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Abstract 

In this thesis, we deal with a theoretical basis of optimization in general and on numerical 

methods in particular. Here the penalty methods are in the foreground . Some generalizations 

for theorems into arbitrary metric space with mild assumptions (Theorem 2.1.3 and 3.1.3) are 

done. In addition, a numerical computation is presented and tested, with the code written in 

Mathematica 4.1 . Comparisons are made for different choice of the penalty function with 

respect to convergence speed and objective value. 

VI 



1. Introduction 

The penalty methods ( penalty function methods) have the aim to transform a constrained 

optimization problem, nonlinear optimization problems with inequality and equality 

constraints, into ( in some sense) a single unconstrained problem or into a sequence of 

unconstrained problems or problems with simple constraints. The constraints are placed into 

the objective function via a penalty parameter in a way that penalizes any violation of the 

constraints. The penalty methods are strong theoretical tools to treat nonlinear optimization 

problems. These methods can be also applied for those problems which require numerical 

solutions. We consider two classes of penalty methods: 

a) The interior penalty methods (barrier methods ), 

b) The exterior penalty function methods (penalty method ). 

In this paper both, the interior and the exterior penalty function methods will be considered. 

Throughout this paper we consider vector spaces X and Y. If a topology is needed we use 

normed spaces. The space X = R n plays an important role in particular for numerical 

consideration. Unless specified, we use the space X = R n and we denote by S ~ X the 

feasible set of the given optimization problem. Consequently, for unconstrained problems we 

use S = X. Furthermore, we denote by C( U) the vector space of all continuous functions 

f: U ~ R , where U~X, and by C(I)(U) the space of all Frechet-differentiable functions 

where U is an open set. 

We will consider the constrained optimization problem (nonlinear optimization problems with 

equality and inequality constraints ): 

(P) f(x) ~ min, XES, 

S := {x E U ~ X I g(x ) ~ 0, k(x) = ° }. (1.1 ) 



Hereweuse g i' kj :U-)R, i E{ I, 2,oo. m j E 12 00. I 

We used the partial order in R m which is defined coordinatewise, i.e. defined by 

g(x)~O ifand only if gi (X)~O forall i E{ 1,2,oo., m}. 

gi ' kj ' f EC(U). The set of all minimum points of f on S is denoted by M (f S). For 

describing the penalty method we consider d > 0 such that d -) O. The number d is called 

penalty parameter. 

Now we consider a function p: S x (R + \ {O}) -) R defmed by 

p(x, d) := f(x) + I(d)h(x) , (x, d) E S x (R +\ {O}) (1.2) 

where the set S ~ X and the functions I and h will be chosen in a convenient way. The 

different choice of the triple (S, I, h) divides the penalty methods into two classes, the 

interior and the exterior penalty function methods . The function h is called penalty function in 

the case of exterior method and barrier function in the case of interior method. Sometimes the 

term I (d)h(x) is called penalty term . 

By means of the function p we consider the minimization problem 

p(x,d) -) min, XE S , (1.3) 

and investigate the connection between a sequence (x;), x; E M( p , S) and solutions of the 

original problem (P). Indeed, we will show that each accumulation point of (x;) is a solution 

of (P). 
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2. The Interior Penalty Methods 

The interior penalty methods ( Barrier methods) are used to transform a constrained problem 

into an unconstrained problem or into a sequence of unconstrained problems. The barrier 

functions set a barrier against leaving the feasible region. If the optimal solution occurs at the 

boundary of the feasible region, the procedure moves from the interior to the boundary. 

2.1. Problems with inequality constraints 

Consider the following optimization problem 

(PI) f(x) ~ min, XES, 

S:= {XEU !g(X):S; o} (2.1) 

and the corresponding unconstrained problem 

(pI) p(x,d) ~ min, XES. 

Remark: 

The problem (p I) is called unconstrained because the barrier function set a barrier so that the 

subsequent points lie in the interior of the feasible set so that it is defined at each point. 

The interior penalty method is possible to apply, if int S *" 0. In this case we choose 

S := {x EU! g;(x) < 0, i E {I, 2, ... , m}} = intS , l(d):= d. 

For the choice of the function h there are many possibilities. Some of them are of the form 

m 

hex) := Ilog!g /(x)! ,x E T, ,.., 

3 

m 1 
h(x):= I -! --I ,XE T, 

/. 1 g ;(x) 



I 

m I 
hex) := I 2 

i - I (g /(x)) 
xET, h x -f In[min I Igi X I ] X E T 

I - I 

where T:= {x E U I g /(x) :;; 0, lora" i E {I 2, ... m}}. 

In all the cases the value of the barrier function h will tend to infinity as the boundary of S 

is approached from inside, i.e. the function p will tend to infinity as the boundary of S IS 

approached from inside. Thus, the unconstrained (in certain sense) minimization of p can 

be started from any point Xo E int S. Then the solution of (pi) will always lie in int S , since 

the constraint boundary of int S act as barriers during the mirumjzation process. This is the 

reason why the interior penalty methods are also called barrier methods . 

Remark: In the following we use 
m 1 

h(x) := I - - - ,XE intS. 
i=1 gi (X) 

Now we consider a sequence of minimization problems 

(~) X E int S, kEN (2.2) 

Theorem 2.1.1: (Convergence Theorem) 

Let I and gi be continuous functions. Furthermore, let x· E S and 

(i) M(/,S) cf 0,intS cf 0 , 

(ii) M(Pk, intS) cf 0 for all kEN, 

(iii) (d k ) be a decreasing sequence and dk ~O, dk>O, 

(iv) (x;) be a sequence such that x; E M (Pk, int S). 

Then 

a) If x · E M (I , S) then 

lim/(x;) = I (x · ). 
k 00 
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b) Each accumulation point of a sequence x ' ) IS a olution of 

Proof: (cf. [9]) 

a): Let x · EM (f , S) be fix ed. Then we have 

f( x ') ~ f( x) for all X E S . 

In particular f( x ') ~ f( x ) for all x E int S . 

Since J is continuous on U , and hence continuous on int S , by (i) there is an x' E int Sand 

for any £>0 there is 5>0 such that 

I.e. 

X ' E int S n S(x' ,5) implies f( x ') < J(x ') +!... . 
2 

(2.3) 

Let ( x; ) be a sequence, where x; EM (Pk' int S). We select k' EN, k' = k' (£ ), such that 

£ 

2m d
k

, ~ ----=--'-----
1 1 

max{- - ( ') , ... ,- (')} 
g, X gm X 

This is possible since d k ~O. 

(2.4) 

m 1 
Now, from f( x ) ~ f( x) + dk I - -- = Pk (x, dk ) , for all x E int S , for all kEN, b) 

;=, g;(x) 

taking minimum on both sides we get, for x E int S , 

Furthennore for x; E M ( Pk int S) we have 

(2.6) 

5 



since x;, EintS and Pk(X; dJ: ) is the minim lu f P on int 

ow, we consider all k EN such that dJ: < dk, the are lmo tall k In d ~ 

Then we have 

So we get 

for all k for which d k < d k ' . 

On the other hand we have (since x;, is a minimum point of Pk' on intS) 

From (2.8) and (2.9) we get 

From (2.4), using 

we get 

m 1 
= I(x') - d k, I --, . 

,=) g j(x) 

I __ 1_ ~ m.max{-_l_, , i E {1,2,oo., m}}, 
,=) g j(x') g j(x) 

j E {I 2 ... m}} 

& & 
~ m · -=-. 

2m 2 

6 

(2 .7) 

(2 .8) 

(2 .9) 

(2 .10) 

(2.11 ) 



Using (2.3) and (2.11 we et from 2.10 

This implies 

l.e. 

~) 
2 

c 

2 

(2.12) 

So we have proved that for each c > 0 the relationsrup (2.12) is true for almost all kE N. 

Therefore, 

Since x; E int S and x' EM (f, S), we have f(x') ~ f(x;). Hence we get from (2.12) 

(2.13) 

l.e. (2.14) 

So we get 

o 

This implies 

limf(x;) = f( x ') . 
k 00 

(2.15) 

So we have a) . 

b) : Let x be an accumulation point of the sequence (x') where x; EM (P t intS), then 

there is a subsequence (x; ) of the sequence (x;) such that lim x; = x . 
I j I 

7 



First we show that x is a feasible point. inC X E int 
I 

e ha e 

g ;(x; ) < O for al! i E{ 1 2 .. . fIl } fo r al! J E N. 

Since the functions g j are continuous we ha e 

Hence X ES . 

From (2.15) we get, since I is continuous, 

I(x ·) = lim I (x; ) = I(lim x; ) = I(x). 
J-+ «> I j «> J 

So X ES is a minimum point of IonS , i.e. it is a solution of (P I). II 

Remark: 

From Theorem 2.1.1, we have 

Using this and 

Therefore, 

8 



Oef.2.1.l : Let Y be a metric space nd I: Y R R := R u co u - co . Th n 

a) The function I is said to be lower s mi-continuous I. s.c if and only if the I 

sets 

N a (f) := {x E Y II (x) ~ a} 

are closed for all a E R . 

b) The function I is said to be upper semi-continuous (u.s.c) if and only if - I IS 

lower semi-continuous. 

Theorem 2.1.2: Let Y be a metric space and let/: Y ~ R. Then the function I is lower 

semi-continuous on Y if and only if for each sequence (xn) in Y, where xn ~ xo' 

it follows I ( xo) ~ lim/(xJ. 
n->CO 

lim I(xn ) denotes limit inferior of I as n ~ co. 
n->co 

For the proof see [8]. 

Theorem 2.1.3: (Generalization of Theorem 2.l.1) 

Let X be a normed space, U ~ X and I , h , g j : U ~ R and 

a) I h be lower semi-continuous and g j, i E {l, 2, .. . , m}, be continuous, 

b) M(Pk' intS) ;t 0 for all k EN and intS ;t 0. 

If (x;) is a sequence in U where x; E M (Pk' intS ) 

then each accumulation point of the s quence (x;) is a solution of (P I). 

Proof: Let :x be an accumulation point of the sequence (x;) where x; EM (P t int ) then 

there is a subsequence (x; ) of the sequence (x;) such that l.im x; =:X. 
J J co J 

9 



First we show that x is a feasible point. IOce x E int 
J 

" e ha 

g;(x; )< O forall i E{1 2 ... , m} for all j E . 

Since the functions g ; are continuous, we have 

O~ limg{(x; ) = g{(Iim x; ) = g{(x ) , forall i E{1, 2, .. . m}. 
Jao J J J 

Hence XES. 

Now since f and h are lower semi-continuous and lim x; =x we have 
j ao } 

f(x) ~ l.imf(x;) and hex) ~ limh(x;) 
J ao J 

Because x; is a solution of (Pk ) we have 
} J 

f(x; )+dk h(x; ) ~ f(x)+d k hex) = f(x) for all XES, 
} }} } 

I.e. 

f(x; )+dk h(x;) ~ f(x) for all XES. 
} } } 

If we consider limit infimum on both sides, we get 

f ( x ) ~ l.im f(x; }) + lim d k} lim h(x;}) ~ f(x) for all X ES . 
Jao J ao Jao 

Therefore, x E M (f, S). II 

For convex functions we can do some propositions. In doing so we need some of their 

properties. In the next theorems we will give some of the most important once with respect to 

numerical considerations. 

Def.2: Let U~ X be a con ex set and f: U-,; R. Th n 

a) The function f is said to be COli ' on the con ex set U if and onl if 

10 



f(A x+ (I-A) Y ~ A f x I -A f (y 

for alI x, y E U and for alI A E (0 1 . 

b) The function f is said to be strictly con vex on U if and only if 

f (Ax + (I - A) Y) <Af(x) + (I - A) f (y) 

foralIx, y EU,X::j; y , and for all AE (0, 1). 

Theorem 2,1.4: Let U ~ R n, f : U ~ R be convex and continuous and S ~ U be a 

convex and closed set. Furthennore, let M( f , S ) be nonempty and bounded. 

If there is a sequence (x k ) ~ S such that 

limf(xk ) = minf(x) = f(x') for x' E M (f ,S), 
k-'><o XES 

then (x k ) is bounded. 

Proof :( cf [9]) 

Since M (f , S ) is bounded there is an R > 0 such that Ilxll ~ R for all x EM (f , S) . 

Let now x' EM (f , S) be an arbitrary point and let 5k := f (x k )- f(x ') . 

Cleary 5k ~ 0 because X k E S and x' EM (f, S). 

But lim f(x k ) = f(x') , hence 
k-'><o 

lim[f(xk)- f(x')] = limf(xk)- f(x') = f(x') - f( x ·) = O. 
k k <0 

Therefore, lim 5k = lim[f(xk ) - f( x ' )] = O. 
k "" k <0 

Now, we have to show that ( xk ) is bounded. 

Suppose ( x ) is unbounded hence there exists a subsequence ( Xk ) of (x k ) such that 
J 

Ilxk II ~ ex) • Then we have for all j E N and for all A E (0 1) 

11 



I(Mk + (1 - A.)X· ~ A.I x 
I I 

I - A. I X · = A. I I - A. I . 

=1 x· A. k . 
I 

2.16 

Let now r > R be an arbitrary number. Then there is Jo E so that 

"Xk, ll > r > Rforallj ~ Jo. 

For these j we choose now A. := rllxk, r E (0, 1). 

Then we get from (2.16) 

(2.17) 

Furthermore, we havefor z., := II:', ( " + (I - II:', II )X' E S the ineq ual i ty 

~ r+ R, 

i.e. the sequence ( Zk ) is bounded. Therefore, there is a convergent subsequence ( Zk ) of ( Zk ) 
I II I 

with Zk ~ z E S. For this subsequence (subsequence of a subsequence) we get from 
II 

(2.16) 

f( z ) = f(\im zk ) = Iimf(zk ) = \im f (-" r " X +(1 _ _ " r " )X·) ~ f(x·)+-,, r " limb 
I co I' I JI I co X I' X X I JI 

~ JI JI 

= f( x ·) 

and by the minimal property of x · e ha e I - = f (x·) I.e. 

12 



ZE M(f , . 

Now from the definition of Zk we get 
I 

~ 11:''('' - II:', I( 

~ 11:','11' h -x·II' 

~ I~,' II' [ 2( Ilx ,,II' + !Ix" II' ) -!Ix" + x"ll' ] (parallelo gram equation) 

:> 11:':11' [ 2(llx,,II' + !Ix" II' H Ilx" IHx ·11 !] (T rian g Ie ineq ual ity) 

.1 

= ~[llxk/ 1l2 +llxT -21IxkJlx'll] = ~~lxk/ II - l lx ' I I) = r2[1 __ llllx'IIIIJ
2

. 

Ilxk/1l Ilxk/1l X kl 

Hence, we have for the subsequence (Z k ) 
I' 

Now taking limit for both sides as i ~ 00 we get Il zkll - x T > r 2 . Therefore 

liz - 'II ~ r > R. 

Since this is true for each x· E M(f e get for x · = Z the inequality 

l3 



liz -zll = 0 ~ r > R, 

i.e. R < O. But thjs is a contradiction to R > O. 

So the sequence cannot be unbounded. II 

Partially differentiable and convex functions have some more important properties. We gi e 

some of them here below. 

Theorem 2.1.5: let S ~ U ~ R n be a convex set U be an open and con ex set 

and f: U ~ R be a convex and partially differentiable function. Then 

a) (Vf(y),x - y) s f(x) - fey) for all x, y E U (subgradient 

inequality) 

b) The point x· E S is a mirumum point of f on S if and only if 

(Vf(x'),x-x' )~ O for all XES . 

c) If x · E Sand Vf(x') = 0, then x · EM (f ,S). 

d) If x · EM (f , intS), then Vf(x')= O. 

For the proof of this theorem cf. [8]. 

Remark: Let Y be a vector space, U ~ Y be con ex f: U ~ (-00 <Xl] be a con ex function 

and Xo be an algebraical interior point of U where f(xo) E R then 

f' (xo x - xo) S f( x ) - !(xo) for all E U. sub-gradient in quality 

Propo ition 2.1.6: Let ~ R n I ' R i E { I ... m} be continuous functions 

E i E I 2 ... m} 

14 
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and g{ be strictly convex functions . 

If x · E Sand H is a supporting hyperplane for at x · , then n H = { x · }. 

Proof: Let H := {x E R " I (u,x) = a }, u f. 0, be a supporting hyperplane for at x · . Then 

by definition of a supporting hyperplane we have 

(u , x) ~a for all XES , 

(u,x· )=a . 

Now, we have to show that x · is unique. 

Suppose XES n H and x:t; x·. Then we have (by the convexity ofH and S ) 

A x + (I-A) x· E S nH for all A E(O, 1). (2.19) 

Moreover, by the strict convexity of gi we have 

for all A E (0, 1), for all i E {l , 2, ... , m}. 

This implies 

E+(l-A)X· EintS for all A E(O, 1). 

Therefore, there is an & > ° such that for the ball S (0, &) := {X E R " Illxll ~ &} it follows 

E+ (l - A)X · + S(O, &) ~ S for all A E(O, 1). 

or 

E + (1 - A)X· +y E S for all y, for which IIYII ~ & and for all A E (0, 1). 

u 
We choose = - &M . Then we have 

a ~ (u E+ (l - A)X· + ) = (u E+(l - A)X· )+(u ) 

15 



or 

~(" AX H ,)x' ) (u -' 11:11) 

= (u xx + I - A.)x . ) - ellull 

(u, XX +(I - A.)x· ) ~ a + e 11U11 > a. 

But thjs impLies A. x + (1 - A. ) x · ~ H. But this is a contradiction to (2.19). 

Hence, x = x'. 

Therefore, SnH = {x · }. II 

Theorem 2.1.7: Let Uc;;;, R n, /:U ---.:; R be a continuous function and M (/, U) t 0. 

Then 

a) If U is a closed set, M (/, U) = {x ' } and (x k ) is a bounded sequence 

In U such that 

b) Let U be a convex set and f be strictly convex . 

Then M(f, U) = {x ' } . 

c) Let U be a closed and con ex set and / be strictly con ex. 

[f (Xk ) is a sequence in U such that 

then 

16 



Proof: (cf.[9]) a) : Since (x t ) is a bounded sequence in U there i x fth 
I 

sequence( xk )wnich is convergent, i.e. X t ~XE U. 
I 

Since I is continuous and x ' E M (I , U) we ha e 

I(x) = I(Iimxt ) = l,im/(xt ) = I(x ') , 
J-+OO J J 00 J 

i.e. x EM(/, U). 

From M(/ , U) = {x'} it follows that x = x ' . This shows that ( xt ) possesses exactly one 

accumulation point x' , i.e. we get xk ~x' . 

b): Let x', x' E M(/, U). We assume that x' :f 
, 

x . 

We have 

I(x')= I(x') = min/(x) 
xeU 

and, since I is strictly convex 

I(Ax' + (l-A)x')< AI(x') + (1-A)/(x ' ) = I(x') for all A E (0, 1). 

Since U is convex, we have AX' + (1- A) x ' E U for all A E (0,1), i.e. x ' is not a mjnimum 

point of I on U, i.e. x ' !l M (I, U) . But thjs is a contradiction to x ' EM (I , U). There fore, 

x' * x ' is not true, hence M(/, U) = {x ' }. 

c): SinceUisconvexand I is strictly convex by part (b), M (I U) = {x ' }. 

Since I is (strictly) convex and continuous on a convex and closed set U such that 

M (I , U) * 0 and bounded (because it has exactly one element), and ( x ,t ) is a sequence in U 

such that lim /(xk ) = /(x') we get by Theorem 2.1.4 that ( x ) is bounded . 
k 00 

Hence we get from (a) 

lim x.t= x ' II 
00 

17 



Theorem 2.1.8: Let (P I) be given, I E C(U) be continuously parti all y differ nti bl on e 

and let g j be strictly convex for i E {I, 2, ... m . Moreo er let x · E M I 

and 

V/(x') "* O. Then 

a) If I EC(I)(U), then M (/, S) = {x ' }, 

b) If there is a sequence (xt ) in S such that limf(xk)= f(x') and M(f S) is 
k ao 

bounded and S is closed, then x
k 
_k_ao~) x ' . 

Proof: a): Let x', x' E M (I, S). Suppose 

Now, I(x')= I( x ') = min/(x) and g j (x')~ 0, g j (x')~O forall iE {l,2, .. . ,m}. 
XES 

By the convexity of I we have 

I( x ') ~ I(A x ' +(l-A) x ') 

~ A l( x ') +( I -A)/(x' ) 

= I( x ') , 

I.e. I (x') = I (A x ' + (1 - A) x ') and, since all g j are strictly convex, we get for all A E (0, 

1) 

This implies AX' + (1 - A) x' E int S. 

Therefore AX' + (1 - A) x' E M( lint S). 

By Theorem 2. 1.5 d) we get 

1 (A x · + ( I - A) x' ) = 0 for all A E (0 1). 

Since I is continuously differenti able we get for A ~ 1 1 (x ' ) = O. But thi s IS a 

contrad iction to the supposition 1 (x ' ) "* O. 

18 



Therefore, x· = x · . Hence M (f = { . . 

b): For x · EM (/, S) we have by Theorem 2.1.4 since / is con e and continuou IS 

bounded. From Theorem 2.1.5, a) & b) we get 

(v/(x·),x-x· ) ~o for all x E 2.20 

and 

k 00 ) ° , 
l.e. lim IV/(x ·), X k -x· ) = 0. 

k-+ oo \ 
(2.2 1) 

From cosine law, (a, b) = Ilall·llbll · cose, e E [O,Jr], we get 

(2.22) 

l.e. 

Tills implies a k E [0, ~ ], and as [0, ~] is closed, we get (a k) is bounded. Hence there is a 

convergent subsequence (a k ) converging to a, i.e. lim a k = a . 
I I co I 

Since (xk) is bounded, there is a subsequence (xk ) of (xk) such that !im xk = x. We want to 
I I co ' 

show x = x ·. 

Since V / (x·) :;; ° we consider two cases: 

Case 1: a:;;~, i.e. aE[o ~ ).ThenbY 'f( ,'c):;; ° we get from (2.2 1) 



Since !imcosak = cosa ":!; 0 for a E [0 7r ) ha e 
I '" I 2 

This implies, by the continuity of the norm 

Hence, limxk = x· . 
;~«J I 

Case 2: a = ~ .Then since (x k ) is bounded, the subsequence (x" ) is also bounded. 
2 ' I 

Therefore, there is a convergent subsequence (X k ) with lim X k = XES. 
IJ j <Xl IJ 

Let now 

H := ~ERnl (Vf(x · ), x ) =a}, where a =( Vf(x·) , x · ) . 

By (2.20) we get that H is a supporting hyperplane of S at x · . 

By corollary (2.6) we have H n S = {x · } . Now from (2.21) we get X E H n S, 

. - . I.e. x = x . 

So we have for both cases that each convergent subsequence (X k ) of (xk ) converges to x · 
I 

I.e. the ( bounded ) sequence (x k ) possesses the only accumulation point x · , 

I.e. lim xk =x· . II 
k .... '" 

For the next theorem we need further property of convex functions . 

Theorem 2.1.9: Let g be a (strictly) con ex and strictl y negati e function on a con e set U. 

Then the function - ~ is (stri ctly) con e . 
g 
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Proof: Since g is convex we ha e 

g(Ax+(1-A)Y) ~Ag(X)+(I-A g y <0 

for all A E (0, 1) for all x, y e U, 

I.e. 

- g(Ax + (1- A)y) ~ - Ag(X) - (I - A)g(y) > 0, 

I.e. 

1 1 
-----~ ------
- g(Ax + (1- A)Y) - Ag(X) - (1- A)g(y) 

for all A E (0, 1) for all x, y e U. (2.23) 

Now we have 

A - Ag(X) - (1- A)g(y) + (1- A) - Ag(X) - (1- A)g(y) 
- g(x) - g(y) 

= - A2 g(x) - A(l- A)g(y) + - A(1- A)g(X) - (1- A)2 g(y) 

- g(x) - g(y) 

=A2 +A(1-A)g(y) +A(l-A)g(x) +(1-A)2 
g(x) g(y) 

= A2 + A(I- A)[g(y) + g(x) 1 + (1- A)2 
g(x) g(y) 

\ I v 
~2 

Dividing the last inequality by - Ag(X) - 1- A)g(y) > ° we get 

A --+ -'-----'-
- x) -

Together ith 2.23) \i e ha e 
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I 
------ <------- ~--
- g(M + (1 - A)y ) -

Hence 

for all A E (0, 1), for all x, yE U, 

1 . 
l.e. - - IS convex. 

g 

The proof for the strict convexity is simply changing " ~ " by "<" . / / 

Theorem 2.1.10: Let Ur:;;. R n, /: U ~ R" be strictly convex and continuous, let gi be 

convex and continuous such that 

S:={XEUI g/x)~O, iE{1 ,2, ... ,m}} 

is closed. Let intS-I0, M(Pk,intS) -I 0 for all kENandM(/,S)-I0. 

Then 

b) The sequence (x;) given by a) has at most one accumulation point. 

In case of existence of the accumulation point it follows 

lim x; = x· and M (/, S) = {x' }. 
k '" 

Proof: (cf.[9]) 

a): Since / is strictly con ex and IS con x on int e ha e that p is a strictly 

convex function on intS.ByTheorem2.1.7 b wegetM(p int ) = { ' }. 
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b): byTheorem2.1.I, b e ha h umu l ti n p int luti no PI. 

Since f is strictly con e p t m n hn Uln 

M( f , S) '* 0, we ha e that II accum ul tion pint 0 x. II 

Remarks : 

1. Theorem 2.1.10 is quite valid under the supposition that f onl con e nd onion 

of the functions g j , i E {I, 2, ... m} is stri ctl y con ex . 

2. For numerical calculations the sequence of solutions depends on the choic of th init ial 

( starting) point x o ' Therefore considering noncon e functions the s quence Xi ) 

generated by the procedure can be convergent to a local minimum. This is b caus , the 

function is convex in certain neighborhood of such points. 

Now in the following we will consider the minimization problem: 

B(d) ~ min, 

s.t. d ~ 0 , (2 .24 

where B(d):= inf p(x d) . Here, h is a barri er fun ction such that 
x lOt S 

a) hex) ~ 0 for all XE int 

b) his continuou on int 

c) 'Eint lh b undary of 

More specificall y a barri er functi n " i d fin db 

m 

" X 
- I ¢ 

/-1 

here ¢ i a fun lion of ne an I th t i r < nd ti fi 



¢(y) ~ 0 if y < 0 and lim ¢ = co. 
y 0-

Lemma 2.1.11: Let f, gj: R" ~ R, i E {I 2 ... m , b continuous function . 

Let 

a) U ~ R " be nonempty and closed, 

b) intS:# 0, 

c) h be a barrier function of the from (2.25) and be continuous on intS , 

(Xk) has a convergent subsequence. 

Then, 

1. For each d > 0, there exists an Xd E int S such that 

B(d) = f(xd ) + dh(xd ) = inf p(x, d), 
XEIn' S 

2. inf f(x) ~ inf B(d), 
xeS d >O 

3. If (j)(d):= f(x;) and If(d):= h(xd ), then for d > 0, (j) and B are non 

decreasing functions, and If is non increasing function . 

Proof: 1) Let d > O. By definition of B, there exists a sequence (x k ) ~ int S such that 

Xd E U as U is closed. By continuity of ( Xd ) ~ O. Otherwise if g(xd ) > 0 SInce IS 

continuous there exists a point xk • such that g(x .) > 0 .. hich is not the case. 0\1 .. e will 

show that g(x
d

) < O. If not then g j xd ) = 0 for some i and since the barrier function h 

satisfies (2.25), h(Xk,)~CO . Thus B(d = co \I hich is impos ible sine int :# 0. 

Therefore, 
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B(d) = !im[f(xk, ) + dh(x , )] = f 

2) Now since hex) ~ 0 we have for d ~ 0 

B(d) = i~f p(x, d) 
XE IOIS 

~ i~f f(x) 
XE IOI S 

~ inf f(x). 
XE S 

Since the above inequality holds for each d ~ 0, we have 

inf B(d) ~ inf f(x) . 
d>O XES 

3) Let d
J 

> d2 > O. Since hex) ~ 0, 

p(x, dJ)~p(x,d2 ) foreach xEintS. 

Now taking inftmum on both sides, we have 

inf p(x,dJ) ~ inf p(x,d 2 ), 
XE ml S XE IIIl S 

Thus, 

By 1), there exists xd, and xd, in int S such that 

(2.26) 

and (2.27) 

Adding (2.26) and (2.27) and rearranging, we get (d
J 

- d 2 [h(xd ) - h(Xd )] ~ O. Since 
I , 

h(Xd ) ~ h(Xd ). 
I , 

2.2 

Using (2.27) and (2.28) it follows that 
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I(Xd2) ~ I(Xd2) + d2 [h( Xd2) - h(xd, )] ~ I Xdl , ., , 
~O 

Remark: 

1) From the above Lemma 2.1.11 , B is a non decreasing function of d so that 

inf B(d) = lim B(d) . 
d>O d-+O' 

2) The assumption d) in Lemma 2.1.11 holds, if {x EX: g(x) ~ O} is compact. 

Theorem 2.1.12: Let 

a) I: R" ---+ R , and g: R n ---+ R ill be continuous, 

b) U ~ R n be nonempty and closed, 

c) intS"* 0 , 

d) For x· E M(/,S) it follows 

S (x' ,a)n intS"* 0 for all a> O. 

Then, 

1) I(x') = limB(d) = infB(d) , 
d o· d>O 

2) let B(d) = P(Xd' d) , where Xd E int then the limit of any con ergent 

subsequence of (xd ) is an optimal so lution to I) 

3) lim d h(Xd) = O. 
d o· 

Proof: Let x · EM(/, ) andlet& >O.For (x ' a byd lh ree it an 

x E int nS(x· a) i.e. x is feasible and IX-x · l <a. 
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By the continuity of f for Ix -x·1 < a we g t 

If (x ) - f (x · )1 < C . 

Since f(x*) ~ f (x ) we have 

f(x) <f(x·) +c . 

Then, for d > 0 

f(x·)+c+dhCx» f(x)+ dh(x)~ i~f p(x,d) = B(d ) . 
XE lOt S 

Taking limit for both sides as d ~ O+, it follows that f (x · ) + c ~ lim B(d ) . 
d o· 

Since this inequality holds for each c > 0, we get 

f(x·) ~ lim B(d) . 
d ...... O· 

From Lemma 2.1 .11 , 2), we get 

f( x·) ~ infB(d) = lim BCd ). 
d >O d ...... O· 

Hence, f(x·) = lim B(d) = inf B(d) . 
d ...... O· d ...... O 

For d ~ 0+ , since h(Xd ) ~ 0 and Xd E S, it follows that 

B(d) = f( xd ) + dh(xd ) ~ f (xd ) ~ f (x · ) . 

Now taking limit for both sides as d ~ 0+, we get 

f( x·) = lim f(x·) ~ lim f (xd ) ~ lim B(d ) = f (x · ) . 
d o· d o· d o· 

Therefore, 

lim f( xd ) = f (x· and lim B d = lim [j ( Xd + dh X d ] = f x · ) . 
d o· d o· d o· 

Hence 

lim dh(x
d

) = lim [B(d) - f (xd ] = lim B d - lim f Xd = f .) - f x· = 0 
d 0' d o· d o· d o· 
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I.e. lim dh(xd ) = O. 
d-+O+ 

Furthermore, if (xd ) has a convergent subsequence x
d

, ith limit x' th n 

I· , 
Im xd = x . 

j 00 , 

Since f is continuous and 

f( x ·) = lim f(xd . ) = f(l.im Xd ) = f(x') 
j-+OO j j 00 , 

and as Xd E S for each d , we have gj(xd) < 0 for all i E {I, . .. m}. In addition since the 

functions gj are continuous we have 

Therefore, x E M(f,S). II 

Remark: 

1) The optimal solution to (PI) is indeed equal to lim B(d), so that it could be solved by a 
d 0+ 

single problem of the form 

p(x,d) ~ min, x E U 

by taking limit as d ~ 0+ , or it can be solved through a sequence of problems of the abo e 

form with decreasing values of d . 

2) For each d, Xd E int S . It is for this reason that barrier function methods are some times 

also referred to as interior penalty function methods. II 



2.2. Problems with equality and inequality con traint 

In this section we consider a general problem of the form 

f(x)~min, XES, 

The present problem can be converted into an unconstrained minimization probl m b 

constructing a function of the form 

m p 

Pk (x, dk ) = f(x) + dk I ¢i [g i (x)] + <p(d k ) I k] (x) , (2 .29) 
i~ 1 i - I 

where ¢i is some function of the constraint g j tending to infinity as the constraint boundary is 

approached from inside, <p(d k) is some function of the parameter d k tending to infinity as 

p 

d k ~ o. The motivation for the third term in (2 .29) is that as <p d k) ~ co the term I k] (x) 
i - I 

p 

must tend to zero. If I kJ (x) does not tend to zero, Pk (x, d k) would tend to infini ty and 
i =1 

this cannot happen in a sequential minimization process if the problem has a solution 

Usually (2.29) is taken as 

2.30) 

If P k (x, d
k

) is minimized for a decreasing s quence of alues d >0 the fol io ing th orem 

proves that the unconstrain d minimum point . \I ill con erge to the olution x · of 2. 

Theorem 2.2.1: Let M (f :;; 0 nd d bad 



Then each accumulation point of as qu x 
. 

, E luti n 

The proof is simi lar to that of Theorem 2.1.1. 

Remarks: 

If i) f g i ' i=l , 2, . . . , m are convex 

p 

ii) I kJ (x) is convex in the interior feas ible do majn defi n d by th In u lit 
j=i 

constraints, 

p 

iii) one of the functions among f, g l ' i=l , 2 . .. m and I kJ x is strictl y 
J- I 

convex, 

then the solution obtained at the end of sequenti al minimizati on of p is guarante d to 

be the global minimum of the problem (P2). 



3. The Exterior Penalty Methods 

The idea of exterior penalty function method is adding a penalty term to the obj function 

for any violation of the constraints. Tills method generates a sequence of infe ibl point 

hence its name, whose limit is feasib le and an optimal solution to the ori ginal probl m. 

3.1. Problems with inequality constraints 

In the following we consider an optimization problem 

f(x)~ min , XE S, 

S:= {x EU ~ Rn I g(x) ~ O}. 

- 1 Here we choose S := U and l( d ) := - > 0 and we use the penal ty function h : U ~ R, 
d 

where 

h(X){ = 0, 
> 0, 

if X ES 

if x '1.S ' 

and for the penalty parameter we have d ~ O. For the choice of the penalty fun ction there are 

different possibi lities. The most used one are 

a) h(x) q> O XEU 

b) h(x) 
t tma., to. g, (x» ) I' 
,·1 - I q>O .X EU 

In the ex terio r p nalty functi on method th functi on p i often tak n a 

1 m 

p (x d := f x + - I rna { 
d _\ 

q > O. 3. 1 



Example 1: 

Consider the following problem: 

f(x) :=x ~min, XES , 

S := {x E R I - x + 2 ~ ° }. 
In this case we choose hex) = [max{O,g(x)}]2. Then 

hex) = {
a, if x~2, 
(_X+2)2, if x<2. 

Note that min [f(x) + ~ h(x)]= f(xo) + ~h(Xo ), where Xo = 2 - ~ , 

and 

lim(2- d)=2=:x·. 
d"70 2 

Consider the following general problem with any inequality constraint 

f(x) ~ min XES, 

S:= {x E U ~ R" I g(x) ~ O}. 

It is clear that the form f(x) + ~ g 2 (x) is not appropriate, since a penalty \: ill be incurred 
d 

whether g(x) < ° or g(x) > 0. A penalty is desired only if the point x is not feasible that is if 

g(x) > 0. 

A suitable unconstrained problem is therefore given by 

p(x,d) = f(x) + ~max{O, g(x) } ~mjn 
d 

XE R ". 

If g(x) ~ 0, then max {O,g(x)} = ° and no penalty is incurred . On th oth r hand if 



g(x) > 0, then max {O, g(x)} > 0, and the penalty tenn .!.. x i r 
d 

r 

that at points xwhere g(x) = 0, even if f and are differentiabl b th t P 

differentiable. Therefore it is more convenient to choose .!..[ma 
d 

Now we consider a sequence of optimization problem 

X E U. 

and assume that M (Pk ' U) :;:. 0 for all kEN. 

We have some properties of a sequence (x;) of solution of (Pk ) , k EN. 

Theorem 3.1.1: Let (d
k

) be a strictly monotonically decreasing sequence and 

Then 

(iii) f (x;) ~ f (X;+I ) for all k E N. 

Proof: (cf. [9]) 

i) : Since k < k + 1 and (d k ) is a strictly decreasing sequence e h d > d I 

1 1 
I.e. - <-

d k d k+1 

I I 
or - - - > ° for all k E N and h 

dk+1 d 
~ ° ~ r all x E . 

This implies 

not 



Hence 

Furthermore, since x; is a solution of (P
k

) we have for all k EN 

(3.2) 

i.e. we have (i). 

ii): Since X;+I is a solution of (Phi) and x; is a solution of (Pk ) we have for all k EN 

and 

Pk(x;,dk)= f( x; ) + _1 he x;) ~ f(x;+I) + _I hex; I)' 
dk dk 

By adding these two inequalities, we obtain for all k EN 

I.e. 

[h (X;+I) - h (x;)][f- 7-] ~ O. 
k k I 

But this implies 

'---v---' 
<0 

hex; I) - he ,. ~ o fora ll k E N. 
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Therefore, h (X;+I ) ~ h (x;) for all kEN. 

So we have (ii). 

this implies 

l. e. 

Now we give some propositions about the solution of (P3). 

Theorem 3,1.2: Let I and h be continuous functions . Furthennore let 

i) M(/ ,S)-:t0, 

ii) M (Pk ,U) -:t 0, 

iii) (d k ) be a decreasing sequence such that dk ~O . 

iv) (x;) be a sequence, where x; is a solution of (Pk ) k E N. 

Then 

a) If x ' E M(/ , S), then lim I (x ' ) = I(x ' ). 
k co 

b) Each accumulation point of a equence x IS a olution of (P3 . 

Proof: (cf. [9]) 

Let x' be an accumulation point of the equ nce th n th r 

subsequence (x;/ ) of (x;) such that x -' x. 



First we show that x· is a feasible point. Since x· is a so lution of h , 

f( .) 1. I xk. + -h(Xk ) ~ f (x )+-h(x) 
, d ' d 

kj k, 

for all x E . .3 

Since S ~ U we get that (3 .3) is true for all XES. But fo r thes x w h e h x = 0 it 

follows from (3.3) 

f (x; ) + _1_ h (x; ) ~ J ( x ) for all XES 
, d ' 

k, 

or 

This implies (using the continuity of f and h ) 

lim dk J( x; )+ lim h( x; ) :::; lim dk J (x) = O, 
i~«J f f l ~o:) I , -ioCO I 

I.e. 

lim d k lim f (x; ) + h (lim x; ) :::; 0, 
; -i>ctJ f j~ ct:) I 1-+ 0) I 

or 

h( x ·) ~ O. 

On the other hand we have ( by definition of h ) 

h( x·) > o for all iEN, i.e. lim h (x· ) = II lim x· ) = h x · ~ O. 
k, - i ' / ' 

But this implies 

h (x·) = O, I.e. x E 

From 

• I I ( . d f (x;,) ~ J ( xk,) + d I x , an 
k, 

it fo lio\! that 



f(x;) ~ f(x; ) + -j-h(x;) ~f ( x ) + _I h (x) = f x for II X E 

k/ d k / 

This implies (using again the continuity of f ) 

f(x·)=!im f( x;) ~ f (x) for al1 X E 
l~a) I 

1.e. 

x· is a solution of (P3). II 

Theorem 3.1.3: ( Generalization of Theorem 3.1.2 ) 

Let X be a normed space, let U ~ X and f , h be lower semi-continuous funct ions. 

If (x;) is a sequence such that x; EM(Pk' X), 

then each accumulation point x of the sequence (x;) is a solution of (P3). 

Proof: 

Let x be an accumulation point of ( x;), then there ex ists a subsequence ( x · ) of ( x; ) such 
) 

that lim x; = X. 
j->ao J 

1. We prove that X ES. 

Because x; is a solution of (Pk ) we have 
J ) 

f( x; ) + _I_h(x; ) ~f(x) + _I_ h(x) = f(x) for al1 XE 
J d ) d 

k) k) 

3.4 

Hence it follows 

d
k 

f( x
k
• ) + hex; ) ~ d k f(x) for al1 x E 

)) ) ) 
.5 

Because f and h are lower semi-continuou e ha e by Th orem .1. 
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Then from (3.5) we obtain, as d. ~ 0 
" ' 

This implies hex) = 0 and therefore, XES, 

2. Now we prove that x EM (I, S). 

From (3. 4) we get 

• • 1 • 
I(xk ) ~ I(xk ) + -h(Xk ) ~ I(x) for all X E . 

, ' d ' *, 

Ifwe consider the limit infimum on both sides, then by (3 .6) we have 

I(x) ~ lim I(x;, ) ~ I(x) for all XES , 
J--> <iJ 

i.e. x EM (I ,S). II 

Proposition 3.1.4: Let x; EM (p ,U). If x; E S , then x; E M (I ). 

Proof: Since x; E M (p , U) we have 

p (x; , d) ~ p (x, d ) for all x E U. 

1 1 
This implies I (x;) + - h (x;) ~ I (x) +- II (x) for all x E 

d d 

Since x; E S , we have h ( x;) = O. Hence 

1 
I (x;) < I (x) + - h (x) for all x E U and 0 [! rail ' E . 

- d 

Therefore, as II ( x ) = 0 for x E 

I (x;) ~ I (x) for all x E 



I.e. 

x;EM(f,S).11 

Theorem 3.1.5: If M (p, U) :t 0 for all d>O and M(f ):t 0 th n 

i) lim d . p (x; ,d) = 0. 
d--> O 

ii) lim h(x;) = 0. 
d-->O 

Proof: i) Let pp(d) := p(x; ,d). 

First let us show that for d1 ~ d2 > 0, pp is a decreasing function. 

Since 

p( X d· , d1) = min p (x ,d) ) ~ p ( X d' ,d)) and _1 h ( xd' 
I XEU 1 d 1 

we get 

Therefore, pp is a decreasing function . 

Now,since h(x') = O,we have 

I 

p(x; ,d) ~ p(x' d) = f x') 
1 

- /z 
d 

= f(x') 

I.e. pp(d)=p(x; ,d)~f(x·) . 

Therefore, pp is bounded and sinc a bound d m 

that lim p (x' ,d) exists and it i finit . 
d O d 

nI [un ti n I 

1 • 
~ - h( Xd ) 

d 1 
2 



Hence, 

° = lim d . lim p ( x; ,d ) = lim d p (x; d ) 
d~O d~O d~O ' 

ii) : Let !fed) := I(x;). 

Let us show that for d) > d2 > ° !f is a decreasing functi on. 

The inequalities 

imply 

and 

I.e. 

• 1. • 1 . I (Xd ) + - h (Xd ) ~ I (Xd ) + - h ( Xd ) 
, d ' ' d ' 

) ) 

• 1. . I h ( .) f (Xd)+-h(Xd)~/(Xd ) + - xd ' 
' d ' ' d ' 2 2 

dJ (x;) + h (x;) ~ dJ (x;,) + h (x;,) 

d21 (x;,) + hex;) ~ d21 (x;) + II (x;) 

Adding these inequalities we get 

and, since d) - d2 >0, we have 

I.e. 

I(x;,) ~ I(x;, ) . 

Hence !f is a decreasing function . 

Since h ( x ) ~ 0 for all x E U, we ha e 

4 

(3.7) 

(3 .8) 



, 
x . 

Hence ff is monotone and bounded above. 

This implies lim I (x;) exists and it is finite. 
d~O 

Therefore, 

lim he x;) = lim [d p( x;, d ) - d I (x;) ] 
d~O d~O 

=limdp( x ; , d)-limd lim /( x;) = O. II 
d~O d O d 0 

Remarks: 

1. From f(x;)+~h(x;) $ I( x'), we get 0 $ ~h (x;) $ /( x ' ) - f x; ) and 
d d 

from the proof of Theorem 3.5, ii), for 1 Z d > 0 we have f ( x;) ~ f ( ; ). 

Hence, we get that 

Therefore, 

o ~ ~ he x;) $ I( x') - f( x;) $ f ( x' ) - f( x; 
d 

0 $ ~h(x;) $ f( x' )- / (x ; ) for d E (O l] 
d 

i.e. we obtain uniform bounds on the penalty term ~ h ( x; ) fo r all d E 0 1]. 

2. Let hh(d):=h(x;),thenbyaddingthe inequalities(3 .7)and 3. find 

_1 [h( Xd' ) -he x; )] ~ _1 [h ex; ) - h ; l ] 
d I l d I 

J 2 

I. e. 

[_1 __ 1 ] [h ( x; ) - h ( x; )] ~ O. 
d d I l 

J 2 
~ 

<0 

Hence we have 
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This implies hh(d,) ~ hh(d 2 ) for all d, ~ d2 > O. Therefore hh i In r In un ti n. 

3. lim d I(x;) = lim[d p(x;,d)-h(x;)] 
d->O d->O 

= limd p(x;, d)-limh(x;) = O. II 
d->O d ->O 

In the following some possibilities of approximate calculation of the point X d 

provided. Assume that for each value of the parameter d > 0 there exists a point 

such that 

p(x;,d)~pp(d)+~(d) , ~(d»O. 
d 

Theorem 3.1.6: If 

1) M(/,S):t 0 and M(p,U) :t 0 , 

then 

limd p(x;, d) = O. 
d->O 

Moreover, if the function I is bounded from below on the set X d for all 

sufficiently small d > 0 , then 

lim h(x;) = O. 
d->O 

Proof: Let d > 0, then by assumption, there exists a point 
-. 

d E 

p(x;, d) ~ pp(d) + ~~~) and since x; EM P h 

p(x; ,d) ~ p(x;, d) ~ pp(d + :) = p x; d 

But p(x;, d) ~ p(x;, d) ~ p(x; d) + ~: impli 

d p(x; ,d) ~ d p(x; d) ~ d p x; d d 

4 

ill b 



From Theorem 3.1.5, i), we have 

lim d p (x; , d) = O. 
d->O 

Hence by squeezing theorem 

lim d p(x; ,d)= O. 
d-+O 

Now 0 ~ h ( x;) = d p(x; ,d) - d I(x;) and I is bounded from belo. on :r; 

sufficiently small d >0, i.e I (x;) ~ m for all sufficiently small d > m E R . 

Hence 0 ~ h (x;) = d P(x; ,d)-d I(x;)~d p(x; ,d)- d m. 

Since lim d p(x; ,d) = 0, we get by squeezing theorem 
d-> O 

lim h (x;) = o. II 
d -+O 

Def.3.1.1: p(v,S):= infllx - vii =: p is called the distance from the point to th l . 
xeS 

Theorem 3.1.7: Let U ~ R" , I ,h,g(: U ~ R , i E {I 2, ... , m be continu u . 

If 

a) for all d > 0 there exists x· E M(f ) and x; E M P 

b) there is a closed and bounded set G ~ U u h lh t -:; E ~ r II 

sufficiently small d > 0 

c) 

then 

2. limp(x;, M(f = O. 
d 0 

4 



Proof: (proof by contradiction) 

1: Assume that the theorem is not true, i.e. there is a number c > ° and a \ ith 

lim dk = 0, such that 
k-+ ctJ 

I/(x;k) - f(x')1 ~ c for all kENo :=N u {o} holds. 

Since h(x) ~ 0 for all x E U and h(x") = 0, we have 

3 .9 

Since G is bounded and X;k E G for all k~ko ' the sequence ei ;. ) is bounded. Wi thout loss of 

generality assume ko = 1, hence there is a subsequence (x; ) of( x; ) such that 
I) I 

lim x; = x E G, as G is closed and each bounded sequence in R n possesses a con erg nt 
j -+ ctJ k j 

subsequence. 

From (3.9) we get 

Hence, 

dk f(X; ) ~ dk f(x") + ¢ (dk ) ) . 
) i ) ) 

¢(d ) 
f(x; ) ~ f(X")+_k_) . 

. J d 
k) 

Since f is continuous, we get 

f(x) = f(lim x; ) = Iim f(x;1 ). 
j-+oo I) J 00 ) 

Now, taking limit as j ~ 00 for both sides in (3.10) we et u ing c 

f( x ) = limf(x; ) ~ f( x"), 
J-+ OO I) 

I.e. 

f(x ) ~ I(x") . 

44 

.10 



Since a continuous function on a compact set has a minimum ! i b und d fr m b 10\ 

the set G for sufficient small dk > 0, and hence by Theorem 3.1.6 u ing - d :=_d_ > 
d 

lim~ (d) =0 and the continuity of h 
d-.O 

hex) = h(lim x; ) = lim hex; ) = o. 
}-.", <} }-.", <} 

Consequently, XES, hence 

f(x) = f(x'), which contradicts the assumption. 

2: Assume that lim p(x;, M(f, S))= 0 is false. 
d-.O 

Then there are a number & > 0 and a subsequence Cx;<) of (x;) such that 

p(x;, M(f,S)) > & for all kENo ' 

Now, for all k ~ ko' x;< E G. Again without loss of generality assume ko = I . 

n 

Since G is bounded and x; E G, there is at least one subsequence (x; ) of x;) such that 
< ~ 

Hence from the proof of 1) we get X E M(j ,S). 

Therefore, limp(x; ,M(f,S)) = limp(xd< x) = O. But this is a contr di tion 
j-.", <} }-'a:J } 

to p(x;< ,M(f,S))~& forall kENo · 

Hence lim p(x;, M(f , S)) = o. II 
d-.O 

Remark: Any accumulation point of Cx;) belong to M ! 

Corollary 3.1.8: If (x;) ~ U \ S then any accumulat i n pint x 
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Proof: Let X' be an accumulation point of ex;), hence there ex ists a ub 

(X';) such that limX'; = X'. Now X' E M(f S) c S and since X' E U \ 
k -+oo ' ' - d 

for all kENo' But limp(X'; , M (f ,S))=O , consequently :x ~ int M f 
k -+oo ' ' 

I. 

if X' E intM(f,S), then there exists a neighborhood N-; of :x and ko E th t 

X';. E N -; c S for all k ~ ko' But this contradicts to :x;. ~ S for all kENo . 

Hence, X' E int M (f, S), 

Similar, since X' E S and X'd, ~ S for all kENo , we have X' E as. 

Therefore, X' E as n aM(f,S) . II 

Corollary 3.1.9: If M (f ,S)~ int S , then there is an index ) . such that x;,. E M(f S . 

Proof: 

Case 1: Ifthere exists an index ) . such that x;,. E S, then by proposition 3.4 

x; . EM (f ,S). Hence the result. 
). 

Case 2: Suppose there does not exist an index ) . such that x;,. E S. 

This implies ( x;. ) ~ U \ S for all kENo' By Corollary 3. \. 8 any a umul ti n pint f 

(x;, ) 

belongs to as n aM (f , S) . 

This implies 

as n aM(f ,s ) '* 0, 

l.e. M ( f ,S) is not a subset of int S .Thisconlradict th hyp lh i . 11 
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Remark: If / and h are convex and M (/,S) ~ int S then x; E Mf 

d > 0, 

i.e. M (/,S) = M (p, U). II 

3.2. Problems with equality and inequality constraints 

We consider the optimization problem 

f( x) ~ min, X ES 

S:={xEU~Rn Ig(x)~O, k(x) = O} 

where /, g;,kj: U ~ R, i E {I, ... , m}, kj' j E {I, ... I } are continuous. 

The set U might typically represent simple constraints that could be easi ly handl d plicitl 

such as lower and upper bounds on the variables. In this case a suitable p n It function h i 

defined by 

m I 

hex) = I¢[g;(x)] + Iq>[k;Cx)] , 
;=1 j =l 

where ¢ and q> are continuous functions satisfying the following conditi n : 

if y~ O 

ify>O 

{ 
-0 ify = O 

1'(y) -> 0 ', ify:t:.O 

Usually, ¢ and q> are of the fOnTIS 

¢(y) = [max {O, y} ]q 

1'(y) = Iyl
q 

where q is a positive integer. Thus the penalt fun ti 

4 
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Let h be a continuous function of the form (3.11) satisfying the stat d pr p rti In .1 

The basic penalty function approach attempts to solve the problem 

B(d) ~ max, 

s.t. d~O, 

where B(d):= inf p(x,d). 
xeU 

Now we will prove that inf I(x) = sup B(d) = lim B(d). 
xeS d"<?O d~O 

From this result, it is clear that we can get arbitrarily close to the optimal obj Iu 0 

(P4) by computing B(d) for a sufficiently small d. This result is established in Th r m .2 . . 

First, however, the following lemma is needed. 

Lemma 3.2.1. Suppose that for each d, there is an Xd E U such that B(d = p Xd d . 

Then 
inf I(x) ~ supB(d). 
xeS d"<?O 

Proof: Let XES and d ~ O. Then, as hex) = 0, 

I(x) = I(x) + ~h(x) = p(x, d)~inf p(y,d) = B(d) 
d yeU 

Taking supremum on both sides, and then the infimum we get 

infJ(x) ~ supB(d). II 
xeS d "<?O 

Theorem 3.2.2: 

Consider the problem (P4) and assume that M(I :t- 0 and M p 

If 
a) for each d there ex ists a solution x; E t lh pr bl m 

p(x d) ~ min x E 

b) (x;)~G~U G is compact. 

Then 

1. inf I(x) = supB(d) = lim B d \ h r 
xeS d~O d 0 

4 
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2. The limit X of any convergent sub qu n r x" 

solution to (P 4), 

Proof: 2) From the proof of Theorem 3.1.5, B is monotone decrea ing h n 

supB(d) =limB(d) and by Theorem 3.1.5, ii) limh(x;) =O. 
d~O d-,>O d 0 

Let x be an accumulation point of (x;). Hence there exists a subsequen 

that lim x d = X . Then we get 
k-,>oo k 

Since limxd = x and f is continuous, the above inequality implies that 
k-,> oo k 

supB(d)~ f(x). 
dk ~ o 

But f(x·)= inf f(x) ~ supB(dk ) ~ f(x). 
xeS dk~O 

Since limh(x; ) = 0, and h is continuous we get h x = I. . 

k-,> oo k 

f(x·) = f(x). 

Therefore, x E M( f, S). 

1) From (3.14) we get 

f(x·) = inf f(x) ~ supB(dk ) ~ f(x). But f( x· = 
xeS dk~O 

f(x·) = inf f(x) = f(x) = supB(dk ) =lim B d . II 
xeS d.~O 

Remark: 

Since _1 h(Xd· )=B(dk )- f(x;) 
d • k 

lim B d = nd lim 

we have lim - l hex; ) =lim[B(d k ) - f( X;. ] = Iim 
k oo d I k 

k 

- lim 

4 

= " II. 

II 

r 
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Corollary: 3.2.3. If h(x;)=O for some d, then x; is an optimal solution to P . 

Proof: If h(x;) = 0, then x; is a feasible point. Furthennore, since 

inf f(x) ~ B(d)= f(x;)+~h(x;)= f(x;). 
xeS d 

This implies x; E M(f, S). II 

Remark: 

1. By choosing d so small, x; can be made arbitrarily close to the feasible region. 

2. Furthennore, by choosing d so small p(x; ,d) can be made arbitrarily close to ! x'). 

3. The points x; are generally infeasible, but as d ~ 0 , the points generated approach an 

optimal solution from outside the feasible region. Hence, this technique is also referr d to a 

an exterior penalty function method. 
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4. Numerical approach for the penalty methods 

In the numerical realization of the penalty function method there arises problems of selectin 

the initial value do of the parameter d and the way d k is varied. The difficulty is that the 

choice of a sufficiently small do allows us to hope that x;o will be close to x' . 

Theorem 4.1: Let f, h : R n ~ R be convex 

If M(f, S) * 0 and bounded, then there is a sufficiently small do >0 such that the 

sets M (p, Rn) are uniformly bounded for all dE (O,do]' 

Proof: (cf.[ ll]) 

Since M(f, S) * 0, let x· E M(f,S) and B := {XE R" I d(x,x') ~ r} so that M(f 

~ intB. This is possible because M (f, S) is bounded. 

First we prove that p(z, d) > p(x·, d) for all ZE 8B, dE (O,do]' 4.\ 

Case 1: Assume that the set S is bounded and r is chosen such that S~ intS . L t 

f1:= minf(z) and v:= minh(z). 
zEaB zEaB 

Since S ~ intB and z E 8B we have z ~ S, hence h(z ) > ° for all Z E S . Ther for >. 

1 1 1. S 
Let do ~d > 0, then -h(z) ~-h(z) ~-v> f(x ) - f1 for all Z E . 

d do do ~ 

Consequently, 

p(z,d) ~ f(z) + >(z) >1' + f(x"j- I' ~ f(x) ~ f(x' )+ ~~ ~ p 
d r 

all z E 8 B, dE (O,do]' 

Therefore, p(z, d»p(x·,d) for all zE8B, dE(O,do]' 

Case 2: Let the set S be unbounded. Since the set M f i b und d it II w lh l 

f(z)~ f(x·)+!1. forall z E8BnS whereO<!1.~ ,r1Jj~f(- - f x ' . 
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Therefore, defining 

U 8 (S):= {XE R n I p(x,S)~J}. 
G1 := BBnU8 (S), 

we get BB =G\ u G2 • We take J = J(Ll) > ° such that fez) > f(x')+.!..~ for all z e C
1

. 

2 

This is possible since each convex function on R n is continuous. Thus, for all z e C
1 

\ e 

have 

d 1 • 1 1 • 'd p(z, )=f(z)+dh(z)~f(x)+2Ll+dh(z»f(x)=p(x , ). (4 .2) 

Further, I' := minf(z) and v := minh(z)> 0. 
ZEG

2 
ZEG2 

Let do ~d>O,then~h(z)~_l .h(z)~_l v>f(x')-Jl forall z eG2 , de(0,do] · 
d do do ~ 

Consequently, 

1 • ') p (z,d) = f(z)+-h(z) >1'+ f(x )- I' = f(x 
d 

• 1 • ( • d) = f (x ) + - hex ) = p x, . 
d '-r-' 

=0 

Hence, p (z,d) > p (x', d) for all z E G2 , de (O,do]· 
4. 

From (4.2) and (4.3) we get for all z E G1 U G2 = B B 

p (z,d) > p (x', d), de (O,do]· 

Therefore, p(z,d»p(x',d), for all zEBB, de(O,do]· 

Since p is convex, as sum of two convex functions is convex using (4 .1 \ e t 

p (z, d) > P (x' , d) for all z ~ B, d E (0, do]· 
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If there exists x~ B such that p (x,d) ~ p (x', d), dE (0, do], then [x,x')cont in : e B 

such that z = Ax + (1- A)X', A E (0,1) . 

This implies 

p(z, d) ~ Ap(x,d)+(1-A)p(X',d) ~Ap(x' , d)+(1- A)p(x ' ,d) 

= p(x' , d), ZEo B de 0 do]. 

But this is a contradiction to 

p(z, d» p(x', d) for all zEoB, dE(O,do)' 

For all x ~ B, since p(x, d) > p(x', d) ~ p(x;,d), we get x; EB , hence M(p, Rn) ~ B . 

The existence of x; for all dE (0, do] is obvious since the function p (x, d ) attains 

minimum at a point x; on the closed and bounded set B, and out side this set there holds 

p(x, d»!(x')=p(x', d)~P(Xd' d). 

Therefore, M( p, R n) is uniformly bounded. / / 

Theorem 4.2: Let!, h: R n ~ R. 

If a) !, h are convex and partialy differentiable 

b) M(!, S) :;:. 0 and bounded. 

Then there is a sufficiently small do > ° such that for all & > ° there ex ists 

do=do(£»O, 8=8(£»0 for all xeUc(M(f,S», dE(O,do] such that 

IIVp(x, d)11 ~ 8. 

For the proof see [11] . 

Theorem 4.3: Let!, h: R n ~ R 

If a) ! and h are convex and partially differentiable, 

b) M(! , S) :;:. 0 and bounded, 

. h h t II'Vp(x d II ~ c ft r II k E c) The sequence (xk), xk (d), IS sue t a 
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Then 

p(Xk , M(J,s»)~O for &k ~O, k~OC!, and d~O. 

Proof: First let us prove that (x k ) is bounded. 

By Theorem 4.1, there is a sufficiently small do> 0 such that M (p, R n) are unifonnl y 

bounded for all dE (0, do]. According to Theorem 4.2, if B with radius G such that 

M (p, R ") c int B for all dE (0, do] is taken as U & (MU, S)), then there exists 

5=5(&» 0 for all x~Bsuchthat IIVp(x, d)II~5. 

Suppose (x k ) is unbounded, then there is a subsequence (Xk ) of (xk) such that lirn xk = 00. 
J } '" J 

Hence there is an index ko such that xk ~B and IIVp(x*, d)I I ~5 for all k~ko . Which is a 

contradiction to 3). Therefore, (x k ) is bounded. 

Assume that the theorem is false, i.e. there are a number ~>O and a sequence (d t ), 

limdk =0, such that IJ(Xk)-J(x·)I~~ for all x· E M(J,S)andforall kENo· 
k->oo 

Since hex) ~ 0 for all x E R" and h(x·) = 0, as (xk) is bounded, we have 

IIxk -x:
k 
II~ 17 < 00. Let k:= dk, then IIxk -x:lI~ 17 < OC!, and as p (x, d) is convex using 

Theorem 2.1.5, a) we get 

(Vp(X*, dk), X;k -Xk)~P(X;k, dk)-P(Xk,dk)· This implies 

p(xk,dk)~P(x;"dk)- (Vp(xk,dk),x;, -xk) 
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4.4 

But X;k EM(p, Rn
),hencebyTheorem2.1.5,b)wehave (Vp(xt, dt),xt -x; ) ~ O for all 

x k E R n. Therefore, 

O~ (VP(Xk' dk), Xk -X;k) = IIVp(xk,dk)lllh -x;. Ilcose 

~ IIVp(Xk>dk)lllh -X;. II ~Ct 77· (4.5) 

Hence 

(4.6) 

Since the sequence (x k ) is bounded, there exists a subsequence (xt ) of (xt ) such that 
J 

lim xk = X. Therefore, by taking limit as j ~ ex) for both sides in (4.6) we get 
} -->a:J j 

lim f(xk.) = f(x)~f(x' )+1J limck . = f(x') hence f is bounded below. By Theorem (3.1.6 
} --> a:J j j --> a:J j 

hex) = ~imh(xk) =0, i.e. XES and f(x)~f(x'), hence f( x) = I (x ' ), i.e. x E M(I 
} -->a:J j 

which is a contradiction to If(xk)- f(x")1 ~ t1 for all kENo ' 

Hence limp(xk ,M(f,S))=O for limck = 0 and d ~ O. II 
k--> a:J k-->a:J 
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Now we give the algorithm for solving (PI) using interior penalty method. 

Let c> 0 be a termination scalar, Xo E int S , d > 0, C E (0,1) . Let k=l , and go to the m in 

step. 

Main Step 

1. Starting with x k ' solve the following problem: 

p(x,dk ) ~ min, x E intS. 

Let Xk+l be an optimal solution, and go to step 2. 

2. If dkh(Xk+l ) < c, stop. Otherwise, let d k+l = cdk , k = k+l, and go to step 1. 

In the Appendix we present a Program whose code is written with "Mathematica 4.1" and we 

used Variable Metric Method to solve the unconstrained problem in step 1. 

Examples: Consider the following examples 

1) XE S, 

The final result using Xo = (0, 1) is 

x; ~ (2.95086, -1.04967), P9 (x;, d9 ) ~ -31.8037. 

The final result using Xo = (0.1, 0.1, 3.0) is 

3) 1 3 . S 
-(Xl +1) +X2 ~mm, XE, 
3 
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The final result with Xo = (1.1, 0.1) is 

X;3 ~ (1.16957, 0.0782171), P13(X;3' d13 ) ~ 0.136198. 

4) xeS, 

The final result with Xo = (1.1, 0.1) is 

The final result with Xo = (1, 5) is 

x; ~ (-2.8065, 3.13357), pg(x;, dg) ~ 0.00452986. 

For the corresponding table of the examples see on the appendix. 
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5. Result and Discussion 

Let us consider the following problem 

S = {x ER3IXI2 + X22 + eX) -4~0 -x <O- X <O-X <O} , 1 - ' 2 -' 3 -

Using the Program given in the appendix we get the following results with d =1, C = 0.5 

0= 0. 1, G =0.005, and Xo = (0.5, 0.5, 1.0) for different barrier functions. 

m 

For h = I - Log[ -g[i]] the result is as follows 
;=1 

k x* (k) f(x* (k) ) p (x* (k) ) 

- ---- - - ---------- ---------- - - -- ------ --- ---------

0 ( 0.5 0 . 5 1. ) - 0.339785 1 . 2927 7 

1 ( 0.81832 I 1 . 05634 I 0 . 524431 ) - 1 . 54273 - 0. 107235 

2 ( 0.844511 I 1 . 13578 I 0.524096 ) - 1 . 83995 -0 . 907037 

3 ( 0.86434 9 I 1.18644 0.520789 ) - 2 . 04812 - 1. 43613 
I 

4 ( 0 . 876192 1.21725 0.511571 ) - 2 . 16536 - 1. 77804 
I I 

5 ( 0.88323 1 . 23662 0.500121 ) - 2. 227l4 - 1 . 99084 
I I 

6 ( 0.887606 1.24 876 0. 489632 ) - 2.25851 - 2. 11875 
I I 

7 ( 0.890422 1.25613 0.481602 ) -2 .27417 - 2 . 19348 
I I 

8 ( 0.892226 1.2604 0.476206 ) -2 . 28196 - 2 . 23623 
I I 

9 ( 0.893331 1.26274 0.47296 ) - 2 . 28584 - 2.26029 
I I 

10 ( 0.893956 1.26394 0.47l209 ) - 2 .28778 - 2 . 27366 
I I 

11 ( 0 . 894273 1 . 26452 0. 470375 ) - 2. 28876 - 2 . 28102 
I I 

12 ( 0 .8944 1 1. 2 6476 0 . 470041 ) - 2.28925 - 2 . 28504 
I I 
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m 1 
For h= L--. the result is as follows 

i=l g[z] 

k x* (k) f(x*(k) ) P{x' ( » 
- - ---- -- - - -- -- - --- -- - --------- - - -- - -- - - - ------ ---

0 ( 0. 5 0.5 1. ) -0.339785 5. 93 945 
1 ( 0 .776471 , 0 . 922048 , 0.615914 ) - 1.22214 4 .21155 
2 ( 0. 789567 , 1.02012 , 0 . 579156 ) -1.46628 1.42722 

3 ( 0 . 8 09085 , 1 .09951 , 0.548116 ) -1.69213 - 0 . 0846134 

4 ( 0 . 829282 , 1.15558 , 0.521814 ) -1. 86605 - 0.939287 

5 ( 0. 84 7876 , 1.19387 , 0.499526 ) - 1.99152 - 1.43964 

6 ( 0. 863525 , 1.2199 , 0.481398 ) -2.07965 - 1. 74155 

7 ( 0. 875617 , 1.23768 , 0. 467678 ) - 2. 14111 - 1.92866 

8 ( 0. 884195 , 1.24981 , 0.458346 ) - 2.1842 - 2.04751 

9 ( 0. 889749 , 1.2579 , 0.453047) - 2.2147 - 2 . 12479 

10 ( 0 . 892966 , 1. 26298 , 0.451149 ) -2 . 23644 - 2.17613 

11 ( 0 . 8 94555 , 1 . 2658 , 0 . 451836 ) - 2.252 - 2 .21088 

12 ( 0.895127 , 1.267 , 0 . 454219 ) -2.26309 - 2.23472 

13 ( 0.895143 1.26713 , 0. 457466 ) - 2.27096 - 2.25123 , 
14 ( 0 . 8 94 912 1.26666 0.460901 ) -2 . 27651 - 2.26274 , , 
15 ( 0.8 94614 1.26596 0 . 464058 ) -2. 2804 - 2.27077 , , 
16 ( 0.894342 1.26525 0.466674 ) - 2.28314 - 2 .27639 , , 
17 ( 0. 894137 1.26468 0.468647 ) - 2.28506 - 2 .28033 , , 
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m 1 
For h = I-'-2 we get the following result 

i=1 g[l] 

k x * (k) f (x* (k) ) P(x· ( » 
- - -- -- -- ----- - ----------------- ----- ---- ---------

0 ( 0 . 5 0.5 1. ) -0.339785 10.2967 
1 ( 0 .760822 I 0.809209 I 0.673631 ) -0 . 977144 6 .02448 
2 ( 0 .767122 I 0.857298 I 0.658082 ) - 1. 08875 2 .49545 
3 ( 0 .774759 I 0.930176 I 0.634013 ) -1.2637 0 . 65654 5 
4 ( 0 . 784787 I 1. 02118 I 0.583722 ) - 1.46712 - 0 . 362097 
5 ( 0. 79466 I 1.09464 I 0 . 546264 ) -1.64423 - 0 . 965882 
6 ( 0. 805404 I 1.14951 I 0.515898 ) -1.78276 - 1.34528 
7 ( 0. 817831 I 1.19039 I 0.489418 ) - 1.89058 - 1. 59552 
8 ( 0. 83164 I 1.21958 I 0.467558 ) -1. 97431 - 1 . 76757 
9 ( 0. 845999 I 1.23906 I 0.451331 ) -2.03968 - 1. 89008 

10 ( 0.859881 I 1.25075 I 0.441181 ) -2 . 09113 - 1 . 97992 

11 ( 0. 872302 I 1.25659 I 0.436809 ) - 2 . 13187 - 2. 04741 

12 ( 0. 882501 I 1.25849 I 0.437226 ) -2.16421 -2.09906 

13 ( 0. 890068 I 1.25819 I 0.440973 ) - 2.18991 - 2. 1391 

14 ( 0. 89498 I 1.25711 I 0.44647) - 2.21034 - 2 .17043 

15 ( 0.897538 I 1.25624 I 0.452348 ) -2.22663 - 2. 19511 

16 ( 0. 898242 I 1.25608 I 0.457643 ) -2.23964 - 2.21465 

17 ( 0. 897678 I 1.25674 I 0.461838 ) - 2 . 25002 - 2 .23016 

18 ( 0. 89642 I 1.25805 I 0.464808 ) -2.25826 - 2 .24248 

19 ( 0 . 894951 1.25971 0.466703 ) -2.26478 - 2.25226 
I I 

20 ( 0. 893619 1.26138 0.467806 ) -2.26992 - 2.26 
I I 

21 ( 0. 892629 1.26283 0.468413 ) -2.27399 - 2 .26613 
I I 

22 ( 0. 89206 1.26391 0.468758 ) -2.27722 - 2.27099 
I I 

23 ( 0 .891897 1.26459 0.468992 ) - 2 . 2798 - 2.27485 
I I 

In the above tables we have seen that for h = t -Log[-g[i]] the rate of convergence and th 

m 1 m 1 
local minimum values of f are better than that of h = I --[.] and h = ~ g[i] l and 

i=1 g l 1· 1 

h == I -_ 1_. is better than that of h = t ~. The corresponding number of iterations and 
i=1 g[l ] i=1 g[l] 

I ~ . ~ 1 d h - ~_l_ are respecti el 
va ues of f for h = ~ -Log[-g[z]] , h = ~ --. , an - ~ [i]2 

i=1 i=1 g[z] 1=1 g 
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12&-2.28925, 17&-2.28506, and 23&-2.2798. The possible suggestions for thjs differenc i 

1ft 

that as the value of g[i] approaches zero, i.e. -1 ~ g[i] ~ 0, the values of h = I -Log[ _ [/}] 
/-1 

mI. . m 1 
is less than that of h = L --. and thIS IS less than that of h = I - . -2 and hence as the 

i=l g[z] ;=1 g[l] 

constraint boundary is approached the value of the penalty term will be smaller for 

m 

h = L - Log[ - g[ in than the two with the same termination criteria, e, 8. 
;=1 

m 

Therefore, the rate of convergence and the local minimum value using h = I -Log[ -g[i]] is 
;=1 

better than these penalty functions. 
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6. Summary and Conclusion 

In chapter two and three we have seen the theoretical result of the penalty method. In chapter 

four computational aspects are considered and in chapter five numerical results and the effect 

of different choice of barrier functions are presented. 

The rate of convergence and local minimum value of f is affected by the type of the barrier 

function provided that the same termination parameters are used. The choice of the parameters 

G, d, c, g depends on the nature of the problem and the interest of approximations for the 

results, i.e. if we want to have a best result we have to make G, c,8 so small and d too large 

but in this case the number of iteration will be large, hence the rate of convergence is low, but 

the values of the objective function will be approximately equal to the local minimum value 

nearest to the starting point in the descent direction. 
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-
R8lIIove [" Global' *"] ; 

(* n is the dimension of the space *) 
(* m is the number of constraints *) 
(* f is the objective function *) 
(* g[i] is the constraint function that defines the feasible set S *) 
(* All constraint functions should be in the form" g[i] sO" *) 
(* d is the penalty parametre *) 
(* c is the multiplier of the penalty parametre *) 
(* 6 is the termination scalar for the interior method *) 
(* 6 is a constant for the the termination of unconstrained problems *) 

(* var and varl is a vector of variables that defines the functions f and g[il . ) 
(* Xo is an interior feasible starting point *) 
(* bt is the value of the barier term *) 

(*------- -----------------------------------------*) 

(* Inputs*) 
n = 3; 

m = 4; 

f = - Xl * X 2 2 * <eX) ; 

9 [1] = X 1
2 + X2

2 + <eX) - 4; 

g[2] = -Xl ; 

g[3] = -X2 ; 

g[4) = - X 3; 

d=l.O ; c=0.5; 
6 = 0 . 005 ; 6 = 0.1; 

m 

h = L - Log [-g [i] ] ; 
1=1 

Xo = {0 . 5 , 0 . 5, l.O}; 

(*--------------------------------------------------------*) 

f1[z_ l : = f /. Table[x1-+z[[i]], {i,l,n}]; 
h1 = IdentityMatrix[n]; 
If [n f Length [xo], Print [II The length of the initial point is not correct"]; Abort [III 
var = Table[x1, {i, 1, n}]; 
var1 = Transpose [Prepend [Table [ { II , II xd, {i, 2, n}], {xd]) / / Ma trixForm; 

(*. " . • . • .•.••.•••...•...••••.••••..••.••.•. *) 

Print[lIThe dimension of the space is : ., n]; 

Print [liThe number of constraints are : ", m] ; 
Print["Objective function :f., varl, II = ", f]; 
Print["Constraints: I ]; 

Print["Penalty parameter: d = ", d, .,", "multiplier:c = ", c]; 

6 = " 61 ; Print["Constants for break off criterions: 6 = ., 6, 

Print["Starting point: Xo = ", xo]; 
Print [ "Starting matrix : hl = ", hl / / MatrixForm] I 

• • 



(*---------------------------------------------------------------*) 

(*some setings*) 

xx = Xo; 

y[O] = Xo; 

x[O] = Xo; 

bt = e + 1; 

v = 1; 

P = f + d* h ; 

p2[xo] =p/ . Table[xi-+xx[[i]], {i, 1, n}]; 

print ["penal ty 

print["f(xo) 

Print ["p (xo) = 

function:p", var1, • = ", p]; 

" fl. Table [Xi -+ xx[[i]], {i, 1, n}]]; 

", pl. Table[xi-+xx[[i]], {i, 1, n}]]; 

(* ....• ..•• .•••••..•••••••••••••••••••••••• *) 

(*+++++++++++++++++++++++++++++++++++++++++++++*) 

(*iteration for the penalty steps*) 

Print[""] ; 

Print[ "Begin of iterations"]; 

While [ bt > e, 

p = f + d * h ; 

grad = Table[D[p, xd, {i, 1, n}]; 
n 

norm = L:grad[ [j]]2; 
j=l 

q = norm I. Table[xi -+ xx[ [i]], {i, 1, n}] ; 

k = 1; 

Print [ "The starting point is : x = ", xx] ; 

(* . •.• • • • ••.••.• • •••.•••••••••• *) 

(*iteration for solving the unconstrained penalty problem (Pk) *) 

While[q> 6, 

f3=.; bb=.; Clear[w]; Clear[Ip]; Clear[u]; 

s=grad/. Table[xi-+xx[[i]], {i, 1, n}]; 

sl = -hl. s; 

s2=Table[{sl[[i]]}, {i, 1, n}]; 

s2 / I MatrixForm; 

w[f3_] =xx+f3*sl; 

rp[f3_] =p/. Table[xi-+ w[(3)[[i]], {i, 1, n}]; 

u[f3_] = D[rp[f3], f3]; 

r=FindRoot[u[f3] ::0, {f3, O}]; 

bb = f3 I. r ; 

xx = xx + bb * sl; 

q=norm/. Table[xi-+xx[[i]], {i, 1, n}]; 

q1=grad/. Table[xi-+xx[[i]], {i, 1, n}]; 



-
q2 = ql - s; 

ml=bb* (s2.Transpose[s2]) / (sl.q2); 

ml / / MatrixForm; 

al = hl.q2; 

b = q2. al l 

a2=Table[{al[[i]]}, {i, 1, n}]; 

a2 / / MatrixForm; 

nl = - (a2.Transpose[a2]) /b; 

hl = hl + ml + nl; 

k=k+l] ; 

(* . •.. • •.. ••.••• • •.... • • • ••..• • •••••. *) 

kk = k ; 

y[v] = xx ; 

Print [" The no . of iterations taken to solve the problem p[", v, I] is 

(* ++ +++++++ +++++++++++++++++++++++++++++++++++++++++++*) 

xlv] = y[v ]; 

pl [z_ ] : = p /. Table[xi-+z[[i]], {i, 1, n}]; 

Print ["x(", v, ") = ", xlv]]; 

Print[ " f(x( ", v, "» = ", fl[x[v]]]; 

Pri n t [" p (x(" , v, "»=", pl[x[v]]]; 

w[v ] = pl[x [v]]; 

x[- l ] = x [ O]; 

cw[ l , v ] = {xlv] [[1]], ","}; 

cw[ r l_, v] : = Append[Append[cw[rl - 1, v], x [v][ [rl]]], ","]; 

(* .. • •• ••• .••••••••••••••.•••••••..••.•.•••. • .•. *) 

bf= h /. Table[xi-+xx[[i]], {i, 1, n}]; 

Print [" The value of the barrier function is: ", bf]; 

bt=d *bf ; 

Print [ "b t = " bt]; 

d=c *d ; 

Print[" d is " d]; 

v = v + 1; 

Print [" .. .. . ...................• "]] ; 

(*. " . •.•. ..•.•••..•••••••••••••• • ••.••.•.• • •.. . •.• *) 

Print["end of iterations"]; 
Print[""] ; 

vl = v ; 

Print [ "Total number of iteration steps: 
Pri n t eR" ]; 

vl = " , vl - 1] I 

Print["Approximated solution of the optimization problem (p): " ] ; 

Pri nt [ "x' = " , xx] ; 

• Itlt] ; 



print["")i 
print["minimal value: f (x*) = fl. Table[xi -> xx[ [i)), 

print ["minimal value :p (x*) = pl. Table [Xi -> xx [[i)) , 
{i,l,n})), 

{i,l,n})), 
print["the difference of p and f at the solution is ., 

«pl. Table [Xi ->xx[[i)), {i, 1, n}» - (f I. Table[xi ->xx[[i)), 

(*++++++++++++++++++++++++++++++++++++++++++++++++++++*) 

(* Results in Table Form for n~2 *) 

print["Results of iteration steps in table form")i 

print["")i 
init = {O , {xo} II MatrixForm, f1[xo), p2[XO)}i 

print [TableForm[ 

prepend [ 

Prepend[ 

Prepend[ 

Tab l e [ 

{i,l,n}] »)] , 

{v , MatrixForm[{Append[cw[n-1, v), xlv) [[n)))}), fl[x[v)), w[v)}, {v, 1, vI-I}], 

i ni t ], 
{ II __ II, " _______________________________ n I R _________ w, w _________ W} 1, 

{Uk" , n x*(k)", " f(x*(k»", • p(x*(k»"}))li 

Result s of i teration steps in table form 

k x* (k ) f (x* (k )) p (x· (k)) 

--------------- ---------------- ------ --- ---------
0 ( 0 . 5 0 . 5 1 . ) -0 . 339785 1 . 29277 

1 ( 0 . 8183 2 , 1 . 05634 , 0.524431 ) - 1 . 54273 - 0.107235 

2 ( 0 . 84 4511 1.13578 , 0.524096 ) -1.83995 - 0 . 907037 

3 ( 0 . 8 64349 , 1 . 18644 , 0.520789 ) -2 . 04812 - 1. 43613 

4 ( 0. 87 619 2 1.21725 , 0.511571 ) -2 . 16536 - 1.77804 

5 (0. 8 8 3 23 , 1 . 23662 , 0 . 500121 ) -2 . 22714 - 1 . 99084 

6 ( 0 . 887 606 , 1. 24876 0 . 489632 ) -2.25851 - 2 . 11875 

7 ( 0 . 8 90422 , 1. 25613 , 0 . 481602 ) -2.27417 - 2 . 19348 

8 ( 0 . 8 92 2 2 6 1.2604 0.476206 ) -2.28196 - 2 . 23623 , , 
9 ( 0 . 893 331 , 1 . 26274 , 0.47296 ) -2.28584 - 2 . 26029 

1 0 ( 0 . 893956 1. 26394 0 . 471209 ) -2 . 28778 - 2 . 27366 , , 
11 ( 0 . 8 94273 1.26452 0 . 470375 ) -2.28876 - 2.28102 , 
1 2 ( 0 . 8 9441 1. 26476 0 . 470041 ) -2 . 28925 -2.28504 , , 



Appendix result 

In the following we give the table for the results of the example obtained from the program 

For Example 1 

k x*(k) f (x*(k) ) P (x* ( k)) 
------ - - - -- ------- - - - -- - --- -- - - ---

0 ( 0. 1. ) -12. - 10. 

1 ( 2.73348 I -1.34 962 ) - 27.8776 - 25. 1298 

2 ( 2.76744 I -1.25897 ) - 28.9466 -26. 811 

3 ( 2 . 81321 I - 1.20446 ) -29.7933 - 28.123 

4 ( 2 . 84 984 , -1.16115 ) -30.461 -29 .1508 

5 ( 2.87937 , -1.12698 ) -30.9884 - 29 . 958 

6 ( 2 . 90332 , -1.10021 ) - 31.4055 -30.5934 

7 ( 2.9227 , -1. 07921 ) -31. 7357 - 31. 0947 

8 ( 2 . 93832 , -1.06269 ) -31. 9973 - 31. 4906 

9 ( 2.95086 , - 1.04967 ) -32.2046 - 31. 8037 

For example 2 

k x* (k) f (x*(k) ) p (x* ( k) ) 

- - - - - -- - - - - - - - - -- --------- - - -- --- - - - --
0 ( 0 . 1 0 . 1 3. ) 4 .041 25 .184 9 

1 ( 0 . 3 71195 1.68682 2.34497 ) 5.65255 10. 3631 , , 
2 ( 0.248486 1. 53049 2.0429 ) 4 .42112 7 .65041 , , 
3 ( 0 . 1 6824 5 1.43152 1.8276 ) 3 . 51322 5.76374 , , 
4 ( 0.112689 1.40989 1.73244 ) 2.89725 4 .45524 

, , 
5 ( 0. 0781198 1 . 39097 1.63925 ) 2. 46243 3.54741 

, , 
6 ( 0 .0545844 1.40998 1.56591 ) 2.14863 2 .91066 

, , 
7 ( 0. 03 90166 1. 42178 1.51765 ) 1. 93776 2 .46764 

I 
, 

8 ( 0. 027264 7 1.40157 1. 49682 ) 1.79229 2 .15823 
, , 

9 ( 0 . 0190656 1.41422 1.46925 ) 1 . 67679 1. 93744 
, , 

10 ( 0. 013516 1.41587 1. 45096 ) 1.59854 1. 7835 
, , 

11 ( 0 . 00951906 1.41457 1.43996 ) 1. 54412 1. 67494 
, 

1.59841 
12 ( 0 . 00668531 1.43294 ) 1.50621 

1.41357 , 1. 5444 
13 ( 0.004 74 842 1.42734 ) 1.47944 

1. 41496 , 1 .5062 
14 ( 0 . 0033234 3 1 .4237 ) 1. 46019 

1.41426 , 
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For Example 3 

k x*(k) f(x*(k) ) P (x*(k) ) 
------------------ - - --------- ------ - --

0 ( 1.1 0.1 ) 0.103333 200.103 
1 ( 2.29091 I 1. 29036 ) 1.84585 3.04651 
2 ( 2. 15231 I 0.9737 ) 1.41631 2.32024 
3 ( 2.00185 I 0.763752 ) 1.09832 1.77598 
4 ( 1. 88117 I 0.599083 ) 0.857904 1 . 36718 
5 ( 1 . 65779 I 0.499528 ) 0.643758 1. 03868 
6 ( 1.54063 I 0.402629 ) 0.500056 0.799744 
7 (1. 47597 I 0.312926 ) 0.388442 0.616977 
8 ( 1.41008 I 0.246259 ) 0.302314 0.477598 
9 (1. 34113 I 0.195735 ) 0.234525 0.370051 
10 ( 1.28326 I 0.156207 ) 0.182952 0.287339 
11 ( 1.23866 I 0.124119 ) 0.143105 0 . 223641 
12 ( 1.20163 I 0.0984928 ) 0.112044 0.174389 
13 ( 1.16957 I 0.0782171 ) 0.0878013 0.136198 

For Example 4 

k x*(k) f(x*(k) ) p (x*(k) ) 

------------------------------- --------- --- --- - --

0 ( 0. o. ) o. 2.50877 

1 ( 0.438969 I - 0.269086 ) -0.320574 1.67274 

2 ( 0.501064 I - 0.334573 ) -0.475299 0.634493 

3 ( 0.569706 -0.387595 ) -0.6411 0.032402 
I 

4 (0. 624664 I -0.422843 ) -0.776338 - 0.343634 

5 ( 0 . 664013 I - 0.446026 ) -0.876554 -0 .589242 

6 ( 0.69094 - 0 .461927 ) -0.948721 -0.754002 
I 

7 ( 0.709039 - 0.473177 ) -1. 00016 - 0.866419 
I 

8 ( 0.72126 I - 0 .481191 ) -1. 03667 - 0.94398 

9 ( 0.729675 - 0.486846 ) -1. 06252 - 0.997895 
I 

10 ( 0.735592 - 0 .490793 ) - 1. 08081 - 1. 03556 
I 

11 ( 0.739802 - 0 .493532 ) - 1.09375 - 1. 06198 
I 

12 ( 0.742799 -0.495438 ) - 1.1029 - 1. 08055 
I 

13 ( 0.744923 - 0 .496775 ) -1.10938 - 1.09362 
I 

14 ( 0.74642 - 0 .497718 ) - 1.11395 - 1.10284 
I 

15 ( 0.747473 - 0 .498386 ) -1.11719 - 1.10934 
I 
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For Example 5 

k x*(k) f (x* (k) ) p( x*(k) ) 
----------------- - - - ------- ---- --------- - - - - - ----

0 ( 1 5 ) 386 387.4 
1 (-2.8068 I 3.13357 ) o . 000292514 0.542673 
2 (-2. 8068 I 3.13357 ) 0.000292514 0.271483 
3 ( -2.8068 I 3.13357 ) 0.000292514 0.135888 
4 (-2.8068 I 3.13357 ) 0.000292514 0.0680901 
5 (-2.8068 I 3.13357 ) 0.000292514 0 . 0341913 
6 (-2.8068 I 3.13357 ) 0.000292514 0.0172419 
7 (-2.8068 I 3.13357 ) 0.000292514 0.00876722 
8 (-2. 8068 I 3.13357 ) 0 . 000292514 0.00452986 
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