conclude that
a’ € CYH(O x RN) for all i = 1,2,---, N. Moreover, since f € C.7(0,00), we observe
that g(z) := f(u(z)), z € O belongs to C*7(0). We invoke Theorem [7.21] to conclude
that v € C} .(O).

7.4 A Remark on the Definition of Sub(Super)-solution

Given open sets O C (), suppose v is a measurable function on 0. We define the zero

extension v : 2 — € by

B v(z) if z€0
(7.4.1) v(x) =
0 if z€Q\O.

Now, let © C RY be a bounded domain. v € Wh®(Q) is a sub-solution (resp.,super-

solution) of ([1.2.24]) if and only if g(z,u) € LE’(Q) and

(7.4.2) /QGﬁ(IVUDVU-VSO < (resp.,>) —AQ(IW(SC))% Ve Wyt(Q).
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To see this, assume that u is a sub-solution. Then holds for O = Q and
hence holds. So, suppose holds, and let O be any subset of €2 and let
¢ € Wy*(O). Let us first show that & € Wy*(Q). In fact, it is enough to show that @
is weakly differentiable on 2, and D*p = 5& For this, let n € C>(Q2) and let « be any
multi-index with |a| < 1. Suppose {¢;} is a sequence in C°(O) such that ¢; — ¢ in
Wh?(0O). Then

/ oD% = / D% = lim / @; D%y by the the Generalized Holder Inequality
Q o I7eJo

= (=1 lim | (D)

j—00 o

= (1) / (D%)n by the Generalized Holder Inequality
0

= (- [ @
Q

Therefore, ¢ is weakly differentiable in € and D% = % a.e. in (). Clearly, for each
J, the extension @; belongs to C2°(2). Let us now show that @; — ¢ in W*(Q). For

this, we observe that

lim [ @15 - @z = lim [ ®(lg; — e 0.
Q = Jo

Jj—o0
Similarly D¢, = Egg—o/j — Dy = D3 in L®(Q). Therefore, & belongs to Wy'*(Q) as
claimed.

Now, suppose u € Wh®(Q) such that (7.4.2) holds. We show that u is a sub-solution
of (1.2.24). So let O be a subset of €2, and let ¢ € Wol’q)(Q). Then, as shown above

@ € W (Q) and hence by (7.4.2) we have

/O (V) V- Vo = / o(|Vul) V- Vp = / o(|IVu)Vu - VF

< - / oz, u)F = /O gl u)e.

Therefore, u is a sub-solution. A similar argument shows that analogous claim holds

when u is a super-solution.

7.5 Remark on Condition (¢-3)

[t is common in the literature to see condition (¢-1), (¢-2) and (¢-3) used together with

the following condition.
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(¢-3)* : There are constants 0 < o* < p* such that

o' (1)t
D(¢)

o" < <p", Vt>O0.

We refer to the papers [16], 17, 36] [44] for such conditions. However, it is easy to see
that Condition (¢-3)* is a consequence of (¢-3) as we show below. Let us assume that
Condition (¢-3) holds. Suppose ¢ > 0. Then subtracting ®(¢) from all sides of
and then dividing by s — 1 for s > 1, we find that

) —1 D(st) — () _ A(s)—1
5.1 —P(t) < < D(t).
(7.5.1) po| (t) < P S (t)
Since @ is differentiable we note that
lim O (st) — D(t) — lm O(r) — d(t)
so1t o s—1 rstt o r/t—1
= ¢t lim M
rott r—t
= td'(t)

Therefore, taking the limits as s — 17 in ([7.5.1)) we have
N(1)(t) < ®' ()t < A(1)D(t),

thus verifying Condition (¢-3)* holds with ¢* = X(1) and p* = A/(1). In fact, when
and A are given as in ([1.1.5)), then 0* = o 4+ 1 and p* = p + 1.
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