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ABSTRACT

In this thesis we first discuss the S-matrix expansion in the interaction repre-
sentation. We employ this to illustrate the calculational techniques in the study
of one of the QED processes-i.e., electron Compton scattering. We then formulate
Scalar Flectrodynamics which is the relativistic theory for the interaction of scalar
particles (such as 7%, n%) with the electromagnetic fields A,. In this process we
work out the mathematical forms of the pion propagator. We then use Scalar
Electrodynamics to study the processes such as pion Compton scattering and pion
Electroproduction. We give explicit evaluation of the transition amplitudes and
the scattering cross sections for both these processes. We then compare the pion
Compton scattering results with the corresponding results for the electron Comp-

ton scattering .
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CHAPTER1

Introduction

During the past thirty years many ingenious and powerful accelerators have been
developed to probe the physics deep into the core of the nucleus of the atom. The
phenomenon at the most fundamental level can be understood if we understand the
physics governing the interactions of elementary particles and the fields. Without
this it is impossible to appreciate and understand nuclear and particle physics.

In this thesis we will first develop the framework of covariant perturbation
theory and obtain the matrix elements of the S-matrix in the interaction represen-
tation. We then see how the same matrix elements can be obtained much more
elegantly from the electron propagator in the language of Feynman diagrams. We
will employ these Feynman diagrams as a convenient pictorial device that enables
us to keep track of the various terms in the matrix elements of the S-matrix between
specified initial and final states of some QED processes which we will consider ini-
tially. This theory will then be generalized to study the relativistic interactions of
scalar particles (such as pions etc.) with electromagnetic fields—the Scalar Electro-
dynamics. Using this theory of Scalar Electrodynamics we will then calculate the
transition amplitudes and cross sections of some processes such as pion Compton
scattering and Pion Electroproduction. Throughout this thesis we will employ
the natural system of units (i.e.,, i=c=1).

To familiarize with the theoretical apparatus, chapter 2 deals with the scat-
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tering matrix (S — matrix) expansion in the interhction’ pictie in which one can

determine the overall change of the state of the sjstem ﬁ@tle to_intetraéi,;ioh.‘ We

L S A A A T

then develop the mathematical forms of the electron 151‘bpa(gat01‘ which enable us to
write down the S- matrix element and hence the transition amplitude correspond-
ing to any given physical process represented by Feynman diagrams. Finally, we
will apply the above rules to one of the QED processes i.e., the electron Compton

scattering just as an illustration of the techniques developed.

In chapter 3, we will be dealing with scalar particles (such as pions). We
develop the relativistic framework for the study of interactions of scalar (spin 0)
particles with an electromagnetic field. In this process we drive the pion propaga-
tor. This will enable us to calculate the S-matrix elements to arbitrary orders of
interaction strength. Next we will apply the above formulation of Scalar Electro-
dynamics to the process of pion Compton scattering and calculate the transition
amplitude and the scattering cross section for this process. We further compare
the pion Compton scattering results with that of the electron Compton scattering

results we already know of.

In chapter 4 we first develop the mathematical form of the photon propagator
and next we calculate the transition amplitude and the diffevential cross section
for the Pion Electroproduction. In this chapter we will study the process ete™ —
wtr~ which proceeds through the production of a virtual photon. This process

involves the production of hadrons (7%, 7~) due to interactions of two leptons. We

calculate the transition amplitude and the scattering cross section for this process




in the framework of Scalar Electrodynamics. The angular distribution of the cross
section is then studied.

Chapter 5 is devoted to discussions.




CHAPTER 2

Electron Compton Scattering

Compton scattering is one of the most fundamental processes describing the
scattering of electromagnetic radiation with matter. In this chapter we will con-
sider first the field theoretic treatment of electron Compton scattering just as an
illustration of the techniques employed in the solution of this problem. These
techniques will then be generalized to the process of pion Compton scattering in
chapter 3. This chapter is organized as follows. In section 2.1 we will consider
S-matrix expansion in the interaction representation. 2.2 The electron propaga-
tor. Finally in section 2.3 we will consider electron Compton scattering cross
section.

2,1 S-matrix expansion in the interaction representation

Let @ denotes the wave function that describes the state of a system. The
Hamiltonian of the system is H=H,+H;, where H, is the unperturbed Hamiltonian
and Hj is the interaction Hamiltonian.

Let ®,, be the eigenfunctions of the unperturbed Hamiltonian, each corre-
sponding to certain definite values of all the occupation numbers. Then any function
® can be expanded as @ = > C,,®,. Then the exact wave equation

a

Egg(b = (HO—}-HI)(I), (21)




becomes a set of equations for the coefficient C,, {1]:

9 R
Zacin - Z(Ifl)nme?(ﬂnibm)tCm, (22)

ot

where (Hj),, are the time independent matrix elements of the operator H;, and E,
the energy levels of the unperturbed system.
By definition, the operator Hy does not depend explicitly on the time. The

qguantities

(HI)nm (t) = (fll)rllllei(E[rEn])t: (23)
on the other hand, may be regarded as matrix elements of the time dependent

operator

Hi (t) = eiHc"'HI g et (24)

This is said to be an operator in the interaction representation, as opposed to
the original time independent Schrodinger operator H;. Now denoting the wave
function in this new representation by the same letter ®,we can write equation

(2.2) symbolically as

7]

—& = H,(t)D. 2.
i@ = I1,(1) (25)
The change in the wave function in this representation is due entirely to the

action of the pertwrbation, i.e, it corresponds to processes which results from the

interaction of the particles. A formal solution of Eq.(2.5) can be written as

B(t) = Ur(t, )0 (L) , (2.6)




where ®(%,) is the state vector that characterizes the system at some fixed time t,

and Uy (¢,t,) is the time cvolution operator which satisfics

Urlte, to) = 1. (2.7)

It then follows that
7,
ZEUI(t,tO) = H{(i)U[(t,tO). (28)

But the differential equation( 2.8) and the initial condition (2.7) can be combined

to give a single integral equation [2]

t

Ut t,) =1 — / G (O (4, 1), (2.9)

Let us solve this by the iteration procedure. We have

4 b1
Ut to) = 1—i f dt H ()L — f diaH (t2)Ur(t, to)]
to Lo

£ t1
— 14 / dty Hy(ty) + / dty / dto Hr(t) Hi (L) + ...
¢ to to

f (itl / dtz / dt Ilrjr t1)H1 (tg) H{(tn)
te to ta
+... (2.10)

The physical meaning of Ur(t,t,) is as follows. Suppose the system is known to
be in the state | z) at time t,. The probability of finding the system in the state

| f) at some later time t is given by

Pri =| {f | Us(t, to) | 4} I"=] (Un) (s to)]*. (2.11)




The transition probability per wnit time from | §) —}| f) is

1
i1,

I (U[)fl'(t: to) ’21 (212)

W =

Although this ratio has a rather complicated time dependence when the time
interval t-t, is small, it approaches a definite limit as tp —-00 and t — +oo, as
we shall see explicitly in working out actual physical problems in the next section.

This motivates us to define what is known as the S-matrix by

S = Ui(+00,—00} . (2.13)

From (2.6) we see that the S-matrix connects $(-+o0) and $(—oo) according to
P(00) = SP(—00). (2.14)
On account of (2.10), one can express the S-matrix as

S = 894504 5@y

00 o] f1
= 1-— Zf dtlHI(ﬁl) -+ (—i)gf dhf dtgHI(tl)HJ(tg) + ...

—0

oo i1 th-1
+(—i)"/ dtlf dtQ...f dt Hy () Hi(ts) ... Hi(ta) + ... (2.15)

Whether or not the expansion (2.15) is useful depends on the strength of the in-
teraction. In quantum electrodynamics the S-matrix expansion converges rapidly
so that we obtain results that agree extremely well with observation just by con-

sidering the first few terms. This is because the dimensionless coupling constant




o = 357 is small compared to unity. The S-matrix is unitary

5SSt =818 =1, (2.16)

This guarantees that the sum of probabilities of finding the system in various states

|f) at t=o0 if it was initially in a given state [i) at t=-co is 1. i.e.,

SOISHlP = 1. (2.17)

f




2.2 The electron propagator
The relativistic equation of motion of a free Dirac particle is given by

(1, + ) =0, @)

where ¥ is a 4 component wave function of the particle,
7, are Dirac matrices,
3, =(0:,04) , 1=1,2,3.
Yo = (Vi Y4)s

where 7v; = -ifo; and v, = 8, and in matrix form, g and «; are:

1 0 0 g;
b= and «; = where 1 18 2x2 unit matrix and o; are
0 —1 a; O
the pauli matrices. i.e.,
01 0 —i 1 0
U$ = ’O',y = }O‘z =
10 i 0 0 —1

When a relativistic particle of charge e and mass m is placed in an electro-
magnetic field A, = (4;,1®), the Hamiltonian is obtained by replacing:
P P—ediord;— d—dedsand B — K —edor & — O, +ied
Le,

Pp — P — edy, (2.19a)

or

By > By —ied, (2.19b)




10
where 0, = (&, ~i0,) and p, = (p;,1E).

Substituting (2.19b) into (2.18) yields

[7, (O + ieA,) —m]¥ = 0, (2.20a)

where ¢ = 1,2, 3,4.

¥, 0, + m|¥ = iey, AT, 2.20b
Y utln

which is the Dirac equation in the presence of a 4 vector potential, A,.
Since Feynman's approach is based directly on the wave equation we first
review the way of solving an inhomogeneous difterential equation in mathematical

physics. Consider the Poisson’s equation

V20(z) = —p(a) . (2.21)

The solution to this equation with the boundary condition ®(z) — 0 as| 2 |— oo

is given by
b(e) = [ Gl o) (2.22)

where

. 1
Cdm |z —a |

Gz, 2) (2.23)

The function G (=, z’) is called the Green’s function for Poisson’s equation and

satisfies
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ViG(m,a) = —6%(w — '), (2.24)

In other words, instead of solving (2.21) directly, we first solve the unit source
problem (2.24). Once we obtain the solution to this simpler problem, the solution
to the more general problem (2.21) can be written immediately.

In relativistic electron theory we are interested in solving the Dirac equation,

for an electron moving in an electromagnetic field [3]

a .
(’Y‘u%; +m)¥ =iey, AV, (2.25)

where ¥ is the electron field. The right hand side of (2.25) is very much like
the source p(z) in (2.21). Let’s consider a unit source problem in analogy to

electrostatics:

0 ' . ;
(7”5:1—:; +m)K (z,2") = —i6*(x - 2). (2.26)

Writing the Dirac indices explicitly, we have

6 I . 7
[('T,u)cxﬁ 8_7; + mcsmg ]K"BT(:E, T ) = ~164(;1; — L )a'r' (2.27)
Su

The function K (z, ') is the Green's function for the free particle Dirac equation
just as G(z, 2") is the Green's function for Poisson’s equation. In complete analogy

with (2.22) we expect that a solution ¥ to the more complex differential equation

(2.25) satisfies
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U(z) = m/K(rr;,:L")e’y“A“(:c')\If(n:’)(E43:’. (2.28)

That this is indeed the case can be proved by direct substitution:
(7#8_.2; +m)[— [ K{x, 2" )ey, Al")¥(z")d ']

= /i54(m — zYey, A, () (2)d*

= ey, AV (2.29)

Note, however, that even if we add to (2.28) any solution to the free wave equation

(e=0), the differential equation (2.25) will still be satisfied. Thus, we can write

U(z) = Vo) — fK(a;, a')ey, A, (') (2')d*, (2.30)

where ¥o(2) is a free particle solution to the Dirac equation . We can easily verify
that (2.30) satisfies (2.25) just as well. In a scattering problem, for instance, ¥y (z)
may represent an incident plane wave which would be present even if there were
no interaction.

There is an important difference between the differential equation in elec-
trostatics(2.21) and the Dirac equation (2.25). The right hand side of (2.21) does
not contain ®. So we could write the solution (2.22) immediately in a closed form.
In contrast, in the case of (2.25) the function ¥ itself appears on the right hand

side. As a result (2.30) is an integral equation.
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So, even if we obtain an explicit form of K (z,z'} as we shall in a moment,
we cannot write the exact solution to (2.25) in a closed form. However, if a per-
turbation expansion in powers of e can be justified, we can obtain an approximate

solution to (2.25) accurate to any desired power of e by the iteration method

U(z) = 1110(3;)+f(34:13'1((.1:,a:')[ﬁe’yﬂAﬂ(m')]\Ilo(:l:")
+ [ [ @t e A, o) e, Al ol
+ f d*z’ / d*z" / da"K (z,2)[—ev,Au(a) K (', z")

5 [ey, Au (@ (", 2" — ey, Ax (@) Wo (2" + ... (2.31)

Our next task is to obtain the explicit form of K (z,z'). First, because of
the translation~' " oth space and time) it is clear that K (z,2) is a

1t loss of generality we can set z’ = 0. We solve

(2.32)
(2.33)
So the o) @ to a simple algebraic equation

111 MOome:
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(iy.p +m) K (p) = ~i, (2.34a)
~ —1
K(p)= ——, 2.34b
W) = (2.34b)
where i,y_pl - Is understood to be a 4x4 matrix such that if we multiply with iy.p+m

from the right or from the left, we obtain the 4x4 identity matrix.

Clearly we can write (2.34b) as

R (p) = —i (—iv.p+ m) _~typtm
(iy.p+m)(—iyp+m)  i(p?+m2)’

(2.35)

since (iy.p)? = —p*. Going back to coordinate (x) space, we get using Eq. (2.35)

oy o (Ctyptm) o,
K(z,0) = )" /d S R pe, (2.36)
Or , more generally
, —1% 4 (__nyp + 7 1’) ip(e—z
o) = (2m)4 /d Prpryme © ne. (237)

When we integrate the integrand of (2.37) along the real pg-axis, there are poles

at po = £ where E= (| 7 |* +m2)%

—i 3 s 3y * (_'L’Y'p + m) ] —x

K(z,2') = deE’e’p'(mﬁw )/ dp, ¢~ tpo(zo—zp)
®%) (2r)* oo (~Po+ E)(po + E)

(2.38)

The particular form of K (z,2") depends on the particular manner in which we go

around the poles in the complex pg—plane. That this kind of ambiguity exists is

to be expected on physical grounds. Since we have not yet specified the boundary

conditions to be used in connection with the differential equation (2.38).




Figure 2.1: Prescription for the integration (2.38) in the complex po-plane.

We shall now consider the electron propagator Kp (z,2') corresponding to
different conditions.

In the complex pg—plane, p(x,2') corresponds to the choice of contour
indicated in fig. (2.1} when ¢ > t/ and & < . The Green's function obtained by
the following preseription shown in figure (2.1) is denoted by Ky (,2'). In other

words

ooy —1 4.,(_7:7'1)4‘”?‘)_i.v-(w—m’) . (9
Kl ) = / Ay D e, (2.39)

i
since

prAm? =P P Apitm=| PP pm? - pf = B2 p} = (E — po)(E + pa),
the integrand of Eq.(2.39) has lwo poles at Py = +F

To integrate the time component of (2.39), the contour of integmti(?n is as
shown in figure (2.1) for ¢t > £/ and 1 < ¢/,

i

Fort >t :
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—1, + 4 _
§ dpo (EM(PG)H;LTI%))MRG Folt=#)

R .
. (—ivy.p+m) o
= lim n s~ ipo(t=t)
R—»o-os—:()/_n(l 0 (E - pg)(E + pg) — 'iGL
+ lim f dp (Ztrp+m) e il (2.40)
R—~+0oe—0 o 0 (E - po)(E + pg) — 1€ ) :

But the second integral vanishes as /1 — +oo,and since the contour of integration

enclosed in the negative sense:

. (=iyp+m) o
li d : —p(t-t) — _9mig. 2.4
R—»cgl,i—»o ,[_R Po (E — po)(E +po) — iee T (2.41)

—i, — K ) ,
where a, = lim ( 7«'Tp+m)(p0 ) e—'tpo(t—t)

2.42a
m—Ee—0 (E — po)(E + pg) — i€ ’ (242)

_ (=7 P + 74l +m) Bt

5 . (2.42b)

Therefore, substituting (2.42b) into (2.41), Eq.(2.39) equals

—i(2mi) (=T +%E+m) e
Kp(z,2') = & 4 ip-(e-a') 2.4
(w2’ i / P Y X e , (2.43a)

1 —iv. D+, L o (o
Kp(z,z') = W‘/dsﬁ( P 25{4 +m)e’p'(m_”"),t >4, (2.43D)

According to hole theory, Eq.(2.43b) defined as the propagator for an electron with

positive energy state to propagate forward in time.
Similarly for ¢ < #';the contour of integration is the upper half circle as shown
in fig.(2.1). Therefore, the residue, a3

(=b7-p + 74P + M)E + Do) ipy(e-vr

a_y = lim 244a
1 PO —E,e—s0 (E - PO) (E + pO) — i€ ( )
_ (iy.p+ v 0 —m) GEE—t) (2.44D)

2K
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Eq. (2.41) is equal to 2mia_,. Thus

(2 . B—m) o onminier
Kp(z,a') = Hani) f #p e +;§7 ™) gin(a—2 W) oy (2.45a)

=y [ EP O I e meel, (s
Y3
or
Kr(2,2) = -(-;;})3 f 25 P +gf =) gln oo B0 (9.450)

But Eq.(2.45¢) can be defined as the propagator over all the negative energy
states. But a particle of mass m charge,-e and energy,-E propagating backward
in time with momentum,p is the same as that of the antiparticie with mass m
charge,+e and energy,+E propagating forward in time with momentum,-p. There-

fore Eq.(2.45¢) can be rewritten as

I(F (3), :EI) — —1 ‘/d3p("?’(}{p + 74E o m) eii—-p(m—w')-{'E(t—i’)] (245(1)

om)° 2F

But using the projection operators

5 —(s —iy.p+m
3 (Pl (F) = —721; , (2.46a)
]
and
8 =8 vy, +m
Zv()(g)v()(m:____wgm ) (2.46b)

5
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where u® (") and v® (7’) are the bispinor amplitudes for a free Dirac particle in
the positive encrgy and in the negative encrgy states respectively and s lables the
spin states.

And using the formula

1 s, 1
(27r)3/ Ep = Jim D (2.47)
+

Eq¢.(2.39) can be expressed as

Kp(z,2) — lim Z(g—;)u@(ﬁ)a@)("ﬁ’)em(w"m’),t>t' (2.48a)
= — lin Z(—ET—V)U(S)(}?)QT(S)(?)e’ip‘(m’m'),t<t’ (2.48b)
T

From equation (2.31) in lowest order in e, we have

U(a) = Woln)+ / PoK (@,0) [-er, Ay (@) Wo (&), (2.49)
V() = W () fd4 K (2,2 [, A(a!) Bola). (2.50)

To go from (2.49) to (2.50), we use Kp(z,z').

Substituting (2.48a) and (2.48b) into ((2.50) yields

2
U(z) = Wo(z)+ Ilglcl,o_/d%rzz E,V () (7
P

5=1

% [_B'YyA# (lr)] lIjo(mr)e—z'p",q:] /EIV MG ( )e,ip.m
2
hm /d%’zz E’V o) (7" [- eY, An(z )]

P os=1

P




X‘I’o(ﬁ')eip"zr]\/ 507, o) (P e, (2.51)

o (’L) o + Z Z (+} / /u(s'} (1 )eip".z

o8l

DO \F O (7)o 252)

77 s'=1

P

where

4
m ] ; '
C;E;i:g, (t) = /d33:'/ d’ Er{/‘ﬁ(s ) (-ﬁl) o i [_e'Y;;Ap (’L’)} T, (:L,I), (2.532)

/ d*z’ f di’ \/7 (P e [ ey, Au(a’)] Yo (). (2.53b)

Let us assume that W (z) is the normalized wave function for a positive energy
plane wave, characterized by p and s. According to the usual interpretation of
wave mechanics, ' Igfs), (t)‘ gives the probability for finding the electron at t in a
positive energy state characterized by ¢/, s (assumed to be different from p,s} when
the electron is known with certainty to be in state p,s in the remote past. In fact,
from section 2.1, we see that Cf;fz, {00) is precisely the first order correction to the
S-matrix for the transition of an electron characterized by (p, s) into another state
characterized by (p/,s’). This is reasonable because a positive energy electron
state is known to be able to make a transition into some other positive energy

state in the presence of an external potential. However Ci,_,g, (t) does go to zero

as t— oco. Physically this means that the positive energy electron cannot make




20

an energy conserving transition into a negative energy state even in the presence
of a time dependent external potential. On the other hand CE; ;, (—o0) does not
in general vanish whereas Cﬁfli, (—o0) goes to zero. As arvesult ¥ (¢ = —o0) is not
equal to Wy.

In the S-matrix expansion S( )= = 55 dti (@ Hy (¢,) | f). But for field theo-
retic application H; = gzelll')/ju\IlAJ[I and Hy (t;) = —ie f (1311\117#\IIA Therefore

S(l) i)2fd4we@f7#\PiAp

= [d'a\/Z5u (pf) e s [—ey,Au) U,

where Uy (z) = /2w (9’ ;) e P12,

Comparing this expression with Eq.(2.53a) , we see that S(? is exactly identical
to C) (co). In analogous manner, one can obtain the matrix element of the S-

matrix for the higher order corrections using the iteration procedure.
2.3 The electron Compton scattering cross section

The scattering of a photon by a free electron is known as Compton scattering.
This calculation of the transition amplitude for Compton scattering is being given
merely as an illustration of the calculational techniques employed. These tech-
niques will later be generalized to the study of one of the Scalar Electrodynamics
processes-the pion Compton scattering in chapter 3.

There are two Feynman diagrams for this process in lowest order as shown
in fig.2.3. In fig.2.3(c), the electron is initially in state which is characterized

with momentum pjand spin s; absorbs a quantum of photon of momentum k;and




(b)
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Figure 2.2: Feynman diagrams (a)} for direcl process (b) for exchange process in
g g

lowest order

polarization vector €; and emits a quantum of photon of momentuin kg and polar-

iztion vector ¢ to arrive al a {inal state of momentnm py and spin sy.

Similarly,

in fig. 2.3(b) the acl of emission precedes that of absorption. The 4-momentum

conservation holds at cach of the vertices in fig. 2.3(a) and 2.3(b).

. . T . 2) .
The invariant transition amplitude S;i) 15

2 (2 {2
1{7}1-) = b}i) Id ’}"b}t') |g,

2 " vy . . .
where SJ(ri) |4 is the transition amplitude from state py, sp to pg, sg for the direct

2 . i .
process, and SS,i) |E is the transition amplitude from state py, 8y to pg, sy for the

1
exchange process. And :
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SE = 8D (c0), (2.55a)
Sﬁ)[d = f/d‘i:cd‘l:n" /E%;ﬁ(”) (P2) e #2® [—e’yﬂA‘u ()] K (z,)
m ipy @’
x [_G'YHAM (=) Eﬂ/u(ﬂ) (7'1) e™ } ) (2.55b)
where
1 —ika.x : :
Ay, (z) = Wepg (a) e7™2® — wave function of the outgoing photon, (2.56a)
2
and
1 S
A, (&) = \/2_751(1 (a) e** — wave function of the incoming photon. (2.56b)
Wi

Substituting (2.56¢) and (2.56b) into (2.55b) yields

—y.p+m
§D)y = iR / / Pod Ty, {_ﬂ_f’__ .
fi'la CmAVE YV Ve | T me |19
X1 ! ei(pi +k1)..’.':"e—i(pg-l-k'z).zefp.(m—:c')J (2573)

! 2\ /w1CU2V

where for the sake of simplification we put u®®V (7)) by w,, @2 (7’2) by @, and
€1 (@) by €1, €40 (@) by €.

After carrying out the integrations in Eq.(2.57a) one obtains

—ie’m . —iy. (pL+ k1) +m
e S —TR— 2 . 2
2VE| Epwiw, V2 (p1 + k1) + m?

x (2m)" 6% (p1 + ey — po — ko) . (2.57b)

2
5PN, =

i Y€1
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Similarly S}?le is equivalent to 5}2.)

'|la by replacing ky €2 —kg, €1 <2 &5, Thus

S(‘z)' _ —ie*m S —ty. (pr — ko) + M -
ile 7T L . € 1
f 2 10| By ywa V2 (m — ;’cg)2 + m?
x (2m)* 6 (py + k1 — pa — ka) . (2.58)

The total transition amplitude is therefore

5 —ie’m {4%@ﬂwﬂ+m]

U €
2V B By waV? A7 (p1 -+ fﬁl)2 + m?

—iy. — ko) +m
(o1 — k) }m%m@fW@+h~m—@mm)
(pr — k2)” + m?

+-y.€1
Since the electron and photon are free
pr+mP=p2+m?=0and kl = ks = 0. (2.60)

If we choose the rest frame of the initial electron and also choose the polariza-
tion vectors to have only space component then by a suitable gauge transformation

we have

prer = prez = 0, (2.61)
where
p = (m0),e=(0, <), (2.62a)
and
k1.6, = ke.cg =0, transversality condition. (2.62b)

And moreover from the property of y-matrices we have

(v:p) (7€) = = (7.€) (v.p) + 2p-c, (2.63)
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and a free Dirac spinor satisfies the equation

[—iy.p+mlu(p) =0. (2.64)

Thus

v.€9 [—ty. (p1 + k1) + mly.eu(pr) = —iy.62 (2pr.er) ulpy) + iy.eov.e0v.kru (pr) -

(2.65)
Using equations (2.60),(2.61) ,and (2.65) , equation (2.59) reduces to
g _ ___—ie'm EECWQNMQWMMEWQNMﬂWM)U
Ii 2\/ E1E2w1w2V2 2p1.k1 2101./‘22
X (271')4 64 (p1 + k- Pz — kg) . (266)

To obtain the transition probability, we shall have to square Sgg-) . If we are not
interested in the spin of the final electron, and if we restrict ourselves to the case
of unpolarized initial electron, then summing |S§c2¢-)|20ver sg and averaging over sy
corresponds to carrying out a certain trace operation. This calculation then yields
the result

4 s [
EIS(Q) _ QWTT K w-g;er) O( %’Y.é);:-m) O]

s; 50
x[(2m)" 6 (pr + by — p2 — k)%, (2.672)

where O is the matrix elements sandwiched between Ty and uy and

O = 7,0™,. Thus we can express 1 57 [S%|2 as

81,52

1 @2 em? wp | Wz 9
3 21 = i B Loy Ty 2@

Wy
81,52




x [(2m)" 8 (py + b1 — pa — R2)] (2.67b)

where we have used the fact that in the laboratory frame p; = (m,0,0,0).

The transition probability per unit time

S(Q.) 2
ES§2I 3 - etm? V191192 g4 d (e e)
92 T o EIEQUJl(L)QIM 16m2 [ ) e
X (2m)* 8" (p1 + k1 —p2 — k). (2.68)

The differential cross-section do is thus

S{z) 2 T
1s§2I i) Voo v
5 d° Py

o= = 227" 7 (om)

A%y, (2.69)

where F is the flux of the incident particles. Therefore

84m2 1 (4)1 wo 9
— I, 2 4 . . .
E1EawiwaV316m? [wy  wy +d(ere)”| /]de + dq

x (27m)* 6% (py + ky — g — k2) (

do

V2
on)®

where F= |j. + j,| is the total incident flux i.e., the incident current density of the

Bp3d ke, (2.70)

electron and photon. And

I E}
[Je -+l = 3 5w (2.71a)

But in the lab. frame of the initial electron 7’;; = 0, and since |L_1> = wy,

then

1
IF| = 5 (2.71b)
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Putting (2.71a) and (2.71)) in (2.70) and integrating over 7’y yields

4

e W Wa 2
do = — S (YL L¥2 o e
o 16E1E2w1w2 o + W 2 + (El 62)
X8 (By + w1 — Fy — ws) ks / (27)° . (2.72)
We note that
d
By = |Fop [2d| oz |dQ = wdusndSYy = wga%dEffzﬂg, (2.73)
where

Ef = Wy -+ E2 = Wey | \/7?12 + (L()] — UJQ)2 (274)

By = wy+ \/m2 + w? + wi — 2wiwq cos b, (2.75a)

with & being the angle between the initial and final momenta of the photon. There-
fore, using Eq. (2.75a) one can obtain an expression for ‘;—fﬁ as

@_ 2(wy —~wycosd) Byt wy—wicosd

1 2.75
d&)g + 2E2 EQ ( 7Ob)
Substituting (2.73) into (2.72) and integrating it over E; yields
et Wi Wy 2

do = ———— | — + — — 2 +4(e;. 27 (27)° : _ ,

o 6B, Bawrtvs [w2 + o 2+ (61 Eg) :| (.4)2/( ﬂ') dLJJQ/dEfdQQ (2 76)
Substituting (2.756) into (2.76) leads to
e? W W Wsa 9 EQ

= — | | =+ — —2+4(e. . (2

@ G oy [ (Wl) [wg " Wy tlae) J Fo+wy —wy cos()dﬂ2 (2.77)

By . waly
—uw cos mwy

In the lab. frame of the initial electron, T Therefore

{1 2
do & (%) [ﬂ + Wa _ 24 4((—:1_62)2] d{ls, (2.78)

Gdm2m?2 \ w, Wy Wy
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which i1s the Klein Nishina formula.

For non- relativistic limit, w; ws << m, = w; >~ wy,

4

€ 2
do = W4(61.€2) dQQ, (2793)
= a’/m?(er.e)" d, (2.79b)

4 . 2 . .
where o = £ and since 25 = 73 [the classical electron radius |.

dG’(NR) = ?‘(2) (61.62)2 d\Qg, (280)

which is the classical Thomson formula for the scattering of low energy radiation
by an atomic electromn.

From conservation of 4 momentum we have

pr=p1+ki— ks (2.81a)

Squaring both sides of Eq.(2.81¢a) leads to
prk1 = prks + Kk, (2.81b)

where we have used the fact that p? = p2 = —m? and k¢ = k3 = 0.

After some simplification (2.815) reduces to

wa m
w;  m+w(l-—cosd)

(2.81¢c)

where ¢ is the angle between the momentum of the incident and the outgoing

photons. When § = 0,2 = 1, therefore Eq.{2.78) reduces to Thomson’s formula

whatever the energy of the incident photon may be.
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We have found that the differential cross section for electron Compton scat-
tering depends on the incident photon energy. Therc is also a shift in frequency
of the photon when it scatters off a free electron. In the non-relativistic limits
the electron Compton scattering cross section reduces to Thomson formula for the
scattering of a low energy photon by an atomic electron. We see that near the
forward direction, (i.e., when § = 0) the scattering cross sections of electron Comp-
ton scattering reduces to the non relativistic limit whatever the incident photon

energy may be.




CHAPTER. 3

Scalar Electrodynamics

Pions are unstable particles of mass around 270 times the electron mass. There
are three different types of pions: =, 7~, and n°. The charged pions (7*) decay
into a muon and a neutrino, while the neutral pion decays into two photons. The
decay of the neutral pion into two photons prove that its spin 5° = 0. Thus pi-
ons are scalar particles. This chapter is devoted to developing the mathematical
techniques needed for the study of some of the fundamental processes in Scalar
Electrodynamics which is the relativistic theory governing the electromagnetic in-
teractions of scalar particles e.g 7% & [4].

Now for a relativistic equation for scalar particles, we must start with the
correct relativistic energy-momentum relation.  Energy and momentum appears

as the “thne’and ‘space’components of the momentum 4-vector.

pe=(E,7), (3.1)
which satisfy the condition
pr=pi=E— P =M, (3.2)

where M is the rest mass of the particle and p=0,1,2,3.

Klein and Gordon attempted to build relativistic mechanics from the squared
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encrgy relation. Let @ is the wave function of the klein Gordon particle which

satisfics the mass shell condition

(E2 - m’[g) o — M. (3.3)

___}
Replacing p — —iV and £ — z'gz in (3.3), the free particle Klein-Gordon

equation is :

17
[(;—‘t)2 — (=) 2] & = M2, (3.4)
(0% — M*) @ =0, (3.5)
where (12 = (72 — %) = —02 is the 4-dimensional Laplacian . We now proceed

to obtain the equation of motion of a relativistic Klein-Gordon particle interacting
. —
with electromagnetic field A, = (@, A) .
In the presence of an electromagnetic field, the equation of motion of the Klein-
Gordon particle is modified by making the usual gauge invariant replacements.

Therefore

Oy — Oy 1+ ied,, (3.6)

where 8, = (3, —0;) and i=1,2,3.

Substituting (3.6) into (3.5) yields

(0% — M) ® = (ied, Ay +ieA,d, — 2 A2) &, (3.7)




31
which is the KG equation in the presence of a potential A, = (®, A).

Since the Klein Gordon equation is second order differential equation [5], equa-
tion (3.7) in an clectromagnetic field contains an extra e*A2 ® term. Thus if we
study a process like pion Compton scattering, the scattering amplitude for this pro-
cess will receive contribution from an additional diagram arising from this egAﬁ o
term in Exq.(3.7). This chapter is organized as follows. In section 3.1 we will ob-
tain the form of the pion propagator and in sec.3.2 we will consider pion Compton
scattering cross section.

3.1 The Pion Propagator

Now let's denote by D (z — a') the pion propagator which satisfies( like spin

1/2 Dirac particles) the differential equation

3 — M?] D (z — &) = —6" (z — 2'). (3.8)

If we set 2’ =0, Fq. (3.8) takes the form

(0P — M%) D (z) = —6" (), (3.9)

where [? = —5‘5.

Since the Fourier transform of D () in 4 dimensional space is given by

D (z)

= % fd‘ﬁnf) (p) e"®, where p.z = pyzg — 7.7 . (3.10)

Substituting (3.10) into (3.9) yields
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(82— M%) (271r)4 /ddpﬁ (p) P = 8 (), (3.11a)
ie.,
(2717)4 fd4]) (p* — M?) D (p)eP® = 5 (), (3.11b)

since §* () = (Tiyf [ d'pe’P™ in 4 dimensional space. Eq. (3.115) reduces to

(»* — M?) D (p) = 1, (3.12a)

~ -1

D(p) = Dk (3.12b)

which is the pion propagator in momentum- energy space.

Going back to the space-time representation (3.10) becomes

—1 1 ip.x
D)= Gt | (3130
In general
Dz N -1 d4 1 ip.(z—z') 3.13b
(m_m)_(%ﬁ vk : (3.13b)

Like the Feynman approach to the electron propagator in section 2.3 one can
define the wave function of KG particle using equation (3.7) and (3.8).

Let @ (2') be the wave function of the KG particle at some time #'. The wave
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function of this particle ® (z) at time t, (¢ > t') is

O(z) = By (:u)_fd’l:v'D (@ — ')

O D
X {1671:11— +ieA,(z )83;

— e’ A2 (x')} B ('),  (3.14)

!
K
where D (2 — «') is the Green’s function of the KG equation and ®q () is the wave

function in the absence of the perturbation.

We see in the above equation that it is not in a closed form lilke that of a spin
% particle in the previous section. Therefore, using iteration method, one can

expand (3.14) as follows:

a p’

xS @ f/d4 Y dte" D(w — o'Yie aAH (’L) +ied, (z )ai

eQAi (= )}
,u

x®g (2") 1 ... (3.15)

d(z) = /d‘%D { Oy () + e A‘[‘(m)—awﬁeg}li (m’)}

i
U

—e? A2 (2)}D (2’ — ") {13——8Fi «) +ieA, (a,”)

The physical meaning of this expansion is as follows. The first term on right
hand side of Eq.(3.15) is unperturbed wave function , the second term is the first
order correction to the wave function and the third term denotes the second order

correction to the wave function , ete.

If we take the first order corvection for @ (), we have
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A, (2 ;
P (z) = - f d'z'D (x — o) {iegé:;(,—) + ieA, (2') (’)?’ — A% (w ’)} by (z').

i T
(3.16)
Separating space and time component of Eq. ( 3.13b) we obtain
. ﬁl 3—‘* tEtft' —pfz—z'
Diz o) = Pl el 0P (37
And since
p?— M? =i~ |P[" = M? = p} ~ B = (py — E) (po + E),
D(z—2z) ffd‘q’pdp !
(27r “(po — E) (po + )
s gilPo- (). (a=a")] (3.18)

When we integrate the integrand of (3.18) along the real py_axis, there are
two poles at pg = im. And if we give E has an infinitesimal negative
imaginary part, the contour of integration in the complex py—plane for (3.18)
appears as shown in fig. 3.1. For ¢t < ¢/, the contour of integration is the upper
semicircle as shown in fig. (3.1). Thus the integral over py in (3.18) receives
contribution only from the pole pg = —£. This integral in Eq.(3.18) for ¢ < ¢’ is

thus evaluated as




Figure 3.1: Prescription for the integration (3.18) in the complex pg-plane.

1 . , R 1
dp _gimlt=t liin / dn
f Po (po — £) (po + E) — ¢ R—coc—t |, ”(po — E) (po + EY —ic

3 (31.‘”0([_”)

I
li l
T pesettin / P loo ) (po + B) e

[+

xelPolt=t) (3.19)

Integration over the curve vanishes as R— doo,and Fq.(3.19) reduced to

! simolt-)  _

R
1
dp £ = lim / dp ,
fg ]0(‘])0 - E) (po + ) — ie R—coe=0 [_p, O(pu — EY(py -+ IF) —ie

x e Polt=t) (3.20)

since the contour enclosed in the positive sense

R A o
I 1 : wolt=t) — 2mria_ 201
ol /Rf]?o (70— ) (po + B) ¢ i) (3.20b)
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where the residue, a_; is:

. (po + ) ipo.(t—t'
o= ] o (t=F) 3.21a
¢ po o B 20 (po — F) (po+ E) — ie” ’ (3.21a)
— _%e—fﬁ(t—”). (3.21D)
After substituting (3.216) into (3.200), equation (3.18) becomes
i &7 '

Dz — 2"} = — hadit —:p.(:l:-—x}. )

(z — z') (2w)3/ 5 ¢ (3.22)

To arrive at Eq.(3.22) , we use the substitution p— —p for negative energy particle.
Since according to the hole theory an antiparticle defined as a particle with negative
energies propagating backwards in time. Similarly for ¢ > ¢/, the contour of
integration is the lower semicircle as shown in fig.(3.1) and the integral receives
contribution only from the pole pg = E. The expression for D(z — ') for ¢t > ¢ is

similarly worked out as,

Dz o i dSF ip.(z—z')

According to hole theory, Eq.(3.23) is the propagator for the particle with posi-
tive energies propagating forward in time and similarly (3.22) is the antiparticle
propagator.

Using Eq. (2.47), Eq. {3.23) takes the form

1 : 1 ol
D ‘,_l,l — 3 1 1p.T —ip.T ) 324
S z,,,ga;OZ[ T H\/W ] (324
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In general

1 —ip.at '
LJE};;\&W Syl Mt >t

D(c—«)= . (3.25)

r-zpa:

i li eire’ /
v_l,]cl,o Z \/2131/ \/251’ b <t

where the first form is the propagator to all positive energy states of a particle and
the second form is the propagator for the corresponding antiparticle.

Eq.(3.16) can be rewrite as

P (z) Bz ’f dt'D (z — )

+ ieA, (z') 9 _ A ('L’)} B, (2')

- -/
fith 2
=5

+ 1/43’/ dt'D (x — 2"

04, (3’)+ el (o) 5~ AL 0o (), (1200)

B

X

If we substitute the first expression for D (z — 2’) in the first integral and the
second expression for D (z — ') in the second integral from (3.25) in the above

equation, one obtains

t 7ot aA J
®(z) = — Ej Saf ¢ e 7T Jie——~- +ied, — A2 (o
(z) i fd, d \/’T { o, ied, (z )a’LL e’ A (z )}

Xy (o) [m *P’f]+(ﬂ)zfd3f - L

A, d =i T
x{zea , + e A,J&E;1 — &A% (a')} x @ () [ 2EV v ] (3.26b)
Or we can express ® (z) as
B (5) = O (1) — s 1 O (1) - e (3.26¢)
i V2EV V2EV
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where

?
() _ ; 3,/ , 1 —ip'.a
Op’ (t) = (“?;)/du HH /—Oodt We P
A, (2 7]
X { ’Lea—é%u + ’I.,GAﬂ (’L ) a}“ 2A2 (’L )} X (1)0 (.'E’) ,(3.27&)

L #

and

<2
=
I

o0 1 ‘o
d*a’ / dt/ eV
0 [ 0 [ e

x{ te A; gbi) ied, (z') 6(2 — A (@)} g (') . (3.27D)

7

But C™) (00) = S}? is the first order correction to the S-matrix expansion.
We neglect the last term as compared with the first two terms. In analogous
manner we can find the higher order corrections to the S-matrix expansion [6].

Now

(1) L) 1 zp’.:r’ : aA# ((LJ) . S _6_ N
S} d*x \/___ {ze——r—amL +ied, (:L)afﬂfu $p (2},  (3.28)

But one can rewrite (3.28) as follows

) d 0
S(i) — —i/cl4x' {_ e A (’.E’) ’ —ip + zeA ( ) __’_} dq (',LI) ,
oY oz, { ] 0w,

since A — 0 as [z} — oo and A4 — 0 as ¢ — £oo. Thus

fd4 Jo—ipla Oalal) 1 e A, (@) — [d s Ay (o)

zrfv dzl, VIE'Y VIRV

x 32; [e*fp’-m’] . (3.30)
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The right hand side of (3.30) is obtained by using integration by parts. But

the first term on right hand side vanishes. Thus

4 g —1p :r:’a‘AlI ("Bl) .

J o
_ d4."A¢ ‘,.f Y —iple .
o oa, ] @) g7 (7] @3

As a result, Eq. (3.29) can be put in the following form

8% («f
Sy = f e {*ieAau () ——f—(ml@ (@) + deA, (o) 2 () o) } ,

f -
O, Oz},

(3.32)

. ® {0 1 —ip’.z’
where 0 (2') = 57?7,

which implies that

S0 = f d*a'ie { 5(1;( )q>( N+ P (x )a(p",("”')}Aﬂ(a;’), (3.33a)

— / d' {7 (o)) Au ()} (3.33b)

a8 (:n

2ig, (') + @ (2) M] is the 4 electromagnetic tran-

Here () ;; = te [ 5a)

sition current for the KG particle.
3.2 The pion Compton scattering cross-section

There are three Feynman diagrams for v — 7~ scattering in lowest order as
shown in fig. 3.2.
Fig. 3.2 (a) and 3.2 (b) are interpreted like that of electron Compton scattering

whereas fig. 3.2(c) is due to the 82A2 term in the KG equation in a field and it
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~ N
Pa S /_/’ ; )
* \/ k;g Pe> N o }:,\ ‘. 7

A ," ‘\
. , k, R S
p 7 \l—l n T A e \'--f’

Figure 3.2: Feymman diagrams (e)direct process (hjexchange process (¢) contact

term in lowest order.

is interpreted as the simultancous cinission and absorption of photons without the
intermediate state aud it is called contact ternm. This diagram has no counterpart
in the &= — « scattering process (shown in fig. 2.1). Since the 7~ — « scattering
process is second order in e, the total transition amplitude is due to the sum of the
contributions from the direct and exchange diagrains plus the contribution due to

the occurrence of egAﬁ term in Eq.(3.270) for SE,I,-). Thus

S = 5+ 5P+ 82, ' (3.34)

Since

@ (z) = (—1)* / / (ﬂm'd“x”D(m—m’)

0/1]1 ! 9 2 ¥, y N
x( O L’"“"')ab “(:L))D(:L—IL)

Ty L
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) 3A,u (=") . d 2 22
X (ZGW -+ ?,eA,u (.’L‘”) E;JE — e A‘u (.’E”) (I); (3.7”) s (3358)

using Eq. (3.25), one can rewrite Iq. (3.35a) as

1, 1
L _e| Loy [
V2BV } O\ vamv

3O (z) = GO (y) [ e—z—pf.z}  (3350)

where

1 ,
CHO () = —5(-1)? / f i di— e
NG

X (zea};;‘) +ieA, (x )a—iu et A2 (QJ')) D(z' — ")
M m
aAL ‘L” i 8 1
{122 e, @) 2 - e @ | e,
i “u
and
1 R r
(-)(2) R 2 4 _+ 4 N - ip'.x
C ®) i(—1) ffd 2'd*z ﬁ2E’I/ZE
A, (z
X ( ém( ) + e A, (=) Bf’ —e? AL (z )) (' — ")
# z

X { 83%15 (” ) + e, (z")

87‘;1 - ezAﬁ (:L‘”)} b, (.’L’”) ) (3.37b)

Therefore, using the equality between SE?,:) and CH® which we developed

earlier, i.e.,ngi) = (1 (00) , one can obtain an expression for ng‘;) as

(2) — 4 ¥ . a —ip'. . g 8
Sh —i(—-1) /fd Yd ZE’VAH (:L){ ZemamL [e ] + iee our,
0 N
x Ay, (&) {mzea&z [D(z' — 2] + ieD (2’ — 2"} 6$Z}(I)i (="}, (3.38)

where we have neglected the contact term in lowest order. We know that the

initial and final pion wave functions are
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1 I 1

———eP1" and O (') = e
NoTAY 7 (@) NG A%

and the emitted photon and the absorbed photon wave function are

P; (2) = (3.39a)

A (@) = o and A, (o)) = g

V2wsV

Substituting (3.23),(3.39a}, (3.39b) into (3.38) yields

(3.39D)

1
S(?Id = mif/d4mld4x\/w7{—i€(—ip2,;)+i€(ipn)}
€ap Loy 1 ip.(z'—z)

1d
\/7 en)® T - M
zm‘/{ %8( ?’pﬂ)+1’e (ﬁpm)}fm

Xeftpz.w 61p1 .a:e“tkg.z 6110142. (3403)

Thus

8(2) — ﬁz ?’ 6 // £4 l4 s
i BT ) | O Pt il
1 1 T —

ot ] o bl

% ei(p—pg—kz)m' ei(‘Pl-l'kl —p).:n} (340b)

X

Integration over = and &’ leads to

. 2
—i (i°e 1 1
SPNe = e (o) (p2+ ) €2 )’ f d* e YA I

X (271') 5% (p— pa2 — ka) & (1 + k1 —p). (3.40c)
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Integration the above equation over p leads to

;22
S@, = v pat+pr+ ki) e 2py+ k) €
i F NI RIENE, (p2 +p1 1) 2(131 n kl)g Y (2p1 1) €1
x (27)* 6" (py + kg — p2 — kn). (3.40d)

Now S}?[e is obtained from S}?Li by replacing k& = —ky and ¢, = €.
It is observed that if we take the contribution to SS,? from direct and exchange
terms alone (as in fig. 3.2{a,b)), then SE«? is not gauge invariant. However if one
adds the contribution from the contact term to S}? then Sg-) is gauge invariant.
Thus we take into account the effect of direct, exchange and contact terms in the
construction of S( ). The A.p term taken twice is of the same order as the A.A
term so far as powers of e are concerned. Thus we see that Sg) for the direct and
exchange diagrams in fig. 3.2(¢) and 3.2(b) is of the same power in e as Sgcli-) for

the contact A A term. Thus

2ie?

4\/ El EQwI(A)Q 1/2

So = e1.6 (27) 6% (pr + ky — po — k) . (3.40€)

The factor 2 in Sz, is due to the emission and absorption of either photons.

Eq. (3.34) becomes

S(Z) = 4\/}3%:@—1;2 {(p2 +p1+ Ky) ﬁ‘zm (2p1+ k1) @

+(p2+p1— ko) ex (2p1 — ko) €a—2¢1.ca} (2m)* 6% (py + ky — 2 ka) .

{p1 — k2)2 — M?
(3.41)




Integrating Eq. (3.46b) over 'y yields

4

/ C
do = ————
4E1E2w 199

1 -
161.6212;;2-5 (El + W — Ez - wg) (1!3 k‘;,

3L |20 2 A
and d® k 5 = |koo|*d|kaodly = widwadSls. Therefore
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- 167r2E'1 nglwz

dk
I61.62]26 (E1 + wy — E1 - Lt)g) kgo——?ngfdQQ.
dE;

do

But we know that

dE;  Muw,

dkgg EQUJQ,

4

e dewg
lo = eof*wi——dS
= T By By 2 2 g, B
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(3.47)

(3.47b)

(3.47¢)

where 5; = Iy +w; = Fa 4wy = Iy, We have used integration over £; to go

from (3.47b) to (3.47¢). Thus

et Foywi

do =
o 167T2E1E20J1 Mw1

€1 .€22d 2,

a? (wy\?
= Eﬁ (;E) IEl.Eglngg,
1

which is the differential cross secticn in lab. frame.

From conservation of 4 momenturn we have

pa =Pt k24 kS 4 21k~ 2piky — 2kika,

M? = M* -} 2(Mw; — |pi]|k1] cos 8) — 2 (Mwy — |p1|}kef cos 8)

(3.48a)

(3.48b)

(3.49a)
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=2 (wwy — wowy cosb) . (3.49b)

After some simplification we get

7y 725
— = — (1l —cos 8. £
o 1-+ M( cos ) (3.49¢)

Substituting (3,49¢) into (3.48)) yields

a? M?
lo = — ea|2dS,. .
o= 35 |t o (1= cos B 1@ al dt (3:50)

It non relativistic case, wi,ws K M = wy =~ wo,

a? g
do = Eﬁlél.ézl dQQ , (351)

N

We have developed covariant formulation for relativistic scattering of ”light” with
"matter” in perturbative Scalar Electrodynamics in the language of Feynman di-
agrams. Like electron Compton scattering cross section, the pion Compton scat-
tering cross section depends on the energy of the incident photon. Further there
is also a shift in frequency of a photon when it scatters off a free pion and also
near the forward direction (i.e., when @ = 0), the pion Compton scattering cross
section is reduced to the non relativistic result (3.51) whatever the incident encrgy
may be. In non relativistic limit, the pion Compton scattering cross section is
very similar to that of electron Conipton scattering. In other words if we com-
pare the differential cross-section in electron Compton scattering with that of pion

Compton scattering we see that the scattering of a very low energy photon off a

spin 0 particle is thus the same as off a gpin —% particle. The explanation for this
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is that for very long wavelength the interaction takes place only through the total

charge of the system from which the photon is scattered.




CHAPTER 4

Pion Electroproduction

In this chapter we study one more fundamental process in scalar electrody-
namics. i.e., the pion Electroproduction [7}.

Pions are hadrons and are heavy particles compared to electrons. However,
when electron and positron with sufficient energy annihilate, they produce a high
energy photon which in turn has finite probability for creating a #t#~ pair. Thus
this process proceeds through the creation of a virtual photon. This process is
extremely important since it involves the creation of hadrons due to the interaction
of two leptons. This chapter is devoted to the study of this process, ee™ — a7,
We evaluate the transition amplitude and the cross section for this process [8]. The
Feynman diagram for this process in lowest order is shown in figure 4.1. Let the
electron and positron state be characterized by momenta and spin p_,s_ and -
P4, S+ Trespectively. And the n~, 77 pair by momenta p_ and -p, respectively.
The 7tand 7~ are spinless particles.

The transition amplitude for this process arises from the production of a virtual

quanta. The transition amplitude for this process [8]

B [ A

where the electromagnetic potential

A, (z) = fjJu (e*) Dp (z,a") d*a. (4.2a)
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Figure 4.1: Feynman diagram for e 4e! — 77 + 2t scattering process in lowest

order.

Now to obtain the photon propagator Dp (2, 2') in Bq.(4.2a), we start with Maxwell's

equations

~[2 4, = j, | (4.2b)

for electromagnetic current j, {¢*) = ieW, 17, ¥ .- produced due to the electron-
positron pair annihilation al @, Solving the unit sowrce problem for {4.20), we

get

2 Dp (z,2') = —&* (x,2) (4.3)

In 4 dimensional space,if we set 2’ = 0 the pholon propagator, Dy () is given by

1 ST L
Dr(a) =g, / &'qD) ()™ (4.4)
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Using (4.3), one can obtain
- 1 g 1 iqlx—w")

If we consider the integrand of (4.5), the integration over py is the same for £ > ¢/

and ¢ < ¢. This result is because photon is its own antiparticle. Therefore the

invariant transition amplitude for the process ete™ — wtr™ is

1 1 ; /
{1) — —q | dtr + 4 ig{z—z")
S zf 2 Ju (7 )(2ﬂ)4quq2+i€€

X / d*z'j, (e*), (4.6)

where j, () is the transition electromagnetic current of the pion pair and
ju (e%) is the transition electromagnetic current of the electron-positron pair.

Since pions are Klein Gordon particles we have

oFr=_ ov,+
() =de | ——F— 0 i Jra
J# (GT ) e ( aa:p at + ‘II]T aﬂ:“ ) ) (4 7r1)
and
j,u (ei) = ie@e""yp‘lle—- (471))
Substituting (4.7a) and (4.7b} into (4.1) one obtains
v _
S{? = — (ie)zf/d‘imd‘ia;’ {—8 Ty + W7 B\I}ﬁ}
Jz,, dz,
x f d4q_}u?et‘q.(w—zl) (ﬁe_w ‘I’e—) , (4.8)
(2n)* q* + i€ #
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. i , gt
Since W4 = —m—e P4 ® T¥_ = L% apd

28, Vo /2R €

[ m ip_.x
\I]e_ L ‘, L(S ) ( ) Plp )
— —3 : T
Vo =,/ ETV V(P ) et

Substituting these expressions into Fgs.(4.7a) ,and (4.7b) we obtain

YerilhHh)e (4.00)

Ju ("Ti) 2\/W{ ( ip’ ) ( ipr,)
and

. 1em — i ey
du (F) = VEEV {5(7 4)v,u (P o)} P70, (4.9b)

where in (4.9) we replace %¢+) (P',) by 7(7,.) and uls) (P ) byu(P_).

Substituting (4.9¢) and (4.95) into (4.8) yields

1
S(l) — (ZB) ffd4 ‘d4 N L— ;
1 2@m1/ T {(p p"‘),u} (2’]?' 4
I
< [ttt B D7)

o gta@—a") o=i{PLAP| )o o ilp—tpy)a’ (4.10a)

After carrying out the integrations in the preceding equation and taking jS%) |2,

the transition probability from state i to f is therefore

4

Iy2 etm? T, r __1_____
551 = e [(p ) *u o+ pf*

x[3 (P4 ) v (77)

s [2m) 8" (p_ +py — 1. — 1)) (4.10b)
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If the initial electron and positron are unpolarized, the total transition prob-
ability is the sum over all spin states of the positron and averaged over all spin

states of the electron. Thus

1 ) etm? 1
9 Z |Sﬁ |2 = 4E+E_EQ_E’_V2§ Z [(p’_ Mpil’)ﬂ (PL _pﬂr)u]

F—y84 Spp8—

xm [@ (P ) 1070720 (P ) 7 (P ) nu (7]
x [(27)" 6" (p~ +pr — Pl — pﬁr)]z, (4.11a)

Thus, we can express

S IS = et [ - ), 6L ), ]
2 50T ap, B B vea [ T P e T P

5,84
Y. py +m —iv.p_ +m
o e ()

2
x [2m)*6* (o= +ps — 0 — D))" (4.11b)
Or
1 (1)12 etm? ,
5 2157 = mE 7 P = P = s + 9}
8,84
X e {7, (rops) (yp) vy + Py,
[p— 4 pylt8m2 e

x [(2n)' 6" (- +ps — 5 —4)]". (4.11c)

To go from (4.115) to (4.11¢), we have used the property of the y matrices i.e.,
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(7,7, a-Ya) = O,for n odd.

Thercfore, the transition probability per unit time is

1 Z |S(1)|2 1 etm? T 1 v
T 42 4E+E_Ei e #V'p +py |4 #V
8., 54
X @n)'6 (o 1 py 7 ph) (411d)

To go from (4.11¢) to (4.11d), one of the é—function has been eliminated by
integrating at p_ +py = p'_ +p,. T, and Ly, in equation (4.11d) are the pion

and electron tensors which are given as

,rw = {pﬁ#pm p{—-ppg-y - pihup’ﬂ, + pﬂrppﬂry} ) (4123)
and
1
L,uv == -2"T?{’Y‘LL (’Yp+) (,Y'p“) Yy + m27;17u}‘ (412b)
But
L;w =2 {p+;xp—u +p—pp+u - 6,uu (er,pﬁ) -+ m25pv} . (4'138“)
Or
L;.w =2 {p—H.apr +PuPyo — (p+'p~ - mg)alw} : (4‘131))
Therefore

Ty Ly = 202 (prpl) (p-p1) — (prp —m®) (pLpl)

~2(prl) (p-#4) — 2 (p—p) (p4y) +2(prp- — m?) (W_0)
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+2 (pe) (p—P) — (prp. — m*)pL ] (4.14)
In ultra relativistic case, B3> m, M = KB =~ ||

Thus

2
(p-+p4)2 =0" +P% +2p_py =2p_pp = (P +7,)", (4.152)

2 2
(- 1) =y —ps) =0+ —2pp_ = -2p_pl =20, p,, (415D)

and

(p-—7,)" = (P —p4)* =12 + 7, — 20, =—2_,. (1.15¢)

Therefore (4.14) reduces to

Tuwlpw = 2{2(psp) (p-2l) = 2 (P’ ) (- 7)) — 2 (p-p]) (p+ 1)

+2 (prp-) (fPy) +2 (prp)) (0 )} (4.16)

If we calculate in the c.m. frame of ¢t where p. = —p. =p,F_ = F, =

Epl =—p =9, B =E| = FE then
2p_py =2p_p, =2 (B> +| 7P|, (4.17a)

—2p_ . = =2py.py = 2| P|| D[ (1 — cosh), (4.17b)




—2p_p = =2p,.p" = =2|P|| P'|(1 + cos b},

and thus

’1_;IUL,UV = 8| ?lzluﬁnﬁ sin® 8.

Substituting (4.17d) into (4.11d) yields

LY e = e |[FPBPsin’e
5 fi 2E\E_E\E'V  16[p[

L J-T

x (2m)' 8" (p_ +-py — Pl — 7))

The differential cross section can then be obtained as

o L ISR ST B
g = - 3 3
2,7, fwa — (2m)" 0 (2m)

where flux=|j, () + 7. (e*) ]

|%= — ££| == £ in the c.m frame.
.}.

<=
o

Eq.(4.19) becomes

e PP sin? 6 < V)2 % 1
2F2ERY 16| p (2m)?

do
x6 (p_+pp —p_ —p}) PPLED.

Integration over p’, yields

4 2
e* sin gé(E,- _B) P

do=
7 16m2p|t 16 -

95

(4.17¢)

(4.17d)

(4.18)

(4.19)

(4.20)

(4.21a)
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Since @* P = P2d P dY and EdE=pdp, Fq. (4.21a) becomes

et sin?g
o= MM Usip AR .
do 1672 16 (5 1) dEdS, (4.21Db)
et sin’4 dE'
. U P YT 1,dQ), 421
o= owrpp 16 0 i B g ABre (4.21c)
4 H 29 !
o e sin“ 0 dr e (4.21d)

T 16m2(pf? 16 dE;

et sin?01

!
= ———— - '2
do =t 15 5% (4.210)
a’ 22 !
do = OTE sin” 8d{Y’, (4.21f)
a? '
do = 8—9'23111 adsY, (4.21g)

where q=the c.m energy.

From Eq.{4.21g), we can see that (% is maximum when ¢ = §. This shows
that the production of pion pairs is dominant when ¢* = 42, where M is the rest
energy of the pion. And the angular distribution of g_—g‘;, decreases as ¢° > 4M2,
The explanation for this is that as q? increases the probability of other processes

which involves the creation of extra particles becomes greater and the probability

for the production of charged pion pairs is correspondingly reduced.




CHAPTER 5

Discussions

Chapter 1 deals with the introduction. In chapter 2 we have discussed the
covariant perturbation theory which enables us to formulate the invariant S-matrix
for the calculation of transition amplitudes for arbitrary orders of interaction
strengths. We have also discussed the electron propagator which enables us to
formulate the S-matrix using Feynman diagrams for arbitrary orders of interac-
tion and we have performed derivation of the electron propagator. Then these
rules have been generalized to study the interactions of scalar particles such as
pions (i.e., 7%, 7t) with electromagnetic field in chapter 3. The underlying theory
governing such processes is Scalar Electrodynamics.

Thus in chapter 3 we have calculated the pion propagator and described the
basic techniques for the calculation of the Lorentz invariant transition amplitudes
and differential cross sections of pion Compton scattering,

In chapter 4 we have discussed one more important process in Scalar Electro-
dynamics i.e., Pion Electroproduction (e*e™ — #o™) which proceeds through the
production of a virtual photon.

We have developed covariant formulation for relativistic scattering of ”light”
with matter” and Pion Electroproduction in perturbative Scalar Klectrodynamics

in the language of Feymman diagrams. We have found that the differential cross

section for both the electron Compton and pion Compton scatterings depend on
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the incident photon energy. There is also a shift in frequency of the photon
when it scatters off a free electron and a free pion. In the non-relativistic limits
the electron Compton and the pion Compton scatterings cross section reduce to
Thomson formula for the scattering of a low energy photon by an atomic electron,
It is seen that near the forward direction { i.e., when § = 0}, the scattering cross
sections of electron Compton and pion Compton scatterings reduce to their non
relativistic limit for any range of values of the incident photon energy.

From the classical limit of electron Compton and pion Compton scatterings we
have found that the scattering of a very low energy photon off a spin 1 particle is
thus the same as off a spin 0 particle. The explanation for this is that for very
long wavelength the interaction takes place only through the total charge of the
systemn from which the photon is scattered.

In the case of the Electroproduction process, the differential cross section for
the production of charged pion pairs is dominant as the c.m. scattering angle
of the system is equal to §. And, moreover, the angular distribution is large
as ¢ = 4M?, where M is the rest energy of the pion. Or in otherwords, the
angular distribution decreases as ¢° > 43?2, The explanation for this is that as
q® increases the probability of other processes which involves the creation of extra
particles becomes greater and the.probability for the production of charged pion

pairs is correspondingly reduced.
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