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Abstract

We develop a self-consistent theoretical model for the steady-state of an axisymmetric thin ac-

cretion disc with an internal dynamo around a magnetised stars. Starting from the vertically

integrated equations of magnetohydrodynamics we derive a single ordinary differential equation

for a thin accretion disc around a massive magnetic dipole and based on the analytical formu-

lation we integrate this equation numerically from the outside inwards. Our numerical solution

shows that the torque between the star and the accretion disc is dominated by the contribution

from the dynamo in the disc. We extend this model for weak magnetic fields and we present

millisecond x-ray pulsars have weak magnetic dipole moments of ∼ 1016 Tm3 compared to ordi-

nary X-ray pulsars with dipole moments of 1020 Tm3. For this reason a surrounding accretion

disc can extend closer to the neutron star, and thus reach a higher temperature, at which the

opacity is dominated by electron scattering and radiation pressure is strong. We compute the

self-similar structure of such a geometrically thin axisymmetric accretion disc with an internal

dynamo for the three regions of the disc. For the outer disc region which corresponds to the gas

pressure and Kramer’s opacity dominated, in the middle region the gas pressure and electron

scattering dominated , in the inner region the radiation pressure and electron scattering dom-

inated accretion disc. Our numerical solution shows that the torque between the star and the

accretion disc is dominated by the coupling between the stellar magnetic field and the dynamo

in the disc. Finally, we have developed that the time-dependent equations for an accretion disc

and linear stability analysis of steady-state disc solutions in the presence of a strong external

magnetic field. The analytical and numerical analysis of the solutions to the stability properties

and time evolution will tell us the observed behaviours of the torque between the disc and the

star.

Key words: accretion, accretion discs - magnetohydrodynamics (MHD) - magnetic fields -

stars: neutron X-rays: binaries- pulsars: general
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Chapter 1

General Introduction

1.1 X-ray binaries

One of the major developments in the mid-twentieth-century stellar astrophysics was the under-

standing that there is often a third object in a close binary star system, especially in a system

undergoing mass transfer. Matter from one star swirls around the other forming a configuration

known as an accretion disc. According to theoretical model, the gas will spiral in and fall to the

surface of the compact object, creating a flow of matter in the shape of a disc-an accretion disc.

Such discs were first recognized in the study of cataclysmic variables, close systems in which one

of the stars is a white dwarf. With the advent of X-ray astronomy, it became clear that accretion

discs play a prominent role in binary systems containing neutron stars or black holes. In many

cases, the accretion disc is the primary source of radiation; in particular X-ray radiation; and

sometimes, the disc channels matter into streams of outgoing material and energy, jets.

The matter in the accretion disc in general performs a Keplerian motion around the accreting

object, that is it is held in place by the balance between gravity and the centrifugal force. If this

was all there was, nothing would ever happen in an accretion disc, the matter would just go on

revolving around the accreting star forever, but there is always some viscosity in the disc. The

effect of the viscosity is to remove some angular momentum from each gas element and transfer

it to a gas element further out. The first gas element will then move a bit closer to the accreting

object, as its new angular momentum corresponds to a smaller orbit. Finally the gas element

falls down, is accreted, onto the central object. During the process the accretion disc is heated

by the release of potential energy, which it radiates away.

1
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We can say accretion discs are ubiquitous in astrophysics. They appear in interacting binaries

in which the tidal forces from one of the stars, usually a compact object such as a white dwarf,

a neutron star or a black hole, forces matter to stream over from the surface of the companion

star, but in general this matter has too much angular momentum to settle directly onto the

surface of the accreting star, and it forms rather an accretion disc around the accreting star.

The matter in this disc is supported against the gravitational field by its Keplerian rotation,

but some form of anomalous viscosity acts in the disc, and transports the angular momentum

outwards such that the disc material gradually drifts inwards and eventually settles onto the

accreting star. During this process half of the potential energy of the matter goes into heating

the accretion disc. An accretion disc around a neutron star or a stellar-mass black hole reaches

a temperature of several million degrees and becomes an X-ray emitter. As a matter of fact,

in these cases the accretion disc is more efficient in converting rest-mass to energy than nuclear

fusion. Accretion discs appear also around newly forming stars and around the super-massive

black holes in active galactic nuclei. The reason for this is that also in those cases do we have a

central gravitating mass which is accreting surrounding gas that has a net angular momentum.

The understanding of accretion discs is still in a somewhat crude state. The situation is

analogous to the early days of stellar evolution when there was an understanding of the balance

between pressure and gravity, but the power source of stars was not known.

The central problem in accretion disc theory has been to explain the anomalous viscosity,

which is usually attributed to turbulence in the disc, but it is trivial to show that a hydrody-

namic disc in Keplerian rotation is stable towards axisymmetric perturbations, and there does

not appear to be any form of linear instability that could develop into turbulence (Balbus &

Hawley 1991; Balbus & Hawley 1998) showed though that a disc with a vertical magnetic field is

linearly unstable and subsequent numerical simulations (e.g. Hawley, Gammie & Balbus 1995,

Brandenburg et al. 1995) showed that this turbulence can transport the angular momentum

outwards, and it is now commonly accepted that the accretion is driven by magnetohydrody-

namic turbulence. The magnetic field derives energy from the rotation of the accretion disc,

and feeds this energy into the turbulence. The turbulence in its turn is heating the disc, but it

is also re-generating the magnetic field. A self-consistent solution of the disc equations requires

that the turbulent viscosity is related to the physical state of the disc.
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1.2 Standard model of accretion disc

The modern theory of accretion discs can be traced back more or less directly to Kuiper’s

remarkable paper (1941) on contact binary systems (two stars sharing a common gaseous enve-

lope). Kuiper studied the properties of the gas stream that was induced by the tidal forces to

flow from one star to the other. He was particularly intrigued by the ”curious result” that it

seemed to form a ring around the accreting star. This makes accretion discs one of a handful

of astrophysical objects whose existence was deduced theoretically well in advance of observa-

tional discovery. Some other examples of objects that were predicted theoretically before they

were discovered neutrons and black holes. Several important papers from this era (Crawford

and Kraft, 1956) show an understanding of Kuiper’s results and appeal to them as support for

what would now be referred to as disc-based accretion. Yet, when compact X-ray sources were

discovered in the 1960s and were identified with binary stars, the realization that a disc must

form during the mass transfer process required renewed appreciation(Prendergast and Burbidge,

1968). Thus the detailed study of the physics of accretion did not begin in earnest until later in

that decade,when Lynden-Bell put forth his disc/black-hole model as the central power source

for quasars (1969). In turn, this laid the ground work for the accretion discs formulated by

Shakura and Sunyaev (1973) and Lynden-Bell and Pringle(1974).

The well known and most widely used standard model of the accretion disc was proposed and

formulated by Shakura and Sunyaev (1973). The disc is thin, the scale height of the disc being

much less than its radial length scale. The self-gravity of the disc was ignored and the radial

component of the pressure gradient is small relative to the stellar radial gravity; the angular

velocity is therefore Keplerian, except close to the stellar surface where a boundary layer forms;

turbulent viscosity is invoked in the Shakura - Sunyaev model to explain the angular momentum

transfer required by the accretion flow. They were able to obtain an analytical solution of the

height integrated hydrodynamic equations, after having introduced the α-prescription for the

turbulent stress, which transports the angular momentum outwards through the disc. Their

model has acted as a basis for subsequent disc investigations. The central problem of accretion

disc theory has been to understand how the discs accrete. In principle, the presence of shear

viscosity allows the transfer of angular momentum from one fluid element to another, but, the

needed accretion rates are orders of magnitude higher than the standard microscopic viscosities

(Spitzer, 1962) could provide. If, on the other hand, the disc was for some reason turbulent, the

effective viscosity due to interacting eddies could be large enough to provide the needed viscosity.
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Since the fluid shear viscosity is small, the Reynolds number of astrophysical discs is very high.

Ordinarily one would then expect the discs to be turbulent, but according to Rayleigh’s criterion

a fluid in Keplerian rotation, as it would be in a thin, disc is stable, and there is no obvious

mechanism that would make the flow unstable. Rather Balbus and Hawley (1991) showed that

it is unstable if there is a weak magnetic field in the disc. Subsequent numerical simulations (e.g.

Hawley, Gammie and Balbus 1995 ; Balbus and Hawley 1998) confirmed that this instability

generates turbulence and that the resulting turbulent stresses transport angular momentum

outwards. As originally pointed out in Lynden-Bell (1969) and Shakura and Sunyaev (1973) a

magnetic field can also contribute to the angular momentum transport. The Balbus- Hawley

(magnetorotational) instability (Velikhov 1959; Chandrasekhar 1961) of weak magnetic fields in

accretion discs drives MHD turbulence which transports angular momentum radially outwards

(Balbus & Hawley 1991; Hawley & Balbus 1991; Stone et al. 1996), and is thought to play an

important role in the evolution and dynamics of astrophysical accretion discs. The instability

has also been invoked as a component of a disc dynamo model, in which the instability creates

radial field from vertical field, the shear in the disc creates azimuthal field from the radial

component, and the Parker instability creates vertical from azimuthal field and expels flux from

the disc (Tout & Pringle 1992). A robust mechanism of the excitation of magnetohydrodynamic

(MHD) turbulence was shown to operate in accretion discs due to the magneto-rotational (MRI)

instability (Balbus & Hawley 1998). The growth of the MRI leads to the excitation of turbulent

magnetic fields and self-sustained MHD turbulence. The contribution of Maxwell stresses to

the transport of angular momentum is usually larger than Reynolds stresses. However, the

magnetic energy observed in many numerical experiments was smaller than the thermal energy

of the gas in the disc (Brandenburg, 1998). The magnetorotational instability (MRI) is believed

to be responsible for turbulent motion and angular momentum transport in accretion discs, at

least those that are sufficiently ionized (Balbus & Hawley 1991, 1998). In its simplest version it

appears as a linear instability of a rotating shear flow in the presence of a uniform magnetic field

(Velikhov 1959). The nonlinear outcome, at sufficiently large Reynolds and magnetic Reynolds

numbers, is magnetohydrodynamic (MHD) turbulence (Hawley et al.1995). More importantly,

the MRI is also believed to act as a dynamo in the accretion discs, meaning that the inductive

effect of the motions driven by the instability is able to sustain the magnetic field against resistive

decay and so to perpetuate, here we will not discuss more about MRI in this thesis.
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1.2.1 X-Ray Pulsars

Accretion disc occur around strong magnetic stars in X-ray binary pulsars, magnetic white

dwarfs, in cataclysmic variables, and T Tauri stars. The magnetic fields are important to an-

gular momentum transport with in the disc. The interaction between a magnetized, rotating

star and a surrounding accretion disc has been of continued interest since the discovery of X-ray

pulsars in binary systems (Giacconi et al.1971). X-ray pulsars are rotating strongly magnetized

neutron stars which accrete gas from a stellar companion. The gas is preferentially accreted

at the magnetic poles of the neutron star, where most of the X-ray emission is consequently

generated. Thus the observed X-ray flux is modulated on the spin period of the neutron star as

the magnetic poles rotate into and out of our line of sight. Most importantly, this qualitative

picture has become the paradigm for accretion onto other types of magnetic stars, such as mag-

netic CVs and T Tauri stars (Warner 1990, Königl 1991). In some sources, such as Her X-1,

SMC X-1, and Cen X-3, it is clear that the in falling matter processed through an accretion disc

around the pulsar (Nagase, F., 1989; Tjemkes et al 1986). In the case of accreting white dwarfs,

there is direct observational evidence that the accretion disc it truncated in magnetised stars;

in weakly magnetised systems such as DQ Her the disc extends inwards to a boundary layer,

while in AM Her systems in which the white dwarf is known.

The Burst and Transient Source Experiment(BATSE) was a high energy astrophysics experi-

ment on NASA satellite Compton Gamma-Ray Observatory. The primary objective of BATSE

was to study gamma-ray bursts, although the detectors also recorded data from pulsars, ter-

restrial gamma-ray flashes, soft gamma-ray repeaters, black holes, and other transient exotic

astrophysical objects. BATSE detected more than 50 outbursts from 12 transient X-ray pulsars

in the first five years of operation (Bildsten et al. 1997).

The continuous monitoring of accretion-powered pulsars with BATSE/CGRO has also been

used to obtain essentially daily measurements of spin frequencies of a number of the brightest X-

ray pulsars. Some of these systems are known to possess accretion discs, although other objects

in the group are accreting directly from a stellar wind.

The BATSE recorded the neutron star spin history over timescales from days to years. These

timing observations are some of the best sources of information on, the interaction between an

accretion disc and a magnetic accretor. Such time series are much easier to produce for neutron

stars than for protostars or white dwarfs, because the neutron stars have comparatively small

moments of inertia, and an X-ray pulsar can be timed accurately, thus the changes in spin
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frequency are a good measure of the torque.

The most commonly studied systems are the Be/X-ray transients, which consist of a neutron

star on an elliptic orbit around a Be-star. The neutron star can pick up a temporary accretion

disc, which is gradually accreted onto the neutron star, as it gets close to the Be-star. One does

find a correlation between the spin up of the X-ray pulsar and its X-ray flux, which is a measure

of the accretion rate, as is expected from the Ghosh and Lamb model in these systems.

The BATSE experiment on the Compton Gamma-Ray Observatory made it possible to follow

the spin evolutions of a large number of X-ray pulsars (Bildsten et al.1997), most of which were

either Be/X-ray transients or wind-fed X-ray pulsars, that do not have any accretion discs at

all, but there was also a small number of X-ray pulsars with permanent accretion discs. Most

notably it was found that four of these sources 4U1626-67, GX 1+4, Cen X-3 and OAO 1657-415

are oscillating between spin-up and spin-down phases without any significant change in the X-ray

flux. This behaviour is difficult to explain within the framework of the Ghosh and Lamb model,

and different modifications of the standard model were suggested. Torkelsson (1998) pointed out

that the Ghosh and Lamb model ignores the possibility of an internal dynamo in the accretion

disc. Such a dynamo is a natural consequence of the magnetohydrodynamic turbulence in the

accretion disc and would generate an extra magnetic field in the accretion disc. Since the co-

rotation radius does not play a role in such a dynamo this magnetic could extert either a spin-up

or a spin-down torque on the neutron star irrespective of the accretion rate, the torque reversals

can be interpreted in terms of field reversals analogous to the magnetic field reversals that we

see on the sun. He showed that the torque between an accretion disc and an accreting star can

be enhanced by the presence of a dynamo-generated magnetic field in the accretion disc. He

suggested that torque reversals can be explained by reversals of the magnetic field generated by

a disc dynamo. However, Torkelsson did not construct a self-consistent model of the accretion

disc. The aim of this thesis is therefore be to construct such a theoretical model which can be

used as the basis for further analytical and numerical investigations. The model is be based

on the standard assumptions for thin accretion discs, that is that H(R) ¿ R, which leads to

that VR ¿ Vφ and Vφ = VKepl(R), where VKepl is the Keplerian velocity. Firstly I develop a

stationary thin disc model of the accretion disc around a magnetized star including the effect

of the magnetic field generated by an internal dynamo in the disk. I then develop a theory for

the time-dependent behaviour of such discs. This theory gives us the tools to start exploring

the stability properties of the disc, we analysis the time dependent equation of the disc in order
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to understand the torque reversals of the X-ray pulsars and set mathematical frameworks for

further numerical study.

1.2.2 Millisecond X-ray pulsars

Accreting millisecond pulsars (AMSPs) are a subset of neutron stars in low-mass X-ray binaries

(LMXBs) that exhibit persistent X-ray pulsations with periods less than 10 ms (Alpar et al.

1982; Radhkrishnan and Srinivasan 1982) and weak magnetic field. It was first discovered ten

years ago, which was a good confirmation of the theory of the production of millisecond radio-

pulsars in the course of accretion. The discoveries of the Rossi X-ray Timing Explorer over

past decade have greatly enhanced over understanding of low-mass-Xray binary. This growing

class of objects provides a laboratory for an array of physics inaccessible anywhere else in the

universe. Here we study the accretion discs around magnetised millisecond X-ray pulsars in the

presence the magnetic field generated due to internal dynamo.

1.2.3 The magnetic field - disc interaction

The qualitative features of disc accretion by rotating magnetic neutron stars were first described

by Pringle and Rees(1972) and Lamb, Pethick, and Pines(1973). These authors argued that

a slowly rotating neutron star accreting matter from a Keplerian disk should spin up as a

consequence of the torque exerted on the star by the accreting matter.

In spite of the early progress, interaction of the accretion disc with in the stellar magneto-

sphere is not yet well understood (Spruit and Taam, 1993). From a theoretical point of view,

two kinds of models have been investigated. If the disc plasma is infinitely conductive, the

surface currents on the disc will exclude the stellar magnetic field (Anzer and Börner,1980,1993;

Arons et al., 1984; Aly,1986). However, Ghosh and Lamb (1979) pointed out that the stellar

field is not completely excluded even from a disc with an infinite conductivity because of tur-

bulent diffusion, magnetic field reconnection and Kelvin-Helmholz instabilities. This leads us to

the second class of models, accretion disks with a finite resistivity so that the stellar magnetic

field can diffuse into them. Only the later models have been developed in detail for comparison

with observations. Ghosh and Lamb(1979a) showed that the stellar magnetic field penetrates a

broad zone of the accretion disc. They presented solutions for the boundary layer, but instead

of solving for the magnetic field in the disc given a certain magnetic diffusivity they assumed a

magnetic field and solved for the diffusivity. Heptinstall and Campbell(1998) and Brandenburg
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and Campbell(1998) obtained solutions for the magnetic, and velocity field in the disc given a

certain model for the magnetic diffusivity.

Ghosh and Lamb(1979b) calculated the magnetic torque acting on the star by integrating

over the surface of the disc. This is the most convenient approach, but it does not provide any

information on how the torque is transferred to the star. The co-rotation radius, where the

angular velocities of the disk and the star are the same, plays a key role in this model. The

magnetic field that penetrates the disc inside the co-rotation radius, spin up the star, whilst

that penetrating the accretion disc outside the co-rotation radius brakes the star. The spin

evolution of the star is therefore the result of a balance between the angular momentum carried

by the accreted matter from the disc to the star, the magnetic spin-up torque from the accretion

disk inside the co-rotation radius, and the magnetic spin-down torque from the accretion disc

outside the co-rotation radius. The position of the inner edge of the accretion disc varies with

the accretion rate such that it moves closer to the star when the accretion rate increases. Thus

we expect the star to spin up, the most rapidly, when the accretion rate, or equivalently the

luminosity, is high.

Angular momentum that the gas possesses at the magnetospheric boundary is advected with

the gas to the star (Pringle and Rees 1972, Rappaport and Joss 1977b), the accreting pulsar

will experience a spin-up torque

N ≈ Ṁ
√

GMRm, (1.1)

where Rm = ξRA is the magnetospheric radius with the Alfvén radius expressed as a fraction of

RA =
(

µ4

2GMxṀ2

)1/7

' 6.8× 106
( µ

1020Tm3

)4/7
(

10−10M¯
M

)2/7 (
1.4M¯

M

)1/7

m (1.2)

which is the characteristic radius given by equating magnetic and fluid stress for a neutron

star with magnetic moment µ. ξ ranges from 0.52 (Ghosh and Lamb 1979) to ≈ 1(Arons 1993:

Ostriker and Shu 1995; Wang 1996) and Rm ∼ 106m. Accretion will be inhibited by a centrifugal

barrier if the pulsar magnetosphere rotates faster than the Kepler frequency at the inner disk

boundary. For accretion to occur, the magnetospheric radius should thus lie inside the corotation

radius

Rco =
(

GMP 2

4π2

)1/3

' 1.7× 106

(
P

1s

)2/3 (
M

1.4M¯
)1/3

m (1.3)

where P is spin period. It is convenient to express the torque in terms of

No ≡ Ṁ
√

GMRco. (1.4)
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Which only depends on the observable spin period of the pulsar and the inferred accretion rate.

The actual torque might be significantly smaller though. A pulsar subject to the torque in (1.4)

spins up at a rate

ν̇ =
N

2πI
' 1.6× 10−13s−2

(
Ṁ

10−10M¯yrs−1

)(
P

1s

)1/3 (
Rm

Rco

)1/2

(1.5)

where I ' 0.4MR2 is the neutron star’s moment of inertia and M = 1.4M¯. The time scale for

the spinning up the neutron star is then

tspinup ≡ ν

ν̇
' 2× 105yrs

(
10−10M¯yrs−1

Ṁ

)(
1s

P

)4/3 (
Rco

Rm

)1/2

(1.6)

which is much shorter than the ages of most X-ray binaries (Easer, Ghosh and Lamb 1980).

Hence in this simple picture, the neutron star spins up until the spin frequency matches the

Keplerian frequency at the magnetosphere that is until (or where Rmm = Rmco).

Pequilibrium ' 8s

(
10×−10 M¯

Ṁyr−1

)3/7 (
µ

10×20 Tm3

)6/7

(1.7)

In this case Ṁ is an appropriately averaged mass accretion rate. Most likely, neutron stars with

shorter periods than Pequilibrium cannot accrete easily, and may experience a strong spin-down

torque as they expel matter through the so called ”propeller effect” (Illarionov and Sunyaev

1975).

Some pulsars show secular spin-down behaviour while continuing to accurate (4U 1626-67, GX

1 + 4, 1E1048-1-5937,1E2259 + 586, E1145.1-614, 4U1538-52), while others show more erratic

variations in spin period (Cen X-3, Vela X-1, X per). More sophisticated theories of accretion

torque were developed to explain these observations, which take into account the magnetic

interaction between the inner magnetosphere (Ghosh and Lamb 1979, Anzer and Borner 1980,

Arons et al. 1984). However, the continuous monitoring of accreting pulsars by the BATSE

instrument has now substantially changed over view of many of these systems.

The BATSE instrument on the Compton Gamma Ray Observatory(CGRO) has produced in

accurate timing observations of the rotational modulation of the X-ray emission from a number

of accreting neutron stars(Bildsten et al.1997, Nelson et al.1997, Chakrabarty et al. 1997). Data

from a system such as Cen X-3 that accretes gas from a surrounding accretion disc (P = 4.83s)

shows that the torque on short time-scales is much larger than the mean spin-up torque, and

that the torque changes its sign suddenly without a significant change in the magnitude of the

torque. The flip in the sign of the torque is quite stochastic. Some other systems such as 4U
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1626-67 (P = 7.6s) and GX 1+4 (P =' 120s) show much more extended spin-up and spin-down

episodes than Cen X-3, but the inferred positive and negative torques are still of comparable

magnitudes. These observations provide strict constraints on models of the accretion torque,

and Nelson et al. (1997) proposed that they are inconsistent with the standard Ghosh and Lamb

model. The problems raised by Nelson et al.(1997) were:

1. The observed torques appear to switch rapidly between two states of opposite sign. This

requires step-function-like changes in the accretion rate for the standard picture to apply.

2. The two states of opposite sign have torque of comparable magnitudes. To use the stan-

dard torque formulation, one has to assume that the accretion rate is finely tuned to two,

different values in between which it is oscillating

3. For GX 1+4(P ' 120s), there exists an extended spin-down state with a persistent high

luminosity, the opposite of what would be expected with the standard formulation.

4. The standard model for explaining GX 1+4 requires a stellar dipole surface field Bd ∼
1010T.

5. It is not clear why systems like GX 1+4 and 4U 1626-67 are stable for years between

transitions from spin-up to spin-down.

The most significant problem is that the torque-luminosity relation in the standard model does

not fit the observations, as demonstrated by point 3 above since spin-down would be associated

with a reduction in the accretion rate and hence of the luminosity.However, BATSE was only

sensitive to the pulsed X-ray flux from the X-ray pulsars, and thus one cannot completely exclude

a variation of the steady X-ray flux in accordance with the standard model.

On the other hand the neutron stars in Be/X-ray transients sometimes pick up an accretion

disc at the time of their periastron passage, which leads to an outburst of X-rays. The obser-

vations of transient X-ray pulsars, such as EXO 2030+375(Reig and Coe 1998) and A0535+262

give some support to the Ghosh and Lamb model as the spin- up rate of the X-ray pulsar de-

creases as the X-ray flux goes down, though the relation between the observed X-ray flux and

the accretion rate is uncertain also for these system (Bildsten et al. 1997).
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1.3 Organization of the thesis

This thesis presents studies of an accretion disc with an internal dynamo around magnetized

stars, in particular neutron stars. General equations used to solve many thin accretion disc

problems are derived in chapter 2.

In Chapter 3 we will develop a steady state, a thin, axisymmetric model of the structure of

an accretion disc around magnetized star with an internal dynamo that is interacting with the

magnetic field of the accretor. The equations for the thin accretion disc with an internal dynamo

can be reduced to a single ordinary differential equation for dynamical viscosity (νΣ), which we

solve by integrating it numerically starting from the boundary condition and we construct a one-

dimensional solution for the structure of a steady thin accretion disc that can be expressed in a

self-similar form similar to the classical solution by Shakura and Sunyaev(1973). We calculate

detail structure of the thin accretion disc in terms of magnetic moment µ, r, M and Ṁ. Using

this model we have investigated the relation between the structure of the accretion disc and the

torque acting on the neutron star. Result and discussions, and conclusion are given at end of

the chapter.

In Chapter 4 we extend our model for the accretion disc with an internal dynamo around

magnetized millisecond X-ray pulsars. We calculate the detail structure of accretion disc for

different region of the disc starting from mathematics formulated in Chapter 3. Result and

discussions, and conclusion are given at end of this chapter.

In Chapter 5 we develop a theory for time-dependent behaviour of a stationary thin accre-

tion disc with an internal dynamo around a magnetized stars, and we determine the stability

properties of our disc model and a linear stability analysis of our steady disc solutions in the

presence of a strong external magnetic field. Results and discussion, and conclusion are given at

the end of this Chapter, summaries of the present work and a brief look forward can be found

in Chapter 6. Finally list of references are given at last and this work has been published in

Astronomy and Astrophysics Journal (one of the most reputable international Journal).



Chapter 2

Accretion Discs

2.1 Introduction

In this chapter we derive general mathematical equations which will be used to solve many

problems concerning thin accretion disc starting from Navier-Stokes equation this equation can

be reduced into standard disc equation in the absence of Lorentz force.

2.2 Basic Equations

The equations of the standard disc accretion theory were first formulated by Shakura(1972) and

Shakura and Sunyaev (1973). These equations were using standard disc equations. Now let us

derive general equations for accretion disc, starting from Navier stokes equation in the presence

of magnetic field (Landau and Lifshitz 1987, 1959)

ρ
∂v
∂t

+ ρ(v.∇v) = J×B−∇P − ρ∇Φ + η∆v, (2.1)

where the ratio of η
ρ is the kinematic viscosity and η itself is the dynamic viscosity, ρ the mass

density, v the velocity, P the pressure and Φ the gravitational potential of the central star,

J×B the Lorentz force. Before we derive for specific case we have to put the general Navier

stokes equation which is applicable for any accretion disc.

Now in general form the Navier-Stokes equations in cartesian coordinates system, describing

the motion of a viscous fluid with variable dynamic viscosity η and bulk viscosity η coefficients

12
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(Chapman and Cowling, 1939; Landau and Lifshitz, 1959) can be written as:

ρ

(
∂vı

∂t
+ vk

∂vı

∂xk

)
= J×B− ∂P

∂xı
+ρgı +

∂

∂xk

[
η

(
∂vı

∂xk
+

∂vı

∂xk
+

∂vk

∂xi
− 2

3
∂v`

∂x`
δık

)
+ ηB

∂v`

∂x`
δık

]
,

(2.2)

or in vector notation,

ρ

(
∂v
∂t

+ (v.∇)v
)

= J×B−∇P +ρg+∇k

[
η

(
∇kv +∇kvk − 2

3
(∇.v)δ

)
+ ηB(∇.v)δ

]
. (2.3)

Here, the usual tensor definitions are used with δık the Kronecker delta, and δ the unit tensor;

gı is the gravitational acceleration. Summation over repeated indices is assumed. The last term

in Eq. (2.2) is the divergence of the viscosity stress tensor σık, which is related to the symmetric

and divergent.

Tık =
1
2
(∇kv +∇vk − 1

3
(∇.v)δ, (2.4)

where

2Tık =
4
3
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)
(2.5)

The second term in the brackets on the left-hand side of Eq.(2.3) is a scalar product of the vector

v and tensor ∇v, which is the same in cartesian and curvilinear coordinates. The last term on

the right- hand side of Eq.(2.3) is the divergence of the tensor 2ηTık, which is calculated using

Eqs.(appendix A) and (2.5). As a result we obtain the components of Eq.(2.3) in the cylindrical

coordinates:

ρ

(
∂vR

∂t
+ vR

∂vR

∂R
+

vφ

R

∂vR

∂φ
+ vz

∂vR

∂z
− vφ

2

R

)
= (J×B)R̂− ∂P

∂R
+ ρgR

+
2
3

∂

∂R

[
η

(
2
R

∂(RvR)
∂R

− 1
R

∂vφ

∂φ
− ∂vz

∂z

)]

−2
vR

R

∂η

∂R
+

1
R

∂

∂φ

[
η

(
∂vφ

∂R
+

1
R

∂vR

∂φ
− vφ

R

)]

−2
η

R2

∂vφ

∂φ
+

∂

∂z

[
η

(
∂vφ

∂R
+

∂vR

∂z

)]
. (2.6)
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ρ

(
∂vφ

∂t
+ vR

∂vφ

∂R
+

vφ

R

∂vR

∂φ
+ vz

∂vφ

∂z
− vRvφ

R

)
= (J×B)φ̂− 1

R

∂P

∂φ
+ ρgφ

+
1

R2

∂

∂R

[
ηR3 ∂

∂R

(vφ

R

)]
+

∂

∂R

(
η

R

∂vR

∂φ

)

+
2

3R

∂

∂φ

[
η

(
2

(
1
R

∂vφ

∂φ
+

vR

R

)
− ∂vR

∂R
− ∂vz

∂z

)]

+
∂

∂z

[
η

(
1
R

∂vz

∂φ
+

∂vφ

∂z

)]
+

2η

R2

∂vR

∂φ
. (2.7)

ρ

(
∂vz

∂t
+ vR

∂vz

∂z
+

vφ

R

∂vz

∂φ
+ vz

∂vz

∂z

)
= (J×B)ẑ − ∂P

∂z
+ ρgz

+
1
R

∂

∂R

[
ηR

(
∂vz

∂R
+

∂vR

∂z

)]
+

1
R

∂

∂φ

[
η

(
1
R

∂vz

∂φ
+

∂vφ

∂z

)]

+
2
3

∂

∂z

[
η

(
2
∂vz

∂z
− ∂vR

∂R
− 1

R

∂vφ

∂φ
− vR

R

)]
. (2.8)

The continuity equation for the disc flow in general

∂ρ

∂t
+

∂(ρvı)
∂xı

= 0 or
∂ρ

∂t
+∇ · (ρv) = 0. (2.9)

Now in cylindrical coordinates the continuity equation yields

∂ρ

∂t
+

∂(RρvR)
R∂R

+
∂(ρvφ)
r∂φ

+
∂(ρvz)

∂z
= 0. (2.10)

2.3 Thin Disc Equations

For axisymmetric disc flow the φ- partial derivatives vanish so that the above equations become

ρ

(
∂vR

∂t
+ vR

∂vR

∂R
+ vz

∂vR

∂z
− v2

φ

R

)
= (J×B)R̂− ∂P

∂R
+ ρgR

+
2
3

∂

∂R

[
η

(
2
R

∂(Rv)
∂R

− ∂vz

∂z

)]
− 2

vR

R

∂η

∂R
+

∂

∂z

[
η

(
∂vz

∂R
+

∂vR

∂z

)]
, (2.11)

ρ

(
∂vφ

∂t
+ vR

∂vφ

∂R
+ vz

∂vφ

∂z
+

vRvφ

R

)
= (J×B)φ̂ +

1
R2

∂

∂R

[
ρνR3 ∂

∂R
(
vφ

R
)
]

+
∂

∂z

(
η
∂vφ

∂z

)
,

(2.12)
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ρ

(
∂vz

∂t
+ vR

∂vz

∂R
+ vz

∂vz

∂z

)
= (J×B)ẑ − ∂P

∂z
+ ρgz

+
1
R

∂

∂R

[
ηR

(
∂vz

∂R
+

∂vR

∂z

)]
+

2
3

∂

∂z

[
ρν

(
2
∂vz

∂z
− ∂vR

∂R
− vR

R

)]
. (2.13)

The continuity equation(2.10) takes the form

∂ρ

∂t
+

1
R

∂(RρvR)
∂R

+
∂(ρvz)

∂z
= 0. (2.14)

The vertical structure of the disc is determined by the equilibrium of the pressure gradient and

the vertical gravitational force gz. Neglecting vz, and all z derivatives, we obtain the approximate

equations

ρ

(
∂vR

∂t
+ vR

∂vR

∂R
− v2

φ

R

)
= (J×B)R̂− ∂P

∂R
+ ρgR +

4
3

∂

∂R

[ρν

R

∂(RvR)
∂R

]
− 2

vR

R

∂(ρν)
∂R

, (2.15)

ρR

(
∂Rvφ

∂t
+ vR

∂Rvφ

∂R

)
= (J×B)R̂ +

∂

∂R

[
ρνR3 ∂

∂R

(vφ

R

)]
, (2.16)

Neglecting vz it follows from (2.13) that the hydrostatic equilibrium gives

ρgz =
∂P

∂z
, (2.17)

The components of the gravitational acceleration are given by

gi = − ∂Φ
∂xi

=
(
− GMR

(R2 + z2)3/2
, 0,− GMz

(R2 + z2)3/2

)
. (2.18)

In Eq.(2.15) we assume that the last two terms on the right-hand-side are very small and

neglected (or neglecting viscosity in the radial equation), then we get the general equation

which describes the thin accretion disc

ρ

(
∂vR

∂t
+ vR

∂(vR)
∂R

)
− ρ(Ω2R + gR) +

∂P

∂R
= 0, (2.19)

Then the continuity equation reduces to

∂ρ

∂t
+

1
R

∂(RρvR)
∂R

= 0. (2.20)

Integrating the continuity equation vertically over the thickness of the disc we get another set

of thin disc equations

∂Σ
∂t

+
1

2πR

∂Ṁ

∂R
= 0. (2.21)
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Therefore, for steady-state disc we define

Σ =
∫ +H

−H
ρdz, Ṁ = −2π

∫ +H

−H
ρvRdz = −2πRΣvR, Ω =

vφ

R
, ` = Rvφ (2.22)

The radial motion in the disc is due to the friction between adjacent layers and the exchange of

the angular momentum between in a disc along the R-coordinates is associated with the moment

of viscous force. The particles spiral inward to the compact objects (black holes or neutron stars)

which leads to the loss of the angular momentum of the particles. Thus the radial component of

velocity appears and the particles spiral inward to compact objects which can be expressed as

vR =
Ṁ

2πRΣ
=

Ṁ

4πRHρ
(2.23)

Thus the structure of the thin disc solutions are related using the above set of equations.

2.4 Conclusion

According to the standard disc model accretion disk structure is defined by a set of differential

equations essentially describing the flow of mass, energy and angular momentum within the

disk. With a few simplifying assumptions the structure equations can be solved analytically.

One such analytical solution, originally derived by Shakura & Sunyaev (1973), is the classi-

cal or Shakura-Sunyaev disk model. The assumptions leading to the Shakura-Sunyaev-solution

are:Steady state (all time derivatives set to zero), Vertical hydrostatic equilibrium, the disk is

thin (r À H), orbits of gas particles are nearly Keplerian, the efficiency of angular momentum

transport is described by the α-parameter in which physics related to the viscosity is hidden

in the α-parameter. Some of the assumptions, like vertical hydrostatic equilibrium and near-

Keplerian orbits are relatively hard to constrain from observations. The Shakura-Sunyaev so-

lution also divides the disk into regions depending on equation of state (pressure is dominated

either by radiation pressure or ideal gas pressure) and main opacity source (electron scattering

or Kramer’s opacity). In transition regions, where the dominant source of pressure or opacity

changes, solutions are more complex and require numerical methods. The assumptions of near-

keplerian orbits and thinness are critical as the whole solution collapses without them.

The Shakura-Sunyaev model assumes vertical hydrostatic equilibrium. For disk region dom-

inated by gas pressure, this means predicts Gaussian vertical density structure near the disk

plane and exponential structure further away. The classical model assumes the scale height is
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small. However, observations have shown that the vertical structure of accretion disks is com-

plex. Deviations from axial symmetry and very extended vertical structure have been observed.

Thus our equation can reduced into the Shakura-Sunyaev equation in the absence of mag-

netic field and other approximations. In the standard disc model the equations for thin disc

approximation have been solved in the absence of magnetic field- disc interaction, that is the

effect of Lorentz was not included. But here we have derived the fundamental equations which

are used to solve many problems related to thin accretion discs including the effect of magnetic

field. These solutions can be described by the basic equations of viscous fluid dynamics: the

continuity equation and Navier-Stokes equations, given by the geometry of the problem. The

solutions can be found using equations derived in this chapter in the equatorial plane integrated

over the thickness of the disc. The vertical structure of the disc has been determined by the

hydrostatic equilibrium by neglecting the dynamical flow along the vertical direction.



Chapter 3

Accretion disc around magnetised

stars

This chapter is adapted from the paper ”The Structure of Thin Accretion Discs Around Mag-

netised Star” by S.B Tessema and U. Torkelsson has been published in Astronomy and As-

trophysics Journal, 2010, 509, A45.

3.1 Introduction

In chapter two we have derived that the general equations used to solve many problems concern-

ing thin accretion discs. Here we develop a model of an accretion with an internal dynamo around

magnetised stars in a steady state. We work in the spirit of Shakura & Sunyaev (1973) and

assume that the dynamics of a thin disc, which assuming cylindrical polar coordinates (R,φ, z))

is located in the equatorial plane z = 0. To a first approximation, the matter in the disc is

rotating in circular Keplerian orbits. With the standard assumptions for thin accretion discs,

that is H(R)
R ¿ 1, thereby implies cs À vR, for Vφ = VKepl(R) which will lead us to VR ¿ Vφ

for a reasonable viscous stress, where VKepl is the Keplerian velocity, which is equal to ΩkR .

We start from the equations of magnetohydrodynamics and derive a single ordinary differential

equation for the radial structure of the accretion disc, we present numerical solutions of this

equation. Finally, discuss the properties of these solutions and we summarize our conclusions

at the end of this chapter.

18
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3.2 Basic Equations of Magnetohydrodynamics

In stars and galaxies, and indeed in many other astrophysical settings, the gas is partially or fully

ionized and can carry electric currents that, in turn, produce a magnetic field. The associated

Lorentz force exerted on plasma might be included in the momentum equation for the fluid.

In the magnetohydrodynamic approximation the behaviour of a continuous plasma is governed

by a simplified form of Maxwell’s equations, together with Ohm’s law, and the equations of

hydrodynamics to which one adds the effect of the Lorentz force. The Maxwell’s equations in

MKS units can be written in the form

∇×E = −∂B
∂t

(3.1)

where E is electric field and B is the magnetic field. We also assume that the net charge density

ρe = 0 =⇒ ∇ ·E = 0 other wise you have that ∇ ·E = ρe

ε0

∇·B = 0 (3.2)

∇×B =
1
c2

∂E

∂t
+ µ0J (3.3)

where J is the current density, c is the speed of light, µ0 is permeability of free space. This shows

that either currents or time- varying electric fields may produce magnetic fields. A fundamental

assumption of magnetohydrodynamics is that the velocities are non-relativistic that is

v0 ¿ c, (3.4)

where v0 = l
τ is a characteristic electromagnetic(or plasma) speed, while l and τ are a typical

length and time scales, respectively. In addition, Eq. (3.1) shows that

E0

l
≈ B0

τ
, (3.5)

but in a moving medium we have that

E ≈ −v ×B

so that the first term on the RHS of Eq. (3.3) (the displacement current) has a magnitude

E0

c2τ
≈ B0l

c2τ2
=

v2
0B0

c2l
≈ v2

0 ¿ |∇×B0| ≈ B0

L
(3.6)

Taking the divergence of equation (3.3), we get ∇ · J = 0; which implies that local accumulations

of charge are negligible.
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Thus Eq. (3.3) can be reduced to Ampere’s law

∇×B = µ0J. (3.7)

According to Ohm’s law the current density is proportional to the total electric field of the fluid

in its local frame of reference moving with the plasma and it can be written as

J = σ (E + v ×B) (3.8)

where σ is the electric conductivity, E the electric field in the laboratory frame, which is at rest,

v the velocity of the fluid in the laboratory frame and B the magnetic field in the laboratory

frame.

Solving for E and substituting it into Faraday’s law of induction, one obtains the induction

equation
∂B
∂t

= ∇× (
v ×B− (µ0σ)−1J

)
(3.9)

∂B
∂t

= ∇×(v ×B)−∇ (η∇×B) , (3.10)

where in the second step we have used Ampere’s law to eliminate J and have introduced the

magnetic diffusivity η = 1
µ0σ . The behaviour of the magnetic field is coupled to that of the

plasma by the presence of the velocity term in Eq. (3.10). The plasma motion is in turn given

by the Navier-Stokes’s equations and the equation of continuity ( conservation of mass)

∂ρ

∂t
+∇ · (ρv) = 0, (3.11)

If ρ is independent of time t then we have that ∇ · (ρv) = 0 if in addition ρ is independent of r.

The momentum equation is the ordinary Navier- Stokes equation supplemented by the Lorentz

force, J×B is

ρ
∂v
∂t

+ ρ (v·∇v) = −∇P + J×B + f + Fν , (3.12)

where v is the velocity of fluid, ρ the density, P the pressure, Fν the viscous force and f is all

other body forces acting on the fluid including gravity, and in a rotating system also the Coriolis

and centrifugal forces. The magnetohydrodynamic equations form the basis for our work.

3.3 Mathematical Formulation

We study a steady thin axisymmetric Keplerian disc around a star with a magnetic dipole field.

This field is interacting with the accretion disc and can transfer angular momentum between the
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disc and the star (Ghosh and Lamb 1979). The basic equations describing the structure of the

thin accretion disc can be derived from the equations of magnetohydrodynamics. We assume

that the accretion disc is around magnetized star, and there is some viscosity that transport

angular momentum. And we consider the accreting system in which the central object interacts,

through the magnetic field, with the disc that surrounds it. First we have the dipole field

from the star (the neutron star), and there is an interaction of a dipole magnetic field and the

accretion disc. Secondly the different magnitudes of the Keplerian angular velocity and the

stellar angular velocity of the dipole field (the central star and the disc) creates or generates a

radial current and thereby, toroidal component of the magnetic field is created with in the disc

as well as the toroidal magnetic field produces a Lorentz force that expands the disc. Therefore

accretion through successive Keplerian orbits towards the central mass is possible only if the

fluid can constantly lose angular momentum because of some viscous torque.

3.3.1 Conservation of Mass

In steady state the continuity equation can be written as:

∇· (ρv) = 0 (3.13)

When only the radial advection is dominant, Eq.(3.13) yields

1
R

∂

∂R
(RΣvR) = 0, (3.14)

where Σ is the surface density and defined by

Σ =
∫ H

−H
ρdz ' 2ρH, (3.15)

where H is the half thickness of the disc. For steady-state and thin discs the integral of Eq.(3.14)

gives

Ṁ = −2πR

∫ H

−H
ρvRdz = −2πRΣvR = constant, (3.16)

which is the accretion rate.

3.3.2 Conservation of Momentum

Assuming a steady state the Navier-Stoke’s equation can be written as:

ρ (v · ∇)v = −∇P + ρ∇Φ + J×B

+∇ ·
(

ρν

(
∇v − 2

3
(∇ · v)

))
. (3.17)
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where P is pressure, ν kinematic viscosity, Φ the gravitational potential J = 1
µ0

(∇×B) =

(JR, Jφ, Jz) the current density and B = (BR, Bφ, Bz) the magnetic field. Then the current

density for axisymmetric case gives

J = Jz + Jr (3.18)

The viscosity is in general small, and we will only retain it where it plays a crucial role.

The radial component of Navier-Stoke’s equation is :

ρ

[
vR

∂vR

∂R
− v2

φ

R
+

GM

(R2 + z2)3/2

]
=

[
Bz

µ0

(
∂BR

∂z
− ∂Bz

∂R

)
− Bφ

µ0

(
1
R

∂

∂R
(RBφ)

)]
−

∂P

∂R
+

4
3R3/2

∂

∂R

(
R3/2νρ

∂vR

∂R

)
− 2

3R3

∂(R2νρvR)
∂R

(3.19)

We assume that vR ¿ vφ and also assume that for a thin accretion disc vφ is much larger than

the speed of sound and the Alfvén speed . Thus the dominant terms of the equation (3.19) give

us to lowest order when all the right-hand side of Eq.(3.19) go to zero

Ω2R− GM

R2
= 0 (3.20)

which shows that the disc rotates in a Keplerian fashion.

In similar manner the vertical component of momentum equation for a steady flow is

ρ

[
vR

∂vz

∂R
+ vz

∂vz

∂z

]
= −Bφ

µ0

∂Bφ

∂z
− BR

µ0

∂BR

∂z
+

BR

µ0

∂Bz

∂R

−∂P

∂z
− ρGM

R2
+

1
R

∂

∂R

[
ρνR

(
∂vz

∂R
+

∂vR

∂z

)]
+

4
3

∂

∂z

[
ρν

∂vz

∂z
− ∂vR

∂R
− vR

R

]
(3.21)

Neglecting vertical outflows and assuming the magnetic field to be weak the equation reduces

to the equation of hydrostatic equilibrium

1
ρ

∂P

∂z
= −GM

R2

Z

R
(3.22)

Using H as the half thickness of the disc, the total pressure at the midplane of the disc is

P =
1
2
ΣH

GM

R3
(3.23)

but the hydrostatic equilibrium can also be expressed as

H

R
=

cs

vkepl
(3.24)

where

cs =
(

P

ρ

)1/2

(3.25)
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is the isothermal speed of sound and

vkepl =

√
GM

R
(3.26)

is the Keplerian speed.

This means that in a thin disc the Keplerian velocity is highly supersonic; which leads to the

solution for the disc height H

H = cs
R3/2

√
GM

(3.27)

The azimuthal component of Navier- Stoke’s equation for steady-state is:

ρ

(
vR

R

∂

∂R
(Rvφ)

)
=

[
BR

µ0

1
R

∂

∂R
(RBφ) +

Bz

µ0

∂Bφ

∂z

]
+

1
R2

∂

∂R

[
R3ρν

∂

∂R

(vφ

R

)]
, (3.28)

We neglect BR
R

∂
∂R(RBφ) because the the radial length scale is much longer than the vertical

length scale in a thin accretion disc. We integrating Eq. (3.28) vertically across the disc

∫ +H

−H
ρ

[
vR

R

∂

∂R
(Rvφ)

]
dz =

∫ +H

−H

Bz

µ0

dBφ

dz
dz +

∫ +H

−H

1
R2

∂

∂R

[
R3ρν

∂

∂R

(vφ

R

)
dz

]
(3.29)

We have

Σ
[
vR

R

∂

∂R
(Rvφ)

]
=

Bz

µ0
[Bφ(H)−Bφ(−H)] +

1
R2

∂

∂R

[
R3νΣ

∂

∂R

(vφ

R

)]
(3.30)

Now multiplying both sides of Eq. (3.30) by R we get

Σ
(

vR
∂l

∂R

)
=

[
BzBφ

µ0

]H

−H

R +
1
R

∂

∂R

[
R3νΣ

∂

∂R

(
l

R2

)]
, (3.31)

where Bφ is the sum of toroidal magnetic fields due to the dynamo and the shear, respectively,

Bφ
+(R) ≡ Bφ(R, z = H) = −Bφ(R, z = H) because of the field antisymmetry and l = Rvφ ∝

R1/2 is the specific angular momentum. The magnetic term describes the exchange of angular

momentum between the disc and the star via the magnetosphere. This term vanishes if Bφ is

an even function of z, but the shear between the disc and the stellar magnetosphere generates

an odd Bφ whose value in the upper half of the disc is

Bφ,shear = −γBz
(Ωk − Ωs)

Ωk
, (3.32)

where Ωk = vφ/R, is the angular velocity of the star, γ is a dimensionless free parameter (Ghosh

and Lamb 1979).
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In this work we will consider the effect of adding a large scale toroidal field, that is generated

by an internal dynamo in the accretion disc. Such a dynamo is a natural consequence of the

magnetohydrodynamic turbulence in the accretion disc (Balbus and Hawley 1998), and the

magnetic field that it generates could have either a positive or a negative parity or be of a mixed

kind (e.g. Torkelsson and Brandenburg 1994). In order to estimate the size of Bφ,dyn we will for

the moment assume that the viscous stress in the accretion disc is due to the internal magnetic

stress

frφ =
BRBφdyn

µ0
= αssP (r) (3.33)

where we use the Shakura and Sunyaev (1973) prescription for the viscosity in the last equality.

Based on the results of numerical simulations of magnetohydrodynamic turbulence in accretion

discs (e.g. Brandenburg et al. 1995; Torkelsson 1998) argued that

γdyn =
Bφ

BR
∼ Bφ

Bz
(3.34)

where γdyn ∼ 10. However this Bφ is the sum of the large-scale field and a small-scale turbulent

field, which is also contributing to the stress fRφ through its correlation with a turbulent BR-

field. Since the large-scale field might be a small fraction of the total field we multiply Bφ with

a factor ε to get an estimate for Bφ,dyn :

Bφdyn = ε (αssµ0γdynP (r))1/2 , (3.35)

−1 ≤ ε ≤ 1, and a negative value describes a magnetic field which is pointing in the negative

φ-direction at the upper disc surface.

The stellar dipolar magnetic field, whose value in the stellar equatorial plane is

Bz = − µ

R3
(3.36)

Here µ is the magnetic dipole moment of the star.

Since the magnetic field Bφ can be generated through an internal dynamo and the shear through

between the disc and magnetosphere, then we now expand the BzBφ

µ0
term in Eq. (3.31)

Σ
(

vR
dl

dR

)
= 2

Bz

µ0
ε (αssµ0γdynP )1/2 R− 2γ

B2
z

µ0

Ωk − Ωs

Ωk
R

+
1
R

d
dR

[
R3νΣ

d
dR

(
l

R2

)]
. (3.37)
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3.3.3 Conservation of Energy

In many astrophysical settings one can distinguish four different energy reservoirs that are

involved in magnetohydrodynamics such as magnetic, kinetic, thermal, and potential energy. In

accretion discs any other form of energy comes ultimately from the potential energy. This is

only possible by getting rid of angular momentum via Reynolds and/ or Maxwell stresses. Here

we will restrict ourselves on derivations of energy equations related to thin accretion disc. The

Navier- Stoke’s equation for the conservation of internal energy can be written as:

∂

∂t
(ρe) +∇ · [(ρe + P )v] = v · fν +

J2

σ
−∇ · Frad −∇ · q, (3.38)

For steady state Eq. (3.38) becomes

∇·[(ρe + P ) · v] = v · fν +
J2

σ
−∇ · Frad −∇q, (3.39)

where e is the internal energy, fν the viscous force that covert kinetic energy to heat , the term J2

σ

is ohmic dissipation, ∇q is heat conduction small because the radiative transport or convection

will dominate, Frad is radiative energy flux.

For a slow inflow of matter through an optically thick disc Eq.(3.39) reduces to a balance between

the local viscous dissipation v · fν and radiative losses ∇ · Frad.

v · fν = ∇ · Frad. (3.40)

Integrating the viscous dissipation vertically we get the total dissipated power per unit

surface area of the disc (Frank, King and Raine 2002)

Wν = −9
8
νΣ

GM

R3
(3.41)

This is the dissipation rate as a function of M and R.

If the gas is optically thick, Frad will approximate the black body flux and −∇ · Frad will

be given by the Rosseland approximation as.

Frad = −
(

16σ

3κRρ

)
T 3∇T (3.42)

where κR is the Rosseland mean opacity. Integrating Eq. (3.42) vertically for an optically thick

disc we get

Frad = −
∫ H

0

16σT 3

3κRρ

dT

dz
dz ' −4σT 4

c

3τ
, (3.43)
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Finally the total dissipated power per unit surface area is now equal to the radiation flux, which

is the required energy equation that can relate most of the physical quantities is

9
8
νΣ

GM

R3
=

4σT 4
c

3τ
(3.44)

where Tc is the temperature at the midplane of the disc, σ the Stefan - Boltzmann constant and

also the magnetic dissipation is negligible as long as η ≈ ν, where η = 1/σµ0 ( here σ is electric

conductivity). For optically thick disc the optical depth, τ , of the disc is given by:

τ = ρHκR(ρ, Tc) =
1
2
ΣκR (3.45)

and we assume that the opacity is given by Kramer’s law

κR = κ0ρT−7/2
c m2 kg−1, (3.46)

where κ0 = 5× 1020 m5 kg−2 K−7/2.

3.4 Structure equations

A solution for the structure of an accretion disc with an internal dynamo can be found after

reducing Eq. (3.37) to a single ordinary differential equation for the radial structure of the

accretion disc. First we assume that the disc is dominated by a gas pressure, then the equation

of state for an ideal gas:

P =
ρkBTc

mpµ̄
, (3.47)

where kB is Boltzmann constant, µ̄ the mean molecular weight, and mp the mass of a proton.

Since the gas pressure is dominant compared to radiation pressure, then the total pressure

is equal to the gas pressure. But the pressure can also be expressed using the equation of

hydrostatic equilibrium which gives us

1
2

ΣGMH

R3
=

ρkBTc

µ̄mp
, (3.48)

which gives us a relation between H and Tc

H =
(

kB

mpµ̄

)1/2 (
R3

GM

)1/2

T 1/2
c (3.49)

The viscous stress tensor gives us the equation

fRφ =
3
4
Σν

(
GM

R3

)1/2

H−1 = αssP (r) (3.50)
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which we solve for the density of the gas

ρ =
3
4
α−1

ss

(
mpµ̄

kB

)3/2 νΣ

T
3/2
c

GM

R3
(3.51)

The optical depth of the disc is

τ =
9κ0

16
α−2

ss

(
mpµ̄

kB

)5/2 (
GM

R3

)3/2

(νΣ)2T−6
c (3.52)

where κ0 = 5× 1020 m5 kg−2 K−7/2.

Tc = α−1/5
ss

(
243κ0

512σ

)1/10 (
mpµ̄

kB

)1/4

(GM)1/4 R−3/4(νΣ)3/10 (3.53)

Using Eqs.(3.52) and (3.44), and rearranging we have

Tc =
(

243κ0

512σ

)1/10 (
mpµ̄

kB

)1/4

α−1/5
ss

(
GM

R3

)1/4

y3/10, (3.54)

where y = νΣ. The central temperature depends on mass, radius, alpha and vertically integrated

dynamical viscosity, y which is a function of radius. Using expression of temperature the scale

height

H =
(

243κ0

512σ

)1/20 (
mpµ̄

kB

)−3/8

α−1/10
ss

(
GM

R3

)−3/8

y3/20 (3.55)

We express the density as

ρ =
3
4

(
243κ0

512σ

)−3/20 (
mpµ̄

kB

)9/8

α−7/10
ss

(
GM

R3

)5/8

y11/20 (3.56)

The pressure is then given by

P (r) =
3
4

(
243κ0

512σ

)−1/20 (
mpµ̄

kB

)3/8

(GM)7/8 α−9/10
ss (νΣ)17/20R−21/8 (3.57)

Then equation (3.57) gives

P (r) =
3
4

(
243κ0

512σ

)−1/20 (
mpµ̄

kB

)3/8

α−9/10
ss

(
GM

R3

)7/8

y17/20 (3.58)

We see that the total pressure depends on mass, radius, alpha and vertically integrated dynamical

viscosity, y.

The φ-component of magnetic field generated by the internal dynamo can be expressed using

Eqs. (3.58) and (3.35) as:

Bφdyn
=

(
3
4

)1/2 (
243κ0

512σ

)−1/40 (
mpµ̄

kB

)3/16

(GM)7/16 α1/20
ss (γdyµ0)1/2y17/40R−21/16 (3.59)
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Then the above equation becomes

Bφdyn
= C1εα

1/20
ss γ

1/2
dy M7/16y17/40R−21/16 (3.60)

where

C1 =
(

3µ0

4

)1/2 (
243κ0

512σ

)−1/40
((

mpµ̄

kB

)3

G7

)1/16

(3.61)

The magnetic field generated due to shear can be rewritten as:

Bφ,shear = −µγ

R3

[
1−

(
R

Rc

)3/2
]

, (3.62)

where

Rc =
(

GMP 2

4π2

)
' 1.5× 106P

2/3
spin

(
M

M¯

)1/3

m, (3.63)

is the co-rotation radius, at which the Keplerian angular velocity is the same as the stellar

angular velocity. Here Pspin = 2π/Ωs is the spin period of the star, and M1 = M/M¯. If the

field is moving more rapidly than the disc, which occurs outside the co-rotation radius, then the

disc gains angular momentum and is pushed out to greater radii. Inside the corotation radius

the disc moves more rapidly than the field and hence loses angular momentum and is accreted

more rapidly.

Eqs. (3.60) and (3.62) show that the magnetic field generated by the internal dynamo varies

more slowly with radius ∼ R−1.3 than the magnetic field due to shear, ∼ R−3. Thus the dynamo

component dominates at large radii.

The toroidal component of magnetic field in the disc gives us

Bφ = C1εα
1/20
ss γ

1/2
dy M7/16y17/40R−21/16 − µγ

R3

[
1−

(
R

Rc

)3/2
]

(3.64)

The total magnetic torque is then

Ntotal,mag = 4π

∫ ∞

R0

BzBφ,dyn

µ0
R2dR + 4π

∫ ∞

R0

BzBφ,shear

µ0
R2dR (3.65)

where the first term is the magnetic torque generated due to the dynamo component of the

magnetic field and the second term is due to the shear component of the magnetic field.

The shear is resulting from the difference between Ωs and the Keplerian angular velocity in the

disc Ωk. The toroidal field Bφ changes sign about the midplane. At large radius the magnetic

field due to dynamo is dominant and at low radius the magnetic field due to shear is dominant
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and the resulting field is the sum of the two which shows the nature of magnetic field in the

disc. Thus Eq. (3.65) can be rewritten as

Ntotal,mag = 4πε

∫ R

R0

C1µ

µ0
y17/40R−37/16dR− 4π

∫ R

R0

µ2γ

µ0R4

[
1−

(
R

Rc

)3/2
]

dR (3.66)

The first term is a steep function of radius (∼ R−2.3) where as the second one varies with radius

(∼ R−4). So the first term is dominant at large radii.

Equation (3.37) gives us an ordinary differential equation for y given by

y′ =
Ṁ

6πR
− y

2R
− C2y

17/40R−45/16 − C3R
−9/2

[
1−

(
R

Rc

)3/2
]

, (3.67)

where

C2 =
4

3µ0

√
G

C1εγ
1/2
dynα

1/20
ss M−1/16µ̄3/16µ (3.68)

and

C3 =
4γ

3µ0

√
G

M−1/2µ2. (3.69)

The solution of Eq. (3.67) approaches the Shakura -Sunyaev solution at large radii, thus giving

us the boundary condition y −→ Ṁ
3π as R −→∞.

Now let us introduce the dimensionless variable Λ through

y = ΛṀ, (3.70)

and a dimensionless radial coordinate through

R = rRA, (3.71)

where RA is the Alfvén radius in the vicinity of the neutron star,

RA =

(
2π2µ4

GMṀ2µ2
0

)1/7

= 5.1× 106Ṁ
−2/7
13 M

−1/7
1 µ

4/7
20 m, (3.72)

that is given by putting the magnetic pressure equal to the ram pressure of the accreting fluid

(e.g. Frank, King & Raine 2002). Here Ṁ13 represents the mass transfer rate in units of

1013 kg s−1, and µ20 is the stellar magnetic dipole moment in units of 1020 Tm3. The boundary

condition is then Λ −→ 1
3π as r −→∞, and Eq. (3.67) can be written as

Λ′ = − Λ
2r

+
1

6πr
− C4Λ17/40r−45/16 − C5r

−9/2(1− ωsr
3/2), (3.73)
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Table 3.1: Spin parameters of the models

P (s) Rc (m) ωs

7 6.1× 106 0.71

18.7 1.2× 107 0.26

100 3.6× 107 0.05

where

C4 = 4.9εα1/20
ss γ

1/2
dynµ̄

3/16M
11/56
1 Ṁ

−2/35
13 µ

−1/28
20 , (3.74)

C5 = 0.3γ,

and

ωs =
(

RA

Rc

)3/2

= 6.3 Ṁ
−3/7
13 M

−5/7
1 µ

6/7
20 P−1 (3.75)

is the fastness parameter.

3.5 Numerical solution

3.5.1 Global solutions

We integrate Eq. (3.73) inwards from a large radius, usually 100RA, at which we impose the

boundary condition that Λ = 1
3π , which is similar to the approach by Brandenburg and Campbell

(1998), but most studies of accretion discs have rather applied a boundary condition at the inner

edge of the disc, and then integrated the equations outwards. (Paper I) argue that there are two

possible boundary conditions that can be applied at the inner edge of the accretion disc, either

that Λ = 0, which corresponds to that ρ and T → 0 at the inner edge (case D), or that

d
dr

(
r3Λ

dΩ
dr

)
= 0, (3.76)

which means that the viscosity is not at all contributing to driving the accretion at this radius.

Case D is the boundary condition that has been most widely used, and was adopted for instance

by Shakura and Sunyaev (1973). In this case the density drops to zero because the inflow

velocity becomes infinite, which is of course not realistic, and a more accurate treatment shows

that the inflow becomes transonic close to this position Paczyński and Bisnovatyi-Kogan (1981).

In case V the inflow at the inner edge of the accretion disc is driven completely by the transfer

of excess angular momentum from the accreting matter to the stellar magnetic field (e.g. Wang
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1995). For our fiducial model we take a neutron star of M = 1.4M¯ and a magnetic moment

of 1020 Tm3, which is accreting at 1013 kg s−1. The dimensionless parameters γ and γdyn are 1

and 10 respectively in our fiducial model, while αss = 0.01. The exact values of αss and γdyn are

unimportant, since we will vary the parameter ε below, but γ influences the solutions in its own

way as will be shown at the end of this section. We consider three different spin periods with

corresponding co-rotation radii and fastness parameters (see Table.1). Note that the system

goes into the propeller regime for ωs ≥ 1 (e.g. Illarionov & Sunyaev 1975, Ghosh & Lamb 1979).

Firstly, for a spin period of 7 s and ε = 1, 0.1, 0, −0.1, and −1 we get the solutions shown

from the top to the bottom of Fig. 3.1. The ε = −1 and −0.1 solutions have case D inner

boundaries at approximately 5 and 2 RA, respectively, while the other three solutions have case

V inner boundaries (Fig. 3.2). The inner boundary is close to RA if ε = 0, which corresponds

to the absence of an internal disc dynamo, but moves outwards as |ε| increases. As we have

seen in the Fig.1 as we ascend from the bottom to the top Λ(r) −→ 0 at radii which are about

five times larger than the Alfvén radius for ε = 1 and two times larger than the Alfvén radius

for ε = 0.1 for two lower solid and dotted lines, respectively. The reason for this is that the

dynamo increases the magnetic field and stress in the inner part of the accretion disc but for

the rest Λ(r) 6= 0 . For ε = 0 as indicated by dashed line in Fig.1 at the middle we have sharp

minima at radii about equal to Alfvén radius the sharpness increases for the spin period of less

than 7s and decreases as the spin period increases, for ε = - 0.1, - 1 we cannot find exactly

the minima point of the graph because Λ(r) grow with out limit at small radii and the graph

becomes smooth curve which corresponds that the accretion is driven by small-scale stresses,

which also produce a large-scale weak toroidal magnetic field that couples the accretion disc to

the stellar magnetosphere. Notice that in case V the solution continues inside the inner edge

of the accretion disc, but the viscosity is counteracting the accretion, which is rather driven by

the magnetic stresses. This regime has been described by Campbell (1998), who discussed how

the disc is disrupted in this region, and we will therefore assume that this region belongs to a

boundary layer that we do not attempt to model in this thesis. On the other hand all solutions

approach the Shakura-Sunyaev solution at large radii as required by our boundary condition.

By increasing the spin period to 100 s we see that also the ε = −0.1 solution develops a case

V inner boundary (Fig. 3.3), but there are only small quantitative changes for the ε = −1 and

1 solutions. The dependence of the solution on the spin period can be better seen in Fig. 3.4,

where we vary the spin period, when ε is fixed to 0. Λ has a local minimum for Ps = 7 s, but
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Figure 3.1: Λ(r) for our fiducial neutron star with a spin period of 7 s and ε =

1, 0.1, 0,−0.1,−1 from the top to the bottom. Note that Λ(r) → 0 at r ≈ 4.67RA

for ε = −1, and at r ≈ 1.62RA for ε = −0.1.
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Figure 3.2: d
dr

(
√

rΛ), as a function of r for the fiducial neutron star with a spin period

of 7 s and with ε = 1, 0.1, and 0 from the bottom to the top.

this minimum weakens and disappear as the spin period is increased. This is similar to how Λ

depends on ε. For ε = −1, Λ has an un physical negative local minima at a small radius, such

that the physical solution has a case D boundary at several Alfvén radii. As ε is increased the

local minimum grows and the solution develops a case V inner boundary when the minimum

becomes positive. Increasing ε further removes the local minimum and the solution becomes

a strictly decreasing function of r, which asymptotically approaches 1/3π as required by our

boundary condition. Increasing γ has a similar effect to decreasing ε (Fig 3.5).
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Figure 3.3: Λ(r) for our fiducial neutron star with a spin period of 100 s and ε =

1, 0.1, 0, −0.1, −1 from the top to the bottom. Note that Λ(r) → 0 at r ≈ 4.4RA

for ε = −1, and grow without limit at small radii in all the other cases.
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Figure 3.4: Λ(r) for our fiducial neutron star with ε = 0 and spin periods of 100, 18.7

and 7 s from the top to the bottom. Note that Λ(r) develops a local minimum as the spin

period decreases.
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Figure 3.5: Λ(r) for our fiducial neutron star with spin period of 7 s and ε = 0.1 and

γ = 1, 3 and 5 ( upper dashed, dotted and solid lines, respectively), ε = −0.1 and

γ = 1, 3 and 5 ( lower dashed, dotted and solid lines, respectively).

3.5.2 The structure of an accretion disc

The physical structure of the accretion disc can now be expressed using Λ and r = R/RA. We

have that

Σ = 3.7× 103α−4/5
ss M

5/14
1 Ṁ

32/35
13 µ

−3/7
20 Λ(r)7/10r−3/4 kg m−2 (3.77)

Tc = 4.8× 105α−1/5
ss µ̄1/4M

5/14
1 Ṁ

18/35
13 µ

−3/7
20 Λ(r)3/10r−3/4 K (3.78)

H

R
= 0.012α−1/10

ss µ̄−3/8M
−11/28
1 Ṁ

4/35
13 µ

1/14
20 Λ(r)3/20r1/8 (3.79)

ρ = 3.0× 10−2α−7/10
ss µ̄9/8M

25/28
1 Ṁ

38/35
13 µ

−15/14
20 Λ(r)11/20r−15/8 kg m−3 (3.80)

τ = 370α−4/5
ss µ̄Ṁ

1/5
13 Λ(r)1/5 (3.81)

ν = 2.7× 109α4/5
ss µ̄−3/4M

−5/14
1 Ṁ

3/35
13 µ

3/7
20 Λ(r)3/10r3/4 m2 s−1 (3.82)

vR = 84α4/5
ss µ̄−3/4M

−3/14
1 Ṁ

13/35
13 µ

−1/7
20 Λ(r)−7/10r−1/4 ms−1 (3.83)

Bφ,dyn = 12εγ
1/2
dynα

1/20
ss µ̄3/16M

5/8
1 Ṁ

4/5
13 µ

−3/4
20 Λ(r)17/40r−21/16 T (3.84)

Bφ,shear = 0.75γM
3/7
1 Ṁ

6/7
13 µ

−5/7
20 r−3

(
1− ωsr

3/2
)

T (3.85)
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Figure 3.6: Σ as a function of r for the fiducial neutron star with a spin period of 7 s and

ε = −1 (solid line), ε = 0 (dashed line), and ε = 1 (dotted line).
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Figure 3.7: Σ, as a function of R for the fiducial neutron star with ε = 1 (solid line below

dashed line), ε = 0 (dashed line), and ε = −1 (solid line above dashed line) and spin

period of 100s.

0 5 10 15 20 25 30
0

5

10

15

20

25

30

r

v R
@m

s^
-

1D

Figure 3.8: VR as a function of r for the fiducial neutron star with a spin period of 7 s

and ε = −1 (solid line), ε = 0 (dashed line), and ε = 1 (dotted line).
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Figure 3.9: The aspect ratio, H/R, as a function of r, for the fiducial neutron star with

ε = −1 (solid line), ε = 0 (dashed line), and ε = 1 (dotted line) and a spin period of 7 s.

In Fig.3.6 we show the surface density as a function of radius for the fiducial neutron star with

a spin period of 7 s and ε = −1, 0, and 1, respectively. Note that for ε = −1 the surface

density attains a local maximum, while the other models have surface densities that are strictly

decreasing functions of r. For ε = 1 the surface density is maximum at small radii and decrease

at large radii. Thus for a slow rotator the maximum occurs at smaller radius. Our model differs

from the standard model in the presence of the numerical solution Λ(r) found using Eq.(3.73)

which results due to coupling of the magnetic field but at large radii approaches to Shakura-

Sunyaev solution. When the magnetic field increases the surface density of the disc increases on

the other hand as the spin period of the star increases the surface density decreases, these are

related through the numerical solution of using Eq.(3.73). As the radius of the the accretion disc

decreases the surface density increases that is the region where the magnetic stress and viscous

stress are become comparable. In this region the magnetic stress is sufficiently influential to

produce effects. As the accretion rate, mass, and Λ(r) increase, so does the surface density. As

expected, an increase accretion rate also pushes the disruption radii into smaller radii. Figure.

3.8 shows the radial velocity as a function of r. Since vR ∝ Σ−1 it becomes infinite as the inner

edge of the disc for ε = −1, but it stays finite for ε = 0 and 1 and eventually goes to 0 in the

boundary layer. Increasing the spin period of the neutron star has a very marginal effect on

the accretion disc, though Tc, which is proportional to Σ2, increases somewhat (Fig.3.10). The

aspect ratio grows slowly with r throughout most of the disc, though it varies more rapidly at

the inner edge of the disc. In Fig.3.9 the ratio of the disc scale height to radial distance follows

an approximately linear relation with radial distance at large radii, slowly decreasing towards

the inner edge of accretion disc and non-linear because of the effect of the magnetic field. As
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ε increases from -1 to 1 the aspect ratio increases as in Fig. 3.6 and 3.10, however, disruption

occurs some distance from the star in the same manner and at the same radii as with the surface

density. The disc becomes thicker at strong magnetic field, higher accretion rates and Λ(r) and

the parameter H
R ¿ 1 shows that the thin disc approximation appears to be justified with this

ratio.

In Fig.3.11 the profile of density of the disc-mid plane is very similarly and approximately at the

same position as surface density for different ε for a given spin period, as the radius increases

the density decreases, but increase as the, magnetic field, accretion rate and Λ(r) increase. The

value indicates that it is very small and fits with Shakura-sunyaev solution at large radii for all

values of ε.

Increasing the spin period 100 s makes the accretion disc hotter as seen in Figs. 3.7 and 3.10.

When ε = -1, 0, 1 for spin period of 100 s.
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Figure 3.10: Tc as a function of r. The two lower curves show discs with ε = −1 around

neutron stars with spin periods of 7 s (dashed line) and 100 s (solid line), respectively.

The two upper curves show discs with ε = 1 around neutron stars with spin periods of 7 s

(dashed line) and 100 s (dotted line), respectively.

We plot the magnetic fields for our fiducial model with varying ε and spin periods of 7 and 100 s,

respectively, in Figs. 3.12 and 3.13, respectively. Note that the co-rotation radius, at which
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Figure 3.11: Midplane density, ρc, as a function of r, for the fiducial neutron star with

ε = −1 (solid line), ε = 0 (dashed line), and ε = 1 (dotted line) and a spin period of 7 s.
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Figure 3.12: The toroidal magnetic field for the fiducial neutron star with a spin period

of 7 s. The solid and dashed lines show the field generated by the dynamo for ε = −1 and

1, respectively, while the dotted line shows the magnetic field generated by the shear
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Figure 3.13: The toroidal magnetic field for the fiducial neutron star with a spin period

of 100 s. The solid and dashed lines show the field generated by the dynamo for ε = −1

and 1, respectively, while the dotted line shows the magnetic field generated by the shear
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Bφshear changes sign, occurs inside of the inner edge of the accretion disc for ε = 1 and −1, and

that for these values of ε the dominant magnetic field everywhere inside the disc is Bφdyn. In

general the ratio of the magnetic field due to shear to that generated by the internal dynamo is

Bφshear

Bφdyn
= 6.25× 10−2ε−1γγ

−1/2
dyn α−1/20

ss µ̄−3/16M
−11/56
1 Ṁ

2/35
13

µ
1/28
20

(
1− ωsr

3/2
)

Λ(r)−17/40r−27/16. (3.86)

It is only during rather extreme conditions that the shear-induced field can dominate at small

radii, and the dynamo is always dominant at large radii. So that the ratio of Bφ,dyn

Bφ,shear
> 1 at

large radii but
Bφdyn

Bφshear
< 1 at small radii, therefore, the magnetic field generated by the internal

dynamo is strong component of the field.

3.6 Results and discussion

3.6.1 The inner edge of the accretion disc

We have shown that there are two different forms of inner disc boundaries that can be found

among our solutions . We denote these as case D and V, respectively. Case D occurs only for

sufficiently negative ε, while case V covers a larger part of the parameter domain that we have

studied (Paper I). We summarise our values for the inner radius of the accretion disc in table.

3.2. We see that the inner radius can be significantly larger than the Alfvén radius when |ε|
is close to unity. This is the result of that the dynamo enhances the coupling of the stellar

magnetic field to the accretion flow, such that it dominates over the viscous torque at larger

radii than would otherwise be the case.

3.6.2 The angular momentum balance

In order to understand the exchange of angular momentum between the accretion disc and its

environment we multiply Eq. (3.37) by 2πR and integrate it from R0 the inner radius of the

disc to R1 the outer edge of the disc

−Ṁ
(√

GMR1 −
√

GMR0

)
=

∫ R1

R0

4π
BzBφ,dyn

µ0
R2dR +

∫ R1

R0

4π
BzBφ,shear

µ0
R2dR

−3π (νΣ)R1

√
GMR1 + 3π (νΣ)R0

√
GMR0. (3.87)
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The left-hand-side is the difference between the angular momentum that is advected out of

the inner edge of the accretion disc and that which is fed into the disc at its outer edge and

the right-hand-side describes the contribution of magnetic and viscous torques to the angular

momentum balance. Notice that the term 3π(νΣ)R1

√
GMR1 describes the viscous tension at

the outer edge of the disc, which will not be considered further in this paper. Rather we will

consider the exchange of angular momentum between the accretion disc and the neutron star.

Firstly we have the angular momentum which is advected from the disc to the star

Nadv = Ṁ
√

GMR0 = 2.6× 1026µ
2/7
20 M

3/7
1 Ṁ

6/7
13 r

1/2
0 . (3.88)

Then we have the magnetic torques on the neutron star, which we divide into one part due to

the shear

Nshr = −
∫ R1

R0

4π
BzBφ,shear

µ0
R2dR =

7.5× 1026γµ
2/7
20 M

3/7
1 Ṁ

6/7
13

∫ ∞

r0

[
r−4

(
1− ωsr

3/2
)]

dr (3.89)

and a second part due to the dynamo

Ndyn = −
∫ R1

R0

4π
BzBφ,dyn

µ0
R2dR =

1.2× 1028εγ
1/2
dynα1/20

ss µ̄3/16µ
1/4
20 M

5/8
1 Ṁ

4/5
13

∫ ∞

r0

Λ17/40r−37/16dr. (3.90)

Finally the viscous stress at the inner edge of the accretion disc transports angular momentum

outwards away from the neutron star resulting in a torque

Nvis = −3π (νΣ)R0

√
GMR0 = −2.46× 1027µ

2/7
20 M

3/7
1 Ṁ

6/7
13 Λr

1/2
0 (3.91)

Notice that this torque vanishes for a case D inner boundary. We can now calculate the torques

on our fiducial neutron star for our choices of spin periods and ε. These results are summarized in

Tab. 3.2. Unless ε = 0 we see that the magnetic torque due to the dynamo is always significantly

stronger than the magnetic torque due to the shear, and are both stronger for ε = 0.1 than for

ε = 1. The reason for the latter effect is that the central hole in the disc grows too large when

ε = 1. The dominant torque at ε = 1 is therefore the viscous torque at the inner boundary,

which has usually been ignored.

Let us now compare our results with the BATSE data (Bildsten et al. 1997). The 7.6 s X-ray

pulsar 4U1626-67 was observed to spin down at a rate ν̇ ≈ −7 × 10−13 Hzs−1 and spin up at

ν̇ ≈ +8.5× 10−13 Hz s−1. These spin variations correspond to torques

N = 2πν̇I = 6.3× 1025ν̇−13I38 Nm, (3.92)
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where I is the moment of inertia of the neutron star, which we measure in 1038 kgm2, and we

measure the spin acceleration in units of 10−13 Hz s−1. The required torque is significantly larger

than that produced by Nshear in any of our models, but Ndyn is even an order of magnitude

larger than this value if |ε| = 0.1. This overestimate can be explained by that we have assumed a

unidirectional Bφ,dyn across the disc surface, while it might be more realistic to expect that the

toroidal field is organized in magnetic annuli with opposite polarities, or that |ε| is significantly

smaller fraction of the total turbulent magnetic field.

We explain the torque reversals in the same way as in (Torkelsson 1998), that the dynamo

undergoes a field reversal, which in our model corresponds to that ε changes sign. One might

speculate that during this field reversal the disc passes through a state corresponding to ε = 0,

in which the disc will have a smaller inner radius than during the states with an active dynamo.

An accretion disc that extends closer to the surface of the neutron star might absorb and re-

process more of the X-ray emission that is generated in the accretion columns. Dynamo theory

should in principle provide us with an estimate of the interval between the torque reversals.

Torkelsson & Brandenburg (1994a) found that an oscillatory dipolar dynamo has a period, Tdyn,

of about 10−2tη, where tη = R2/η is the diffusive time scale at 6R0. If we now assume that the

tη = tν = R2/ν and that R0 = RA, then we get that

Tdyn = 7× 103α−4/5
ss µ̄3/4M

1/14
1 Ṁ

−23/35
13 µ5/7 s (3.93)

and assuming that αss = 0.01, we get a time scale for the dynamo of about 3 days. This

should be compared to the observed interval between the torque reversals, which is 10 to 100

days for Cen X-3 and OAO 1657-415, while the time between the torque reversals is several years

in GX 1+4 and 4U 1626-67 (Bildsten et al. 1997). Thus the time scale of the oscillatory dipolar

dynamo mode is too short to explain the torque reversals, but there is also a steady dipolar

mode, which is stable for a finite range of dynamo numbers (Torkelsson & Brandenburg 1994b;

Soward 1992). We speculate that this mode goes unstable due to some external perturbation.

Assuming that this perturbation is due to an instability in the accretion flow through the disc we

expect it to evolve on the global viscous time scale of the disc, which is comparable to the time

scale between the torque reversals in Cen X-3, OAO 1657-415 and GX1+4, however 4U 1626-67

is a small system with a viscous time scale on the order of one day (Torkelsson 1998). Perhaps

the torque reversals in the latter case are rather due to an instability in the mass transfer from

the secondary (cf. Bath 1973).
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Table 3.2: The inner edge of the accretion disc and its torque on the fiducial neutron star.

Pspin [s] ε Case R0 Nshear Ndyn Nadv Nvis Ntot

7 1 V 9.0RA 7.0× 1024 5.7× 1026 7.8× 1026 −1.2× 1027 2.6× 1026

0.1 V 2.0RA 5.3× 1025 4.3× 1027 3.7× 1026 −4.9× 1026 4.2× 1027

0 V RA 5.9× 1025 0 2.6× 1026 −1.2× 1026 2.0× 1026

-0.1 D 1.62RA 6.34× 1025 −3.73× 1027 3.32× 1026 0 −3.33× 1027

-1 D 4.67RA 1.82× 1025 −9.06× 1026 5.64× 1026 0 −3.24× 1026

18.7 1 V 9RA 2.44× 1024 5.72× 1026 7.83× 1026 −1.11× 1027 2.47× 1026

0.1 V 2RA 8.18× 1024 4.39× 1027 3.69× 1026 −5.43× 1026 4.23× 1027

0 V RA −6.74× 1025 0 2.61× 1026 −2.96× 1026 1.68× 1026

-0.1 V RA −6.74× 1025 6.05× 1027 2.61× 1026 −2.46× 1025 −5.87× 1027

-1 D 4.55RA 6.03× 1024 −9.31× 1026 5.56× 1026 0 −3.68× 1026

100 1 V 10RA 2.89× 1023 4.89× 1026 8.25× 1026 −1.04× 1027 2.80× 1026

0.1 V 2.5RA −5.45× 1024 3.2× 1027 4.12× 1026 −6.18× 1026 3.00× 1027

0 V 1.2RA −7.06× 1025 0 2.86× 1026 −4.45× 1026 −2.30× 1026

-0.1 V RA −1.26× 1026 −7.08× 1027 2.61× 1026 −4.49× 1025 −6.86× 1027

-1 D 4.4RA −1.41× 1023 −9.43× 1026 5.47× 1026 0 −3.96× 1026

3.7 Conclusions

We have investigated the interaction between a magnetic neutron star and its surrounding

accretion disc in the case that the accretion disc is supporting an internal dynamo. The magnetic

field that is produced by the dynamo can lead to a significant enhancement of the magnetic torque

between the neutron star and the accretion disc, compared to what is seen in the model by Ghosh

and Lamb (1979). This increase is not so important, but the fact that it naturally explains the

torque reversals that have been observed in some disc-accreting X-ray pulsars (Bildsten et al.

1997) is important. This extra magnetic torque can explain the large variations in spin frequency

Cen X-3 and OAO 1657-415 (Bildsten et al.1997). Further a reversal of the magnetic field that

is generated by the dynamo, similar to the reversals that we see of the magnetic fields on the

sun, could explain the torque reversals in theses objects.

From the way that we calculate the structure of the accretion disc we find two kinds of solu-

tions with different behaviour at the inner edge. A few of our solutions have case D boundaries

at which the density and temperature go to 0 at finite radius, while most of our solutions have

case V boundaries at which the accretion is driven entirely by the magnetic tension between
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the accreting matter and the neutron star. In the latter case there is a viscous stress between

the accretion disc and the boundary layer, which can transfer angular momentum outwards at

a rate that is comparable to the one at which it is advected inwards by the accreting matter

itself.

We have also found that the dynamo leads to that the inner edge of the accretion disc

occurs at a radius which is larger than the traditional Alfvén radius. For a realistic value of the

dynamo-generated magnetic field this effect is small though.



Chapter 4

Accretion discs around millisecond

X-ray pulsars

This chapter is adapted from the paper ”Thin Accretion Discs Around Millisecond X-ray

Pulsars” by Solomon Belay Tessema and Ulf Torkelsson has been submitted to The Mon.

Not.R.Astron.Soc. Journal.

4.1 Introduction

One decade ago it was shown that neutron stars in low-mass X-ray binaries (LMXBs) are

spinning at millisecond periods through the detection of 2.5 ms X-ray pulsations from SAX

J1808.4-3658 (Wijnands and van der Klis 1998; Chakrabarty and Morgan 1998; Since then

several other millisecond X-ray pulsars with spin periods between 1.7 and 5.4 ms have been

discovered (e.g. SAX J1808.4-3658, XTE J0929-314, XTE J1751-305, XTE 1807-294 and XTE

J1814-338; see Wijnands 2004 for a review). These neutron stars have considerably weaker

magnetic dipole moments, ∼ 1016 Tm3, than the conventional X-ray pulsars. With such a weak

magnetic field the accretion disc will extend much closer to the neutron star and reach such

a high temperature that the opacity can be dominated by electron scattering and radiation

pressure can grow stronger than the gas pressure. These situations have already been studied

for accretion discs around black holes Shakura and Sunyaev (1973), which have found that

there can be a middle region in which the electron scattering is important for the opacity, but

the pressure is still dominated by gas pressure, and an inner region in which the structure is

44
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determined by electron scattering and radiation pressure.

The purpose of this chapter is to extend our previous study of an accretion disc with an

internal dynamo (Tessema & Torkelsson 2009, hereafter Paper I) to discs around millisecond

X-ray pulsars. The most important result of the previous chapter was that the magnetic field

that is generated by the disc dynamo can enhance the angular momentum exchange between the

accretion disc and the neutron star by more than an order of magnitude (Tessema & Torkelsson

2010, hereafter Paper II) . Furthermore a strong magnetic field in the disc can lead to that the

accretion disc is truncated by the stellar magnetic field at larger radius than in the standard

model Paper II).

Millisecond X-ray pulsars have a great potential to test the neutron star structure. Because

they are exceptional sources of laboratories to study the physics of accretion onto magnetized

stars. The matter that accreting neutron stars pull off their companions often settles onto an

accretion disc around the neutron star. How matter gets from the inner edge of the disc to the

star’s surface depends on the strength of the neutron star’s magnetic field. For stars with weak

magnetic fields, the disc can extend all the way to the surface (Reiun Hoshi 1984; Paper II). For

accreting pulsars, which stronger field, the magnetic field stops the disc from getting to close.

Accreting matter can only reach the star’s surface by flowing along magnetic field lines onto the

magnetic poles of the neutron star. The hot polar caps swing past us our lines of sight as the

star rotates so that the neutron star as an accreting millisecond pulsars.

The standard model of a viscous accretion disc was formulated by Shakura and Sunyaev

(1973). The disc is thin, the vertical scale height of density being much less than its radial length

scale. They were able to find a self-consistent solution of the height-integrated hydrodynamic

equations, after having introduced α− prescription for the turbulent stress, which transport the

angular momentum outwards through the disc and considering the disc consists of three distinct

regions. However this did not show the structure solution of accretion disc around millisecond

pulsars for different regions.

In this chapter we will extend our previous work model in the spirit of (Shakura and Sunyaev

1973, Shakura and Sunyaev 1976), and divide the disc into an outer region with gas pressure

and a free-free opacity, a middle region with gas pressure and electron scattering opacity, and

an inner region with radiation pressure and electron scattering. We derive a single ordinary

differential equation, which is generally applicable for the radial structure of the accretion disc

independently of the equation of state and the form of opacity, we then present regional disc
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structure equations, the numerical solutions in each regions, the properties of these solutions

and their application to the millisecond X-ray pulsars and finally discuss and summarise our

results at the end of this chapter.

4.2 Governing equations

4.2.1 The magnetohydrodynamic angular momentum balance

In the thin axisymmetric Keplerian disc approximation around a magnetized star discussed in

the previous chapter, the structure of the thin accretion disc is governed by continuity equation,

angular momentum balance, the vertical equilibrium, toroidal magnetic field and conservation

of energy that have been derived from equations of magnetohydrodynamics. Here our approach

is an extension of the standard model for a thin accretion disc (Shakura and Sunyaev 1973),

and it follows closely the method that we introduced in (Paper I), though we will now consider

free-free absorption and electron scattering opacity law and equation of state. For this reason

we will concentrate on these parts of the derivation that are different from chapter 3 below, and

otherwise only summarise the main results of equations derived in the previous chapter for our

convenience.

The continuity equation gives us
1
R

∂

∂R
(RΣvR) = 0. (4.1)

Now the surface density of the accretion disc is defined by

Σ =
∫ ∞

−∞
ρdz = 2ρH, (4.2)

where ρ is the density, and H is the half-thickness of the disc. We can then write the accretion

rate as

Ṁ = −2πRΣvR, (4.3)

which is independent of the radial coordinate R, and where vR is the radial velocity.

From Eq. (3.17) we can derive the momentum equations. The radial component of the

momentum is

ρ

[
vR

∂vR

∂R
− v2

φ

R
+

GM

(R2 + z2)3/2

]
=

[
Bz

µ0

(
∂BR

∂z
− ∂Bz

∂R

)
− Bφ

µ0

(
1
R

∂

∂R
(RBφ)

)]
−

∂P

∂R
+

4
3R3/2

∂

∂R

(
R3/2νρ

∂vR

∂R

)
− 2

3R3

∂(R2νρvR)
∂R

(4.4)
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The momentum equation for a thin accretion disc is supported by the centrifugal force in the

radial direction, so the dominant terms of the equation give us

v2
φ −

GM

R
= 0, (4.5)

The vertical component of momentum equation:

ρ

[
vR

∂vz

∂R
+ vz

∂vz

∂z

]
= −Bφ

µ0

∂Bφ

∂z
− BR

µ0

∂BR

∂z
+

BR

µ0

∂Bz

∂R

−∂P

∂z
− ρGM

R2
+

1
R

∂

∂R

[
ρνR

(
∂vz

∂R
+

∂vR

∂z

)]
+

4
3

∂

∂z

[
ρν

∂vz

∂z
− ∂vR

∂R
− vR

R

]
(4.6)

The disc is in hydrostatic equilibrium in the vertical direction, which gives us that the pressure

at the midplane of the disc is

P =
1
2
HΣ

GM

R3
= ρ

GMH2

R3
(4.7)

but the hydrostatic equilibrium can also be expressed as

H

R
=

cs

vkepl
(4.8)

The azimuthal component of Navier- Stoke’s equation is:

ρ

(
vR

R

∂

∂R
(Rvφ)

)
=

[
BR

µ0

1
R

∂

∂R
(RBφ) +

Bz

µ0

∂Bφ

∂z

]
+

1
R2

∂

∂R

[
R3ρν

∂

∂R

(vφ

R

)]
, (4.9)

After keeping the dominant terms of Eq. (4.9) and integrating vertically we obtain

Σ
(

vR
∂l

∂R

)
=

[
BzBφ

µ0

]H

−H

R +
1
R

∂

∂R

[
R3νΣ

∂

∂R

(
l

R2

)]
, (4.10)

(see Tessema and Torkelsson 2009) where the specific angular momentum l = Rvφ ∝ R1/2 and

ν is the viscosity.

As we pointed out in chapter 3 the magnetic term describes the exchange of angular mo-

mentum between the disc and the star via the magnetosphere. The vertical magnetic field is

due to the dipolar field of the neutron star in the equatorial plane is

Bz = − µ

R3
(4.11)

where µ is the magnetic dipole moment of the star. Since Bz is an even function of z this term

will vanish if Bφ is also an even function of z, but the shear between the disc and the stellar

magnetosphere generates an odd Bφ whose value in the upper half of the disc is

Bφ,shear = −γBz
(Ωk − Ωs)

Ωk
, (4.12)
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where Ωk = vφ/R, Ωs is the angular velocity of the star, and γ is a dimensionless parameter

of the order of a few (Ghosh and Lamb 1979). We now add an extra large-scale toroidal field,

that is generated by an internal dynamo in the accretion disc. Such a dynamo is a natural

consequence of the magnetohydrodynamic turbulence in the accretion disc (e.g. Balbus and

Hawley 1998). In order to estimate the size of Bφ,dyn we will for the moment assume that the

viscous stress in the accretion disc is due to the internal magnetic stress

frφ =
BRBφ,dyn

µ0
= αssP (r) (4.13)

where we use the Shakura and Sunyaev (1973) prescription for the viscosity and γdyn given by

Eq. (3.36).

However this Bφ is the sum of the large-scale field and a small-scale turbulent field, which is

also contributing to the stress fRφ through its correlation with a turbulent BR-field. Since the

large-scale field might be a small fraction of the total field we multiply Bφ with a factor ε to get

an estimate for Bφ,dyn :

Bφ,dyn = ε (αssµ0γdynP (r))1/2 , (4.14)

where −1 ≤ ε ≤ 1, and a negative value describes a magnetic field which is pointing in the

negativeφ-direction at the upper disc surface.

With these preparations we can now re-express Eq. (4.10) as

Σ
(

vR
∂l

∂R

)
= −2ε

Bz

µ0
(αssµ0γdynP (r))1/2 R− 2γ

B2
z

µ0

(Ωk − Ωs)
Ωk

R

+
1
R

∂

∂R

[
R3νΣ

∂

∂R

(
`

R2

)]
. (4.15)

which can be formulated as an ordinary differential equation in νΣ (Tessema and Torkelsson

2009):

4.2.2 Heating and radiative transport

For a slow inflow of matter through an optically thick disc the local viscous dissipation v · fν is

balanced by the radiative losses ∇ · Frad. This leads to the height-integrated equation

4σT 4
c

3τ
=

9
8
νΣ

GM

R3
(4.16)

where Tc is the temperature at the midplane of the disc, σ the Stefan - Boltzmann constant,

and the optical depth of the disc is given by:

τ =
∫ z

0
κρdz = ρHκ =

1
2
Σκ (4.17)
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where the general opacity is

κ = κes + κff , (4.18)

the electron scattering opacity is

κes = 0.04 m2 kg−1, (4.19)

and the free-free absorption is given by Kramer’s law

κff = κ0ρT−7/2
c m2 kg−1 (4.20)

with

κ0 = 5× 1020 m5 kg−2 K7/2. (4.21)

4.2.3 Disc structure equations

The total pressure is the sum of gas and radiation pressure

P (ρ, T ) =
ρkBTc

mpµ̄
+

4σT 4
c

3c
(4.22)

where kB is Boltzmann’s constant, µ̄ = 0.62 the mean molecular weight for fully ionised gas, mp

the mass of a proton, and c the speed of light, but the pressure can also be expressed using the

equation (4.7) for hydrostatic equilibrium. We can thus express the scale height in terms of gas

and radiation pressure

H =
(

kBTcR
3

mpµ̄GM
+

4σT 4
c R3

3cρGM

)1/2

. (4.23)

The viscosity model (Tessema & Torkelsson 2009) assumes that

ν =
4
3
αss

PH

Σ

(
GM

R3

)−1/2

=
2
3
αss

P

ρ

(
GM

R3

)−1/2

, (4.24)

where αss is a parameter which describe the strength of the viscous stress. From Eq. (4.24) the

internal pressure can be expressed as

P (r) =
3
2
α−1

ss νρ

(
GM

R3

)1/2

(4.25)

which we solve for the density of the gas

ρ =
3

4αss

νΣ
H3

(
GM

R3

)−1/2

. (4.26)

Combining Eqs. (4. 16), (4.17), and (4.18) we get

T 4
c =

27
32σ

ρH(κR + κes)νΣ
GM

R3
(4.27)
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Combining Eqs. (4.12),(4.13),(4.17) and (4.25) and solving for y = νΣ we get

y′ =
Ṁ

6πR
− y

2R
− ε

[
4µ2γdyny

3µ0HR3/2

]1/2

(GM)−1/4R−3/2

− 4µ2γ

3µ0

√
GM

R−9/2

[
1−

(
R

Rc

)3/2
]

, (4.28)

where Rc is the co-rotation radius given by Eq. (3.59).

As R →∞, the standard disc theory gives

y → Ṁ

3π
,

which we use as the outer boundary condition.

We now introduce the dimensionless variable Λ through

y = ΛṀ, (4.29)

and a dimensionless radial coordinate through

R = rRA, (4.30)

where RA is the Alfvén radius, which is given by putting the magnetic pressure equal to the

ram pressure

RA =

(
2π2µ4

GMṀ2µ2
0

)1/7

' 1.4× 104Ṁ
−2/7
14 M

−1/7
1 µ

4/7
16 m, (4.31)

where Ṁ14 represents the mass transfer rate in units of 1014 kg s−1, and µ16 is the stellar magnetic

moment in units of (µ1016)Tm3.

Furthermore we introduce the fastness parameter

ωs =
(

RA

Rc

)3/2

= 0.36M−5/7
1 Ṁ

−3/7
14 µ

6/7
16

(
Pspin

4.8ms

)−1

. (4.32)

We can now write Eq. (4.28) as:

Λ′ =
1

6πr
− Λ

2r
− ε

[
4µ2γdynΛ
3µ0HṀ

]1/2

(GM)−1/4R
−5/4
A r−9/4

− 4µ2γ

3µ0

√
GMṀ

R
−7/2
A r−9/2

[
1−

(
R

Rc

)3/2
]

, (4.33)

Note that the expression for H is different for different disc regions. In order to make further

progress we have to specialise to a certain region of the disc.

With gas pressure and Kramer’s opacity we get

H(r) =
(

243κ0

512σ

)1/20

α−1/10
ss

(
kBR3

mpµ̄GM

)3/8

(νΣ)3/20 , (4.34)
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and for the gas pressure and electron scattering opacity

H(r) =
(

81κes

128σαss

)1/10 (
kB

mpµ̄

)2/5 (
R3

GM

)7/20

(νΣ)1/5 . (4.35)

Finally with radiation pressure and electron scattering the scale height is

H =
9κes

8c
νΣ (4.36)

which is essentially independent of R. This comes from the fact that for radiation pressure

T 4
c ∼ νΣMR−3. Now Eq. (4.33) can then be solved numerically.

Since we divide the disc in to three regions such as the outer, the middle and the inner

regions, then the structure equation for three regions are derived as follows:

4.2.4 The outer disc equations

Using Eq.(4.34) for the scale height, then the expression for the surface density of the outer disc

becomes

Σ =
3
2

(
243κ0

512σ

)−1/10 (
mpµ̄

kB

)−3/4

α−4/5
ss

(
GM

R3

)1/4

(νΣ)7/10 (4.37)

The optical depth of the disc is

τ =
9κ0

16
α−2

ss

(
mpµ̄

kB

)5/2 (
GM

R3

)3/2

(νΣ)2T−6
c (4.38)

where κ0 = 5× 1020 m5 kg−2 K−7/2.

Tc = α−1/5
ss

(
243κ0

512σ

)1/10 (
mpµ̄

kB

)1/4

(GM)1/4 R−3/4(νΣ)3/10 (4.39)

We express the density as

ρ =
3
4

(
243κ0

512σ

)−3/20 (
mpµ̄

kB

)9/8

α−7/10
ss

(
GM

R3

)5/8

(νΣ)11/20 (4.40)

The pressure is then given by

P (r) =
3
4

(
243κ0

512σ

)−1/20 (
mpµ̄

kB

)3/8

(GM)7/8 α−9/10
ss (νΣ)17/20R−21/8 (4.41)

Then we obtained the magnetic field generated by the internal dynamo :

Bφdyn
=

(
3
4

)1/2 (
243κ0

512σ

)−1/40 (
mpµ̄

kB

)3/16

(GM)7/16 α1/20
ss (γdyµ0)1/2(νΣ)17/40R−21/16 (4.42)
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4.2.5 The middle disc equations

Using Eq. (4.35) for the middle region some of the structure equations are given as follows

Σ =
3

2αss

(
81κes

128σαss

)−1/5 (
mpµ̄

κB

)4/5 (
GM

R3

)1/5

(νΣ)3/5 (4.43)

Inserting equation (4.35) into (4.27) gives the midplane temperature as

Tc =
(

81κes

128σαss

)1/5 (
mpµ̄

κB

)1/5 (
GM

R3

)3/10

(νΣ)2/5 (4.44)

P =
3

4αss

(
81κes

128σαss

)−1/10 (
mpµ̄

κB

)7/5 (
GM

R3

)17/20

(νΣ)4/5 (4.45)

ρ =
3

4αss

(
81κes

128σαss

)−3/10 (
mpµ̄

κB

)6/5 (
GM

R3

)11/20

(νΣ)2/5 (4.46)

τ =
3

αss

(
81κes

128σαss

)−1/5 (
mpµ̄

κB

)4/5 (
GM

R3

)1/5

(νΣ)3/5 (4.47)

The equation for the magnetic field generated by an internal dynamo is

Bφ,dyn =
(

3µ0γdyn

4

)1/2 (
81κes

128σαss

)−1/20 (
mpµ̄

κB

)7/10 (
GM

R3

)17/40

(νΣ)2/5 (4.48)

4.2.6 The inner disc equations

Similarly using scale height for the radiation pressure dominated disc we obtain the inner disc

equations

Σ =
32c3

27κesαss

(
GM

R3

)1/2

(νΣ)−1 (4.49)

Tc =
(

c2

2κesαss

)1/4 (
GM

R3

)1/8

(4.50)

The temperature depend mass, radius and α in the inner region of the disc.

P =
2c

3κesαss

(
GM

R3

)1/2

(4.51)

This pressure is independent of dynamical viscosity in the inner regions of the disc.

ρ =
128c3

243κ3
esαss

(
GM

R3

)1/2

(νΣ)−2 (4.52)

The optical depth the inner region is

τ =
16c3

27κesαss

(
GM

R3

)1/2

(νΣ)−1 (4.53)
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Finally dynamo component of the magnetic field is

Bφ,dyn =
(

2cγdynµ0

3κesαss

)1/2 (
GM

R3

)1/4

(4.54)

Now will continue to find the structure solutions for regional disc in terms of the required

parameters.

4.3 Regional disc structure equations

Several regions in the accretion flows have been identified (Shakura and Sunyaev, 19973, 1976;

Novikov and Thorne, 1973; Kafatos, 1998). These are: i) an outer region where gas pressure

dominates over radiation pressure and where the opacity is predominantly free-free absorption; ii)

a middle region where gas pressure again dominates but the opacity is primarily due to electron

scattering; and iii) an inner region where radiation pressure dominates over gas pressure and

the opacity is due to electron scattering. We can now write down the self similar structure of

the different regions of the accretion disc in terms of the function Λ(r). The toroidal magnetic

field is given by the same expression:

Bφ,sh = −3.64× 103γM
3/7
1 Ṁ

6/7
14 µ

−5/7
16

(
1− ωsr

3/2
)

r−3T (4.55)

everywhere in the disc, but for all the other relevant quantities we have to handle the different

regions of the disc separately.

In the outer disc where Pg À Prad, and κff À κes we have that:

Σ = 1.58× 106µ̄3/4α−4/5
ss M

5/14
1 Ṁ

32/35
14 µ

−3/7
16 Λ(r)7/10r−3/4kg m−2 (4.56)

Tc = 8.12× 107µ̄1/4α−1/5
ss M

5/14
1 Ṁ

18/35
14 µ

−3/7
16 Λ(r)3/10r−3/4K (4.57)

H

R
= 8.09× 10−3µ̄−3/8α−1/10

ss M
−11/28
1 Ṁ

4/35
14 µ

1/14
16 Λ(r)3/20r1/8 (4.58)

ρc = 7.06× 103µ̄9/8α−7/10
ss M

25/28
1 Ṁ

38/35
14 µ

−15/14
16

Λ(r)11/20r−15/8kg m3 (4.59)

τff = 5.86× 102α−4/5
ss µ̄Ṁ

1/5
14 Λ(r)1/5 (4.60)

ν = 6.35× 107µ̄−3/4α4/5
ss M

−5/14
1 Ṁ

3/35
14 µ

3/7
16 Λ(r)3/10r3/4m2 s−1 (4.61)
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vR = −7.36× 102µ̄−3/4α4/5
ss M

−3/14
1 Ṁ

13/35
14 µ

−1/7
16

Λ(r)−7/10r−1/4ms−1 (4.62)

Pc = 2.74× 1018µ̄3/8α−9/10
ss M

5/4
1 Ṁ

8/5
14 µ

−3/2
16

Λ(r)17/20r−21/8Nm−2 (4.63)

Bφ,dyn = 7.66× 104εµ̄3/16γ
1/2
dynα

1/20
ss M

5/8
1 Ṁ

4/5
14 µ

−3/4
16

Λ(r)17/40r−21/16T (4.64)

The transition from the outer to the middle region occur where κes = κff . Assuming that

Λ ' 1/3π at this point we have that the transition radius is

rOM = 46.7µ̄−1/3M
10/21
1 Ṁ

20/21
14 µ

−4/7
16 ,

which is independent of αss.

In the middle disc where Pg À Prad, and κes À κff the solution in this region is:

Σ = 7.08× 105µ̄4/5α−4/5
ss M

2/7
1 Ṁ

27/35
14 µ

−12/35
16 Λ(r)3/5r−3/5kg m−2 (4.65)

Tc = 1.79× 108µ̄1/5α−1/5
ss M

3/7
1 Ṁ

23/35
14 µ

−18/35
16 Λ(r)2/5r−9/10K (4.66)

H

R
= 1.25× 10−2µ̄−2/5α−1/10

ss M
−5/14
1 Ṁ

13/70
14 µ

1/14
16 Λ(r)1/5r1/20 (4.67)

ρc = 2.03× 103µ̄6/5α−7/10
ss M

11/14
1 Ṁ

61/70
14 µ

−33/35
16

Λ(r)2/5r−33/20kg m−3 (4.68)

Pg = 3.2× 1015µ̄2/5α−9/10
ss M

17/14
1 Ṁ

107/70
14 µ

−51/35
16

Λ(r)4/5r−51/20Nm−2 (4.69)

τ = 1.42× 104µ̄13/10α−4/5
ss M

2/7
1 Ṁ

27/35
14 µ

3/35
16 Λ(r)3/5r−3/5 (4.70)

ν = 1.48× 108µ̄−4/5α4/5
ss M

−2/7
1 Ṁ

8/35
14 µ

12/35
16 Λ(r)2/5r3/5m2 s−1 (4.71)

vR = −1.61× 103µ̄−4/5α4/5
ss M

−1/7
1 Ṁ

18/35
14 µ

−8/35
16 Λ(r)−3/5r−2/5ms−1 (4.72)

Bφ,dyn = 6.27× 104εµ̄1/5γ
1/2
dynα

1/20
ss M

17/28
1 Ṁ

107/140
14 µ

−51/70
16

Λ(r)2/5r−51/40T (4.73)
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The disc structure changes drastically in the inner disc where Prad À Pg and κes À κff , for

instance the disc thickness is independent of radius. The complete solution in this region is

Σ = 9.56× 101α−1
ss M

−5/7
1 Ṁ

−10/7
14 µ

6/7
16 Λ(r)−1r3/2kg m−2 (4.74)

Tc = 1.93× 107α−1/4
ss M

5/28
1 Ṁ

3/28
14 µ

−3/14
16 r−3/8K (4.75)

H

R
= 1.07M

1/7
1 Ṁ

9/7
14 µ

−4/7
16 Λ(r)r−1 (4.76)

ρc = 3.19× 10−3α−1
ss M

−5/7
1 Ṁ

−17/7
14 µ

6/7
16 Λ(r)−2r3/2kg m−3 (4.77)

P = 3.49× 1013α−1
ss M

5/7
1 Ṁ

3/7
14 µ

−6/7
16 r−3/2Nm−2 (4.78)

τes = 1.92α−1
ss M

−5/7
1 Ṁ

−10/7
14 µ

6/7
16 Λ(r)−1r3/2 (4.79)

ν = 1.05× 1012αssM
5/7
1 Ṁ

17/7
14 µ

−6/7
16 Λ(r)2r−3/2m2 s−1 (4.80)

vR = −1.19× 107αssM
6/7
1 Ṁ

19/7
14 µ

−10/7
16 Λ(r)r−5/2ms−1 (4.81)

Bφ,dyn = 6.62× 103εγ
1/2
dynM

5/14
1 Ṁ

3/14
14 µ

−3/7
16 r−3/4T (4.82)

Bφ,sh = −3.64× 103γM
3/7
1 Ṁ

6/7
14 µ

−5/7
16

(
1− ωsr

3/2
)

r−3T (4.83)

It is of particular significance here that Σ ∝ Λ−1.

The transition radius between the middle and the inner region is estimated by equating the

gas and radiation pressures in the middle region and approximating Λ with 1/3π

rIM = 12.5µ̄8/21α2/21
ss M

10/21
1 Ṁ

22/21
14 µ

−4/7
16

We then see that the accretion disc right outside of the Alfvén radius is dominated by radiation

pressure only if

µ16 < 83.1µ̄2/3α1/6
ss M

5/6
1 Ṁ

11/6
14 (4.84)

This condition is not fulfilled for a conventional X-ray pulsar with a magnetic dipole moment

of ∼ 1020 Tm3 (White & Stella 1988). Rather for a neutron star accreting at ∼ 5% of the

Eddington limit it requires a magnetic field as weak as 104 − 105 T as in the millisecond X-ray

pulsars.
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4.4 Global solutions

During the numerical iteration the two quantities RA and Rc are very important because they

determine how and when the accretion disc terminates. According to the conventional picture,

the Alfvén radius is supposed to lie with in the corotation radius, in order for accretion to take

place (e.g. Lamb, Pethian, and Pines 1973, Ghosh and Lamb 1979). Otherwise, the material of

the disc which couples to the magnetic field is forced to rotate faster than the local Keplerian

velocity and may be expelled from the system (Illarionov and Sunyaev, 1975). If the accretion

rate is too large, then the value of the Alfvén radius could drop below a value of ∼ 10kms, the

approximate radius of the accreting neutron star. For typical system parameter values associated

with accreting millisecond pulsars, Alfvén radius might have to lie with a rather restricted range,

e.g. 10 - 35 km. Thus selecting the magnetic field values and accretion would have to be in just

the correct range to allow accretion to continue through out (see also Burderi and King 1998;

Psaltis and Chakrabarty 1999). With appropriate selection of the magnetic field and accretion

rate, then the regional solution is found below. We write Eq. (4.33) for the different regimes of

the disc using the expression of scale height for each regions. We integrate these equations for

outer, middle and inner regions inwards from the large radius usually 1000RA for outer region,

small radius ∼ 8.5 for the middle region and very small radius ∼ 12.5 for the inner regions

of the disc at which we impose the boundary conditions that Λ = 1
3π , which is close to the

approach by Paper I and Brandenburg and Campbell (1998). For our fiducial model we take

a neutron star of M = 1.4M¯ and a magnetic moment of 1016T m3. We set the dimensionless

parameters γ and γdyn to 1 and 10, respectively, while αss = 0.01. γ, γdyn, and αss appear

only in combinations with other parameters, and thus their values do not carry any special

significance, but the parameters ε and Ṁ appear on their own in the equation, and therefore

influence the solution directly.

Firstly, we find the numerical solution for the outer regions of the disc with in the limit of

integration in which RA > R0M .

Secondly, in the range of RIM < R < ROM , and thirdly, we consider the radiation pressure

and electron scattering dominated disc (the inner region) in which RA < RIM by increasing

accretion rate.
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4.4.1 Regional solutions

Case I: RA > ROM

The accretion disc consists of only the outer region when rOM < 1, which corresponds to

that Ṁ ≤ 1.4 × 1012kg s−1 for our fiducial model (Paper II). Assuming the accretion rate

Ṁ= 0.012Ṁ14 for our calculation we get the solutions from the top to the bottom Fig.4.1 for

ε = 0.1, 0.05, 0, −0.05 , and −0.1 . We see here that Λ → 0 for a finite r for ε = −0.1, and

−0.05, which we called case D in ( paper I), while in the other cases Λ grows without a bound

for decreasing r, which we called V in Paper I, since then the viscous stress becomes 0 at a finite

radius (Fig. 4.2). The surface density becomes infinite at the inner radius of the disc in case V,

while it goes to 0 in case D (Fig. 4.1). As we see from the solution the large portion of the disc

is the gas pressure and Kramer’s opacity dominated part unless the accretion rate is increased.

In Figure. 4.1 we get solutions in which Λ = 0 for ε = −0.1 at the inner boundary, which case

D, while for ε = 0, 0.05 and 0.1, solutions have case V of Paper I (see Fig.4.2) inner boundaries.

In Fig.4.3 we show the surface density as a function of radius for the fiducial neutron star with

a spin period of 4.8ms and ε = 0.1, 0 and −0.1 from the top to the bottom for the outer region.

For ε = −0.1 the surface density attains a local maximum, while the other models have surface

densities that are strictly decreasing functions of r. Figure.4.4 shows the radial velocity as a

function of r. Since vR ∝ Σ−1 it becomes infinite as the inner edge of the disc for ε = −0.1,

but it stays finite for ε = 0 and 0.1 (compared with Figs.4.11 & 4.18). In Fig.4.5 we get the

midplane temperature for the outer disc region which is proportional to Σ2.

In Fig.4.22 we have the toroidal magnetic field generated by the internal dynamo and by the

shear for our fiducial model in the outer disc region. In our model the dominant magnetic field

everywhere inside the disc is Bφdyn.

Case II: RIM < RA < ROM

In the limit of integration in which RA > ROM , that is at large radii the gas pressure and

Kramer’s opacity are dominating and the disc has only the outer region. If the accretion rate

is increased the disc has both an outer and a middle region when 1.4 × 1012kg s−1 ≤ Ṁ ≤
1.4×1013kg s−1. We then use analytical solution with Λ = 1

3π for the outer region and solve Eq.

(4.29) numerically for the middle region. For our calculation we take Ṁ = 1.2×1013kg s−1, which

yields rOM ' 8.5 . At R = ROM the outer disc region is replaced by middle region in which

the gas pressure and electron scattering are started to dominate. The numerical solutions for
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Figure 4.1: Λ(r) for our fiducial neutron star with a spin period of 4.8ms and ε =

0.1, 0.05, 0, −0.05, −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom.
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Figure 4.2: d
dr

(
√

rΛ) as a function of r for the fiducial neutron star with a spin period of

4.8ms and with ε = 0.1, 0.05, and 0 for the gas pressure and Kramer’s opacity dominated

region (outer region) from the bottom to the top.
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Figure 4.3: Σ as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom.
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Figure 4.4: VR as a function of r for the fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0 and −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom.
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Figure 4.5: Tc as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom.

0 10 20 30 40 50
0

10

20

30

40

50

r

Ρ
@k

g
m

^-
3D

Figure 4.6: ρ as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom.
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Figure 4.7: H/r as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom.
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Figure 4.8: Λ(r) for our fiducial neutron star with a spin period of 4.8ms and ε =

0.1, 0.05, 0, −0.05, −0.1 and −1 for the gas pressure and electron scattering opacity

dominated region (Middle region) from the top to the bottom.

the middle region are shown in Fig.4.8 for our fiducial neutron star with a spin period of 4.8ms

and with ε = 0.1, 0.05, 0, −0.05 and −0.1. Here our solution gives that Λ → 0 for −0.1 which

corresponds to case D in Paper I, while other solutions have case V inner boundaries in this case.

We show the numerical solution for the middle region in Fig.4.8 for our fiducial neutron star

for ε = 0.1, 0.05, 0, −0.05, and −0.1 with spin period of 4.8ms and the solutions are terminated

with in the respective transition radius.

In Fig.4.9 for ε = 0.1, 0.05, 0 our solutions have case V of (Paper I) in the inner boundaries,

while for ε = −0.1, −0.05 corresponds to case D. We show the surface density as a function of

radius for our fiducial neutron star for ε = 0.1, 0, and −0.1. As we see in the figure the value

of the surface density in this region is greater than the outer region. Figs. 4.11 and 4.18 show
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Figure 4.9: d
dr

(
√

rΛ) as a function of r for the fiducial neutron star with a spin period

of 4.8ms and with ε = 0.1, 0.05, 0, for the gas pressure and electron scattering opacity

dominated region (middle region) from the bottom to the top.
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Figure 4.10: Σ as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and electron scattering opacity dominated

region (middle region) from the top to the bottom.
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Figure 4.11: VR as a function of r for the fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0 and −0.1 for the gas pressure and electron scattering opacity dominated

region(middle region) from the top to the bottom.
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Figure 4.12: Tc as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and electron scattering opacity dominated

region (middle region) from the top to the bottom.
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Figure 4.13: ρ as a function of r for our fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, 0, and −0.1 for the gas pressure and electron scattering opacity dominated

region (middle region) from the top to the bottom.
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Figure 4.14: H/r as a function of r for our fiducial neutron star with a spin period of

4.8ms and ε = 0.1, 0, and −0.1 for the gas pressure and electron scattering opacity

dominated region (middle region) from the top to the bottom.
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Figure 4.15: Λ(r) for our fiducial neutron star with a spin period of 4.8ms and ε =

0.1, 0.05, 0, −0.05, −0.1 and −0.12 for the radiation pressure and electron scattering

opacity dominated region(inner region) from the top to the bottom.

the radial velocity as a function of r in the middle and inner regions respectively. As the inner

edge of the accretion disc approaches to the surface of the star the radial velocity either goes to

zero or infinite (see Figs. 4.11 & 4.18). In Figs.4.12 and 4.19 show the mid plane temperature

as a function of radius in the middle and inner regions of the disc respectively. In the inner

region of the disc the mid-plane temperature is independent of Λ, however, the disc is hotter

in the inner region than middle region. For ε = −0.1, −0.05 in the middle region the surface

density, the central density and the mid-plane temperature approaches to zero.

In Fig. 4.13 we get the density in the middle region which is the same manner as the surface

density and in Fig. 4.14 we show the aspect ratio as a function of r in the middle region for

ε = 0.1, 0, and −0.1. We plot the toroidal magnetic field generated by the internal dynamo and

the shear in Fig.4.23. We found the numerical values for both components, but both components

of the magnetic field increases in this region compared to the outer disc region, while the shear

increases.

Case III : RA < RIM

The innermost region of the disc is dominated by the radiation pressure and electron scat-

tering opacities. From Eqs.(4.27) and (4.84) this region exists when the accretion rate increases

that is when Ṁ > 1.4 × 1013kg s−1. It is reasonable to use the accretion rate up to Eddington

limit, so that we take Ṁ = 1.5Ṁ14 for our calculation and we use the analytical solutions with

Λ = 1/3π for the outer and the middle regions of the disc , and solve Eq. (4.33) for the inner

region starting from rIM ∼ 12.

Using a similar approach as the other two cases, our solutions for the inner disc region for
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Figure 4.16: d
dr

(
√

rΛ) as a function of r for the fiducial neutron star with a spin period of

4.8ms and with ε = 0.1, 0.05, 0, −0.05, and −0.1 for the radiation pressure and electron

scattering opacity dominated region (inner region) from the bottom to the top.
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Figure 4.17: Σ as a function of r for the fiducial neutron star with spin period of 4.8ms ,

an accretion rate of 1.5 × 1014kg s−1 and with ε = 0.1, 0, −0.1, and −0.12 for radiation

pressure and electron scattering opacity dominated disc region (inner disc ) from the

bottom to the top.
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Figure 4.18: VR as a function of r for the fiducial neutron star with a spin period of 4.8ms

and ε = 0.1, −0.1, 0, and −0.12 for the radiation pressure and electron scattering opacity

dominated region (inner region) from the top to the bottom and for the accretion rate of

1.5× 1014kg s−1.



Accretion discs around millisecond X-ray pulsars 65

0 2 4 6 8 10 12

0

5.0´107

1.0´108

1.5´108

r

T
@K
D

Figure 4.19: Tc as a function of r for the fiducial neutron star with spin period of 4.8ms

for the radiation pressure and electron scattering opacity dominated disc region (inner

region) for the accretion rate of 1.5× 1014kg s−1.
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Figure 4.20: ρ as a function of r for our fiducial neutron star with a spin period of

4.8ms and ε = 0.1, 0, −0.1, and −0.12 for the radiation pressure and electron scattering

opacity dominated region (inner region) from the top to the bottom for the accretion rate

of 1.5× 1014kg s−1.
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Figure 4.21: The aspect ratio,H/r, as a function of r for our fiducial neutron star with

a spin period of 4.8ms and ε = 0.1, 0, −0.1, and −0.12 for the radiation pressure and

electron scattering opacity dominated region (inner region) from the top to the bottom

for the accretion rate of 1.5× 1014kg s−1.

our fiducial neutron star with ε = 0.1, 0.05, 0, −0.05, −0.1 are shown in Fig. 4.15. All these

solutions have case V inner boundaries except for ε = −0.12. It is characteristic for a disc that is

dominated by radiation pressure that the surface density decreases with decreasing radius (Fig.

4.17), since the scale height is independent of the radius, and the magnetic stress due to the

dynamo is independent of Λ. In this region the inner radius extends down to the surface of the

star, dependence of the solution on the ε and accretion rate can be better seen in Fig. 4.15 with

different values of ε, Λ has approximately a local minimum for ε = −0.1 and −0.05 , while the

other three solutions have shown in Fig. 4.16. As ε is increased the local minimum grows and the

solution develops a case V inner boundary. When the minimum becomes positive , Λ increases

as radius decreases. In Fig.4.16 the inner edge of accretion disc in this region is less than middle

region. In Fig. 4.17 we show the surface density as a function of radius in the radiation pressure

and electron scattering dominated region, decreasing with decreasing radius which is different

from the middle and outer regions and the nature of the central density follows same character

as the surface density because the scale height is independent of radius and magnetic stress due

to dynamo also does not depend on Λ in this region which is the typical behavior of radiation

pressure dominated accretion disc that differ from the other two regions. As we see in the figure

the surface density in the inner region of the disc is growing without limit for ε = −0.12. In

Fig.4.21 we show the aspect ratio in the innermost regions of the disc. From this solution we

understand that in the inner disc region the aspect ratio increases.
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Figure 4.22: The toroidal magnetic field for our fiducial neutron star with a spin period of

4.8ms and ε = 0.1, and −0.1 for the gas pressure and Kramer’s opacity dominated region

(outer region) from the top to the bottom, while the dotted line shows the magnetic field

generated by the shear and for accretion rate of 0.012Ṁ14.

In the inner disc region the mid-plane temperature is independent of Λ so that as radius

decreases the temperate increases which is the same as the outer and the middle disc region.

As we see from the three regions the magnetic field increases as the accretion rate increases,

but the magnetic field generated by the internal dynamo is stronger in the radiation pressure

dominated disc than the other two (see fig.4.24 ) because at small distance the magnetic field

due to internal dynamo decreases and the magnetic field arise due to shear increases.

4.5 Results and discussion

4.5.1 The inner edge of the accretion disc

In this chapter we have studied the disc interaction of a rapidly rotating magnetised star, in

particular with an accretion disc around magnetised millisecond X-ray pulsars by dividing the

disc into three distinct regions. The inner edge of accretion disc can be found by similar case

as ( Paper I & II) for different regions of the disc. The inner radius of the disc in each region

mainly depends on the accretion rate and the internal magnetic field generated due to dynamo.

In the inner regions of the disc the action of the magnetic field leads to enhanced accretion

rate, while in the outer regions to reduce the accretion or even to outflow of matter. In the

model studied here the location of the inner edge of the inner radius varies with the accretion
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Figure 4.23: The toroidal magnetic field for our fiducial neutron star with a spin period

of 4.8ms and ε = 0.1, −0.1 for the gas pressure and electron scattering opacity domi-

nated region (middle region) from the top to the bottom, while the dotted line shows the

magnetic field generated by the shear and for accretion rate of 0.12Ṁ14.
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Figure 4.24: The toroidal magnetic field for fiducial neutron star with a spin period of

4.8ms. The solid and dashed lines show the field generated by the dynamo for ε =-1,

-0.1, and 0.1 from bottom to top, respectively, while the dotted line shows the magnetic

field generated by the shear in the inner disc region and for accretion rate of 1.5Ṁ14.
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rate. For low accretion rate (see Table.4.1) we have only the outer region and for different ε we

calculate different values of R0. At transition radius, ROM , the outer disc region is started to

replace by the middle region. At intermediate accretion rate (see Table. 4.1) we get the outer

and the middle region in which the outer disc region is replaced by the middle region which

will be terminated at transition radius from middle to the inner region, RIM . For sufficiently

large negative values of ε the inner edge of the accretion disc in the middle increases. At higher

accretion rate we get the three region i.e. outer, middle and inner regions at which the middle

region is replaced by the inner region at transition radius RIM . In this region electron scattering

and radiation pressure dominates and accretion disc extends down into the surface of the neutron

star. Therefore, it is interesting to determine the inner edge of the accretion disc in this region,

we find that the inner edge of accretion disc in this region is greater than the Alfvén radius

(see Table. 4.1). For large value of ε the inner edge of the accretion disc in the inner region

also increases. The advection and and viscous stress are dominant in the inner region compared

to magnetic stress but they are opposite sign, however, the magnetic stress generated by the

internal dynamo still influences the location of the inner edge of the accretion disc in this region

too.

4.5.2 Accretion Torque

To understand the nature of the torque and the exchange of angular momentum between the

accretion disc and its environment we multiply Eq. (4.13) by 2πR and integrate it from R0 the

inner radius of the disc to R1 the outer edge of the disc for each region which relates the radial

advection of material angular momentum to the viscous and magnetic torque yields

−Ṁ
(√

GMR1 −
√

GMR0

)
=

∫ R1

R0

4π
BzBφ,dyn

µ0
R2dR +

∫ R1

R0

4π
BzBφ,shear

µ0
R2dR

−3π (νΣ)R1

√
GMR1 + 3π (νΣ)R0

√
GMR0. (4.85)

The left-hand-side is the difference between the angular momentum that is advected out of the

inner edge of the accretion disc and that which is fed into the disc at its outer edge and the right-

hand-side describes the contribution of magnetic and viscous torques to the angular momentum

balance. Notice that the term 3π(νΣ)R1

√
GMR1 describes the viscous tension at the outer

edge of the disc in the outer region, which will not be considered further in this work and the

transition radius for middle and inner disc regions in which the viscous stress is zero. The limit of
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integration in our model for the three disc regions are ROM −→ R, RMI −→ ROM ,R0 −→ RMI ,

for the outer, middle and inner regions of the disc respectively.

Now it is meaningful to discuss the accretion torque arising from the inner edge of the disc

at R0. For this case the inner disc region has relatively smaller inner edge, then we will give

attention to accretion torque in this region. For a neutron star with a weak magnetic field (a

typically millisecond pulsars) radiation pressure will be important for accretion a few percent

of the Eddington rate. In fact, that thin-disc model is unstable in a region where the radiation

pressure dominates the gas pressure was suggested along time by Lightman and Eardly (1974)

describing systems accreting below the critical rate. For faster accretors, there will exist an

inner region inside rMI where the disc is no longer thin. The fact that radiation pressure will

affect accretion disc structure, and hence the spin period of the neutron stars in LMXBs, has

previously been discussed by several authors (White & Stella 1988; see also Miller, Lamb &

Psaltis 1998; Psaltis & Chakrabarty 1999).

The material torque at the inner edge of the disc is usually approximated by

Nadv = Ṁ
√

GMR0 = 1.37× 1026µ
2/7
16 M

3/7
1 Ṁ

6/7
14 r

1/2
0 . (4.86)

The material torque increases as accretion rate increases (see Tab.4.1) it is dominant at the

inner region of the disc than the other two regions. Then we have the magnetic torques on the

neutron star, which we divide into one part due to the shear

Nshr = −
∫ R1

R0

4π
BzBφ,shear

µ0
R2dR = 3.64× 1026γµ

2/7
16 M

3/7
1 Ṁ

6/7
14

∫ ∞

r0

[
r−4

(
1− ωsr

3/2
)]

dr (4.87)

and a second part due to the dynamo

Ndyn = −
∫ R1

R0

4π
BzBφ,dyn

µ0
R2dR (4.88)

which yields for three regions

Ndyn,outer = 7.66× 1027εγ
1/2
dynα1/20

ss µ̄3/10µ
1/4
16 M

5/8
1 Ṁ

4/5
14∫ r

r0

Λ17/40r−37/16dr,

Ndyn,Mid = 6.27× 1027εγ
1/2
dynα1/20

ss µ̄1/5µ
3/10
16 M

17/28
1 Ṁ

107/140
14∫ rMO

r0M

Λ2/5r−91/40dr,

Ndyn,inner = 6.62× 1026εγ
1/2
dynµ

4/7
16 M

5/14
1 Ṁ

3/14
14

∫ rMI

r0i

r−7/4dr.

(4.89)
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where r1 = R1/RA, rMO = RMO/RA, rIM = RIM/RA, r0,out is either R0/RA or rMO, if this

exists, r0,mid is either R0/RA or rIM, if this exists, and r0,in = R0/RA when the inner region

exists. Finally the viscous stress at the inner edge of the accretion disc transports angular

momentum outwards away from the neutron star resulting in a torque

Nvis = −3π (νΣ)R0

√
GMR0 =

−1.29× 1027µ
2/7
16 M

3/7
1 Ṁ

6/7
14 Λr

1/2
0 (4.90)

After integrating all the components of the torque, the total torque acting on the neutron star

is given

Ntotal = Ndyn,outer+Ndyn,middle+Ndyn,inner+Nsh,outer+Nsh,middle+Nsh,inner+Nadv+Nvisc (4.91)

We report all the components and the total sum of the torques acting on our fiducial neutron

star in Tab.4.1 for our choice of spin period and ε for different accretion rate Unless ε = 0 we see

that the magnetic torque due to the dynamo in the three regions are the dominant component

if the accretion rate increases. For low accretion rate the dominant torque for our choice of

accretion rate in all models is the magnetic torque due to internal dynamo. As we see in Tab.4.1

magnetic stress due to internal dynamo is dominant than the shear in the three distinct disc

regions. At higher accretion rate the magnetic torque is dominated by either viscous or material

torque.

4.5.3 Observed properties of millisecond X-ray Pulsars

There is a large variation in the accretion rates among the millisecond X-ray pulsars. The well-

studied system IGR J00291+5934 is accreting at a rate of at least ∼ 1014 kg s−1 based on its

X-ray flux (Burderi et al., 2007),, while in some other systems, for instance SAX J1808.4-3658

Bildsten and Chakrabarty (2001), the neutron star is accreting at a rate below 1012 kg s−1 from

a brown dwarf companion. The latter accretion rate is so low that the disc can be susceptible

to a dwarf-nova like instability (King, 2000), which means that even if the mass transfer rate is

fairly stable the accretion rate through the accretion disc can vary significantly over time, if a

description based on a steady disc is at all applicable.

There are large uncertainties in the spin variations that have been reported for the millisecond

X-ray pulsars. For instance (Burderi et al., 2006) reported ν̇s between −7.6× 10−14 and 4.4×
10−13 Hz s−1 for SAX J1808.4-3658, but (Hartman et al. 2008 ) noted that the measurements
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Table 4.1: The inner edge of the accretion disc and its torque on the fiducial neutron star

in different regions of the disc for different accretion rate. For comparison, (Alfvén radius:

RA = 4.72 × 104m, ROM = 1.33 × 104m when (Ṁ = 0.012Ṁ14) ; RA = 2.45 × 104m,

ROM = 1.20× 105m, RIM = 20.9× 103m, when (Ṁ = 0.12Ṁ14) ; RA = 1.20× 104, when

Ṁ = 1.5Ṁ14 , and RIM = 14.33× 104m) .

Ṁ14 ε R0 [m] Ndyn [Nm] Nsh [Nm] Nadv [Nm] Nvis [Nm] Ntotal [Nm]

0.012Ṁ14 0.1 1.8× 105 3.4× 1024 −7.8× 1023 7.0× 1024 −7.4× 1024 2.2× 1024

0.05 9.9× 104 3.7× 1024 −1.7× 1024 5.2× 1024 −6.7× 1024 5.0× 1023

0 4.7× 104 0 −3.1× 1024 3.6× 1024 −3.4× 1022 4.7× 1023

−0.05 8.8× 104 −2.9× 1024 −1.9× 1024 4.9× 1024 0 1.0× 1023

−0.1 1.2× 105 −4.1× 1024 −1.4× 1024 5.6× 1024 0 1.0× 1023

0.12Ṁ14 0.1 9.4× 104 9.8× 1025 −2.1× 1024 5.1× 1025 −1.0× 1026 4.7× 1025

0.05 6.0× 104 5.6× 1025 −3.2× 1024 4.1× 1025 −7.7× 1025 1.7× 1025

0 3.0× 104 0 −7.4× 1023 2.9× 1025 −2.4× 1025 −4.3× 1024

−0.05 3.2× 104 −6.6× 1025 −2.0× 1024 2.9× 1025 −6.7× 1022 −3.9× 1025

−0.1 4.8× 104 −1.1× 1026 −3.7× 1024 3.6× 1025 0 −7.7× 1025

1.5Ṁ14 0.1 2.6× 104 1.4× 1026 −5.6× 1024 3.3× 1026 −4.5× 1026 1.2× 1025

0.05 2.1× 104 8.5× 1025 4.8× 1024 2.9× 1026 −4.2× 1026 −4.0× 1025

0 1.8× 104 0 1.7× 1025 2.7× 1026 −3.2× 1026 −3.3× 1025

−0.05 1.6× 104 −1.1× 1026 3.7× 1025 2.6× 1026 −3.2× 1026 −1.3× 1026

−0.1 1.5× 104 −2.3× 1026 5.5× 1025 2.5× 1026 −1.1× 1025 6.7× 1025

−0.12 1.3× 104 −2.7× 1026 5.8× 1025 2.5× 1026 0 3.6× 1025
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of this source are plagued by large variations in the pulse shape, and put an upper limit of

2.5× 10−14 Hz s−1 on the spin variations and in found a long-term spin down with ν̇ = −5.6×
10−16 Hz s−1. On the other hand (Burderi et al., 2007) report that IGR J00291+5934 is spinning

up at ∼ 10−12 Hz s−1 during the December 2004 outburst. These spin variation correspond to

torques

N = 2πν̇I = 6.3× 1025ν̇13I38 Nm, (4.92)

where I38 is the moment of inertia of the neutron star measured in 1038 kgm2, and ν̇13 is the spin

derivative in units of 10−13 Hz s−1. Some of the reported spin variations are so large that they

become difficult to explain in the Ghosh and Lamb (1979) model, but our Tab. 4.1 shows that

the internal disc dynamo can significantly enhance the torque, though we have not attempted

to model any particular system.

4.6 Conclusion

We have studied the interaction between millisecond X-ray pulsars and its surrounding accretion

disc in the three regions of the disc in the case that the accretion disc is supporting an internal

dynamo, and the highest accretion rates are sufficient to make the innermost part of the accretion

disc to be dominated by radiation pressure and electron scattering. For these reasons we have

followed the approach by Shakura & Sunyaev (1973) and divide our disc model into in three

regions, an outer region dominated by the gas pressure and Kramer’s opacity, and a middle

region dominated by gas pressure and electron scattering, and an inner region dominated by

radiation pressure and electron scattering.The magnetic field that is produced by the dynamo

can lead to a significant enhancement of the magnetic torque between the neutron star and

the accretion disc, compared to what is seen in the model by Ghosh & Lamb (1979). But the

magnetic torque generated by the internal dynamo is dominant in gas pressure dominated disc

and dominated by viscous torque in the radiation pressure disc (inner disc region).

We calculate the structure of the accretion disc in the three regions we find two kinds of

solutions with different behaviour at the inner edge most parts of the disc is gas pressure and

free-free opacity dominated disc. When the accretion rate increases the solution of the disc

behavior is changed. A few of our solutions in the outer region have case D boundaries at

which the density and temperature go to 0 at finite radius, while most of our solutions have

case V boundaries at which the accretion is driven entirely by the magnetic tension between
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the accreting matter and the neutron star (Paper I). In the inner region of the disc the latter

case is applied to find the solution there is a viscous stress between the accretion disc and the

boundary layer, which can transfer angular momentum outwards at a rate that is comparable

to the one at which it is advected inwards by the accreting matter itself.

We have also found that the dynamo leads to that the inner edge of the accretion disc occurs

at a radius which is larger than the traditional Alfvén radius in the outer regions of the disc

which is in good agreement with Paper I, II and greater or equal to Alfvén radius in the inner

disc region that is the inner radius extends towards the surface of the neutron star. The nature

of the solution and the inner radius varies with varying accretion rate and ε in addition to

internal dynamo.

We have found that at higher accretion rate (inner region of the disc) the inner edge of the

accretion disc is greater than the radius of the neutron star for all values of ε. We have found

that magnetic field, and spin derivatives for different accretion rate in any of our model are in

good agreement with RXTE observed data in millisecond X-ray pulsars and also the solution

of the structure of accretion disc around magnetised millisecond X-ray pulsars are consistently

explained by this model.



Chapter 5

Time-Dependent Accretion disc

In the previous chapters we solved the set of steady state disc equations including both magnetic

and viscous torques and gas and radiation pressure for the whole disc. Now, we are interested

in using the time-dependent equations for the accretion disc to do a linear stability analysis of

our steady disc solutions in the presence of strong magnetic field and we can see how the disc

evolves in time. We do this by expressing the surface density as a function of time and position

in the conservation of mass, momentum and energy.

This chapter is adapted from the paper ”The Time-dependent Accretion Discs Around Magne-

tised Stars” by Solomon Belay Tessema and Ulf Torkelsson, which is in preparation for submis-

sion to The Mon. Not.R.Astron.Soc. Journal.

5.1 Introduction

According to the widely adopted standard solutions (Shakura & Sunyaev 1973), luminous accre-

tion discs close to the Eddington rate should be radiation pressure dominated and therefore un-

stable to perturbations of both mass flow (Lightman & Eardley 1974) and heating rate (Pringle,

Rees & Pacholczyk 1973) for the commonly adopted assumption that viscous stresses within

the disc are proportional to the total (gas plus radiation) pressure (α-viscosity prescription).

Taking into account the stabilizing effect of radial advection near the Eddington rate, often

modelled with the slim disc solutions (Abramowicz et al. 1988), a limit-cycle-type behaviour

should be expected, which has been confirmed by numerical simulations of time-dependent discs

(Taam & Lin 1984; Honma, Matsumoto & Kato 1991; Szuszkiewicz & Miller 1997) which will

not be treated in this work for the moment. But we will concentrate on stability time-dependent

75
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accretion disc around magnetised stars.

Two physically reasonable ways to make luminous accretion discs stable are well known.

First of all, the discs may be cooling much faster than the standard solution assumes due to

an additional rapid energy transfer from the disc mid-plane into a corona, a jet or a wind, so

that the radiation pressure simply never dominates in the disc (e.g. Svensson & Zdziarski 1994).

Secondly, the anomalous viscosity of accretion discs, now understood to be due to magnetoro-

tational instability (MRI), may not scale with the total disc pressure (e.g. Lightman & Eardley

1974). Numerical magnetohydrodynamics (MHD) simulations of turbulent accretion flows are

the most promising tools for differentiating between these possibilities from first principles (see,

in particular, Sano et al. 2004, and references therein). However, due to immense numerical

challenges, one will have to wait until global 3D radiative simulations are performed over a large

enough range of parameter space before a clear answer will emerge.

The Balbus - Hawley (magnetorotational) instability (Velikhov 1959; Chandrasekhar 1961)

of weak magnetic fields in accretion discs drives MHD turbulence which transports angular

momentum radially outwards (Balbus & Hawley 1991; Hawley & Balbus 1991; Stone et al.

1996), and is thought to play an important role in the evolution and dynamics of astrophysical

accretion discs. The instability has also been invoked as a component of a disc dynamo model, in

which the instability creates radial field from vertical field, the shear in the disc creates azimuthal

field from the radial component, and the Parker instability creates vertical from azimuthal field

and expels flux from the disc (Tout & Pringle 1992).

In this chapter, we investigate the time-dependent evolution of magnetized accretion discs by

means of analytic techniques for steady state and non-steady state discs by linearizing nonlinear

equations considering the small perturbation of the surface density and analyzing the stability

conditions. We perform a local viscous disc stability analysis and present a linear analysis of the

stability of the accretion disc and, later check with time-dependent disc models. We find that

the stability properties of accretion disc around magnetized star for gas pressure dominated and

radiation pressure dominated disc and timescale analysis are given and explained.

5.2 Time-dependent equations

In order to solve the equations of the time-dependent disc between an accretion disc and ac-

creting star, we use the Navier-Stoke’s equations, including gravity of the star (gravity of the
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accreting gas is negligible), turbulent viscosity and radiative transfer treated in the diffusion

approximation. The effect of radiation pressure is included in the equation of state when the gas

pressure is less dominant than radiation pressure but the magnetic pressure is excluded . The

treatment is one-dimensional and the equations are written in cylindrical coordinates (R,φ, z).

Axisymmetry is assumed around the z-axis, thus ∂
∂φ = 0. The problem is solved at the mid-

plane of the disc and we assume that the disc is optically thick, geometrically thin. We also

assume that the disc is in hydrostatic equilibrium in the vertical direction and we integrate the

quantities in the vertical direction from -H to + H, where H is the half-thickness of the disc in

the vertical direction.

5.2.1 Conservation of mass

The equations governing a thin accretion disc with surface density profile can be obtained from

the Navier-Stoke’s equations in cylindrical symmetry integrating over the height of the disc. The

equation of mass conservation are given by Eq. (2.29) and in general it is written as

∂ρ

∂t
+∇ · (ρv) = 0. (5.1)

The surface density Σ has been defined by vertically integrating ρ over the disc thickness

H, and in the thin disc approximation given by Eq. (3.16). The continuity equation in the

cylindrical coordinates, in terms of the surface density Σ, in the disc approximation, is thus

given by

∂Σ
∂t

+
1
R

∂(RΣvR)
∂R

= 0, (5.2)

The variation in the surface density Σ(R, t) at radius R in the equation for non steady disc

accretion conforms to the equation of continuity

∂Σ
∂t

= − 1
R

∂(RΣvR)
∂R

, (5.3)

where Ṁ represents the mass transfer rate at each radius given by

Ṁ = 2πRΣ(−vR) (5.4)

in which Σ and vR are now allowed to be functions of t, we can rewrite the mass conservation

equation (5.3) as

2πR
∂Σ
∂t

=
∂Ṁ

∂R
(5.5)
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Here and throughout this thesis Ṁ is the mass crossing a cylindrical surface density in unit time

and constant.

5.2.2 Conservation of momentum

Using Eqs. (2.20)- (2.22) the momentum equations for a fluid in general expressed by the

Navier-Stoke’s equations can be rewritten for the time- dependent thin disc as:

ρ
∂v
∂t

+ ρ (v · ∇)v = −∇P − ρ∇Φ + J×B + ρν∇2v (5.6)

Applying Eqs. (2.20)- (2.22) we find the component of the momentum equations for the time-

dependent disc. Assuming that vR is very small, the radial component of the Navier-stoke’s

equation is

ρ

[
∂vR

∂t
+ vR

∂vR

∂R
− v2

φ

R
+

GM

(R2 + z2)3/2

]
=

Bz

µ0

(
∂BR

∂z
− ∂Bz

∂R

)
− Bφ

µ0

(
1
R

∂

∂R
(RBφ)

)

−∂P

∂R
+

4
3R3/2

∂

∂R

(
R3/2νρ

∂vR

∂R

)
− 2

3R3

∂(R2νρvR)
∂R

(5.7)

To a first approximation matter in the disc flows in Keplerian orbits with velocity

vφ =

√
GM

R
(5.8)

The Keplerian rotation law (5.8) is not that of a rigid body as ∂Ω
∂R 6= 0, and so frictional forces

between neighbouring layers, which are assumed to be much smaller than the centrifugal force
v2

φ

R and the gravitational force −GM
R2 , should redistribute angular momentum. Consequently a

radial velocity component vr ¿ vφ will appear in the disc.

In similar manner the vertical component of momentum equation for time -dependent disc

gives

ρ

[
∂vz

∂t
+ vR

∂vz

∂R
+ vz

∂vz

∂z

]
= −Bφ

µ0

∂Bφ

∂z
− BR

µ0

∂BR

∂z
+

BR

µ0

∂Bz

∂R

−∂P

∂z
− ρGM

R2
+

1
R

∂

∂R

[
ρνR

(
∂vz

∂R
+

∂vR

∂z

)]
+

4
3

∂

∂z

[
ρν

∂vz

∂z
− ∂vR

∂R
− vR

R

]
(5.9)

We assume that motions in the disc along the z-direction are subsonic, then the disc is in the

hydrostatic equilibrium in the vertical direction and the magnetic field is weak. In the direction

perpendicular to the plane of the disc the gas and radiation pressure gradient is balanced by

the component of the gravitational attraction of the central body normal to the disc (the self-

gravitation of the disc is being negligible), we have the reduced equation

1
ρ

∂P

∂z
= −GM

R3
z, (5.10)
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where ρ is the density, P is the pressure, G is the gravitational constant and M is the mass of the

accreting star. Following the usual procedure, we integrate the quantities in the z direction from

-H to + H, where 2H is the thickness of the disc in the vertical direction. From the equation of

hydrostatic equilibrium we obtain

H ≈ cs

vkep
R, (5.11)

where cs is the velocity of the sound and given by c2
s = P

ρ and Vkepl = GM
R2 is the Keplerian

velocity

Similarly the azimuthal component of Navier- Stoke’s equation for time-dependent disc gives

the transfer of the angular momentum:

ρ

(
∂vφ

∂t
+

vR

R

∂

∂R
(Rvφ)

)
=

[
BR

µ0

1
R

∂

∂R
(RBφ) +

Bz

µ0

∂Bφ

∂z

]
+

1
R2

∂

∂R

[
R3ρν

∂

∂R

(vφ

R

)]
, (5.12)

Integrating vertically both sides of Eq.(5.12) and assuming that the smallness of the changes

in angular velocity allows the possibility of ignoring the first term in equation (5.12) dΩk
dt = 0,

we obtain (
ΣRvR

∂`

∂R

)
= 2

BzBφ

µ0
R2 +

∂

∂R

[
R3νΣ

∂

∂R

(
`

R2

)]
. (5.13)

It is clear from this equation that the direction of overall mass-flow (the sign of Ṁ) is given by

the dependence of viscous and magnetic stress on radius and also Eq.(5.13) relates the radial

advection of material angular momentum to the viscous and magnetic torque.

The expression for the radial component of velocity can be obtained

vR = − 3
R1/2Σ

∂

∂R

(
R1/2νΣ

)
+

4BzBφR3/2

µ0Σ
√

GM
(5.14)

Inserting Eq.(5.14) into continuity equation [Eq.(5.3)] the equation for the evolution of the sur-

face density Σ(r, t) of the accretion disc for the disc around the magnetized star can be found

as
∂Σ
∂t

=
3
R

∂

∂R

{
R1/2 ∂

∂R

(
R1/2νΣ

)
− 4BzBφR5/2

µ0

√
GM

}
(5.15)

Equation (5.15) is an integral of the mass and angular momentum equations (5.2) and (5.12)

which is more general, and relies on the assumptions: conservation of mass, conservation of

angular momentum, and that the potential is Keplerian. Since the time-dependence enters only

through Eq. (5.15), it is essential to try to express the other quantities in terms of Σ as far as

possible, as they depend on t only through Σ and not explicitly.
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5.3 Transport of energy in the disc

The Navier- Stoke’s equation for the conservation of internal energy can be written as:

∂

∂t
(ρe) +∇ · [(ρe + P )v] = v · fν +

J2

σ
−∇ · Frad −∇ · q, (5.16)

Here the second term on the left describes the variations in the internal energy e = E/ρ, while

the first and third terms in the right-hand-side describes viscous heating and radiative cooling

respectively and the second and fourth terms are respectively ohmic heating and heat conduction.

Neglecting very small terms and retaining the dominant terms, then the energy equation gives

∂E

∂t
= v · fν −∇ · Frad, (5.17)

Integrating Eq.(5.17) vertically over the disc we have

∂E

∂t
H =

9
8
νΣ

GM

R3
− 8σT 4

c

3Σκ
(5.18)

This is the conservation of energy equation which can be used to analayse the thermal instability

of the disc.

5.3.1 Equation of state

The total pressure is the sum of gas pressure and radiation pressure and then given by the

equation of state:

P = Pgas + Pradiation, (5.19)

Pgas =
ρkBTc

mpµ̄
, Prad =

aT 4
c

3
(5.20)

In equation (5.19), mp, kB, µ̄, and a are the mass of a proton, Boltzmann constant, the mean

molecular weight for ionized gas, and familiar radiation constant, respectively. But the pressure

can also be expressed using the equation of hydrostatic equilibrium

1
2
ΣΩ2H =

ΣkBTc

2Hmpµ̄
+

aT 4
c

3
(5.21)

This is the conservation of energy equation which can be used to explain the thermal stability

of the disc.
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5.3.2 Viscous stress

In our model the viscous stress tensor is related according to

frφ =
3
4
Σν

(
GM

R3

)1/2

H−1 =
3
4
ΣνΩH−1 = αssP (r) (5.22)

The conventional αss model assumes that

ν =
4
3
αss

PH

Σ

(
GM

R3

)−1/2

=
2
3
αssΩH2, (5.23)

where αss is a parameter which describe the strength of the viscous stress. From Eq. (5.23) the

internal pressure can be expressed as

P (r) =
3
4
α−1

ss νΣ
(

GM

R3

)1/2

H−1 =
3
2
α−1

ss νρ

(
GM

R3

)1/2

(5.24)

which we solve for the density of the gas

ρ =
3

4αss

νΣ
H2

(
GM

R3

)−1/2

. (5.25)

5.4 Viscous stability

Viscous stability of geometrically thin, optically thick, Keplerian accretion disc is described

by the evolution of the discs surface density which is obtained by combining the conditions of

conservation of mass and angular momentum. In our model this is the equation for the evolution

of the surface density Σ of an accretion disc around a magnetized star

∂Σ
∂t

=
3
R

∂

∂R

[
R1/2 ∂

∂R

(
R1/2νΣ

)]
− 4

R

∂

∂R

(
RBzBφ

µ0Ω

)
, (5.26)

where Bφ is the sum of the magnetic field generated by the internal dynamo and due to shear.

This is a diffusion equation giving the evolution of the surface density function, due to the

spreading of material controlled by viscous and magnetic stresses. It is clear that in order to

solve non-linear equation (5.13) and subsequently find all the other disc variables is in general a

formidable task which must be solved numerically. However, we can draw important conclusions

relating different equations and the form of equation (5.13) alone. Suppose the viscous ν varies

as given power of radius the equation can be solved analytically. Assuming that the viscosity

at a given radius depend on local parameters in the disc. In its simplest form we may write

ν = ν(R, Σ). For convenience we write

y (R,Σ) = νΣ. (5.27)
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The explicit R-dependent in ν, and hence y, arises from the magnetic and viscous stress. We

further assume that the surface density in a steady disc is perturbed axisymmetrically at each

radius R, so that

Σ(R, t) → Σ0(R) + δΣ(R, t) (5.28)

where Σ0(R) is the steady- state distribution and let the corresponding perturbation for y be

δy, then

y → y + δy, δy =
(

δy

∂Σ

)
δΣ (5.29)

Taking similar perturbations in the toroidal magnetic field generated by the internal dynamo

Bφ,dyn and substituting in diffusion equation yields the linear equation

∂(δΣ)
∂t

=
3
R

∂

∂R

[
R1/2 ∂

∂R

(
R1/2δy

)]
+

4
R

∂

∂R

(
RBzδBφ,dyn

µ0Ωk

)
, (5.30)

where

δBφ,dyn =
(

∂Bφ

∂Σ

)

0

(
∂y

∂Σ

)−1

0

δy and δΣ =
(

∂y
∂Σ

)−1

0

δy. (5.31)

Here the shear component of the magnetic field is very small and dropped. Thus a small

perturbation δy satisfies the linear equation

∂(δy)
∂t

=
3
R

(
∂y

∂Σ

)
∂

∂R

[
R1/2 ∂

∂R

(
R1/2δy

)]

+
4
R

(
∂y

∂Σ

)
∂

∂R
(bδy) , (5.32)

where

b =
RBz

µ0Ωk

(
∂Bφ

∂Σ

)

0

(
∂y

∂Σ

)−1

0

(5.33)

Eq. (5.32) is a linear modified diffusion equation for δy, which describes the evolution of a

perturbation in y and well behaved if and only if the modified diffusion coefficient is positive.

When the coefficient ∂y
∂Σ is positive we have the evolution equation of the type of diffusion

equation behaviour including magnetic stress. However, if ∂y
∂Σ is negative, more material will be

fed into those regions of the disc that are denser than their surroundings and material will be

removed from those regions that are less dense so that the disc will tend to break up into rings

and this breakup of on viscous time scale constitutes the viscous instability; steady disc flow is

only possible provided that ∂y
∂Σ > 0. Thus the criterion for viscous instability is

Instability ⇔ ∂

∂Σ
(y) < 0 (5.34)

where the derivative is taken under the assumptions of vertical hydrostatic equilibrium and of

thermal balance. If a disc is viscously unstable, a region that is locally under dense (over dense)



Time-Dependent Accretion disc 83

evolves faster (slower) than its surroundings and thus becomes even more under dense (over

dense). Thus Eq.(5.32) is the fundamental equation of non-stationary disc accretion. Stability

analysis can be made based on these equations. We shall look for solutions to Eq. (5.30) and

(5.32) of the form which represents the perturbations considering short-wavelength modes of the

form,

δy = A exp [ı(ωt− kR)] , (5.35)

where A is a constant, ω the angular frequency and k the wavenumber and kR À 1. For such

modes, variations in disc quantities can be ignored over a wavelength kR À 2π and have

the decay/growth rate ω principally determined by the first term on the right-hand side of Eq.

(5.32) (Paper III). Viscous instability then follows when
(

∂y
∂Σ

)
0

< 0, with y being influenced

by the magnetic field.

Since the magnetic diffusivity is fixed the we drop subscribe zero and the shear part of the

magnetic stress from Eq. (5.32) and we obtain

∂(δy)
∂t

=
3
R

(
∂y

∂Σ

)
∂

∂R

[
R1/2 ∂

∂R

(
R1/2δy

)]
+

4
R

(
∂y

∂Σ

)
∂

∂R
(bδy) (5.36)

Substitution of Eq.(5.35) into (5.36) gives an expression for ω. The viscous diffusion term

dominates the magnetic term in (5.36) in determining ω, since it contains a term in (kR)2, while

the magnetic term is only linear in kR. It follows that the sign of
(

∂y
∂Σ

)
0

determines the sign

of ω and hence the stability of the perturbation. The magnetic field affects the viscous stability

by influencing the form of y(R,Σ). The increase in νΣ due to the the effect of the magnetic

field. The magnetic field generated due to internal dynamo is dominant in our model (Paper I,

II & III) as a result the disc is stable in the presence of strong magnetic field in the gas pressure

dominated disc. Because the magnetic field due to the internal dynamo may maintain sufficient

angular momentum transport through out in such type of disc. But in the radiation pressure

dominated disc the toroidal magnetic field generated by an internal dynamo is independent of

dynamical viscosity as well as the magnetic field is weak compared to the gas pressure dominated

disc (Paper II), then the the innermost disc region is unstable.

From the perturbation equations we can find the dispersion relation, which will give solutions

that are stable and unstable in addition to the stability condition which have already used above

(Paper III). Substituting Eq. (5.35) into (5.36)

ω2 = χ2

( −1
4R3/2

− 3kı

2R3/2
+

3(kı)2

2R1/2
− 4bkı

R

)

( −1
4R3/2

+
3kı

2R3/2
+

3(kı)2

2R1/2
+

4bkı

R

)
, (5.37)
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where χ = ∂y
∂Σ . After squaring Eq. (5.37) we get

ω2 = χ2

(
9k4

4R
+

9k2

4R3
+

3k2

4R2
+

1
16R3

)
+ χ2

(
12bk2

R5/2
+

16b2k2

R2

)

+χ2

(
12k3b

R3/2
− 2bk

R5/2

)
ı (5.38)

We can obtain approximate values of ω

ω ≈ ±χ

4

√
1 + 36k2 + 192bk2

√
R + 12k2R + 256b2k2R + 192b2k3R3/2 + 36k4R2 − 32bk

√
Rı

R3

(5.39)

For k −→∞ Eq. (5.39) gives

ω ≈ ±3k2χ

2
1√
R

(5.40)

Equation (5.38) is the general dispersion relation and will help us to investigate the stability of

our disc model. The first term in equation (5.38) is due to viscous stress, which is the fourth

and the second orders of k the leading term in k is the fourth order, the second and the third

terms are due to magnetic field generated by the internal dynamo. For the short wavelength

limit k −→ ∞, we obtain real roots from Eq. (5.38). When the real part of ω > 0, then

it satisfies the stability condition and when the real part of ω < 0 then the disc is unstable

(see Eq. 5.40). Weakly magnetised accretion discs are subject to a powerful axisymmetric

instability. The instabilities lead to electron scattering and acceleration of fast particles leading

to enhancement in radiation pressure. Strongly magnetised the accretion discs are subjected to

stability conditions. The dispersion relation (5.38) indicates that the most rapidly growing wave

numbers in a thin discs have growing rates. The growing rate is dependent on the strength of

the magnetic field. For imaginary of ω the instability criterion is most easily satisfied than the

real part of it but the azimuthal component of the strong magnetic field (dynamo field) tends

to stabilize. Generally the dispersion relation is used to investigate the stability properties of

the accretion disc by considering the local perturbation of the disc.

5.5 Results and Discussion

5.5.1 Timescales and Stability

The time-dependent accretion discs with α-parameter viscosity were constructed by Light-

man(1974a,b) and its flow is controlled by the size of the viscosity. Hence observations of

time-dependent disc behaviour offer one of the few sources of quantitative information , it is



Time-Dependent Accretion disc 85

important to consider the relative magnitudes of the various timescales over which accretion

discs form and evolve and the effect of magnetic field is observed on timescales. We begin by

identifying the typical timescales on which the disc structure may vary.

Dynamical Time Scale(tdyn): a timescale in which pressure forces adjusts to combine grav-

itational and centrifugal force and which is simply related as

tdyn ∼ R

vφ
∼ Ω−1

k . (5.41)

This is the shortest time scale present in the disc, which is the Keplerian period, that ranges very

small in the inner region and increases to outer disc and also the typical growth time of some

important instabilities, such as the magneto-rotational instability. Using steady state equations

we can write this as

tdyn ∼ 8.66× 10−11M
−1/2
1 R3/2 s (5.42)

We see that the dynamical timescale depends on mass of the accretor and radius. Clearly,

inhomogeneities, such as flares on the disc surface, would cause quasi-periodic variations in the

disc light at some wavelengths with this time scale. A second important timescale is the vertical

timescale, needed to reach hydrostatic balance in the vertical direction. This is given by the

isothermal sound speed crossing time across the disc thickness H. Deviations from hydrostatic

equilibrium in the z-direction are smoothed out on a timescale

tz =
H

cs
(5.43)

But from the relations

H ∼ M−1R, M =
vφ

cs
, Mach number

vφ ∼ αM−1cs

We see that

tz ∼ R

Mcs
=

R

vφ
∼ tφ ∼ 8.66× 10−11M

−1/2
1 R3/2 s

Interestingly, this timescale is equal to the dynamical one. So that the dynamical timescale also

measures the speed with which hydrostatic equilibrium in the vertical direction is established.

Thermal Time Scale (tth): is the time needed by the disc to modify its thermal structure,

and its temperature. In general, we will have a cooling timescale tcool which is set by the specific

cooling processes in the disc, and a heating timescale theat which is determined by energy release



Time-Dependent Accretion disc 86

due to accretion. In thermal equilibrium, clearly these two timescales are equal. The heating

timescale is simply given by the ratio between the heat content at a given radius and the power

produced by accretion disc.

We thus see that tth ∼ tdynαss À tdyn.

Mathematically we can define the thermal timescale:

tth =
heat content per unit disc area
dissipation rate unit disc area

,

which gives the timescale for re-adjustment to thermal equilibrium , if, say, the dissipation rate

is altered. Since the heat content per unit volume of a gas is ∼ ρkBTc

mpµ̄ ∼ ρc2
s, this gives

tth ∼ Σc2
s

W (R)
(5.44)

The relation Wν(R) = 9
8νΣGM

R3 and νΣ means that tth can be re-expressed in terms of the

viscous timescale; for a Keplerian disc, we have (Ω = Ωk)

tth ∼ R3c2
s

GMν
' M−2tvisc (5.45)

Viscous Time Scale (tvisc): a time in which angular momentum distribution changes due to

torque caused by dissipative stresses. The viscous timescale sets the scale for the evolution of

the surface density. From the analysis of time dependent models above, we have seen that this

timescale is given by the viscous timescale

tvisc ∼ R2

ν
∼ R

vR
∼ 9.63× 103α−4/5

ss µ̄3/4M
1/14
1 Ṁ

17/35
13 µ

5/7
20 Λ−3/10r11/4 (5.46)

which gives the timescale on which matter diffuses through the disc under the effect of viscous

torques. The viscosity has the effect of spreading the original ring in radius on a typical time

scale, assuming that the typical length scale for surface density gradients in the disc is ∼ R.

Which is an order of magnitude longer than other time scales.

Using the α− parametrization we can also write

tvisc ∼ R2

ν
∼ 1

α

R

H

R

vφ
.
vφ

cs

which, for a thin disc, gives

tvisc ∼ α−1M2tφ (5.47)

Collecting results we have
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tdyn ∼ tz ∼ αsstth ∼ αss

(
H

R

)2

tvisc (5.48)

Then from Eq.(5.48) the thermal time scale is

tth ∼ 1.4α3/5M
−11/14
1 Ṁ

−3/35
13 µ

6/7
20 r3/2 (5.49)

If we assume α ≤ 1 there is thus a well-defined hierarchy of timescales

tdyn ∼ tz ≤ tth ¿ tvisc

As long as the disc is thin, we thus see that the various timescales are ordered in the following

way::

tvis À tth À tz ∼ tdyn, (5.50)

which then shows that the centrifugal balance in the radial direction and hydrostatic balance in

the vertical direction are very rapidly achieved, while the disc temperature generally evolves on

a longer timescale, and finally, on an even longer timescale, one can see some evolution in the

surface density profile.

Finally, note that all of the above timescales are a function of radius. In particular, if H/R are

constant which is not our case (which is not generally true), then they all scale in the same way,

and for a Keplerian disc, they increase with radius as R3/2. Thus the evolution of the inner disc

is generally much more rapid than the evolution of the outer disc. Suppose now that a small

perturbation is made to a generally considered equilibrium solution and that this perturbation

continues to grow rather than being damped. Then the supposed steady solution is said to

be unstable and cannot occur in reality. The sharp difference we have found in the various

timescales means we can distinguish different types of instability. If for example the energy

balance is distributed in the disc, any instability will grow on a timescale tth, which is much less

than tvisc. Since tvisc is the timescale for different changes in the surface density Σ to occur, we

can assume that Σ is fixed during the growth time tth. We refer to this as a thermal instability.

For α < 1 we also have tth > tφ ∼ tz, so the vertical structure of the disc can respond rapidly,

on a timescale tz, to changes due to the thermal instability, and keep the vertical structure close

to hydrostatic equilibrium.

Another condition for instabilities arise when the local cooling rate Q− with in the disc can no

longer cope with the heating rate Q+ due to viscous dissipation. In equilibrium we must have

Q+ = Q−.
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But if, when the central temperature Tc is increased by a small perturbation ∆Tc which

is not be the case here, Q+ increases faster than Q−, Tc will rise further because the cooling

rate is in adequate. In other words, steady state is impossible in a parameter regime where the

instability would grows, despite the fact that formally an ”equilibrium” solution can be found.

5.5.2 Stability Analysis

In the previous two chapters we calculated the solution of Σ numerically by writing the relations

in the form Σ = Σ(Λ) because we know Λ numerically. To investigate the viscous stability of

the solution we calculate the derivatives of ∂Σ
∂Λ . We calculate this derivatives using the results

of the previous chapters for a slightly perturbed value of Λ. When this derivative is positive the

solution is viscously stable, other wise it is viscously unstable.

Eq.(5.27) gives the viscosity integral y = νΣ for given Ṁ , µ and other parameters as a function

of r. In more general situation when the system is time-dependent, there is no fixed Ṁ but in our

work we use accretion rate in steady state, and time-independent equation has to be replaced

by an explicitly time-dependent diffusion type equation for Σ. In any case, in order to close the

system of equations we need another equation that relates Λ with Σ. In the time-dependent case

the sign of ∂Λ
∂Σ determines whether the solution is viscously stable (positive sign) or unstable

(negative sign). In the steady case we calculate Σ = Σ(Λ), where Λ has been calculated in the

previous chapters. In paper I equations (40) and (41) we have the relations y = ΛṀ , R = rRA,

use of these relations Eq. (5.32) gives

∂(δΛ)
∂t

=
3Ṁ

R2
Ar

(
∂Λ
∂Σ

)

0

∂

∂r

[
r1/2 ∂

∂r

(
r1/2δΛ

)]

+
4Ṁ

RAr

(
∂Λ
∂Σ

)

0

∂

∂r
(bδΛ)− 4

ṀRAr

(
∂Λ
∂Σ

)

0

∂

∂r

(
rBzBφ,sh

µ0Ωk

)
, (5.51)

With similar reason given in section 5.4 we drop the subscript zero and the shear component of

the magnetic stress Eq. (5.51) can be rewritten as

∂(δΛ)
∂t

=
3Ṁ

R2
Ar

(
∂Λ
∂Σ

)
∂

∂r

[
r1/2 ∂

∂r

(
r1/2δΛ

)]
+

4Ṁ

RAr

(
∂Λ
∂Σ

)
∂

∂r
(bδΛ) (5.52)

In the gas pressure dominated disc when the accretion rate increases the magnetic field due to

dynamo increases (strong field is generated) as result sufficient angular momentum is transported

which lead to stability of the disc properties. But in the radiation pressure dominated disc the

inner edge of accretion disc close to the surface of the neutron star and the magnetic field due
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to dynamo decrease which cannot shut off the instability. From paper I Eq. (47) Λ and Σ were

related as
∂Σ
∂Λ

= 5285.7α−4/5
ss M

5/14
1 Ṁ

32/35
13 µ

−3/7
20 Λ3/7r−3/4 > 0 (5.53)

this is the case for steady-disc which shows the disc is stable.

For the time-dependent disc we have

Λ = C1Σ10/7r15/14, (5.54)

where

C1 =
(
3.7× 103α−4/5

ss M
5/14
1 Ṁ

32/35
13 µ

−3/7
20

)−10/7

And hence (
∂Λ
∂Σ

)

0

=
10
7

C1Σ3/7r15/14 > 0 (5.55)

which gives that
(

∂Λ
∂Σ

)

0

= 5.6× 10−6α8/7
ss M

−25/49
1 Ṁ

−64/49
13 µ

30/49
20 Σ3/7r15/14 > 0

In this case steady disc flow is possible and which satisfies stability condition. Therefore, steady

state model is stables against small perturbation in the gas pressure and free-free absorption

dominated disc. That is positive slope. Since in the gas pressure dominated disc the magnetic

field is strong than the radiation pressure dominated disc, the strong magnetic field generated

by internal dynamo helps the disc to be stable.

We can also show stability of the disc using the derivatives of temperature with respect to the

surface density

∂T

∂Σ
= 33112.3µ̄1/4α1/7

ss M
10/49
1 Ṁ

6/49
13 µ

−12/49
20 Σ−4/7r−3/7 > 0 (5.56)

the disc is stable. When ∂T
∂Σ < 0, and a viscous instability, this time known as the Lightman-

Eardley instability.

The time-dependent disc give us an information to explain the torque reversal of X-ray

pulsars by reversing the magnetic field in the disc with similar magnitude of spin-up and spin-

down torques which depends on the inner and corotation radii. In linearly stable disc we can

observe the stable torques, and it is non-linearly unstable because otherwise no torque reversal

would occur. Since in the star disc interacting system presence of a disc dynamo produces a

significant enhancement of the torque between the magnetic field of the neutron star and the

accretion disc.
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5.5.3 Thermal Stability

The general stability criteria of accretion discs were explained by different authors (for example

Piran 1978; Shakura and Sunyaev 1976; Frank, King and Raine 2002). These criteria can be

used as a prior check if some choice of cooling mechanisms gives rise to a stable disc even before

the complete disc structure equation are solved. Thermal instability criterion can be expressed

as
(

dQ−

dTc

)

Σ

<

(
dQ+

dTc

)

Σ(
dlnQ−

dlnTc

)

Σ

<

(
dlnQ+

dlnTc

)

Σ

, (5.57)

where Q+, Q−, and T are the viscous heating rate, radiative cooling rate and temperature,

respectively; such a criteria is identical to (Piran 1978) if we replace T with H. The thermal

instability can be understood according to this criterion. Considering a small temperature

increase and assuming that the surface density does not change with in the thermal timescale,

if the viscous heating rate increases more rapidly than radiative cooling rate does, it will lead to

a further increase of temperature and the thermal instability sets in. If the standard viscosity

law is adopted, Piran (1978) has pointed out that the inner region of accretion disks is always

thermally unstable no matter what kind of cooling mechanism is involved. Because in the inner

most regions of the disc opacity due to electron scattering is dominant than Kramer’s opacity

and there is no enough radiative cooling which balance viscous heating rate as well as the disc

is truncated near the surface of the neutron with magnetic field generated due dynamo.

For optically thick discs the effective volume cooling rate is approximately given by

Q− ≈ σT 4
c

κRρH2
.

For Kramer’s opacity this can be written as:

Q− ∼ T
15/2
c

Σ2
∼ T 15/2

c

In the gas pressure dominated disc αss decreases more rapidly than T−7
c , optically thick parts of

the disc will be thermally stable. Since Kramer’s opacity is dominant than over opacity due to

electron scattering and the magnetic field generated due to dynamo is stronger than the inner

most disc.

The equation that obtained from the equation of energy conservation in section 5.3 can relate

Σ and H which describe thermal stability after linearization:

∂E

∂t
H =

3αss

4
ΣH2Ω3 − 8σT 4

c

3Σκ
(5.58)
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The total energy density is related with pressure by

E =
3
2
(I + β)p,

where β = pr/p, (p = pr +pg) describes the contribution of radiation to the total pressure. Note

that in the limit of dominant radiation pressure (β0 = pr/p ' I). Using the relations

P =
1
2
Ω2ΣH

gives

E =
3
4
(I + β)ΣHΩ2 (5.59)

Then equation (5.59) becomes

3
4

∂

∂t
(I + β)ΣH2Ω2 =

3αss

4
ΣH2Ω3 − 2βΩ2H

κes
(5.60)

We linearize Eq. (5.58) substituting into a perturbation solution of the form

Σ = Σ0 + δΣ = Σ0

(
1 +

δΣ
Σ0

)
= Σ0(1 + u)

H = H0 + δH = H0

(
1 +

δH

H0

)
= H0(1 + h) (5.61)

Thus neglecting the higher order terms and retaining only the linear one we get

(4Iβ0 + 4β2
0)

∂u

∂t
+ (4Iβ0 + 4β2

0)
∂h

∂t
= αssβ0(u + 2h)Ω− 8β0H0(1 + h)

κes
(5.62)

From the linearization Eq. (5.62) if β0 is greater or equal to one the disc is thermally unstable

and if β0 is less or equal to unity then the disc is stable that is the cooler accretion disc is

expected.

5.5.4 Instabilities in the radiation pressure dominated disc

Accretion discs have been extensively examined in relation to binary X-ray sources, quasars and

galactic nuclei. Theoretical investigations of stationary disc models have revealed that some

models are secularly unstable (Lightman and Eardley 1974) or thermally unstable (Pringle,

Rees & Pacholczyk 1973; Shibazaki and Hoshi 1975 ; Shakura and Sunyaev 1976; Pringle 1976).

The presence of instabilities is of interest because periodic, quasi-periodic or Chaotic variability

have been observed in some binary X-ray sources and quasars.

The fate of these instabilities are, however, still open to question at this moment ; Shapiro et
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al. (1976) argued that the instabilities may lead to the formation of two-temperature, optically

thin discs, while the slim disc model by Abramowicz et al. (1988) asserts that a third branch is

realized by efficient advective cooling in the relativistic discs, so that the disc can undergo limit

cycles. Note that the accretion rate in slim disc is higher than thin disc but will not discuss the

stability of slim disc in our thesis.

In our work we assume that disc is optically thick geometrically thin and we found that the

derivative of y with respect Σ gives us the information about the instabilities of the disc.

The steady angular momentum balance can then only be satisfied by viscous and magnetic

stress increasing, via an increase in νΣ = y and the increase in νΣ leads to enhanced viscous

dissipation and an increased central temperature. The radiation pressure becomes dominant

and the disc is disturbed vertically, with viscous instability ensuring. When the coefficient of
∂y
∂Σ becomes negative.

In steady-state disc the inner regions of the disc where the radiation pressure and an electron

scattering opacity is dominant, then Λ and Σ are related as (see paper II Eq. (5.51))

Λ = C2Σ−1r3/2, (5.63)

where

C2 = 9.56× 101α−1
ss M

−5/7
1 Ṁ

−10/7
14 µ

6/7
16 .

Thus (
∂Λ
∂Σ

)

0

= −C2Σ−2r3/2 < 0 (5.64)

which is the condition for viscous instability (negative slope) and also ∂Σ
∂Λ < 0. Thus viscous

instability also appears in another case, namely when the disc is dominated the radiation pres-

sure, with a pure scattering opacity κR = constant. These conditions hold in the central regions

of disc around neutron stars and black holes. But the disc is stable in the other two regions.

From Eq. (5.27) follows that
∂y

∂Σ
= ν + Σ

∂ν

∂Σ
(5.65)

To understand why the instability exists in the inner regions of the disc, we first understand the

relation between Σ and Λ. In this region Λ decreases as surface density increases. Physically,

low stress in high- Σ regions and high stress in low-Σ regions means that matter is pushed into

regions of low stress thus density contrast grows, forming rings of gas.
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5.6 Conclusion

We investigated a theory for the time-dependent behaviour of a stationary thin accretion around

magnetized star. A linear stability analysis of the thin accretion disc solutions in the presence

of a strong external magnetic field gives an information about the behaviour of stationary disc.

The time-dependent behaviour of the accretion disc around magnetised stars will give us Simple

analytical arguments show that a Keplerian accretion disc ought to be hydrodynamically stable,

but Balbus and Hawley showed in 1991 that it is unstable in the presence of a weak magnetic

field because a strong magnetic field can shut off the instability.

However,the perturbation of surface density helps us to linearize steady state equation and the

coefficient of equations is still diffusion equation if the slope is positive with no problem which

gives the information of stability and instability of the disc. According to our model the thin disc

model resulting from the generation of the magnetic field generated by the internal dynamo is

stable in the gas pressure dominated disc region and unstable in the radiation pressure dominated

disc.

The presence of magnetic field due an internal dynamo makes the disc more stable in the gas

pressure dominated region.



Chapter 6

General Summary and Future

Prospects

We have presented a model for the interaction between a magnetic neutron star and its sur-

rounding steady-state of an axisymmetric thin accretion disc with an internal dynamo around

a magnetised star. Our model is based on the case where the accretion disc is supporting an

internal dynamo. From the vertically integrated equations of magnetohydrodynamics we de-

rive a single ordinary differential equations for a thin accretion disc around a massive magnetic

dipole field which can be applicable for different regions of the disc. The differential equation

is integrated numerically from the outside inwards for all cases. The numerical result indicates

that the torque between the star and the accretion disc is dominated by the contribution from

the dynamo in the disc. The location of the inner edge of the accretion disc depending mainly

on the strength and direction of the magnetic field generated by the dynamo in the disc.

The magnetic field that is produced by the dynamo can lead to a significant enhancement of

the magnetic torque between the neutron star and the accretion disc, compared to what is seen

in the model by Ghosh & Lamb (1979a,b). This extra magnetic torque can explain the large

variations in spin frequencies of Cen X-3 and OAO 1657-415 (Bildsten et al. 1997).

From our model we have calculated the fundamental solution for the structure of a steady

state thin accretion disc a self-similar form similar to the classical solutions by (Shakura &

Sunyaev 1973) in terms of radius, mass of the accretor, accretion rate and magnetic moment,

we have found two kinds of solutions with different behaviours at the inner edge. A few of our

solutions have case D boundaries at which the density and temperature go to 0 at finite radius,
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while most of our solutions have case V boundaries at which the accretion is driven entirely by

the magnetic tension between the accreting matter and the neutron star. In this case there is

a viscous stress between the accretion disc and the boundary layer, which can transfer angular

momentum outwards at a rate that is comparable to the one at which it is advected inwards by

the accreting matter itself.

We have also found that the dynamo leads to that the inner edge of the accretion disc occurs

at a radius that is larger than the traditional Alfvén radius.

The accretion rates that have been observed in millisecond X-ray pulsars cover several orders

of magnitude, and the highest accretion rates are sufficient that the innermost part of the

accretion disc is dominated by radiation pressure and electron scattering. For these reasons

we have followed the approach by Shakura & Sunyaev (19973) and divided our disc model in

three regions, an outer region dominated by gas pressures and Kramer’s opacity, a middle region

dominated by gas pressure and electron scattering, and an inner region dominated by radiation

pressure and electron scattering.

The large spin changes that have been observed in some of the accreting millisecond X-ray

pulsars are difficult to explain in the model by Ghosh & Lamb (1979), but the inclusion of a

disc dynamo produces a significant enhancement of the torque between the accretion disc and

the neutron star. This increase is not only due to the coupling between the magnetic fields of

the neutron star and the accretion disc as such, but also to the fact that the accretion disc is

truncated at a larger radius thus increasing the lever arm between the edge of the disc and the

neutron star.

We have derived the time-dependent equations for an accretion disc in the small perturbation

of the surface density to examine a linear stability analysis of our steady disc models in the

presence of magnetic field due to an internal dynamo. The linearization of dynamical equations

indicates that the radiation pressure dominated disc is unstable in the innermost part of the

disc because the magnetic field generated by the internal dynamo is weak compared to the outer

disc region.

One of the applications of our model is that it can help us to understand the rotational

evolution of both neutron stars and T Tauri-stars based on the magnetic interaction between

the disc and the star. It can also help us to understand the structure and the properties of

millisecond X-ray pulsars. When it comes to neutron stars an important issue is the formation of

millisecond pulsars from what most probably must have been ordinary neutron stars in binaries.
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The interesting results in our work is the discovery of the inner edge of the accretion disc is

greater than the Alfvén radius, and the magnetic field /or/and torque generated due to dynamo

is stronger than the magnetic field/ or/and torque generated due to shear in all of our models.

There is still much work to be done in the future. We consider accretion disc around

magnetised star, by including effects of mass loss from the disc to funnel flow onto the star and/

or to make a slim disc model that includes the effects of advection, radial pressure gradients,

and a deviations from Keplerian rotation; or rather involve.

We also consider the time-dependent accretion disc theory further to develop a numerical code

for studying the nonlinear time evolution of the accretors to see whether or the model can

reproduce the observed behaviours of disc-accreting X-ray pulsars. A more detail model of

viscosity is needed particularly strongly. Such a model must await a better understanding of

turbulence and chaotic magnetic field.
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Chapter 7

Appendix

7.1 Tensor T

σık = 2ηTık + ηB
∂v`

∂x`
δık,

Tık =
1
2

( ∂vı

∂xk
+

∂vk

∂xı
− 2

3
∂v`

∂x`
δık

)
. (7.1)

7.2 Transformation of cylindrical coordinates

A =




ARR ARφ Arz

AφR Aφφ Aφz

Azr Azφ Azz


 (7.2)

The gradient of a scalar is defined as

∇A =
(

∂A

∂R
,

1
R

∂A

∂φ
,
∂A

∂z

)
. (7.3)

and also the divergence a vector is:

∇.A =
1
R

∂(RA)
∂r

+
1
R

∂Aφ

∂φ
+

∂Az

∂z
. (7.4)

The curl of a vector is defined as follows:

∇×A =
(

1
R

∂Az

∂φ
− ∂Aφ

∂z
,
∂AR

∂z
− ∂Az

∂r
,
∂Aφ

∂R
+

Aφ

R
− 1

R

∂AR

∂φ

)
. (7.5)
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The gradient of a vector is:

∇A =




∂AR
∂R

∂Aφ

∂r
∂Az
∂z

1
R

∂AR
∂φ − Aφ

R
1
R

∂Aφ

∂φ + AR
R

1
R

∂Az
∂φ

∂AR
∂z

∂Aφ

∂z
∂Az
∂z


 . (7.6)

The divergence of a tensor is:

∇.A =




∂ARR
∂R + 1

R
∂Aφr

∂φ + ∂AzR
∂z + ARR−Aφφ

R
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∂R + 1
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R
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R + 1

R
∂Aφz

φ + ∂Azz
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R


 (7.7)

The Laplacian of a scalar is:

∇2A ≡ (∇.∇)A

=
∂2A

∂R2
+

1
R

∂A

∂R
+

1
R2

∂2A

∂φ2
+

∂2A

∂Z2
. (7.8)

The Laplacian of a vector is:

∇2A ≡ (∇.∇)A =




∂2AR
∂R2 + 1
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7.3 For axisymmetric disc the expression for the Lorenz

force acting on the disc

J×B =
[
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µ0

(
∂BR
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)
− Bφ
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(
1
R

∂

∂R
(RBφ)

)]
R

+
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1
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∂
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∂Bφ

∂z

]
φ

[
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∂Bφ

∂z
− BR

µ0

∂BR

∂z
+

BR

µ0

∂Bz

∂R

]
z (7.10)
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7.4 Summary of Papers

Paper I

In Paper I, we make the first comprehensive study of the interaction between a magnetic

neutron star and its surrounding accretion disc in the case where the accretion disc is supporting

an internal dynamo and we work in the spirit of Shakura & Sunyaev (1973) and assume that the

disc is geometrically thin and develop a model for such accretion discs around magnetised star .

We determine the steady-state of an axisymmetric thin accretion disc with an internal dynamo

around a magnetised star. Starting from the vertically integrated equations of magnetohydro-

dynamics we derive a single ordinary differential equation for a thin accretion disc around a

massive magnetic dipole and integrate this equation numerically from the outside inwards. Our

global numerical solution shows that the torque between the star and the accretion disc is dom-

inated by the contribution from the dynamo in the disc. The location of the inner edge of the

accretion disc varies between RA and 10RA depending mainly on the strength and direction of

the magnetic field generated by the dynamo in the disc. A self-similar solution for the structure

of the accretion disc around magnetised stars is calculated.

Paper II

The purpose of Paper II is a continuation of paper I of an accretion disc with an internal dy-

namo around a magnetised star to the discs around millisecond pulsars. In the spirit of Shakura

& Sunyaev (1973, 1976) we divide the disc into an outer region with gas pressure and free-free

opacity, a middle region with gas pressure and electron scattering opacity, and an inner region

with radiation pressure and electron scattering. Millisecond x-ray pulsars have weak magnetic

dipole moments compared to ordinary X-ray pulsars. For this reason a surrounding accretion

disc can extend closer to the neutron star, and thus reach a higher temperature, at which the

opacity is dominated by electron scattering and radiation pressure is strong. Starting from the

vertically integrated equations of magnetohydrodynamics we find the global numerical solution

for the three regions of the disc taking different values of accretion rate. We compute the

self-similar structure of such a geometrically thin axisymmetric accretion disc with an internal

dynamo for three regions of the disc. Such models indicates that significantly stronger torques

on the neutron star can produce than models without dynamos, and can explain the strong spin
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variations in some millisecond X-ray pulsars.

Paper III

In Paper I it is noted that we study the accretion disc around magnetised stars in steady

state. In addition, we find the global numerical solution to the location of the inner edge of

the accretion disc, the total torque produced in such disc and the self-similar solution of the

structure of the disc. In Paper III, we study the time-dependent behaviour of accretion disc

around magnetised stars in general by means of analytical techniques for steady state and non-

steady state discs by linearizing nonlinear equations considering the small perturbation of the

surface density and analyzing the stability conditions. We find that the stability properties

of accretion disc around magnetized star for gas pressure dominated and radiation pressure

dominated disc and timescale analysis for our model. According to our model the thin disc

model resulting from the generation of the magnetic field generated by the internal dynamo is

stable in the gas pressure dominated disc region and unstable in the radiation pressure dominated

disc. The presence of magnetic field due to an internal dynamo makes the disc more stable in

the gas pressure dominated region.
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