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Abstract

Many real world problems can be modelled using different forms of differential
and integral operators. Due to this, studying various properties of these class
of operators have been an important area of research in mathematics. The
study has attracted lots of interest especially on function related operator
theory in the past two decades. In this thesis, we consider these operators

and study several topological and dynamical properties on Fock-type spaces.

The thesis is organized into four chapters. In the first chapter we discuss some
preliminary results on the Volterra-type integral operators. In particular,
properties like boundedness and compactness of the operators on some spaces
are reviewed. In the second chapter, we study various properties of the
generalized Volterra-type integral and the generalized composition operators
acting on the classical Fock spaces. We describe some properties in terms
of growth and integrability conditions which are simpler to apply than those

already known Berezin-type integral transform characterizations.

In the third chapter we apply those simple conditions obtained in Chapter
2 and study some topological structures of the space of the operators under
the operator norm. In particular, we prove that the difference of two non-
trivial Volterra-type integral operators is compact if and only if both are

compact. We also consider the structures on other Fock-type spaces with

iii



weight function growing faster than the classical Gaussian function. It is
proved that while the space contains each noncompact operator as its isolated
points, it fails to admit essentially isolated points. We have also shown that
the space of all bounded Volterra companion and multiplication operators

are path connected.

In the last chapter, various dynamical properties of the Volterra-type in-
tegral, differentiation and Hardy operators on Fock-type spaces are stud-
ied. More specifically, properties like cyclicity, supercyclicity, hypercyclicity,
power boundedness and uniformly mean ergodicity are characterized in terms
of workable conditions. As an application, we prove that the differentiation
operator satisfies the Ritt’s resolvent condition if and only if it is power
bounded and uniformly mean ergodic, whereas the Hardy operator always

satisfies such a condition.
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Chapter 1

The Volterra-type integral

operators

Integral operators arise in many branches of mathematics, physics, engineer-

real-world situations. A typical examples of these operators include the inte-
gral operators of Fredholm, Volterra, Hammerstein and Urysohn. Ever since
introduced by C. Pommerenke [61] in 1977, the Volterra-type integral oper-
ator is one of these class of operators which has been studied a lot by several
authors. In this chapter, we will discuss some preliminary results about this

operators on Fock spaces.

1.1 Introduction

Given a space H(U) of holomorphic functions on U, the Volterra-type integral
operator on H(U) induced by a holomorphic symbol g is defined by

V,f(2) = / " f(w)g (w)duw.



The operator is known by several names which includes Volterra operator,
generalized Cesaro operator, Riemann-Stieltjes operator, and integration op-
erator. The various names arises since the operator is a more general form
that include other operators as special cases. For example, when g(z) = z,

the operator reduces to the integration operator,

I1G) = [ flw)du
0
and for the case g(z) = log(7X;), we obtain the Cesdro operator,

_ [ 1)

C(f)(2) dw

The Volterra-type integral operator V, for holomorphic function on the unit
disc was first introduced by C. Pommerenke [61] to study exponentials of
BMOA functions. He proved that V, is bounded on the Hardy space H?
if and only if ¢ is a BMOA function. Later in 1995, A. Aleman and A.
Siskakis [3] extended this result to other Hardy spaces H? for 1 < p < oc.
Moreover, they have proved that Vj is compact on H? if and only if g is in
the VMOA class. In [4] they also proved an analogous results on weighted
Bergman spaces. These important results of A. Aleman and A. Siskakis has
motivated a number of other researchers to study various properties of the
operator V, including boundedness, compactness, essential norm, Schatten
class membership and spectral on different spaces of holomorpic functions.
For instance, on Bergman spaces [4, 58, 59, 60], Dirichlet spaces [29, 30],
Model spaces [50], Bloch spaces [72], Fock-Sobolev spaces [44, 48], Fock
spaces [19, 20, 21, 42, 46, 49, 51]. One may also consult the surveys in
[2, 64] and the references therein. In most perspectives, the study of the op-

erator aims at describing various of its operator theoretic properties in terms



of the functions theoretic properties of the inducing map g.

1.2 Volterra-type integral operators on Fock

spaces

Most of the earlier works on the Volterra-type integral operator V, had been
on spaces of holomprphic functions defined on the unit disc; see for example
(61, 3, 4, 58, 59, 60]. In 2012, O. Constantin [19] studied the operator on
spaces of entire functions defined on the whole complex plane, namely on
the Fock spaces JF,. We recall that the classical Fock spaces F,, 0 < p < oo

consist of entire functions for which

HmF(ﬁéumwaf<m

where dp,(z) = e~ 5*dA(2) is called the Gaussian measure on C and dA is
the usual Lebesgue area measure.
Then the study was continued by T. Mengestie [19] on the growth type Fock

space JF,, which consists of entire functions for which

1£]lo0 = sup | f(2)]e 21 < o0
zeC

We note that the space F, is a Banach space with norm || f||, forall 1 <p <

oo and it is a complete metric space for 0 < p < 1 with distance function

d(f,9) = If = gll3-
For 0 < p < oo and f € F,, the Vukotic’s inequality

F(2)] < e £l



asserts that point evaluation functionals are bounded on classical Fock spaces.
Thus, F; is a reproducing kernel Hilbert space with kernel and normalized

reproducing kernel functions given by the explicit formulas

_lw|?
2

Ku(z) = e and k,(z) = e

The Fock kernel K, (z) is neither bounded above nor bounded below, even
when one of the two variables is fixed. On the Hardy and Bergman spaces, it
is known that the kernel function is both bounded above and bounded below
when one of the two variables is fixed. This makes many estimates in the
Fock space setting much more difficult. On the other hand, the exponential
decay of e~ 1#” makes it easier to prove the convergence of certain integrals
and infinite series on the Fock space setting than their Hardy and Bergman
space counterparts.

The kernel function K, belongs to all the Fock space F,, with norms
| Kull, = e (12.1)
for all w € C and 0 < p < oo. This follows from a simple computation

HKwug — ﬂ/@ep%(wz)—g|z|2dA<z) _ eg|w|2£/(ceg (2%(@2)—|w|—|z‘2) dA(z)

27 s

U <2£ / e_§|w—32dA(Z)) — ehlwf
™ Jc

for 0 < p < 0o. The result holds for p = oo just by definition.

It follows that k, constitutes a unit norm sequence of functions F, and
converges to zero in compact subset of C. We refer to the book of K. Zhu
[70] for more details on these class of spaces.

The results of O. Constantin [19] and T. Mengestie [19] gives an interesting



characterization of the bounded and compact Volterra-type integral operator
V, in terms of the function theoretic properties of the inducing symbol g.
Combining their results we record the following two important theorems in

our further considerations.
Theorem 1.2.1. Let 0 < p < q < oo. Then the Volterra-type integral
operator Vg : F, — F4 18

a) bounded if and only if g(z) = az® + bz + ¢ for a,b,c € C.

b) compact if and only if g(z) = az+ b for a,b € C.

It should be noted that the result in the above theorem is independent of
the exponent p in the space except that p < ¢. This is manifested due to
the fact that the classical Fock spaces are nested in the sense that F, C F,
whenever p < g.

For the case when 0 < ¢ < p < oo, that is when the operators map the larger
space into smaller, we have a stronger condition in which boundedness and

compactness are equivalent.

Theorem 1.2.2. Let 0 < ¢ < p < 00. Then the following are equivalent.

a) Vg F, = Fy is bounded,

b) V,: F, = Fy is compact,

and g(z) = az + b for some a,b € C.

To prove the results above, the authors first obtained Littlewood—Paley type

estimates on the respective spaces. The estimates play an important role in



the study of the operator since it helps eliminate the integral that emanates

from the definition of the operator. We state the estimates as follows.

Lemma 1.2.3. Let f be an entire function on the complex plane and 0 <

p < oo. Then

171 (171" + J. ('ﬁi&”g'zz dA))" 0 <p <o
P ~
|£(0)] + sup,ec L3I,

p = 00.

Here and in the rest of the thesis, the notation ¢(z) < r(2) (or equivalently
r(z) 2 q(z)) means there exists a positive constant k independent of the
argument such that ¢(z) < kr(z) and ¢(z) ~ r(z) if both ¢(z) < r(z) and

q(2) 2 r(2)-



Chapter 2

The generalized Volterra-type
integral operators on Fock

spaces

In this chapter we study various properties of the generalized Volterra-type
integral operator and generalized composition operators on the classical Fock
spaces. We in particular describe the operators bounded, compact, essential
norm and Schatten class memebership properties. Most of the results in this

chapter are from our published paper in [53].

2.1 Introduction

The generalized Volterra-type integral operator V|, and generalized com-
position operator J, ) on H(U) induced by a pair of holomorphic symbols

(g9,%) on U is defined by

Vign [ / fw w)dw, and J(g ) z):/ozf’(w(w))g(w)dw



In particular, if we set ¢(z) = 2, then the operators Vi, ) and Ji, ) become

respectively the operators V; and the companion operators,

1,/(2) = / " F(w)glw)duw.

On the other hand, the choice g = 1’ reduces the operator Ji,y to the
composition operator, Cy f(z) = f(¥(2)) taking f to f(¢) up to a constant.

It was S. Li and S. Stevi¢ [37, 38] who introduced the generalized operators
Vigwy and Jig ) in 2008 and studied some of their operator-theoretic prop-
erties in terms of properties of the inducing pairs (g,v) on spaces defined
over the unit disk. Such operators have found applications for example in
the study of linear isometries of spaces of analytic functions. If SP denotes
the space of all analytic functions f in the unit disc for which its derivative
f'" belongs to the Hardy space HP, then it has been shown that for p # 2,
any surjective isometry T of S? under the norm || f|ls» = [f(0)| + || f'||z» is

of the form

Tf=Xf0)+Aguf

for some unimodular A in C, a nonconstant inner function  and a function

g belonging to the space HP [28].

In 2012, S. Ueki [68] studied the operators when they act from weighted
Bergman spaces into a-Zygmund spaces. Later in [43, 416] T. Mengestie took

the study of the operators on the Fock spaces F, and characterized several



properties in terms of Berezin-type integral transforms

pe—5l2l?
Biglpu( /‘k |p]g (11 ik dA(z) and
w Pe—5lz?
|9|p’¢ /‘k | ’+(11> _!_g|( |))|p dA(Z)'

The study here has required to estimate the L?,0 < ¢ < oo norms of the
integral transforms B(jgp ) and B (lgl7.w)- Such types of characterizations have
been also referred as reproducing kernel thesis properties for the operators.
One of the main purposes of this chapter is to substantially improve these
conditions and provide characterizations which are simpler to apply. Our

new results will be expressed in terms of the functions

19'(2)] 1 (g2 —
Mgy)(2) = ek e (WEP=1R) 41q Mig(2) =

1+ |7

which are easier to handle than those class of Berezin-type integral trans-

forms.

2.2 Bounded and Compact V|, ,) and J, )

In this section we characterize the bounded and compact properties of the
operators Vg, ) and J4) in terms of the functions M, ;) and ]\A/[/(g,w). We may
first give a key proposition that will be used repeatedly in our subsequent
considerations. The proposition is interesting by its own right, and states
that the linear form (z) = az + b for some |a| < 1 is a necessary condition
for boundedness of V|, ) and J4 ) while ¢(z) = az + b for some |a| < 1 is

necessary for compactness of the operators.

Proposition 2.2.1. Let (g,v) be a pair of nonconstant entire functions on

C and 0 < p < oo. Then if any of

9+ 1END 1 (weere-io)

9



(i) Mg, Mgy, Bgiowy oF Bigio.s) belongs to L®(C,dA), then v(z) =

az +b for some |a| < 1.

(1) Mgu)(2), Mgy)(2), Bgpp)(2), or Bgpy)(2) tends to zero as |z| —
00, then ¥ (z) = az + b with |a| < 1.

Proof. The proof of the proposition for the parts M) and ]\Aj(gw) follows
from a variant of the proof of Proposition 2.1 in [36] or Lemma 2.3 of [47].
But, we will prove it here for the sake of completeness. First we consider the

case when

sup Mg < 00. (2.2.1)
zeC

If ¢’ is constant, then the assertion is clear. Thus, we suppose that ¢’ is

nonconstant. From (2.2.1), we have

1+ 2|

Muo(g'|2) S —F——x
o3 (1w@)—122)

where M (¢, |z|) is the integral mean (maximum modulus) of the function

g'. Since M (g, |z|) is a nondecreasing function of |z|, we have
‘1|irn sup(|¢(2)] — |z]) <0 (2.2.2)
Z| =00

Otherwise there would be a sequence {z;} such that |z;| — oo as j — oo and
lim;_,o0 sup(|t)(z;)| — |2;]) > 0. This along with the fact that 1 is an entire

function implies that

1+ 7]
o3 (wGne-1z12)

Mso(g' 12]) S

10



is bounded which gives a contradiction. Thus, from equation (2.2.2) we
deduce ¥(z) = az + b for some a and b in C and |a|] < 1 and clearly if
Mg (2) tends to zero as |z| — oo, then ¢(2) = az + b with |a| < 1. The
case for Mg,w) follows in a similar manner.

On the other hand, for the integral transform By ), we have

[ () |p|g( ) [ ($(2) P19 (2)[7
Bjglr ) ( / 1+\Z| el dA(2) Z/D(C,l) e dA(2)

(1 + |2]Jrez

for all w,{ € C, where D((,1) is a disc of radius 1 and center (.

Since 1 + z ~ 1+ ¢ for all z € D((, 1), we estimate the integral above as

JRCC T IC TSNS Wy gy NUE VIS T
D) Bll? DY) et

(1+|z|)pezl (1+[¢r
1

> 4
([P

[k ((Q))g (C)Pe 21

for all ¢ € C. Setting w = 1(() in particular and applying (1.2.1) gives

1 2
Bugr (WD) 2 e v (Ol (OFe” 2l
_ 9P swor-gice _ gy
A ORIl = M )(Q), (2.2.3)

and the assertion follows from the boundedness condition on Mg ).

Similarly, if §(|g|p7¢) is bounded, then

w pe—5l2?
Bpw) = [ Ira(oep DO
. p<1+ wlPlgEP g
- /D(C,l) Iku (=) (14 |z])» dA(z)
> ALl o)g(c e,

(14 [¢l)

11



and setting w = 1 (¢) and applying (1.2.1) again results

B (00 2 S5 o (0O Pla(¢) e HF

_ L+ BODIOP siaore-sicr
1+ Iy

— ]Tj{g’w(g), (2.2.4)

and the assertion follows from the boundedness condition on ]\A/[J(g,w) and com-

pletes the proof. n

Next, we state the corresponding results in terms of the Berezin-type integral

transforms proved in [43, 46].

Theorem 2.2.2. Let 0 < p < g < 0o and (g,) be pair of entire functions.
Then Vigy) : Fp — Fq ( Respectively, Jigyy : Fp — Fy) is

i) bounded if and only if Bygp ) € L*(C,dA)

(Respectively, Bgry) € L*(C,dA)).

i) compact if and only if lim).| oo Bygpy)(2) = 0

(Respectively, lim,,|_ B(igr,s)(2) =0).
The result is different for the case when 0 < ¢ < p < oo and gives a stronger
condition under which boundedness and compactness are equivalent.

Theorem 2.2.3. Let 0 < ¢ < p < oo and (g,v) be pair of entire functions
on C. Then

i) Vigw) + Fp — Fq is bounded(compact) is equivalent to the condition
Byjgir ) € L7=1(C, dA).

i) Jiguy @ Fp — Fq is bounded(compact) is equivalent to the condition
Bgpr,y) € L7=2(C, dA).

12



Now, we state our first theorem on boundedness and compactness of Vg )
and J4) in terms of the functions M) and ]\Af(gw). The case when the
exponents are infinite, the corresponding results have been proved by T.
Mengestie in [13, 19], where partly the idea to simplify those conditions now

emanates from.

Theorem 2.2.4. Let 0 < p < q < oo and (g,v) be pairs of nonconstant

entire functions. Then

(i) Vigw) : Fp = Fq is bounded if and only if M, 4y € L>(C, dA).

(i) Vigyy : Fp — Fq is compact if and only if

lim M(gw)(z) =0.

|z]—o00

(iii) Jigu) : Fp — Fy is bounded if and only if M,z € L°(C,dA).

(iv) Jigyp) @ Fp — Fy is compact if and only if

i Mig(2) = 0.
Proof. By Theorem 2.2.2, the operator V(, ) : F, — JF, is bounded if and
only if the Berezin-type integral transforms B(|gj4 4 is bounded, and compact
if and only if B(jgja,)(2) = 0 as |z| — oco. Seemingly, by Theorem 2.2.2 we
have also, Jig 4 : Fp, — F is bounded if and only if E(‘g‘qﬂp) is bounded and
compact if and only if E(Mq,w) — 0 as |z| = oo. Due to these, the proof of
our theorem will be complete if we prove the following two results which we

formulate them as lemmas as they are interesting by their own.

Lemma 2.2.5. Let (g,1) be a pair of nonconstant entire functions on C.

Then

13



(i) Mgy € L=(C,dA) if and only if B(gpw) € L=(C,dA) for some

0<p<oo.

(i1) ]\Aj(g,w) € L>*(C,dA) if and only if §(|g|p,¢) € L>*(C,dA) for some

0<p<oo.

Proof. (i). If the Berezin-type integral transform By ) is bounded for
some 0 < p < 00, then the series of estimates in (2.2.3) implies that M, ) is
bounded. On the other hand, if M, ) is bounded, then by Proposition 2.2.1,

we may set 1¥(z) = az + b and argue

Bigpe,p) (w /Ik‘ 1+(|)‘|) P dA(z)

/,k 2))Pe-hEP (%egwunﬂzmwmz)
< (Sup P pup-tp >/|k 2 PeEVEOP g A(2)

zec (142

1
= (sup]\/[ )]a|2/’k )Pe 5P dA(2) = IPE 5 sup M¢, o (2),

zeC zeC

where the last equality follows by (1.2.1) and hence the claim.

Similarly, one side of the statement in part (ii) follows from the series of the
estimations made leading to (2.2.4). On the other hand, applying Proposi-
tion 2.2.1 and (1.2.1) again,

~ kB (Lt [0+ DI e
Brao() = | ezlwa( G+ REPary )‘“‘”

su L+ 19()|)Vlg(=)” o5 (WE@)P==2 ! )[Pe= sl
S(zeé’ (L+ ] )/"f (2)) dA(2)

(o [
<Z£M<gw>( >> \a!“‘/«:( Tt (et )

Using Lemma 1.2.3, (1.2.1) and Proposition 2.2.1 we estimate the above last

14



integral by

Me’%wz”2 2) ~ p_
/¢;(1+|w(z)])z7 dA(z) = [[kull} = 1,

from which we have that

Bar () S sup 3, (2l = sup I, (2)

and completes the proof.

Lemma 2.2.6. Let (g,1) be a pair of nonconstant entire functions on C.

Then
(i) Mgp)(w) — 0 as |w| — oo if and only if Bygp 4)(w) — 0 as |w| — oo
for some 0 < p < 0.

i) M, w) — 0 as |w —>ooifand0nlyif§ ry(w) — 0 as |lw| — 00
(9.%) (IglP )

for some 0 < p < 0.

Proof. (i) One side of the statement follows easily from the estimates in
(2.2.3). We shall proceed to show the other side, and assume that M, ) (w) —

0 as |w| — oo. Then we estimate

Ew ( )P ko (0(2 )

Btar (e / | 1+|z|‘p|i|(|>| dA(z) = /| . %M@ (2)dA(2)
DIl 1)) p M%)

+/|Z>w, e dA(2) S ( sup [k (1(2))] )/ 0 1 A(2)

D
e z\z|§\w\ |§‘w‘ 62\¢(z)|

s Py ) [Pe— Bl P
#(_w a0) [ ) 4A(:)

zi|z|>|w|

15



By Proposition 2.2.1 and the assumption that v is nonconstant, it follows

/|< ‘Mg] )( z)e” W(z)\sz(Z) < (SUPMZJ’TZ])(Z)) /||< egW(z)lsz(z) < o

zeC

from which we deduce

Bgpppy(w) S sup |k (¥(2))P + sup M, (2).

zt|z| <|w| zt|z|>|w|

The first term in the last sup converges to zero as |w| — oo since the nor-
malized reproducing kernel converges to zero on compact subsets. On the

other hand, by hypothesis, we have

sup Mg (2) = 0 as |w| = oo.
z:|z|>|w]

and hence the assertion.
(ii) From the inequalities in (2.2.4), we easily deduce one of the implications
for this part as well. On the other hand, if ]\Aj(ng) (w) — 0 as |w| — oo, then

arguing as above and eventually applying Lemma 1.2.3 and (1.2.1)

Basp. / e 1+<1‘7ﬂ)|z||£;(z)’pe—ﬁzl2dA<z)
N /||<|w|% VEPMY, ) (2)dA(2)
+/| ol % AVOPMY ) (2)dA(2)
< (z;i@wlk;w(z))‘p> /zm M (2)e B9 A (2)

. » ke, (9(2)) [P o BERGA(
+(z:|z|>pw Mig(2 )) /|z>|w| (1+ [(2)])P dA(z)
< s WWEP + (s 3006 ) Ikl

z:|z|<|w| J21>
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from which the assertion follows as before since k/, converges uniformly on

compact subsets and sup,. /sy ]\fz(g,w)(z) — 0 when |w| — oo.

As one would expect, our results are different for the cases p < g and ¢ < p.
For the latter case, we have rather a stronger condition under which the

boundedness implies compactness as formulated in our next main result.

Theorem 2.2.7. Let 0 < ¢ < p < oo and (g,) be pairs of nonconstant

entire functions on C. Then

(i) the following statements are equivalent.
(a) Vigy) : Fp — Fq is bounded;
(b) Vigw : Fp = Fq is compact;
(¢) Mg € Li=1(C,dA).
(ii) the following statements are also equivalent.
(a) Jiguw) : Fp — Fq is bounded;
(b) Jigu) : Fp — Fq is compact;

(¢) Mgy € L7 (C,dA).

Proof. By Theorem 2.2.3, V{44 : F,, = Fy is bounded (compact) if and only
if the integral transform B(j4q ) belongs to L7(C,dA) and the operator
Jigw) : Fp — Fy is also bounded (compact) if and only if §(|g|q7¢) belongs to
Lppfq((c, dA). Thus, our theorem will be proved once we prove the following

key lemma which is again interesting by its own right.

Lemma 2.2.8. Let 0 < ¢ < p < o0 and (g,v) be pairs of nonconstant entire

functions on C. Then
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(i) Mgy € Li-1(C,dA) if and only if By € L7-1(C,dA).

(ii) Mgy € Lv-1(C,dA) if and only if B(gja € L7 (C,dA).

Proof. (i). Making use of the estimate in (2.2.3) and Proposition 2.2.1 namely
that ¢(z) = az + b, we estimate

MG 5(AR) S / Bii oy (0(2)dA(z) = |a1|2 / Bt (2)dA(2),

C

and the necessity of the conditions follows.

To prove the sufficiency, we may consider

p

/Bﬁgm( )dA /(/|k: 1+<|)||) i qA(z ))qu@U).

Applying Holder’s inequality to the inner integral above gives

p

0= ( [t 1+(|)||> Hasm)”

‘ZP

9 ()]~ T Y
/'k 1+|z|) "pe EP RO

(/|k 2))|%e 3! )|2dA(z))H

() | o 4 (52— 1) W) P
/]k (FeertiCa ()Wl ga().
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Making use of Fubini’s Theorem and (1.2.1), we further estimate

| Bl wiat) = [ Hwaaw

g(2) | 12,4 (525 -1) Iz / 2 Juf?
= 2(19 q) K q 2 A A
/C el | Kyey(w)|%e™ 2" dA(w)dA(2)
9 | (wer-p) / =
~ ) dA MP 1 (2)dA(z) < oo
/<c (1+[2]) () = c (o (2)AL2)

(ii). The necessity of the condition follows from the inequalities in (2.2.4)
and the fact that ¢(z) = az + b as ensured by Proposition 2.2.1.

To prove the sufficiency, we may set

p

o= ([ L )

and write

/ Bin ) (w)dA(w) = /C T (w)dA(w).

Apply Holder’s inequality and subsequently Fubini’s Theorem, Lemma 1.2.3,
and (1.2.1) we observe that the above integral is bounded by

/
).

and completes the proof.

qp

pP—q

(1 + [¢(=)Dg(2)

o1 4 (-1 )
1+ |z7|

R
/c<1+\w<w>r>q dA{w)dAz)

2(p q)(WJ(Z)| =P )dA(Z> = M(p 12)( )dA(Z)7

(1 +[¢(=)Dg(=)
1+ |z
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2.3 Essential norm of V<g,¢)

First we recall the definition of essential norm of an operator. Let X and
Y be two Banach spaces and 1" is a bounded linear operator from X to ).
Then the essential norm ||T'||. of T is defined as the distance from T to the

compact operators. That is
|T|le = inf{||T — K| : K is compact operator from X to Y}

From this and since the set of all compact operators is a closed subset of the
set of bounded operators, it follows that an operator from X to ) is compact
if and only if its essential norm is zero.

Computing essential norms of operators has been an interesting research
problem in operator related function theory, and different estimates have
been made for instance for the composition operator and Volterra-type in-
tegral operator on various functional spaces: See for example composition
operator on Hardy space [63], weighted composition operator on the Hardy
and Bergman space [23, (5], Volterra-type integral operator on Fock-type
spaces [41, 42, 46] and generalized Volterra-type integral operators on Fock
spaces [40].

In [16], T. Mengestie gave the following characterization of the essential norm

of Vg in terms of the Berezin-type integral transform.

Theorem 2.3.1. Let 1 < p < g < oo and (¥, g) be a pair of entire functions
on C. If Vigy) : Fp — Fq is bounded, then

Vg lle = <1im sup Byjgja,y) (w)>

|w|—o00

Our aim in this section is to improve the characterization given above by the
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following.
Theorem 2.3.2. Let 1 < p < g < oo and (g,v) be a pair of nonconstant

entire functions on C. If Vi) + Fp — F4 is bounded, then

HV(QW) | == limsup Mig,p) (2).

|z] =00

Proof. From Theorem 2.3.1, we have

Wi lle < (hm sup B<|g|q,w>(w)) .

|w|—o00

On the other hand,

g dp— 32
Bigla.)( /\’f |q| ) dA(z)

(14 |z])
w()I?

<o () [t

Since V4 4) is bounded by Theorem 2.2.4 and Proposition 2.2.1, we have that

¥(2) = az+b with |a| < 1. Furthermore, a can not be zero. Thus, we deduce

/C ‘kzw(zﬁ(z))|q€—%|w(2)\2dA(Z) ~1

and it follows from this that

the estimate

)2 _ g 2)
g (el 1
Byl (2) < su = sup M/
(lgl ﬂ/’)( )N 26((1? (1 + |Z|)q zE(Ig (g% )( )
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Thus,

Viglle S li|m sup Mig,4)(2)-
Z|—00
On the other hand, assume that @) : F, — F, to be a compact operator.

Then since k,, converges weakly on F, as |w| — oo, we have

Hv(gﬂﬁ) — Q|| > limsup Hv(gﬂb)kw — Qkyllq > limsup HV(QW)kaq — [|QFkwllq

|w|—o0 |w|—o0
= lim sup || Vig,p)kwl|q-
|w|—o00
Then applying monotonocity of the classical Fock spaces and the estimate in

Lemma 1.2.3

timsup [ Vg Rl 2 i sup || Vgl

|w|—o00 w|—00

kw l Z2
SO 00 PO ey
|w|—o00 1 + |Z’

Setting, in particular w = 1(z) in the above estimates, we have

K (» 2))qd (2 22
Voo — Qll 2 imsup 1e@WEITE s oay ey

2.4 Schatten class membership of V(g,w)

The singular values of a compact operator 1" on a Hilbert space H are the
square roots of the positive eigen values of the operator T*T where T™* denotes
the adjoint of T' (i.e sequence of positive eigen values of |T| = (T*T)z ).

Given 0 < p < oo and a Hilbert space H, we denoted by S,(H) the space of
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all compact operators T on H with its singular value sequence () belonging

to ¢P. We also recall that S, is a Banach space for 1 < p < oo with the norm

ITs, = (Z |An|p)

For p = 1, the set & is called the trace class and for p = 2, the set & is
called the Hilbert-Schmidt class. We refer the readers to the book of K. Zhu
[71] for more details.

In [46], T. Mengestie studied the Schatten class membership of V{, ) on the
Fock spaces, and expressed the condition in terms of the Berezin-type integral

transform. We state the result as follows.

Theorem 2.4.1. Let 0 < p < oo and (g,v) be pair of entire functions
on C. Then a bounded map Vi) : Fo — Fa belongs to S, if and only if
B(‘g‘27¢) S L%(C,dA)

We now plan to simplify and replace the integral transform above by the
function M, ). The analogous result for the operator J, ) is obtained in
[47], where partly a source of inspiration for this simplified result also stems

from.

Theorem 2.4.2. Let 0 < p < oo and (g,7) be pair of entire functions on C
and the map Vig ) : Fo — F2 be bounded. Then V4 belongs to the algebra
Sp(F2) if and only if M) € LP(C,dA).

Proof. By Theorem 2.4.1, the operator V(, 4 : F2 — F3 belongs to the Schat-
ten Sp,(F3) class if and only if the Berezin-type integral transform By
belongs to Lz(C,dA). Thus, we only need to establish the following lemma.

Lemma 2.4.3. Let 0 < p < 0o and (g,v) be a pair of nonconstant entire
functions on C. Then M, € LP(C,dA) if and only if By € L3(C,dA).
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We remark in passing that Lemma 2.4.3 does not follow from Lemma 2.2.8.

Proof. Applying the inequalities in (2.2.3) and Proposition 2.2.1 we have

[t AG) < [ Bl 0e0iAE) = g [ Bl (A

from which one side of the assertion in the lemma follows.
For the remaining part, we consider two different cases.

Case 1. If 0 < p < 2, then using Lemma 1.2.3 and the fact that F, C F; for

0<p<2,
L OP
J P
Z/C /o ku((0))g (QdA(Q)| e dA(2)
< ( L ha(0(Q) (OAAQ)| ¥ 2dA<z>)p

plg C)Pet Bl >
(/ O Ty dA“))'

Using this, Fubini’s Theorem and (1.2.1), we further estimate

P Pe—5IC1?

[ Bheotwiaw) s [ [ moor s dagiaw
)|Pe— 21l ,

/ B [ pe e daqw)daK)

p 2 )—I¢I?
/lg Jim i (<>:/CM@,w><C>dA<<><w
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Case 2. If p > 2, then applying Hélder’s inequality we get

2 —\z|2 5
2|g( )[Pe” Blel 198Z)1¢ 27 (-1l
( / PR PA(z)

(/uc e O aA( >>2.

Making a change of variables and applying (1.2.1) again yields

[ hatoe)Re O aA) =
which implies that

/ e |2’g( IEET e gags).
(1 +[=)

From this, Fubini’s Theorem and (1.2.1) we have the estimate

[ Bl wiaw) = [ swaaw
< [ [l S T G-I g A ()aA(w).

(1 +[=)

|g |pe 2| | 27 2 2 7w2
/ (B-Diu (o) /IK¢<Z>(w)I2e W dA(w)dA(2)

(14 |z])»

~ M B(lp(2)2—121%) P
= [ av 1AE) = [ M (AC) <
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Chapter 3

Topological properties of the
generalized Volterra-type
integral operators on Fock

spaces

In this chapter, using our results from the proceeding chapter we study some
topological structures of the space of bounded V() and J, ) equipped with
the operator norm topology. We note that over the past few decades much
effort has been paid to study various operator-theoretic properties of these
operators in terms of the function-theoretic properties of the inducing pairs
(9,%). On the contrary, there has been no effort devoted to understand
the topological structures of the space of bounded operators V() and Ji4 )
equipped with the operator norm topology. It is worth noting that such
structures have been studied for many other operators including compact
differences of composition operators. We refer to [54] for references and

historical remarks in this topic.
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By considering a class of generalized Fock spaces where the inducing weight
function grows faster than the classical Gaussian weight function % we
plan to study some topological structures like connected and path connected
components, isolated points and essentially isolated points for the spaces of
the operator. Most of the results in this chapter have been published by T.

Mengestie and the author in [53, 52].

3.1 Topological Structures of V(, ;) and J,

We first prove the following compact difference property.

Theorem 3.1.1. Let 0 < p < ¢ < 00, (g1,¢1) and (ga,%2) be pairs of
nonconstant entire functions on C, and Vig, vy, Vigawo)s Jigiwn) and Jig, )

be bounded operators from F, into F,. Then the operator

(1) Vigi ) — Viganws) 15 compact if and only if either both Vg, v,y and Vg, v,)

are compact or 1 = 1y and

|zl\i£noo M(gl_g%%)(z) =0. (3.1.1)
(i) Jgy 1) = J(gaws) 18 compact if and only if either both Jig, v,y and Jig, v,)

are compact or 1 = 1y and

|zl\iinoo M(!h—gw/)l)(z) = 0. (3.1.2)
Proof. The sufficiency of the condition in the theorem follows from The-
orem 2.2.4. Thus, we may assume that the difference Vi, 4,y — Vigy ) 18
compact and proceed to show the necessity. If one of either V(y, 4,y or Vig, 4,)

is compact, so is the other one which follows from the algebra of compact
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operators. It follows that either both operators are compact or both are non-
compact. Thus, we may assume the later. To this end, by Theorem 2.2.4,

there exist two positive numbers «; and as such that

oy = limsup My, 4,)(2) and

|z]—o0

g = limsup Mg, ) (2).

|z]—o0

Since k,, is weakly convergent, compactness of Vg, ) — V(g,,4) implies that
I(Vigrwn) = Vigown) ) bulla = 0 as Jw] = oo. (3.1.3)

On the other hand, using the Lemma 1.2.3 and the techniques leading to
(2.2.3), we have

(Vi = Vil = ([ 1R DIl 1))

1
1+ |7

2

|91 (2) Ky () (1(2)) — gh(2) Ky () (W02 (1)) |6—%|z\2
(3.1.4)

after setting w = 1;(z).The right-hand side above can be estimated further

I (1(2)) = 5o () e

L (2) e ()2
> | Mgy 1) (2) = Mgy ) (2)e 211720
(3.1.5)

Since V(g ) and Vg, 4,) are bounded operators, by Theorem 2.2.4 and
Proposition 2.2.1, ¢ and v, have the linear forms v¢(z) = az + b and
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9(2) = cz + d where |a| < 1 and |¢|] < 1. It follows from this that if
a # ¢, then

lim e—%\%(z)—%(zﬂg =0.

|z]—o0

Combining this with (3.1.3), (3.1.4), (3.1.5) and the triangle inequality, we

deduce

Mgy (2) Mg, ) (2)
< g2,%2) __e22) <)
Mpn(2) < 0 O rmer 1 [Mawn (2 — T O or

which implies

lim M(ghwl)(z) =0.

|z]—o0

It follows from this and Theorem 2.2.4 that V{,, 4,) is compact which contra-

dicts our assumption. Thus, we must have a = ¢. Taking this into account,

3 ' 1o
o) — 04267§|bfd\2 < lim sup ‘M(g1,¢1)(z) — Mgy 4 (2)e b d‘z‘

|z]—o00
S lim sup H (‘/(9171/11) - ‘/E92,¢2))k¢1(2)"q =0

|z]—o0

from which we get
—l|b—d|2
a; < e 2 : (3.1.6)

On the other hand, if we repeat the above process by setting w = 15(z), we
get

1 2
g < a16_5|b_d| .
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From this and (3.1.6), we find
o < ape 2P < et < gy,

which holds only if b = d. This shows that ¢»; = ¥5 and hence the necessity
of the condition follows from Theorem 2.2.4.

The proof of part (ii) follows in a similar fashion.

Theorem 3.1.2. Let 0 < p < 00, (g1,%1) and (g2, 102) be pairs of nonconstant
entire functions on C, and Vig, v1), Vigaas)s Jgivn) and Jig,p,) be bounded

operators on Fo. Then the operator

(1) Vigy )= Vigan) belongs to the Schatten S,(F») class if and only if either
both Vig, vy and Vg, u,) belong to the Sp(F2) class or iy = 1y = ¢ and

|91 (= 2)[” o5 ()22
z dA 0. .
/ 1 + |Z| p ( ) (3 7)

(i) Jgy 1) = J(ga,0) DElONGS Lo the Schatten Sp(F2) class if and only if either
both Jig, ) and Jig,w,) belong to the S,(F2) class or 1 = 1y and

191(2) = 92(2)” p ()= 122)
/ T dA(z) < . (3.1.8)

Proof. Since all Schatten S,(F») class operators are compact, we can assume
that Vig, 4) — Viga,u) 18 compact. Then by Theorem 3.1.1, the difference
is compact if and only if either both V4, 4,) and V{4, ,) are compact or
1 = 1y = 1 and condition (3.1.1) holds. If both are compact and the
difference is in the S, class, then either both are in the S,(F3;) class or both

are not. In the latter case, following the same argument as in the proof of

Theorem 3.1.1, the assumption that Vg, 4,) — V{g,4.) belongs to S, implies

30



Y = 1y = 1. On the other hand, since V(g v} — Vigows) = Vigi—gow) 15
itself a generalized Volterra-type integral operator induced by the pair of

symbols (g1 — g2,1), by Theorem 2.4.2, it belongs to the S, class if and only
Mg, —g,0) € LP(C,dA). That is

|gl<z>|p L 2)|2—|z|?
/Cmeg(w PG A(2) < 0o

which completes the proof of part (i) in the theorem.

The proof of part (ii) follows in a similar manner.

As noted earlier, if we set ¥(2) = z, then the operators V(4,) becomes the
operators V. By Theorem 3.1.1, it turns out that a Volterra-type integral
difference is compact if and only if both operators are compact. We record

this as part of the following corollary since it is interests of its own.

Corollary 3.1.3. (i) Let 0 < p < q < 00, ¢1 # g2, and V, and V,,
be bounded operators from F, into F,. Then the difference operator

Vg1 — Vg, is compact if and only if both V,, and V,, are compact.

(1t) Let g1 # g2 , 0 < p < o0, and V,, — V,, be compact operators on F.
Then the operator V,, —V,, belongs to the Schatten S,(F2) class if and
only if p > 2.

(111) Let 1 < p < oo, and Vg, and V,, be bounded operators on F,. That is
1(2) = a12® + bz +¢; and ga(2) = agz® + byz + co. Then the spectrum
of Vg, — Vg, on F, is given by

o(Voy = Vy,) = {/\ € C: A <2l — G2|}-

Proof. Part (i) of the corollary follows once by setting 1;(z) = ¥5(2) = z in
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Theorem 3.1.1. Thus, we shall verify part (ii). By part (i), if the difference
Vg — V4, 1s compact, then both Vi and V,, are compact and hence this gives
the representation g;(z) = az+b and go(z) = cz+d (see Corollary 2 of [10]).

Since the integral is linear, we also have the relation
Vgl - ‘/;]2 = ‘/91*92‘

On the other hand, V,,_g, = V{4, —g,,2)- Then by Theorem 2.4.2, the difference

operator V, belongs to the Schatten .S, class if and only if

1—92

(g /|a—|—b—c—d|p
. 1.
/ it |z| FRET dA(z) < o0 (3.1.9)

Since g1 # go, we easily see that (3.1.9) holds only if p > 2.

Part (iii). By linearity of the integral, V,, —V,, = V,,_,, = Vj, where

93(2) = (a1 — az)z* + (by — by)z + ¢1 + ca.

Then by Theorem 1 of [21],

o(V,) = {0} U {)\ eC\{0}:e% ¢ fp}
- {)\ eC: |\ < 2 —a2|} = o (V,, = V).

This shows that the difference of two Volterra-type integral operators can
not be nontrivially compact. If 1 = 19 = 1, then because of the additive of
the integral we observe that the difference operator V(y, 4,) — V(g,u,) reduces
to the integration operator V(g4 g, ) for which several of its properties have

been established above. Thus, in the rest of this section, we will assume that

1 # 1o
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Theorem 3.1.4. Let 0 < p < g < 00, and (g1,¢1) and (ga,s) be pairs of

nonconstant entire functions on C. If 1y # 1o, then

(1) Vigiw) — Vigawsn) : Fp — Fq is bounded if and only if both Vg, 4,y and

V(o) are bounded.

(1) Vigiw) = Vigasws) * Fp — Fq 15 compact if and only if both Vig, 4,y and

Vigaws) are compact.

The result shows that cancellation property plays no roll in the boundedness
and compactness properties of the difference of generalized Volterra-type
integral operators on the classical Fock spaces. On the other hand, part (ii)
of the result has been already proved in Theorem 3.1.1 for finite exponent
cases, and the same arguments works for infinite case. We will provide a new
and simpler proof using the notion of essential norm in right after the proof
of Theorem 3.1.5.

Proof. 1) The boundedness of Vg, vy — Vigoww) : Fp — Fq follows easily
whenever both V{y, 4,) and V{g, 4,) are bounded. Thus we shall give a proof
for the other side implication and assume that Vig, y,) — Vigo) : Fp — Fy is
bounded in the scale of 0 < p < ¢ < co. Then applying monotonocity of the

classical Fock spaces and the estimate in Lemma 1.2.3

Hv(glv%) - V(gwbz)H > ”V(glﬂ/)l)kw - V(gg,qu)kaq
‘V(/gl,wl)kw(z) - V(/gg,v,bz)kw(’z)‘ e_IZ\Q

2

= HV(QN/’l)kw - V(gzywz)kwnoo & sup

2€C 1+ |Z|
o NRu1()g1(2) = ku(@a(2))ga(=)] 1
- 1+ |z ’
(3.1.10)

Here afterwards, we will simply modify the arguments used in [67] to our set-
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tings. Thus, taking in particular w = v (z) in the above series of estimates,

we have

[Fos o) (1 (29 () = a0 (02(2)) g (2)] 1o

||V(g1,¢1) - V(gwﬂz)” ~ €

1+ |z]
_ _L1z2
- |k (2 (1 ()] 1g5 () e 2 — [Ryy (o) (902(2)) | Igh(2) ] e 2
- 1+ 2]
_ @) (e ey gl ] (Cmer wpy
1+ 2| 1+ |z|
(3.1.11)

Similarly, setting w = 15(z) in (3.1.10), we also have

[Fga(2) (02(2)) 95 (2) — by (W1(2))1 (2)] _ o2

Hv(gmﬁl) - V(Qzﬂh)” Z I |Z| e
16 (e 1) GNP OEE] (i
€ - e .
14 |7 1+ |z|

(3.1.12)

Adding the two estimates in (3.1.11) and (3.1.12) we further have

Hv(gl 1) T V(92 ¢2)||

> (|g’1(z)|e(w1<z>2 12 ) g5 (2)] (wz(zn z22)><1 _€|w1<z>2¢2<z>2)

142 1+ | |
91(2)] (a1 2 [¥1(2) — ¥2(2)?
- <1+|Z|6 )+ 1+ ( ))<2(2+|¢1(2)—¢2(2)I2))’

where for the last inequality we used the fact that 1 —e™ > =, 2 > 0.

It follows that

[¥1(2) — a(2)]?
HV(gm/q) - V(Qz,l/)z)“ = 2+ [11(2) — (22 (giﬂl}i)(z)v

(3.1.13)

with ¢ = 1,2 and for some positive constant C. To arrive at our claim, it is
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enough to show that

lim |1h1(2) = ¥a(2)]?
|zl=00 2 + [1h1(2) — a(2)]?

>¢>0 (3.1.14)

for some positive constant c. To this end, denoting Vg, 4,) — Vigo,w) by T

and taking logarithm on both sides of the inequality in (3.1.13), we deduce

191(2)|

L R = 2P
14+ |z2|

2

log C' + log ( ) + 2log |11 (2) — 1a(2)|

< log(2 + [t (2) — ¢a(2)*) +log ||T|

and

|92(2)]

2 1.2
o5+ log (140 L P

2

) + 21og 11 (2) — 1ha(2))|

< log(2+ [¥1(2) — ¥a(2)[*) +log||T|

Adding again the above two inequalities, we further obtain

191(2)95(2)] [1(2) P + [a(2)]? 2
log (W) + 4log 11 (2) — Pa(2)] + 5 — 2|
< 21og(2 + [1h1(2) — 1ha(2)]?) + 21og ||T|| — 2log C.
(3.1.15)

On the other hand, log(2 + x) < & + 2 for all z > 0. Applying this, for all

zeC

= |2*

(I EBEEE) — @) | Fal) — )
log ( 1+ [2])? ) * 3

<4 —2logC +2log ||T].
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Multiplying by 2 on both sides gives

log (Igi(Z)gé(Z)(l/n(Z) - ¢2(Z))4|2) [¥1(2) — ¥a(2)* V222

+
(1+|z))* 4
<8 —4logC +4log |7

Using this and proposition 2.1 of [36] after modifying the functions there to

i H) B (H) (L) — (L)

+150)?

and ¥(n) = w, we have that ¥;(2) — ¥9(2) = az + b for some

a,b € C. Consequently

i) ()P 1 aF0
L B s U BT

Observe that since 11 # 1), both a and b can not be zero at once and hence
the limit above is positive as asserted in (3.1.13). Hence Mg, ,) and Mg, )
are uniformly bounded from which and Theorem 2.2.4 finite p and ¢, and

Theorem 1 of [19] for ¢ = oo, the operators Vg, 4,) and V{g, 4,) are bounded.

Theorem 3.1.5. Let 1 < p < q < oo and (g1,%1) and (g2,12) be pairs of
nonconstant entire functions on C, and ¥y # o If Vig 1) — Vigaws) : Fp —
Fy is bounded, then

lim sup (M(gl71/’1)(2) + M(gz,wz)(z)) S Hv(ghdn) - V(927¢2)H€

|z]—o0

< limsup Mg, ) (2) + limsup Mg, 4,)(2).

|z| =00 |z| =00
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Proof. Since ”‘/(91:1/’1)_‘/(92,1/12)”6 < Hv(gl,%)He_'_HV(gz,%)He the upper estimate
follows from Theorem (2.3.2).
Let @ : F, — F, be a compact operator. Since k,, converges weakly on F,

as |w| — oo, then

H(V(glﬂlll) - ‘/(9271/12)) - QH > lim sup ”(‘/(91,1/11) - V(gzﬂ/&))kw - kaHq

|w|—00

2> limsup [|Vig, )k = Vigawa) Fulle = 1Qkwllq

|w|—o0
= limsup Hv(gh%)kw - ‘/(Qz,wz)kw‘|q'

|w]|—o00

Following the same arguments as those leading to (3.1.15) we have

lim sup [|Vigy waykw — Vigswa)kulla

|w|—o00
/ / o 2
> limep (|gl<z>| g ke lo(e)] <>> ( (z) = a(2)] )
lzlooe \ 1+ 2] 1+ 2] 2+ [1h1(2) — a(2)]

2 lim SUP<M(91,¢1)(Z) + M(92,¢2)(Z))

|z]—o0

and completes the proof.
As noticed before, part (ii) of Theorem 2.3.2 follows Theorem 3.1.5. In deed,

if Vigiw) — Vigaswss) is compact, then ||[Vig, v1) — Vigs)lle = 0 which implies
lim sup(M(g, v, (2) + Migs,,)(2)) = 0.

|z]—o0

From this and Theorem 2.2.4, the assertion follows.
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3.2 Topological properties of V, on general-

ized Fock spaces

As pointed earlier the boundedness, compactness, Schatten-class membership
and spectra structures of the Volterra-type integral operators V; have been
studied by O. Constantin [19] and T. Mengestie [19] on the classical Fock
spaces. Recently, these properties were further studied in [20, 21, 51] on
generalized Fock spaces where the weight functions generating the spaces
grow faster than the classical Gaussian weight function % Their main
results showed that the operators experience richer structure on such spaces
than on the classical Fock spaces.

The main goal of this section is to investigate whether the faster growth
(with unbounded Laplacian) of the weight function has an impact on the
topological structures like it did for the boundedness and other operator-
theoretic properties. To this end we will first precise our working spaces
]-"(pmm) as follows.

Let 0 < p < 00. Then for m,a > 0, a class of generalized Fock space .7:(pa7m)

consist of all entire functions f for which

(Je P aa)" < oo, p<oc

—CM‘Zl"l

1Al pmy =

SUpP.ec |f<Z)|€ <00, p=0

where dA again denotes the usual Lebesgue area measure on C. Let Efa m)

be the space of Lebesgue measurable functions f in C such that the function

f(2)e=@#™ is in LP(C,dA). Then, Flomy 18 a closed subspace of L{ .
Therefore, .F“(pmm) is a Banach space when 1 < p < oo, and it is a complete

metric space when 0 < p < 1. We note that, the norm in ]-"fa’m) can be
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rewritten in terms of the integral mean

2m
Mg(f,r)—/o ]f(reit)|p;l—; and My (f,r) = sup |f(2)].

|2|=r

That is

1
(27r fooo MP(f, r)re_pwmdr> " p<oo

p

1l paam = )
Sup,>o e " Moo(.fa T)7 p = 00.

Next, we set

1, 0<|a(m?*—m)z| <1
Tm(2) = _ (3.2.1)

2 Ja(m?—m)z| > 1.

ja(m?—m)] 2
Then, the pointwise estimate in Lemma 2.2 of [58], for subharmonic |f?

M

p,—palz|™
FEPe " < s

/ | f (w)[Pe Pl™ d A (w) (3.2.2)
D(z,0mm(2))

holds for all finite exponent p, a small positive number ¢ and some constant
M. This asserts that the point evaluation functionals are bounded and hence

f2

(aym) 1S @ reproducing kernel Hilbert space. But, an explicit expression for

the kernel function is still an open problem except for m = 2 and a = %,
which is a classical Fock space. Thus, a sequence of test functions have been
constructed to play the role of kernel function. Its construction goes back to
[17] and is used further by several authors for instance in [20, 51]. Following
Proposition A of [20], for a sufficiently large positive number R, there exists

a number n(R) such that for any w € C with |w| > n(R), there exists an
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entire function f(,, gy such that

| frwmy(2)|e” ™ < C'min {1 (min{Tm(w), Tm(z)}> 2} (3.2.3)

|2 = wl

for all z € C and for some constant C' that depends on «|z|™ and R. In

particular when z € D(w, R7,,,(w)), the estimate becomes

| fowry(2)Je ™™ ~ 1. (3.2.4)

The sequence f(,,,ry belong to ]—’?’a m) with norm estimate

2/p .
Tm ' (W), with n(R) <|w|, 0<p< o0
Hf(w,R)H(p,aM) = (3.2.5)
1, p=oc.

In [20, 51], the spaces have been characterized in terms of the following

Littlewood—Paley type derivative formula.

S et
LN oy = LFO)P + / A, 0<p<s

/ —alz|™
1 llomm = |F(O)] + sup L EE

RIS p = 0.
zec (L4 [z

Such descriptions play key roles in the study of integration operators espe-
cially on spaces where the norm is defined in terms of integrals. Following
Corollary 2 of [20], the family of generalized Fock spaces {ff’am), m > 2}, is
not nested. In fact, f?a,m)\f(qa,m) = () and ‘F(qa,m)\f?a,m) = () for all p,qg >0
with p # ¢. This, makes difficult to study operators on the space and it is

a major difference between the classical Fock space and the space. We refer
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the reader to [8, 17, 20, 21, 40, 51, 52] and related references therein for more
details on this type of spaces.

In the remaining part of this chapter, we in particular consider o = 1 and
our weight function |z|™ to be m > 2. We will denote the space ‘F?l,m)’ m > 2
shortly by F? and investigate whether the faster growth of the weight func-
tion has an impact on the topological structures of space of Volterra-type
integral operators compared to the results on the classical Fock spaces, which
is studied by T. Mengestie [15]. We begin by considering the compact and

Schatten-class differences of two Volterra-type integral operators.

3.2.1 Difference of Volterra-type integral operators

By the additivity of the integral, observe that the difference of two Volterra-
type integral operators, (V,, — V,,)f = V4 f, is itself a Volterra-type in-
tegral operator with symbol ¢; — go. An immediate consequence of this,
Theorem 3 of [20], and Theorem 1.1 of [51] gives the following useful lemma

in our further consideration.

Lemma 3.2.1. Let g; and go be in H(C) and 0 < p,q < oo. Then if

(1) p <q, then V,, —V,, : FB. — F4, is

(a) bounded if and only if g1 — go is a complex polynomial of degree,
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(b) compact if and only if g1 — g2 is a complex polynomial of degree,

(
—(m —92)\[2=p

m— (m 2)<pq>, q < oo

deg(g1 — g2) < ¢ m, p=q=00 (3.2.7)

p < q= 00.

(i1) ¢ <p < oo then Vi, _g4, « FP — Fl is bounded (compact) if and only if
g1 — g2 a complex polynomial of degree

m—2<%>, p < 00

deg(g1 — g2) < (3.2.8)

2 —
m— g P = 00.

It follows that the difference of two unbounded Volterra-type integral op-
erators can be bounded or compact. A suitable cancellation of each term
with degree bigger than those described respectively in (3.2.6) and (3.2.7)
of each of the operators in the difference makes it possible to obtain the
structures even if the operators in the difference fail to possess them. Said
differently, the cancellation property plays a key role in the difference. Fur-
thermore, observe that while part (i) of the lemma gives a condition under
which two Volterra-type integral operators become equal under modulo the
class of bounded Volterra-type integral operators, part (ii) provides the cor-
responding equivalency condition under the compact class.

Before proceeding further, let us remark that this lemma will be referred sev-
eral times in the rest of this chapter even in situation where we are dealing
with a single Volterra-type integral operator. In this case, it shall be assumed
that the second operator in the difference is zero.

A similar related question is when the difference of two Volterra-type integral
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operators belongs to the Schatten S,(F2) class. Because of the additivity of
the integral again, simplifying Theorem 4 of [20] gives the following stronger

topological property.

Lemma 3.2.2. Let g; and g be entire functions on C such that g1 # go.
Then if

(i) 1 < p < oo, then V,, —V,, € Sy(F2) if and only if g1 — g2 is a complex

polynomial of

m
deg(g1 — g2) < m — o (3.2.9)

(ii) 0 <p <1, then V,, —V,, € S,(F2) if and only if g1 — g2 is a constant.

In contrast to the classical Fock spaces setting where it was known that all
compact operators V, belong to the Schatten S, classes for all p > 2 [19, 49],
from (3.2.8) and (3.2.9), this fails to hold on generalized Fock spaces F2. On
the other hand, the structure gets richer with fast growing weights than on

the classical setting.

3.2.2 Path connected components and isolated points
in V(77 Fl)

Many properties like boundedness and compactness of Volterra-type integral

operators V, have been studied on different spaces including Fock spaces.

But much progress is not made to understand some topological structures

of the space of the operators, except the works of T. Mengestie [15] and T.

Mengestie with the author [53] on the classical Fock spaces. In this chapter

we study these properties further on generalized Fock spaces. We denote by

43



V(FP, Fa) the space of all bounded Volterra-type integral operators Vj :

FP — F1. Then our result reads as follows.

Theorem 3.2.3. Let 0 < p,q < oo. Then the set of all compact operators

Vy : FP — FL forms a path connected component in the space V(FE K F1).

Proof. It suffices to show that if V, : FP — FJ a compact operator, then
V, and V) belong to the same path connected components of the space
V(F?, Fa). The sufficiency of this can be justified as follows. If V,, and V,
are compact, then by our claim it follows that V,, and V|, ) belong to the
same path connected component. The same holds true for Vi, and Vi, ). But

1%

91(0) = Vigo(0) 1s the zero operator and hence Vg, and V,, are path connected.

Hence, we shall proceed to show the claim.

If g is constant, then V, = Vi) = 0 and the assertion of the result holds
trivially. Thus, assume g is non constant, and consider scaling functions,
gt [0,1] = C, g:(2) = g(tz). Then V,, : FP — FZ constitutes a sequence of

compact operators for all ¢ and satisfies

V;J = V;h and VQ(O) = VQO'

We need to show that the map ¢ — Vj, is continuous. For this, it suffices

again to show that for every s € [0, 1],

ll_I)I; H‘/gt -V

gs

— 0. (3.2.10)

Let g(2) = apz"+ap_12* "1+ -+a12+ag where k is the degree of g satisfying
condition on compactness cases of Lemma 3.2.1 depending on p and ¢. Then,

for 0 < p < ¢ < oo and each f € F?

m?

with || f{|mp) < 1, an application of
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the Littlewood—Paley type estimate gives the estimate

1()|9e—alzI™
1Vard = Vo Ny = /'f ||g1t+‘z|><>|e dA(2)
‘m

qe—alz
g [ L

(1+ |z])atm=D)

where

k -1
= E alz' ™! E s
=1 i=0

It follows from Littlewood—Paley type estimate again

1) gf g (e
Vs = Vil 2 1t =l | At
i = 1V Tl < 1= 510V WAy (3210)

where in the last inequality we used the fact that Vy, = is bounded for every
possible pair (¢, s) of numbers in the interval [0, 1]. Next, we need to show

that ||V}, . || is indeed uniformly bounded independent of the pairs (s,t).

(t,s) |

This follows easily as Lemma 3.2.1 implies

(m—2)L7L k—1+(m—-2)L2
g o(2)]]z »q 7
| (ty)( )2 < |ak|k22k728up 2] i

v
1V Tzt~ i P

5 |ak ’k22k72

o) < sup
zeC

Similarly, if p < ¢ = oo, then

[f(2)Mlg:(2) — g5 (2)] _jopm
Voo f = Vo fllmco) = > 1
| ot gsfH( ,00) ,Szlel(IC) 1+ 2! e

£l (2
< = sjaup TN )
D

T |t = 8[|Vl fll o)

<[t = s[[Vao I llnp  (3:2.12)
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Here again, the sequence of the norms [|V;, || are uniformly bounded over

the pairs (s,t) since the estimate in Lemma 3.2.1 implies

m=2 (m—2)
190, (2 [2] 7 Elh
V, 2 < lapk?| 28 2 sup o < || k2252
|| g(t,s)H ~ o 1+|Z|m_1 f\J| k | zeg 1+| |m 1 N| ‘
When 0 < g < p < 00, applying Hélder’s inequality
|f(2)|"gi(2) — gs(2 )Iqe’q”Vn
Virf = Vil = [ A2 4A(:)
|F(2)lg(y ) (2) 7€~ =1"
| i A

< !t—$|q(/(c ’f(z)|p€_plzlmd‘4(z))p (/ ((1|iftf;\()m 1) )
= |t — S|quH((1m,p)</ <<1|gf’s |<)m 1) )

St = s G
(3.2.13)

where the last estimate follows from Lemma 3.2.1 since

(des(afy)) 7 = (=) (L) < (m -1 —2(P 1)) (1)

- q pq —dq

_ (m _D<pq>_2

p—q

which ensures that

/c (%) ququ(z) < 00.

It remains to verify the cases when p = ¢ = o0 and 0 < ¢ < p = co. For

the first, applying Littlewood—Paley type estimate for the infinite exponent
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case,

Vi m,o0) == s
H[gtf gsfH( ,00) ilelp (1 | |)m -

/ / / /
e e A G () = ()
e L Al e E T
19(¢.6) ()]
< m,oot_ssup7—§ m, t—s
(3.2.14)
where the last inequality follows as deg(gzt’s)) =k—1<m-—1.
For 0 < ¢ < p = 00, by the same argument as above, we have
19,5 (2)*
Vo = Vo fII8 o S It — sl 117 I A
WVarf = Vo Wy S 16 = 01151 | g dA)
Sl sl Wy (3:215)
here the integral convergence since
/ q 2
(deg(gire))' = (k=1)g < (m—1) - 5)61 =q(m—1) —2.

Now, considering the series of estimates made in (3.2.11)-(3.2.15), the claim
in (3.2.10) achieved and completes the proof.

An immediate consequence of this result and part (ii) of Lemma 3.2.1 is that
the whole space V(FP, F1) is path connected whenever 0 < ¢ < p < oc.
Having grouped all the compact ones in one component, the next natural
question to ask is whether there exists another component consisting of some
noncompact operators in V(FP, Fd). Our next main result claims that each

of the noncompact operators in V(FP, F4) is in fact isolated.

Theorem 3.2.4. Let 0 <p < q < oo and V, : FF, — F where m > 2 be a
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bounded operator. Then

(i) if ¢ = 0o, then the following statements are equivalent:

(a) Vy is isolated in V(FP, F2);

(b) g is a complex polynomial of degree

m, p =00
deg(g) = _
m(p—

P p < 0.

(i1) if ¢ < 0o, then the following statements are equivalent:

(a) Vj is isolated in V(FP F1);

(b) g is a complex polynomial of degree

deglg) = m — (m —2)(*_F).

(3.2.16)

(i1i) the space V(FE,F1) has the same connected and path connected com-

ponents which is only the set of all compact operators in V(FP F1).

Proof. Part (i). The assertion (a) implies (b) follows easily by an application
of Theorem 3.2.3. On the other hand, if (b) holds, by Lemma 3.2.1, g has

the form

9(2) = apz® +ap_ 2"+ Faz+ap, where a #0

and

k is a positive integer given by (3.2.16). Then we plan to show that there

exists a positive number « such that

Ve =Vall 2 @
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for all Vi, in V(F?, F2) such that g # ¢;. Note that V,, can be a com-
pact operator here. Without loss of generality, we may set g,(z) = bpz* +
bp_12""1 4+ -« + b1z + by. We shall first consider when p = co. Then k= m
and using (3.2.5), (3.2.4) and the Littlewood-Paley type formula, we have

Fawrn (@9 = g2 _m
Ve = Vi | = 1V Franmy = Vi Few o)l oy = sup -2 e

zeC (1 + ’ZDmil
_ o NMwrGE(ar —b)2" T 4 (@ = D)
= Sup — e
zeC (1 + |Z|)m
S | few,m) (D) [E(ar, — bp)2™ "+ 4 (a1 — bl>|e_‘z|m
- 1+ [z])mt
L bp)z™ 4t (ag — b))
a (1+ [z])m

where the last estimate follows after in particular setting z = w. Now, if

ay # by, then we set z = 0 in in the above estimate to deduce

IV = Vaull 2 lax = bal.

On the other hand, if a; = by, since ¢g; # g, there exists some t such that
a; # by, and let 7 be the smallest of such t. We may then rewrite

|k(ar — b)2™ "+ + (@ = by)| _ =) |k(ar — bp)z™ 17 + -+ (a; — b))

T+ T+ )
ey =021 4t (0= by)
T+ s

and setting z = 0 in this again leads to

Ve =Vl 2 laj — bjl.

Now set o = |a; — bj| or a = |a; — by| depending on whether a; — b; = 0 or
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not.
For 1 < p < oo, arguing similarly as in the preceding, and using (3.2.5) in
addition

Ve few,r) = Vo few,m)ll om,00)
| fw, )|l gm.p)

_2
~ T " (W) |V frw,r) — Vi few,R) | (m,00)

-3 ) sup MmN E) = GG o
() T e

”Vq - V;h” >

where we estimate 7,,(z) ~ 2| 2", |z| > 1 and 7,,,(2) ~ 1 else.

Putting z = w and using (3.2.4), the above quantity is estimated further

S MmTﬁlg( 2) =) klax = b))z 4 A (@ = b))
~ (1+z[)m! 1+ [

Then we repeat the arguments leading to choose z = 0 and arrive at a =
la; — b;| or oo = |ag — by].

Part (ii). The statement (a) implies (b) follows by an application of Theo-
rem 3.2.3 again. On the other hand, if (b) holds, by Lemma 3.2.1, g has the

form
g(2) = apz® +ap_1 2"+ - +ay, where ap#0 and

k is a positive integer given by

k‘:m—(m—2)(%>

Then as before we estimate a lower bound for ||V, — V|| for each V,, in

V(FP, F1) and g # g;. We aim to show that there exists a positive number
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« such that
Ve = Vol 2

for all complex polynomials of the form g,(z) = bpz® + bp_12571 + -+ + by
again. Then using Littlewood—Paley type estimate, (3.2.4) and (3.2.5), for

some small positive number o

H ‘/Q*gl f(va) H((Jm,q)
||f(w,R) ||2]m7p)

—2 q _ q
= (w>/ Jen e (Z<) _1?1(z>| e~ " dA(2)
D(w,07m (w)) (]. + ’Z|)q m

_2q / _ / q
™~ T P (w)/ 9'(2) gi(z_)1|) dA(z).
D(w,0mm (w)) (1 + |Z|)q "

HVQ - V;th >

Applying the pointwise estimate in (3.2.2),

2 9'(2) — gL (=) ] 5
P ! !
W) [ G T ) 2 ey ) e
g(w) — gy ()7 [(ag — bw™ e (g — by
- (m—2) — (m—2) .
(1 + |w])am= D=5 (1 + |w])tm=D- 252

Where we estimate 7,(2) ~ |2|72", |2| > 1 and 7,,(2) ~ 1 else.

Then we repeat the arguments in part(i) to arrive at
Ve = Vol Z o

where o« = |a; — b;| or a = |a; — by| as before. Part (iii). Since path
connectedness implies connectedness, by Theorem 3.2.3, the set of compact
operators is a connected component in V(FP F%). On the other hand, by

part (i) and (ii) of Theorem 3.2.4, all non-compact operators in V(FF  Fd)
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are isolated. Hence, the assertion and complete the proof.

3.2.3 Essentially isolated points in V(F2, F1)
Having completely identified that only the set of compact operators in V(FE , F1)

constitutes a connected component, the next natural question is whether
weakening the topology in V(F2  F4 ) leads to a wider class of such compo-
nents. The main result of this section confirms this affirmatively.

We in particular study the essentially isolated Volterra-type integral opera-
tors in V(FE, F1). We shall first estimate such norms for V,. An important
observation worthwhile making is that since g is an entire function from

Lemma 3.2.1, if

m— (m—2) u), 0<p<g<oo

, 0<p<oo, ¢q=o0.

is not a positive integer, then boundedness and compactness are equivalent,
and [|[V;|le = 0 in this case. Thus, the only interesting case is when k is a

positive integer.

Proposition 3.2.5. Let 1 <p < ¢ <oo, V, € V(FP, Fd) where k = deg(g)
as in (3.2.17) is an integer, then ||V, ||. =~ |ax| where g(2) = apz* +ax_12*1 +

"'+CL12’+CLO.

Proof. Simplifying Theorem 1.1 of [42] for the case ¥(z) = |z|™, m > 2, we
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have

(

lim su gl =g =00
p|z|4)oo 1+m|z‘m717 p - q -
(m—2)l
~ {7 lg'(2)]lz] P _
[Vglle =~ lim sup,|_, fmlmT s P<@=0
(m—2) TP
: lg’(2)]lz] Pa
limsupy,| o St P < g <00
\

Substituting ¢'(z) = apk2*"t + ap_1(k — 1)2*"2 + -+ + 2a92 + a1, we get

p
lagkzF "1 +ap_1(k—1)2F "2+ +2a92+4a;]|

lim supy,|_, o 1 e , p=q=00
+m|z|
_ _ (m—2)1
. lapkzP 1 4ag_1(k—1)2" 24 42a22+a1]|2]| P -
I1Vglle =~ < lim SUD|, |00 e , p<qg=00
_ _ (m—2) 4P
. lagkzF =1 4ap_1(k—1)2F =24 42a2z+a1]|2| Pq
khm SUP|| 00 Trmz]mT ;P =g < oo,

from which and (3.2.17), the assertion follows.

Since the essential norm topology is weaker than the operator norm topology,
Theorem 3.2.3 assured that no compact operator is essentially isolated. The
next result shows further that there exists no essentially isolated points in

the space V(FP, F1) when equipped with the essential norm topology.

Theorem 3.2.6. Let 1 < p < q < oo. Then there exists no essentially

isolated Volterra-type integral operator in the space V(FP, Fd).

Proof. Consider an isolated operator V,;, € V(FP, F2) in the operator norm
topology. By Theorem 3.2.3 and Theorem 3.2.4, V; is not compact and hence

9(2) = apz® + ap_12*"1 + -+ + ag where a;, # 0 and k is a positive integer
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given by

,
m, P=4q =00

,I{; = m(p_1)+2

S <00, =0

m— (m—2)(£F), ¢ <oo.

\

We need to show Vj is not essentially isolated. That is
B(V,r) £{V,}  ¥r>0

where B(V,,r) ={V,, € V(FP,F2) : ||V,—V,|le < r}. To this end, consider
Vi, € V(FP F4) with an inducing symbol h(z) = bpz* + bp_12571 4+ -+ + by
such that a; = by and V,; # V3. Then, by Proposition 3.2.5, we have

Vg = Valle = |Vg-nlle = |ar — bx| =0

which implies V}, € B(V,,r) and confirms the assertion.

Following the absence of essentially isolated Volterra-type integral operators,
given a noncompact V, € V(FP, Fd) we further ask in which essentially
connected components it belongs. Aiming this, let P(V') denotes the set of
complex polynomials g such that V, € V(F? F4 ). Then for each such g we

set
Vi(g) = {Vql e V(FP,FL) : V, —V,is compact}.
Notice here that if V itself is compact, since
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for any Vi, in V(g), it follows V(g) represents the set of all compact op-
erators in V(FP,F2) which is known to be a connected component. Now
we may decompose the whole space into the following essentially connected

components:

3.2.4 The multiplication and the Volterra companion
integral operators

Two operators closely related to the operator V; are its companion operator

I, and the multiplication operator M, where

1,/(z) = / " Plw)gw)dw and M,(f) = of.

Applying integration by part in the above integral relates the three operators

My (f) = F(0)g(0) + Vo(f) + Ly (f)-

These operators have been studied by T. Mengestie [49] on the classical Fock
spaces, where boundedness of M, : F, — F, (I, : F, — F,) for the case
0 < p<q< o0, is expressed in terms of g is a polynomial of degree atmost
linear, while compactness is expressed in terms of g being a complex constant.
For the case 0 < ¢ < p < oo, boundedness (compactness) of M, : F, — F,
or I, : F, — Fg4 is equivalent to g is constant. Recently, T. Mengestie and
S. Ueki [51] for the finite exponent and J. Bonet and J. Taskinen [16] for the

infinite exponent studied boundedness and compactness of the operators on
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the generalized Fock spaces FP? , which we will state it as follows.

Theorem 3.2.7. Let 0 < p,q < oo, m > 2 and g be an entire function on
C. Then

(i) if p # q, then the following are equivalent.

a) I, : FP — F4 is bounded; (or M, : FP — Fi is bounded;)

b) g is a zero function.
(i) if 0 < p < 00, then the following are equivalent.

a) 1, : FP — FP is bounded; (or My : F? — FP is bounded;)

b) g is a constant function.
(iii) if 0 < p < oo, then the following are equivalent.

a) I, : FP — FP is compact; (or My : FP, — FPE is compact;)

b) g is a zero function.

These results differ significantly between the cases when p = ¢ and p # ¢. It
has been known that this difference does not exist in the corresponding clas-
sical setting. On the other hand, the appearance of such a difference has not
been totally unexpected since in the classical Fock spaces, the monotonicity
property in the sense of inclusion F, C F, whenever 0 < p < ¢ < oo, this
property fails to hold for the family of generalized Fock spaces FZ2..

In contrast to the structure of V;, a result in [51, Theorem 1.2], which is
stated above, revealed that the structures of I, and M, get poorer when
they act between two different generalized Fock spaces with fast growing

generating weight functions than on the classical setting. Consequently, the
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spaces of the operators under the operator norm are path connected which

we formulate it as follows.

Theorem 3.2.8. Let 0 < p,q < oco. Then both I(FP, FL) and M(FP, F1)
are path connected spaces where I(FP F1) and M(FP,, F1) are respectively
the spaces of all bounded J, and My from FE to F} .

Proof. Since the proofs on the two spaces I(F?, F2) and M(FP 6 F) are
similar, we shall only provide a simple proof for the space I(FP, F1). If
p # ¢, then from Theorem 3.2.7 boundedness of J, implies g is zero function,
I, becomes the zero operator and the result holds trivially. Thus, suppose
p = ¢, and let g, # go such that I, , 1, € I(FF,F2). Then, by Theorem
3.2.7 we have g; and g, are constants. If one of them is zero, then the result
holds trivially again, and we shall assume that both ¢g; and g, are nonzero.

Consider a map y(t) =tgs + (1 —t)g; , t € [0, 1], then
Jy0) = Jan and Jy(1) = Ja-
We need to show that the map ¢ +— J,) is continuous. That is
lim |1y = Sy =0 Vs € [0,1]. (3.2.18)

For each f € FP with ||f|/my < 1 applying the Littlewood-Paley type

formula, for 0 < p < oo, we estimate

/ po—plzI™
B vy [ (2)Pe
HJW(t)f JV(S)fH(m,p) ~ |t — s /C 1+ |Z|)p(m_1)dA(z)

[t = s f Iy < 1 — sl (3.2.19)

(m,p
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and similarly applying Littlewood—Paley type formula for the case infinite

case, we have

1Ty = Iy fllamooy S 1t — 5]

from which and (3.2.19), we conclude (3.2.18).
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Chapter 4

Dynamics of the Volterra-type
integral and differentiation
operators on generalized Fock

spaces

This chapter is devoted to the study of dynamical properties of Volterra-
type integral operator, Hardy operator and differentiation operator acting
on a class of generalized Fock spaces }"&m). Many of their basic proper-
ties including boundedness, compactness and spectra have been extensively
studied when acting on several function spaces over various domains; see for

example [1, 7, 40, 44, 48, 51] and the references therein.

Understanding the dynamical structures of these operators is another impor-
tant and basic problem in operator related function theory. The main pur-
pose of this chapter is to study such structures on generalized Fock spaces

fp

(m)* We are especially interested in identifying their various forms of
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cyclicity, power boundedness, and uniform mean ergodic properties. Most of
the results in this chapter have been published by J. Bonet, T. Mengestie

and the author in [15].

4.1 Introduction

We recall some definitions related to iterates of an operator. Given a Banach
space X, we denote by £(X) the space of continuous linear operators 7" on
X. An operator T' € L(X) is said to be hypercyclic if there exists a vector
x in X such that its orbit, {T"z;n € Ny = {0} UN}, is dense in X. The
operator is called cyclic if the linear span of an orbit is dense in X, and
supercyclic whenever the projective orbit, {\T"z;n € Ny, A € C}, is dense
in X. Obviously, hypercyclicity is a stronger property than supercyclicity
which in turn is stronger than cyclicity. Good references on this subject are
the books in [7, 31].

An operator T' € L(X) is said to be power bounded if there exists a positive
number M such that |[|7™] < M for all n € Ny. It is said to be mean ergodic
if there exists an operator P € £(X) such that

1 n
Px .= ,}an}oﬁ;Tkx’ reX

exists in X. If the convergence is in the operator norm, then 7' is called
uniformly mean ergodic. The standard references about studies on mean
ergodic operators are the books of U. Krengel [35] and K. Yosida [69].

The norms of the monomials will play an important role in studying the

dynamical properties of both differentiation and integration operators on the

60



spaces f?a m)- Thus, we estimate them using Striling’s formulas,
n!~vnn"e™ and T'(z+1) ~ Vza“e ™, x>0, (4.1.1)

where I' denotes the Gamma function, as

1/p
. 1p (27rr<p_nj + %>)
Han(p,oc,m) = (27’(’/ rpne—parmrdr>
0

(pn+ 2 — m)%ﬂ%r*%

- 2 2 1 2 1
(par)m Fmpmm Tt 2 em tp

2 1
n \m w3
— \mea ’

From the preceding estimate we have in particular, for all n € N,

(4.1.2)

||Zn||(p,a,1) ~ n!a_nn%;pp- (413)

4.2 Dynamical properties of the Volterra-type

integral operators

As discussed in the previous chapters, various aspects of the Volterra- type
integral operator V;, which includes boundedness, compactness, and spectra
have been well studied in large class of function spaces. But, much less is
known about its dynamical and mean ergodic properties, except in the special
case when the symbol ¢ is the identity map. The fact that the iterates of

the operator involve multiple integrals makes it difficult to get best possible
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estimates of the norms.

In this section, we begin the study of the dynamical properties of V;, on the
spaces F(, . It was shown in [20] (see also [21]), and in [10] for p = oo, that
V, is bounded on f{’am) if and only if g is a complex polynomial of degree [
not bigger than m (I < m), and V; is compact in this space if and only if the

degree [ of g is strictly smaller than m or m is not a positive integer.

Proposition 4.2.1. Let 1 < p < oo. Let V, be bounded on ]—"g’a m) and hence

g(2) =@t + a2+ arz+ag, | <m. Then

(1) Vy is not supercyclic on .7-'(7'& m) and hence not hypercyclic.

(ii) If g(z) = az' + b,a # 0, then V, is cyclic if and only if | = 1.

Proof. (i) Since V,f(0) = 0 for every f in ]-'?a’m), the projective orbit of f
under V, contains only functions that vanish at zero. Thus, it cannot be
dense in ]:f)a,m), which implies that Vj is not supercyclic on fggam) and hence
not hypercyclic either.

(ii) If I = 1, then (V,)"*(1)(z) = ©2*. Hence

n!

a’z? az"

{(Ve)" (1), =2 0} = {1, az, ——. -,

n!

The linear span of the latter is known to be dense in f-“(pa’m).
If [ > 1 and f belongs to }"(pa m)? using a functional that annihilates the
(I — 1)-th Taylor polynomial of f, together with the monomials 2%, k > [, we

conclude that f cannot be a cyclic vector for V. m

The class of Volterra-type integral operators include the classical integration
operator Jf(z) = [ f(w)dw in particular when g(z) = z. By [20, 51, 1] or
[52, Lemma 1.1], it follows that .J is bounded on .77& my if and only if m > 1
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and compact if and only if m > 1. Thus, from the above proposition, the
space f(pa m) SUPPOItS No supercyclic and hypercyclic integration operator J,
while J is cyclic on ]—"&m) with cyclic vector 1.

To state our next main result, we first recall some definitions. Denote by

H(C) the set of entire functions on C. For r > 0 and each f € H(C), set

M (f,r) =sup |f(2)],

|2|=r

and define the growth type space ]:(Oo‘im) as the space of functions f € H(C)
such that

£l o) = sug e " My (f,r) < oo.
r>

The estimate corresponding to (4.1.2) becomes

n

n n m
B ||<oo,a,m):< > : (4.2.1)

mex

For m = 1, the space F(, , is denoted by B,,() in [3]. To simplify the
notation below, we write the symbol g(z) = a;2!+a; 1271 +...+ a1 2+ag, with
[ <m,asg=qg+g_1 where g/(z) = q;z' and g;_1(2) = a;_12' " +...+ a2 +ap.

Then the operators on ]—"(Oof m) satisfy
Vo=Vo + Vo s,

of which Vi, | is always compact and quasi-nilpotent.

Following [6], for each A € C, a € C and m € N, the operator K is defined
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on H(C) by
z 1
K\f(2) = ame™" / e ™ f (w)dw = amzm/ N AL £ () dt
0 0

Thus, when A =0 m =1 € N and a = a;, then K, is just the Volterra-type

integral operator V.

Lemma 4.2.2. Letm > 1,m € N.

(i) If |\l < o, then the operator K is continuous on F¢; . with operator

la]
a—|AlY

norm || K| <

o0

(it) If L = m € N, then Vg, is continuous on F(y

satisfies ||Vg, | < %

) and its operator norm

Proof. (i) For r > 0, we have

1
efarmMoo(K)\fj T) _ 67(17"7” |a/|mrm / 6|)\|rm(1*tm)tmflMoo(f’ Tt)dt
0

1
= ]a\mrm/ tm_le_a(")me(a_W)’"m(tm_l)MOO(f,rt)dt
0

1 mo(4m __ |(I
< |a|mrm”f||(oo,o¢7m)/ tm—le(a—lk\)r (t Dt < —‘)\HfH(OQa’m)_
0 a— ||

Therefore

—arm CL|
1B\ S |l (o0,00m) = supe™ ™" Moo (K f, 1) < | 1/ lloc5m)-
r>0 a — |>‘|

(ii) This is a direct consequence of part (i) for [ =m, a = a; and A = 0.

Theorem 4.2.3. Let 1 < p < oo, m > 1 and | € N. Assume that the
operator Vy is bounded on F, .\, with g(2) = gi(2)+gi1-1(2), ai(2) = aZ, 1 <

m. Then
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(1) If m > 1 and | < m, then V, is compact, quasi-nilpotent, hence power

bounded, and uniformly mean ergodic on f-d(pa’m).

(i) If | = m € N and p = oo, then V, is power bounded if and only if

la| < a.

(i) If l=m € N, p =00 and |a| < «, then V,, is uniformly mean ergodic

if and only if |a;| < a.
() Ifl=m e N and 1 < p < oo and V; is power bounded, then || < .

(v) Ifl=m e N and 1 <p < oo and V, is power bounded and uniformly

mean ergodic, then |a;| < .

Proof. (i) From results in [16, 51] for p = oo and in [20] for 1 < p < oo,
the operator V; is compact on }"&m) for all 1 < p < oo, since | < m.
Moreover, by [13, Theorem] and [21, Theorem 1], we have o(V;) = {0},
hence Vj, is quasi-nilpotent. By the spectral radius formula, there exist 8 <1

and N € N such that
V'l < 8" foralln > N. (4.2.2)

This shows that V, is power bounded.
The operator V, is also uniformly mean ergodic in this case. Indeed, an

application of (4.2.2) yields, for some C' > 0 depending on N,

1 & C I&;
SEE HngHSz—l——n(l_B)%Oasn%oo.
k=1

1
n

> v
k=1

(ii) Now p = oo and | = m € N. Assume that |¢;| < a. By Lemma 4.2.2 (ii)
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we have, for each n € N,
Vol < laa]"/a™ < 1.

This implies that V, is power bounded. Since the sum of a power bounded
operator and a quasi-nilpotent operator is power bounded, we conclude that
V, is power bounded.

Conversely, suppose that V is power bounded. Since Vj, | is quasi-nilpotent
by part (i), we get that V, is power bounded. However, for each positive

integer n, a straightforward integral computation gives

ln(al)nzln (al)nzln

H] 1(]l) n!

Va (1)(2) =

from which and (4.2.1) we have

"1
(nl)" _@——)oo

a” \/n

“ ” (00,a,,1) ~ |al|n
HlH o0,00) n!(ael)"

as n — oo whenever |q;| > «, a contradiction. Thus |¢| < a.
(iii) In this part we assume p = oo, l = m € N and |g;| < a. We first suppose

that ;| < . By Lemma 4.2.2 we have, for each n € N,
IVl < la]"/a.

Hence

n

>V

k=1

1

n

1 n
SEZ” H_ |al|)—>0as n — 00,
k=1

and Vj, is uniformly mean ergodic.

Conversely, suppose that V,, is uniformly mean ergodic and that |a;| < .
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Part (ii) implies that V, is power bounded. From [13] it follows that the
spectrum o(V,,) = {A € C: [N < |‘;—”} Thus, if |a;| = «a, then 1 is an
accumulation point of o(V,,). By [27, Theorem 3.16] (see also [35, Theorem
2.7]), the operator V, is not uniformly mean ergodic. Therefore |¢;| < a.

(iv) If l =m € Nand 1 < p < oo and Vj is power bounded, then V|, is
power bounded since V,,_, is quasi-nilpotent by part (i). Now, an integral

computation again gives, for each positive integers k£ and n,

nyn In+k
V(e = S
Hj:l(]l+k)
and hence
Vn(zk o nyn || ynl+k N
ol 2 imsup 1 Mwan _ o) Jal V1" ga

koo 128l booo [ [m G+ B2 o)

nn nl+k o
Z]hnsuplaﬂ |2 kH@,J%
koo (M4 E)™[ 25| (p,00)

(4.2.3)

where the last inequality follows since

H(]l+k) _ GZJ 1 log(jl+k) <e nlog(nl+k) (nl—i—k)
j=1

Applying the norm estimate in (4.1.2),

ki2_ 1
l

Hwtﬂu@z:im¢+ﬁw<l+gg ¥
125l .y (eqr) k

pl  2p
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and plugging this in (4.2.3) and making further simplifications

(1—’_”_[) INvi—3
v H>| all” hmsupe—nk<1+n>pl ’
k—

— 00

which yields a > |a].

(v) Suppose that V,, is power bounded and uniformly mean ergodic. It follows
from [21] that the spectrum o(V,,) ={A € C:|A| < %} Hence, if |a;| = «,
then 1 is an accumulation point of o(V},). By [27, Theorem 3.16] (see also
[35, Theorem 2.7]), the operator V, is not uniformly mean ergodic. This

implies || < a.

Corollary 4.2.4. Let 1 < p < oo and m > 1. Then the integration operator
J on ]-"&m) satisfies

(i) If m > 1 and 1 < p < oo, then J is compact, quasi-nilpotent, hence

power bounded, and uniformly mean ergodic on Fg’m )
(i) If m =1 and p = oo, then J is power bounded if and only if o > 1.

(i1i) If m =1 and p = oo, then J is uniformly mean ergodic if and only if

a>1.
(iv) Ifm=1and 1 <p< oo and J is power bounded, then o > 1.

(v) Ifm=1and 1 <p < oo and J is power bounded and uniformly mean

ergodic, then o > 1.
The proof of the corollary follows immediately from Theorem 4.2.3.
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4.3 Dynamical properties of the Hardy oper-

ator

The classical Hardy operator defined by,

HiG) =~ [ fwido = 156),

has been studied on various spaces by several authors. A. Arvantidis and
A. Siskakis [5] studied on the Hardy spaces of the upper half-plane, M. Bel-
tran, J. Bonet and C. Fernandez [9] studied boundedness, spectrum, power
boundedness and uniform mean ergodicity of the operator acting on weighted
Banach spaces of entire functions. The study was continued by M. Beltran
in [8] and she characterized different properties of the operator including dy-
namical properties on weighted Bergman spaces. In this section, we study

the dynamics of the operator on the generalized Fock spaces ]-'(pa m)-

Theorem 4.3.1. Let 1 < p < co. Then the Hardy operator H is both power

bounded and uniformly mean ergodic on F(, . Furthermore, |[H|| = 1.

Proof. Let us first show that H is bounded and ||H|| = 1. Proceeding as in

8], for r > 0, we get

1 2T 1 ret? » 1 2T 1 0 »
D _ _ 7
MY(Hf,r) 27T/O | /0 f(w)dw|"do 27?/0 |/0 ftre)at|"de

retd

b 0
S/O %/U | f(tre™)[PdOdt = ME(f,tr) < MP(f, 7).
Thus, we have

My (H f,r) < MP(f.r).

69



Multiplying both sides by 27re "™ and integrating over r yields

p p
£l my < WGy

which implies that H is bounded and ||H|| < 1.
On the other hand, if H is bounded, then

G, 0 m) = /C [H1(z2)Pe 7" dA(z) = |1, oy

and hence |H| = 1.
Next fix n > 1. Let f(z) = > p—,arz" be the Taylor series expansion of

fe ffa,m). A simple integral computation shows that
) = 30 (431
2) = —_— 3.
oo (k1)

On the other hand, for each r > 0, applying Cauchy inequalities

/ |f(<)‘dg‘ < 1 /27r|f(7“6i6)|d‘9 < Mp(f,r),
| 0

Cler Ch+1 =

7nk

k [ —
|ak|r 27

from which we get |agll|z*||pasm) < |Iflpam) holds for & > 0. This and
(4.3.1) imply

- |ak|||zk||(pam) - 1 Hf”(pam)
L™ fll oy <D 2 < | [l ) - —
2kt 1) 2 ev 1T m-1
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for all n > 1. Therefore, H is power bounded. Observe also that,

1 e . 1 — : 1 - 4 1 1< ,
=N il < = Hi|| = = ||H]| + Hi) ==+ = HY
Hn££ _H;N H n(uu ;;|H) - n;gwu

n

1

as n — o0o. Therefore, H is also uniformly mean ergodic, which completes
the proof.

We now mention consequences of Theorem 4.3.1. Since all orbits {T™ f;n =
0,1,2,...} of any power bounded operator 1" are bounded, it cannot be hy-
percyclic. This conclusion fails to hold for the supercyclicity property in
general. But if the operator satisfies in addition for example Tf(¢) = f(()
for all f in the space and at least one point ¢ € C, then T is not supercyclic
either. We will prove this for the operator H, and the same proof works in

general for any other power bounded operator T

Corollary 4.3.2. Let 1 < p < oo. Then the Hardy operator H is not

supercyclic on ]-“g;m).
Proof. For each f and each n we have
HF(0) = £(0) = H" £(0). (432)

Proceeding by contradiction, suppose that f is a supercyclic vector for H.
Then for the constant function 1, there exits a sequence (A\gH™ f) in the

projective orbit such that A\, H™ f — 1 as k — 0o. Consequently, by (4.3.2),

—00

k—o0
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hence f(0) # 0 and (\g) is not a null sequence either.
Similarly, for the function h(z) = z, there exists again a sequence (6;H™ f)

in the projective orbit such that 6;H™ f — h as j — oo, and

lim 6;H™ f(0) = lim 6,(0) = h(0) =0

j—00
lim 6;H" f(1) = lim 6,f(1) = h(1) =1, (4.3.3)
j—o0 j—o0

from which, since f(0) # 0, we deduce §; — 0 as j — oo. This and power

boundedness in Theorem 4.3.1 yield

1 165 Fll ) S 1 pam) Jim 1651 = 0.

Therefore, §;H™ f — 0 which implies §,H™ f(1) — 0 as j — oo. This
contradicts (4.3.3).

4.4 Dynamics properties of the differential

operator

Various order differential operators play fundamental roll in many part of
mathematics including in the study of differential equations. The differen-
tiation operator Df = f’ has been studied on Banach spaces of analytic
functions by several authors.

A. Harutyunyan and W. Lusky [32] identified conditions under which the
operator becomes bounded when acting between weighted spaces of holo-
morphic functions endowed with the supremum norm; see also [1]. J. Bonet
[12] studied various dynamical properties of the operator on these weighted
spaces, and the study was continued jointly with M. Beltran, A. Bonilla and
C. Fernandez in [9, 14]. Later in 2014, M. Beltran [8] studied the dynamics
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of the operator on a wider class of generalized weighted Bergman spaces.
On the other hand, the operator appears as a canonical example of un-
bounded operators in many Banach spaces including the very classical Hilbert
space L*(R) and the space of continuous functions C([a, b]) with the supre-
mum norm. In [68] S. Ueki showed its unboundedness on the classical growth
type Fock spaces. T. Mengestie and S. Ueki [51] verified its unboundedness
on all classical Fock spaces and generalized Fock spaces where the weight
function grows faster than the Gaussian weight function |z|?/2. The same
conclusion was later drawn in [48] on the Fock—Sobolev spaces which are typ-
ical examples of generalized Fock spaces with weight function growing slower
than the Gaussian function.

Inspired by all these, T. Mengestie [10] asked the question of how fast should
the weight function need to grow in order that the corresponding generalized
Fock spaces support a continuous differentiation operator. He further consid-
ered the spaces f&m) and showed that the weight function should actually
grow much slower than the classical Gaussian weight function. More specif-
ically, it was proved that the operator D is bounded on f’flm), 0<p<oo,
if and only if m < 1, and compact if and only if m < 1. See also [8, Section
5]. These conditions are opposite to the corresponding conditions for the
integration operator J except when m = 1, in which case both J and D are
bounded. Clearly DJf = f and JDf(z) = f(2) — f(0) for all z € C and f
in fé”mm). Note that, there exists no vector whose projective orbit under J

is dense in ./T(pa m)? while our next result shows that D is supercyclic.

Proposition 4.4.1. Let 1 < p < oo and let the differentiation operator D
be bounded on ff’a my- Then

(i) D is hypercyclic on ]-"(pam) if and only if either m = 1 and o > 1 or
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m=1, a=1 andp > 3.

(i) D is supercyclic and hence cyclic on f(”a m)-

The result reflects an interesting interplay between the power m of the weight

function and the weight multiplier factor «, and the exponent p.

Proof. (i) First note that since D is bounded, m < 1. In addition, since
no compact operator is hypercyclic on a non zero complex Banach space
[7, Corollary 1.22], it follows that D is not hypercyclic on f“(”a’m) whenever

m < 1. On the other hand, for m = 1, using the relation in (4.1.3), we have

)
0, fora=1and p>3ora>1l,

3
n b
lim inf quﬂ ~ lim inf L
n—oo ’I’L' n—o0 Oén\/ﬁ

1, fora=1and p=3,

00, fora<lora=1andp<3.
\

Then, by Theorem 5.2 of [8], D is hypercyclic if and only if either o =
land p>3ora>1.

(ii) For this part, we follow the arguments used in the proof of [12, Propo-
sition 2.7]. Since for each n € N the monomial z" belongs to the kernel

KerD™ of D", the generalized kernel set
Gxer 1= U KerD"
n=0

contains all the polynomials. Since the polynomials are dense in ]-"fmm), it
follows that Gke, is dense in Fpa m)* Moreover, the range of the operator D
contains polynomials and therefore it is dense in .77& m)- Then our conclusion

follows after an application of [10, Corollary 3.3]. m
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We note that the proof of part (i) depends on the hypercyclicity criterion
due to J. Bés and A. Peris [11], where the original idea goes back to the work
of Kitai in her Ph.D. thesis [31, Theorem 3.4]. The aforementioned Theorem
5.2 of [8] ensures that D is hypercyclic on generalized Bergman spaces if and
only if it satisfies the hypercyclicity criterion. This was further shown to be

equivalent to a condition like
lim inf(n!)_1||z”||(p,a71) =0
n—0o0

which remains valid in our setting. Similarly, the proof of part (ii) was based
on a density condition in [10]. This condition is equivalent to the known
supercyclicity criterion; see [10, Lemma 3.1]. Therefore, D satisfies the su-
percyclicity criterion if and only if it is supercyclic. We note that not all
supercyclic operators satisfy this criterion; see [25] for an example.

Having completely identified conditions under which D is hypercyclic, we
next consider the question of when D can be topologically mixing on f’(”a’m).
Recall that an operator 7" on a Banach space X is topologically mixing if
for every pair of non-empty open subsets U and V of X, there exists an
N € N such that T*(U) NV # @ for all n > N. Note that topologically
mixing is a stronger operator theoretic condition than hypercyclicity in gen-
eral. Following the discussions above and the arguments used back in the
proof of Theorem 2.4 and Corollary 2.6 of [12], the differentiation operator
D is topologically mixing on f}"a?m) whenever it is hypercyclic. On the other
hand, by Proposition 4.4.1, the operator is hypercyclic on f(’)am) form =1,
a=1andp>3orm=1and a> 1. Thus, it cannot be power bounded for
such possible values.

Now we investigate when the differentiation operator is power bounded and

uniformly mean ergodic.
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Theorem 4.4.2. Let 1 < p < oo and the differentiation operator D be

bounded on .7:(7; m)- Then the following statements are equivalent.

(i) D is power bounded and uniformly mean ergodic on ]:'fa m)

(i1) Either m <1 orm =1 and o < 1.

Proof. We first show that (ii) implies (¢). Since D is bounded, we have
m < 1. If m < 1, then the operator is compact and by [10, Theorem 1.2],
its spectrum o (D) contains only the zero element. By the spectral formula,

there exist 6 < 1 and N € N such that
|D™|| < 6" foralln > N, (4.4.1)

and therefore, D is power bounded and uniformly mean ergodic in this case.
For the case when m = 1 and a < 1, arguing as in (5.3) in [8, Proposition 5.9],

applying Jensen’s inequality and Fubini’s Theorem, for R > r we get

w050 = (3 [ 1)

B l 2w n_| 27 f(Rez,B)ZRelﬂ
(G ]

P \#
2mi ReiP — reif)k+l d9>
L[>/ 1 [ |f(RéP)R z
<l / (_/ /(BT |t 5 do
21 2 Jo ‘Rew _ Tei@’ +
R (1 [T 1 [T |f(Re) P \7
- — (= — P (0 —p)dg) db
R? — 12 (2%/0 (2%/0 ’Reiﬂ_rei0|k_1 #(0=5) ﬂ) )

) ((R2 - 7”27;22 - 7“)’”> (% /0% : / F(ReP) PPy (6 — B)dﬁde) l
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: <(R2 R T;;é}; N 7”>’”) (% /o% )P, /?ZW Py(0 - 6)d9d5> |
= (=m0 1)

where Ps(t) = ﬁ, 0 < s < 1, is the Poisson kernel for the unit disc.

Thus, we have

k'R
Mp(Dkf> T) é (RQ o 7,2)(R o r)k_lMP(fa R)

Letting R =r 4+ k, k > 1, we further get

MP(fvr—i_k) S %Mp(f,T—Fk),

K\(r+ k)
M,(D¥f,r) <
ADT) S G o)

and thus, we get

(K!)Peret
ID* Iy < o IFIIG

(p7a71 kpk (pyavl).

Using this along with Striling’s formula (4.1.1), we deduce

p

k2
k
IDMS —r=ag = 0 (4.4.2)

as k — oo for a < 1, and hence the operator is power bounded in this case

as well. Now, applying the estimate in (4.4.2),

n

N | k%
SEZHDHSEZGO,—QM—W
k=1

k=1

1 n
- Dk

as n — 00, from which it follows that D is uniformly mean ergodic.
Now we show that (i) implies (ii). Assume that m = 1. Using exponential

functions eg(z) = €%, |B] < a, we get D(0,a) C (D), where D(0,«) is a
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disc with center 0 and radius o. Thus, 1 is an accumulation point of o (D)
whenever a« > 1. Since D is assumed to be power bounded, we apply [27,
Theorem 3.16] (see also [35, Theorem 2.7]), to get that the operator cannot

be uniformly mean ergodic in this case. Therefore, we must have a < 1.

4.5 The Ritt’s resolvent growth condition

A classical operator theoretic problem, for any given bounded operator T’
on a complex Banach space X, is to identify the relation between the size
of the resolvent (T'— AI)~! when ) is near to the spectrum of T" and the
asymptotic behaviour of the orbits {7"xz : x € X}. In this perspective, recall
that the Ritt’s resolvent condition [62] for T states that there exists a positive

constant C such that

C
A =1

(T =Dl <

for each A € C and |A| > 1. Also, the Kreiss resolvent condition for 7" states

that there exists a positive constant C' such that

T -\ <
T = A0 <

for each A € C and |A\| > 1. Since Kreiss resolvent condition is weaker
than Ritt’s resolvent condition, any operator which satisfies Ritt’s resolvent
condition satisfies Kreiss resolvent condition. Both Ritt and Kreiss resolvent
conditions are related to the behavior of the powers and their various means.
For instance, in [66, Theorem 6.1] Kreiss condition have been characterized
interms of certain functions of the operator 1. The characterization for the
Ritt’s condition is given by B. Nagy and J. Zemanek in [55]. They have

proved that a bounded operator 7" on a complex Banach space satisfies the
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Ritt’s resolvent condition if and only if it is power bounded and

supn| T — T"|| < . (4.5.1)

n>1

As an immediate consequence of Theorem 4.3.1, it turns out that the Hardy
operator H on generalized Fock spaces belongs to the class of operators

satisfying such condition.

Proposition 4.5.1. Let 1 < p < oo. Then

(i) the Hardy operator H satisfies the Ritt’s resolvent condition on }"am)

(i1) the differentiation operator D satisfies the Ritt’s resolvent condition on

fp

() if and only if it is power bounded and uniformly mean ergodic.

Proof. (i) By Theorem 4.3.1, it is enough to show that the operator H sat-
isfies condition (4.5.1). To this goal, applying (4.3.1)

- ak|||z || a,m)
|H"f = H f g _22 T -

S k Hf”( ,a,m)
< Wllam 2 S

0 + 1)n+t n

and the conclusion easily follows.
(ii) Assume first that D is power bounded and uniformly mean ergodic. Then
by Theorem 4.4.2, either m <1 or m =1 and o < 1. For m < 1, arguing as

n (4.4.1) there exist N € N and 0 < § < 1 such that

n||D" — D"|| < n|| D" + n||D"|| < 2né™ for all n > N. (4.5.2)
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Similarly, if m = 1 and « < 1, then (4.4.2) implies

ya
2

(n+1)2 n
A=)+ =

n|[ D™ — DM < nl| D™ 40l D"| < n (4.5.3)
€

Now we take the supremum with respect to n € N both in (4.5.2) and (4.5.3)
to see that condition (4.5.1) is satisfied.

For the other implication, by a result of B. Nagy and J. Zemanek [55], it
is enough to show that D is uniformly mean ergodic. We arrive at this
conclusion if we show that the Ritt’s resolvent condition fails when m =1
and a > 1. If m = 1, then using again the exponential functions, ez(z) =
e, |8| < a, we get D(0,) C o(D). Thus, then the spectrum o (D) contains
the unit circle T whenever if & > 1. This is a contradiction since the spectrum

of an operator which satisfies the Ritt’s resolvent condition contains only 1

from the unit circle; see [39] and [56, Theorem 4.5.4] for more details. O
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Conclusion and further

research plans

The thesis includes a number of results which characterize various topological
and dynamical structures of integral and differential operators on classical
and generalized Fock spaces. Most of the characterizations are easy to ap-
ply as compared to previously existing results in the subject. Our working
topic has been at the interface of various disciplines in mathematics includ-
ing Complex analysis, Functional analysis, Operator theory and Harmonic
Analysis. This certainly assures that our findings are set to contribute to all

these disciplines in particular and mathematics in general.

Yet there are still a number of structures that require further invitations
about this class of operators on various settings. The following are some of

them

e Our results in chapter three deals with various topological properties of
the generalized Volterra-type integral operators when they act between
the Fock spaces F), and Fj, when p < g. The corresponding problems
when the operator acts from a larger spaces to smaller spaces are still

interesting open problems.
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e The essential norms of the generalized Volterra type integral operators
are described either in terms of the Berezin type integral transforms
or as limits of the other simple functions considered in [53]. On the
other hand, given the fact that the Fock spaces are described in terms
of derivatives, the generalized Volterra type integral transforms be-
have like weighted composition operators in a quantitative way. Such
behaviour makes it possible to pose an interesting research problem
namely that: Is it possible to describe the essential norm of this class
of operators in terms of counting functions? The researcher would like

to have a hand on this post PhD work.

e Another problem related to the dynamics of an operator is its Resolvent
growth condition. For the Volterra-type integral operator, such prop-
erty on the Fock spaces has been already described in our work [15].
How the structure behaves for the generalized Volterra-type integral

operator remains open.
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