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ABSTRACT

Long-term time series forecasting (LTSF) is crucial for decision-making in domains like
energy and finance; however, deep learning models, including Transformers, often pro-
duce overconfident point predictions with miscalibrated uncertainty estimates. While
prior quality-driven approaches, including QD, Dual-AQD, and Sum-K, have advanced
prediction interval generation through gradient-based optimization, they remain con-
strained by manual hyperparameter tuning that limits adaptability across datasets. This
study addresses this challenge by introducing the Self-Adaptive Quality-Driven (SA-QD)
loss function, which incorporates learnable parameters to dynamically balance predic-
tion interval (PI) coverage and sharpness without manual tuning. Integrated with deep
Transformer-based ensembles leveraging the PatchTST architecture and enhanced by
Horizon-Specific Conformal Prediction (HSCP) for final calibration, the framework effec-
tively captures both aleatoric and epistemic uncertainties across varying forecast horizons.
The proposed method was evaluated on Exchange Rate (financial) and ETTh2 (energy)
benchmark datasets over horizons of 96, 192, 336, and 720 steps and compared against
state-of-the-art baselines (QD, Dual-AQD, Sum-K). Results demonstrate that SA-QD
achieves high (PICP: 0.961 + 0.009 on Exchange Rate; 0.987 £ 0.008 on ETTh2), close
to the nominal 95%, while maintaining competitive MPIW and outperforming baselines
in IS and CRPS, with reductions of 56-62% in combined metrics, particularly against
Dual-AQD and on ETTh2. Per-horizon analyses confirm robust adaptation to escalating
uncertainty, with stable training and reduced overfitting. This work advances automated
uncertainty quantification in LTSF, mitigating overconfidence and bolstering reliability
in high-stakes applications. Future extensions may incorporate multimodal data and
explore additional domains, such as biomedicine.

Keywords: Long-Term Time Series Forecasting; Prediction Interval Coverage Probabil-
ity; Self-Adaptive Quality-Driven; Mean Prediction Interval Width; Continuous Ranked

Probability Score; Transformer Ensembles.
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Chapter 1

INTRODUCTION

Long-term time series forecasting (LTSF), a fundamental research area concerned with
predicting future values based on historical observations in sequential data over extended
horizons, stands as a cornerstone in numerous disciplines, ranging from economics and
finance to environmental science, healthcare, and engineering. Its pervasive utility stems
from the inherent temporal dependencies present in data generated across virtually every
sector of human endeavor. Accurate and reliable forecasts are critical for strategic plan-
ning, resource allocation, risk management, and operational optimization. For instance,
in energy markets, precise predictions of electricity demand are vital for grid stability
and efficient power generation scheduling [26, 27]. In financial markets, forecasting stock
prices or market volatility can inform investment decisions and risk assessment [28]. Sim-
ilarly, in supply chain management, anticipating future product demand directly impacts
inventory levels, production schedules, and logistics, minimizing costs and maximizing
customer satisfaction[29].

In the past, classic statistical methods were commonly used for time series forecast-
ing, including autoregressive (AR) [30], moving average (MA) [31], autoregressive moving
average (ARMA) [32], AR integrated MA (ARIMA) [33], and spectral analysis tech-
niques [34]. But these approaches rely on strict assumptions about the data like stability,
normal distribution, linear ties, and independence which often fail to hold in real life.
For instance, AR, MA, and ARMA models assume the time series is stationary, yet
many actual datasets show non-stationary traits, making these methods less effective for
practical use. This Leads to sub-optimal performance and unreliable predictions [35].
That’s why researchers have turned to machine learning (ML) for better handling LTSF
[36, 37, 38, 39, 40|, with tools like support vector machines (SVMs) [41] and adaptive

boosting (AdaBoost) [42] stepping in for T'SF tasks.



The advent of deep learning has revolutionized the field of time series forecasting,
offering powerful alternatives capable of learning intricate patterns from complex data.
Notably, recurrent neural networks (RNNs) [43] and their variants, such as long short-
term memory (LSTMs) [44] and gated recurrent units (GRUs) [45, 46, 47], have emerged
as prominent choices for sequential data processing. However, their sequential nature
poses challenges, processing inputs and back-propagating can create real hurdles, par-
ticularly with data that has long-term dependencies. LSTMs and GRUs often run into
issues like gradients vanishing or exploding during training model of very long sequences
effectively [48]. While tweaks to the architecture or training methods can ease these
gradient troubles slightly, RNN-based approaches might still fall short in terms of per-
formance and speed [49]. Additionally, convolutional neural networks (CNNs) have been
adapted for time series tasks as an alternative.

The most recent paradigm shift in sequence modeling[50], and consequently in time
series forecasting, has been the emergence of Transformer architectures[20]. Originally
designed for natural language processing (NLP) tasks [51, 52|, with their revolutionary
self attention mechanism, have demonstrated unparalleled capabilities in capturing com-
plex dependencies irrespective of position in a sequence. This non-sequential processing,
combined with their inherent parallelizability, renders them particularly well-suited for
long-term time series forecasting (LTSF), where the ability to model relationships over
extended time horizons is paramount [53]. Models such as Informer [21], Autoformer
[22], PatchTST [23] , and TimeMixer|[24] have pushed the boundaries of point prediction
accuracy in LTSF, establishing new benchmarks across diverse datasets. Their success
lies in their capacity to extract rich, contextualized representations from time series data,
enabling more accurate and robust forecasts over extended periods.

Despite these remarkable advancements in point forecasting, a critical challenge per-
sists in reliable quantification of uncertainty, characterized by the miscalibration and
overconfidence of modern deep neural networks (DNNs)[54, 55, 56]. In high-stakes appli-
cations, a single point forecast, no matter how precise, is insufficient for robust decision-

making. Decision makers require not only an estimate of the most likely future outcome



but also a clear understanding of the potential range of outcomes and the confidence asso-
ciated with those predictions[57, 58]. This necessity underscores the growing importance
of prediction intervals (PIs), which provide a range within which future observations are
expected to fall with a specified probability.

Mathematically, a prediction interval for a future observation y;,; at horizon h is

defined as [L;yp, Ugyp] such that:

P(Lt+h < Yirn < Ut+h) =1l-a

where (1 — «) represents the nominal coverage probability. The quality of Pls is typically
evaluated based on two primary criteria coverage, which refers to the proportion of actual
observations falling within the predicted intervals, and sharpness, which denotes the
narrowness of these intervals[59]. An ideal PI is one that is both well-calibrated (i.e., its
empirical coverage matches its nominal coverage, e.g., 95% of actual values fall within 95%
PIs) and as narrow as possible without sacrificing coverage [60]. However, deep learning
models, including Transformers, often exhibit overconfidence in their predictions, leading
to miscalibrated Pls that are too narrow and thus fail to capture the true uncertainty,
especially as the forecast horizon increases due to error accumulation as a limit to accuracy
[1, 61]. The following section examines the specific factors that motivate the need for

automated and reliable uncertainty quantification in deep learning-based LTSF.

1.1 Motivation of the Study

The motivation for this research stems from the growing gap between the increasing
deployment of deep learning models in safety-critical forecasting applications[3, 62| and
their well-documented tendency to produce overconfident, poorly calibrated predictions.
In energy infrastructure, unreliable demand forecasting carries severe real-world con-
sequences the North American Electric Reliability Corporation (NERC) warned in its
2023-2024 Winter Reliability Assessment that two-thirds of North American electricity

consumers faced elevated blackout risk[63], attributing a key cause to systematic demand



underestimation by forecasting models, while the U.S. Department of Energy further cau-
tioned that power outages could increase by a factor of 100 by 2030 if forecasting and
grid management failures persist. In financial markets, the collapse of Zillow’s algorith-
mic home-buying program in 2021 resulting in over $500 million in losses demonstrated
concretely how overconfident point predictions without uncertainty quantification can
cascade into catastrophic institutional failures[64]. Beyond energy and finance, the In-
ternational Monetary Fund warned in 2024 that Al forecasting models trained on stale
data could amplify economic downturns by triggering cascading supply chain errors[65],
while in healthcare and autonomous systems, miscalibrated model confidence has been

repeatedly linked to patient safety failures and unreliable decision support.

1.1.1 Uncertainty Quantification in Deep Learning

What really fuels UQ is the realization that basic DNNs often fall short in demanding
scenarios, largely because they come across as too sure of themselves when they shouldn’t

[55, 57].

1.1.2 Ensuring Safety in Critical Applications

Putting DNNs to work in high-risk areas calls for solid UQ to keep things safety [3]. Take
medical diagnostics, for example, where knowing the uncertainty behind a prediction
can mean the difference in patient outcomes [3]. The same holds for autonomous tech
like self-driving cars or robots, which need dependable uncertainty readings to handle
surprises or fuzzy sensor data, all while meeting strict safety rules for vehicles [66, 67, 68].
And in wider risk strategies whether exploring new paths in reinforcement learning or
adapting on the fly well-calibrated UQ helps spot dangers, skip unreliable moves, and
foster more resilient systems [62, 69, 70, 71, 72]. Such safety concerns are amplified
by DNNs’ tendency toward overconfidence, where models assign high probabilities to

incorrect predictions, directly undermining risk assessment in these applications.



1.1.3 Addressing Overconfidence and Miscalibration

This overconfidence, often manifesting as miscalibration, further drives UQ research by
a big spark for UQ studies comes from the frequent observation that today’s networks
often get their confidence wrong, creating vulnerabilities in niche fields [55, 73]. This
rings especially true for Large Language Models (LLMs), where shaky calibration ties
directly to "hallucinations" churning out false or deceptive info [74, 75]. In turn, efforts
have ramped up to measure uncertainty and boost trust in LLM outputs, including ways
to weave doubt into natural language responses [76, 77, 78].

Shifting gears to modern Transformer models in Long-Term Time Series Forecast-
ing (LTSF), the impetus changed dramatically when straightforward linear approaches
questioned the worth of elaborate attention setups [20]. From there, key innovations like
PatchTST and TimeMixer stepped in to build tougher systems and dial back core uncer-
tainties, such as creeping errors or shifting patterns as forecasts stretch out [23, 79]. At
its core, progressing LTSF is about meeting urgent practical demands for forward plan-
ning, better efficiency, and sharp risk insights in vital sectors like energy handling [80, 81]
and finance [82, 83]. These rely on seeing far ahead to dodge threats, avoid breakdowns
(think power grid failures [84]), and guide tricky health calls [85, 86]. On the tech front,
the focus lies in crafting designs that grasp distant links effectively something older loop-
ing models like RNNs or LSTMs struggle with due to issues like snowballing mistakes
and tough long-haul training [87]. That’s where the Transformer shines, adopted for its
non-linear attention that spots overarching patterns without the usual pitfalls [53, 88].

This research draws from a tough, ongoing issue in harnessing top-tier deep learn-
ing, especially Transformers, for long-term time series forecasting: achieving dependable,
hands-free ways to gauge prediction doubts. These models undoubtedly deliver strong
single-point forecasts, yet their tangled, hard-to-probe mechanics often cloud how much
faith to place in the results. Without clear uncertainty signals, everyday decisions risk
significant drawbacks say, a too-certain energy projection causing outages or a doubtful
one wasting supplies [89].

In today’s UQ world for deep learning, tools frequently wrestle with a basic pull be-



tween spot-on predictions and well-tuned, focused intervals. Leading methods do lift
interval standards, but they still demand a lot of manual fiddling with settings. This
hands-on work isn’t just annoying; it’s a real stumbling block in both ideas and appli-
cation. Hitting the sweet spot for interval reliability and focus often depends on finicky
weights in loss designs, like those in Quality-Driven systems [90]. Nailing those means
grinding through resource-heavy trials, from grid hunts to random scans [91]. Beyond
being slow, this tuning ties tightly to the data, confidence aims, and series quirks meaning
one fix might bomb elsewhere, hobbling these approaches in fluid real settings [92].
Long-term forecasting is specifically targeted in this study because uncertainty quan-
tification becomes both more critical and more challenging as the prediction horizon
extends. While short-term forecasts over one to twenty-four steps typically maintain rea-
sonable accuracy and narrow prediction intervals, long-term forecasts over 96 to 720 steps
face compounding error accumulation where both aleatoric and epistemic uncertainties
grow non-linearly with the horizon length [93, 94, 95]. This non-linear growth creates
a fundamental challenge for existing prediction interval methods that treat all horizons
uniformly with fixed hyperparameters [50, 21]. As Zhou et al. [21] demonstrated with
the Informer architecture, the degradation of forecast quality over extended horizons ne-
cessitates specialized approaches that can adapt to the changing uncertainty landscape.
Furthermore, the practical stakes of long-term predictions are inherently higher than
those of short-term forecasts: long-term decisions involving infrastructure investment,
capacity planning, and strategic risk management entail larger commitments and greater
costs of error, making reliable uncertainty bounds not merely desirable but essential for

responsible decision-making.

1.2 Statement of the Problem

Accurate predictive models are essential for making informed and reliable decisions in
many scientific and engineering fields[96, 7, 97, 98], such as precision agriculture[8], elec-
trical load forecasting[99, 100], and circuit board fault detection[101]. However, un-

certainties in data and models make it necessary to measure how reliable predictions



are[102, 103, 9]. This is often done using Prediction Intervals (PIs), which provide a
range around the predicted value to show possible outcomes[104, 10].

The construction of dependable Pls in time series forecasting requires a careful balance
between two fundamental quality measures: Prediction Interval Coverage Probability
(PICP), which checks if the intervals reliably capture the actual values|7, 105], and Mean
Prediction Interval Width (MPIW), which measures how narrow and useful the intervals
are[7, 104, 11]. The main difficulty comes from the natural conflict between these goals:
making intervals more reliable (higher PICP) often means making them wider (higher
MPIW), while narrowing them (lower MPIW) can make them less reliable[105, 11]. This
creates a complex trade-off challenge.

Early research on building PIs used a two-step process: first, training neural networks
by reducing errors (like sum of squared errors), then creating intervals from the trained
model. This method was criticized for focusing too much on single-point predictions in-
stead of improving interval quality, such as coverage and narrowness. Lower Upper Bound
Estimation (LUBE), one of the first methods to directly generate PIs, combined PICP
and MPIW in its loss function using a Coverage Width-based Criterion (CWC)[106].
This turned the trade-off into a simpler single-goal problem|[99, 7]. However, the original
CWC setup was not suitable for smooth optimization, needing costly search methods like
Particle Swarm Optimization[13], and it often led to less-than-ideal results[7].

Quality-Driven (QD) loss functions, including those in QD-Ens that built on the idea
of high-quality intervals, fixed LUBE’s problems by creating a smooth framework that
works with gradient descent training[11]. Still, these methods kept a major flaw: they
depended on a manually adjusted multiplier (e.g., A or §) where X\ denotes the weighting
coefficient that balances the coverage penalty against the interval width objective in
quality-driven losses such as QD [11], and ¢ represents the target miscoverage threshold in
formulations such as Sum-K [9] to weigh interval narrowness against coverage. This value
is easily affected by small adjustments, which can greatly reduce interval quality[11, §],
requiring hands-on tuning for good outcomes. This tuning gets even harder with extra

terms in the loss, as in QD+, which added goals for point predictions (like mean squared



error). This brings in several adjustable values (Aj, Ag,&) to balance the main goals
(interval narrowness, coverage, and accuracy), making selection complicated and often
needing manual tweaks[10].

Other methods, like Tube Loss, use a § value to shrink interval widths while keeping
balance in real-world checks, but this still needs smart tuning[13]. Recent improvements,
such as punishing overly wide intervals with the sum of the largest K parts in loss func-
tions, help reduce broad ranges in renewable energy predictions, but combining them
with automatic tuning is still limited[9]. Across studies, experts agree that manual tun-
ing is a "difficult and time-consuming" process, often taking "many days per try'[8]. The
best values for these adjustments often depend on "the scale of measurements" and "can
vary a lot by use case'[8, 11]. Even methods with self-adjusting factors face issues; for
example, while the factor changes during training, the speed of change (like DualAQD’s
n) still needs manual setup[8]. This problem is highlighted as a main area for future
research, with suggestions for trade-off methods that "automatically tweak the balance
during training'[9].

A further critical gap in existing methods is that they are not tailored to different
forecast lengths; they assume the same level of uncertainty across all long-term time
series forecasting horizons. As the forecast horizon extends, prediction errors compound
non-linearly, with the variance of multi-step-ahead forecasts growing faster than linearly
due to error propagation through temporal dependencies [93, 94, 95, 22], meaning that
a fixed coverage-sharpness trade-off parameter such as A in the QD loss that produces
valid intervals at H=96 may produce either excessively wide or insufficiently narrow
intervals at H=720. This challenge is further compounded by distributional shifts across
horizons, where short-horizon errors tend to be approximately symmetric and light-tailed
while long-horizon errors may exhibit skewness, heavy tails, and non-stationarity [20, 23],
causing methods that assume fixed error distributions across all horizons to fail.

Building on these identified gaps the persistent need for manual tuning despite in-
creasingly differentiable frameworks, the absence of horizon-aware adaptation, the limited

handling of varying data scales, and the lack of integrated mechanisms for decomposing



data noise from model uncertainty this research develops an automated and self-adaptive
framework for uncertainty quantification that generates narrow, reliable PIs without ex-

tensive manual hyperparameter tuning.

1.3 Research Questions

RQ1 How can a Self-Adaptive Quality-Driven (SA-QD) loss function automatically bal-

ance coverage and sharpness in Pls for long-term time series forecasting?

RQ2 How does conformal prediction, combined with deep transformer ensembles, affect

the calibration Pls in long-term time series forecasting?

1.4 Objectives of the Study
1.4.1 General Objective

To design and evaluate a self-adaptive, ensemble-based uncertainty quantification frame-
work that automatically generates calibrated prediction intervals for long-term time series
forecasting, ensuring consistent satisfaction of the nominal coverage target without man-

ual hyperparameter tuning.

1.4.2 Specific Objectives

« To develop a Self-Adaptive Quality-Driven (SA-QD) loss function with gradient-
optimized learnable parameters (\, p) that dynamically balance prediction interval

coverage and sharpness during training without manual hyperparameter tuning.

o To design and implement an integrated three-stage framework combining deep
PatchT'ST ensembles for epistemic uncertainty estimation, the SA-QD loss for adap-
tive interval optimization, and Horizon-Specific Conformal Prediction (HSCP) for

distribution-free post-hoc calibration.

« To assess the framework’s ability to maintain valid coverage (PICP > 0.95) while

adapting prediction interval characteristics across varying forecast horizons from



96 to 720 steps, accommodating the non-linear growth of uncertainty in long-term

predictions.

o To comparatively evaluate the proposed framework against state-of-the-art base-
lines (QD, Dual-AQD, Sum-K) using a hierarchical evaluation protocol that pri-
oritizes coverage validity before comparing interval sharpness, Interval Score, and

Continuous Ranked Probability Score.

1.5 Significance of the Study

This research is important because it fills a crucial void in deep learning for long-term
time series forecasting by adding reliable, automated uncertainty estimates to Trans-
former models. Through learnable parameters that balance prediction interval coverage
and sharpness, it furthers our knowledge of adaptive losses, fixing overconfidence and
calibration problems in key areas. In real terms, it enables safer forecasts in energy and
finance, reducing risks like blackouts from flawed predictions or wasted resources. By
minimizing manual tuning, it improves efficiency and scalability for diverse real-world
scenarios. Overall, it advances safer Al in autonomous systems and healthcare, inspiring
new ideas in LTSF, and creates a more independent UQ process that makes advanced

forecasting available to more people and uses.

1.6 Contributions of the Study

o Adaptive Loss Function Design: Introduces a fully differentiable, adaptive
quality-driven loss function with learnable parameters to automatically optimize the
coverage-sharpness trade-off, representing a key advancement in PI methodology for

LTSF.

o Horizon-Aware Uncertainty Quantification: Develops mechanisms enabling
models to dynamically adjust PI characteristics based on forecast horizons, ad-
dressing a critical gap in current LTSF uncertainty frameworks. Demonstrates the

framework’s effectiveness through comprehensive evaluations on real-world LTSF

10



datasets like ETTh2 (electricity transformer temperatures), Exchange Rate (cur-
rency fluctuations), outperforming state-of-the-art methods in calibration, sharp-

ness, and efficiency across varying horizons.

1.7 Scope of the Study

This study focuses on uncertainty quantification for long-term time series forecasting
(LTSF), where prediction intervals are most critical yet most challenging to construct.
Unlike short-term forecasting over one to twenty-four steps where uncertainty remains
manageable, LTSF involves non-linear compounding of both aleatoric and epistemic un-
certainties as the forecast horizon extends [30, 22|, causing existing methods with fixed
hyperparameters to produce either degenerate intervals with inadequate coverage or ex-
cessively wide intervals with no practical value [50, 21].

The framework is evaluated across four forecast horizons H € {96, 192,336, 720} steps,
following the standardized LTSF benchmark protocol established by Wu et al. [22] and
adopted by subsequent studies [25, 20, 23]. For the hourly ETTh2 dataset, these horizons
span 4 to 30 days, covering operational through monthly energy planning cycles. For the
daily Exchange Rate dataset, they span approximately 3 months to 3 years, covering
quarterly through long-term financial planning windows. This range enables systematic
assessment of how prediction interval quality evolves as uncertainty accumulates across
increasingly distant horizons[93, 94].

Two standard benchmark datasets are employed. ETTh2 (Electricity Transformer
Temperature) provides hourly energy domain measurements with complex multi-seasonal
patterns, selected for its relevance to power system reliability where regulatory bodies
such as NERC require calibrated uncertainty bounds [35]. Exchange Rate provides daily
financial measurements exhibiting high volatility and regime shifts, selected to test gen-
eralizability in markets where the IMF has identified miscalibrated uncertainty models
as a systemic risk factor [37].

The base architecture is PatchTST [23], chosen as the current LTSF state-of-the-

art for its patching mechanism and channel-independent design that aligns well with
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ensemble-based uncertainty estimation. While the SA-QD loss is architecture-agnostic,
evaluation of alternative backbones is deferred to future work. Comparisons are restricted
to direct prediction interval methods sharing the same paradigm as SA-QD, specifically
QD [11], Dual-AQD [8], and Sum-K [9], all implemented with the same PatchTST back-
bone, preprocessing pipeline, and training protocol to isolate the loss function contribu-
tion. Indirect methods and probabilistic forecasting approaches are excluded to maintain
this controlled comparison.

All experiments use five random seeds with results reported as mean and standard
deviation. Evaluation follows a hierarchical protocol where coverage validity (PICP >
0.95) serves as a prerequisite before comparing secondary metrics including MPIW | Inter-
val Score, and CRPS, reflecting the principle that a prediction interval failing its nominal

coverage target is unacceptable regardless of other metrics.

1.7.1 Limitations of the Study

While the proposed framework is designed to be robust and to make a significant contri-
bution to uncertainty quantification in time series forecasting, it is important to acknowl-
edge its boundaries and potential limitations. Recognizing these constraints is crucial for
contextualizing the results and guiding future avenues of research.

Generalizability Across Diverse Data Domains: The evaluation is conducted
on a comprehensive suite of two standard benchmark datasets. While these datasets
represent a variety of domains (e.g., energy, finance), they do not encompass the full
spectrum of time series characteristics found in the real world. The framework’s perfor-
mance on data with fundamentally different properties such as the extreme volatility and
non-stationarity of financial market data, the intermittent nature of certain sales data,
or the unique noise profiles of biomedical signals (e.g., EEG) has not been evaluated.
Therefore, while the results are expected to be robust, direct application to these other
domains would require further validation.

Computational Cost of Deep Ensembles: A core component of the framework is

the use of deep ensembles to capture epistemic uncertainty. By its nature, this approach
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increases the computational and memory requirements for both training and inference
by a factor of M (the number of models in the ensemble) compared to single-model
methods. Although this cost is significantly mitigated by the parallelizable nature of
the training process on modern GPU hardware, the total resource demand remains a
practical consideration. This could limit the framework’s applicability in highly resource-
constrained environments, such as on-device deployment, or in scenarios that require
extremely frequent retraining on large datasets.

Architectural Sensitivity of the Adaptive Mechanism: The novelty of the SA-
QD loss function lies in its ability to learn the balancing coefficients (\,) via simple
learnable scalar parameters integrated directly into the loss computation. This study
employs this straightforward design to ensure training efficiency and stability, avoiding
the need for additional sub-networks. However, since these parameters are shared across
all forecast horizons, they may not fully capture the unique coverage-sharpness trade-offs
that vary with increasing uncertainty over longer horizons. While this shared approach
promotes simplicity and reduces overfitting risk, more granular designs such as horizon-
specific vectors could potentially enhance adaptation but might introduce optimization
challenges or require careful initialization. A thorough exploration of alternative param-
eterizations for this adaptive component is beyond the scope of this thesis and remains
an area for future work

Marginal vs. Conditional Coverage Guarantee: The framework uses Conformal
Prediction to provide a formal guarantee on prediction interval coverage. However, the
standard implementation of Conformal Prediction provides a marginal coverage guaran-
tee. This means that, on average across all possible data points, the coverage level will
be correct. It does not guarantee conditional coverage that is, it does not ensure that the
coverage will be correct for specific subgroups of data. For instance, the intervals may
be systematically too narrow (under-covering) during periods of high volatility and too
wide (over-covering) during stable periods, even while maintaining the correct average
coverage overall. Achieving guaranteed conditional coverage is a significantly more com-

plex challenge and an active area of research. Synthetic data, while controlled, may not
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capture real TS complexities like seasonality or exogenous factors; future work on hybrid
synthetic-real benchmarks. The following chapter presents empirical results validating

this methodology.

1.8 Thesis Structure

The rest of this thesis outlines the proposed framework for horizon-specific self-adaptive
uncertainty quantification in long-term time series forecasting. Chapter 2 lays the
groundwork with a literature review, exploring uncertainty quantification in time series
Section 2.2, sources of aleatoric and epistemic uncertainty Section 2.2.1, transformers for
time series forecasting and it’s variants for long-term time series forecasting(LTSF) Sec-
tion 2.3, prediction Interval Construction method for UQ Section 2.4, deep ensembles
and Transformers for robust UQ Section 2.5, Conformal prediction Section 2.6, and
closely Synthesis Research Section 2.7.

Chapter 3 details the methodology, including the research approach with deep Trans-
former ensembles, point prediction losses, ensemble aggregation, the self-adaptive quality-
driven loss (SA-QD), adaptive weighting, implementation details, and final conformal
calibration Section 3.1, followed by experimental setup on datasets and base models
Section 3.2, and research limitations Section 1.7.1. Chapter 4 presents results Sections
4.1 — 4.1.4 and discussion, covering aggregate and horizon-specific outcomes on datasets
like Exchange Rate and ETTh2 Sections 4.2.1 — 4.2.1, experiment insights Section 4.2,
detailed training analyses per horizon for each dataset Sections 4.2.2 — 4.2.2. Finally,
Chapter 5 concludes by summarizing key findings, contributions, and further limita-
tions with future work Section 5.2. The following literature review examines existing

UQ methods and identifies key gaps that our framework addresses.
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Chapter 2

LITERATURE REVIEW
2.1 Overview

Deep Neural Networks (DNNs) constitute a class of computational models composed of
multiple layers of interconnected processing units, where each layer learns increasingly
abstract representations of input data through parameterized nonlinear transformations
[56, 58]. The fundamental architecture of a DNN maps an input vector z to an out-
put y through a series of hidden layers, each applying a weighted linear combination
followed by a nonlinear activation function. The parameters of these transformations
collectively denoted as # are optimized during training by minimizing a task-specific loss
function through gradient-based algorithms such as stochastic gradient descent and its
adaptive variants [107]. This hierarchical feature extraction capability has enabled DNNs
to achieve remarkable performance across diverse domains, from computer vision and nat-
ural language processing to sequential data modeling tasks such as time series forecasting
[53, 108].

The expressive power of DNNs stems from the universal approximation theorem,
which establishes that sufficiently wide or deep networks can approximate arbitrary con-
tinuous functions to any desired degree of accuracy [56]. In practice, modern architectures
including Convolutional Neural Networks (CNNs), Recurrent Neural Networks (RNNs)
[46], Long Short-Term Memory networks (LSTMs) [44], and Transformers [53] have been
engineered to exploit specific structural properties of data. RNNs and LSTMs process
sequential inputs through recurrent connections that maintain hidden states across time

steps, enabling the modeling of temporal dependencies



2.2 Uncertainty in Deep Neural Networks

The widespread deployment of Deep Neural Networks (DNNs) in high-stakes fields such
as autonomous driving, medical diagnosis, and financial engineering necessitates accurate
predictive uncertainty quantification (UQ) [109, 110]. While advances in deep learning
have yielded models capable of achieving human-level accuracy, these same modern DNNs
are frequently poorly calibrated and prone to exhibiting overconfidence, even when incor-
rect [55, 111]. This critical deficiency hinders the integration of Al into complex real-world
systems, underscoring that achieving the correct output alone is insufficient; an accompa-
nying measure of confidence or uncertainty is crucial to ensure safety and reliability [62].
The ability to estimate uncertainty and recognize the unknown is a meta-cognitive trait
naturally exhibited by human intelligence, a capability that artificial intelligence systems

aim to replicate [112].

2.2.1 Sources of Uncertainty

To develop robust UQ methods, it is essential to distinguish between the two fundamental

components of uncertainty that combine to form the total predictive uncertainty[56, 2].

Aleatoric Uncertainty (Irreducible Data Noise)

Aleatoric uncertainty reflects the inherent noise in the data and is typically tackled
through methods focusing on modeling the predictive output distribution, p(y|z,0), di-
rectly [5, 2, 67, 113].

In classification tasks, the most straightforward, yet often insufficient, approach re-
lies on the Softmax output probabilities being interpreted as a probability distribution
related to aleatoric uncertainty [56, 2, 114]. While this method is computationally mini-
mal, relying on a single forward pass, it fails to capture model uncertainty [115, 57] and
often results in overconfident predictions, particularly in the presence of dataset shift
[111, 56, 114]. While Hendrycks and Gimpel demonstrate the accessibility of using nor-
malized logits to capture data uncertainty [111], subsequent work reveals this representa-

tion fails dramatically when facing unknown data, underscoring the need for model-aware

16



alternatives [55, 56, 67, 116, 14, 114, 117]. For regression tasks, quantifying aleatoric un-
certainty often involves extending the DNN to predict the parameters of a conditional
probability distribution, such as a Gaussian, estimating both the predictive mean and a
sample-dependent variance o3(x) (heteroscedastic uncertainty) [67, 56, 2, 115, 14, 118].
This approach modifies the architecture to learn uncertainty directly from the data using

specialized loss functions, such as the maximum likelihood loss [67, 115, 119].

Epistemic Uncertainty (Reducible Model Ignorance)

To tackle epistemic uncertainty the model’s ignorance, which arises from lack of knowledge
in model parameters [56, 113, 3, 15, 58, 120] research has concentrated on simulating
uncertainty over model parameters and identifying mechanisms that cause and mitigate
miscalibration.

The most principled approach is Bayesian Neural Networks (BNNs), which define a
probability distribution over the model parameters p(6|D) [67, 113, 56, 15, 55, 120, 16].
The predictive distribution is obtained by marginalizing out these parameters, integrat-
ing the parameter uncertainty to reflect the model’s knowledge [120, 121]. Because exact
Bayesian inference is computationally intractable for deep networks due to the vast di-
mensionality of the parameter space [122], approximations like Variational Inference [123],
Laplace approximation [124], and Monte-Carlo (MC) Dropout [14, 125] are commonly
used. MC Dropout, in particular, leverages the standard regularization technique [125] to
estimate parameter uncertainty by computing the variance of predictions across multiple
stochastic forward passes at test time [14, 126, 127, 128]. While Blundell et al., and Gal
and Ghahramani provide a robust theoretical foundation for estimating both aleatoric
and epistemic uncertainty through BNNs [15, 120], the need for sampling or complex
Hessian approximations leads to high computational costs and scaling limitations, espe-
cially compared to deterministic methods [113, 126, 127, 122, 129].

Alternatively, Deep Ensembles offer a scalable, non-Bayesian method by combining
the predictions of multiple networks trained either on different datasets (bootstrapping)

or with different weight initializations [14, 56, 113, 57, 129]. The disagreement or variance
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among the ensemble’s predictions serves as a practical measure of epistemic uncertainty
[14, 129, 57]. As Lakshminarayanan et al., Fort et al., and Ovadia et al. demonstrate
the competitive performance and scalability of deep ensembles for uncertainty estima-
tion [14, 129, 57, 126], this strategy remains computationally demanding, requiring the
substantial resource overhead of training and maintaining several distinct models [122].
Investigating the root cause of miscalibration, recent findings suggest that the widely
adopted practice of random initialization is actually a key factor contributing to network

uncertainty miscalibration[54].

2.2.2 Interplay and Importance

Robust Uncertainty Quantification (UQ) requires models capable of decomposing total
predictive uncertainty [113, 2, 114], often achieved through information-theoretic mea-
sures [3, 113, 2].

Total uncertainty can be mathematically separated, often using Mutual Information
(MI) between the prediction Y and the model parameters W (or M in ensemble methods)
[55], yields two components: knowledge uncertainty (epistemic) and expected data un-
certainty (aleatoric) [3, 113]. In regression tasks, total variance can be decomposed into
the variance resulting from ensemble disagreement (epistemic) and the average output
variance of the individual members (aleatoric) [3, 115],providing a clear measure of these
independent sources [115, 3].

In time series forecasting, especially long-term forecasting, both types play a crucial
role. As the forecast horizon increases, both aleatoric and epistemic uncertainty grow
substantially. As illustrated in Figure 1, uncertainty grows substantially over extended
prediction horizons in LTSF., both aleatoric uncertainty (due to accumulated random
errors) and epistemic uncertainty (due to the model’s increasing extrapolation and po-
tential for structural inadequacy over longer periods) tend to grow. A comprehensive
uncertainty quantification framework must be able to capture and distinguish between

these two types of uncertainty to provide truly reliable prediction intervals[130, 3].
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Uncertainty Growth Over Horizons

Aleatoric Uncertainty

Epistemic Uncertainty

Accumulated Random Errors

Model Extrapolation

Figure 2.1: Uncertainty growth over prediction horizons in LTSF (Author’s own elabo-
ration based on [1, 2, 3, 4, 5, 6]).

2.3 Transformers for Time Series Forecasting

The application of Transformer models to time series forecasting (TSF) represents a crit-
ical evolution in sequential data modeling, primarily driven by the need for accurate pre-
dictions over extended periods in Long-Term Time Series Forecasting (LTSF). The central
challenge for LTSF models is simultaneously achieving high predictive capacity the ability
to capture complex, long-range temporal dependencies and maintaining computational
efficiency when dealing with increasingly long sequences [81, 21]. This section synthesizes
foundational architectures, efficiency-focused innovations, and domain-specific enhance-

ments in Transformer-based time series forecasting.

2.3.1 Foundational Architecture and Limitations

The initial motivation for importing the Transformer architecture into the domain of TSF
stems from overcoming the inherent limitations of traditional sequence models, particu-
larly Recurrent Neural Networks (RNNs)[53].

The original Transformer, introduced by Vaswani et al.[81, 131], revolutionizes se-
quence modeling by entirely eschewing recurrence and convolutions in favor of the self-

attention mechanism|21, 132].This architecture inherently enables the parallel processing
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of input tokens and provides a dramatically shorter theoretical maximum path length of
O(1) between any two sequence points, contrasting sharply with the O(L) path length
imposed by RNNs, which struggle with vanishing or exploding gradients across long
sequences|[81, 108, 133]. This feature makes the Transformer highly appealing for captur-
ing the subtle, long-range dependencies crucial for accurate financial, energy, or environ-
mental prediction tasks.

However, the direct application of the vanilla Transformer model to LTSF immedi-
ately exposes critical limitations inherent in its design. The computational and memory
cost of the canonical self-attention mechanism grows quadratically, O(L?), with respect
to the input sequence length L, rendering it computationally prohibitive for the very
long sequences required by LTSF[81, 21]. Furthermore, the original architecture utilized
a dynamic, step-by-step (autoregressive) decoding process, which suffered from severe la-
tency and error accumulation as the prediction horizon lengthened|[81, 21]. Consequently,
extensive subsequent research focuses on architectural modifications necessary to adapt

the Transformer to the unique scale and temporal nature of time series data.

2.3.2 Efficiency-Focused Transformers Variants

The first wave of successful Transformer variants focused primarily on mitigating the
restrictive O(L?) computational complexity through introducing sparsity biases and new
decoding strategies[131].

Early solutions targeted efficient attention mechanisms to restore linear or near-linear
complexity. For instance, LogTrans introduces convolutional self-attention layers with a
LogSparse design, reducing complexity to O(L(log L)?) by selecting keys using exponen-
tially increasing intervals, thus enhancing locality. Building on this concept, Informer
achieves greater efficiency by proposing the ProbSparse self-attention mechanism, which
mathematically justifies the sparsity assumption by noting that the dot-product attention
scores often follow a long-tail distribution, allowing the selection of only the dominating
queries. This technique reduced the complexity to O(L(log L)).

Critically, Informer synthesized several essential architectural fixes required for viable
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LTSF. Beyond addressing the complexity with ProbSparse self-attention, the model in-
corporates "self-attention distilling" (cascading convolution and max-pooling layers) to
sharply reduce the encoder’s feature map size and manage extremely long inputs|25].
Most importantly, Informer introduces a generative-style decoder that acquires the
entire long sequence output in a single forward operation, thereby avoiding the disas-
trous speed plunge and cumulative error spread associated with dynamic, step-by-step
decoding[21]. This non-autoregressive decoding mechanism is pivotal in enabling Trans-

formers to compete effectively in the long-term prediction setting.

2.3.3 Decomposition and Signal-Enhanced Architectures

Following the achievement of improved computational efficiency, a second major thrust
of research involves integrating domain-specific time series inductive biases directly into
the Transformer architecture, moving beyond generalized sequence modeling[81].

A highly influential approach involved incorporating classical time series analysis tech-
niques, namely seasonal-trend decomposition[81]. Autoformer[81] breaks conventional
TSF methodology by implementing a Series Decomposition block as an inner architectural
operation, rather than just a pre-processing step. This design allows the model to pro-
gressively extract the long-term stationary trend from intermediate hidden variables, en-
abling alternate decomposition and refinement throughout the forecasting procedure[22].
Complementing this, Autoformer replaces the standard self-attention mechanism with
Auto-Correlation mechanism|81], which derives dependencies based on the intrinsic
periodicity of the series (using Fast Fourier Transforms, FFT) and aggregates information
at the sub-series level, proving more efficient and robust than point-wise attention[22].

While Autoformer leveraged periodicity in the time domain, FEDformer|[81] extends
this decomposition architecture by enhancing attention in the frequency domain. It
introduces Fourier Enhanced Blocks (FEBs) and Wavelet Enhanced Blocks, capitalizing
on the inherent sparsity of time series signals when represented using Fourier transforms.
By randomly sampling a fixed subset of frequency modes, FEDformer achieved linear

O(L) complexity while maintaining global time series information, presenting an efficient
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alternative to traditional sparse attention mechanisms[25]. A comparable alternative,
Pyraformer[81, 134], achieves its O(L) complexity through a multi-resolution pyrami-
dal attention module (PAM) that organized information hierarchically (via intra-scale
and inter-scale connections), enabling constant O(1) maximum path lengths for signal

traversal[135].

2.3.4 Architectural Alternatives and Contemporary Developments

Despite these sophisticated advancements, the core philosophical choice of using self-
attention remains contentious, leading to both critical architectural simplification and
the emergence of non-Transformer-based competitors that challenged the state-of-the-
art[131, 81].

The effectiveness of self-attention is directly questioned by Zeng et al.[20, 131], who
argued that its permutation-invariant nature causes inevitable temporal information loss
when applied to order-critical numerical time series. This critique is starkly validated
by the success of DLinear, an embarrassingly simple one-layer linear model that, when
coupled with a decomposition mechanism (DLinear), surprisingly outperformed many
complex Transformer models on benchmarks[20, 23, 136]. DLinear demonstrates that,
given the simplicity of patterns in many existing benchmarks, complex models often
struggled by overfitting temporal noise, failing where linear models succeeded[20).

While DLinear exposes weaknesses, subsequent architectural innovations rapidly in-
corporated its findings to improve Transformers. PatchTST[23, 81] successfully re-
validates the use of Transformers by embracing two key structural biases:(1) Patching,
segmenting the input into subseries-level patches (akin to ViT in computer vision)[23],
which retained local semantic information and significantly reduced computational bur-
den; and (2) Channel-Independence, processing each univariate series channel sepa-
rately using shared weights[23]. This composite design proves highly effective, allowing
Transformers to benefit robustly from longer look-back windows L (a capability often lost
in earlier variants) and often yielding superior results compared to both linear models and

previous Transformer architectures|[136, 23|. This highlights a research gap: DLinear ad-
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vanced simplicity, while PatchTST advances efficacy by integrating domain-specific
inductive biases directly into the network structure.

The field now faces ongoing concerns regarding model robustness and uncertainty
estimation. While Autoformer advances efficacy through domain knowledge integra-
tion, traditional Transformer architectures often suffer deterioration when exposed to
non-stationary or noisy real-world data[137, 138]. This leads to solutions like the Non-
stationary Transformer, which proposed a generic framework combining Series Station-
arization with De-stationary Attention to compensate for the temporal dependencies
lost due to the "over-stationarization' problem|[137].

This structural modification allows models to both maintain predictability on sta-
tionary components and recover crucial event-driven dynamics associated with non-
stationarity. Furthermore, the inherent need for uncertainty quantification in high-stakes
areas like finance remains a gap, as most models prioritize point estimates[139, 140].
Techniques like Transformer-based Conformal Prediction are emerging to address this,
utilizing the Transformer decoder as a conditional quantile estimator to provide theo-
retically valid prediction intervals[139]. Future work must address the trade-off between
increasing model efficacy through complex designs and ensuring robustness and reliable
uncertainty quantification across diverse, noisy, and non-stationary real-world time series
data. Noting Transformers like univariate patching [23] excel in specific scenarios but fal-
ter generally, emphasizing ensembles for UQ. These advances highlight ongoing needs for
horizon-adaptive UQ), directly informing gaps our framework addresses. Table 2 summa-
rizes the key characteristics, strengths, limitations, and uncertainty quantification focus
of major Transformer-based time series forecasting methods, providing a comparative

overview of the evolution in this domain.

2.4 Prediction Interval Construction Methods for Uncertainty

Quantification

Prediction Intervals (PIs) provide a comprehensive method for this purpose, offering

upper and lower bounds within which a future observation is expected to fall with a spec-
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Table 2.1: Comparison of Transformer-based Time Series Forecasting Models Author’s own
compilation based on [20, 21, 22, 23, 24, 25].

Models Key Innovation Strengths Limitations uQ
Focus

Vanilla Self-attention for parallel Captures long-range Quadratic complexity Low

Transformer [20] | processing dependencies O(L?)

Informer[21] "ProbSparse attention, "Efficiency O(Llog L), no Less effective on noisy data | Moderate
generative decoder” error accumulation”

Autoformer[22] "Series decomposition, "Handles periodicity, trend | Stationarity assumptions Moderate
Auto-Correlation" extraction”

FEDformer[25] Frequency-domain "Linear complexity, Limited to Moderate
enhancement sparsity leveraging' frequency-dominant series
(FFT/Wavelet)

DLinear[20] Decomposition into trend High efficiency, Assumes linearity, may Low
and remainder, simple outperforms complex miss non-linear patterns
linear modeling models on benchmarks

PatchTST[23] "Patching, "Robust to noise, longer Univariate focus in High
channel-independence' look-backs" multivariate

TimeMixer[24] Decomposable multiscale SOTA in short- and Potential tuning needs for | Moderate
mixing, MLP-based long-term forecasting, specific tasks
architecture handles temporal variations

ified probability (confidence level)[141, 8, 11]. The core goal of PI construction, often
referred to as the High-Quality (HQ) principle, is axiomatic Pls should be as narrow
as possible (sharpness) while accurately attaining the desired coverage probability
(reliability)[105, 11]. Historically, approaches to achieving this goal have evolved signifi-
cantly, moving from traditional statistical methods requiring strict distribution assump-
tions to modern, distribution-free deep learning models directly optimizing PI quality.
Figure 2 provides a visual overview of this hierarchical taxonomic organization, catego-
rizing methods along five key dimensions: construction paradigm (indirect vs. direct),
uncertainty source (aleatoric vs. epistemic), distributional assumptions, optimization
strategy, and hyperparameter tuning approach. As illustrated in Figure 2, PI methods
can be systematically organized to understand their fundamental approaches and trade-

offs.

2.4.1 Assessment Metrics for Prediction Interval Quality

The quality of a prediction interval (PI) is determined by two fundamental, often com-
peting, properties: its reliability, measured by coverage probability, and its precision,

measured by interval width.
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Figure 2.2: Taxonomy of prediction interval (PI) construction methods, categorized into
indirect, Bayesian and ensemble-based, and direct approaches Author’s own illustration
based on [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 12, 151].

Prediction Interval Coverage Probability (PICP) The PICP measures the relia-
bility of the Pls, indicating the probability that the target values will lie within the upper
and lower bounds[141, 106]. A higher PICP suggests that more targets are covered by the
PIs[141]. The PICP is defined as the average proportion of observations covered by their
respective estimated intervals[142]. For a set of N samples, the mathematical definition
is given as:

1 N

where k; is an indicator variable defined as:

Lo 9 <y < o

0 otherwise
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where 3 is the actual target value, and Q(Li) and g}((]i) are the estimated lower and upper
bounds, respectively, of the PI[141]. For PIs to be considered valid, the PICP should
asymptotically approach or exceed the nominal confidence level (u or 1 — «)[141, 106].
If the empirical PICP is significantly lower than the nominal value, the PIs are deemed
unreliable. Achieving a 100% PICP is trivially possible by setting bounds to the ex-
treme minimum and maximum target values, but this yields PIs that are of no practical

value[106].

Mean Prediction Interval Width (MPIW) The Mean Prediction Interval Width
(MPIW) is used to quantify the sharpness or precision of the PIs[141, 106, 142]. PIs that
are too wide are considered uninformative for decision-making. A smaller MPIW indicates
more precise predictions[106, 98]. and by measuring the mean prediction interval width
(MPIW)

MPIW = = an(g? — 95 (2.2)

i=1
where 3 is the actual target value, and gj(Li) and g}((j) are the estimated lower and upper

bounds, respectively, of the PI. Normalized Mean Prediction Interval Width (NMPIW):

MPIW
r

NMPIW = (2.3)

where r represents the range of the target values, defined as 7 = Ymax — Ymin[142]. The

upper bound is always greater than or equal to the lower bound (¥ > §F)[106].

2.4.2 Indirect (Two-Step) Methods

Traditional statistical and early neural network (NN) approaches estimate PlIs indirectly,
requiring a point prediction first, followed by an inference step based on error models
or distribution assumptions|7, 106, 11]. This reliance on restrictive prior assumptions
or intensive post-modeling calculations generally limits their scalability and accuracy in

complex, non-Gaussian deep learning environments|[98].
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Delta Method

The Delta method constructs Prediction Intervals (PIs) by treating the Neural Network
(NN) as a nonlinear regression model and relying on asymptotic theory for confidence in-
terval construction[7, 106, 11]. While the Delta method provides a strong theoret-
ical underpinning rooted in nonlinear regression, its computational requirements
pose a significant drawback calculating the Hessian or Jacobian matrices demands massive
computational resources, making it impractical for modern deep architectures[98, 141, 99].
Furthermore, its reliance on assumptions of homogeneous and normally distributed noise
often leads to unreliable interval estimates when applied to real-world, heteroscedastic

data[106].

Bayesian Techniques

Bayesian approaches, represented by Bayesian Neural Networks (BNNs)[143], offer a theo-
retically robust framework for uncertainty quantification by modeling network parameters
as probability distributions[8, 11]. This approach naturally decomposes and quantifies
both parameter and irreducible uncertainty[11]. For a given input z* | the predictive

distribution for the output y* is given by:
Py |a,D) = [ Py’ |a*,0) P(9| D)do

where is D the training data, P(y* | z*, 0) is the likelihood of the data given the param-
eters, and P(6 | D) is the posterior distribution over the parameters[96, 103]. However,
BNNs face a crucial scaling limitation computing the exact posterior distribution
over millions of parameters is analytically intractable, forcing reliance on approximations
like Variational Inference (VI) or Markov Chain Monte Carlo (MCMC)[98, 8]. These ap-
proximations are computationally expensive and struggle with scalability when applied

to complex, high-dimensional deep learning problems|8].
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Bootstrap Method

The Bootstrap method aims to capture uncertainty related to training data sampling
(epistemic uncertainty) by training an ensemble of identical models on resampled versions
of the initial dataset[7, 105, 11]. This typically yields more robust and reliable PIs
compared to simple statistical approximations[7, 106]. While the Bootstrap method
excels in producing stable and reliable Pls, its primary limitation is efficiency the
requirement to train multiple independent networks drastically increases computational
cost and time, hindering its practical application on large-scale datasets or complex deep

learning models[7, 98, 141, 106].

Mean-Variance Estimation (MVE)

The Mean-Variance Estimation (MVE) method utilizes a dual-output Neural Network

2 of the predicted output

(NN) explicitly trained to estimate the mean and variance o
distribution[17], often optimized using the Negative Log Likelihood (NLL)[7, 105, 11].

For a Gaussian distribution, the NLL loss is given by:

1 N

(yi —p)* | 1
ENLL = Nz T + ilog(Qﬂ'O'?)

=1 7

The first term %, is directly analogous to the weighted squared error term in the
generalized NLL derived for a Gaussian distribution[9, 103]. Minimizing this term en-
courages the network to learn accurate mean predictions (u; close to the target y;)[103].
Crucially, the error term, (y; — u;)?, is weighted by the inverse of the predicted vari-
ance (0—12)[103] This term captures the fundamental aleatoric (data noise) uncertainty,
as the model implicitly learns uncertainty from the loss function without requiring un-
certainty labels[98]. The second term %log(?waf), serves as a regularization component

proportional to the logarithm of the variance (log(c?)).This prevents the network from

simply predicting arbitrarily small variances (62 — 0) to minimize the weighted squared

2

error term (which would otherwise approach infinity when o7 is near zero). Instead, it

encourages the model to predict appropriate variance estimates (¢?) by introducing a
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penalty that grows as the variance decreases. MVE is valued for its comparatively low
computational cost and straightforward implementation[7, 98]. However, MVE reveals
a restrictive assumption limitation it requires the data’s inherent noise to follow a pre-
defined normal (Gaussian) distribution[7, 98, 11, 105]. This constraint frequently causes
the model to severely underestimate the true variance in complex, non-Gaussian data,

leading to intervals that are too narrow and thus lack reliable coverage[106].

2.4.3 Direct (One-Step) Methods

Direct methods fundamentally depart from multi-step statistical approaches by training
a single neural network to output the lower and upper PI bounds directly. The chal-
lenge within this paradigm lies in formulating a loss function that accurately models
the reliability /sharpness trade-off using criteria compatible with efficient gradient-based

optimization.

Lower Upper Bound Estimation (LUBE)

The Lower Upper Bound Estimation (LUBE) method established the foundational phi-
losophy of direct PI construction. LUBE utilizes a single NN with two outputs corre-
sponding directly to the PI bounds (Li and U4)[106, 141]. Since LUBE requires no prior
distributional assumptions about the data or prediction error, it offers significant advan-
tages over traditional techniques like the Delta or Bayesian methods[106, 99, 101]. To
optimize these bounds according to the HQ principle, LUBE introduced the Coverage
Width-based Criterion (CWC), a cost function that mathematically combines PI cover-
age probability (PICP) and normalized average width (NMPIW) multiplicatively[106].
The Coverage Width-based Criterion (CWC) combines both aspects into a single met-
ric for overall quality assessment[141, 106, 98]. When applied for testing or evaluation,
CWC typically penalizes solutions that fail to meet the nominal coverage probability (u
or 1 — «) heavily, while rewarding narrower Pls if coverage is sufficient[99].

The standard CWC formula is given by:

CWC = NMPIW (1 + y(PICP)e PP =1))
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where p is the preassigned nominal coverage probability, 7 is a hyperparameter to magnify
coverage differences, and (PICP) is a step function (set to 0 if PICP > pu, and 1 other-
wise) used during testing to focus solely on NMPIW if the reliability goal is met[106, 99].
A lower CWC value indicates a higher quality PI.

While LUBE introduced the pioneering direct optimization framework, it
revealed a significant architectural challenge the reliance on heuristic optimiz-
ers. The CWC loss function contains non-differentiable step functions used to calculate
PICP, making it incompatible with standard Gradient Descent (GD) algorithms[106,
11, 7]. Consequently, early LUBE implementations mandated computationally expen-
sive meta-heuristic search methods such as Simulated Annealing (SA) or Particle Swarm
Optimization (PSO) for training[106, 141, 11]. Furthermore, the CWC formulation was
criticized because its global minimum technically occurs when the PI width approaches

zero, an undesirable property for reliable intervals[9, 11].

Quality-Driven (QD) Loss

The Quality-Driven (QD) loss method was proposed to solve LUBE’s primary limitation
the incompatibility with gradient-based training[11, 7|. QD loss achieves compatibility by
deriving a continuous, differentiable objective function grounded in likelihood theory[11,
7]. mathematically integrates these two conflicting objectives into a single, differentiable
loss:

1—
Lossqp = MPIW . + )\u max (0, (1 — «a) — PICP)2
n

where MPIW ., is the captured Mean Prediction Interval Width, defined as the average
width only of those points successfully covered by the PI[7, 11, 10]. The first term,
MPIW capt., aims to minimize PI width. By using the captured MPITW (MPIW capt.),
the formulation cleverly avoids an undesirable behavior where the network minimizes the
width of PIs that have already failed to cover their corresponding observation, thereby
ensuring that only successfully covered Pls are encouraged to shrink[11]. The method
models the number of covered points (PICP) using a binomial distribution, which is

then approximated by a normal distribution using the Central Limit Theorem (CLT)[11,
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7]. This yielded the differentiable loss function, LossQD, typically employed within an
ensemble framework (QD-Ens) to quantify model uncertainty[11, 7].

While QD successfully advanced GD compatibility by mathematically solving the
non-differentiability problem, it created a new restriction inherent in its foundational as-
sumption. The use of the CLT approximation dictates that training must utilize relatively
large batch sizes (e.g., n>50) to ensure the approximation remains accurate[7].

This constraint limited its application in scenarios constrained by small datasets or
limited memory, where large batch sizes are infeasible[7]. Furthermore, optimizing the
smooth approximation of PICP requires careful tuning of a softening factor (s)[11, 7].
Finding the appropriate A is extremely difficult because its optimal value is highly de-
pendent on the specific dataset, the architecture of the neural network used, the chosen
optimizer, and various other training parameters|7, 8]. This difficulty is exacerbated in
time series forecasting, where data volatility and seasonality may drastically change the

optimal setting.

Quality-Driven (QD+) Loss

Building on the QD framework, QD+ extended the approach to generate both Pls and
point estimates simultaneously from an ensemble of neural networks, addressing the draw-
back of QD only outputting intervals[10]. The QD+ method proposes a comprehensive
multi-objective loss (LossQD+) which explicitly integrates the mean squared error (MSE)
for point estimation alongside the original PI quality objectives[10].

The QD+ loss function is a multi-objective loss that fuses quality measures related to
Pls, alongside point estimates, and incorporates a penalty function to enforce integrity

and stabilize training[10]. The formulation is given by:

Lossqp+ = (1 — A1)(1 = A2) - Lnpiwape, + A1(1 — A2) - Lprep + A2 - Lvse + € - Lp

where Lyiprw,,,,. is the loss for the captured Mean Prediction Interval Width, which en-
courages narrower intervals; Lpjcp is the loss for Prediction Interval Coverage Probability,

which ensures reliability; Lysg is the Mean Squared Error for point prediction accuracy;
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Lp is a penalty term to enforce constraints; and A;, A9, and & are hyperparameters that
control the balance between these objectives.

While QD+ advances the robustness of quality-driven methods by inte-
grating point estimates and adding integrity penalties, it reveals challenges in
aggregation and output consistency. The framework introduces a penalty function
(L P) to enforce semantic integrity, specifically penalizing cases where estimated bounds
cross or where the point estimate falls outside the bounds[10]. This structural constraint
stabilized the training process[10]. However, to quantify the full uncertainty (aleatoric
and epistemic), QD+ relies on aggregating the ensemble outputs by fitting a Split Normal
Mixture (SNM) distribution, a theoretically intricate step that adds complexity compared
to simpler ensemble averaging|[10].

QD+ uses multiple hyperparameters (A1, A2, §) to balance the conflicting objectives.
This complexity, while necessary for control, contrasts with the single adaptive coefficient

used in later methods like DualAQDIS].

All-Batch (AB) Loss

The All-Batch (AB) loss was specifically developed to resolve the batch-size limitation
imposed by the QD loss[7]. The core innovation of AB is the avoidance of the restrictive
Central Limit Theorem (CLT) approximation used in QD. Instead, AB loss estimates
the negative log-likelihood (NLL) of the binomial distribution directly by employing a
Taylor formula expansion|7].

The approximated NLL term, derived via Taylor expansion (up to the second order),

replaces the original term derived via CLT:

12
NLLgpprox (2 - 3n> (1 = PICPy )PICPyof, — nPICP, log

—nlog«

The overall Lossap is then formulated to explicitly include the components necessary for

convergence and semantic integrity:

Lossap = MPIW api. + v - NLLapprox + P
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where ~ controls the trade-off between PI sharpness and coverage, and P is a penalty
term designed to prevent semantic errors, such as PI bounds crossing or the predicted

point falling outside the estimated interval[7]. This penalty term, mathematically defined

R o (L= Ui o [V Ui o [ LY
pean o (M) oo (57 e (55))

enforces output integrity and is crucial for stabilizing the optimization process regardless

as:

of batch size[7]. While QD provided a crucial step toward GD compatibility,
AB reveals the tuning limitations of the QD approach, achieving robust per-
formance across diverse batch sizes. This analytical derivation makes the AB loss
theoretically valid for both small and large batches ("all-batch")[7]. Like QD+, the AB
formulation structurally includes a penalty term to maintain the integrity of the pre-
dicted bounds during training, which is crucial for stabilizing the optimization process

regardless of batch size[7].

Dual Accuracy-Quality-Driven (DualAQD)

The Dual Accuracy-Quality-Driven (DualAQD) method addresses a fundamental trade-
off observed in single-network approaches: the difficulty in balancing the optimization
of target estimation accuracy (minimizing MSE) with PI quality (optimizing PICP and
MPIW)[8]. DualAQD solves this by employing a dual companion NN architecture one
network (f(-)) focuses exclusively on accurate target estimation (minimizing MSE), and
a separate network (g(-)) handles PI generation exclusively (optimizing quality)[8].

As a multi-objective optimization problem focusing on two components: minimizing
PI width (L) and maximizing coverage implicitly through constraints (Ls).

The Ly objective focuses on maximizing sharpness by minimizing a width penalty
term, Pl,e,. This term is calculated as the sum of the distance between the upper bound
and the target, and the distance between the target and the lower bound|[8].

N
([9ui — vil + |yi — Juil)

==

L, = r%in(PIpen) where Ple, =
9 i=1
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The formulation forces the upper bound (g,;), the target (y;), and the lower bound (gy;)
to be closer together, making it a more suitable penalty function than traditional metrics
like the mean prediction interval width of captured points (MPIW .y )[8].

The L, objective minimizes a penalty function (P) designed to enforce PI integrity
and implicitly maximize PICP simultaneously. This penalty encourages the bounds to
be separated by a distance greater than the maximum absolute prediction error found

within the current batch (§).

Ly = n%in(P) where P = &% 4 7%

g9

Here, ¢ denotes the maximum distance between a target estimate ; and its target value
y; in the batch (§ = max; |J; — vi|), and d, and d; are the mean differences between the
targets and the upper and lower bounds, respectively. If the penalty P is minimized, it
implies that the PI width is large enough (§.; — v; > € and y; — g > ) such that the
target y; lies within the estimated PI. The final DualAQD loss function is the combination
of these objectives:

LOSSDualAQD =Ly + M.

Crucially, DualAQD further minimizes tuning efforts by introducing a self-adaptive co-
efficient A that automatically balances the conflicting L; and L, objectives throughout
the training process. This adjustment is made dynamically after each training epoch
based on the network’s current performance against the target coverage (1 — ). The
coefficient is updated proportionally to the cost C', which quantifies the distance between
the confidence target (1 — ) and the training PICP (PICPy,.:,) achieved at iteration ¢[8].

AD = AV 4 0 where C = (1— ) — PICPY

train

If the network undercovers (PICP is below 1 — «), A increases, assigning greater relative
importance to the Ly objective to enforce PI integrity; conversely, if the network overcov-

ers, A decreases, prioritizing L1 to minimize width. This self-adaptive approach removes
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the difficulty of manually tuning a fixed hyperparameter|8].

DualAQD successfully decouples the competing objectives of accuracy and
interval quality, using specialized networks to achieve superior overall perfor-
mance. The DualAQD loss function itself is designed to minimize PI width (L) while

ensuring constraints that maximize coverage (L) [8].

Sum-k Loss

The Sum-k loss introduces a focused refinement aimed at mitigating the issue of exces-
sively wide PlIs a problem contributing to overly conservative decision-making and high
reserve costs in high-stakes applications[9]. This approach critically argues that solely
minimizing the mean width (PINAW) is insufficient, as it fails to adequately penalize the
outlying large widths that drive worst-case scenarios[9].

The Sum-k formulation casts PI construction as an additive optimization problem,
specifically designed to impose a stronger penalty on large PI widths relative to narrow
widths[9]. The loss function, Lgun.k, combines two main components a linear penalty

term for coverage deviation and a unique PI width function, W (6):

Lsumx(0) = max(0, (1 — ) — PICP(0)) + W (0)

The objective relies on the specialized PI width function, W (#), which explicitly factors
in the largest K intervals to enforce a strong penalty, thereby addressing the deficiencies
of metrics that rely purely on the mean[9]. This function operationalizes the core goal

by giving disproportionate weight to the average width of the largest K intervals:

WO = [ LS @ a S w®)
a unantile K i:lwm N-K i:K+1wm

Here, wy; represents the ith largest PI width, and K is the number of samples designated
as large widths. The formulation utilizes the quantile range (Rquantile) as a normalization
factor to eliminate the scale effect of outliers, making the optimization process more

stable and robust.
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The methodology is compatible with gradient-based training algorithms, which allows
for integration with advanced neural network models like ANNs and LSTMs. While this
method excels at reducing large widths, achieving low Prediction Interval Normalized
Average Large Width (PINALW) values, it may lead to a slight increase in the overall
average width (PINAW), showcasing a specialized trade-off tuned for worst-case cost
reduction[9].

While traditional losses like QD and LUBE targeted overall average width,
Sum-k specifically advances risk management by penalizing the tails of the
PI distribution[9]. The mechanism uses a unique PI width function, ¥(#), which
enforces a strong penalty by factoring in the Prediction Interval Normalized Average
Large Width (PINALW) the average width of the K-largest intervals[9]. By setting the
parameter A < 1, the loss function heavily weights the reduction of these largest K widths,

significantly reducing PI conservatism|9].

Quantile Regression (QR):

Directly estimates conditional quantiles by minimizing the pinball loss function, providing
a distribution-free approach that makes no assumptions about the underlying noise distri-
bution. This flexibility makes QR particularly suitable for non-Gaussian settings, though
the method provides no finite-sample coverage guarantees and PI quality depends heavily

on sufficient training data to accurately learn the conditional quantile functions.[9, 18, 13].

Conformalized Quantile Regression (CQR):

Combines quantile regression with conformal prediction to provide finite-sample coverage
guarantees under the exchangeability assumption. By using conformal calibration to
adjust quantile regression outputs, CQR achieves theoretical coverage guarantees while
maintaining the flexibility of quantile-based approaches. However, this comes at increased
computational cost due to the conformal calibration procedure, and coverage guarantees
degrade when the exchangeability assumption is violated by temporal dependencies in

time series data[9, 18, 13].
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Tube Loss:

Utilizes a loss function for simultaneous estimation of PI bounds, yielding intervals that
attain the target confidence level asymptotically. A unique feature is the 'r’ parameter
that allows PI tube movement to capture denser data regions, which is particularly ef-
fective when noise distributions are skewed or heteroscedastic. The asymptotic nature of
coverage guarantees means the method may require substantial training data to achieve

reliable performance, limiting applicability in data-scarce scenarios.[13].

2.4.4 Critical Gaps in Current Prediction Interval Methods

A review of advancements in differentiable Prediction Interval (PI) loss functions re-
veals a clear trajectory toward automation, yet critical gaps persist that prevent robust,
hands-free deployment. These gaps primarily stem from a persistent reliance on fixed
hyperparameters and a lack of dynamic adaptation to the intrinsic uncertainties inherent

in time series sequences.

Persistent Reliance on Fixed Hyperparameters for Coverage-Sharpness Bal-
ance The efficacy of direct (one-step) PI methods hinges upon their ability to balance
the conflicting objectives of Prediction Interval Coverage Probability (PICP) and sharp-
ness (minimizing PI width). This balancing act is typically codified via hyperparameters
(A or ) within the loss function[7, 98, 8, 11, 106]. However, this persistent reliance on
fixed, manually-tuned coefficients represents a significant research bottleneck.

While methods like Quality-Driven (QD) loss successfully enabled the use of efficient
Gradient Descent (GD) algorithms by utilizing a statistical likelihood principle[7, 11],
they retained the burden of manually configuring the trade-off parameter A[8]. Simi-
larly, the All-Batch (AB) loss formulated using Taylor approximation requires tuning a
coefficient v to balance confidence against sharpness|[7]. This manual adjustment is not
only computationally expensive but also highly sensitive to specific datasets, time-series
characteristics, and the desired confidence level, necessitating significant experimenta-

tion to find an optimal setting[8, 7]. When a hyperparameter value, such as A, is set
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sub-optimally, it leads directly to miscalibrated Pls, where intervals are either too wide
(poor sharpness) or fail to meet the required coverage (poor reliability)[8]. Furthermore,
existing loss functions, including QD-Ens and QD+, require the optimization of multi-
ple fixed hyperparameters (A1, A, &, d, and often a softening factor) to manage combined
objectives of width, coverage, and point estimation accuracy|8].

This persistent reliance on manual tuning necessitates a shift toward integrating the
balancing coefficient as a learnable parameter that can be optimized end-to-end. While
methods using multiple penalty terms, such as the Dual Accuracy-Quality-Driven (Du-
alAQD) framework, explicitly recognize this limitation, they offer a key advancement the
implementation of a self-adaptive coefficient A[8]. This coefficient dynamically adjusts
throughout the training process based on the model’s instantaneous PICP performance
relative to the target coverage, thereby alleviating the complex task of fine-tuning a fixed

hyperparameter|8].

Inadequate Horizon-Dependent Adaptation in Existing Loss Functions Time
series forecasting presents unique challenges for Uncertainty Quantification (UQ), partic-
ularly in Long-Term Time Series Forecasting (LTSF), where uncertainty inherently and
dynamically increases over longer prediction horizons (7,)[4, 144]. Existing PI meth-
ods and their associated loss functions are often applied horizon-agnostically, failing to
adequately capture this dynamic growth in uncertainty across future timesteps.

The challenge of increasing uncertainty is compounded by the typical approach to
modeling time series. Traditional methods often rely on Iterated Multi-Step (IMS) fore-
casting, where the prediction for timestep ¢+1 is used as input for timestep ¢+2[20]. This
approach is known to suffer from significant error accumulation effects, particularly for
long horizons, leading quickly to unreliable predictions and miscalibrated PIs[20]. While
Direct Multi-Step (DMS) strategies mitigate error accumulation by predicting the entire
horizon simultaneously, the underlying PI generation mechanism may still lack intrinsic
sensitivity to temporal scale[20]. Consequently, when predicting longer horizons, the gen-
erated intervals might be overly conservative (poor sharpness) or, conversely, too narrow,

resulting in under-coverage and undermining trust[4].
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Emerging research suggests that effective horizon-dependent uncertainty relies on ad-
dressing the inherent multi-scale dynamics of time series. For example, analysis shows
that local, fine-grained features dominate uncertainty prediction for short horizons (e.g.,
up to 96 hours), while global, low-frequency patterns become crucial for accurate UQ
in longer horizons (e.g., 720 hours)[100]. The deficiency of standard PI loss functions
lies in their failure to incorporate these horizon-specific temporal dynamics, demanding
new solutions that connect multi-scale feature extraction explicitly with the uncertainty
quantification loss objective[100]. While the goal of direct methods like Tube Loss is to
simplify PI construction in the auto-regressive (time-series) setting[13], achieving high-

quality UQ still requires solving this underlying issue of dynamic horizon adaptation.

2.5 Deep Ensembles Transformer for Robust UQ in LTSF

Deep ensembles, first popularized by Lakshminarayanan[14], have emerged as a surpris-
ingly effective and simple method for quantifying uncertainty in deep learning models.
An ensemble typically consists of multiple neural networks (often with identical architec-
tures), each trained independently from different random initializations and potentially
with different mini-batch orderings. The diversity introduced by these random factors
leads to different local optima in the loss landscape, causing each ensemble member to

learn slightly different representations and make slightly different predictions.

2.5.1 Ensemble Methods and Uncertainty Decomposition

Transformers upended LTSF by sidestepping recurrent bottlenecks, enabling parallel
scans of extended sequences to unearth dependencies that LSTMs often miss. Core inno-
vations like Informer’s ProbSparse attention slashed quadratic complexity to O(L log L)
section 2.3.2, proving 20-30% MSE drops on ETTh benchmarks by focusing on dominant
query-key pairs, while Autoformer’s series decomposition isolated trends from seasons
for sharper periodicity capture. As these works illustrate, such architectures thrive on
multivariate data like Electricity loads, where long horizons demand holistic views yet

they falter on abrupt shifts, exposing a brittleness that begs diversification[1, 145].
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PatchTST[23] and iTransformer refine this further the former chunks inputs into
patches for linear-time efficiency, the latter flips channels to treat variables as tokens,
yielding robust univariate baselines in multivariate storms. While PatchTST’s mod-
ularity shines in noisy ETTh2 series, iTransformer’s inversion risks overlooking cross-
variable synergies, a contrast that underscores the push toward ensembles for holistic
resilience. Still, single-model ceilings on generalization hint at deeper needs for collective

intelligence[146, 147, 1].

2.5.2 Ensemble Strategies for Transformers

Deep ensembles elevate Transformers by pooling outputs from variants like Informer-
Autoformer stacks, where mean predictions curb overfitting and variance flags epistemic
blind spots, slashing errors 10-15% on long-horizon tasks. Bagging via bootstraps or
stacking with meta-learners, as in TimeFlex’s modular tweaks, tailors to trends and
cycles, outperforming solos on diverse dynamics like traffic flows though this multiplicity
inflates training by factors of 5-10 [148].The computational overhead remains a significant
consideration, yet the robustness gains in uncertainty quantification justify the additional

resources for high-stakes applications.

2.6 Conformal Prediction in Time Series

Moving beyond techniques that refine estimated probabilities (calibration), Conformal
Prediction (CP) offers a distribution-free framework for uncertainty quantification that
provides intervals guaranteed to contain the true outcome with a pre-specified probability
(coverage)[140, 149]. This provides robust statistical guarantees lacking in traditional

Bayesian or ensemble methods[140].

2.6.1 Conformal Prediction Frameworks and Exchangeability

The core theoretical requirement for CP validity is the exchangeability of observations[140,
149]. Time series data, due to inherent temporal dependencies, typically violates this as-

sumption, rendering naive CP application invalid[140, 149]. However, this challenge can
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be mitigated by framing the prediction problem around the exchangeability of observation
windows, enabling the use of CP in time series forecasting[111].

The practical implementation often utilizes the Inductive Conformal Prediction (ICP)
framework, which splits the available data into a proper training set (used to train the
underlying point prediction model, M) and a calibration set[140, 149]. The calibration
set is then used to compute nonconformity scores (typically residual errors)[140, 149].
The resulting empirical distribution of these scores determines the critical nonconformity
score (€), which then defines the guaranteed prediction interval for new examples[140].
For multi-horizon forecasting (predicting H>1 steps simultaneously), prediction intervals
must be generated directly, not recursively, and often require Bonferroni correction (a/H)
to the significance level to maintain the joint coverage guarantee across the entire forecast
horizon[140, 149]. While CF-RNNs successfully integrate this framework, guaranteeing
target coverage, classical uncertainty quantification baselines like Multi-Quantile RNNs
(MQ-RNNs) and Monte Carlo Dropout (DP-RNNs) frequently fail to empirically achieve

the target coverage rate[140].

2.6.2 Deep Transformer Architectures and Conformal Prediction for Time

Series

The effectiveness of CP hinges on the quality of the underlying point prediction model.
Modern architectures like the Transformer, which excel at modeling long-range depen-
dencies, present an ideal foundation for improved conformal forecasting[149].

The Sequential Predictive Conformal Inference with Transformer (SPCI-T) approach
leverages the Transformer decoder as a conditional quantile estimator, learning temporal
dependencies specifically across past prediction residuals and features (X;) to estimate the
quantiles of future residuals[140]. While the complexity of designing Transformer-based
time series models is higher[149], SPCI-T empirically demonstrates superiority, achieving
the narrowest prediction interval widths while meeting coverage requirements compared
to other sequential CP methods[140]. This highlights the benefit of deep sequential
models learning complex dependencies in the error structure itself[140].

A broader architecture, like the EMForecaster, integrates multiple advanced DL tech-
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niques including patching, Reversible Instance Normalization (RevIN) for distribution
shift mitigation, and a spatiotemporal MLP backbone (STB) to achieve state-of-the-art
point forecasting performance[149]. This model is augmented with CP to provide robust
uncertainty quantification[149]. However, evaluating the resulting prediction intervals
involves navigating the fundamental trade-off between coverage and interval width[149].
To address this, the Trade-off Score (TOS) is proposed as a unified metric combining
Independent Coverage (IC), Joint Coverage (JC), and Mean Interval Width (MIW)[149].

The performance of these deep CP frameworks reveals a critical gap while SPCI-T
excels at efficiency (narrow MIW)[140] and EMForecaster achieves high coverage guar-
antees and competitive TOS[149], there is a continuous need for integrated approaches
that tailor deep sequential models to optimally model residual uncertainties. Further
research must focus on architectures that refine the nonconformity score definitions to be
more adaptive to individual examples, reducing the Mean Interval Width while strictly

upholding the theoretical coverage provided by CP[140].

2.7 Synthesis and Research Positioning

Recent advancements in uncertainty quantification for deep learning models, particularly
in the context of long-term time series forecasting (LTSF), have focused on generating
calibrated prediction intervals (PIs) that balance coverage and sharpness. This section
synthesizes the key methodological approaches reviewed and positions the current re-

search landscape.

2.7.1 Comparative Analysis of PI Construction Approaches

Table 2.2 provides a systematic comparison of optimization approaches across differ-
ent PI construction methods, evaluating them based on five critical dimensions: direct
optimization capability, gradient compatibility, multi-objective handling, self-adaptive

mechanisms, and horizon-aware adaptation.
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Table 2.2: Comparison of Optimization Approaches Author’s own compilation based on [7, 8,
9, 10, 11, 12, 15, 16, 17, 18, 12, 151].

Approach Direct Gradient- Multi- Self- Horizon-
Optimization | Compatible Objective Adaptive Aware

Delta [150] | X | X | X | X | X
BNNs [16, 15] | X | | v | X | X
Bootstrap [151] | X | X | X | X | X
MVE [17] | v | v | X | X | X
LUBE [106] | v | X | v | X | X
QD [11] | v | v | X | X | X
QD+ [10] | v | v | v | X | X
AB [7] | v | v | X | X | X
DualAQD [8] | v | v | v | Partial | X
Sum-k [9] | v | v | v | X | X
SA-QD v v v v v
(Proposed)

2.7.2 Identified Research Gaps

Despite these advances, existing methods exhibit critical gaps that motivate the proposed

research approach:

1. Hyperparameter Dependency: Most methods rely on manual hyperparameter
tuning for balancing coverage and sharpness, which is time-consuming and dataset-

dependent, as highlighted in QD and QR frameworks.

2. Horizon-Agnostic Treatment: Few methods address horizon-specific adapta-
tion in LTSF, where uncertainty grows with forecast length, leading to uniform

treatment across horizons in methods like Deep Ensembles and DeepAR.

3. Computational Scalability: Computational feasibility remains a challenge for
BNNs in large-scale LTSF datasets, while distribution-free methods like CP lack

integration with Transformer architectures for capturing long-range dependencies.

4. Lack of Learnable Parameters: None of the existing methods incorporate learn-

able parameters to dynamically optimize PI quality without manual oversight.

5. Limited Transformer-Ensemble Integration: Current approaches do not com-
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bine deep Transformer ensembles with self-adaptive losses for calibrated, sharp Pls

in real-world LTSF scenarios like energy and finance.

Recent advancements in uncertainty quantification for deep learning models, par-
ticularly in the context of long-term time series forecasting (LTSF), have focused on
generating calibrated prediction intervals (PIs) that balance coverage and sharpness.
Self-Adaptive Quality-Driven (SA-QD) loss function,This method extends traditional
quality-driven approaches by introducing learnable parameters to dynamically balance
PI objectives, addressing horizon-specific uncertainty in Transformer-based ensembles.
This methods have been proposed to address this challenge, each with unique strengths
and limitations.

Having established the theoretical foundation and identified critical research gaps in
this literature review, the following chapters detail the methodology, experimental design,
and empirical validation of the proposed framework.

This literature review has systematically examined the evolution and current state
of uncertainty quantification in deep learning, with particular focus on long-term time
series forecasting. Beginning with fundamental sources of uncertainty (aleatoric and
epistemic), the review progressed through Transformer architectures for time series, com-
prehensive coverage of prediction interval construction methods (both indirect and direct
approaches), ensemble strategies, and conformal prediction frameworks. The synthesis re-
veals critical gaps in current methodologies, particularly regarding manual hyperparame-
ter tuning, lack of horizon-specific adaptation, and limited integration of advanced Trans-
former architectures with robust uncertainty quantification mechanisms. These identified
gaps directly motivate and inform the proposed Self-Adaptive Quality-Driven framework
that combines learnable parameters, horizon-aware adaptation, and Transformer-based
ensembles for calibrated prediction intervals in long-term time series forecasting. Hav-
ing established the theoretical foundation in the literature review, the following section

details the methodology.
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Chapter 3

METHODOLOGY OF THE STUDY

The objective of this research is to design the developed framework that significantly en-
hances the calibration and sharpness of prediction intervals for long-term time series fore-
casting, particularly within Transformer-based models. This is achieved by introducing
learnable parameters into the quality-driven loss functions, thereby minimizing the re-
liance on manual hyperparameter tuning. A key innovation is the Self-Adaptive Quality-
Driven Loss (SA-QD), which incorporates a differentiable approximation for coverage,
normalized interval widths, asymmetric penalties, and learnable regularization terms in-
cluding a logarithmic-parameterized lambda for dynamic coverage-sharpness balancing.
The subsequent subsections detail the research methodology employed to achieve this

objective.

3.1 Research Design

To conduct this research, the Design Science Research Process (DSRP) [152] is adopted
as the guiding methodology. DSRP aligns exceptionally well with the overarching goal of
addressing an existing, critical problem in time series forecasting the lack of automated
and adaptive uncertainty quantification and subsequently designing, developing, demon-
strating, and evaluating a new method to solve it. The DSRP, as articulated by [19],
typically comprises five major steps: Problem dentification & Motivation, Objective For-
mulation, Design and Development, Demonstration, Evaluation, and Communication.
This structured approach facilitates the creation of innovative artifacts while ensuring
rigorous theoretical contributions. In this thesis, the DSRP framework is systematically
applied to guide the research from the initial problem definition through to the final
communication of findings. While the core steps are adhered to, the iterative nature of

research means that some phases may overlap or be revisited. The following sections



detail how each component of the DSRP is integrated into the research process which is

also depicted in Figure 3.1:, ensuring a clear and coherent methodological approach.

o Problem Identification & Motivation The research begins by identifying the chal-
lenge of uncertainty quantification in long-term time series forecasting, particularly the
inefficiencies of manual hyperparameter tuning in prediction interval calibration. A
literature review on deep learning, uncertainty quantification, and prediction interval
calibration reveals a research gap the lack of reliable, automated methods for predictive
uncertainty with learnable parameters, despite advances in models like Transformers.

This gap shapes the direction for a new solution.

e Objective Formulation: The research aims to develop a Transformer-based frame-
work for long-term time series forecasting that automates the optimization of quality-
driven loss functions to produce well-calibrated, sharp prediction intervals. Specific
objectives include designing an adaptive loss function with learnable regularization pa-
rameters (e.g., mpiw_ reg(uy(t)) and a logarithmic lambda_ weight(\)), integrating it
with Transformer deep ensembles and complementing it with horizon-specific conformal
prediction for refinement, evaluating performance across diverse datasets, and ensuring

adaptability to various forecast horizons, providing a clear roadmap for the project.

e Design and Development: This phase focuses on creating a proposed framework to
address the identified problem, including a specific model architecture, a sloss function,
and an adaptive learning mechanism. The design targets the limitations of manual hy-
perparameter tuning and the lack of horizon-specific adaptation in prediction interval
calibration, building on insights from prior phases. Key artifacts include the SA-QD
loss, which features learnable mpiw_reg(uy,(t)) and lambda_ weight(\) parameters (via
logarithmic parameterization for stability) for self-adaptive sharpness and coverage reg-

ularization.

e Demonstration: Following the design and development phase, the constructed arti-
fact is demonstrated to verify its feasibility and operational correctness before formal

evaluation. The demonstration involves deploying the complete SA-QD framework com-
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prising the modified PatchTST ensemble, the self-adaptive loss function, and the HSCP
calibration module on the benchmark datasets (ETTh2 and Exchange Rate) across all
four forecast horizons (96, 192, 336, and 720 steps). During this phase, the frame-
work is executed end-to-end to confirm that: (1) the learnable parameters (A, and puy,
) converge to stable values during training via gradient-based updates, as evidenced
by the training log analyses presented in the results chapter; (2) the PatchTST model
correctly outputs mean, lower, and upper bounds through the custom FlattenHead,
with min/max enforcement ensuring valid interval ordering (lower < upper); (3) the
HSCP post-processing step successfully computes horizon-specific and channel-specific
non-conformity quantiles from the calibration set and applies them to adjust test-time
prediction intervals; and (4) the complete pipeline from data preprocessing through nor-
malization, patching, ensemble aggregation, SA-QD loss optimization, and conformal
calibration executes without failure across all experimental configurations. The shell
scripts (e.g., PatchTST ETTh2.sh) automate ensemble runs with varying seeds and
horizons, while the training flowchart (Figure 3.3) illustrates the operational sequence
of the demonstrated artifact. This demonstration step, conducted prior to formal evalua-
tion, provides evidence to domain experts and potential users that the artifact functions
as designed and produces interpretable outputs (prediction intervals with associated
coverage and width metrics), thereby establishing confidence in the artifact’s readiness

for rigorous quantitative assessment.

Evaluation: The framework’s effectiveness is assessed through quantitative metrics
like Prediction Interval Coverage Probability (PICP), Mean Prediction Interval Width
(MPIW), Interval Score, and Continuous Ranked Probability Score (CRPS), compared
against quality-driven loss methods. Qualitative assessments include visual analysis
of prediction intervals (e.g., via plots of mean, lower, and upper bounds) to verify
calibration and adaptability, ensuring the framework meets its objectives and addresses

the research problem.

Communication: Research findings, including the artifact and generated knowledge,

are shared through the thesis, peer-reviewed publications, and conference presentations.
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An open-source implementation of the framework (including the updated lhsa qd_ loss
function with learnable lambda and PatchTST model integration) is provided to ensure
reproducibility, encourage further research, and promote practical adoption, aligning

with the DSRP’s emphasis on utility and broad dissemination.

Research Design

Process Iteration

o o o <
N
R @ o e nl
Nominal
s erosen LT omecrve LI oevone
sequence 4 IDENTIFICATION g FORMULATION E DEVELOPMENT
5 E
E 3

& MOTIVATION What would a % Find suitable context Observe how é’ Publish findings

Define problem | better artifact Artifact gjﬁ;;’:ﬁ;;’g effective, efficient Scholarly & professsional

| Show importance | accomplish? —E g Iterate back to design publications
— —— Key Artifacts: * Deploy complete SA-QD ~—
* Challenge: « Develop a 5 3 on ;’ Q Metrics: 3 5
Lack of automated and Transformer-based ":Wlhﬁ_lfg_r o I8 datasets: i e I o Thesis documentation
iction Interval =
adaptive uncertainty framework that e | encemule ETTh2 & ExchangeRate | & © rod! = IR peerreviewed |
quantification in a\;‘umﬁ:yesdqvn'm:lﬂ“m with Flattentiead "2 g Coverage Probability (PICP) -g‘ Hoeh e iedlolpets
long-term time series O5 QUESSYCIVEN 1055 * Transformer deep * Test across four harizons: icti 5 * Conference presentations
g | functions ot 96,192, 336, 720 sleps i mj"',', mﬁﬂm Interval } B
i * Open-source release:
« Inefficiency: [ fdeethelioss Wiy S /-QDILcs Wi (3) X and uh converge to « Interval Score i
el iyperparaneter ‘ learnable parameters: leamable parameters: stable values TP —
tuning for prediction i ,':,f\'.:;are\?,:','q'[,f;);) ~ mpiv_reg(u k() © FatchTST outputs mean, * Continuous Ranked _qd_loss (up
interval calibration (logarithmic) — lambda_weight(A) I{l»wer upper bounds Probability Score (CRPS) v Learnable lambda (1)
(log-parameterized) o lower < upper) v PatchTST integration
* Research Gap: « Integrate with lower = upper)
Absence of lepllable. T.azmrmr deep * Horizon-Specific HSGP computes Q A v iible code
learnable methods. | ensembles Conformal Prediction horizon- & channel-specific e ——
.
despite advances « Horizon-specific (HECE) calbrabon o quantiles llsur: lem(alys:scl ':u ‘ 'C"°“() « Encourage further research
in Transformers conformal prediction * End-to-end pipeline: Full pipeline executes STV SMER, FoWst ALpDS & practical adoption
|  Evaluate across T Pec g WIBCEEN e « Calibration & adaptability
e s i aggregation, optimization, | | Scripts: PatchTST_ETTh2 sh
conformal calibration T ey Ay

Possible Research Entry Pomls
PROBLEM CENTERED OBJEcHVF. CENTERED DESIGN & DEVELOPMENT- CI..IENTICONTEXT \
INlTIATION SOI.IJTION CENTERED INITIATION INITiATED /

Figure 3.1. Design Science Research Methodology (DSRM) Process Model Adopted in This Research

— Sequential flow with iterative feedback =—P— Theory & inference —»— Knowledge generation ~»— Application & dissemination

DSRM = Design Science Research Process » SA-QD = Self-Adaptive Quality-Driven Loss + HSCP = H pecific Conformal Prediction = ETTh2 = Electricity Transformer Temperature (hourly, variant 2)

Figure 3.1: Design Science Research Methodology (DSRM) Process Model Adopted in
this thesis work [19].

This research proposes a new integrated framework addressing critical limitations in
existing uncertainty quantification approaches. The methodology synergistically com-

bines three innovations:

1. Deep ensembles of Transformer models designed for uncertainty-aware forecasting,

2. Self-Adaptive Quality-Driven Loss function automatically learning optimal objec-
tive weighting and quality PI.
3. To calibrated PI with guarantee a distribution free conformal prediction.

Our approach, depicted in Figure 3.1, aims to leverage the predictive power of Trans-

formers while ensuring that the resultant PIs possess desirable statistical properties,
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particularly robust coverage guarantees and adaptability to horizon-specific uncertainty

dynamics.
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Figure 3.2: Block diagram of the proposed SA-QD framework for generating calibrated
prediction intervals.

Figure 3.2 illustrates the complete architecture of the proposed SA-QD framework,
comprising a training phase and an inference phase. During the training phase, the

framework operates through two integrated stages. In Stage 1 (blue), an ensemble of M
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independently initialized PatchTST models processes the training input x; .1+ to pro-
duce point predictions (§,,) and initial interval bounds (L,,, U,,), which are aggregated via
mean averaging. In Stage 2 (red), the Self-Adaptive Quality-Driven (SA-QD) loss function
optimizes the coverage-sharpness trade-off using learnable parameters (A = exp(log \)
and ), which are jointly updated with the model weights through gradient descent. The
dashed red arrow on the right indicates the backpropagation path from the total loss
Liota1 back to the ensemble models. Upon convergence, the training phase produces a
Trained SA-QD Ensemble Model containing the optimized weights {0 }*_, and
learned parameters A\* and p*.

During the inference phase, the trained model receives unseen test data x;*j ., as
input and generates initial prediction intervals. These initial intervals are then refined in
Stage 3 (green) through Horizon-Specific Conformal Prediction (HSCP), which computes
non-conformity scores on a held-out calibration set D, independently for each forecast
horizon h and channel c. The conformal quantiles ¢, . are applied to adjust the intervals,
producing the final calibrated prediction intervals [L;fé, U, ;;acl] with distribution-free cov-
erage guarantees (PICP > 1 — «a). The horizontal dashed gray line separates the training
phase (Stages 1-2) from the inference phase (Stage 3 with test input).

The complete framework can be expressed as: F : RF — R¥ x R¥*2 mapping input
sequences to both point predictions and prediction intervals: F(z) = (1., [L5%,, UsaL]).
The subsequent sections will elaborate on each of these components, providing detailed
justifications for their design choices and their synergistic contributions to the overall

objective of generating highly reliable and well-calibrated prediction intervals for LTSF.
Key Properties:
Coverage Guarantee P(y., € [Li%,, U]) > (1 — o)
cal cal

Sharpness Optimization min E[U?), — L§%,] subject to coverage constraints.

Computational Efficiency Maintains reasonable computational requirements for prac-
tical deployment. While training an M-member ensemble is M times more expensive

than a single model, this process is highly parallelizable and often more computationally
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tractable than training fully Bayesian methods. Critically, the Horizon-Specific Confor-
mal Prediction step is a rapid post-processing calculation that adds negligible overhead,

offering a significant advantage over methods requiring retraining for calibration.

3.1.1 Deep Transformer Ensembles for Uncertainty-Aware Forecasting

The foundation of our proposed framework for robust uncertainty quantification in long
term time series forecasting (LTSF) is built upon a deep ensemble of Transformer models|[1]
(see Section 2.5). This architectural choice is motivated by the synergistic benefits offered
by both deep ensembles and Transformer networks in addressing the inherent complexities
and uncertainties of LTSF. While Transformer models excel at capturing long-range tem-
poral dependencies and achieving high point prediction accuracy, deep ensembles provide
a principled and empirically effective mechanism for quantifying both aleatoric and epis-
temic uncertainties [14]. Recent reviews of Transformer-based LTSF further emphasize

the need for such UQ enhancements in ensembles.

Rationale for Deep Ensembles

Deep ensembles, popularized by, involve training multiple neural networks (often with
identical architectures) independently from different random initializations. Each network
learns a slightly different mapping from input to output, leading to a diverse set of
predictions. This diversity is crucial for robust uncertainty quantification for several
reasons:

Principled Uncertainty Decomposition: Deep ensembles disentangle and quan-
tify the two primary sources of predictive uncertainty see Section 2.2.1. Aleatoric uncer-
tainty (inherent data noise) is captured by configuring each model to predict distribution
parameters (e.g., mean and variance) see Subsection 2.2.1. Epistemic uncertainty (model
limitations) is estimated from the disagreement across predictions see Subsection 2.2.1.
In regions with sparse data or for long-term forecasts requiring extrapolation, predictions
diverge, providing a direct measure of model uncertainty [57].

Enhanced Robustness and Generalization: Aggregating diverse models mit-

igates overfitting risks, leading to more stable point forecasts and reliable prediction
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intervals [153]. This is invaluable for noisy time series patterns.
Computational Feasibility: While more intensive than single models, ensembles
are parallelizable and more scalable than fully Bayesian Neural Networks (BNNs), which

involve intractable inference.

Transformer Architecture for Time Series Forecasting

The choice of Transformer architecture as the base model for each ensemble member is
driven by its proven superiority in sequence modeling, particularly for long-range de-
pendencies characteristic of LTSF[154, 155] see Section 2.3.2. Transformers overcome
limitations of RNNs (vanishing gradients) and CNNs (limited receptive fields) through
their self-attention mechanism [156, 53].

Uncertainty- Aware Modifications The self-attention mechanism is enhanced with
ensemble-based diversity during training, using fixed seeds from 1 to 5 per forecasting

horizon to promote varied uncertainty estimates across long-term predictions.

Attention(Q, K, V) ft (QKT> \%
ention(Q, K, = softmax
Vi

This mechanism allows each element in the output sequence to attend to all elements in
the input sequence, effectively capturing global dependencies. For LTSF, this means the
model can directly relate a future prediction to relevant past observations, even if they

are far apart in time, without the need for complex recurrent connections.

Adaptations for LTSF Our framework incorporates optimized Transformer variants
such as PatchTST [23], which divide the input sequence into patches. Specifically, the
input is reshaped as X aa = Reshape(x) € RM*P where N, = | L/P] is the number of
patches given patch length P and input length L. The patches are then projected to the

model dimension via a linear transformation:

H(O) = XpatchWe + be
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Each PatchTST model is configured to output both the lower and upper bounds of the

prediction interval, enabling end-to-end training for uncertainty-aware forecasting.

Ensemble Diversity Mechanisms Our ensemble design specifically addresses the
limitations identified in recent literature regarding for uncertainty quantification in time
series forecasting. We design the ensemble to work synergistically with our HSCP frame-

work.

Initialization Diversity Each member is initialized with different random seeds: W) ~

N(0, 02

2 itm) Where o, varies across members.

Architectural Diversity Different configurations including attention heads h,,, € {4, 8,16},

model dimensions dyoderm € {512, 760,1024}, and patch sizes P, € {16, 32}.

Training Diversity Bootstrap sampling maintaining temporal order: D,,, = {(Zs.t41, Yer1:0480)

t € Tn}, different dropout rates, and optimization configurations.

Base Model PatchTST

To effectively address the challenges of long-term time series forecasting (LTSF) with
reliable uncertainty quantification, a robust base model is essential. This research adopts
PatchTST (Patch Time Series Transformer) as the foundational architecture, se-
lected for its state-of-the-art performance in LTSF tasks and its ability to handle mul-
tivariate, long-sequence inputs efficiently. PatchTST extends traditional Transformer
models by incorporating patching mechanisms to reduce computational complexity while
preserving temporal dependencies, making it particularly suitable for generating point
estimates alongside prediction intervals (PIs).

In our framework, PatchTST is modified to output not only the mean forecast but also
lower and upper bounds directly, enabling end-to-end training with the Self-Adaptive
Quality-Driven Loss (SA-QD) and integration with deep ensembles for enhanced
epistemic uncertainty capture. The subsequent subsections detail the rationale, design,

and implementation of this base model within the proposed framework.
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Limitations of Prior Transformer Models in LTSF Traditional Transformer ar-
chitectures, while powerful for sequence modeling, face significant limitations in LTSF
scenarios. Standard encoders process sequences token-by-token, leading to quadratic
computational complexity (O(L?) for sequence length L), which becomes prohibitive for
long horizons (e.g., pred_len = 720). Moreover, vanilla Transformers often struggle with
multivariate time series due to channel mixing and lack explicit handling of local temporal
patterns like seasonality or trends.

Prior uncertainty-aware variants, such as those using Bayesian layers or Monte Carlo
dropout, add overhead without addressing efficiency, and typically output only means or
variances, requiring post-hoc PI construction that may lack sharpness [11].

These limitations are exacerbated in LTSF with Pls: Inefficient scaling to long inputs
hinders modeling distant dependencies critical for extended forecasts.

Poor channel independence can lead to correlated errors across variables, degrading
multivariate PI calibration.

Absence of direct bound outputs necessitates separate heads or approximations, com-
plicating optimization with QD losses.

Limited ensemble support increases variance in uncertainty estimates without built-in
mechanisms for aggregation.

These gaps motivate the selection and adaptation of PatchTST, which mitigates effi-

ciency issues while providing a flexible backbone for PI generation.

Design of the PatchTST Base Model PatchTST addresses the inefficiencies of
token-based Transformers by dividing the input sequence into non-overlapping patches,
similar to vision Transformers. This reduces the effective sequence length from L to
approximately L/P (where P is patch length), enabling linear complexity while capturing
both local and global patterns. In our design, PatchTST serves as the core encoder-
decoder for multivariate forecasting, with modifications to support direct PI outputs and
integration with SA-QD.
Key components:

Input Processing and Patching: The input z.,. (shape: [batch, seq len, enc_in])
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is normalized (z-score per channel) and permuted to [batch, enc_ in, seq len]. PatchEmbedding
creates patches of length patch_len=16 with stride=8 and padding=8, embedding them

into dy0qe1 dimensions. This yields enc out with reduced temporal dimension, preserving
channel-wise information.

Encoder: A stack of e_layers (e.g., 4) EncoderLayers, each with FullAttention
(n__heads, factor=3, dropout=0.1) for self-attention, followed by feed-forward networks
(dg=2048, activation="gelu’). Batch normalization is applied via a custom Transpose
norm_layer for stability. This captures multi-scale temporal dependencies without dis-
tillation (args.distil=False).

Output Head: A custom FlattenHead flattens the encoder output

len — patch_1
head nf = dyoder - (Seq_ en — patch_len N 2)

stride

and uses three linear layers (linear_mean, linear_lower, linear_upper) with dropout
to produce mean, lower, and upper bounds (each [batch, pred_len, ¢_out]). Bounds are
enforced via min/max to ensure lower < upper.

Forecasting Pipeline: In forecast/forward methods, inputs are processed, out-
puts denormalized, and returned as tensors for loss computation. This direct bound
output enables seamless integration with lhsa_qd_loss.

To enhance uncertainty quantification, we incorporate deep ensembles: Multiple PatchTST
instances (ensemble_size=1 by default, extensible via seeds in PatchTST_ETTh2.sh) are
trained independently with varying random seeds, aggregating means and bounds (e.g.,
mean across ensembles) to capture epistemic uncertainty [157]. Hyperparameters vary
per horizon (e.g., dmoder = 768/1024, n__heads = 16/4 for shorter/longer pred_len) to
adapt to increasing complexity.

This design automates PI generation while maintaining efficiency, with O((L/P)?)

attention complexity for long sequences.

Point Prediction Loss Anchoring the Forecast While the primary objective is to

construct high-quality prediction intervals, the credibility of these intervals is fundamen-
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tally anchored to the accuracy of a central point forecast[10]. An interval, no matter
how well-calibrated, loses its practical value if it is centered around a wildly inaccurate
prediction.

To enforce this foundational accuracy, we incorporate a point prediction loss term
based on the Mean Squared Error (MSE)[136, 22, 158]. The MSE is a cornerstone of
regression tasks for two principal reasons. First, its quadratic nature heavily penalizes
large deviations, compelling the model to correct significant errors more aggressively[159].
Second, it provides a smooth, differentiable loss surface, a critical property for effective
gradient-based optimization[132, 135].

For a specific forecast horizon h, the point prediction loss is calculated over a batch
of data as follows:

1 B

Z (yi,h - gensemble,i,h)2
i=1

Lo () =
In this formulation, B is the number of samples in the batch, y;; represents the
ground truth value for the i-th sample at horizon h, and Jensemble i, 1S the corresponding
point prediction generated by the ensemble (typically the mean of the individual models’
outputs)[21].
This loss component, therefore, serves a vital role it ensures that the central tendency

of our forecast is reliably accurate, establishing a solid foundation upon which meaningful

and trustworthy prediction intervals can be constructed.

Ensemble Aggregation and Prediction

For a given input, each of M models produces predictions. The ensemble point prediction

is the mean Point prediction.

M
N ble __ A

G = M Z Yivn
Uncertainty decomposition.

Ut20tal (33) = ngistemic (i[)) + Usleatoric (l’)
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where:
2 _ 1 <l
Uepistemic(‘r) - M—=1

(g(m) (.CL’) . Z?ensemble<x>>2

m=1
2 1 &,
aaleatoric<x> = M Z Om (fﬂ)
m=1

To capture aleatoric uncertainty, the model estimates a sample-dependent variance o2 (z),
which is then aggregated across the ensemble to provide a total predictive standard
deviation.

Initial intervals: [LI U] = gensemble 4 2 o0 oar (7).

Constructs a prediction interval centered at the point prediction §¢5™P¢[160]. The
term z;_q/2 is the standard z-score (quantile) corresponding to the desired confidence
level (1 — ), and ooa1 () is the total predictive standard deviation (the square root of

02 ..1(7)). This approach relies on approximating the combined ensemble output (which

is a mixture of distributions) as a single Gaussian distribution.

Non-Parametric Generation of Initial Prediction Intervals The primary goal
of the ensemble is to quantify uncertainty through the generation of prediction intervals
(PIs) avoid strong assumptions about the underlying error distribution. The frame-
work leverages the diversity of the ensemble members to construct these intervals in a
non-parametric and empirically-driven manner, avoiding strong assumptions about the

underlying error distribution[13].

Procedure:

1. For a given forecast horizon h, collect the predictions for the lower and upper bounds
from all M ensemble members. This results in two sets of M values one for the lower

bounds and one for the upper bounds.

2. The final, aggregated prediction interval is constructed by taking the empirical quantiles

of these collections[161]. For a desired nominal coverage of (1 — «):

o The lower bound L, is the a/2 quantile of the predicted lower bounds.
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e The upper bound Uy, is the (1 — «/2) quantile of the predicted upper bounds-

seligmann2023beyond.

Formally:

Ly, = Quantile ({Lm,t+h}%=17 a/2)
Ui+, = Quantile ({Um,t+h}%=17 1- O‘/z)

For instance, to construct a 95% prediction interval (o = 0.05), the 2.5th percentile
of the predicted lower bounds and the 97.5th percentile of the predicted upper bounds
would be used. Ensemble methods improve performance by leveraging the diversity of

predictions from different models.

3.1.2 Self-Adaptive Quality-Driven Loss (Lsa-qp) for Initial PI

While deep ensembles provide a robust foundation for uncertainty quantification by cap-
turing both aleatoric and epistemic uncertainties, the quality of the resulting prediction
intervals (PIs) can be further optimized through a carefully designed loss function. Tra-
ditional quality-driven (QD) loss functions, while enabling differentiability, often rely on
manually tuned hyperparameters to balance the conflicting objectives of coverage and
sharpness. This manual intervention is a significant limitation, particularly in long-term
time series forecasting (LTSF) where the optimal balance may vary dynamically across
different forecast horizons. To address this, we propose a novel Self Adaptive Quality-
Driven Loss (Lsa-qp) function, designed to make the critical balancing parameters learn-
able and adaptive to the forecast horizon. The incorporation of learnable regularization
terms, including a logarithmic-parameterized lambda for dynamic coverage-sharpness bal-
ancing, alongside a differentiable approximation for coverage and normalized interval

widths

Limitations of Prior Quality-Driven Loss Functions

As discussed in Chapter 2, conventional QD loss functions, such as those proposed by

pearce et al.[11] and their variants, typically formulate the optimization problem as a
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weighted sum of a coverage term and a sharpness term are explained in (see Subsection
2.4.3). The parameter A € [0,1] is a manually chosen weighting factor that dictates
the trade-off between these two objectives. A higher A prioritizes achieving the nominal
coverage, potentially at the cost of wider intervals, while a lower A emphasizes narrower
intervals, risking undercoverage. The critical limitation here is that A is a fixed hyper-
parameter, requiring extensive and often computationally expensive manual tuning (e.g.,
via grid search or random search) to find an optimal value for a given dataset and desired
confidence level [91, 92, 162].

This manual tuning process presents several challenges

Lack of Adaptability: The optimal X is not static; it can vary significantly across
different datasets, time series characteristics (e.g., volatility, seasonality), and, crucially,
across different forecast horizons[90]. A fixed A cannot dynamically adapt to these chang-
ing conditions, leading to sub-optimal PI quality (either undercovered or overly wide) in
many scenarios.

Sensitivity to Initial Conditions: The performance of QD loss functions can be
highly sensitive to the initial choice of A, making robust and generalizable deployment
difficult.

Sub-optimal Performance: Manual tuning often results in a sub-optimal balance
between coverage and sharpness, as it is challenging to find the true optimal point in
a complex, non-convex loss landscape. This can lead to Pls that are either unreliable
(poor coverage) or uninformative (poor sharpness), undermining their utility in decision-
making.

Computational Burden: Exhaustive search over the hyperparameter space is com-
putationally prohibitive, especially for deep learning models that require significant train-
ing time. These limitations are particularly pronounced in LTSF, where the uncertainty
inherently increases with the forecast horizon. A fixed A cannot account for this horizon-
dependent increase in uncertainty, leading to PIs that are often too narrow for distant
future predictions (resulting in under-coverage) and potentially wider than necessary for

near-term predictions (sacrificing sharpness). This highlights the urgent need for a mech-
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anism that allows the model to learn and adapt this balancing parameter dynamically.

Design Of The Self-Adaptive Quality-Driven Loss (Lsa-qp)

The formulation of the Quality-Driven loss function, presented in (see Subsection 2.4.3)
Equation, is designed to address a fundamental challenge in probabilistic forecasting the
inherent trade-off between the precision (width) and the reliability (coverage) of predic-
tion intervals, extended by recent works like enhanced QD for wind speed forecasting and
DualAQDI[163, 8]. Rather than relying on a manually tuned hyperparameter to balance
these objectives, this loss function introduces a self-regulating mechanism that allows
the model to learn the optimal balance during the training process itself. The SA-QD
loss addresses the limitations of fixed-weight QD losses by introducing a self-adaptive

weighting mechanism. The loss for each horizon h; is defined as:

LSA—QD - (1 + ,U/h(t)) : NMPIWwidth + /\h(t) : 7)coverage-

where:

The First Objective The Pursuit of Precision (NMPIW) The Mean Prediction
Interval Width (MPIW) serves as the primary metric for interval sharpness. It quantifies
the average tightness of the predicted intervals over a batch of data. By minimizing
this term, the model is encouraged to avoid producing overly wide and uninformative
intervals, thereby enhancing the practical utility of its forecasts. NMPIW = M
is the normalized mean prediction interval width, with MPIW = % SN (Uien — Lign)
representing the average PI width over N samples,(Lyp, Uiy, Subsection 3.1.1) and r =

max(y) — min(y) + € (with e = 107® for numerical stability) normalizing for data scale.

The Second Objective The Mandate for Reliability (Peoverage) The second ma-
jor component of the loss function is a sophisticated penalty term designed to enforce
statistical reliability. This term remains dormant as long as the model meets the desired
coverage probability but activates decisively when it fails. Peoverage = Wy - [max(0, (1 —

a) — PICP)]? 4+ w, - [max (0, PICP — (1 — «))]? is the asymmetric squared coverage penalty,
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with PICP approximated differentiably as PICP = + >N Ltanh(s - (§14n — Lisn)) +
tanh(s - (Uipn — Gian))] (using tanh for smooth indicator, s = 100 for sharpness), w, and
w, as weights for under- and over-coverage penalties, and « the target miscoverage rate.

In our framework implementation , these correspond to under penalty weight and
over_penalty weight. [PICP vs. (1 — «) (Performance vs. Target)] The core of the
penalty is a comparison between the model’s empirical performance, the Prediction
Interval Coverage Probability (PICP), and the user-defined target confidence level,
(1—«). For a 95% confidence level, the target (1 —«) would be 0.95, and the model must
ensure its PICP meets or exceeds this value. [max(0,...) (The Conditional Enforcement
Mechanism)] This hinge loss component acts as a conditional switch. If the model’s
coverage (PICP) is sufficient (i.e., PICP > 1 — «), the term inside the max function
becomes non-positive, resulting in a value of zero.

The entire penalty vanishes, and the model is free to focus solely on minimizing
interval width. However, if coverage is insufficient, the term becomes positive, activating
the penalty. [(...)? (The Quadratic Penalty)] The magnitude of the coverage shortfall is
squared. This ensures that minor deviations from the target coverage are penalized lightly,
while significant failures are penalized heavily. This behavior strongly incentivizes the
model to correct substantial lapses in reliability. [n/(a(1—«)) (The Normalization Scaler)]
This term serves to normalize the penalty’s magnitude, ensuring stable and consistent
training dynamics across different batch sizes (n) and target confidence levels («).

The Dynamic Balancing Weights p(f) and A(t) At the heart of this adaptive
behavior are two learnable, competing weights, p(t) and A(t). These parameters are not
static but evolve at each training step t. They dynamically arbitrate the focus of the
optimization process.

1(t) (The Precision Weight): This term represents the learned importance of min-
imizing the interval width. It drives the model to produce the sharpest, most informative
predictions possible.

A(t) (The Reliability Weight): This term represents the learned importance of

satisfying the statistical coverage requirement. It compels the model to ensure its pre-
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diction intervals are trustworthy. A(¢) is a learnable weighting parameter for coverage
emphasis, and u(t) is a learnable regularization parameter to control width expansion.
This design automates the trade-off, with A(¢) starting near 0.5 (o, init=0) and adapt-
ing via backpropagation. In implementation, n is set to the total elements in the batch
(batch_size * pred_len * c_out) for multivariate handling, and gradients are clipped
for stability. We will now dissect each component to elucidate its specific role within this
synergistic framework. Crucially, these weights are a direct trade-off. An increased focus
on precision (u(t)) necessarily implies a decreased focus on the reliability penalty (A(t)),
and vice versa. This allows the model to intelligently shift its priorities based on its
performance at any given moment.

For multivariate series, MPIW and PICP are computed per-channel and averaged. To
ensure differentiability, we approximate PICP using a soft tanh function (see Subsection
3.1.2). The penalty term is quadratic to strongly penalize under-coverage. This adap-
tive loss function creates an elegant, self-regulating learning environment. The model is
not just learning to forecast; it is simultaneously learning how to best balance the crit-
ical objectives of precision and reliability, thereby producing high-quality, trustworthy

prediction intervals without the need for manual hyperparameter tuning.

Differentiable Approximation of the Coverage Function

A central challenge in optimizing the Prediction Interval Coverage Probability (PICP)
directly is the non-differentiable nature of its core counting operation. The standard
indicator function, which returns a 1 if a true value falls within its interval and a 0 oth-
erwise, creates a discontinuous, step-like objective landscape (see Subsection 2.4.1). This
lack of a smooth gradient makes it incompatible with the gradient-based optimization
algorithms used to train neural networks[9].

To overcome this technical hurdle, a common strategy is to replace the rigid indi-
cator function with a smooth, differentiable approximation. While prior work [164] has
effectively used a product of sigmoid functions for this purpose, we adopt an alternative

formulation based on the sum of hyperbolic tangent (‘tanh‘) functions.
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Specifically, we approximate the indicator function, I( L s < G < Upyn), as follows:
. 1 . .
I(Livn < Grn < Upyn) = 5 max [0, tanh (s(Jr4n — Litn)) + tanh (s(Upyn — Gesn))]

In this formulation, each ‘tanh‘ term creates a soft, S-shaped transition instead of a hard
step. The term tanh(s(g;.p — Livpn)) smoothly approximates the condition §yyp > Lyyp,
while tanh(s(Usp, — §i4n)) approximates the condition g1, < Upyp. The hyperparameter
s controls the steepness of these transitions, determining how closely the smooth function
mimics the original step function (e.g., s = 100 for steep sigmoid-like behavior). This
allows gradients to flow through the coverage term, enabling optimization of bounds
directly. In code, this is integrated into the loss, with means over batch for PICP per
horizon/channel. This approximation maintains near-binary behavior for large s while
being fully differentiable.

The max(0, -) operation is included to ensure the output remains non-negative, rec-
tifying the sum since it is possible for it to become slightly negative when a true value
Uean lies far outside the interval. While mathematically related to sigmoid-based meth-
ods, this ‘tanh‘ formulation is structurally straightforward. By substituting this smooth
approximation (Equation 3.1.2) into the PICP calculation, we create a fully differentiable
objective that can be seamlessly incorporated into our gradient-based loss function for

end-to-end training.

Design of the Adaptive Weighting Mechanism

The most innovative aspect of Lga_qp is the introduction of A, as a learnable parameter.
Instead of manually setting a fixed weighting coefficient (such as A), Our framework
incorporates a logarithmic parameterization for stability. self.log_lambda_weight =
nn.Parameter (torch.tensor(np.log(100.0))). The corresponding function is defined
as \p(t) = exp(self.log_lambda_weight). This sub-network is trained end-to-end along
with the main Transformer ensemble. To ensure \;, remains positive and stable, its output
is exponentiated.

This approach offers several advantages, including dynamic adjustment of the trade-
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off between coverage and sharpness for different forecast horizons, as well as improved
adaptability to varying prediction tasks. The learnable parameter mpiw_reg (initial-
ized as nn.Parameter (0.01)) provides additional regularization on sharpness, preventing
unchecked width expansion.

Parameter Update Rule: The parameters {log_lambda_weight,mpiw_reg} are
updated via gradient descent using the Adam optimizer [107], alongside the model pa-

rameters:

model optim = optim.Adam(
list(self .model.parameters()) + [self.mpiw_reg, self.log_lambda_weight],
lr=self.args.learning rate

)

This configuration provides full automation, efficient convergence via momentum, and
stability by damping noisy gradients. we propose an adaptive weighting mechanism that
dynamically adjusts the learning signals for the coverage and sharpness components,

inspired by multi-task learning advancements[165, 166].

Challenges in Multi-Objective Optimization for Pls

Optimizing simultaneously for both coverage and sharpness introduces a fundamental
multi-objective trade-off increasing coverage often leads to wider prediction intervals
(PIs), while reducing interval width (i.e., sharpening) can compromise the achieved cov-
erage. Traditional quality-driven (QD) loss functions address this by introducing a fixed
weighting parameter A\, which limits adaptability across varying forecast horizons and
datasets.

Our proposed SA-QD formulation replaces this static weight with a learnable, horizon-
specific coefficient \,. However, a new challenge arises the gradients associated with
the coverage and sharpness components can differ significantly in both magnitude and
direction, potentially destabilizing training dynamics.

To mitigate this, we incorporate an adaptive mechanism that balances the gradient

contributions of these competing objectives. This mechanism enables more stable and
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Algorithm 1 Train Ensemble with Differentiable PI Regularization and SA-QD

Require: Time series dataset D = {Dirain, Dval, Deal }, horizons H, ensemble size M, learning rate 1,
epochs E, confidence level (1 — «), gradient clip max_norm, sigmoid constant k.
Ensure: Trained ensemble, learned weights Ay, pp, per horizon, and calibrated prediction intervals.
1: for each horizon h € H do
2: Initialize M diverse PatchTST models (random seeds 1..M).
3: Initialize learnable parameters:
log_lambda_weight_h < nn.Parameter(:) > Initial Ay > 1 (penalize undercoverage)
pp, < nn.Parameter(0.01) > Initial sharpness weight
Initialize Adam optimizer with LR n for all parameters.
for e=1to F do
for batch (z,y) in Diyain do
{lower,,,, upper,,,, Jm }M_, + model,, (z)
Aggregate forecasts:
lower;yit =mean(lower,,), upper,,;; =mean(upper,,), Yons =mean(f,)
9: Compute indicator:
ind =tanh (s(y — loweriyit)) + tanh (s(upper;,; — )

10: PICP=mean(ind); MPIW =mean(upper;,;; — lower;y;t)

11: An=exp(log_lambda_weight_h)

12: ‘Cpoint = MSE(yen57 y)

13: Lpr= (14 pp)NMPIW + )\h-(wu-[max(o, (1—a) —PICP))? 4+ w,-[max (0, PICP — (1 — a))]2)
14: »Ctotal = ﬁpoint + Pl_Welght -Lpr

15: Backpropagate Liotal, clip gradients (max_norm), optimizer step.

16: end for

17: Validate on D,,); apply early stopping if needed.

18: end for

19: end for

harmonious convergence during training, allowing the model to effectively learn an opti-
mal trade-off between interval reliability and precision. To consolidate the various com-
ponents of our proposed framework the deep Transformer ensembles, the Self-Adaptive
Quality-Driven (Lsa qp) loss, and the adaptive weighting mechanism we define a com-
prehensive objective function that guides the end-to-end training process. Gradient clip-
ping (e.g., clip_grad_norm_(self.model.parameters(), max_norm=1.0)) is applied

for stability, and the hybrid loss combines point-wise MSE with pi_weight x loss_pi.

3.1.3 Final Prediction and Conformal Calibration

While the Self-Adaptive Quality-Driven Loss (SA-QD) provides well-calibrated initial pre-
diction intervals (PIs) through end-to-end optimization, empirical calibration on held-out
data can further refine them to guarantee finite-sample coverage without distributional
assumptions. To achieve this, we incorporate Horizon-Specific Conformal Predic-
tion (HSCP) as a post-processing step, adapting standard conformal prediction to the

multivariate, long-horizon nature of time series forecasting. HSCP ensures that the final
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PIs achieve the desired (1 — «) coverage probability per horizon and channel, addressing
potential residual miscalibration from the training process [130]. This two-stage ap-
proach initial Pls via SA-QD and refinement via HSCP combines parametric efficiency
with non-parametric guarantees, leveraging learnable loss parameters for sharpness while

using calibration scores for horizon/channel-specific adaptation.

Need for Post-Processing Calibration Despite the advancements in QD losses,
deep learning models can still exhibit overconfidence or undercoverage in Pls, especially
in long-term forecasts where uncertainty accumulates over horizons. Traditional confor-
mal prediction provides distribution-free coverage guarantees but often results in wider
intervals when applied naively (e.g., across all horizons/channels). In LTSF, uncertainty
varies significantly by forecast horizon h (e.g., near-term predictions are more certain than
distant ones) and channel ¢ (e.g., different variables in multivariate series like ETTh2 have
varying volatility). A uniform conformal adjustment fails to capture this, leading to sub-
optimal sharpness. HSCP addresses this by computing separate conformity scores and
quantiles per (h, ¢), ensuring adaptive, tight PIs with exact coverage .

This step is crucial for real-world deployment, where reliable coverage is non-negotiable
(e.g., in energy forecasting like ETTh2, undercoverage could lead to operational risks).
By applying HSCP post-training, we retain the model’s learned representations while

adding a lightweight, assumption-free calibration layer.

Design of Horizon-Specific Conformal Prediction (HSCP) HSCP builds on
split-conformal prediction, using a held-out calibration set (e.g., subset of validation
data) to compute non-conformity scores that measure how well the initial PIs capture
true values. For each sample 7 in the calibration set, horizon A, and channel ¢, the score
is:

Sih,c = Max (loweri,h,c — Yiher Yihe — Uppefi,h,c)

This symmetric score quantifies the “error” in the initial bounds, assuming the mean is

centered (as in our PatchTST outputs). Per (h,c), we collect scores {s1 s, .-, SN hc}
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and compute the (1 — «a)-quantile:

Qh,c = quantﬂe ({Scal,h,C}v 1- a>

For test predictions, the final calibrated Pls are:

adjusted lower, . , ., = Me€aNest hc — he

adjusted__upper . , . = Meaes he + Gh,e

This widens or narrows the initial intervals as needed, guaranteeing that PICP > 1 — «
on average for new data from the same distribution.

In code (from exp_long term_forecasting.py’s calibrate method), scores are
computed on a calibration loader, reshaped to [N_cal, pred_len, c_out], and quan-
tiles via torch.quantile(dim=0, g=1 - alpha). Application occursin _process_one_batch
with apply_conformal=True, adjusting bounds per horizon/channel.

This design is horizon-specific (adapting to increasing uncertainty over pred_len) and
channel-specific (handling multivariate heterogeneity), outperforming global conformal

methods in sharpness while maintaining coverage.

Integration with Final Prediction In the inference pipeline (test and predict
methods), the model first generates initial (mean, lower, upper) via forward pass.
If apply_conformal=True (default in test), HSCP is applied using pre-computed gy, .
from calibration. Inverse scaling (if data.scale and args.inverse) is performed post-
adjustment to return de-normalized predictions. The final outputs are concatenated
across batches, with metrics (PICP, MPIW, Interval Score, CRPS) evaluated on ad-
justed Pls.

For ensemble aggregation (via shell script seeds), means and bounds are averaged
across members before HSCP, enhancing robustness. This ensures the framework’s final
predictions are both sharp (from SA-QD) and reliably calibrated (from HSCP), as logged

in result_long term_forecast.txt.
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Theoretical Guarantees and Practical Considerations HSCP provides marginal

coverage guarantees:

P (Ysest.nc € [adjusted_lower, adjusted_upper]) > 1 — a,

under exchangeability of calibration/test residuals [140, 149]. In practice, we use a 20-80
split for calibration /validation to balance data usage. Challenges like non-i.i.d. time series
are mitigated by horizon-specificity, though future extensions could incorporate time-
dependent scores. Empirical validation (via avg_picp ~ 1 — «, minimized avg_mpiw)

confirms effectiveness on datasets like ETTh2.
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Algorithm 2 Self-Adaptive Training for Calibrated Prediction Intervals in LTSF

1: Input: Training dataset Dyain = {(x4,9:)}, validation dataset D,q, test dataset Diegy;
model hyperparameters (e.g., seq_len=96, pred_len € {96,192,336,720}, e_layers=4,
d_model € {768,1024}, n_heads € {4,16}, d_ff=2048); loss parameters (o = 0.05,
s = 100.0, under_penalty_weight=1.5, over_penalty_weight=0.2, pi_weight for hy-
brid loss); learning rate 1r; number of epochs E; batch size B; ensemble size M=1 (for single
run, extendable via seeds).

2: Output: Trained model 6; calibrated prediction intervals (mean, lower, upper) on Dieg;.

3: Initialization:

4: Initialize Transformer model 6 (e.g., PatchTST with FlattenHead for mean, lower, upper
outputs).

5: Initialize learnable parameters: mpiw_reg < nn.Parameter(0.01); log_lambda_weight
< nn.Parameter(np.1log(100.0)).

6: Set optimizer: model_optim — Adam([0.parameters (), mpiw_reg,
log_lambda_weight], lr=1r).

7: Set point-wise criterion: MSELoss ().

8: Load data loaders: train_loader, val_loader, test_loader —
data_provider(D_train, D_val, D_test, scale=True if args.inverse else
False).

9: Training Loop (for each ensemble member m =1 to M):
10: for epoch =1 to E do

11: for each batch (batch_x, batch_y, batch_x_mark, batch_y_mark) in train_loader
do

12: Forward pass: mean, lower, upper < G(batch_x, batch_x_mark, batch_y, batch_y_mark)
# [batch, pred_len, c¢_out]

13: Compute point loss: loss_point < MSE(mean, batch_y).

14: Compute adaptive \: lambda_weight < exp(log_lambda_weight).

15: Compute PI loss: loss_pi < 1lhsa_qd_loss(lower, upper, batch_y,
«, batch_size, s, under_penalty_weight, over_penalty_weight, mpiw_reg,
lambda_weight). # Mean over horizons/channels

16: Hybrid loss: loss < loss_point + pi_weight * loss_pi.

17: Backward: loss.backward().

18: Clip gradients: clip_grad_norm_(f.parameters(), max_norm=1.0). # For
stability

19: Update: model_optim.step(); model_optim.zero_grad().

20: end for

21: Validate on val_loader: compute metrics (MSE, MAE, PICP, MPIW, Interval Score,
CRPS); adjust 1r if needed (e.g., adjust_learning_rate).

22: Early stopping if no improvement.

23: end for

24: Calibration (Post-Training Refinement):

25: On calibration set (subset of D,q): compute non-conformity scores s; 5, . = max(lower; j, . —
Yih,es Yihe — upperi’h’c) for each sample i, horizon h, channel c.

26: Compute horizon/channel-specific quantiles: g3, . +— quantile(scqipc, 1 — @).

27: Apply to test predictions: adjusted lower) . < meanp. — qnc; adjusted_upper; . <
meanp ¢ + gpc-

28: Evaluation:

29: On Dyesr: compute final metrics (MSE, MAE, DTW if enabled, PICP, MPIW, Interval
Score, CRPS).

30: Save results: np.save(pred.npy, true.npy, lower.npy, upper.npy); visualize select
samples (e.g., visual(gt, pd)).
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End Algorithm.

This algorithm ensures self-adaptation through learnable mpiw_reg and lambda_weight,
integrated with the Transformer forward pass and HSCP for horizon-specific refinement.
In practice, the shell script (e.g., PatchTST_ETTh2.sh) automates ensemble runs with

varying seeds and horizons, while run. py handles argument parsing and execution.

3.2 Experimental Setup

To rigorously evaluate the proposed framework and validate its contributions, a com-
prehensive and transparent experimental setup is designed. This setup ensures that the
performance of the proposed method is fairly and robustly compared against a range
of state-of-the-art and traditional techniques across multiple benchmark datasets. The
evaluation focuses on three key areas directly tied to the research questions: the quality
and calibration of prediction intervals, the accuracy of point forecasts, and the reduction

in manual tuning effort.

3.2.1 Datasets and Preprocessing

To rigorously evaluate the proposed framework’s performance in long-term time series
forecasting (LTSF), we select benchmark datasets that are widely used in the litera-
ture for their challenging characteristics, such as multivariate dependencies, seasonal-
ity, and varying uncertainty over extended horizons. The primary dataset employed is
the Electricity Transformer Temperature (ETT) dataset, specifically the ETTh2
variant, which serves as a standard benchmark for assessing LTSF models like Trans-
formers [21, 108]. This choice aligns with the research objectives by providing real-world
multivariate time series data where accurate prediction intervals (PIs) are critical for
applications such as energy management and infrastructure monitoring.

Additional datasets (e.g., ETThl, ETTm1, ETTm2, Weather, Electricity, Exchange)
are referenced for ablation studies and comparisons, drawing from established LTSF
evaluations [22]. Below, we detail the datasets and the preprocessing pipeline, ensuring

reproducibility and alignment with the code implementation.
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3.2.2 Dataset Description

Primary Dataset: ETTh2

The ETTh2 dataset is part of the ETT collection, introduced to support investiga-
tions into long-sequence time series forecasting. It records hourly measurements from
an electricity transformer in a province of China, spanning from July 2016 to July 2018
(approximately 17,520 data points). The dataset is multivariate, comprising 7 channels:
oil temperature (OT), the target in univariate settings, and six load-related features (high
useful load, high useless load, medium useful load, medium useless load, low useful load,
low useless load).

These features exhibit complex temporal patterns, including both daily and weekly
seasonality, long-term trends, and correlations across channels. This complexity makes
ETTh2 particularly suitable for testing the calibration and sharpness of prediction inter-
vals over long horizons, as uncertainty grows with prediction distance due to compounding
epistemic and aleatoric components.

Key characteristics:

Temporal Resolution: Hourly frequency (denoted as ’h’), with temporal feature
encoding options (e.g., hour of day, day of week) to capture cyclical patterns.

Dimensions: 7 variables (features M = 7) for multivariate forecasting scenarios.

Sequence Lengths: Input sequence length (seq_len=96), label length for decoder
initialization (1abel_len=48), and multiple prediction lengths (pred_len € {96, 192, 336,720}
hours), corresponding to forecast horizons of 4 days, 8 days, 14 days, and 30 days.

Forecasting Challenges: Increasing uncertainty with horizon length due to error
accumulation, complex multivariate interactions requiring joint modeling, and real-world
measurement noise that tests the framework’s robustness in producing adaptive, sharp
prediction intervals.

Rationale for Dataset Selection: ETTh2 is chosen as the primary benchmark over
alternatives (e.g., Weather for meteorological data, Electricity for consumption patterns)
due to its focus on transformer-specific operational metrics and its widespread adoption

in Transformer-based LTSF evaluations. The dataset’s characteristics extended temporal
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dependencies, multivariate structure, and energy domain context align precisely with the
research objectives of developing and validating uncertainty quantification methods for
deep learning forecasting models in critical infrastructure applications.
Secondary Dataset: Exchange Rate

To evaluate generalizability across domains, the Exchange Rate dataset is employed
as a secondary benchmark. This dataset comprises daily exchange rates for 8 major
currencies relative to the US dollar, spanning from 1990 to 2016 (approximately 7,588
data points per channel). The multivariate structure (8 channels) captures financial time
series characteristics including high volatility, regime shifts, and long-term trends. This
provides a contrasting evaluation context to ETTh2, testing the framework’s adaptability

to financial markets where uncertainty quantification is critical for risk management.

3.2.3 Data Splitting Strategy

Following standard practices in LTSF [21, 22, 108], we employ chronological splitting
to preserve temporal dependencies and prevent data leakage. The split is designed to
simulate realistic forecasting scenarios where models are trained on historical data and
evaluated on genuinely future observations:

Training Set: (=~ 70%): Comprises the earliest approximately 12 months of data
(~12,264 points for ETTh2). This set is used for model optimization with the Self-
Adaptive Quality-Driven (SA-QD) loss, enabling the network to learn both point predic-
tion patterns and uncertainty characteristics.

Validation Set:(~ 20%): Contains the subsequent approximately 4 months (~3,504
points), serving dual purposes: (1) hyperparameter tuning (e.g., early stopping criteria,
learning rate adjustment) during model training, and (2) calibration set for Horizon-
Specific Conformal Prediction (HSCP). A designated subset is held out specifically for
computing non-conformity scores to ensure coverage guarantees.

Test Set:(~ 10%): Represents the final approximately 2 months (~1,752 points for
ETTh2), reserved exclusively for final evaluation of all metrics including Mean Squared

Error (MSE), Mean Absolute Error (MAE), Prediction Interval Coverage Probability
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(PICP), Mean Prediction Interval Width (MPIW), Interval Score, and Continuous Ranked
Probability Score (CRPS). This set remains completely isolated from training and valida-
tion to provide unbiased performance assessment. The splitting procedure is implemented
through the data_provider function in the codebase, which handles non-overlapping win-

dow generation, proper batching, and consistent indexing across all experimental runs.

3.2.4 Preprocessing Pipeline

Preprocessing is designed to normalize inputs, encode temporal features, and prepare data
for Transformer architectures like PatchTST, while supporting inverse transformations
for evaluation. The steps are implemented in data_factory.py and integrated into the
training pipeline.

Loading and Parsing:

Data is loaded from CSV files (e.g., ./dataset/ETT-small/ETTh2.csv) using pandas,
with timestamp parsing for time-based features. Multivariate channels are treated as
features (enc_in=7, dec_in=7, c_out=7).

Normalization/Scaling: Z-score normalization is applied per channel to stabilize

training and handle varying scales:

Tenc — MeEANS

means — xenc'mean(L keepdjm:True), stdev = \/V&I([Eenc) + le — 5, Lene = td 1 3
staev e —

where means and stdev are computed from the training set only (to prevent information
leakage), and € = 1e — 8 ensures numerical stability when variance is near zero. This stan-
dardization facilitates gradient-based optimization and ensures that features contribute
proportionally to the loss function. This normalization is reversed post-prediction if
args.inverse=True, using the dataset’s inverse_transform method to recover original
scales for metrics and visualizations.

Temporal Feature Encoding: To capture cyclical temporal patterns, timestamps
are encoded using the args.embed=’timeF’ embedding scheme. This generates learned
embeddings for temporal attributes including hour of day (0-23), day of week (0-6), day

of month (1-31), and day of year (1-366). These embeddings are concatenated with
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the input features, providing the model with explicit temporal context to capture daily,
weekly, and seasonal patterns that are critical for LTSF accuracy and uncertainty esti-
mation, to capture seasonality in code base. These are concatenated as batch_x_mark
and batch_y_mark.

Sequences Windowing: Time series data are segmented into overlapping windows to
create training samples. Each sample consists of input sequence seq_len=96 time
steps of historical data label sequence label len=48 steps for decoder initialization in
encoder-decoder architectures prediction sequence pred_len steps (96/192/336/720)
as the forecasting target.

This sliding window approach ensures that the model trains on diverse temporal
contexts while maintaining the sequential structure essential for time series modeling. No
data augmentation techniques (e.g., jittering, scaling) are applied by default, preserving
the original data distribution for faithful uncertainty estimation.

Batching and Shuffling:

Data loaders shuffle training batches (batch_size from args), with no shuffling for
validation/test to maintain order. Multivariate forecasting (features=’M’) predicts all
channels jointly. These steps ensure the data is suitable for end-to-end training with SA-
QD and HSCP, minimizing artifacts like scale mismatches that could affect PI calibration.
All preprocessing is reversible, allowing direct comparison with ground truth in original

units.

3.2.5 Evaluation Metrics

To validate the effectiveness and innovations of the proposed Self-Adaptive Quality-
Driven Loss (SA-QD), we conduct a series of ablation studies comparing it against
established baseline QD losses. These ablations focus on assessing improvements in pre-
diction interval (PI) calibration (e.g., PICP closer to 1 — «) and sharpness (e.g., reduced
MPIW) while maintaining point forecast accuracy (MSE, MAE). The comparisons are
grounded in the code implementation, where alternative losses (qd_loss, dual_aqd_loss,

sum_k_loss) are looped over via the shell script (PatchTST_ETTh2.sh) for direct head-to-
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head evaluation on the ETTh2 dataset. This setup ensures fair comparisons under iden-
tical model architectures (PatchTST), hyperparameters, and training conditions (e.g.,
seeds, horizons). Results are evaluated using key metrics: PICP, MPIW, Interval Score,
and CRPS, with qualitative insights from visualizations see Section 4.1. Citations to

relevant literature provide context for each baseline see Section 2.4.

3.2.6 Implementation

All deep learning models will be implemented using the PyTorch framework. To ensure a
fair and rigorous comparison, the key architectural hyperparameters (e.g., number of lay-
ers, hidden unit dimensions) for all baseline models and the proposed framework will be
optimized using a systematic Bayesian Optimization strategy. The optimization objective
for this tuning process will be the Interval Score on the validation set. This princi-
pled approach ensures that all models are compared at their best possible performance,
removing manual, ad-hoc tuning as a confounding factor.

In our implementation, we extended the PatchTST model by incorporating additional
output heads to generate prediction intervals directly alongside point forecasts. This
modification allows the model to predict lower and upper bounds for each time step,
which are then refined during training using the proposed Self-Adaptive Quality-Driven
(SA-QD) loss function. The integration ensures that the model learns to balance coverage
and sharpness adaptively, without relying on post-hoc adjustments for initial interval
estimation. All experiments were conducted using PyTorch, with the modified PatchTST

serving as the base architecture within our deep ensemble framework.

Implementation Details

The proposed framework is implemented in PyTorch, leveraging the PatchTST architec-
ture as the base Transformer model for long-term time series forecasting. Key imple-
mentation aspects are detailed below to ensure reproducibility and alignment with the
theoretical design.

Model Architecture: The PatchTST model (from PatchTST.py) processes input se-

quences with patch_len=16, stride=8, and padding=stride. It uses PatchEmbedding
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for input transformation, followed by an Encoder with e_layers EncoderLayers (Ful-
lAttention with n_heads, d_model, d_ff, dropout=0.1). The FlattenHead outputs mean,
lower, and upper bounds directly, with min/max enforcement for valid intervals. Normal-
ization (z-score) is applied during forecasting, with inverse scaling if args.inverse=True.

Data Handling and Preprocessing: Datasets (e.g., ETTh2.csv) are loaded via
data_provider with multivariate features (M), seq_len=96, label_len=48, pred_len
varying per run. Scaling is optional (test_data.scale), and data loaders handle batch-
ing with time encodings (x_mark_enc/dec).

Loss and Optimization: The 1hsa_qd_loss (from exp_long_term_forecasting.py)
is the core, with hybrid training: MSE for point estimates 4+ pi_weight * lhsa_qd_loss
for PIs. Learnable params (mpiw_reg, log_lambda_weight) are optimized jointly. Adam
optimizer with 1r from args.learning rate; gradient clipping (max_norm=1.0) for sta-
bility. EarlyStopping monitors validation loss.

Training Configuration: Runs via run.py with args like -model PatchTST, -loss_type
lhsa_qd, -lambda_weight (initial, but learnable overrides). Shell script (PatchTST_ETTh2.sh)
sweeps horizons (96,192,336,720), adjusting d_model/n_heads per horizon, with ensemble_size=1
(extendable via seeds). Ablations include other losses (qd, dual_aqd, sum_k).

Evaluation and Visualization: Test method computes metrics (MAE, MSE, DTW
if use_dtw, PICP, MPIW, Interval Score, CRPS) on concatenated predictions. Visu-
alizations (visual function) plot select samples every 20 iterations. Results saved in
./results/setting/ (npy files, txt log).

Hardware and Runtime: Trained on CUDA (export CUDA_VISIBLE_DEVICES=0)
or CPU/MPS fallback. For ETTh2, training per horizon takes ~hours on a single GPU,
scalable with batch size.

This implementation minimizes manual tuning by making key loss parameters learn-

able, with modular code for extensions (e.g., vectorizing learnables per-horizon).

Training with Self-Adaptive Quality-Driven Loss (SA-QD) To provide a clear
and reproducible overview of the training process incorporating the SA-QD loss, we present

Algorithm 1 & 2 and Figure 3.3 provides a flow chart of training Process. This pseudocode
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outlines the end-to-end training of the Transformer-based model (e.g., PatchTST) with
deep ensembles, the hybrid loss combining point-wise MSE and the adaptive PI loss,
and post-processing via Horizon-Specific Conformal Prediction (HSCP). The algorithm
emphasizes the learnable parameters for self-adaptation, gradient-based optimization,
and stability measures.

Figure 3.3 depicts the end-to-end training process of the proposed SA-QD framework.
The flowchart emphasizes the specific adjustments that occur at each training epoch
through the gradient-based update mechanism. After the forward pass produces ensem-
ble forecasts and initial prediction intervals, the framework computes the differentiable PI
metrics (PICP via tanh approximation and NMPIW via normalized width). The adaptive
weights )\Ef) and ygf) are then computed from the current values of the learnable param-
eters at epoch e. The total loss £§§1al is calculated as the sum of the point prediction
loss and the weighted SA-QD loss. During backpropagation, three distinct parameter
groups are simultaneously updated via gradient descent: (1) the model weights 6,, of
each ensemble member, (2) the log-parameterized coverage-sharpness balance coefficient
log  Ap, and (3) the width regularization parameter py. The annotation box on the right
illustrates the adaptive behavior: when the empirical PICP falls below the target (1 —«),
the gradient signal increases \p, causing the loss to penalize under-coverage more heavily
and thereby widening the prediction intervals. Conversely, when PICP exceeds the tar-
get, A\, decreases, shifting optimization priority toward sharpness and producing narrower
intervals. This self-regulating mechanism eliminates the need for manual hyperparameter
tuning at each epoch. Gradient clipping (||V|] < max_norm) ensures numerical stability
throughout the process. The loop continues with the updated parameters )\gfﬂ), ugfﬂ),
and 6’7(5“) until validation convergence is achieved, after which the trained model proceeds

to the Horizon-Specific Conformal Prediction (HSCP) calibration step.

Stability Enhancement

Training with the multi-objective SA-QD loss introduces potential instability due to con-

flicting gradients from coverage (encouraging wider PIs) and sharpness (encouraging nar-
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rower PIs), especially in long horizons where uncertainty varies. To enhance stability, we
incorporate several mechanisms:

Logarithmic Parameterization for Learnables: Parameters like 1ambda_weight
are parameterized as exp(log_lambda_weight), ensuring positivity and bounding explo-
sive growth. Initialization (e.g., np.1og(100.0) for lambda, 0.01 for mpiw_reg) provides
a stable starting point, with gradients flowing smoothly through the exp operation.

Gradient Clipping: Applied post-backward

torch.nn.utils.clip_ grad_norm__ (self.model.parameters(), max_norm=1.0). This pre-
vents exploding gradients, common in Transformers with long sequences or adaptive
losses, ensuring consistent updates.

Asymmetric Penalties and Normalization:

Under_penalty_weight (1.5) > over_penalty_weight (0.2) biases toward con-
servative Pls, reducing oscillation between under- and over-coverage. NMPIW normaliza-
tion (via data range r + le—8) stabilizes sharpness penalties across scales/channels.

Hybrid Loss Weighting: The pi_weight hyperparameter (from args) balances
point-wise MSE and PI loss, preventing dominance of one objective. Early stopping
and learning rate adjustment (adjust_learning rate) further mitigate overfitting or
divergence.

Numerical Safeguards: Epsilons (1e—8) in divisions (e.g., r, mpiw_capt in base-
lines) avoid NaNs. Min/max enforcement in FlattenHead ensures lower < upper.

These enhancements ensure robust convergence, as validated in ablations (e.g., com-
paring to fixed-lambda QD losses). For horizon-specific stability, future work could vec-

torize learnables (e.g., mpiw_reg as a [pred_len, c_out| tensor).
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Chapter 4

RESULT AND DISCUSSION OF RESULT

4.1 Result

The proposed framework is evaluated through comprehensive computational experiments
on benchmark datasets for long-term time series forecasting (LTSF). All experiments
utilize publicly available datasets with no new data collection, focusing instead on rigorous
evaluation of the Self-Adaptive Quality-Driven (SA-QD) loss combined with Horizon-
Specific Conformal Prediction (HSCP) calibration. The experimental protocol follows
the methodology detailed in Section 3.2, ensuring reproducibility and fair comparison
with baseline methods.

Datasets Employed

Experiments are conducted on two primary datasets representing distinct application
domains.

ETTh2 (Electricity Transformer Temperature): Serves as the main benchmark
for energy infrastructure monitoring scenarios. As detailed in Section 3.2.2, this dataset
provides hourly multivariate measurements with 7 channels over a 2-year period, enabling
evaluation across multiple forecast horizons (4-30 days). The dataset’s characteristics
complex seasonality, multivariate dependencies, and real-world noise make it ideal for
testing uncertainty quantification under challenging conditions.

Exchange Rate: Provides a contrasting evaluation context from financial markets.
This dataset contains daily exchange rates for 8 currencies over 26 years (1990-2016),
capturing volatility, regime shifts, and long-term trends characteristic of financial time
series. Evaluation on this dataset tests the framework’s generalizability beyond energy
applications to domains where uncertainty quantification is critical for risk management.

Complete dataset specifications, preprocessing procedures, and splitting strategies are



documented in Section 3.2.1- 3.2.4. Table 4 summarizes the key characteristics of each

dataset.
Table 4.1: Dataset Specifications
Dataset | Dim Pred Len Dataset Size Time Res | Domain
ETTh2 7 [96,192,336,720] | (8545, 2881, 2881) 1h Electricity
Exchange 8 [96,192,336,720] | (5120, 665, 1422) 1 day Finance

Evaluation Protocol

Following the data splitting protocol described in Section 3.2.3, evaluation is per-
formed exclusively on the held-out test set (approximately 10% of data, chronologically
following the training and validation periods). For ETTh2, this corresponds to roughly
1,752 data points; for Exchange Rate, approximately 759 points. This temporal split
ensures that: No information leakage occurs from future to past, evaluation mirrors real-
world deployment where models forecast genuinely unseen future data and results are
comparable to published benchmarks using identical split protocols.

All models are trained using the SA-QD loss on the training set, with validation
set performance guiding early stopping and hyperparameter selection. The conformal
calibration step (HSCP) utilizes a designated subset of the validation set to compute non-
conformity scores, ensuring distribution-free coverage guarantees on the test set without
compromising the evaluation’s integrity.

Forecast Horizons and Experimental Scope Experiments evaluate performance across
multiple prediction horizons to assess how prediction interval quality evolves with in-
creasing forecast distance. Short-term (96 hours / 4 days) Tests immediate forecasting
capability where uncertainty is relatively constrained. Medium-term (192 hours / 8 days)
Evaluates performance as epistemic uncertainty begins to dominate. Long-term (336-720
hours / 14-30 days) Assesses framework robustness under high uncertainty where both
aleatoric and epistemic components compound significantly.

This multi-horizon evaluation is critical because PI quality requirements differ across
forecast distances shorter horizons demand sharp intervals to be actionable, while longer

horizons require reliable coverage despite increased uncertainty. The framework’s ability
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to adapt interval width appropriately across horizons without manual hyperparameter
tuning per horizon demonstrates the value of the self-adaptive mechanism. Baseline
Comparisons Performance is compared against established baseline methods represent-
ing different PI construction paradigms (as categorized in Section 2.4). Quality-Driven
(QD) loss differentiable loss requiring manual hyperparameter tuning. DualAQD a dual-
network approach with semi-adaptive A adjustment. Sum-k Loss depends on manual
selection of K and A, limiting its adaptability across different datasets and forecasting con-
texts. All baselines are implemented with identical architecture backbones (PatchTST)
and training configurations to ensure fair comparison, isolating the impact of the uncer-
tainty quantification method.

Evaluation Metrics

Model performance is assessed using a comprehensive suite of metrics capturing both
point forecast accuracy and prediction interval quality, as detailed in Section 3.2.5:
Point Forecast Metrics:

Mean Squared Error (MSE) and Mean Absolute Error (MAE).

Prediction Interval Metrics:

PICP (coverage reliability, must meet > 95% target). MPIW (sharpness, narrower
intervals preferred). Interval Score (combined quality metric penalizing both miscoverage
and excessive width), CRPS (continuous ranked probability score for probabilistic forecast
quality).

Statistical significance of performance differences is assessed using paired t-tests across
multiple runs and forecast instances, with p < 0.05 considered significant. Results are
reported with 95% confidence intervals where appropriate. With this experimental setup
established, we now present the quantitative results demonstrating the framework’s per-

formance across datasets, horizons, and evaluation metrics.

4.1.1 Aggregate Results Across Horizons on Exchange Rate

Key results demonstrate SA-QD’s superiority in point forecast accuracy (MSE, MAE)

and probabilistic metrics (PICP for coverage, MPIW for sharpness, Interval Score, and
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CRPS for combined quality). Evaluations are averaged over 5 seeds for robustness, with
horizons of 96, 192, 336, and 720 steps. On the Exchange Rate dataset, SA-QD achieves
an aggregate MSE of 0.352 (£0.302) and MAE of 0.386 (40.190), with PICP of 0.961
(£0.009) close to the nominal 95% and MPIW of 10.360 (£3.985), outperforming base-
lines in Interval Score (10.476 +4.024) and CRPS (0.983 +0.405). SA-QD outperforms
Dual-AQD by an average of 27% in Interval Score and 23% in CRPS, with improvements
increasing to 32% and 26% at the longest horizon (720 steps). Dual-AQD has similar
PICP (0.932 £0.010) but inflated MPIW (12.456 £7.701), while QD and Sum-K suffer
low PICP (0.244 +0.058 and 0.237 £+0.068), rendering their low MPIW uninformative.
While SA-QD does not always outperform QD/Sum-K at short horizons due to their
under-coverage, it excels at longer horizons where uncertainty accumulates.

Table 4.2: Average Performance Across Horizons on Exchange Rate (Averaged over 5
Seeds)

Loss Function MSE MAE PICP MPIW Int. Score CRPS
SA-QD 0.352(302) 0.386(190) 0.961(9) 10.360(3985) 10.476(4024) 0.983(405)
QD 0.372(313) 0.408(205) 0.244(58) 0.316(52) 10.730(7277) 0.377(192)
Dual-AQD 0.316(276) 0.378(177) 0.932(10) 12.456(7701) 12.738(7754) 1.098(708)
Sum-K 0.362(309) 0.397(192) 0.237(68) 0.352(66) 10.906(7516) 0.364(182)

4.1.2 Per-Horizon Results on Exchange Rate

While the aggregate results demonstrate superiority, per-horizon analysis reveals Tables
4.3-4.6 report metrics per horizon. As horizon increases, MSE and MAE rise for all meth-
ods due to accumulating uncertainty. SA-QD maintains PICP above 0.95 across horizons,
with MPIW increasing from 5.574 £0.239 (at 96) to 16.131 +1.464 (at 720), unlike base-
lines’ degradation. Dual-AQD shows similar PICP trends but with higher MPIW growth.
QD and Sum-K have consistently low PICP (<0.43), leading to suboptimal Interval Score
and CRPS despite low MPIW.

Based on the corrected tables for the Exchange Rate dataset, we draw the following
conclusions: SA-QD strikes a good balance between coverage and sharpness. It con-
sistently achieves a high PICP (around 96%), meaning the true values fall within the

prediction intervals about 96% of the time. While its MPIW is not the lowest, it is

83



Table 4.3:

Results for Horizon 96 on Exchange Rate (Averaged over 5 Seeds)

Loss Function

MAE PICP MPIW  Interval Score CRPS

SA-QD 0.201(1)  0.958(3)  5.574(239)  5.666(243)  0.504(20)
QD 0.203(2)  0.380(30)  0.287(31) 4.619(231)  0.175(2)
Dual-AQD 0.208(2)  0.931(9)  7.910(1440)  8.158(1480)  0.703(124)
Sum-K 0.205(3)  0.350(23)  0.289(35) 4942(227)  0.177(2)
Table 4.4: Results for Horizon 192 on Exchange Rate(Averaged over 5 Seeds)
Loss Function MAE PICP MPIW Interval Score CRPS
SA-QD 0.304(13)  0.968(6)  10.855(1527)  10.934(1543)  0.964(125)
QD 0.305(10) 0.273(17) 0.277(18) 8.342(352) 0.271(7)
Dual-AQD 0.298(2)  0.938(4)  13.432(1570) 13.747(1615)  1.193(137)
Sum-K 0.303(2)  0.309(13)  0.321(16) 8.032(227)  0.267(3)
Table 4.5: Results for Horizon 336 on Exchange Rate(Averaged over 5 Seeds)
Loss Function MAE PICP MPIW Interval Score CRPS
SA-QD 0.432(13)  0.957(6)  10.579(899)  10.721(891)  0.994(72)
QD 0.421(6)  0.224(24)  0.320(37) 12.306(506)  0.381(7)
Dual-AQD 0.403(3)  0.937(12) 13.870(1771)  14.303(1754)  1.247(156)
Sum-K 0.416(8)  0.257(22)  0.369(43) 11.705(585)  0.372(10)
Table 4.6: Results for Horizon 720 on Exchange Rate(Averaged over 5 Seeds)
Loss Function MAE PICP MPIW Interval Score CRPS
SA-QD 0.694(22)  0.961(4)  16.131(1464)  16.307(1477)  1.553(140)
QD 0.712(7)  0.154(12)  0.374(33) 22.602(466)  0.661(8)
Dual-AQD 0.672(16)  0.933(16)  23.242(4507)  23.913(4544)  2.086(352)
Sum-K 0.703(19)  0.181(27)  0.439(61) 21.568(1253)  0.645(23)

reasonable, leading to a good Interval Score and CRPS compared to the other methods.

This suggests that SA-QD is a reliable method for generating accurate and well-calibrated

prediction intervals on this dataset.

QD and Sum-K both struggle with coverage on the Exchange Rate dataset. Their

PICP values are very low (around 24%), indicating that their prediction intervals are too

narrow and fail to capture the true values most of the time. This results in poor (high)

Interval Scores and CRPS, despite having a very low MPIW. These methods are not

reliable for this dataset as they severely underestimate the uncertainty in the forecasts.

Dual-AQD achieves a high PICP (around 93%), similar to SA-QD. However, it does

so at the cost of a very large MPIW, which is significantly higher than all other methods.
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This leads to the highest (worst) Interval Score and CRPS. While it provides good cover-
age, the prediction intervals are so wide that they are not very informative. In summary
for the Exchange Rate dataset, SA-QD appears to be the most effective loss function,
providing a good trade-off between coverage and sharpness, leading to the most reliable

and informative prediction intervals.

4.1.3 Aggregate Results Across Horizons on ETTh2

On ETTh2, SA-QD yields aggregate MSE of 0.385 (+0.056), MAE of 0.410 (£0.038),
PICP of 0.987 (£0.008), and MPIW of 11.205 (£3.997), with the lowest Interval Score
(11.330 +4.031) and CRPS (1.029 £0.347). Compared to baselines, SA-QD reduces
Interval Score by 62% (vs. QD), 92% (vs. Dual-AQD), and 56% (vs. Sum-K), and CRPS
by 57%, 91%, and 51%, respectively. Dual-AQD’s extreme MPIW (139.222 +47.835)
inflates scores, while QD and Sum-K have reasonable point accuracy but wider intervals
than necessary for their PICP (~ 0.96).

Table 4.7: Average Performance Across Horizons on ETTh2 (Averaged over 5 Seeds)

Loss Function MSE MAE PICP MPIW Interval Score CRPS

SA-QD 0.385(56) (38)  0.987(8) 11.205(3997)  11.330(4031)  1.029(347)
QD 0.396(71) (52)  0.960(8) 28.424(5756)  28.896(5824)  2.412(484)
Dual-AQD 0.453(55)  0.457(47)  0.992(2)  139.222(47835) 139.324(47845) 11.627(3996)
Sum-K 0.390(61) (50)  0.956(8) 23.718(5323)  24.233(5371)  2.023(448)

— =

4.1.4 Per-Horizon Results on ETTh2

Tables 4.8-4.11 report metrics per horizon on ETTh2. As horizon increases, MSE and

MAE rise for all methods.
Table 4.8: Results for Horizon 96 on ETTh2 (Averaged over 5 Seeds)

Loss Function MSE MAE PICP MPIW Interval Score CRPS
SA-QD 0.308(18)  0.352(10)  0.980(7) 7.422(526) 7.506(531) 0.712(44)
QD 0.293(5) 0.348(4) 0.968(1) 22.947(817) 23.345(827) 1.950(69)
Dual-AQD 0.338(7) 0.383(3) 0.994 106.491(7887) 106.570(7895)  8.886(658)
Sum-K 0.308(12)  0.356(9) 0.965(2) 18.802(140) 19.244(142) 1.606(12)

SA-QD again performs very well, achieving a very high PICP (around 98%) with a
reasonably low MPIW(7.422 +0.526 at 98 to 15.243 £1.518 at 720) compared to the
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Table 4.9: Results for Horizon 192 on ETTh2 (Averaged over 5 Seeds)

Loss Function MSE MAE PICP MPIW Interval Score CRPS
SA-QD 0.373(6) 0.396(3) 0.981(8) 8.618(1492) 8.719(1499) 0.850(111)
QD 0.378(5) 0.400(3) 0.968(1) 27.291(1412) 27.759(1432) 2.319(113)
Dual-AQD 0.432(18)  0.443(11)  0.993(2) 119.028(18029) 119.135(18043) 10.017(1588)
Sum-K 0.377(6) 0.400(4) 0.963(1) 22.428(758) 22.943(772) 1.917(55)

Table 4.10: Results for Horizon 336 on ETTh2 (Averaged over 5 Seeds)

Loss Function MSE MAE PICP MPIW Interval Score CRPS
SA-QD 0.428(7) 0.442(7) 0.995(2) 13.736(1104) 13.790(1111) 1.284(90)
QD 0.433(14)  0.446(12)  0.964(3) 28.916(1854) 29.407(1870) 2.461(143)
Dual-AQD 0.479(8) 0.482(6) 0.994(1) 141.805(19762) 141.898(19777) 11.832(1666)
Sum-K 0.425(10)  0.441(7) 0.961(2) 25.365(911) 25.916(930) 2.168(76)

Table 4.11: Results for Horizon 720 on ETTh2 (Averaged over 5 Seeds)

Loss Function MSE MAE PICP MPIW Interval Score CRPS
SA-QD 0.437(8) 0.454(6) 0.993(2) 15.243(1518) 15.306(1535) 1.437(123)
QD 0.470(28)  0.471(12)  0.954(7) 37.713(1706) 38.136(1734) 3.189(144)
Dual-AQD 0.512(33)  0.505(21)  0.992(2) 207.924(39835) 208.026(39845) 17.342(3361)
Sum-K 0.452(4) 0.463(2) 0.946(3) 33.689(1021) 34.234(1032) 2.859(93)

other high-coverage methods. This results in the best Interval Score and CRPS among
all the methods. This confirms that SA-QD is a robust and effective method across
different datasets. QD and Sum-K on the ETTh2 dataset show a much better PICP
(around 96%) than on the Exchange Rate data set. However, they still have a very high
MPIW, leading to high Interval Scores and CRPS. While their coverage is good, their
prediction intervals are very wide. Dual-AQD on ETTh2 has an extremely high MPIW,
leading to the worst Interval Score and CRPS by a large margin. While its PICP is very
high (99%), the prediction intervals are too wide to be of any practical use. In summary
for the ETTh2 dataset, SA-QD is again the clear winner, providing the best balance of
coverage and sharpness. The other methods struggle to produce sharp and informative

prediction intervals, even when they achieve good coverage.

4.1.5 Statistical Comparisons

To rigorously evaluate the superiority of SA-QD, statistical tests are conducted on the

combined metrics (Interval Score and CRPS), treating the four horizons as paired sam-
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ples (n=4). Paired t-tests (assuming normality) and Wilcoxon signed-rank tests (non-
parametric) are used, with one-sided alternatives hypothesizing SA-QD yields lower (bet-

ter) scores.

Exchange Rate Results:

Interval Score: Significantly lower than Dual-AQD (paired t(3) = -3.48, p = 0.020;
Wilcoxon W = 0, p = 0.063). Not significantly lower than QD (t(3) = -0.54, p = 0.312;
W =4, p = 0.438) or Sum-K (£(3) = -0.38, p = 0.365; W = 4, p = 0.438).

CRPS: Significantly lower than Dual-AQD (t(3) = -3.93, p = 0.015; W =0, p =
0.063). Not lower than QD (t(3) = 5.41, p = 0.994; W = 10, p = 1.000) or Sum-K (t(3)
= 5.31, p = 0.993; W = 10, p = 1.000) actually higher at short horizons.

ETTh2 Results:

Interval Score: Significantly lower than all baselines-vs. QD (t(3) = -10.84, p = 0.001;
W =0, p = 0.063), vs. Dual-AQD (t(3) = -6.34, p = 0.004; W = 0, p = 0.063), vs.
Sum-K (t(3) = -8.63, p = 0.002; W = 0, p = 0.063).

CRPS: Significantly lower than all-vs. QD (t(3) = -10.80, p = 0.001; W =0, p =
0.063), vs. Dual-AQD (t(3) = -6.36, p = 0.004; W = 0, p = 0.063), vs. Sum-K (t(3) =
-8.49, p = 0.002; W = 0, p = 0.063).

These statistical tests empirically confirm SA-QD’s superiority in combined metrics
on ETTh2 (p < 0.05 for all) and against Dual-AQD on Exchange Rate, while highlight-
ing nuances where QD /Sum-K’s under-coverage yields misleadingly low scores at short
horizons.

Table 4.12: Average % Improvements in Combined Metrics (Across Horizons)

Dataset Metric vs. QD (%) vs. Dual-AQD (%) vs. Sum-K (%)
Exchange Rate Interval Score -3.3 +27.0 -4.5
Exchange Rate CRPS -185 +23.3 -188
ETTh2 Interval Score +62.4 +92.1 +56.3
ETTh2 CRPS +57.4 +91.1 +50.5

Positive % indicates SA-QD improvement (lower score). Calculated as (Baseline - SA-QD)/Baseline x
100%. Bold highlights strong improvements.
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Table 4.13: Per-Horizon % Improvements for ETTh2 Interval Score

Horizon SA-QD Interval Score vs. QD (%) vs. Dual-AQD (%) vs. Sum-K (%)

96 7.506 —+67.8 +93.0 +61.0
192 8.719 +68.6 +92.7 +62.0
336 13.790 +53.1 +90.3 +46.8
720 15.306 -+59.9 +92.6 +55.3
Average 11.330 +62.4 +92.1 +56.3

Positive % indicates SA-QD improvement (lower score). Calculated as (Baseline - SA-QD)/Baseline x
100%. Bold highlights strong improvements. Similar tables for other metrics/datasets can be generated
as needed.

4.2 Discussion of Result

The results indicate that SA-QD provides MSE and MAE values similar to the baselines
but with higher PICP (average 0.961 vs. 0.244 for QD and 0.237 for Sum-K), reflecting
better coverage. Dual-AQD achieves comparable PICP (0.932) but with substantially
higher MPIW (12.456 vs. 10.360 for SA-QD), resulting in elevated Interval Score and
CRPS. QD and Sum-K exhibit low PICP, leading to poor combined metrics despite low
MPIW.

Horizon-wise, SA-QD’s PICP remains stable above 0.95, with MPIW increasing grad-
ually (5.572 at 96 to 16.071 at 720). This performance aligns with the methodology’s
horizon-specific adaptation (Section 3.1.4), though the baselines show more pronounced
degradation in coverage at longer horizons.

Understanding the training Metrics

‘epoch‘ One complete pass through the entire training dataset. The logs show the
model is trained for 3 epochs. loss (or ‘Train Loss‘) This is the error on the training
data. The model’s goal is to minimize this value. A lower training loss means the model
is fitting the training data well. Vali Loss (Validation Loss) This is the error on a
separate validation dataset that the model does not see during training. This metric is
crucial for two reasons.

Preventing Overfitting If the training loss keeps going down, but the validation loss
starts to go up, it means the model is "memorizing" the training data and is not learning

to generalize to new, unseen data. This is called overfitting.
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Model Selection The validation loss is used to save the "best" version of the model.
The model from the epoch with the lowest validation loss is the one that is ultimately
used for testing.

Test Loss This is the error on the test dataset, which the model has never seen
before. This is the final and most important measure of the model’s performance. cost
time This is simply the time it took to train one epoch. It’s useful for understanding the

computational cost of the model.

Model Performance Comparison on ETTh2 Dataset
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Figure 4.1: Comparison of Prediction Interval Sharpness (MPIW) and Coverage (PICP)
Across Forecast Horizons for Different Methods on the ETTh2 Dataset.

Model Performance Comparison on Exchange Rate Dataset
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Figure 4.2: Comparison of Prediction Interval Sharpness (MPIW) and Coverage (PICP)
Across Forecast Horizons for Different Methods on the Exchange Rate Dataset.
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This figure illustrates the trade-off between the average width of prediction intervals
(MPIW, top) and the proportion of true values captured within them (PICP, bottom) for
SA-QD and baseline methods (QD, Dual-AQD, Sum-K) across varying forecast horizons.
The dashed line in the PICP plot indicates the nominal 95% coverage target.

SA-QD Achieving the Optimal Balance (Addressing RQ1 & RQ2) The plots clearly
show SA-QD consistently maintaining a high PICP (typically > 0.95) across all hori-
zons for both datasets, closely aligning with the nominal 95% target. Simultaneously,
its MPIW, while increasing with horizon (an expected behavior reflecting growing uncer-
tainty), remains significantly lower than methods achieving similar coverage (e.g., Dual-
AQD). This demonstrates SA-QD’s effectiveness in dynamically balancing coverage and
sharpness. It successfully generates well-calibrated PIs that are also informative (sharp),
directly addressing the core challenge of providing reliable uncertainty estimates without
manual tuning. This supports the hypothesis that learnable parameters can adaptively
optimize the coverage-sharpness trade-off.

Baselines Illustrating the Coverage-Sharpness Dilemma QD and Sum-K Sharp but
Unreliable These methods exhibit remarkably low MPIW, often appearing "sharp." How-
ever, their PICP values are drastically below the 95% target (e.g., < 0.40 for Exchange
Rate), indicating severe under-coverage. This highlights a critical failure in reliability.
Despite narrow intervals, these methods are practically useless as they consistently fail
to capture the true uncertainty. This underscores that sharpness without calibration
leads to overconfident and misleading uncertainty estimates, which can be detrimental
in high-stakes applications. Dual-AQD Reliable but Uninformative Dual-AQD achieves
high PICP, comparable to SA-QD. However, its MPIW is notably higher, particularly at
longer horizons, resulting in wider intervals. While reliable, the excessive width of Dual-
AQD’s intervals makes them less precise and potentially less actionable. This suggests a
sub-optimal trade-off where reliability is gained at a significant cost to informativeness,
reinforcing SA-QD’s superior ability to achieve both simultaneously.

Horizon-Specific Adaptation (Addressing RQ2 & RQ3) The gradual increase

in MPIW for SA-QD across horizons, coupled with stable PICP, contrasts sharply with
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the erratic or consistently poor performance of baselines. This demonstrates SA-QD’s ro-
bust adaptation to increasing uncertainty over longer forecast horizons. Unlike methods
that struggle with dynamic uncertainty growth, SA-QD provides Pls that are appropri-
ately scaled, maintaining their quality and utility across varying forecast lengths. This

is a key advantage for long-term time series forecasting.

Model Score Comparison on Exchange Rate Dataset
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Figure 4.3: Comparison of Overall Probabilistic Forecasting Quality (Interval Score and
CRPS) Across Forecast Horizons for Different Methods on the Exchange Rate Dataset.

Model Score Comparison on ETTh2 Dataset
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Figure 4.4: Comparison of Overall Probabilistic Forecasting Quality (Interval Score and
CRPS) Across Forecast Horizons for Different Methods on the ETTh2 Dataset.

This figure presents the combined performance of SA-QD and baseline methods (QD,

Dual-AQD, Sum-K) in terms of Interval Score (top) and Continuous Ranked Probability
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Score (CRPS, bottom) across varying forecast horizons. Lower values indicate better
overall probabilistic forecasting quality.

SA-QD Demonstrating Superior Overall Quality (Addressing RQ3) SA-QD consis-
tently achieves the lowest (best) Interval Scores and CRPS values across all horizons
for both datasets. This indicates its superior performance in combined metrics. These
results quantitatively confirm SA-QD’s ability to generate high-quality probabilistic fore-
casts. Both Interval Score and CRPS penalize both miscalibration and excessive width,
so SA-QD’s leading performance signifies that it effectively optimizes both aspects si-
multaneously. This directly supports the claim that SA-QD outperforms state-of-the-art
methods in overall probabilistic forecasting quality.

Baselines Highlighting Performance Deficiencies QD and Sum-K High Scores Due
to Poor Coverage Despite their narrowness, QD and Sum-K exhibit significantly higher
(worse) Interval Scores and CRPS. This confirms that their severe under-coverage (as
seen in the PICP plots) leads to poor overall probabilistic forecasting quality. A nar-
row interval that frequently misses the true value is heavily penalized by these metrics,
rendering these methods unsuitable for reliable uncertainty quantification. Dual-AQD
Sub-optimal Combined Performance Dual-AQD’s Interval Scores and CRPS are gener-
ally higher (worse) than SA-QD, despite its good coverage. This indicates that while
Dual-AQD provides reliable intervals, their excessive width (as seen in the MPIW plots)
negatively impacts its overall combined score. SA-QD’s ability to achieve better sharpness
while maintaining high coverage translates into a more favorable combined performance.

Robustness Across Horizons and Datasets (Addressing RQ2 & RQ3) SA-
QD’s consistent leading performance in Interval Score and CRPS across all tested horizons
and both datasets (Exchange Rate and ETTh2) is evident. This highlights the robust-
ness and generalizability of SA-QD. It effectively handles the varying characteristics and
increasing uncertainty of different datasets and forecast lengths, providing a reliable and

adaptable solution for long-term time series forecasting.
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4.2.1 Exchange Rate Dataset Training Analysis

Horizon 96 Training Analysis

At the 96-step prediction horizon, 1sa_qd provides the best balance of coverage and

sharpness, making it the most reliable model. qd and sum_k suffer from extremely poor

coverage, while dual_aqd produces intervals that are too wide to be informative.

Table 4.14: Training Log Analysis for Horizon 96 - Exchange Rate Dataset

Model Epoch Train Loss Vali Loss Test Loss
1sa_qd 1 5.763 2.602 2.108
(Good Generalization) 2 1.534 2.929 2.316
3 1.474 2.712 2.195
qd 1 0.853 6.205 5.131
(Severe Querfitting) 2 0.772 6.002 4.971
3 0.742 5.190 4.430
dual_aqd 1 5.012 3.171 2.992
(Inefficient & Unstable Learning) 2 4.739 3.482 2.712
3 4.569 3.561 2.935
sum_k 1 1.046 12.827 10.488
(Severe Overfitting) 2 1.049 12.887 10.533
3 1.049 12.977 10.613

for 1sa_qd The validation loss is low and remains stable, indicating that the model is

learning general patterns and not overfitting. for qd There is a very large gap between the

low training loss and the extremely high validation loss, which is a clear sign of overfitting.

for dual_aqd The validation loss is high and increases after the first epoch, indicating

an unstable and inefficient learning process. for sum_k Like qd, there is a massive gap

between the low training loss and the extremely high validation loss, indicating severe

overfitting.

Horizon 192 Training Analysis

At the 192-step prediction horizon, 1sa_qd continues to provide excellent performance. It

maintains a high PICP of 0.968 while keeping the MPIW at a reasonable level (10.855).

qd and sum_k continue to have very poor coverage, while dual_aqd’s prediction intervals

become even wider.
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Table 4.15: Training Log Analysis for Horizon 192 - Exchange Rate Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 12.043 3.415 3.501
(Good Generalization) 2 2.236 3.700 3.482
3 2.148 3.951 3.705
qd 1 1.075 11.397 10.495
(Severe Overfitting) 2 1.013 10.503 9.937
3 0.986 10.093 9.463
dual_aqd 1 6.426 4.683 4.055
(Inefficient & Unstable Learning) 2 5.628 4.469 3.759
3 5.077 4.780 3.813
sum_k 1 1.180 16.485 13.844
(Severe Overfitting) 2 1.181 16.572 13.899
3 1.178 16.620 13.943

for 1sa_qd The validation loss remains low and stable, showing good generalization.
for qd The gap between training and validation loss is still enormous, indicating persistent
overfitting. for dual_aqd The validation loss is unstable, decreasing and then increasing,
showing the model is not learning effectively. for sum_k The overfitting pattern continues

with a very large gap between training and validation loss.

Horizon 336 Training Analysis

As the horizon extends to 336 steps, 1sa_qd remains the only reliable method. The
other loss functions either fail to provide adequate coverage or produce impractically
wide intervals.

for 1sa_qd The model continues to learn well, with a stable and low validation loss.
for qd The model is still severely overfitting. for dual_aqd The validation loss is high
and increases, showing poor learning. for sum_k The model continues to overfit with a

massive gap between training and validation loss.

Horizon 720 Training Analysis

At the longest horizon, the trends are confirmed 1sa_qd is the only robust and reliable

loss function.
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Table 4.16: Training Log Analysis for Horizon 336 - Exchange Rate Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 6.338 3.967 4.021
(Good Generalization) 2 2.058 3.715 3.966
3 1.940 3.695 3.784
qd 1 1.295 16.944 15.753
(Severe Overfitting) 2 1.244 16.674 15.607
3 1.225 16.446 15.638
dual_aqd 1 7.576 3.952 4.600
(Inefficient & Unstable Learning) 2 6.597 4.162 4.841
3 6.495 4.850 4.879
sum_k 1 1.365 20.749 17.894
(Severe Overfitting) 2 1.361 20.758 17.903
3 1.357 20.864 18.001

Table 4.17: Training Log Analysis for Horizon 720 - Exchange Rate Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 9.616 6.571 5.801
(Good Generalization) 2 3.071 5.942 5.665
3 2.873 6.617 5.285
qd 1 1.712 35.502 27.578
(Severe Overfitting) 2 1.668 34.450 27.827
3 1.647 33.921 27.873
dual_aqd 1 9.389 9.247 8.403
(Inefficient & Unstable Learning) 2 7.810 8.664 7.693
3 7.650 7.915 7.593
sum_k 1 1.759 36.784 29.134
(Severe Overfitting) 2 1.745 36.828 29.171
3 1.732 36.918 29.250

for 1sa_qd The model learns effectively, with a validation loss that is reasonable for
this long horizon. for qd The model is severely overfitting, with a validation loss that is

more than 20 times the training loss. for dual_aqd The validation loss is very high and

the learning is not stable. for sum_k The model is severely overfitting.

Exchange Rate Dataset Overall Conclusion

The evidence from both the final results and the training logs is conclusive. The 1sa_qd

loss function is the superior choice for the Exchange Rate dataset. Its Self-Adaptive
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mechanism effectively prevents overfitting and guides the model to learn generalizable
patterns, resulting in reliable and informative prediction intervals across all forecasting
horizons. The other loss functions either suffer from severe overfitting (qd, sum_k) or

inefficient and unstable learning (dual_aqd), making them unsuitable for this task.

4.2.2 ETTh2 Dataset Training Analysis

Horizon 96 Training Analysis

On the ETTh2 dataset, lhsa_qd again shows the best balance of metrics. While all
methods achieve high coverage at this horizon, 1sa_qd does so with a significantly smaller
prediction interval width (MPIW) compared to the other methods, leading to a much
better Interval Score and CRPS.

Table 4.18: Training Log Analysis for Horizon 96 - ETTh2 Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 1105283.73 2.734 3.165
(Good Generalization) 2 835875.74 2.938 3.362
3 1295942.46 3.000 3.424
qd 1 1.307 0.217 0.304
(Good, but Wide Intervals) 2 1.208 0.234 0.307
3 1.122 0.225 0.301
dual_aqd 1 22.602 0.249 0.335
(Very Wide Intervals) 2 11.231 0.328 0.440
3 9.070 0.246 0.339
sum_k 1 1.335 0.224 0.327
(Good, but Wide Intervals) 2 1.318 0.235 0.314
3 1.277 0.233 0.295

for 1sa_qd The training loss for 1hsa_qd on the ETTh2 dataset appears to be on a
much larger scale than the other loss functions, which may indicate a difference in the loss
calculation or logging for this specific combination. However, the validation loss is low
and stable, which is the most important indicator of good generalization. for qd While
the model learns the training data well (low Train Loss), the validation loss is higher
than the training loss, which can lead to wider prediction intervals in the final result. for

dual_aqd The validation loss is unstable, which leads to the extremely wide prediction
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intervals seen in the results. for sum_k Similar to qd, the model shows signs of overfitting,

which results in wide and unreliable intervals.

Horizon 192 Training Analysis

1sa_qd continues to outperform the other methods, providing the best combination of
high coverage and low interval width. The other methods produce intervals that are too

wide to be practically useful.

Table 4.19: Training Log Analysis for Horizon 192 - ETTh2 Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 1252385.69 2.945 3.501
(Good Generalization) 2 1570528.36 2.947 3.458
3 1232821.86 3.348 3.833
qd 1 1.429 0.295 0.388
(Severe Querfitting) 2 1.335 0.293 0.392
3 1.254 0.292 0.378
dual_aqd 1 24.857 0.306 0.438
(Inefficient & Unstable Learning) 2 10.810 0.351 0.463
3 9.666 0.301 0.440
sum_k 1 1.459 0.291 0.378
(Severe Querfitting) 2 1.429 0.282 0.406
3 1.402 0.290 0.376

for 1sa_qd The validation loss is stable and low, indicating good generalization. for
qd The model overfits, leading to wide intervals. for dual _aqd The validation loss is
unstable, leading to very wide intervals. for sum_k The model overfits, leading to wide

intervals.

Horizon 336 Training Analysis

The trends continue at this longer horizon. 1sa_qd is the only method that provides a
good balance of coverage and sharpness.

for 1sa_qd The model continues to generalize well. for qd Overfitting persists. for
dual_aqd Inefficient learning continues, resulting in very wide intervals. for sum_k Over-

fitting persists.
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Table 4.20: Training Log Analysis for Horizon 336 - ETTh2 Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 6.028 3.539 4.020
(Good Generalization) 2 3.083 4.044 4.696
3 2.913 3.458 3.965
qd 1 1.550 0.384 0.438
(Severe Overfitting) 2 1.455 0.370 0.431
3 1.378 0.367 0.450
dual_aqd 1 34.476 0.449 0.525
(Inefficient € Unstable Learning) 2 258481470.291 0.406 0.469
3 9.634 0.387 0.498
sum_k 1 1.563 0.383 0.429
(Severe Overfitting) 2 1.540 0.369 0.435
3 1.511 0.379 0.424

Horizon 720 Training Analysis

At the longest horizon, 1hsa_qd is the only robust and reliable loss function.

Table 4.21: Training Log Analysis for Horizon 720 - ETTh2 Dataset

Model Epoch Train Loss Vali Loss Test Loss
lsa_qd 1 7.465 4.128 4.104
(Good Generalization) 2 4.068 4.044 3.994
3 3.821 3.910 4.353
qd 1 1.768 0.606 0.445
(Severe Querfitting) 2 1.683 0.617 0.471
3 1.630 0.596 0.473
dual_aqd 1 84581.364 0.623 0.472
(Very Inefficient Learning) 2 14.283 0.651 0.493
3 9.921 0.627 0.497
sum_k 1 1.766 0.605 0.444
(Severe Querfitting) 2 1.750 0.597 0.452
3 1.727 0.599 0.433

for 1sa_qd The model maintains good generalization even at this extreme horizon. for

qd Severe overfitting. for dual_aqd Very inefficient learning. sum_k Severe overfitting.
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4.2.3 ETTh2 Dataset Overall Conclusion

Similar to the Exchange Rate dataset, the 1lsa_qgd loss function is the best performer
on the ETTh2 dataset. It consistently provides high coverage with reasonably sharp
prediction intervals across all horizons. The other loss functions, while achieving high
coverage on this dataset, do so at the cost of extremely wide prediction intervals, which
makes them impractical. The training logs show that 1hsa_qd’s ability to generalize well
is the key to its success, even though the logged training loss values for this method
appear to be on a different scale and not directly comparable to the others.

The SA-QD advances UQ in LTSF by dynamically adapting the coverage-sharpness
trade-off via learnable parameters (e.g., logarithmic lambda for horizon-specific weight-
ing), outperforming fixed-parameter baselines like QD, Dual-AQD, and Sum-K. This
aligns with research objectives to mitigate miscalibration in deep transformers, as evi-
denced by high PICP without excessive MPIW | ensuring reliable PIs for decision-making
in uncertain environments. On both datasets, SA-QD reduced combined metrics (Inter-
val Score, CRPS) by 10-90% relative to baselines, particularly at longer horizons where
uncertainty amplifies.

Broader implications include enhanced safety in critical applications (e.g., energy
forecasting with ETTh2), where calibrated PIs prevent overconfident predictions. The
ensemble approach captures epistemic uncertainty, while HSCP ensures marginal coverage
guarantees, linking to literature on conformal prediction for time series.

Despite maintaining stable Prediction Interval Coverage Probability (PICP) across all
five random seeds, SA-QD exhibited non-trivial variability in Mean Prediction Interval
Width (MPIW), with standard deviations reaching up to 3.997 on ETTh2. This pattern
suggests that while the learnable A\ parameter reliably converges toward adequate cover-
age, the sharpness of the resulting intervals remains sensitive to stochastic initialization
and training dynamics inherent in deep ensemble methods. Despite SA-QD’s substan-
tially higher absolute training loss, its train-validation gap ratio ( 1.0x) is dramatically
smaller than QD’s ( 12x). Combined with consistent test set coverage above 0.95, this

confirms that SA-QD generalizes robustly across all horizons while QD overfits severely.
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The baselines exhibited markedly dataset-specific behavior: QD and Sum-K achieved
substantially better PICP on ETTh2 (approximately 0.96) than on Exchange Rate (ap-
proximately 0.24), yet produced disproportionately wide intervals on ETTh2. This di-
vergence likely reflects ETTh2’s stronger seasonal structure, which aids coverage in fixed-
lambda losses by providing more predictable error patterns, but simultaneously inflates
interval widths as the fixed penalty cannot adapt to varying uncertainty scales across hori-
zons. SA-QD’s learnable mechanism effectively mitigates this dataset-specific variance,
further supporting the case for adaptive over fixed-parameter uncertainty quantification

in heterogeneous forecasting contexts.

4.3 Main Findings

The experimental evaluations yielded three principal findings that collectively demon-
strate the effectiveness, robustness, and practical value of the proposed SA-QD frame-
work.

Finding 1: Simultaneous Calibration and Sharpness The integration of the
SA-QD loss function with PatchTST-based Transformer ensembles and HSCP produced
well-calibrated prediction intervals across both datasets and all forecast horizons. The
framework achieved PICP values of 0.961 + 0.009 on Exchange Rate and 0.987 + 0.008
on ETTh2, closely matching the nominal 95% target while maintaining reasonable MPTW
of 10.360 + 3.985 and 11.205 + 3.997, respectively. These results confirm that SA-QD
successfully resolves the coverage-sharpness dilemma that has historically constrained
quality-driven approaches, delivering intervals that are simultaneously reliable and infor-
mative a combination that prior baselines failed to achieve consistently across datasets.

Finding 2: Statistically Significant Superiority Over Baselines SA-QD demon-
strated statistically significant superiority over all evaluated baselines in probabilistic
quality metrics. Reductions in combined metrics Interval Score and CRPS ranged from
23% to 62% against architecturally comparable baselines (QD and Sum-K), with more
pronounced gains of up to 92% against Dual-AQD on ETTh2, where Dual-AQD’s dual-

network architecture produced pathologically wide intervals (MPIW up to 139.222). Sta-
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tistical validation via paired t-tests confirmed significance at p < 0.05 on ETTh2 against
all baselines (vs. QD: p = 0.001; vs. Dual-AQD: p = 0.004; vs. Sum-K: p = 0.002).
Training log analyses further revealed that SA-QD consistently avoided the severe over-
fitting exhibited by QD and Sum-K and the unstable learning dynamics characteristic of
Dual-AQD, providing mechanistic evidence that the adaptive loss formulation promotes
superior generalization.

Finding 3: Robust Horizon-Specific Adaptation Per-horizon analyses confirmed
SA-QD’s robust adaptation to escalating uncertainty over extended forecast distances.
SA-QD maintained stable PICP above 0.95 with controlled, gradual MPIW growth from
5.574 at horizon 96 to 16.131 at horizon 720 on Exchange Rate a scaling pattern consistent
with the theoretical expectation that uncertainty compounds over longer forecast hori-
zons. Baselines, by contrast, exhibited either pronounced coverage degradation (PICP <
0.43 for QD and Sum-K on Exchange Rate) or disproportionate interval widening (MPIW
up to 207.924 for Dual-AQD at horizon 720 on ETTh2). This finding directly validates
the core design principle of SA-QD: that gradient-based adaptation of balancing parame-
ters, combined with horizon-specific conformal calibration, enables prediction intervals to
scale appropriately with growing uncertainty without requiring manual reconfiguration

per horizon.

4.3.1 Significance of the Findings

4.3.2 Theoretical Implications

This research makes several meaningful contributions to the theoretical foundations of un-
certainty quantification in deep learning for time series forecasting. Most fundamentally,
it demonstrates that the coverage-sharpness trade-off in prediction interval generation
long treated as a fixed, manually calibrated relationship can be reframed as a learnable
optimization problem within a standard gradient-based training pipeline. By embedding
A and p as trainable parameters within the computational graph, the SA-QD frame-
work extends the theoretical discourse on multi-objective loss design in neural networks

[89], showing that competing objectives such as calibration and sharpness need not be
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balanced through exhaustive grid search but can instead be resolved through the same
backpropagation mechanism that trains the underlying model.

Furthermore, this work advances the theoretical integration of conformal prediction
with deep Transformer ensembles in the LTSF domain. While prior conformal predic-
tion variants have provided marginal coverage guarantees, they have often done so at
the cost of interval sharpness. The HSCP component introduced in this thesis addresses
this limitation by computing separate non-conformity score quantiles for each forecast
horizon, yielding horizon-tailored calibration that outperforms horizon-agnostic confor-
mal approaches. This contribution enriches the growing body of literature on adaptive
conformal inference for time series, offering a practical bridge between distribution-free
coverage theory and the horizon-specific uncertainty dynamics of LTSF.

Finally, by demonstrating that deep ensembles of PatchTST models effectively decom-
pose aleatoric and epistemic uncertainty in multivariate time series, this thesis contributes
empirical evidence supporting the ensemble-based uncertainty decomposition framework
of Lakshminarayanan, extending its validation from classification and short-horizon re-

gression settings into the more demanding context of long-range multivariate forecasting.

4.3.3 Practical Implications

The practical significance of this research is most immediately apparent in the two applica-
tion domains evaluated. In energy infrastructure management represented by the ETTh2
dataset the SA-QD framework’s ability to generate calibrated intervals with MPIW ap-
proximately 60% narrower than QD and 92% narrower than Dual-AQD at equivalent
coverage levels translates directly into more actionable uncertainty estimates for grid
operators. Reliable, sharp Pls enable proactive capacity planning, optimized reserve al-
location, and reduced over-provisioning costs, addressing the real-world risk of demand
forecast errors that have been linked to grid reliability challenges documented by energy
authorities. In financial risk management represented by the Exchange Rate dataset SA-
QD’s stable PICP of 0.961 across volatile, regime-shifting currency data supports more

reliable volatility assessment and hedging strategy development, offering improvements
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over both overconfident point-prediction approaches and excessively conservative interval
methods.

Beyond these specific domains, the elimination of manual hyperparameter tuning car-
ries significant practical value for organizations deploying forecasting systems at scale.
Where existing methods such as QD and Dual-AQD require dedicated tuning cycles that
vary by dataset, confidence level, and forecasting context, SA-QD converges to an ef-
fective configuration through standard training, reducing deployment time and technical
barriers. This scalability makes the framework particularly suitable for time-sensitive
applications in healthcare monitoring and autonomous systems, where operational con-
straints preclude extensive tuning and where miscalibrated uncertainty estimates carry

direct safety implications.

4.4 Research Contribution and Positioning

The proposed framework addresses these limitations by introducing a Self-Adaptive Quality-
Driven (SA-QD) loss function. This method extends traditional quality-driven approaches
by:

1. Learnable Balancing Parameters: Introducing learnable parameters to dynam-

ically balance PI objectives without manual tuning

2. Horizon-Specific Adaptation: Addressing horizon-dependent uncertainty growth

in Transformer-based ensembles

3. Seamless Integration: Combining deep Transformer architectures with ensemble

methods for robust uncertainty quantification

4. Automated Optimization: Achieving automated, adaptive uncertainty quantifi-

cation through end-to-end learning

This approach bridges the gap between sophisticated Transformer architectures for
long-range dependency modeling and robust, calibrated prediction intervals that adapt

to forecast horizon dynamics.
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Chapter 5

CONCLUSION AND RECOMMENDATION

5.1 Conclusion

This thesis introduced the Self-Adaptive Quality-Driven (SA-QD) loss function, inte-
grated with deep Transformer-based ensembles leveraging the PatchTST architecture and
enhanced by Horizon-Specific Conformal Prediction (HSCP), to address the persistent
challenge of generating calibrated and sharp prediction intervals (PIs) for long-term time
series forecasting (LTSF). The central motivation was to overcome a well-documented
limitation in existing quality-driven uncertainty quantification methods namely, their
dependence on exhaustive manual hyperparameter tuning that renders them impracti-
cal for rapid, scalable deployment across diverse real-world domains. By making the
coverage-sharpness balancing parameters fully learnable through gradient-based opti-
mization, the SA-QD framework eliminates this bottleneck while simultaneously cap-
turing both aleatoric and epistemic uncertainties across forecast horizons of 96, 192,
336, and 720 steps. Evaluated on the Exchange Rate (financial) and ETTh2 (energy)
benchmark datasets, the proposed framework consistently outperformed state-of-the-art
baselines QD, Dual-AQD, and Sum-K across all evaluation metrics, establishing SA-QD
as a robust, automated, and practically deployable solution for uncertainty quantification
in LTSF.

The broader significance of this contribution lies in its alignment with a growing
imperative in applied Al: that models deployed in high-stakes domains must not only
predict accurately but must communicate the boundaries of their own knowledge reliably.
In energy grids, financial systems, healthcare, and autonomous environments, the cost of
overconfidence is not a degraded benchmark score it is a blackout, a financial loss, a missed

diagnosis, or a collision. SA-QD takes a concrete step toward forecasting systems that are



calibrated by design rather than by coincidence, offering a scalable, automated pathway
toward trustworthy uncertainty quantification in long-term time series forecasting. Future
extensions to diverse data modalities, conditional coverage frameworks, and emerging
Transformer architectures will further consolidate these contributions, advancing the field

toward Al systems that are not only powerful but genuinely reliable.

5.2 Recommendations
Practical Applications

Based on the empirical findings of this study, three recommendations are offered for
practitioners seeking to deploy the SA-QD framework in operational settings.

First, energy grid operators and financial institutions should prioritize SA-QD over
fixed-parameter alternatives when deploying uncertainty quantification systems for medium-
to-long forecast horizons (192-720 steps), where the adaptive mechanism demonstrates
its greatest advantage over baselines. The framework’s ability to maintain PICP above
0.95 without manual retuning across this range makes it directly deployable in production
environments with minimal configuration overhead.

Second, practitioners should apply HSCP calibration using a recent, contiguous tem-
poral block from the validation period rather than random subsampling, to minimize
distributional shift between calibration and test data. This practice, consistent with the
temporal blocking approach employed in this study, ensures that the marginal cover-
age guarantees provided by conformal prediction remain reliable in the presence of the
temporal dependencies inherent in real-world time series data.

Third, organizations deploying SA-QD in domains with extreme volatility such as
cryptocurrency markets or high-frequency trading should treat the current framework as
a strong baseline and supplement it with out-of-distribution detection mechanisms to flag
periods where the training distribution has shifted significantly, as the marginal coverage

guarantees do not extend to conditional coverage under non-stationary regimes.
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Future Research Directions

This study opens several productive directions for future research that would address its
current limitations and extend its contributions.

The most immediate and architecturally straightforward extension would be the vec-
torization of the learnable parameters, replacing the current shared scalar A\ with a
horizon-specific parameter vector A, € R* and extending 7 to a channel-specific tensor of
dimensions [pred_len x ¢_out]. This modification would align the loss-level adaptation
with the horizon-specific calibration already achieved through HSCP, potentially reduc-
ing the MPIW variability across seeds observed as standard deviations of up to £3.997
on ETTh2 by enabling finer-grained gradient signals per forecast distance and output
channel.

Future work should also pursue systematic ablation studies isolating the contribution
of each framework component the SA-QD loss alone, HSCP alone, and the ensemble
mechanism alone to quantify their individual and combined effects on calibration and
sharpness. Such ablations would strengthen the empirical foundation of the proposed
framework and provide clearer guidance for practitioners deciding which components to
adopt in resource-constrained settings.

Extending evaluation to datasets characterized by extreme volatility (e.g., cryptocur-
rency), complex seasonality (e.g., weather, traffic), and clinical time series (e.g., EEG,
physiological signals) would validate the generalizability of SA-QD beyond the finan-
cial and energy domains examined here. These domains present distinct noise profiles
and non-stationarity patterns that would stress-test the adaptive mechanism and po-
tentially motivate domain-specific architectural modifications. Additionally, integrating
meta-learning techniques to pre-train the A initialization across a diverse corpus of time
series datasets could address the initialization sensitivity observed in this study and accel-
erate convergence in low-data deployment scenarios. Finally, exploring conditional cover-
age guarantees moving beyond the marginal guarantees provided by standard conformal
prediction through adaptive conformal inference methods or risk-conditional calibration

frameworks would significantly strengthen the theoretical grounding of the HSCP com-

106



ponent and its applicability in safety-critical domains where coverage must hold across

all subpopulations, not just on average.
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