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ABSTRACT 

In this thesis we first discuss the S-matrix expansion in the interaction repre­

sentation. Vve employ this to illustrate the calculational techniques in the study 

of one of the QED processes-i.e., electron Compton scattering. "Ve then formulate 

Scalar Electrodynamics which is the relativistic theory for the interaction of scalar 

particles (such as 1fo,1f±) with the electromagnetic fields A", In this process we 

work out the mathematical forms of the pion propagator. ~We then use Scalar 

Electrodynamics to study the processes such as pion Compton scattering and pion 

Electroproduction. "Ve give explicit evaluation of the transition amplitudes and 

the scattering cross sections for both these processes. 'Ve then compare the pion 

Compton scattering results with the corresponding results for the electron Comp­

ton scattering . 
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CHAPTER 1 

Introduction 
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Dming the past thirty years many ingenions and powerful accelerators have been 

developed to probe the physics deep into the core of the nucleus of the atom. The 

phenomenon at the most fundamental level can be understood if we understand the 

physics governing the interactions of elementary particles and the fields. \Vithout 

this it is impossible to appreciate and understand nuclear and particle physics. 

In this thesis we will first develop the framework of covariant perturbation 

theory and obtain the matrix elements of the S-matrix in the interaction represen-

tation. vVe then see how the same matrix elements can be obtained much more 

elegantly from the electron propagator in the language of Feynman diagrams. vVe 

will employ these Feynman diagrams as a convenient pictorial device that enables 

us to keep track of the various terms in the matrix elements of the S-matrix between 

specified initial and final states of some QED processes which we will consider ini-

tially. This theory will then be generalized to study the relativistic interactions of 

scalar particles (such as pions etc.) with electromagnetic fields-the Scalar Electro-

dynamics. Using this theory of Scalar Electrodynamics we will then calculate the 

transition amplitudes and cross sections of some processes such as pion Compton 

scattering and Pion Electroproduction. Throughout this thesis we will employ 

the natural system of units (i.e., h = c = 1). 

To familiarize with the theoretical apparatus, chapter 2 deals with the scat-
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tering matrix (8 - matrix) expansion 1n the i;l1teduitiln( Pict(LL'~ ih ,,~I\ich one can 

dolennino tho overall change of the state of the 3y"tcm elu," to inte~·actio:l. 'vVe 

write down the S- matrix element and hence the transition amplitude correspond-

ing to any given physical process represented by Feynman diagrams. Finally, we 

will apply the above rules to one of the QED processes i.e., the electron Compton 

scattering just as an illustration of the techniques developed. 

In chapter 3, we will be dealing with scalar particles (such as pions). 'Ve 

develop the relativistic framework for the study of interactions of scalar (spin 0) 

particles with an electromagnetic field. In this process we drive the pion propaga-

tor. TIllS will enable us to calculate the S-matrix elements to arbitrary orders of 

interaction strength. Next we will apply the above formulation of Scalar Electro-

dynamics to the process of pion Compton scattering and calculate the transition 

amplitude and the scattering cross section for this process. 'Ve further compare 

the pion Compton scattering results with that of the electron Compton scattering 

results we already know of. 

In chapter 4 we first develop the mathematical form of the photon propagator 

and next we calculate the transition amplitude and the differential cross section 

for the Pion Electroproduction. In this chapter we will study the process e+ e- -t 

1[+1[- which proceeds through the production of a virtual photon. This process 

involves the production of hadrons (1[+,1[-) due to interactions of two leptons. '~Te 

calculate the transition amplitude and the scattering cross section for this process 
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in the framework of Scalar Electrodynamics. The angular dist.ribution of t.he cross 

section is t.hen st.udied. 

Chapter 5 is devoted t.o discussions. 



CHAPTER 2 

Electron Compton Scattering 

Compton scattering is one of the most fundamental processes describing the 

scattering of electromagnetic radiation with matter. In this chapter we will con-

sider first the field theoretic treatment of electron Compton scattering just as an 

illustration of the techniques employed in the solution of this problem. These 

techniques will then be generalized to the process of pion Compton scattering in 

chapter 3. This chapter is organized as follows. In section 2.1 we will consider 

S-matrix expansion in the interaction representation. 2.2 The electron propaga-

tor. Finally in section 2.3 we will consider electron Compton scattering cross 

section. 

2.1 S-matrix expansion in the interaction representation 

Let iP denotes the wave function that describes the state of a system. The 

Hamiltonian of the system is H=Ho+HI, where Ho is the unperturbed Hamiltonian 

and HI is the interaction Hamiltonian. 

Let iP" be the eigenfunctions of the unperturbed Hamiltonian, each corre-

sponding to certain definite values of all the occupation numbers. Then any function 

iP can be expanded as iP = L: en iP". Then the exact wave equation 

(2.1) 



5 

becomes a set of equations for the coefficient en [lJ: 

(2.2) 

where (HI)ntn are the time independent matrix elements of tho operator HI, and En 

the energy levels of the unperturbed syst.em. 

By definition, the operator HI does not depend explicitly on the time. The 

quantities 

(H ) (t) (II ) iCE" -Em)t 
I IIIll = I II III e , (2.3) 

on the other hand, may be regarded as matrix elements of the time dependent 

operator 

(2.4) 

This is said to be an operator in the interaction representation, as opposed to 

the original time independent Schrodinger operator HI. Now denoting the wave 

function in this new representation by the same letter <P ,we can write equation 

(2.2) symbolically as 

(2.5) 

The change in the wave function in this representation is due entirely to the 

action of the perturbation, i.e, it corresponds to processes which results from the 

interaction of the particles. A formal solution of Eq.(2.5) can be written as 

(2.6) 
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where <l'(to) is the state vector that characterizes the system at some fi.'{ed time to 

and VI (t, to) is the time evolution operator which satisfies 

(2.7) 

It then follows that 

(2.8) 

But the differentia! equation( 2.8) and the initial condition (2.7) can be combined 

to give a single integral equation [2J 

t 

UI(t, to) = 1 - i J dtHr(t)UI(t, to). (2.9) 

Let us solve this by the iteration procedure. vVe have 

UI(t, to) 1 - i 1: dt1Hr(tl)[1 - i 1:' dt2HI(t2)Ur(t2, to)J 

- 1- i It dt1HI(tl) + (-i)21
t 
dtllt1 dt2HI(tl)Jh(t2) + ... 

G G G 

+( _i)n It dtllt1 dt2 ... 1
In

-

1 
dtnlfr(tl)HI(t2) ... HI(tn) 

to to to 

+ ... (2.10) 

The physical meaning of VI(t,to) is as follows. Suppose the system is known to 

be in the state I i) at time to. The probability of finding the system in the state 

I f) at some later time t is given by 

(2.11) 
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The transition probability per unit time from 1 i) ---+1 1) is 

(2.12) 

Although this ratio has a rather complicated time dependence when the time 

interval t-to is small, it approaches a definite limit as to ---+-00 and t ---+ +00, as 

we shall see explicitly in working out actual physical problems in the next section. 

This motivates us to define what is known as the S-matrix by 

(2.13) 

From (2.6) we see that the S-matrix connects <1>(+00) and <1>(-00) according to 

<1>(00) = 8<1>(-00). (2.14) 

On account of (2.10), one can express the S-matrix as 

8 8 Co) + 8(1) + 8 (2) + .... 

(2.15) 

'Whether or not the expansion (2.15) is useful depends on the strength of the in-

teraction. In quantum electrodynamics the S-matrix expansion converges rapidly 

so that we obtain results that agree extremely well with observation just by con-

sidering the first few terms. This is because the dimensionless coupling constant 
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a = 1~7 is small compared to unity. The S-matrix is unitary 

sst = StS = 1. (2.16) 

This guarantees that the sum of probabilities of finding the system in various states 

It) at t=oo if it was initially in a given state Ii) at t=-oo is 1. I.e., 

IJs/i12 
= 1. (2.17) 

/ 
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2.2 The electron propagator 

The relativistic equation of motion of a free Dirac particle is given by 

(2.18) 

where \Ii is a 4 component wave function of the particle, 

"I ~ are Dirac matrices, 

::~( "; ~. o:p), ~~da~~ (:~:r~::::~:;::~~::iX aOO ., Me 

the :~u~ 1(11a~riCles). ,l:y'= (0 -i) ,O'z = (1 0) 
1 0 l 0 0 -1 

\\Then a relativistic particle of charge e and mass m is placed in an electro-

magnetic field A~ = (Ai, i<p), the Hamiltonian is obtained by replacing: 

Pi -> Pi - eAi or ai -> ai - ieA; and E -> E - e<P or at -> at + ie<P 

i.e, 

(2. 19a) 

or 

(2.19b) 
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where 

Substituting (2.19b) into (2.18) yields 

(2.20a) 

where f1 = 1,2,3,4. 

(2.20b) 

which is the Dirac equation in the presence of a 4 vector potential, Ap. 

Since Feynman's approach is based directly on the wave equation we first 

review the way of solving an inhomogeneous difierential equation in mathematical 

physics. Consider the Poisson's equation 

\72 iI>(x) = -p(x) . (2.21) 

The solution to this equation with the boundary condition iI>(x) --> 0 asl x 1--> 00 

is given by 

iI>(x) = J G(x, x')p(x')d3x' , (2.22) 

where 

1 
G (x x') = --;---;----cc-; 

, . 4n 1 x - x' 1 
(2.23) 

The function G (x, x') is called the Green's function for Poisson's equation and 

satisfies 
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(2.24) 

In other words, instead of solving (2.21) directly, we first solve the unit somce 

problem (2.24). Once we obtain the solution to this simpler problem, the solution 

to the more general problem (2.21) can be written immediately. 

In relativistic electron theory we are interested in solving the Dirac equation, 

for an electron moving in an electromagnetic field [3] 

(2.25) 

where \II is the electron field. The right hand side of (2.25) is velY much like 

the somce p(x) in (2.21). Let's consider a unit source problem in analogy to 

electrostatics: 

hI' a~ + m)K(x,x') = -ib4(x - x'). 
11 

(2.26) 

Writing the Dirac indices explicitly, we have 

(2.27) 

The function J( (x, x') is the Green:' s function for the free particle Dirac equation 

just as G(x, x') is the Green's function for Poisson's equation. In complete analogy 

with (2.22) we expect that a solution \II to the more complex differential equation 

(2.25) satisfies 



That this is indeed the case can be proved by direct substitution: 

J io4 (x - x')c1I'A/,(x')\IT(x')d4x' , 

- iell,A1, \IT. 

12 

(2.28) 

(2.29) 

Note, however, that even if we add to (2.28) any solution to the free wave equation 

(e=O), the differential equation (2.25) will still be satisfied. Thus, we can write 

(2.30) 

where \ITo(x) is a free particle solution to the Dirac equation. We can easily verify 

that (2.30) satisfies (2.25) just as well. In a scattering problem, for instance, \ITo(x) 

may represent an incident plane wave which would be present even if there were 

no interaction. 

There is an important difference between the differential equation in elec­

trostatics(2.21) and the Dirac equation (2.25). The right hand side of (2.21) docs 

not contain if>. So we could write the solution (2.22) immediately in a closed form. 

In contrast, in the case of (2.25) the function \IT itself appears on the right hand 

side. As a result (2.30) is an integral equation. 
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So, even if we obtain an explicit form of K (x, x') as we shall in a moment, 

we cannot write the exact. solution to (2.25) in a closed form. However, if a per-

turbation expansion in powers of e can be justified, we can obtain an approximate 

solution to (2.25) accurate to any clesired power of e by the iteration method 

'li(x) 'lio(x) + J d4xIK(x,xl)[-el',A,(x')]'lio(x') 

+ J d4x' J d4xll K(x, x')[-q"AI'(xl)]K(x' , xll)[-el'vAv(xll)'lio(xll)] 

+ J d4x' J d4xll J d4xIllK(x, xl)[-qI'AI'(x')]K(X', XII) 

X [-qvAv(XIl)]K(XIl, XIII) [-el'"A" (XIII)] 'liO(xlll
) + "" (2.31) 

Our next task is to obtain the explicit form of K (x, x'). First, because of 

the translatioll 0' . oth space and time) it is clear that K (x, x') is a 

It loss of generality we can set x' = O. vVe solve 

urier transform method. Let us define K (p) 

I 

(2.32) 

) in (2.26) with x' = 0, we get 

( 

-io4 (x), 

- (2:)4 J e;P'x d
4
p. (2.33) 

So the ';> fJ to a simple algebraie equation 

in BlOlnel 
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(h.p + m)K (p) = -i, (2.34a) 

- -i 
J{ (p) = . , 

n·p+m 
(2.34b) 

where i-y.}+m is understood to be a 4x4 matrix such that if we multiply with i,.p+m 

from the right or from the left, we obtain the 4x'1 identity matrix. 

Clearly we can write (2.3'lb) as 

K( ) = _. (-i,.p+m) = -h·p+m 
p t(h.p+m)(-h.p+m) i(p2+m2)' 

(2.35) 

since (i,.p)2 = _p2. Going back to coordinate (x) space, we get using Eq. (2.35) 

T.((. 0) = ~ Jd4 (-h·p+m) ip.x 
l' x, ()4 P 2 2 e . 

21f P +m 
(2.36) 

Or , more generally 

T.(( ") _ ~ J d4 (-h·p + m) ;p.(x-x') 
l' x, x - ( ) 1 P 2 2 e . 

21f' P +m 
(2.37) 

When we integmte the integrand of (2.37) along the real po-axis, there are poles 

at Po = ±E where E = (I Ii 12 +m2)1 

(2.38) 

The particular form of J{ (x, x') depends on the particular manner in which we go 

around the poles in the complex po-plane. That this kind of ambiguity exists is 

to be expected on physical grounds. Since we have not yet specified the boundary 

conditions to be used in connection with the differential equation (2.38). 
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Figure 2.1: Prescript.ion [or t,IHe int.egrat.ion (2,38) in t.he complex po-plane. 

''lfe shall now cOllsi<ier t.he dectron propagator f( p (:v, ;);') correspomiillg \.0 

different conditions. 

In t.he complex po-plane, [( p (;D, ;);') corresponds t.o t.he choice of contour 

indicated in fig. (2.1) when t > (,' and (, < (,'. The Green's [und.ion obt.ailled hy 

the followillg prescript.ion showll ill figtll'e (2.1) is deno(.ed by f( p (:1;, ;v'). III ot.her 

words 

f( ( . .I) - ~ J d4. (-h.p -I- m) ;p.(x-x') 
p X," - (')4 P 2 2 . C , 27r l' -I- m - l.E 

(2.:)9) 

SInce 

the integ1'ancl o[ Eq.(2.:39) has (.wo poles at. Po = ±FJ 

To integrat.e the time compollent. of (2.39), the COil tonI' of int.egrat.ioll 18 as 

shown in figure (2.1) for t > (,' and (. < (/. 

For t > t' : 
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,f dp . (-h.p+m) e-iPo(t-t') 
:r o (E-Po)(E+Po)-i€ 

I· I· -If.P + m -ipo(I-I') j 'R ( . ) 
= lin (PO e 
R~ooHO -/( (E - po)(E + Po) - 'iE 

+ I· 1t (-h·p + m) -ipo(t-t') 11n (Po e. 
R~±ooHO c (E - Po)(E + Po) - if 

(2.40) 

But the second integral vanishes as R ---+ ±oo,and since the contom of integration 

enclosed in the negative sense: 

d (-h·p + m) -ipo(t-I') 
Po . e 

(E - Po)(E + Po) - 2E 

where a_I - lim 
Po --t Ef-tO 

(-h·p + m)(po - E) -ipo(l-t') 

(E - po)(E + Po) - iE e , 

(-if.p + ')'4E + m) -iE(t-e) 
2E e . 

Therefore, substituting (2.42b) into (2.41), Eq.(2.39) equals 

l( ( > /) - -i(21fi) J d3 --> (-if. P + ')' 4E + m )ip.(x-x') 
p X,x - (21f) 4 P 2E xe , 

J( (x x') = _1_Jd3 -->P (-h·p +')'4E + m ) ip.(x-x') t > t' 
p ,. (21f)3 2E e , . 

(2.41) 

(2.42a) 

(2.42b) 

(2.43a) 

(2.43b) 

According to hole theory, Eq. (2.43b) defined as the propagator for an electron with 

positive energy state to propagate forward in time. 

Similarly for t < t', the contour of integration is the upper half circle as shown 

in fig.(2.1). Therefore, the residue, a-I 

lim (-h·p + ')'4PO + m)(E + Po) -ipo(t-t') 

PO~-E.HO (E - Po)(E + Po) - iE e , 
(2.44a) 

(h.p + ')'4E - m) iE(t-t') 
- 2E e . (2.44b) 
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Eq. (2.41) is equal to 21Tia_l. Thus 

l( ( . -') = i(21Ti) J [3-'> (h·p + 'Y4 E - m) ip.(x-x')+iE(t-t') t < t ' F x, x ()4 (P e , 21T 2E 
(2.45a) 

-~ J [3-'> (i'Y.p + 'Y4E - m) i[p.(x-x')+E(t-t')J 
- (21T)3 (P 2E e , (2.45b) 

or 

J( (x x') = ~ J d3-'>1) (i"!.p + 'Y4E - m) ei[p.(x-x')-E""g(t-t')J 
F ,. (21T)3 2E . (2.45c) 

But Eq.(2.45c) can be defined as the propagator over all the negative energy 

states. But a particle of mass m charge,-e and energy,-E propagating backward 

in time with momentum,p is the same as that of the antiparticle with mass m 

charge,+e and energy,+E propagating forward in time with momentum,-p. There-

fore Eq.(2.45c) can be rewritten as 

l( ( , -') - ~ J [3 (-i'Y.p + "!4E - m) i[-p(x-x')+E(t-t')J 
F x, x - (21T)3 (P 2E e 

But using the projection operators 

and 

'\' (8) (-'»-(8) (-'» -h·p + m 
L.., u pup = 2m ' 

8 

8 

(h.p + m) 
2m 

(2.45d) 

(2.46a) 

(2A6b) 
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where u(') (p') and v(s) (p') are the bispinor amplitudes for a free Dirac particle in 

the positive energy and in the negative energy states respectively and s lables the 

spin states. 

And using the formula 

1 J 3---> • 1 '" -( )3 d]J = lim - D' 27r V~OO II 
p 

(2.47) 

Eq. (2.39) can be expressed as 

[(p(x, x') lim "'(!.I.!:... )u(S)(P')u(S) (p')eiP.(x-x') ,t > t' (2.48a) 
V~ooD Ell 

f/,s 

- lim "'( m )v(s)(P')v(S)(p')e-ip.(x-x'), t < t' (2.48b) 
v~oo~ Ell 

p ,s 

From equation (2.31) in lowest order in e, we have 

w (x) 

w(x) 

wo(x) + J d4x'[((x,x') [-8f
"
Ap(x')] wo(x') , 

Wo (x) + J d4x'[(p (x,x') [-8fpAp(x')]wo(x'). 

To go from (2.49) to (2.50), we use Kp(x, x'). 

Substituting (2.48a) and (2.48b) into ((2.50) yields 

w(x) 

(2.49) 

(2.50) 
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xW (xl)eip"X'] J m v(s') CVI) e-ip'.x 
o ElF . (2.51) 

W (x) Wo (x) + L t c;~l, (t) J ;'ru(S') CVI) eip'x 
p' 8'=1 

+ Ltc~~l, (t) J ;Fv(S) (p) e-
ip.x. 

Itl s'=1 

(2.52) 

where 

c~~l, (t) = J d3xl [X> dtl J E":VU(S') (pi) e-ip'.x' [-Cf'pAp (Xl)] Wo (Xl), (2.53a) 

and 

c;~l, (t) = - J d3xl ['" dt'J E":vv(S') (pi) eip'.x' [-e'YpA,,(XI)] i!Jo (Xl). (2.53b) 

Let US assume that W 0 (x) is the normalized wave function for a positive energy 

plane wave, characterized by p and s. According to the usual interpretation of 

wave mechanics, Ic~~l, (t)1
2 

gives the probability for finding the electron at t in a 

positive energy state characterized by pi, Sl (assumed to be different from p,s) when 

the electron is known with certainty to be in state p,s in the remote past. In fact, 

from section 2.1, we see that Ci:,;, (00) is precisely the first order correction to the 

S-matrix for the transition of an electron characterized by (p, s) into another state 

characterized by (pi, Sl). This is reasonable because a positive energy electron 

state is known to be able to make a transition into some other positive energy 

state in the presence of an external potential. However C~~;, (l) does go to zero 

as t-> 00. Physically this means that the positive energy electron cannot make 
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an energy conserving transition into a negative energy state even in the presence 

of a t.ime dependent ext.ernal potential. On the other hand C~f,;' (-00) c10es not. 

in general vanish whereas ci:,l, ( -(0) goes to zero. As a result \ji (t = -(0) is not 

equal to \ji o. 

In the S-matrix expansion sW = -i J<;ooo dt l (iIHJ (td If). But for field thea-

S(I) - ( .)2 J d4 • ,T, ,T, A 
/i - -~ xe"'/!""'i,, 

Comparing this expression with Eq. (2.53a) , we see that sj~) is exactly identical 

to C(+) (00). In analogous manner, one can obtain the matrix element of the S-

matrix for the higher order corrections using the iteration procedure. 

2.3 The electron Compton scattering cross section 

The scattering of a photon by a free electron is known as Compton scattering. 

This calculation of the transition amplitude for Compton scattering is being given 

merely as an illustration of the calculational techniques employed. These tech-

niques will later be generalized to the study of one of the Scalar Electrodynamics 

processes-the pion Compton scattering in chapter 3. 

There are two Feymnan diagrams for this process in lowest order as shown 

in fig.2.3. In fig.2.3(a), the electron is initially in state which is characterized 

with momentum Pland spin Sl absorbs a quantum of photon of momentum kland 
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e K 2 ,F,2 

~ rS* c 

\ y ~ 1', 

J 
x y I(,,f: : 

p 
, L_J 

x 4L p L~LJ 

_rf L_!. l-{(J,cl X 

P 
I< I'>: 

-) 

e y PI 

(a) (b) 
e 

Figure 2,2: Fcynman diagralllR (a) for dircd. I'roceRs (b) for cexchall!!;C' proceRs III 

lowest order 

polarization vector (I and emits a qnanhllll of photon ';f moment.ullI k2 and I'olar-

iztion vector E2 to arrive a.t. a linn1 Rtate of nl0nH~1lt.llnl P2 and Spill S2- SinlilarlYl 

in fig, 2,3(b) the act. of emissioll precedes that. of abRorptioll, The 4-1lI0lllentum 

conservation holds at. each of th" vertices in Iig, 2,3(n) and 2,3(b) , 

The invariant transit.ion amplitude S}~) is 

c,(2) _ C'(2) I <,(2) I 
"ji ~ I-'/i tI +,Jji ('1 

where S}~) Id is the transition amplit.ude from state PI, SI' to 1'2,82 for the direct. 

I S(2) I ' I t '(;' I' I f £ I process, aIle I.. Ii e IS t lC ,raW·ll 1011 mnp IhH C 1'0111 stat.~ Pl, Sl t.o P2,82 or t. Ie 

exchange process, And 
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Ii d 

where 
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8(2) 1 = c( + )(2) (00) It d p,S , (2.55a) 

J J d4xd4x' J ~~I u(s,) (p 2) e-
iP2'

X 
[-el/lA/l (x)] J{ (X, X') 

X [-q"A" (X') J E~/u(SI) (p 1) eiPl
.
X
'] , (2.55b) 

A/l (x) = kEP2 (a) e-ik,.x - wave function of the outgoing photon, (2.56a) 
2W2V 

and 

AI' (x') = kEPI (a) eikl
.
X

' - wave function of the incoming photon. (2.56b) 
2w l V 

Substituting (2.56a) and (2.56b) into (2.55b) yields 

8 (2) 1 
Ii d -ie2 

( )4~ J J d4Xd4X'U2l.E2 [-i;.P + r:] TEl 
211' E l E2V P + m 

XU 1 ei(Pl +kl).x' e-i(p,+k2).X eip.(x-x') 
l2y1WlW2V ' 

(2.57a) 

where for the sake of simplification we put U(SI) (PI) by Ul, U(S2) (p 2) by U2 and 

After carrying out the integrations in Eq. (2.57 a) one obtains 

8 (2)1 
Ii d 



-ie2rn _ [-h. (lJt - k2) + m] 
;:;--"FrC=;;c==~·U2i·El 2 T t 2'Ul 
2.jE1E2W1W2V2 (PI - k2 ) + m 2 

X (27l')4 {j4 (PI + kl - P2 - k2)' 

The total transition amplitude is therefore 

S(2) 
Ii 

Since the electron and photon are free 
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(2.58) 

(2.60) 

If we choose the rest frame of the initial electron and also choose the polariza-

tion vectors to have only space component then by a suitable gauge transformation 

we have 

(2.61) 

where 

PI (m,O), E = (0,7), (2.62a) 

and 

k2 .E2 = 0, transversality condition. (2.62b) 

And moreover from the property of i-matrices we have 

(2.63) 
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and a free Dirac spinor satisfies the equation 

H/.p + m] 11 (p) = O. (2.64) 

Thus 

(2.65) 

Using equations (2.60), (2.61) ,and (2.65) , equation (2.59) reduces to 

S (2) 
fi 

-ie2m _ (i (I.E2) (TEl) (I.k l ) i (I.EI) (I.E2) (I.k2)) 
;:-~=i'i'==:;-;;;112 + 111 
2VEIE2WIW2V2 2pI.kl 2pI.k2 

X (21f)4 84 (PI + kl - P2 - k2) . (2.66) 

To obtain the transition probability, we shall have to square SW. If we are not 

interested in the spin of the final electron, and if we restrict ourselves to the case 

of unpolarized initial electron, then summing lSi:) I 2 over S2 and averaging over Sl 

corresponds to carrying out a certain trace operation. This calculation then yields 

the result 

~ L IS;:) 12 
81,82 

(2.67a) 

where 0 is the matrix elements sandwiched between U2 and UI and 

0=/40+')'4' Thus we can express! L: Isj:)1 2 as 
81)82 

~ L Isj~)12 
81,82 
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(2.67b) 

where we have used t.he fact. t.hat. in t.he laborat.ory frame PI = (m, 0, 0, 0) . 

The transition probability per unit. t.ime 

2 T 

(2.68) 

The differential cross-section d<J is thus 

(2.69) 

where F is t.he filL" of the incident particles. Therefore 

where F= Ije + j.yl is t.he total incident. fiux i.e., t.he incident current density of t.he 

electron and photon. And 

(2.71a) 

-> 
But in t.he lab. frame of the initial electron p I,i = 0, and since I kl I = WI, 

then 

1 
IFI = V' (2.71b) 
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Putting (2.71a) and (2.71b) in (2.70) and integrating over P2 yields 

du e
4 

[Wj W2 2] ~c:-=-- - + - - 2 + 4 (£j.£2) 
16EjE2wjw2 W2 Wj 

x8 (Ej + Wl - E2 - W2) d3k;/ (27f? . (2.72) 

We note that 

(2.73) 

where 

(2.74) 

(2.75a) 

with e being the angle between the initial and finaimomenta of the photon. There-

fore, using Eq. (2.75a) one can obtain an expression for ~ as 

(2.75b) 

Substituting (2.73) into (2.72) and integrating it over Ef yields 

(2.76) 

Substituting (2.75b) into (2.76) leads to 

(2.77) 

In the lab. frame of the initial electron, E +w E2 0 = W2E2. Therefore 
2 2 WI cos mWl 

(2.78) 
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which is the Klein Nishina formula. 

For non- relativist.ic limit, (VI,W2 « m, ==? (VI'" W2, 

e4 

64n2m24 (£1'£2)2 diJ2, (2.79a) 

0:2jm2 
(£1'£2)2 diJ2, (2.79b) 

where 0:2 = 1~:2 and since ~,: = T& [the classical electron radius J . 

(2.80) 

which is the classical Thomson formula for the scattering of low energy radiation 

by an atomic electron. 

From conservation of 4 momentum we have 

(2.81a) 

Squaring both sides of Eq. (2.81a) leads to 

(2.81b) 

where we have used the fact that pi = p~ = _m2 and ki = k~ = O. 

After some simplification (2.81b) reduces to 

W2 m 
WI m+wI(l-cosB)' 

(2.81c) 

where B is the angle between the momentum of the incident and the outgoing 

photons. When B = 0, ~~ = 1, therefore Eq.(2.78) reduces to Thomson's formula 

whatever the energy of the incident photon may be. 
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vVe have found that the differential cross section for electron Compton scat­

tering depends on the incident photon energy. There is also a shift in frequency 

of the photon when it scatters off a free electron. In the non-relativistic limits 

the electron Compton scattering cross section reduces t.o Thomson formula for the 

scat.t.ering of a low energy phot.on by an atomic electron. We see t.hat near the 

forward direction, (i.e., when B = 0) the scat.tering cross sections of electron Comp­

t.on scatt.ering reduces to t.he non relativistic limit whatever the incident photon 

energy may be. 



CHAPTER 3 

Scalar Electrodynamics 

Pions are unstable particles of mass around 270 times the electron mass. There 

are three different types of pions: 7r+, 7r-, and 7r0 . The charged pions (7r±) decay 

into a muon and a neutrino, while the neutral pion decays into two photons. The 

decay of the neutral pion into two photons prove that its spin S' = O. Thus pi­

ons are scalar particles. This chapter is devoted to developing the mathematical 

techniques needed for the study of some of the fundamental processes in Scalar 

Electrodynamics which is the relativistic theory governing the electromagnetic in­

teractions of scalar particles e.g 7r0' 7r± ['lJ. 

Now for a relativistic equation for scalar particles, we must start with the 

correct relativistic energy-momentum relation. Energy and momentum appears 

as the 'time' and 'space' components of the momentum 4-vector. 

p~ = (E,]i) , (3.1) 

which satisfy the condition 

(3.2) 

where Iv! is the rest mass of the particle and fL = 0, 1,2,3. 

Klein and Gordon attempted to build relativistic mechanics from the squared 
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energy relation. Let <P is the wave function of the klein Gordon particle which 

satisfies the mass shell condition 

(3.3) 

-> 
Replacing p -> -i \1 and E -> i gt in (3.3), the free particle Klein-Gordon 

equation is : 

(3.4) 

(3.5) 

where 0 2 = (",2 - g/~) = -o~ is the 'I-dimensional Laplacian. ''Ve now proceed 

to obtain the equation of motion of a relativistic Klein-Gordon particle interacting 

with electromagnetic field Ap = (<p, A) . 
In the presence of an electromagnetic field, the equation of motion of the Klein-

Gordon particle is modified by making the usual gauge invariant replacements. 

Therefore 

(3.6) 

where OJI = (aI, -Oi) and i=1,2,3. 

Substituting (3.6) into (3.5) yields 

(3.7) 
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which is the KG equation in the presence of a potential A~ = (if>, A). 

Since the Klein Gordon equation is second order differential equation [5], equa-

tion (3.7) in an electromagnetic field contains an extra e2 Ai, if> term. Thus if we 

study a process like pion Compton scattering, the scattering amplitude for this pro-

cess will receive contribution from an additional diagTam arising from this e2 A! if> 

t.erm in Eq.(3.7). This chapter is organized as follows. In section 3.1 we will ob-

tain the form of t.he pion propagator and in sec.3.2 we will consider pion Compt.on 

scat.tering cross section. 

3.1 The Pion Propagator 

Now let's denote by D (x - x') the pion propagator which satisfies( like spin 

1/2 Dirac particles) t.he different.ial equat.ion 

If we set x' =0, Eq. (3.8) t.akes the form 

where 0 2 = _f)2 
P' 

Since the Fourier transform of D (x) in 4 dimensional space is given by 

1 J 4 - . D (x) = (21f)4 d pD (p) e'P'x, h --->---> were p.x = Poxo - P . x . 

Substituting (3.10) into (3.9) yields 

(3.8) 

(3.9) 

(3.10) 
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(3.l1a) 

i.e., 

(3.l1b) 

since 84 (x) = (2!)4 J d4pe;P.x in 4 dimensional space. Eq. (3.l1b) reduces to 

(3.12a) 

(3.12b) 

which is the pion propagator in momentum- energy space. 

Going back to the space-time representation (3.10) becomes 

(3.13a) 

In general 

D (x - Xl) = -- d p e'P' x-x . -1 J 4 1 . ( ') 
(27r)4 p2 _ 1.12 

(3.13b) 

Like the Feynman approach to the electron propagator in section 2.3 one can 

define the wave function of KG particle using equation (3.7) and (3.8). 

Let if> (x') be the wave function of the KG particle at some time t'. The wave 
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function of this particle <P (x) at time t, (t > t') is: 

<P (x) <I'o (:c) - J d4x' D (x - x') 

{
. 0 AI' (x') . A ( ') 0 2 12 ( I)} I ( ') 

x ~e ox~ + ~e JI x ox~ - e .f" X "0 X , (3.14) 

where D (x - x') is the Green's function of the KG equation and <Po (x) is the wave 

function in the absence of the perturbation. 

vVe see in the above equation that it is not in a closed form like that of a spin 

~ particle in the previous section. Therefore, using iteration method, one can 

expand (3.14) as follows: 

<P (x) <po(x) - J rfx' D (x - x') {ie oAI' (x') + ieA, (x') ~ - e2 A2 (Xl)} "'x, I "'x, I' u. J! u. /-l 

X<PO(X') + (_1)2 JJd4xld4x"D(x-xl)ieo~~~xl) +ieA,,(x') o~, 
JI I' 

-e2A2(xl)}D(x' -x") ie I' +ieA (x")--e2A2(x") { 
oA (x") 0 } 

I' 0I'X"" ox;~ " 

X <Po (x") +... (3.15) 

The physical meaning of this expansion is as follows. The first term on right 

hand side of Eq. (3.15) is unperturbed wave function, the second term is the first 

order correction to the wave function and the third term denotes the second order 

correction to the wave function , etc. 

If we take the first order correction for <P (x), we have 
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( ) 1 l' ( ') {. 8 Ap (x'). , 8 2 2 '} (' iP x = - d X D X - X 1.e 8 -I- 1eA" (x) -8 - e A" (x) iPo x). 
,pI r,.' 
.u 11 'v JI 

(3.16) 

Separating space and time component of Eq. (3.13b) we obtain 

D (x - x') = ~ 11 d3-p dpo 1 ei[E(t-t')-P.(x-x')]. 
(21ll p2 - M2 

(3.17) 

And since 

D (x - x') -1 11 3--> 1 - --4 d P dpo -,---~-=c-c-~----"C"C 
(27r) (Po - E) (Po -I- E) 

x ei[Po.(t-t')-P.(x-x')]. (3.18) 

"Vhen we integrate the integrand of (3.18) along the real po_axis, there are 

two poles at Po = ±vlP'12 -I- M2. And if we give E has an infinitesimal negative 

imaginary part, the contour of integTation in the complex po-plane for (3.18) 

appears as shown in fig. 3.1. For t < t', the contour of integration is the upper 

semicircle as shown in fig. (3.1). Thus the integTal over Po in (3.18) receives 

contribution only from the pole Po = -E. This integral in Eq.(3.18) for t < t' is 

thus evaluated as 
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t'>\ 

t'·t 

Figure 3.1: Prescript.ion for the int,egration (3.18) ill the complex po-plane. 

lilll JII dpo----=~c_l---c~--
lI~co,HO _.11 (Po - E) (Po + E) - if 

+ lim I dpo 1 
1l~=,HO. (Po -- E) (Po + E) - if 

c 

(:1.19) 

Int.egrat.ion over t.he curve vmlishes as 11-> ±OO,fllld Eq.(3.19) reduced t.o 

lim Jil dpo -;-_--=~_1-__=,.,-­
Il~CO,HO -Il (Po - E) (Po + E) - if 

(3.20a) 

since t.he cont.our enclosed in t.he posit.ive sense 

JII II . (/ I') 
lim dpo ' e'l'o- = 27fia_l 

R->CO,HO -R (Po - E) (Po -I- E) - if 
(3.20b) 
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where the residue, a_I is: 

(Po + E) . (t t') lim e'po. -
PO~-E,HO (Po - E) (Po + E) - if ' 

(3.21a) 

1 -iE(t-t') --e . 
2E 

(3.21b) 

After substituting (3.21b) into (3.20b), equation (3.18) becomes 

I p., . Jd3-+ 
D (x - x') = (21T)3 2E e-'p·(x-x). (3.22) 

To arrive at Eq.(3.22), we use the substitution p-> -p for negative energy particle. 

Since according to the hole theory an antiparticle defined as a particle with negative 

energies propagating backwards in time. Similarly for t > t', the contour of 

integration is the lower semicircle as shown in fig.(3.1) and the integral receives 

contribution only from the pole Po = E. The expression for D(x - x') for t > t' is 

similarly worked out as, 

I 1, P' I . J d3
-+ 

D (x - x) = (21T)3 2E e'p·(x-x). (3.23) 

According to hole theory, Eq.(3.23) is the propagator for the particle with posi-

tive energies propagating forward in time and similarly (3.22) is the antiparticle 

propagator. 

Using Eq. (2.47), Eq. (3.23) takes the form 

(3.24) 
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In general 

D(x - x') = (3.25) 
i lim ~ _1_e-ip.x_1_e;P'x' t < t' 

F -----)00 ---J. v2EV -/2EF ) 
P 

where the first form is the propagator to all positive energy states of a particle and 

the second form is the propagator for the corresponding antiparticle. 

Eq.(3.16) can be rewrite as 

<p(x) - j d3x' [too dt'D (x - x') 

x ie ~ + ieA, (x') - - e2 A~ (x') <Po (x') { 
oA (x') a } 
ox~ I ox~ I 

+(-1) j d3x'l°° dt'D(x-x') 

x ze ~ + ~eA (x') - - e2A2 (x') <Po (x') , {
. oA (x'). a } 

ox;, ~ ox~ ~ 
(3.26a) 

If we substitute the first expression for D (x - x') in the first integral and the 

second expression for D (x - x') in the second integral from (3.25) in the above 

equation, one obtains 

<p(x) _i"jd3x'jt dt' 1 e-;p"X'{ieOA~+ieA (x')~-e2A2(x')} 
6 V2E'V oX' ~ ox' ~ rt, -00 JL' J1 

[ 
1 '.,1] L j 3 100 

, 1 ." x<P (x') e'Y'X + (-i) d x' df e'P'x 
o V2EV ~, t V2E'V 

p 

x{ie oAp + ieA ~ _ e2 A2 (x')} x <I>o (x') [ 1 e-iP"x]. (3.26b) 
ox~ ~ ox~ ~ V2EV 

Or we can express <P (x) as 

<I> (x) = 0<;) (f) 1 e;P"x + 0<-) (f) 1 e-ip'.x 
P V2EV p' V2EV ' 

(3.26c) 
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where 

( -i) J d3 x l 
/' de 1 e -;p'.x' 

-00 V2EIj! 

{ 
. 8Ap (Xl) . A ( ') 8 2A2 ( ')} ( ') ( ) X ~e 8 + ~e I' x -8 - e I' x x <Po x ,3.27a 

x , x' 
• J1 Jt 

and 

c~-) (t) 

(3.27b) 

But C(+) (00) = Sj;l is the first order correction to the S-matrix expansion. 

'Ve neglect the last term as compared with the first two terms. In analogous 

manner we can find the higher order corrections to the S-matrix expansion [6]. 

Now 

But one can rewrite (3.28) as follows 

. --+ 
smce A --> 0 as Ixl --> 00 and A4 --> 0 as t --> ±oo. Thus 

_1_ J d4 .I -;p'.x' DAI,(x') - _1_ -;p'.x'A (.I) - J 14 .I_1_A (./) 
v2E'V x e ax;! - /2£'1' e Jt X ( X v2E'V /1 X 

(3.30) 
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The right. hand side of (3.30) is obtained by using integration by parts. But 

t.he first. term on right. hand side vanishes. Thus 

1 J 4 I I fJ [ ., ,] 
V2E'V d X All (x) fJx~ e-

Ip
.
x 

. (3.31) 

As a result, Eq. (3.29) can be put in the following form 

s(1) = -i J d4x' {-ieA (x') fJ<I>j (x') <I> (x') + ieA (x') <I>* (x') _fJ~(J.>,-,;(,-X-,-') } /' . ~ . fJx' I ~. / fJx' ' 
• p • ~ 

(3.32) 

"where <1>* (x') = _l_e-ip',x' 
/ ..j2E'V ' 

which implies that 

S (1) = -'J 14 ,1' [ fJ<I>j (x')<I>. ( ') + <I>* ( ,I) fJ<I>i (XI)] A (,I) /i ~ (X ze '" .1 I X I x fJ .1 I' X , 
VXJt X/1 

(3.33a) 

= -i J d4x' {[j~ (x')]li A'l (x') } . (3.33b) 

Here (j,,) Ii = ie [- a~~r') <I> i (x') + <I>j (x') a~~)~')] is the 4 electromagnetic tran-

sition current for the KG particle. 

3.2 The pion Compton scattering cross-section 

There are three Feymnan diagrams for "( - 1[- scat.t.ering in lowest order as 

shown in fig. 3.2. 

Fig. 3.2 (a) and 3.2 (b) are interpretecllike that of electron Compton scattering 

whereas fig. 3.2 (0) is due to the e2 Ai, term in the KG equat.ion in a field and it 



p~, /Ie , 
\, ' I)" "\. 

Jk . ~ j p., '..f "xh1 .J ' , ,"" ">;: f 
I, 1- )!~\ , 

"~ "\kl 
PI 7/~~k 

. 
\ ·f 

1'1 "cf ., 
PI ~ . "\ kl 

, I " , 
(0) (b) (c) 

Figure 3.2: Feymnan diagrams (a)c1ircct, process (b) exchange process (c) contact. 

term in lowest order. 

is interpret.ed as the sillluitaneous emission and absorption o[ phot,ons without the 

intermediate state and it; is called contact term. This diagram has 110 counterpart, 

in the e- -," scattering process (showlI in fig. 2.1). Since t.he 1[- - 'Y scattering 

process is second order in e, t.he Lotal transit,ion amplitude is due to the sum of the 

contributions fr0111 the direct and exchange diagrams plus the contribution clue to 

the occurrence of e2A;, term in Eq.(3,27b) [or sj? Thus 

S (2) (2) I 0(2) I S(2) I 
fi = 8 fj d + lJ/ i e + Ii C) (3.34) 

Since 

<[>(2) (x) (_1)2 J J d1x'd4x" D (x - x') 

(
. [JAil (x') I " ( ') [J 2 12 (I)) (' ") 

X W [J.I +,l,Chli x [J' ,I - e J I' X D x - x 
;J~ II .V 11 
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( 
aA (~) a ) x ie I' + ieA (x") - - e2 A2 (x") <Pi (x") 

axil ~ axil /1 ) 
. P . /1 

(3.35a) 

using Eq. (3.25), one can rewrite Eq. (3.35a) as 

<p(2) (x) = C(+)(2) (t) [ 1 eirl.X] + C(-)(2) (t) [ 1 e-iP'.x] 
y'2E'V y'2E'V' 

(3.35b) 

where 

C(+)(2) (t) 

and 

c( - )(2) (t) 

-i (_1)2 j j d4x' d4x" 1 ie-irl.x' 
y'2E'V 

x (ie aA" (x') + ieA (x') ~ _ e2 A2 (Xl)) D (x' _ x") 
ax' ~ ax' ~ p p 

{
. aA" (x") . A (") a 2A2 (II)} (") ( ) 

X ze a ." + 2e ~ x a" - e ~ x <Pi X , 3.37a xJI xJI 

-i(-1)2jjd4xld4x" 1 ieip'.x' 
y'2E'V 

x ie I' + ieA (x') - - e2A2 (x') D (x' - x") ( 
aA (~) a ) 
ax~ "ax~ i' 

{ 
aA (x") a } x ie I' + ieA (x") - - e2 A2 (x") <Pi (x"), (3.37b) 

ax" "ax" i' 
)1 JI 

Therefore, using the equality between S}~) and C(+)(2) which we developed 

earlier, i.e.,S}:) = C(+)(2) (00) , one can obtain an expression for sj:) as 

8 (2) 
Ii -i (_1)2 j j d'IX'd4x" 1 A, (x') {-ie~ [e-iP'.x'] + iee-iP'.X'~} 

y'2E'V 1 ax~ ax;, 

X A" (x") { -ie a~z [D (x' - x")] + ieD (x' - x") a~z} <Pi (x"), (3.38) 

where we have neglected the contact term in lowest order. vVe know that the 

initial and final pion wave functions are 



and the emitted photon and the absorbed photon wave function are 

II fiJl 'k" ( I f.2J1 k' 
AI' (x) = v'2w2Ve-' 2,X , and AI' x) = v'

2W
1V e' I,X 

Substituting (3,23), (3,39a), (3,39b) into (3,38) yields 

Thus 

Integration over x and x' leads to 

(2)1 
Sf; d 
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(3,39a) 

(3,39b) 

(3.40a) 

(3.40b) 
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Integration the above equation over P leads to 

S (2)1 
f; d 

-ie2 1 
4'; E E V2 (P2 + PI + k l ) '£2 ( k)2 '12 (2pI + k l ) '£1 

I 2W l w2 PI + "I - N 

X (21f)464 (Zlt + kl - P2 - k2)' (3.40d) 

Now Sj;)le is obtained from sj;)ld by replacing kl "" -k2 and £1 "" £2. 

It is observed that if we take the contribution to sW from direct and exchange 

terms alone (as in fig. 3.2 ( a, b)), then sj~) is not gauge invariant. However if one 

adds the contribution from the contact term to sW then sW is gauge invariant. 

Thus we take into account the effect of direct, exchange and contact terms in the 

construction of sj~). The A.p term taken twice is of the same order as the A.A 

term so far as powers of e are concerned. Thus we see that sj~) for the direct and 

exchange diagrams in fig. 3.2(a) and 3.2(b) is of the same power in e as sW for 

the contact A.A term. Thus 

(3.40e) 

The factor 2 in Sfile is due to the emission and absorption of either photons. 

Eq. (3.34) becomes 
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Integrating Eq. (3.46b) over P 2 yields 

(3.47a) 

(3.47b) 

But we know that 

dEf MWJ 

dk20 E2w2' 

(3.47c) 

where Ei = EJ +wJ = E2 +W2 = Ef. vVe have used integration over Ef to go 

from (3.47b) to (3.47c). Thus 

(3.48a) 

(3.48b) 

which is the differential cross section in lab. frame. 

From conservation of 4 momentum we have 

(3.49a) 
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(3.49b) 

After some simplification we get 

WI WI - = 1 + - (1 - cos e). 
W2 M 

(3Agc) 

Substituting (3,4gc) into (3ASb) yields 

(3.50) 

In non relativistic case, WI, W2 « 11;[ =} WI ~ W2, 

(3.51) 

\'Ve have developed covariant formulation for relativistic scattering of" light" with 

"matter" in perturbative Scalar Electrodynamics in the language of Feynman di-

agrams. Like electron Compton scattering cross section, the pion Compton scat-

tering cross section depends on the energy of the incident photon. Further there 

is also a shift in frequency of a photon when it scatters off a free pion and also 

near the forward direction (i.e., when e = 0), the pion Compton scattering cross 

section is reduced to the non relativistic result (3.51) whatever the incident energy 

may be. In non relativistic limit, the pion Compton scattering cross section is 

very similar to that of electron Compton scattering. In other words if we com-

pare the differential cross-section in electron Compton scattering with that of pion 

Compton scattering we see that the scattering of a very low energy photon off a 

spin 0 particle is thus the same as ofr a spin! particle. The explanation for this 
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is t.hat. for very long wavelength t.he int.eraction t.akes place only t.hrough t.he t.ot.al 

charge of the syst.em from which the photon is scattered. 



CHAPTER '1 

Pion Electroproduction 

In this chapter we study one more fundamental process in scalar electrody-

namics. i.e., the pion Electroproduction [7J. 

Pions are hadrons and are heavy particles compared to electrons. However, 

when electron and positron with sufficient energy annihilate, they produce a high 

energy photon which in turn has finite probability for creating a 1[+1[- pair. Thus 

this process proceeds through the creation of a virtual photon. This process is 

extremely important since it involves the creation of hadrons due to the interaction 

of two leptons. This chapter is devoted to the study of this process, e+ e- -> 1[+1[-. 

vVe evaluate the transition amplitude and the cross section for this process [8J. The 

Feynman diagn111 for this process in lowest order is shown in figure 4.1. Let the 

electron and positron state be characterized by momenta and spin p_, s_ and -

p+, s+ respectively. And the 1[-,1[+ pair by momenta p'- and -p~ respectively. 

The 1[+and 1[- are spinless particles. 

The transition amplitude for this process arises from the production of a virtual 

quanta. The transition amplitude for this process [8J 

8 (1) ~ . J' ( ±) A (.) Z4 • Ii ~ -2 Jp. 1[ I' X ( X, (4.1) 

where the electromagnetic potential 

( 4.2a) 



, , , , 

I"~ 
, ' , ' , ' 
" , , 

, , , , , 
pi -p'. , 

p. -po 
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Figure 4.1: F'eynman diagram [or e-+e' -> 7r- + 7r+ scat.t.cring procp~ss in lowest 

order. 

Now to obtain t.he phot.on propagat.or D F (:z:, :z:') in Eq.(4.2n), we start. wit.h Maxwell's 

equations 

(4.2b) 

positron pall' annihilati~ll at :r'. Solving t.he unit. sollrce problem [or (4.2b), we 

get 

(4.:l) 

In -1 dimensional space, i[ we sel. :I;' = 0 t.he photon propagrl(.or, D F (:I;) is gi ven by 

(4A) 
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Using (4.3), one can obtain 

(4.5) 

If we consider the integTand of (4,5), the integration over Po is the same for t > t' 

and t < t'. This result is because photon is its own antiparticle. Therefore the 

invariant transition amplitude for the process e+e- --> 1f+1f- is 

S (l) 
fi 

(4.6) 

where j" (1f±) is the transition electromagnetic current of the pion pair and 

j" (e±) is the transition electromagnetic current of the electron-positron pair. 

Since pions are Klein Gordon particles we have 

(4.7a) 

and 

(4.7b) 

Substituting (4.7a) and (4.7b) into (4.1) one obtains 

S(l) = _ . (. )2 J J cf4 ·cf4 .I {_ Dw;_ ,T, + ,T.* _ Dw,,+ } 
/' 2 2e x x ,,'l' ,,+ '" " "'. 

UXJl UX Il 

x _1_ J cf4q 1 eiq.(x-x') (w +'" W _) 
(21f)4 q2+iE e '1' e , 

(4.8) 
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Since Iji = _1_e-iP't..x Iji* _ = _l_e-ip'-.x and 
n+ y2E,-+ 'If V2E~ , 

Substituting these expressions into Eqs.(4.7a) ,and (4.7b) we obtain 

(4.9a) 

and 

jp(e±) = v~:~_V {v (p+hl'u (p-)} ei(p-+p+) x', (4.9b) 

where in (4.9b) we replace v(s+) (p +) by v (p +) and u(s_) (p _) by u (p _) . 

Substituting ('1.9a) and (4.9b) into (4.8) yields 

(4. lOa) 

After carrying out the integrations in the preceding equation and taking IS~~ 12, 

the transition probability from state i to f is therefore 

e
4
m

2 
[( I ') (I I) 1 1 

4E+E_E'tE'-V 2 p- - p+ I' p- - p+ v Ip- + p+14 

x Iv (p +) II'U (p _) 12 

x [(21T)464 (p- + p+ - p'- - ]J~)( (4. lOb) 
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If the initial electron and positron are unpolarized, the total transition p1'Ob-

ability is the sum over all spin states of the positron and averaged over all spin 

states of the electron. Thus 

~ ~ 18;!)12 

~_,S+ 

Thus, we can express 

T' [ {il.J!++m} (-il'J!_+m)] 
1 'll 2m Iv 2m 

(4.11b) 

Or 

~ ~ 18;;)12 

8_,8+ 

(4.11c) 

To go from (4.11b) to (4.11c), we have used the property of the I matrices i.e., 
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Therefore, the transition probability per unit time is 

1 e4m 2 1 
4m2 4E+E_E'+-E'-V2 T~v Ip- + P+ 14 L~v V 

X (21f)484 (p_ + P+ - P'- - p~) ( 4.11d) 

To go from (4.11c) to (4.11d), one of the 8-function has been eliminated by 

integTating at p_ + P+ = P'- + p~. T~v and L~v in equation (4.11d) are the pion 

and electron tensors which are given as 

( 4.12a) 

and 

(4.12b) 

But 

(4.13a) 

Or 

(4.13b) 

Therefore 

~<vL,<v = 2{2 (p+.p'-) (p_.p'-) - (p+.p_ - m2
) (lLp'-) 

-2 (p+.p'-) (lL.p'r) - 2 (p_.p'-) (p+.p~) + 2 (p+.p_ - m2
) (p'-.p~) 
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(4.14) 

In ultra relativistic case, E» m, M =? E ~ Ipi 

Thus 

(4.15a) 

( , )2 (' )2 2 ,2 2 ' 2 ' 2 ' p- - p- = p+ - p+ = p- + p- - p_.p- = - p_.p- = - p+.p+, (4.15b) 

and 

( ,)2 (' )2 2, '2' p_ - p+ = p_ - p+ = p_ + p+ - 2p_.p+ = - p_.p+. ( 4.15c) 

Therefore (4.14) reduces to 

(4.16) 

If we calculate in the c.m. frame of e-e+ where p_ = -p+ = p, E_ = E+ = 

E p' = -p' = p' E' = E' = E' then ) - + 1 - + 1 

(07a) 

-2p_.p'- = -2p+.p~ = -2lpllp'l (1 - cos (1) , (4.17b) 
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(4.17c) 

and t.hus 

(4.17d) 

Subst.ituting (4.17d) into (Old) yields 

~ L IS;:)1 2 

s_,s+ 
2E+KE'+E'-V 161pI4 
x (21T)484 (p_ + p+ - p'- - p~) . (4.18) 

The differential cross section can then be obtained as 

(4.19) 

where fiu:x=ljp (e-) + jp (e+) 1 

-lIP- _1'±.I- 1.' th fr -v E_ E+ - V III e c.m ame. 

Eq.(4.19) becomes 

<4 ( / / ) d3--?/ d3--?/ xu p_ + p+ - p_ - p+ p _ p +. (4.20) 

Integration over p~ yields 

( 4.21a) 



Since d3 p'- = p~dp'-dn' and EdE=pdp, Eq. (4.2la) becomes 

where q=the c.m energy. 

2 

du = ~I 12 sin2 Bdn', 
32p 

a 2 

du = -2 sin2 Bdn', 
8q 

56 

(4.2lb) 

( 4.2lc) 

(4.2ld) 

( 4.2le) 

(4.2lf) 

(4.2lg) 

From Eq.(4.2lg), we can see that (f~, is maximum when B =~. This shows 

t.hat the production of pion pairs is dominant when q2 = 4M2, where M is the rest 

energy of t.he pion. And the angular distribution of f~, decreases as q2 > 41\;[2. 

The explanat.ion for this is that as q2 increases the probability of other processes 

which involves the creation of extra particles becomes greater and the probability 

for the production of charged pion pairs is correspondingly recluced. 



CHAPTER 5 

Discussions 

Chapter 1 deals with the introduction. In chapter 2 we have discussed the 

covariant perturbation t.heory which enables us to formulate the invariant S-matrix 

for the calculation of transition amplitudes for arbit.rary orders of interaction 

strengths. "Ve have also discussed the electron propagator which enables us to 

formulate the S-matrix using Feymnan diagrams for arbitrary orders of interac­

tion and we have performed derivation of the electron propagator. Then these 

rules have been generalized to study the interactions of scalar particles such as 

pions (i.e., 11'0, 1l'±) with electromagnetic field in chapter 3. The underlying theory 

governing such processes is Scalar Electrodynamics. 

Thus in chapter 3 we have calculated the pion propagator and described the 

basic techniques for the calculation of the Lorentz invariant transition amplitudes 

and differential cross sections of pion Compton scattering. 

In chapter 4 we have discussed one more important process in Scalar Electro­

dynamics i.e., Pion Electroproduction (e+e- -> 1l'+1l'-) which proceeds tln'ough the 

production of a virtual photon. 

"Ve have developed covariant formulation for relativistic scattering of " light" 

with " matter" and Pion Electroproduction in perturbative Scalar Electrodynamics 

in the language of Feynman diagrams. \~Te have found that the differential cross 

section for both the elect.ron Compton and pion Compton scatterings depend on 
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the incident photon energy. There is also a shift in frequency of the photon 

when it scatters off a free electron and a free pion. In the non-relativistic limits 

the elect.ron Compton and the pion Compt.on scatterings cross section reduce to 

Thomson formula for the scattering of a low energy photon by an atomic electron. 

It is seen that near the forward direction ( i.e., when e = 0), the scattering cross 

sections of electron Compton and pion Compton scattering13 reduce to their non 

relativistic limit for any range of values of the incident photon energy. 

From the classical limit of electron Compton and pion Compton scatterings we 

have found that the scattering of a very low energy photon off a spin ~ particle is 

thus the same as off a spin 0 particle. The explanation for this is that for very 

long wavelength the interaction takes place only tln'ough the total charge of the 

system from which the photon is scattered. 

In the case of the Electroproduction process, the differential cross section for 

the production of charged pion pairs is dominant as the C.m. scattering angle 

of the system is equal to ~. And, moreover, the angular distribution is large 

as q2 = 41112, where M is the rest energy of the pion. Or in otherwords, the 

angular distribution decreases as q2 > 4M2. The explanation for this is that as 

q2 increases the probability of other processes which involves the creation of extra 

particles becomes greater and the probability for the production of charged pion 

pairs is correspondingly reduced. 
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