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Abstract

The impact of climate change on human health, particularly through the potential in-
crease in vector- and water-borne diseases, has received increasing attention in recent
years. Environmental variables are known to affect significantly the population dynam-
ics and abundance of insects major catalysts of vector-borne diseases, but the exact
extent and consequences of this sensitivity are not yet well-established. Malaria infec-
tion continues to be a major problem in many parts of the world including Africa. We
focus here on mathematical model that describes the impact of climate variation on
the malaria dynamics. To study this relation, a non-autonomous deterministic model
is designed by incorporating the effect of both temperature and rainfall to the disper-
sion and mortality rate of adult mosquitoes and this is used to assess the impact of
the variability in temperature and rainfall on the transmission dynamics of malaria in
a population. In the model, the periodic variation of seasonal variables as well as the
non-periodic variation due to the long term climate variation has been incorporated and
analysed. In both cases, it has been shown that the disease-free solution of the model
is globally asymptotically stable when the basic reproduction ratio is less than unity
in the periodic system and when the threshold function is less than unity in the non-
periodic system. The disease is uniformly persistent when the basic reproduction ratio
is greater than unity in the periodic system and when the threshold function is greater
than unity with some additional conditions in the non-periodic system. The model has
been validated using epidemiological data collected from western region of Ethiopia, by
considering the trends for monthly number of microscopically confirmed cases of malaria
during the years 2000-2012 and the climate variation in the region. Then time depen-
dent optimal control theory in the non periodic environment is applied to investigate
optimal strategies for controlling the spread of malaria disease using insecticide treated
bed nets, spray of mosquito insecticide and treatment as the system time dependent
control variables. The possible impact of using combinations of two controls or one at

a time on the spread of the disease is also examined.

Keywords: Asymptotic stability; Periodic and non-periodic climate dependent growth

rates; validation using epidemiological data, time dependent optimal control
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Chapter 1

Introduction

Malaria is caused by a parasite called Plasmodium falciparum and is transmitted by
Anopheles mosquitoes. Mosquito abundance is basically dependent on rainfall patterns
and also dependent on temperature by influencing the mosquito population dynamics
as well as the parasite development within the mosquito [27]. The vector that spreads
malaria and the parasite that causes the disease are sensitive to rainfall and tempera-
ture change and they widely expected to significantly affect the global spread, intensity,
and distribution of malaria [58, [51]. Although changes in temperature and rainfall, in-
fluences the dynamics of malaria and other VBDs, this influence may be affected by
non-climatic factors, such as epidemiological, environmental, socio-economic and demo-
graphic factors (see [61] and some of the references therein).

Future malaria transmission rates worldwide may not be the consequence of the strong
connection between malaria and climate mainly because there are many other factors
that affect the spread of the disease including socioeconomic development, drug resis-
tance, and immunity [94].

Climate variables, such as temperature, humidity, rainfall and wind, significantly af-
fect the life-cycle and, consequently, the abundance of mosquitoes in populations and
a number of mathematical models have been designed and used to assess the impact
of climate change and seasonality on the transmission dynamics of malaria (see [I] and
the references therein). According to the IPCC Fourth Assessment Report, climate
change has already altered the distribution of some vectors that transmit disease. The
climate scenarios in East Africa can be taken as indicator for longer malaria transmis-
sion seasons and geographic expansion of the disease into highland areas. According
to published literature [30, 68, 63, [62] the earliest malaria-climate connection in the
East African highlands was identified in the 1980s when there was a series of malaria
epidemics connected to increases and anomalies in mean monthly maximum tempera-
tures and increase in rainfall in the highlands. Since then, the frequency and size of
epidemics increased with serious outbreaks in 1995, 1998 and 2002, corresponding to
climate variations such as a significant increase (> 3°C) in mean temperatures, high
rainfall, drought and El Nino events (see [22], and the references therein).



The impact of climate change on regional and global malaria cases and deaths is even
less understood. Some studies have shown that an increase in temperature has allowed
the introduction of malaria into higher altitude areas in Colombia, Ethiopia and Kenya,
where it was previously too cold for the disease to thrive [20].

Vector-borne diseases are transmitted typically by the bite of an infected arthropod.
The arthropod could be something rather familiar like a mosquito, tick, or black fly.
Or it might be a less familiar species such as an African Tsetse fly or copepod. These
arthropods that carry and transmit diseases are known as vectors. Other non-arthropod
vectors can include rodents such as rats, certain bats, a species of aquatic snail, and
several species of wild birds. Different vectors carry different diseases such as malaria,
dengue, encephalitis, African sleeping sickness, and yellow fever. Ticks have extended
their range north in Sweden and Canada and into higher altitudes in the Czech Repub-
lic (see [94]). Malaria, the diseases transmitted by mosquito vectors and the potential
impacts of climate change on it is described below.

Climate Change and Malaria

Figure 1.1. Climate change will allow malaria to spread into new areas. This map
shows the new areas where the Malaria parasite Plasmodium falciparum, will likely be
able to spread by 2050 based on the Hadley Center model’s high scenario. Areas shown
in yellow indicate the current distribution of malaria. Areas shown in red indicate areas
where climate will be suitable for malaria by 2050. Other areas may become free of
malaria as climate changes. CourtesyofHugoAhlenius,UNEP/GRID — Arendal [94]

When an Anopheles mosquito bites a person infected with the malaria parasite, the
mosquito becomes a carrier of the disease. When that mosquito bites another person,
that person becomes infected with the parasite too. Malaria causes the infected person
to develop a fever and flu-like symptoms. While most infected individuals recover from
malaria, it can cause death, especially in children. Each year there are between 350
million and 500 million cases of malaria worldwide. Over one million of those people die



from the disease. Most of the people who die from malaria are children in Sub-Saharan
Africa.

In Ethiopia, for example, malaria transmission is largely determined by altitude and
climate as affected by Indian Ocean conditions and global weather patterns, including El
Nino and La Nina. The malaria transmission occurs between September and December,
after the main rainy season from June to August. Certain areas, largely in the western
and eastern parts of the country experience a second minor malaria transmission period
from April to May, following a short rainy season from February to March [70]. The
incidence of the disease has been significantly increased since the 1980s. Specific data
on the number of malaria cases in Ethiopia is available only since the end of 1980s
([76],[55],[54]) as presented in Figure There has been a noticeable increase in the
number of cases in the country over time, except for 1999/00 and 2000/01 years [78].
This change has to be investigated whether it is the impact of climate change besides
other factors or not that mainly causes the prevalence of the disease.
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Figure 1.2. Trends for annual number of microscopically confirmed cases of malaria
in Ethiopia (1990-2004). Reporting is from July to June annual cycle. The year 90, for
example, represents from July 1989 to June 1990, and so on.

According to [23] and the references therein, approximately 60% of Ethiopia’s popula-
tion lives in malarious areas, and 68% of the country’s landmass is favorable for malaria
transmission, with malaria primarily associated with altitude and rainfall. In general,
the peak of malaria incidence follows the main rainfall season (July to August) each
year. However, many areas in the south and west of the country have a rainfall season
beginning earlier in April and May or have no clearly defined rainfall season. Con-
sequently, malaria transmission tends to be highly heterogeneous geo-spatially within



each year as well as between years. Additionally, malaria in Ethiopia is characterized by
widespread epidemics occurring every five to eight years, with the most recent epidemic
occurring in 2003/2004.

In 2014/2015, the total number of laboratory-confirmed plus clinical malaria cases were
2,174,707. Of those cases, 1,867,059 (85.9%) were confirmed by either microscopy
or rapid diagnostic tests (RDTs) out of which 1,188,627 (63.7%) were Plasmodium
falciparum and 678,432 (36.3%) were P.vivazx.

Overall, the malaria transmission pattern in the country is seasonal and unstable, often
characterized by focal and large-scale cyclic epidemics. A relatively long transmission
season exists in the western lowland areas, river basins, valleys, and irrigations schemes.
Due to the unstable and seasonal transmission of malaria, protective immunity is gen-
erally low and all age groups of the population are at risk of the disease. The central
highlands, which are >2,500m ASL(Above sea level), are generally free of malaria. The
rest of the country, however, has a varied pattern of malaria transmission (see Figure
, with the transmission season ranging from less than three months to greater than
six months.

A Malariafree
(>2500m)

B Highlands affected by occasional epidemics
(>=2000 and <=2500m)

C Semi-arid lowlands
near water - epidemic prone
(<1500m with rainfall <500mm)

D Highland fringes
low transmission - epidemic prone
(>=1750 and <2000m)

E Highland Fringes
High Transmission - Epidemic Prone
(>=1500 and <1750m)

F Malarious Lowlands

Intense Transmission

(<1500m with rainfall >=500mm)

HE B B @ OO

Figure 1.3. Malaria risk stratification, Ethiopia (adopted from the Malaria NSP 2014-

2020) [23]

Malaria risk stratification was revised in 2014 using annual parasite incidence per 1,000
population (per the World Health Organization [WHO] recommendation) plus altitude
and expert opinions from different malaria stakeholders. According to the new strat-
ification, malaria risk in Ethiopia by annual parasite incidence is classified into high,



medium, low and malaria-free as shown in Figure and Table|l.1l For the purposes

[CFFREE (malaria free)

Figure 1.4. Malaria risk stratification, Ethiopia (adopted from the Malaria
NSP(National Strategic Plan for Malaria Prevention, Control, and Elimination) 2014-

2020) [23]

Table 1.1. Malaria stratification and proposed intervention per stratum [23]

Interventions
8
& Population | Percent g Percentage o
Malariastrata | APF |8 = g = X ¢ o
: £ (2013) population E of woredas z | o “,g g §| 0
i 5 Il¢ |58 832
$ 76|85k
FREE 0 >=A28‘0LOO 33,639,639 | 40 percent 290 35 percent - - - X| X[ X
Low >0 &<5 11,153,499 | 13 percent | 101 12percent | X | X* | WA* | X| X| X
<2,000
ASL*
00 023,284 perce 9 perce A
100
Total 84,226,986 835 100 percent
percent

*Only 32 percent of at risk population in highland fringe/epidemic-prone areas will be covered by IRS
API: Annual parasite index; ASL: above sea level; IEC/BCC: information, education, and communication/behavior change
communication; WA: where applicable

of the Ethiopia National Malaria Indicator Survey (MIS), areas below 2,000m ASL were
considered as a target for malaria interventions, while those between 2,000m and 2,500m
ASL were included to assess potential intervention and transmission, as these areas are

historically prone to malaria transmission.

Malaria control is a big challenge due to many factors [50]. There is the complexity of
disease control process; the complexity of the vectors; expensiveness of the control pro-
gram. There is a variation of disease patterns and transmission dynamics from place



to place, by season and according to climate and environmental circumstances. Since
malaria varies from season to season and from place to place within the country, ap-
proaches will also differ in the planning and implementation of vector control. Each
region’s circumstances will influence the organization of practical programs to identify
local problems and priorities, and the design and implementation of appropriate inter-
ventions. Therefore, selection of suitable, sustainable and cost-effective interventions
must be based on local analysis and this, therefore, calls for careful consideration and
appropriate decisions on what control measures to be applied, for a maximum cost-
effectiveness. A number of control measures are available which differ in their levels of
effectiveness. Thus selection of a method should consider the magnitude of the malaria
problem, the major vectors involved, levels of transmission and risk groups, available
resources, technical and operational realities. Sustainability of selected interventions
must be assured. In most cases these measures should be used in an integrated manner
to maximize effectiveness [50].

During the past decade, several interventions have been used to reduce malaria trans-
mission. These include insecticide-treated nets (ITNs), indoor residual spraying (IRS),
intermittent preventive treatment in pregnant women and infants, larval control, and
other vector control interventions. ITNs are bed-nets treated with pyrethroid, an in-
secticide that kills and repels mosquitoes, and thus provide a barrier around people
sleeping under them. Since malaria typically affects rural and poor populations, ITNs
have proven to be one of the most effective interventions in reducing morbidity and
mortality due to their low cost and ease in implementation [12].

1.1 Malaria transmission

Malaria parasites are transmitted by female mosquitoes belonging to the genus Anophe-
les. The development of malaria parasites in the vector, called sporogony, includes a
number of stages in different organs of the insect. Male and female gametocytes mate
after being ingested by an anopheline mosquito during blood-feeding. The zygotes de-
velop as ookinetes, which move across the mosquito stomach to form oocycsts, within
which asexual multiplication leads to the production of up to thousands of sporozoites.
The sporozoites migrate and accumulate in the salivary glands, from which they are in-
jected when the infective mosquito bites a human or animal host for a blood-meal. The
speed of development of sporozoites depends on temperature and the parasite species.
At the optimal temperature, 28°C, the duration of sporogony is 9-10 days for P. falci-
parum and 8-10 days for P. vivax . The time from ingestion of gametocytes to release
of sporozoites is the extrinsic incubation period (or duration of sporogony). Sporozoites
injected by a mosquito enter the hosts blood circulation; when they reach the liver,
they invade hepatocytes. All P. falciparum sporozoites then undergo exo-erythrocytic



schizogony, in which the parasite nucleus divides repeatedly over several days; at the
end, the schizont bursts, giving rise to thousands of merozoites, which are released into
the bloodstream. The duration of exo-erythrocytic schizogony is 5.5-7 days for P. falci-
parum and 6-8 days for P. vivax. In P. vivax malaria, some sporozoites, after invading
hepatocytes, become dormant as hypnozoites for periods lasting from 3 to 18 months
and very rarely up to 5 years. The merozoites invade erythrocytes, where the great
majority multiply asexually, undergoing repeated cycles of growth, rupture, release and
re invasion of fresh red cells. All clinical manifestations of malaria are due to this ery-
throcytic schizogony. The duration of each cycle of erythrocytic schizogony is about 48
h for both P. falciparum and P. vivax . Some merozoites grow and develop into male
or female gametocytes within erythrocytes. When mature, they do not develop further,
unless they are ingested by a mosquito vector. The immature gametocytes (stages 1-4)
of P. falciparum are sequestered in the bone marrow and other deep tissues; only mature
gametocytes (stage 5) circulate in the blood. In contrast, all stages of gametocytes of
the three other species are present in the peripheral circulation [86].

1.1.1 Model and analysis of climate driven malaria dynamics
so far

Ahmed Abdelrazec, Abba B. Gumel, [I] qualitatively assessed the impact of tempera-
ture and rainfall on the population dynamics of female mosquitoes in a certain region
by designing a non-autonomous mathematical model, which incorporates variability in
temperature and rainfall. They studied the dynamics of the aquatic and adult stages
of female mosquitoes in the given region. Their study focused only on the vector popu-
lation and they did not consider the rainfall dependence on the mortality rate of adult
mosquitoes. For the non-autonomous model (with temperature and rainfall effects),
they have shown that the local and global asymptotic dynamics, with respect to the
trivial solution, matches that of the associated autonomous model (with a different, but
similar, threshold condition) and derived conditions for the existence, uniqueness and
global asymptotic stability of the non trivial periodic solution of the model (in the ab-
sence of density-dependent mortality rate for larvae). They validated their model result
in the given region.

Agusto et al. [3] developed temperature-dependent deterministic model to gain qual-
itative insight into the effects of temperature variability only on malaria transmission
dynamics. They incorporated a gradual increase in infection-acquired immunity via re-
peated exposure to malaria infection. The focus of their study was on analyzing the
impact of changing temperature and temperature variability on short-term malaria dy-
namics (due, for instance, to seasonality), and not on long-term malaria dynamics (due
to climate change).
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Figure 1.5. The malaria transmission cycle

Parham et al. [67] have shown the impact of environmental factors (temperature and
rainfall) in the transmission dynamics by defining the adult mosquito birth rate as a
function of temperature and rainfall while other parameters are dependent only on ei-
ther temperature or rainfall alone. They validated also their results by considering the
mosquito population in Tanzania where malaria is highly-endemic, expressing the tem-
perature and rainfall by the cosine function thinking that the conclusions drawn about
the effects of seasonality in environmental factors are general. This may ignore the ac-
tual variations in the environmental factors and has to be extended and consolidated
by setting up a model that incorporates the effects of both temperature and rainfall in
the birth and death rates of the vector population. Moreover, the climate (temperature
and rainfall) driven model in the periodic and non-periodic environments are research
gaps suggested to be studied further. Specially a climate driven model with parame-
ters dependent on both climate variables (temperature and rainfall) in a non-periodic



environment is not yet developed as far as the knowledge of the authors go and this
work gives much emphasis on this issue and attempts to introduce an optimal control
analysis to support the malaria disease eradication intervention mechanism efficiently
with minimal cost.

Motivated by the works of ([56],[48],[87]), Wang et al. [80] proposed a malaria trans-
mission non-autonomous model with periodic environment with out incorporating the
climate factors in their model. They computed a basic reproduction number and have
shown that the disease-free periodic solution of their model is globally asymptotically
stable when the basic reproduction number is less than unity, that is, the disease goes
extinct when the basic reproduction number is less than unity, while the disease is uni-
formly persistent and there is at least one positive periodic solution when the basic
reproduction number is greater than unity. That is, they have shown that the basic
reproduction number is the threshold value determining the extinction and the uniform
persistence of the disease.

Kamaldeen Okuneye , Abba B. Gumel [61] extended the work in [66] by designing a new
temperature and rainfall-dependent mechanistic malaria model that incorporates some
more pertinent climatic and non-climatic features and factors not considered in [60]
(such as host age-structure, dynamics of immature mosquitoes, reduced susceptibility
due to prior malaria infection etc.) and analyzed the full non-autonomous model and
carried out uncertainty and sensitivity analyzes on the parameters of the model with
the mortality rate of juvenile and adult mosquitoes dependent only on temperature.

1.2 Aim and Objectives of the study

1.2.1 Aim

The main aim of this study is to investigate the impact of the variation in climate
variables (temperature and rainfall) on the malaria diseases transmission dynamics and
design a cost-effective malaria control intervention mechanisms under climate change.

1.2.2 Objectives

i. Develop a mathematical model for malaria disease transmission that accounts for
variations in climate.

ii. Estimate model’s climate dependent parameters (using relevant data).

iii. Investigating the impact of the embedded climate dependent parameters on the
dynamics of the disease with particular focus on the model’s stability behavior.
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iv. Setting up a time-dependent control efforts and investigate the optimal control
strategies and cost-effectiveness analysis of the malaria model in the non-periodic
environment.

v. Validating the theoretical results using an epidemiological data collected from
some part of a region in Ethiopia.

The purpose of this study is to investigate a climate driven malaria disease transmission
model incorporating the effect of temperature in the biting rate and the effects of both
temperature and rainfall in the birth rate and death rate of the vector population in
both periodic and non-periodic environments by using the standard model considering
the dynamics of the adult mosquito population only and referring the works of ([67, [61]).
The study assesses the potential change in malaria risk caused by seasonal variations in
temperature and rainfall which is important to investigate the dynamics of the disease
in a short term basis and as climate impact upon the distribution of the malaria trans-
mission in space and time is not always periodical, we need to investigate the potential
change in malaria risk caused by the variations in temperature in the general case to
investigate the dynamics of the disease in a long term basis and the information pro-
vided here might serve as an important contribution for strategic planning of malaria
control in a long period of time in the future. The study also attempts to introduce an
optimal control strategy in the non-periodic environment to support the malaria disease
eradication intervention mechanism efficiently with minimal cost.

The thesis is organized as follows, in Chapter 2 we formulated a model consisting of
ordinary differential equations (ODE) that describe the interactions between humans
and mosquitoes populations and the underlying assumptions and a positively invariant
set with respect to the system will be identified and shown to be a global attractor
of all positive solutions of the system to confirm the biological well posedness of the
model system. In Chapter 3, the non-autonomous periodic system is reviewed and
analyzed while the non-autonomous non-periodic system is discussed and analyzed in
Chapter 4 and we show the simulation results to illustrate the population dynamics in
both environments at the end of the latter two chapters. The optimal control strategy is
analyzed in Chapter 5. Our conclusions are discussed in Chapter 6.



Chapter 2

Malaria Disease Transmission
Mathematical Model

Following the works in ([67, [61]), in developing a framework for understanding the im-
pact of climate on malaria dynamics, we use the standard deterministic malaria disease
transmission model with an SIR structure for humans and an SI structure for mosquitoes.
Parameters that are assumed to be climate sensitive will be identified and defined as
functions of the time dependent climate variables. Positivity of solutions is discussed
and the invariant regions is identified.

2.1 Parameter Description

Malaria is a major cause of morbidity and mortality, and it is climate sensitive. Incorpo-
rating climate effects into models of disease dynamics is now very crucial as the evidence
for climate impacts on disease transmission and potential vector distribution increases.
Climate change is known to affect several parameters in the epidemiology of malaria and
hence predicting climate change effects on disease transmission requires a framework
that specifically incorporates the role of each climate sensitive parameter. Some mod-
els examining the contribution of climate change have been explored ([6l, 17, 35} 52], [65]).

While we know that climate can affect malaria transmission, the impact of climate
change on regional and global malaria cases and deaths is even less understood. Some
studies have shown that an increase in temperature has allowed the introduction of
malaria into higher altitude areas in Colombia, Ethiopia and Kenya, where it was pre-
viously too cold for the disease to thrive. This has put millions of people at risk for the
disease [20].

Climate plays an important role in the dynamics and distribution of malaria. Although
rainfall is critical in providing suitable habitats for mosquitoes to breed, temperature
is a key driver of several of the essential mosquito and parasite life history traits that
determines transmission intensity, including mosquito development rate, biting rate,

11
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and development rate and survival of the parasite within the mosquito. Accordingly,
a number of studies have used temperature (sometimes together with rainfall and/or
humidity) to develop maps representing spatial and/or temporal variation in malaria
transmission risk [10].

2.1.1 Temperature Dependence

Understanding the role of temperature in malaria transmission is of particular impor-
tance in light of climate change. The global mean temperature has increased by 0.7°C
during the past 100 years and is predicted to increase by an additional 1.1-6.4°C during
the twenty-first century unless some measures are employed.This additional warming is
likely to affect malaria transmission because temperature changes can alter vector de-
velopment rates, shift their geographical distribution and alter transmission dynamics
of the disease [57].

Temperature affects how long mosquitoes live, how quickly they mature to adulthood,
how often they bite, and ultimately how many mosquitoes are around. It also affects
how quickly the malaria parasite inside of a mosquito becomes mature enough to in-
fect humans. That is, it is known to play a major role in the life cycle of the malaria
vector. The development of the three aquatic stages and their emergence to adulthood
are strongly dependent on temperature. It takes 1, 3 and 10 days for eggs of some
mosquitoes to hatch at temperatures of 30°C, 20°C and 10°C, respectively and water
temperature regulates the speed of mosquito breeding [46].

2.1.2 Rainfall Dependence

Rainfall creates pools of water which are essential to mosquito breeding as mosquito
eggs must be laid in water and mosquito larva mature in water. In places where the
burden of malaria is the greatest, the rainy season is also known as the malaria season.
Humidity, which is related to rainfall, increases the lifespan of mosquitoes, giving them
more opportunities to carry malaria infections from one person to another. Rainfall has
two principal influences on the mosquito life cycle:

e the increased near-surface humidity associated with rainfall enhances mosquito
flight activity and host-seeking behavior, and

e rainfall can alter the abundance and type of aquatic habitats available to the
mosquito for the deposition of eggs (oviposition) and the subsequent development
of the immature stages [73].

In the semi-arid or arid lowlands, heavy rain or floods can cause a major outbreak of
malaria, especially in areas in the vicinity of large rivers. Such an outbreak has affected
the low-lying semi-arid areas in north-eastern Kenya in 1998 following a major rainfall
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and floods [I1]. Abnormal rainfall events have been shown to precipitate malaria epi-
demics even in wetter areas as evidenced by epidemics in Ethiopia, Kenya and Uganda
[16].

While we know that climate can affect malaria transmission, the impact of climate
change on regional and global malaria cases and deaths is even less understood. Some
studies have shown that an increase in temperature has allowed the introduction of
malaria into higher altitude areas in Colombia, Ethiopia and Kenya, where it was pre-
viously too cold for the disease to thrive. This has put millions of people at risk for the
disease [20].

Climate plays an important role in the dynamics and distribution of malaria. Although
rainfall is critical in providing suitable habitats for mosquitoes to breed, temperature
is a key driver of several of the essential mosquito and parasite life history traits that
determines transmission intensity, including mosquito development rate, biting rate,
and development rate and survival of the parasite within the mosquito. Accordingly,
a number of studies have used temperature (sometimes together with rainfall and/or
humidity) to develop maps representing spatial and/or temporal variation in malaria
transmission risk [10].

2.2 Model Formulation

Based on the transmission mechanism of malaria, we consider host population and
vector population are human population and mosquito population, respectively. The
proposed model with the population under study is divided into compartments. The
total human population (V) is divided into three classes: susceptible (Sy), infectious
(1) and recovered (Rj). People enter the susceptible class either through birth (at a
constant per capita rate) or through immigration (at a constant rate) or after recovering
from the disease. When an infectious mosquito bites a susceptible human, there is some
finite probability that the parasite (in the form of sporozoites) will be passed on to the
human. The parasite then travels to the liver of the person where it develops into its
next life stage. After a certain period of time, the parasite (in the form of merozoites)
enters the bloodstream, usually signaling the clinical onset of malaria.

The rate of infection of a susceptible individual is dependent on the mosquito biting
rate ¢ (daily feeding rate of a vector on a host) defined using the exponential function
of the temperature variable (Figure as

&(T) =0.48 exp(0.14(T — 23))/(exp(—0.14(T — 23)) + exp(0.14(T — 23))) o
1+(—0.48) exp(0.32(T — 40))/(exp(—0.32(T — 40)) + exp(0.32(T — 40)))

with standard incidence rate of %ﬁ’sh, where 3, is the probability that the bites by
an infectious mosquitoes on susceptible humans produce infection. Infected humans
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Figure 2.1. The mosquito biting rate (daily feeding rate of a vector on a host) ¢(7).

recover at a constant rate r, for some period of time and move to the recovered class
Rj,. The recovered humans may develop some immunity to the disease and do not get
clinically ill, but they may still harbour low levels of parasite in their blood streams.
However, since the rate of infections from this group of individuals is assumed to be very
small, we omitted its impact in our model. After some period of time, recovered humans
loose their immunity and return to the susceptible class at a constant rate o. Infected
individuals who do not get treatment may die from infection at a constant rate py. Hu-
mans die naturally at a non-disease related per capita natural mortality constant rate jiy,.

Anopheles mosquitoes lay their eggs in the moist soil at the base of glasswort and of rush
plants [71]. Eggs can resist desiccation until the flooding of breeding sites that triggers
egg hatching and onset of aquatic stages [9]. Aquatic stages involve four successive larva
stages plus a pupa with the duration of aquatic immature development, which clearly
depends on temperature [14]. Following the aquatic phase, adults emerge and mate, and
females start cycles of host-seeking, egg maturation and oviposition. Adults disappear
from the area under observation because of both mortality and dispersion. As only
females take blood-meals, the model considers only the female mosquito population. In-
stead of detailing the dynamics of all aquatic stages, we rather used an emergence rate
Ay(T, R) of adult female anopheles mosquitoes which is assumed to be a function of
rainfall R and temperature 1" that recasts all the historical dynamics from egg hatching
to emergence.

It is often difficult to establish significant and stationary relationships between the
amount of precipitation and mosquito abundance or malaria disease transmission pat-
terns. Rainfall can alter the abundance and type of aquatic habitats available to the
mosquito for the deposition of eggs (oviposition) and the subsequent development of
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the immature stages [73]. We assume that at any time ¢, the time variation of the
emergence rate of adult female anopheles mosquitoes A, (T, R) is defined by Equation

(2) in [67],(Figure [2.2)):

0.8438(4R(50 — R))3 exp(—0.00554T + 0.06737)

A(T, R) =
(T, R) 505(2 + (0.005547 — 0.06737)~1)

(2.2)

0.1
0.08
0.06 —
0.04

= e e
e o g

0.02 e W W
OIS

Anopheles Mosquitoes

Emergence Rate of Adult Female

Daily Rainfall(mm) Daily Temperature(Degree Celsius)

Figure 2.2. The emergence rate of adult female anopheles mosquitoes A, (T, R).

The adult female anopheles mosquitoes population is subdivided into two classes: sus-
ceptible (S,) and infectious (I,). Susceptible adult mosquitoes are recruited at a rate
Ay (T, R). The rate of infection for a susceptible mosquito depends on the mosquito’s
biting rate in which the transmission rate from infectious host to susceptible vector is
given by %QLS“ where [}, represents the probability that a susceptible mosquito get
infected when biting an infected human. Although the rainfall effect on the survival of
adult mosquitoes is not significantly high, its influence can not be ignored as the in-
creased near-surface humidity associated with rainfall enhances mosquito flight activity
and host-seeking behavior [73]. Mosquitoes leave the population through a per capita
climate-dependent(temperature and rainfall) natural death rate given by (Figur:

—0.01R + 1.01T — 21.211\ 2
) (2.3)

11,(T, R) = 0.0886 exp ( 8

which is assumed to follow the exponential distribution in temperature and rainfall [§].
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A coupled mosquito-human compartmental model of malaria dynamics is presented
in the figure below. The interaction between host and vector can be described by the

oRy

Halh

)\hSh | Ih I Mhlh Rh
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AS, I
SV I \'

|J.VSV u-vlv

Figure 2.4. Mosquito-human model of malaria dynamics

system of nonlinear differential equations. The following system of differential equations
describe the model. The system has time dependent coefficients as climate variables
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could be expressed as a function of time.

ds,
20 = (T R) = AT)S, — (T, R)S.,
dl,
7 = (D)5 = (T, R) L,
ds)
Sk — M= MlT)Sh + o R = S, (24)
dl
d_th = M(T)Sp — (un + i + pa)In,
dR
_dth = Thfh - (Mh + U)Rh7

where A\, (T') = %&Tﬂv and A\, (T) = % represent the force of infection of humans

and mosquitoes, respectively.

Ny, = Sh+[h+Rh> (25)
N, =S, + 1, (2.6)

are the total human and mosquito population, respectively.

The reason for taking a simplistic model is to simplify the difficulty of the mathematical
analysis for the general non-autonomous dynamical systems.

Table 2.1. Parameters of the basic malaria model in ([2.4)

Symbol  Description

o(T) The biting rate function of mosquitoes

Bon Probability of human getting infected per enough contact with
infected mosquito

Bho Probability of mosquito getting infected per each enough contact with
infected human

Ay Recruitment rate of susceptible humans

L, Per capita natural death rate for humans

T human recovery rate

A, (T, R) Emergence rate function of female mosquitoes

o Per capita rate of loss of immunity

[d Per capita disease induced death rate

iy (T, R)  Mosquito per capita death rate function
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2.3 Positivity of Solutions and the Invariant Region

Lemma 2.3.1. Suppose f is a positive continuous function on [tg, 0) for some tq > 0.
Then for all t = ty,
R

; < - .
ol f(2)dz inf {f(t)}

t=to

(2.7)

proof: Suppose [ is a positive continuous function on [t, t] for an arbitrary real number
t and let m = tintf {f(t)}. Then for s € [tg,t],
=lo

mtt—5) < [ fepi

and hence we have
em(t—s) < 682 f(z)dz.

Inverting both sides we get,
1 1

< )
eSi f(z)dz em(t—s)

which implies that

t 1 t . 1 s 1
———ds< | embTds = — [1 — e 0)] < —.
to eSs f(z)d= o m m

But
S: eStSO f(z)dzds t 6“‘:0 f(Z)dZ t 1 t 1
: n = j n ds = J z s ds = j t ds
eStO f(2)dz o estO f(z)dz to (681&0 f(Z)dze_ Sto f(z)dz) o ess f(z)d=

Thus

el sy
i f@d= T om
Since t is arbitrary, the proof is completed. [ |

Theorem 2.3.1. Let (S,(t), 1,(t), Su(t), In(t), Rn(t)) be the solution of system (2.4]) with
initial conditions S,(0) = 0, I,(0) = 0, S,(0) = 0, I,(0) = 0, R,(0) = 0. Then, we have

(a) (Sy(t), L,(t), Sn(t), In(t), Ru(t)) is nonnegative for allt = 0 and ultimately bounded.

(b) If S,(0) > 0,1,(0) > 0,5,(0) > 0,1,(0) > 0 and Ry(0) = 0, then each component
of (Sy(t), I,(t), Sn(t), In(t), Ru(t)) also is positive for all t > 0.

proof: First we prove conclusion (b). Suppose that (S, (), I,(t), Su(t), In(t), Rn(t)) is
defined for all ¢ € [0,Q), where ) > 0. Integrating the first equation of system (2.4))
from 0 to ¢, we have

S, (£) = Su(0)exp ( L t (-%ﬁf(s))u — 1 (T(s), R(s))) ds>. (2.8)
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From S,(0) > 0, we obtain that S,(¢) > 0 for all ¢ € [0, Q).
Suppose that there exists a t; € (0, Q) such that

min{/,(t,), Ir(t1)} = 0.

Since I,(0) > 0 and I,(0) > 0, we can further assume min{/,(¢), [(t)} > 0 for all
t € [0,t1). If min{Z,(t1), In(t1)} = I,(t1), then from S,(t) > 0 for all ¢ € [0, Q), we have

1,(t) = —po(T(t), RA) L) forall te0,t].

Hence,

0= 10> L0 (- [ (T (s). R(s)ds) =0,

0
which leads to a contradiction. If min{l,(t1), [r(t1)} = In(t1), then since

Ru(t) > —(jup + 0)Rp(t) for all te[0,t),

we have
Ry(t) > Rp(0)exp(—(up +0)t) =0 for all te (0,t].

From the fourth equation of system (2.4), we have

Sh(t) = — <%f(t))]v(t) + ,uh> Sh(t) forall te [O,tl].

Hence,

Sp(t) = Sp(0)exp <— Lt (%j}:(s))]@(s) + ;%) ds) >0 forall tel0,t].

From this, we further obtain
In(t) = —(pn + 1o + pa)In(t)  for all ¢ e [0,].

Hence,

0 = I(t1) = In(0)exp(—(pn + rn + pa)ts) > 0,
which leads to a contradiction. This shows that ,(t) > 0 and I,,(t) > 0 for all t € [0, Q).
Furthermore, since

Ry(t) > —(un + 0)Ru(t) forall tel0,Q),

we obtain

Ri(t) > Rp(0)e e+t = 0 forall te (0,Q).
Further from the third equation of (2.4)) we have

Sp(t) = — (%ﬁw_fv(ﬂ + ,uh) Sp(t) forall tel0,Q).
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Hence,

Su(t) = S (0)exp (_ L t (%ﬁf(s))@(s) + uh) ds> >0 forall tel0,Q).

This shows that (S,(t), I,(t), Su(t), In(t), Ru(t)) is positive on the interval of existence.This
completes the proof of conclusion (b).

Next, we prove conclusion (a). From conclusion (b) and the continuous dependence of
solutions of system with respect to initial values, we immediately obtain that
(Sy(t), I,(t), Sh(t), In(t), Ru(t)) with initial condition S,(0) = 0,7,(0) = 0,S5,(0) >
0, 1,(0) = 0, R,(0) = 0 is nonnegative on the interval of existence.

Now, we prove that the interval of existence of (S,(t), I,(t), Su(t), In(t), Rn(t)) as a
solution is [0, c0).

In fact, if the interval of existence of (S,(t), I,(t), Su(t), In(t), Rn(t)) is a finite interval
[0, @), then from the continuity and nonnegativity of (S,(t), I,(t), Sn(t), In(t), Ru(t)) on
[0, Q), it blows up when ¢ — @~ and hence it will not be bounded on [0, Q). From

No(t) < Ao(T(t), R(t)),

we obtain

t Q

Ao(T(s), R(s))ds < N,(0) + f Ao(T(s), R(s))ds.

Nuwsnww>+f

0

Hence, N,(t) is bounded on [0, Q), which implies that I,(t) also is bounded on [0, Q).
This leads to a contradiction. Therefore, we finally have that (S, (t), 1,(t), Sp(t), In(t), Rn(t))
is defined on [0, 00).

Adding equations one and two of system (2.4) we have
Nu(#) = =po(T(8), RE)No() + Ao(T (1), R(2)).

Integrating the above equation for any ¢ > 0, we obtain

t
Nv(t) —e~ S(t) po(T(s),R(s))ds {Nv(O) +J AU(T(s),R(s))eSS MU(T(T),R(T))deS}
0

t
e SomaTORENS N (0) 4 ¢ So bolT(),BE)ds J A(T(s), R(s))els TR g
; .

sup {A(T'(t), R(t))}
inf {11, (Z(2), R(t))}

<e Som T RENs N (o) +

by Lemma [2.3.1
From this, we further obtain

sup {A,(T(2), R(t))}
lim sup N, (t) < =0

o il (1, (T (D), B()) 29
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Adding equations four, five and six of system (2.4) we have
Nu(t) = Ay — pnNo(t) — paln(t) < A — pun N (t)

and integrating this inequality for any ¢ > 0, yields

t
Nh(t) <Le SO pndr {Nh(()) + f Ahegg'uthdS}
0
t

<e M'NL(0) + Ahe“htf et sds
0

A A
Le Hnt (Nh(()) — —h) + _h

Hn Hh
Thus we obtain
lim sup Ny, (t) < A (2.10)
t—00 1253
Lastly, from (2.9) and , we finally obtain that all solutions of system ({2.4)) are
ultimately bounded. This completes the proof of conclusion (a). |

Remark. From (2.8) we obtain that S,(¢) > 0 for all t > 0 when S,(0) > 0. Therefore,
for any constant € > 0 small enough, we denote

Qc = {(Sy, Lo, S, In, Ri) = Sy > 0,1, 2 0,8, 2 0,1, 2 0, Ry, = 0,

A
Sy+ 1, <Ty+eSh+ 1+ Ry <=2 +¢},
Hh

sup{Ay (T'(t),R(t))}
where I, = ZIE{””(TW
Then from Theorem , we see that (). is a positively invariant set with respect to
system (2.4) and also a global attractor of all positive solutions of system .
Therefore, the model system is biologically well posed.



Chapter 3

Periodic System

3.1 Introduction

Malaria is a climate-sensitive tropical disease and hence climate exerts an impact upon
the distribution of the malaria transmission in space and time. Climate variation can
only be observed in long time horizon, at least 30 years is required. Instead of climate
variation, we can call the variation, simply a ”seasonal variation”. In this chapter, it is
assumed that for some shorter period of time, the variation in temperature and rainfall,
and hence the corresponding parameters for malaria model, are to vary in seasonal man-
ner. Assessment of the potential change in malaria risk caused by seasonal variations
in temperature and rainfall is important to investigate the dynamics of the disease in
a short term basis. The information provided here might serve as an important con-
tribution for strategic planning of malaria control in a short period of time in the future.

For shorter period of study time the climatic values change seasonally and hence they
are very much periodic in time. By considering periodicity in the climate variables and
the corresponding parameters dependent on the periodic climate variables (temperature
and rainfall), we analyze model in the periodic environment. Thus the system will
have time dependent periodic coefficients as climate variables could be expressed as a
function of time.

ds,
8 = AT, R) = A(T)S, = (T, R)S,
dl,
i = X\(T)Sy — po (T, R) 1,
dsS
d_th = Ay — M(T)Sh + o Ry, — 11,5, (3.1)
dl
d_th = )\h(T)Sh — (/Lh + 7y + ud)[h,
dR
d_th = Th[h — (uh + U)Rh,

22
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where A\, (T') = ,3,%—(3)@ and A\, (T) = % represent the force of infection of humans

and mosquitoes, respectively.

3.2 Some Mathematical Preliminaries

3.2.1 The Basic Reproduction Ratio

In this subsection we will try to present briefly the mathematical results formulated
in [81] for non-autonomous but periodic systems.We consider a heterogeneous pop-
ulation whose individuals can be grouped into n homogeneous compartments. Let
x = (x1, ..., £En)T, with each x; = 0, be the state of individuals in each compartment. We
assume that the compartments can be divided into two types: infected compartments,
labeled by ¢ = 1, ..., m, and uninfected compartments, labeled by i = m+1,...,n. Define
X, to be the set of all disease-free states:

Xyi={x=20:2;,=0,Vi=1,....,m}.

Let F;(t,z) be the input rate of newly infected individuals in the " compartment,
Vi (t,x) be the input rate of individuals by other means (for example, births, immi-
grations), and V; (t,z) be the rate of transfer of individuals out of compartment i (for
example, deaths, recovery and emigrations). Thus, the disease transmission model is
governed by a non-autonomous ordinary differential system:

dx i
dt

= Fi(t,z) = Vi(t,z) = fi(t,x),i =1,....n, (3.2)

where Vi(t,x) = V; (t,x) — V" (t,z). Following the setting in [81] for non-autonomous
compartmental epidemic models, we make the following assumptions:

(A1) For each 1 < i < n, the functions F;(¢,x), V; (t,z) and V; (t,x) are nonnegative
and continuous on R x R” and continuously differentiable with respect to x.

(A2) There is a real number w > 0 such that for each 1 < i < n, the functions F;(t, ),
Vi (t,z) and V; (t,x) are w-periodic in t.

(A3) If z; = 0, then V7 (t,z) = 0. In particular, if z € X, then V (t,z) = 0 for
1=1,....,m.

(A4) Fi(t,x) =0 for i > m.
(A5) If x € X, then Fi(t,z) =V (t,z) =0fori=1,...m.

Note that (Al) arises from the simple fact that each function denotes a directed non-
negative transfer of individuals. Biologically, (A2) describes a periodic environment
(e.g., due to seasonality); (A3) represents that if a compartment is empty, then there
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is no transfer of individuals out of the compartment; (A4) means that the incidence of
infection for uninfected compartments is zero; and (A5) implies that the population will
remain free of disease if it is free of disease at the beginning and no infectious individual
is introduced in the course of time..

We assume that the model has a disease-free periodic solution

2(t) = (0,...,0,2% (), ..., 22(t)T with 29(t) > 0, m+1 < i < n for all t. Let

f=(f1,.... f»)T, and define an (n —m) x (n —m) matrix

J m+1<i,7,<n
dz

Let ®y(t) be the monodromy matrix of the linear w-periodic system % = M(t)z. We
further assume that x°(¢) is linearly asymptotically stable in the disease-free subspace
X, that is,

(A6) p(Pp(w)) < 1, where p(Ppr(w)) is the spectral radius of @y (w).

By the arguments similar to those in [[77], Lemma 1], it then follows that

where F(t) and V(t) are two m x m matrices defined by

F(t) = (W)Klﬁm, V(t) = (M)m,j,gm’ (3.3)

i i< 5%
respectively, and J(t) is an (n —m) x n matrix. Furthermore, F'(t) is nonnegative,
and —V/(t) is cooperative in the sense that the off-diagonal elements of —V(¢) are non-

negative.

Let Y(t,s), t = s, be the evolution operator of the linear w-periodic system

dy
— = -V (t)y. A4
W v (3.4
That is, for each s € R, the m x m matrix Y (¢, s) satisfies

%Y(t, s)=-V(@)Y(ts), Vi=s, Y(ss)=1I,

where [ is the m x m identity matrix. Thus, the monodromy matrix ®_y () of
equals Y (¢,0), t = 0. Note that the internal evolution of individuals in the infectious
compartments due to deaths and movements among the compartments is dissipative,
and exponentially decays in many cases because of the loss of infective members from
natural mortalities and disease-induced mortalities. Thus, we assume that

(A7) p(®v(1) <1.
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Based on the assumptions above, we are now able to analyze the reproduction ratios for
the epidemic model . For this purpose, we always assume that the population is
near the disease-free periodic state z°(t).

By the standard theory of linear periodic systems (see, e.g., [[32], Sect. IIL.7]), there
exist A > 0 and o > 0 such that

Yt s)|| < Ke 9 Vt>s seR. (3.5)
It follows that
|Y(t,t —a)F(t —a)|| < K||F(t —a)|le™®*, VteR, ac]l0,00). (3.6)

In view of the periodic environment, we suppose that ¢(s) is the initial distribution of
infectious individuals, which is assumed to be w-periodic in s. Then F'(s)p(s) is the total
distribution of new infections produced by the infected individuals who were introduced
at time s. Given t > s, then Y (¢, s)F(s)¢(s) gives the distribution of those infected
individuals who were newly infected at time s and remain in the infected compartments
at time ¢. It follows that

ot = f Y (£, 5)F () (s)ds — LOO Y (bt — a)F(t — a)p(t — a)da

is the distribution of accumulative new infections at time ¢ produced by all those infected
individuals ¢(s) introduced at previous time to ¢.

Let C,, be the ordered Banach space of all w-periodic functions from R — R™ | which
is equipped with the maximum norm ||.|| and the positive cone

Ch:={peC,:¢(t)=0forall t € R}.

Then we can define a linear operator L : C, — C,, by

a0
(Lp)(t) = J Y(t,t —a)F(t —a)p(t —a)da for allte R, ¢ e C,. (3.7)
0
Motivated by the concept of next generation matrices introduced in ([I8], [77]),we call L
the next infection operator, and define the spectral radius of L as the basic reproduction
ratio

Ry = p(L) (3.8)
for the periodic epidemic model ((3.2]).

Now let A(t) be a continuous and w-periodic n x n matrix function. We consider the
following linear system

i = At)z. (3.9)
Following [81], let ®4(t) be the fundamental solution matrix of system ({3.9) with ini-
tial condition ®4(0) = I, where I is n x n identity matrix, and let p(®4(w)) be the



26

spectral radius of matrix ®4(w). Further, we assume that A(t) also is cooperative and
irreducible, then by the Perron-Frobenius theorem, p(®4(w)) is the principal eigenvalue
of ®4(w) in the sense that it is simple and admits an eigenvector v* » 0.

In view of the biological background of system (3.1]), in this chapter we only consider
the solution of system (3.1)) starting at t = 0 with initial values:

S,(0) =20, 1,0)>=0, Sp0)=0, I,(0)=>0 and R.(0)=0. (3.10)
In this chapter, for system (3.1)) we introduce the following assumptions:

(Hy) A(T(t), R(t)), po(T(t), R(t)), A\n(T'(t)) and A, (T'()) are continuous and w-periodic
functions.

(Hs) §g A(T'(t), R(t))dt > 0.

The assumption H; is made to have a model with periodic coefficients and H is taken
to guarantee the existence and continuity of the emergence of the mosquito population.

When I,(t) = 0, R,(t) = 0 and [,(t) = 0, we can obtain the following two subsystem of
system ((3.1))
Sh(t) = Ah - uhSh(t), (3.11)

and
Su(t) = A(T(t), R(t)) — mo(T(t), R(t)) S, (2). (3.12)

We see that system (3.1)) has a disease-free periodic solution (DFPS)
* * Ah
EO (t) = (SU (t),O,—,0,0) (313)
Hh

Lemma 3.2.1. The function

t
S*(t) = SO lom(ndr 4 J A, (s) e Sspe(dr g
0

where

SO _ SS) A’U (S) e SL: HU(T)deS

v 1 ¢ Wi

is a w-periodic disease free solution of equation (3.12)).

proof: For any initial condition, S?, equation (3.12)) has a unique solution given by

t
SU (t) = 5867 §o o (T)dr + J Av (S) e 5. ,u,U(T)deS‘
0
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In particular, we have
Sy (w) = 8% o m(mdr f A, (s) e S mdr g
0
Hence we obtain S, (w) = SY.
Moreover,
t+w t+w t+w
Sy(t+w) = S, (w)e to mdr 4 J Ay () e T g

w
t+w

= Sl T mdr A, (8) e 5 momdr gg

w
t+w

On the other hand, e~ mmdr — o=
change of variable s = 7 — w, we obtain

po(T=w)dT a5 11, is w-periodic. By using the

o ST mo(r—w)dr _ o o (s)ds

Furthermore, since A, is also assumed to be w-periodic, we have

ttw t+w t+w t+w
J A, (1) e me()ds g :J Ay (7 — w) e Srmirw (s g

w w

By setting x = 7 — w, we obtain

rt+w o 4
A, (T—w)e ~ i o (8)ds g
Jw
rt t+w
— AU ( ) Sz+w ‘U"U dsdl‘
JO
rt

= A, (z)e” §o mo(s)ds g,
Jo
Hence,

t4w it t
f A, (1) e~ 5 mo(s)ds g f A, (z)e =5y po(s)ds .

w 0

This implies that
t
Sy (t+w) = 586750 po(m)dr g J A, () e sy — G (t).
0
|

Now following [80], based on the assumptions H; and Hs, we compute the basic repro-
duction number of system (3.1)) following the way given in ([77],[81]).
Let

Ao(t) Sy po(T'(2), R(t)) 1o
A (t)Sh (ton 4 7h + pa)In
F(t,z) = o | V7(t,z) = | M\(£)S, + po(T(t), R(1))S,
0 An(t) Sy + 1nSh
0 n Ry, + o Ry,
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and
0

0
Vi(tx) = | A(T(1), R(1))

A, + oRy,

rrdn
where x = (S, I,,, S, I, Ri)T , then system equals to the following form

o(t) = F(t,x) = V(t,x) = f(t,x(t)), (3.14)
where V(t,z) =V~ (t,z) — V' (t,z).
In the following, we will check conditions (A1)-(A7) which are given above.

By the expressions of F (¢, z) and V* (¢, ), we see that conditions (A1)-(A5) are satisfied.
Now, we define
i\by (¢
o - ()
0 3<ij,<5

where f;(t,z*(t)) and z; are the i'" component of f(t,z(t)) and x, respectively. By
simple computations, we can obtain

—po(T(t), B(t))) 0O 0
N(t) = 0 —Hn o)
0 0 —(uh + U)

and we finally get p(®y(w)) < 1. Thus, condition (A6) also holds.
Next, we set two 2 x 2 matrices as follows

_ [ 0Fi(t,z* (1))
F(t) N ( ox; )1<i,j<2

and V(1) = (240

Ox; )1<i,j<2 ’

where F;(t,z(t)) and Vi(t, z(t)) are the i component of F (¢, z(t)) and V(t,z(t)), re-
spectively. Then, by simple computations, it follows that

0 ﬂhu¢(T(t))S: t o(T(1), R(t 0
P(t) - RO O gy ()
ﬂvf}\@?}f’(z;gi)z h 0 0 Un +1n + g

Therefore, from assumption H;, we obtain that p(®_y(w)) < 1. Thus, condition (A7)
also holds.

For the periodic system , a stability analysis similar to the works of [80] is done
using the basic reproduction ratio (3.8]).
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Lemma 3.2.2. (Lemma 4 in [80]) Assume that (A1)-(A7) hold. Then the following
statements are valid:

(i) Ro =1 if and only if p(®r_y () = 1,
(11) Ry > 1 if and only if p(Pr_y(w)) > 1;
(111) Ry < 1 if and only if p(Pr_y(w)) < 1.
Thus, E*(t) is asymptotically stable if Ry < 1, and unstable if Ry > 1.

Theorem 3.2.1. If Ry < 1, then the disease-free periodic solution Eg(t) of system (3.1))
15 globally asymptotically stable.

proof: From Lemma [3.2.2] we obtain that if Ry < 1, Eg(¢) is locally asymptotically
stable. Now, we will only prove the global attractivity of Ef(¢) for the case Ry < 1.
From Ry < 1 and conclusion (iii) of Lemma [3.2.2) we have p(®p_y(w)) < 1, then we
can choose a small enough constant €3 > 0 such that p(®p_yic,nm(w)) < 1, where

0 Brw (T (¢))

M(t) = o

Bon (T (¢)) 0
Np

From ([2.9) and ({2.10), we obtain that for above given constant €, there exists a t; > 0
such that for all ¢t > ¢;

A
Sh< —h+62 and SU<S:+€2.
22
From the second and fourth equations of system (3.1f), we obtain that for all ¢ > ¢;

I, < 80T (G 4y 4 e\ I — py (T(2), R(£)) 1,
N, (S5 () + ) n — pu(T(1), R(1)) (3.15)

fh < —thqj\g(t))(% + €) Iy, — (pn + 7 + 1a)Ip-

Considering the following auxiliary system:

I, = 2000 (§2(4) 4 )], — po(T(E), R(E)),,

Ny,
fh = %}?(t»(% + Ez)fv — (/,Lh +rp + ,Ud)fh.

For the convenience, we will rewrite it as follows

d iv L
2= O V) +eMb) (3.16)
Ih [h

From Lemma 2 in [80], it follows that there exists a positive w-periodic function ¢(t) =
(1 (), g2(1))" such that (I,(t), I (t))T = eMtq(t) is a solution of system (3.16]), where
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= 5 (p(p_vieuW))).

Denote G(t) = (I,(t), In(t))T.
We can choose a small constant & > 0 such that G(¢;) < £q(t1). Then, from (3.15) the
comparison principle implies that

G(t) < &elq(t) for all t > t,.
By p(®r v.e,m(w)) < 1, it follows that gy < 0, then lim; ,o G(t) = 0, that is,

lim I,(t) =0, lim I,(¢) = 0.

t—0 t—0
Moreover, from the equations of S,,S, and Ry, in system (3.1)), we can get

A
lim S,(t) = S*(t), lim Sp(t) = —=, lim Ry(t) = 0.
t—00 t—00 L, t—00

Hence, disease-free periodic solution Ef(t) of system (3.1) is globally attractive. This
completes the proof. [ |

Theorem 3.2.2. If Ry > 1, then system (3.1)) is uniformly persistent. That is, there
exists a positive constant €, such that any solution (S,(t), I,(t), Sp(t), In(t), Ru(t)) of sys-
tem (3.1)) with initial conditions S,(0) = 0, I,(0) = 0, S,(0) = 0, 1,(0) = 0 and R,(0) = 0
satisfies

lim inf (S, (t), I,(t), Sp(t), In(t), Ru(t)) = (g,¢,¢,¢,¢€).

t—00

proof: From Ry > 1 and conclusion (ii) of Lemma [3.2.2] we have p(®p_y(w)) > 1.
Then, we can choose a small constant & > 0 such that p(®p_y_gp(w)) > 1, where M (t)
is defined in Theorem (|3.2.1]).

From H, and Hj, we obtain for any small enough £ > 0

JW[AU(T(L‘), R(t)) — %(T(t))s]dt > 0. (3.17)
For this ¢, we consider the following two perturbed equations
0.(6) = A1), 70) — 222D ) - o, R, (18)
and
Uity = g~ 2000y ) vy, (3.19)

Using Theorem 3 in [80] and the references there in, from assumption (Hs) and (3.17)),
we can get that systems (3.18) and (3.19)) admit globally uniformly attractive positive
w-periodic solutions UZ(t) and V*(t), respectively. By the continuity of solutions with
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respect to the parameter e, for constant £ > 0 given in above, there exists a constant
g1 > 0 such that for all 0 < ey < e and t € [0, w]

t =3 t)>——2. 2
Us (1) > 55() — 5, Vsl()>uh > (3.20)
Define
X ={(Sy, Lo, Sp, In, Ry) : Sy, > 0,1, 20,5, > 0,1, = 0, R, > 0}
and
XO = {(S’l)?[U)Sha[haRh) e X: [v > O,Ih > O}
We have

6X0 = X\XU = {(Sv,[v,Sh,[h,Rh) e X: Ith = O}

From system ((3.1)), it is easy to see that X and X are positively invariant, and 0Xj is
also a relatively closed set in X. Let P : X — X be the Poincar é map associated with

system ((3.1)), that is
P(zo) = u(w,z) forall zq€e X,

where u(t, ) is the unique solution of system satisfying initial condition u(0, z¢) =
xo. From the continuity of solutions of system (3.1)) with respect to initial value xg, we
can obtain that P is compact. Moreover, by Theorem [2.3.1 we obtain that P is point
dissipative on X.

Further, we define

M@ = {(Sv(0)7 L,(O), Sh(0)7 Ih(0)7 Rh(o)) € aXO :

P™(S,(0), I,(0), Su(0), 1,(0), Ry(0)) € X, for all m > 0},

where P™ = P(P™!) for all m > 1 and P! = P.
Now, we claim that

Mp = {(5v,0,55,0,0) : S, > 0,5, = 0}. (3.21)

First, for any point (S,(0),0, S5(0),0,0), where S,(0) > 0 and S,(0) = 0, according to
the existence and uniqueness of solutions of system , we can obtain that

(Sy(t), I, (1), Sp(t), In(t), Ry(t)) with I,(t) = 0,1,(t) = 0 and R,(t) = 0 is the unique
solution of system satisfying initial condition

(5:(0), 1,(0), Sn(0), 1n(0), Ba(0)) = (5,(0),0, 54(0), 0,0).
Therefore, we obtain for any integer m > 0
P™(5,(0),0,5,(0),0,0) € {(S,,0,54,0,0) : S, > 0,5, =0} < 0Xp.
This shows (.S, 0, Sy, 0,0) € M,. Consequently,

{(Sv,(), Sh,0,0) 0 S, > 0,5, = 0} < M.
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On the other hand, if Ms\{(S,,0,54,0,0) : S, > 0,5, > 0} # &, then there exists at
least a point (S,(0), 1,(0), Sx(0), I1(0), R,(0)) € M, satistying I,(0) > 0 or ,(0) > 0. If
I,(0) = 0 and I;(0) > 0, then it is clear that from system (i3.1))

I(t) = I,(0)e~ ntmtuat . 0 for all ¢ > 0.

From S,(0) > 0 we can obtain from the first equation of system (3.1]) that S,(¢) > 0 for
all t > 0. Hence,

1(t) = [ 1,(0) + f t w Su(5) (5l m,<T<u>,R(u>>dudS] o~ fb e (T R@)du <
0 h
for all ¢ > 0. If I,(0) > 0 and Ih(O) = 0, then we have
It [ f @wﬁf) S, (5) T (s) el w7 R dud5:| o o m(T(w) Rw)du < ()
for all £ > 0. From the third equation of system we have
Sp(t) > — (%}ft))[v@) + ,uh) Sp(t) forall t>=0.
Hence, we further have Sy,(t) > 0 for all ¢ > 0. Consequently, by the fourth equation of
system we have
In(t) > —(un + 11 + pa) In(t) forall ¢>=0

and hence I,(t) > 0 for all ¢ > 0. This shows that (S,(t), L,(t), Si(t), In(t), Ru(t)) ¢
0Xo. Hence, (S,(0), 1,(0), S,(0), I5(0), Ry(0)) ¢ M, which leads to a contradiction. It
indicates that My < {(S,,0,S,0,0) : S, > 0,5, = 0}. Therefore, we finally obtain that
claim holds.

It is clear that there is a fixed point of P in M, , which is M; = (S}(0),0, %,0,0).
Denote zy = (5,(0), 1,(0), Sx(0), I5(0), Rx(0)) € Xo. By the continuity of solutions with
respect to the initial value, for above given constant ; > 0, there exists dp > 0 such
that for all xg € X, with ||zg — Mi|| < do, it follows that

llu(t, zo) — u(t, My)|| <e1 forall te|0,w]. (3.22)
Now, we prove
lim sup d(P™(xo), My) = dp. (3.23)
m—00

Suppose the conclusion is not true, then

lim sup d(P™(z9), M1) < dp.

m—Q0

for some xg € Xy. Without loss of generality, we can assume that

d(P™ (o), M) <6 forall m =0
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Further, from (3.22) we have
llu(t, P™(x0)) — u(t, My)|| <& forall m =0, te|0,w].

For any t > 0, let t = mw + t/,where ¢’ € [0,w) and m = [1] is the greatest integer less
than or equal to f, then we can get

llu(t, z0) — ut, My)|| = [Ju(t', P™(x0)) — u(t', My)|| <2, forall ¢=0.  (3.24)

. _ _ * A
Since u(t,zo) = (Su(t), 1o(t), Su(t), In(t), Bi(t)) and u(t,My) = (S7(¢),0,3%,0,0), it
follows from ([3.24) that 0 < I,(t) < e; and 0 < I(¢) < ¢; for all ¢ = 0. Then, by the
first and third equation of system (3.1]) we get for any ¢ > 0

Bhv(lﬁ(T(t))

Su(t) = A(T (1), R(t) — &1 N,

Su(t) — o (T'(2), R(1))Su(t),

and

Sp(t) = Ay — glw&(w — i Sh(t).

By the comparison principle, we obtain for any ¢t > 0
Sv(t) = U€1 (t)a Sh(t) = V€1 (t)7

where Uy, (t) and V., (t) are the solutions of systems and with parameter
g1 satisfying initial conditions U, (0) = S,(0) and V., (0) = S,(0) , respectively. Since
systems (3.18)) and with parameter ; have globally uniformly attractive positive
w-periodic solutions U (t) and V*(t), respectively, there exists a ¢; > 0 such that

Us(t) > Uz (L) — g, Vo, (t) > V2(t) — g for all ¢ > t;. (3.25)
Combining (3.20) and (| - we have
* Ah
U, (t) > Sk(t)—¢&, V., (t) > #——g for all ¢ >t;.
h

Thus, we finally obtain that for all ¢t > ¢,

I, = 2SOV (S%(8) — )1, — o (T (1), R(E)) T,

N, (3.26)
: (Tt
iy =L h%h( ))(% — 1, — (p + 13 + pta) I

Consider the following auxiliary system

I, = 2800 (§2(1) — €], — 1, (T(1), RO,

)
fh th(%h( ) (Hh - f)fv - (Nh + 71y + ,U/d)f
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For the convenience, we will rewrite it as follows

d 1, I,
2| =EG Ve —emm) | (3.27)
Ih [h

From Lemma 2 in [80], it follows that there exists a positive w-periodic function p(t) =
(p1(t), p2(1))T such that (I,(t), Ir(t))T = e*'p(t) is a solution of system (3.27), where
pa = 20 (p(®rov_gn ().

Since G(t) € intR2 where G(t) = (I,(t), I5(t))",we can select a small constant o > 0
such that G(t;) > ap(t1). Then, by and the comparison principle, we can obtain
that

G(t) = ae'p(t) forall t>t.

By p(®p_v_em(w)) > 1, it follows that ps > 0, then lim;_,o, G(t) = oo, that is,

thjg I,(t) = oo, thjg Iy (t) = .
which is a contradiction with 0 < 7,,(t) < ey and 0 < I (t) < &1.
Therefore, claim holds. This shows W*(M;) ()Xo = &. From Lemma 1 in [80],
we can obtain that {M;} is globally attractive in Mp, that is, each orbit in M, converges
to {M;}. Hence, {M;} is isolated in M, , and hence in X. Furthermore, {M;} also
is invariant and {M;} does not form a cycle in M, , and hence in 0X,. Therefore,
by Lemma 3 in [80], we finally obtain that P is uniformly persistent with respect to
(Xo,0Xo)-
Finally, from Theorem 3.1.1 given in [88] we further obtain that all solutions of system
(3.1) is uniformly persistent with respect to (X, 0X).
Furthermore, from the last equation of system we can directly obtain that Ry in
system also is uniformly persistent. This completes the proof. |

Remark. The influence of climate variables on malaria disease can be determined by
the basic reproduction ratio (Ry), which defines the number of cases of a disease that
arise from one case of the disease introduced into a population of susceptible hosts.
By Lemma , we can see that in the realistic applications, if we want to verify
Ry is greater or less than unity, it suffices to verify that p(®r_y(w)) is greater or less
than unity. It has been shown that the disease-free solution of the model is globally
asymptotically stable when the basic reproduction ratio is less than unity and the disease
is uniformly persistent when the basic reproduction ratio is greater than unity.
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3.3 Existence of backward bifurcation in the au-
tonomous version of the model

In the autonomous version of (3.1)), as Ry is defined as the spectral radius (dominant
eigenvalue) of the next generation matrix FV !, we define

R — \/ﬁvhﬁhv¢2f\vﬂh
0= Al 5 rn
poYAn

where v = pp + rn, + fia-

The disease-free periodic solution (DFPS) of the autonomous version of exists and
is given by Ef = (%, 0, %,0,0).

At the steady states of the autonomous version of which is calculated by equating
its right side to zero, the zero force of infection corresponds to the disease-free periodic

solution (DFPS) of the autonomous version and the non zero force of infection A} =

—ijhvﬁm satisfies the quadratic equation
h
AN + BN +C =0 (3.28)
where
K= lp+0
A= (/g; + fr’h)Ah[,uy(Ii + T’h) + ﬁhv(ﬁ’%)
_ A
5 K(KY — rRo)yu h(M/\ e
Hh
C = &9’ An(1 = RY)
and
M — ,Uzh(ﬁhv¢ + 2(’f + Th))
\ = .
(FVY - ThU)/J,U
which implies that
., —B+VB2—4AC
Oéh -
2A

Note that M, > 1 if and only if

(ky = rh0) o — 2(Kk + 73)
o

ﬂhv > )\0 =
Proposition 3.3.1. 1. If By, = Ao, the autonomous version of (3.1)) exhibits
transcritical bifurcation.

2. If Bry < Ao, then the autonomous version of (3.1) exhibits backward bifurcation.
That is, there ezists R. in (0,1) such that
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i. If 1 < Ry then the autonomous version of (3.1) has one endemic

equilibrium point.

. If R. < Ry <1 then the autonomous version of (3.1)) has two endemic
equilibrium points.

iti. If Ry = R, then the autonomous version of (3.1)) has one endemic
equilibrium point.

iv. If Ry < R, then the autonomous version of (3.1) has no endemic
equilibrium points.

proof:

1. If By = Ao then M), < 1. In this case, we have the following.

i. If Ry > 1, then C < 0. In this case (3.28) has a unique positive solution.

ii. If Ry <1, then C = 0 and B = 0 (because Ry < 1 < 4/M,). This together
with A > 0 imply that (3.28) has no positive solution.

2. If By, < Ag, then M, < 1. In this case we have

i. If Ry > 1, then C' < 0 which implies that (3.28)) has a unique positive solution.

ii. If Ry < /M), then B >0 and C > 0. This implies that has no positive
solution.

iii. If /M) < Ry, we consider the discriminant of (3.28) A(Ry) := B2—4AC. One
can see that A(y/M,) := —4AC < 0 and A(1) := B? > 0. Therefore, there
exists R. € (v/My,1) such that A(R.) = 0 and A < 0 for Ry € (v/M,, R,)
and A > 0 for Ry € (R, 1). In this case we have

a. If /M, < Ry < R, then (3.28)) has no positive solution.
b. If Ry = R, then A = 0 and B < 0. This implies that (3.28) has one
positive solution.

c. If R. < Ry < 1 then (3.28) has two real solutions which are positive since
C >0and B <0.

=
<

|
Proposition establishes the existence of two endemic equilibria for Ry in (R, 1).

When all the parameters are constant, that is when the model is reduced to its au-
tonomous version, the fact that the model exhibit a backward bifurcation is well known
in many of the literatures (see for example [59], [57], [26]) and our model also reduces
to the same phenomena. However, when some of the parameters themselves are made
to be time dependent, no such phenomenon (like backward bifurcation) is established
yet. In the contrary, as can be mentioned in the next subsection, it has been asserted
that the DFS is globally asymptotically stable for Ry less than unity.
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3.4 Numerical Simulations

The numerical simulation of the non-autonomous model (3.1)) is used to illustrate the
impact of the seasonal variables (temperature and rainfall) on the malaria disease dy-
namics in a population and to validate the model results in the real situation on the
ground.

In this section, we give numerical simulations to confirm the above theoretical analysis
in the real situation in Ethiopia. For this purpose, the daily temperature and rainfall
data is taken from the National Meteorological Agency of Ethiopia and the correspond-
ing microscopically confirmed cases of malaria from 1984-2012 for Asendabo, a western
region of Ethiopia, is obtained from Asendabo clinic.

For the simulation, the monthly average maximum temperature and the average monthly
rainfall is used to show their impact on the incidence and prevalence of the malaria
disease in the region. The temperature and rainfall raw data, respectively, are fitted

(Figure and by the periodic functions

T(t) = 19.5932 + 1.2697 cos(0.5240t + 4.3391) — 0.6343 cos(2 = 0.5240t — 0.6963) (3.29)
and

R(t) =99.4876 + 89.8581 cos(0.5232¢ + 15.4500) + 19.1069 sin(2 = 0.5232¢)

(3.30)
—8.5891 cos(3 * 0.5232t + 3.7723) + 6.4660 sin(5 * 0.5232t).
Temperature Data points and Periodic function fit

2 ‘ ‘ ‘ ‘ ‘ ¢} ‘ Data points
—~ 23F Data plot ||
2 Data fit
& i
@)
3 i
g
@ 1
g J
£
e J

1 1 1 1
200 250 300 350 400
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Figure 3.1. Monthly average maximum temperature raw data taken is fitted by a
periodic function [37| that can possibly be best fit to data so that its functional value is
used in the analysis of its impact on the disease dynamics in the periodic environment.
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Rainfall Data points and Periodic function fit
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Figure 3.2. Monthly average rainfall raw data taken is fitted by a periodic function
that can possibly be best fit to data so that its functional value is used in the analysis
of its impact on the disease dynamics in the periodic environment.

It is assumed that initially, the susceptible and infected adult mosquitoes are S,(0) =
800000 are I,(0) = 700, respectively. The corresponding initial host population distri-
butions in the three compartments are assumed to be S,(0) = 20000, I,(0) = 190 and
R,(0) = 5, respectively, and the parameter values (per day) are A, = 0.415244,0 =
0.00137, y1 = 0.000024, 14 = 0.00047, By, = 0.24, By, = 0.022, 7, = 0.0028.

Note here that there is no control intervention assumed to have been implemented in
this period of time, and the model produces the dynamics of the disease if no interven-

tion were employed.

The actual malaria confirmed cases in the Asendabo region, collected in the years 2000-
2012 is plotted against time in months (Figure . In spite of all the expected data
collection and recording errors, the data shows that the incidence pattern does not follow
a periodic flow. So, it is more appealing to formulate and analyze a non-autonomous
model system for the epidemic.
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(b) A plot showing proportions of human popula- (c) A plot showing the model disease incidence.
tion.
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(d) A plot showing the actual malaria confirmed
cases in the Asendabo region, collected in the years
2000-2012.

Figure 3.3. Plots showing (a) prevalence, (b) proportions of human population, (c)
model disease incidence and (d) the actual malaria cases (actual incidence).



Chapter 4

Nonperiodic System

4.1 Introduction

The climate impact upon the distribution of the malaria transmission in space and time
is not always periodical and we need to investigate the potential change in malaria risk
caused by the variations in temperature and rainfall in the general case.That is when
these climate variables are any time dependent functions. This may help to investigate
the dynamics of the disease in a long term basis and the information provided here
might serve as an important contribution for strategic planning of malaria control in a
long period of time in the future. As the variation of rainfall is too seasonal and hence
nearly periodic, the non-periodic fit does not give a better fit than the periodic fit. For
this reason, the present chapter is devoted to studying the dynamics of the disease with
parameters dependent on the non-periodic climate variable (temperature) and the pe-
riodic climate variable (rainfall).

Even though the climate variables (temperature and rainfall) values change seasonally,
they are not totally periodic and hence it is very important to investigate the dynamics
in the non-periodic environment too. For the general case, that is, for the general climate
variables values, we analyze model by making the model parameters dependent on
the general climate variables. Thus the system will have time dependent non-periodic
coefficients as climate variables could be expressed as a function of time.

dci” _ AT, R) — A(T)S, — (T R)S,.

U o \T)S,— T R,

% = A = M(T)S, + o Ry, — punSh, (4.1)
% = M(T)Sh — (un + 71 + pra)In,

% = rpdy — (n + 0) Ry,

40
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where A\, (T') = ,3,%—(3)@ and A\, (T) = % represent the force of infection of humans

and mosquitoes, respectively.

4.1.1 Mathematical Preliminaries for the general non-autonomous
systems

Consider a definite linear non-autonomous system

dz
2= A(t 4.2
= A, (1.2
and an indefinite linear system
dz

where z € R”, A(t) is a known n x n continuous matrix function and B(t) an unknown
n X n continuous matrix function. Assume that one only knows some boundedness prop-

erty of B(t). We will discuss the equivalence in stability of systems (4.2]) and (4.3), so
that one can use the simple and definite system (4.2)) to study the complex and indefinite
system (4.3)).

For the analysis we need to define what to mean by matrix norms in two different ways,
which we will use them in our later discussion.

Definition 4.1.1. The induced norm of an m x n matrix A is defined to be

[ Al = max | Az].

|zl =1

We remark that the norm of A induced by the Euclidean norm above is equal to the
nonnegative square root of the absolute value of the largest eigenvalue of the symmetric
matrix AT A. Thus, we define this norm next.

Definition 4.1.2. The spectral norm of an m x n matrix A is defined to be
>
|A| = [m”ax a:TATA:U] .
z||=1
This will be the matrix norm that is used in the sequel and will be denoted by |.|.

Theorem 4.1.1. (See [45]) If there exist constant M > 0 and 0 < r < 1 such that the
following estimation

ﬁ IB(s)ds < r(t —to) + M (4.4)

is walid, then the exponential stabilities of the zero solutions of (4.2]) and (4.3]) are

equivalent.
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proof: Assume that the zero solution of (4.2) is exponentially stable, then there exist
constants M; > 0 and «; > 0 such that the Cauchy matrix solution of (4.2), K (t,to),

admits the estimation:
K (2, )] < My, (15)

Let 7 < §. Then, the general solution of (4.3) can be expressed as
t
x(t, to, xo) = K(t,to)xo + J K(t,s)B(s)x(s)ds.
to
Thus, we obtain
t
(. to, zo)l| <[ K (2, to) [0 +J [ K, ) B(s)][]z(s)]ds
to
t
<]+ [ I3
to

By using the Gronwall-Bellman inequality, we have the following estimation:
Hl’(t) Hetnt <M1€alt0 HZE()”GSEO M| B(s)|ds

()]

<]\416—041@—150) H$0||€M1T(t_t0)+MlM

=M16M1M||:L‘0He_(al_er)(t_tO).

This estimation shows that the zero solution of (4.3) is exponentially stable, where
r< ]‘\"4—11 On the other hand, system (4.2]) can be rewritten as

fi_f = A(t)z = (A(t) + B(t) — B(t))x = (A(t) + B(t))z,

where A(t) = A(t) + B(t), B(t) = —B(t).

However,
t t
J |B(s)|ds = J |B(s)||ds < r(t —to) + M.
to to

From the above results, we know that the exponential stability of the zero solution of
(4.3) implies the exponential stability of the zero solution of (4.2)). |

Theorem 4.1.2. The zero solution of (4.2) is uniformly asymptotically stable if and
only if it is exponentially stable.

proof: One only needs to prove that the uniform asymptotic stability of the zero solution
of (4.2)) implies its exponential stability.

Ve>0(0<e<1) F0(s) >0, IG(e) >0, when t =ty + G, |K(t,ty)|| <& holds.
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Owing to the uniform stability of the zero solution, there exists a constant M > 0 such
that
|K(tto)| < M, to<t<ti+G.

Assume that
nd <t—ty<(n+1)0 (n=0,1,2,..).

Then, from the property of the Cauchy matrix solution K (t,tg), we have
K(tto) = K(t,t)K(t,to)  (to <t <1).
Therefore,
K(t,tg) = K(t,nd +tg) x K(nd + tg, (n — 1)0 + to) x -+ x K(d + to, to), (4.6)
and thus
K (t, to)| <|K(t,nd + to)|| x |[K(nd + to,(n—1)5 +to)|| x -+ x | K (0 + to, o)
<M eMem(ntA (4.7)

<Ne*)\(t*t0)’

where N = Me??,
This implies that the zero solution of (4.2)) is exponentially stable. [

We state the Mean Value Theorem for integrals without proof to prove Lemma (4.1.1)).

Theorem 4.1.3. (The Mean Value Theorem) Let f : [a,b] — R be a continuous function
and
g : [a,b] = R be a nonnegative integrable function. Then there is c € [a,b] such that

[ @storae = 1 [ otwrae

a

Lemma 4.1.1. Suppose f and g are positive, bounded and continuous functions on
[to,o0) for some ty > 0. Let

t t s s
U(t) = e Yoo J e Yo T2l 902 g (4.8)

to

for all t = tgy, then there exist o > 0 and M > 0 such that

U(t) < Meet=to),



proof: By Theorem [4.1.3] there exists ¢ € [tg,t] such that
t
U(t) = Yo 92102 f o= Vi F@)z iy a(2)d= g
to

t C t S
ol 9(2)dz =, () J oo 922z g

to

t {° g(2)dz
c eo ds
<e Sto f(z)dz (Sto )

ol 9(2)d

1 —{¢ z)az
e Jip ()4 by Lemma [2.3.1}

<—
inf {g(1)}

t=to

Now

t t t
f o5y FEz S 92z g~ T S J S92z g _ f oSy 920z = 55, F(2)dz g
to t

0 to

if and only if
t
j oo 9(2)dz (67 i F()d _ =5 f(Z)dZ) ds = 0.
t

0

By the Fundamental Theorem of Calculus, (First Form), we get

dt

0

Which implies
o Vi fR)z _ = fy f(Z)dZ’

and hence . .
| == | seya,
to to
that is

L )z =0,

and this happens only when ¢ = t, since f(z) > 0 on [to,¢] for all ¢ > t.

We know that
inf {f(t)} < f(t),

implies
—f(t) < = inf {F()}.

t=to

Integrating the above inequality from ¢y to ¢, we obtain

[ st <= [ voyes

t=t
o 0

44
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and - |
P CT e 1t AU OIS RG]

Then we have that

Ut) < %e—&f@ fo= %etg%ﬁ){f@}(tto)_
inf {g(t)} inf {g(t)}
Thus
U(t) < Me ottt
_ 1 _ .
where M = JIREOH and « tl;ltf(‘) {f(t)}. =

Theorem 4.1.4. ([353]) Let x = 0 be an equilibrium solution for the nonlinear system

i:f(tvx)

where f :[0,00) x D — R"™ for D = {x € R" : ||x||s < r} is continuously differentiable,
the Jacobian matrix [%] s bounded and Lipschitz on D, uniformly in t. Let

A = 9 0.2))eco

Then, the origin is an exponentially stable equilibrium solution for the non-linear system
if it is an exponentially stable equilibrium point for the linear system

T = A(t)z.

We start the analysis of our model by linearising (4.1]) about a solution of the system.
For this we compute the Jacobian matrix of (4.1]) as,

—(A(®) + ) 0 by ~by by
Av (t) —Hy —b by —b
J(z) = 0 —bs —(bat+pm) b5 o +bs (4.9)
0 bs by —(bs+7) b5
0 0 0 Th —(pp + o)

where x = (S, Ly, Sh, I, Rp),
Mv(t) = M’U(T(t)7 R(t))v bl = /\v(t)(
by = An(t) ( . ]SV—) by = (1)

). by = BSOS () L) (T (1) S

), and v = pip, + 7 + pa

53
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Let D = {zx € R": |zl < r}. For z,y € D defining AJ := J(x) — J(y), we have

(X +A) 0 (b)) (b (- b)
Ao=N) 0 (B (k) (b )
AT=1 0 (B5+0) (bi+b) (5t (b5 5) (4.10)
0 (b5 =) (G —b]) (b5 +BY) (b5 +15)
0 0 0 0 0

where b7, b and AZ, AV for each i = 1,2,3,4, 5, represent the corresponding components
of the Jacobian matrix evaluated at = and y, that is, J(z) and J(y) respectively.

Since by = (52)8, = 1S, b= 25D (1- J) 5, = S,

by = Band(T(t ))Ji—} = d3Sh,  bi = Milt) ( ) = el (1 S) g,
bs = An(t )(N_;;L) ﬂuhcb(T(t v(ff_};) = dsl,, A(t) = 5hu¢gv7;l(t))fh = dgly,
Y = pin AT+ s = 1o (T'(t), R(1))-

);
with d; € [0,1) for each i=1,2,3,4,5,6, the matrix in (4.10]) is rewritten as

(=dg 1y + dgly) 0 (dySy —diSy)  (=d3Sy + d3SY)  (diSy —diSy)
(dg Iy — dg1}) 0 (=dySy +diSy)  (d3Sy — dySY)  (=diSy +diSY)
AJ = 0 (=d3Sy +d3Sy)  (=dily + dily)  (d5Iy —dsly)  (dsly — d5ly)
0 (d3Sy —d3Sy)  (dily —dily)  (=d5Iy +d5ly) (=dsl; + d5l})
0 0 0 0 0

where again, d? 1%, d?S?, dfIF, d?S¥and d/1Y, dYSY, d/I}, d!S} for eachi = 1,2,3,4,5,6,

» vy P Moo [V R V]

represent the corresponding components of the Jacobian matrix evaluated at x and y,
that is, J(x) and J(y) respectively.
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For simplicity of matrix norm calculation, let us write the above matrix as

Ju 0 Jis Juu Jis
Jor 0 Jog Jag Jos
AT =0 Jsp Jsz Jag Jss
0 Jyp Ji3 Ju Jis

o o0 0 0 0

Then

[ J(x) = JW) > < T3+ T3y + Jip + Jip + Jiy + Jag + i+ Ty + Ty + T3+ T3+ Jiy
+ J125 + J225 + Jgg) + JZ5 + 2{J11J13 + J21J23 + J11J14 + J21J24 + J11J15
+ JarJos + J3ads3 + Juaduz + Jaadzs + Jaadus + J3adss + Jaadas + J13J s
+ Jozdog + J33 Sz + Juzdas + Ji3Jis + Jazdos + J33J35 + JuzJus + J1ad1s
+ JoaJos + Js4Jss + JasJus )

Each term to the right side in the above inequality is either of the form ij or J;;Jy, for

all 4,7,k € {1,2,3,4,5}.

Using the fact that for any two vectors u and v and for any a,b € [0, 1), there exists

¢ = 0 depending on a and b such that

lau —bv| < ¢lu—v.
For each i, j € {1,2,3,4,5}, from terms of the form ij we obtain the relation
(dizy — dly;)* < (ci(w; —y;))*

that is
\dizj — dy;| < el |z — (4.11)

and for the other terms of the form J;;J;,, we have
Jijdie < |JijJik| < (max{J;, Jik})2

which takes again the form J. So an inequality of the form ([4.11)) can be obtained.
We then conclude that

[J(z) = Tl < L]z —yl,
for some non negative number L. That is
(o) = Sy < Llz —yll, VayeD, Wiz,

Since every component of the Jacobian matrix of (4.1]) is bounded, then the matrix is
bounded. Thus the Jacobian matrix of (4.1)) is bounded and Lipschitz on D, uniformly
in ¢.
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4.2 Disease Free Solution

In order to deduce the threshold condition for epidemic we replace the non-autonomous
system (4.1) by an autonomous one, by regarding the time on the right side of the sys-
tem (4.1) as a parameter and then carry out a stability analysis.

Consider the second and the fifth equations of (4.1)):
dl Sh

= Pt O) 5 Lo = vIn < Bond(TO)L = 1 1n,
C;[tv < ﬂhvcb(T(t))% Iy = po(T (), R() Ly < Brod(T ()T dy — 11, (T(t), R(L))1,.

(4.12)
We analyze the stability of the disease-free solution I, = I}, = 0, that is, the solution
representing the absence of the infection.

Linearizing the system (4.12)) around a small amount of disease iy and iy as in [15], we
get
di . .
d—f = —ig + Bond(T(t))iv,
i (4.13)
d_;/ = Br@(T ()T win — (T (), R(2))iv,
We then examine the stability of the disease-free solution of system (4.13), that is,
ig = 0 and iy = 0 as if the system were autonomous [15]. For this we assume the
solutions:

ig =crexp(\,s), (414)

iy =coexp(A,s)

and replace (4.14)) into equation (4.13)). The characteristic equation associated to system
(4.13]) is then obtained to be:

~(hn+7) Bad@@) | (415)
ﬂhv¢(T(t))Fv _()‘n + ,UU(T(t)? R(t)))
that is,
An(t) = % (—(7 + 1) £/ (7 + p10)? — (g — Bhvﬁvhcb?(T(t))Fv))

where My = [y (T(t)7 R(t))

If all the roots of equation have negative real parts, then the solution without
disease is stable, that is, the origin is an attractor. We see that the first root that crosses
the imaginary axis do so through the real axis and this happens when

Yito(T(t), R(1)) — BroBund*(T(t))T, < 0
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that is when BB ¢2(T(t))1“
Rio(t) = Yo (T(t), R(t))

Therefore, we can find the time ¢ at which the disease-free solution of system (|4.13]),

> 1.

that is, iy = 0 and i,y = 0 becomes unstable. The time t at which the disease-free
solution (no-disease) of the autonomous system becomes unstable (R, > 1) corresponds
approximately to the moment at which the epidemic takes off, that is, when the epidemic
in system begins to increase as a result of the introduction of a small amount of
disease at time t = 0.

Theorem 4.2.1. If R,,(t) < 1,¥t > to then the disease-free solution (DFS) Ei(t) =
(S*(t),0,20,0) (B3.13), is globally asymptotically stable.

’#h’

proof: From equation (4.12)), we have that

dlp/dt < Bond(T(t)) 1y — vIn

and
dlv/dt < Bhv¢(T(t))Fth - MU(T(t)7 R(t))]v
Let Y= (z;) be the solution of
v _ —y +e Bond(T'(t)) v (4.16)
Brod(T()Ty  —pu(T(t), R(t)) + ¢

with y1(0) = 1,(0) + €,42(0) = I,(0) + &, £ > 0.
From the argument above this Theorem , we see that the solutions of are
characterized by:

y1(t) — 0 and yo(t) — 0 as t — . (4.17)

We claim that
In(t) <y (t) and I,(t) <yo(t) ¥Vt > 0. (4.18)

Indeed, otherwise there exists a first point ¢ = ¢, > 0 such that either I,,(ty) = y1(to) or
I,(to) = ya(to). Suppose that the first case occurs. Then
y1(to) = Bund(to)y2(to) — yy1(to) + ey (to)

> mmw%ww A I(to)

= I,(to)-

On the other hand, since y;(t) — I(t) > 0 for t <ty and y;(to) — In(to) = 0, we obtain
U1(to) — In(to) < 0, which is a contradiction. The case I,(ty) = ya2(to) can be handled in
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the same way. Letting t — o0 in equation (4.18) and using equation (4.17)), we conclude
that

I(t) > 0, IL,(t) >0 if ¢t — oo. (4.19)
It remains to show that ltlim Sp(t) = Np.

—>0

From the system (4.1)),

d(Ny, — Sp)

dt

where p(t) = (0 — pa) I + Bund(T (1)) Sh2- and k = py, + 0.

h

exp <— L t m) {(Nh(()) _ S0(0)) + f: o(s)eap( L 8 /{da)ds}

cap (=) {(340) = 10 + [ po)es(rs)as )

0

+ K(Np — Sh) = p(t),

Np(t) — Sn(t)

Since p(t) — 0 as t — o0, we can find t); > 0 such that p(t) < Me " for some constant
M and ¢ > t;;. Hence

lim exp(—rt) J ' o(s)exp(ss)ds < lim cap(—r) (fM p(s)exp(is)ds + L tM Mds)

t—00 0 0

_ lim exp(—nt) <[ f N (S)ep(styds — Mt + Mt>

t—0o0 0

= lim exp(—~rt)(My + Mt) =0

t—0o0

letting the constant SéM p(s)exp(ks)ds — Mty to be My and by L'Hopital’s rule.

Thus tlim (Np(t) — Sp(t)) = 0. That is Si(t) — Np(t) as t — o0. |
—0a0
_ o (T(8),R(t)) _ 1

Let vy = 255 or— and va = i

Theorem 4.2.2. Suppose that \/i1 < ¢(T'(t)) < \/v2 for allt = t,. Then the nonlinear
system (4.1]) is uniformly persistent, that is, there exists ¢ > 0 (independent of initial
conditions), such that liminf, .., I, = ¢ and liminf, I, = c.

proof: Suppose /i1 < ¢(T(t)) < /1, for all t > t,.

fhen (1), R(t)
7#1} ) 2
ﬁththv = ¢ (T(t))
and . )
P(T(t) < gt

265, + Biy’
which implies that
o (T'(1), R(t))

ﬁhvﬁvhﬁbQ (T(t))rv <1
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and

1< 1- T% .

(285, + B, )* (T (1))
That is,
S (T,
Yo (T'(2), R(t))
and
rh+ (280 + Bi,)0*(T(1) < 1.
Thus
7~€m > 1

and

260,0°(T (1) + 1y < 1.

Let us now evaluate (4.9) at the disease free solution Ef(t) and write it as J(EF(t)) =
A(t) + B(t), where

—y 00 —by 0
0 —pe 0 by 0
At)=1 0o 0 —pm 0 o
o 0 0 — 0
0 0 0 0 —(up+o)
and
00 0 0 0
00 0 0 0
B(t)={0 —b5 0 0 0
0 by 0 0 0
0 0 0 r 0

The norm of the matrix B(t) has the following relation.
|B®)I* < 265 + 7,

— 280 () + ot

< 283,6°(T(1)) + i,

= 283,6°(T(1)) + i,
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Thus under the assumption
265,0"(T (1)) + i, < 1,

we have that |B(t)| < 1 and we can find some real number r < 1 such that |B(¢)| < r.
Then we get the estimation

t t
J |B(s)|lds < J rdt =r(t —to) < r(t —to) + M.
to to
for any M > 0.
Consider the system & = A(t)z.
dz
— = = m(T(t), R(t))21 — baa,
dz
d—; — — uo(T(t), R(t)) s + boy,
dz
d_t3 = — UpT3 + 05, (4.20)
dl‘4 _
dt - Y4,
dz
d_t5 = — (un + 0)as,

Then the Cauchy matrix solution of system (4.20)) will be

g1 0 0 hy O
0 g2 0 hy O
K(t,to))=10 0 ¢35 0 hssl, K(tp, tg) =1
0 0 0 g1 hlas
0 0 0 0 g5

Then

KOt P < @+ 32+ g3+ g2 + g2+ 12y + hdy + h2 + 2{gihus + gahas + g3has).
Each term to the right side in the above inequality is either of the form g?, hz?j,
for i,j € {1,2,3,4,5}, where
g1(t) = go(t) = e~ S:O ‘“”(T(T)’R(T))d'r’ g3(t) = 6ﬂuh(t7to)’ ga(t) = e*“/(tfto)7
g5(t) = e~ @F 0y (1) = g1 §, ~bogagedr, haa(t) = g2 § bagagdr,
hss(t) = g3 S:O g5 - dr.

or gihij

We see that for each h;; of the form h;;(t) = g SEO qi(T)gjidT where ¢; is a bounded
function of time, using Lemma we have

t
1
hz](t) < nglf gj_dT < A]\4l,e*m;(tft0)7

to v
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for some constants M; > 0 and 0; > 0 where Q; = sup {¢;(t)}. We note also that such
t=to
h;;s are bounded functions of time.

Also, for each h;; of the form h;;(t) = g SEO qi(T) hyj (T)gjéd’f where ¢; is a bounded
function of time, by similar argument as above, we have that

hij(t) < Lie” 010,

for some constants L; and (.

We see that )
| (t to) | < D) Mie ittt
i=1
for some natural number N. Let & = min {ay, oo, - -+ ,an}and M = My +Mo+-- -+ My.
Then
|‘K(t,t0)||2 < Mefa(tfto)’
that is

|K(t to)| < VMe30710),

This shows that the zero solution of is exponentially stable.

By Theorem [1.1.1] the zero solution of the system & = A(t)x + B(t)z is also exponen-
tially stable. Hence by Theorem[4.1.2] the zero solution of the system & = A(t)z+ B(t)x
is uniformly asymptotically stable.

Thus by Theorem [£.1.4] the nonlinear system is uniformly persistent, that is,
there exists ¢ > 0 (independent of initial conditions), such that liminf; 4 I}, = ¢ and
liminf, ,, I, = ¢ and hence the disease is endemic in the sense that the infected com-
ponents of the model are uniformly persistent. |

4.3 Numerical Simulations

In this section, we do some simulations similar to that of the periodic system. We use
the daily temperature and daily rainfall data obtained from the National Meteorological
Agency of Ethiopia from 1984-2012 for Asendabo region again. Here the temperature
raw data is fitted by the general function

T(t) = 19.456-+0.0006t+1.2667 cos(0.524¢+4.3347)—0.637 cos(2+0.524t —0.7051) (4.21)

the graph of which is drawn in Figure 4.1 We take the rainfall periodic function fit
(3.30)), again to study the non-periodic system as the raw rainfall data seems very much
periodic. The initial data of the host and vector populations are taken to be

(S,(0), 1,(0), Su(0), I,(0), Ry,(0)) = (10000, 9, 20000, 190, 5),
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the same value used in Section 3.4.
The model disease incidence is plotted in Figure against time in months from the

year 1984-2012 to compare it with the actual malaria incidence (cases) (Figure [4.2d))
which is plotted against time in months too.

Temperature data points and non—periodic function fit
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Figure 4.1. Non-periodic temperature curve fitted to the actual temperature data.
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(a) A plot showing prevalence. (b) A plot showing proportions of human popula-
tion.
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(c) A plot showing the model disease incidence. (d) A plot showing the actual malaria confirmed
cases in the Asendabo region, collected in the years
2000-2012.

In the non-periodic case, the simulation results of the prevalence, the host population
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distribution and the model incidence have not shown an observable change in their be-
havior. This is due to the small additional non-periodic term 0.0006¢ in the temperature
data fit and the periodic rainfall data fit used in the non-periodic system
again besides the possible data collection and estimation errors.

Table 4.1. Parameter values used in all the simulations.

Parameter Estimated value Reference
Ay, 0.415244 day—! [13]
o 0.00137 day~! [39]
Lh, 0.0000388 day~* [13]
Ld 0.00047 day ! [82]
Boh 0.24 day ! [60]
B 0.022 day~! [60]
T 0.0028 day™* [60]

Remark: Note here that there were no control interventions assumed to have been
implemented in both periodic and non-periodic environments in the given period of time,
and the model produces the dynamics of the disease if no intervention were employed.



Chapter 5

Optimal control strategies and
cost-effectiveness analysis of the
malaria model

5.1 Introduction

Malaria is a vector-borne disease that is prevalent over 100 countries worldwide with
the highest incidence and mortality rates reported in sub-Saharan Africa. The World
Health Organization (WHO) estimates that 660,000-971,000 people die every year from
malaria and approximately 90% of the deaths occur in children under five years of
age [83]. Several interventions have been used to reduce malaria transmission using
insecticide-treated nets (ITNs), indoor residual spraying (IRS), intermittent preventive
treatment in pregnant women and infants, larval control, and other vector control in-
terventions. ITNs are bed-nets treated with pyrethroid, an insecticide that kills and
repels mosquitoes, provides a barrier around people sleeping under them. Rural and
poor populations are more often exposed to affected by malaria, ITNs have proven to
be one of the most effective interventions in reducing morbidity and mortality due to
their low cost and ease in implementation [12].

Malaria therefore incurs significant economic costs for endemic regions by incurring
direct financial costs to the health system and costs associated with the reduced pro-
ductivity of infected individuals and also caring the sick people is another burden of the
disease on the society. Resources for malaria control are costly and limited.

The goal of this chapter is to incorporate time dependent control functions, in our model
and use the extended model to determine cost-effective strategies for best combat-
ing the spread of the malaria disease in a given population. In order to do this three
control functions are used, one for vector-reduction strategies and other two for personal
(human) protection and treatment, to reduce the exposed, infectious humans and the

o6
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total number of mosquitoes. Finally, we characterize the optimal control strategies and
compute numerical solutions for the optimality system using an iterative method.

5.2 Formulation of the control model

We introduce into the model , time-dependent control efforts, namely, spray of insec-
ticides us, Insecticide-Treated-Bed-Nets (ITBNs) b and treatment of infected individuals
ug and derive optimal prevention and treatment strategies with minimal implementa-
tion cost. The control functions, b, u, and ug, represent time dependent proportions of
efforts for prevention and treatment, respectively and practiced on a time interval [0, T¢].

The mosquitoes use favorable climatic conditions to flourish, particularly during hot and
wet seasons. These effects are less visible during cold seasons. Therefore, we can use a
time-dependent mosquito control, preferably applied in seasons favorable for mosquito
outbreak.

According to [26], since ITBNs are treated with insecticide they can kill mosquitoes be-
sides reducing the human-mosquito contact rate (or the biting rate). Due to insecticide
treatment of bed-nets, female mosquitoes questing for blood meal could die when they
become in contact with a treated bed-net. Therefore, we have the death rate of the
mosquitoes as 1,(b(t)) = (T, R) + timazb(t) , 0 < b(t) < b,, taken as a linear function
of b(t) where p, (T, R) is the natural death rate, fi,,q..b(t) is the death rate due to pes-
ticide on treated bed-nets and b, < 1 is the maximum attainable range of using ITBN
as mosquitoes can bite people having ITBN before they go to bed. On the other hand,
susceptible mosquitoes move to the infected class by acquiring malaria through contacts
with infected humans at a rate (1 — b(t))ﬁhvgb(T(t))]{,—’;, where [, is the probability for
a vector to get infected by an infectious human.

The insecticides that are used for treating bed nets are lethal to the mosquitoes and
other insects and also repels the mosquitoes, thus, reducing the number that attempt
to feed on people in the sleeping areas with the nets. However, the mosquitoes can still
feed on humans outside this protective areas, and so we have to include the spraying of
insecticide. Consequently, we introduce us(t) which is the control function representing
spray of insecticide aimed at reducing the mosquitoes and 0 < uy(t) < ag where ag
represents the maximum attainable rate due to cost and insecticide efficacy at reducing
the mosquitoes population.

Susceptible host individuals move to the infected class by acquiring malaria through
contact with infectious mosquitoes at a rate (1 — b(t))ﬁvh¢(T(t))]{,—’;, where (3, is the
transmission probability per bite.

Infectious individuals are assumed to recover at a rate (r, + Tug(t)) , where r}, is the
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rate of spontaneous recovery, ug(t) is the control on the rate/proportion of recruiting
infected individuals for treatment and 7 € [0, 1] is the efficacy of treatment. Infectious
individuals who don’t recover die at a rate (u + fiq)-

Putting the above formulations and assumptions together in to (4.1]) gives the following
vector-host model:

das, I,

22 = NI (0 R(0) = (1= b0 d(T(0) -5, — 1a(0)S, — (05

S = (= b0 d(T(0) -5, — w0, — (O,

dd_? =N —(1- b(t))ﬁvhcb(T(t))]{,—ZSh + o Ry, — S, (5.1)
= (1= )BT )32k — -+ Tus(t) T = (i + )

% = (rn + Tus(t))In — (un + o) Rn,

where 11, (b(£)) = o(T(£), R(E)) + ftmasb(t):

5.3 Mathematical analysis of the controlled system

5.3.1 Disease Free Solution

In order to deduce the threshold condition for epidemic we use similar argument as in
Section 4.2 and we replace the non-autonomous system by an autonomous one, by
regarding the time on the right side of the system (5.1)) as a parameter and then carry
out a local stability analysis.

Consider the second and the fifth equations of (5.1):

= (L= M) (T ()1

dt
<1 = b)) Bond(T () Ly = (v + Tus(t)) I,
dr, S,

Sh — ("}/ + TU3(t))[h

T = (1 WA (T () 31— (walt) + B, 5:2)
<(1= )T (O) 3 1o (ualt) + o (GO,

<(1 = b(t)) Brod (T () ko In — (ua(t) + 11 (b(t))) 1o,

sup{A(T'(t),R(t))}
t>0

where v = pup, + 5 + pg and k, = N,(0) + IRTAOETREONZONR

we analyze the stability of the disease-free solution I, = I, = 0, that is, the solution
representing the absence of the infection.
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Linearizing the system around a small amount of disease iy and iy [I5], we get

%{ = — (7 + rus(®))ig + (1= b(t)Bund(T(E)iv,
(5.3)

di , .
E¥=(1—M®Wm¢ﬂﬁﬁkwr—Wﬂﬂ+MAM@DW,

We then examine the stability of the disease-free solution of system ([5.3)), that is, iy = 0
and iy = 0 as if the system were autonomous [I5]. For this we assume the solutions:

in =creap(As),
1 (5.4)
iy =coexp(AcS)
and replace (5.4) into equation (j5.3). The characteristic equation associated to system
(5.3)) is then obtained:
“Oetrrri) Q- HOBTO) | .
(1= 0(0)) Brud(T'())ky  —(Ac + ua(t) + o (b(1)))

that is,

A(t) = 5 7+ us(1) + un(t) + a (0(0) £ 5/ 7)) + gra(B(1)))E — 40
where ¢ = (v + Tuz(t)) (ua(t) + o (b(t))) — (1 — ()2 B Bund* (T (1)K, .

If all the roots of equation ([5.5)) have negative real parts, then the equilibrium without
disease is stable, that is, the origin is an attractor. We see that the first root that crosses
the imaginary axis do so through the real axis and this happens when ¢ < 0, that is

S L (1 - b(t))Qﬂhv/gvh¢2(T(t))kv

Reol(t) :=
(v + Tus(t)) (uz(t) + 1o (b(t)))
Therefore, we can find the time ¢ at which the stability of the trivial solution of system
(5.3)), that is, iy = 0 and iy, = 0 becomes unstable. The time ¢ at which the trivial so-
lution (no-disease) of the autonomous system becomes unstable (R., > 1) corresponds
approximately to the moment at which the epidemic takes off, that is, when the epidemic

when
> 1.

in system ([5.1)) begins to increase as a result of the introduction of a small amount of
disease at time ¢ = 0.

The stability analysis of the model ({5.1)) is similar to the analysis done in Section 4.2.
We then investigate an optimal control strategy.
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5.4 The impact of the control measures on the thresh-
old function

The threshold function ﬁco(t) is dependent on the time dependent control variables b, us
and u3. These control measures have their own impact on the disease dynamics and this
is mainly manifested while influencing R.,(). To see the impact of the control measures
b, us and uz on 7@00(15), we differentiate ﬁco(t) with respect to these control variables.

MReg _ 0 ( (1= (1)) B Bun (T (), )
ob  0b \ (v + Tus(t))(uz(t) + o (T(t), R(t)) + ,umamb( )

)
(MW( 5 )jb( D TRT R TR )

(v + Tus(t)
( hvﬁvhqbQ( k ) (2u2(t) + Q“U(T(t) R + Mmaw(l + b(t)))
(7+Tu3 (ua(t) + p ( (1))
_ <2uQ 2, (T(1), R(t)) + fmaz (1 4 b( ))>
us(t) + o (b(1)) ’

OReo _ 0 ( (1-0b(t)) 25hvﬁvh¢2 ())k, )
Oug  Oug \ (77 + Tus(t))(ua(t) + uy(b(t)))
_ ( (1—0b()) BhvﬁthSz(T(t))k ( )
(7 + Tus(t )+ 1o (b(2))) ) Ous ) + b (b(2))
- (e % ;) VAT (D), ( )
) + po(b

(v + Tus(t))

- (uzof) 1+_uf<b<t>>)

a,]éco _i ( (1 — b( )) 6hvﬁvh¢2( ( )) >
( t))

6U3 _&u;g ’7+7’U3(t))( (

+(b(
_ (=5 5h5h¢2 (
L 2@;“*% )
B ((1_b) ) (v + Tus(t
- T(mms(t)))

_ (1 B b(t))ﬁhvﬁvhng(T(t))kv
Te ((U2(t) + o (b(1)) (v + TU3(75)))

0 ,ﬁfco

6u2

and

where

We see that

<0 forallt>0,
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a,]éco
db

<0 forallt >0 and 0 < b(t) <1

and ~
a7?'00
(9u3

<0 forallt>=o0.

This shows that the control variables have an impact to decrease 7~Qco(t) with time.

5.5 Optimal Control Analysis

We make an analysis based on the analysis done in [4]. We consider an optimal control
problem with the objective function given by

ty 1 )

J(b, ug, uz) = f ([m + czus]Iy + §chh + cous)dt (5.6)

0
where ¢; is the final time and the coefficients m, ¢, 2, c3 are positive weights to balance
the factors.
The objective of our work is to minimize the infectious human population, the total
number of vector population and the cost of implementing the control by using possible
minimal control variables b(t), us(t) and us(t).

The objective functional includes the cost due to the number of infectious people and
the cost of implementing the control measures that include quadratic costs related to the
resources needed for, spraying of insecticides operations cou2. The weighting (m + czus)
represents the cost per unit time of an infection burden I, and the total costs czusly
and mlj, respectively, correspond to factors such as the cost of treatment and the loss
of productivity in the workplace caused by illness.

To use Insecticide-Treated-Bed-Nets, every individual buys one with unit price ¢. But
one ITBN can be shared among people. We assume in our study that two individuals
share one ITBN. The total cost will then be %chh.

In effect we minimize the total number of infected humans 1, (¢), while minimizing the
cost of controls b(t), us(t), us(t). Thus, we seek an optimal control b*, uj, uj such that

J(b* uy,uy) = min {J(b,uz,us)|b, ug, us € U} (5.7)

b,uz,u3

subject to the system equations in [5.1} where the control set is given by
U = {(b,ug,ug)|u: [0,tf] — [0,1],u € {b, us, us} is Lebesgue measurable} .

The necessary conditions that an optimal control must satisfy come from the Pontryagins
Maximum Principle [69]. This principle converts (5.1)) and (5.6) into a problem of
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minimizing pointwise a Hamiltonian H, with respect to (b, us, u3)

H =(m + czus(t)) I, + cb(t) N}, + cous(t)?

s, {AT(0LR) - (1= BB oTO) -5, — 1a0)S, - w05, |

1 (0= M) O) 5, ~ L, ~ n ).}

s, {Ah — (1= WO T (O) S + o~ uhsh} "
s { (0= HO)Bad(TO) -5~ (1 + Tus(t) = G + )}

+/\Rh {(Th + Tu;;(lf))]h — (,uh + O')Rh}

where the A\g,, A1, As,, A, and Ag, are the adjoint variables or co-state variables. [[25],
Corollary 4.1] gives the existence of optimal control due to the convexity of the integrand
of J with respect to b, us and ug a priori boundedness of the state solutions, and the
Lipschitz property of the state system with respect to the state variables. Applying
Pontryagins Maximum Principle [69] and the existence result for the optimal control
from [25], we obtain the following theorem.

Theorem 5.5.1. Given an optimal control b*,u3,u; and solutions Sy, Iy, Sy, Iy, R} of

the corresponding state system (5.1)) that minimizes J(b, uz, us) overU. Then there exist
adjoint functions s, , Ar,, As, ;s A1,, AR, satisfying

_dzfv =(1 — b(t))ﬁthS(T(t)) <J<f_};) ()\[v — )\Sv) — (Ug(t) + Mv(b(t)))Asv

B ) + DM, — (1= b0)8ad(T0) () (s, =)
d)g, 1

S (1) + (1~ (1)) BT () 1S (Fh) Ca— A

Ny — Sh
N

(1= () B (T, ( ) (i — Asy) + s, (59)
Nh — [h

A, =m + czus(t) + cb(t) + (1 — b(t)) Brod(T'(2))S, (ng) (A1, = As,)

dt

(1= b)) B (T () 1,5 (Ni) (s — An)

—((rn + Tus(t)) + (pn + pa))An, + (ra + Tus(t)) g,

g, 1
— 2 (1) + (1= b(t) B (T () 1S, (Fg) (As, — Az,)

1

#0 = ORI OMLS, (55 ) O, = M) + oA, = G+ 0D,
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with transversality conditions

As, (tr) = Ar(tr) = As, (ty) = Ap, (tr) = Ag,(t;) =0 (5.10)

and the control uj satisfies the optimality condition

uy = max {0, min <1 M) } . (5.11)

202

For the linear controls b and us, the solutions are bang-bang and b* and uj satisfy the
optimality condition

b, ifby >0

b* = 1 bsingutar if b1 =0
0 if by <0 (5.12)

1 if ugy > 0

Uy = { Ussinular 4 Usy =0

0 if usp <0

with switching functions for b*

by =cNyy + (As, = Ar,) Brod(T'(E ))]\?* Sy = tmaz(As, Sy + A 17)
I*

+(/\Sh - Afh)ﬂvhgb(T( ))N* Sha
and for uj

* * *
Uz = Cg[h — T)\]h[h + T)\Rhfh.

proof: The differential equations governing the adjoint variables are obtained by dif-
ferentiation of the Hamiltonian function, evaluated at the optimal control. Then the
adjoint system can be written as

—dzf“ = (?Z =(1 = (1)) B (T'(1)) (]]V’;) (A, = As,) — (uz(t) + o (b(t)))As,
d;ff gf = — (uz(t) + po (b)) A1, — (1 = b)) Bond(T(t)) ( ff’; ) (As, — A1)
ds,  0H ]

S = S =ab(t) + (1= () (TS (F) (hs, = Ar)

H(L— b)) Bud (DO, (NN;S) (A — As) + s,
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d\,  0H

i o =m + cgug(t) + cb(t) + (1 — b(t)) Brod(T'(t)) Sy ( N? ) (A1, = As,)

(1= b(1)) Bt (T(8)) LS (Ni) (Asy — M)

+((rn + Tus(t)) + (un + pa))An, + (ra + Tus(t)) A,

S O ) 4 (1= b)) Bd(T(6) 1,5, ( ]3) (As, = Ar)

dt  OR,

(1= b)) B (T ()L, (Ni) (s, — M) + ohs, — (i + o)A,

with transversality conditions (}5.10)).

On the interior of the control set, where 0 < us < 1, we have

oH

0= a—u2 = 202U2 )\S S — )\]v (513)
Hence, we obtain (see [43])
N )\SvS* + A, L)
Uy = —————
2 202

Thus we have

« { . ( ASDS$+)\IUI,;“)}
u, = max < 0,min | 1, ——— .
202

Next we discuss the numerical solutions of the optimality system and the corresponding
optimal control pairs, the parameter choices, and the interpretations from various cases.
|

5.6 Numerical Results

In this section, we study numerically the solution for the optimal control model .
The optimal control is obtained by solving the optimality system, consisting of five ODEs
from the state and five others from the adjoint equations. An iterative scheme is used
for solving the optimality system. We start to solve the state equations with a guess for
the controls over the simulated time using fourth order Runge-Kutta scheme. Because
of the transversality conditions (5.10]), the adjoint equations are solved by a backward
fourth order Runge-Kutta scheme using the current iterations solutions of the state
equation. Then the controls are updated by using a convex combination of the previous
controls and the value from the characterizations . This process is repeated and
iterations are stopped if the values of the unknowns at the previous iterations are very
close to the ones at the present iterations as outlined in [43].

We explore the malaria model with preventive and treatment as control measures to
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study the effects of control practices and the transmission of malaria. Using various
combinations of the three controls, one control at a time, two controls at a time and all
controls at the same time, we investigate and compare numerical results from simulations
with the following scenarios:

i. using the control on the use of Insecticide-Treated-Bed-Nets (ITBNs) alone for
personal protection (b) without insecticide spraying (us) and treatment of the
symptomatic humans (ug).

ii. using the control on the use of Insecticide-Treated-Bed-Nets (ITBNs) for personal
protection (b) and insecticide spraying (us), without treatment of the symptomatic
humans (u3).

iii. using the control on the use of Insecticide-Treated-Bed-Nets (ITBNs) for personal
protection (b) and treatment of the symptomatic humans (u3), without insecticide

spraying (uz).

iv. using the control on the use of insecticide spraying (us) and treatment of the symp-
tomatic humans (u3) without Insecticide-Treated-Bed-Nets (ITBNs) for personal
protection (b).

v. using all three control measures (b, us, u3).

For the numerical simulation, we used the following weight factors, ¢ = 1.25, m = 32,
co = 300, c3 = 3 and the efficacy of treatment 7 = 0.6 which is 60%, with 4, = 0.0951.
The assumption that the weight factor associated with control b is multiplied by half
(¢ = 0.5+ 2.5) is based on the facts that one bed net can be shared with at least
two people. The initial state variables used are S,(0) = 800000, [,(0) = 700, S,(0) =
5376, I;,(0) = 24, R,(0) = 3 and parameter values are A, = 0.415244, 0 = 0.00137, uy, =
0.000024, ptg = 0.00047, 8,5, = 0.24, B, = 0.022, 7, = 0.0028, to illustrate the effect of
different optimal control strategies on the spread of malaria in a population.

5.6.1 Insecticide-Treated-Bed-Net control

In this scenario, we activate only control on personal protection (b), while the controls on
insecticide spraying (us) and treatment of the symptomatic humans (u3) are set to zero.
The profile of the optimal control (b) could be seen in Figure . Using the optimal
control (b), the result shows a decrease in the prevalence of the disease with optimal
strategy than without control. Specifically, we observed that the control strategy reduces
the prevalence but still leads to an increase in the prevalence as against an increase in
the uncontrolled case.
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Plots showing the effect of the control on personal protection (b) only
on the prevalence while the control with insecticide spraying (us) and treatment of the

5.6.2 Insecticide-Treated-Bed-Net and Insecticide Spraying con-
trols

When the controls with Insecticide-Treated-Bed-Nets (ITBNs) for personal protection
(b) and insecticide spraying (ug) only are both activated setting the other controls to
zero, a significant reduction in the prevalence than the effect of applying control (b)

alone is achieved even though the result shows a slow increase in the prevalence of the
disease. The profile of optimal controls (b) and (u3) can be seen in Figure
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Figure 5.2. Plots showing the effect of the controls with Insecticide-Treated-Bed-Nets
(ITBNs) for personal protection (b) and insecticide spraying (us) on the prevalence while
the control with treatment of the symptomatic humans (u3) is set to zero.
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5.6.3 Insecticide-Treated-Bed-Net and Treatment controls

Again when the controls with Insecticide-Treated-Bed-Nets (ITBNs) for personal pro-
tection (b) and treatment of the symptomatic humans (u3) are both applied setting the
other control to zero, the controls profile in Figure [5.3| shows a better reduction in the
prevalence than the effect of applying control (b) alone. Moreover, the reduction result
shows a decrease in the prevalence as compared to the previous controls, Figures [5.115.2]
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Figure 5.3. Plots showing the effect of the controls with Insecticide-Treated-Bed-Nets
(ITBNs) for personal protection (b) and treatment of the symptomatic humans (uz) on
the prevalence while the control with insecticide spraying (ug) is set to zero.

5.6.4 Insecticide Spraying and Treatment controls

The controls with insecticide spraying (us) and treatment of the symptomatic humans
(ug) are also activated by setting the other control to zero as before. In this scenario,
the controls show a small reduction in the prevalence and their profile in Figure
shows a slow decrease in the disease prevalence.
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Figure 5.4. Plots showing the effect of the controls with insecticide spraying (us)
and treatment of the symptomatic humans (uz) on the prevalence while the control with
Insecticide-Treated-Bed-Nets (ITBNs) for personal protection (b) is set to zero.

5.6.5 All controls

Lastly, the controls with Insecticide-Treated-Bed-Nets (ITBNs) for personal protection
(b), insecticide spraying (us) and treatment of the symptomatic humans (us3) are all ac-
tivated together to optimize the objective function and their profile in Figure [5.5| show
very significant decrease in the disease prevalence. In Figures [5.1}5.4] the results show
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Figure 5.5. Plots showing the effect of the controls with Insecticide-Treated-Bed-Nets
(ITBNs) for personal protection (b), insecticide spraying (us) and treatment of the symp-
tomatic humans (us) on the prevalence.

significant difference in the prevalence with optimal control strategy compared to preva-
lence without control. We observed that the control strategies resulted in a decrease in

the prevalence as against an increase in the uncontrolled case.

The decrease is significantly very high when all the controls are applied together. From
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Figure|5.5] we see that to achieve such a decrease in the prevalence of the disease in 344
months, Insecticide-Treated-Bed-Nets (ITBNs) for personal protection should be used
intensively for almost 323 months and halted afterwards, insecticide spraying should
be used intensively for almost 252 months but smoothly reduced afterwards, while the
treatment of the symptomatic humans should be used intensively for almost 317 months
and halted afterwards.



Chapter 6

Discussions and Conclusion

6.1 Discussions

In this study the climatic impacts on malaria prevalence in the periodic and non-periodic
environments is analyzed. The climate variables which are mainly responsible for the
malaria disease transmission in a population, namely, temperature and rainfall are given
emphasis in this study. We used a mathematical model that describes the impact of
climate variation on the malaria dynamics. To study this relation, a deterministic
non-autonomous model is designed by incorporating the effect of both temperature
and rainfall to the dispersion rate of adult mosquitoes, the mosquito biting rate and
mortality rate of adult mosquitoes and this is used to assess the impact of the variability
in temperature and rainfall on the transmission dynamics of malaria in a population.
We analyzed our malaria disease transmission model with periodic coefficients using the
analysis given in [81] and incorporating the periodic variation of seasonal variables due
to climate variation. It has been shown that the disease-free solution of the model is
globally asymptotically stable when the basic reproduction ratio is less than unity and
the disease is uniformly persistent when the basic reproduction ratio is greater than
unity.

To validate the model results in the real situation, we have used the annual number of
microscopically confirmed cases of malaria in Ethiopia during the years 2000-2012 and
the corresponding climate(temperature and rainfall) data from the National Meteoro-
logical Agency of Ethiopia. The temperature and rainfall data are fitted by periodic
function curves and the model parameters are expressed as a function of these time
dependent climate variables to study their impact on the malaria disease transmission
dynamics. Finally the model has been validated using the epidemiological data collected
from western region of Ethiopia, by considering the trends for monthly microscopically
confirmed cases of malaria during the years 2000-2012 and the climate variation in the
region.

The major finding of this study is the analysis of the model with non-periodic coefficients
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incorporating non-periodic climate variables. The temperature data is fitted by a non-
periodic function curve and expressed the model parameters as a function of these time
dependent climate variables to study their impact on the malaria disease transmission
dynamics on a long term basis. It has been shown also that the disease-free solution of
the model is globally asymptotically stable when the threshold function is less than unity
and the disease is uniformly persistent when the threshold function is greater than unity
with some additional condition. The monthly microscopically confirmed cases and the
corresponding climate(temperature and rainfall) data from the National Meteorological
Agency of Ethiopia used in the periodic case have been used to validate the model results
of the non-periodic case also.

In the non-periodic environment a time dependent optimal control strategy is introduced
into the model with three time dependent control variables, namely, spray of
insecticides, bed net distribution and treatment of infected individuals and assess their
impact on curtailing the spread of malaria. We applied and performed an optimal
control analysis of the model in the non-periodic environment. Applying optimal
control, we could derive and analyze the conditions for optimal control of the disease
with effective treatment regime and preventive measures. We tried to find an optimal
and cost effective intervention mechanism that can have a strong impact on the disease
control.

6.2 Conclusions

We derived and analyzed a deterministic non-autonomous model for the transmission of
malaria disease in a periodic and non-periodic environments. We calculated the basic
reproduction ratio and the threshold function respectively and investigated the exis-
tence and stability of the disease-free solutions in both environments. The dynamics
of mosquito populations are driven by climatic factors, rainfall and temperature. The
impact of these climatic variables, temperature and rainfall, in both environments is
investigated and the corresponding model parameters are shown to be influenced by
these climate variables. The model results have been validated using epidemiological
data obtained from a western region of Ethiopia, by considering the trends for monthly
microscopically confirmed cases of malaria during the years 2000-2012 and the corre-
sponding climate variation in the region. In both environments, it has been shown that
the model incidence result increases slowly until it reaches a point where it tends to
stop rising in the absence of implementation of any kind of control measures and the
actual incidence is a result of some control interventions implemented in the country
in these years. This shows that the climate variables have significant impact on the
disease dynamics and proper implementation of control measures is required to achieve
a significant reduction of the malaria disease dynamics.

In addition to providing protection to individuals against the bites of infected mosquitoes
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and treating infected individuals, vector control interventions can also have a substan-
tial effect on mosquito population dynamics. Large reductions in mosquito numbers
are frequently seen following the introduction of insecticide-treated bed nets or indoor
residual spraying. Even greater reductions in mosquito numbers are possible by select-
ing combinations of interventions. Our investigation shows that the best malaria disease
significant reduction is attained when all the controls are applied together.

When our model is reduced to its autonomous version, the fact that the model exhibit a
backward bifurcation is well known in many of the literatures and our model also reduces
to the same phenomena. However, when some of the parameters themselves are made
to be time dependent, no such phenomenon (like backward bifurcation) is established
yet. In the contrary it has been asserted that the DF'S is globally asymptotically stable
when the basic reproduction number Ry is less than unity.
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