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Abstract

The impact of climate change on human health, particularly through the potential in-

crease in vector- and water-borne diseases, has received increasing attention in recent

years. Environmental variables are known to affect significantly the population dynam-

ics and abundance of insects major catalysts of vector-borne diseases, but the exact

extent and consequences of this sensitivity are not yet well-established. Malaria infec-

tion continues to be a major problem in many parts of the world including Africa. We

focus here on mathematical model that describes the impact of climate variation on

the malaria dynamics. To study this relation, a non-autonomous deterministic model

is designed by incorporating the effect of both temperature and rainfall to the disper-

sion and mortality rate of adult mosquitoes and this is used to assess the impact of

the variability in temperature and rainfall on the transmission dynamics of malaria in

a population. In the model, the periodic variation of seasonal variables as well as the

non-periodic variation due to the long term climate variation has been incorporated and

analysed. In both cases, it has been shown that the disease-free solution of the model

is globally asymptotically stable when the basic reproduction ratio is less than unity

in the periodic system and when the threshold function is less than unity in the non-

periodic system. The disease is uniformly persistent when the basic reproduction ratio

is greater than unity in the periodic system and when the threshold function is greater

than unity with some additional conditions in the non-periodic system. The model has

been validated using epidemiological data collected from western region of Ethiopia, by

considering the trends for monthly number of microscopically confirmed cases of malaria

during the years 2000-2012 and the climate variation in the region. Then time depen-

dent optimal control theory in the non periodic environment is applied to investigate

optimal strategies for controlling the spread of malaria disease using insecticide treated

bed nets, spray of mosquito insecticide and treatment as the system time dependent

control variables. The possible impact of using combinations of two controls or one at

a time on the spread of the disease is also examined.

Keywords: Asymptotic stability; Periodic and non-periodic climate dependent growth

rates; validation using epidemiological data, time dependent optimal control
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Chapter 1

Introduction

Malaria is caused by a parasite called Plasmodium falciparum and is transmitted by

Anopheles mosquitoes. Mosquito abundance is basically dependent on rainfall patterns

and also dependent on temperature by influencing the mosquito population dynamics

as well as the parasite development within the mosquito [27]. The vector that spreads

malaria and the parasite that causes the disease are sensitive to rainfall and tempera-

ture change and they widely expected to significantly affect the global spread, intensity,

and distribution of malaria [58, 51]. Although changes in temperature and rainfall, in-

fluences the dynamics of malaria and other VBDs, this influence may be affected by

non-climatic factors, such as epidemiological, environmental, socio-economic and demo-

graphic factors (see [61] and some of the references therein).

Future malaria transmission rates worldwide may not be the consequence of the strong

connection between malaria and climate mainly because there are many other factors

that affect the spread of the disease including socioeconomic development, drug resis-

tance, and immunity [94].

Climate variables, such as temperature, humidity, rainfall and wind, significantly af-

fect the life-cycle and, consequently, the abundance of mosquitoes in populations and

a number of mathematical models have been designed and used to assess the impact

of climate change and seasonality on the transmission dynamics of malaria (see [1] and

the references therein). According to the IPCC Fourth Assessment Report, climate

change has already altered the distribution of some vectors that transmit disease. The

climate scenarios in East Africa can be taken as indicator for longer malaria transmis-

sion seasons and geographic expansion of the disease into highland areas. According

to published literature [30, 68, 63, 62] the earliest malaria-climate connection in the

East African highlands was identified in the 1980s when there was a series of malaria

epidemics connected to increases and anomalies in mean monthly maximum tempera-

tures and increase in rainfall in the highlands. Since then, the frequency and size of

epidemics increased with serious outbreaks in 1995, 1998 and 2002, corresponding to

climate variations such as a significant increase p¥ 3�Cq in mean temperatures, high

rainfall, drought and El Nino events (see [22], and the references therein).

1
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The impact of climate change on regional and global malaria cases and deaths is even

less understood. Some studies have shown that an increase in temperature has allowed

the introduction of malaria into higher altitude areas in Colombia, Ethiopia and Kenya,

where it was previously too cold for the disease to thrive [20].

Vector-borne diseases are transmitted typically by the bite of an infected arthropod.

The arthropod could be something rather familiar like a mosquito, tick, or black fly.

Or it might be a less familiar species such as an African Tsetse fly or copepod. These

arthropods that carry and transmit diseases are known as vectors. Other non-arthropod

vectors can include rodents such as rats, certain bats, a species of aquatic snail, and

several species of wild birds. Different vectors carry different diseases such as malaria,

dengue, encephalitis, African sleeping sickness, and yellow fever. Ticks have extended

their range north in Sweden and Canada and into higher altitudes in the Czech Repub-

lic (see [94]). Malaria, the diseases transmitted by mosquito vectors and the potential

impacts of climate change on it is described below.

Figure 1.1. Climate change will allow malaria to spread into new areas. This map
shows the new areas where the Malaria parasite Plasmodium falciparum, will likely be
able to spread by 2050 based on the Hadley Center model’s high scenario. Areas shown
in yellow indicate the current distribution of malaria. Areas shown in red indicate areas
where climate will be suitable for malaria by 2050. Other areas may become free of
malaria as climate changes. CourtesyofHugoAhlenius, UNEP {GRID �Arendal [94]

When an Anopheles mosquito bites a person infected with the malaria parasite, the

mosquito becomes a carrier of the disease. When that mosquito bites another person,

that person becomes infected with the parasite too. Malaria causes the infected person

to develop a fever and flu-like symptoms. While most infected individuals recover from

malaria, it can cause death, especially in children. Each year there are between 350

million and 500 million cases of malaria worldwide. Over one million of those people die
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from the disease. Most of the people who die from malaria are children in Sub-Saharan

Africa.

In Ethiopia, for example, malaria transmission is largely determined by altitude and

climate as affected by Indian Ocean conditions and global weather patterns, including El

Nino and La Nina. The malaria transmission occurs between September and December,

after the main rainy season from June to August. Certain areas, largely in the western

and eastern parts of the country experience a second minor malaria transmission period

from April to May, following a short rainy season from February to March [70]. The

incidence of the disease has been significantly increased since the 1980s. Specific data

on the number of malaria cases in Ethiopia is available only since the end of 1980s

([76],[55],[54]) as presented in Figure 1.2. There has been a noticeable increase in the

number of cases in the country over time, except for 1999/00 and 2000/01 years [78].

This change has to be investigated whether it is the impact of climate change besides

other factors or not that mainly causes the prevalence of the disease.

Figure 1.2. Trends for annual number of microscopically confirmed cases of malaria
in Ethiopia (1990-2004). Reporting is from July to June annual cycle. The year 90, for
example, represents from July 1989 to June 1990, and so on.

According to [23] and the references therein, approximately 60% of Ethiopia’s popula-

tion lives in malarious areas, and 68% of the country’s landmass is favorable for malaria

transmission, with malaria primarily associated with altitude and rainfall. In general,

the peak of malaria incidence follows the main rainfall season (July to August) each

year. However, many areas in the south and west of the country have a rainfall season

beginning earlier in April and May or have no clearly defined rainfall season. Con-

sequently, malaria transmission tends to be highly heterogeneous geo-spatially within
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each year as well as between years. Additionally, malaria in Ethiopia is characterized by

widespread epidemics occurring every five to eight years, with the most recent epidemic

occurring in 2003/2004.

In 2014/2015, the total number of laboratory-confirmed plus clinical malaria cases were

2,174,707. Of those cases, 1,867,059 (85.9%) were confirmed by either microscopy

or rapid diagnostic tests (RDTs) out of which 1,188,627 (63.7%) were Plasmodium

falciparum and 678,432 (36.3%) were P.vivax.

Overall, the malaria transmission pattern in the country is seasonal and unstable, often

characterized by focal and large-scale cyclic epidemics. A relatively long transmission

season exists in the western lowland areas, river basins, valleys, and irrigations schemes.

Due to the unstable and seasonal transmission of malaria, protective immunity is gen-

erally low and all age groups of the population are at risk of the disease. The central

highlands, which are ¡2,500m ASL(Above sea level), are generally free of malaria. The

rest of the country, however, has a varied pattern of malaria transmission (see Figure

1.3), with the transmission season ranging from less than three months to greater than

six months.

Figure 1.3. Malaria risk stratification, Ethiopia (adopted from the Malaria NSP 2014-
2020) [23]

Malaria risk stratification was revised in 2014 using annual parasite incidence per 1,000

population (per the World Health Organization [WHO] recommendation) plus altitude

and expert opinions from different malaria stakeholders. According to the new strat-

ification, malaria risk in Ethiopia by annual parasite incidence is classified into high,
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medium, low and malaria-free as shown in Figure 1.4 and Table 1.1. For the purposes

Figure 1.4. Malaria risk stratification, Ethiopia (adopted from the Malaria
NSP(National Strategic Plan for Malaria Prevention, Control, and Elimination) 2014-
2020) [23]

Table 1.1. Malaria stratification and proposed intervention per stratum [23]

of the Ethiopia National Malaria Indicator Survey (MIS), areas below 2,000m ASL were

considered as a target for malaria interventions, while those between 2,000m and 2,500m

ASL were included to assess potential intervention and transmission, as these areas are

historically prone to malaria transmission.

Malaria control is a big challenge due to many factors [50].There is the complexity of

disease control process; the complexity of the vectors; expensiveness of the control pro-

gram. There is a variation of disease patterns and transmission dynamics from place
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to place, by season and according to climate and environmental circumstances. Since

malaria varies from season to season and from place to place within the country, ap-

proaches will also differ in the planning and implementation of vector control. Each

region’s circumstances will influence the organization of practical programs to identify

local problems and priorities, and the design and implementation of appropriate inter-

ventions. Therefore, selection of suitable, sustainable and cost-effective interventions

must be based on local analysis and this, therefore, calls for careful consideration and

appropriate decisions on what control measures to be applied, for a maximum cost-

effectiveness. A number of control measures are available which differ in their levels of

effectiveness. Thus selection of a method should consider the magnitude of the malaria

problem, the major vectors involved, levels of transmission and risk groups, available

resources, technical and operational realities. Sustainability of selected interventions

must be assured. In most cases these measures should be used in an integrated manner

to maximize effectiveness [50].

During the past decade, several interventions have been used to reduce malaria trans-

mission. These include insecticide-treated nets (ITNs), indoor residual spraying (IRS),

intermittent preventive treatment in pregnant women and infants, larval control, and

other vector control interventions. ITNs are bed-nets treated with pyrethroid, an in-

secticide that kills and repels mosquitoes, and thus provide a barrier around people

sleeping under them. Since malaria typically affects rural and poor populations, ITNs

have proven to be one of the most effective interventions in reducing morbidity and

mortality due to their low cost and ease in implementation [12].

1.1 Malaria transmission

Malaria parasites are transmitted by female mosquitoes belonging to the genus Anophe-

les. The development of malaria parasites in the vector, called sporogony, includes a

number of stages in different organs of the insect. Male and female gametocytes mate

after being ingested by an anopheline mosquito during blood-feeding. The zygotes de-

velop as ookinetes, which move across the mosquito stomach to form oocycsts, within

which asexual multiplication leads to the production of up to thousands of sporozoites.

The sporozoites migrate and accumulate in the salivary glands, from which they are in-

jected when the infective mosquito bites a human or animal host for a blood-meal. The

speed of development of sporozoites depends on temperature and the parasite species.

At the optimal temperature, 28�C, the duration of sporogony is 9-10 days for P. falci-

parum and 8-10 days for P. vivax . The time from ingestion of gametocytes to release

of sporozoites is the extrinsic incubation period (or duration of sporogony). Sporozoites

injected by a mosquito enter the hosts blood circulation; when they reach the liver,

they invade hepatocytes. All P. falciparum sporozoites then undergo exo-erythrocytic
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schizogony, in which the parasite nucleus divides repeatedly over several days; at the

end, the schizont bursts, giving rise to thousands of merozoites, which are released into

the bloodstream. The duration of exo-erythrocytic schizogony is 5.5-7 days for P. falci-

parum and 6-8 days for P. vivax. In P. vivax malaria, some sporozoites, after invading

hepatocytes, become dormant as hypnozoites for periods lasting from 3 to 18 months

and very rarely up to 5 years. The merozoites invade erythrocytes, where the great

majority multiply asexually, undergoing repeated cycles of growth, rupture, release and

re invasion of fresh red cells. All clinical manifestations of malaria are due to this ery-

throcytic schizogony. The duration of each cycle of erythrocytic schizogony is about 48

h for both P. falciparum and P. vivax . Some merozoites grow and develop into male

or female gametocytes within erythrocytes. When mature, they do not develop further,

unless they are ingested by a mosquito vector. The immature gametocytes (stages 1-4)

of P. falciparum are sequestered in the bone marrow and other deep tissues; only mature

gametocytes (stage 5) circulate in the blood. In contrast, all stages of gametocytes of

the three other species are present in the peripheral circulation [86].

1.1.1 Model and analysis of climate driven malaria dynamics
so far

Ahmed Abdelrazec, Abba B. Gumel, [1] qualitatively assessed the impact of tempera-

ture and rainfall on the population dynamics of female mosquitoes in a certain region

by designing a non-autonomous mathematical model, which incorporates variability in

temperature and rainfall. They studied the dynamics of the aquatic and adult stages

of female mosquitoes in the given region. Their study focused only on the vector popu-

lation and they did not consider the rainfall dependence on the mortality rate of adult

mosquitoes. For the non-autonomous model (with temperature and rainfall effects),

they have shown that the local and global asymptotic dynamics, with respect to the

trivial solution, matches that of the associated autonomous model (with a different, but

similar, threshold condition) and derived conditions for the existence, uniqueness and

global asymptotic stability of the non trivial periodic solution of the model (in the ab-

sence of density-dependent mortality rate for larvae). They validated their model result

in the given region.

Agusto et al. [3] developed temperature-dependent deterministic model to gain qual-

itative insight into the effects of temperature variability only on malaria transmission

dynamics. They incorporated a gradual increase in infection-acquired immunity via re-

peated exposure to malaria infection. The focus of their study was on analyzing the

impact of changing temperature and temperature variability on short-term malaria dy-

namics (due, for instance, to seasonality), and not on long-term malaria dynamics (due

to climate change).
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Figure 1.5. The malaria transmission cycle

Parham et al. [67] have shown the impact of environmental factors (temperature and

rainfall) in the transmission dynamics by defining the adult mosquito birth rate as a

function of temperature and rainfall while other parameters are dependent only on ei-

ther temperature or rainfall alone. They validated also their results by considering the

mosquito population in Tanzania where malaria is highly-endemic, expressing the tem-

perature and rainfall by the cosine function thinking that the conclusions drawn about

the effects of seasonality in environmental factors are general. This may ignore the ac-

tual variations in the environmental factors and has to be extended and consolidated

by setting up a model that incorporates the effects of both temperature and rainfall in

the birth and death rates of the vector population. Moreover, the climate (temperature

and rainfall) driven model in the periodic and non-periodic environments are research

gaps suggested to be studied further. Specially a climate driven model with parame-

ters dependent on both climate variables (temperature and rainfall) in a non-periodic
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environment is not yet developed as far as the knowledge of the authors go and this

work gives much emphasis on this issue and attempts to introduce an optimal control

analysis to support the malaria disease eradication intervention mechanism efficiently

with minimal cost.

Motivated by the works of ([56],[48],[87]), Wang et al. [80] proposed a malaria trans-

mission non-autonomous model with periodic environment with out incorporating the

climate factors in their model. They computed a basic reproduction number and have

shown that the disease-free periodic solution of their model is globally asymptotically

stable when the basic reproduction number is less than unity, that is, the disease goes

extinct when the basic reproduction number is less than unity, while the disease is uni-

formly persistent and there is at least one positive periodic solution when the basic

reproduction number is greater than unity. That is, they have shown that the basic

reproduction number is the threshold value determining the extinction and the uniform

persistence of the disease.

Kamaldeen Okuneye , Abba B. Gumel [61] extended the work in [66] by designing a new

temperature and rainfall-dependent mechanistic malaria model that incorporates some

more pertinent climatic and non-climatic features and factors not considered in [66]

(such as host age-structure, dynamics of immature mosquitoes, reduced susceptibility

due to prior malaria infection etc.) and analyzed the full non-autonomous model and

carried out uncertainty and sensitivity analyzes on the parameters of the model with

the mortality rate of juvenile and adult mosquitoes dependent only on temperature.

1.2 Aim and Objectives of the study

1.2.1 Aim

The main aim of this study is to investigate the impact of the variation in climate

variables (temperature and rainfall) on the malaria diseases transmission dynamics and

design a cost-effective malaria control intervention mechanisms under climate change.

1.2.2 Objectives

i. Develop a mathematical model for malaria disease transmission that accounts for

variations in climate.

ii. Estimate model’s climate dependent parameters (using relevant data).

iii. Investigating the impact of the embedded climate dependent parameters on the

dynamics of the disease with particular focus on the model’s stability behavior.
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iv. Setting up a time-dependent control efforts and investigate the optimal control

strategies and cost-effectiveness analysis of the malaria model in the non-periodic

environment.

v. Validating the theoretical results using an epidemiological data collected from

some part of a region in Ethiopia.

The purpose of this study is to investigate a climate driven malaria disease transmission

model incorporating the effect of temperature in the biting rate and the effects of both

temperature and rainfall in the birth rate and death rate of the vector population in

both periodic and non-periodic environments by using the standard model considering

the dynamics of the adult mosquito population only and referring the works of ([67, 61]).

The study assesses the potential change in malaria risk caused by seasonal variations in

temperature and rainfall which is important to investigate the dynamics of the disease

in a short term basis and as climate impact upon the distribution of the malaria trans-

mission in space and time is not always periodical, we need to investigate the potential

change in malaria risk caused by the variations in temperature in the general case to

investigate the dynamics of the disease in a long term basis and the information pro-

vided here might serve as an important contribution for strategic planning of malaria

control in a long period of time in the future. The study also attempts to introduce an

optimal control strategy in the non-periodic environment to support the malaria disease

eradication intervention mechanism efficiently with minimal cost.

The thesis is organized as follows, in Chapter 2 we formulated a model consisting of

ordinary differential equations (ODE) that describe the interactions between humans

and mosquitoes populations and the underlying assumptions and a positively invariant

set with respect to the system will be identified and shown to be a global attractor

of all positive solutions of the system to confirm the biological well posedness of the

model system. In Chapter 3, the non-autonomous periodic system is reviewed and

analyzed while the non-autonomous non-periodic system is discussed and analyzed in

Chapter 4 and we show the simulation results to illustrate the population dynamics in

both environments at the end of the latter two chapters.The optimal control strategy is

analyzed in Chapter 5. Our conclusions are discussed in Chapter 6.



Chapter 2

Malaria Disease Transmission
Mathematical Model

Following the works in ([67, 61]), in developing a framework for understanding the im-

pact of climate on malaria dynamics, we use the standard deterministic malaria disease

transmission model with an SIR structure for humans and an SI structure for mosquitoes.

Parameters that are assumed to be climate sensitive will be identified and defined as

functions of the time dependent climate variables. Positivity of solutions is discussed

and the invariant regions is identified.

2.1 Parameter Description

Malaria is a major cause of morbidity and mortality, and it is climate sensitive. Incorpo-

rating climate effects into models of disease dynamics is now very crucial as the evidence

for climate impacts on disease transmission and potential vector distribution increases.

Climate change is known to affect several parameters in the epidemiology of malaria and

hence predicting climate change effects on disease transmission requires a framework

that specifically incorporates the role of each climate sensitive parameter. Some mod-

els examining the contribution of climate change have been explored ([6, 17, 35, 52, 65]).

While we know that climate can affect malaria transmission, the impact of climate

change on regional and global malaria cases and deaths is even less understood. Some

studies have shown that an increase in temperature has allowed the introduction of

malaria into higher altitude areas in Colombia, Ethiopia and Kenya, where it was pre-

viously too cold for the disease to thrive. This has put millions of people at risk for the

disease [20].

Climate plays an important role in the dynamics and distribution of malaria. Although

rainfall is critical in providing suitable habitats for mosquitoes to breed, temperature

is a key driver of several of the essential mosquito and parasite life history traits that

determines transmission intensity, including mosquito development rate, biting rate,

11
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and development rate and survival of the parasite within the mosquito. Accordingly,

a number of studies have used temperature (sometimes together with rainfall and/or

humidity) to develop maps representing spatial and/or temporal variation in malaria

transmission risk [10].

2.1.1 Temperature Dependence

Understanding the role of temperature in malaria transmission is of particular impor-

tance in light of climate change. The global mean temperature has increased by 0.7�C

during the past 100 years and is predicted to increase by an additional 1.1-6.4�C during

the twenty-first century unless some measures are employed.This additional warming is

likely to affect malaria transmission because temperature changes can alter vector de-

velopment rates, shift their geographical distribution and alter transmission dynamics

of the disease [57].

Temperature affects how long mosquitoes live, how quickly they mature to adulthood,

how often they bite, and ultimately how many mosquitoes are around. It also affects

how quickly the malaria parasite inside of a mosquito becomes mature enough to in-

fect humans. That is, it is known to play a major role in the life cycle of the malaria

vector. The development of the three aquatic stages and their emergence to adulthood

are strongly dependent on temperature. It takes 1, 3 and 10 days for eggs of some

mosquitoes to hatch at temperatures of 30�C, 20�C and 10�C, respectively and water

temperature regulates the speed of mosquito breeding [46].

2.1.2 Rainfall Dependence

Rainfall creates pools of water which are essential to mosquito breeding as mosquito

eggs must be laid in water and mosquito larva mature in water. In places where the

burden of malaria is the greatest, the rainy season is also known as the malaria season.

Humidity, which is related to rainfall, increases the lifespan of mosquitoes, giving them

more opportunities to carry malaria infections from one person to another. Rainfall has

two principal influences on the mosquito life cycle:

• the increased near-surface humidity associated with rainfall enhances mosquito

flight activity and host-seeking behavior, and

• rainfall can alter the abundance and type of aquatic habitats available to the

mosquito for the deposition of eggs (oviposition) and the subsequent development

of the immature stages [73].

In the semi-arid or arid lowlands, heavy rain or floods can cause a major outbreak of

malaria, especially in areas in the vicinity of large rivers. Such an outbreak has affected

the low-lying semi-arid areas in north-eastern Kenya in 1998 following a major rainfall
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and floods [11]. Abnormal rainfall events have been shown to precipitate malaria epi-

demics even in wetter areas as evidenced by epidemics in Ethiopia, Kenya and Uganda

[16].

While we know that climate can affect malaria transmission, the impact of climate

change on regional and global malaria cases and deaths is even less understood. Some

studies have shown that an increase in temperature has allowed the introduction of

malaria into higher altitude areas in Colombia, Ethiopia and Kenya, where it was pre-

viously too cold for the disease to thrive. This has put millions of people at risk for the

disease [20].

Climate plays an important role in the dynamics and distribution of malaria. Although

rainfall is critical in providing suitable habitats for mosquitoes to breed, temperature

is a key driver of several of the essential mosquito and parasite life history traits that

determines transmission intensity, including mosquito development rate, biting rate,

and development rate and survival of the parasite within the mosquito. Accordingly,

a number of studies have used temperature (sometimes together with rainfall and/or

humidity) to develop maps representing spatial and/or temporal variation in malaria

transmission risk [10].

2.2 Model Formulation

Based on the transmission mechanism of malaria, we consider host population and

vector population are human population and mosquito population, respectively. The

proposed model with the population under study is divided into compartments. The

total human population pNhq is divided into three classes: susceptible pShq, infectious

pIhq and recovered pRhq. People enter the susceptible class either through birth (at a

constant per capita rate) or through immigration (at a constant rate) or after recovering

from the disease. When an infectious mosquito bites a susceptible human, there is some

finite probability that the parasite (in the form of sporozoites) will be passed on to the

human. The parasite then travels to the liver of the person where it develops into its

next life stage. After a certain period of time, the parasite (in the form of merozoites)

enters the bloodstream, usually signaling the clinical onset of malaria.

The rate of infection of a susceptible individual is dependent on the mosquito biting

rate φ (daily feeding rate of a vector on a host) defined using the exponential function

of the temperature variable (Figure 2.1) as

φpT q �0.48 expp0.14pT � 23qq{pexpp�0.14pT � 23qq � expp0.14pT � 23qqq
�p�0.48q expp0.32pT � 40qq{pexpp�0.32pT � 40qq � expp0.32pT � 40qqq

(2.1)

with standard incidence rate of βvhφIvSh
Nh

, where βvh is the probability that the bites by

an infectious mosquitoes on susceptible humans produce infection. Infected humans
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Figure 2.1. The mosquito biting rate (daily feeding rate of a vector on a host) φpT q.

recover at a constant rate rh for some period of time and move to the recovered class

Rh. The recovered humans may develop some immunity to the disease and do not get

clinically ill, but they may still harbour low levels of parasite in their blood streams.

However, since the rate of infections from this group of individuals is assumed to be very

small, we omitted its impact in our model. After some period of time, recovered humans

loose their immunity and return to the susceptible class at a constant rate σ. Infected

individuals who do not get treatment may die from infection at a constant rate µd. Hu-

mans die naturally at a non-disease related per capita natural mortality constant rate µh.

Anopheles mosquitoes lay their eggs in the moist soil at the base of glasswort and of rush

plants [71]. Eggs can resist desiccation until the flooding of breeding sites that triggers

egg hatching and onset of aquatic stages [9]. Aquatic stages involve four successive larva

stages plus a pupa with the duration of aquatic immature development, which clearly

depends on temperature [14]. Following the aquatic phase, adults emerge and mate, and

females start cycles of host-seeking, egg maturation and oviposition. Adults disappear

from the area under observation because of both mortality and dispersion. As only

females take blood-meals, the model considers only the female mosquito population. In-

stead of detailing the dynamics of all aquatic stages, we rather used an emergence rate

ΛvpT,Rq of adult female anopheles mosquitoes which is assumed to be a function of

rainfall R and temperature T that recasts all the historical dynamics from egg hatching

to emergence.

It is often difficult to establish significant and stationary relationships between the

amount of precipitation and mosquito abundance or malaria disease transmission pat-

terns. Rainfall can alter the abundance and type of aquatic habitats available to the

mosquito for the deposition of eggs (oviposition) and the subsequent development of
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the immature stages [73]. We assume that at any time t, the time variation of the

emergence rate of adult female anopheles mosquitoes ΛvpT,Rq is defined by Equation

(2) in [67],(Figure 2.2):

ΛvpT,Rq � 0.8438p4Rp50 �Rqq3 expp�0.00554T � 0.06737q
506p2 � p0.00554T � 0.06737q�1q (2.2)

15
20

25
30

35
40

0
10

20
30

40
50

0

0.02

0.04

0.06

0.08

0.1

Daily Temperature(Degree Celsius)Daily Rainfall(mm)

E
m

er
ge

nc
e 

R
at

e 
of

 A
du

lt 
F

em
al

e
 A

no
ph

el
es

 M
os

qu
ito

es

Figure 2.2. The emergence rate of adult female anopheles mosquitoes ΛvpT,Rq.

The adult female anopheles mosquitoes population is subdivided into two classes: sus-

ceptible pSvq and infectious pIvq. Susceptible adult mosquitoes are recruited at a rate

ΛvpT,Rq. The rate of infection for a susceptible mosquito depends on the mosquito’s

biting rate in which the transmission rate from infectious host to susceptible vector is

given by βhvφIhSv
Nh

where βhv represents the probability that a susceptible mosquito get

infected when biting an infected human. Although the rainfall effect on the survival of

adult mosquitoes is not significantly high, its influence can not be ignored as the in-

creased near-surface humidity associated with rainfall enhances mosquito flight activity

and host-seeking behavior [73]. Mosquitoes leave the population through a per capita

climate-dependent(temperature and rainfall) natural death rate given by (Figure2.3):

µvpT,Rq � 0.0886 exp

���0.01R � 1.01T � 21.211

14.852


2
�

(2.3)

which is assumed to follow the exponential distribution in temperature and rainfall [8].



16

15
20

25
30

35
40

0
10

20
30

40
50

0

0.1

0.2

0.3

0.4

0.5

Daily Temperature(Degree Celsius)Daily Rainfall(mm)

M
or

ta
lit

y 
R

at
e 

of
 A

du
lt

 F
em

al
e 

A
no

ph
el

es
 M

os
qu

ito
es

Figure 2.3. Mortality rate of adult mosquitoes µvpT,Rq.

A coupled mosquito-human compartmental model of malaria dynamics is presented

in the figure below. The interaction between host and vector can be described by the

Figure 2.4. Mosquito-human model of malaria dynamics

system of nonlinear differential equations. The following system of differential equations

describe the model. The system has time dependent coefficients as climate variables
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could be expressed as a function of time.

dSv
dt

� ΛvpT,Rq � λvpT qSv � µvpT,RqSv,
dIv
dt

� λvpT qSv � µvpT,RqIv,
dSh
dt

� Λh � λhpT qSh � σRh � µhSh,

dIh
dt

� λhpT qSh � pµh � rh � µdqIh,
dRh

dt
� rhIh � pµh � σqRh,

(2.4)

where λhpT q � βvhφpT qIv
Nh

and λvpT q � βhvφpT qIh
Nh

represent the force of infection of humans

and mosquitoes, respectively.

Nh � Sh � Ih �Rh, (2.5)

Nv � Sv � Iv (2.6)

are the total human and mosquito population, respectively.

The reason for taking a simplistic model is to simplify the difficulty of the mathematical

analysis for the general non-autonomous dynamical systems.

Table 2.1. Parameters of the basic malaria model in (2.4)

Symbol Description
φpT q The biting rate function of mosquitoes
βvh Probability of human getting infected per enough contact with

infected mosquito
βhv Probability of mosquito getting infected per each enough contact with

infected human
Λh Recruitment rate of susceptible humans
µh Per capita natural death rate for humans
rh human recovery rate
ΛvpT,Rq Emergence rate function of female mosquitoes
σ Per capita rate of loss of immunity
µd Per capita disease induced death rate
µvpT,Rq Mosquito per capita death rate function
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2.3 Positivity of Solutions and the Invariant Region

Lemma 2.3.1. Suppose f is a positive continuous function on rt0,8q for some t0 ¡ 0.
Then for all t ¥ t0, ³t

t0
e
³s
t0
fpzqdz

ds

e
³t
t0
fpzqdz

¤ 1

inf
t¥t0

tfptqu . (2.7)

proof: Suppose f is a positive continuous function on rt0, ts for an arbitrary real number

t and let m � inf
t¥t0

tfptqu. Then for s P rt0, ts,

mpt� sq ¤
» t
s

fpzqdz,

and hence we have

empt�sq ¤ e
³t
s fpzqdz.

Inverting both sides we get,
1

e
³t
s fpzqdz

¤ 1

empt�sq
,

which implies that» t
t0

1

e
³t
s fpzqdz

ds ¤
» t
t0

emps�tqds � 1

m

�
1 � e�mpt�t0q

� ¤ 1

m
.

But³t
t0
e
³s
t0
fpzqdz

ds

e
³t
t0
fpzqdz

�
» t
t0

�
e
³s
t0
fpzqdz

e
³t
t0
fpzqdz

�
ds �

» t
t0

1�
e
³t
t0
fpzqdz

e
�

³s
t0
fpzqdz

	ds � » t
t0

1

e
³t
s fpzqdz

ds.

Thus ³t
t0
e
³s
t0
fpzqdz

ds

e
³t
t0
fpzqdz

¤ 1

m
.

Since t is arbitrary, the proof is completed. �

Theorem 2.3.1. Let pSvptq, Ivptq, Shptq, Ihptq, Rhptqq be the solution of system (2.4) with
initial conditions Svp0q ¥ 0, Ivp0q ¥ 0, Shp0q ¥ 0, Ihp0q ¥ 0, Rhp0q ¥ 0. Then, we have

(a) pSvptq, Ivptq, Shptq, Ihptq, Rhptqq is nonnegative for all t ¥ 0 and ultimately bounded.

(b) If Svp0q ¡ 0, Ivp0q ¡ 0, Shp0q ¡ 0, Ihp0q ¡ 0 and Rhp0q ¥ 0, then each component
of pSvptq, Ivptq, Shptq, Ihptq, Rhptqq also is positive for all t ¡ 0.

proof: First we prove conclusion (b). Suppose that pSvptq, Ivptq, Shptq, Ihptq, Rhptqq is

defined for all t P r0, Qq, where Q ¡ 0. Integrating the first equation of system (2.4)

from 0 to t, we have

Svptq ¥ Svp0qexp

�» t
0

�
�βhvφpT psqq

Nh

Ih � µvpT psq, Rpsqq


ds



. (2.8)
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From Svp0q ¡ 0, we obtain that Svptq ¡ 0 for all t P r0, Qq.
Suppose that there exists a t1 P p0, Qq such that

mintIvpt1q, Ihpt1qu � 0.

Since Ivp0q ¡ 0 and Ihp0q ¡ 0, we can further assume mintIvptq, Ihptqu ¡ 0 for all

t P r0, t1q. If mintIvpt1q, Ihpt1qu � Ivpt1q, then from Svptq ¡ 0 for all t P r0, Qq, we have

9Ivptq ¥ �µvpT ptq, RptqqqIvptq for all t P r0, t1s.

Hence,

0 � Ivpt1q ¥ Ivp0qexp

�
�
» t1

0

µvpT psq, Rpsqqds


¡ 0,

which leads to a contradiction. If mintIvpt1q, Ihpt1qu � Ihpt1q, then since

9Rhptq ¡ �pµh � σqRhptq for all t P r0, t1q,

we have

Rhptq ¡ Rhp0qexpp�pµh � σqtq ¥ 0 for all t P p0, t1s.
From the fourth equation of system (2.4), we have

9Shptq ¥ �
�
βvhφpT ptqq

Nh

Ivptq � µh



Shptq for all t P r0, t1s.

Hence,

Shptq ¥ Shp0qexp

�
�
» t

0

�
βvhφpT psqq

Nh

Ivpsq � µh



ds



¡ 0 for all t P r0, t1s.

From this, we further obtain

9Ihptq ¥ �pµh � rh � µdqIhptq for all t P r0, t1s.

Hence,

0 � Ihpt1q ¥ Ihp0qexpp�pµh � rh � µdqt1q ¡ 0,

which leads to a contradiction. This shows that Ivptq ¡ 0 and Ihptq ¡ 0 for all t P r0, Qq.
Furthermore, since

9Rhptq ¡ �pµh � σqRhptq for all t P r0, Qq,

we obtain

Rhptq ¡ Rhp0qe�pµh�σqt ¥ 0 for all t P p0, Qq.
Further from the third equation of (2.4) we have

9Shptq ¥ �
�
βvhφpT ptqq

Nh

Ivptq � µh



Shptq for all t P r0, Qq.



20

Hence,

Shptq ¥ Shp0qexp

�
�
» t

0

�
βvhφpT psqq

Nh

Ivpsq � µh



ds



¡ 0 for all t P r0, Qq.

This shows that pSvptq, Ivptq, Shptq, Ihptq, Rhptqq is positive on the interval of existence.This

completes the proof of conclusion (b).

Next, we prove conclusion (a). From conclusion (b) and the continuous dependence of

solutions of system (2.4) with respect to initial values, we immediately obtain that

pSvptq, Ivptq, Shptq, Ihptq, Rhptqq with initial condition Svp0q ¥ 0, Ivp0q ¥ 0, Shp0q ¥
0, Ihp0q ¥ 0, Rhp0q ¥ 0 is nonnegative on the interval of existence.

Now, we prove that the interval of existence of pSvptq, Ivptq, Shptq, Ihptq, Rhptqq as a

solution is r0,8q.
In fact, if the interval of existence of pSvptq, Ivptq, Shptq, Ihptq, Rhptqq is a finite interval

r0, Qq, then from the continuity and nonnegativity of pSvptq, Ivptq, Shptq, Ihptq, Rhptqq on

r0, Qq, it blows up when tÑ Q� and hence it will not be bounded on r0, Qq. From

9Nvptq ¤ ΛvpT ptq, Rptqq,
we obtain

Nvptq ¤ Nvp0q �
» t

0

ΛvpT psq, Rpsqqds ¤ Nvp0q �
» Q

0

ΛvpT psq, Rpsqqds.

Hence, Nvptq is bounded on r0, Qq, which implies that Ivptq also is bounded on r0, Qq.
This leads to a contradiction. Therefore, we finally have that pSvptq, Ivptq, Shptq, Ihptq, Rhptqq
is defined on r0,8q.

Adding equations one and two of system (2.4) we have

9Nvptq � �µvpT ptq, RptqqNvptq � ΛvpT ptq, Rptqq.
Integrating the above equation for any t ¥ 0, we obtain

Nvptq �e�
³t
0 µvpT psq,Rpsqqds

"
Nvp0q �

» t
0

ΛvpT psq, Rpsqqe
³s
0 µvpT pτq,Rpτqqdτds

*

�e�
³t
0 µvpT psq,RpsqqdsNvp0q � e�

³t
0 µvpT psq,Rpsqqds

» t
0

ΛvpT psq, Rpsqqe
³s
0 µvpT pτq,Rpτqqdτds

¤e�
³t
0 µvpT psq,RpsqqdsNvp0q �

sup
t¡0

tΛvpT ptq, Rptqqu
inf
t¡0

tµvpT ptq, Rptqqu

.

by Lemma 2.3.1.

From this, we further obtain

lim sup
tÑ8

Nvptq ¤
sup
t¡0

tΛvpT ptq, Rptqqu
inf
t¡0

tµvpT ptq, Rptqqu (2.9)



21

Adding equations four, five and six of system (2.4) we have

9Nhptq � Λh � µhNhptq � µdIhptq ¤ Λh � µhNhptq

and integrating this inequality for any t ¥ 0, yields

Nhptq ¤e�
³t
0 µhdτ

"
Nhp0q �

» t
0

Λhe
³s
0 µhdτds

*

¤e�µhtNhp0q � Λhe
�µht

» t
0

eµhsds

¤e�µht
�
Nhp0q � Λh

µh



� Λh

µh
.

Thus we obtain

lim sup
tÑ8

Nhptq ¤ Λh

µh
(2.10)

Lastly, from (2.9) and (2.10), we finally obtain that all solutions of system (2.4) are

ultimately bounded. This completes the proof of conclusion (a). �

Remark. From (2.8) we obtain that Svptq ¡ 0 for all t ¥ 0 when Svp0q ¡ 0. Therefore,

for any constant ε ¡ 0 small enough, we denote

Ωε � tpSv, Iv, Sh, Ih, Rhq : Sv ¡ 0, Iv ¥ 0, Sh ¥ 0, Ih ¥ 0, Rh ¥ 0,

Sv � Iv ¤ Γv � ε, Sh � Ih �Rh ¤ Λh

µh
� εu,

where Γv �
sup
t¡0

tΛvpT ptq,Rptqqu

inf
t¡0

tµvpT ptq,Rptqqu
.

Then from Theorem (2.3.1), we see that Ωε is a positively invariant set with respect to

system (2.4) and also a global attractor of all positive solutions of system (2.4).

Therefore, the model system is biologically well posed.



Chapter 3

Periodic System

3.1 Introduction

Malaria is a climate-sensitive tropical disease and hence climate exerts an impact upon

the distribution of the malaria transmission in space and time. Climate variation can

only be observed in long time horizon, at least 30 years is required. Instead of climate

variation, we can call the variation, simply a ”seasonal variation”. In this chapter, it is

assumed that for some shorter period of time, the variation in temperature and rainfall,

and hence the corresponding parameters for malaria model, are to vary in seasonal man-

ner. Assessment of the potential change in malaria risk caused by seasonal variations

in temperature and rainfall is important to investigate the dynamics of the disease in

a short term basis. The information provided here might serve as an important con-

tribution for strategic planning of malaria control in a short period of time in the future.

For shorter period of study time the climatic values change seasonally and hence they

are very much periodic in time. By considering periodicity in the climate variables and

the corresponding parameters dependent on the periodic climate variables (temperature

and rainfall), we analyze model 2.4 in the periodic environment. Thus the system will

have time dependent periodic coefficients as climate variables could be expressed as a

function of time.

dSv
dt

� ΛvpT,Rq � λvpT qSv � µvpT,RqSv,
dIv
dt

� λvpT qSv � µvpT,RqIv,
dSh
dt

� Λh � λhpT qSh � σRh � µhSh,

dIh
dt

� λhpT qSh � pµh � rh � µdqIh,
dRh

dt
� rhIh � pµh � σqRh,

(3.1)

22
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where λhpT q � βvhφpT qIv
Nh

and λvpT q � βhvφpT qIh
Nh

represent the force of infection of humans

and mosquitoes, respectively.

3.2 Some Mathematical Preliminaries

3.2.1 The Basic Reproduction Ratio

In this subsection we will try to present briefly the mathematical results formulated

in [81] for non-autonomous but periodic systems.We consider a heterogeneous pop-

ulation whose individuals can be grouped into n homogeneous compartments. Let

x � px1, ..., xnqT , with each xi ¥ 0, be the state of individuals in each compartment. We

assume that the compartments can be divided into two types: infected compartments,

labeled by i � 1, ...,m, and uninfected compartments, labeled by i � m�1, ..., n. Define

Xs to be the set of all disease-free states:

Xs :� tx ¥ 0 : xi � 0, @i � 1, ...,mu.

Let Fipt, xq be the input rate of newly infected individuals in the ith compartment,

V�i pt, xq be the input rate of individuals by other means (for example, births, immi-

grations), and V�i pt, xq be the rate of transfer of individuals out of compartment i (for

example, deaths, recovery and emigrations). Thus, the disease transmission model is

governed by a non-autonomous ordinary differential system:

dxi
dt

� Fipt, xq � Vipt, xq � fipt, xq, i � 1, ..., n, (3.2)

where Vipt, xq � V�i pt, xq � V�i pt, xq. Following the setting in [81] for non-autonomous

compartmental epidemic models, we make the following assumptions:

(A1) For each 1 ¤ i ¤ n, the functions Fipt, xq, V�i pt, xq and V�i pt, xq are nonnegative

and continuous on R� Rn
� and continuously differentiable with respect to x.

(A2) There is a real number ω ¡ 0 such that for each 1 ¤ i ¤ n, the functions Fipt, xq,
V�i pt, xq and V�i pt, xq are ω-periodic in t.

(A3) If xi � 0, then V�i pt, xq � 0. In particular, if x P Xs, then V�i pt, xq � 0 for

i � 1, ...,m.

(A4) Fipt, xq � 0 for i ¡ m.

(A5) If x P Xs, then Fipt, xq � V�i pt, xq � 0 for i � 1, ...,m.

Note that (A1) arises from the simple fact that each function denotes a directed non-

negative transfer of individuals. Biologically, (A2) describes a periodic environment

(e.g., due to seasonality); (A3) represents that if a compartment is empty, then there
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is no transfer of individuals out of the compartment; (A4) means that the incidence of

infection for uninfected compartments is zero; and (A5) implies that the population will

remain free of disease if it is free of disease at the beginning and no infectious individual

is introduced in the course of time..

We assume that the model (3.2) has a disease-free periodic solution

x0ptq � p0, ..., 0, x0
m�1ptq, ..., x0

nptqqT with x0
i ptq ¡ 0, m � 1 ¤ i ¤ n for all t. Let

f � pf1, ..., fnqT , and define an pn�mq � pn�mq matrix

Mptq :�
�Bfipt, x0ptqq

Bxj



m�1¤i,j,¤n

.

Let ΦMptq be the monodromy matrix of the linear ω-periodic system dz
dt
� Mptqz. We

further assume that x0ptq is linearly asymptotically stable in the disease-free subspace

Xs, that is,

(A6) ρpΦMpωqq   1, where ρpΦMpωqq is the spectral radius of ΦMpωq.
By the arguments similar to those in [[77], Lemma 1], it then follows that

DxFpt , x 0 ptqq �
�
�F ptq 0

0 0

�

, DxVpt , x 0 ptqq �

�
�V ptq 0

Jptq �Mptq

�

,

where F ptq and V ptq are two m�m matrices defined by

F ptq �
�BFipt, x0ptqq

Bxj



1¤i,j,¤m

, V ptq �
�BVipt, x0ptqq

Bxj



1¤i,j,¤m

, (3.3)

respectively, and Jptq is an pn � mq � n matrix. Furthermore, F ptq is nonnegative,

and �V ptq is cooperative in the sense that the off-diagonal elements of �V ptq are non-

negative.

Let Y pt, sq, t ¥ s, be the evolution operator of the linear ω-periodic system

dy

dt
� �V ptqy. (3.4)

That is, for each s P R, the m�m matrix Y pt, sq satisfies

d

dt
Y pt, sq � �V ptqY pt, sq, @t ¥ s, Y ps, sq � I,

where I is the m � m identity matrix. Thus, the monodromy matrix Φ�V ptq of (3.4)

equals Y pt, 0q, t ¥ 0. Note that the internal evolution of individuals in the infectious

compartments due to deaths and movements among the compartments is dissipative,

and exponentially decays in many cases because of the loss of infective members from

natural mortalities and disease-induced mortalities. Thus, we assume that

(A7) ρpΦ�V ptqq   1.
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Based on the assumptions above, we are now able to analyze the reproduction ratios for

the epidemic model (3.2). For this purpose, we always assume that the population is

near the disease-free periodic state x0ptq.
By the standard theory of linear periodic systems (see, e.g., [[32], Sect. III.7]), there

exist K ¡ 0 and α ¡ 0 such that

||Y pt, sq|| ¤ Ke�αpt�sq, @t ¥ s, s P R. (3.5)

It follows that

||Y pt, t� aqF pt� aq|| ¤ K||F pt� aq||e�αa, @t P R, a P r0,8q. (3.6)

In view of the periodic environment, we suppose that ϕpsq is the initial distribution of

infectious individuals, which is assumed to be ω-periodic in s. Then F psqϕpsq is the total

distribution of new infections produced by the infected individuals who were introduced

at time s. Given t ¥ s, then Y pt, sqF psqϕpsq gives the distribution of those infected

individuals who were newly infected at time s and remain in the infected compartments

at time t. It follows that

ψptq :�
» 0

�8

Y pt, sqF psqϕpsqds �
» 8

0

Y pt, t� aqF pt� aqϕpt� aqda

is the distribution of accumulative new infections at time t produced by all those infected

individuals ϕpsq introduced at previous time to t.

Let Cω be the ordered Banach space of all ω-periodic functions from R Ñ Rm , which

is equipped with the maximum norm ||.|| and the positive cone

C�
ω :� tϕ P Cω : ϕptqq ¥ 0 for all t P Ru.

Then we can define a linear operator L : Cω Ñ Cω by

pLϕqptq �
» 8

0

Y pt, t� aqF pt� aqϕpt� aqda for all t P R, ϕ P Cω. (3.7)

Motivated by the concept of next generation matrices introduced in ([18], [77]),we call L

the next infection operator, and define the spectral radius of L as the basic reproduction

ratio

R0 :� ρpLq (3.8)

for the periodic epidemic model (3.2).

Now let Aptq be a continuous and ω-periodic n � n matrix function. We consider the

following linear system

9x � Aptqx. (3.9)

Following [81], let ΦAptq be the fundamental solution matrix of system (3.9) with ini-

tial condition ΦAp0q � I, where I is n � n identity matrix, and let ρpΦApωqq be the
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spectral radius of matrix ΦApωq. Further, we assume that A(t) also is cooperative and

irreducible, then by the Perron-Frobenius theorem, ρpΦApωqq is the principal eigenvalue

of ΦApωq in the sense that it is simple and admits an eigenvector ν� " 0.

In view of the biological background of system (3.1), in this chapter we only consider

the solution of system (3.1) starting at t � 0 with initial values:

Svp0q ¥ 0, Ivp0q ¥ 0, Shp0q ¥ 0, Ihp0q ¥ 0 and Rhp0q ¥ 0. (3.10)

In this chapter, for system (3.1) we introduce the following assumptions:

(H1) ΛvpT ptq, Rptqq, µvpT ptq, Rptqq, λhpT ptqq and λvpT ptqq are continuous and ω-periodic

functions.

(H2)
³ω
0

ΛvpT ptq, Rptqqdt ¡ 0.

The assumption H1 is made to have a model with periodic coefficients and H2 is taken

to guarantee the existence and continuity of the emergence of the mosquito population.

When Ihptq � 0, Rhptq � 0 and Ivptq � 0, we can obtain the following two subsystem of

system (3.1)
9Shptq � Λh � µhShptq, (3.11)

and
9Svptq � ΛvpT ptq, Rptqq � µvpT ptq, RptqqSvptq. (3.12)

We see that system (3.1) has a disease-free periodic solution (DFPS)

E�
0 ptq � pS�v ptq, 0,

Λh

µh
, 0, 0q (3.13)

Lemma 3.2.1. The function

S�v ptq � S0
ve

�
³t
0 µvpτqdτ �

» t
0

Λv psq e�
³t
s µvpτqdτds

where

S0
v �

³ω
0

Λv psq e�
³ω
s µvpτqdτds

1 � e�
³ω
0 µvpτqdτ

is a ω-periodic disease free solution of equation (3.12).

proof: For any initial condition, S0
v , equation (3.12) has a unique solution given by

Sv ptq � S0
ve

�
³t
0 µvpτqdτ �

» t
0

Λv psq e�
³t
s µvpτqdτds.
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In particular, we have

Sv pωq � S0
ve

�
³ω
0 µvpτqdτ �

» ω
0

Λv psq e�
³ω
s µvpτqdτds.

Hence we obtain Sv pωq � S0
v .

Moreover,

Sv pt� ωq � Sv pωq e�
³t�ω
ω µvpτqdτ �

» t�ω
ω

Λv psq e�
³t�ω
s µvpτqdτds

� S0
ve

�
³t�ω
ω µvpτqdτ �

» t�ω
ω

Λv psq e�
³t�ω
s µvpτqdτds

On the other hand, e�
³t�ω
ω µvpτqdτ � e�

³t�ω
ω µvpτ�ωqdτ as µv is ω-periodic. By using the

change of variable s � τ � ω, we obtain

e�
³t�ω
ω µvpτ�ωqdτ � e�

³t
0 µvpsqds.

Furthermore, since Λv is also assumed to be ω-periodic, we have» t�ω
ω

Λv pτq e�
³t�ω
τ µvpsqdsdτ �

» t�ω
ω

Λv pτ � ωq e�
³t�ω
τ�ω�ω µvpsqdsdτ

By setting x � τ � ω, we obtain» t�ω
ω

Λv pτ � ωq e�
³t�ω
τ�ω�ω µvpsqdsdτ

�
» t

0

Λv pxq e�
³t�ω
x�ω µvpsqdsdx

�
» t

0

Λv pxq e�
³t
x µvpsqdsdx

Hence, » t�ω
ω

Λv pτq e�
³t�ω
τ µvpsqdsdτ �

» t
0

Λv pxq e�
³t
x µvpsqdsdx.

This implies that

Sv pt� ωq � S0
ve

�
³t
0 µvpτqdτ �

» t
0

Λv pxq e�
³t
x µvpsqdsdx � Sv ptq .

�
Now following [80], based on the assumptions H1 and H3, we compute the basic repro-

duction number of system (3.1) following the way given in ([77],[81]).

Let

Fpt , x q �

�
�����������

λvptqSv
λhptqSh

0

0

0

�
����������

, V�pt , x q �

�
�����������

µvpT ptq, RptqqIv
pµh � rh � µdqIh

λvptqSv � µvpT ptq, RptqqSv
λhptqSh � µhSh

µhRh � σRh

�
����������
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and

V�pt , x q �

�
�����������

0

0

ΛvpT ptq, Rptqq
Λh � σRh

rhIh

�
����������


where x � pSv, Iv, Sh, Ih, RhqT , then system (3.1) equals to the following form

9xptq � Fpt, xq � Vpt, xq � fpt, xptqq, (3.14)

where Vpt, xq � V�pt, xq � V�pt, xq.
In the following, we will check conditions (A1)-(A7) which are given above.

By the expressions of Fpt, xq and V�pt, xq, we see that conditions (A1)-(A5) are satisfied.

Now, we define

Nptq �
�Bfipt, x�ptqq

Bxj



3¤i,j,¤5

where fipt, x�ptqq and xi are the ith component of fpt, xptqq and x, respectively. By

simple computations, we can obtain

N ptq �

�
�����
�µvpT ptq, Rptqqq 0 0

0 �µh σ

0 0 �pµh � σq

�
����
.

and we finally get ρpΦNpωqq   1. Thus, condition (A6) also holds.

Next, we set two 2 � 2 matrices as follows

F ptq �
�
BFipt,x�ptqq

Bxj

	
1¤i,j¤2

and V ptq �
�
BVipt,x�ptqq

Bxj

	
1¤i,j¤2

,

where Fipt, xptqq and Vipt, xptqq are the ith component of Fpt, xptqq and Vpt, xptqq, re-

spectively. Then, by simple computations, it follows that

F ptq �
�
� 0 βhvφpT ptqq

Nhptq
S�v ptq

βvhφpT ptqqΛh
Nhptqµh

0

�

, V ptq �

�
�µvpT ptq, Rptqq 0

0 µh � rh � µd

�



Therefore, from assumption H1, we obtain that ρpΦ�V pωqq   1. Thus, condition (A7)

also holds.

For the periodic system (3.1), a stability analysis similar to the works of [80] is done

using the basic reproduction ratio (3.8).
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Lemma 3.2.2. (Lemma 4 in [80]) Assume that (A1)-(A7) hold. Then the following
statements are valid:

(i) R0 � 1 if and only if ρpΦF�V pωqq � 1;

(ii) R0 ¡ 1 if and only if ρpΦF�V pωqq ¡ 1;

(iii) R0   1 if and only if ρpΦF�V pωqq   1.

Thus, E�ptq is asymptotically stable if R0   1, and unstable if R0 ¡ 1.

Theorem 3.2.1. If R0   1, then the disease-free periodic solution E�
0 ptq of system (3.1)

is globally asymptotically stable.

proof: From Lemma 3.2.2, we obtain that if R0   1, E�
0 ptq is locally asymptotically

stable. Now, we will only prove the global attractivity of E�
0 ptq for the case R0   1.

From R0   1 and conclusion (iii) of Lemma 3.2.2, we have ρpΦF�V pωqq   1, then we

can choose a small enough constant ε2 ¡ 0 such that ρpΦF�V�ε2Mpωqq   1, where

M ptq �
�
� 0 βhvφpT ptqq

Nh

βvhφpT ptqq
Nh

0

�

.

From (2.9) and (2.10), we obtain that for above given constant ε2 there exists a t1 ¡ 0

such that for all t ¡ t1

Sh ¤ Λh

µh
� ε2 and Sv ¤ S�v � ε2.

From the second and fourth equations of system (3.1), we obtain that for all t ¡ t1$&
%

9Iv ¤ βhvφpT ptqq
Nh

pS�v ptq � ε2qIh � µvpT ptq, RptqqIv,
9Ih ¤ βvhφpT ptqq

Nh
pΛh
µh
� ε2qIv � pµh � rh � µdqIh.

(3.15)

Considering the following auxiliary system:$&
%

9̃Iv � βhvφpT ptqq
Nh

pS�v ptq � ε2qĨh � µvpT ptq, RptqqĨv,
9̃Ih � βvhφpT ptqq

Nh
pΛh
µh
� ε2qĨv � pµh � rh � µdqĨh.

For the convenience, we will rewrite it as follows

d

dt

�
�Ĩv
Ĩh

�

� pF ptq � V ptq � ε2Mptqq

�
�Ĩv
Ĩh

�

 (3.16)

From Lemma 2 in [80], it follows that there exists a positive ω-periodic function qptq �
pq1ptq, q2ptqqT such that pĨvptq, ĨhptqqT � eµ1tqptq is a solution of system (3.16), where
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µ1 � 1
ω

ln pρpΦF�V�ε2Mpωqqq.

Denote Gptq � pIvptq, IhptqqT .

We can choose a small constant ξ ¡ 0 such that Gpt1q ¤ ξqpt1q. Then, from (3.15) the

comparison principle implies that

Gptq ¤ ξeµ1tqptq for all t ¡ t1.

By ρpΦF�V�ε2Mpωqq   1, it follows that µ1   0, then limtÑ8Gptq � 0, that is,

lim
tÑ8

Ivptq � 0, lim
tÑ8

Ihptq � 0.

Moreover, from the equations of Sv,Sh and Rh in system (3.1), we can get

lim
tÑ8

Svptq � S�v ptq, lim
tÑ8

Shptq � Λh

µh
, lim

tÑ8
Rhptq � 0.

Hence, disease-free periodic solution E�
0 ptq of system (3.1) is globally attractive. This

completes the proof. �

Theorem 3.2.2. If R0 ¡ 1, then system (3.1) is uniformly persistent. That is, there
exists a positive constant ε, such that any solution pSvptq, Ivptq, Shptq, Ihptq, Rhptqq of sys-
tem (3.1) with initial conditions Svp0q ¥ 0, Ivp0q ¥ 0, Shp0q ¥ 0, Ihp0q ¥ 0 and Rhp0q ¥ 0
satisfies

lim inf
tÑ8

pSvptq, Ivptq, Shptq, Ihptq, Rhptqq ¥ pε, ε, ε, ε, εq.

proof: From R0 ¡ 1 and conclusion (ii) of Lemma 3.2.2, we have ρpΦF�V pωqq ¡ 1.

Then, we can choose a small constant ξ ¡ 0 such that ρpΦF�V�ξMpωqq ¡ 1, where Mptq
is defined in Theorem (3.2.1).

From H2 and H3, we obtain for any small enough ε ¡ 0» ω
0

rΛvpT ptq, Rptqq � βhvλφpT ptqq
Nh

εsdt ¡ 0. (3.17)

For this ε, we consider the following two perturbed equations

9Uεptq � ΛvpT ptq, Rptqq � ε
βhvφpT ptqq

Nh

Uεptq � µvpT ptq, RptqqqUεptq, (3.18)

and

9Vεptq � Λh � ε
βvhφpT ptqq

Nh

Vεptq � µhVεptq. (3.19)

Using Theorem 3 in [80] and the references there in, from assumption pH2q and (3.17),

we can get that systems (3.18) and (3.19) admit globally uniformly attractive positive

ω-periodic solutions U�
ε ptq and V �

ε ptq, respectively. By the continuity of solutions with
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respect to the parameter ε, for constant ξ ¡ 0 given in above, there exists a constant

ε1 ¡ 0 such that for all 0   ε1   ε and t P r0, ωs

U�
ε1
ptq ¡ S�v ptq �

ξ

2
, V �

ε1
ptq ¡ Λh

µh
� ξ

2
. (3.20)

Define

X � tpSv, Iv, Sh, Ih, Rhq : Sv ¡ 0, Iv ¥ 0, Sh ¥ 0, Ih ¥ 0, Rh ¥ 0u
and

X0 � tpSv, Iv, Sh, Ih, Rhq P X : Iv ¡ 0, Ih ¡ 0u.
We have

BX0 � XzX0 � tpSv, Iv, Sh, Ih, Rhq P X : IvIh � 0u
From system (3.1), it is easy to see that X and X0 are positively invariant, and BX0 is

also a relatively closed set in X. Let P : X Ñ X be the Poincar é map associated with

system (3.1), that is

P px0q � upω, x0q for all x0 P X,
where upt, x0q is the unique solution of system (3.1) satisfying initial condition up0, x0q �
x0. From the continuity of solutions of system (3.1) with respect to initial value x0, we

can obtain that P is compact. Moreover, by Theorem 2.3.1, we obtain that P is point

dissipative on X.

Further, we define

MB � tpSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq P BX0 :

PmpSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq P BX0 for all m ¡ 0u,
where Pm � P pPm�1q for all m ¡ 1 and P 1 � P .

Now, we claim that

MB � tpSv, 0, Sh, 0, 0q : Sv ¡ 0, Sh ¥ 0u. (3.21)

First, for any point pSvp0q, 0, Shp0q, 0, 0q, where Svp0q ¡ 0 and Shp0q ¥ 0, according to

the existence and uniqueness of solutions of system (3.1), we can obtain that

pSvptq, Ivptq, Shptq, Ihptq, Rhptqq with Ivptq � 0, Ihptq � 0 and Rhptq � 0 is the unique

solution of system (3.1) satisfying initial condition

pSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq � pSvp0q, 0, Shp0q, 0, 0q.

Therefore, we obtain for any integer m ¡ 0

PmpSvp0q, 0, Shp0q, 0, 0q P tpSv, 0, Sh, 0, 0q : Sv ¡ 0, Sh ¥ 0u � BX0.

This shows pSv, 0, Sh, 0, 0q PMB. Consequently,

tpSv, 0, Sh, 0, 0q : Sv ¡ 0, Sh ¥ 0u �MB.



32

On the other hand, if MBztpSv, 0, Sh, 0, 0q : Sv ¡ 0, Sh ¥ 0u � H, then there exists at

least a point pSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq PMB satisfying Ihp0q ¡ 0 or Ivp0q ¡ 0. If

Ivp0q � 0 and Ihp0q ¡ 0, then it is clear that from system (3.1)

Ihptq ¥ Ihp0qe�pµh�rh�µdqt ¡ 0 for all t ¡ 0.

From Svp0q ¡ 0 we can obtain from the first equation of system (3.1) that Svptq ¡ 0 for

all t ¡ 0. Hence,

Ivptq �
�
Ivp0q �

» t
0

βhvφpT psqq
Nh

SvpsqIhpsqe
³s
0 µvpT puq,Rpuqqduds

�
e�

³t
0 µvpT puq,Rpuqqdu ¡ 0

for all t ¡ 0. If Ivp0q ¡ 0 and Ihp0q � 0, then we have

Ivptq �
�
Ivp0q �

» t
0

βhvφpT psqq
Nh

SvpsqIhpsqe
³s
0 µvpT puq,Rpuqqduds

�
e�

³t
0 µvpT puq,Rpuqqdu ¡ 0

for all t ¡ 0. From the third equation of system (3.1) we have

9Shptq ¡ �
�
βφpT ptqq
Nh

Ivptq � µh



Shptq for all t ¥ 0.

Hence, we further have Shptq ¡ 0 for all t ¡ 0. Consequently, by the fourth equation of

system (3.1) we have

9Ihptq ¡ �pµh � rh � µdqIhptq for all t ¥ 0

and hence Ihptq ¡ 0 for all t ¡ 0. This shows that pSvptq, Ivptq, Shptq, Ihptq, Rhptqq R
BX0. Hence, pSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq R MB which leads to a contradiction. It

indicates that MB � tpSv, 0, Sh, 0, 0q : Sv ¡ 0, Sh ¥ 0u. Therefore, we finally obtain that

claim (3.21) holds.

It is clear that there is a fixed point of P in MB , which is M1 � pS�v p0q, 0, Λh
µh
, 0, 0q.

Denote x0 � pSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq P X0. By the continuity of solutions with

respect to the initial value, for above given constant ε1 ¡ 0, there exists δ0 ¡ 0 such

that for all x0 P X0 with ||x0 �M1|| ¤ δ0, it follows that

||upt, x0q � upt,M1q||   ε1 for all t P r0, ωs. (3.22)

Now, we prove

lim sup
mÑ8

dpPmpx0q,M1q ¥ δ0. (3.23)

Suppose the conclusion is not true, then

lim sup
mÑ8

dpPmpx0q,M1q   δ0.

for some x0 P X0. Without loss of generality, we can assume that

dpPmpx0q,M1q   δ0 for all m ¥ 0
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Further, from (3.22) we have

||upt, Pmpx0qq � upt,M1q||   ε1 for all m ¥ 0, t P r0, ωs.

For any t ¥ 0, let t � mω � t1,where t1 P r0, ωq and m � r t
ω
s is the greatest integer less

than or equal to t
ω

, then we can get

||upt, x0q � upt,M1q|| � ||upt1, Pmpx0qq � upt1,M1q||   ε1 for all t ¥ 0. (3.24)

Since upt, x0q � pSvptq, Ivptq, Shptq, Ihptq, Rhptqq and upt,M1q � pS�v ptq, 0, Λh
µh
, 0, 0q, it

follows from (3.24) that 0 ¤ Ivptq ¤ ε1 and 0 ¤ Ihptq ¤ ε1 for all t ¥ 0. Then, by the

first and third equation of system (3.1) we get for any t ¥ 0

9Svptq ¥ ΛvpT ptq, Rptqq � ε1
βhvφpT ptqq

Nh

Svptq � µvpT ptq, RptqqSvptq,

and

9Shptq ¥ Λh � ε1
βvhφpT ptqq

Nh

Shptq � µhShptq.
By the comparison principle, we obtain for any t ¥ 0

Svptq ¥ Uε1ptq, Shptq ¥ Vε1ptq,

where Uε1ptq and Vε1ptq are the solutions of systems (3.18) and (3.19) with parameter

ε1 satisfying initial conditions Uε1p0q � Svp0q and Vε1p0q � Shp0q , respectively. Since

systems (3.18) and (3.19) with parameter ε1 have globally uniformly attractive positive

ω-periodic solutions U�
ε1
ptq and V �

ε1
ptq, respectively, there exists a t1 ¡ 0 such that

Uε1ptq ¡ U�
ε1
ptq � ξ

2
, Vε1ptq ¡ V �

ε1
ptq � ξ

2
for all t ¥ t1. (3.25)

Combining (3.20) and (3.25), we have

Uε1ptq ¡ S�v ptq � ξ, Vε1ptq ¡
Λh

µh
� ξ for all t ¥ t1.

Thus, we finally obtain that for all t ¥ t1$&
%

9Iv ¥ βhvφpT ptqq
Nh

pS�v ptq � ξqIh � µvpT ptq, RptqqIv,
9Ih ¥ βvhφpT ptqq

Nh
pΛh
µh
� ξqIv � pµh � rh � µdqIh.

(3.26)

Consider the following auxiliary system

$&
%

9̂
Iv � βhvφpT ptqq

Nh
pS�v ptq � ξqÎh � µvpT ptq, RptqqÎv,

9̂
Ih � βvhφpT ptqq

Nh
pΛh
µh
� ξqÎv � pµh � rh � µdqÎh.
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For the convenience, we will rewrite it as follows

d

dt

�
�Îv
Îh

�

� pF ptq � V ptq � ξMptqq

�
�Îv
Îh

�

 (3.27)

From Lemma 2 in [80], it follows that there exists a positive ω-periodic function pptq �
pp1ptq, p2ptqqT such that pÎvptq, ÎhptqqT � eµ2tpptq is a solution of system (3.27), where

µ2 � 1
ω

ln pρpΦF�V�ξMpωqqq.

Since Gptq P intR2
� where Gptq � pIvptq, IhptqqT ,we can select a small constant α ¡ 0

such that Gpt1q ¡ αppt1q. Then, by (3.26) and the comparison principle, we can obtain

that

Gptq ¥ αeµ2tpptq for all t ¡ t1.

By ρpΦF�V�ξMpωqq ¡ 1, it follows that µ2 ¡ 0, then limtÑ8Gptq � 8, that is,

lim
tÑ8

Ivptq � 8, lim
tÑ8

Ihptq � 8.

which is a contradiction with 0 ¤ Ivptq ¤ ε1 and 0 ¤ Ihptq ¤ ε1.

Therefore, claim (3.23) holds. This shows W spM1q
�
X0 � ∅. From Lemma 1 in [80],

we can obtain that tM1u is globally attractive in MB, that is, each orbit in MB converges

to tM1u. Hence, tM1u is isolated in MB , and hence in X. Furthermore, tM1u also

is invariant and tM1u does not form a cycle in MB , and hence in BX0. Therefore,

by Lemma 3 in [80], we finally obtain that P is uniformly persistent with respect to

pX0, BX0q.
Finally, from Theorem 3.1.1 given in [88] we further obtain that all solutions of system

(3.1) is uniformly persistent with respect to pX0, BX0q.
Furthermore, from the last equation of system (3.1) we can directly obtain that Rh in

system (3.1) also is uniformly persistent. This completes the proof. �

Remark. The influence of climate variables on malaria disease can be determined by

the basic reproduction ratio (R0), which defines the number of cases of a disease that

arise from one case of the disease introduced into a population of susceptible hosts.

By Lemma (3.2.2), we can see that in the realistic applications, if we want to verify

R0 is greater or less than unity, it suffices to verify that ρpΦF�V pωqq is greater or less

than unity. It has been shown that the disease-free solution of the model is globally

asymptotically stable when the basic reproduction ratio is less than unity and the disease

is uniformly persistent when the basic reproduction ratio is greater than unity.
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3.3 Existence of backward bifurcation in the au-

tonomous version of the model

In the autonomous version of (3.1), as R̄0 is defined as the spectral radius (dominant

eigenvalue) of the next generation matrix FV �1, we define

R̄0 �
d
βvhβhvφ2Λvµh

µ2
vγΛh

where γ � µh � rh � µd.

The disease-free periodic solution (DFPS) of the autonomous version of (3.1) exists and

is given by E�
0 � pΛv

µv
, 0, Λh

µh
, 0, 0q.

At the steady states of the autonomous version of (3.1) which is calculated by equating

its right side to zero, the zero force of infection corresponds to the disease-free periodic

solution (DFPS) of the autonomous version and the non zero force of infection λ�h �
βvhφI

�
v

N�

h
satisfies the quadratic equation

Aλ�2
h �Bλ�h � C � 0 (3.28)

where

κ � µh � σ

A � pκ� rhqΛhrµvpκ� rhq � βhvφκq

B � κpκγ � rhσqγµvΛh

µh
pMλ �R2

0q

C � κ2γ2µvΛhp1 �R2
0q

and

Mλ � µhpβhvφ� 2pκ� rhqq
pκγ � rhσqµv .

which implies that

α�h �
�B �?

B2 � 4AC

2A

Note that Mλ ¡ 1 if and only if

βhv ¡ λ0 :� pκγ � rhσqµv � 2pκ� rhqµh
φµh

Proposition 3.3.1. 1. If βhv ¥ λ0, the autonomous version of (3.1) exhibits
transcritical bifurcation.

2. If βhv   λ0, then the autonomous version of (3.1) exhibits backward bifurcation.
That is, there exists Rc in (0,1) such that
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i. If 1 ¤ R̄0 then the autonomous version of (3.1) has one endemic
equilibrium point.

ii. If Rc   R̄0   1 then the autonomous version of (3.1) has two endemic
equilibrium points.

iii. If R̄0 � Rc then the autonomous version of (3.1) has one endemic
equilibrium point.

iv. If R̄0   Rc then the autonomous version of (3.1) has no endemic
equilibrium points.

proof:

1. If βhv ¥ λ0 then Mλ   1. In this case, we have the following.

i. If R̄0 ¡ 1, then C   0. In this case (3.28) has a unique positive solution.

ii. If R̄0 ¤ 1, then C ¥ 0 and B ¥ 0 (because R̄0 ¤ 1 ¤ ?
Mλ). This together

with A ¡ 0 imply that (3.28) has no positive solution.

2. If βhv   λ0, then Mλ   1. In this case we have

i. If R̄0 ¥ 1, then C ¤ 0 which implies that (3.28) has a unique positive solution.

ii. If R̄0 ¤
?
Mλ, then B ¥ 0 and C ¡ 0. This implies that 3.28 has no positive

solution.

iii. If
?
Mλ   R̄0, we consider the discriminant of (3.28)4pR̄0q :� B2�4AC. One

can see that 4p?Mλq :� �4AC   0 and 4p1q :� B2 ¡ 0. Therefore, there

exists Rc P p
?
Mλ, 1q such that 4pRcq � 0 and 4   0 for R̄0 P p

?
Mλ, Rcq

and 4 ¡ 0 for R̄0 P pRc, 1q. In this case we have

a. If
?
Mλ   R̄0   Rc then (3.28) has no positive solution.

b. If R̄0 � Rc then 4 � 0 and B   0. This implies that (3.28) has one

positive solution.

c. If Rc   R̄0   1 then (3.28) has two real solutions which are positive since

C ¡ 0 and B   0.

�

Proposition 3.3.1 establishes the existence of two endemic equilibria for R̄0 in pRc, 1q.

When all the parameters are constant, that is when the model is reduced to its au-

tonomous version, the fact that the model exhibit a backward bifurcation is well known

in many of the literatures (see for example [59], [57], [26]) and our model also reduces

to the same phenomena. However, when some of the parameters themselves are made

to be time dependent, no such phenomenon (like backward bifurcation) is established

yet. In the contrary, as can be mentioned in the next subsection, it has been asserted

that the DFS is globally asymptotically stable for R̄0 less than unity.
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3.4 Numerical Simulations

The numerical simulation of the non-autonomous model (3.1) is used to illustrate the

impact of the seasonal variables (temperature and rainfall) on the malaria disease dy-

namics in a population and to validate the model results in the real situation on the

ground.

In this section, we give numerical simulations to confirm the above theoretical analysis

in the real situation in Ethiopia. For this purpose, the daily temperature and rainfall

data is taken from the National Meteorological Agency of Ethiopia and the correspond-

ing microscopically confirmed cases of malaria from 1984-2012 for Asendabo, a western

region of Ethiopia, is obtained from Asendabo clinic.

For the simulation, the monthly average maximum temperature and the average monthly

rainfall is used to show their impact on the incidence and prevalence of the malaria

disease in the region. The temperature and rainfall raw data, respectively, are fitted

(Figure 3.1 and 3.2) by the periodic functions

T ptq � 19.5932� 1.2697 cosp0.5240t� 4.3391q � 0.6343 cosp2 � 0.5240t� 0.6963q (3.29)

and

Rptq �99.4876 � 89.8581 cosp0.5232t� 15.4500q � 19.1069 sinp2 � 0.5232tq
�8.5891 cosp3 � 0.5232t� 3.7723q � 6.4660 sinp5 � 0.5232tq.

(3.30)
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Figure 3.1. Monthly average maximum temperature raw data taken is fitted by a
periodic function 37 that can possibly be best fit to data so that its functional value is
used in the analysis of its impact on the disease dynamics in the periodic environment.
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Figure 3.2. Monthly average rainfall raw data taken is fitted by a periodic function 37
that can possibly be best fit to data so that its functional value is used in the analysis
of its impact on the disease dynamics in the periodic environment.

It is assumed that initially, the susceptible and infected adult mosquitoes are Svp0q �
800000 are Ivp0q � 700, respectively. The corresponding initial host population distri-

butions in the three compartments are assumed to be Shp0q � 20000, Ihp0q � 190 and

Rhp0q � 5, respectively, and the parameter values (per day) are Λh � 0.415244, σ �
0.00137, µh � 0.000024, µd � 0.00047, βvh � 0.24, βhv � 0.022, rh � 0.0028.

Note here that there is no control intervention assumed to have been implemented in

this period of time, and the model produces the dynamics of the disease if no interven-

tion were employed.

The actual malaria confirmed cases in the Asendabo region, collected in the years 2000-

2012 is plotted against time in months (Figure 3.3d). In spite of all the expected data

collection and recording errors, the data shows that the incidence pattern does not follow

a periodic flow. So, it is more appealing to formulate and analyze a non-autonomous

model system for the epidemic.
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(a) A plot showing prevalence.

180 200 220 240 260 280 300 320 340 360
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2
x 10

4

Time(in months)

H
os

t p
op

ul
at

io
n

 

 

S
h

I
h

R
h

(b) A plot showing proportions of human popula-
tion.
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(c) A plot showing the model disease incidence.
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(d) A plot showing the actual malaria confirmed
cases in the Asendabo region, collected in the years
2000-2012.

Figure 3.3. Plots showing (a) prevalence, (b) proportions of human population, (c)
model disease incidence and (d) the actual malaria cases (actual incidence).



Chapter 4

Nonperiodic System

4.1 Introduction

The climate impact upon the distribution of the malaria transmission in space and time

is not always periodical and we need to investigate the potential change in malaria risk

caused by the variations in temperature and rainfall in the general case.That is when

these climate variables are any time dependent functions. This may help to investigate

the dynamics of the disease in a long term basis and the information provided here

might serve as an important contribution for strategic planning of malaria control in a

long period of time in the future. As the variation of rainfall is too seasonal and hence

nearly periodic, the non-periodic fit does not give a better fit than the periodic fit. For

this reason, the present chapter is devoted to studying the dynamics of the disease with

parameters dependent on the non-periodic climate variable (temperature) and the pe-

riodic climate variable (rainfall).

Even though the climate variables (temperature and rainfall) values change seasonally,

they are not totally periodic and hence it is very important to investigate the dynamics

in the non-periodic environment too. For the general case, that is, for the general climate

variables values, we analyze model (2.4) by making the model parameters dependent on

the general climate variables. Thus the system will have time dependent non-periodic

coefficients as climate variables could be expressed as a function of time.

dSv
dt

� ΛvpT,Rq � λvpT qSv � µvpT,RqSv,
dIv
dt

� λvpT qSv � µvpT,RqIv,
dSh
dt

� Λh � λhpT qSh � σRh � µhSh,

dIh
dt

� λhpT qSh � pµh � rh � µdqIh,
dRh

dt
� rhIh � pµh � σqRh,

(4.1)

40
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where λhpT q � βvhφpT qIv
Nh

and λvpT q � βhvφpT qIh
Nh

represent the force of infection of humans

and mosquitoes, respectively.

4.1.1 Mathematical Preliminaries for the general non-autonomous
systems

Consider a definite linear non-autonomous system

dx

dt
� Aptqx, (4.2)

and an indefinite linear system

dx

dt
� Aptqx�Bptqx, (4.3)

where x P Rn, Aptq is a known n� n continuous matrix function and Bptq an unknown

n�n continuous matrix function. Assume that one only knows some boundedness prop-

erty of Bptq. We will discuss the equivalence in stability of systems (4.2) and (4.3), so

that one can use the simple and definite system (4.2) to study the complex and indefinite

system (4.3).

For the analysis we need to define what to mean by matrix norms in two different ways,

which we will use them in our later discussion.

Definition 4.1.1. The induced norm of an m� n matrix A is defined to be

}A} � max
}x}�1

}Ax}.

We remark that the norm of A induced by the Euclidean norm above is equal to the
nonnegative square root of the absolute value of the largest eigenvalue of the symmetric
matrix ATA. Thus, we define this norm next.

Definition 4.1.2. The spectral norm of an m� n matrix A is defined to be

}A} �
�

max
}x}�1

xTATAx

� 1
2

.

This will be the matrix norm that is used in the sequel and will be denoted by }.}.
Theorem 4.1.1. (See [45]) If there exist constant M ¡ 0 and 0   r   1 such that the
following estimation » t

t0

}Bpsq}ds ¤ rpt� t0q �M (4.4)

is valid, then the exponential stabilities of the zero solutions of (4.2) and (4.3) are
equivalent.
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proof: Assume that the zero solution of (4.2) is exponentially stable, then there exist

constants M1 ¡ 0 and α1 ¡ 0 such that the Cauchy matrix solution of (4.2), Kpt, t0q,
admits the estimation:

}Kpt, t0q} ¤M1e
�α1pt�t0q. (4.5)

Let r   α1

M1
. Then, the general solution of (4.3) can be expressed as

xpt, t0, x0q � Kpt, t0qx0 �
» t
t0

Kpt, sqBpsqxpsqds.

Thus, we obtain

}xpt, t0, x0q} ¤}Kpt, t0q}}x0} �
» t
t0

}Kpt, sq}}Bpsq}}xpsq}ds

¤M1e
�α1pt�t0q}x0} �

» t
t0

M1e
�α1pt�sq}Bpsq}}xpsq}ds.

By using the Gronwall-Bellman inequality, we have the following estimation:

}xptq}eα1t ¤M1e
α1t0}x0}e

³t
t0
M1}Bpsq}ds

}xptq} ¤M1e
�α1pt�t0q}x0}eM1rpt�t0q�M1M

�M1e
M1M}x0}e�pα1�M1rqpt�t0q.

This estimation shows that the zero solution of (4.3) is exponentially stable, where

r   α1

M1
. On the other hand, system (4.2) can be rewritten as

dx

dt
� Aptqx � pAptq �Bptq �Bptqqx :� pÃptq � B̃ptqqx,

where Ãptq � Aptq �Bptq, B̃ptq � �Bptq.
However, » t

t0

}B̃psq}ds �
» t
t0

}Bpsq}ds ¤ rpt� t0q �M.

From the above results, we know that the exponential stability of the zero solution of

(4.3) implies the exponential stability of the zero solution of (4.2). �

Theorem 4.1.2. The zero solution of (4.2) is uniformly asymptotically stable if and
only if it is exponentially stable.

proof: One only needs to prove that the uniform asymptotic stability of the zero solution

of (4.2) implies its exponential stability.

@ε ¡ 0p0   ε   1q Dδpεq ¡ 0, DGpεq ¡ 0, when t ¥ t0 �G, }Kpt, t0q}   ε holds.
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Owing to the uniform stability of the zero solution, there exists a constant M ¡ 0 such

that

}Kpt, t0q}  M, t0 ¤ t ¤ t1 �G.

Assume that

nδ ¤ t� t0 ¤ pn� 1qδ pn � 0, 1, 2, ...q.
Then, from the property of the Cauchy matrix solution Kpt, t0q, we have

Kpt, t0q � Kpt, t1qKpt1, t0q pt0 ¤ t1 ¤ tq.

Therefore,

Kpt, t0q � Kpt, nδ � t0q �Kpnδ � t0, pn� 1qδ � t0q � � � � �Kpδ � t0, t0q, (4.6)

and thus

}Kpt, t0q} ¤}Kpt, nδ � t0q} � }Kpnδ � t0, pn� 1qδ � t0q} � � � � � }Kpδ � t0, t0q}
¤Meλδe�pn�1qλδ

¤Ne�λpt�t0q,
(4.7)

where N �Meλδ.

This implies that the zero solution of (4.2) is exponentially stable. �

We state the Mean Value Theorem for integrals without proof to prove Lemma (4.1.1).

Theorem 4.1.3. (The Mean Value Theorem) Let f : ra, bs Ñ R be a continuous function
and
g : ra, bs Ñ R be a nonnegative integrable function. Then there is c P ra, bs such that

» b
a

fpxqgpxqdx � fpcq
» b
a

gpxqdx.

Lemma 4.1.1. Suppose f and g are positive, bounded and continuous functions on
rt0,8q for some t0 ¡ 0. Let

Uptq � e
�

³t
t0
gpzqdz

» t
t0

e
�

³s
t0
fpzqdz

e
³s
t0
gpzqdz

ds (4.8)

for all t ¥ t0, then there exist α ¡ 0 and M ¡ 0 such that

Uptq ¤Me�αpt�t0q.
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proof: By Theorem 4.1.3, there exists c P rt0, ts such that

Uptq �e�
³t
t0
gpzqdz

» t
t0

e
�

³s
t0
fpzqdz

e
³s
t0
gpzqdz

ds

�e�
³t
t0
gpzqdz

e
�

³c
t0
fpzqdz

» t
t0

e
³s
t0
gpzqdz

ds

¤e�
³c
t0
fpzqdz

�³t
t0
e
³s
t0
gpzqdz

ds

e
³t
t0
gpzqdz

�

¤ 1

inf
t¥t0

tgptque
�

³c
t0
fpzqdz

by Lemma 2.3.1.

Now » t
t0

e
�

³s
t0
fpzqdz

e
³s
t0
gpzqdz

ds � e
�

³c
t0
fpzqdz

» t
t0

e
³s
t0
gpzqdz

ds �
» t
t0

e
³s
t0
gpzqdz

e
�

³c
t0
fpzqdz

ds

if and only if » t
t0

e
³s
t0
gpzqdz

�
e
�

³s
t0
fpzqdz � e

�
³c
t0
fpzqdz

	
ds � 0.

By the Fundamental Theorem of Calculus, (First Form), we get

d

dt

» t
t0

e
³s
t0
gpzqdz

�
e
�

³s
t0
fpzqdz � e

�
³c
t0
fpzqdz

	
ds � e

³t
t0
gpzqdz

�
e
�

³t
t0
fpzqdz � e

�
³c
t0
fpzqdz

	
� 0.

Which implies

e
�

³t
t0
fpzqdz � e

�
³c
t0
fpzqdz

,

and hence » t
t0

fpzqdz �
» c
t0

fpzqdz,

that is » t
c

fpzqdz � 0,

and this happens only when c � t, since fpzq ¡ 0 on rt0, ts for all t ¡ t0.

We know that

inf
t¥t0

tfptqu ¤ fptq,
implies

�fptq ¤ � inf
t¥t0

tfptqu .
Integrating the above inequality from t0 to t, we obtain

�
» t
t0

fpzqdz ¤ �
» t
t0

inf
t¥t0

tfptqu dz
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and

e
�

³t
t0
fpzqdz ¤ e

�
³t
t0

inf
t¥t0

tfptqudz � e
� inf
t¥t0

tfptqupt�t0q
.

Then we have that

Uptq ¤ 1

inf
t¥t0

tgptque
�

³c
t0
fpzqdz ¤ 1

inf
t¥t0

tgptque
� inf
t¥t0

tfptqupt�t0q
.

Thus

Uptq ¤Me�αpt�t0q,

where M � 1
inf
t¥t0

tgptqu
and α � inf

t¥t0
tfptqu . �

Theorem 4.1.4. ([33]) Let x � 0 be an equilibrium solution for the nonlinear system

9x � fpt, xq

where f : r0,8q �D Ñ Rn for D � tx P Rn : }x}2   ru is continuously differentiable,
the Jacobian matrix rBf

Bx
s is bounded and Lipschitz on D, uniformly in t. Let

Aptq � Bf
Bx pt, xq|x�0

Then, the origin is an exponentially stable equilibrium solution for the non-linear system
if it is an exponentially stable equilibrium point for the linear system

9x � Aptqx.

We start the analysis of our model by linearising (4.1) about a solution of the system.

For this we compute the Jacobian matrix of (4.1) as,

J px q �

�
�����������

�pλvptq � µvq 0 b1 �b2 b1

λvptq �µv �b1 b2 �b1

0 �b3 �pb4 � µhq b5 σ � b5

0 b3 b4 �pb5 � γq �b5

0 0 0 rh �pµh � σq

�
����������


(4.9)

where x � pSv, Iv, Sh, Ih, Rhq,
µvptq � µvpT ptq, Rptqq, b1 � λvptqp SvNh q, b2 � βhvφpT ptqqSv

Nh

�
1 � Ih

Nh

	
, b3 � βvhφpT ptqq ShNh ,

b4 � λhptq
�

1 � Sh
Nh

	
, b5 � λhptqp ShNh q, and γ � µh � rh � µd.
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Let D � tx P Rn : }x}2   ru. For x, y P D defining ∆J :� Jpxq � Jpyq, we have

∆J �

�
�����������

p�λxv � λyvq 0 pbx1 � by1q p�bx2 � by2q pbx1 � by1q
pλxv � λyvq 0 p�bx1 � by1q pbx2 � by2q p�bx1 � by1q

0 p�bx3 � by3q p�bx4 � by4q pbx5 � by2q pbx5 � by5q
0 pbx3 � by3q pbx4 � by4q p�bx5 � by2q p�bx5 � by5q
0 0 0 0 0

�
����������


(4.10)

where bxi , b
y
i and λxv , λ

y
v for each i � 1, 2, 3, 4, 5, represent the corresponding components

of the Jacobian matrix evaluated at x and y, that is, Jpxq and Jpyq respectively.

Since b1 � pλvptq
Nh

qSv :� d1Sv, b2 � βhvφpT ptqq
Nh

�
1 � Ih

Nh

	
Sv :� d2Sv,

b3 � βvhφpT ptqq ShNh :� d3Sh, b4 � λhptq
�

1 � Sh
Nh

	
� βvhφpT ptqqIv

Nh

�
1 � Sh

Nh

	
:� d4Iv,

b5 � λhptqp ShNh q �
βvhφpT ptqqIv

Nh
p Sh
Nh
q :� d5Iv, λvptq � βhvφpT ptqqIh

Nh
:� d6Ih,

γ � µh � rh � µd, µv � µvpT ptq, Rptqq.
with di P r0, 1q for each i � 1, 2, 3, 4, 5, 6, the matrix in (4.10) is rewritten as

∆J �

�
�����������

p�dx6Ixh � dy6I
y
hq 0 pdx1Sxv � dy1S

y
v q p�dx2Sxv � dy2S

y
v q pdx1Sxv � dy1S

y
v q

pdx6Ixh � dy6I
y
hq 0 p�dx1Sxv � dy1S

y
v q pdx2Sxv � dy2S

y
v q p�dx1Sxv � dy1S

y
v q

0 p�dx3Sxh � dy3S
y
hq p�dx4Ixv � dy4I

y
v q pdx5Ixv � dy5I

y
v q pdx5Ixv � dy5I

y
v q

0 pdx3Sxh � dy3S
y
hq pdx4Ixv � dy4I

y
v q p�dx5Ixv � dy5I

y
v q p�dx5Ixv � dy5I

y
v q

0 0 0 0 0

�
����������


where again, dxi I
x
v , d

x
i S

x
v , d

x
i I

x
h , d

x
i S

x
h and dyi I

y
v , d

y
iS

y
v , d

y
i I

y
h , d

y
iS

y
h for each i � 1, 2, 3, 4, 5, 6,

represent the corresponding components of the Jacobian matrix evaluated at x and y,

that is, Jpxq and Jpyq respectively.
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For simplicity of matrix norm calculation, let us write the above matrix as

∆J �

�
�����������

J11 0 J13 J14 J15

J21 0 J23 J24 J25

0 J32 J33 J34 J35

0 J42 J43 J44 J45

0 0 0 0 0

�
����������


Then

}Jpxq � Jpyq}2 ¤ J2
11 � J2

21 � J2
32 � J2

42 � J2
13 � J2

23 � J2
33 � J2

43 � J2
14 � J2

24 � J2
34 � J2

44

� J2
15 � J2

25 � J2
35 � J2

45 � 2tJ11J13 � J21J23 � J11J14 � J21J24 � J11J15

� J21J25 � J32J33 � J42J43 � J32J34 � J42J44 � J32J35 � J42J45 � J13J14

� J23J24 � J33J34 � J43J44 � J13J15 � J23J25 � J33J35 � J43J45 � J14J15

� J24J25 � J34J35 � J44J45u.
Each term to the right side in the above inequality is either of the form J2

ij or JijJik for

all i, j, k P t1, 2, 3, 4, 5u.
Using the fact that for any two vectors u and v and for any a, b P r0, 1q, there exists

ζ ¥ 0 depending on a and b such that

}au� bv} ¤ ζ}u� v}.

For each i, j P t1, 2, 3, 4, 5u, from terms of the form J2
ij we obtain the relation

pdxi xj � dyi yjq2 ¤ pcipxj � yjqq2,

that is

|dxi xj � dyi yj| ¤ |ci||xj � yj| (4.11)

and for the other terms of the form JijJik, we have

JijJik ¤ |JijJik| ¤ pmaxtJij, Jikuq2

which takes again the form J2
ij. So an inequality of the form (4.11) can be obtained.

We then conclude that

}Jpxq � Jpyq} ¤ L}x� y},
for some non negative number L. That is

}Jpt, xq � Jpt, yq} ¤ L}x� y}, @x, y P D, @t ¥ 0.

Since every component of the Jacobian matrix of (4.1) is bounded, then the matrix is

bounded. Thus the Jacobian matrix of (4.1) is bounded and Lipschitz on D, uniformly

in t.
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4.2 Disease Free Solution

In order to deduce the threshold condition for epidemic we replace the non-autonomous

system (4.1) by an autonomous one, by regarding the time on the right side of the sys-

tem (4.1) as a parameter and then carry out a stability analysis.

Consider the second and the fifth equations of (4.1):

dIh
dt

� βvhφpT ptqq Sh
Nh

Iv � γIh ¤ βvhφpT ptqqIv � γIh,

dIv
dt

¤ βhvφpT ptqqNv

Nh

Ih � µvpT ptq, RptqqIv ¤ βhvφpT ptqqΓvIh � µvpT ptq, RptqqIv.
(4.12)

We analyze the stability of the disease-free solution Iv � Ih � 0, that is, the solution

representing the absence of the infection.

Linearizing the system (4.12) around a small amount of disease iH and iV as in [15], we

get
diH
dt

� � γiH � βvhφpT ptqqiV ,
diV
dt

� βhvφpT ptqqΓviH � µvpT ptq, RptqqiV ,
(4.13)

We then examine the stability of the disease-free solution of system (4.13), that is,

iH � 0 and iV � 0 as if the system were autonomous [15]. For this we assume the

solutions:
iH �c1exppλnsq,
iV �c2exppλnsq

(4.14)

and replace (4.14) into equation (4.13). The characteristic equation associated to system

(4.13) is then obtained to be:������
�pλn � γq βvhφpT ptqq
βhvφpT ptqqΓv �pλn � µvpT ptq, Rptqqq

������ � 0 (4.15)

that is,

λnptq � 1

2

�
�pγ � µvq �

a
pγ � µvq2 � 4pγµv � βhvβvhφ2pT ptqqΓvq

	
where µv � µvpT ptq, Rptqq.
If all the roots of equation (4.15) have negative real parts, then the solution without

disease is stable, that is, the origin is an attractor. We see that the first root that crosses

the imaginary axis do so through the real axis and this happens when

γµvpT ptq, Rptqq � βhvβvhφ
2pT ptqqΓv   0
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that is when

R̃noptq :� βhvβvhφ
2pT ptqqΓv

γµvpT ptq, Rptqq ¡ 1.

Therefore, we can find the time t at which the disease-free solution of system (4.13),

that is, iH � 0 and iV � 0 becomes unstable. The time t at which the disease-free

solution (no-disease) of the autonomous system becomes unstable (R̃no ¡ 1) corresponds

approximately to the moment at which the epidemic takes off, that is, when the epidemic

in system (4.1) begins to increase as a result of the introduction of a small amount of

disease at time t � 0.

Theorem 4.2.1. If R̃noptq   1, @t ¥ t0 then the disease-free solution (DFS) E�
0 ptq �

pS�v ptq, 0, Λh
µh
, 0, 0q (3.13), is globally asymptotically stable.

proof: From equation (4.12), we have that

dIh{dt ¤ βvhφpT ptqqIv � γIh

and

dIv{dt ¤ βhvφpT ptqqΓvIh � µvpT ptq, RptqqIv.
Let Y=

�
y1
y2

�
be the solution of

Y
1 �

�
� �γ � ε βvhφpT ptqq
βhvφpT ptqqΓv �µvpT ptq, Rptqq � ε

�

Y (4.16)

with y1p0q � Ihp0q � ε, y2p0q � Ivp0q � ε, ε ¡ 0.

From the argument above this Theorem 4.2.1, we see that the solutions of (4.16) are

characterized by:

y1ptq ÝÑ 0 and y2ptq ÝÑ 0 as t ÝÑ 8. (4.17)

We claim that

Ihptq   y1ptq and Ivptq   y2ptq @t ¡ 0. (4.18)

Indeed, otherwise there exists a first point t � t0 ¡ 0 such that either Ihpt0q � y1pt0q or

Ivpt0q � y2pt0q. Suppose that the first case occurs. Then

9y1pt0q � βvhφpt0qy2pt0q � γy1pt0q � εy1pt0q

¡ βvhφpt0q Sh
Nh

Ivpt0q � γIhpt0q

� 9Ihpt0q.

On the other hand, since y1ptq � Ihptq ¡ 0 for t   t0 and y1pt0q � Ihpt0q � 0, we obtain

9y1pt0q � 9Ihpt0q ¤ 0, which is a contradiction. The case Ivpt0q � y2pt0q can be handled in
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the same way. Letting tÑ 8 in equation (4.18) and using equation (4.17), we conclude

that

Ihptq Ñ 0, Ivptq Ñ 0 if tÑ 8. (4.19)

It remains to show that lim
tÑ8

Shptq � Nh.

From the system (4.1),

dpNh � Shq
dt

� κpNh � Shq � ρptq,

where ρptq � pσ � µdqIh � βvhφpT ptqqSh IvNh and κ � µh � σ.

Nhptq � Shptq � exp

�
�
» t

0

κdτ


"
pNhp0q � Shp0qq �

» t
0

ρpsqexpp
» s

0

κdσqds
*

� exp p�κtq
"
pNhp0q � Shp0qq �

» t
0

ρpsqexppκsqds
*

Since ρptq Ñ 0 as tÑ 8, we can find tM ¡ 0 such that ρptq ¤Me�κt for some constant

M and t ¡ tM . Hence

lim
tÑ8

expp�κtq
» t

0

ρpsqexppκsqds ¤ lim
tÑ8

expp�κtq
�» tM

0

ρpsqexppκsqds�
» t
tM

Mds




� lim
tÑ8

expp�κtq
�
r
» tM

0

ρpsqexppκtqds�MtM s �Mt




� lim
tÑ8

expp�κtqpM0 �Mtq � 0

letting the constant
³tM
0
ρpsqexppκsqds�MtM to be M0 and by L1Hôpital1s rule.

Thus lim
tÑ8

pNhptq � Shptqq � 0. That is Shptq Ñ Nhptq as tÑ 8. �

Let ν1 � γµvpT ptq,Rptqq
βhvβvhΓv

and ν2 � 1�r2h
2β2
vh�β

2
hv
.

Theorem 4.2.2. Suppose that
?
ν1   φpT ptqq   ?

ν2 for all t ¥ t0. Then the nonlinear
system (4.1) is uniformly persistent, that is, there exists c ¡ 0 (independent of initial
conditions), such that lim inftÑ8 Ih ¥ c and lim inftÑ8 Iv ¥ c.

proof: Suppose
?
ν1   φpT ptqq   ?

ν2 for all t ¥ t0.

Then
γµvpT ptq, Rptqq

βhvβvhΓv
  φ2pT ptqq

and

φ2pT ptqq   1 � r2
h

2β2
vh � β2

hv

,

which implies that
γµvpT ptq, Rptqq
βhvβvhφ2pT ptqqΓv   1
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and

1   1 � r2
h

p2β2
vh � β2

hvqφ2pT ptqq .

That is,
βhvβvhφ

2pT ptqqΓv
γµvpT ptq, Rptqq ¡ 1

and

r2
h � p2β2

vh � β2
hvqφ2pT ptqq   1.

Thus

R̃no ¡ 1

and

2β2
vhφ

2pT ptqq � r2
h   1.

Let us now evaluate (4.9) at the disease free solution E�
0 ptq and write it as JpE�

0 ptqq �
Aptq �Bptq, where

Aptq �

�
�����������

�µv 0 0 �b2 0

0 �µv 0 b2 0

0 0 �µh 0 σ

0 0 0 �γ 0

0 0 0 0 �pµh � σq

�
����������


and

Bptq �

�
�����������

0 0 0 0 0

0 0 0 0 0

0 �b3 0 0 0

0 b3 0 0 0

0 0 0 rh 0

�
����������


The norm of the matrix Bptq has the following relation.

}Bptq}2 ¤ 2b2
3 � r2

h

� 2β2
vhφ

2pT ptqq
�
Sh
Nh


2

� r2
h

¤ 2β2
vhφ

2pT ptqq � r2
h

� 2β2
vhφ

2pT ptqq � r2
h
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Thus under the assumption

2β2
vhφ

2pT ptqq � r2
h   1,

we have that }Bptq}   1 and we can find some real number r   1 such that }Bptq} ¤ r.

Then we get the estimation» t
t0

}Bpsq}ds ¤
» t
t0

rdt � rpt� t0q   rpt� t0q �M.

for any M ¡ 0.

Consider the system 9x � Aptqx.
dx1

dt
� � µvpT ptq, Rptqqx1 � b2x4,

dx2

dt
� � µvpT ptq, Rptqqx2 � b2x4,

dx3

dt
� � µhx3 � σx5,

dx4

dt
� � γx4,

dx5

dt
� � pµh � σqx5,

(4.20)

Then the Cauchy matrix solution of system (4.20) will be

K pt , t0 q �

�
�����������

g1 0 0 h14 0

0 g2 0 h24 0

0 0 g3 0 h35

0 0 0 g4 h45

0 0 0 0 g5

�
����������

, K pt0 , t0 q � I

Then

Kpt, t0q}2 ¤ g2
1 � g2

2 � g2
3 � g2

4 � g2
5 � h2

14 � h2
24 � h2

35 � 2tg1h14 � g2h24 � g3h35u.
Each term to the right side in the above inequality is either of the form g2

i , h
2
ij, or gihij

for i, j P t1, 2, 3, 4, 5u, where

g1ptq � g2ptq � e
�

³t
t0
µvpT pτq,Rpτqqdτ , g3ptq � e�µhpt�t0q, g4ptq � e�γpt�t0q,

g5ptq � e�pµh�σqpt�t0q, h14ptq � g1

³t
t0
�b2g4

1
g1
dτ, h24ptq � g2

³t
t0
b2g4

1
g2
dτ,

h35ptq � g3

³t
t0
σg5

1
g3
dτ.

We see that for each hij of the form hijptq � gi
³t
t0
qipτqgj 1

gi
dτ where qi is a bounded

function of time, using Lemma 2.3.1, we have

hijptq ¤ Qigi

» t
t0

gj
1

gi
dτ ¤Mie

�σipt�t0q,
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for some constants Mi ¡ 0 and σi ¡ 0 where Qi � sup
t¥t0

tqiptqu. We note also that such

h,ijs are bounded functions of time.

Also, for each hij of the form hijptq � gi
³t
t0
qipτqhkjpτqgj 1

gi
dτ where qi is a bounded

function of time, by similar argument as above, we have that

hijptq ¤ Lie
�ζipt�t0q,

for some constants Li and ζi.

We see that

}Kpt, t0q}2 ¤
Ņ

i�1

Mie
�αipt�t0q

for some natural number N. Let α � min tα1, α2, � � � , αNu and M �M1�M2�� � ��MN .

Then

}Kpt, t0q}2 ¤Me�αpt�t0q,

that is

}Kpt, t0q} ¤
?
Me�

α
2
pt�t0q.

This shows that the zero solution of (4.20) is exponentially stable.

By Theorem 4.1.1, the zero solution of the system 9x � Aptqx � Bptqx is also exponen-

tially stable. Hence by Theorem 4.1.2, the zero solution of the system 9x � Aptqx�Bptqx
is uniformly asymptotically stable.

Thus by Theorem 4.1.4, the nonlinear system (4.1) is uniformly persistent, that is,

there exists c ¡ 0 (independent of initial conditions), such that lim inftÑ8 Ih ¥ c and

lim inftÑ8 Iv ¥ c and hence the disease is endemic in the sense that the infected com-

ponents of the model are uniformly persistent. �

4.3 Numerical Simulations

In this section, we do some simulations similar to that of the periodic system. We use

the daily temperature and daily rainfall data obtained from the National Meteorological

Agency of Ethiopia from 1984-2012 for Asendabo region again. Here the temperature

raw data is fitted by the general function

T ptq � 19.456�0.0006t�1.2667 cosp0.524t�4.3347q�0.637 cosp2�0.524t�0.7051q (4.21)

the graph of which is drawn in Figure 4.1. We take the rainfall periodic function fit

(3.30), again to study the non-periodic system as the raw rainfall data seems very much

periodic. The initial data of the host and vector populations are taken to be

pSvp0q, Ivp0q, Shp0q, Ihp0q, Rhp0qq � p10000, 9, 20000, 190, 5q,
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the same value used in Section 3.4.

The model disease incidence is plotted in Figure 4.2c against time in months from the

year 1984-2012 to compare it with the actual malaria incidence (cases) (Figure 4.2d)

which is plotted against time in months too.
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Figure 4.1. Non-periodic temperature curve fitted to the actual temperature data.
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(a) A plot showing prevalence.
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(b) A plot showing proportions of human popula-
tion.
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(c) A plot showing the model disease incidence.
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(d) A plot showing the actual malaria confirmed
cases in the Asendabo region, collected in the years
2000-2012.

In the non-periodic case, the simulation results of the prevalence, the host population
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distribution and the model incidence have not shown an observable change in their be-

havior. This is due to the small additional non-periodic term 0.0006t in the temperature

data fit (4.21) and the periodic rainfall data fit (3.30)used in the non-periodic system

again besides the possible data collection and estimation errors.

Table 4.1. Parameter values used in all the simulations.

Parameter Estimated value Reference

Λh 0.415244 day�1 [13]

σ 0.00137 day�1 [39]

µh 0.0000388 day�1 [13]

µd 0.00047 day�1 [82]

βvh 0.24 day�1 [60]

βhv 0.022 day�1 [60]

rh 0.0028 day�1 [60]

Remark: Note here that there were no control interventions assumed to have been

implemented in both periodic and non-periodic environments in the given period of time,

and the model produces the dynamics of the disease if no intervention were employed.



Chapter 5

Optimal control strategies and
cost-effectiveness analysis of the
malaria model

5.1 Introduction

Malaria is a vector-borne disease that is prevalent over 100 countries worldwide with

the highest incidence and mortality rates reported in sub-Saharan Africa. The World

Health Organization (WHO) estimates that 660,000-971,000 people die every year from

malaria and approximately 90% of the deaths occur in children under five years of

age [83]. Several interventions have been used to reduce malaria transmission using

insecticide-treated nets (ITNs), indoor residual spraying (IRS), intermittent preventive

treatment in pregnant women and infants, larval control, and other vector control in-

terventions. ITNs are bed-nets treated with pyrethroid, an insecticide that kills and

repels mosquitoes, provides a barrier around people sleeping under them. Rural and

poor populations are more often exposed to affected by malaria, ITNs have proven to

be one of the most effective interventions in reducing morbidity and mortality due to

their low cost and ease in implementation [12].

Malaria therefore incurs significant economic costs for endemic regions by incurring

direct financial costs to the health system and costs associated with the reduced pro-

ductivity of infected individuals and also caring the sick people is another burden of the

disease on the society. Resources for malaria control are costly and limited.

The goal of this chapter is to incorporate time dependent control functions, in our model

(2.4) and use the extended model to determine cost-effective strategies for best combat-

ing the spread of the malaria disease in a given population. In order to do this three

control functions are used, one for vector-reduction strategies and other two for personal

(human) protection and treatment, to reduce the exposed, infectious humans and the

56
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total number of mosquitoes. Finally, we characterize the optimal control strategies and

compute numerical solutions for the optimality system using an iterative method.

5.2 Formulation of the control model

We introduce into the model (4.1), time-dependent control efforts, namely, spray of insec-

ticides u2, Insecticide-Treated-Bed-Nets (ITBNs) b and treatment of infected individuals

u3 and derive optimal prevention and treatment strategies with minimal implementa-

tion cost. The control functions, b, u2 and u3, represent time dependent proportions of

efforts for prevention and treatment, respectively and practiced on a time interval r0, Tcs.

The mosquitoes use favorable climatic conditions to flourish, particularly during hot and

wet seasons. These effects are less visible during cold seasons. Therefore, we can use a

time-dependent mosquito control, preferably applied in seasons favorable for mosquito

outbreak.

According to [26], since ITBNs are treated with insecticide they can kill mosquitoes be-

sides reducing the human-mosquito contact rate (or the biting rate). Due to insecticide

treatment of bed-nets, female mosquitoes questing for blood meal could die when they

become in contact with a treated bed-net. Therefore, we have the death rate of the

mosquitoes as µvpbptqq � µvpT,Rq � µmaxbptq , 0 ¤ bptq ¤ bo, taken as a linear function

of bptq where µvpT,Rq is the natural death rate, µmaxbptq is the death rate due to pes-

ticide on treated bed-nets and bo   1 is the maximum attainable range of using ITBN

as mosquitoes can bite people having ITBN before they go to bed. On the other hand,

susceptible mosquitoes move to the infected class by acquiring malaria through contacts

with infected humans at a rate p1 � bptqqβhvφpT ptqq IhNh , where βhv is the probability for

a vector to get infected by an infectious human.

The insecticides that are used for treating bed nets are lethal to the mosquitoes and

other insects and also repels the mosquitoes, thus, reducing the number that attempt

to feed on people in the sleeping areas with the nets. However, the mosquitoes can still

feed on humans outside this protective areas, and so we have to include the spraying of

insecticide. Consequently, we introduce u2ptq which is the control function representing

spray of insecticide aimed at reducing the mosquitoes and 0 ¤ u2ptq ¤ a2 where a2

represents the maximum attainable rate due to cost and insecticide efficacy at reducing

the mosquitoes population.

Susceptible host individuals move to the infected class by acquiring malaria through

contact with infectious mosquitoes at a rate p1 � bptqqβvhφpT ptqq IvNh , where βvh is the

transmission probability per bite.

Infectious individuals are assumed to recover at a rate prh � τu3ptqq , where rh is the
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rate of spontaneous recovery, u3ptq is the control on the rate/proportion of recruiting

infected individuals for treatment and τ P r0, 1s is the efficacy of treatment. Infectious

individuals who don’t recover die at a rate pµh � µdq.

Putting the above formulations and assumptions together in to (4.1) gives the following

vector-host model:

dSv
dt

� ΛvpT ptq, Rptqq � p1 � bptqqβhvφpT ptqq Ih
Nh

Sv � u2ptqSv � µvpbptqqSv,
dIv
dt

� p1 � bptqqβhvφpT ptqq Ih
Nh

Sv � u2ptqIv � µvpbptqqIv,
dSh
dt

� Λh � p1 � bptqqβvhφpT ptqq Iv
Nh

Sh � σRh � µhSh,

dIh
dt

� p1 � bptqqβvhφpT ptqq Iv
Nh

Sh � prh � τu3ptqqIh � pµh � µdqIh,
dRh

dt
� prh � τu3ptqqIh � pµh � σqRh,

(5.1)

where µvpbptqq � µvpT ptq, Rptqq � µmaxbptq.

5.3 Mathematical analysis of the controlled system

5.3.1 Disease Free Solution

In order to deduce the threshold condition for epidemic we use similar argument as in

Section 4.2 and we replace the non-autonomous system (5.1) by an autonomous one, by

regarding the time on the right side of the system (5.1) as a parameter and then carry

out a local stability analysis.

Consider the second and the fifth equations of (5.1):

dIh
dt

� p1 � bptqqβvhφpT ptqq Iv
Nh

Sh � pγ � τu3ptqqIh

¤p1 � bptqqβvhφpT ptqqIv � pγ � τu3ptqqIh,
dIv
dt

� p1 � bptqqβhvφpT ptqq Sv
Nh

Ih � pu2ptq � µvpbptqqqIv

¤p1 � bptqqβhvφpT ptqqNv

Nh

Ih � pu2ptq � µvpbptqqqIv

¤p1 � bptqqβhvφpT ptqqkvIh � pu2ptq � µvpbptqqqIv,

(5.2)

where γ � µh � rh � µd and kv � Nvp0q �
sup
t¡0

tΛvpT ptq,Rptqqu

inf
t¡0

tu2ptq�µvpT ptq,Rptqqu
.

we analyze the stability of the disease-free solution Iv � Ih � 0, that is, the solution

representing the absence of the infection.
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Linearizing the system around a small amount of disease iH and iV [15], we get

diH
dt

� � pγ � τu3ptqqiH � p1 � bptqqβvhφpT ptqqiV ,
diV
dt

� p1 � bptqqβhvφpT ptqqkviH � pu2ptq � µvpbptqqqiV ,
(5.3)

We then examine the stability of the disease-free solution of system (5.3), that is, iH � 0

and iV � 0 as if the system were autonomous [15]. For this we assume the solutions:

iH �c1exppλcsq,
iV �c2exppλcsq

(5.4)

and replace (5.4) into equation (5.3). The characteristic equation associated to system

(5.3) is then obtained:

������
�pλc � γ � τu3ptqq p1 � bptqqβvhφpT ptqq

p1 � bptqqβhvφpT ptqqkv �pλc � u2ptq � µvpbptqqq

������ � 0 (5.5)

that is,

λcptq � �1

2
pγ � τu3ptq � u2ptq � µvpbptqqq � 1

2

a
pγ � τu3ptq � u2ptq � µvpbptqqq2 � 4ĉ

where ĉ � pγ � τu3ptqqpu2ptq � µvpbptqqq � p1 � bptqq2βhvβvhφ2pT ptqqkv.

If all the roots of equation (5.5) have negative real parts, then the equilibrium without

disease is stable, that is, the origin is an attractor. We see that the first root that crosses

the imaginary axis do so through the real axis and this happens when ĉ   0, that is

when

R̃coptq :� p1 � bptqq2βhvβvhφ2pT ptqqkv
pγ � τu3ptqqpu2ptq � µvpbptqqq ¡ 1.

Therefore, we can find the time t at which the stability of the trivial solution of system

(5.3), that is, iH � 0 and iV � 0 becomes unstable. The time t at which the trivial so-

lution (no-disease) of the autonomous system becomes unstable (R̃co ¡ 1) corresponds

approximately to the moment at which the epidemic takes off, that is, when the epidemic

in system (5.1) begins to increase as a result of the introduction of a small amount of

disease at time t � 0.

The stability analysis of the model (5.1) is similar to the analysis done in Section 4.2.

We then investigate an optimal control strategy.
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5.4 The impact of the control measures on the thresh-

old function

The threshold function R̃coptq is dependent on the time dependent control variables b, u2

and u3. These control measures have their own impact on the disease dynamics and this

is mainly manifested while influencing R̃coptq. To see the impact of the control measures

b, u2 and u3 on R̃coptq, we differentiate R̃coptq with respect to these control variables.

BR̃co

Bb � B
Bb
� p1 � bptqq2βhvβvhφ2pT ptqqkv
pγ � τu3ptqqpu2ptq � µvpT ptq, Rptqq � µmaxbptqq




�
�
βhvβvhφ

2pT ptqqkv
pγ � τu3ptqq


 B
Bb
� p1 � bptqq2
u2ptq � µvpT ptq, Rptqq � µmaxbptq




�� p1 � bptqq
�
βhvβvhφ

2pT ptqqkv
pγ � τu3ptqq


�
2u2ptq � 2µvpT ptq, Rptqq � µmaxp1 � bptqq

pu2ptq � µvpbptqqq2



�� Υ

�
2u2ptq � 2µvpT ptq, Rptqq � µmaxp1 � bptqq

u2ptq � µvpbptqq


,

BR̃co

Bu2

� B
Bu2

� p1 � bptqq2βhvβvhφ2pT ptqqkv
pγ � τu3ptqqpu2ptq � µvpbptqqq




�
� p1 � bptqq2βhvβvhφ2pT ptqqkv
pγ � τu3ptqqpu2ptq � µvpbptqqq


 B
Bu2

�
1

u2ptq � µvpbptqq



��
�p1 � bptqq2βhvβvhφ2pT ptqqkv

pγ � τu3ptqq

�

1

u2ptq � µvpbptqq

2

�� Υ

�
1 � b

u2ptq � µvpbptqq



and
BR̃co

Bu3

� B
Bu3

� p1 � bptqq2βhvβvhφ2pT ptqqkv
pγ � τu3ptqqpu2ptq � µvpbptqqq




�
�p1 � bptqq2βhvβvhφ2pT ptqqkv

pu2ptq � µvpbptqqq

 B
Bu3

�
1

γ � τu3ptq



��
�p1 � bptqq2βhvβvhφ2pT ptqqkv

pu2ptq � µvpbptqqq

�

τ

pγ � τu3ptqq2



�� Υ

�
τp1 � bq

pγ � τu3ptqq



where

Υ �
� p1 � bptqqβhvβvhφ2pT ptqqkv
pu2ptq � µvpbptqqqpγ � τu3ptqq



We see that

BR̃co

Bu2

  0 for all t ¥ 0,
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BR̃co

Bb   0 for all t ¥ 0 and 0 ¤ bptq   1

and
BR̃co

Bu3

  0 for all t ¥ 0.

This shows that the control variables have an impact to decrease R̃coptq with time.

5.5 Optimal Control Analysis

We make an analysis based on the analysis done in [4]. We consider an optimal control

problem with the objective function given by

Jpb, u2, u3q �
» tf

0

prm� c3u3sIh � 1

2
cbNh � c2u

2
2qdt (5.6)

where tf is the final time and the coefficients m, c, c2, c3 are positive weights to balance

the factors.

The objective of our work is to minimize the infectious human population, the total

number of vector population and the cost of implementing the control by using possible

minimal control variables bptq, u2ptq and u3ptq.

The objective functional includes the cost due to the number of infectious people and

the cost of implementing the control measures that include quadratic costs related to the

resources needed for, spraying of insecticides operations c2u
2
2. The weighting pm� c3u3q

represents the cost per unit time of an infection burden Ih and the total costs c3u3Ih
and mIh, respectively, correspond to factors such as the cost of treatment and the loss

of productivity in the workplace caused by illness.

To use Insecticide-Treated-Bed-Nets, every individual buys one with unit price c. But

one ITBN can be shared among people. We assume in our study that two individuals

share one ITBN. The total cost will then be 1
2
cbNh.

In effect we minimize the total number of infected humans Ihptq, while minimizing the

cost of controls bptq, u2ptq, u3ptq. Thus, we seek an optimal control b�, u�2 , u
�
3 such that

Jpb�, u�2 , u�3q � min
b,u2,u3

tJpb, u2, u3q|b, u2, u3 P Uu (5.7)

subject to the system equations in 5.1, where the control set is given by

U � tpb, u2, u3q|u : r0, tf s Ñ r0, 1s, u P tb, u2, u3u is Lebesgue measurableu .

The necessary conditions that an optimal control must satisfy come from the Pontryagins

Maximum Principle [69]. This principle converts (5.1) and (5.6) into a problem of



62

minimizing pointwise a Hamiltonian H, with respect to pb, u2, u3q

H �pm� c3u3ptqqIh � cbptqNh � c2u2ptq2

�λSv
"

ΛvpT ptq, Rptqq � p1 � bptqqβhvφpT ptqq Ih
Nh

Sv � u2ptqSv � µvpbptqqSv
*

�λIv
"
p1 � bptqqβhvφpT ptqq Ih

Nh

Sv � u2ptqIv � µvpbptqqIv
*

�λSh
"

Λh � p1 � bptqqβvhφpT ptqq Iv
Nh

Sh � σRh � µhSh

*

�λIh
"
p1 � bptqqβvhφpT ptqq Iv

Nh

Sh � prh � τu3ptqqIh � pµh � µdqIh
*

�λRh tprh � τu3ptqqIh � pµh � σqRhu

(5.8)

where the λSv , λIv , λSh , λIh and λRh are the adjoint variables or co-state variables. [[25],

Corollary 4.1] gives the existence of optimal control due to the convexity of the integrand

of J with respect to b, u2 and u3 a priori boundedness of the state solutions, and the

Lipschitz property of the state system with respect to the state variables. Applying

Pontryagins Maximum Principle [69] and the existence result for the optimal control

from [25], we obtain the following theorem.

Theorem 5.5.1. Given an optimal control b�, u�2 , u
�
3 and solutions S�v , I

�
v , S

�
h , I

�
h , R

�
h of

the corresponding state system (5.1) that minimizes Jpb, u2, u3q over U . Then there exist
adjoint functions λSv , λIv , λSh , λIh , λRh satisfying

�dλSv
dt

�p1 � bptqqβhvφpT ptqq
�
Ih
Nh



pλIv � λSvq � pu2ptq � µvpbptqqqλSv

�dλIv
dt

�� pu2ptq � µvpbptqqqλIv � p1 � bptqqβvhφpT ptqq
�
Sh
Nh



pλSh � λIhq

�dλSh
dt

�cbptq � p1 � bptqqβhvφpT ptqqIhSv
�

1

N2
h



pλSv � λIvq

�p1 � bptqqβvhφpT ptqqIv
�
Nh � Sh
N2
h



pλIh � λShq � µhλSh

�dλIh
dt

�m� c3u3ptq � cbptq � p1 � bptqqβhvφpT ptqqSv
�
Nh � Ih
N2
h



pλIv � λSvq

�p1 � bptqqβvhφpT ptqqIvSh
�

1

N2
h



pλSh � λIhq

�pprh � τu3ptqq � pµh � µdqqλIh � prh � τu3ptqqλRh

(5.9)

�dλRh
dt

�cbptq � p1 � bptqqβhvφpT ptqqIhSv
�

1

N2
h



pλSv � λIvq

�p1 � bptqqβvhφpT ptqqIvSh
�

1

N2
h



pλSh � λIhq � σλSh � pµh � σqλRh
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with transversality conditions

λSvptf q � λIvptf q � λShptf q � λIhptf q � λRhptf q � 0 (5.10)

and the control u�2 satisfies the optimality condition

u�2 � max

"
0,min

�
1,
λSvS

�
v � λIvI

�
v

2c2


*
. (5.11)

For the linear controls b and u3, the solutions are bang-bang and b� and u�3 satisfy the
optimality condition

b� �

$'&
'%
bo if b1 ¡ 0

bsingular if b1 � 0

0 if b1   0

u�3 �

$'&
'%

1 if u31 ¡ 0

u3sinular if u31 � 0

0 if u31   0

(5.12)

with switching functions for b�

b1 �cN�
h � pλSv � λIvqβhvφpT ptqq

I�h
N�
h

S�v � µmaxpλSvS�v � λIvI
�
v q

�pλSh � λIhqβvhφpT ptqq
I�v
N�
h

S�h ,

and for u�3
u31 � c3I

�
h � τλIhI

�
h � τλRhI

�
h .

proof: The differential equations governing the adjoint variables are obtained by dif-

ferentiation of the Hamiltonian function, evaluated at the optimal control. Then the

adjoint system can be written as

�dλSv
dt

� BH
BSv �p1 � bptqqβhvφpT ptqq

�
Ih
Nh



pλIv � λSvq � pu2ptq � µvpbptqqqλSv

�dλIv
dt

� BH
BIv �� pu2ptq � µvpbptqqqλIv � p1 � bptqqβvhφpT ptqq

�
Sh
Nh



pλSh � λIhq

�dλSh
dt

� BH
BSh �cbptq � p1 � bptqqβhvφpT ptqqIhSv

�
1

N2
h



pλSv � λIvq

�p1 � bptqqβvhφpT ptqqIv
�
Nh � Sh
N2
h



pλIh � λShq � µhλSh
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�dλIh
dt

� BH
BIh �m� c3u3ptq � cbptq � p1 � bptqqβhvφpT ptqqSv

�
Nh � Ih
N2
h



pλIv � λSvq

�p1 � bptqqβvhφpT ptqqIvSh
�

1

N2
h



pλSh � λIhq

�pprh � τu3ptqq � pµh � µdqqλIh � prh � τu3ptqqλRh
�dλRh

dt
� BH
BRh

�cbptq � p1 � bptqqβhvφpT ptqqIhSv
�

1

N2
h



pλSv � λIvq

�p1 � bptqqβvhφpT ptqqIvSh
�

1

N2
h



pλSh � λIhq � σλSh � pµh � σqλRh

with transversality conditions (5.10).

On the interior of the control set, where 0   u2   1, we have

0 � BH
Bu2

� 2c2u
�
2 � λSvS

�
v � λIvI

�
v (5.13)

Hence, we obtain (see [43])

u�2 �
λSvS

�
v � λIvI

�
v

2c2

Thus we have

u�2 � max

"
0,min

�
1,
λSvS

�
v � λIvI

�
v

2c2


*
.

Next we discuss the numerical solutions of the optimality system and the corresponding

optimal control pairs, the parameter choices, and the interpretations from various cases.

�

5.6 Numerical Results

In this section, we study numerically the solution for the optimal control model (5.7).

The optimal control is obtained by solving the optimality system, consisting of five ODEs

from the state and five others from the adjoint equations. An iterative scheme is used

for solving the optimality system. We start to solve the state equations with a guess for

the controls over the simulated time using fourth order Runge-Kutta scheme. Because

of the transversality conditions (5.10), the adjoint equations are solved by a backward

fourth order Runge-Kutta scheme using the current iterations solutions of the state

equation. Then the controls are updated by using a convex combination of the previous

controls and the value from the characterizations (5.11). This process is repeated and

iterations are stopped if the values of the unknowns at the previous iterations are very

close to the ones at the present iterations as outlined in [43].

We explore the malaria model with preventive and treatment as control measures to
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study the effects of control practices and the transmission of malaria. Using various

combinations of the three controls, one control at a time, two controls at a time and all

controls at the same time, we investigate and compare numerical results from simulations

with the following scenarios:

i. using the control on the use of Insecticide-Treated-Bed-Nets (ITBNs) alone for

personal protection pbq without insecticide spraying pu2q and treatment of the

symptomatic humans pu3q.

ii. using the control on the use of Insecticide-Treated-Bed-Nets (ITBNs) for personal

protection pbq and insecticide spraying pu2q, without treatment of the symptomatic

humans pu3q.

iii. using the control on the use of Insecticide-Treated-Bed-Nets (ITBNs) for personal

protection pbq and treatment of the symptomatic humans pu3q, without insecticide

spraying pu2q.

iv. using the control on the use of insecticide spraying pu2q and treatment of the symp-

tomatic humans pu3q without Insecticide-Treated-Bed-Nets (ITBNs) for personal

protection pbq.

v. using all three control measures pb, u2, u3q.

For the numerical simulation, we used the following weight factors, c � 1.25, m � 32,

c2 � 300, c3 � 3 and the efficacy of treatment τ � 0.6 which is 60%, with µmax � 0.0951.

The assumption that the weight factor associated with control b is multiplied by half

pc � 0.5 � 2.5q is based on the facts that one bed net can be shared with at least

two people. The initial state variables used are Svp0q � 800000, Ivp0q � 700, Shp0q �
5376, Ihp0q � 24, Rhp0q � 3 and parameter values are Λh � 0.415244, σ � 0.00137, µh �
0.000024, µd � 0.00047, βvh � 0.24, βhv � 0.022, rh � 0.0028, to illustrate the effect of

different optimal control strategies on the spread of malaria in a population.

5.6.1 Insecticide-Treated-Bed-Net control

In this scenario, we activate only control on personal protection pbq, while the controls on

insecticide spraying pu2q and treatment of the symptomatic humans pu3q are set to zero.

The profile of the optimal control pbq could be seen in Figure 5.1. Using the optimal

control pbq, the result shows a decrease in the prevalence of the disease with optimal

strategy than without control. Specifically, we observed that the control strategy reduces

the prevalence but still leads to an increase in the prevalence as against an increase in

the uncontrolled case.



66

0 50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Time(in months)

 C
on

tr
ol

 b

 

 

b

0 50 100 150 200 250 300
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time(in months)

P
re

va
le

nc
e

 

 

Control b
No Control

Figure 5.1. Plots showing the effect of the control on personal protection pbq only
on the prevalence while the control with insecticide spraying pu2q and treatment of the
symptomatic humans pu3q are set to zero.

5.6.2 Insecticide-Treated-Bed-Net and Insecticide Spraying con-
trols

When the controls with Insecticide-Treated-Bed-Nets (ITBNs) for personal protection

pbq and insecticide spraying pu2q only are both activated setting the other controls to

zero, a significant reduction in the prevalence than the effect of applying control pbq
alone is achieved even though the result shows a slow increase in the prevalence of the

disease. The profile of optimal controls pbq and pu2q can be seen in Figure 5.2.
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Figure 5.2. Plots showing the effect of the controls with Insecticide-Treated-Bed-Nets
(ITBNs) for personal protection pbq and insecticide spraying pu2q on the prevalence while
the control with treatment of the symptomatic humans pu3q is set to zero.
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5.6.3 Insecticide-Treated-Bed-Net and Treatment controls

Again when the controls with Insecticide-Treated-Bed-Nets (ITBNs) for personal pro-

tection pbq and treatment of the symptomatic humans pu3q are both applied setting the

other control to zero, the controls profile in Figure 5.3 shows a better reduction in the

prevalence than the effect of applying control pbq alone. Moreover, the reduction result

shows a decrease in the prevalence as compared to the previous controls, Figures 5.1-5.2.
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Figure 5.3. Plots showing the effect of the controls with Insecticide-Treated-Bed-Nets
(ITBNs) for personal protection pbq and treatment of the symptomatic humans pu3q on
the prevalence while the control with insecticide spraying pu2q is set to zero.

5.6.4 Insecticide Spraying and Treatment controls

The controls with insecticide spraying pu2q and treatment of the symptomatic humans

pu3q are also activated by setting the other control to zero as before. In this scenario,

the controls show a small reduction in the prevalence and their profile in Figure 5.4

shows a slow decrease in the disease prevalence.
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Figure 5.4. Plots showing the effect of the controls with insecticide spraying pu2q
and treatment of the symptomatic humans pu3q on the prevalence while the control with
Insecticide-Treated-Bed-Nets (ITBNs) for personal protection pbq is set to zero.

5.6.5 All controls

Lastly, the controls with Insecticide-Treated-Bed-Nets (ITBNs) for personal protection

pbq, insecticide spraying pu2q and treatment of the symptomatic humans pu3q are all ac-

tivated together to optimize the objective function and their profile in Figure 5.5 show

very significant decrease in the disease prevalence. In Figures 5.1-5.4, the results show
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Figure 5.5. Plots showing the effect of the controls with Insecticide-Treated-Bed-Nets
(ITBNs) for personal protection pbq, insecticide spraying pu2q and treatment of the symp-
tomatic humans pu3q on the prevalence.

significant difference in the prevalence with optimal control strategy compared to preva-

lence without control. We observed that the control strategies resulted in a decrease in

the prevalence as against an increase in the uncontrolled case.

The decrease is significantly very high when all the controls are applied together. From
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Figure 5.5, we see that to achieve such a decrease in the prevalence of the disease in 344

months, Insecticide-Treated-Bed-Nets (ITBNs) for personal protection should be used

intensively for almost 323 months and halted afterwards, insecticide spraying should

be used intensively for almost 252 months but smoothly reduced afterwards, while the

treatment of the symptomatic humans should be used intensively for almost 317 months

and halted afterwards.



Chapter 6

Discussions and Conclusion

6.1 Discussions

In this study the climatic impacts on malaria prevalence in the periodic and non-periodic

environments is analyzed. The climate variables which are mainly responsible for the

malaria disease transmission in a population, namely, temperature and rainfall are given

emphasis in this study. We used a mathematical model that describes the impact of

climate variation on the malaria dynamics. To study this relation, a deterministic

non-autonomous model is designed by incorporating the effect of both temperature

and rainfall to the dispersion rate of adult mosquitoes, the mosquito biting rate and

mortality rate of adult mosquitoes and this is used to assess the impact of the variability

in temperature and rainfall on the transmission dynamics of malaria in a population.

We analyzed our malaria disease transmission model with periodic coefficients using the

analysis given in [81] and incorporating the periodic variation of seasonal variables due

to climate variation. It has been shown that the disease-free solution of the model is

globally asymptotically stable when the basic reproduction ratio is less than unity and

the disease is uniformly persistent when the basic reproduction ratio is greater than

unity.

To validate the model results in the real situation, we have used the annual number of

microscopically confirmed cases of malaria in Ethiopia during the years 2000-2012 and

the corresponding climate(temperature and rainfall) data from the National Meteoro-

logical Agency of Ethiopia. The temperature and rainfall data are fitted by periodic

function curves and the model parameters are expressed as a function of these time

dependent climate variables to study their impact on the malaria disease transmission

dynamics. Finally the model has been validated using the epidemiological data collected

from western region of Ethiopia, by considering the trends for monthly microscopically

confirmed cases of malaria during the years 2000-2012 and the climate variation in the

region.

The major finding of this study is the analysis of the model with non-periodic coefficients
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incorporating non-periodic climate variables. The temperature data is fitted by a non-

periodic function curve and expressed the model parameters as a function of these time

dependent climate variables to study their impact on the malaria disease transmission

dynamics on a long term basis. It has been shown also that the disease-free solution of

the model is globally asymptotically stable when the threshold function is less than unity

and the disease is uniformly persistent when the threshold function is greater than unity

with some additional condition. The monthly microscopically confirmed cases and the

corresponding climate(temperature and rainfall) data from the National Meteorological

Agency of Ethiopia used in the periodic case have been used to validate the model results

of the non-periodic case also.

In the non-periodic environment a time dependent optimal control strategy is introduced

into the model (4.1) with three time dependent control variables, namely, spray of

insecticides, bed net distribution and treatment of infected individuals and assess their

impact on curtailing the spread of malaria. We applied and performed an optimal

control analysis of the model (4.1) in the non-periodic environment. Applying optimal

control, we could derive and analyze the conditions for optimal control of the disease

with effective treatment regime and preventive measures. We tried to find an optimal

and cost effective intervention mechanism that can have a strong impact on the disease

control.

6.2 Conclusions

We derived and analyzed a deterministic non-autonomous model for the transmission of

malaria disease in a periodic and non-periodic environments. We calculated the basic

reproduction ratio and the threshold function respectively and investigated the exis-

tence and stability of the disease-free solutions in both environments. The dynamics

of mosquito populations are driven by climatic factors, rainfall and temperature. The

impact of these climatic variables, temperature and rainfall, in both environments is

investigated and the corresponding model parameters are shown to be influenced by

these climate variables. The model results have been validated using epidemiological

data obtained from a western region of Ethiopia, by considering the trends for monthly

microscopically confirmed cases of malaria during the years 2000-2012 and the corre-

sponding climate variation in the region. In both environments, it has been shown that

the model incidence result increases slowly until it reaches a point where it tends to

stop rising in the absence of implementation of any kind of control measures and the

actual incidence is a result of some control interventions implemented in the country

in these years. This shows that the climate variables have significant impact on the

disease dynamics and proper implementation of control measures is required to achieve

a significant reduction of the malaria disease dynamics.

In addition to providing protection to individuals against the bites of infected mosquitoes
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and treating infected individuals, vector control interventions can also have a substan-

tial effect on mosquito population dynamics. Large reductions in mosquito numbers

are frequently seen following the introduction of insecticide-treated bed nets or indoor

residual spraying. Even greater reductions in mosquito numbers are possible by select-

ing combinations of interventions. Our investigation shows that the best malaria disease

significant reduction is attained when all the controls are applied together.

When our model is reduced to its autonomous version, the fact that the model exhibit a

backward bifurcation is well known in many of the literatures and our model also reduces

to the same phenomena. However, when some of the parameters themselves are made

to be time dependent, no such phenomenon (like backward bifurcation) is established

yet. In the contrary it has been asserted that the DFS is globally asymptotically stable

when the basic reproduction number R̄0 is less than unity.



Bibliography

[1] Abdelrazec, A., Gummel, A.B., 2016. Mathematical assessment of the role of tem-

perature and rainfall on mosquito population dynamics. Springer-Verlag Berlin Hei-

delberg. J. Math. Biol. DOI 10.1007/s00285-016-1054-9

[2] Abebe, A., Abebel, G., Tsegaye, W., Golassa, L., 2011. Climatic variables and

malaria transmission dynamics in Jimma town. South West Ethiopia, Parasites

Vectors 4(30), 1-11

[3] AGUSTO F. B., GUMEL A. B., PARHAM P. E., 2015. QUALITATIVE AS-

SESSMENT OF THE ROLE OF TEMPERATURE VARIATIONS ON MALARIA

TRANSMISSION DYNAMICS. Journal of Biological Systems, Vol. 23, No. 4 134.

World Scientific Publishing Company DOI: 10.1142/S0218339015500308

[4] Agusto, F.B., Marcus, N., and Okosun, K.O., 2012. Application of optimal con-

trol to the epidemiology of malaria. Electronic Journal of Differential Equations,

2012(81), 1-22.

[5] Aklesso, E.M., Mark M., Bruce, A. McCarl, and Ximing, W., 2011. Climate Change

and Vector-borne Diseases: An Economic Impact Analysis of Malaria in Africa

Int. J. Environ. Res. Public Health 2011, 8, 913-930; doi:10.3390/ijerph8030913

http://www.mdpi.com/journal/ijerph

[6] Alonso, D., Bouma, M.J., Pascual, M., 2010. Epidemic malaria and warmer tem-

peratures in recent decades in an East African highland. Proc. R. Soc. B.

[7] ARAH, S., ANDOLPH, E. R., 2009. Perspectives on climate change impacts on

infectious diseases.Ecology, 90(4), 2009, pp. 927-931.

[8] Beck-Johnson, L.M., Nelson, W.A., Paaijmans, K.P., Read A.F., Thomas, M.B.,

et al., 2013. The Effect of Temperature on Anopheles Mosquito Population Dy-

namics and the Potential for Malaria Transmission. PLoS ONE 8(11): e79276.

doi:10.1371/journal.pone.0079276

[9] Becker, N., Petric, D., Zgomba, M., Boasse, C., Dahl, C., Lane, J. and Kaiser,

A., 2003. Mosquitoes and their Control. 498 pp. New York, USA, Kluwer Aca-

demic/Plenum Publishers.

73



74

[10] Blanford, J.I. et al., 2013. Implications of temperature variation for malaria parasite

development across Africa. Sci. Rep. 3, 1300; DOI:10.1038/srep01300.

[11] Brown, V., Abdir Issak, M., Rossi, M., Barboza, P., and Paugam, A., 1998. Epi-

demic of malaria in north-eastern Kenya. Lancet 352(9137): 1356-7.

[12] Calistus N.N., Sara Y. D., Ruijun Z., Jemal M.A., 2014. Quantifying the impact of

decay in bed-net efficacy on malaria transmission. Journal of Theoretical Biology

363, 247261.

[13] Carla Bielli, Gezu Berhanu, Amare Isaias, Arianna Orasi., 2001. POPULATION

GROWTH AND ENVIRONMENT IN ETHIOPIA; Addis Ababa, Roma, October.

[14] Clements, A.N., 1999. The Biology of Mosquitoes: Sensory Reception and Be-

haviour. vol. 2. 740 pp. London, UK, Chapman and Hall.

[15] Coutinho, F.A.B., Burattini, M.N., Lopez, L.F. and Massad, E., 2008. An approx-

imate threshold condition for non-autonomous system: an application to a vector-

borne infection. University of São Paulo, Brasil and London University, U.K.

[16] Cox, J., Craig, M.H., Le Sueur, D. and Sharp, B., 1999. Mapping Malaria Risk in

the Highlands of Africa. Mapping Malaria Risk in Africa/Highland Malaria Project

(MARA/HIMAL) Technical Report, MARA/Durban, London School of Hygiene

and Tropical Medicine, London.

[17] Craig, M.H., Snow, R.W., le Sueur, D., 1999. A climate-based distribution model

of malaria transmission in sub-Saharan Africa. Parasitol. Today 15, 105-111.

[18] Diekmann, O., Heesterbeek, J.A.P., Metz, J.A.J., 1990. On the definition and the

computation of the basic reproduction ratio R0 in the models for infectious disease

in heterogeneous populations.J.Math.Biol.28,365-382.

[19] Dobson, A. and Carper, R., 1993. Biodiversity. Lancet, 342:1096-1099.

[20] Elizabeth Ivanovich., 2014. The connection between climate change and malaria.

Submitted on September 22, 2014. http://www.nothingbutnets.net/blogs/the-

connection-between-climate-change-and-malaria.html

[21] Epstein, P.R., 2001. Climate Change and Emerging Infectious Diseases. Microbes

ans Infection, 3:747-754.

[22] Esther Achieng Onyango, Oz Sahin, Alex Awiti, Cordia Chu and Brendan Mackey.,

2016. An integrated risk and vulnerability assessment framework for climate change

and malaria transmission in East Africa. Onyango et al. Malar J 15:551. DOI

10.1186/s12936-016-1600-3.



75

[23] Ethiopia National Malaria Indicator Survey 2015. Ethiopian Public Health Insti-

tute, Addis Ababa, Ethiopia.July 2016.

[24] Fatmawati., Hengki Tasman., 2013. A Malaria Model with Controls

on Mass Treatment and Insecticide. Applied Mathematical Sciences,

Vol. 7, 2013, no. 68, 3379 - 3391, HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ams.2013.33180

[25] Fleming, W. H., Rishel, R.W., 1975. Deterministic and Stochastic Optimal Control.

Springer Verlag, New York.

[26] Folashade B. Agusto, Sara Y. Del Valle, Kbenesh W. Blayneh, Calistus N. Ngong-

hala, Maria J. Goncalves, Nianpeng Li, Ruijun Zhao, and Hongfei Gong., 2013.

The impact of bed-net use on malaria prevalence. J Theor Biol . 2013 March 7;

320: 58-65. doi:10.1016/j.jtbi.2012.12.007.

[27] Garske, T., Ferguson, NM., Ghani, AC., 2013. Estimating Air Temperature and

Its Influence on Malaria Transmission across Africa. PLoS ONE 8(2): e56487.

doi:10.1371/journal.pone.0056487

[28] Githeko, A.; Lindsay, S.; Confalonieri, U.; Partz, J. Climate change and vector

borne diseases: A regional analysis. Bull. World Health Organ. 2000, 78, 1136-

1147.

[29] Githeko, A.K., Lindsay, S.W., and Confalonieri, U.E., 2000. Climate Change and

Vector-Borne Diseases: a Regional Analysis. Bulletin of the World Health Organi-

zation, 78:1136-1147.

[30] Githeko, A.K., Ndegwa, W., 2001. Predicting malaria epidemics in the Kenyan

highlands using climate data: a tool for decision makers. Glob Change Hum Health.

2001;2:5463.

[31] Goodman, A.C.; Coleman, P.; Mills, A. Changing the first line drug for malaria

treatment: Cost-effectiveness analysis with high uncertainty inter-temporal trade-

offs. Health Econ. 2001, 10,731-749.

[32] Hale, J.K., 1980. Ordinary Differential Equations. Robert E. Krieger Publishing

Company, INC, Malabar, Florida.

[33] Hassan, K. Khalil., 1996. NONLINEAR SYSTEMS.Michigan State University. Sec-

ond Edition. Prentice Hall, Upper Saddle River, NJ 07458.

[34] Hay, S., Cox, J., Rogers, D., Randolph, S., Stern, D., Shanks, D., Myers, M., Snow,

R., 2002. Climate Change and the Resurgence of Malaria in East Africa Highlands.

Nature. February 21; 415(6874): 905-909. doi:10.1038/415905a.



76

[35] Hoshen, M.B., Morse, A.P., 2005. A model structure for estimating malaria risk.

In: Environmental Change and Malaria Risk Global and Local Implications, pp.

41-50. Springer, Dordrecht.

[36] Huntingford, C., Heming, D., Gash, J. H. C., Gedney, N., and Nuttall, P. A.,

2007. Impact of climate change on health: what is required of climate modellers?

Transactions of the Royal Society of Tropical Medicine and Hygiene 101:97-103.

[37] Intergovernmental Panel on Climate Change, 2001. Third Assessment Report

(Cambridge Univ. Press, Cambridge, U.K.), Vol. II.

[38] IPCC. Climate Change 2001. Impacts, Adaptations and Vulnerability. Contribution

of Working Group 2 to the Third Assessment Report of the Intergovernmental Panel

on Climate Change; Cambridge University Press: Cambridge, UK and New York,

NY, USA, 2001; pp. 1-970.

[39] Kbenesh, B., Yanzhao, C., Hee-Dae, K., 2009. Optimal control of vector-borne

diseases: Treatment and Prevention. Discrete and continuous dynamical systems

series B.,11(3): 587 - 611.

[40] Lafferty, K. D., 2009. The ecology of climate change and infectious diseases. Ecology

90:888-900.

[41] Lengeler C., 2004. Insecticide-treated bed nets and curtains for preventing malaria.

Cochrane Databas e of Systematic Reviews, Issue 2. Art. No.: CD000363. DOI:

10.1002/14651858.CD000363.pub2.

[42] Lenhart, S., Bhat, M. G., 1992. Application of Distributed Parameter Control

Model in Wildlife Damage Management, Math. Models and Methods in Appl. Sci.,

2 (4), 423-439.

[43] Lenhart, S., Workman, J. T., 2007. Optimal Control Applied to Biological Models.

Chapman and Hall.

[44] Levin, S.A., 1992 The problem of pattern and scale in ecology. Ecology; 73(6):1943-

1967.

[45] Liao, X., Wang, L., Yu, P., 2007. Stability of dynamical systems .Elsevier Radarweg

29, PO Box 211, 1000 AE Amsterdam, The Netherlands, The Boulevard, Langford

Lane, Kidlington, Oxford OX5 1GB, UK

[46] Li, J., 2011. Malaria model with stage-structured mosquitoes. Math. Biosci. Eng.

8(3), 753-768.

[47] Lindsay, S. W., and Martens, W. J. M., 1998. Malaria in the African highlands:

past, present and future. Bull. World Health Org. 76, 33-45.



77

[48] Liu L, Zhao X, Zhou Y.,2010. A tuberculosis model with seasonality. Bull Math

Biol ;72:93152.

[49] Malaria and HIV Interaction and Their Implication for Public Health Policy; World

Health Organization: Geneva, Switzerland, 2004; pp. 1-122.

[50] Malaria and Other Vector-borne Diseases Control Unit. Epidemiology and AIDS

Control Department. MINISTRY OF HEALTH. GUIDELINES FOR MALARIA

VECTOR CONTROL IN ETHIOPIA. March 2002 ADDIS ABABA

[51] Maquins, S., Joacim, R., John, W., Mar,y H., Amek, N., Frank, O., and Kayla, L.,

2015. The Association of Weather Variability and Under Five Malaria Mortality in

KEMRI/CDC HDSS in Western Kenya 2003 to 2008: A Time Series Analysis. Int.

J. Environ. Res. Public Health 2015, 12, 1983-1997; doi:10.3390/ijerph120201983.

http://www.mdpi.com/journal/ijerph

[52] Martens, P., Niessen, L.W., Rotmans, J., et al., 1995. Potential impact of global

climate change on malaria risk. Environ Health Perspect; 103(5):458-464.

[53] Martens, W.J.M., Jetten, T.H., Focks, D.A., 1997. Sensitivity of malaria, schisto-

somiasis and dengue to global warm-ing. Clim Change; 35(2):145-156.

[54] Ministry of Health., 2000. Malaria control profile. Disease prevention and Control

Department. Commercial Printing Enterprise. Addis Ababa, Ethiopia.

[55] Ministry of Health., 2002/03. Health and health related indicator. Planning and

Programming Department, Ministry of Health. Addis Ababa, Ethiopia.

[56] Nakata Y., Kuniya T., 2010. Global dynamics of a class of SEIRS epidemic models

in a periodic environment. J Math Anal Appl ;363:2307.

[57] Ngarakana-Gwasira, E. T., Bhunu, C. P., Mashonjowa, E., 2013. Assessing the

impact of temperature on malaria transmission dynamics. African Mathematical

Union and Springer-Verlag Berlin Heidelberg. DOI 10.1007/s13370-013-0178-y.

[58] Ngarakana-Gwasira, E. T., Bhunu, C. P., Masocha, M., and Mashonjowa, E., 2016.

Assessing the Role of Climate Change in Malaria Transmission in Africa. Hindawi

Publishing Corporation Malaria Research and Treatment Volume 2016, Article ID

7104291, 7 pages http://dx.doi.org/10.1155/2016/7104291

[59] Okosun, Kazeem O., Ouifki Rachid, Nizar Marcus, 2000. Optimal control strategies

and cost-effectiveness analysis of a malaria model, Mathematics Subject Classifica-

tions: 92B05, 93A30, 93C15.



78

[60] Okuneye, K., and Gumel, A. B., 2015. Analysis of a temperature- and rainfall-

dependent model for malaria transmission dynamics. Mathematical Biosciences.

DOI: 10.1016/j.mbs.2016.03.013

[61] Okuneye K., Gumel A.B., 2016. Analysis of a temperature- and rainfall-

dependent model for malaria transmission dynamics, Mathematical Biosciences,

http://dx.doi.org/10.1016/j.mbs.2016.03.013

[62] Omumbo, JA., Lyon, B., Waweru, SM., Connor, SJ., Thomson, MC., 2011. Raised

temperatures over the Kericho tea estates: revisiting the climate in the East African

highlands malaria debate. Malar J. 2011;10:12.

[63] Paaijmans, KP., Blanford, S., Bell, AS., Blanford, JI., Read, AF., Thomas, MB.,

2010. Influence of climate on malaria transmission depends on daily temperature

variation. Proc Natl Acad Sci USA. 2010;107:151359.

[64] Paaijmans, K.P., Cator, L.J., Thomas, M.B., 2013. Temperature-Dependent Pre-

Bloodmeal Period and Temperature-Driven Asynchrony between Parasite Devel-

opment and Mosquito Biting Rate Reduce Malaria Transmission Intensity. PLoS

ONE 8(1): e55777. doi:10.1371/journal.pone.0055777

[65] Parham, P.E., Michael, E., 2010. Modeling the effects of weather and climate change

on malaria transmission. Environ Health Perspect, 118:620-626.

[66] Parham P.E., Pople D., Christiansen-Jucht C., Lindsay S., Hinsley W., Michael E.,

2012. Modeling the role of environmental variables on the population dynamics of

the malaria vector anopheles gambiae sensu stricto, Malar. J. 11 271.

[67] Parham, P., Michael, E., 2010. Modeling Climate Change and Malaria Transmis-

sion. Adv. Exp. Med. Biol. 673, 184-199.

[68] Pascual, M., Cazelles, B., Bouma, MJ., Chaves, LF., Koelle, K., 2008. Shifting

patterns: malaria dynamics and rainfall variability in an African highland. Proc

Biol Sci. 2008;275:12332.

[69] Pontryagin, L. S., Boltyanskii, V. G., Gamkrelidze, R. V., Mishchenko, E. F., 1962.

The mathematical theory of optimal processes, Wiley, New York.

[70] PRESIDENT’S MALARIA INITIATIVE., 2014. Ethiopia Malaria Operational

Plan FY.

[71] Rioux, J.A., Croset, H., Corre, J.J., Simoneau, P. and Gras, G., 1968. Phyto-

ecological basis of mosquito control: cartography of larval biotopes. Mosquito News

28, 572-582.



79

[72] Sachs, J., and Malaney, P., 2002. The economic and social burden of malaria.

Nature 415, 680-685 (7 February) — doi:10.1038/415680a

[73] Shaman, J., Day, J.F., 2007. Reproductive Phase Locking of Mosquito

Populations in Response to Rainfall Frequency. PLoS ONE 2(3): e331.

doi:10.1371/journal.pone.0000331

[74] Shanks, G. D., Biomndo, K., Hay, S. I. and Snow, R. W., 2000. Changing patterns

of clinical malaria since 1965 among a tea estate population located in the Kenyan

highlands Trans. R. Soc. Trop. Med. Hyg. 94, 253-255.

[75] Shanks, G.D., Hay, S.I.,Stern, D.I., Biomndo, K., and Snow, R.W., 2002. Meteoro-

logic Influences on Plasmodium falciparum Malaria in the Highland Tea Estates

of Kericho, Western Kenya. Dec; 8(12): 1404-1408. doi: 10.3201/eid0812.020077

[76] Tulu, A.N., Malaria. In: Zein, Z.A., Kloos, H. (Eds), 1993. The ecology of health

and disease in Ethiopia. Second edition. Westview Press, Boulder, USA. 341-352.

[77] Van den Driessche, P., Watmough, J., 2002. Reproduction numbers and sub-

threshold endemic equilibria for compartmental models of disease transmission.

Math. Biosci. 180, 29-48.

[78] Wakgari, D., Ahmed, A., Yemane, B., 2006. Review of the interplay between

population dynamics and malaria transmission in Ethiopia.Ethiop.J.Health Dev.

20(3):137-144

[79] Wandiga, S., Opondo, M., Olago, D., Githeko, A., Githui, F., Marshall, M., Downs,

T., Opere, A., Oludhe, C., Ouma, G., Yanda, P., Kangalawe, R., Kabumbuli, R.,

Kathuri, J., Apindi, E., Olaka, L., Ogallo, L., Mugambi, P., Sigalla, R., Nanyunja,

R., Baguma, T., Achola, P., 2010. Vulnerability to epidemic malaria in the high-

lands of lake Victoria basin: the role of climate change/variability, hydrology and

socio-economic factors. Climatic Change 99, 473-497.

[80] Wang, L., Teng, Z., Zhang, T., 2013. Threshold dynamics of a malaria transmission

model in periodic environment. Commun Nonlinear Sci Numer Simulat 18 1288-

1303.

[81] Wang, W., Zhao, X., 2008. Threshold dynamics for compartmental epi-

demic models in periodic environments. J Dyn Diff Equat 20:699-717.

http://dx.doi.org/10.1016/j.cnsns.2012.09.007

[82] World Health Organization.UNICEF., 2000-2015. Achieving the malaria MDG tar-

get: reversing the incidence of malaria.

[83] World Health Organization (WHO)., 2012. Global Malaria Programme. World

Malaria Report.



80

[84] World Malaria Report; World Health Organization: Geneva, Switzerland, 2009; pp.

1-33.

[85] World Malaria Report 2016. Geneva: World Health Organization; 2016. Licence:

CC BY-NC-SA 3.0 IGO.

[86] WORLD MALARIA REPORT 2017. A framework for malaria elimination.

[87] Yang Y, Xiao Y., 2010. Threshold dynamics for an HIV model in periodic environ-

ments. J Math Anal Appl ;361:5968.

[88] Zhao, X., 2003. Dynamical systems in population biology. New York: Springer-

Verlag.

[89] Zhou, G., Noboru, M., Githeko, A., Yan, G., 2004. Association between climate

variability and malaria epidemic in the east African highlands. Proc Natl Acad Sci

U S A. Feb 24; 101(8): 2375-2380.

[90] http://www.malariasite.com/life-cycle/

[91] http://www.parasitesinhumans.org/plasmodium-falciparum-malaria.html

[92] http://scied.ucar.edu/longcontent/climate-change-and-vector-borne-disease

333333333333333

[93] http://www.pnas.org/content/103/15/5829.full.pdf

[94] https://scied.ucar.edu/longcontent/climate-change-and-vector-borne-disease

—————————————————



81

Declaration

This dissertation is my original work and has not been presented for a degree in any

other university, and that all sources of the materials used for the dissertation have been

duly acknowledged.

Dr. Semu Mitiku (Supervisor)

Signature

Dr. R.Ouifki (Supervisor)

Signature

Kassahun Workalemahu

Signature


	Table of Contents
	List of Tables
	List of Figures
	Introduction
	Malaria transmission
	Model and analysis of climate driven malaria dynamics so far

	Aim and Objectives of the study
	Aim
	Objectives


	Malaria Disease Transmission Mathematical Model
	Parameter Description
	Temperature Dependence
	Rainfall Dependence

	Model Formulation
	Positivity of Solutions and the Invariant Region

	Periodic System
	Introduction
	Some Mathematical Preliminaries
	The Basic Reproduction Ratio

	Existence of backward bifurcation in the autonomous version of the model
	 Numerical Simulations

	Nonperiodic System
	Introduction
	Mathematical Preliminaries for the general non-autonomous systems

	Disease Free Solution
	 Numerical Simulations

	Optimal control strategies and cost-effectiveness analysis
	Introduction
	Formulation of the control model
	Mathematical analysis of the controlled system
	Disease Free Solution

	The impact of the control measures on the threshold function
	Optimal Control Analysis
	Numerical Results
	Insecticide-Treated-Bed-Net control
	Insecticide-Treated-Bed-Net and Insecticide Spraying controls
	Insecticide-Treated-Bed-Net and Treatment controls
	Insecticide Spraying and Treatment controls
	All controls


	Discussions and Conclusion
	Discussions
	Conclusions

	Bibliography

