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Abstract

In this thesis, we deal with a theoretical basis of optimization in general and on numerical
methods in particular. Here the penalty methods are in the foreground. Some generalizations
for theorems into arbitrary metric space with mild assumptions (Theorem 2.1.3 and 3.1.3) are
done. In addition, a numerical computation is presented and tested, with the code written in
Mathematica 4.1. Comparisons are made for different choice of the penalty function with

respect to convergence speed and objective value.
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1. Introduction

The penalty methods ( penalty function methods ) have the aim to transform a constrained
optimization problem, nonlinear optimization problems with inequality and equality
constraints, into ( in some sense ) a single unconstrained problem or into a sequence of
unconstrained problems or problems with simple constraints. The constraints are placed into
the objective function via a penalty parameter in a way that penalizes any violation of the
constraints. The penalty methods are strong theoretical tools to treat nonlinear optimization
problems. These methods can be also applied for those problems which require numerical

solutions. We consider two classes of penalty methods:
a) The interior penalty methods ( barrier methods ),
b) The exterior penalty function methods ( penalty method ).

In this paper both, the interior and the exterior penalty function methods will be considered.

Throughout this paper we consider vector spaces X and Y. If a topology is needed we use
normed spaces. The space X = R" plays an important role in particular for numerical
consideration. Unless specified, we use the space X = R" and we denote by S <X the

feasible set of the given optimization problem. Consequently, for unconstrained problems we

use S =X. Furthermore, we denote by C(U) the vector space of all continuous functions

f: U >R, where UcX, and by C"”(U) the space of all Frechet-differentiable functions

where U is an open set.

We will consider the constrained optimization problem ( nonlinear optimization problems with

equality and inequality constraints ):

(P) f(x) > min, xe€S,

S={xeUcX|g(x)<0, k(x)=0}. (1.1)



Hereweuse g, k,:U >R, ie{l,2,...,m}, je{l,2,...,1}, where

g(x)=(g,(x), g,(x), ..., g, (x)", k(x) = (k,(x), k,(x),..., k,(x))r, xeU.
We used the partial order in R™ which is defined coordinatewise, i.e. defined by
g(x)<0 ifandonlyif g,(x)<0 forall ie{l,2,...,m}.

8> k;, f €C(U). The set of all minimum points of f on § is denoted by M (f, §). For

describing the penalty method we consider d >0 such that d — 0. The number d is called

penalty parameter.

Now we consider a function p: S x (R+\ {0})— R defined by
p(x, d) = f(x)+ (d)h(x), (x,d)e §x(R:\ {0}) (1.2)

where the set § ¢ X and the functions / and 4 will be chosen in a convenient way. The

different choice of the triple (S,1,h) divides the penalty methods into two classes, the

interior and the exterior penalty function methods. The function 4 is called penalty function in
the case of exterior method and barrier function in the case of interior method. Sometimes the

term /(d)h(x) is called penalty term.
By means of the function p we consider the minimization problem
p(x,d) > min, xe S, (1.3)

and investigate the connection between a sequence (x,), x, e M(p, S ) and solutions of the

original problem (P). Indeed, we will show that each accumulation point of (x}) is a solution

of (P).



2. The Interior Penalty Methods

The interior penalty methods ( Barrier methods ) are used to transform a constrained problem
into an unconstrained problem or into a sequence of unconstrained problems. The barrier
functions set a barrier against leaving the feasible region. If the optimal solution occurs at the

boundary of the feasible region, the procedure moves from the interior to the boundary.
2.1. Problems with inequality constraints
Consider the following optimization problem
(Py) f(x) > min, xe€S,
S ={xeU|gx <0} @2.1)
and the corresponding unconstrained problem

(P")  p(x,d) > min, xeS.

Remark:

The problem (P') is called unconstrained because the barrier function set a barrier so that the

subsequent points lie in the interior of the feasible set so that it is defined at each point.

The interior penalty method is possible to apply, if intS # . In this case we choose

§ = {xeU|g,(x) <0, ie{l,2,..,m}}=intS, I(d):=d

For the choice of the function /4 there are many possibilities. Some of them are of the form

h(x) = Zm:log|gi(x)| LxeT, h(x) = Z éT,

'|e: (X)I



h(x) = i; , xe€T, h(x) = —iln[min{l, g,(x)| }] x&T,

= (g,(0) im

where T = {xeU| g (x)#0, forall ie{l,2, .., m}.

In all the cases the value of the barrier function 4 will tend to infinity as the boundary of §

is approached from inside, i.e. the function p will tend to infinity as the boundary of § is
approached from inside. Thus, the unconstrained ( in certain sense ) minimization of p can
be started from any point x, € int S. Then the solution of (P") will always lie in int S, since

the constraint boundary of int § act as barriers during the minimization process. This is the

reason why the interior penalty methods are also called barrier methods.

Remark: In the following we use  A(x) = —% , xeint§.
- &iX

Now we consider a sequence of minimization problems

(B) pk(x,dk)=f(x)+dki—%—>min, xeintS, keN (22)
X

i=l i
Theorem 2.1.1: (Convergence Theorem)

Let f and g, be continuous functions. Furthermore, let x" € S and
(i M(f,S)#9, intS # 9,

(i) M(p,,intS)#@ forall keN,

(iii) (d,) be a decreasing sequence and d, =250, d, >0,

k
(iv) (x;) beasequence such that x, € M (p,, intS).
Then

a) If x" e M(f, S), then

lim £ (x}) = £(x").



b) Each accumulation point of a sequence ( x; ) is a solution of (P,)

Proof: (cf. [9])
a): Let x" eM (f, §) be fixed. Then we have
f(x)< f(x) forall xe S.

In particular f(x')< f(x) forall xeintS.

Since f is continuous on U, and hence continuous on int S, by (i) there is an x" €intS and

for any £>0 there is >0 such that

¥ -x'| <8, 8>0, implies | f(x)-f(x)

£
< =
2
1.€.
x'e intS NS(x",8) implies f(x') < f(x) +§. 2.3)

Let (x, ) be a sequence, where x; eM (p,, intS ). Weselect k' €N, k'= k' (&), such that

&

d, < 2Zm . (2.4)

1 1
max {— yenes—
g (x) gn(x)

This is possible since d, 422,90,

Now, from f(x) < f(x) + 4,3 — —

——=p,(x, d,), for all xeint§, for all k eN, by
o g(x)

taking minimum on both sides we get, for x € int§,
f(x")< min f(x)< min p, (x,d,)= p, (x;,d,), forall keN. (2.5)

xeint §

Furthermore, for x; € M (p,,intS) we have

pi(x5.d) < p(xp, dy), (2.6)



since x,. €intS and p, (x;,d,) is the minimal value of p, onintS.

k»x

Now, we consider all k& €N such that d, < d,. ( these are almost all &, since d, ——0 ).

Then we have

. . = 1 - . l 1
,d,)= -d, ) —— o )—d, :
Py (x,d,)= f(x;) k;gi(«\';) Sp (xp,d)= f(x.)-d ;gi(x,)
. e 1 - -
< f(x,)—d,(.;gi(x;') pe (x1.,d,.). 2.7
So we get
fO) < py (x,d,) < py (xp,dy) < pye (x5,dy) (2.8)

for all & for which d, < d,..

On the other hand we have (since x,. is a minimum point of p,. on intS)

- 2 1
i (X 1 du S po (X o ™ V-d, ) —. 2.9
Py (xp,d )< pp (X', d )= f(X) k ,g‘g,-(x') (2.9
From (2.8) and (2.9) we get
f(x.) < Py (x;’dk)< Py (-x;" dy)< pp (X', dy)
; .
= f6)-dp Y ——. (2.10)
i=1 gi(x)
From (2.4), using
< 1 1 .
Z— - m max{— - ze{l,2,...,m}},
= 8i(x) (X))
we get
u 1
d - —~ £ d ax {— ,,ie{1,2,...,m}}
‘ Z g(x) { g (x
£ £
<m — = — 2.11
" om 2 st



Using (2.3) and (2.11) we get from (2.10)

S S (i) < J6)=de T <SG + 51+ 5
This implies
0< p, (xj.d,)- f(x') <&,
ie.
P (xp,d,) - f(x)] <. 2.12)

So we have proved that for each & > 0 the relationship (2.12) is true for almost all ke N.

Therefore,
,l(ilgpk(x;,dk)=f(x.)-
Since x; eintS and x' eM (f, §), wehave f(x') < f(x;). Hence we get from (2.12)
02 p,(x;,d) - f(x) S pi(x,d,) - f(x') <6, (2.13)
ie. lim[p, (x;,d,) = f(x;)]=0. (2.14)

So we get

0 f(x) = () = /() = P (5 d)] = [ () = py (37,d)) =220,

—0 -0

This implies
lim f(x;) = f(x7). (2.15)

So we have a).

b): Let ¥ be an accumulation point of the sequence (x; ), where x; €M (p,, intS), then

there is a subsequence (x; ) of the sequence (x; ) such thatlimx; =% .
Jj—o J



First we show that X is a feasible point. Since x;I eintS we have
gi(x;l)<0 forall ie{l1,2,...,m}, forall jeN.
Since the functions g, are continuous, we have
02 g{{?og,(x;l)= g'(}-if.gx’:/ )=g,(X),forall ief{l,2,...,m}

Hence Xxe€eS§.

From (2.15) we get, since f is continuous,
f&) =lim f(x;) = flimx] ) = ).

So X € § is aminimum point of fonS, i.e. it is a solution of (P,). //

Remark:

From Theorem 2.1.1, we have

}i_fgpk(x;, d,)=f(x") and lim f(x;) = f(x),
ie. lim p(x;,d,)= Il‘imf(x; ).

Using thisand  p, (x;,d,) - f(x") = d, Z - by taking limit for both sides we get
i=1 iX;

Pl Zﬁl = lim{p, (x;,d,) - £ (x})]

= lim p, (x;,d,) = lim 7 (x;) = f(x")=f(x") =0.

Therefore,

lim[—dki : ]:o. /I

ey i=1 g,-(X,:)



Def.2.1.1: Let Y be a metric space and f:Y— R , where R = R U {o}U {-=}. Then

a) The function f is said to be lower semi-continuous (l.s.c) if and only if the level

sets
N,(f)={xeY|f(x)<a)
are closed forall « € R.

b) The function f is said to be upper semi-continuous (u.s.c) if and only if — f is

lower semi-continuous.

Theorem 2.1.2: Let Y be a metric space and let f: Y— R. Then the function f is lower

n—wx

semi-continuous on Y if and only if for each sequence (x,) in Y, where x, ——x,,

it follows f(x,) < lim f(x,).

n-—»x

lim f(x,) denotes limit inferior of f as n — .

n—w

For the proof see [8].

Theorem 2.1.3: (Generalization of Theorem 2.1.1)

Let X be anormed space, Uc X and f, h, g,: U—> R and

a) f, hbelower semi-continuous and g,, ie€{l,2,..., m}, be continuous,
b) M(p,,intS)#@ forall keN and intS # Q.
If (x;) is a sequence in U where x; € M(p,,intS§),

then each accumulation point of the sequence (x; ) is a solution of (P).

Proof: Let ¥ be an accumulation point of the sequence ( x; ), where x; e M ( p,, intS), then

there is a subsequence (x; ) of the sequence (x; ) such that limx; =X.
Jj—® /




First we show that X is a feasible point. Since x;/ eintS we have
g,.(x;l)<0 forall ie{l,2,...,m}, forall jeN.
Since the functions g, are continuous, we have
02 Emgi(x;/ ) =g,(}i_,n°1°x,:/ )=g,(X), forall ie{l,2,...,m}.

Hence x€S.

Now since f and & are lower semi-continuous and limx, =X we have
]

Jrw

f(¥) € lim f(x;) and h(¥) < limh(z] )

Je o
Because x;/ is a solution of (P, ) we have
f(x;/ )+ d,‘/h(x,:/) < f(x)+d, h(x) = f(x) forall xe§,
Le.
f(x;j )+dk,h(x;, ) < f(x) forall xeS§.
If we consider limit infimum on both sides, we get

f(%) < lim f(x; )+ limd, limh(x; ) < f(x) forall x§.

jo® ] J—o

Therefore, Xxe M(f, S). //

For convex functions we can do some propositions. In doing so we need some of their
properties. In the next theorems we will give some of the most important once with respect to

numerical considerations.

Def.2: Let Uc X beaconvex setand f:U— R. Then

a) The function f is said to be convex on the convex set U if and only if

10



S(Ax+(1-A)y) < A fX)+(1-2) f()
forallx,y e Uand forall A €(0,1).

b) The function f is said to be strictly convex on U if and only if

S Ax+(A-2)y) <A f@)+(1-24) fB)

forallx,y e U,x# y, and forall 4 € (0, 1).

Theorem 2.14: Let Uc R", f: U — R be convex and continuous and S cU be a

convex and closed set. Furthermore, let M( /', S ) be nonempty and bounded.

If there is a sequence (x, )< § such that
lim f(x,) =min f(x)= f(x) for x" e M(f,S),
then ( x, ) is bounded.
Proof :( cf[9])

Since M (f, S ) is bounded there is an R > 0 such that |x| < R forallxeM (£, $).
Letnow x" e M (f,S) be an arbitrary point and let &, = f(x,)— f(x").
Cleary &, >0 because x, € S and x" eM(f, S).
But ’l‘iﬂf(x,‘) = f(x"), hence

I{i_{[lo[f(xk)—f(x.)] = li_{lgf(xk)—f(x.)=f(x.)-f(x.) =0.
Therefore, }1}2 3, = }i_{?u[f(xk)—f(x')]= 0.
Now, we have to show that (x,) is bounded.

Suppose (x,) is unbounded, hence there exists a subsequence (x,‘, ) of (x,) such that

|x, | == . Then we have for all jeN and forall 1 €(0, 1)

11



f(x, + (=X ) <A (x, )+ (A=A f ()= A () +8, )+ (1= ) f(x)
= f(x°)+/1§,‘/ : (2.16)
Let now r > R be an arbitrary number. Then there is j, € N so that

“x*,” >r>Rforallj 2 j,.

For these j we choose now A = r"x,‘/ “-l e (0, 1).

Then we get from (2.16)

e

X
4

(2.17)

X, +(1-

L,”»c‘) < f(x’)+\L6k

[ %,

- )x" €S the inequality

Furthermore, we have for z, =
J
x, “

,
S
kl

%, T (-

r . .
| sreae o <r+le]
.|

<r+ R,

i.e. the sequence ( z K, ) is bounded. Therefore, there is a convergent subsequence (z, ) of (z, )

with z, —2257 e §. For this subsequence (subsequence of a subsequence) we get from

(2.16)

f(Z)=f(imz, ) =lim f(z, ) =lim f(" "x,‘ +(1-ﬁ)x‘)s f(x')+”x ||11m5

X
b

=f(x")

and by the minimal property of x"we have f(Z)= f(x"), i.e.

12



Z eM(f,S). (2.18)
Now from the definition of z, we get

2

.
Z, —X

%, +(1- —)x" —x

"R R

2

r
= )x
Rl |

= r’ o|)?
= %, =X
g

" H { (ka " +H " ) hxk, +x.l|2] (parallelogram equation)
r’ [ ( 2
Y

e H[

e ) - e |+ < )z] (Triangle inequality)

1)
ppbe-ef)

C+ T -2, ] =

X,

Hence, we have for the subsequence ( z K, )

"z, " 2r [1 d' I{‘J for all ieN.
Xi

<12
Now taking limit for both sides as i -« we get ”z g, ~X “ > r*. Therefore,
"E—x'" 2r >R

Since this is true for each x" € M( f, S), we get for x* =7 the inequality

13



||E—E||=O > r>R,

1.e. R <0. But this is a contradiction to R > 0.

So the sequence cannot be unbounded. //

Partially differentiable and convex functions have some more important properties. We give

some of them here below.

Theorem 2.1.5: let S cU < R" beaconvex set, U be an open and convex set

and f: U—> R be a convex and partially differentiable function. Then

a) (Vf(y),x - y) < f(x)-f(y) forallx,y € U (subgradient

inequality)
b) The point x* € S is a minimum point of f on S if and only if
(Vf(x"),x-x")20 forall xeS.
¢) Ifx €S and Vf(x")=0,then x" eM(f,S).
d) If x"eM(f,intS), then Vf(x")=0.

For the proof of this theorem cf. [8].

Remark: Let Y be a vector space, U < Y be convex, f: U—> (-, ] be a convex function

and x, be an algebraical interior point of U, where f(x,)€ R, then

fix,,x=x,) < f(x)- f(x,) forall xeU. (sub-gradient inequality)

Proposition 2.1.6: Let U < R", g,: U—> R, i e€{1,..., m}, be continuous functions,

S ={rellg,(x<0,ie{l,2,..,mf,

14



and g, be strictly convex functions.

If x" € S and H is a supporting hyperplane for Sat x*, then SAH={x}.

Proof: Let H := {xe R"

(u,x)=a }, u#0, bea supporting hyperplane for S at x". Then
by definition of a supporting hyperplane we have

(u,x)2a forall xe S,

(u,x'>=a.

Now, we have to show that xis unique.
Suppose X € S " Hand X # x". Then we have ( by the convexity of Hand S )
AX+(1-2) x e SNH forall 1€(0,1). (2.19)
Moreover, by the strict convexity of g, we have
gUF+(1-A)x") < 4 g,(F)+(1-2)g,(x) <0
forall A€ (0,1), forall i € {1,2,..,m}.
This implies
X +(1-4)x"eint S forall A €(0,1).

Therefore, there is an & > 0 such that for the ball S (0,¢) :={xe R" | x| < £} it follows

AX+(1-A)x"+S(0,6)cS forall 1€(0,]1).
or

X +(1-A)x"+y €S forally, for which |y|< & and forall 2 € (0, 1).

We choose y = —¢& Then we have

L]
o

a < (u, F+(A-A)x"+y) = (u, A+ (1= 2)x")+(u, )

15



u

= <u, /L'f+(l—/l)x'>+ <u, —8M>

=(u, A% +(1- 2)x") - &lu
or

<u, A?c’+(1—l)x'> 2 a+te>a.
But this implies 4 X+ (1 —A)x"¢ H. But this is a contradiction to (2.19).

Hence, ¥ = x".

Therefore, SNH={x"}. [/

Theorem 2.1.7: Let Uc R", f :U— R be a continuous function and M (f,U) # @.

Then

a) If Uisaclosed set, M(f,U) = {x"} and (x,) is a bounded sequence
in U such that
lim £ (x,) = f(x'),
then x, === x".
b) Let U be a convex set and f be strictly convex.
Then M(f,U)= {x"}.

c¢) Let Ube aclosed and convex set and f be strictly convex.

If (x, ) is a sequence in U such that
lim £ (x,) = /(x"),

then x, —Z>x".

16



Proof: (cf.[9]) a): Since (x, ) is a bounded sequence in U, there is a subsequence ( x, ) of the

sequence ( x, ) which is convergent, i.e. x, 2*5¥e U.
Since f is continuous and x" € M ( f, U) we have
(@)= flimz, ) =lim f(x, ) = ("),

ie. x eM(f, U).

From M(f,U) = {x"} it follows that ¥ = x". This shows that ( x, ) possesses exactly one

k—®

accumulation point x*, i.e. we get x, —Z5x".
b): Let X°, x" € M(f,U). We assume that X~ # x".
We have
fGE)=f(x) = min f(x)
and, since f is strictly convex
FAX+A=-)F)<A f(xX)+(A=-2)f(F)= f(x") forall 2 € (0, 1).

Since U is convex, we have 4 x"+(1-1)X e U forall 1 €(0,1),i.e. x* is not aminimum

point of f on U, i.e. x ¢ M(f,U). But this is a contradiction to x" € M(f, U). There fore,

X' # x" isnot true, hence M(f,U) = { x" }.

¢): Since Uis convex and f is strictly convex by part (b), M (f,U)={x"}.

Since f is (strictly) convex and continuous on a convex and closed set U such that

M(f,U) # @ and bounded (because it has exactly one element), and (x, ) is a sequence in U

such that }im f(x,)=f(x"), we get by Theorem 2.1.4, that (x, ) is bounded.

Hence we get from (a)

limx, =x". //

ks>

17



Theorem 2.1.8: Let (P;) be given, f € C(U) be continuously partially differentiable, convex
and let g, be strictly convex forie {1,2,..., m}. Moreover, let x’ e M (f, §)

and

Vf(x") # 0.Then

a) If fecWw), then M(f, §)={x"},

b) If there is a sequence (x,) in § such that }i_{gf(xk)=f(x') and M(f,S) is
bounded and § is closed, then x, —==5x".

Proof: a):Let X', x" e M(f, S). Suppose X" # x".

Now, f(3c")=f(x')=m€isnf(x) and g,(x")< 0, g,(X")<0 forall ie {1,2,...,m}.

By the convexity of f we have
f(x) < f(AX+(1-2)X")
SAf(X)+A-2)f(F)
= fie)
ie. f(x')=f(Ax"+(1-21)%")and,since all g, are strictly convex, we get for all 4 € (0,
1)
g(AxX+(1-2)X")<Ag(x")+(1-2)g,(¥")<0.
This implies A x"+(1-4)X" € int S.
Therefore, A x" +(1-4)X" eM(f, intS).
By Theorem 2.1.5 d), we get
Vi(Ax"+(1-2)%")=0forall 1€(0,1).

Since f is continuously differentiable we get forA -1, Vf(x") = 0. But this is a

contradiction to the supposition Vf (x") # 0.

18



Therefore, ¥ = x". Hence M(f,8)={ x" }.

b): For x" eM(f,S) we have by Theorem 2.1.4 (since f is convex and continuous) ( x, ) is

bounded. From Theorem 2.1.5, a) & b), we get

(V/(x"),x=x")20 forallx €S (2.20)
and
0< (Vf(x"), x, —x") < f (x,) - f (x)—220,
ie. lim (Vf(x"), x, -x") =0, (2.21)

From cosine law, (a, b) =|a- 5] cos®, 6 €[0,7], we get

lim ”Vf(x')”“xk - x'Hcosoz,k =0, O0<aq <n. (2.22)

k—w
But o, € [0,—;5:| as <Vf(x‘), =N —x‘> >0

ie. [V G| = x"|cosa, 20 .

This implies «, € [0,%] , and as |:0, %] is closed, we get (@, ) is bounded. Hence there is a

convergent subsequence (&, ) convergingto «, i.e. lima, = «.
¥ o 4

Since ( x, ) is bounded, there is a subsequence ( x, ) of (x,) such that limx, =Xx.We want to
' i 1
show ¥ =x".

Since V f(x") # 0 we consider two cases:

Casel: « ;t%, ie. ae [0,%).Then by Vf(x") # 0 we get from (2.21)

3 .
hm”x,‘ -X “-cosa,“ =0.

I=—»x0
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[—»o0

. : n
Since limcosa, =cosa # 0 for a e [0,—2—] , we have

lim"xk‘ —x'H = (.

o

This implies, by the continuity of the norm

Hence, limx, =x".

i—w

= 0.

limx, — x'” = ”J? -x

o

Case2: o= % .Then since (x, ) is bounded, the subsequence ( x, ) is also bounded.

Therefore, there is a convergent subsequence (x, ) with limx, =X€§.
1 Jjoo Tl
Let now

H:= {xeR" <Vf(x'), x>=a}, where a =< V(x"), x').

By (2.20) we get that H is a supporting hyperplane of S atx".

By corollary (2.6) we have H NS ={x"}. Now from (2.21) we get X eH N S,

So we have for both cases that each convergent subsequence ( x, ) of (x, ) converges to .
i.e. the ( bounded ) sequence ( x, ) possesses the only accumulation point x",

ie. limx, =x". //

k—x

For the next theorem we need further property of convex functions.

Theorem 2.1.9: Let g be a (strictly) convex and strictly negative function on a convex set U.

Then the function s is (strictly) convex.
b4
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Proof: Since g is convex we have

g(Ax+(1-24)y) < Ag(x)+(1-A)g(y) <0
forall A€ (0,1) forallx, yeU,
ie.
—g(Ax+(1-2)y) 2-2g(x)-(1-2)g(y) >0,
ie.

1 1
<
—g(x+(1-24)y) -4g(x)-(1-24)g(»)

forall Ae(0,1) forall x, yeU. (2.23)

Now we have

=280 -(1-A)g®y) | -1 Ag(x)-(1-2)g(y)
-g(x) -g(»)

_—Ag(x)-4(1-2)g() " A(1-2A)g(x)-(1-2)’g(y)
- g(x) -g(»)

= +,1(1-,1)§9—)+/1(1-,1)@+(1-,1)2
g(x) g(y)
= +/1(1—l)[M+‘—gﬁ}+(l—l)2

g(x) g

22
22 +24(1-A)+(1-4)°
=[A+a-2f =1.

Dividing the last inequality by — Ag(x)—(1-4)g(y) > 0 we get

A ) (1-2) 1
-g(x) -g(y) -igx)-(1-A)gy)

Together with (2.23) we have
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1 y 1 A A=Y
—g(Ax+(1-2)y) -ig(x)-(1-A)g(y) -gx) -g»)

Hence

1
(— —J(Ax +(1-2A)y)< ,1(- lJ(x)+ (1- ,1)(— l](y),
g g g
forall A€(0,1), forall x, ye U,

; :
l.e. —— isconvex.
g

The proof for the strict convexity is simply changing "<" by "<". //

Theorem 2.1.10: Let Uc R", f:U — R" be strictly convex and continuous, let g, be
convex and continuous such that
S:={xeU| g, (<0, iefl,2,...m}}
is closed. Let int S# J, M(p,,intS)# 3 forall keNandM (f,§5)# 3.
Then
a) M(p,,intS)= {x},
b) The sequence (x;) given by a) has at most one accumulation point.
In case of existence of the accumulation point it follows
mx; =x and M(f,S)={x"}.
Proof: (cf.[9])

1. . . ;
a): Since f is strictly convex and —— is convex on int §, we have that p, is a strictly
g

convex function on int S. By Theorem 2.1.7,b), we get M (p,, intS) = {x;}.
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b): by Theorem 2.1.1, b), we have that each accumulation point of (x,) is a solution of (Py).

Since fis strictly convex (P)) possesses at most one solutionx’, and hence using

M(f, S)# @, we have that all accumulation point of (x;) are equalto x". //

Remarks:

1. Theorem 2.1.10 is quite valid under the supposition that f is (only) convex and only one

of the functions g,, i€ {1,2,..., m}, is strictly convex.
2. For numerical calculations the sequence of solutions depends on the choice of the initial

( starting ) point x,. Therefore, considering nonconvex functions, the sequence (x,)

generated by the procedure can be convergent to a local minimum. This is because, the

function is convex in certain neighborhood of such points.

Now in the following we will consider the minimization problem:
6(d) — min,
st.  d20, (2.24)

where 0(d) = infs p(x,d). Here, h is a barrier function such that

a) h(x)=0 forall xeint§,
b) A is continuous on int .S,
x—»a5

¢) h(x)——=>=, xeintS where 05 is the boundary of §.

More specifically, a barrier function A is defined by

W) = 3 gle, ). (2.25)

i=l

where ¢ is a function of one variable that is continuous over { y: y <0 } and satisfies
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#(»)20 if y<Oand lirg]_¢(y)=oo.

Lemma2.1.11: Let f, g:R" >R, ie{l,2,....m }, be continuous functions.

Let

a) UcR" be nonempty and closed,

b) intS§ # O,

¢) hbe abarrier function of the from (2.25) and be continuous on intS,

d) Forany given d >0, if (x,)cintS satisfies f(x,) + dh(x,)—=2>6(d), then
(x,) has a convergent subsequence.

Then,

1. Foreach d > 0, there exists an x, € intS such that

6(d) = f(x,) + dh(x,) = inf_p(x, d),
2. inf f(x) <inf0(d),

3. If o(d)= f(x,) and y(d)= h(x,),thenfor d >0, ® and @ are non

decreasing functions, and y is non increasing function.

Proof: 1) Let d > 0. By definition of &, there exists a sequence (x,) < intS such that
f(x,) + dh(x,)—=>5>6(d). By d), (x,) has a convergent subsequence (x; ) with limit
x, €U as U is closed. By continuity of g, g(x,) <0. Otherwise, if g(x,)> 0, since g is
continuous, there exists a point x,, such that g(x,,) > 0, which is not the case. Now we will

show that g(x,)<0. If not, then g,(x,) =0, for some i, and since the barrier function A

i-»0

satisfies (2.25), h(x, )——> . Thus, 6(d) = «, which is impossible, since int § # .

Therefore,
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9(d)=¥Lr{_}[f(xk‘)+dh(x,’ )= f(x,)+dh(x,)., where x, €intS.

2) Now since h(x) >0 we have for d > 0
0(d) = ir_nlfs p(x,d)

2 inf f(x)

xeint §
2inf /0
Since the above inequality holds for eachd > 0, we have
nf0) > nf 2.
3) Let d, >d, >0. Since h(x)2>0,
p(x,d,) 2 p(x,d,) foreach xeintS§.

Now taking infimum on both sides, we have

inf p(x,d,) 2 ir_lfsp(x,dz),

xeint §

Thus,
0(d,) 20(d,).
By 1), there exists x, and x, in int§ such that
f(x,)+dh(x,) < f(x,)+dh(x,)

and  f(x, ) +d,h(x,) < f(x,)+dh(x,).

(2.26)

(2.27)

Adding (2.26) and (2.27) and rearranging, we get (d, —d,)[h(x, )—h(x, )] <0. Since

d, —d, >0, we get
h(x, )< h(xdz).

Using (2.27) and (2.28), it follows that

25

(2.28)



S (xa,) < S (xg,) + daf[h(x,,) — h(x, )] < f(x,,).

20

Hence, f(x,)< f(x,). /]

Remark:

1) From the above Lemma 2.1.11, @ is a non decreasing function of d so that

inf (d) = lim 6(d) .
d>0 d—0*

2) The assumption d) in Lemma 2.1.11 holds, if {x eX:gx)< 0} 1s compact.

Theorem 2.1.12: Let
a) f:R">R,and g:R" > R"™ be continuous,
b) U < R" be nonempty and closed,
c) intS # J,
d) For x" e M(f,S) it follows
S(x",a)nintS # @ forall « > 0.
Then,
1) f(x")=lim&(d)=info(d),
2) let 6(d)= p(x,,d), where x, € int S, then the limit of any convergent

subsequence of (x,) is an optimal solution to (P,),

3) limd h(x,) = 0.

d—0

Proof: Let x" eM(f, S) and lete > 0. For S (x°, @) byd) there exists an

YeintSNS(x",a),i.e. X is feasible and ‘.?—x"<a.
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By the continuity of f for |E - x’l < a, we get
@ -6 <e.

Since f(x*) < f(X) we have

)< f(x")+e.
Then, for d >0

f)+e+dh(X)> f(X)+dh(X) = xier;lfsp(x,d) =6(d).
Taking limit for both sides as d — 0°, it follows that f(x")+ & > dh_gl o(d).
Since this inequality holds for each ¢ > 0, we get

f(xH)z dl}gl od).
From Lemma 2.1.11, 2), we get

f(x")< idrlge(d) = }LT o(d).
Hence, f(x*)= 412? 0(d) = .1113!(‘) 0(d).
For d - 0", since A(x,) 20 and x, € §, it follows that

0(d) = f(x,)+dh(x,) 2 f(x,) 2 f(x7).
Now taking limit for both sides as d — 07, we get

f() = lim £(*) < lim £(x,) S lim 6(d) = /(x').
Therefore,

lim f(x,) = f(x") and lim 0(d) = lim[f (x,) + dh(x,)] = £(x").

Hence,

lim dh(x,) = lim[0(d) - £ (x,)] = lim 6(d) = lim £(x,)= f(x) = f()=0,
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Le. dlirgl dh(x,)=0.
Furthermore, if (x,) has a convergent subsequence (x, ) with limit x’, then

> 2= ’
llmxdj =x.

Jjro

Since f is continuous and
&) =1lim f(x,,) = f(limx, ) = (),

and as x, € § for each d, we have 8i(x; ) <0 forall ie {l,..., m}. In addition since the

functions g; are continuous we have
02 limg,(x, )= g,.(limxd ): g:(x), ie. x'e€S.
jo® J joro J

Therefore, X e M(f,S). I/

Remark:
1) The optimal solution to (P;) is indeed equal to )Lr(r)] 6(d), so that it could be solved by a
single problem of the form

p(x,d)> min, xeU,
by taking limit as d — 0" , or it can be solved through a sequence of problems of the above
form with decreasing values of d .
2) For each d, x, eintS. It is for this reason that barrier function methods are some times

also referred to as interior penalty function methods. //
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2.2. Problems with equality and inequality constraints
In this section we consider a general problem of the form

(P,) f(x) > min, xes,
S={xeU|g,(x)<0, k(x)=0}.

The present problem can be converted into an unconstrained minimization problem by

constructing a function of the form
m P
pe(xd)=f(0)+d, Y 48,0+ 0(d,)) K (x), (2.29)
i=1 j=1
where ¢, is some function of the constraint g, tending to infinity as the constraint boundary is

approached from inside, ¢(d,) is some function of the parameter d, tending to infinity as

4
d, — 0. The motivation for the third term in (2.29) is that as ¢(d, ) — =, the term Zk ; (x)

j=1

) 4
must tend to zero. If Zk,2 (x) does not tend to zero, p,(x,d,) would tend to infinity, and
j=1

this cannot happen in a sequential minimization process if the problem has a solution,
Usually (2.29) is taken as

26 d,)= ()= d Y —— + J:T 3k (x) (2.30)

im &(x) j=1

If p,(x,d,) is minimized for a decreasing sequence of values d, >0 the following theorem

proves that the unconstrained minimum point x, will converge to the solution x” of (P,).

Theorem 2.2.1: Let M(f, S) # @ and (d,) be a decreasing sequence.
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Then each accumulation point of a sequence (x;), x; eM(p,, U)isasolution of (P;).
The proofis similar to that of Theorem 2.1.1.

Remarks:

If 1) f g,,i=1,2,..., mareconvex,

p
1) Zkf (x) 1is convex in the interior feasible domain defined by the inequality
J=1

constraints,

P
iii) one of the functions among f, g,,i=1,2,...,m and Y k;(x) is strictly

j=!

convex,

then the solution obtained at the end of sequential minimization of p, is guaranteed to

be the global minimum of the problem (P;).
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3. The Exterior Penalty Methods

The idea of exterior penalty function method is adding a penalty term to the objective function
for any violation of the constraints. This method generates a sequence of infeasible points,

hence its name, whose limit is feasible and an optimal solution to the original problem.

3.1. Problems with inequality constraints

In the following we consider an optimization problem

(P3) f(x) > min, x€s,
S:={xeU cR"| g(x) < 0}.

Here we choose S :=U and I(d) = 5> 0 and we use the penalty function #: U—>R,

where

=0, ] S
h(x) P
>0, ifxeS

and for the penalty parameter we have d — 0. For the choice of the penalty function there are

different possibilities. The most used one are

m

a) h(x) = {max{0,g, (0}, g>0, xeU

i=1

> (max(0, g (x)}}*

b) A(x) = e™ -1, g >0.xeU
In the exterior penalty function method, the function p is often taken as

p(x,d)= f(x)+5i{max{0,gi(x)}}", qg>0. (3.1)

i=l
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Example 1:
Consider the following problem:
f(x):=x 5>min, xe§,

S = {xeR| -x+2<0}.

In this case we choose A(x) =[max{0,g(x)}]*. Then,

hr) = {0, if x>2,
(-—x+2)2, if %<2,

Note that min[f(x)+%h(x)]=f(xo) + %h(xo), where x, = 2~% ;
and

. d ;
lim(2-2)=2=x"

Consider the following general problem with any inequality constraint

f(x) > min xeS,

S={xeUcR"| g(x)<0}.

It is clear that the form f(x) + —(1; g’(x) is not appropriate, since a penalty will be incurred

whether g(x)<0or g(x)> 0. A penalty is desired only if the point x is not feasible, that is, if
g(x)>0.

A suitable unconstrained problem is therefore given by
p(x,d) = f(x) + %max{O,g(x)} —>min, xeR"

If g(x)<0,then max{0,g(x)} =0, and no penalty is incurred. On the other hand, if
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g(x) >0, then max {0, g(x)} > 0, and the penalty term % g(x) is realized. However, observe
that at points x where g(x)=0, even if f and g are differentiable it may be that p is not

differentiable. Therefore it is more convenient to choose i[max {0,g(x)}]* as penalty term.

Now we consider a sequence of optimization problem

(B) "'px, 8. )= f{x)* —;—h(x) —min, xeU.

k

and assume that M (p,, U) # @ forall k eN.

We have some properties of a sequence (x;) of solution of (P,) , keN.

Theorem 3.1.1: Let (d, ) be a strictly monotonically decreasing sequence and
x,eM( p,U).
Then
@)  plx.d) s Pin (Xi415d,,,) forall keN,
() h(xp) 2 h(x,,) forall k eN,
(i) f(x}) < f(x;,,) forallkeN.

Proof: (cf. [9])

i): Since k < k+1 and (d,) is a strictly decreasing sequence, we have d, > d,,,

< : or ——]———l—>0 forall keN and h(x) 2 0 forall x e U.

1
dk dk+l dkﬂ dk

i.e.

This implies
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1 " 1
d—k. h('xlul) <

h(x;,, ) forall keN.

k+1

Hence

S G+ 2o h () S £ ()% 2 h()

k+l

Furthermore, since x, is a solution of (P,) we have for all kK € N

. 1 " . : . .
f(x)+ ;‘h(xk)= Pe(x5d,) < p(x,0,d) = f(x,,)+ dL h(x;.,)

k k

< f(x)+ dihu;ﬂ)

k+1
G pk+| (‘x;+l ’dk+l )’ (32)
i.e. we have (i).

ii): Since x;,, is a solution of (7,,,) and x; is a solution of ( 7, ) we have for all kK eN

. 1 . . 1 5
pk+](xl:+l’dk+l)= f(x,)+ Th(xlm) < f(x)+ d—— h(x;)

k+1 k+1

and

pe(xd)= £(x)+ dih(x;) < f(x)+ dl h(x.,).

k k

By adding these two inequalities, we obtain for all £ €N

Lot -h) < di[hu;,,)—h(x;)],

dk#l k
i.e.
. I, 1
[h(xk+l)—h(xk)][d__ ]2 0.
k k+l

<0

But this implies

h(x;, ) —h(x;) <0 forallk eN.
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Therefore, h(x;,, )< h(x]) forall k eN.
So we have (ii).

iii): From p, (x;,d,) < p,(x;,,,d,), we have
R ; ’ 1 ’
f(xk) N s h(xk) - f(xk+|)+ i h(xk,l )9
dk dk
this implies

f(x) —f(x;”)sdi [h(x].,)=h(x})]<0 forall keN,

k
1.€.
f(x) < f(x,,) forall keN. //

Now we give some propositions about the solution of (P;).

Theorem 3.1.2: Let f and % be continuous functions. Furthermore let
) M(f.,S)#8Q,
i) M(p,,U) # 9,

ko

iii) (d,)be a decreasing sequence such that d, —=0.
iv) (x;) be a sequence, where x; is a solution of (7, ), k eN.

Then
a) If x"e M(f,S), then lim f(x)) = f(x").

b) Each accumulation point of a sequence (x;) is a solution of (Ps).

Proof: (cf. [9])
Let ¥ be an accumulation point of the sequence (x; ), where x; e M ( p, , U) then there is a

subsequence (x; ) of (x;) such that X, 2= X"
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First we show that X" is a feasible point. Since x; is a solution of ( p, ) we have

* l -
f(x)+ :j—h(x,“) < f(x)+ dLh(x) for all x € U. (3.3)
k ki

Since S c U we get that (3.3) is true for all x € S. But for these x we have h(x) =0, so it

follows from (3.3)

fx) + gl—h(x;‘) < f(x) forall xe S

k;
or
d, f(x)+h(x)<d, f(x) forallxe S.
This implies (using the continuity of " and /)
lim d, /() + lim h(x,) < lim d, /(x)=0,

i.e.

lim d, lim f () + h(lim %) <0,
or

h(X") <0.
On the other hand we have ( by definition of /4 )

h(x;) 2 0forall ieN, ie. lim h(x)= h(lim x; )= h(x") 20.
But this implies

h(%)=0, ie X €S.

From

f(x)< f(x)+ d—l-h(x;’) and (3.3) it follows that
k,
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f(x)< f(x;,)+dLh(X;,)Sf(x)+dLh(x)=f(x) forall xe §.

K k

This implies (using again the continuity of /)
f(3)= lim f(x)< f(x) forallxe S,
Le.

X" isasolution of (P3). //

Theorem 3.1.3: ( Generalization of Theorem 3.1.2)
Let X be a normed space, let U < X and f, h be lower semi-continuous functions.
If (x;) is a sequence such that x, e M( p,, X),

then each accumulation point X of the sequence ( x; ) is a solution of (Ps).

Proof:
Let X be an accumulation point of (x; ), then there exists a subsequence (x;/ )of (x;) such

that lim x; =X.

Jjo®
1. We prove that X € §.

Because x, is a solution of (Pk} ) we have
J

f(x;j )+ dLh(x;,)Sf(x)+dLh(X)=f(x) forall xe §. (3.4)

J ks

Hence it follows

d f(x;)+h(x;) < d, f(x) forall xeS§. (3.5)
Because f and h are lower semi-continuous we have by Theorem 2.1.2

f(®) < lim f(x;) and A(X) < lim A(x; ). (3.6)

Jro J—r=
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Then from (3.5) we obtain, as d, — 0,

0= lim (d, f(x)) 2 lim[d, f(x; )+h(x; )] = h(F) = 0.

¥ Jo®

This implies A(X) =0 and therefore, X € S,

2. Now we prove that X eM (f, §).

From (3. 4) we get

f(x,:j)s f(x,:j)+dih(x;) < f(x) forall xe §.
k,

J

If we consider the limit infimum on both sides, then by (3.6) we have

f(® < li_mf(x;/)sf(x) forallxe S,

Jjo®

ie. ¥ eM(f,S). /I

Proposition 3.1.4: Let x;eM(p,U). Ifx; e § ,then x; € M(f,S).

Proof: Since x; € M (p, U) we have

p(x;,d)< p(x,d) forall xeU.
This implies f(x;)+%h(x;)s f(x)+%h(x) forall x e U,
Sincex; € S, we have A (x;) = 0. Hence
f(x;) < f(x)+%h(x) forall xeU andso forall xe §.

Therefore, as h(x)=0 for xe€ S,

f(x)) <f(x) forall xe§,
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1.e.

x;e M(f,S). /l

Theorem 3.1.5: If M (p,U) # & forall d>0 and M( f,S) # @, then
1) Liiréd-p(x;,d)=0.
i) lljlix}) h(x;)=0.

Proof : i) Let pp(d) =p(x,,d).

First let us show that for d, > d, >0, pp is a decreasing function.

Since

. . . 1 . 1 .
p(xdl7 d1)=lglunp(xadl) S p(xd,’d| ) and d_h(xdz) Sd h(xdz)

1 2

we get

. . . 1 .
pp(d))= p(x, , d) < p(x,,,d,)= S (xg)+ 3 h(x, )

< f(x;z)+ ;lz—h(x;:)

= p(x,, .d,)= pp(d,).
Therefore, pp is a decreasing function.

Now, since A(x")=0, we have
oxa b :
p(x;,d) € p(x',d)=f(x')+ ;h(.r)
= f(x),

ie. pp(d)=p(x;,d) < f(x).
Therefore, pp is bounded, and since a bounded monotonic function is convergent, we have

that lim p (x ,d) exists anditis finite.
d—0
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Hence ,
0= ‘lii_rg d ',l,if}) p(x;,d)= ‘lli_rg d p(x;,d)
ii): Let ff(d)=f(x}).
Let us show that for d, > d, >0 ff isa decreasing function.

The inequalities
p(x;,’ dl) -3 P(x;, :dl )’

p(x;z, d,) Sp(x;l, d,)

imply
Fi)+ di h(x,) < f(x)+ di h(x;,) (3.7)
and
)+ di h(x,) S f(x)+ di h(x;,), (3.8)
1.e.

df (x3)+ h(x;) < df (x)+ h(xy),
dyf (x3,)+ h(xy) < dof (x3)+ h(xg).
Adding these inequalities we get
(d, —d,)f (x;) ~ f(x;,)] <0,
and, since d, —d, >0, we have
S(x3) = f(x3,) <0,

i.e.
fx) < f(xg,)-
Hence ff is a decreasing function.

Since A(x) =2 0 forall x eU, wehave
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- * l . .
f(x) < f(xg)+ Fh )= p(xg, d) < f(x).
Hence ff* is monotone and bounded above.

This implies Li_r)r(x) S (x}) exists and it is finite.

Therefore,
lim A (x;)=lim[d p(x},d )~d ()]
=lim a p (x,, d)—‘lli_r’ré d lim f (xz)=0. 1
Remarks:

1. From f(x))+ %h (x;) < f(x'), weget 0 < %h(x;) <f(x")-f(x;), and
from the proof of Theorem 3.5, ii), for 1 2 d > 0 we have f(x) < f(x}).
Hence, we get that
05 2 () S () =1 () S ()= (x)
Therefore,
0< %h(x;) < f(x")-f(x]), for de(0,1],
i.e. we obtain uniform bounds on the penalty term ﬁh(x;) for all d e (0,1].

2. Let hh(d) :=h(x)), then by adding the inequalities (3.7) and (3.8) we find

k 5 | p 5
di,[h(x"‘) LA BN UCARICR)
1.e.
LEE G0 () ~h(£ 1’5 0.
d i d, “ :
4y dy

<0
Hence we have

h(xy) 2 h(x;,).

41



This implies hh(d,) 2 hh(d,) forall d, > d, > 0. Therefore, hh is increasing function.
3. 1im d f(x;) = lim{d p(x},d)~h(x})]

= limd p(x;, d)~lim h(x;)=0. //

In the following some possibilities of approximate calculation of the point x; will be

provided. Assume that for each value of the parameter d > 0 there exists a point x; €U

such that

p(x;,d)< pp(d)+§( ), &(d )>0.

Theorem 3.1.6: If
1) M(f,S)# @ and M(p,U)# O,
2) Ll_rgf(d) =0,
then
}Il_rgdp(xd, d)=0.

Moreover, if the function f is bounded from below on the set {x;} forall
sufficiently small d > 0, then

}ix_rg h(x;)=0.
Proof: Let d >0, then by assumption, there exists a point X, € U such that
-~ &(d) dsi CeM U h
p(x;,d) < pp(d) + ki and since x; eM (p, U), we have

:( L E@)

p(x;,d) < p(E;,d) < ppld)+=—— = p(x;,d) r

But p(x),d) < p(x;,d) < p(xd,d)+§( implies

d p(x;,d) <dp(x;, d) = d p(x;,d)+&(d).
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From Theorem 3.1.5, 1), we have
‘lll_rg dp(x;,d)=0.
Hence by squeezing theorem
LI_I’I‘(I) dp(x;,d)=0.
Now 0 < h( X;)=d p(X;,d)-d f(X;) and f is bounded from below on {x; } for all
sufficiently small d>0,i.e f(x;) 2 m for all sufficiently small 4>0, meR.
Hence 0 < h(X;)=dP(X;,d)-d f(X;)<d p(X;,d)—d m.

Since Liné d p(%;,d) =0, we get by squeezing theorem

}ii_rg h(x;)=0.//

Def.3.1.1: p(v,S):=inf|x—v|=: p is called the distance from the point v to the set 5.
xeS

Theorem 3.1.7: Let UcR", f,h,g,:U >R, i€{l,2,...,m} be continuous.
If

a) forall d >0 there exists x" € M(f,S) and x; eM(pU),

b) there is a closed and bounded set G c U suchthat X; € G forall

sufficiently small d >0,

c) lim@ =0,
d—-0 d

then
1. Li_rgf(f;)=f(1').

2. lim p(X;, M(f, 5))=0.
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Proof: (proof by contradiction)

I: Assume that the theorem is not true, i.e. there is a number £ > 0 and a sequence (d ¢ ), with

lim d, =0, such that

k—o

VERESICS

2 ¢ forall ke N,;:=NuU{0} holds.
Since h(x) 20 forall x eUand h(x")=0, we have
d f(35,) < d f(%) + h(5,)=d,p;,d,) < d,p(x;,d,)+ E(dy)
< dyp(x’,d)+ £(d)=d;, f(x")+5(d,). (3.9)

Since G is bounded and X; €G for all k>k,, the sequence (X; ) is bounded. Without loss of

generality assume &, =1, hence there is a subsequence (X, ) of (¥, ) such that

lim fd'k =X €@, as G is closed and each bounded sequence in R" possesses a convergent
"

Jjoo
subsequence.

From (3.9) we get
dk,f(gd.,j ) S dkjf(x‘) + f(dk, )-

Hence,

dk
f(ka,)Sf(x')w‘gii ’)- (3.10)

J

Since f is continuous, we get
f&)=f(limF; )=lim /(¥ ).
] J —pn0 J
Now, taking limit as j — o for both sides in (3.10) we get, using c),
&) =lim f(%; )< f(x),
j—‘)d) J

1.e.

f@®=<f(x).



Since a continuous function on a compact set has a minimum, f is bounded from below on

the set G for sufficient small d, >0, and hence by Theorem 3.1.6, using &(d):= :(1‘1) >0,

¢

Lirrg §~ (d) =0 and the continuity of 4
h(X) = h(lim E;kl )=limA(x; )=0.
Jjo® Jjo® &
Consequently, X € §, hence

f(X)= f(x"), which contradicts the assumption.

2: Assume that }ilrrg p(?c’;, M(f, S))= 0 is false.

Then there are a number & >0 and a subsequence (¥, ) of (¥;) such that
p%;, M(f,S))> ¢ forall keN,.
Now, forall k>k,, X; € G.Again without loss of generality assume &, =1.

Since G is bounded and )7;‘ € G, there is at least one subsequence (x; )of (x; ) such that

Hence from the proof of 1) we get X € M(f,S).

Therefore, limp(X; ,M(f,S))=limp(X, ,X)=0.Butthis is a contradiction
Jjo® kj o ky

to pl&; ,M(f,8))2¢ forall keN,.
Hence 3irr(1)p(5c'J,M(f,S))= 0.//

Remark: Any accumulation point of (¥,) belongs to M(f,S).

Corollary 3.1.8: If (¥;) c U\ S, then any accumulation point X belongs to dM(f, §)Mas .
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Proof: Let X be an accumulation point of (x;), hence there exists a subsequence (X ;. ) of
(x;) such that ,l‘l_r)gfdk =X.Now XeM(f,S)cS andsince X; eU\S we have X; ¢S5
for all ke N,. But }i_{gp('f;k , M (f,S5))=0, consequently, X ¢intM(f,S), otherwise , i.c.

if X eintM(f,S), then there exists a neighborhood N, of X and k, €N such that

X, € N; = § forall k 2 k,. But this contradicts to X; ¢S forall keN,.
Hence, X eintM(f,S),

Similar, since X § and X, ¢§ forall keN,, wehave X €05.

Therefore, X €8S NoM(f,S). I/

Corollary 3.1.9: If M (f,S)cintS, then there is an index j, such that x; eM(f ).

Proof :

Case 1: If there exists an index j, such that x;h € S, then by proposition (3.4)

x; €M(f,S). Hence the result.

Case 2: Suppose there does not exist an index j, such that x;h ef.

This implies (x,, ) € U\ S for all k € N,. By Corollary 3.1.8, any accumulation point of
(xg,)

belongs to S MM (f,S).

This implies

aSnaM(f,S)#9D,

i.e. M (f,S)isnot asubset of intS .This contradicts the hypothesis. //
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Remark: If /" and & are convex and M (£,5) < int §, then x; € M(f,8) forany
d>0,

ie. M(f,8)=M(p, U). /Il

3.2. Problems with equality and inequality constraints
We consider the optimization problem
(P4) f(x) > min, xe S
S:={xeUcR" |g(x)<0, k(x) =0}
where f, g,k;:U—>R, ie {1, i m}, ki, je {1, - 1} are continuous.

The set U might typically represent simple constraints that could be easily handled explicitly,
such as lower and upper bounds on the variables. In this case a suitable penalty function 4 is

defined by

W) = 3 dle, 1+ Yotk (), @.11)

where ¢ and ¢ are continuous functions satisfying the following conditions:

=0, if y<0
¢(y){ >0, ify>0"

=0 = (3.12).
¢(y){ Wi

Usually, ¢ and ¢ are of the forms

#(y) = [max {0, y}]’
o(») =)

where g is a positive integer. Thus, the penalty function /4 is usually of the form

hx) = 3 max(0, g, (] + Xk, (0 (3.12)

i=1 j=
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Let h be a continuous function of the form (3.11) satisfying the stated properties in (3.12 ).
The basic penalty function approach attempts to solve the problem

6(d) — max,

st. d20,
where 6(d) = {‘1515 p(x,d).

Now we will prove that ing f(x) =supb(d) = Lim 0(d).
X€ -0

d20

From this result, it is clear that we can get arbitrarily close to the optimal objective value of

(P4) by computing 6(d) for a sufficiently small d. This result is established in Theorem 3.2.2.

First, however, the following lemma is needed.

Lemma 3.2.1. Suppose that for each d, there is an x, € U such that 0(d) = p(x,,d).

Then
ing f(x)2supd(d).

d20

Proof: Let xe .S and d >0. Then, as i(x) =0,
flx)= f(x)+%h(x) =p(x,d)2i}2‘fj"p(y,d) =0(d)

Taking supremum on both sides, and then the infimum we get

inf f(x) 2 sup6(d). /1

d20

Theorem 3.2.2:
Consider the problem (P4) and assume that M(f, S)# @andM(p,U) # .

If
a) for each d there exists a solution x, € U to the problem

p(x,d) > min, xeU,
b) (x;)cGcU, G iscompact.

Then
i i,'lgf(x) = igfe(d) =Lif(}0(d) where 0(d):=i'r‘1lf_ p(x,d)=p(x,,d),
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2. The limit X of any convergent subsequence of (x)) is an optimal

solution to (Py),

Proof: 2) From the proof of Theorem 3.1.5, @ is monotone decreasing, hence

sup&(d) =}1i239(d) and by Theorem 3.1.5, ii) Lx_r’rg h(x;)=0.

d=0
Let ¥ be an accumulation point of (x;). Hence there exists a subsequence (x; ) of (x;) such
that }im x,, = X . Then we get
- 1 . .
‘siupg(d,‘) 20(d,)= f(xdk )+d_h(xd‘) 2 f(x4,)-
x20 k

Since }imxdk =X and f is continuous, the above inequality implies that

supd(d)= f(X). (3.13)
;20
But f(x')=irslff(x)2 supf(d,) 2 f(X). (3.14)

Since  limh(x, )= 0, and # is continuous we get h(x)=0, ie. Xx€S§ Hence
k> k

f(x7)=f(%).
Therefore, X e M( f, S).
1) From (3.14) we get
F06) = inf ()2 up(d,) 2 /). But [(:7) = f5). hence

fG)=inf () = () = sup0(d,) =limo(d,). /I

Remark:

Since dLh(";k)=9(dt)"f(x;.) : }iﬂ@(dk)=f(f)’ and }iﬂf(.r;. )= f(X)
k

we have Il(im—l—h(x;.) =li_r£[0(d‘ )-f(x, )]=}i1120(d. )-liﬂf(.r;, )=0 //

—»
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Corollary: 3.2.3. If h(x,)=0 for some d , then x; is an optimal solution to (Py).

Proof: If A(x,)=0, then x, is a feasible point. Furthermore, since
- * 1 * *
inf /() > 0d)= f (5, +— hx;)= £(5)).

This implies x, € M(f, §). //

Remark:

1. By choosing d so small, x, can be made arbitrarily close to the feasible region.
2. Furthermore, by choosing d so small p(x),d) can be made arbitrarily close to  f(x").

3. The points x, are generally infeasible, but as d — 0, the points generated approach an

optimal solution from outside the feasible region. Hence, this technique is also referred to as

an exterior penalty function method.
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4. Numerical approach for the penalty methods

In the numerical realization of the penalty function method there arises problems of selecting

the initial value d,, of the parameter d and the way d, is varied. The difficulty is that, the
choice of a sufficiently small d, allows us to hope that x;o will be close to x”.

Theorem4.1: Let f,7:R" — R be convex

If M(f,S)# & and bounded, then there is a sufficiently small d,>0 such that the

sets M (p, R") are uniformly bounded for all d € (0,d,].

Proof: (cf.[11])

Since M(f, S) # @, let x" € M(f,S) and B:={xe R"|d(x,x") < r} so that M(f.5)

cintB. This is possible because M ( £, 5) is bounded.
First we prove that p(z, d)>p(x’, d) forallze 0B, d € (0,d,]. (4.1)

Case 1: Assume that the set S is bounded and r is chosen such that S intB. Let

o= rzrelgjlf(z) and v = rzrelgh(z).

Since S c intB and z € 8B we have z ¢ §, hence h(z) > 0 forall zedB. Therefore, v>0.

1 1 L Y—u forall zedB.
Let d, >d >0, then ;h(z) Zg-h(z)zdo v>f(x)-H

0 <0

Consequently,

:

p(z,d) = f(z)+;11-h(z)>,u+f(x')—,u =f(x") = f(x')+dﬂ;);) = p(x’, d) for

all ze 0B, d €(0,d,].
Therefore, p(z, d)>p(x’, d) forall z€dB, d € (0,d,].

Case 2: Let the set S be unbounded. Since the set M( f, ) is bounded, it follows that

f(2)2f(x")+A forall zedBNS whereO<As:g18iRSf(2)—f(-f )
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Therefore, defining
Us(S) = {xeR"| p(x,5)<6}.
G, = 0BNU,(S),

G, = 0B\U,(S),

we get OB =G, U G,. We take 6 =6(A) >0 such that f(z)>f(x°)+%A for all zeG,.

This is possible since each convex function on R" is continuous. Thus, for all ze G, we

have
p(z,d)= f(z)+%h(z)2f(x') +—;—A +5h(z) >f(x)=p(x',d) 42

Further, g := min f(z) and v = ménh(z)> 0.

zeG,

Let d, >d > 0, then lh(z) Z—I—'h(z)z—l—v>f(x')—/1 forall zeG,, d€(0,d,].
d d d 200 ve.

0 0 P

Consequently,

p@d)= f(z)+§h(z) Spt f() =t =f(x)
- f(x')%&:)j = p(x, d).

Hence, p(z,d)>p(x",d) forall zeG,, de€(0,d,]. (43)
From (4.2) and (4.3) we get forall ze G,UG, =0B
p(z,d)>p(x',d), de(0,d,].
Therefore, p (z,d)>p (x",d), forall zedB, d €(0,d,].
Since p is convex, as sum of two convex functions is convex, using (4.1) we get

p(z,d)>p(x',d)forall z¢B, de(0,d,].
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If there exists x¢ B such that p (x,d) < p(x", d), d e (0,d,], then [x,x"]contains ze 8B
suchthat z=Ax+(1-A)x", 1€(0,1).
This implies
Pz d) < Ip(x, d)+(1-A)p(x’, d) <Ap(x", d)+(1- A)p(x", d)
=p(x',d), ze0B,de(0,d,].

But this is a contradiction to
pz, d)> p(x', d)forall ze 0B, de(0,d,].
For all x¢ B, since p(x, d)> p(x, d) > p(x;,d), we get x; €B, hence M(p, R") cB.
The existence of x, for all de(0,d,] is obvious since the function p (x, d) attains
minimum at a point x, on the closed and bounded set B, and out side this set there holds
p(x, d)> f(x")=p(x", d)2p(x,, d).

Therefore, M(p, R") is uniformly bounded. //

Theorem 4.2: Let f, h:R" > R.
If a) f, h are convex and partialy differentiable
b) M(f,S) # @ and bounded.

Then there is a sufficiently small d, >0 such that for all £>0 there exists
d,=d,(£)>0, §=5(¢)>0 forall xeU,(M(f,5)), de (0,d,] such that
IVp(x, d)|=6.
For the proof see [11].
Theorem4.3: Let f, 7:R" >R
If a) f and h are convex and partially differentiable,
b) M(f,S)# D and bounded,

¢) The sequence (x,), X;(d), issuch that IVp(xy, d)| < &, forall k€ N,.
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Then
p(x, M(f,8))—>0 for g, 50, k>, and d — 0.
Proof: First let us prove that (x,) is bounded.
By Theorem 4.1, there is a sufficiently small d, >0 such that M (p, R") are uniformly
bounded for all d €(0,d,]. According to Theorem 4.2, if B with radius ¢ such that

M (p, R")cintB forall de(0,d,] istakenas U, (M(f,S)), then there exists

0=0(g)>0 forall x ¢ B such that ||Vp(x, d)HZé'.

Suppose (x,) is unbounded, then there is a subsequence (x, ) of (x,) such that limx, =w=.
] o J

Hence there is an index k, suchthat x, ¢B and HVp(xk, d)||26 for all k>k,. Which is a
contradiction to 3). Therefore, (x,) is bounded.

Assume that the theorem is false, i.e. there are a number A>0 and a sequence (d, ),

limd, =0, such that |f(x,)-f(x")|2A forall x" € M(/, ) and forall keN,.

k—w

Since A(x) = 0 forall xe R" and A(x") =0, as (x,) is bounded, we have
“xk —x;k HS n <o.Let k:=d,, then ka -x;”s n <w,andas p(x, d) is convex using
Theorem 2.1.5, a) we get

< Vp(x,, d,), x5, —xk>Sp(x;k ,d,)- p(x,,d,). This implies

P(xs d) S p(x; o d) = (Ip(x, dp), %5, %)

54



= p(x;,, d)+(Vp(x,, d,), x, x5 ) (4.4)

But x; €M(p, R"), hence by Theorem 2.1.5, b) we have <VP(xu dy), x,-x, >20 for all

x, € R". Therefore,

0< < Vp(x,, d,), x, —x;k> =|Vp(x,,d, )"“xk ~Xg ”cosH

<|Vp(x,, @)l - %, | <. (45)
Hence
f) < p(xg,, de) +7g,.
< p(x’, dy)+7g,
=f(x")+ne,. (4.6)

Since the sequence (x,) is bounded, there exists a subsequence (x,‘/) of (x,) such that
limxkj =X. Therefore, by taking limit as j—>o for both sides in (4.6) we get

]

lim f(x, ) = f(X)<f(x")+nlime, =f(x") hence f is bounded below. By Theorem (3.1.6)

Jjoo J Jjoo

h(X)=limh(x, ) =0,ie. ¥eS§ and f(F)<f(x"), hence f(¥) = f(x'),ie. X¥e M(f,5),
Jj—oo J

which is a contradiction to | f(x,)-fG)|2A forall keN,.

Hence lim p(x,,M(f,$))=0 for lims, =0 and d—0. [/
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Now we give the algorithm for solving (P1) using interior penalty method.

Let &£ >0 be a termination scalar, x, €intS, d >0, c € (0,1). Let k=1, and 20 to the main

step.
Main Step

1. Starting with x,, solve the following problem:
p(x,d,) > min, x€intS.
Let x,,, be an optimal solution, and go to step 2.
2. If d,h(x,,) <é&, stop. Otherwise, let d,,, =cd,, k =k+1, and go to step 1.

In the Appendix we present a Program whose code is written with “Mathematica 4.1” and we

used Variable Metric Method to solve the unconstrained problem in step 1.

Examples: Consider the following examples
1) x} +x; —14x, —6x,—7 > min, Xx€S&,

S={xeR®:x +x,-2<0, x,+2x,-350}.
The final result using x, = (0, 1) is

x, ~(2.95086, —1.04967), p,(x,,d,)~—31.8037.

2) x] —6x] +11x, +x, > min, Xx€§,

S={xeR|x}+x] -x; <0,4-x ~x2-x}<0, x,-5<0,-x,50,i=123.}.
The final result using x, = (0.1, 0.1, 3.0) is

x,, ~(0.00332343, 1.4237,1.4237), P (X1, dyy) % 1.5062.
3) ! 1)’ i el
E(x' +1)°+x, > min, Xx€J,

S={xeR?:-x, +1<0, —x, <0}.
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The final result with x, = (1.1, 0.1) is

xp, = (1.16957, 0.0782171), p, (x5, d,;) ~ 0.136198.

10 1 .
4) —3—x,x2 +gx1 — min, x€es,

_ , §° 19 3
S ={(x,,x,) e R? .xf+5x§—ESO, —x,+x2—§S0}

The final result with x, = (1.1, 0.1) is
x,, = (1.16957, 0.0782171), p,;(xi,, d;3) ~0.136198.

5) (x} +x,-11)* +(x, +x} =7)* >min, x€S,
S ={(x,,x,) e R’ :%xl -x, +2<0,2x, - x, +2 <0}

The final result with x, = (1, 5) is

x; ~ (—2.8065, 3.13357), p,(x;, dg) ~ 0.00452986.

For the corresponding table of the examples see on the appendix.
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5. Result and Discussion
Let us consider the following problem
(P) f(x,%,,%)==x,-x] - > min, xeS,

S={xeR*| x} +x] +e" ~4<0,-x, <0,-x, <0,-x, <0}

Using the Program given in the appendix we get the following results with d =1, ¢ =0.5
0 =0.1, £€=0.005, and x, =(0.5, 0.5, 1.0) for different barrier functions.

’

For h= Z — Log[—g[i]] the result is as follows

k x* (k) £(x*(k)) p(x*(k))
0 (0.5 0.5 1.) -0.339785 1.29277

1 (0.81832 , 1.05634 , 0.524431) -1.54273 -0.107235
2 (0.844511 , 1.13578 , 0.524096) -1.83995 -0.907037
3 (0.864349 , 1.18644 , 0.520789) -2.04812 -1.43613
4 (0.876192 , 1.21725 , 0.511571) -2.16536 -1.77804
5 (0.88323 , 1.23662 , 0.500121) -2.22714 -1.99084
6 (0.887606 , 1.24876 , 0.489632) -2.25851 -2.11875
7 (0.890422 , 1.25613 , 0.481602) -2.27417 -2.19348
8 (0.892226 , 1.2604 , 0.476206) -2.28196 -2.23623
9 (0.893331 , 1.26274 , 0.47296) -2.28584 -2.2602%
10 (0.893956 , 1.26394 , 0.471209) -2.28778 -2.27366
11 (0.894273 , 1.26452 , 0.470375) -2.28876 -2.28102
12 (0.89441 , 1.26476 , 0.470041) -2.28925 -2.28504
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m

For h=)Y - —1— the result is as follows

= gli]

k x* (k) f(x*(k)) p(x*(k))
0 (0.5 0.5 1.) -0.339785 5.93945

1 (0.776471 , 0.922048 , 0.615914) -1.22214 4.21155

2 (0.789567 , 1.02012 , 0.579156) -1.46628 1.42722

3 (0.809085 , 1.09951 , 0.548116) -1.69213 -0.0846134
4 (0.829282 , 1.15558 , 0.521814) -1.86605 -0.939287
5 (0.847876 , 1.19387 , 0.499526) -1.99152 -1.43964
6 (0.863525 , 1.2199 , 0.481398) -2.07965 -1.74155
7 (0.875617 , 1.23768 , 0.467678) -2.14111 -1.92866
8 (0.884195 , 1.24981 , 0.458346) -2.1842 -2.04751
9 (0.889749 , 1.2579 , 0.453047) ~d. 9147 -2.12479
10 (0.892966 , 1.26298 , 0.451149) -2.23644 -2.17613
ki (0.894555 , 1.2658 , 0.451836) ~2.953 -2.21088
12 (0.895127 , 1.267 , 0.454219) -2.26309 -2.23472
13 (0.895143 , 1.26713 , 0.457466) -2.27096 -2.25123
14 (0.894912 , 1.26666 , 0.460901) -2.27651 -2.26274
15 (0.894614 , 1.26596 , 0.464058) -2.2804 -2.27077
16 (0.894342 , 1.26525 , 0.466674) -2.28314 -2.27639
17 (0.894137 , 1.26468 , 0.468647) -2.28506 -2.28033

59



k . £(x*(k)) p(x*(k))
0 (0.5 0.5 1.) -0.339785 10.2967
1 (0.760822 , 0.809209 , 0.673631) -0.977144 6.02448
2 (0.767122 , 0.857298 , 0.658082) -1.08875 2.49545
3 (0.774759 , 0.930176 , 0.634013) -1.2637 0.656545
4 (0.784787 , 1.02118 , 0.583722) -1.46712 -0.362097
5 (0.79466 , 1.09464 , 0.546264 ) -1.64423 -0.965882
6 (0.805404 , 1.14951 , 0.515898) -1.78276 -1.34528
7 (0.817831 , 1.19039 , 0.489418) -1.89058 -1.59552
8 (0.83164 , 1.21958 , 0.467558) -1.97431 -1.76757
9 (0.845999 , 1.23906 , 0.451331) -2.03968 -1.89008
10 (0.859881 , 1.25075 , 0.441181) -2.09113 -1.97992
11 (0.872302 , 1.25659 , 0.436809) -2.13187 -2.04741
12 (0.882501 , 1.25849 , 0.437226) -2.16421 -2.09906
13 (0.890068 , 1.25819 , 0.440973) -2.18991 -2.1391
14 (0.89498 , 1.25711 , 0.44647) -2.21034 -2.17043
15 (0.897538 , 1.25624 , 0.452348) -2.22663 -2.19511
16 (0.898242 , 1.25608 , 0.457643) -2.23964 -2.21465
17 (0.897678 , 1.25674 , 0.461838) -2.25002 -2.23016
18 (0.89642 , 1.25805 , 0.464808) -2.25826 -2.24248
19 (0.894951 , 1.25971 , 0.466703) -2.26478 -2.25226
20 (0.893619 , 1.26138 , 0.467806) -2.26992 -2.26
21 (0.892629 , 1.26283 , 0.468413) -2.27399 -2.26613
22 (0.89206 , 1.26391 , 0.468758) -2.27722 -2.27099
23 (0.891897 , 1.26459 , 0.468992) -2.2798 -2.27485

m

In the above tables we have seen that for 4 = Z — Log[—g[i]] the rate of convergence and the
i=1

m

local minimum values of f are better than that of 7= g_-g_[t— and h ; g[,]

m

= d
h= Z is better than that of /= Z—[T The corresponding number of iterations an
i= g i=1 &

m 1 m 1 ¢ 1
values of f for 4 = Z Log[-glil]ls h= Z—E[T and h= x=1m are respectively

i=1 i=1
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12&-2.28925, 17&-2.28506, and 23&-2.2798. The possible suggestions for this difference is

that as the value of g[i] approaches zero, i.e. —1< g[i]<0, the values of 4 = i- Log[-gli])
i=l

1
is less than that of 4 = Z — ——and this is less than that of 4 = z— and hence as the
i=1 g[l] it g[ ]

constraint boundary is approached the value of the penalty term will be smaller for

h= Z Log[—g[i]] than the two with the same termination criteria, ¢, & .

i=1
Therefore, the rate of convergence and the local minimum value using 4 = i_ Log[-gli]) is

better than these penalty functions.
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6. Summary and Conclusion

In chapter two and three we have seen the theoretical result of the penalty method. In chapter
four computational aspects are considered and in chapter five numerical results and the effect

of different choice of barrier functions are presented.

The rate of convergence and local minimum value of f is affected by the type of the barrier

function provided that the same termination parameters are used. The choice of the parameters

g,d,c,0 depends on the nature of the problem and the interest of approximations for the
results, i.e. if we want to have a best result we have to make ¢, ¢,6 so small and d too large,

but in this case the number of iteration will be large, hence the rate of convergence is low, but
the values of the objective function will be approximately equal to the local minimum value

nearest to the starting point in the descent direction.
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Remove["Global™*"];

(» n is the dimension of the space «x)

(+ m is the number of constraints x)

(» £ is the objective function %)

(» gl[i] is the constraint function that defines the feasible set § *)
(*» ALl constraint functions should be in the form " gli] s 0 " %)

(» 4 is the penalty parametre x)

(¥ ¢ is the multiplier of the penalty parametre *)

(» € is the termination scalar for the interior method *)

(» 6 is a constant for the the termination of unconstrained problems =)
(» var and varl is a vector of variables that defines the functions f and g[i] »)
(* X is an interior feasible starting point )

(* bt is the value of the barier term )

(* Inputsx*)
n=3;
m=4;
2

f=-x;%x°%e™;

gl1l] =x1% + %% + € - 4;

g[2] = -x1;
g[3] = -x;;
gl4] = -x3;

d=1.0; ¢=0.5;
€=0.005;6=0.1;

h=) -Log[-g[i]];
i=

1
% = {0.5, 0.5, 1.0};

fl[(z_] := £ /. Table[x; » z[[1]], {i, 1, n}];

hl = IdentityMatrix[n];

If[n# Length[x,], Print[" The length of the initial point is not correct"]; Abort[]]:
var = Table[xy, {i, 1, n}];

varl = Transpose [Prepend[Table[{"," x3}, {i, 2, n}], {x1}1]// MatrixForm;

Print["The dimension of the space is : ", n];

Print["The number of constraints are : ", m];

Print["Objective function :£", varl, " = ", f];

Print["Constraints: "3

Print["Penalty parameter: d = ", d, ",", "multiplier:c = ", cli
Print["Constants for break off criterions: € = ", €, ",", " ik
Print["Starting point: xo = ", Xo]7

Print["Starting matrix : hl = ", hl // MatrixForm];



(+some setingsx)

XX = Xoi

y[0] = Xoi

x[0] =%o0i

bt =€ +1;

v=1;

p=£f+dxh;

p2[xo] =p /. Table[x; » xx[[i]], {i, 1, n}];
print["penalty function:p", varl, " = ", p];
pPrint["£(xo) = ", £/. Table[x; » xx[[i]], {i, 1, n}]];
Print["p(x¢) = ", p/. Table[x; » xx[[i]], {i, 1, n}]];

(Feoe cneesocnssossssencesacassscssnnnns 3

(*+++++++++++++++++++++++++++++++++++++++++++++*)
(*iteration for the penalty stepsx)

Print[""];
Print["Begin of iterations"];
While[ bt > e,

p=f+d+h;

grad = Table[D[p, %3], {i, 1, n}];

norm = Zgrad[[j]]z;

j=1

g=norm /. Table[x; -» xx[[1]], {i, 1, n}];
k=1;

Print["The starting point is : x = ", xx];
(Ress oo 08 e 41 (R SRR G5 R . %)

(*iteration for solving the unconstrained penalty problem (px)

While[g > &,

B=.;bb=.; Clear[w]; Clear[¢]; Clear[u];
s =grad /. Table[x; » xx[[1]], {i, 1, n}];
sl =-hl.s;

S82 =Table[{s1[[i]]}, {i, 1, n}];

82 // MatrixForm;

W[B_] =xx+B*sl;

®[B_] =p /. Table[x; » w[B][[1]], {i, 1, n}];
u[B_] =D[¢[B], B]:;

r = FindRoot [u[B] = 0, {B, 0}];

bb:B/. r;

XX =xx+bbxsl;

9=norm /. Table[x; » xx[[i]], {i, 1, n}];
ql = grad /. Table[x; » xx[[i]], {i, 1, n}];

*)



q2=ql-8;

ml = bb * (s2.Transpose[s2]) / (sl.q2);
ml // MatrixForm;

al=hl.q2;

b=qg2.al;

a2 = Table[{al[[i]]}, {i, 1, n}];

a2 // MatrixForm;

nl = - (a2.Transpose[a2]) /b;
hl=hl+ml+nl;

k=k+1];

(*Resultsx)

kk = k;
y[v] = xx;
Print["The no. of iterations taken to solve the problem p[", v, "] is : ", kk];

(*++++++++t+ttttrrttrtrrbrrdttbbbt bbb bbbttt bbbttt bbb 4n)

x[v] =y[v]:

pl{z_] :=p /. Table[x; » z[[i]], {i, 1, n}];

Print["x(", v, ") = ", x[v]];

Print["f(x(", v, ")) = ", £1[x[v]]];

Print["p(x(", v, "))=", pl[x[v]]];:

wlv] =pl[x[v]];:

x[-1] =x[0];

ew[l, v] = {x[v][[1]], ","}:

cw[rl , v] := Append[Append[cw[rl -1, v], x[v] [[r1]]], ","];

bf=h /. Table[x; » xx[[1]], {i, 1, n}];

Print["The value of the barrier function is: ", bf];
bt =d*bf;

Print["bt = ", bt];

d=cxd;

Print["d is ", d];

v=v+1l;

PEINC ™G 5ie e g siise i skl g MO o T SO ."]];

Print["end of iterations"];

Print[nn];

vl=zv;

Print["Total number of iteration steps: vi =", vl-1];
Print[""] 3

Print["Approximated solution of the optimization problem (p):"ls
Print["x* = v, xx];



/

print[""];
print["minimal value £ (x*)

", £/.Table[x; =>xx[[i]], (4,1, n}l];
print["minimal value :p(x") = ", p /. Table[x; ->xx[[i]], {i, 1, n}])
print["the difference of p and f at the solution is », ,
((p/. Table[xy ->xx[[i]], {i, 1, n}]) - (£/. Table[x; -> xx[[i]], (i, 1 n}]))]

’ ' ’ H

(*++++++++++++++++++++++++++++++++++++++++++++++++++++*)
(+ Results in Table Form for n22 «)

print["Results of iteration steps in table form"];
Print[""];
init = {0, {%0} // MatrixForm, £1[x,], P2[x0]};
Print[TableForm[
Prepend|[
Prepend|
Prepend|[
Table|[
{v, MatrixForm[{Append[cw[n -1, v], x[v][[n]]]}], £1[x[v]], w[v]}, {v, 1, v1-1}],
init],
{n__n’ W i e e T ll, W e i L l)],

{"k", " x* (k)" " £(x*(k))", " p(x"(k))"}]]]:

Results of iteration steps in table form

k x* (k) £(x* (k)) p(x* (k)
0 (0.5 0.8 1) -0.339785 1.29277

1 (0.81832 , 1.05634 , 0.524431) -1.54273 -0.107235
2 (0.844511 , 1.13578 , 0.524096) -1.83995 -0.907037
3 (0.864349 , 1.18644 , 0.520789) -2.04812 -1.43613
4 (0.876192 , 1.21725 , 0.511571) -2.16536 -1.77804
5 (0.88323 , 1.23662 , 0.500121) =2.,22714 -1.99084
6 (0.887606 , 1.24876 , 0.489632) -2.25851 -2.11875
7 (0.890422 , 1.25613 , 0.481602) =2.27417 -2.19348
8 (0.892226 , 1.2604 , 0.476206) -2.28196 -2.23623
9 (0.893331 , 1.26274 , 0.47296) -2.28584 -2.26029
10 (0.893956 , 1.26394 , 0.471209) -2.28778 -2.27366
11 (0.894273 , 1.26452 , 0.470375) -2.28876 -2.28102

=
[ S
o

.89441 , 1.26476 , 0.470041) -2.28925 -2.28504



Appendix result

In the following we give the table for the results of the example obtained from the program

For Example 1
k

O O J o U1 » WDN PP O

For example 2

-

.93832 ,
.95086 ,

if.
21,
57,
ik,
9,
=4,
, -1.07921)
~1.06269)
~1.04967)

.371195 ,
.248486
.168245
.112689
.0781198
. 0545844
.0390166
.0272647
.0190656
.013516
.00951906
.00668531
.00474842
.00332343

OW O J O U1 » W DN PHEH O

T e
B W N H o

1

1.68682 ,
1.53049 ",
1.43152 ,
1.40989 ,
1.39097
1.40998
1.42178
1.40157
1.41422
1.41587 ,

, 1.41457
; 1.,41357
, 1.41496
, 1.41426

2.34497)
2.0429)
1.8276)
1.73244)
, 1.63925)
, 1.56591)
, 1.51765)
, 1.49682)
, 1.46925)
1.45096 )
, 1.43996)
, 1.43294)
, 1.42734)
, 1.423%)
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25.1849
10.3631
.65041
.76374
.45524
.54741
.91066
.46764
.15823
.93744
.7835

.67494
.59841
.5444

.5062

T O I S S C R T BN |



For Example 3

W 0 3 O U1 b W N PP O

el
W N R O

0.)

.438969
.501064 ,
.569706 ,
.624664 ,
.664013 ,
.69094
.709039 ,
.72126 ,
.729675
.735592
.739802
.742799
.744923 ,
.74642 ,
747473

W © J O U1 » W N KH O

[ ey
W N R O

=
S
OO 0O O 0 0O O C 0000 o o o

o~ e e e P S N s e i e e e N N

[
Ul

.29036 )
.9737)

.763752 )
.599083 )
.499528 )
.402629)
.312926)
.246259)
.195735)
.156207 )
.124119)
.0984928 )
.0782171)

O O O OO O O O o o o o -

~0.269086 )
~0.334573)
-0.387595)
~0.422843)
~0.446026 )
-0.461927)
~0.473177)
~0.481191)
~0.486846 )
~0.490793 )
~0.493532)
~0.495438)
~0.496775)
~0.497718)
~0.498386 )

O O 0O OO0 O0OOO0OO0OODO MK KK KEHE O
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.103333
.84585
.41631
.09832
.857904
.643758
.500056
.388442
.302314
.234525
.182952
.143105
.112044
.0878013

3
2
!
1
1
0.799744
0.616977
0.477598
0.370051
0.287339
0.223641
0.174389
0.136198

.320574
.475299
.6411

.776338
.876554
.948721
.00016
.03667
.06252
.08081
.09375
.1029

.10938
. 11396
s LT

2.50877
1.67274
0.634493
0.032402

.343634
.589242
.754002
.866419
.94398
.997895
.03556
.06198
.08055
.09362
.10284
.10934



For Example 5

k x* (k) f(x*(k))
0 (1 5) 386

1 (-2.8068 , 3.13357) 0.000292514
2 (-2.8068 , 3.13357) 0.000292514
3 (-2.8068 , 3.13357) 0.000292514
4 (-2.8068 , 3.13357) 0.000292514
5 (-2.8068 , 3.13357) 0.000292514
6 (-2.8068 , 3.13357) 0.000292514
7 (-2.8068 , 3.13357) 0.000292514
8 (-2.8068 , 3.13357) 0.000292514
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387.4
.542673
.271483
.135888
.0680901
.0341913
.0172419
.00876722
.00452986
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